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Abstract: We study the evolution and production of axion dark matter in a universe model with two

scale factors corresponding to different patches of the universe. The interaction between patches

is described through a deformed Poisson bracket structure. The first part of the present paper is

devoted to a review of the results reported in previous works concerning the study of dark matter

as WIMPs and FIMPs. The new results concerning axionic dark matter in this bi-metric scenario

show that different values of the deformation parameter κ allow values of masses and misalignment

angles forbidden in standard cosmology. The present model can also be considered a different type

of nonstandard cosmology consistent with previously reported results.

Keywords: non-standard cosmology; dark matter; quantum gravity phenomenology

1. Introduction

The quest for a concise description of the four fundamental interactions, or the intrigu-
ing fact that only three of them admit a unified description based on quantum principles
as well as Lorentz invariance, encourages the efforts in the search of a quantum theory of
gravity (QG) [1–5].

Quantum gravity phenomenology, on the other hand, has attracted much attention in
recent years [6–10]. Indeed, the possibility that the structure of spacetime, at the Planck
scale, might not be a continuous, four- dimensional Minkowski manifold can be understood
as a relic of some underlying QG theory, as this happens in proposals like Lorentz invariance
violation, noncommutative geometry or low-energy limits of loop quantum gravity [11–14].

In the same spirit, a different proposal is the so-called noncommutative fields, where
the fields themselves satisfy a deformed commutation relation [15–17]. In this approach,
spacetime maintains its structure, and the fields capture possible signals of the QG through
the deformed commutation relations.

This arena is suitable for analyzing the problem of gravity, where spacetime itself is
the object of interest. On the other hand, since any effect of the QG would (should) be
suppressed at scales far from Planck’s scale, it seems reasonable to look for relics of this
noncommutativity at cosmological scales.

The noncommutative Landau problem inspired the model under consideration in
quantum mechanics [18,19], even though we discuss the idea at the classical level. The
concrete realization of the model has been developed in a series of papers [20–24], where a
cosmology with two scale factors has been introduced together with a deformed Poisson
algebra structure, implying nontrivial interactions [25–28].

Let us review the main features of the proposal. The metric satisfying the cosmological
principle of homogeneity and isotropy is the Friedmann–Lemaitre–Robertson–Walker
(FLRW) metric, namely

ds2 = dt2 + a2(t)

(

dr2

1 − k r2
+ r2 dΩ

2

)

. (1)
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Here, a(t) is the scale factor, r is the radial (dimensionless) coordinate, and k is the
curvature of the spatial sections.

The Einstein equations for this metric (in the absence of matter) can be derived from
the following Hamiltonian:

H =
NG

2

[

π2
a

a
+

1

G2

(

a k −
Λ

3
a3

)]

, (2)

where πa is the conjugate momenta of a (the canonical dimension of the scale factors is +1)
and N is an auxiliary field (chosen to be N = 1 at the end of calculations) related to the time
invariance reparametrization. The spatial curvature is k, and Λ is the cosmological constant.
The Poisson bracket structure is standard. Namely, the only non-vanishing bracket is
{a, π} = 1.

The model proposed in [20] considers two scale factors, namely a(t) and b(t), describ-
ing (possibly) two sectors of the universe. The interpretation of the two scale factors is
an open issue. Indeed, it might describe two patches causally disconnected, or it might
describe two universes. We adopt the term ‘patch’ to refer to a particular sector (patch a or
patch b).

Then, the model is described by a Hamiltonian

H = Ha + Hb, (3)

with Ha given by Equation (2), while Hb has the same form as Ha but for the scale factor b
with canonical conjugate momenta πb. The spatial curvature and cosmological constant
can also be chosen differently for each patch (ka, kb and Λa, Λb, respectively). In principle,
it is also possible to choose different N values for the two patches, but the time coordinate
is the same for the whole system.

