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ABSTRACT

Magnetohydrodynamic (MHD) processes are ubiquitous in our Universe. From the largest

cosmological scales where primordial magnetic fields may fill the cosmic web to scales of

the formation of individual stars, the magnetic field affects the observable signatures of these

systems and their dynamics. Numerical simulations of MHD processes are vital to gain an

understanding of the fundamental physical processes that shape these systems and the physical

parameters that describe them. Such simulations can be numerically challenging however, due

to the large dynamic range in densities seen in these systems. Furthermore, the divergence-free

condition on the magnetic field poses additional numerical challenges for evolving the field at

the discretized level.

I develop a moving mesh MHD method that overcomes these two primary computational

challenges. The moving mesh framework allows the code to automatically and adaptively

follow material as it moves and collapses under self-gravity. Furthermore, I formulate the

numerical MHD solver as a constraint transport algorithm that maintains Maxwell’s law of a

divergence-free magnetic field at the level of machine-precision.

I present simulation studies of magnetic field growth and amplification on scales of cosmol-

iii



Dissertation Advisor: Lars Hernquist Philip Mocz

ogy and star formation. Despite their differences, these two systems share some commonali-

ties as they are both systems collapsing under self-gravity with magneto-turbulent processes

present, which are responsible for how the magnetic field ultimately grows. Fundamental

physical processes in these systems and their observational signatures are investigated in this

dissertation.
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1
Introduction

1.1 PHYSICAL SYMMETRIES AND CONSERVATION LAWS IN NUMERICAL METHODS

Symmetries and invariants lie at the heart of modern physics. Indeed, Noether’s theorem states

that given the action of a physical system, every differentiable symmetry has a corresponding

conservation law. The well-known examples from classical mechanics are invariance in trans-

lation in time, which yields conservation of energy, invariance in translation in space, which
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yields conservation of linear momentum, and invariance in rotation in space, which yields

conservation of angular momentum. Symmetries and invariants have important qualitative, not

just quantitative implications about the dynamics of systems. If the symmetries were slightly

broken, it can change the nature of stability and lead to non-physical effects such as decaying

orbits.

Physical equations, such as the inviscid fluid equations (Euler equations) or the magneto-

hydrodynamic (MHD) equations (which are the Euler equations coupled to magnetic fields,

describing an ionized plasma), have nonlinear terms that usually make finding analytic so-

lutions intractable. Therefore one must often resort to numerical simulations to obtain the

time evolution of the solution to these partial differential equations. As computers can only

represent discrete bits of information, this means that the physical equations describing a

continuous solution need to be discretized onto a finite set of grid points, elements, or cells.

Furthermore, spatial and time derivatives in the equation need to be estimated up to some or-

der of accuracy. This is known as discretizing a set of equations, a framework used to obtain

numerical solutions. The numerical solution is usually characterized by a resolution N , and

the total error in the solution is often expected (i.e., can be proven) to decrease as some inverse

power of N .

A common all-purpose method to solve partial differential equations is the Runge-Kutta

method, which effectively uses Taylor expansion on the discretized grid to obtain the numer-

ical solution. However, the method is agnostic about physical symmetries of the system and

does not necessarily preserve conserved quantities to a machine-precision level of accuracy
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(machine-precision is the best a computer can do, due to finite precision arithmetic round-

off errors). In the limit of infinite resolution, the exact solution is expected to be recovered.

But at a fixed resolution, the conserved quantities may decay or grow with time due to trun-

cation errors. Figure 1.1 demonstrates this problem for a simple physical system: two-body

orbital dynamics. It compares a 4th-order Runge-Kutta with a lower (2nd) order leapfrog

scheme. The leapfrog scheme is a time-symmetric, symplectic discretization which preserves

its Hamiltonian to machine-precision (conserving total energy, linear momentum, and angular

momentum). Despite being lower order, the leapfrog scheme has qualitatively better behavior

in the presence of truncation errors at a fixed finite resolution. Orbits in Runge-Kutta schemes

decay with time, due to lack of respecting the energy conservation condition (and angular mo-

mentum). The numerical effect of the leapfrog scheme due to truncation errors is less severe:

the orbit instead precesses but the two bodies will never collide with each other.

The take-away from the above example is that it is important to preserve physical sym-

metries and invariants at the discretized level. The physical system can be thought of as a

mathematical system, often a continuous one. But then, when the system is discretized for the

purposes of numerical simulations, one can ask whether the discretized system can be thought

of as it’s own mathematical system. That is, does the discretized system have it’s own set of

conservation laws and symmetries, perhaps a Hamiltonian, that are guaranteed to be preserved

to machine-precision as the system evolves with time? This concept of thinking about the dis-

cretized system as its own mathematical and physical system is illustrated in Figure 1.2. The

discrete system should have qualitatively similar behavior to the continuous one and should

3



4th order Runge Kutta 2nd order leapfrog

Figure 1.1: Comparison of a 4th-order Runge-Kutta method with a 2nd-order leapfrog (sym-
plectic) method for orbits. Even though the Runge-Kutta method is higher order, it does not
preserve the total energy of the system to machine-precision and the effect of truncation er-
ror is that the orbit decays with time. On the other hand, the 2nd order leapfrog scheme is
symplectic and conserves total energy so the worst that an orbit can do is precess due to trun-
cation error, which is qualitatively better behavior in an N -body gravitational code. Resolution
for these simulations is chosen to exaggerate the numerical effects. Image credit: Springel
(2005).
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Physical System (Continuous) Computer Representation (Discrete)
– symmetries – discrete symmetries?
– invariants – discrete invariants?

– conserved quantities – discrete conserved quantities?

Figure 1.2: Continuous and discretized physical systems as their own systems. Image credit:
Susskind (2003); National Museum of Mathematics (2017).

be expected to recover the continuous solution in the limit of infinite resolution. In a sense,

scientific computing can be though of as a branch of mathematics where one seeks to describe

analogous behaviors between continuous and discrete systems.

On the other hand, I also like to think about scientific computing as an art. There is an in-

credible amount of freedom for creating a discretization on a computer. In a sense it is similar

to the brush stroke an artist chooses to approximate reality. This concept is illustrated in Fig-

ure 1.3. Common ways to discretize partial differential equations include finite difference,

finite volume, finite element, and spectral methods. With finite difference methods, the val-

ues of functions are located on a finite set of regularly spaced grid points. Derivatives are

estimated using extended stencils. In a sense, this representation is a little like the pointilist
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art style found in paintings such as “A Sunday Afternoon on the Island of La Grande Jatte”

by Georges Seurat. Finite volume methods are often used for solving fluid equations such as

the Euler equations because they take a slightly different approach. Here, the domain is split

into cells and the volume averages of physical densities are evolved. Cells exchange material

via fluxes (material flows from a cell to it’s neighbor), making the method conservative. The

domain decomposition of such a method is a bit reminiscient of the color block paintings by

Piet Mondrian. Finite element methods are an extension/generalization of the finite volume

idea, where the solution is instead represented as a sum of local basis functions with compact

support that span a few elements. The method is useful for irregular grids and obtaining higher

order of accuracy. The representation is a little bit analogous to the patchy nature of “The

Starry Night” by Vincent van Gogh. Finally spectral methods solve the equations in Fourier

space, which can have advantages, such as turning derivatives into multiplications by the

wave number, and may achieve exponential spatial convergence for smooth problems. Since

it is hard to visualize physical space represented in Fourier space, the artwork chosen for our

ongoing playful analogy is the chaotic drip painting “Cool White” by Lee Krasner.

In the spirit of maintaining physical symmetries and invariants at the discretized level, the

recently developed moving mesh AREPO code (Springel 2010) is an interesting one to con-

sider here. It is a finite volume solver for the Euler equations, meaning that it conserves total

mass, linear momentum, and energy of the inviscid fluid. Additionally, the mesh cells move

continuously with the fluid flow (using a mesh construction known as a Voronoi diagram at

each timestep). Following gas parcels makes the code have a Lagrangian nature, as opposed

6



Finite Difference

Finite Volume

Finite Element

Spectral

Figure 1.3: Analogy between different discretizations in scientific computing and styles of art-
work. The art pieces are “A Sunday Afternoon on the Island of La Grande Jatte” by Georges
Seurat, example of De Stijl art by Piet Mondrian, , and “Cool White” by Lee Krasner. Image
credits: left column Gourlay (2017); Mocz (2017b); Solomon & Butscher (2017); Thummala-
palli (2017), right column Douma (2017); Groe (2017); Goudis (2017); WikiArt (2017)
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to the Eulerian nature of fixed grid finite volume codes. A consequence of this property is

that the code is Galilean-invariant at the discretized level, meaning that truncation errors are

unchanged by constant boosts in the velocity field. This is a useful property to have, as fluid

instabilities can be artificially suppressed by truncation and round-off errors from large ve-

locity boosts. The moving mesh codes combines the main advantages of the major types of

fluid solvers commonly used in astrophysics: Eulerian grid based finite volume codes and La-

grangian smoothed-particle hydrodynamics codes (Figure 1.4). Finite volume codes are very

useful because in addition to conserving total mass, energy, and linear momentum, they can

capture shocks (discontinuities) in the fluid very accurately because they work with an integral

form of the governing differential equations. In contrast smoothed-particle hydrodynamics

have the advantage of being Lagrangian (conserving total mass, energy, linear momentum, and

angular momentum) but fluid quantities are reconstructed using smooth kernels meaning that

the solution is less accurate at shocks. The moving mesh code is a Lagrangian code that does

capture shock structure accurately, a common feature in most astrophysical systems.

1.2 MHD AND CONSTRAINED TRANSPORT

Ionized plasmas are found on all scales of the universe, from clusters of galaxies to star form-

ing regions, to accretion discs around black holes, and more. Often the relevant physics is

captured by the ideal MHD equations. These are the Euler equations for a fluid coupled with

Maxwell’s equations, used to describe a magnetized plasma. The ideal MHD equations ne-

8



Figure 1.4: The moving mesh framework (bottom) captures the best of both worlds of fixed-
grid, shock-capturing finite volume codes (left) and Lagrangian smoothed particle hydrody-
namics codes (right).
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glect resistivity, which is often tiny in astrophysical applications. The solution to the ideal

MHD equations obey Maxwell’s law for magnetism (no monopoles):

∇ ·B = 0 (1.1)

This condition has important topological consequences. The equation means that the magnetic

field is “frozen” into the fluid. Flux freezing means that the magnetic flux through a surface

that moves with the fluid flow remains constant. The divergence free condition also means that

the helicity (linking of field lines) is preserved: e.g., initially unlinked filed lines cannot form

knots. Importantly, this equation is not needed to evolve the equations. It is just a physical

property that is preserved as all times if the condition is true in the initial condition.

It turns out that maintaining this local invariant property of magnetic fields at the dis-

cretized level is important for both numerical stability and accuracy. One does not simply

evolve the magnetic field with a finite volume approach, like the rest of the fluid variables.

Such an approach almost always leads to the solution blowing up for complex problems be-

cause small errors in the divergence-free condition can grow exponentially large (Tóth 2000;

Mocz 2017a). Cleaning and divergence-correcting approaches are sometimes coupled with

the finite volume approach to help alleviate the problem, such as the Powell scheme Powell

et al. (1999), which effectively spreads around divergence errors and has them cancel out each

other to some extent. The gold standard approach, however, for fixed grids, is the constrained

transport (CT) algorithm (Yee 1966; Evans & Hawley 1988). The method picks a very natural

10



Figure 1.5: Constrained Transport. Rather than using a volume-centered approach of finite
volume methods, the magnetic fields are face-centered, and the electromotive force is edge-
centered. Image credit: Miniati & Martin (2011)

representation of the magnetic field. Rather than evolving volume-averaged values as finite

approaches do, the CT method evolves face-averaged magnetic fields (Figure 1.5). The fields

are then updated according to the electromotive force on ‘circuits’ along the edges of cells.

By construction the net change in magnetic flux enclosed in a grid cell does not change from

one timestep to the next (see Chapter 2 for details). The CT algorithm is a great example of

the scientific computing artist picking a brush stroke that leads to physical symmetries being

captured at the discretized level. Generalizing and extending the CT method to arbitrary static

and moving meshes turns out to be a challenging task and is one of the goals of this thesis.
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1.3 MHD IN STAR FORMATION

A proper introduction to the topic of magnetic fields in star formation is given in the beginning

of Chapter 5, but we briefly discuss a few main ideas here. A modern understanding of star

formation is rooted to the observation of the so-called Larson’s laws (Larson 1981) which

revealed that the velocity dispersion in star forming clouds is self-similar with region size,

indicative of a turbulent cascade. Additionally, magnetic fields are known to be present in

molecular clouds, recently well-characterized by Zeeman splitting observations (Crutcher

et al. 2010). Turbulence and magnetic pressure, along with gas thermal pressure, are forces

that act against the collapse of a gas cloud under its self-gravity. These physical processes

regulate star formation. The understanding of which physical processes play the key role

is still debated both observationally and theoretically. But in general, the collapse process

fits into the framework of a magneto-gravo-turbulence model, and possibly non-ideal MHD

terms and radiation are important too, at least on some length scales and during some stages

of star formation. The magnetic field morphology of young stellar cores is seen to be diverse,

observationally. Figure 1.6 shows the projected density and magnetic field in two young

Class 0 protostars. One of the objects, NGC 1333 IRAS 4A, shows a classical hourglass

shape, indicative of a dynamically important magnetic field that is primarily responsible for

supporting the collapse against self-gravity. However, in the recent ALMA observations of

Ser-emb 8, polarization measurements reveal a chaotic field morphology, perhaps indicative of

the dominant role of turbulence. How the magnetic field amplifies as clouds collapse and the
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Figure 1.6: Comparison of the magnetic fields of two young (Class 0) protostars. NGC 1333
IRAS 4A (left) shows classic hourglass magnetic field morphology. Ser-emb 8 (right) shows a
turbulent, chaotic field morphology. Image credit: Girart et al. (2006); Hull et al. (2017)

initial conditions from which they started are important questions to answer. They hold a key

to understanding the ultimate fate of protostars and gain a theoretical understanding of the star

formation process.

1.4 MHD IN COSMOLOGY

A proper introduction to the topic of cosmological primordial magnetic fields is given in the

beginning of Chapter 6, but a few brief ideas are mentioned here. Magnetic fields may fill

much of the cosmic web if they were created during inflation or generated in the Universe

during cosmic accretion shocks or at ionization fronts during reionization. Active galactic

nuclei (AGN) feedback may also be able to fill Mpc regions of the intergalactic medium with

magnetized plasma. The nature of primordial magnetic fields is poorly understood, due to a
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lack of direct observation of magnetic fields outside of halos. This makes simulation work

very important to help explore the possible parameter space of magnetic field strengths and

topologies to aid in designing observational strategies to detect primordial magnetic fields

and constrain the possible parameter space. Magnetic fields are measured on the cluster scale

from Faraday rotation measurements, but whether they originate from the galaxy or from large

scales is unknown. Magnetic fields are also possibly dynamically important and may alter

structure formation of galaxy structure to a small extent. As such, we investigate simulating a

cosmological volume with various initial conditions in Chapter 6, and learn about the amplifi-

cation process of magnetic fields, and make theoretical predictions for observable properties.

There are some important similarities and differences between cosmological magnetic field

amplification and the case of star formation, discussed in Chapter 7.

1.5 STRUCTURE OF THESIS

The dissertation is structured as follows. In Chapter 1 we have given a basic introduction to

the broad topics of this thesis. In Chapter 2 we discuss a new generalization of constrained

transport methods for solving the MHD equation in terms of vector potentials on a static

grid. In Chapter 3 we generalize and implement the classic constrained transport method

on 2D moving meshes. The implementation for 3D moving meshes is greatly simplified

using the ideas from Chapter 2 and therefore Chapter 4 presents the 3D implementation in the

AREPO code using a vector potential formulation, and presents some astrophysically relevant
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simulations (cosmological volumes, turbulent boxes, and galactic disks). Chapter 5 applies

the MHD module of AREPO to study the physics of star formation in a turbulent, magnetic

medium, and identifies and characterizes two regimes in which it may occur. Chapter 6 looks

at the effects of MHD on cosmological volumes, studying the impact of primordial magnetic

fields on structure formation and how the magnetic field grows inside halos. Conclusions

along with future directions are provided in Chapter 7, along with a comparison of the physics

in the star formation and cosmological simulations.
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Thoroughly conscious ignorance is the prelude to

every real advance in science.

James Clerk Maxwell

2
Constrained transport and vector

potential schemes for MHD

– based on –

Mocz, P. (2017). Correspondence between constrained transport and vector potential methods

for magnetohydrodynamics. Journal of Computational Physics, 328, 221–233.
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We show that one can formulate second-order field- and flux-interpolated constrained

transport/central difference (CT/CD) type methods as cell-centered magnetic vector potential

schemes. We introduce four vector potential CTA/CDA schemes – three of which correspond

to CT/CD methods of Tóth (2000) and one of which is a new simple flux-CT-like scheme –

where the centroidal vector potential is the primal update variable. These algorithms conserve

a discretization of the ∇ · B = 0 condition to machine precision and may be combined with

shock-capturing Godunov type base schemes for magnetohydrodynamics. Recasting CT in

terms of a centroidal vector potential allows for some simple generalizations of divergence-

preserving methods to unstructured meshes, and potentially new directions to generalize CT

schemes to higher-order.

2.1 INTRODUCTION

It is well known that maintaining Maxwell’s∇ ·B = 0 equation is important for numerically

solving the magnetohydrodynamics (MHD) equations (Brackbill & Barnes 1980; Brackbill

1985; Evans & Hawley 1988; Tóth 2000). Keeping the magnetic field divergence-free is nec-

essary for stability and accuracy. Simple finite volume numerical methods for MHD do not

accomplish this, and as a result can be unstable or show numerical artifacts. The gold-standard

solution to this problem is to use a staggered-mesh representation: the constrained transport

(CT) approach (Evans & Hawley 1988), originally developed in the context of electrodynam-

ics (Yee 1966). This method has machine-precision control on the divergence of B. Most
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modern MHD codes employ the CT approach (Fromang et al. 2006; Mignone et al. 2007;

Cunningham et al. 2009; Christlieb et al. 2014; White et al. 2016).

Alternatively, one may evolve instead the magnetic vector potential A, and take curl B =

∇ × A to obtain a divergence-free magnetic field by construction. However, it has often

been stated in the literature that the disadvantage of this approach is that the order of spatial

derivatives increases by one, which reduces the order of accuracy by one (Evans & Hawley

1988; Tóth 2000). In this paper, we show that such a statement is not necessarily true: there

exist cell-centered magnetic vector potential reformulations of CT approaches, which keep the

order of accuracy by nature of being equivalent to the original formulations.

It is already known that in the framework of the CT approach, instead of updating face-

averaged magnetic fields on the staggered mesh, one may equivalently update an underlying

magnetic vector potential on the edges of cells (Evans & Hawley 1988; Tóth 2000). This ap-

proach has been employed successfully in some existing codes (Del Zanna et al. 2003; Etienne

et al. 2015). However, in this work we show that cell-centered formulations of CT are also

possible and are beneficial because they can be simpler to implement and generalize to un-

structured grids (especially moving or adaptive grids), and also improve memory requirements

and memory access. Face-centered formulations of CT for unstructured grids are, of course,

possible, and have been recently developed (Mocz et al. 2014a; Balsara & Dumbser 2015a,b).

In this paper, we present four centroidal vector potential constrained transport methods.

We call these methods flux-CTA, field-CTA, flux-CDA, field-CDA. These methods are akin

to the flux- and field-interpolated CT and central difference (CD) schemes summarized and
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compared in Tóth (2000). In fact, we show the field-CTA, flux-CDA, field-CDA formulations

are equivalent to field-CT (Dai & Woodward 1998a,b), flux-CD (Tóth 2000), field-CD (Tóth

2000) respectively, and flux-CTA closely resembles flux-CT (Balsara & Spicer 1999) but

uses a more extended stencil. We restrict our focus to 2D Cartesian grids, but in general the

methods may be extended to unstructured grids, and we have recently done so for the field-

CDA method in Mocz et al. (2016).

Our centroidal vector potential schemes are different from the centroidal vector potential

schemes of Helzel et al. (2011, 2012), where the authors evolve the induction equation for

A assuming that the velocity flow is fixed by the base-scheme, and the method assumes A is

differentiable. In our approach, the induction equation for A is evolved by the electric field

obtained from the base scheme, which is responsible for making it equivalent to CT schemes.

We note that many flavors of CT algorithms exist, including modifications to the flux-CT

schemes that reduce exactly to the equivalent one-dimensional solver for plane-parallel, grid-

aligned flow (Ryu et al. 1998b; Gardiner & Stone 2005, 2008). Thus other, more sophisticated

centroidal vector potential scheme formulations are possible to design. Here, we restrict

ourselves to constructing vector potential schemes similar to the second-order schemes of

Tóth (2000). But in general it may be possible to incorporate many of the recent advances in

face-centered CT into centroidal vector potential schemes.

A number of important advancements have been made to the CT algorithm in the recent

years. First, face-centered formulations of CT have been extended to and tested on arbitrary

unstructured meshes in Mocz et al. (2014a); Balsara & Dumbser (2015a,b), including moving
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Voronoi meshes (Mocz et al. 2014a). Second, genuinely multi-dimensional Riemann solvers

have been developed for two-and three-dimensional problems (Balsara 2012, 2014, 2015),

and can be designed for use on unstructured meshes as well (Balsara et al. 2014; Balsara &

Dumbser 2015b). These Riemann solvers accept input from all the neighboring states that

come together at a face and output multi-dimensionally upwinded fluxes in all directions.

Having the multi-dimensionally upwinded property has been shown to be important for sta-

bility in extreme applications. Third, globally divergence-free reconstruction techniques have

been developed in Balsara (2004, 2009); Balsara et al. (2016). Such techniques are important

for divergence-free reconstruction of adaptively refined meshes, as well as achieving higher-

order divergence-free reconstruction. Fourth, CT implementations, incorporating many of

the mentioned advancement techniques, have been extended to higher-order (i.e., beyond

second-order) (Balsara & Dumbser 2015b; Balsara 2009; Balsara et al. 2016). We note that

some of the basic CT schemes presented in Tóth (2000), on which we base our methods, are

not directly extendable beyond second-order, but may be combined with multi-dimensional

Riemann solvers and unstructured meshes. The scope of the present work investigates cell-

centered vector potential versions of CT in the simplest second-order formulations, and ex-

tensions to higher-order and use of multi-dimensional Riemann solvers are left for future

work.

The paper is organized as follows. In Section 2.2 we lay out basic notation. Section 2.3 de-

scribes the four CT schemes expressed in terms of centroidal vector potentials. Numerical test-

ing of the methods are shown in Section 2.4. Concluding remarks are offered in Section 2.6.
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The manuscript follows the notation of Tóth (2000) in order to facilitate the connection be-

tween the CTA/CDA and CD/CT schemes.

