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Conventionally in quantum sensing, the goal is to estimate one or more un-
known parameters that are assumed to be deterministic—that is, they do not
change between shots of the quantum-sensing protocol. We instead consider the
setting where the parameters are stochastic: each shot of the quantum-sensing
protocol senses parameter values that come from independent random draws.
In this work, we explore three examples where the stochastic parameters are
correlated and show how using entanglement provides a benefit in classification
or estimation tasks: (1) a two-parameter classification task, for which an en-
tangled sensor can achieve a large improvement in classification accuracy over
an unentangled sensor given a low shot budget (e.g., 97% versus 80% given a
budget of 50 shots); (2) an N-parameter estimation task and a classification
variant of it, for which an entangled sensor requires just a constant number (in-
dependent of N) shots to achieve the same error as an unentangled sensor using
exponentially many (~2") shots—with numerical experiments showing that an
entangled sensor needs several orders of magnitude fewer shots than an unen-
tangled sensor even in cases when N is small; (3) classifying the magnetization
of a spin chain in thermal equilibrium, where the individual spins fluctuate but
the total spin in one direction is conserved—this gives a practical setting in
which stochastic parameters are correlated in a way that an entangled sensor
can be designed to exploit, and numerical experiments showing that even with
small N, an entangled sensor can achieve the same accuracy as an unentangled
sensor but use ~100x fewer shots. We also present a theoretical framework for
assessing, for a given choice of entangled sensing protocol and distributions to
discriminate between, how much advantage the entangled sensor would have
over an unentangled sensor. Our work motivates the further study of sensing
correlated stochastic parameters using entangled quantum sensors—and since
classical sensors by definition cannot be entangled, our work shows the possi-
bility for entangled quantum sensors to achieve an exponential advantage in
sample complexity over classical sensors, in contrast to the typical quadratic
advantage.
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1 Introduction

Quantum sensing involves the use of quantum resources (such as entanglement) to improve
the sensitivity of a sensor in measuring parameters beyond the classical limit, also known as
the standard quantum limit (SQL) [1, 2|. In some cases, this allows for an improvement in
sensitivity scaling with resources beyond that set by the SQL. In the prototypical example
of phase-sensing with qubits, where the phase is a rotation around the Pauli-Z axis, inter-
ferometry protocols using the Greenberger-Horne-Zeilinger (GHZ) state |3, 4| are known
to be optimal in sensitivity. In this case, the GHZ state with N qubits achieves an error
in estimating the phase that scales as 1/N, known as the Heisenberg limit. In contrast,
the SQL, which is achievable with N-qubit unentangled qubits, can only achieve an error
that scales as 1/ V/N. In other words, the unentangled sensing-protocol requires a number
of samples that scales quadratically in N to achieve the same error as the entangled GHZ
sensing-protocol. There are many other well-established quantum-sensing protocols for
other sensing tasks and systems, which use quantum states such as spin-squeezed states 5|
and NOON states [6, 7] to name a few. In these sensing tasks, the parameter to be sensed
remains fixed during the shots of the quantum-sensing protocol, as shown in Fig. 1 a).

An alternative setting is when the parameters are stochastic, that is, varying between
shots of the quantum-sensing protocol [8-17| (see Fig. 1 b)). Such a regime includes
many physical scenarios, such as fluctuations in thermodynamic quantities of classically-
interacting systems, or background spectral noise in electromagnetic signals. In this setting,
the parameters to be sensed can be described as samples from an underlying probability
distribution T. Over multiple shots, the measurement outcomes of the quantum-sensing
protocol can be used to infer the properties of the probability distribution. The quantum-
sensing advantage and the role of entanglement in this setting remain largely open ques-
tions.

The aim of the sensing tasks we consider in this work are the binary-classification
of probability distributions and estimation of the parameters of probability distributions
that govern the stochastic signals received by the quantum sensor. In this work, we fo-
cus on phase-sensing with qubits and show that even simple sensing tasks involving the
discrimination of two distributions of multiple, correlated, stochastic parameters can yield
an exponential sensing advantage, where an entangled quantum sensor can achieve the
same classification accuracy as an unentangled quantum sensor with exponentially fewer
samples. We illustrate this with a pedagogical example of two qubits to sense two phases,
before generalizing to an N-qubit N-phases task. The phase sensed by each qubit varies
between shots of the sensing protocol. However, the sum of the phases is constrained to
take a fixed value. We consider the task of estimating this sum. We show how an entangled
quantum-sensing protocol requires exponentially fewer samples than the optimal unentan-
gled quantum-sensing protocol to achieve the same error of the estimate, as a function
of N. We also consider a binary-classification task [18-21], where the two classes have
different values for the sum of the phases. This exponential advantage in sample com-
plexity arises from the fine-tuned distribution of the parameters we choose. While such a
scaling is difficult to obtain more generally, we numerically show that the advantage can
still be large. To motivate this, we consider a stochastic sensing task which can arise in
physical systems. We consider the task of sensing the conserved total spin Z-component
of the classical XXZ spin-chain model. We show that this advantage stems from the abil-
ity of an entangled quantum sensor to directly probe the low-noise, information-carrying

fThroughout this manuscript, the terms shots and samples are interchangeable because we assume that
each shot of a quantum-sensing protocol senses a single new sample of the stochastic parameters.
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combinations of otherwise stochastic parameters.

The rest of this paper is organized as follows. In Sec. 2, we introduce the paradigm of
quantum sensing of stochastic parameters, in contrast to conventional quantum sensing.
In Sec. 3, we describe a simple example of stochastic sensing for the task of discriminating
between two two-dimensional Gaussian distributions. In particular, we show how a two-
qubit Bell state can provide an improvement in classification accuracy over the optimal
unentangled-sensing protocol. In Sec. 4, we discuss two related N-parameter stochastic
sensing tasks for which an entangled quantum sensor can achieve an exponential sensing ad-
vantage in sample complexity, discussing the reasons for such an advantage and illustrating
our theoretical results using simulations. The precise nature of the probability distribu-
tion of the N-parameter phases allows us to realize this advantage, but limits the scope
of realistic scenarios where such distributions naturally arise. In Sec. 5, we motivate how
entanglement can improve sensitivity for correlated distributions that can arise in physical
systems, studying a sensing task involving the classical XXZ spin-system. Sec. 6 intro-
duces a general framework to assess whether an entangled sensor has a substantial scaling
advantage over an unentangled sensor, and if it does, to estimate how much advantage
it has (i.e. polynomial, exponential, etc.). We also present conditions that guarantee or
forbid exponential an entanglement-enabled exponential advantage for binary-classification
between parameter distributions. Sec. 7 summarizes our results, followed by an outlook
on avenues for future exploration.

2 Our Setting: Quantum Sensing of Stochastic Parameters

a) Sensing deterministic parameters (conventional)
Same deterministic parameter
0 = (61,0s,...,60N) vector @ encoded in every shot
[ —
/\fz Al Quantum Information
0, Sensor about 0
b) Sensing stochastic parameters (this work)
0= (01,0,,...,0n)
0 ~ P3(0)

New stochastic parameter
vector @ encoded in every shot

Quantum | _ | Information about
Sensor the distribution P (0)

Figure 1. Quantum sensing of deterministic versus stochastic parameters a) Conventional quan-
tum sensing tasks estimate or classify an (most generally) N-dimensional parameter vector 8 using
samples obtained from a quantum sensor. For each sample, the same deterministic @ is received by
the quantum sensor. b) In quantum sensing of stochastic parameters, which we consider in this work,
the N-dimensional parameter vector 6 received by the quantum sensor is sampled from a probability
distribution Pg(0). Each sample obtained from the quantum sensor experiences a different, stochastic
6. Estimates made using quantum sensor measurement outcomes in this setting consequently depend
on the properties of the underlying distribution Pg (). In this work, we show the advantages of entan-
glement in the quantum sensor in this latter setting.
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Conventionally, it is usually assumed that under repeated executions of a quantum-
sensing protocol, the unknown parameter being sensed remains fixed (see Fig. 1 a)). In
this work, we explore the paradigm of sensing an (most generally) N-dimensional vector of
parameters @ that is itself described by a probability distribution, as illustrated in Fig. 1
b). In this setting, every repeated measurement of the sensing protocol experiences a
potentially different parameter. Such a framework can describe the sensing of parameters
generated by a stochastic physical process, where 0 is described by a random parameter
sampled from a parameterized probability distribution Pg(€). Here ® describes all the
features of the probability distribution, such as its mean, variance, covariance, etc. We
discuss this framework in the context of binary classification, with the goal of predicting
which of two distributions Pa (6) or Pp(0) generates the stochastic parameters received by
the quantum sensor. Our framework can be naturally extended to multi-class classification
tasks, and estimation tasks (with the goal of estimating continuous parameters of the
distribution). We explore the latter in Sec. 4.

The general protocol we consider consists of a quantum sensor comprising N qubits
initialized to the all-zero state |¢)g) prior to the sensing protocol. An encoding unitary
Uenc is designed to create the optimal sensing probe state |[¢probe) = Uenc |[¢0), followed by
the sensing unitary Ugense(@), which depends on the instance of stochastic parameters 6.
This sensing unitary is determined by the physical interaction between the signal and the
sensor. In this work, we consider the prototypical scenario of phase sensing with qubits,
namely:

Usense(e) = 67% Z’ 916?7 (1)

where 67 is the Pauli-Z operator acting on the i*" qubit. We consider more general sensing
unitaries in Appendices D and E, both for the cases where the terms in the exponent of the
unitary commute with each other and where they do not. Following the sensing unitary,
the quantum state is projected in the optimal measurement basis. We represent this action
by a Ugec unitary, which produces the state [¢f(6)) = UgecUsense(@)Uenc [t0). Finally, a
measurement in the computational bit-string basis, defined by the positive operator-valued
measure (POVM) elements {M}}, results in a single sample from the quantum sensor.
The expectation of the measurement outcomes is formally obtained by averaging over the
(unknown) probability distribution functions of a class

pe(®) = [ 6 Po(8)Tr (N 04(0)) (Ui(O))). 2)

The distribution of measurement outcomes, therefore, depends not on a specific instance of
random values 6, but instead on the parameters ® governing the probability distribution
describing these random parameters.

In this work, we consider tasks where the underlying probability distributions give
rise to correlations between multiple stochastic parameters. We identify and discuss the
potential for a quantum entanglement sensing advantage by comparing the optimal sensing
protocol with entanglement (where Uepe and Ugee contain gates acting on multiple qubits),
against one without entanglement (where Usgye and Uge. are restricted to single-qubit gates).
While our analyses and results are formally about identifying advantages between quantum-
sensing protocols using entanglement and protocols not using any entanglement, we can
also interpret our results as showing an advantage of quantum sensing with entanglement
versus classical sensing, since classical sensors by definition cannot be entangled. We first
present a simple two-parameter example in the next section.
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3 Two-qubit example: discriminating bivariate distributions

3.1 Introduction

In this section, we present an example that illustrates the advantage that can be gained
by using an entangled quantum-sensing protocol for sensing stochastic parameters. We
consider two probability distributions over a pair of phases such that the average difference
between the phases is distinct, while the average sum of the phases is the same. For
both probability distributions, the difference between the phases has lower noise than the
sum of the phases. An entangled quantum-sensing protocol with the Bell probe state
(]01) +]10))/v/2 and measurement in the Bell state basis can directly extract information
about the low-noise difference directly, allowing it to accurately discriminate between the
two probability distributions. In contrast, an unentangled probe state and measurement
basis can only access this information through individual phases on each qubit, which
are noisier than the difference. This ability of an entangled quantum-sensing protocol to
access less-noisy functions of the phases leads to an entanglement-enabled quantum-sensing
advantage.

3.2 Theory

We consider the example of discriminating between two bivariate-Gaussian distributions
Pr(0) of random parameters 8 = (01,02) for L = A, B, characterized by their mean
values 07, = (971, L, ég, 1) and covariance matrices V. The distributions we consider possess
identical covariance matrices, Vo = Vg, and are only distinguished by their mean values,
which we set to have an identical sum 0_17 L+ 527 ., =0V L, but a distinct difference 517 L —

92’ 1, = £C for L = A, B respectively. The identical covariance matrices of the distributions

o? o2

are non-diagonal, Vo = Vg = ( o oy ), indicative of non-zero correlations between the

corr

random parameters ;. Here o2 defines the local (marginal) variance of parameters ¢; and
62, which we set to be equal. o2 . denotes the magnitude of cross-correlations between the
random parameters 61, a: for 02 = 0 the parameters are completely uncorrelated, while
for 02 . = o2 they are perfectly correlated. Due to these correlations, the combination

corr
01 — 65 has a reduced variance 02 = 02 — o2 while 8; + 6, has an increased variance

— corr?
0__2’_ = 02 + O-gorr'

The task is to determine which of the two underlying Gaussian distributions the quan-
tum sensor is sampling from, given S stochastic samples of 8. As the only distinction be-
tween the distributions lies in the random parameter 61 —02, we are equivalently tasked with
constructing an estimator for the mean of this quantity. These two parameters 61 and 65 are
encoded in the sensing unitary as rotations along the Pauli-Z axis of two different qubits,
Usense(0) = e~ 5(0197+0263) Using S samples extracted using computational-basis measure-
ments, outcomes xp € {11, %10, 01, %00} are unbiased estimators of the probabilities of
measuring bit-strings corresponding to computational-basis states [11) ,[10),|01),|00) re-
spectively. The probabilities of these bit-strings will be different for the two classes. From
this, we can estimate the performance of a quantum-sensing protocol as a function of the
number of samples S (see Fig. 2 b)).

The standard unentangled sensing strategy would be to consider two independent
single-qubit sensors, to estimate éj, as depicted in Fig 2 ¢). In this case, Uone = ®j=1,2 H;
where Hj is the Hadamard gate on the 4™ qubit, and Ugee = R} (7/2) ®j=1,2 Hj, where
Rj(m/2) performs a rotation of 7/2 around the Pauli-Z axis on the first qubit (see Ap-
pendix A for more details). The simplest post-processing step is to only use local measure-
ments on the j™ qubit, neglecting any correlations. The estimators for these single qubit
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Figure 2: Example of two-qubit stochastic sensing task, discriminating two Gaussian distri-
butions of correlated parameters 6 = (61,6;). a) Conventional sensing for binary distribution
discrimination. A fixed sample @7 sampled from one of two Gaussian distributions L = A, B is re-
ceived by the quantum sensor S times. The sensing interaction described by the unitary operator
Usense(0) = e 3(0167+0263) Using measurement outcomes averaged over S samples, a maximum like-
lihood estimator (MLE) is used to determine which class the samples 87, originated from. b) Same task
as a), but where the parameters are stochastic. Now each new shot of the quantum-sensing protocol
receives a new stochastic vector 8. c) Circuit diagram for the unentangled sensor, which leads to a
qubit distribution that is spread out over the Bloch sphere due to the stochasticity of the parameters.
d) Circuit diagram for the entangled sensor (see Appendix A for more details). By preparing an appro-
priate entangled state (here the Bell state), the entangled sensor is able to measure directly along the
low-noise axis 1 — 0. The decoding unitary disentangles the two qubits and maps the information of
the class to the state of the first qubit, which is measured. The second qubit is always in the ground
state |0), and hence does not need to be measured. The delocalization of the first qubit state is then
suppressed by the ability of the entangled state to avoid noise along the large noise axis 61 + 2. e)
Classification accuracy performance for the schemes in ¢) and d). The entangled sensor outperforms
the unentangled sensor, achieving a higher classification accuracy for a given number of shots. Insets
show the histogram of the MLE prediction, for 50 samples of the quantum sensor. Values less than 0.5
are predicted to be in Class A. Values greater than 0.5 are predicted to be in Class B.
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excitation probabilities simply become x1 = x11 +219 and z9 = x11+x¢1. It will now prove
useful to define a linear estimator for this unentangled protocol as y*'94 = x1 — x4, which, in
the limit of |§;] < 1, can be shown to have the expected value E[y*14] = %6_%02 (61 — 6);
as a result, y*!'9 estimates the difference of means we intend to sense. For classifica-
tion, we are ultimately interested in the discriminator between classes, yX’lq — yg’lq. In
the limit of large S, the qubit measurement results approximate Gaussian distributions,
whose distinguishability can be quantified using Fisher’s discriminant [22], which is just
the signal-to-noise ratio of the discriminator between classes:

o (ElyA] — Ely])?
D) = Ty + Varal)

(3)

where ‘n’ is a label that defines different quantum-sensing protocols. We will use Fisher’s
discriminant as a useful analytic expression to compare the various protocols. However,
we emphasize that in actual numerical calculations of classification accuracy, we are not
restricted to large S or to the use of Fisher’s discriminant. For the unentangled protocol
with only single-qubit measurements, D(u, 1q) takes the form D(u,1q) ~ 4S5 e C2. We
therefore see that the separability is strongly limited by the marginal variance o2.
However, this analysis overlooks any information present in the correlations between
qubit measurements in each sample. Such correlations manifest even in the absence of
entanglement, purely from the correlations of the stochastic parameters themselves, dic-
tated by Pr(€). A better estimator can be constructed by considering all four bit-string
outcomes, which can account for all qubit measurement correlations. We show that in the
limit of large variance 0? > 1 and |C| < 1, the estimator %29 = 11 +z0¢ has the expected
value E[y“24] ~ % + ie_og (61 — 05), estimating the difference of means (see Appendix A).
We consider the case of |C| < 1 and equal covariance matrices of the two distributions
(VA = V) only to provide simple analytic expressions for the discussion here. Impor-
tantly, the performance improvement enabled by the entangled protocol due to its ability to
directly measure the useful combination 61 — 65 is also valid for larger C' (see Appendix A).
The corresponding value of Fisher’s discriminant becomes D(u,2q) ~ S e 20202, We
note that the sensitivity is now determined by the reduced variance o2 . For strong enough
correlations where 02 < o2, this presents a significant improvement over the prior case ig-
noring two-qubit correlations. To visualize discrimination using two-qubit measurements,
we consider an instance of this task for o = 1.5,02 . = 0.9902, and C = —0.25; samples
from the two distributions defined by these parameters are shown in the scatter plot in
Fig 2 b). Then, we perform simulations of the unentangled protocol for a finite S = 50
shots for both classes, and plot histograms of the estimator %24 in Fig. 2 e). Also shown
are the Gaussian profiles determined by analytic expressions for E[y*24] and Var[y*24].
We now show how entanglement can be used to take advantage of classical correlations
among the stochastic parameters. The key idea is to use an encoding protocol Ugy. that can
generate entanglement to prepare a state that is sensitive only to the low-noise combination
01 — 0. For this task the entangling protocol requires preparing the Bell state Ugye [100) =
|U+), where |Ut) = %(\Ol) + [10)), and also measuring in this basis, as depicted in
Fig 2 d). The decoding unitary disentangles the two qubits, with the predicted class label
information encoded in the first qubit, while the second qubit is always in the ground
state. In this case, again assuming |C| < 1, but now without any constraints on o?
(to which the entangled protocol is completely insensitive), we find that the single-qubit
excitation probability y. = z1 is an estimator of the desired difference of means, E[y¢] = %—i—
%eig% (6, —B5). More importantly, Fisher’s discriminant now becomes D(e) ~ 4.5 e 2 2,
The entangled protocol is therefore affected only by the small variance o2, and not the
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larger marginal variance o2 of the individual phases 61,65, or the variance 03_ of the
high-noise combination 61 + 0. Furthermore, by requiring only measurements of a single
qubit, the entangled protocol provides an enhancement in sensitivity to the difference in
mean values of the two distributions by a factor of 4 in comparison to the unentangled
protocol that accounts for two-qubit correlations in measurement. For comparison with
the unentangled case, in Fig. 2 e) we now plot histograms of the estimator y. sampled
using S = 50 shots for the two classes now from the entangled sensor, together with fits
to Gaussian profiles determined by the aforementioned analytic expressions. We find an
enhanced separation at the same number of shots S.

