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In the past, pbar yield <calculations have been done
using Monte Carlo hadronic cascade programs (based on
measured cross sections) which have the advantage of
including effects such as secondary production and multiple
Coulomb scattering. However, because of their complexity,
it is sometimes difficult to understand the dependences of
the yield on various parameters of the system: and the
development of an 1ntuitive feel for the calculations is
thereby inhibited It is therefore wuseful ¢to supplement
these Monte Carlo calculations with less complex but stil
relatively realistic estimates of the yield, based on
analytical <calculations. As will be shown below. the only
significant feature of the Monte Carlo calculations omitted
in the analytical development 1s the secondary production in
the target.

The analytical dzvezlopment follows cles= 4y the technique

discussed 1n ref = Basically. 2 rranms, :rt equation for
the ppar distriburtizn function in phase s:ice is written
down in addition %3 poar praduction t% 1n- .udes proton and
abar absarption in the targe*. sut n=2glects ultiple Coulombd
scattering 3nd araray  loss. Zingc2 *th2 pobar production is
derived From %tha zrimary proton -2am only, secondary
pgroauLsLian = naglactad Mul®iats Coualeodd scattering of
garn FHE Avetan: 291G 2oaArs AR pae L9 =% 13 -.380 neglected
—owEVeET, thi3 af<:sy 230 De IRPwn 55 Y2 nz:ligable for our
322 (3ee Apperdis —=—= ALl SEIPET jL YRRt Feabires of
che abaw pFroductiss and alleas~ian sygsTem are i1ncluded in
1e T—T3i2uiatlan

Based on the 2srameteri:ation of re#f 1, the pbar
production ¢raoss s=2-7i19n’s angular des2nden-2 1s plotted in
fig. 1. (See Appendix A-1 far details) _eThis angular
dependence is fit .zry well oy a gaussian, & & , with 6, =
79 4 nrad {for 120 Z2yv 1ncideznt pratans 2n t.ngsten, and 8.9
seV/c pbars) “"ni3 anguiar depandance is Jsed throughout
the calculatiaons The praton beam spatial f13tribution is
3lso modelled as 3 Ssussian of rms size o3 = Uy = On (2

Toa sbtain %the yi214 of pbars 1nts a given system (e.g..
beamline, Debuncher.2%z ) *the pbar distribution function at
the target (the soglut:on to the transjyort equation) must be
integrated over the 3:zc2pftance of the system:, projected back
to the tarjet The determination of the acceptance of a
caomplex system like a beam line 1s best done using a
numerical (ray-tracing) approach, however, for the first and



most important element-in the line (the lithium lens), the
acceptance can be idealized as an ellipse 1in phase space,
and the sensitivity of the yield to the parameters of the
lens (and target) can be studied

The details of the integration of the pbar distribution
function over the acceptance ellipse are expounded in
Appendix A-3. The analytical development leads to a number
of integrals which must be evaluated numerically on the
computer. As explained 1n the appendix, under some
simplifying (but unrealistic) assumptions, the integrals can
be evaluated analytically. For 2xampie, the integral over
ail transverse phase space produces a simple equation for
the yield Y, which is defined as

J= 2 0)

Here N5 = number of antiprotons i1n the momentum interval
AP . and Ne = the number of protons The dependence of the
soar pronducticn cross sectian a1 momentum is taken ¢to be
ri3T Tha tatal yiald :3 (382 Agzandic A=3, p 4)-

-\
Ve @)= £ (£ ) 2™ (2)
Ao P/

arg PEggo el Lar iE- %g =xswe o, dusstan Sross section
Far > ¥ GeVs/c pbars by 121 2., :-31t:ns ar tungsten, A =
3 g ir i e 35zarftion length 8y IS 1. S0 3nd Ga = proton
> Tian oros3  sackibn In r . oogyEemis T :iv 3bsarption

Zen Bm FumpeteR A Y I3 faae~ tL NaE egadd 2 A in thids

3T Lan o5 Nsugh et g =2 L i 3C10ONS )Y

e fetg. NS935 em @nd Xk <% ° t 9 Yio# ~3c:mizes at
A
. (= Gﬁz')
\fm,\= Ll)-) = &\ O, dp (3)
sumerically, N ®Mp =4 Sei:ee-3.3:20 = Ymax =1660
zzm.ozaV/e As will z: :223n 52" 'w. 223 4z33:3r -<alue of Y is
Lis 3om/GaVrier only an; .t 3% - 152 33tal