The field equations are obtained from the previous Hamiltonian and the Poisson
bracket structure of the theory. If Poisson brackets are canonical for the sets (a, πa) and
(b, πb) while they are zero between the scale factors and momenta belonging to different
patches, then the model describes two independent copies of an FLRW universe. But if
nontrivial Poisson brackets occur between scale factors or momenta from different patches,
then the two patches evolve with an interacting term connecting both dynamics.

The situation is similar to the following. Consider the Hamiltonian H = 1
2 πiπi (with

an index i ∈ {1, 3}) in a phase space with the coordinates (xi, πj). For a canonical Poisson
bracket structure, the previous Hamiltonian describes just a free particle. However, for
the particular choice {πi, πj} = e ǫijkBk, the system corresponds to a particle with a charge

e interacting with a magnetic field Bk. Indeed, the equation of motion for this system is
ẍ = e ẋ × B.

In the present case, the Poison bracket structure that introduces the interaction between
the patches is

{aα, aβ} = 0, {aα, πβ} = δαβ, {πα, πβ} = θ ǫαβ, (4)

with θ as a constant parameter. The index α denotes patches a or b, and the same holds for
index β. Then, the deformation is introduced through the momenta of the fields, namely
{πa, πb} = θ, while the other possible deformations (such as {a, b}) are zero. On the other
hand, the Poisson bracket structure for each patch remains canonical. We will use the
dimensionless parameter κ = θ G as the deformation parameter.

First-order field equations can be recast as second-order ones as follows:

2aä + ȧ2 = Λa a2 − ka + 2κḃ, (5)

2bb̈ + ḃ2 = Λb b2 − kb − 2κȧ, (6)
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along with the first-order constraint

aȧ2 + bḃ2 =
Λa

3
a3 − ka a +

Λb

3
b3 − kb b. (7)

The model describes a Λ-dominated era. The solutions exhibit oscillatory or inflation-
ary behavior, depending on the values of the parameter κ. The periods with accelerated
or decelerated expansion are also periodic. The model exhibits a dynamical dark energy
content, even for the vanishing cosmological constant [20].

Different Poisson bracket deformations have been analyzed in this context. For exam-
ple, in [21], it was shown that it is possible to map a mechanical system of two particles in
the presence of a constant magnetic field to a model of cosmology with two scale factors [22].
The case in which the Poisson bracket between the two scale factors is not zero, as well as
the momentum, was analyzed in [22], suggesting a possible connection of the model with
the problem to primordial magnetic fields [29,30].

Deformed Poisson bracket structures as a source of interactions have also been investi-
gated in different contexts, mostly in the case of noncommutative quantum
mechanics [18,31–33] and recently in the proposal of the so-called metaparticles [34] as well
as its implication for cosmology [35–38].

It is natural to ask now what happened to matter’s evolution in this scenario. This
problem was investigated in [23] and applied to the case of dark matter (DM) modeled
as WIMPs and FIMPs. Section 2 is devoted to a review of the results obtained in [23,24].
Section 3 is devoted to analyzing axionic DM in the two-scale factor model. In Section 4,
we present a discussion of the results and the conclusions.

2. A Review on Barotropic Matter and Dark Matter in the Two-Scale Factor Universe

Before discussing the axionic dark matter (DM) in the model of the universe with two
metrics, we will briefly review the results in [23,24] concerning the problem of the evolution
of ordinary matter and DM in the model. The WIMP and FIMP production mechanisms
were studied for the DM, in contrast with the present work, where DM as axionic matter is
considered.

The inclusion of barotropic matter in the two patches was addressed in [23] under
the following assumptions: (1) the matter content of one patch does not interact with the
matter content of the second patch, and (2) the matter on each patch is described as a
barotropic fluid.

These assumptions translate into the following evolution equations for the scale
factors and matter density in the matter-dominated era (thus Λa = 0 = Λb) and for a flat
three-dimensional space [39] (ka = 0 = kb):

H2
a =

ρa

3
, (8)

H2
b =

ρb

3
, (9)

ρ̇a + 3Ha(ωa + 1)ρa = Γa ρa, (10)

ρ̇b + 3Hb(ωb + 1)ρb = −Γb ρb, (11)

with

Γa = 2κ
b

a2
δ1/2, Γb = 2κ

a

b2
δ−1/2, (12)

where δ = ρb/ρa. The decay functions Γ satisfy a3Γa − b3Γb = 0. Here, H is the Hubble
parameter defined on each patch. The energy density ρ and pressure p are related by
the barotropic fluid condition p = ω ρ with, in principle, a different barotropic index for
each patch.