3.3 Numerical Results

We simulate both the unentangled and the entangled protocols for this discrimination
task and compute the classification accuracy as a function of S samples obtained from
the quantum sensor. The predicted class label is determined using a maximum likelihood
estimator constructed from all normalized bit-string frequencies {z11, 10, Zo1, Zoo }, which
account for all correlations in qubit measurements. We observe an increase in classification
using the entangled protocol over the unentangled protocol, finding an approximately 4x
reduction in the number of samples S required by the entangled scheme to reach a desired
accuracy, consistent with the analytic findings (for further details of the various protocols,
simulations, and post-processing, see Appendix A). We also see a large gap in classification
accuracy between the two protocols in the low shot regime. The classification accuracy at
S = 50 for the entangled quantum-sensing protocol is 97%, compared to the unentangled
quantum-sensing protocol, which only achieves 80%.

This toy example illustrates how entanglement can provide an advantage for sensing
of correlated stochastic parameters. Using only local measurements, the discrimination is
limited by the local variance o2. An improvement is enabled by considering two-qubit cor-
relations, leading to discrimination limited by the smaller variance o2, but which requires
the estimation of two-qubit correlations that have a higher sample complexity. The entan-
gled protocol circumvents both these issues, by directly sensing the low noise combination
of correlated parameters. This intuition also naturally provides hints as to how the entan-
glement advantage could be maximized. First, for large enough o2, local measurements
carry no information about the class label, requiring the computation of more sample-
expensive correlations. Secondly, if the task demanded sensing N correlated parameters
(instead of 2), the required correlation function order could also increase, making the task
harder for the unentangled protocol. We formalize this intuition in the next section to
show that the entangled quantum-sensing protocol can exhibit an exponential quantum
advantage in the number of sensing parameters N over its unentangled quantum-sensing
protocol counterpart for suitable tasks with stochastic parameters.

4 Exponential stochastic sensing advantage

4.1 Introduction

The example in the previous section illustrates how using an entangled quantum-sensing
protocol can yield an advantage over an unentangled one for the specific case of a two-qubit
system sensing two correlated phases. In this section, we show that the sensing advantage
can scale exponentially in the number of qubits in the protocol. As an illustration, we
consider a setting in which the phases of Ugepnse are generated at random from a uniform
distribution such that the sum of the phases 6; equals some fixed unknown quantity ), 6; =
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C. We consider binary-classification tasks in which we must distinguish between two values
of C, or estimation tasks to estimate C' within some error (see Fig. 3 a)). We show how an
entangled quantum-sensing protocol with the GHZ state can achieve an exponential sensing
advantage over the optimal unentangled quantum-sensing protocol. We will consider the
estimation task in detail (the details of the binary-classification task are similar and can
be found in Appendix B).

4.2 Theory

Consider a protocol that uses entanglement to prepare the GHZ-state Uenc [¢0) = [¥probe) =

%(\00 ...0) +[11...1)). The GHZ-state performs a Ramsey measurement on the sum
of phases experienced by all qubits, Y ,6; = C, and therefore is only sensitive to the

value of the constraint. The state after sensing is Usense |¢probe) = %(e‘ic/2 |00...0) +

¢“/2[11...1)) for every sample of parameters from the underlying probability distribution.
This state is measured in the GHZ-basis with a § phase offset %(\OO .0y +4]11...1))
that maps the information of the state on to a single qubit. The phase offset increases the
sensitivity of the protocol when C' is close to 0. This is achieved with the decoding unitary
Ugec that disentangles the N-qubits. Ugec is the Hermitian conjugate of the entangling
unitary Uepc, followed by a Hadamard operation on the first qubit. The probability of this
qubit being in the excited state is % All other N — 1 qubits end up in the ground
state, irrespective of the input, and therefore do not need to be measured (see Fig. 3 ¢)).
Consequently, we can estimate the value of C' with any level of confidence within a number
of shots that is independent of the number of qubits IV, as shown in Fig. 3 d). The entan-
gled protocol is completely insensitive to the stochastic nature of each individual phase 6;.
We show the detailed circuit diagram in Appendix B.

For the unentangled protocol, a Ramsey sequence is performed on each qubit, similar
to the protocol described in the previous section (see Fig. 3 b)). To achieve the optimal
sensitivity, the protocol includes a phase offset on any one qubit for when the number of
qubits is odd (this subtlety is discussed in Appendix B, but is not relevant for the analysis
of the sample complexity with N). Since each phase 6; is uniformly sampled from the
entire domain of 0 to 2w, the average qubit excitation probability for any qubit is 0.5,
independent of the value of C'. The only method to infer the total sum of phases is to
consider correlations in the measurement outcomes across multiple qubits. However, any
correlation among a subset of qubits will average out to be independent of the value of
3, 0; = C. For example, the (N — 1)*-order correlation among the first N — 1 qubits
will only be sensitive to linear combinations of the first N — 1 phases, such as va ~Lg;.
Due to the uniform nature of the individual qubit distributions, these linear combinations
of phases also have uniform distributions over the entire domain of 0 to 27 (modulo 27).
Therefore, the only information about C'is in the N*'-order correlation of all phases, which
requires a sample complexity that scales exponentially in NV to estimate within any small
error. A similar analysis also applies for the binary classification task, where the goal is to
distinguish among two probability distributions with different values for C'. The details of
this are presented in Appendix. B. In Section 6.3, we further use Proposition 1 to prove
that no protocol using an unentangled probe state and local measurements can discriminate
between different values of C' in an amount of shots that is polynomial in the number of
qubits. Even more strongly, for this example with completely uniformly-random sources of
noise, we can use Theorem D.3.2 in Appendix D.4 to show that an unentangled protocol
cannot perform such a discrimination efficiently even if allowed to perform measurements
in arbitrary bases.
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Figure 3: Exponential advantage for estimation and classification tasks involving sensing N
correlated stochastic parameters with N qubits. a) Random phases are sampled an N-parameter
probability distribution whose marginal distributions are uniform over a full period 2(0, 27), but which
has a fixed value of . 6;. We consider an estimation task where the goal is to estimate this sum
(which is assumed to be close to 0) and a binary classification task where the two classes to be
distinguished have different values +C' of this constraint, where C' = 0.3 for the simulation results.
b) Optimal sensing protocol using an unentangled N-qubit quantum sensor for the estimation task.
Measurement outcomes {z;} computed using S shots estimate bit-string probabilities of the qubits.
The estimate of C is obtained by applying a linear layer on these results {z1}. c) Optimal sensing
protocol using an entangled N-qubit GHZ-state. The measurement outcomes is the estimate of qubit
excitation probability of a single qubit; which is then used to obtain the estimate of the sum of phases
(see Appendix B). d) Mean squared error (MSE) of the estimate to the true value as a function of
the number of samples of the quantum-sensing protocol. The performance of the entangled-sensing
protocol is independent of N. e) Samples required to achieve an MSE of 10~%, for the entangled
and unentangled quantum-sensing protocols. The sample requirement scales exponentially in N for
the unentangled quantum-sensing protocol. f) Optimal sensing protocol using an unentangled N-qubit
quantum sensor for the binary classification task. The qubit states are spread out entirely over the Bloch
spheres prior to measurement. g) Optimal sensing protocol using an entangled N-qubit GHZ-state.
Like before, all the information is encoded in a single qubit. Qubit states before measurement now
show no spreading over the Bloch sphere for different random samples. h) Classification accuracy as
a function of the number of samples of the quantum-sensing protocol for different number of qubits.
The performance of the entangled-sensing protocol is independent of N. i) Samples required to achieve
a classification accuracy of 95%, for the entangled and unentangled quantum-sensing protocols. The
sample requirement scales exponentially in N for the unentangled quantum-sensing protocol.
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However, we note that our analysis is in the context of assuming a unitary model under
fixed sensing-time assumptions, where the sensed parameters originate from a distribution.
For scenarios where the protocol can optimize over the sensing-time, the exponential advan-
tage in sample-complexity can reduce to a polynomial Heisenberg advantage. We discuss
this further in Appendix D.5.

4.3  Numerical Results

For these numerical simulations, we apply a trained linear layer that takes in the estimate
of probabilities of all possible bit-strings to obtain an estimate of the sum of phases (see
Appendix B for more details). By considering the statistics of all 2V bit-string outcomes,
this method can take into account all order of correlations in the measurement outcomes.
We repeat this simulation multiple times as a function of the number of shots of the
quantum-sensing protocol to obtain the mean squared error of the estimate from the true
value. We train the linear layer with a sufficiently large dataset size so that any errors in
the values of the linear layer are much smaller than the error of the estimate. The results
of the simulations are shown in Fig. 3 d). In Fig. 3 e), we compare the number of samples
required to achieve a mean squared error of 1074, as a function of the number of qubits.
While the GHZ-sensing protocol has a sample requirement independent of the number of
qubits, the unentangled protocol has a scaling exponential in the number of qubits.

The unentangled and entangled quantum-sensing protocols for the task of binary clas-
sification are similar, and are illustrated in Fig. 3 f) and g). The two classes, A and B,
have different values of the total sum of phases £C (we set C' = 0.3 for the simulation
results presented in Fig. 3). For this task, we use the total variation distance to predict the
class label for a given number of samples. We do this by first computing the probability
distribution of all bit-strings for each class with a sufficiently large dataset (see Appendix B
for more details). We then generate a set of samples, from which we estimate the bit-string
probabilities. The total variational distance is computed between this estimate and the
probability distribution for each class. The predicted class is the one with the lower value.
We repeat this simulation as a function of the number of qubits (see Fig. 3 h)). In Fig. 3
i), we plot the samples needed to achieve 95% accuracy, which illustrates the exponentially
increasing sample requirement for the unentangled protocol. This is in contrast with the
GHZ-protocol, which requires the same number of samples for any number of qubits.

This task and quantum-sensing protocol can be extended to the case where the con-
straint is not determined by the total sum of the individual phases 6;. We can consider
a linear combination ) ; a;0; = +C, where £C is the constraint to be satisfied, and
a; € [—1,+1]. In this case, the task is, for example, the constraint Y ; ;6; = +C for
Class A and ), a;6; = —C for Class B. The optimal entangled and unentangled quantum-
sensing protocol can be determined by considering the following argument that allows us
to map this problem to the previous classification task. If we ‘invert’ the labeling of the
qubit states (that is, relabeling |1) as a |0), and vice versa), then the effect of a phase —6;
in the original basis transforms to a phase ; in the new basis. This can be achieved in
the sensing protocol by sandwiching the sensing unitary by m pulse gates before and after
the sensing unitary for the relevant qubits. If we perform this operation for the qubits for
which a; = —1, then we recover the original task of the constraint being the sum of phases
0;.

The exponential sensing advantage can persist when the constraint is not strictly
satisfied. For example, consider the task where each phase is uniformly distributed,
0; ~ U(0,2m), but the sum satisfies a fixed value up to some fluctuations. For exam-
ple, consider this to be a normal distribution: 3, 6; ~ A(u,0?), and that this distribution

Accepted in {Yuantum 2025-12-17, click title to verify. Published under CC-BY 4.0. 11



is different for the two classes. As long as the mean and variance do not scale with the
number of qubits N, then these two distributions can still be separated within a num-
ber of shots independent of N with an entangled-sensing protocol. We generally hope
to expect an exponential sensing advantage when the information distinguishing the two
distributions depend on some global property of the sensed parameters. For instance, if
the two distributions have different marginal variance of a single qubit, there would not
be a scaling advantage in N. We consider these more general scenarios in Appendix 6,
where we discuss the properties of the probability distributions which enable a exponential
advantage in sample complexity.

The same advantage can be observed when a single qubit is used to sequentially sense
the N stochastic parameters over time, instead of considering N phases on N qubits. In
this case, we define the SQL protocol limited to an incoherent qubit. This protocol is
confined to sensing each phase separately. It can be shown that the bit-string probability
distributions, obtained from the N measurements, has the same distribution as /N unentan-
gled qubits, each experiencing a single phase 6;. On the other hand, the quantum-enhanced
protocol involves a qubit that can coherently sense multiple phase. In this case, the op-
timal protocol is the standard Ramsey protocol that coherently integrates all the phases,
and hence experiences the total sum of the phases ), 0;. It can therefore be shown that
the performance of this protocol directly maps onto the case of the GHZ-protocol, where
the 7" qubit experiences 6;. In summary, this provides an exponential sensing advantage
with a single qubit. This is further discussed in Appendix B.

5 Application: Sensing conserved quantities

5.1 Introduction

The situation of stochastic parameters described in the previous subsection can arise in
physical systems exhibiting global conservation laws, but whose local variables are free to
fluctuate on a timescale much shorter than the quantum-sensing timescale. A specific ex-
ample we consider is that of N classical spins S; = (S¥, 57, 87) € R3, with i € {1,--- , N},
and |S;| = 1, on a one-dimensional chain with periodic boundary conditions, interacting
via the classical XX7Z Hamiltonian:

Hxxz = —hJ Y (SFSFq +5YSY + ASFSE ), (4)

with coupling parameter J and the dimensionless anisotropy parameter A (see Fig. 4
a)) [23-25]. While the above Hamiltonian does not conserve the local spin component
in the Z direction, the total spin component of all qubits in the Z direction, } , S7, is a
conserved quantity (see Appendix C). As a result, spin dynamics generated by the XXZ
Hamiltonian allow for the local magnetization S} of classical spins to fluctuate, but the
total Z direction magnetization remains fixed. If the classical spin system is thermalized
at a finite temperature 5 = 1/kgT, possible spin configurations form a Gibbs ensemble
defined by the Boltzmann distribution P(S) o e #1xx2(9) where we have defined S =
((Sy,S7,5%),...,(5%,5%,S%)) to represent the spin configuration.