2.2 EQUATIONS, NOTATION, AND BASE SCHEME

The ideal MHD equations can be expressed in conservative form as:

∂U

∂t
+∇ · F = 0 (2.1)

where U is the vector of the conserved variables and F(U) is the flux:

U =



ρ

ρv

ρe

B


, F(U) =



ρv

ρvvT + p−BBT

ρev + pv −B(v ·B)

BvT − vBT


(2.2)

and p = pgas + 1
2B

2 is the total gas pressure, e = u + 1
2v

2 + 1
2ρB

2 is the total energy per

unit mass, and u is the thermal energy per unit mass. The system is closed with the equation of

state of the fluid given by the ideal gas law p = (γ − 1)ρu.

We will denote the discretized time levels by superscripts and spatial discretization by

subscripts. In 2D, the cell centers are indexed by integer subscripts i, j. Face-averaged values

are indexed by half-integers, e.g., i, j + 1/2.

The base scheme we use for the MHD equations is a second-order finite-volume Godunov’s
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method in the form of the MUSCL-Hancock scheme (Toro 2013; Van Leer 2006). The base

scheme advances the solution Un at time level n to the auxiliary solution at time level n + 1,

denoted by U∗. This auxiliary solution is used in some cases to obtain the final solution Un+1.

Our base scheme uses the robust and accurate 5-wave HLLD approximate Riemann solver

(Miyoshi & Kusano 2005) and the minmod total variation diminishing slope limiter to handle

discontinuous solutions.

2.3 CONSTRAINED TRANSPORT AND VECTOR POTENTIAL DISCRETIZATIONS

We describe the CT algorithms in 2D, for simplicity. The ideas can be readily carried over to

3D.

The original CT scheme of Evans & Hawley (1988) uses a staggered grid representation of

the magnetic field to maintain the divergence-free condition. The magnetic field is represented

by primal variables b on the faces of cells. These are updated in time, and can be used to

obtain cell averaged magnetic fields B (auxiliary variables) at the end of each timestep. In

2D, the bx components of the magnetic field are located at xi+1/2, yj . and the by components

are located at xi, yj+1/2. Electric fields Ω ≡ Ez ≡ −v × B are calculated at the corners

xi+1/2, yj+1/2 (estimated at the middle of the timestep, for second-order accuracy) and used

to update the face-averaged magnetic fields. Figure 2.1 shows a representation of the CT

discretization.
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finite volume flux-CT
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Figure 2.1: Representation of the update of the primal variable in each of the schemes. In
the finite volume approach (the base scheme), the cell-centered B field is updated via the
numerical fluxes from the Riemann solver. In the flux-CT scheme, the face-averaged magnetic
fields are updated via recovering the electric field at the face edges from the surrounding
numerical fluxes. In field-CTA/CDA approaches, the cell-centered magnetic vector potential
is updated from the time-averaged electric field obtained with the base scheme. In the flux-
CTA/CDA approaches, the cell-centered magnetic vector potential is updated from the electric
field obtained from the numerical fluxes across surrounding faces
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Figure 2.2: Representation of the recovery of the cell-centered B-field in each of the
schemes. Dashed lines show surfaces on which the sum of magnetic fluxes is 0 (i.e., ∇ ·B = 0
constraint satisfied to machine-precision). In the finite volume approach (the base scheme),
the cell-centered B-field is the primal variable, and no divergence-free condition is enforced.
In the flux-CT approach, the cell-centered B-field is recovered by averaging the neighboring
face-averaged B-fields. Equivalently one could use the vector potentials at the face edges
(marked with square node markers) rather than face magnetic fields as the primal variable to
update and recover the face-averaged B-fields. In the CDA schemes, the volume-averaged
B-field is recovered from the immediate surrounding vector potentials (in fact, B-fields can be
recovered for each of the triangles outlined with dashed lines, with continuous B-fields across
the faces). In the CTA schemes, the volume-averaged B-field is recovered by extrapolating
the cell-centered vector potentials to the edges and thus obtaining face-averaged B-fields,
from which the volume-averaged B-fields are recovered as in the CT scheme.
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The general CT scheme is given by:

bx,n+1
i+1/2,j = bx,ni+1/2,j −∆t

Ωi+1/2,j+1/2 − Ωi+1/2,j−1/2

∆y

by,n+1
i,j+1/2 = by,ni,j+1/2 + ∆t

Ωi+1/2,j+1/2 − Ωi−1/2,j+1/2

∆x

(2.3)

and preserves the divergence-free condition as long as it is satisfied in the initial conditions,

due to exact cancellation of the electric field update terms. Namely, the following discretiza-

tion of ∇ ·B is preserved:

(∇ · b)i,j =
bxi+1/2,j − bxi−1/2,j

∆x
+
byi,j+1/2 − b

y
i,j−1/2

∆y
(2.4)

There are various flavors of CT schemes, which differ in how one obtains the electric fields at

the cell corners. These may be obtained either through field-interpolation of the electric fields

at cell centers, or interpolation of the electric fields deduced from the Riemann solver fluxes of

the base scheme at the cell interfaces (i.e., flux-interpolation).

The cell-averaged magnetic field is obtained from the face-averaged values by simple

averaging:

Bx
i,j =

bxi+1/2,j + bxi−1/2,j

2

By
i,j =

byi,j+1/2 + byi,j−1/2

2

(2.5)

It is well known (Evans & Hawley 1988) that one can equivalently reformulate CT schemes
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by keeping track of the magnetic vector potential at cell corners as the primal update variables

instead of the face-averaged magnetic fields. Simply update the magnetic vector potential

Azi+1/2,j+1/2 via its induction equation

Az,n+1
i+1/2,j+1/2 = Az,ni+1/2,j+1/2 −∆tΩi+1/2,j+1/2 (2.6)

and recover the face averaged magnetic fields via the discretization of the curl-operator

(B = ∇×A):

bx,ni+1/2,j =
Az,ni+1/2,j+1/2 −A

z,n
i+1/2,j−1/2

∆y

by,ni+1/2,j = −
Az,ni+1/2,j+1/2 −A

z,n
i−1/2,j+1/2

∆x

(2.7)

Now, we note that Ω at cell corners is typically obtained by interpolation. If Ω is obtained

from an interpolation of cell-centered quantities∗:

Ωi+1/2,j+1/2 =
Ωi,j + Ωi+1,j + Ωi,j+1 + Ωi+1,j+1

4
(2.8)

then we could instead add the Ωi,j terms to a cell-centered vector potential Azi,j and then per-

form the interpolation to the cell corner to obtain Azi+1/2,j−1/2, as these operations commute.

We note that the basic flux-CT scheme cannot be reformulated as such an interpolation. How-

∗ Note that alternatively, recently developed, fully multi-dimensional upwinded approaches may be
used for interpolation (Balsara 2012, 2014, 2015; Balsara et al. 2014; Balsara & Dumbser 2015b) The
simple interpolation from Tóth (2000) used here in Equation 2.7 is not multi-dimensionally upwinded
and therefore may not be stable in extreme applications. In the scope of the present work, we will just
consider this simple case, and extensions to multi-dimensional Riemann solvers is left for future work.
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ever, as we’ll show, the field-CT schemes, as well as the centered difference (CD) CT-like

schemes of Tóth (2000) (flux-CD and field-CD) can be reformulated as cell-centered vec-

tor potential schemes. We deem these methods CTA/CDA schemes. Additionally, with our

formalism, we can construct a new flux-CTA method that is very similar to flux-CT, but ef-

fectively uses an extended stencil of numerical fluxes from the Riemann solver to recover the

electric fields at the corners. Thus, in the unstructured cell-centered vector potential methods,

one updates the cell-averaged vector potential (the primal variable) by the induction equation

simply as:

Az,n+1
i,j = Az,ni,j −∆tΩi,j (2.9)

and from this can recover the vector potential at the corners (auxiliary variables).

Before continuing, we present a brief interlude describing the CD schemes of Tóth (2000)

we just introduced. These are variants of the CT method that update a centroidal magnetic

field and instead preserve a different discretization of the divergence-free condition. Namely,

the sum of the magnetic fluxes through the faces of tilted-squares that enclose each grid cell

(see Figure 2.2) is preserved to 0 (sum of fluxes over an enclosed surface adding to 0 is just the

integral version of the divergence-free condition per Gauss’ Theorem). In concrete terms, the

following divergence is preserved:

(∇ ·B)i,j =
Bx
i+1,j −Bx

i−1,j

2∆x
+
By
i,j+1 −B

y
i,j−1

2∆y
(2.10)
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With CD schemes, the centroidal magnetic fields are updated as:

Bx,n+1
i,j = Bx,n

i,j −∆t
Ωi,j+1 − Ωi,j−1

2∆y

By,n+1
i,j = By,n

i,j + ∆t
Ωi+1,j − Ωi−1,j

2∆x

(2.11)

again, the electric fields may be field or flux interpolated.

It is easy to see that we can reformulate the CD method by updating instead cell-centered

magnetic vector potentials according to the induction equation (Equation 2.9), followed by

applying the curl-operator:

Bx,n
i,j =

Az,ni,j+1 −A
z,n
i,j−1

2∆y

By,n
i,j = −

Az,ni+1,j −A
z,n
i−1,j

2∆x

(2.12)

Thus it becomes clear that we can formulate 4 basic versions of centroidal vector potential

methods: using either the numerical fluxes from the Riemann solver or the field quantities

from the base-scheme to obtain Ω at cell-centers, and preserving either the CT or the CD

discretizations of the divergence. We call these methods flux-CTA, field-CDA, flux-CTA,

and field-CDA. It turns out (Section 2.3.3) that the last 3 of these methods are identical to the

field-CD, flux-CT, and flux-CD methods of Tóth (2000), while the flux-CTA method is similar

to flux-CT, but uses a more extended stencil. We can divide each method into two steps: (1)

the ‘update’ step, used to update the primal magnetic vector potentials, and (2) the ‘recovery’

step, used to obtain the centroidal B-field. These steps for the 4 methods are described in the
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following subsections.

2.3.1 UPDATE STEP

Figure 2.1 shows the stencils used for the update of the primal magnetic vector potentials with

the various CTA/CDA schemes.

FIELD- UPDATE STEP

In the field-interpolated schemes (field-CTA and field-CDA), the electric field E = −v ×B is

estimated at the middle of the timestep by time-averaging the initial state with auxiliary value

obtained from the base scheme:

Ωi,j = −
(v ×B)ni,j + (v ×B)∗i,j

2
(2.13)

This electric field is used to update the cell-centered magnetic vector potential Ai,j via the

induction equation (Equation 2.9) in the field-CTA and field-CDA schemes.

FLUX- UPDATE STEP

In the flux-interpolated schemes (flux-CTA and flux-CDA), the electric field is obtained from

combining the upwind flux components of the base scheme

Ωi,j =
1

4

(
−fx,∗i−1/2,j − f

x,∗
i+1/2,j + fy,∗i,j−1/2 + fy,∗i,j+1/2

)
(2.14)
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This electric field is used to update the cell-centered magnetic vector potential Ai,j via the

induction equation (Equation 2.9) in the flux-CTA and flux-CDA schemes.

2.3.2 RECOVERY STEP

Figure 2.2 shows the stencils for the recovery of the centroidal magnetic fields with the vari-

ous CTA/CDA schemes.

CT RECOVERY STEP

To recover the centroidal B-field, first the magnetic vector potentials are interpolated to

the corners via Equation 2.8, followed by recovery of the face-averaged magnetic fields by

Equation 2.7, and finally by the computation of the cell-averaged magnetic fields using Equa-

tion 2.5. The field-CTA and flux-CTA schemes use this recovery method, which preserves the

discretized divergence of Equation 2.4.

CD RECOVERY STEP

To recover the centroidal B-field, use Equation 2.12. The field-CDA and flux-CDA schemes

use this recovery method, which preserves the discretized divergence of Equation 2.10.

2.3.3 CORRESPONDENCE BETWEEN CTA/CDA AND CT/CD METHODS

The field-CD and field-CDA schemes are identical. In field-CD, one calculates cell-centered

temporally interpolated electric fields (Equation 28 of Tóth (2000)) to update the cell-centered
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magnetic fields via Equation 2.11. The field-CDA uses the same electric fields (Equation 2.13)

added to cell-centered magnetic vector potentials, and the identical cell-centered magnetic

field is obtained via Equation 2.12.

The flux-CD and flux-CDA schemes are identical. In flux-CD, one calculates cell-centered

spatially-interpolated electric fields obtained from the numerical flux (Equation 31 of Tóth

(2000)) to update the cell-centered magnetic fields via Equation 2.11. The field-CDA uses the

same electric fields (Equation 2.14) added to cell-centered magnetic vector potentials, and the

identical cell-centered magnetic field is obtained via Equation 2.12. The field-CT and field-

CTA schemes are also identical. In field-CT, one uses spatial and temporal interpolation of the

electric fields at the surrounding cell centers to cell corners (Equation 16 of Tóth (2000)). As

the operations are linear and hence commutative one can equivalently add the same temporally

interpolated electric fields terms to the vector potentials at the cell centers and then perform

the spatial interpolation (as is done in the field-CTA scheme). This recovers the same vector

potential at the cell corner as the ‘underlying’ vector potential being evolved with the field-CT

scheme.

The flux-CT and flux-CTA schemes differ slightly in that flux-CTA uses a more extended

stencil in the recovery of the centroidal magnetic field. In flux-CT, one uses spatial interpo-

lation of the numerical fluxes from the Riemann solver to deduced electric fields at the sur-

rounding faces to cell corners (Equation 19 of Tóth (2000)). This electric field can be thought

of as being added to the ‘underlying’ cell-corner vector potential in the CT scheme. In 2D,

this corner electric field is recovered from 4 surround fluxes. But in the field-CTA scheme, the
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obtained cell-corner electric field is instead obtained using 12 surround fluxes. That is, the

field is obtained from spatial interpolation of flux-deduced electric fields at the 4 surrounding

cell centers (Equation 2.8), and the electric fields at each cell center are deduced by the fluxes

of the 4 cell faces (Equation 2.14).

We point out that the CTA/CDA schemes are conservative, meaning that they preserve

the mean magnetic field (a conserved quantity of ideal MHD), as they are equivalent to the

conservative CT/CD schemes. Tóth (2000) shows how to reformulate CT/CD schemes as

conservative finite volume schemes with extended stencils, which illustrates by the mean

magnetic field is preserved by the method.

2.3.4 PERIODIC BOUNDARY CONDITIONS

The magnetic vector potential is not periodic under periodic boundary conditions (only its

curl is). Instead, A can always be decomposed into a time-variable periodic part and a static

mean-field part:

A(x, y, t) = Aperiodic(x, y, t) + Amean(x, y) (2.15)

Amean(x, y) is a function chosen to recover the mean magnetic field, which is an invariant

of ideal MHD. The function Amean(x, y) is used to adjust the vector potential of translated

‘ghost’ cell copies when considering neighbors of cells beyond the boundary of the domain.

32



2.4 NUMERICAL TESTS

We carry out a few simple tests to demonstrate the four CTA/CDA schemes, and compare

the results to those obtained with the base finite volume scheme and the flux-CT scheme. As

three out of the four CTA/CDA schemes are equivalent to CT/CD schemes tested extensively

elsewhere (Tóth 2000), we do not delve into carrying out many test problems. The purpose

of this section is to show the proof-of-concept that these schemes can be recast in terms of a

vector potential, and to highlight that all the CTA/CDA schemes perform better than and avoid

artifacts of the base finite volume scheme. We do, however, show that the vector potential

schemes are indeed second-order, and free of numerical artifacts seen in non divergence-

preserving methods such as the finite volume scheme.

2.4.1 ROTATED ALFVÉN WAVE

First, we solve a smooth 1D problem rotated by an angle α on a 2D mesh to test the capabil-

ities of the schemes in 2D and demonstrate second-order convergence. We use the circularly

polarized Alfvén wave initial conditions (Tóth 2000), propagating at an angle α = 30◦.

The domain is periodic with size [1/ cosα, 1/ sinα]. The initial conditions are ρ = 1,

v|| = 0, p = 0.1, B|| = 1 v⊥ = B⊥ = 0.1 sin [2π (x cosα+ y sinα)], vz = Bz =

0.1 cos [2π (x cosα+ y sinα)], γ = 5/3.

The computational domain is an N ×N grid with ∆x/∆y = tanα. The simulation is run

until t = 1, where the wave returns to its initial state.

33



finite volume flux-CT

0 0.5 1 1.5 2
−0.1

−0.05

0

0.05

0.1

y

B
⊥

 

 

Nx = 16
Nx = 32

Nx = 64
Nx = 128
Nx = 256

10
1

10
2

10
−5

10
0

L
1
-e
r
r
o
r

Nx

 

 

∝ N−2
x

0 0.5 1 1.5 2
−0.1

−0.05

0

0.05

0.1

y

B
⊥

 

 

Nx = 16
Nx = 32

Nx = 64
Nx = 128
Nx = 256

10
1

10
2

10
−5

10
0

L
1
-e
r
r
o
r

Nx

 

 

∝ N−2
x

field-CTA/CT flux-CTA

0 0.5 1 1.5 2
−0.1

−0.05

0

0.05

0.1

y

B
⊥

 

 

Nx = 16
Nx = 32

Nx = 64
Nx = 128
Nx = 256

10
1

10
2

10
−5

10
0

L
1
-e
r
r
o
r

Nx

 

 

∝ N−2
x

0 0.5 1 1.5 2
−0.1

−0.05

0

0.05

0.1

y

B
⊥

 

 

Nx = 16
Nx = 32

Nx = 64
Nx = 128
Nx = 256

10
1

10
2

10
−5

10
0

L
1
-e
r
r
o
r

Nx

 

 

∝ N−2
x

field-CDA/CD flux-CDA/CD

0 0.5 1 1.5 2
−0.1

−0.05

0

0.05

0.1

y

B
⊥

 

 

Nx = 16
Nx = 32

Nx = 64
Nx = 128
Nx = 256

10
1

10
2

10
−5

10
0

L
1
-e
r
r
o
r

Nx

 

 

∝ N−2
x

0 0.5 1 1.5 2
−0.1

−0.05

0

0.05

0.1

y

B
⊥

 

 

Nx = 16
Nx = 32

Nx = 64
Nx = 128
Nx = 256

10
1

10
2

10
−5

10
0

L
1
-e
r
r
o
r

Nx

 

 

∝ N−2
x

Figure 2.3: Convergence test of the rotated Alfvén-wave problem for the various methods. All
methods show good behavior and second-order convergence, as expected.
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Figure 2.3 shows the results of B⊥ along the y-axis at t = 1 for the various schemes.

Computed is the L1 norm error for the magnetic field in the entire domain. All schemes show

good behavior and second-order convergence, as expected. The base finite volume scheme

performs well on this simple test problem, showing the smallest errors. However, as we’ll

see in the following subsections, the finite volume scheme can show artifacts from the lack of

enforcing the∇ ·B = 0 condition for more complicated tests.

The vector potential methods are shown to be second-order accurate, (unsurprisingly, as

they are equivalent to second-order CT schemes), despite the fact that the order of spatial

derivatives in the MHD equations using the vector potential increases by one.

2.4.2 MAGNETIC VORTEX

We solve the advection of the magnetized vortex problem from Balsara (2004, 2009), which

consists of a smoothly varying and dynamically stable configuration. This genuinely two-

dimensional, dynamically active problem is a useful test of second-order convergence. The

problem is set up on a two-dimensional periodic domain [−5, 5]× [−5, 5]. The adiabiatic index

is γ = 5/3. The initial condition is given by an unperturbed component (ρ, P, vx, vx, Bx, By) =

(1, 1, 1, 1, 0, 0) and a perturbed component describing the vortex:

δP =
1

8π

( µ
2π

)2
(1− r2)e1−r2 − 1

2

( κ
2π

)2
e1−r2 , (2.16)
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Figure 2.4: Convergence test of the dynamical vortex problem. All methods show second-
order convergence, except the base finite volume scheme, which is numerically unstable due
to divergence errors. Insets show the solution of Bx at t = 10 at the highest resolution run
(except for the finite volume scheme, where we show the solution at lower resolution because
the higher resolution solution completely blew up).
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(δvx, δvy) = (−y, x)
κ

2π
e0.5(1−r2), (2.17)

and

δAz =
µ

2π
e0.5(1−r2). (2.18)

with κ = 1, µ =
√

4π, and r =
√
x2 + y2. These equations describe a vortex in dynami-

cal balance, in which the circular motion in the vortex produces a centrifugal force and the

magnetic field produces a centripetal force.

The solution returns to its initial state at t = 10, and we compute the error of Bx. Figure 2.4

shows that all the CTA/CDA schemes are indeed second-order accurate for this complex,

dynamical problem. Our implementation of the base finite volume scheme, however, is numer-

ically unstable by t = 10 due to divergence errors.

2.4.3 ROTATED SHOCK

We simulate a shock tube traveling at an angle α = tan−1(2) with respect to the grid, similar

to the setup of Tóth (2000). The left initial state is (ρ, v||, v⊥, p, B||, B⊥) = (1, 10, 0, 20, 5/
√

4π, 5/
√

4/π)

and the right initial state is (ρ, v||, v⊥, p, B||, B⊥) = (1,−10, 0, 1, 5/
√

4π, 5/
√

4/π). The

fluid has adiabatic index γ = 5/3. We perform the test on a 256 × 128 resolution domain

[0, 4]× [0, 2], and evolve the simulation until t = 0.04

Figure 2.5 shows the normal component of the magnetic field across the shock. The exact

solution is constant, while the numerical methods show oscillation about this value but gen-
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Figure 2.5: The normal component of the magnetic field across the rotated strong shock
problem for the various methods. The exact solution is constant. The various methods recover
this value, but show oscillations around it.
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erally have good behavior and recover the right jump conditions in the other fluid variables

(not shown). Non-conservative methods are known to perform poorly and give incorrect jump

conditions for this test (Tóth 2000).

2.4.4 ORSZAG-TANG VORTEX

We simulate the classic decaying supersonic turbulence test of Orszag & Tang (1979). The

initial conditions are given by ρ = γ2/(4π), vx = − sin(2πy), vy = sin(2πx), p = γ/(4π),

Az = cos(4πx)/(4π
√

(4π)) + cos(2πy)/(2π
√

(4π)). The domain is a periodic unit square

[0, 1]× [0, 1] and the adiabatic index is γ = 5/3.

Figure 2.6 shows the results of the simulation at t = 0.5. The CTA/CDA and CT schemes

give consistent results, while the finite volume scheme shows ringing pattern artifacts in the

density field.

2.4.5 SUMMARY

A summary of the accuracies of all the schemes is shown in Figure 2.7. All the CTA/CDA

and CT schemes perform well. Our finite volume scheme however is unable to solve the

dynamical vortex problem and also shows artifacts in the density field in the Orszag-Tang test.

This illustrates the importance of maintaining the divergence-free condition when solving the

MHD equations.
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field-CTA/CT flux-CTA
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Figure 2.6: The results of the Orszag-Tang test for the various methods at t = 0.5. Shown is
the density on the top half pf the domain (bottom half is rotationally symmetric), with a rainbow
color scheme with range [0.06, 0.5]. All CTA/CDA/CT schemes show good behavior. The base
finite volume scheme shows numerical artifacts (ringing patterns in the density structure) due
to the lack of a ∇ ·B constraint.