It is worth noticing that Equations (10) and (11) define a sort of nonstandard cosmology
(NSC) [40–45]. But the role of the extra field—characteristic of the usual NSC where a scalar
field is introduced to modify the universe’s expansion rate—is played here by the matter in
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the other patch. On the other hand, the decay rate depends on the energy density in both
patches, and the geometry through the scale factors and is no longer a constant.

A consequence of this evolution is the source-sink effect of the energy density; that is,
energy from one patch drains to another, modifying the energy content there. In Figure 1,
the numerical solution for relativistic matter in a (ωa = 1/3) and nonrelativistic matter in b
(ωb = 0) with a symmetric initial condition (ρa(0) = ρb(0)) is shown as a function of the
ratio T/T0, with T0 being the present temperature of the universe.

In the figure, the field in b is no longer effective (all the energy has been drained
already) at Tend/T0. The vertical line TBBN/T0 denotes the temperature of Big Bang nu-
cleosynthesis (BBN). In the case depicted here, the process ends before the BBN epoch
(TBBN ≃ 4 GeV), and therefore, the draining process is safe in the sense that it does not
conflict with astrophysical data [46,47], and the standard cosmology is recovered for tem-
peratures lower than TBBN. Note, finally, that for a given δ, the temperature of the total
drain depends only on κ.

10
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10
11

10
13

T/T0

10
8

10
10

ρ
×

sc
a
le

fa
ct
o
r

4

T
B
B
N
/
T
0

T
e
n
d
/
T
0

ρa × a4

ρb × b4

Figure 1. Energy densities for ω = 0, κ = 10−35, and δ = 1. The dashed line represents the

temperature at which the field on patch b is no longer effective (Tend).

This result posits a natural question: What happens in the case of dark matter? In [24],
this question was addressed in the WIMPs and FIMPs DM scenario. Let us review the
results obtained there.

If the number density of DM nDM is assumed to obey the Boltzmann equation, and it is
present in the a-patch, then

dnDM

dt
+ 3Ha nDM = −〈σv〉

(

n2
DM − n2

eq

)

, (13)

where 〈σv〉 is the thermal average annihilation cross-section and neq is the equilibrium
number density for DM.

To investigate the evolution of dark matter, it is assumed that the relic density is
established in a radiation era in the standard cosmological model and, in this case, will be
considered similarly. (DM will be only on the patch a.) The models of weak interacting
massive particles (WIMPs) and feebly interacting massive particles (FIMPs) were discussed
in [24]. Both models consist of massive particles, with the production mechanism being the
main difference. The so-called WIMPs [48–51] are thermally produced via the freeze out
(FO) mechanism [52], while FIMPs [53–55] are generated in a nonthermal mechanism like
the freeze in (FI) mechanism [56–58].

The energy density evolution equations for the bi-metric universe are given by the
following (see Equations (10) and (11)):

ρ̇a + 4
ȧ

a
ρa = 6κM3

Pl

ȧḃ

a3
, (14)

ρ̇b + 3(ω + 1)
ḃ

b
ρb = −6κM3

Pl

ȧḃ

b3
, (15)
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while the time evolution of the scale factors, considering that in our model, the DM is only
in the patch a, is

ȧ = a

√

ρa + ρDM

3M2
Pl

, (16)

ḃ = b

√

ρb

3M2
Pl

. (17)

The DM content is described by Equation (13) for the case of WIMPs and FIMPs.
To summarize, the set of Equations (13)–(17) allows one to obtain the DM density and

barotropic matter density evolution in the patch a for a given matter content (barotropic) in
patch b.