5.2 Theory

We then envision an N-qubit quantum sensor placed to sense the local magnetic fields
from this system of N interacting classical spins, as depicted in Fig. 4 a). Each qubit of
the quantum sensor is designated to sense the Z component of the local field of a single
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Figure 4: Discriminating two distributions with different total magnetization of classically inter-
acting spins a) An N-qubit quantum sensor senses the magnetic field of a system of N classical spins
at temperature T', interacting via the XXZ Hamiltonian. Qubit i of the quantum sensor is only sensitive
to the local Z component of the magnetic field, which in turn is proportional to the S7 of the i*® spin.
The XXZ interaction conserves the total spin component in the Z direction. b) The classification task is
then to distinguish between two values of the conserved quantity )", S7 = +M. Classical spin system
configurations follow the Boltzmann distribution at finite 7', and are sampled using a Metropolis Monte
Carlo algorithm. ) Number of samples required by the unentangled and entangled protocols to reach
95% classification accuracy. Fluctuations in S? values among samples results in the unentangled sensor
requiring a number of samples dependent on N and the T'. Increasing T increases the amount of local
fluctuations, making the task harder for the unentangled sensor. In contrast, the entangled sensor is
insensitive to local fluctuations and requires a constant number of samples independent of N and 7.
In these simulations, we set the value of anisotropy to be A = 0.75. The value of yn7 sets the scaling
between the S7? values the phase 0; experienced by the qubit. We set this value to be 7, such that
the total range of phase that can be experienced is between —7 and 7 corresponding to the S7 values
ranging between —1 and 1.

classical spin B}, which is in turn proportional to S7, Bf = nS7. This can arise when the
sensor is physically close to the corresponding spin, so that the magnetic field generated by
the corresponding spin is dominant compared to the contributions from the rest of spins.
The Hamiltonian associated with this magnetic field for qubit i is H; = h—;Bf&f, where 7 is
the gyromagnetic ratio. The qubit experiences the magnetic field for a sensing integration
time of 7, which results in the sensing unitary Usense(€) = e~IQ2 HT/h — =53, 0io7
where

0i = 7Sy ()

For the simulations, we choose yn7 = 7, so that 6; € [—m, 7| ¥ i. A physical implementation
of the quantum sensor can be SQUID-based sensors [26]|, which can be designed to only
sense the Z component of the magnetic field. The task is to determine which of two
distinct values of the conserved quantity ), S7 = £M describes the classical spin system.
To analyze this stochastic sensing paradigm, we simulate a Gibbs ensemble of the classical
spins at different temperature values .
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5.3  Numerical Results

The simulation is performed using a Metropolis algorithm, a standard Monte Carlo sam-
pling scheme for classical spin systems [24], with a constrained transition rule that ensures
conservation of the total Z component of the magnetization, as illustrated in Fig. 4 b).
Then, each sample available to the quantum sensor is provided by a single N-spin con-
figuration from this Gibbs ensemble. In these simulations, we set the anisotropy to the
value A = 0.75. In Fig. 4 ¢), we show the number of samples required to achieve 95%
classification accuracy for different problem sizes (number of classical spins N) and ther-
modynamic temperature 7', using both unentangled and entangled-sensing protocols. We
clearly see that the number of shots required by the unentangled protocol varies with N
and T. On the other hand, the optimal entangled-sensing protocol prepares a GHZ-state
that is sensitive to »_; S7 only. As a result, its sample requirement is independent of the
temperature and system size. Note further that the unentangled protocol fares worse with
increasing temperature T' of the classical spin system. T determines the strength of local
spin fluctuations; thus with increasing 7" the local S7 distributions become less-localized,
rendering the discrimination of global properties over all N spins increasingly more diffi-
cult. In contrast, the entangled-sensing protocol directly senses the conserved combination
4+M and is therefore insensitive to the temperature T of the classical spin system. Unlike
the task in the previous section, we do not observe an exponential sample complexity in
N. This is because the distribution of local spins is not uniform, even at infinite tempera-
ture. The distribution of ; asymptotically becomes the uniform distribution in the limit
ynT — oo. However, the entangled protocol still outperforms the unentangled sensor by
requiring orders-of-magnitude fewer samples. This observation indicates that true expo-
nential advantages in stochastic sensing of correlated signals might be hard to achieve in
tasks closer in describing physical scenarios, but perhaps more importantly that even in
such cases entanglement can be a useful resource.

6 Theoretical framework for evaluating entanglement sensing advantage
for binary classification of stochastic parameters

6.1 Introduction

Our analysis has shown that entangled quantum-sensing protocols can provide a substan-
tial, even exponential, advantage in the sensing of stochastic parameters for classification
and estimation tasks, over unentangled quantum-sensing protocols. However, we have
shown this advantage for stochastic parameters that satisfy very specific linear constraints.
It is therefore natural to ask: can general conditions be identified for which such an ad-
vantage exists? We address this question in this section. More precisely, suppose we wish
to distinguish two distributions P (0) and Pp(0) using stochastic parameters 8 sampled
from the distributions. Can we identify properties of these distributions such that an un-
entangled quantum-sensing protocol requires exponentially many shots in the number of
parameters N to distinguish them, while an entangled quantum-sensing protocol requires
only polynomially many? We refer to cases where this is true as enabling an exponential
entanglement advantage for sensing stochastic parameters. To address this question, we
first build a theoretical framework that quantifies how a quantum system senses properties
of a probability distribution when sensing stochastic parameters. This allows us to identify
the key feature of such distributions that enables an entangled probe state to be much more
sensitive than an unentangled one. While our current results do not completely determine
where these advantages occur, they do provide some sufficient conditions for their presence
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or absence. An additional note is that our framework relies on evaluating or bounding the
total variational distance between distributions of measurements, which only determines
the shot scaling up to a quadratic factor. While this is sufficient to determine exponential
advantage and strongly separated polynomial scalings, it cannot determine the superiority
of two protocols with shot scalings of similar order.

6.2 Framework

We now provide a framework to analyze more general sensing tasks for binary classification
of stochastic parameters. In this case, an optimal POVM can be defined that has only two
possible outcomes, each corresponding to one of the two classes. The possible outcomes
can be defined by the expectation of a single operator O that can be written using Eq. (2),
the expression [¢f(0)) = UdecUsense(0)Uenc [%0), and some rearrangement:

EIO) = Tr((UlocMoUac) | 06 Pa(6)Uscnse(9) ol e 6) ) 0

Usense = exp{ —iG(0)} = exp —iZHjéj , [Cl],@k] =0Vj,k (7)
J

is the fully general structure of Ugepnge that our framework applies to, with the additional
constraint that the eigenstates of Ugepnge are product states. Here we have introduced the
probe state pprobe = [Yprobe) (Yprobe| = Uenc |%0) (1ol Ul .. 0= (UdTecMoUdec) is then an
effective POVM; if M describes a projective measurement (Mg My = M), then O is also
projective. If the expected values of the projectors of the two distributions are exponentially
close together, then distinguishing the two distributions requires exponentially many shots
(for more details see Appendix D). Consequently, we can concern ourselves only with
changes in the expected value of the projector between the two distributions of 8. The
distribution of measurement outcomes E[O] is determined by the action of Usense(6) on
Pprobe; this dependence is most easily expressed by writing pprobe in the qubit bit-string
representation, pprobe = Y_q.pb Pa,b/@)(b| using the eigenstates |a) of G(). This means
e7¢0) |a) = ¢79(2)0 |g) where ¢ : RY — RY is a function mapping the bit-string of a
to a vector whose entries are dependent on the eigenvalues that |a) has for each Gj. a
denotes the vectorized version of the bit-string in |a), where the j-th entry of a is equal to
the j-th bit of |a). Since Usenge has an eigenbasis of product states independent of 6, we
can always write our expression in this basis. Consequently, Eq. (6) can equivalently be
written as:

E[O] = S Tx(0 pas [ d8 Po(6)e 0 -a0)0]a) b))
a,b

= Z Oa,b Pa,b X(q((l) - q(b))v (8)

a,b

where Ogp = Tr{@]a><b|} and x (k) is the characteristic function 27| of the classical

probability distribution Pg(0), which is defined, as usual, as the Fourier transform of

Pa (),

x(k) = [ 6 Po(@)e . ©)
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Figure 5. Framework for sensing advantage of stochastic parameters a) The feature matrix is
constructed based on the difference of the characteristic functions and the choice of Ugenee. In particular,
Usense determines at what points we take the difference of the two characteristic functions. For our
local choice of Usense With Gj = 1/2(65 + ) in Eq. 7, the point we evaluate at is simply given by the
difference of the vector of bits from the pair of states |}, |7) in the eigenbasis of Ugense. Notably, many
different pairs of bit-strings can produce the same k (for example, 2%V pairs of identical states produce
an all-zero vector for k), so Usense can evaluate the same point in the characteristic functions many
times. b) We can define the separation value as the difference in the expected value of a projector O
between the two distributions of the parameters 8. For a given choice of O and Pprobe, the number
of shots required to distinguish the two distributions scales at least as ~ 1/Ax 5. This separation
value Ap B is equivalent to the sum over the elements of the Schur product between the matrices of
pprobe,F,(j written in the eigenbasis of Ugenge. Due to the limited structure of product state probes
and unentangled measurement bases, sufficiently concentrated feature matrices cannot be efficiently
distinguished by product states, as they can only weigh most entries exponentially little, and so produce
an exponentially small separation value. Conversely, an entangled probe state and measurement basis
can pick out specific entries to weigh substantially more than others, and this produces a non-vanishing
separation value. For our example in the plot, we present the separation value vs. number of qubits and
feature matrices for an entangled sensor (GHZ-state probe and measurement basis) and an unentangled
sensor (Hadamard probe state - the optimal unentangled probe - and product basis). The task is the
same as in Sec 4. c) Plotting the feature matrices for XXZ tasks at different temperatures. The
concentration of features occurs more strongly and quickly for the higher temperature case, though
both eventually plateau due a bounded amount of noise possible with a fixed temperature. On the
right, we display the best possible separation value achievable using entangled and unentangled probe
states for different temperatures.
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Since we are primarily interested in exploring the advantages of entanglement from the
probe state, we will focus on sensing interactions that are not entangling. In particular, we
consider the case of single-qubit sensing, specified by the generator of the sensing unitary
G(9) = > 0,G; given by Eq. (1) with G; = (1/2)(6% + I) (the additional factor o I is
introduced for convenience). For this choice of Ugense, we have g(a) = a. We note that
many of our results hold for more general sensing unitaries, as will be seen later.

To study the conditions that produce an exponential advantage, we introduce the
separation value Ap p:

Anp = Ep,[0] = Epy[0] = 3" Oap pas[xala—b) = xs(@—b)] =3 |pprobe 0 F o O] .
a,b a,b
(10)

Here, “o" denotes the Schur product (i.e. element-wise product) between the matrices,
and F' denotes the “characteristic feature" matrix, defined as:

Flay by = xa(a@ —b) — xs(a - b). (11)

Note that the elements of the feature matrix depend only on the characteristic func-
tions of the underlying problem distributions, Pa(0),Pg(€), and on our choice of Usepse-
The latter determines which point in the Fourier transform a particular entry in the fea-
ture matrix corresponds to (for our local choice of Usepse = e™3 2067 , it is simply the
vectorization of the state bit-strings as mentioned earlier). We schematically represent the
construction of the feature matrix in Fig. 5 a), for the task described in Sec. 4 for two
qubits, and work out additional examples in Appendix D.2.

6.3 General conditions for exponential advantage

The distribution of feature matrix element magnitudes determines whether there is an
exponential advantage for an entangled probe state over an unentangled probe state. A
feature matrix with a concentrated number of non-vanishing entries can only lead to a
non-vanishing separation value if the corresponding probe state and observable also have
concentrated weights at those entries. That is, the combined weights of the probe state
and observable must pick out the “informative" entries of the feature matrix. While this
is possible for an entangled probe state, a product state necessarily weighs almost all
possible entries in the matrix by an exponentially small amount. The latter can lead to an
exponentially vanishing separation value, if the useful entries of the feature vector are too
concentrated, as the product state lacks enough structure to capture them. The separation
value can suffer even more if the measurement basis is chosen to be strictly local as well.
The concentration of feature matrix elements is a function of both the underlying
distributions (Pa(0),Ps(0)) and the points in the characteristic function difference that
a given Ugenge evaluates. A guaranteed case of exponential sensing advantage could arise
because the difference of characteristic functions itself is exponentially concentrated over
its domain and Ugepse samples a small, nonzero number of points at these concentrations,
as seen in Fig. 5 b). On the other hand, an exponentially concentrated difference of
characteristic functions could fail to yield a case of exponential advantage because Ugenge
only evaluates the transform at vanishing points. In this case, both an entangled and
unentangled probe state would require exponentially many shots. Alternatively, Usense
could evaluate the difference mostly at the non-vanishing points. In this case, both the
entangled and unentangled probe state would require only polynomially many shots for the
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discrimination. Finally, a fairly unconcentrated and undulating difference of characteristic
functions could produce a case of exponential advantage because Ugense happens to sample
the transform almost exclusively at some vanishing points, with a precious few selected
with significant magnitude.

Consequently, much of the question of advantage must be decided in the application
setting, for a particular distribution and Ugense. The general propositions that we present
for guaranteed exponential sensing advantage, or its absence, are therefore framed in terms
of the distribution of values in the characteristic feature matrix F', rather than e.g. the
probability distributions Pa p(€) themselves. While many of the propositions assume a
single-qubit, possibly scaled choice of éj, the formalism of Eqgs. (10) and (11) holds for
any choice of commuting Gj. The formal statements and proofs of our main propositions,
as well as additional theorems and corollaries, are presented in Appendix D.

The first situation we must consider is one where each term in the feature matrix shrinks
so quickly with system size that no choice of probe state distinguishes the distributions with
polynomially many shots. Consequently, there is no exponential sensing advantage because
both entangled and unentangled probes require exponentially many shots to distinguish
the distributions. As an illustrative example, consider a problem in the form of linear
constraints. The examples we have considered in the paper thus far, of linear constraints
on stochastic parameters, are an example of this situation. In particular, we have

N N—1 N-—1
1
fOr,...0n) =Y a0, =C,a; €R,  Pc(0) =6 GN—J(C— > at;) | I pi65).
j=1 j=1 J=1

(12)
where p; represent independent distributions on each parameter 6; € R, each a uni-
form distribution from 0 to 27w. In essence, we generate the first N — 1 parameters in-
dependently of each other and of C', and then choose the remaining parameter Oy to
satisfy the linear constraint. We try to distinguish two distributions, one where the 6;
are generated to satisfy a constraint C1, and another we’re they’'re generated to satisfy
a constraint Cz. Consider the specific case where a1 = 2 and a;>1 = 1. The mag-
nitude of the difference between the distributions’ characteristic functions is given by
Ixc, (k) — xc, (k)| = sin(kn(C1 — C2)/2) sinc(m (k1 — 2kn)) ij:_Ql sinc(m(k; — kn)). For
our local choice of Ugense, We are restricted to choosing k; € {—1,0,1}. ky must equal —1
or 1 to prevent the first term from vanishing, but regardless of what value we choose for k1,
the first sinc term is evaluated at a non-zero integer multiple of 7, and so we cannot avoid
a zero in the product. Since all elements of the feature matrix go to zero, distinguishing
the two distributions becomes impossible. Note that the difference in characteristic func-
tions is still exponentially concentrated, with significant non-vanishing points (for example,
kn =1 = kjz1 and ky = 2). Nevertheless, there is still no exponential sensing advantage
because our choice of Ugepnge does not evaluate this difference at non-vanishing points. We
explore this example further in Appendix F, where we get an exponential advantage with
a modified Ugepge - One that is equivalent to having multiple copies of 8. This example
highlights the importance of a Ugense that matches the problem in some way. In contrast,
if there is at least one entry in the feature matrix that is polynomially small, a general
probe state can be tailored to predominantly weigh that entry and its conjugate.

In order to isolate the effects of entanglement on sensing advantage, the following
proposition specifically considers the case where the sensing unitary consists entirely of
single qubit rotation gates, with one parameter per gate as in Eq. 1. Specifically, we want
to bound how well an unentangled probe state and measurement basis can do, given the
properties of certain average values of the feature matrix. The proposition statement is
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in terms of averages since an unentangled probe state lacks the structure to exploit more
fine-grained properties of the feature matrix.

Proposition 1 (Theorem D.3.3 in Appendix D.4)— Sufficient condition for
hard tasks for product probe states and unentangled measurement bases: Let
Fryms(d) be the root mean square magnitude of |Fy | for states differing by d bits. Defining

€
shots are required for the discrimination for protocols using unentangled probe states and

unentangled measurement bases.

€ = d/N, if Frus(d) S v with r > \/(1/16%1)6 for every d, then exponentially many

The proof of this statement, presented fully in Appendix D.4, uses the fact that a feature
matrix with the above property has such a concentrated distribution of non-vanishing ele-
ments that any product probe state and local measurement basis must necessarily average
over mostly very-quickly-vanishing terms. This leads to an exponentially vanishing sepa-
ration between measurement outcomes for the possible distributions. Consider the linear
example in Eq. (12), with a; = 1V j and local Usense, pj(#;) all uniform distributions on in-
terval [¢o, po+¢s]. The difference in characteristic functions is given by | (k) —x“2 (k)| =
| sin(k,(C1 — C2)/2) H;V:_ll sinc(¢s(kn — kj)/2)|.  As before, k; € {£1,0}. Note that
k, = %1, otherwise the value goes to zero. Consequently, for strings with Hamming
distance d, N — d values of k; must be set to zero, introducing a factor of sincN (g /2).
The remaining set of terms is an average of the 24~ ways one can choose k; = £1, which
introduces another factor of either 1 or |sinc(¢s)|. Therefore the mean square of the terms

is (1/24) sinc®™ =D (¢5/2)(1 + (V) sinc?(¢5) + ...) = sinc2N=d (g /2) (L @8/2))d - e

root mean square of the magnitude is therefore sinc™~%(¢5/2) (%W)dﬂ. Solving
for the choice of ¢s that would satisfy the inequality for every d, gives us a sufficient
condition of ¢5 > 0.97.