40



Alfven Vortex Shock Orszag−Tang

1

1.5

2

2.5

3

r
e
la
t
iv
e
e
r
r
o
r

 

 

finite volume
field-CDA/CD

flux-CDA/CD

field-CTA/CT

flux-CTA
flux-CT

Figure 2.7: Comparison of the relative errors of the schemes compared to the best scheme
for the rotated Alfvén wave, vortex, rotated shock, and Orszag-Tang tests. We compute the er-
ror in the magnetic field for the Alfvén wave and vortex problems, and the error in the density
field for the shock and Orszag-Tang problems. For the Orszag-Tang test, the ‘exact’ solution is
taken to be a 2× resolution simulation with the flux-CT method.
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2.5 GENERALIZATION TO UNSTRUCTURED GRIDS

We provide an overview of how to extend the CTA/CDA schemes to unstructured grids. The

primary variable being updated is the magnetic vector potential Ai,j located at the center-of-

mass of each irregular cell.

The field-update step (Section 2.3.1) is the simplest to generalize. Equation 2.13 which

updates the electric field at the center-of-mass of the cell still applies. Nothing special needs to

be done to update the vector potential.

Generalization of the flux-update step (Section 2.3.1) is more complicated. In 3D, at each

face, the numerical fluxes give two components of the electric field (in the plane of the face).

Various strategies may be taken to reconstruct the electric field at the center of mass of the cell.

One approach could be to take a least-squares fit approach, i.e., find the centroidal electric

field that, when extrapolated to the face centers, gives the minimum deviation from the flux-

obtained fields.

To generalize the recovery of the centroidal magnetic fields of each cell, it is best to use the

integral form of the B = ∇×A definition. With the integral form, A need not be assumed to be

differentiable. Of course, in the simple case of a Cartesian grid, we have used finite-difference

operations to recover B. But they correspond to an integral-form recovery technique. This is

akin to how finite volume can be expressed as finite difference methods.
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The CT recovery step (Section 2.3.2) can be obtained from the integral relation:

∫
V
B dV =

∫
∂V

n̂×A dS (2.19)

In fact, one can recover Equations 2.3 and 2.5 for the Cartesian grid from discretizing this

identity. For a general grid, one may use a variety of second-order techniques to evaluate this

integral. For example, one may interpolate the magnetic vector potential from cell centroids to

the centers-of-masses of the faces, and carry out the integral with just one quadrature point per

face, sufficient for second-order accuracy.

The CD recovery step (Section 2.3.2) can be generalized as follows. It requires a con-

struction of a dual triangular-mesh in 2D (tetrahedral in 3D), e.g. a Delaunay triangulariza-

tion/tetrahedraliztion of the centroids of the cells. The magnetic vector potentials are specified

at the triangle vertices. Thus, the magnetic flux ΦB through the each faces of the triangle can

be recovered from discretizing

ΦB =

∮
∂S

A · d` (2.20)

which, in 2D, just says that the outward magnetic field in a face on a triangle is:

bout =
AL −AR

∆`
(2.21)

where ∆` is the length of the face and AL is the magnetic vector potential at the left edge

of the face, AR corresponds to the right edge (notice the relationship between this equation
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and Equation 2.7). Once the outward magnetic fields of a triangle are known, it is easy to

recover the unique triangle volume-averaged magnetic field that gives consistent outward

magnetic fields on the faces. In 2D, there are the magnetic fluxes on 3 faces known, but only

2 are independent by the divergence-free condition (sum of fluxes sum to 0). There are also 2

components of B. Hence, there exists a unique solution to the simple linear problem:


Ax,1 Ay,1

Ax,2 Ay,2

Ax,3 Ay,3


Bx
By

 =


ΦB,1

ΦB,2

ΦB,3

 (2.22)

(where the Ai are outward face area vectors and the ΦB,i are outward magnetic fluxes) which

can be solved to obtain B. Thus one obtains volume-averaged magnetic fields for each triangle

in the dual triangulation of the mesh, which, when projected along triangle faces, are continu-

ous across faces. The recovery is analogous for the tetrahedra in 3D. In the 2D Cartesian case

(see Figure 2.2), the recovery technique means magnetic fields can be recovered for each trian-

gle that make up the tilted square enclosing a cell, as well as magnetic fields at each triangle

face. By construction, the total magnetic flux across any enclosed surface sums to zero, hence

the divergence is preserved on the tilted-square. In general, recovery of the cell-averaged

magnetic fields can be obtained easily from averaging the surrounding triangle-averaged mag-

netic fields, weighting by the area of intersection between the triangle and cell. In the case

of a Cartesian grid, all these steps to recover the cell-centered magnetic field reduce to Equa-
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tion 2.12. We present the generalization of the field-CDA scheme on a moving unstructured

Voronoi mesh in Mocz et al. (2016).

We point out that the field-CDA scheme has the simplest generalization to unstructured

meshes, since no irregular mesh interpolation or least-squares fitting are required. In Tóth

(2000), field-CD and flux-CT shown to have some of the best properties from among all

CT/CD and divergence cleaning methods tested on a variety of test problems.

2.6 CONCLUSIONS

We have shown that several 2nd-order staggered CT schemes and CD schemes can be recast

in terms of centroidal vector potentials as the primal variable. Using this formalism, we have

also introduced a new centroidal CT scheme. We implemented and tested these vector po-

tential schemes to demonstrate that they behave well and avoid known artifacts of the finite

volume scheme which is unconcerned about preserving the divergence-free condition at the

discretized level. Reformulating CT schemes in terms of the vector potential can allow for

different extensions of the CT method, as well as simple generalizations to unstructured and

moving grids with improved memory requirements and memory access. Centroidal methods

may also simplify the implementation of CT on an adaptively-refined mesh (AMR), where

standard CT faces challenges at fine and coarse level mismatch, and specific care (such as

restriction, prolongation, and reflux-curl operations (Miniati & Martin 2011)) has to be taken

to obtain divergence-free magnetic fields. Knowing the vector potential at cell-centers, instead
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of the just the magnetic field, allows for a unique, divergence-free reconstruction of the mag-

netic field anywhere in the domain. We have recently implemented and tested the field-CDA

scheme presented in this paper on a quasi-Lagrangian 3D moving unstructured Voronoi mesh

in Mocz et al. (2016).

Despite the fact that in terms of the vector potential the order of spatial derivatives in the

MHD equations increases by one, the order of accuracy of the methods is not necessarily

reduced by one; this is a misconception in the literature. With appropriate construction of

vector potential methods, they are equivalent to CT schemes. Additionally, the assumption

that A is differentiable needs not be made (as is often incorrectly assumed for vector potential

methods), as the vector potential methods are equivalent to CT algorithms which do not make

this assumption.

The vector potential methods described here are based off simple second-order CT schemes,

but future work can involve incorporating some of the recent advances in face-centered CT

into the centroidal vector potential schemes, including multi-dimensional Riemann solvers and

higher-order extensions.
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We cannot solve our problems with the same think-

ing we used when we created them.

Albert Einstein

3
A 2D constrained transport scheme for

MHD on unstructured meshes

– based on –

Mocz, P., Vogelsberger, M., & Hernquist, L. (2014a). A constrained transport scheme for

MHD on unstructured static and moving meshes. MNRAS, 442, 43–55.
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Magnetic fields play an important role in many astrophysical systems and a detailed under-

standing of their impact on the gas dynamics requires robust numerical simulations. Here we

present a new method to evolve the ideal magnetohydrodynamic (MHD) equations on unstruc-

tured static and moving meshes that preserves the magnetic field divergence-free constraint to

machine precision. The method overcomes the major problems of using a cleaning scheme on

the magnetic fields instead, which is non-conservative, not fully Galilean invariant, does not

eliminate divergence errors completely, and may produce incorrect jumps across shocks. Our

new method is a generalization of the constrained transport (CT) algorithm used to enforce the

∇ · B = 0 condition on fixed Cartesian grids. Preserving ∇ · B = 0 at the discretized level

is necessary to maintain the orthogonality between the Lorentz force and B. The possibility

of performing CT on a moving mesh provides several advantages over static mesh methods

due to the quasi-Lagrangian nature of the former (i.e., the mesh generating points move with

the flow), such as making the simulation automatically adaptive and significantly reducing

advection errors. Our method preserves magnetic fields and fluid quantities in pure advection

exactly.

3.1 INTRODUCTION

The equations of fluid dynamics and magnetohydrodynamics (MHD) may be evolved using

a variety of numerical approaches. One can choose from a number of discretizations that are

formally intended to yield a solution that is accurate to some order n. However, a system of
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partial differential equations for physical flows also gives rise to conserved quantities due to

the symmetries of the problem and these quantities are not necessarily preserved with some

algorithms. Such conserved quantities for the MHD equations include mass, momentum, an-

gular momentum, energy, and the solenoidal nature of the magnetic field. It then becomes a

concern to design techniques in a clever way such that the discrete representations of these

conserved quantities are in fact preserved to machine precision. Failure to do this may result

in instabilities and unphysical solutions; that is, the system’s quantity that should be conserved

may chaotically evolve away from its initial value. One well-known example of such a phe-

nomenon occurs when evolving an N -body system with a non-symplectic time integrator,

which does not conserve the total energy and hence may lead to energy drifts and decaying

orbits.

In this work, we propose a scheme for evolving the MHD equations on a moving mesh

such that conservation of mass, momentum, and energy, and, importantly, the solenoidal

(divergence-free) nature of the magnetic field is preserved. On static Cartesian meshes, the

constrained transport (CT) algorithm achieves this goal. It uses a finite volume formalism

to evolve the density, momentum, and energy, and exploits Stokes’ theorem and uses a face-

averaged representation of the magnetic fields (called the ‘staggered-mesh’ approach) to en-

force ∇ ·B = 0 (Evans & Hawley 1988). The CT algorithm has been described in the literature

as being quite difficult (if not impossible) to extend to an unstructured mesh (Duffell & Mac-

Fadyen 2011; Pakmor et al. 2011; Pakmor & Springel 2013) and leading to the development

of alternate divergence-cleaning schemes to keep ∇ ·B small but non-zero on moving meshes
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based on the Powell (Powell et al. 1999) and Dedner (Dedner et al. 2002) cleaning methods.

Moving mesh methods for MHD with cleaning schemes have been described by Duffell &

MacFadyen (2011); Pakmor et al. (2011); Gaburov et al. (2012); Pakmor & Springel (2013).

Additionally, there have been recent advances in designing robust mesh-less based methods for

MHD (Gaburov & Nitadori 2011; Tricco & Price 2013), which still, however, require cleaning

schemes. These schemes alter the MHD equations and may add source terms in an attempt

to control the divergence errors, which has the unwanted side-effect of making the schemes

non-conservative. Additionally, such an approach loses the moving mesh’s Galilean invariant

properties (e.g. solving pure advection problems is diffusive). One approach to improve these

methods has been to develop a locally divergence-free formulation based on the discontinuous

Galerkin method in the work presented in Mocz et al. (2014b), where local divergence-free

basis functions are used to represent the solution on each cell. In this paper we solve the out-

standing problem of designing a globally divergence-free, conservative, finite volume based

algorithm on an unstructured moving mesh.

Coupling a CT algorithm with a moving mesh technique is clearly highly desirable. The

moving mesh algorithm for solving the inviscid Euler equations was developed recently by

Springel (2010) and implemented in the code AREPO. The moving mesh algorithm largely

eliminates a number of well-know weaknesses of both static Cartesian/adaptive mesh refine-

ment (AMR) approaches and pseudo-Lagrangian smoothed-particle hydrodynamics (SPH).

The mesh-generating points in the algorithm can be set to move with the fluid flow, making

the scheme quasi-Lagrangian. The method has automatic adaptivity, is Galilean-invariant, and
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significantly reduces advection errors. Contact discontinuities resulting from shocks are pre-

served to significantly greater accuracy. In addition, conditions on the size of the time-step are

less severe than on a static mesh in the cases of flows with high-Mach number bulk motions,

since fluxes across cells are always calculated in the rest-frame of the faces. A method for

solving the MHD equations on a moving mesh will automatically gain these benefits of the

Lagrangian nature of the scheme and, ideally, should not suffer any significant disadvantage

compared to a static mesh approach. Since methods exist to preserve the divergence-free con-

dition on structured fixed grids, it is important to extend this to unstructured meshes so that if

differences are observed in MHD simulations run on static and moving meshes, then they can

be attributed to the advantages of the moving mesh approach and not as an artefact produced

by divergence errors.

The CT method proposed here can also be applied to static arbitrarily unstructured grids,

where CT algorithms are lacking. A number of simulations use non-Cartesian static grids,

dictated by the geometry/symmetry of the problem, as a way of achieving greater accuracy

and by using fewer grid cells. For example, the MHD solver in Florinski et al. (2013) was

developed for a hexagonal spherical geodesic grid as a way to improve the simulation of

astrophysical flows of partially ionized plasmas around a central compact object. However,

such methods use cleaning schemes instead of CT to handle the magnetic field, and would

benefit greatly from the CT method described in what follows.

A robust code for solving the MHD equations as accurately as possible would have many

astrophysical applications because magnetic fields are ubiquitous in the Universe. For exam-
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ple, the magnetorotational instability in accretion discs (Balbus & Hawley 1998) generates

turbulence and mediates angular momentum transfer. Discs around supermassive black holes

may be levitated by magnetic pressure (Gaburov et al. 2012). Magnetic fields are key in the

production of relativistic jets and outflows from compact sources (Blandford & Znajek 1977;

Blandford & Payne 1982). Magnetic fields under a vertical gravitational field as in the disc of

a galaxy leads to the Parker instability, which is thought to play an important role in the evolu-

tion of the interstellar medium (Parker 1966, 1967). Interstellar turbulence and star formation

are linked with magnetized plasma processes (Goldreich & Sridhar 1995). Cosmic magnetic

fields are likely to have a primordial origin which leads to imprints on the temperature and

polarization anisotropies of the cosmic microwave background radiation (Grasso & Rubinstein

2001). These seed fields are amplified during the formation and evolution of galaxies. Radio

lobes of galaxies may also play an important role in enhancing the magnetic fields in the in-

tergalactic medium (Gopal-Krishna & Wiita 2001). Magnetic fields may be responsible for

suppressing strong isotropic turbulence and conduction in clusters and make it possible for sta-

ble, 100 kpc-scale high-density arms to exist in the cluster environment (Sanders et al. 2013).

The strength and topology of magnetic fields are responsible for determining the propagation

of cosmic rays in galaxies (Strong & Moskalenko 1998). Magnetic fields are also present in a

wide variety of stars and play a significant role in their evolution (Donati & Landstreet 2009).

Many of these problems are suitable for study by a moving mesh approach and up until now a

divergence-free MHD solver has been lacking. This paper lays the framework for implement-

ing a divergence-preserving algorithm for robust evolution of the MHD equations in moving
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mesh codes such as AREPO (Springel 2010) and TESS (Duffell & MacFadyen 2011).

In Section 3.2 we describe the details of the numerical method. In Section 3.3 we show the

results of numerical tests (with comparisons to fixed grid CT and the Powell cleaning scheme

on a moving mesh) demonstrating that the method works well and has several advantages

over the other two techniques. In Section 3.4 we discuss variations of our method and future

directions. In Section 3.5 we provide concluding remarks.

3.2 NUMERICAL METHOD FOR CT ON STATIC AND MOVING UNSTRUCTURED MESH

This section is dedicated to describing the second-order numerical method in detail. Our

method is implemented in 2D in MATLAB. The method can be generalized to 3D (see sec-

tion 3.2.3). For reference, a flow chart of our numerical algorithm is presented in Figure 3.1.

3.2.1 THE MAGNETOHYDRODYNAMIC EQUATIONS

The ideal MHD equations can be written as a system of conservation laws:

∂U

∂t
+∇ · F = 0 (3.1)
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Figure 3.1: A flow chart of the CT algorithm for a moving mesh. After initialization, the code
enters the main loop. In each iteration of the loop, the system advances by a time interval
∆t as long as the mesh connectivity does not change too drastically (in which case the flag
remap ok is set to 1), else the timestep ∆t is halved and the system attempts to update itself
according to this new timestep.
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where U is the vector of the conserved variables and F(U) is the flux, namely:

U =



ρ

ρv

ρe

B


, F(U) =



ρv

ρvvT + p−BBT

ρev + pv −B(v ·B)

BvT − vBT


(3.2)

where p = pgas + 1
2B

2 is the total gas pressure, e = u + 1
2v

2 + 1
2ρB

2 is the total energy per

unit mass, u is the thermal energy per unit mass. The equation of state for the fluid is given by

p = (γ − 1)ρu. We describe how to discretize and solve these equations on an unstructured

moving mesh with CT.

3.2.2 FINITE VOLUME APPROACH ON A MOVING MESH

A finite volume strategy is used to update the density, momentum, and energy of the cells

(but the magnetic fields require a different approach). Our method follows that of Springel

(2010) closely, except for minor modifications which we point out, which are needed to link

the method with our CT scheme to update the magnetic fields.

The domain is discretized into cells created by a Voronoi tessellation from mesh generating

points. For each cell, we define volume averaged quantities (‘conservative variables’): the
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total mass mi, momentum pi, and energy Ei, given by:

Qi =


mi

pi

Ei

 =

∫
Vi

Ũ dV (3.3)

where Vi is the volume of cell i, and

Ũ =


ρ

ρv

ρe

 (3.4)

By Gauss’ theorem, the conservation laws for a moving cell can be rewritten as:

dQi

dt
= −

∫
∂Vi

(
F(Ũ)− ŨwT

)
dn = 0 (3.5)

where w is the velocity of each point of the boundary of the cell and n is the outward normal

of the cell surface.

Voronoi cells are polyhedra (polygons in 2D) with Aij denoting the area of the face be-

tween cells i and j. Equation 3.5 is discretized as follows:

Q
(n+1)
i = Q

(n)
i −∆t

∑
j

AijF̂
n+1/2
ij = 0 (3.6)
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where Q
(n)
i is the state of the cell at timestep n, ∆t is the timestep that evolves the system to

the next point in time, and F̂
n+1/2
ij is a time-averaged approximation to the flux through the

cell over the duration of the timestep. F̂ij is anti-symmetric, making the method conservative.

All that remains to update mass, density, and energy is to find an appropriate second-order

estimate of the numerical flux F̂ij , which we describe next.

The flux computation for the mass, momentum, and energy for the moving mesh algorithm

is calculated in the rest-frame of each of the faces. An important difference with the approach

taken in Springel (2010) is that we first move the mesh generating points over a time interval

∆t according to their velocities, reconstruct the Voronoi mesh (this is the mesh at the end

of the timestep), and then extrapolate fluid quantities to the face centroid of the mesh using

the geometry at the end of the timestep rather than the beginning of the timestep for the flux

computations. Using the cell geometry at the end of the timestep rather than at the beginning

is an equally accurate reconstruction technique, but it turns out to be easier to account for

changes in mesh connectivity for the CT algorithm for divergence-free evolution of magnetic

fields, described in Section 3.2.3.

In the scheme, the primitive variables of each cell are estimated from the conserved vari-

ables and used to determine the wave-speeds local to the cell and the timesteps. The Courant-

Friedrichs-Levy (CFL) timestep criterion is used to set the timestep:

∆ti = CCFL
Ri

cf,i + |vi −wi|
(3.7)
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where we choose CCFL . 0.4 for stable evolution of the MHD equations on a moving mesh.

Here, cf,i is the fast magnetosonic sound-speed in cell i.

The mesh is then evolved to the geometry of the next timestep. The mesh-generating points

move closely with the fluid flow with some small regularization corrections to keep the cells

‘round’. The cell velocity wi of each cell i is calculated at the beginning of each timestep as:

wi = vi + χ



0, di/(ηRi) < 0.9

ci
si−ri
di

di−0.9ηRi

0.2ηRi
, 0.9 ≤ di/(ηRi) < 1.1

ci
si−ri
di

, 1.1 ≤ di/(ηRi)

(3.8)

where Ri is the effective radius of a cell (calculated from the volume), ci is the local sound-

speed of the cell, and di = |ri − si| is the distance between the cell’s mesh generating point and

its centre of mass. The quantities η, and χ are free parameters defining how aggressively to

apply mesh regularization. For our simulations, we use η = 0.05, χ = 1.0. The full geometry

of the Voronoi mesh is then calculated from the positions of the mesh generating points.

The primitive variables are re-estimated once the mesh is moved from the conserved vari-

ables. This makes the reconstruction step fully conservative.

To obtain second-order accurate estimates of the flux, we estimate gradients of the primitive

fluid variables (ρ, v, pgas, B) in each cell. We use Equation 22 of Springel (2010), namely, the
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gradient in cell i of a primitive fluid variable φ is given by:

〈φ〉i =
1

Vi

∑
j 6=i

Aij

(
[φj − φi]

cij
rij
− φi + φj

2

rij
rij

)
(3.9)

where rij = ri − rj with ri being the mesh generating point of cell i, and cij is the vector from

the midpoint between i and j to the centre-of-mass of the face between i and j.

Now, discontinuities in the fluid variables due, for example, to the presence of shocks,

may cause spurious oscillations in the solutions. To suppress these, we are required to limit

the gradients of the fluid variables, using the rule that linearly reconstructed quantities on

face centroids may not exceed the maxima or minima among all cell neighbours. The slope

limiting rule is expressed in mathematical terms as:

〈∇φ〉′i = αi〈∇φ〉i (3.10)

where 0 ≤ αi ≤ 1 is the slope limiter computed as:

αi = min(1, ψij) (3.11)
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with the minimum being taken over all neighbouring cells j of cell i, with ψij defined as:

φij =



(φmax
i − φi)/∆φij , ∆φij > 0

(φmin
i − φi)/∆φij , ∆φij < 0

1, ∆φij = 0

(3.12)

where ∇φij = 〈φ〉i · (fij − si) is the estimated change between the centroid fij of the face

and the centre-of-mass si of the cell i, and φmax
i = max(φj), φmin

i = min(φj) are the

maximum/minimum values of φ among all neighbouring cells of cell i, including cell i.