In the case of WIMPs (produced through the FO mechanism), the DM particles are in
thermal equilibrium with all the particles in the bath in the early universe. Their interactions
become inefficient to keep them in the bath as long as the universe expands. Therefore,
they leave the thermal bath and freeze their number.

These kinds of particles are very popular due to, among other properties, the so-
called WIMP miracle; that is, for 〈σv〉 of the order of the electro-weak interactions (i.e.,
〈σv〉 ≈ 10−9 GeV −2), the DM relic density at present agrees with the current measurements.

FIMPs, on the other hand, are produced out of the thermal bath (FI mechanism).
Therefore, they never reach equilibrium, and their interactions are feeble, causing their
number to freeze.

For WIMPs the analytic solution of Equation (13) is obtained in the limit nDM ≫ neq,
while for FIMPs, the appropriate limit is nDM ≪ neq. The parameter of interest is the DM
yield (Y), defined as Y ≡ nDM/s, with s as the entropy density of the universe. It can be
estimated as follows:

YWIMPS ∝
1

MDM J(xfo)
, YFIMPS ∝ MDM〈σv〉. (18)

with MDM as the DM mass particle. Here, J is a function of the temperature through the
dimensionless parameter x = MDM/T, namely J(xfo) =

∫

∞

xfo
x−2〈σv〉(x)dx. The integration

starts at xfo when the DM particle freezes its number. Note that if the thermal average
cross-section is constant, then the integral turns out to be 〈σv〉/xfo.

In contrast, the yield for FIMPs is directly proportional to the thermal average annihi-
lation cross-section.

The effect of considering a universe with two scale factors with an interaction induced
through the Poisson bracket deformation is a drain of energy from one patch to the other,
as DM is for extending the range of DM parameters allowed. We reproduced some of the
numerical results obtained in [24] to see this.

Figure 2 shows the yield of DM in terms of x for MDM = 100 GeV and 〈σv〉 =
10−11 GeV−2. The dashed line (xfo) shows the temperature at which DM decouples from
the thermal bath and starts to freeze their number. The BBN temperature (xBBN), on the other
hand, is marked with a dot-dashed line. Finally, the green horizontal strip represents the
current relic density of DM. The parameters MDM and 〈σv〉 used in this figure are excluded
in the ΛCDM model because they overproduce the current DM relic density.
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Figure 2. The yield of dark matter particles in standard cosmology. For the DM mass MDM = 100 GeV

and thermal average annihilation cross-section 〈σv〉 = 10−11 GeV−2 established in the freeze out

mechanism, overproduction of DM at present was observed.

The evolution of the yield for FIMPs is depicted in Figure 3 with a DM mass
MDM = 100 GeV and a thermal average annihilation cross-section 〈σv〉 = 2 × 10−21 GeV−2.
The dashed line (xfi) shows when the FIMPs freeze their number. The horizontal strip
and the dot-dashed line are the same as before: the current relic density of DM and the
temperature at which the BBN epoch starts, respectively. Again, the DM mass and thermal
average annihilation cross-section parameters are excluded in the ΛCDM model because
they overproduce the relic density.
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Figure 3. Yield of dark matter particles in standard cosmology with mass MDM = 100 GeV and

thermal average annihilation cross-section 〈σv〉 = 2 × 10−27 GeV−2 established in the freeze in

mechanism. These values of DM and 〈σv〉 give rise to an overproduction of particles.

The numerical solution to Equations (13)–(17) provide the yield for the same values of
previous parameters but with nonzero κ. In Figures 4 and 5, the yield for κ = 10−35 and
ω = 0 is shown. Now, the DM relic agrees with the expected value today.
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Figure 4. The yield of dark matter particles in the model of two scale-factors (FO mechanism). For

the DM mass MDM = 100 GeV and thermal average annihilation cross-section 〈σv〉 = 10−11 GeV−2,

the Poisson bracket deformation parameter is κ = 10−35.
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Figure 5. The yield of dark matter particles in the model of two scale-factors (FI mechanism). For the

DM mass MDM = 100 GeV and thermal average annihilation cross-section 〈σv〉 = 10−27 GeV−2, the

Poisson bracket deformation parameter is κ = 10−35.