Ap analygtical rFazesle F9 gae JLall -0 a2 Finite
iccapianc?2 arsza TE =g, =MEy. .3~ 23 t2ta:r=.. as detailed
tn  Agpendir A-3, 3 =1l .0 zhe lim:: op—» 0 and

c¥<spr with § = qﬁ* for =2 yprijg%* 3ccz:*ance ellipse
4% ©h2 canter of the target, ftnz rasult i3

Yo : 2 (L de ) <L e dan (1)) B
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Since &M 3 grows more slowly than 2z, it is clear that
Y(z) optimizes at z<A, showing that targets shorter than 9
cm are best for small emittance collection. However, in our

case, neither of the conditions ch20 and Y4 E* is
satisfied, as mentioned above, so this result is only of
academic interest. The full expression presented in

Appendix A-3 must be integrated numerically over the lens
acceptance ellipse.

The acceptance ellipse of the lens is determined by the
lens optics. The development of the rTelation between the
acceptance ellipse parameters at the target and the lens
parameters (length.radius.,gradient) is presented in Appendizx
A-4. A plot of the variation of the lattice functions 2
and from the target to the lens image plane is given in
fig. 2.

In the approximation of an elliptical acceptance
ellipse, the yield of pbars is entirely determined by the
aspect ratio of the upright acceptance ellipse at the target
center ( 8 ) and the area of the =llipse (TWE , the

amittance of the frtansmitted s:ar bpeam). he basic relation
between @ B at the image point, wh: 7 1s approximately
aqual to B at thes lesns exit(zsa Ein 7)) and By (3
at the target) 1is
I [
B‘(’--—B—g- k25’ (s)
LT 1'4-1"—- -s2-zy = O36|p : 2. -3 gradient (in
ST e - : = 2=, 31 i
e amphat Mnadcham L un Feesy ¢ rilpl: and 1l=length aFf
t32 lang i3 raistian batu ..~ RBp sre 23 gradient G is
3iatcad in fig9 3 For JarydLe B e £ :n fwhich cavers
the Jytimua Tar tha pdar yizid 33 2isc2: =24 b2alow) The
tziation Ddetween ctne: max:imun By 3llicwe' and the physical
l=ns radius Ro 15
wha2tre ML =pbar beam em:i:trance SE Appendix A—4)
thus, For a given R, B¢ 13 'imitad sb-va by this: these
timits ars shown (far R, =10 mm) o~n  fig 3. From this
jraph can 5e nbiainad the aipimum grady nt required for a
partizular amittaiza, far a given «alae ofF A, The actual
ralue of ) 3t %the 1imag? p2int, once chosen, must of
cour:za be able to b= mavched . AP-2 to th:

Cebuncher. This
could be a preblam For 2mall .:21 26 of Qﬁ :



The required values of ﬁg are shown in fig. 4, which
illustrates the variation of the F yield vs. /3 for
different emittances. This result comes from the

integration over the pbar distribution function discussed
above, which is presented in gory detail in Appendix A-3.
This calculation includes absorption of pbars in the
lithium, using A,; = 136 cm. Note that there is a broad
range of acceptable ﬂt + over which the yield variation is
rather flat: this is especially true at small values of £ .
The falloff at large f, is due to the fact that the ellipse
is too squat: this corresponds to too little 1lens focusing
action. As (g decreases the acceptance ellipse gets tall
and skinny: the falloff at small @, (large lens gradients)
comes from loosing particles at large x, and is a result of
the finite size of the proton b2am. For a point beam: there
could be no falloff at small f, this can be seen from eq.
4, where the yield increases manotonically as Y increases.