Supposing we have neighbouring cells i and j, the estimate of the face velocity wij can be

computed as:

wij =
wi + wj

2
+

(wi −wj) · [fij − (ri + rj)/2]

|rj − ri|
· rj − ri
|rj − ri|

(3.13)

We then change the primitive variables WT = (ρ,v, pgas,B) of cells i and j from the lab-

frame to the rest-frame of the face:

W′
i,j = Wi,j −



0

wij

0

0

0


(3.14)
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We then linearly predict the states on both sides of the centroid of the face, also predicting

them forward by half a timestep:

W′′
i,j = W′

i,j +
∂W′

∂r

∣∣∣∣
i,j

(fij − si,j) +
∂W′

∂t

∣∣∣∣
i,j

∆t

2
(3.15)

where the spatial derivatives ∂W′

∂r are the slope-limited gradients of the primitive fluid vari-

ables. Note again that we are extrapolating to the centroids of the cell faces of the mesh geom-

etry at the end of the timestep in this step. The time derivatives ∂W′

∂t can be obtained from the

primitive form of the MHD equations:

∂W′

∂t
+ A(W)

∂W′

∂r
= 0 (3.16)

where

Ax(W) =



vx ρ 0 0 0 0

0 vx 0 1/ρ −Bx/ρ By/ρ

0 0 vx 0 −By/ρ −Bx/ρ

0 γpgas 0 vx (γ − 1)B · v 0

0 0 0 0 0 0

0 By −Bx 0 −vy vx



(3.17)
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and

Ay(W) =



vy 0 ρ 0 0 0

0 vy 0 0 −By/ρ −Bx/ρ

0 0 vy 1/ρ Bx/ρ −By/ρ

0 0 γpgas vy 0 (γ − 1)B · v

0 −By Bx 0 vy −vx

0 0 0 0 0 0



(3.18)

The state is rotated into a new coordinate frame such that the x-axis is parallel to the normal

vector of the face, pointing from cell i to cell j:

W′′′
i,j =



1 0 0 0

0 Λ2D 0 0

0 0 1 0

0 0 0 Λ2D


W′′

i,j (3.19)

where Λ2D rotates the velocity and magnetic field components appropriately. In this new

frame, the normal components of the magnetic field are averaged to guarantee their continuity

across the cell (which is required by the divergence-free condition of MHD for 1D):

B′′′x,(i,j) ←
B′′′x,i +B′′′x,j

2
(3.20)

At the interface between the two cells, we now must approximately solve the Riemann prob-
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lem to obtain the flux. The primitive variables W′′′
i,j are converted to conservative variables

U′′′i,j , and the HLLD flux (Miyoshi & Kusano 2005) is computed:

F′′′ij = FHLLD(U′′′i ,U
′′′
j ) (3.21)

The HLLD flux is a highly-accurate, widely used, Riemann solver for the MHD equations

which approximates the Riemann fan by 5 waves. In some instances, the solver may result in

an unphysical negative pressure, in which case the Riemann solver defaults to calculating the

Rusanov flux (also called local Lax-Friedrichs flux) which is more diffusive but always stable.

De-rotation is then used to obtain the fluxes in the rest-frame of the face but the x and y

axes restored to their directions in the lab frame:

F′′ij =



1 0 0 0

0 Λ−1
2D 0 0

0 0 1 0

0 0 0 Λ−1
2D


F′′′ij (3.22)

where we will introduce notation for the components of this flux: F′′ij = (F1, F2, F3, F4, F5, F6)T .

We can now obtain the numerical flux required to update Equation 3.6 from the flux in the rest

frame of the face with a correction term for the movement of the face which retains an upwind
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character, derived in Pakmor et al. (2011):

F̂
n+1/2
ij = F′′ij +



0

wx,ijF1

wy,ijF1

wx,ijF2 + wy,ijF3 + 1
2F1w

2
ij

−wx,ijB′′′x,(i,j)

−wy,ijB′′′x,(i,j)



(3.23)

3.2.3 CONSTRAINED TRANSPORT ON A MOVING MESH

The CT algorithm relies on evolving the average normal component of the flux of the mag-

netic field through each face of each cell using Faraday’s induction equation:

∂B

∂t
+∇×E = 0 (3.24)

where E = −v ×B is the electric field. The normal component of the magnetic flux through

some face A is defined as:

Φ =

∫
A
B · dA (3.25)

64



Suppose that the surface A = A(t) moves in time. Rewriting Equation 3.24 in integral form

and applying Stokes’ theorem yields:

dΦ

dt
+

∫
∂A(t)

(E + w ×B) · d` = 0 (3.26)

where w is the velocity of the motion of the surface, which can be rewritten as:

dΦ

dt
−
∫
∂A(t)

((v −w)×B) · d` = 0 (3.27)

We see that −(v −w)×B is just the electric field in the rest frame of a point on the boundary

of the surface.

Let Φij be the outward normal magnetic flux from cell i through the face between cell i

and cell j. Then, the average magnetic field outward normal to the surface is Bij = Φij/Aij .

Equation 3.27 may then be discretized as follows:

Φ
(n+1)
ij = Φ

(n)
ij −∆t(E

(n+1/2)
L,ij − E(n+1/2)

R,ij ) (3.28)

where E(n+1/2)
L,ij and E(n+1/2)

R,ij are estimates for the z-component of the electric fields at the

two edges (eL,ij and eR,ij) of the face in the middle of the timestep. The points ri (the mesh

generating point), eR,ij , eL,ij are oriented counter-clockwise.
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The divergence of B can be estimated using Stokes’ theorem as:

∇ ·Bi =
1

Vi

∑
j

Φij (3.29)

which is kept zero at the level of machine precision as long as the initial conditions have zero

divergence, due to the opposite signs of E(n+1/2)
L,ij and E(n+1/2)

R,ij and the exact cancellation that

is obtained in looping around the border of the cell and summing the changes to the fluxes

through the faces. Note that the CT approach only keeps this one particular discretization of

the divergence to zero to machine precision.

One now just needs to accurately estimate E(n+1/2) to be able to update the magnetic flux.

We do so using a flux-interpolated approach as follows. In this Section we will assume that

the mesh connectivity does not change between timesteps, and in Section 3.2.3 we describe

the additional remapping technique that needs to be applied on magnetic fluxes through faces

whenever the mesh connectivity changes between timesteps (which corresponds to the appear-

ance and disappearance of faces).

We define a map from the magnetic field fluxes through the faces of a cell and the magnetic

field at the centre of the cell Bi by solving the linear least-squares problem:


wij1nx,ij wij1ny,ij

...
...

wijnnx,ij wijnny,ij


Bx,i
By,i

 =


wij1Bij1

...

wijnBijn

 (3.30)
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where the j1, . . . , jn are the neighbours of cell i, nij is the outward normal at the face, and wij

is a weight, where we use the reciprocal of the distance from the centre of mass of the cell to

the centroid of the face between cell i and cell j. This map is used to obtain the conservative

variable
∫
B dVi of each cell at the beginning of the timestep. The choice of wij is not unique.

We adopt a form for wij that minimizes the difference of the magnetic field on the face cen-

troids compared to the volume average magnetic field, weighting closer faces as the inverse

of the displacement (i.e., the error obtained by extending the cell-average value to the edges is

assumed to be dominated by a first order term). One may choose to additionally multiply the

weight by the area of faces, or the area of the triangle determined by the centre of mass and the

face. We explored these alternate options and found that they made no significant difference

for regularized meshes.

The mesh is moved its location at the end of the timestep, and gradient information for B

is calculated, as in Section 3.2.2 for the other primitive variables. The normal component of

the magnetic field across each face is obtained by averaging the two predictions obtained by

extrapolating to the face from the cell centre of mass at either side of the face (Equation 3.20).

The Riemann solver requires a constant magnetic field across the shock (which is a conse-

quence of ∇ · B = 0 in 1D). Note that in the CT method the divergence of the magnetic

field in a cell is not necessarily 0 when we extrapolate to estimate the flux at the middle of

the timestep, but at the end of the timestep it will always evolve to a state with the discretized

divergence (equation 3.29) kept at zero to machine-precision.

The next step is to estimate the electric fields in the rest-frames of each edge. This is done
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by using the fluxes for the magnetic fields obtained from the Riemann solver and applying a

correction to change the frame into the rest frame of the edge. There are multiple estimates for

the electric field at each edge, obtained from using the flux of any of the faces that include that

edge (3 faces in the case of a non-degenerate 2D Voronoi mesh). These estimates are averaged

with barycentric weights of a triangle determined by the centroids of the faces. This choice of

interpolation gives the best-possible accuracy for the case of smooth fields. One may design

variants of this scheme in which the weights are adjusted in the vicinity of magnetosonic

shocks to account for the upwind direction, as described in Balsara & Spicer (1999), although

these modifications were not found to be necessary for our simulations (see discussions in

Balsara & Spicer (1999) and Tóth (2000) for cases where this variant may be useful). The

electric field estimate at an edge eL,ij obtained from the flux across cell i and j is calculated

as:

E′′L,ij = −(F6,ijn̂⊥,x,ij − F5,ijn̂⊥,y,ij)

+(vx,L,ij − wx,ij)By,ij

−(vy,L,ij − wy,ij)Bx,ij

(3.31)

where F5,ij and F6,ij are the magnetic field fluxes of the Riemann solver in the rest-frame of

the faces, n̂⊥,ij is the outward normal of the face between cells i and j, pointing towards j,

vL,ij is the edge velocity, calculated exactly from the mesh geometry, and Bij is the magnetic

field (in the lab frame) returned by the 1D Riemann solver sampled at x = 0.

An alternate approach to the above is to use a field-interpolated approach; i.e., to extrapo-

late the magnetic and velocity fields to each edge of each face in the rest-frame of the edge.
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However, flux-interpolated approaches have slightly better performance and desirable proper-

ties due to the consistency of coupling the electric field estimate to the Riemann solver (Tóth

2000). Equation 3.31, without the last two terms that account for the change of frame, is the

familiar way to estimate the electric field in flux-interpolated CT schemes on fixed grids (see,

e.g. Balsara & Spicer (1999)).

The above describes the basics of a CT algorithm for moving unstructured meshes, which

preserves ∇ ·B = 0. It is important that the initial conditions must be set so that∇ ·B = 0

at the beginning. This is accomplished using the vector potential A, evaluating it on the face

edges, and using B = ∇ ×A to obtain the face-centred magnetic fields, which is the usual

strategy taken by CT algorithms on fixed grids. In particular, in our 2D simulations we set the

magnetic flux on each of the faces to be:

Φij = Az(eL,ij)−Az(eR,ij) (3.32)

If the divergence error is not set to zero in the initial conditions, the scheme will preserve any

glitch in the initial conditions (effectively conserving a magnetic monopole).

REMAPPING

During one timestep to the next, the moving Voronoi tessellation may change connectivity,

resulting in faces appearing and disappearing. A face that appears at the end of a timestep

poses no large issue for preserving∇ · B = 0 because it can be treated as coming from a
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degenerate face of area and magnetic flux 0 during the previous step. The nice cancellation

property of the update terms for the magnetic fluxes of the faces of a cell in the calculation of

the divergence still holds. A bigger concern is the disappearance of a face. In the continuous

limit, the flux through the face should go to 0 as the face disappears, since its area goes to zero.

But in our discretization, a vanishing face would have some small amount of residual flux

that would not be properly accounted after the face disappears in the next timestep, and this

would result in a breakdown of the CT method. However, this issue can be redressed by using

a remapping technique, described here.

The approach taken in this work is to remap the geometry slightly at the beginning of each

timestep in the cases where mesh connectivity changes. A face that is identified to disappear

is mapped to a degenerate point at the centroid of the face (i.e., one can think of shrinking

the face to a degenerate point at the centroid and remapping the magnetic fluxes through the

faces). The remapping is illustrated in Figure 3.2. The vanishing face touches two cells. For

each touching cell, the flux through the vanishing face is equally distributed to the two faces

that touch this face. This technique preserves∇ · B = 0 exactly to machine-precision. The

method does require that the connectivity between time-steps does not change drastically;

that is, if a face disappears then its surrounding neighbouring faces are not allowed to change

connectivity. This is always possible in the limit of small timesteps since the Voronoi mesh

evolves continuously. After each timestep, we are required to check that the connectivity

has not changed too drastically, and if it did, then the current timestep is halved until the

mesh evolves in a satisfactory way. This is typically a rare occurrence in our test problems
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t=t0 t=t0+∆t 

Figure 3.2: During one timestep (left) and the next (right), the connectivity between cells in
the moving Voronoi mesh may change. In such a case, a face disappears (thick black line).
The geometry at the beginning of the timestep is remapped by adding a degenerate vertex
(yellow star) at the midpoint of the face that is to disappear and connecting the surrounding
faces (red-dashed lines) to it. The magnetic flux through the vanishing face is redistributed
to the faces shown in red-dashed lines. The connectivity of the mesh is not permitted to
change too drastically from one time-step to the next: if a face disappears, there must be
remaining neighbouring faces that do not change connectivity to which the flux is redistributed.
Voronoi diagrams change continuously, so drastic changes can always be avoided by taking
the timestep small enough.

because the CFL condition does limit the size of the timestep and typically 0 or 1 faces ap-

pear/disappear in a cell. But more sophisticated techniques can be employed to improve the

efficiency of the algorithm and avoid this halving of timesteps (see Section 3.4.2).

EXTENSION TO 3D

The method described here is generalizable to three dimensions. In the 3D case, the bound-

aries of a face are a polygon rather than two points. Thus when updating the magnetic fluxes

one needs to perform a loop integral over the boundary, just as in the regular CT method. The
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key difference is to estimate the electric fields in the rest frames of the centroid of each linear

segment of the loop. An edge at the end of the timestep may not have been present at the be-

ginning of the timestep, in which case in order to estimate its velocity it can be considered as

a ‘degenerate face’ (a single point) in the previous Voronoi tessellation. In the remapping step,

the magnetic flux through a face that disappears may be equally redistributed to all the faces

that touch the vanishing face, and the face that disappears is shrunk down to its centroid.

In short, the key ideas necessary for extending CT to an arbitrary moving mesh are to

always calculate electric fields in the moving frame of the edge and to remap the magnetic

fluxes of faces that disappear to the neighbouring faces.

3.3 NUMERICAL TESTS

3.3.1 ORSZAG-TANG VORTEX

We demonstrate that our numerical method works successfully by solving the Orszag-Tang

vortex problem (Orszag & Tang 1979), which is an excellent test of supersonic MHD turbu-

lence and generally one of the more difficult tests for MHD solvers to handle. We use the

initial conditions as described by Picone & Dahlburg (1991):

ρ =
γ2

4π
, (3.33)
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Figure 3.3: A comparison of various numerical methods used to evolve the Orszag-Tang test
at t = 0.2. Shown are the moving CT method (with Rusanov and HLLD flux solvers), the static
CT method (on a hexagonal grid with an HLLD solver), and the moving Powell method (with
Rusanov and HLLD flux solvers). Plotted are the density, pressure, magnetic energy density,
and relative divergence error of the magnetic fields (compared to fluid pressure). For the CT
schemes, the divergence errors are of the order of machine precision ∼ 10−15, so they are
much smaller than the minimum colour value indicated (10−6) by the colour bar.
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Figure 3.4: Same as Figure 3.3, except at t = 0.5.
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p =
γ

4π
, (3.34)

v = (− sin(2πy), sin(2πx)), (3.35)

B = (− sin(2πy), sin(4πx)). (3.36)

The domain is a box of side length 1 with periodic boundaries. The gas has adiabatic index

γ = 5/3.

We show the results of the moving CT method at resolution 642, and compare it with a

static CT approach on a hexagonal grid, and the moving Powell cleaning scheme. Plots of

the density and magnetic energy density are shown in Figures 3.3 and 3.4∗. All the methods

produce qualitatively similar results. Figure 3.5 shows that the moving CT method converges

to the solution of a high resolution (5122) static CT technique at the same rate as the static

CT method (first order convergence is observed due to the presence of shocks, which results

in gradients that are slope-limited). The errors in the moving CT method are slightly less

than the static CT approach, which can be attributed to the moving method’s better control of

advection.

We quantify the strength of the magnetic field divergence error in two ways. First, is the

∗animations of the simulations are available at https://www.cfa.harvard.edu/˜pmocz/
research.html
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relative divergence error compared to the magnetic field of the cell, used in Duffell & Mac-

Fadyen (2011); Pakmor et al. (2011); Gaburov et al. (2012); Pakmor & Springel (2013). This

is calculated for each cell i as:

|∇ ·Bi| · |Ri|
|Bi|

(3.37)

However, an alternate measure is to normalize by an “effective” magnetic field quantity,

namely, the square root of twice the total pressure, as follows:

|∇ ·Bi| · |Ri|√
2pi

(3.38)

This arguably provides a better indication of when the divergence error becomes dynamically

important, since by the first measure the error can be large in the case when the magnetic

fields are small but it is likely that the largest errors in the dynamics are incurred at those

points. The second diagnostic also includes the importance of gas pressure in the normaliza-

tion. We plot this second measure of divergence in Figures 3.3 and 3.4 for the Orszag-Tang

test. As expected, the CT algorithms show no error.

It is worth pointing out that the moving CT scheme that uses the HLLD solver produces

less smooth solutions at late times once strong shocks break out in the simulation (t = 0.5,

see Figure 3.4) in the density field (but not any of the other fluid variable fields) compared to

the other methods. This is attributable to the moving mesh nature of the code and using an

approximate Riemann solver: small errors in the density field advect with the flow and do not
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diffuse. More diffusive approaches, such as using a Rusanov flux solver, or a Powell cleaning

scheme with HLLD, or a static CT HLLD solver, produce a smoother density field.

We verify that the average relative magnetic field divergence errors of a cell are zero to the

level of machine precision in Figure 3.6. The average relative divergence errors of a moving

mesh approach with the Powell cleaning scheme is on the order of 10−3, and a few individual

cells can have errors greater than order unity.

GALILEAN INVARIANCE

We demonstrate that our method is less susceptible to being dominated by truncation errors

under a Galilean boost than static mesh approaches. Our technique also requires less strict

timestep criteria, due to the Lagrangian nature of our method (fluxes are always solved in the

rest frames of faces/edges). We boost the x-direction velocities in the initial conditions of the

Orszag-Tang test by a velocity of 10 (corresponding to a Mach number of 10), and compare

the moving and static CT approaches at t = 0.5. The results are shown in Figure 3.7. The

moving mesh approach maintains symmetry to a greater degree and has less diffusion (in the

static CT approach, the overdense regions near at x = 0.5, y = 0.1, 0.9 are diffused when

the Galilean boost is applied). Such unwanted numerical artefacts could lead to potential inac-

curacies in, for example, the study of density distribution functions to understand supersonic

turbulence and the collapse of high density material in the formation of stars. We note that the

errors in the fixed grid CT approach can be reduced with sufficiently high resolution, however,

this may not always be attainable with limitations on computational performance. We also
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Figure 3.5: The convergence rate of the moving and static mesh CT methods and the moving
Powell method for the Orszag-Tang test at t = 0.2. Both show first order convergence, as
expected due to the presence of shocks which limits some of the slopes and reduces the
second order method to first order. The moving mesh approach shows slightly smaller errors.

show the results of the moving Powell scheme, whose solution is also largely unaffected by

the velocity boost, due to its Lagrangian nature (although, as we show in § 3.3.2, the Powell

scheme loses some of its Galilean-invariant properties due to its source terms).
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Figure 3.6: The average relative magnetic field divergence errors in the moving CT approach
are kept to 0 at the level of machine precision, while the Powell cleaning scheme shows an av-
erage error of 10−3 for the Orszag-Tang test. The Powell cleaning scheme may even demon-
strate relative errors of the order of unity in a few individual cells at a given time (Figure 3.4).
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3.3.2 ADVECTION OF A MAGNETIC LOOP

The advection of a magnetic field loop is a common and important test of an MHD solver’s

ability to maintain the divergence of B and also demonstrates the scheme’s diffusivity. It is of-

ten used as one of a series of tests to validate a numerical technique (Stone et al. 2008; Duffell

& MacFadyen 2011), and many MHD solving techniques face difficulty when evolving this

simple setup. In this test problem, a magnetic field loop with dynamically unimportant mag-

netic fields is advected by a constant velocity field. We simulate the advection in a periodic

box of size 1, adiabatic index γ = 5/3, and initial conditions given by:

ρ = 1 (3.39)

p = 1 (3.40)

v = (sin(π/3), cos(π/3), 0) (3.41)

A = (0,max(0.001 · (0.3− r), 0)) (3.42)

where r is the radial distance to the centre of the loop and A is the vector potential of the

magnetic field.
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We compare the moving CT method to a fixed grid flux-interpolated CT method and the

moving Powell method. For the moving mesh, we use a hexagonal grid of resolution 642 and

for the fixed grid we use a Cartesian grid with resolution of 642. A plot of the evolution of the

average magnetic energy density 1
2B

2 is shown in Figure 3.8, along with the magnetic energy

density at time t = 2.2. The moving mesh CT approach does incredibly well. It preserves the

advection of the solution to machine precision, due to its Lagrangian properties. The magnetic

energy density does not decay at all with time but rather stays constant. This is independent

of the resolution used to simulate the advecting loop. In comparison, the fixed grid approach

shows diffusivity and unphysical structures and asymmetries develop in the energy density.

The magnetic energy density decays with time. These errors can be lessened by increasing

the resolution of the run, but never fully eliminated in the fixed grid approach. The moving

Powell cleaning scheme also shows diffusivity since it is not fully Galilean-invariant due to the

addition of source terms. It does, however, maintain symmetry since the problem is solved in

the rest frame of the motion of the loop.

3.3.3 STRONG SHOCK

We simulate a 1D strong MHD shock on a 2D domain. The initial left state is (ρ, v||, v⊥, p, B||, B⊥) =

(1, 10, 0, 20, 5/
√

4π, 5/
√

4π) and the initial right state is (ρ, v||, v⊥, p, B||, B⊥) = (1,−10, 0, 1, 5/
√

4π, 5/
√

4π)

for this Riemann problem, with adiabatic index γ = 5/3, and is found in Tóth (2000). The

shock is set up to travel at an angle 30◦ with respect to a line of symmetry of the mesh. This

Riemann problem has the exact solution where B|| stays constant throughout the different
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mov. CT – boost static CT – boost mov. Powell – boost static CT – no boost

Figure 3.7: The density field of the Orszag-Tang test at t = 0.5 with initial conditions boosted
by a Mach number of 10 solved using the moving CT approach (left), the fixed grid CT ap-
proach (second from left), and the moving Powell cleaning scheme (third from left), compared
to the solution obtained with a fixed grid CT solver and no boost in the initial conditions (right).
The moving mesh approach shows less diffusion and more symmetry with the boost applied
than the fixed grid approach, due to its Lagrangian nature.

shock regions during the evolution of the shock.

The shock is simulated with the moving CT, static CT, and moving Powell approaches, and

the results of the evolved parallel component of the magnetic field are shown in Figure 3.9,

for resolutions of 64 and 256 cells along the direction of the shock in a domain of length 1.