A few comments are in order here. In both figures, the vertical line xend shows the
temperature at which the energy of the patch b drained completely to a. For all calculations,
we assumed a symmetric initial condition, namely that the initial energy densities in patches
a and b are equal, where δ = 1 (see Equation (12)), and we also assumed that the patch b
was filled with nonrelativistic matter such that ω = 0.

Parenthetically, in these calculations, we used ρa + ρDM at the RHS of Equation (14).
Figure 6 shows the solutions obtained as before and the solution obtained when ρa +
ρDM ≈ ρa was assumed. No significant difference was observed; therefore, we can use this
approximation for the case of axions, where numerical calculations are more involved.

10
0

10
2

10
4

10
6

10
8

x = MDM/T

10
−13

10
−10

10
−7

10
−4

10
−1

Y
×

M
D
M

x
fo

x
B
B
N

Ωh2
∼ 0.11

x
e
n
d

Figure 6. Comparison between considering the DM energy density in the Hubble parameter (blue

line) and not considering it (red dashed line). As was noted, the contribution of DM energy density

in the epoch of interest is too small compared with the radiation energy density, so in a certain way, it

is possible to treat the equation as decoupled.

We also analyzed the case in which the energy content in patch b is radiation (ω = 1/3),
showing similar behavior. The parameter space in mass and the cross-section for different
values of κ that reproduce the current DM relic density in the FI and FO cases have also
been studied, showing that it is possible to enlarge the parameter space of DM.

To summarize, we can describe the DM process production as follows. Due to the
interaction encoded in the Poisson bracket deformation (through a nonzero value of κ), the
energy density in patch b decreases, and therefore, the radiation energy density in patch
a increases. This might translate into a lowering of the WIMP and FIMP yield. Indeed,
Y = nDM/s, and then for a set of parameters responsible for the DM overproduction in
the standard cosmology, there will be an entropy increase due to the drain of energy from
patch b to patch a so that the ratio Y has a chance to give the right value at the present time.

3. Axionic Dark Matter

3.1. Axionic Dark Matter

A different model for DM is the weakly interactive slim particles (WISPs). In this
group, we find the axions [59]. These particles have a small mass, and thus they must be
generated nonthermally [60] to avoid high momentum components. In what follows, we
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will resume these mechanisms of dark matter (DM) production, focusing on the key aspects
relevant to our proposal.

The most promising candidate is the so-called axion, the pseudo-Nambu–Goldstone
boson arising after the Peccei–Quinn (PQ) U(1) symmetry [59] is spontaneously broken,
solving the strong CP problem. The scale at which the PQ symmetry breaks is related to
the mass of the axion particle (ma) through

m2
a(T) =

χ(T)

f 2
a

, (19)

where χ(T) is the topological susceptibility and fa is the energy scale at which the symmetry
breaks. The term χ(T) can be estimated, for example, from a QCD lattice simulation [61].
For numerical purposes we will use the results reported in [62]. It is worth mentioning that
for analytical calculations, the axion mass is a constant for temperatures T < TQCD, while
for T > TQCD, it depends on T−4 [63].

On the other hand, the axion’s mass depends on fa which, for our analysis, is a free
parameter. However, instead of fa, one uses the present axion mass; that is, ma ≡ χ(0)/ fa.
We refer to this independent temperature as ma, in contrast with ma(T), where the explicit
temperature dependence is considered.

The axion Lagrangian density is given by

L =
1

2
∂µφ∂µφ − m2

a(T) f 2
a

(

1 − cos
φ

fa

)

(20)

with φ being the Axion field.
We will analyze only the zero modes of the axion field, assuming that it is homoge-

neously distributed in the space (considering that the contribution to DM comes from this
mode of oscillation [63–65]). The field equation, therefore, is

Θ̈ + 3 Ha Θ̇ + m2
a(T) sin(Θ) = 0, (21)

with Θ = φ(t)/ fa.
For a given initial condition θ (the initial misalignment angle), the axion starts to

oscillate at a time tosc until it reaches its true minimum Θ = 0. The time tosc corresponds to a
temperature Tosc, defined through the relation

αH(Tosc) = ma(Tosc), (22)

where α is a numerical factor in the range [1, 3]. In our case, we will use α = 3, since it best
fits the numerical results.