Thus, if each uniform interval on the angles 6;.; has width at least 0.97, any choice
of product probe state and any choice of unentangled measurement basis will require ex-
ponentially many shots for the discrimination task. On the other hand, since there exists
one entangled state with polynomial scaling, we have exponential sensing advantage from
entanglement. It is possible that for some tasks the elements of the feature matrix shrink
exponentially with system size, only to taper off for a sufficiently large number of qubits as
in Fig. 5 ¢). This would offer a practically large, confstant advantage not captured in the
asymptotic guarantees of Proposition 1. So far, we have results on sufficiently concentrated
distributions of feature matrix entries that guarantee that an unentangled probe state will
require exponentially many shots for the distribution discrimination. A natural question
to ask is whether there are conditions under which the non-vanishing entries of the feature
matrix are spread out enough to guarantee that a product probe state will require only
polynomially many shots. The following proposition addresses this, for any choice of Ugepge-

Proposition 2 (Theorem D.J in Appendix D.j)— Sufficient condition for easy
tasks for product probe states and arbitrary measurement bases: If there are at
least ~ 2N /N* choices of disjoint pairs a,b with polynomially small |Fap|, then there exists
some unentangled probe state pprope and some measurement basis in which the discrimina-
tion task can be accomplished in a polynomial number of shots.

We prove this in the appendix by constructing a measurement basis such that the probe
state ‘—i—N > can be used to discriminate between two distributions for which the feature
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matrix has the above property. This is possible because there are enough non-vanishing
elements such that a uniform weighing of all of them by a probe product state leads to a
non-vanishing separation in measurement statistics. As an illustrative example, consider a
multivariate Gaussian with all zero means and a covariance matrix ¥ = Zévzl Uj’vjva with
o1 in the interval (0, %] and all other o; € [1/2,1]. Choose v to have all equal, positive
entries and all other eigenvectors of the covariance matrix to lie in some orthogonal space
to v;. The characteristic function of this probability distribution is given by x(k) =
exp{— (Zj aj(v;fpk)Q) }. Now suppose we want to differentiate between two distributions,
one where o1 = 1/N and one where o1 = 2/N. The difference in characteristic functions
is then (1 — exp{—(v]k)2/N})exp{— (Zj Uj('v;frk:)Q)}. Note that the choice of vector k
with all 1’s or all —1’s (corresponding to feature matrix entries Fiyn v, Fyn gn ) produces a
non-vanishing quantity independent of IV, whereas terms orthogonal to this vector vanish
or, if not orthogonal, introduce exponentially large weighing factors through overlap with
other v;. Consequently, it would seem that this difference of characteristic functions, and
the resulting feature matrix, is concentrated enough that no product state could do well.
However, this is not the case - in particular, we can simply choose a k' that is zero at all
but one index where it is set to 1. This corresponds to states that have identical bits at
all but one index and so there are 2V~1 such disjoint choices of pairs. Note ('UJTk’ )2 add
up to 1 (this is summing over the squares of the columns of the orthogonal matrix that
has v; as its rows), and so the exponent of Gaussian term is no less than -1 (i.e. averaging
terms between -1/2 and -1). Since this term only shrinks as ~ 1/N2, by Proposition 2 an
unentangled probe state can distinguish the two distributions in polynomially many shots.
Even better, we only need to measure the qubit corresponding to the non-zero entry of
k’. This illustrates another important point - despite having an exponentially concentrated
difference of characteristic functions, the local Ugepnge evaluates it at non-vanishing points so
many times that both entangled and unentangled probes can perform the discrimination
in polynomially many shots. This, again, illustrates that the emergence of exponential
sensing advantage is due to both the choice of distribution and Ugepge. This proposition
has implications for quantum machine learning, which we discuss in Appendix D.4.

While we have used a linear constraint to illustrate the emergence of exponential sens-
ing advantage, the framework and all of our theorems apply to nonlinear constraints as
well. However, in this setting, achieving a practical exponential advantage becomes signif-
icantly more difficult. In transitioning to this setting, three problems emerge, the first two
theoretical and the third more practical. We will first address the two theoretical issues.
Firstly, since the manifold we sample from is no longer locally flat, there is no longer a
single vector a that enjoys an invariant-under-6 (i.e. a noiseless subspace under parameter
sampling) value e @9  This is true for a hyperplane, where all points sampled from the
plane have a fixed overlap with a vector normal to said plane, but not true for a general
manifold, where overlap with a vector normal to the surface at one point varies over any
small perturbation away from that point.

Secondly, it is more difficult to achieve a noise distribution that wipes out information
at all but a small number of a. For a hyperplane, noise may be distributed arbitrarily
without affecting the normal vector - for non-flat surfaces, noise distribution affects all
vectors in some way, resulting in either many vectors being sensitive directions of change
or none. That is, the feature matrix becomes more spread out. For instance, we cannot
get an exponential advantage from entanglement for sensing changes to the radius of an
(n — 1)—sphere with a uniform distribution over said sphere. This is because all axes a
are equally noisy, so there is no advantage from picking any particular ones out (more
generally, see Corollary D.4 in Appendix D).
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The third, practical issue that arises with sampling from non-linear constraints is that
the most important set of vectors is no longer determined purely by the constraint. Now, it
depends heavily on the specific distributions over said manifold. For a hyperplane, we know
the vector normal to it will always capture information about its displacement, regardless of
what the distribution of points over the hyperplane is like. For curved manifolds, however,
which vector (e.g. an (n — 1)—sphere with the radius as the conserved quantity) has
the most sensitivity to changes in the conserved quantity depends heavily on the specific
distribution over the manifold, which might not be known ahead of time.

It should be noted that all three of these issues can, in principle, be solved for some
cases if we allow Ugense to introduce information about @ into our network using non-
commuting éj. In fact, we construct precisely such example in Appendix E to construct
a noiseless feature that is a nonlinear function of the sensed parameters 0;. Since Usense
with non-commuting Gj lie outside of our framework, this presents an avenue for future
research.

In conclusion, in this section we introduced the formalism of the feature matrix, an
object capturing the difference between the characteristic functions of the discriminant
distribution, specifically at points determined by the sensing unitary Usense. We then
discussed how the properties of this feature matrix may be used to find other cases of ex-
ponential sensing advantage, with particular constraints on probe states and observables.
We presented sufficient conditions under which discriminating between two distributions
becomes exponentially difficult for product probe states, and conditions when it is poly-
nomially easy. We then proved exponential advantage holds for a linear constraint with
sufficiently noisy distributions, and discuss limitations of extending these advantages to
distributions arising from nonlinear constraints.

7 Discussion and Outlook

7.1 Summary of the work

In this work, we considered quantum sensing tasks where the parameters to be sensed are
stochastic: each execution of the quantum-sensing protocol experiences a different sensing
parameter sample from an underlying probability distribution. The goal of the protocol
is to estimate properties of the probability distribution, or distinguish multiple probabil-
ity distributions. We illustrated how entanglement can improve sensitivity for such tasks.
First, we showed how a Bell state quantum-sensing protocol can outperform the optimal
unentangled quantum-sensing protocol in a binary classification task of phase sensing. The
quantum sensing advantage arises from the Bell state’s ability to be resilient to noisy fea-
tures of the stochastic parameters, which cannot be achieved by an unentangled quantum
state. We then generalized to tasks involving highly correlated N-parameter probability
distributions. We provided two examples of tasks where an N-qubit entangled quantum-
sensing protocol can either perform estimation with low error or perform classification
with high accuracy using only a constant-in-N number of samples, whereas an unentan-
gled quantum-sensing protocol would require an exponential number of samples (~ oN ) to
perform the same. This arises from the ability of the entangled-quantum protocol to be
robust to all irrelevant stochastic fluctuations of the parameters.

Based on this intuition, we considered tasks that can potentially arise in physical sys-
tems. One such task is that of sensing a conserved global quantity among locally fluctuating
observables, for example, the total spin component in the Z direction of a classical inter-
acting XXZ spin-chain system. We described how an entangled protocol can discriminate
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among two ensembles of spins with different values for this conserved quantity, with a
sample complexity independent of the system size and thermodynamical temperature of
the spin-chain ensemble. In contrast, the optimal unentangled quantum-sensing protocol
performs poorly as a function of the system size and the thermodynamical temperature
of the XXZ spin-chain. The only way for the unentangled sensor to be insensitive to this
stochasticity is to operate on a timescale faster than the timescale of fluctuations in the
system. For many applications, this might be experimentally unfeasible. However, an ap-
propriately entangled quantum sensor can safely operate on a much slower timescale. In
the above example, the sensor has to operate within the timescale of the fluctuations of the
conserved total magnetization of the spins, which can be much longer than the timescale
of the fluctuations of the individual magnetization of each spin. In Ref. [28], the authors
experimentally demonstrate a similar concept with trapped ions, where entanglement is
harnessed to render the sensor insensitive to correlated spatial fluctuations of electromag-
netic signals. Finally, we introduced a theoretical framework for assessing the possibility of
exponential stochastic sensing advantage based on the characteristic functions of the un-
derlying probability distributions and the choice of Uggpse, allowing us to consider sensing
tasks beyond just phase sensing with qubits.

7.2 Exponential entanglement advantage in sample complexity

Quantum computers can provide an exponential advantage over classical computers in
certain tasks [29, 30|. In these cases, the exponential advantage is in the computational
time needed to solve the task. In this work, we explored the possibility of a different kind of
exponential advantage, that in sample complexity. In this scenario, an entangled quantum
system requires exponentially fewer samples than a classical system (which, by definition,
is unentangled) to solve a task. If the sensing time is assumed to be fixed per sample of
the protocol, then this result can be understood as an exponential advantage in the time
taken to achieve the task.

Such an advantage has been explored in previous works, such as tasks involving learning
properties of quantum states with quantum systems [31-34]. For example, in Ref. [31] the
authors showed how an exponential advantage can arise in predicting the expectation of
certain observables when entanglement is allowed in processing multiple copies of a state,
compared with when entanglement is not allowed. In Ref. [34], the authors demonstrate
an exponential quantum advantage in simultaneously learning all the eigenvalues of a
N-qubit Pauli channel within an additive error. In this case, entanglement involving N-
ancilla qubits can perform this task with polynomial sample complexity that would instead
take any protocol without ancillas an exponential number of samples. This was extended
to learning N-mode displacement channels of bosonic modes in Ref. [33]. In Ref. [32],
the authors introduce the framework of quantum algorithmic measurements (QUALMS),
and explain how entanglement can enable an exponential quantum advantage in learning
properties of quantum operators.

In contrast, for the conventional task of sensing the phase rotation applied to a qubit, an
N-qubit entangled GHZ-state can achieve the Heisenberg Limit (HL), with an error of 1/N
in estimating the phase. This is in contrast to the Standard Quantum Limit (SQL), with an
error of 1/ VN, achieved by considering the measurements of N-unentangled qubits. In this
example, entanglement enables a quadratic quantum advantage in sample complexity. A
natural question is whether an exponential quantum advantage in sample complexity can be
achieved in the framework of quantum sensing. We answered this positively by providing
examples of tasks where the parameters to be sensed are correlated. In this scenario,
the values of the parameters vary between shots of the quantum-sensing protocol. It is

Accepted in {Yuantum 2025-12-17, click title to verify. Published under CC-BY 4.0. 22



interesting to consider whether there exist other quantum sensing paradigms, potentially
inspired by similar concepts such as learning properties of quantum states, or quantum
discord [35], where quantum resources can enable an exponential advantage in sample
complexity.

7.3 Future directions: generalizations beyond binary classification and scalar estimation

While in this work we considered binary-classification tasks and estimation tasks of scalar
values, a natural generalization to multi-class classification and estimation of more complex
quantities can be considered in the context of stochastic sensing. For example, nitrogen-
vacancy centers in diamond are suitable for use in sensing magnetic and electric fields in
biological samples, with applications such as studying the metabolism of cells and recording
the electromagnetic signals generated by the brain [36]. There, the sensed parameters can
vary in space and time, and can fluctuate on the timescale of measurements. Creating the
optimal entangled states can help sensors harness correlations between these fluctuations to
improve their sensitivity. Unlike the examples we have considered in this work, analytical
optimal protocols might not exist in such instances. Instead, variational methods with
parameterized entangling unitaries can help approximate the optimal quantum-sensing
protocol [37, 38]. Improving sensitivity in these applications can not only reduce the
total sensing time to achieve a target accuracy, but also enable detecting novel biological
processes that operate on a timescale much faster than the sensing integration timescale.
The large improvement in sensitivity we observed in the numerical simulations of sensing
the conserved total magnetization of the classical XXZ model (see Sec. 5) illustrates the
potential for similar large quantum sensing advantages in these applications.

Another potential application of our work is to joint-detection receivers. These are
quantum receivers that are designed to sense communicated codewords [39] in the low
signal-to-noise regime (which can arise in long-distance communication where the domi-
nant noise channel is the loss of photons). Using quantum resources such an entanglement
across multiple receivers can enhance the accuracy of decoding the transmitted codeword
compared to an unentangled receiver. It is interesting to consider how the quantum sens-
ing advantage can change when we consider correlated loss channels. This can arise, for
example, when the transmitted signal passes through some medium in space, where the
effect on the signal is similar (or correlated) among the modes. Our work, especially a
generalization of Sec. 6 to multiple classes, might help not only in estimating the maximal
quantum sensing advantage achievable, but also in designing codewords that are robust to
correlated noise channels.

More broadly, we hope that generalizations and extensions of our work lead to the
discovery of more use cases for which entangled quantum sensors can deliver practically
relevant, large advantages in reduced sensing times.

Note added. During the preparation of this manuscript we became aware of Ref. [40],
which also identifies a task for which it is possible to design a protocol with entanglement
that achieves an exponential advantage in sample complexity over protocols without en-
tanglement, and Ref. [41], which also considers sensing of correlated parameters. Similar
to Ref. [40], we also consider N-qubit sensors and compare the sample complexity of an
entangled and unentangled protocol. However, while Ref. [40, 41] consider the task of
estimating parameters associated with decoherence (non-unitary) dynamics, we consider
phase-sensing tasks of stochastic parameters.
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A Two-qubit example: discriminating bivariate distributions

A.1 Statistical properties of stochastic parameters

In this section, we describe in detail the task of discrimination two distributions with two-
qubit quantum sensors, introduced in Sec. 3. We consider the sensing of properties of
stochastic random parameters q = (61, 02)” that are governed by a multivariate Gaussian
distribution:

1 1 _ _ _
P(B)ZWGXP{—Q(CI—Q)TV l(q—Q)} (13)

which is characterized by the mean vector q = (0_1, 9_2), and the covariance matrix V. For
the latter we consider the specific form:

0—2 0-201‘1‘
V= ( 2 2 ) (14)

O’COI‘I‘ g

For later use, it will also prove convenient to define the marginal probability distributions
of 01 and 0, respectively:

P(0y) = /degp(o) - 2202 exp { - %(91 -6 (15a)
Py(63) = /dalp(w _ \/21T76Xp{ - %(92 —6)?) (15b)

Therefore, 02 defines the local (marginal) variances for the random parameters, and is

assumed equal for both. Then, the off-diagonal component o2 . describes the correlation

of the random parameters. This can be further clarified by exploring the properties of the
covariance matrix. The eigenvalues 0% of the covariance matrix satisfy the characteristic
polynomial:

(62 =022 -0k =0 (16)
and can be read off as

The eigenvectors corresponding to these eigenvalues respectively are:

1 (1 1 (1
v+:ﬁ <1>, v_:ﬁ (_1>. (18)

Then, the determinant of the covariance matrix is simply the product of eigenvalues:
2 2 2 2 2 2
det V = U+U— = (U + Gcorr)(a - Ucorr) (19)

The covariance matrix, being a real symmetric matrix, can therefore be written in
diagonal form by the unitary transformation:

V =PDP" — Vv ! =PD'P’, (20)

2
o) 2)

Accepted in {Yuantum 2025-12-17, click title to verify. Published under CC-BY 4.0. 27

where:




Using this form, we can rewrite the probability distribution in a simpler form,

- [~ P~ a)"D'[P"(a - )]} (22)

Ve Zdetv Y

It will prove useful to make a change of variables:

(£)-maee

Expressed in the variables 04 that lead to a diagonal covariance matrix and therefore define
uncorrelated variables, the probability distribution simplifies to:

(0. —6.)7) = Py(6,)P-(0-)

1 1 1 _
P(6) = WWGXP{M(9+9+)2}6><P{%_

which is now simply the product of two single-variable Gaussian distributions.

Finally, in all our analysis, we have assumed equal covariance matrix for the two dis-
tributions. We use this simplification for analytical convenience. The advantage generally
remains for unequal covariance, since the information distinguishing the two classes in the
mean value of 67 — 0 can be sensed more efficiently than the difference of variance. How-
ever, we emphasize the amount of advantage will not always be the same, and will depend
on the covariances. Since this example is to build intuition for the potential of quantum
sensing advantage in the stochastic sensing, the precise nature of the advantage for this
two-qubit setting is beyond the scope of this work.