The results show that the non-conservative Powell approach performs the worst, producing

incorrect jump conditions across discontinuities due to the cleaning source-terms. The depth

of the deviations from the exact solution does not disappear with increased resolution. The CT

schemes do much better. They also have errors across discontinuities, but they are smaller and

oscillate around the exact solution, and therefore can be more reliably used to simulate strong

shocks.
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Figure 3.8: Plots of the magnetic energy density in the advection of a field loop test at the
initial condition t = 0 (top left) and the advected solution at t = 2.2 for a moving CT approach
(top right), a static CT approach (bottom left) and a moving Powell approach (bottom right).
The moving CT approach advects the initial conditions to machine precision. The fixed grid
CT approach on the other hand shows diffusion and develops asymmetries and unphysical
structures. The moving Powell scheme also shows diffusivity due to the presence of source
terms. The average magnetic energy density stays constant in the moving CT approach
(agreeing with the exact solution) while it decays with the static CT and moving Powell ap-
proaches (bottom).
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Figure 3.9: The parallel component of the magnetic field across the shock for our moving
CT, static CT, and moving Powell schemes at t = 0.01. Thick solid and thin dashed lines
correspond to resolutions of 256 and 64 respectively. Both CT approaches recover the exact
solution with some spiked error at the discontinuity, as well as some oscillating errors in the
rest of the domain which can be reduced with increased resolution. The moving Powell ap-
proach, however, produces incorrect jump conditions due to its non-conservative formulation,
which expand with the shock and do not disappear with increased resolution.
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3.4 DISCUSSION

3.4.1 IMPORTANCE OF ∇ ·B = 0

A divergence-free (solenoidal) magnetic field means that there are no field lines that meet at

monopolar singularities. By Stokes’ theorem, there is no net magnetic flux out of any enclosed

surface. The use of Stokes’ theorem to rewrite the∇ ·B = 0 condition is the key to CT. Numer-

ical methods which do not ensure the divergence of B is kept small violate these properties

which can lead to errors in the flow or even severe numerical instabilities in the solution. A

plain finite volume scheme for the MHD equation can be unstable. Cleaning schemes do keep

the divergence small enough so that the methods remain stable (at the cost of conserving the

fluid variables, which may lead to convergence to the wrong answer). CT schemes offer a

better discretization than finite volume approaches that maintains∇ · B = 0 without any

modification to the MHD equations or loss of conservation.

If ∇ · B = 0 is not preserved, one effectively litters the computational domain with mag-

netic monopole numerical artefacts. The Lorentz force no longer remains orthogonal to the

magnetic field. To see this, consider the terms in the momentum equation in conservative form

which arise from the magnetic field, which can be rewritten as:

∇ ·
(

1

2
B2 −BBT

)
= − (∇×B)×B−B (∇ ·B) (3.43)

which reduces to the Lorentz force acting per unit volume only in the case that∇ ·B = 0. Any
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finite divergence in the discretized representation of the magnetic fields will bias the Lorentz

force.

Large divergences in the magnetic fields make a simple MHD solver unstable, which is why

CT or cleaning schemes need to be applied. Tóth (2000) carries out an extensive comparison

of CT and divergence cleaning schemes on fixed grids. The largest problem identified with

the Powell cleaning scheme is that the method is non-conservative, which may cause incorrect

jump-conditions occasionally. CT schemes on the other hand are conservative, divergence-

free, robust, and more accurate.

3.4.2 VARIATIONS AND EXTENSIONS OF THE METHOD

There are several ways to modify the CT scheme described above, which we sketch here.

For example, the halving of the timestep in the cases where two or more neighbouring faces

disappear in the same timestep may be avoided if one remaps all the edges of the connected

disappearing faces to a single degenerate point and redistributes the fluxes of the vanishing

faces to the neighbouring faces that do not disappear (this requires implementing a more in-

volved remapping scheme). Alternatively, one could also invent a scheme where only faces

that maintain connectivity throughout a timestep and share no edge with a face that disap-

pears are updated at the end of the timestep, and a reconstruction scheme is used at the end

of the timestep to create second-order estimates of the magnetic flux through faces that have

appeared.

There are different ways one could obtain the estimate of the electric field at the edges of
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the cells. One could easily use a field-interpolated approach instead of the flux interpolated

approach taken here.

The estimation of the cell-average magnetic fields from the face average fluxes is also

free to be modified, and perhaps more accurate ones can be developed (our choice of map-

ping works well for regularized meshes). The gradient estimation of the magnetic fields in

the reconstruction step may also be improved. For example, one may use some sort of local

projection scheme on to a divergence-free basis.

Additionally, one could use a second-order accurate estimate for the velocity of the edges in

the mesh that appear at the end of the timestep rather than calculating it exactly, which would

mean that the geometrical information of the mesh at the beginning and end of the timestep

would not have to be kept in memory at the same time.

We have highlighted some of the various modifications possible to the basic framework

which can be explored in future work to optimize the moving mesh CT strategy. The goal

of our current paper is to lay out the basic theoretical framework for the method. The basic

strategy for maintaining ∇ ·B = 0 is straightforward: update magnetic fluxes across face cells

using any second order accurate of the electric field in the rest frames of the edges, and remap

faces that disappear across a timestep by shrinking them to a degenerate point.

ADAPTIVE TIMESTEPPING

Extending the moving CT method presented above to have adaptive timestepping through

an efficient, local method is a goal for future research. We have not yet implemented such a
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scheme, but describe here general approaches and also additional challenges not found in the

case of static meshes. An effective adaptive timestepping method for a moving mesh would

likely use a power-of-two hierarchical time-binning procedure (Springel 2010), which ac-

counts for Voronoi cells changing their volume throughout the simulation and maintains the

stability and conservation-laws of the fluid solver. The basic idea is simple: place the cells in

a nested hierarchy of cells with partial synchronization. Active cells in a timestep use their

current fluid quantities in the interpolation step and inactive ones are simply advected and use

their most recently calculated fluid quantities in the interpolation step so that the Riemann

problem may be solved across the cells. The flux is always added to both cells to maintain the

conserved quantities. So an inactive cell i has flux added to it across faces shared with neigh-

bouring cells in smaller timestep bins. Advecting inactive cells maintains self-consistency of

the connectivity of the Voronoi diagram as it is reconstructed at various timestep hierarchy

levels.

The idea can be extended to the moving CT approach. The electric fields at an edge need

to be estimated at the smallest timestep that any of the faces that join the edge fall into. The

change in magnetic flux: ∆t E (with the appropriate sign due to orientation) then needs to be

applied to all the faces (including inactive ones) that join the electric field in order to maintain

the divergence free condition. This idea works straightforwardly in the cases that no changes

in mesh connectivity take place across timesteps, and even in the cases where all the cells

which experience a change in connectivity fall into in the same timestep bin. However, spe-

cial care has to be taken to resolve a change in connectivity that occurs between cells that fall
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into different timestep bins, since faces that are surrounded by inactive cells may appear and

their magnetic flux through the face has to be accurately calculated and stored with the inac-

tive cells, and additionally inactive cells may lose a face and thus a remap involving inactive

cells is required. Thus each timestep bin would have to be adaptive to accommodate inactive

cells that change the number of faces. Our current choice of using rare time-step halving in

cases where the connectivity changes too much also complicates the issue, and thus a more

involved remapper (Section 3.4.2) is preferred. The development of the details of an adaptive

timestepping scheme is left for future work.

3.5 CONCLUDING REMARKS

We have presented a new, stable, accurate, and robust CT scheme for solving the MHD equa-

tions on a moving unstructured mesh which is conservative and preserves the divergence of

the magnetic field to zero at the level of machine precision. Such a CT scheme for a moving

mesh has been claimed to be difficult to construct, maybe even impossible, by other authors

(Duffell & MacFadyen 2011; Pakmor et al. 2011; Pakmor & Springel 2013), but we have

demonstrated that the scheme can be achieved. The CT method significantly improves the

other current methods used to evolve the MHD equations on unstructured meshes and mov-

ing meshes, which are not necessarily conservative and can show large divergence errors and

incorrect shock jump conditions. The new numerical method also has significant advantages

over CT approaches on a fixed grid. Namely, our method is a quasi-Lagrangian scheme and
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greatly reduces advection errors. In pure advection flows, it preserves the solution at the level

of machine-precision, which is a uniquely powerful feature of the method. Due to the mov-

ing mesh formulation, the method is also automatically adaptive in its resolution. Addition-

ally, Galilean boosts/large velocities in the flow affect the truncation errors to a significantly

smaller extent than in fixed grid codes due to the Galilean invariant properties of the moving

mesh code. It is vital to construct a moving mesh code that preserves ∇ · B = 0 to machine

precision, otherwise if differences between moving and fixed grid MHD codes are observed

it becomes difficult to tell whether it is due to the advantages of moving mesh codes (such as

better treatment of advection) or to the non-zero divergence errors that exist in the solution.

The new method offers new exciting possibilities of simulating MHD flows more accurately

than before. One particular application it is well-suited for is the study of supersonic MHD tur-

bulence. Here the flow has high Mach number velocities so fixed grid codes experience very

restrictive timestep criteria, which can be lessened on a moving mesh. Additionally, advection

errors would be reduced to a significant degree in moving mesh CT simulations. An analytic

theory for supersonic MHD turbulence is virtually non-existent and numerical simulations are

considered the best framework for studying this problem, necessitating numerical methods

that minimize any unphysical effects of numerical errors on the solution. The moving mesh

CT approach is a very viable candidate for this task.

The moving mesh CT method is also well-suited for studying astrophysical problems where

advection is important. Most simulations, from accretion disc simulations to cosmological

simulations, have regions that are only marginally resolved due to limitations in computational
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resources. As we see from our low-resolution simulations of advection, the solution in static

CT methods and moving mesh methods with divergence cleaning schemes can have large

diffusion errors which can be reduced only with higher resolution simulations. The moving

CT approach, however, is able to accurately advect the solution to machine precision, which is

one of the main benefits of the method.
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Do not go where the path may lead, go instead where

there is no path and leave a trail.

Ralph Waldo Emerson

4
A 3D vector potential constrained

transport scheme for MHD in AREPO

– based on –

Mocz, P., Pakmor, R., Springel, V., Vogelsberger, M., Marinacci, F., & Hernquist, L. (2016). A

moving mesh unstaggered constrained transport scheme for MHD. MNRAS, 463, 477–488.

92



We present a constrained transport (CT) algorithm for solving the 3D ideal magnetohydro-

dynamic (MHD) equations on a moving mesh, which maintains the divergence-free condition

on the magnetic field to machine-precision. Our CT scheme uses an unstructured represen-

tation of the magnetic vector potential, making the numerical method simple and computa-

tionally efficient. The scheme is implemented in the moving mesh code AREPO. We demon-

strate the performance of the approach with simulations of driven MHD turbulence, a mag-

netized disc galaxy, and a cosmological volume with primordial magnetic field. We compare

the outcomes of these experiments to those obtained with a previously implemented Powell

divergence-cleaning scheme. While CT and the Powell technique yield similar results in ideal-

ized test problems, some differences are seen in situations more representative of astrophysical

flows. In the turbulence simulations, the Powell cleaning scheme artificially grows the mean

magnetic field, while CT maintains this conserved quantity of ideal MHD. In the disc simu-

lation, CT gives slower magnetic field growth rate and saturates to equipartition between the

turbulent kinetic energy and magnetic energy, whereas Powell cleaning produces a dynami-

cally dominant magnetic field. Such difference has been observed in adaptive-mesh refinement

codes with CT and smoothed-particle hydrodynamics codes with divergence-cleaning. In the

cosmological simulation, both approaches give similar magnetic amplification, but Powell

exhibits more cell-level noise. CT methods in general are more accurate than divergence-

cleaning techniques, and, when coupled to a moving mesh can exploit the advantages of

automatic spatial/temporal adaptivity and reduced advection errors, allowing for improved

astrophysical MHD simulations.
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4.1 INTRODUCTION

The need for performing accurate, spatially- and temporally-adaptive magnetohydrodynamic

(MHD) simulations in astrophysics is evident. Magnetic fields are prevalent in a range of

astrophysical systems from cosmological (Marinacci et al. 2015), cluster (McCourt et al.

2012), and galaxy (Wang & Abel 2009; Dubois & Teyssier 2010; Beck et al. 2012; Pakmor

et al. 2014; Rieder & Teyssier 2016) scales, to the turbulent interstellar medium (Collins

et al. 2012; Federrath & Klessen 2012; Myers et al. 2013; Federrath 2015), accretion around

black holes (McKinney et al. 2014; Sa̧dowski et al. 2014), mergers of compact objects (Zhu

et al. 2015), tidal disruption events (Kelley et al. 2014), and others. Often, these systems

exhibit a large dynamic range in physical and temporal scales. For example, a simulation

box may contain significant regions of low density gas combined with concentrated volumes

where most of the material is present and dynamical time-scales are the shortest. Adaptive,

minimally-diffusive schemes are necessary for simulating such configurations precisely, given

the limitations in memory and computation speed of modern supercomputing technology.

Solving the ideal MHD equations is more challenging numerically than evolving the in-

viscid, magnetic-free Euler equations, due to the divergence free nature of the magnetic field

(∇ · B = 0) from Maxwell’s equations. This condition needs to be maintained in the dis-

crete representation of the fluid in order for a numerical solver to be both stable and accurate.

The finite-volume method is a standard approach for solving the Euler equations on a mesh.

However, this technique fails for the MHD equations because divergence errors can cause the
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magnetic fields to blow up. On static, regular, Cartesian meshes, the state-of-the art solution to

this problem is to use the constrained transport (CT) scheme (Evans & Hawley 1988), which

maintains the discretized divergence of B to zero exactly at machine precision. This method

originally comes from the staggered-mesh method of Yee (1966) for electromagnetism in a

vacuum. Conceptually, the∇ · B = 0 constraint is exactly maintained with CT by repre-

senting the magnetic field as cell face-averaged quantities (as opposed to the usual choice of

volume-averages), and making use of Stokes’ Theorem.

The CT method does not generalize easily, however, to moving meshes (e.g. Springel 2010,

Duffell & MacFadyen 2011, Gaburov et al. 2012), and may not be at all applicable to meshless

Lagrangian approaches (e.g. smoothed particle hydrodynamics (SPH) Tricco 2015, or the vol-

ume ‘overlap’ method of Hopkins 2015; Hopkins & Raives 2016). Consequently, numerical

solvers in a Lagrangian setting have resorted to magnetic field cleaning schemes, such of those

of Dedner et al. (2002) and Powell et al. (1999), which, while stable, may have unwanted nu-

merical side-effects. This has been an unfortunate situation for these Lagrangian approaches,

because otherwise they offer many advantages over static mesh codes, including automatic

spatial adaptability, significantly larger CFL-limited timesteps for high Mach number flows,

and reduced advection errors.

In this paper, we overcome this limitation by developing and presenting an unstaggered

CT method for solving the 3D ideal MHD equations on moving meshes. Seminal ideas for

our new technique come from our recent paper Mocz et al. (2014a), where we generalized the

staggered CT approach to a 2D moving mesh. However, we have now modified and refined
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the ideas further to improve the efficiency and simplicity of the algorithm. The new scheme

employs an unstructured (cell-centred) formulation, using the magnetic vector potential, which

makes it straightforward to adapt to moving mesh codes. We have implemented this new

unstaggered CT method into AREPO (Springel 2010), which is a state-of-the-art moving mesh

code for astrophysical flows.

We provide a brief history of the development of moving mesh MHD solvers for astro-

physics, to place our work in context. The finite-volume moving mesh formulation for the

Euler equations was developed for astrophysical simulations by Springel (2010). The MHD

equations were first solved on a moving mesh with some success in Duffell & MacFadyen

(2011); Pakmor et al. (2011); Gaburov et al. (2012), using the Dedner hyperbolic divergence-

cleaning scheme. However, numerical limitations of these approaches have been reported.

Pakmor & Springel (2013) implemented a Powell cleaning technique for a moving mesh,

which showed improved stability (even in very dynamic environments) but larger divergence

errors (but still small enough in many cases to not affect dynamics). The Powell scheme has

been used for science applications, including the study of magnetic fields in disc galaxies (Pak-

mor et al. 2014), Carbon-Oxygen white dwarf mergers (Zhu et al. 2015), and the large-scale

properties of simulated cosmic magnetic fields and effects on the galaxy population (Mari-

nacci et al. 2015; Marinacci & Vogelsberger 2016). Mocz et al. (2014a) extended the standard

CT algorithm to a 2D moving Voronoi mesh, keeping track of face-averaged magnetic fields

and remapping onto new faces that appear as the mesh changes connectivity. We have sim-

plified this idea in the present paper to easily and efficiently extend it to a 3D moving mesh
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code.

The paper is organized as follows. We present the unstaggered moving mesh CT scheme

in Section 4.2. In Section 4.3 we show the results of test problems (Orszag-Tang, circularly

polarized Alfvén wave, turbulent box, magnetic disc, cosmological volume) and compare

with Powell cleaning. We discuss the advantages of the new algorithm and offer concluding

remarks in Section 4.4.

4.2 NUMERICAL METHOD FOR UNSTRUCTURED VECTOR POTENTIAL CT

In this section we describe our numerical method for an unstructured CT solver on a moving

Voronoi mesh. The ideal MHD equation and some notation are presented in Section 4.2.1. The

CT algorithm is detailed in Section 4.2.2. A procedure for implementing the approach in a

periodic domain are discussed in Section 4.2.3.

4.2.1 THE MAGNETOHYDRODYNAMIC EQUATIONS

The ideal MHD equations are represented in conservation law form by:

∂U

∂t
+∇ · F = 0 (4.1)
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where U is the vector of the conserved variables and F(U) is the flux:

U =



ρ

ρv

ρe

B


, F(U) =



ρv

ρvvT + p−BBT

ρev + pv −B(v ·B)

BvT − vBT


(4.2)

and p = pgas + 1
2B

2 is the total gas pressure, e = u+ 1
2v

2 + 1
2ρB

2 is the total energy per unit

mass, and u is the thermal energy per unit mass. The equation of state for the fluid is given by

the ideal gas law p = (γ − 1)ρu.

The mass density (ρ), momentum density (ρv), and energy density (ρe) are evolved ac-

cording to the second-order, Runge-Kutta time integrator, finite volume approach presented

in Pakmor et al. (2016b). However, the magnetic field is a special quantity because of the

divergence-free constraint ∇ ·B = 0. We now describe how to evolve this quantity, maintaining

the divergence-free condition to machine precision.

4.2.2 UNSTAGGERED CONSTRAINED TRANSPORT ON A MOVING MESH

In the original staggered CT approach, magnetic fields are represented as fluxes normal to a

cell-face, and are updated according to the induction equation by calculating the contribution

from the electromotive force (EMF) in a loop around the edges of a face. In this formulation,

the net change in the outward normal fluxes through any closed surface in the domain is zero,
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which is to say that the field is maintained divergence-free by Stokes’ Theorem. The face-

averaged representation of the magnetic field has been employed in Mocz et al. (2014a) for

a 2D moving mesh. Here, however, we reformulate the method in an unstaggered manner to

improve simplicity and efficiency. In a sense, the two methods are still very similar: the same

information encoded in a staggered CT method can be encoded in an unstaggered CT scheme.

Namely, the same EMF update terms added to the magnetic flux through a face can instead be

added to the magnetic vector potential component projected along the sides of the face.

Consider the magnetic field B written in terms of the vector potential A under the Weyl

gauge∗:

B = ∇×A. (4.3)

The vector potential evolves according to the induction equation

∂A

∂t
= −E (4.4)

where E = −v ×B is the electric field for an ideal MHD fluid.

In our representation, each cell i maintains and evolves the volume integral of the vector

potential Qi ≡
∫
Vi
A dV . The cell-averaged value Ai for the vector potential is thus Ai ≡

Qi/Vi, where Vi is the cell volume. On a moving mesh, Q evolves as

dQi

dt
= −

∫
Vi

E dV −
∫
∂Vi

−AwT dn (4.5)

∗we discuss the possibility of using other gauge choices in the supplementaty Section 4.5
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where n is the outward normal vector of the cell surface, and w is the velocity at which each

point in the boundary of the cell moves. The second integral term is just the advection due to

the mesh motion. That is, the evolution for Qi has a source term due to the electric field, and a

flux term due to mesh motion. The source term is treated in a Strang-split fashion by applying

two half-timesteps before and after evolving the homogeneous system by one step, similar to

the treatment of the gravitational source terms in AREPO. The flux term due to mesh motion is

treated by taking the upwind value of the magnetic vector potential to calculate the flux.

In discretized terms, Qi is updated in a second-order approach from time step n to n+ 1 with

a Huen’s method Runge-Kutta integrator (Pakmor et al. 2016b) as

Q
(n+1)
i = Q

(n)
i − ∆t

2

(
E

(n)
i V

(n)
i + E

′
iV
′
i

)
(4.6)

−∆t
2

(∑
j A

(n)
ij Fnij(A

n) +
∑

j A
(n+1)
ij F

′
ij(A

′
)
)

(4.7)

where ∆t is the time step, the sum is taken over all neighbours j, Aij is the area of the shared

face between cells i and j, Fij is the upwind flux of A due to the mesh motion, and the

primed superscript represents the variables time-extrapolated from time level (n) forward

by ∆t. The flux is evaluated by extrapolating the cell-averaged quantities out to the faces and

taking the upwind value in the Riemann problem. This update step is symmetric in the sense

that it uses the mesh geometry at both the beginning and end of the timestep to evolve the fluid

quantities. Note that using the electric fields predicted at cell-centers obtained from evolving

the electric field with properly upwinded, shock-capturing Riemann fluxes (E
′
i) is reminiscent
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of the field-interpolated central difference version of constrained transport of Tóth (2000).

The key, next, is to have a CT mapping that transforms the vector potentials, Ai, to mag-

netic fields Bi, while maintaining a particular discretization of ∇ · B = 0. This value of

Bi, which we denote as BCT,i, overwrites the value that would have been obtained from the

Riemann solver in a finite-volume scheme, BFV,i. This ‘corrector’ step is the standard CT

approach. Sometimes, optionally, an energy correction step is applied to each cell as well to

maintain consistency of the magnetic field in the total energy evolution of the fluid at the cost

of machine-precision total energy conservation (Balsara & Spicer 1999),

Ei ← Ei +
1

2
B2

CT,i −
1

2
B2

FV,i (4.8)

although we do not find this necessary for our simulations.

The CT mapping is as follows. Define the modified Delaunay tetrahedralization, by which

we mean the tetrahedralization obtained from the Delaunay connections, but with the nodes,

originally located at the mesh generating points, shifted slightly to the centres-of-mass of

the cells. We will refer to the tetrahedra in this tetrahedralization as Delaunay tetrahedra but

note that their nodes are slightly offset from the standard definition. Using the centres-of-

mass instead of the mesh generating points is formally more accurate for our scheme, but the

method may be implemented using the mesh generating points instead, with little effect on the

results on a well-regularized mesh.

[1] First, the components Ai are projected onto each of the connections in a modified
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j

k

l

kjl
Ai,Bi

Bijkl

Aij

A
(n)
i → Aij → Φijk → Bijkl → B

(n)
i → A

(n+1)
i

Figure 4.1: A geometric representation of the magnetic field quantities used for the unstag-
gered CT representation on an unstructured mesh. The Voronoi cell i is represented by the
polyhedron, and one of the touching Delaunay tetrahedra is shown in blue. Points i, j, k, and
l are mesh generating points. Our method evolves the volume-averaged magnetic vector
potential, which is projected along Delaunay edges, and used to recover the Delaunay face-
averaged magnetic fluxes, Delaunay volume-averaged magnetic fields, and consequently
cell-centred magnetic fields. The arrowed diagram shows the order of steps taken to recover
the magnetic fields and evolve the system to the next time step.
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Delaunay tetrahedralization of the mesh. That is, we obtain

Aij = Ai · drij (4.9)

where rij is the connection pointing from the center-of-mass of cell i to the center-of-mass of

cell j.

[2] Next, the outward normal component of the magnetic flux Φijk is computed on each of

the Delaunay tetrahedral faces (with vertices labelled by mesh generating point i, j, and k).