The energy tensor gives the axion energy density for a scalar field; in other words, we
have

ρφ =
1

2
φ̇2 + m2

a(T) f 2
a

(

1 − cos
φ

fa

)

,

= f 2
a

(

1

2
Θ̇

2 + m2
a(T)(1 − cos θ)

)

. (23)

From the numerical solution for Equation (21), and using the temperature-dependent
mass in Equation (19), it is possible to calculate ρφ from the previous expression as a
function of the free parameters θ and ma.

It is also possible to proceed differently, which is suitable not only for numerical
calculations but also for nonstandard cosmologies where entropy injection is present due
to new matter fields. In our case, this entropy injection is caused by the presence of the
other patch.
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The approach above rests on the co-moving axion number Nφ being conserved; that is,
Nφ(T1) = Nφ(T2) for any two arbitrary temperatures T1, T2. With Nφ = nφ a3 and nφ, the
axion number is defined, for a nonrelativistic axion particle, through ρφ = nφma(T).

By imposing the conservation at T1 = TOSC and T2 = T0 (the current temperature of
the universe), one finds

ρφ(T0) = ρφ(Tosc)
ma

ma(Tosc)

s(T0)

s(Tosc)
, (24)

where the universe is assumed to expand adiabatically, and thus the scale factor a and
the temperature are related according to s(T) ∝ a−3, with s being the entropy density.

Therefore,
(

aosc/aT0

)3
= s(T0)/s(Tosc).

Finally, an analytic approximation for the energy density is obtained through ρφ(Tosc) ≃
1
2 ma(Tosc) f 2

a θ2, where θ is the initial misalignment angle which is a free parameter together
with the non-dependent temperature mass of the axion ma.

The fraction of energy produced by the axion field with respect to the critical density
ρc is

Ωφ =
ρφ(T0)

ρc
. (25)

Let us discuss how this model of DM evolves in the model of the universe with two
scale factors.

3.2. Axionic DM in the Bimetric Universe

In a universe with no DM component, the compatible values of κ are those that drain
the energy density from one patch to another before the BBN starts (see [42]). When DM is
considered, nonzero values of κ also affect the production of the DM’s relic density due to
the entropy injection. From now on, we will consider the energy content in patch a to be
the radiation, and the energy content in b will be characterized by the barotropic index ω.

Since the main features of the axions are described in terms of the temperature of the
universe, it is convenient to write all quantities of interest as a function of this temperature.
For this, one must consider the entropy density, which satisfies the following in our model:

ṡ + 3Hs = 6κM3
Pl

ȧḃ

a3
, (26)

Considering that the main contribution to the entropy comes from photons, this
equation tracks the temperature of the photons and, therefore, the energy density of the
SM plasma. On the other hand, the SM entropy density can be written as

s =
ρa + pa

T
=

2π2

45
g⋆s(T)T

3, (27)

with pa being the pressure terms for the radiation content (1/3 = pa/ρa) and g⋆s(T) being
the effective degrees of freedom for the entropy density.

The link between temperature and time is obtained from Equations (26) and (27).
Indeed, from here, it is possible to find an expression for Ṫ for the photons, namely

Ṫ =

(

1 + g′
⋆s(T)

T

3g⋆s(T)

)−1(

6κM3
Pl

ȧḃ

3s(T)a3
− T

ȧ

a

)

, (28)

where ′ denotes a derivative with respect to the temperature.
Assuming that the plasma in the SM content remains at internal equilibrium in the

early universe, the energy density for the plasma can be related to the temperature through

ρa = π2

30 g⋆(T)T4 (radiation energy density), with g⋆(T) being the relativistic degrees of
freedom.
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To summarize, the later relation for ρa, together with