All the information on the yield dependence on the lens

parameters 1s. in principle, contained in figs. 3 and 4.
However, 1t 1s usaful to display the yisz i as a function of
the lens and targ2%ting paramest273 mare :plicitly, to allow
the develcpment 2f scme ins:ight alsa, .he dependence of
the jield an kargsk length, prszan spot ze and lens length
is uvuzaful to i1llustirate. ta Bi3s gtz & the yield |is
plotitad a3z a3 furcticn of;

- abar bzam 2mittanca . var:2z:s lens gradients
A% 5 Tha sipcles a3 t2%3 3 %thiec graph are the
-G B i et 1. valoulace: =3 4y :3me parameters.
The fact Thar theass poiptszs 1.2 zo s SRz irve for £ 2 20
prasunably raflia g3 the pres -7 . ; =3  Tjaries, although
the jacondaries Sraé 85fIaeT=3 SI% 23 o3 rae 1 and the
dif<z~2nces snown 10 fl19g ' = 2zns. .:vably less than
this

5 proton 2:3m syute, It /ariaus smittances and 2
lens gradients /[ =:: &)

tr) lens i=rmi1+%. #£g7 w#3aricus éemitr.7ces and 2 lens
gradients (fig

Ll ) targect .etngrh, fur .irious emit-ances and 2 lens
gradizants (fig =)

le) ians gra‘ient, fav .ar3xus emitiances (fig, 9).

In each case, tha walue =7 Be wus:zd for the yield
calcnlation 1s  That which  corresponds to the maximum
allowable for that gradisnt. 4sking R, = : cm. (i.e., the

dotted lines in fig. 3



In fig. 10, we show the variation in yield with Ilens
radius, for various emittances: for each radius: the
gradient is scaled like V‘[R, as the radius is <changed

(which corresponds to scaling the current like R, ) and the
value of Ps used again corresponds to the maximum Be
allowed for the scaled gradient and the corresponding
radius.

Examination of the figures reveals the following facts:

(a). From fig. S5, at £ =20 there 1is very little
difference between 800 and 1000 T/m. This is seen even more
clearly in fig. . Lens operation at 800 T/m is

considerably easier than at 1000 T/mi thus, it would be very
useful to be able to empirically cptimize the lens gradient
over +the range 800 to 1000 T/m. This requires the ability
to change the focal length over the range 14.5 to 19.5 cm.
This ability is not present in the existing target assembly

and should be added. As seen from fig. ?, for emittances
larger than 20 pi, higher gradients (1.e., near the design
of 1000 T/m) are clearly preferred. Alza. for smaller
protan gpiogt | sizes. larger gradiznts a- required, as

discussed below.

ih) Fram fig . =the =ZubsTant:al han. 1t gfforded in
pTinciple by 3malills ot srzs : <Slzari. seen. Smaller
aroton spo' 3iTe¢ praduce moare za:n far larj2r gradients:
tmn1s 1s becauze nz smalier - sszociated with larger
IT3g13n%s 15 rRguLTe . Ea mAaks aotinen 3e of che higher .pbar
TAMBREY AUnS L oomw B, oL WY FEE T, L8y spot sdge Of
SCouUTEa, sinas W 37 =  N=ar Toa G 22t By mechanical
d2structior 7%  %ive  farget faf BR@ gasign op = 92.034 cm.
substanmial ~Eovawian inm Op willi rIguiTa 1T lemantaion  aof
4 bszam sweesLi™g 3,F%emM Mol o chare 3 Lrmits on the
effective proton s=2am si1ze Jue %o muitiple = attering in the
lens and lens agerrations (z2e Ada=snum T wh 7 must also be
overcgme to push &7 -2ry  3Imall spont zizes (1. e, ah'under
about 0.02 cm?

e, From Fugs 7 and 8, it 13 claar t*;t‘fkn‘ = 15 cm
and fhr =3 M are Fogr ophe opdima 1t adch .se, for either
200 ar 14000 T m aragirznts, La-ger 2mittanc = t¢than 20 »pi
woeuld require longesr l2nses {(far frxed 3ra~ =n%) and longer
tarqets

(d). Figure 10 shtws the interzshing F2ature that, for
3 current whigcn variass as np2 radius 2f the lens and

£4 20 :» the yield :: 3imost 1nda2pandent of *he lens radius



This 1is due to the following: as the radius is
decreased, 3 at the lens must decrease (see eq. &) which
means that, to keep @, (and hence the yield) Ffixed, the
gradient must increase (see fig. V- But with current
varying like R, ., gradient varies like 1/Ry i this increase
in gradient 1is <close to what 1is Tequired to keep B,
constant. The variation of Y with By is slow anyway (see
fig. 4), so the result is a very slow change in Y with ﬂ;.