We note that in an unstaggered CT approach, such as that of Mocz et al. (2014a), the quantities

Φijk would be evolved directly. However, evolving the vector potential instead and mapping

down to face fluxes is more efficient and easier to implement. The Φijk pointing along the

direction given by the right-hand rule with nodes i, j, and k counter-clockwise, is:

Φijk =
1

2
(Aij −Aji +Ajk −Akj +Aki −Aik) (4.10)

as it comes from the equation for the magnetic flux through a surface

ΦS =

∮
∂S

A · d` (4.11)

where the line integral is computed with a counter-clockwise orientation around the boundary

of the surface S.

[3] Next, the full magnetic field Bijkl in each Delaunay tetrahedron is reconstructed from
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the magnetic fluxes Φijk, Φijl, Φjkl, Φkil. Note that the divergence free condition implies

Φijk + Φijl + Φjkl + Φkil = 0 (it is exactly this value that is preserved to machine precision

by our CT approach). So there are 3 degrees of freedom represented in both Bijkl and the face

magnetic fluxes. Hence, there is a unique magnetic field vector that projects onto the faces

to give the four desired (divergence-free) fluxes. We find the value of the magnetic field by

inverting the linear system


Ax,ijk Ay,ijk Az,ijk

Ax,ijl Ay,ijl Az,ijl

Ax,jkl Ay,jkl Az,jkl




Bx,ijkl

By,ijkl

Bz,ijkl

 =


Φijk

Φijl

Φjkl

 (4.12)

where the Aijk are the outward vector areas of the faces. Note that we are using an integral

condition to recover B = ∇×A, so we are not assuming that A is differentiable, which can be

a pitfall for some vector potential numerical schemes for solving the MHD equations.

[4] Finally, the Delaunay tetrahedral magnetic fields are converted to Voronoi cell magnetic

fields Bi by volume averaging all the magnetic fields of the tetrahedra that touch cell i.

Figure 4.1 illustrates the geometrically-averaged quantities we have defined, and shows a

diagram illustrating the steps required to recover the cell-centred magnetic fields.

We also note that a magnetic field needs to be supplied to the Riemann solver for the update

of the other fluid variables using the finite volume approach. We found it sufficient to take the

extrapolated cell-centred magnetic fields out to the faces, with the normal component through
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the face averaged across the two sides, as done in Pakmor et al. (2011).

4.2.3 MAGNETIC VECTOR POTENTIAL IN PERIODIC BOUNDARY CONDITIONS

Here we describe the implementation of the magnetic vector potential approach in a periodic

domain. Note that while B is periodic, A = ∇ × B need not be. However, in general, the

magnetic vector potential may be decomposed into a periodic part and a non-periodic part

which corresponds to the mean magnetic field, which is an invariant of ideal MHD. Thus:

Ai(x, t) = Ai,mean-field(x) + Ai,periodic(x, t) (4.13)

So, to implement periodic boundary conditions, one may keep track of and update Ai,periodic(x, t)

and always add to it Ai,mean-field(x), which is static in time and determined by the mean-field.

4.3 NUMERICAL TESTS

We test our numerical method on five problems: the classic Orszag-Tang vortex, the propa-

gation of a circularly polarized Alfvén wave, driven MHD turbulence, the formation of an

idealized magnetized disc, and a cosmological volume with stellar and black hole feedback.

4.3.1 ORSZAG-TANG

First, we compare our moving mesh CT method to CT on a static mesh and moving-mesh

Powell cleaning by simulating the classic Orszag & Tang (1979) vortex, a well-known 2D
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Figure 4.2: A comparison of moving CT, static CT, and moving Powell schemes for the
Orszag-Tang test, as labeled at the top. The magnetic field strength is shown at t = 2.0,
simulated at low (upper panels) and high (lower panels) resolutions. All approaches give
results consistent and accurate results.
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Figure 4.3: Comparison of the moving mesh CT and Powell schemes used to simulate
Ms ∼ 10,MA ∼ 3 turbulence. Plotted are slices of the density field, x component of the
magnetic field, and the the PDF and power spectra of the magnetic field at t = 2, 10, 40 eddy
turnover times. In the plots of Bx we also list the volume-averaged mean magnetic field in the
domain, which is an ideal MHD invariant (its initial value was set to B = (0, 0, 1)). At 2 eddy
turnover times, when the turbulence is transitioning into the non-linear saturated regime, the
two schemes show similar features in the density and magnetic field. However, after more
eddy turnovers, the Powell scheme artificially makes the mean magnetic field grow signifi-
cantly due to its non-conservative formulation and shifts the entire magnetic field PDF of the
magnetic field to the right, as well as transfers most of the magnetic energy to the largest
scale (k = 2 · π). The CT scheme offers good control over the mean magnetic field and shows a
stable PDF and power spectrum of the magnetic field.
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Figure 4.4: Comparison of magnetic field saturation in the formation of a disc simulated with
the CT and Powell schemes. Shown are the density, magnetic field strength, and magnetic
field x component, of the disc at t = 2.5 Gyr. Each panel displays a physical region of side
length 40 kpc. With the Powell scheme, unlike the CT method, the magnetic field has grown
dynamically dominant and disrupts the disc.
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test problem for MHD codes that initiates decaying supersonic turbulence. Our set-up of the

problem is described in Mocz et al. (2014a). Here, we simulate this 2D system inside a 3D

box, with all fluid variables being repeated along the z-direction. The initial mesh generating

points are staggered, to yield a non-degenerate Delaunay tetrahedralization of the mesh (which

is not necessary for our method, but speeds up initial mesh construction). We simulate the

system using resolutions of N = 163 and N = 643 to evaluate the pre-converged and resolved

behaviours of the methods.

Figure 4.2 shows the results of the tests. All the methods give robust, accurate answers

with sufficient resolution. We used an initially staggered mesh that is not exactly aligned with

the symmetries of the initial conditions, hence giving rise to small asymmetries in all the

simulations. At low/marginally-resolved resolution, the Powell scheme can be sensitive to the

divergence-cleaning source term, since divergence errors can be the largest at low resolution,

which breaks the symmetry of the problem to a greater extent.

4.3.2 CIRCULARLY-POLARIZED ALFVÉN WAVE

We simulate the circularly-polarized Alfvén wave of Tóth (2000) in 3D. The solution has a

known analytic expression, and therefore we can use this test to verify the convergence prop-

erties of our scheme. The non-linear Alfvén wave is chosen to propagate along the diagonal

of a 2 × 1 × 1 periodic box of size 3 × 1.5 × 1.5, as described in Stone et al. (2008). We use

a staggered mesh with resolution 2× (2N ×N ×N). The problem is initialized with ρ = 1,

pgas = 0.1, Γ = 5/3. In a coordinate frame defined along the diagonal, the wave has velocity
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Figure 4.5: Convergence of the non-linear circularly-polarized Alfvén wave (3D simulation)
with the moving Powell and CT schemes.

and magnetic field v⊥ = B⊥ = 0.1 sin(2πx‖), v‖ = 0, B‖ = 1, vz = Bz = 0.1 cos(2πx‖).

The solution returns to it’s original state at time t = 1.

Figure 4.5 shows the convergence of the magnetic field of the Alfvén wave at t = 1 as a

function of the resolution N . The analysis shows second order behaviour as expected for both

the Powell and CT schemes.
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4.3.3 TURBULENT BOX

We next simulate isothermal supersonic MHD turbulence using the driving routine of Feder-

rath et al. (2010); Price & Federrath (2010), adapted for the AREPO code in Bauer & Springel

(2012). The initial conditions are set up in dimensionless units: boxsize L = 1, sound speed

cs = 1, initial density ρ0 = 1, initial magnetic field B = (0, 0, 1), and we use 643 resolution

elements. We drive the velocity field solenoidally in Fourier-space on large spatial injection

scales to establish a turbulent box characterized by a sonic Mach number ofMs ∼ 10 and

Alfvénic Mach number ofMs ∼ 3. Saturated turbulence (i.e., with steady time-averaged

statistical properties modulo the effects of intermittency) is expected to be established after a

few eddy turnover times.

The results of our simulation are shown in Figure 4.3. We plot a slice of the density field,

x-direction magnetic field, probability density function (PDF) of the magnetic field strength,

and the radially averaged 1D power spectrum of the magnetic field at 2, 10, and 40 eddy

turnover times. At 2 eddy turnover times, when the turbulence is transitioning into the non-

linear saturated regime, both the CT and Powell scheme show similar features in the density

and magnetic field, and the power spectrum (we have used the same random number seed for

the turbulent driving). Hence, we know that both codes perform reasonably well in the linear

regime of this simulation. The magnetic field power-spectrum is flat on the injection scales

and falls over the inertial range. This shape is in good agreement with the magnetic power

spectra calculated in Tricco et al. (2016), which compares turbulent box simulations using a
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Cartesian mesh constrained transport scheme (implemented in FLASH) and an SPH method

for MHD.

At later times, the CT and Powell schemes differ. The CT scheme shows approximately

time-steady behaviour of the magnetic field PDF and power spectrum, as expected. Addition-

ally, the volume averaged mean magnetic field (〈B〉 = (0, 0, 1)), a conserved quantity in ideal

MHD, is well-preserved. Figure 4.3 lists the mean field values, which are generally preserved

to within 1 per cent (in fact, they are conserved to machine precision under our scheme on

a static mesh, as is the case for the original CT scheme). The Powell scheme, on the other

hand, shows poor behaviour in the non-linear regime. The mean magnetic field continues to

grow, the magnetic field PDF keeps shifting to the right to higher field strengths, and power

is transferred to the largest spatial scale (k = 2 · π). The magnetic field have grown by over

an order-of-magnitude from its expected value. This is problematic for the simulation: the

magnetic field becomes dominant and changes the nature of the turbulence as it transitions

from a super-Alfvénic to sub-Alfvénic regime.

4.3.4 MAGNETIC DISC

We simulate the formation of an isolated Milky-Way sized disc galaxy under idealized condi-

tions, as done previously in Pakmor & Springel (2013), which used the moving Powell method

to evolve the magnetic fields. Here, we compare results from the moving CT and moving

Powell methods. Our simulation set-up uses 2 · 105 particles (effective mass resolution of

∼ 3× 105 M�), and has an initial 3 · 10−10 G magnetic field along the x-axis. The total angular
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Figure 4.6: Comparison of magnetic field saturation in the formation of a disc simulated with
the CT and Powell schemes. The CT method shows equipartition between magnetic energy
density and turbulent kinetic energy density, whereas the Powell technique saturates the field
at higher values, exceeding the thermal pressure by about a factor of five.
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Figure 4.8: Magnetic fields (strength and x-component, top and middle panels respectively)
and their phase-space distribution (bottom panels) at z = 0, in a h−125 Mpc cosmological
box with full feedback physics as obtained with the CT and Powell schemes. The magnetic
strengths and the phase space diagram are similar. In the phase-space diagram, the white
line shows the median magnetic field strength at a given density. Under pure adiabatic com-
pression, B ∝ ρ2/3 is expected due to flux-freezing. There is a difference in the magnetic field
topology in the two simulations. The zoom-in on the Bx profile shows that the CT scheme
exhibits larger structure and less individual cell-scale noise.
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momentum vector is initially along the z-axis.

The results comparing our CT method with the Powell cleaning are given in Figures 4.4

and 4.6. We show the density field, magnetic field strength, and x component of the magnetic

field in the disc at 2.5 Gyr in Figure 4.4. We show the time evolution of the magnetic pressure,

thermal pressure, and turbulent kinetic energy density in Figure 4.6. These quantities are

calculated as volume averaged values inside a cylinder of radius 15 kpc and height 1 kpc

centred on the disc. The turbulent velocity for the calculation of the turbulent kinetic energy

density is calculated by subtracting the mean rotational velocity (the formed disc has a flat

∼ 200 km s−1 rotation curve) from the gas velocities and computing the root-mean-square.

Using the Powell scheme, Pakmor & Springel (2013) found that the magnetic field strength

in the disc is quickly amplified, due to small-scale dynamo action, shearing motions and the

central starburst, and eventually saturates. In this equilibrium state, the magnetic field pressure

equals a few times the thermal pressure.

Our results with the CT scheme provide a modified picture. The saturation proceeds more

slowly and reaches a lower value. This asymptotic level is in equipartition with the turbu-

lent kinetic energy density, in agreement with the theoretical and numerical understanding of

the galactic dynamo and turbulence as well as observations of our Galaxy (Kraichnan 1965;

Zweibel & McKee 1995; Beck et al. 1996; Hawley et al. 1996). The topology of the mag-

netic field is also quite different. The winding structure of the magnetic field is preserved to a

greater degree with CT. The magnetic field in the CT method is not dynamically large enough

to disrupt the central parts of the disc and cause strong outflows for our particular set-up. The
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winding of the magnetic field is expected, as the divergence-free condition enforces a topolog-

ical constraint on the magnetic field. The ability of a CT code as opposed to Powell cleaning

to maintain topological constraints is shown in Figure 4.7, where we plot the magnetic field

structure in the disc at a time of 0.5 Gyr before much of the magnetic field amplification due

to shear and small-scale dynamo action has taken place (thus we would expect a smooth pro-

file showing twisting of the field lines that follows the rotation of the fluid). We see clearly

that the CT algorithm exhibits a winding-structure of the magnetic field whereas the Powell

scheme has considerable noise at the level of individual mesh cells due to divergence errors.

We have quantified the divergence errors relative to the total gas pressure, which describes the

dynamical effects of the error. With the CT scheme, the divergence errors are zero to the level

of machine precision, while in the Powell scheme, we have found that the errors are of order

10 percent in the central parts of the disc.

4.3.5 COSMOLOGICAL BOX

We simulate a 25h−1 Mpc box cosmological box at 2563 resolution with a weak initial seed

magnetic field of strength 10−14 G, using the set-up described in Marinacci et al. (2015). The

simulation includes the full physics (stellar and active-galactic nuclei (AGN) feedback and ra-

diative cooling) of the ILLUSTRIS simulation (Vogelsberger et al. 2013, 2014a,b; Nelson et al.

2015). Figure 4.8 shows the z = 0 magnetic field strength in a slice of the box, the magnetic

field Bx component zoomed in on a halo, and ρ–B phase-space distribution of the gas. The

phase-space distribution of the magnetic field strengths and the densities (normalized by mean
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baryon density) are fairly similar for the CT and Powell methods. The phase-space distribution

is expected to follow a B ∝ ρ2/3 under pure adiabatic compression due to the flux-freezing

condition (solid black line). The magnetic field exceeds this value due to amplification by

shearing and dynamo action. Federrath et al. (2011b) isolate the dynamo action and separating

it from the compressional amplification of B, and provide general properties of the dynamo

in a compressible gas in Federrath et al. (2011a). Only in halo centres does the magnetic field

become strong enough to slightly influence the gas dynamics. While magnetic fields are ampli-

fied to similar strengths using the two numerical methods, their topologies differ. The Powell

scheme shows more noise at the level of individual cells due to divergence errors. Some of the

differences in the structure is attributed to the stochasticity of the feedback model.

INDUCTION EQUATION IN COMOVING COORDINATES

We offer remarks on how we chose to implement the induction equation in cosmological

comoving coordinates. The global expansion of the universe is characterized by the time-

dependent scale factor a(t). The simulation is evolved on a mesh in comoving variables x,

and the standard physical fluid variables are also converted to ‘comoving’ variables, which

are the quantities being evolved. We use the quantities defined in section 2.2 of Pakmor &

Springel (2013). The ‘comoving’ magnetic field Bc that our base scheme solves is related to

the physical magnetic field B by B = Bca
−2. As Pakmor & Springel (2013) point out, this

choice has the advantage of eliminating source terms in the induction equation. For our vector

potential CT scheme, we define the ‘comoving’ vector potential Ac by Bc = ∇x ×Ac. The
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induction equation is then given by:

∂Ac

∂t
= −1

a
(−u×Bc) (4.14)

where u is the peculiar velocity.

4.4 DISCUSSION

While the Powell and CT schemes both yield accurate results in idealized test problems (such

as the Orszag-Tang vortex and the propagation of a circularly polarized Alfvén wave), we find

that the two approaches can lead to different outcomes for astrophysical flows with magnetic

field amplification and turbulence in the non-linear regime. Divergence cleaning techniques

have been shown to produce spurious structures and magnetic energy fluctuations on small

spatial scales due to the non-locality of the cleaning step (Tóth 2000; Balsara & Kim 2004),

whereas CT schemes produce robust results.

In moving mesh simulations of turbulent and astrophysical flows, the Powell and CT

schemes give a similar general picture, but exhibit some quantitative differences. Zhu et al.

(2015) discusses that Powell cleaning gives faster field growth and larger saturation at lower

resolutions in general, where the divergence errors are larger. This is consistent with our re-

sults for the magnetized disc. The CT method reaches the natural equipartition between the

magnetic energy density and the turbulent kinetic energy density in the disc, whereas the Pow-

ell scheme overshoots this value and the magnetic pressure dominates the gas pressure by a
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factor of five. In the original Powell magnetic disc simulations of Pakmor & Springel (2013),

the authors find even larger (> 10×) overshoots of the magnetic pressure over gas pressure in

their lowest resolution simulation (12500 particles; see their Figure 7). The CT scheme can be

considered particularly more robust at low/marginally-resolved resolutions, which will always

be the situation in practice for some structures in large-scale cosmological simulations.

This difference between CT and Powell in the growth rate and saturation of the magnetic

field in magnetized disc galaxies is observed across different codes in the literature as well.

Adaptive mesh refinement (AMR) with the divergence-preserving CT scheme (Wang & Abel

2009; Dubois & Teyssier 2010; Rieder & Teyssier 2016) find slow growth rates compared to

the fast growth rates (e-folding time ∼ 10 Myr) of divergence cleaning schemes implemented

in SPH (Beck et al. 2012) or moving mesh (Pakmor & Springel 2013). The difference we

observe between our CT and Powell simulations suggests that divergence cleaning, and not

the Eulerian vs Lagrangian natures of the codes, is the culprit. Rieder & Teyssier (2016) point

out that in simulations without strong stellar feedback (such as ours), the flows are relatively

smooth and two-dimensional, a regime in which strong dynamo amplification is difficult.

In the case of the cosmological box simulations, the two schemes give similar statistics for

the overall magnetic field strengths in the density - magnetic field phase space. However, the

CT algorithm produces a smoother magnetic field, without the magnetic field unphysically

flipping at the single-cell level. This property will improve Faraday rotation measure estimates

and cosmic ray propagation (Pfrommer et al. 2016; Pakmor et al. 2016a) in the AREPO code.

The difference between the moving mesh CT and Powell schemes can perhaps be best un-
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derstood with the idealized turbulence test, where the behaviour of the true solution is known

theoretically. The Powell scheme, with its non-conservative formulation (divergence correct-

ing source-terms), artificially makes the magnetic field grow in this particular test problem

and quickly transfers magnetic energy to the largest scales. The mean magnetic field (which

should be a conserved quantity in ideal MHD as the equations for the evolution of the mag-

netic field can be recast into standard conservative hyperbolic form) grows by over an order

of magnitude and information about the initial mean field direction is also lost. Interestingly,

the disc simulation shows similar difference between the CT and Powell schemes as these

turbulence tests; namely the Powell scheme grows the magnetic field beyond the turbulent

kinetic energy and most of the magnetic power is on the largest scales (size of the disc).

Finally, we also note that our unstructured (cell-centred) CT formalism may find useful

application in static mesh codes, and may potentially be used to simplify some of the tech-

nical details of implementing CT in a code with AMR (Balsara 2001; Fromang et al. 2006;

Mignone et al. 2012) as well.

A moving mesh unstaggered CT approach has some practical advantages over an AMR

code with staggered CT. The unstaggered representation allows for straightforward coupling

with refinement and power of two hierarchical time stepping on a moving Voronoi mesh.

There is no difficulty introduced as in the fine and coarse level mismatch in AMR codes,

where specific care (such as restriction, prolongation, and reflux-curl operations Miniati

& Martin 2011) has to be taken to prevent a loss of order of accuracy and breaking of the

divergence-free condition at interface regions. In addition, the moving mesh approach pro-
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vides the usual advantages of automatic adaptivity and reduced advection errors.

Summarizing, we have developed an efficient, accurate, unstructured CT scheme for solv-

ing the MHD equations in 3D on a moving mesh. The CT formulation allows for the main-

tenance of the divergence-free condition on the magnetic field to machine precision, which

leads to numerical stability, more accurate numerical solutions, and good preservation of

the topological properties of the magnetic field. The numerical experiments we considered

demonstrate the advantages of CT schemes over cleaning schemes, namely preventing artifi-

cial magnetic field growth due to the source terms in cleaning schemes. The new CT method,

implemented in the moving mesh code AREPO, will allow for powerful MHD simulations in

the upcoming future, making use of the advantages of an adaptive, quasi-Lagrangian treatment

of the fluid equations.

4.5 OTHER GAUGE CHOICES

In this supplementary section, we discuss the gauge choice in the numerical method.

The evolution of the magnetic field is invariant under a choice of gauge ψ for the vector

potential:

∂A

∂t
= −E−∇ψ (4.15)

In the present work, we chose to evolve the vector potential under the Weyl gauge (ψ = 0),

as it offers a nice correspondence between CT and vector potential methods because one is

adding just the same EMF terms to update the solution in both cases. However, it may be of
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some interest to explore other gauge choices in future work, as they can be more suitable to

the treatment of particular problems/physical processes. We briefly discuss alternate choices

here.

One may choose the Coulomb gauge, ∇ ·A = 0. This gauge choice would require using

either projection methods or cleaning methods on A to keep it divergence free. This choice of

gauge would simplify the extension of the ideal MHD code to resistive MHD, as the induction

equation for resistive MHD is given by:

∂A

∂t
= v ×B− η∇× (∇×A) (4.16)

where the resistive term expands as: η∇(∇ · A) − η∇2A, which is just a diffusion term if

∇ ·A = 0.

Another choice would be to choose a helicity-like gauge: ψ = v ·A. This choice of gauge

makes the magnetic vector potential induction equation Galilean-invariant:

dA

dt
= −A×∇× v − (A · ∇)v = −JT

vA (4.17)

where Jv denotes the Jacobian of v. The downside of this gauge is that the velocity field may

not be differentiable, so special care would have to be taken for the treatment of the Jacobian

term in the presence of shocks.

A final interesting choice would be to modify the above helicity-like gauge to use the mesh
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motion velocity w instead: ψ = w ·A, in which case the induction equation becomes

dA

dt
= (v −w)×B− JT

wA (4.18)

The first term (v −w)×B is just the electric field in the frame of the moving mesh, which is 0

if the mesh cell moves exactly with the fluid. This choice of gauge reduces to the Weyl gauge

in the case of a static mesh. Such a gauge would require smoothed mesh motion (e.g. Duffell

& MacFadyen 2015) to treat the Jacobian term accurately and avoid mesh noise.
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Look deep into nature, and then you will understand

everything better.