ρ̇b + 3(ω + 1)
ḃ

b
ρb = −6κM3

Pl

ȧḃ

b3
, (29)

Θ̈ + 3 Ha Θ̇ + m2
a(T) sin(Θ) = 0, (30)

ȧ = a

√

ρa + ρDM

3M2
Pl

, (31)

ḃ = b

√

ρb

3M2
Pl

. (32)

describes the bi-metric universe with an axion DM. With the help of Equation (28), we can
describe the evolution as a function of temperature instead of time. Note that the epoch
we are interested in is characterized by the condition ρa ≫ ρDM, and then we can solve
Equation (31) with just ρa + ρDM ≈ ρa. We have already shown that this is indeed a good
approximation for the case of WIMPs and FIMPs. The same assumption will be used to
calculate the axion evolution for axionic DM.

For the axion case, the energy density at the current time (ρφ(T0), with T0 as the current
temperature) can be computed similar to the standard case. Still, we need to consider the
injection of entropy due to the decay of the field in the b patch. Then, we have

ρφ(T0) = ρφ(Tosc)
ma

ma(Tosc)

s(T0)

s(Tosc)
×

Sosc

Send
, (33)

with Tend being the temperature at which the field in the patch a decays. The last factor
(Sosc/Send) is the dilution term [66] produced by the energy density increase in the a patch.
This factor affects the DM production in the case of FIMPs and WIMPs.

We now discuss the effects of including a second scale factor b with a modified Poisson
bracket structure in the production of axionic DM. In what follows, the ratio between the
initial content of matter in b and a will be denoted as δ (δ = [ρb(Tini)]/[ρa(Tini)]).

In Figure 7, we show the parameter space in the misalignment angle and the mass
of the axion particle that reproduces the current DM relic density, varying the value of δ
with fixed κ = 10−34 and ω = 0. The blue line corresponds to the case where patches a
and b evolve independently (κ = 0) (i.e., the standard cosmological model). We observe
that for lower values of δ, the region of parameters reproducing the actual value of the DM
density was closer to the SM case. Note also that as δ diminishes, an intersection between
the κ 6= 0 and the SM is present, which means that for a specific set of parameters, the
bi-metric scenario with κ 6= 0 cannot be distinguished from the current DM relic density.
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Figure 7. Parameter space that reproduces the DM relic density, varying δ for ω = 0 and κ = 10−34.

The blue line represents the standard model case.

Figure 8 shows the parameter space in the misalignment angle and the mass of the
axion particle that reproduces the current DM relic density, varying the value of ω with
δ = 102 and κ = 10−34. It is noted that for higher values of ω, the region obtained was
similar to the SM case. The case for ω = 2/5 differed only for angles higher than θ ≈ 10−2,
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and thus for a large space of parameters, there was no difference between these two
scenarios. Also, the slopes suggest a new point at which the regions intersect and cannot
be distinguished from the cosmological scenario.
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Figure 8. Parameter space that reproduces the DM relic density, varying ω for δ = 102, κ = 10−34

and Tini = 103. The blue line represents the standard model case.

In Figure 9, we present the parameter space in the misalignment angle and the mass
of the axion particle that reproduces the current DM relic density, varying κ with δ = 102

and ω = 0. For higher values of κ, the region was closer to the SM case. This is contrary to
the fact that when κ = 0, the SM case was restored. Again, the slopes in the region suggest
a specific set of parameters that intersect.
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Figure 9. Parameter space that reproduced the DM relic density, varying κ for δ = 102, Tini = 102

and ω = 0. The blue line represents the standard model case.

Another interesting feature for the axion case is the temperature of oscillation (Tosc),
which did not change, varying the values of ω and δ or κ as shown in Figure 10. This means
that the different regions shown in Figures 7–9 were only due to the dilution factor (entropy
injection). There was no contribution for the time at which the axion started to oscillate.
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Figure 10. Temperature of oscillation for axion with different values of ω.