This observation leads one to consider the possibility

of smaller radius collection lenses, which have the
advantage that they can pulse more rapidly (see Tef. 3)
As explained in ref. 3, the temperature rTise per pulse in
the lens

BT, > TLE g4

where T is the pulse duration and I, is the peak lens

current. To acheive the same current penetration ratio,
(§Ir,) should be kept constant, where S /T 1is the skin
depth. For constant (SIQS‘a.T/R:" . T must  =crease as R* .
50

OTp b IR

Thus, to keep Cﬂ; constant, I, must vary like Qo ¢+ as
in fig. 10.

The cyclic thernal sgress in hs lams 33 the <coaling
lackat) 1s (s2e raf 24
T
b« Sk
& (1+ PR e )
where t 1s the thickness ofF the cooling scket, }L = the
compressibility of (1%nhium and E= the elasti: modulus of the

cooling jacket. ¥ bLTp 13 constant, Do~ can be kept
constant if ( Ry /7t) .. naintain=d constant a: Ro decreases.
This implies a thinnzr cooling ;acket. For constant o0 .
the minimum lens cycle time ’nw¢ 15 prozartional to the
thermal time constanr<t “or heat transfer across the jacket, Mol

%Yr. % ’Yﬂ =% ‘EQD

) b
Qo ‘t), t®Re , so Mook {'2,. for example,

For constant (
to reduce Yeye from = sa2c :Tav I design) to 1 sac requires
reducing R, by V2 = Ro = 77 em. As seen 1n fig. 10,

the same yield would be produced 1f I, scaled like Ro to
350 kA. (Actually. 280 kA would be jJust as good, as fig.
10 shows).



Other practical considerations resulting from smaller
lens radius must also be considered, of course. For
example, as R, decreases and f3, decreases as KR,- . AP-2
must still be able to match the lens to the Debuncher.
Also, as & increases the focal length decreases, which could
present practical problems. For example, for R, = 7 cm and
To =350 kA, f=B.4 cm and B =1.92 Nevertheless, the
feasibility of smaller radius lenses i1s clearly useful to
investigate.
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Addenum A: the pbar distribution fucntion

An effort to understand AP-2 by Monte Carlo ray tracing
of pbars from the target obviously needs an expression for
the density distribution in phase space at the target
center. This expression 1is derived in Appendix A-=5,
basically by guessing at a Green’s function, wusing it to
derive an answer, and then verifying that it satifies the
transport equation.

Fig. A-1 is a projection of the differential yield at
the target center =
AY = p(x,,gl 9(, 9,‘?)
dy d?d&d@} NP&P

on the x~axis (for y= 9,=0, z=5 cm) for various B«

The broadening of the disthibution as Bx increases is the
depth-of~-field effect {(due to the finite target length).
Figs. A-2 and A-3 illustrate a 3-dimensional view of the
surface P (x,Px,4:0 64202:25em) from two angles; figure A-4
is a projection or fthe 3-dimensional s.-face onto the
(x, B¢ ) plane Th2 snape 3jives rise to the ~.rm “"buttefly"”
to describe th nsikty aitstrigution 1n ph=:2 space fram a
finite-length targ

a2

-
-

[} /Y = 8

The distribusion “.cntion 3%t any point 11} along the
beam line zan th2n T3 :omputed rromt Ene expression given in
Appendix A=3, T2z btha gptical  fransfarmatian M which
connects 1@ it the ftarget: with i% is known. For
example, at trn2 £3rg=zT 1mage (close to ke le~: éex1t)

X = Bue “251.;\/4 ’3" = Q?e!hsm,ut
and

B = — X Rsmu 9,9‘; = —Mp R SMu

So, at the target i1nage the pbar density trstribution is
P (-Bufksup | x ksmu, —By [Rsunns, yRmM, > )

where x,y, &, and By arz2 vh2 phase space variables at

the targe® image he Jacogbian 1s wuni:%y since the
determinant of M 15 oane Figure A-5 illustrates the
projection of the J1fferentizl yiald onto the x—-axis. for
various By values iand y= By=0) The arrows 1indicate the
lans aperture limits 3ver;%ad over y) Figs A-4 and A-7
illustrate 3-dimenz:onal visws =f the surface for y= Bay=0,

from two angles. Tha sharp edges correspond to the “lens
aperture limits.