P(6) =

(24)

A2 Quantum measurement outcomes

We now briefly discuss the quantum measurements of the quantum sensor that are used
to estimate properties of the probability distributions. We define X ]gs) as the measure-
ment outcome after a single projective measurement s of the quantum sensor state. The
statistical properties of X} are determined by the specific POVMs {M}. In particular
considering computational basis measurements Mj, = |by) (by| where by, k € 1,...,2Y are
bitstrings in the computational basis for N qubits, we find:

E[X,"] = Tr{Myp} = p (25)
E[XIES)XIS ] = Te{ My My p} = prjbss (26)
E[XlgS)X]S )] = pkpk/(l - 553/) (27)

where we have used the fact that MM, = Mdi. We can combine the final two terms
in the form:

E[XIES)X]S )} = pkpk/(l - 688') + pkakk’éss’ (28)

For S shots, we estimate the normalized frequency defined as:
1
=g 2 X (29)
S
whose statistical properties are easily determined using the statistics of Xj:

Blar] = Y EIXi] = (30)
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and
0wmwm—;zpwﬁmﬂ—(§2wx@(;ZM&Q
= DkDk’ — %pkzpk/ + %pkékk’ = (Pk) (pr)
= % (Okrpr — PrDl) (31)
We summarize the above results as:
Elzk] = pr, (32)
Covlzy, 2| = % (OkksPr — PP 5 (33)

which describe standard statistics for the normalized linear combination of independent
multinomial random variables. Another useful quantity will be the statistical properties of
a combination of measurement outcomes, y = xj + xr. We have:

Ely] = px + pr (34)
and
Varly] = E[y*] — (E[y])”
= B[} + 23 + 2z70] — (Blz))® — (Blaw])? — 2B[z]Elzy]
= Cov[zy, ] + Cov[zy, xp] + 2Cov[zk, 4]
1
= Varly] = = (pe(1 = pr) + P (1 = pi) = 2ppw) (35)
A similar analysis can be performed for variables y that consist of linear combinations of
more variables {z}.
A.3  Unentangled quantum-sensing protocol

The unentangled quantum sensing protocol proceeds as follows:
1. Starting from |00), the ground state for the two-qubit quantum sensor, apply the
single-qubit Hadamard gate on both qubits
1
Uene i) = @ H;10); = @ = (10); +11),) (36)
j=1,2 j=1,2

where H; is the Hadamard gate on qubit j, and [¢) j defines the state of qubit j
alone.

2. Perform Usgepse, following which the quantum sensor state becomes

1 i i
UsenseUenc [t0) = X 7 (e—gwﬁm 0, + e+ @t) 1) j) (37)
j=1,2 2

3. Perform Uye. = Ul

4 to arrive at the final quantum sensor state

0; +v; (Ot Y
|¢f> = UgecUsenseUenc |'9Z}0> = j§2 COs <2> |1>j +2sin <2> ’0>j (38)

Accepted in {Yuantum 2025-12-17, click title to verify. Published under CC-BY 4.0. 29



We can therefore simply read off the bitstring probabilities corresponding to the readout
of states |11),]10),]01),|00) respectively:

01 +v

_ 2 1 1 2

p11(0) = cos (2 > cos ( 5 )
p10(0) = cos® (91 —; Vl) sin? (02 + V2> ,
po1 () = sin® <91%2-V1) cos? ( )

poo(0) = sin? <91—;V1) sin? (92 —g V2> , (39)

which sum to unit probability, as they must. To determine the input-averaged probabilities,
we must calculate the averages of pi(0) over the input probability distribution, to obtain
pr = [dOP(0)p(0). To this end, we will also require the standard complex Gaussian
integral:

1 2 2

1 o
W/de exp{ = 5 5(0 - 0)}e = ez
e o

It will prove sufficient to compute pi1; the remaining probabilities will be shown to be
computable using the results for p11. The input-averaged probability p; is thus given by:

P11 = /d9 P(6)p11(0) = /d@ P(8) cos® (91—;V1> cos? (62 + V2) (41)

(40)

2
We first use trigonometric identities to write p1; as:
P11 = i/d@ P(0)[1+ cos(01 + v1)][1 + cos(f2 + 12)]
= % / d0 P(9) |1 + cos(0y + 1) (42)
+ cos(0z + v2) + %COS(@l + 05+ 11+ 1)+ %003(91 — 0y + vy — 1/2)]. (43)
The above requires the calculation of five integrals. The first is simply the integral over

P(0) which reduces to unity due to normalization. To compute the remaining integrals, it
will again prove useful to make the unitary change of variables:

0, o 1 (1 1) (0 1 (0, +0_
0)-r ()=l ) ()-a6e) e

In this basis, we can address the required integrals one-by-one. We first consider the first
of the final two integrals:

/d@ P(0)cos(01 + 0 +v1 +10) = /d6+d(9_P+P_ cos(V204 + vy + 1)
= /d9+ Py cos(V20, + v + 1)

— ;/d9+ P+ (ei\/i9+ei(u1+1/2) 4 e—i\/§0+e—i(lj1+ljg))
(45)
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where we are able to perform the integral over 6_ in going from the first to the second
line as the integrand is independent of §_. Using Eq. (40), the above can be immediately

evaluated to yield:
1

/d0 P(0) cos(01 + 02 + 11 + 12) = (ei\/iafe_"i elitra) 4 e*iﬁ&e_”ie*i(”ﬁ’”))

2
= e %% cos(V20, + vy + 1)

By analogy, we can write down:

/d0 P(0)cos(01 — Oy +1v1 —1n) = e cos(V20_ + vy — 1)

(46)

(47)

The remaining two integrals are best computed in the original basis, as they depend only

on 61 or 5. In particular, we have:

/d9 P(0)cos(by +v1) = /d91 P(61) cos(61 + 1)

1 o . .
= §/d91 P(6,) (e“’]lew1 + e_’ele_“’l) (48)
Once again making using of Eq. (40), the above simplifies to:
/d9 P(0)cos(0; + 1) = e 27 cos(fy + vy) (49)
Again by analogy, we have for the final integral:
/d@ P(0)cos(bs + v5) = e 2" cos(fa + vo) (50)
We can finally write for the probability pi1:
1+1‘%”2( (61 + 1) + cos(f + 1))
=-+ ¢ cos v cos v
P11 171 1 1 2 2
1 e 1 ~
+ ge*"i cos(V204 + vy +10) + gef‘ﬁ cos(V20_ + vy — ). (51)
We note that pjg = p11(v2 — v2 + m), so that:
1+1‘%"2( (01 + 1) — cos(f + 1))
=+ - V) —c v
P10 1 46’ Ccos\b1 1 0sS(b2 2
1 - 1 _
— éef"i cos(V204 + vy + o) — gefgz cos(V20_ + vy — 1) (52)
Similarly, pp1 = p11(v1 — v1 + ) so that:
—1+1‘%“2( (01 + 1) + cos(Ba + 1))
Po1 = 4 46 COS( U1 141 COS(U9 1%}
1 pu 1 —
—Ze %t cos(V204 + vy + 1) — éefog cos(V20_ + vy — 1), (53)
and pog = p1o(v1 — v1 + 7), so we finally have:
—1+1‘%“2( (61 + 1) — cos(f + 1))
Poo = 1 46 cos(t1 + 11 cos(ba + 19
1 e 1 ~
+ ge*"i cos(V204 + vy +10) + §6_03 cos(V20_ + vy — ). (54)
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A.3.1 Local qubit measurements only

An interesting limit to consider is in the situation of only local qubit measurements and
ignoring cross-correlations between qubits (which in this case exist entirely due to corre-
lations in the input variables). In this case, the excitation probability for qubit 1 is given
by averaging over the probability distribution for qubit 2:

1 1 1 —
p1=pu+po=g+5e 27 cos(0y + v1) (55)

while the excitation probability for qubit 2 is analogously given by:
1 1 1.2 —
P2 =pu+por = 5+ 5em 37 cos(b +12) (56)

Clearly, any classification based on p1,po alone is entirely insensitive to the correlation
properties of 01,6, and will be limited by the marginal variance o2 > o2 for strongly
correlated inputs.

A.4 Entangled quantum-sensing protocol

o EE

Figure 6: Explicit circuit diagram for the two qubit entangled quantum sensing protocol The
protocol involves preparing a Bell state and measuring in this basis. Only one of the qubit needs to be
measured, and the other is always in the ground state at the end of the protocol.

|

)

8
=] [=]

The entangled protocol proceeds as follows (as illustrated in Fig 6):
1. Starting from |00), the ground state for the 2-qubit quantum sensor, prepare the
entangled state
1

‘\I/+> — Uenc |¢0> = \/§

(101) +[10)) (57)

2. Perform Ugepge, following which the quantum sensor state becomes

1 i i
UsonseUenc WJO) - (6—5(91—92+V1—V2) |01> + €+§(91—6’2+V1—V2) |10>> (58)

V2
to arrive at the final quantum sensor state

0y — b2+ 11 — v
|¢f> - UdchsenseUeHC |¢0> = Cos ( : : 2 : 2) ‘10>

+isin (91 _92‘2“’1 _”2> 100) (59)

3. Perform Uye. = Ul

enc

Qubit-2 is therefore always in state |0), indicating that the measurement of a single qubit
is sufficient to extract all useful information in this entangled protocol. The excitation
probability of this qubit is therefore simply given by:

P (8) = cos? (ﬂe +u - u2> _ % (14 cos(vV20- + 11 — ) (60)

2
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By suitable choice of an entangling Uy, the excitation probability is therefore only sensi-
tive to the low-noise combination of random variables @, more precisely given by v76. As
before, we must compute the input-averaged probability:

1 1
o= / a0 P(0)p1(0) = 5 + / d0_ P cos(v/20— + 1 — ) (61)
The required integral was calculated earlier; we therefore have:
1 1 o2 —
pL=g + 5¢ " cos(V20_ 4 vy — 1) (62)

A.5 Post-processing
A5.1 Maximum likelihood estimator

Measurement outcomes zj are estimates of bitstring probabilities in the computation ba-
sis. For a two-qubit quantum sensor, the measurement outcomes are {:1:11, 10, T01, 1700}-
Defining a vector of quantum sensor outputs:

I
10

= 63

Y= 201 (63)
Zoo

we can define the post-processing step to provide an output class label as

Lprea = Fy] (64)

where Lpeq is the predicted class label, and F|-] is a generally nonlinear function that
maps the estimates of bitstring probabilities constructed using S shots to a scalar class
label, F : RrR2Y - R; here N = 2. For a maximum-likelihood based classifier, we define the
simple post-processing layer:

Lprea = Fly] = argmin{|[E[y")] — y||*} (65)
LeA,B

)

where y(I) are estimates of the bistring probabilities {z}} for the known class L € A, B,
obtained using a training dataset. The above approach is used to obtain the classification
accuracy plots in Fig. 2 of the main text.

A.5.2 Linear scalar output layer: entangled protocol

For a more intuitive analysis of the performance of the various stochastic quantum sensing
protocols, it proves useful to define a simpler post-processing step that obtains a linear,
scalar estimator from quantum sensor measurement outcomes. This has the advantage
of providing analytic results for Fisher’s discriminant, which provides insight into the
advantages of entanglement in stochastic quantum sensing. We start with the simplest
case, which from the prior analysis is clearly the entangled protocol. Here, the scalar
output variable is simply given by

Ye = 11 (66)
Using Eq. (62), we have:

Elye] = E[z1] = p1 = % + e cos(V20_ + vy — 1) (67)

N —
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This again yields the optimal operating point vy — o = £7; setting v1 = 0,12 = 5, we
immediately find in the small angle limit:

Elye] ~ o + e~ (61— 2) (68)

1
2

N | —

which is as described in the main text.
To compute Fisher’s discriminant we also require the variance Var[y.],

1
Var[y.] = §p1(1 —p1)

1 /71 1 - 1 1 _
=3 (2 + 56702* cos(V20_ + vy — 1/2)) (2 - 5670% cos(V20_ + vy — 1/2))
1
" 48 o

where the final result is obtained to lowest order in |f; — | < 1 and using the aforemen-
tioned values of v;. Under this approximation, which we verify numerically as shown in
Fig. 2, the variance is independent of class label L to lowest order. The above results for
the expected value and variance allow us to compute Fisher’s discriminant, as discussed in
the main text.

A.5.3 Linear scalar output layer: unentangled protocol with two qubit measurements

For the unentangled protocol but now accounting for qubit correlations, we define the
output variable

Yu,2q = T11 + To0 (70)
Using Egs. (51), (54), we find:

Elyu,2q] = E[z11 + zoo] = p11 + poo

1 1 ~ 1 ~
=+ Ze_"i cos(V204 + vy + 1) + Zef‘jg cos(V20_ + vy — 1)

2
(71)

The above expression can be simplified if we consider the large variance limit where o>
02 . Then the term depending on #, can be neglected, and we have:

1 1 ~
Elyuzq] = 5 + 16_”3 cos(vV20_ + 11 — 1) (72)
Recalling that §_ = 51\7552, for lowest-order sensitivity to the phase difference we now

require v1 — v = 5. This leads to slightly different optimal sensor operating points when
compared to the case of local qubit measurements only; we now set 11 = 0,5 = 5. Once
again assuming the small angle limit, we finally arrive at:

1 1 = =
Elynzg] = 5 + 3¢ (61— 62) (73)

as described in the main text. To compute Fisher’s discriminant, we also require the
variance Var(y, o], which from Appendix A.2 is given by:

1
Var(yy, 2 = g (p11(1 = p11) + poo(1 — poo) — 2p11P00)
1 /1 3 1 3 1 1 1
- —_ [ Z.= — - — 2. o) & — 4
S<4 111 4) 1S (74)

where in the second line we have made use of the small angle limit again.
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A.5.4 Linear scalar output layer: unentangled protocol with local qubit measurements only

For the case of local qubit measurements only, we can define a simpler output variable:

Yulq = 1 — T2 = (11 + 210) — (211 + Z01) (75)

Using Egs. (55), (56), we find:

Elyu,1q] = E[(z11 + 210) — (211 + 01)] = E[z10 — Z01]
1 - 1 _
= 56_%"2 cos(01 + 1) — 56_%02 cos(f2 + v2)

_1lg2 . <§1—9_2+V1—V2> . (9_1+§2+V1+V2>
= —€e 2 Sin ) Sin B

01 — 0 -
UQSin< ! Q;Vl V2>sin<yl;ry2> (76)

where we have used 6; + f; = 0. Demanding the output variable to be sensitive to the
phase difference 6; — 65 to lowest order requires setting v; = 1. Secondly, maximizing the
remaining multiplicative factor to enhance sensitivity further demands setting MTW ==+3.
For convenience we choose v; = vy = —g to satisfy both conditions. We therefore have:

6, — 6:
Elyu,1q] = e~2%% sin ( ! 5 2) (77)

= —e€

[ I

We can now proceed with the small angle approximation, following which we arrive at:
1 1 2/- —
Eyu,1q] =~ 56 29 (91 — 92) (78)

as described in the main text. To compute Fisher’s discriminant, we also require the
variance Var[y, 1q], which from Sec. A.2 is given by:

1
Var(yy,1q] = g (p10(1 — p10) + po1 (1 — po1) — 2po1p10)

1 1 3 1 1 1
—s<2'4‘4‘2'4'4>~45 (79)

where in the second line we have made use of the small angle limit again.

A.6 Performance beyond |C] < 1

In the main text and in the prior appendices, we have shown the performance difference
between an unentangled sensor and our entangled sensor approach for stochastic sensing
of two correlated variables in the case of small |C| < 1. Here we show that this advantage
is not restricted to this regime (which was used for analytic convenience), but holds for
larger |C| values as well.

Using simulations, we evaluate the performance of the unentangled and entangled sens-
ing protocols for the binary classification task considered in the main text, starting with
the value |C| = 0.25 considered there, but increasing up to values on the order of 7/2 that
defines the dynamic range of typical sensors. We have once again chosen o2, = 0.9902

here with ¢ = 5. We determine the number of samples needed by both protocols to reach
a classification accuracy of 95%, which is plotted in Fig. 7. As |C| increases, the difference
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between the two distributions that need to be classified increases; the task becomes easier,
and therefore the number of samples required decreases.

However, we note that the entangled sensor requires a constant factor fewer samples,
indicated by the fixed difference between the performance curves in logscale. In particular,
if the entangled sensor performance curve is multiplied by the expected advantage of the
factor of 4, we obtain the gray dashed line, which lies very close to the unentangled sensor
performance curve. This indicates that the factor of 4 advantage of the entangled sensor
scheme persists at large |C|.

R Unentangled sensor
\
N\ — Entangled sensor
7]
2 1024
[<%
IS
@
%]
Y
o
—
8 101 i
S
S
z
100

025 050 075 100 125

C]

Figure 7. Entangled vs. unentangled sensor performance at larger |C|. We show the number
of samples required by both protocols to reach a 95% classification accuracy. The entangled sensor
protocol exhibits a constant advantage of requiring 4 times fewer samples, as expected from analytic
results. Gray dashed line multiplies the entangled sensor performance by this factor of 4 to illustrate

the difference between the two curves. Here o = 5,02, = 0.9902.

B Exponential stochastic sensing advantage

B.1 Simulations

o{ el HA ol —{a—
0)— = 00—Dy]o]+d

0) {0 | — 0)——D a1

0 HéwH — 0) (0]

Figure 8: Explicit circuit diagram for the N qubit entangled quantum sensing protocol which
provides an exponential sensing advantage The protocol involves preparing a GHZ state and mea-
suring in this basis. Only one of the qubit needs to be measured, and the other is always in the ground
state at the end of the protocol.