4. Discussion and Conclusions

This work presented the axionic DM evolution in a universe with two scale factors
when considering a nonstandard Poisson bracket structure. The model was first considered
in [20] and subsequent works [21,22], excluding any matter content to explore the structure
of spacetime. However, in a more realistic scenario, it is natural to ask for the effects of



Universe 2023, 9, 429 12 of 15

such modifications when ordinary matter and dark matter are present. The problem of
incorporating standard matter into the model was addressed in a recent study [23].

It is then natural to ask if this nonstandard cosmology left imprints in DM production.
The cases of WIMPs and FIMPs (for freeze out (FO) and freeze in (FI) mechanism produc-
tion) were studied in [24]. The results for standard matter and the cases of DM production
just mentioned were reviewed in Section 2 of the present work.

The present study is instead devoted to axion DM, a different candidate from DM. The
main results of the present work are (1) the possibility of obtaining the current DM relic
density, varying the fluid content of the hidden patch as well as the deformation parameter
κ, which controls the entropy injection from b to a, (2) this mechanism creates a new way
to generate a nonstandard cosmology but in a noninvasive mode (i.e., without an extra
field in the early universe), and (3) the axion’s temperature of oscillation does not change
when varying the parameters of the cosmology under consideration. Let us comment on
these results.

The entropy injection’s behavior depended on the model’s parameters, as expected.
For example, by varying ω (the barotropic constant of matter in patch b), one can reach new
regions in the misalignment angle and the axion mass. Lower values for ω are consistent
with lower values for the axion mass; that is, nonrelativistic matter in b is compatible with
smaller axion masses in a, compared with the relativistic matter in b, for a given value of κ.
This allowed shift to the left region is shown in Figure 8.

On the other hand, lower values for κ and higher values for δ gave a behavior similar
to the one described before, allowing us to reach lower masses for the axion. This behavior
seems to contradict the result that, for κ = 0, we recovered the SM. However, one must
remember that the system describing this model is highly nonlinear, and on the other hand,
it is consistent with previous results for WIMPs and FIMPs, where lower values of κ are
consistent with lower values of DM.

Let us point out the fact that a set of values for the extra parameters fitting the correct
amount of DM existing is somehow expected. What is interesting, from our point of
view, is that the model with two scale factors and the interaction via a deformed Poisson’s
bracket structure is still viable when DM is present. This was already tested for the case of
WIMPs and FIMPs, but here, we also extended the result for the case of DM modeled as
axion particles.

From the numerical analysis, on the other hand, we see that the values of ω, δ, and
κ did not change the temperature of oscillation in the axion particle scenario, meaning
that changes in the parameter space allowed it reproduce the current DM relic density
coming from the entropy injection to patch a only. This is a new effect that is different from
nonstandard cosmologies, which incorporates an extra Φ field in the early universe and
produces changes in the oscillation temperature for axions [66]. Indeed, the new field Φ

decays at a rate Γ related to the temperature at which this particle decays. In these scenarios,
the parameter space for the DM relic density is also modified and even agrees with some of
the parameter space shown here, but the model is completely different.

Finally, considering the results for the FO and FI mechanisms of DM production in [24]
and the present results for axionic DM, we conclude that the two-scale factor scenario
is a new nonstandard cosmological model. For instance, in an FO mechanism, values
of 〈σv〉 = 10−11 GeV−2, Tend = 0.1 GeV, and MDM = 100 GeV reproduce the DM relic
density in nonstandard cosmologies [45] as well as in our model. For the FI mechanism,
by choosing values of 〈σv〉 = 10−22 GeV−2, Tend = 500 GeV, and MDM = 100 GeV, the
current DM relic density can be reproduced [42], but not in the case of two-scale factors.
For the axionic DM, we have already seen that the current DM relic was reproduced, but
there was no change in the oscillation temperature.

To conclude, the present work shows the model’s compatibility with a different type
of DM candidate not considered in previous works. However, there are different scenarios
where the model must be tested to verify its compatibility with the well-established results
in cosmology. Indeed, the presence of a new parameter, κ, enlarges the possibility to fit the
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model with the observations. But it is interesting to note that the order of magnitude of κ is
not too different for the different models of DM considered here and in previous works.
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