Albert Einstein

5
Moving mesh simulations of star forming

cores in magneto-gravo-turbulence

– based on –

Mocz, P., Burkhart, B., Hernquist, L., McKee, C. F., & Springel, V. (2017). Moving-mesh

Simulations of Star-forming Cores in Magneto-gravo-turbulence. ApJ, 838, 40.
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Star formation in our Galaxy occurs in molecular clouds that are self-gravitating, highly tur-

bulent, and magnetized. We study the conditions under which cloud cores inherit large-scale

magnetic field morphologies and how the field is governed by cloud turbulence. We present

four moving-mesh simulations of supersonic, turbulent, isothermal, self-gravitating gas with

a range of magnetic mean-field strengths characterized by the Alfvénic Mach numberMA,0,

resolving pre-stellar core formation from parsec to a few AU scales. In our simulations with

the turbulent kinetic energy density dominating over magnetic pressure (MA,0 > 1), we find

that the collapse is approximately isotropic with B ∝ ρ2/3, core properties are similar regard-

less of initial mean-field strength, and the field direction on 100 AU scales is uncorrelated with

the mean field. However, in the case of a dominant large-scale magnetic field (MA,0 = 0.35),

the collapse is anisotropic with B ∝ ρ1/2. This transition atMA,0 ∼ 1 is not expected to be

sharp, but clearly signifies two different paths for magnetic field evolution in star formation.

Based on observations of different star forming regions, we conclude that star formation in the

interstellar medium may occur in both regimes. Magnetic field correlation with the mean-field

extends to smaller scales asMA,0 decreases, making future ALMA observations useful for

constrainingMA,0 of the interstellar medium.

5.1 INTRODUCTION

Magnetic fields and turbulence are known to play key roles in star formation (Larson 1981;

Shu et al. 1987; McKee et al. 1993; Crutcher et al. 2010; Crutcher 2012), and both compete
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against the self-gravity of the gas and strongly affect the dynamics of collapse. The relative

importance of one over the other may have significant consequences for how pre-stellar cores

collapse, including whether the collapse: (1) is isotropic, (2) is self-similar, and (3) has mag-

netic field lines that shape filamentary structure or turbulence that shape the field lines.

Turbulent motions in the interstellar medium are known to be highly supersonic (Larson

1981; Burkhart et al. 2015), with giant molecular clouds (GMCs) having sonic Mach num-

bersMs ∼ 10, meaning that turbulent pressure greatly exceeds thermal pressure. The mag-

netic field is also known to be important. Often a coherent mean-field can be measured on

large (parsec) scales and density structures in the ISM are filamentary, and diffuse clouds

are thought to be assembled by flows along magnetic field lines (Crutcher et al. 2010). The

relative importance between the turbulent kinetic energy density Ek,turb and the magnetic

pressure PB can be characterized by the Alfvénic Mach numberMA = (Ek,turb/PB)1/2,

where super-Alfvénic (MA > 1) signifies turbulence dominance and sub-Alfvénic (MA < 1)

signifies magnetic pressure dominance.

How gravitational collapse occurs in molecular clouds in our Galaxy is debated both

observationally and theoretically. Observationally, Zeeman measurements of interstellar

magnetic field strengths give the mass-averaged line-of-sight field, 〈Bz〉M , in the telescope

beam. Crutcher et al. (2010) collected Zeeman observations of both atomic and molecular

gas and used Bayesian analysis to infer that the mass-weighted total field satisfied 〈B〉M ∝

〈ρ〉0.65, where 〈ρ〉 is the mean density of the gas in the observed region, in gas denser than

nH = 300 cm−3, almost all of which is molecular. Li et al. (2015b) confirmed this result by
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showing that the Crutcher et al. (2010) data on molecular gas implies 〈B〉M ∝ 〈ρ〉α with

α = 0.64± 0.13. A non-turbulent pre-stellar core undergoing homologous contraction with a

frozen-in field has B ∝ ρ2/3 (Mestel 1965; the core must be pre-stellar since non-ideal MHD

effects become important in the vicinity of a protostar). The observations are also consistent

with the model of fast turbulent reconnection diffusion of the magnetic field relative to the

free fall time of collapse (Lazarian et al. 2012). In their ideal MHD simulations of a turbulent,

self-gravitating gas, Li et al. (2015b) compute the scaling relation taking density-averaged

magnetic fields, as observers would from Zeeman measurements, and apply observational ef-

fects such as convolution with the beam, for the 100 most massive clumps in their simulation:

they found a result for 〈B〉M consistent with the observations of Crutcher et al. (2010). They

considered Alfvénic (MA,0 = 1) and super-Alfvénic (MA,0 = 10) turbulence only, where

MA,0 is based on the mean magnetic field.

Alternatively, Tritsis et al. (2015) suggest that the Crutcher et al. (2010) observations better

support a B ∝ ρ1/2 scaling based on re-estimating observational uncertainties in the determi-

nation of cloud and core densities, signaling anisotropic collapse with dynamically important

magnetic fields. Previous theoretical work (Mestel 1966; Mouschovias 1976b,a) on the prob-

lem of the equilibrium of self-gravitating, isothermal, strongly magnetized clouds in the ISM

finds that the ratio of magnetic and gas pressure should remain close to unity near the center

of the cloud, Bc ∝ ρ1/2. Axisymmetric calculations of gravitational collapse in a strong mag-

netic field under the influence of ambipolar diffusion give Bc ∝ ρκc with κ < 1/2 (Ciolek

& Mouschovias 1994). It should be borne in mind, however, that κ in the relation between
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Bc and ρc may be independent of the power-law index in the observed 〈B〉M (〈ρ〉) relation.

Ideal MHD simulations of star forming cores in turbulent environments with weak mean-field

(MA,0 � 1) by Collins et al. (2011, 2012) find a scaling close to Bc ∝ ρ0.4−0.5
c when ex-

amining the distribution magnetic fields and densities of the gas cells in their simulation. The

scaling relation, simply deduced from a cell-by-cell determination, is different to the B ∝ ρ2/3

scaling of Li et al. (2015b) using density-averaged line-of-sight fields. Recent observations

of the massive star forming region NGC 6334 (Li et al. 2015a) on 100–0.01 pc scales shows

self-similar hourglass-like magnetic field structure with B ∝ ρ0.41. We note, however, that

the magnetic field values in Li et al. (2015a) are inferred using various approximate methods,

as opposed to being directly measured by Zeeman splitting as in Crutcher et al. (2010), so

the errors associated with the slope of the relation are much larger. Hourglass morphologies,

suggesting dynamically important magnetic fields, have been observed in a number of other

cores as well (Girart et al. 2006; Stephens et al. 2013; Rao et al. 2009; Tang et al. 2009; Qiu

et al. 2014); however, such morphologies also occur in the simulations of Li et al. (2015b),

which haveMA,0 = 1.

These observations and theoretical predictions have important implications for the influ-

ence and transport of the magnetic field during collapse. However, only in recent years have

numerical simulations advanced to the point where theoretical predictions can be tested and

observational parameters/physics reproduced. This is, in part, due to the extreme numerical

expense of simulating many orders of magnitude in spatial scale and density range to study the

collapse of a parsec scale cloud down to the AU scale disk where a star is born.
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In this paper, we present novel moving mesh AREPO simulations of the collapse of pre-

stellar cores in supersonic, turbulent, isothermal, magnetized environments, exploring the

effect of the mean magnetic field-strength (an invariant of ideal MHD). These numerical sim-

ulations self-consistently resolve star formation in a large-scale turbulent environment (5pc)

down to a few AU scale and are well-situated to help improve our theoretical understanding

of the star formation process, interpret observations, and constrain the regimes in which star

formation occurs. The moving mesh numerical framework allows us to efficiently explore a

range of initial field strengths and resolve the core collapse down to AU scales, relevant for

upcoming sub-arcsecond spatial resolution observations by the Atacama Large Millimeter

Array (ALMA; ALMA Partnership et al. 2015). We are able to resolve the cores by a factor

of > 8 improvement in spatial resolution compared to similar studies that use adaptive mesh

refinement (AMR) (Collins et al. 2011, 2012; Li et al. 2015b), until the approximate isother-

mal condition breaks down and the core is expected to continue adiabatic collapse on smaller

scales. These simulations are particularly relevant to understanding the morphologies of Class

0 protostars.

The paper is organized as follows. In § 5.2 we describe our numerical methods and simula-

tion setup. We present projected morphologies in § 5.3. We investigate the density dependence

of the magnetic field in the pre-stellar cores in § 5.4 and compute their radially averaged pro-

files in § 5.5. We discuss our findings in § 5.6 and our main conclusions in § 5.7.
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Table 5.1: Simulation initial conditions

sim. β0 MA,0 Ms µΦ,0 comment
1 25 35 10 80 very weak field
2 0.25 3.5 10 8 weak field
3 0.028 1.2 10 2.7 moderate field
4 0.0025 0.35 10 0.8 strong field

Table 5.2: Simulation final configurations

sim.
first core
tcollapse (tff) α (B ∝ ρα) µΦ

mean-field
aligned within 30◦

106 AU to (·) AU

fraction of gas
at 104 AU scale

with field aligned
within 30◦

1 0.12 0.64± 0.02 12.7 102.0 0.00
2 0.16 0.66± .02 16.5 103.7 0.23
3 0.17 0.67± .01 12.1 104.0 0.35
4 0.37 0.55± .02 5.8 105.5 0.86
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Figure 5.1: Density-averaged line-of-sight magnetic field and projected gas densities zoomed
in on a core in each of the simulations. The arrow in the top left represents the initial magnetic
field.

131



MA,0 = 35 MA,0 = 3.5

 

 

lo
g 1

0
(〈
ρ
〉
)
[g

cm
−
3
]

−21

−20.5

−20

−19.5

MA,0 = 1.2 MA,0 = 0.35

 

 

lo
g 1

0
(〈
ρ
〉
)
[g

cm
−
3
]

−21

−20.5

−20

−19.5

Figure 5.2: Density-averaged line-of-sight magnetic field and projected gas densities of the
entire simulation domain (5.2 pc) for the 4 simulations. Each box is centered on the corre-
sponding pre-stellar cores shown in Figure 5.1.
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5.2 SIMULATIONS

We simulate the collapse of star forming cores under self-gravity in a turbulently-driven inter-

stellar medium environment. Our simulations are performed using the moving-mesh quasi-

Lagrangian AREPO code (Springel 2010). The moving mesh automatically adapts to the

geometry of the physical system, and keeps the mass-resolution of each cell approximately

constant. The code solves the ideal MHD equations, for which we have recently implemented

(Mocz et al. 2016) an unstructured vector potential constrained transport (Yee 1966; Evans &

Hawley 1988) solver to maintain the divergence-free property of the magnetic field. We accu-

rately capture shocks via an HLLD (Miyoshi & Kusano 2005) Riemann solver. Self-gravity is

calculated using a Tree-Particle-Mesh scheme (Xu 1995). Turbulence is driven solenoidally

in Fourier space on the largest spatial scales using an Ornstein-Uhlenbeck process (Federrath

et al. 2010; Bauer & Springel 2012; Federrath 2015).

We run four isothermal simulations, representing part of a GMC, with different initial mean-

field strengths, B0. Turbulence is characterized by the sonic Mach numberMs = vrms/cs =

10. The cloud has Virial parameter: αvir = 5v2
rms(L/2)/(3GM0) = 1/2. The physical

parameters of the simulations (assuming a mass per hydrogen of 1.4 amu) can be scaled as:

L0 = 5.2
(

cs
0.2 km s−1

) (
nH

1000 cm−3

)−1/2 (Ms
10

)
pc

B0 = 1.2, 12, 36, 120
(

cs
0.2 km s−1

) (
nH

1000 cm−3

)1/2
µG

M = 4860
(

cs
0.2 km s−1

)3 ( nH
1000 cm−3

)−1/2 (Ms
10

)3
M�

(5.1)
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where L0 is the size of the periodic box with total mass of M . We scale the simulations to

physical units using sound speed cs = 0.2 km s−1 and hydrogen density nH = 1000 cm−3.∗

The simulation initial conditions, ranging from very weak seed fields to strong fields that

surpass the turbulent kinetic energy density, are summarized in Table 5.1. The plasma beta

parameter (β = Pgas/PB = 8πPgas/B
2) describes whether gas pressure (β > 1) or magnetic

pressure (β < 1) dominates. Similarly, the Alfvénic Mach numberMA describes whether

the turbulent kinetic energy density (MA > 1) or magnetic pressure (MA < 1) dominates.

Note β = 2M2
A/M2

s . Each simulation uses 2563 cells, corresponding to a mass resolution of

8 · 10−5 M�.

In the simulations, we first drive turbulence until quasi-steady state is established after a

couple of eddy-turnover times. Then, we turn on self-gravity (continuing to drive turbulence)

which eventuates in the collapse of cores on the order of the free-fall time. We follow the

collapse for a fraction of the free-fall time, until we form cores that are resolved at the level

of a few AU at their centers. We stop the simulations at this point because the time-stepping

becomes prohibitively expensive and we lack mass-resolution to further resolve the collapse.

Furthermore the isothermal assumption is expected to break down beyond these scales, be-

cause opacity increases and is able to trap heat and hence the collapse continues adiabatically.

Our simulation strategy is to accurately resolve the first core that forms to small (AU) scales.

The core centers are identified by determining local minima in the gravitational potentials.

∗ We note our choice of physical scaling makes the cloud fall on the observed line width-size scal-
ing relation for molecular clouds in our Galaxy: σnt = σpcR

1/2
pc , with σpc ' 0.72 km s−1 (McKee &

Ostriker 2007). Here Rpc = (L0/2)/(1 pc) and σnt =Mscs/
√

3 (as in McKee et al. 2010).
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Table 5.2 lists the times at which these pre-stellar cores form which we analyze. A discussion

on the other (less-collapsed) cores that result from turbulent fragmentation are discussed in the

supplementary Section 5.8.

The mass-to-flux ratio is parametrized in dimensionless form as µΦ,0 ≡ M0/MΦ (MΦ

is the magnetic critical mass that can undergo gravitational collapse) assesses the relative

strength of the magnetic field and gravity. For the box in its initial uniform, static state, it

can be defined as µΦ,0 ∼
√

5π/3MA,0 (Equation 27 of McKee et al. 2010). Thus our four

simulation initial conditions are characterized by µΦ,0 = 80, 8, 2.7, 0.8. The strong-field

box is estimated to be slightly sub-critical, but we find collapse if turbulence is switched

on (the core in this case forms later, at ∼ 0.4tff , as opposed to ∼ 0.2tff in the weaker-field

simulations). Being able to form a core in the sub-critical case is consistent with the picture of

reconnection diffusion, which acts to reduce the mass-to-flux ratio in the core (Lazarian et al.

2012).

Our simulations are similar to the setup of Collins et al. (2011, 2012) and Li et al. (2015b).

However, Collins et al. (2011, 2012) assume a very weak magnetic field. Li et al. (2015b)

has one weak-field and one moderate (MA,0 = 1) setup. Furthermore, these previous AMR

simulations do not resolve the collapse down to a few AU scales: the effective resolutions of

Collins et al. (2012) and Li et al. (2015b) are 120 AU and 500 AU respectively. Our smallest

cells have an effective diameter of d = 2 (3V/(4π))1/3 ' 4 AU (where V is the volume of the

cell), corresponding to adding ≥ 3 extra refinement levels to these AMR simulations.

AREPO uses a refinement/derefinement strategy to ensure all cells maintain their initial

136



mass to within a factor of 2. Additionally, further refinement is used to ensure the Truelove

criterion is met to accurately resolve the local Jeans length λJ =
(
c2

sπ/(Gρ)
)1/2 (Truelove

et al. 1997) and prevent artificial fragmentation, whose implementation is described in Becerra

et al. (2015).

5.3 PROJECTIONS

Figure 5.1 shows density-averaged line-of-sight magnetic field and column densities, zooming

in on a 3000 AU×3000 AU region of the densest collapsed core in each simulation (projections

for the entire simulation domain are shown in Figure 5.2). The mean-field points in the hori-

zontal (x) direction. The strong-field case (MA,0 = 0.35) shows highly-elongated structure

(perpendicular to the mean-field direction) and a classical hourglass magnetic field morphol-

ogy aligned with the mean-field direction. The weak-field simulations (MA,0 > 1) show

more chaotic magnetic field morphology dictated by turbulence, with pinches and clumps.

Figure 5.3 shows the deviation in the mean magnetic field (〈∆θmean-field〉) from its large (pc)

scale direction as a function of scale: alignment becomes poorer with weaker mean-field

strengths. The degree of alignment can remain tight to the smallest scales in the strong mean-

field regime. Figure 5.3 also shows a related quantity: the (volume) fraction of gas within a

sphere of radius r (the length scale) that has a magnetic field aligned within 30 degrees of the

large-scale mean-field value (f∆θmean-field<30◦).
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Figure 5.4: Magnetic field/density phase diagram for the four simulations. The yellow line
shows the average field for each logarithmic density bin. The color-scale shows the mass of
gas in each bin of the phase diagram. The red dashed line shows a ρ1/2 scaling (with nor-
malization such that β = 1) while the red solid line shows a ρ2/3 scaling of isotropic collapse.
The white ‘x’ marks the value of the initial magnetic field strength and density in the box. Also
marked is the critical density threshold ρcrit where the gas pressure equals the background
turbulent pressure. Finally, an approximate conversion from density to a length scale is shown
in the collapsed region, based on a ρ(r) = c2sG

−1r−2 profile. The inset shows the PDF of the
collapsed gas density.
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Figure 5.5: Radial profiles of the gas pressure, magnetic pressure, kinetic energy density
(also its non-radial component), and gravitational potential energy density for the four simu-
lations. These profiles have been calculated using volume-weighted averages of gas cells
contributing to radial bins. Also shown is the ρ(r) = c2sG

−1r−2 scaling, and the critical pres-
sure Pcrit = ρcritc

2
s .
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5.4 DENSITY-SCALING OF THE MAGNETIC FIELD

The relationship between density and magnetic field is important for theoretical models and

observations. B ∝ ρ2/3 is predicted for collapsing clouds with weak magnetic fields (i.e.,

gravitational energy dominating magnetic energy). The same scaling is also predicted for flux-

frozen, isotropic collapse in general. Lazarian et al. (2012) interpreted the observed B ∝ ρ2/3

from Zeeman measurements as a signature of reconnection diffusion being most efficient at

lower densities (i.e. before collapse proceeds) in the weak field limit. In contrast, theoretical

predictions for anisotropic contraction models, often expected in the strong field limit, predict

a weaker scaling: B ∝ ρ1/2 (Tritsis et al. 2015).

We test the density magnetic field scaling relationship using our high dynamic range

AREPO simulations. We plot the occupation of the gas in the density/magnetic field phase

diagram for our simulations in Figure 5.4. The collapse occurs where the gas is compressed

by turbulence above the critical density ρcrit = 〈ρ〉M2
s/3 which is defined as the density

at which the background level of turbulent pressure is sub-dominant to the gas pressure

(Krumholz & McKee 2005; Li et al. 2015b). That is, the critical pressure is obtained by equat-

ing Pturb = 1
3〈ρ〉v2

rms with Pgas = ρc2
s . Note this is not a strict condition for collapse, but is

a necessary requirement. Figure 5.4 shows a moving-average of the B-ρ correlation (yellow).

The best-fit slope with 95 per cent confidence intervals to relation at ρ > 500ρcrit are listed

in Table 5.2. We find that when the mean-field is subdominant (MA,0 > 1), the collapse

follows an approximately isotropic collapse, which is characterized by B ∝ ρ2/3. But in the
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strong-field case (MA,0 = 0.35) the collapse is anisotropic with B ∝ ρ1/2 and β ≈ 1.

In Figure 5.4 we also show inset-plots of the probability distribution function (PDF) of the

gas density, which exhibits a log-normal distribution (indicative of turbulence, see Vazquez-

Semadeni et al. 1997; Burkhart et al. 2009; Federrath et al. 2008) and a ρ−3/2 powerlaw tail

(indicative of gravitational collapse see, Kritsuk et al. (2007); Collins et al. (2012)). We find

the critical density corresponds to the transition point between lognormal (diffuse turbulent

gas) and power-law (self-gravitating) PDFs in these AREPO simulations, as observed also

in Li et al. (2015b). Krumholz & McKee (2005) showed that the critical density was the

condition for a clump to be self-gravitating. Recently Burkhart et al. (2016) worked out an

analytic theory for the transition point between lognormal to powerlaw (which is termed the

‘post-shock density’ in that work).

5.5 COLLAPSE PROFILES

Figure 5.5 shows the volume-weighted core profiles from our simulations. The gas pressure,

and hence density (since P = ρc2
s , cs a constant), follow a r−2 power-law, as predicted by the

simple analytic theory of isothermal spherical collapse which does not consider turbulence

or the magnetic field (Larson 1969; Shu 1977). This scaling is seen even in our strong mag-

netic field simulation. This allows us to define a relation between the density in the core and

physical scale as: ρ(r) = c2
sG
−1r−2. Note that the normalization (multiplicative prefactor) of

this relation in our simulations is very close to unity, which is different from the non-magnetic,
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non-turbulent singular isothermal sphere, which has normalization 1/(2π) ' 0.16. Fits to the

normalizations for our four (strong→weak) simulations are: 0.46, 0.60, 0.83, 0.58 (95 per cent

errors to the fits are ±0.1). The normalization is somewhat close to the similarity solutions of

spherically symmetric collapse solved numerically by Penston (1969); Larson (1969), which

have normalization 8.86/(4π) ' 0.71. The core profiles extend all the way out to the critical

pressure value Pcrit = ρcritc
2
s (beyond this the large-scale turbulent pressure exceeds the gas

pressure; i.e., the size of a thermally supported core is about the sonic length). In all cases, we

find the outer part (∼ 104 AU) of the profile has a plasma-beta of β ∼ 1 (note the ratio of blue

and green lines in the Figure gives β). This is to be expected forMA,0 > 1 since the local

Alfvén Mach number in the turbulence is of order unity, so PB ∼ ρσ2
nt ∼ ρc2

s at the sonic

length. ForMA,0 = 0.35, the turbulence does not significantly affect the field, so B remains

nearly constant until the gas pressure grows to the point that it is comparable to the field pres-

sure; thereafter, the collapse proceeds anisotropically with B ∝ ρ1/2, thus β remains close to

unity all the way to the center of the core. However, if the mean magnetic field is subdominant

to the kinetic energy density (MA,0 > 1) then the magnetic field grows faster towards the

center (since B ∝ ρ2/3). We also plot the kinetic energy density profile (and its non-radial

component), which dominates over the gas pressure. Our cores have not formed any disks

on these scales (there is no evidence of a Keplerian rotation profile); the non-radial compo-

nent of the kinetic energy density originates from the large-scale turbulent motions. In weak

mean-field cases (MA,0 > 1), the magnetic field, growing faster than the other quantities

towards the center, is in near equipartition with the kinetic energy density at the center. The
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collapse is in approximate Virial equilibrium, which is an assumption used in the turbulent

core model (McLaughlin & Pudritz 1997; McKee & Tan 2003) and in the turbulent collapse

model of Murray & Chang (2015). It should be noted these latter authors considered cores that

are dominated by turbulent pressure rather than thermal pressure. For such cores, McKee &

Tan (2003) found an r−3/2 profile from observations of star-forming regions, and Murray &

Chang (2015) inferred such a profile in the vicinity of a protostar from theory.