In this section, we discuss the simulations performed for the results presented in Sec. 4.
We discuss in detail the simulations for the binary classification task. The simulations are
very similar for the estimation task (since they involve the same procedure to generate the
dataset and the outcomes of the quantum sensing protocols)
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We perform simulations to support the proofs about the exponential scaling of the
sample requirement for an unentangled sensor. For this we perform simulations on the
random phase sensing task, where each individual phase is sampled uniformly from the
interval [0, 27) range. The phase of the last qubit is set to satisfy the constraint for the two
datasets. In this work, we choose the task of binary discriminating two datasets, defined
to have the sum of phases equal to either +C. Here we choose C' = 0.3. Operationally,
we generate a batch of data and pass it through either the quantum or classical sensor.
Averaging the probability distribution over the dataset of phases provides an estimate of
the probability distribution over the possible outcomes of the sensor. For the classical
sensor, we keep track of all the 2V possibilities of qubit measurement outcomes. We then
repeat this process with a new sampled batch of phases until there is minimal change in
the probability distribution. Since the probabilities themselves reduce exponentially, we
define convergence when the ratio of the smallest probability over the largest change in
probability is above a certain value, which we choose to be 5000 (there is a minimal change
to the results increasing this value). Therefore, we have a list of probabilities for each case
of the number of qubits, for either classes. To obtain the accuracy as a function of samples,
we use NumPy’s multinomial sampler [42]. We then compute the total variation distance
of this estimate with the two classes and output as the prediction whichever is lower. From
this curve, we can estimate the number of samples required to achieve a certain accuracy
as a function of the number of qubits. As seen in 3, we see that the classical sensor requires
an exponential number of shots as a function of the number of qubits while the quantum
sensor is constant.

There is degree of freedom of the optimal sensing protocol, which we describe here.
This doesn’t affect the scaling with respect to IV, but is a function of C'. For the case
of the quantum sensor, which uses the GHZ state, this is straightforward. In this case,
a single qubit measurement is sufficient. The probability of the qubit being excited is

P = H_Smfm, where ¢; is the phase rotation on the ¢ qubit around the Pauli-Z axis.
Since this sum is small and averages to zero over both classes, operating at this point
makes this the most sensitive protocol. The whole entangled quantum sensing protocol is
illustrated in Fig. 8.

The classical protocol is less trivial. Since each qubit is only sensitive to the corre-
sponding phase, there is no information about the class label in the expectation on the
single qubit expectation values. The only observable which is dependent on the total sum
involves product of expectations over all the Pauli operators. Since this will be exponen-
tially small, this is what makes this task hard for an unentangled sensor. To understand
the maximal sensitivity operating point, let’s first consider the two and three qubit case.
For the two qubit case, we would want the two qubits to sense at an axis m/2 off from each
other. This would result in the following joint probability for both qubits being in the up
state (for example):

P /()Q’Tdel—l—sin(e)l—i-cos(C—H)

1
2 2 2
= l—l-i 2Wcl@sin(@)cos (C—-0)
4 8w Jo
1 sin(C)

“3T s

(80)

which is first order sensitive to C'. This also similarly works out for all other qubit measure-
ment outcomes. For the case of three qubits, we do not require any phase offset between
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the qubits. For example, the expression for the expected probability for all qubits being
in the excited state is:

1 2 2 1+sin(0;)1+sin(6)1 +sin(C —6; — 6
PIII_W/O d91 0 d92 (1) (2) ( ! 2). (81)

2 2 2

Like before, the only term which survives the integration and depends on C is

sin (01) sin (62) sin (C' — 01 — 02), which can be simplified to sin C'/4 when averaged over
the domain, to first order in C. It can then be shown, recursively, that for even number
of qubits, one of the qubits needs to measured at a 7/2 phase shift from the other qubits.
In the simulations, this is set to the last qubit (without loss of generality).

The simulations for the estimation task follow in the same procedure. We use a linear
layer to map the outcome of the sensing protocol to estimate the phase. The optimal linear
layer is found by fitting the dataset using least squares regression. To quantify the accuracy
of the estimate, we compute the mean square error. To obtain this, we run the simulation
many times (for a given number of qubits and number of samples of the quantum sensing
protocol), until there is a negligible change in the results.

B.2 Mapping on to a single qubit

Coherent Sensor

|0> 'Y X m

Incoherent Sensor
0) 0) eee [0)

Figure 9: Exponential sensing advantage with a single qubit. The coherent sensor is defined as
one which can coherently sense all the IV phases. In the task considered, simply sensing all the phase
successively suffices. The incoherent sensor is restricted to perform a measurement after sensing each
phase. This therefore produces N samples.

In this section, we motivate how the exponential sensing advantage with N qubits (each
experiencing a single phase), can be mapped onto a single qubit experiencing all N phases
in time. In this case, the relevant quantum resource is the coherence of the qubit. In
this context, we define the quantum protocol as having quantum memory long enough to
measure all the phases coherently. On the other hand, the classical sensor is defined to have
limited coherence, which is confined to measure each phase one by one. Both protocols
involve preparing and measuring the qubits along the equator of the Bloch sphere. For the
case of the quantum protocol, we can just integrate all the IV phases together. This imparts
a total phase ¢sum = > _; ¢i, where ¢; is the phase of the ith pulse. ¢sum is the phase to be
sensed, and therefore this protocol performs the same as the entangled protocol described
in Sec. 4. On the other hand, the classical sensor resorts to N measurements, one for each
phase ¢; (see Fig. 9). This therefore produces the same distributions of qubit outcomes
as the N qubit unentangled protocol. Hence, this protocol requires an exponentially more
number of samples to achieve the same accuracy as a function of N. While in this case, we
consider a task where the sensing protocol is very simple, it is interesting to consider tasks
with more complex control. This example illustrates the interesting sensing advantages
which can be achieved in time-varying and correlated signals.
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C Sensing conserved quantities

C.1 Conserved quantities for the XXZ Hamiltonian

In this section, we detail the simulation results presented in Sec. 5. For convenience we
reproduce the XX7Z Hamiltonian considered in the main text (we set A =1 and kg = 1 for
convenience):

Hxxz = —JZ (SFST 1+ SYSY, | +ASFS7) (82)
J

We first show that dynamics governed by Hxxz ensure that the value of S} locally for spin
Jj is not a constant of the motion (i.e. is not conserved). While formally a classical Hamilto-
nian, for purposes of readability we instead use the language of commutators more familiar
from a quantum description of the Hamiltonian to analyze conserved quantities [43]. Then
taking the classical limit [f, g]/ih — {f, g} [44] allows transcribing results to the classical
Hamiltonian. As this transformation does not change the value of a commutator from zero
to non-zero (or vice versa), the conserved quantities are unchanged in moving between the
two limits.

We therefore simply evaluate the commutator using the canonical commutation rela-
tions [S]‘?‘, S,f] = ieagvsyéjk where € is the usual Levi-Cevita symbol:

[Hxxz, 53] = [JZ TSI+ SYSY,, + ASFSE), S

_[‘]Z (S7S11 +5757:1). 5
_ JZ ( S7 S50t SE| a1 — STo1 [ ST, SE] 0 — SY[SY15 SE] 00k — S [V i |0

- J(+sk_lsz+szﬂsz Y ST - SY,,SE) # 0 (33

However, the total z-component of the spin 5% =}, 57 instead does commute with Hxxz
and is conserved:

[Hxxz, Y Si] = +S8515) + Sk S — Sp_15k — Sgﬂslf)
B

>

Z (+SE_1S% - 87, 8%) + Z (+5%15¢ — SY,.57)
k

=7 (+SkS,§’+1 SySk,H) + Z (+Sk+15y SIZHSIf)
k
(

=J D (+SESH1 — StSk - SIZSkJrl + Sk+151€) =0, (84)
k

where going from the second to the third line, we have made use of the translation invari-
ance of the classical spin system enforced by periodic boundary conditions. This allows
translating the summand indices from k—1 — k, following which the cancellation of terms
is clear.

It will prove useful to introduce a set of angular variables ¢; and spin variables s; such
that:

87 = f(sj) cos ¢; (85)
Sj = f(s;)sing; (86)
S =s; (87)
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where f(s;) = /1 — s? and s; € [—1,1]. Under this change of variables, the XX7 Hamil-
tonian takes the simple form:

Hxxz = —J ) (f(sj)f(sj11) cos(pjr1 — &) + Asjsji) (88)
i

This equivalent form of the XX7 Hamiltonian is used for generating spin configurations in
the following subsection.

C.2 Generating a Gibbs ensemble of spins interacting via the XXZ Hamiltonian

For a system of N classical spins in a periodic ring interacting via Hxxz as defined by
Eq. (82), and in thermal equilibrium characterized by the normalized inverse temperature
f3, the final spin configurations will follow the Boltzmann distribution P oc e”#Hxxz  We
would like to sample spin configurations from this Boltzmann distribution at inverse tem-
perature S to obtain an ensemble of states of the IV classical spins, to then be sensed
by the quantum sensors we consider in the main text. Unfortunately, sampling from the
Boltzmann distribution using standard rejection samplers is highly inefficient, due to the
high-dimensionality of the distribution for large NV, and the need to determine the normal-
ization constant, namely the partition function.

A much more computationally-efficient approach that is routinely used instead to
sample different spin configurations from the Boltzmann distribution is the Metropolis(-
Hastings) algorithm [45, 46]. The Metropolis algorithm requires only the transition proba-
bility between two configurations, and not the absolute probability which would necessitate
knowledge of normalization. The specific Metropolis algorithm we employ is detailed in
Algorithm 1, which differs from standard implementations via the use of a constrained
state transition rule [24] that ensures the global magnetization >_; 57 is conserved, as de-
manded by the XXZ Hamiltonian. We use the constrained Metropolis algorithm to obtain
S spin configurations for N spins interacting via the XXZ Hamiltonian with parameters
J,A, and at inverse temperature 3, all of which are defined in Fig. 4 of the main text.
The Metropolis algorithm also requires a ‘thermalization’ time Tinerm for information of
the initial configuration to be lost, and a sampling period 7Tsweep between samples to min-
imize correlation between different sampled spin configurations. We set Tiherm = 10000
and Tgweep = 500, in units of Metropolis algorithm steps. The total number of Metropolis
algorithm steps is therefore Tiherm + Tsweep X S-
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Algorithm 1: Constrained Metropolis algorithm
Model Input : N,B,J,A
Algorithm Input: Tiherm; Tsweep; 05,09, S
Output : Gibbs ensemble of S random spin configurations {S*}

Randomly initialize spin configuration ¢, s with (;55-0) ~U(0,2m) V¥ j, sO = % Vj

J
s.b. D05 sgo) =M
for i <= 1 to (Ttherm + Tsweep X S)
Evaluate energy of current configuration, Fy = HXXZ(s(i_l), ¢(i_1));
Randomly choose any two distinct spins 7, k;
Perturb each phase independently, gb;.t) — ¢§i—1) +do; for dp; ~U(—=6¢, +0¢);

Perturb spins together s D ds, 3/(;) +— s,(j_l) —ds, ds ~U(—0s,+0s)

J J
so s;j + sy, is unchanged;

Obtain resulting test configuration s®), ¢(*);
Evaluate energy of test configuration, F; = HXXZ(s(t), ¢(t));
Calculate change in energy due to flip, 0F = E; — Fy;
if 6F < 0 then
| s, ¢ s @)
else
Calculate transition probability Py = e #F:
Sample random variable r ~ U(0,1);
if »r < P, then
| s ) s(t)

else
| s, ()  gli=1) (-1

end
end
if 7 > Tiherm and V;:;%:“J = 0 (where |-] is the floor function) then
| Add current configuration to ensemble {S*} « s()
end

endfor

C.3 Simulations

We first create a dataset of S7 ensemble values using the Constrained Metropolis algorithm.
We choose a dataset size large enough such that increasing the dataset has a negligible
effect of the classification accuracy curves. From this we convert to a phase imparted on the
qubit. For the simulations presented in Sec. 5, we set this scaling factor to be 7. Since S7
can take any value between —1 and 1, this results in the phase taking on any value between
—m and w. We choose this range to study the effect of stochasticity in the system. We then
pass these phases through the quantum sensing protocol, either entangled or unentangled.
The protocol described is essentially that of Appendix B. The only difference is that for
the unentangled product state protocol, there is no apriori known optimal values for the
phase offset to each qubit which sets the bound on sensitivity. Therefore, we sweep all
possibilities of these values, allowing this to be 0 and /2 (the two sweet spots) for each
qubit. We then choose the combination which produces the best result for each choice of
system size N and temperature T. The results are illustrated in Fig. 4.
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D A general framework for exponential separation on stochastic param-
eters with eigenbasis-invariant unitary encodings

D.1 Defining our framework of quantum stochastic sensing advantage

No exponential Exponential
advantage Advantage
| 1
R EEEREEEE T I EEREEEEEE )
A4 v \4
General Theorem 1 Theorem 2
Probe I Needs exponentially
f) I? many shots
- . Needs polynomially
Unentangled _ many shots
P <
robe Theorem 3 Theorem 4
Exponentially small Scaling of Feature Matrix Elements Polynomially small

Figure 10: A schematic presenting the main idea behind each theorem and the number of shots required
to discriminate between two distributions Py, Pg with some fixed level of confidence. Theorem 1 identi-
fies a scaling of feature matrix elements where even an entangled probe state needs exponentially many
shots. Theorem 2 identifies a scaling beyond which it an entangled probe state requires polynomially
many shots. Theorems 3 determines distributions of feature matrix elements where, with a general
and product state measurement basis respectively, an unentangled probe state requires exponentially
many shots. Finally, Theorem 4 identifies a scaling where an unentangled probe state requires only
polynomially many shots. Overlaps in these regions determine the presence or absence of exponential
advantage. There are gaps in the scaling uncovered by our theorems, where we only know the difficulty
for one class of probe states - these are left for future work.

In this Appendix, we describe in further details the discussions of Sec. 6. We as-
sume that we prepare a probe state, p, on N qubits which is then acted on by a unitary,
Ugeneral (@) with N angles that are sampled from a distribution Pg(8) - this sample changes
every shot. Further, it is assumed that the eigenvectors of U85 are invariant under pa-
rameters #. We then measure in a projective basis given by projector 0= UgeCMoUdec,
where My is some projective measurement in the o, (computational) basis. We specifi-
cally choose O so that O’s eigenvalues are all equal to zero or one. For discrimination
between two cases, this is equivalent to choosing an optimal POVM basis. We allow the
measurements to be performed in a potentially entangled basis. The expected value of such

a measurement is given by

Py = Te{ (UfeeMoUuec) / d0 P (O)UEL™ (8) pprone U™ 1(0) } = (O)e.  (89)

N
Ugeal .= exp{ —i »_ 0,G; ¢ = exp{—iG(0)},
j=1
(G, G = 0¥j, k and G(8) has a product state eigenbasis (90)

Note that, as defined above, Ugi?gal is guaranteed to have a product state eigenbasis

that is independent of €. Let )\|ja> be the eigenvalue of |a) for G, and let A(a) be the
vector of eigenvalues for each G for |a). Then US2(9) |a) = exp{—iA(a) - 0} |a) where

sense
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0 is the vector of angle parameters 6;. Rewriting Eq. (89) in the eigenbasis of U813l and
taking advantage of the linearity of the trace, gives us

ot = Y Te{Opas [ B Py(®)c @A o)y} (o1)
|a),[b)
pg) - Z Oa,bpa,bx(b()‘(a’) - )‘(b)> (92)
|a),|b)

Oup = (0]01a), pab = (a] porove ), x*(k) := / 6 P (6)e* (93)

where, in Eq 93, x® is the non-unitary Fourier transform of the distribution Pg, also known
as its “characteristic function". To differentiate two distinct distributions, ® = A, B, we
must examine the difference between the two expected measured values, i.e. the “separation
value":

Map=pl o = (04— (O)p = 3 Ouvpas (x (M) ~ AB)) ~ P(A(@) ~ A®))
|a),|b)
= Z [po FoO] (94)
|a),|b)

where p, O are matrix representations of pprohe, O in the eigenbasis of Usgeeé’s‘zral and “o"

denotes the Schur product. Finally, F' is the characteristic feature matrix, defined as
Fop = x"(A(a) = A(b)) = x"(A(a) = A(D)) (95)

Note that for a given choice of pprone and O, A, p corresponds to the change in a
probability between two sets of outcomes due to the change in the distributions. Conse-
quently, the number of shots required to distinguish these two probability values scales as
Q(1/A ). Even worse, for cases where pOA,pOB are both near 1/2, the number of shots
scales as ©(1/ Aiy p)- Importantly, if there existed some choice of measurement distri-
bution where the total variational distance between the two parameter distributions was
polynomially small, it would be possible to construct a projector onto all the outcomes
that are more likely for one class than the other - this would have a polynomially small
separation value.