A simpler but less complete description of the density
distribution function can be specified by computing the
change in yield into a fixed emittance vs the emittance (&g

r £ ) Although the result is a differential in only one
quanZitu (transverse emittance in one plane). the result
obviously depends on the aspect ratio of the acceptance
ellipse at the target center (i.e., B; ), and so has less
information in it than the full differential yield
expression. Nevertheless, since, as seen from fig. 4, the
yield vs B, is rather flat near the optimum:, this
dependence is probably not very strong. Since the emittance
is invariant, the distribution of yield vs emittance in the
Debuncher is presumably the same as at the target, except
for the effects of aperture limitations.

Fig. A-9 shows JY%QkV, fx + where the integration over
the (y, B4 ) variables is to £, =30, and the other parameters
are the Ftv I design values. Also shown is the exponential
dﬂd,&:}t}éq“' with £o =23, for comparison.
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10

Addendum B: optics of longer lenses

Plasma lenses are an alternative to lithium lenses as
cylindrically symmetric focusing devices. The advantage of
the plasma lens is its negligible density, which allows ¢the
length to be increased beyond that of the lithium lens. The
length of the lithium lens is limited by absorption in the
lithium (see fig. 7 above). To evaluate the parameters of
a plasma lens which would have the same aoptical
characteristics as the Tev I design lithium lens:, we display
the quantities I(lens current), 1l(lens length).and #f(focal
length) wvs. =phase advance across the lens: in fig B-1.
The calculations for these curves are presented on the next
two pages: we have required a constant emittance ellipse at
the target ( & =20, B, =1.29 cm) and a plasma radius of 1
cm. As can be seen Ffrom the figure, the required current
decreases substantially as ¢ and 1 increase. ¢ =90 °
corresponds to the minimum current; here, £=0, which is.
somewhat 1impractical (although combined target—-plasma lens
assemblies could be considered). A more practical solution
is ¢ =70°, which requires f=7.7 cm 1=25.8 cm and I=330
kA, This peak lens current 1s substar-1ally less than the
roughly 400 A ne2eded for ¢the 1lit" um lens; the 13%
absorption 1n the lithium 1= also elimir sted. These are the
principal advantages of the plasma lens
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Addendum C: Lens Abberations

The discussions in the previous sections assumed a
perfectly linear field in the lens, and neglected multiple

Coulomb scattering in the lens and chromatic effects. of
these three principal sources of aberrations, the most
significant in the Tev I design is the first one. This

arises from the pulsed nature of the lens current, which
takes some time to diffuse from the periphery of the lens
into the center. This diffusion, and the constraints that
it sets on the lens operating parameters. has been described
in detail elsewhere (see ref. 4 and S5). As discussed in
these references, the deviation from linearity of the Iens
field is a function of the time t after the beginning of the

1 lse: n,
s fodnn (8wt) -6lot)n) | 4,
K(wt) = (an}l’"-'))‘- /( nen

Here OF 1s the mean square relative deviation af the
field B(r,wt ) from linearity at the t:-2 ti T=Tlw is the

duration of the half-sine wave current pu.se. G(wt ) is the
effective gradient. defined by minimi :ng the function
b‘.(h’t)t i.e. .

dd6 (BHwt)) =0

is the equatian for G(wE ) (A% s ¢ =wt is shown
in +#ig c~1 far the Tev [ 4design .:ns parameters; it
minimizes at s3bout 2 1% for ¢ = .93 rad.asns. As shown in
Appendix A-5, rhe angular variation frum linear focusing

produced by A¥* 1n the lens 15 rtoughly =quivalent ¢to a
position spread at tne target of

5ht=RJJZ:1

For the Tev [ design lens (see Append::« A=6), &ht,v .21
mm. This appendir 2lso shows that the efect of the multiple
Coulomb scattering i1n the lens 1s equivales-t to a position
spread of about 15 mm, and chromatic effa:-ts for BP0 = %X
2. 4% are equivalent to a position spread of 0.07 mm at the
target.

The total effe2ct of the aberrations (taken in
quadrature) 1s roughly equivalent to a spread in r of about
.26 mm at the target When taken in quadrature with the
design Op = .54 mm. this 1s a 10%Z increase in beam size, or
a 10% decrease in pbar yield according to fig. é. However.,
if plans are made to reduce the spot size possible on the
target wutilizing beam sweeping technigues, it must be



realized that there will be a limit to the effective beam
size at about .26 mm, unless A" is reduced by increasing
the pulse width of the current pulse applied to the lens
(see Tef. 4, 5). This results in greater energy depostion
in the lens and has implications for the peak current at
which the lens can be operated.
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