For small Ay p, and pg‘,pég near %,
22/ (4A124, ) where $99% is the number of shots required to discriminate between the distri-
butions with 90% confidence and z, ~ 1.28. Consequently, a small upper bound on Ay g
leads to a high lower bound on the number of shots needed for discrimination with some
fixed confidence level.

we can use a normal approximation $%0% >

D.2 Feature matrix construction: two examples

An equally important point to illustrate, through example, the construction of the feature

matrix for the same choice of distributions and two different choices of U8l Consider
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a simple, two-dimensional distribution of Gaussians on 61,6s with two different cross-
correlations with means zero and covariance matrices

1 05 1 06
24 = [0.5 1 ] » 2B = [0.6 11 (96)

The characteristic functions of these two Gaussian distributions is:
Xan(k) = efik:TlJ«A,B*%kTZA,Bk _ 6f%kTEA7Bk (97)
The difference in characteristic functions functions is therefore:
xa(k) — xp(k) = (1 _ e—0.1k1k2) o~ 5 (ki +kika+k3) (98)
Suppose that our choice of Ugepge 18 given by:
Usense = exp {—i01 7212y — 0225} (99)

where Z; = %(aj + 1), so Usense applied to state |a1, as) would get phase exp{—i(aja26; +
azf2)}. Consequently, A(a) = (a1az2, az). The entry of the feature matrix Fl,y 5 is therefore
given by:

Fop = xa({araz — biba, ag — ba)) — x({araz — biba, az — ba)) (100)
1
_ (1 - 670.1(a1a27b1b2)(a27b2)) exp {_2 ((a1a2 _ b1b2)2 + (a1a2 . blbg)(ag _ bg) + (a2 - b2)2)
(101)

The resulting feature matrix, with elements going in order as |00),|01),]10),|11) be-
comes:

0 00 (1—eOl)e 3
- 0 00 0
F= 0 0 0 0 (102)
(1—e e 2) 0 0 0

Note that, in the above case, the optimal probe state and measurement bases are ones that
concentrate their off-diagonal terms at the non-zero entries i.e. %(!OO) + [11)). Since the
choice of Ugense is entangling, it is perhaps not surprising that we obtain a feature matrix
with a clear advantage for an entangling probe state. For contrast, consider an unentangled
Usense defined by:

Usense = €xXp {—’L'91Z1 - i92X2} (103)

where Z; = (0f +1) and X» = (0% +I). Defining our basis as [00) = [0%,+),]01) =

07, =), [1,0) = |17, 4),|11) = |17, =), we get that Usense |a1, az) = e~?@10171a202  Conse-
quently, XA(a) = (a1, a2). From this, we can get that the entry of feature matrix F, is
given by:

1
Fop = (1 . 6—0.1(a1—b1)(a2—b2)) exp {_2 ((al _ b1)2 + (a1 — by)(as — bo) + (as — b2)2)}

(104)
This gives us the feature matrix:
0 0 0 (1—e01)e 2
. _ 01y, ,—%
P= 0 0 (1—e™)e™= 0 (105)
0 (1 —e"l)e 2 0 0
(1— e 01)(e™3) 0 0 0
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From Eq. (105), (and in reference to Eq. (94)) the best probe state and measurement basis
are ones that pick out the smaller off-diagonal elements (i.e. %(IOD +|10)) in our defined
basis).

As a more practical illustration, we now go on to use the characteristic feature matrix
to identify the optimal measurement basis and probe state for the example problem of
section B.

D.3 Choice of probe state and measurement basis for exponential advantage example

The characteristic function of the example distribution for }°; 6; = £C' is given by
) N-1
Xtc(k) = ™V T sinc(n(k; — k) (106)
j=1

The difference in characteristic functions is therefore:
N-1
xc (k) — x—c(k) = 2isin(C) H sinc(m(kj — kn)) (107)
j=1

Note that Eq. 107 goes to zero unless either k; = 1Vj or k; = —1V;j. This means that
the only non-zero entries of the feature matrix are

ﬂoN>7‘1N> =2 Sin(c),ﬂlN>7‘oN> = —2isin(C)

Consequently, given a probe state p and projector O, the separation value becomes
equal to

Aap = 2sin(C)( (0N

1Y) (0|0 [1N) +h.c.) = 4sin(C)Re {i (O

/ oY) (07|01}
(108)

Note from Eq. 108 that the triangle inequality implies the separation value magnitude is

at most 4|sin(C) <ON 1N> <0N’ O ’1N> . The separation is at its maximum for a pure

P

state, and so ’<ON‘ P ’1N>‘ is at most 1/2. Further, since Oisa projector, the sum of the
squared norms of each row is equal to the diagonal of that row - from this we get that any off-
diagonal element is at most 1/2. In other words, the separation value magnitude is at most

|sin(C)|. We can construct p, O that saturate this bound. First, we have ‘<0N p 1N>‘ =
1/2 for any pure probe state given by [¢)probe) = (1/\/5)(’0N> +e' 1N>). Second, we have

\<0N]O]1N>\ = 1/2 for O = [thmeas) (meas| Where [thmeas) = (1/ﬂ)((oN> + €t [1V)).
Third, and finally, we must choose the values of ¢, so that the real part of the product
in Eq. 108 is maximized. This is given if ¢ = £ &7 /2. In other words, the probe state and
measurement basis that minimize the lower (2(1/A4 p)) and upper O(1/ A?AL p) bounds
on the number of required shots are given by:

p= 5 () ) (0] + () 0= ()it

1)) ({0 e (1))
(109)
Suppose that instead p is an unentangled state, and O is a measurement in an unen-

tangled basis. Consulting Eq. 108, once more we note that the separation magnitude is
at most 4sin(C) (0¥] 5 [1V) (0N O 1¥)]. (0¥ 5

IR > |, in the case of an unentangled
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state, is at most 1/2V. |<0N‘ 0] ‘1N> | is at most 1/2 and this bound is saturated in a

measurement basis of single-qubit Hadamard states, with O being a sum of projectors over
product states with an even number of |—) (—| terms. Finally, to make the imaginary part
of the product in Eq. 108 go to zero (and therefore the real part accounts for all of the
magnitude) we choose p to be a pure product state with one qubit initialized in the state
(1/4/2)(]0) +4|1)) and the other qubits initialized in the Hadamard state |+). This gives
us the largest possible separation value for an unentangled probe state and unentangled
measurement basis possible of sin(C)/2V !, and requiring at least Q(2"/sin(C)) shots for
discrimination in scaling.

With a clearer understanding of how an underlying characteristic function and choice
of Usense interplay to produce a feature matrix, we now go on to our general proofs of
conditions of exponential stochastic sensing advantage based on properties of the feature
matrix.

D.4 Theorems and proofs

Within this setting, we are able to construct a more general framework of when to expect
an exponential separation, and to what degree, for different kinds of distributions.

Theorem D.1: If |Fy| = O (r_N) for fized constant v > /2 and for all |a) , |b), then

for any choice of probe state pg and projector O the number of shots required to distinguish
C from C" scales exponentially in N.

Proof: Let pg be the input probe state and define the output density matrices for
constraint values C' = C7, (s as

pra= [ 90OVl poULee (B)d (10)
f(6)=Cr,2

By the Helstrom bound, the probability of successful classification of p; given initial priors
71, o (where 13 = 1 — o) is

1 1 1 1
Psuceess = 5 + §H7T1p1 — map2|l1 = 3 + §H7T1p1 —map1 + m2(p1 — p2)|h (111)

m
o= ol (112)

where || % ||; denotes the trace norm. Note that

<m +

lp1—p2lli < V2¥\/llor — palla = V2V [ Te [(p1 — p2)(p1 — p2)] = V2N /TE [(F 0 po)?] < V2NN
(113)
Consequently, if r > /2, the separation between the output density matrices is ex-
ponentially small and therefore requires exponentially many shots. Note that this cannot
be overcome with adaptive protocols. Since the probability of success at any one shot
only offers an exponentially small distribution over the priors, for any choice of priors,
any individual shot, at every stage, can offer only an exponentially small improvement to
the confidence in classification - otherwise the Helstrom bound would be violated at some
point. Consequently, even adaptive schemes would require exponentially many shots. An
important consequence of this theorem, for later proofs, is that elements of the feature

matrix that scale as O(\@_N) may be ignored.
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Theorem D.2: If for all N there exists at least one pair of states |a),|b) such that
|Fup| = Q(1/N¥) for fived constant k, then there exists an input probe state and measure-
ment observable O such that the number of shots required to distinguish C from C' scales
polynomially in N.

Proof: Choose po = |¢) (¢| where [¢) = %(\a) + €' |b)) for some choice of ¢, and

choose O = (|a) — |b))({(a| — (b]). The resulting choice of operators picks out the outer
product of states with a polynomially small coefficient. This enables a polynomially small
separation measure and thus a polynomially large number of shots required to distinguish
the constraints.

We now introduce the notion of an “unentangled" probe state which we present, without
loss of generality, as
Punentangled = ®§V:1ﬂ77 (114)

where each p7 is a density matrix on a single qubit. Note that it is, in principle, possible
to construct a more general unentangled probe through the statistical mixtures of probes
of form Eq. 114 - however, the separation value would simply be the average of individual
separation values, and therefore at most as large as the best separation for an unentangled
probe of form Eq. 114. To study this setting more carefully, we need to introduce some
definitions. Let d be the Hamming distance between states |a), |b) (i.e. the number of bits
that they differ by), and D be the set of indices specifying the bits where they differ and
0(i) specifying the bit value of a; at the point where they differ. Finally, let o (i) return
the bit value at an index ¢ where |a) and |b) have the same bit value.

For example, if we have d = 2, D = {1,3}, ;1 = 0,03 = 1 and finally 09 = 0,04 = 1,
this corresponds to the outer product of states |0,0,1,1)(1,0,0,1|. That is, they have
Hamming distance 2 (d = 2), differing at the first and third bit (D = {1, 3}) with the first
state having values 0 and 1 at those bit indices (6(1) = 0,6(3) = 1) and the bit indices
where they are the same, at the second and fourth bits, have values of 0 and 1 respectively
(0(2) = 0,0(4) = 1). Finally, let D? denote the set of all possible tuples (D, d) for states
with Hamming distance d.

Finally, we also emphasize that the following theorems hold for, specifically, a local
Usense- that is, one of form

N

Usense = €xp{ —i »_ 0;G; (115)
j=1

where each generator Gj acts on exactly one qubit.

Lemma D.3: For any unentangled probe state punentangled and local Usense, the contri-
bution to the absolute value of AB from terms with Hamming distance d is at most

3 | Fyy 05 maxy | (as,5| O |bso) |

D,seD4

where the summation is over all possible D,d and max, denotes the maximum cross-
diagonal term of O for a fixed choice of D,¢ (i.e. choosing the identical bits to maximize
this off-diagonal).
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Proof: Let d denote the number of bits two states differ by, D denoting the set of
indices where |a) , |b) differ with §; specifying the j-th bit of a, and D? is the set of all such
index differences/directions. Finally, let o; denote the value of the identical bit between
la) , |b) at the j-th index. The magnitude of the contribution to the separation value for
terms differing by d bits is given by

Z H pgj,l*(;j ( Z H plg'k,okFa&a,bé,o- (aé,U’ O ‘b570'>) (117)

D,seDd jED 01=0,1 k¢ D

= Z H pgj,l*&jFadvbd ( Z H pzr]-,crj (asq| O |b6,a>) . (118)

D,seDd jeD 0;=0,1;¢D
We move Fy, ; inward in the summation since, due to our assumed, purely local Usepse, this
value depends only on the differences between a,b. Next, we bound this quantity using
the triangle inequality and exploit the fact that |p§j7175j| < 1/2 to get:

< Z |F(;6d’b§| ( Z H ptjrj,aj‘ <a5,a‘é|b5,a> |) (119)

D,seDd 0;=0,1;¢D

| Fa s |maX0 | (a5,6] O |bs0) | : | Fas sl maXo | (a5,6] O [bs0) |
< Z e 2d ZHPZ"j:Uj = Z o 2d ’

D,5eDd 0;=0,1;¢D D,seDd
(120)
where the final equality in Eq. 120 comes from reorganizing the sum of products as product
of sums ph 5+ p1; = 1.

Difficult distributions for product probe states and arbitrary measurements - condi-
tional on mean values of feature matrix elements

Theorem D.3.1: Let F,,, be the feature matriz entry indexed by states |a) and |b)
with Hamming distance d with §(j) specifying the bits of |a) at indices where the bits dif-

fer. Let Fa,b

be the average magnitude of all feature matrix elements where a,b have this

goes as O(r~) for a local Ugenge. Defining € := d/N, if

Fa,b

Hamming distance. Suppose

r > (% — 1)E /(1—¢) for every value of d, then for any choice of projector O or unentangled
probe state punentangled, the number of shots required to distinguish distributions Pa,Pn
scales exponentially in N.

Proof: Since we consider a local Usense and punentangled; We utilize Eq. 120 to bound the
contribution to the separation value. Note that the maximum value for any element of the
projector matrix is 1, so this gives us:

‘Fa ,b| ‘Fa,b’ d N N
< 2 ohr = la) =l

D,deDe

Fab

)

: (121)

where ‘Fa,b is the average magnitude of the feature matrix across elements a, b differing

by d bits. Choosing d = eN, we can use the Stirling approximation (accurate within a
factor near 1 [47]) to get that

()= ()" .

eN - 1—e

" 2Nl = 0 (K)eN(A=9N)1-gN ~ 2 Ne(l — &)

€
€
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Together with Eq. 121, Eq. 122 proves the theorem.

Difficult distributions for product probe states and arbitrary measurements - condi-
tional on distribution of feature matrix elements

Theorem D.3.2: Suppose that |Fyp| = Q(1/N*) for fired constant k only for at
most O (2N(1_§)) choices of |a),|b) and some constant 0 < & < 1 and a local Usepse-
Further, suppose there exist an ordered vector € of length O(poly(N)) such that 0 <
€1 < € < €41 < % such that the number of feature matriz entries with magnitudes
Q29+ N) = |F, 3| = O(279N) goes as at most O(2UHEIN) elements, for 0 < & < e; < 1.
Then for any unentangled probe state and any projector 0, exponentially many shots in N
are required to distinguish distributions Pa, Pg.

Proof: As before, we start from Eq. 120 from Lemma D.3. Recalling that the maximum
value of an off-diagonal projector is 1, this gives us

|Fa57b5|
< Y Pl (123)
D,deD4

First, let’s consider the number of polynomially scaling elements. Note that for every
choice of off-diagonal differences, there are 2V~ elements that have the same magnitude
of feature matrix entry. Since there are only O(2V=¢V) polynomially scaling elements of
the feature matrix, there must be at most O(2¢97¢") such elements. For exponentially small
scaling terms, there must be at most O(297% ") such scaling terms. For the polynomially
scaling terms, we plug in the scaling value into Eq. 123 and the possible number of states
to get:

F, 1 1
3 | “3"6‘ < ) st =0t (124)
D,deD4 D,deDd

where the first bound arises from the fact that any entry of the feature matrix is at most
1 in magnitude, and the C' from the second bound being a fixed constant such that there
are at most C21=9N many polynomially-small entries. Extending that same reasoning to
the exponentially scaling terms, for each &;, we have inequality:

F C 2—6' 27 e
Z ‘ agd,bgl S Z % < C C 2d+§gN 2 — 01022 (ijéj)]\a (125)

D,deD? D,deD4

Here, C1, Cy are the coefficients that bound the entries of |F, ;| < C4 274" and the number
of such elements as < Co2(11€)N | Since € is only polynomially long in the number of qubits
N, it follows that even if we add together all the separate bounds of Eq. 125 for each j
together, we will still get an exponentially vanishing bound. This concludes the proof.

Difficult distributions for product probe states and unentangled measurements - con-
ditional on root mean square of feature matrix elements

Theorem D.3.3 (Proposition 1 in the text): Suppose pprope is a product state and
Oisa projector to an unentangled basis. Let Frys(d) be the root mean square magnitude of
|, | for states differing by d bits and a local Usense. Defining € = d/N, if F(d) = O(r—%)

with r > (1/671 for every d, then exponentially many shots are required for the discrim-
tmation.
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Proof: As with the proof for theorem D.3.1, we start with Eq. 120 as our starting point.
We consider a local measurement basis, which must be chosen to lie on the equator of each
qubit’s Bloch sphere to extract the maximum amount of information about the z-sensors
(more generally, must lie in equal superposition of the two eigenstates of the single qubit
encoder in Ugepge). In other words, the projector must maximally non-commute with the
sensing unitary. From this, we have that (as,| O |bs) does not depend on what bits |a) , |b)
have in common, but only on the bits that differ. Consequently, we have

> | Fas bs|maxe| (a5,4] O bso) | _ > | Fas,bs | as] O [bs) | (126)

D,scDd 2 D,scD4 2¢
where, in Eq. 126, since the off-diagonal entries of O depend only on the differing bits, the
off-diagonals have the same value for all o;.
Now, note that for any projector O, O? = O, so for the sum Za’b\<a|(§]b> 1?2 =
Tr(0?) = Tr(0) < 2VN. Now, note that since O, is identical over all 2V~ choices of
identical bits between a, b, we have

S 2 (as] O )| < 2V (127)
D,seDd
> ’<05| O |b5>’2 <24 (128)
D,6eDd

Returning to Eq. 126, we can upper bound this expression by via the Cauchy-Schwarz
inequality, giving us a final inequality:

Foybsl| (as] O |bs 1 )
5 sl Obi| 1 |Fa,b|2J > sl O16s)

2
\ (129)
D,seDd D,5eDd D,seD4

1 Frvs(d) | (N N
gy 2 Vel = oy )2 = sy (g ) (030

where Frys is the root mean square magnitude of terms |Fy | where a,b have Hamming
distance d. Now, let d = eN. Then, using Eq. 122, an approximation accurate to within a
factor of two for positive integers, we get

N
< 42 ! <(1/6_ D) ) Frvs(d). (131)

27 Ne(1 —¢€) 1—¢

Supposing that Frys(d) = O(r~) and dropping terms that do not matter for exponential
scaling, we get:

ro [ (132)

This completes the proof.

Difficult distributions for product probe states and unentangled measurements - con-
ditional on distribution of feature matrix elements
Theorem D.3.4: Suppose that |F, | = Q(1/N¥) for fived constant k only for at most

O (2N(1*5)) choices of |a) ,|b) and some constant 0 < § < 1. Further, suppose there exist
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an ordered vector € of length O(poly(N)) such that 0 < €j_1 < €; < €j41 < 3 such that the
number of feature matriz entries with magnitudes Q(2=+1N) = |F, | = O(27%") goes as
at most O(20+&IN) elements, for 0 < & < 2¢; < 1. Then for any unentangled probe state
and any projector O to an unentangled basis, exponentially many shots in N are required
to distinguish distributions Pa, Pg.

Proof: The proof for the polynomial case is identical as in the proof for Theorem D.3.2.
For the exponential case, the proof is the same up to Eq. 125 (i.e. arguments for how many
distinct terms are allowed) past which we have, using the inequality from Eq. 128,

| Fag s 1{as] O |bs)| 1
Z b= od Z ‘Fa57b5’ Z a5‘0|b5
D,deD4 D,deD4 D,deD4
dte e\ N
L0 ) 0N — 0402 ( 2) (133)

= 9d/2

Here, C1, Cy are the coefficients that bound the entries of |F, ;| < C4 2-%" and the number
of such elements as < Co2(11&)N | Since € is only polynomially long in the number of qubits
N, it follows that even if we add together all the separate bounds of Eq. 133 for each j
together, we will still get an exponentially vanishing bound. This concludes the proof.

Theorem D.j (Proposition 2 in the text): Consider an arbitrary Usense as de-
fined in eq. 90. If there are Q(2N /N*) disjoint pairs a,b such that |F, | = Q(1/N*2) for

unentangled

probe and a

some fized constants ki, ks, then there exists an unentangled probe state p

measurement observable O such that the number of shots required to distinguish C from C'
scales polynomially with N for any fized confidence level.

Proof: Choose the unentangled probe state to be the Hadamard state for each qubit,
unentangled
probe

bits at each qubit. For each pair |a), |b), define the projective term

ie p ‘—FN > <+N ‘, where |+) is an equal superposition over Usepse €igenstate

Pop = %(Ia> +¢ [0))((al + €7 (b)), (134)

where ¢ = arg{Fj,;}. Note that this term is Hermitian and p? wb = Fap, s0 the term is a

proper projector. Finally, define our observable O as

> Puy (135)

(a,b)eG

where G denotes the set of disjoint pairs with polynomially scaling feature matrix elements.
Note that all P,; are orthogonal, so 0% = O and O is hermitian, implying that it is also
a projector. Finally, computing the separation value gives us:

1 1

A,B tangled

AALB — Z (p;?:{)leange oFoO) = Z QW‘Faab| =Q (Nkl+k2> . (136)
a,b (a,b)eq

Since the separation value is only polynomially small, polynomially many shots suffice to
distinguish the distributions.

An important consequence of Theorem D.4 is that it effectively rules out the use of
machine learning to obtain exponential stochastic sensing advantage, at least without a
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highly targeted initialization. The reason for this is that it implies that the number of
eigenstates of Ugenge that pick out useful information about the underlying distributions
must scale as an exponentially small fraction of the overall Hilbert space. All other states
acquire exponentially little information, and therefore a vast barren plateau emerges every-
where but some small region of Hilbert space, which one has a vanishingly small chance of
simply guessing without additional prior knowledge. Conversely, if one already knows what
this set of useful states is, one can simply select the appropriate superposition of them in
some entangled state to obtain the advantage, without the aid of quantum machine learn-
ing (though certainly polynomial improvements to shots past this point are conceivably
possible).

Corollary D.J: Consider a local Usense and suppose distributions Pa, Pg are even in
each argument 8;, up to identical constant shifts in each 0; for both distributions. If at least
one element of the feature matriz shrinks as Q(1/N¥*) for some fived constant k, there can
be mo exponential advantage in shots from using an entangled probe state to discriminate
between the distributions. More strongly, there isn’t even an exponential advantage from
using an entangled measurement basis.

Proof: For a local Ugense, the points we evaluate are given by the difference between the
expected values of exp{—i(a —b) -0} of the two distributions, where a, b correspond to the
bit strings of states, |a)|b). If the two distributions are even in all their arguments, then
for a particular choice of |a) |b), any other choice of states differing at the same bit indices
will produce an identical difference of expectations (difference in bits determines the sign
of a particular 6; in the exponent which, for even probability distribution functions, is
unimportant). Consequently, if there exists a polynomially scaling element of the feature
matrix for terms |a) , |b) with Hamming distance d then there exist 2¢ (for all the ways bits
at those indices can differ) times 2V~¢ (all the ways the similar bits at the indices can be
the same) disjoint pairs |a) , |b) for which the corresponding feature matrix is polynomially
scaling. Therefore, by Theorem D.4, there exists an unentangled probe state and some
measurement basis where it is possible to discriminate between the two distributions in
polynomially many shots. Importantly, this Corollary also applies to pairs of distributions
that are identical constant shifts of 8 away from being even in each argument. This is
because the shifts could be canceled as fixed, single qubit rotations applied to the probe
state or observable. Even more strongly, since the complex phase ¢ = arg{F,;} is the
same for all pairs a, b, we can choose our projector to have an eigenbasis in product states
over the qubits whose bits differ (in particular, the Hadamard basis), so there isn’t even
an exponential advantage from entanglement in the measurement basis.

D.5 Removal of exponential advantage under measurement-time optimization in the
continuous process setting

While this work’s focus is on the case of random, unentangled unitary, it is instructive
to comment on what happens if we treat the source of stochasticity in the phases as
a continuous process where the amount of time that the probe state is exposed to the
imposed processes is allowed to vary (as is studied in detail in [40]). In some cases,
an exponential advantage in the random-unitary-channel picture disappears when this
additional degree of freedom is introduced in the continuous-process picture. Consider
the example with a fixed sum of phases in the main text (Eq. 12) where the information
on the sum is hidden on one qubit. The phase experienced by this qubit goes as C+(N
independent random angles). Suppose we reduce the exposure time that this qubit has to
the stochastic process to a fraction dt of the time that the GHZ state is exposed to it and
that this gives us a phase of dtxC + dtx(N independent random angles). If dt ~ 1/N
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then we have negligible noise on our qubit, and we just need to distinguish +dtxC, which
needs a factor of N? more shots than the GHZ protocol. Accounting for the fact that the
full time for sensing with the GHZ state takes IV shots for sensing with the unentangled
state (since dt ~ 1/N), this means that the advantage gained in total measurement time is
only a factor of NV, and so we have recovered the familiar Heisenberg scaling. Whether all
such cases of exponential advantage with random unitary channels reduce to a Heisenberg
advantage with measurement time optimization in a continuous process setting is an open
question for future research. Importantly, given that there are often practical limits on
how quickly a measurement can be performed and the system reset relative to the rate of
some stochastic process, there might be a strong advantage in protocol resources all the
same. We provide an outlook in the Discussion Section 7.

E Exponential advantage for stochastic signals with nonlinear constraints:
quadratic example

E.1 The task

Suppose that we are given parameters 61, ..,0n,,, € R which are required to satisfy the
constraint

Near/2 \ 2 Nyar 2
Dol +{ > 0] =¢C (137)
Jj=1 j:Nvar/2+1

The task is then to be able to differentiate a constraint of C' + ¢ and C with as few shots
as possible.

E.2 Entangled sensing unitary

One way to recreate the sum-of-squares constraint as an expected value of our entangled
circuit is to encode each parameter 0; as the coefficient of a Pauli string. In particular, given
Nyar parameters, take a system of Nyupits = [10g(Nyar)| qubits and assign each parameter
to be the coefficient of a distinct Pauli-string of length Nqupits consisting of either a X or
Y Pauli operator for each qubit. In particular, 6; is assigned to Pauli strings with an even
number of Y Pauli elements for j < Ny,,/2 and to Pauli strings with an odd number of Y
Pauli elements for j > Ny, /2. The resulting sensing unitary may be given by

Nvar
. > > N, ubits
Usense(0) := exp —i g 6, P; , Pji=®,2 bit Prnyy Pi=X,P=Y, (138)
j=1

n=1
where o(n) € {1,2} is an indexing function. Note that if P; and Py, have a different
parity of the number of Y operators, then {pj, Pk} = 0. Conversely, if they have the same
parity of Y elements, {]5], pk} = 2®ffg“f“s Qo (n)—ok(n)| Where Qo =T and @1 = Z . From
this, we get that

Nvar/2 Nyar

A 2 qul its Nqu its

G(0)” = Z 00 ®n:1bt Qm(n)_gk(n)\ + Z ;0 ®n:1b Q|Jj(n)—0'k(n)|
Jk=1 Jyk=Nvar/2+1

(139)
Note that the state ‘1Nq“bit5> is an eigenstate of the operator in Eq 139, with eigenvalue
(i< Nowr /2 0;)%+ (3> Nowr /2 6;)? = C. Consequently, it is also an eigenstate of higher pow-
Pj ‘quubits> —

ers of G (0), with higher powers of the eigenvalue. Finally, note that <1Nq“bits
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0 for any j. Altogether, this gives us:

< 1 Nqubits

Usense(e) ‘1Nqubits> = COS(\/@) (140)

Therefore, after preparing the state ’1Nqubit5> and applying Usense, the probability of still

remaining in that state is given by cos?(v/C). This is a “noise-free" quantity, in that it holds
and provides a way to estimate C' completely independently of any choice of distributions
over the constraint manifold. Further, if we can apply a bit flip gate on an ancilla qubit,
conditional on every one of the main qubits still being 1, we can estimate C' in a number of
shots completely independent of N, just like the case of the linear constraint and all-Z Ugepge
of the main text. The difference in expected value of the probability from a perturbation to
C of C'+e¢ is approximately ~ ¢-sinc(2v/C) to first order in e. Consequently, it is possible to
discriminate between the perturbed and unperturbed distributions in O(1/(e-sinc(2v/C))?)
shots.

E.3 Unentangled shot cost

Here we compute the asymptotic scaling of the minimum number of shots required for an
encoding unitary given by

5 t 1 d Nvar s 5
encoding = 521 exp{=if;Z;}, (141)

with an unentangled probe state and measurement basis. Note that in the case where we
require each subset of variables to sum to 1/C/2, the unentangled competitor would be
required to solve for the fixed sum of a subset of angles, which is known to be exponential
in the worst case. Thus, we have exponential separation over this task.

F  Exponential advantage for stochastic signals with multiple copies

F.1 The task
Task Unentangled Sensing Protocol Entangled Sensing Protocol
a) Class A b) |0> 9
0 0 0
0 0
0) 107 L]
S 10){He|

61

Figure 11: lllustration of a two-qubit phase sensing task which requires either multiple applica-
tions of phases. a) Dataset of the phases on each qubit for each of the class. The phase of the first
qubit is roughly twice that of the second qubit. The task is to determine whether the set of phases
received belong to Class A or B. At each new sample, we know the signal from the same class is applied.
However, the actual values is randomly chosen from the dataset. b) The most general classical protocol
c) The most general quantum protocol with two copies of the sensing unitary, which requires double
the number of qubits. d) The most general quantum protocol with two access to the sensing unitary
in time.

In this section, we consider the potential for a sensing advantage with multiple copies of
the sensor. In this situation, the phases on the copies are the same, but still stochastic
between samples. We motivate how an exponential sensing advantage (in the number of
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copies) can be achieved when entangled across the copies of the sensor is allowed, over a
protocol which does not have entanglement. We also consider the situation (and achieve
the same advantage) when we have one copy, but access to multiple sensing unitaries (all
with the same phases).

Consider the following two qubit task, for which we need two copies. This is naturall
connected to N = 2 case of the task described in Sec. 4. The only difference is that,
for this task, the phase on one of the qubit is always twice that of the other qubit (this
could happen, because either we know the magnetic field is twice as strong, or the qubit
happens to be twice as sensitive). Concretely, if the first qubit experiences a phase 6; = 20,
the second qubit experiences a phase #o = 6 + ¢. Between each sample, the value of 0
uniformly varies between the total interval [0,27) (as illustrated in Fig. 11 (a)). We first
ask whether this task can be solved within one copy of the system (that is, in the framework
of the previous section). Curiously, the answer turns out to be no. Even in the presence
of arbitrary two-qubit entanglement, there is no quantum protocol which can achieve a
classification accuracy greater than random guessing. This can be seen by considering the
intuition adopted in building the quantum protocol: which is to operate in a noiseless
"subspace" of the Hilbert space. However, for this task, no such noiseless subspace exists.
In fact, there is no protocol which can generate a state with a dependence on ¢. We can
show this by considering the most general protocol:

1. Let the initial state be any arbitrary superposition over the states of the Hilbert
space: [1) = a|00) + b|01) 4+ ¢|10) + d|11), where the coefficients are arbitrary up
to the normalization constraint.

2. Under the action of the sensing unitary, the state is: ’1/)(97¢)> = a|00) +be'(9+9) |01) +
ce? |10) + de'30+9) |11)

3. However, since # is samples from a random variable, we must compute the density
matrix to describe the state of the system: py = [, ‘¢(97¢)> <¢(9,¢)‘ df = a*100) (00| +
b2 |01) (01| + 2 [10) (10| + d* [11) (11]

4. The density matrix after the sensing unitary is completely diagonal. More impor-
tantly, there is no dependence on ¢, which means it is not possible to extract the
value of ¢ from any general protocol.

For this task, the smallest number of copies of the phases we require is two. This could
either be in space, by having twice as many qubits, or in time, and interleaving two qubit
interaction in between the two processes. For this simple task, we can easily derive the
most optimal protocol for the quantum sensor. Let us first discuss the protocol which uses
multiple copies in space (that is, requiring 4 qubits in total).

1. Beginning in the ground state |0000), we prepare the state |¢)) = %(\100@ +10101)).

2. Evolve this state under the action of the sensing unitary. For convention of the
phases, see Fig 11 (c). The resulting state of the system is |¢)) = %(ezw |1000) +

62i9+2i¢ |0101>)

3. We essentially operate in a "noiseless subspace", since the state is independent of
6. We measure in the subspace of |¢) = %(\100@ +4|0101)), which results in the

o1 . . . . _ 1+sin(2¢)
probability of the qubit being in the excited state P = ==
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We can also consider the case of two qubits, but with access to two applications of the
sensing unitary, as illustrated in Fig. 11 (d). This scheme achieves the same sensitivity as
the protocol with 4 qubits.

1. Beginning in the ground state |00), we prepare the state |¢)) = %(HO} +101)).

2. After sensing for the first time, the resulting state of the system is 1)) = 12 (e 10)+
et (0+e) |01))

S

3. Apply the two-qubit unitary U = |00) (10|+ h.c., giving the state |¢)) = 12 (€%9100) +
cH(0+9) |01))

S

4. The second sensing unitary produces the state |¢)) = %(6%9 00) + €7(20+2¢) |01))
5. Measure in the basis of %(|OO> + i |01)), which flips the qubit with a probability of
p— 1+sir21 (29)

In contrast, the classical sensor, illustrated in Fig. 11 b), does not have access to
quantum memory or entanglement. Similar to our previous discussions, the optimal scheme
to be sensitive to ¢ involves estimating a joint correlation from many shots. In this case, the
joint correlation involves three measurements, two of which are from qubits experiencing 65.
This therefore requires more samples to achieve the same classification accuracy compared
to the previous protocols. We can generalize this to the 2-qubit case, with N copies by
considering the situation where one of the phases is N times larger than the other. Or
we can consider the case where we have N-qubits with fewer number of copies. In both
situations, it is straightforward to obtain an exponential quantum sensing advantage in
sample complexity.

F.2 Framework

Here, rather than requiring the sensing unitary to encode a single parameter per qubit, we
can define Ugepnse as having each parameter act on two qubits:

N,
var 9 . i
Usense = 9 Ej(a; 4 g TVvar) (142)
j=1

Considering the possible entries of the feature matrix, note that for entry corresponding to
states |a1,az2),|b1, b2) (where a; is a bitstring on the j-th set of Ny, qubits) the k vector
that determines the values we evaluate the difference of characteristic functions now has
its entries as

ki = (a1); — (b1)i + (az2); — (b2); (143)

In other words, this choice of Ugense can evaluate the difference of characteristic func-
tions at a larger number of different points than the single-copy version (entries correspond-
ing to k; = —2,—1,0,1,2). Consequently, for choices of characteristic function differences
where a single-copy version evaluated it only at vanishing points, this version of Ugense
can evaluate it at additional, non-vanishing points and achieve exponential advantage this
way. Since this version of Usepnse evaluates at a larger number of distinct points, rather than
simply different points than its single-copy counterpart, it is more powerful than simply a
single-copy Usense With its weights of JZ rescaled.
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For instance, consider the example problem provided in the main text under Eq. 12.
As was demonstrated, it is impossible to distinguish the two distributions with only single
copies using the unscaled version of Uggpge. With the version of Ugepse in Eq. 142, choosing
a; = 0N by = 1Mar gy = 10..0,by = 0™ gives us a point in the difference of char-
acteristic functions that we could not otherwise evaluate. In particular, given that the
magnitude of the difference in characteristic functions is sin(ky(Cy — C1)/2)sinc(mw(k; —
2kn)) f;}l sinc(m(k; — kn)), the above choice of |a1,az2),|b1,b2) allows us to evaluate
it at the non-vanishing points of k1 = 2,ky =1 = kj1.
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