The normalized mass-to-flux ratios in our cores have evolved from the initial value of the

box to: µΦ,0 : 80 → 12.7, 8 → 16.5, 2.7 → 12.1, 0.8 → 5.8 at a core-size of 104 AU. This

is consistent with reconnection diffusion in our simulations. The mass-to-flux ratio cannot

increase under flux-frozen, ideal-MHD conditions. Our strong-field simulation is originally

subcritical µΦ,0 = 0.8, and the simulation should not allow collapse unless reconnection

diffusion is present, which leads to a mass-to-flux ratio above unity. In the calculation of

the mass-to-flux ratio, the volume-averaged magnetic field in a spherical region of diameter

104 AU is used. We note that the transition from sub-critical ISM clouds to super-critical cores

is observed via 21-cm, OH and CN Zeeman observations and that no sub-critical cores are

observed in the sample of Crutcher et al. (2010).

Reconnection in our numerical simulations is enabled by numerical resistivity, but in this

fast turbulent reconnection diffusion regime the simulation mimics the actual physical process

because the reconnection rate is independent of the strength of the resistivity (Kowal et al.

2009). Previous studies have found mass-to-flux ratios numerically converged with resolution

(Li et al. 2015b), supporting the idea that a simulation with resolution such as ours captures
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the physical process accurately.

5.6 DISCUSSION

We have presented basic scaling relationships of density and magnetic field, and radial profiles,

obtained from novel high-resolution simulations, important for both theoretical models and

observations of star formation. In a sense, the simulations advance the simple spherical, self-

similar isothermal analytic collapse model (Larson 1969; Shu 1977), with the inclusion of full

3D effects of magneto-turbulence. The classic r−2 radially-averaged pressure profile scaling

is still recovered in all cases, with similar normalization across simulations. The same r−2

scaling is seen in simulations of turbulence-dominated, nearly isothermal atomic cooling halos

in Becerra et al. (2015). Our simulations do not show inside-out collapse, which would lead to

a r−3/2 profile (Shu 1977). We point out that we stop the simulations before we would expect

stars to form, meaning, our cores are pre-stellar. Thus we do not yet see a r−3/2 scaling in

the vicinity of the star (inside the sphere of influence, after the star forms), as predicted by

turbulent models for star formation in compact massive clouds from non-hydrostatic initial

conditions of Murray & Chang (2015), and as observed in the simulation setup of Murray et al.

(2015).

Collapse in the turbulent medium occurs where the gas pressure exceeds the background

turbulent pressure; i.e., above the critical density ρcrit. At these outer-scales of collapse, we

find the plasma beta is always near unity regardless of mean-field strength, indicating equipar-
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tition between the magnetic and gas pressures in the turbulent environment. A plasma beta

near unity occurs in theMA,0 > 1 simulations because in the turbulent (uncollapsed) en-

vironment the magnetic field and density are not well correlated, instead the local Alfvén

Mach number in the turbulence is of order unity, so at the sonic length PB ∼ ρσ2
nt ∼ ρc2

s . In

the strong-field regime, the field strength is not affected much by turbulence, so B remains

nearly constant until the gas pressure grows to the point that it is comparable to the field pres-

sure (which happens at the tail of the log-normal distribution of density which develops from

turbulence).

Anisotropic collapse with B ∝ ρ1/2 is exhibited in the sub-Alfvénic simulation, and we

form cores with a classic hourglass-like magnetic field morphology, similar to NGC 6334 (Li

et al. 2015a). But when the mean-field is weak (MA,0 > 1), the collapse is spherical and

hence B ∝ ρ2/3, which means that the plasma beta decreases toward the center. Interestingly,

due to the B ∝ ρ2/3 scaling, the weak-field case actually allows for a stronger magnetic field

in the core than in the strong-field (MA,0 = 0.35) case, where the magnetic field does not rise

as fast with density. Constant plasma beta self-similarity in the collapse is broken in the weak-

field case. There are two clear regimes of magnetic field evolution we observe, but we do not

mean to conclude or imply that the transition is very sharp, occurring exactly atMA,0 = 1.

Even if the initial large-scale mean-field is weak, turbulence amplifies it considerably prior

to collapse. We attribute the decrease in plasma beta in the super-Alfvénic simulations as a

result of the small-scale turbulent dynamo process. Our simulations show the initial plasma

beta evolves as: 〈β〉 : 0.0025 → 0.0025, 0.028 → 0.025, 0.25 → 0.064, 25 → 3.2;
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i.e., the initial plasma beta shrinks in the super-Alfvénic cases. The average plasma beta is

not increased significantly in the strong mean magnetic field run by turbulence. We note all

simulations are driven with the same amplitude, with sonic Mach number 10. The small-scale

turbulent dynamo is very efficient in amplifying the magnetic field and may in fact be more

efficient in the super-Alfvénic limit (Cho et al. 2009).

As the turbulent simulations evolve and collapse, magnetic field is generated by the stretch-

ing and twisting of magnetic field lines and through flux conservation. However, turbulence

also acts to remove field lines from collapsing regions via reconnection diffusion and the mag-

netic field changes its topology in just an eddy turn over time (Lazarian & Vishniac 1999;

Vishniac et al. 2003; Lazarian et al. 2004). Once rapid collapse begins, reconnection diffusion,

which depends only on the properties of turbulence/turbulence amplitude, removes magnetic

field from the contracting clouds in competition with the amplification the field experiences

due to contraction and dynamo processes. Future studies will determine how fast reconnection

diffusion is compared to the dynamo process in such simulations in order to quantify the com-

petition between flux removal and field amplification. Our simulations do show evidence for

reconnection diffusion through the increase of the mass-to-flux ratios in the cores (§ 5.5).

We note that our results should be as applicable to observations as they are to theoretical

predictions. In all the simulations, we transformed micro-Gauss level large-scale fields into

milli-Gauss level core-scale fields, in agreement with various observational estimates of field-

strengths (Crutcher et al. 2010; Girart et al. 2006, 2009; Stephens et al. 2013; Houde et al.

2016). Despite different scaling relationships and core morphologies between the sub- and
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super-Alfvénic simulations, all our simulations reproduce similar magnetic field strengths

on core scales. The star formation process is imprinted with the self-similar nature of tur-

bulence and gravitational collapse despite different initial environmental conditions. What

sets formation with different mean-field strengths apart is the orientation of the mean-field

on various length scales relative to the large-scale value (Figure 5.3). The orientation re-

mains well-preserved to 100 AU scales (ALMA resolution) only in our strong-field simulation

(MA,0 = 0.35). If the magnetic field is moderately strong (MA,0 & 1) then the mean-field

only remains aligned to scales of 10000 AU (resolution of the Combined Array for Research

in Millimeter-wave Astronomy; CARMA). More precisely, the field remains aligned to less

than 30 degrees from its large-scale value down to scales of 102.0 AU, 103.7 AU, 104.0 AU,

105.5 AU for our four (strong→weak) simulations, as listed in Table 5.2.

Figure 5.3 shows the angle of magnetic field alignment averaged over the core as a function

of scale, as well as the fraction of gas in a given radius that is aligned within 30 degrees of

the large-scale mean-field. Table 5.2 also lists the fraction of gas aligned within 30 degrees

of the large-scale mean-field on a scale of 10000 AU. The field is strongly correlated in the

large-scale strong-field case and virtually uncorrelated if the large-scale mean-field is very

weak. The correlation is in between for the intermediate mean-field cases. (Note the curves

forMA,0 = 1.2 andMA,0 = 3.5 cross each other: there is a certain amount of variance to

be expected in the correlation as function ofMA,0 for a large population of cores, which we

do not have the statistics to probe in our current simulation because we focus on resolving

single cores.) Observationally, Li et al. (2009) found a strong correlation between orientation
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on the 10000 AU scales and large scales, whereas Hull et al. (2014) did not for smaller scales.

However, there is some ambiguity on the latter since it could be confused by toroidal wrapping

in a disk, and CARMA also only provides a few independent polarization vectors, not enough

to determine the mean-field direction with robust statistics. This makes ALMA paramount for

the study of the importance of magnetic fields on scales less than 10000 AU.

We note that the magnetic field, which is found to be always strong in the core regardless of

the large-scale value (local Alfvénic Mach number is order unity in the core), has a significant

effect on the angular momentum of the accreting gas and thus on the properties of circumstel-

lar, including protoplanetary, disks, that are to form. Future studies resolving the core collapse

beyond the isothermal collapse stage will help explain the ultimate fate of the protostar. The

present study serves as providing useful initial conditions to this problem. An interest of study

is the ‘magnetic braking catastrophe’, where magnetic fields can in theory prevent the forma-

tion of circumstellar discs around young stars (e.g., see Wurster et al. (2016) and references

therein). Our chaotic magnetic field morphologies in the weak mean-field simulations perhaps

could be one way around the magnetic braking catastrophe, through the effects of flux loss

via reconnection diffusion. The influence of turbulence in reducing magnetic torques has been

examined in a number of papers (Seifried et al. 2012; Joos et al. 2013).

Our B ∝ ρ2/3 scaling relation for the weak-field simulations is in agreement with the

Zeeman observations of diffuse and molecular clouds of Crutcher et al. (2010), which see

〈B〉M ∝ 〈ρ〉0.65. We note, however, that the relationship between B and ρ in our simulations,

as indicated by the moving-average fits (yellow lines) in Figure 5.4, shows the slope of the
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correlation transitioning from a flatter-than-2/3 value in the turbulent medium to the 2/3

slope in the collapsed cores. The tight scaling of B ∝ ρ2/3 is seen on scales of r = 103-

10 AU (i.e., ρ > 500ρcrit). The slope is actually closer to B ∝ ρ0.5 in the collapsed-regions

with ρcrit < ρ < 500ρcrit, similar to the simulations of Collins et al. (2012). That is, we

find that the slope is actually shallower than 2/3 on scales of r = 103-104 AU due to the

transitioning between the turbulent medium and cores. These scales are more relevant for the

clump sizes observed in Crutcher et al. (2010) for deducing the observational scaling relation.

Li et al. (2015b) carried out a more thorough analysis of reproducing the Crutcher et al. (2010)

relation adding in all of the observational effects, including convolution with a beam size of

∼ 5000 AU. Taking density-averaged (as measured by Zeeman observations) as opposed to

volume-averaged magnetic field strengths, Li et al. (2015b) found a value of α consistent with

0.65 for a moderately strong initial magnetic field (MA,0 = 1) but only marginally so for a

weak initial field (MA,0 = 10). In contrast, the B–ρ relation measured on a cell by cell basis

on these scales has a flatter power. This demonstrates the importance of adding observational

effects to simulation results when interpreting data. Similarly, Li et al. (2015b) show that in

the calculation of the mass-to-flux ratio of clumps, the average area-weighted (i.e., flux/area)

field is somewhat less than the observed mass-averaged field, so that the actual mass to flux

ratio is about 0.7 times the value inferred from line-of-sight values, rather than (0.25-0.5)

times the line-of-sight value, as is often used. Again this signifies the importance of putting

simulation data through an observational pipeline.

Our simulations also demonstrate the importance of having a high-dynamic range calcula-
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tion. The theoretically expected scaling of B ∝ ρ2/3 in magnetic field density phase-space is

accurately resolved by being able to simulate scales of r = 103-10 AU; i.e., convergence of

the slope of the relation is achieved on the smallest scales; on larger scales the slope is flatter

as it transitions to the uncollapsed background turbulent environment. In contrast, previous

AMR simulations of this type have resolved down to scales of 120 AU Collins et al. (2012)

and 500 AU Li et al. (2015b). Our simulations are expected to have less numerical magnetic

reconnection (which can remove magnetic flux and affect the scaling relation) as well as sig-

nificantly reduced advection errors (which can be quite significant in supersonic flows) due to

the quasi-Lagrangian nature of the moving-mesh formulation.

Comparing with the results of various observation of the ISM (e.g. Crutcher et al. 2010 and

Li et al. 2015a), our simulations suggest thatMA,0 ∼ 1 may be typical in many ISM regions

(where ‘∼’ means the coefficient of the relation is unconstrained by an order of magnitude).

The magnetic field is often observed to be coherent on large-scales and the density structure

is filamentary (thus we do not expectMA,0 � 1). Our simulations suggest that the existing

observations for star formation provide evidence that the collapse occurs in both the regimes

MA,0 & 1 andMA,0 . 1. The former is supported by 〈B〉M ∝ 〈ρ〉0.65 Zeeman splitting

observations of dense molecular cloud clumps (Crutcher et al. 2010) while the latter is sup-

ported by multiple observations of NGC 6334, which show self-similar, aligned magnetic field

structure from 100 pc to 0.01 pc scales with B ∝ ρ0.41 (Li et al. 2015a). This is assuming

that the determination of the slope of the magnetic field density relation in Li et al. (2015a) is

robust to the indirect methods used. Note, we do not claim that the transition between regimes
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occurs as a sharp transition atMA,0 = 1, just that two different regimes of magnetic field

evolution (under the ideal MHD assumptions) exist.

Regions in the ISM with stronger magnetic fields may have suppressed star formation. This

is seen in the strong-field box, which takes longer to collapse and form the first core because

it is initially slightly sub-critical and requires turbulent reconnection to reach criticality to

collapse under self-gravity. Even in the other simulations, the time of the collapse of the first

core correlates weakly with magnetic field strength, because the magnetic field provides extra

pressure support against collapse. This effect may have relevance for the star formation in the

galactic center, where star formation is observed to be suppressed and the magnetic field is

strong: 500 µG–5mG (Pillai et al. 2016; Kauffmann 2016).

We discuss the caveat that turbulent collapsing simulations such as ours generate hundreds

of cores over a single free-fall timescale. However, our simulation strategy was to resolve

features on < 100 AU scales (relevant for ALMA observations) and therefore we did not

impose any minimum spatial resolution or sink particles. This comes with a trade-off, how-

ever: the timestep of the simulation decreases exponentially as the first core forms, thus we

are only able to resolve (at < 100 AU) the first-prestellar core that collapses, which happens

early on, at < 0.4tff . We are not able to say much about a large statistical sample of collapsed

cores in the present work, because most cores have not yet collapsed to such spatial scales.

Importantly, however, the collapsed cores we investigate are not outliers from a powerlaw

distribution of masses, as they all have similar masses. (Their core masses are also not extreme

compared to the masses of the other turbulently fragmented cores in the box which are at an
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earlier stage of collapse; see Section 5.8.). It is plausible that certain geometries (e.g. relative

orientation between the magnetic field and angular momentum vector) would collapse first

in a turbulent medium, so there could be other types of bias present in the types of cores that

collapse first. We defer analysis of a statistical sample of cores to upcoming future work, in

which we will modify our simulation strategy and trade-off resolution and the capture of the

exact collapse process with the use of sink particles.

5.7 CONCLUSIONS

We have simulated the formation of pre-stellar cores in a supersonic, turbulent, magnetic inter-

stellar medium under self-gravity, resolving the initial isothermal collapse phase down to a few

AU, relevant for future ALMA polarization observations of Class 0 protostars. We studied the

effects of the mean-field strength, and have arrived at the following main conclusions:

• If the turbulent kinetic energy density of the ISM dominates over the mean-field
magnetic pressure, then collapse occurs approximately isotropically on small scales
(r < 104 AU), with B ∝ ρ2/3. But in the case of strong large-scale magnetic field, the
collapse is anisotropic with B ∝ ρ1/2.

• On the larger scales of collapsed cores (r > 104 AU), the scaling of magnetic field
with gas density (looking at it on a simulation cell-by-cell basis) is flatter, close to
B ∝ ρ1/2 in all cases, as the gas transitions to the turbulent background medium. The
results of Li et al. (2015b) show that if one instead looks at the scaling of the density-
averaged magnetic field (convolved with the telescope beam) 〈B〉M with 〈ρ〉, the slope
of the correlation is steeper, closer to 0.64. Crutcher et al. (2010) observe cores have
〈B〉M ∝ 〈ρ〉0.65 via Zeeman splitting measurements on scales of r > 104 AU. This
highlights the importance of modeling observational biases when interpreting physical
results and comparing observations with simulations.
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• Our simulations of collapsing pre-stellar cores all follow similar radially-averaged
r−2 profiles (as predicted by analytic spherical isothermal collapse model), regardless
of mean-field strength. In the weak-field case, even though the collapse is isotropic,
the B ∝ ρ2/3 scaling means the collapse is not self-similar in the sense that β ≡
Pgas/PB decreases towards the center and the Alfvénic Mach number also drops with
radius. These quantities are approximately constant in the case of strong-field collapse.
Collapse occurs in approximate Virial equilibrium.

• Regardless of cloud scale mean-field strength, the outer regions (∼ 104 AU) of the
cores have β ∼ 1 and the magnetic field reaches equipartition with the thermal energy,
which in turn is comparable to the average kinetic energy density in the simulation box.

• The magnetic field in the center of the cores is actually slightly stronger (by about a
factor 3 on 100 AU scales) if the large-scale mean-field is weaker than the turbulent
kinetic energy density because of the B ∝ ρ2/3 scaling as opposed to B ∝ ρ1/2.

• The mass-to-flux ratios in our cores increase by a factor of a few from the large-scale
value, indicating fast reconnection diffusion.

• If the large (pc) scale mean-field is subdominant to the turbulent kinetic energy density
(MA,0 > 1), then the magnetic field on 100 AU core scales has uncorrelated direction
with the mean-field (although may still be correlated on larger core scales ∼ 0.1 pc). If
the field is strong, the field direction remains correlated on all scales, and has a classic
hourglass-like morphology. Correlation on intermediate scales (10000 AU) is a function
ofMA,0, ranging from strongly correlated (MA,0 = 0.35) to virtually no correlation
(MA,0 = 35) as shown in Figure 5.3. The fact that correlation extends to smaller scales
asMA,0 decreases makes future ALMA observations very useful for constraining
MA,0 of the ISM.

• In terms of upcoming directions/opportunities in this subfield, observationally quanti-
fying the scale at which the orientation correlation drops in a statistically significant
sample of molecular cloud cores will be very useful in improving our knowledge of the
ISM.
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5.8 TURBULENT FRAGMENTATION IN SIMULATIONS

Turbulent fragmentation leads to the collapse of hundreds of cores inside our simulation vol-

ume, as has been seen previously (Collins et al. 2011, 2012; Li et al. 2015b). In this paper, we

have focused our simulation efforts on capturing the collapse of the first core that forms. Here

we compare some of the properties of these cores to the larger samples of pre-stellar cores in

our boxes, which are at an earlier stage of collapse (typically the core has only collapsed to

scales of 103 AU). Cores are identified by selecting local maxima of the density field within a

radius of 1500 AU.

The analysis allows us to learn about how wide spread is the existence of hourglass figures.

Figure 5.6 shows the field morphologies for the 9 most-collapsed cores in each of the simula-

tions. We see that in the case of a strong magnetic field (MA = 0.35) the field lines align well

with the mean-field direction. The morphologies are mostly linear on this scale, with some

amount of pinching towards the core, and are likely to form hourglass shapes as the cores

continue to collapse. But in the case of the simulations where the turbulent kinetic energy

dominates the magnetic field, the morphologies can be quite chaotic on scales of 1000 AU,

even in some of the less-collapsed cores. Therefore, the hourglass shape may be uncommon in

such environments. The possibility of hourglass shapes is not excluded, however: a few cores

show fairly linear morphologies with small amount of pinching towards the core center, which

may end up evolving into an hourglass shape.

We also look at how the first-collapsed cores in each simulation compare to a larger sam-
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ple of turbulent fragmentation cores. Figure 5.7 shows the radial density profiles of the 30

most-collapsed cores in each of the simulations. We see that there is variation among the

normalization of the core profiles (as expected, since the turbulent fragmentation process is

known to yield a powerlaw distribution of masses). The first-collapsed cores are not outliers

in terms of their total mass. From Figure 5.7 we see that some of the less-collapsed cores have

a density profile shallower than ρ ∝ r−2 towards their centers; but reach ρ ∝ r−2 as they

collapse further. This is true regardless of the mean-field strength.
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MA,0 = 35 MA,0 = 3.5

MA,0 = 1.2 MA,0 = 0.35

Figure 5.6: Magnetic field and density projections of the 9 most-collapsed cores in each of
the simulations. Similar to Figure 5.1. When the field is strong (MA = 0.35) the magnetic
field aligns well with the mean-field and shows simple structure. In the other cases, there is
evidence for chaotic field morphology even in some of the less-collapsed cores.
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Figure 5.7: Radial profiles of the density (plotted as gas pressure Pgas = ρc2s ) for the 30 most-
collapsed cores in each of the simulations. Similar to Figure 5.5. The most collapsed core in
each simulation, which we analyzed in this work, is plotted in blue.
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I decided that if I could paint that flower in a huge

scale, you could not ignore its beauty.

Georgia O’Keeffe

6
Moving mesh simulations of

cosmological magnetic fields

– based on –

Marinacci, F., Vogelsberger, M., Mocz, P., & Pakmor, R. (2015). The large-scale properties of

simulated cosmological magnetic fields. MNRAS, 453, 3999–4019.
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We perform large-scale cosmological simulations with a primordial magnetic field using

the moving mesh code AREPO. We run simulations featuring the fiducial feedback model of

the ILLUSTRIS simulation as well as runs with adiabatic gas physics only. We also test the

significance of the initial seed field strength. Magnetic field amplification initially follows a

B ∝ ρ2/3 law due flux-freezing under isotropic collapse. Shear flows and turbulence enhances

amplification at high baryon overdensities. Radiative cooling and feedback further help am-

plify the field, and the field strength saturates to equipartition values inside halos (reaching

10 − 100 µG) with tangled morphology, erasing information about the primordial seed field

strength.

6.1 INTRODUCTION

Magnetic fields are known to play a key role in many small scale astrophysical systems: from

star formation (Crutcher et al. 2010) to accretion onto compact objects (Balbus 2003) to rel-

ativistic jets (Blandford & Znajek 1977) to particle acceleration via the Fermi mechanism

(Fermi 1949) to radio lobes and halos in galaxy clusters (Fabian et al. 2002) and more.

The existence of magnetic fields beyond the scale of halos is poorly constrained, however.

Indirect constraints of an intergalactic seed field of B > 3 × 10−16 G come from the non-

observation of GeV gamma-ray emission from electromagnetic cascade initiated by tera-

electron volt gamma rays in intergalactic medium (Neronov & Vovk 2010). Intergalactic

magnetic fields are thought to be weak and dynamically unimportant (B < 10−9 G) which
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makes detection in low density regions difficult. They are at or below the detection limit of

the current instrumentation, even though this should improve with the next generation of

radio instruments such as SKA (Beck 2007). The magnetic field would become dynamically

important for cosmological structure formation at around B = 10−9 G.

As such is the current state of observations, numerical simulations play a vital role in mak-

ing observational predictions, by offering guidance to observational strategies and giving an

understanding of how we could learn whether cosmological magnetic fields are of primordial

origin or generated inside galaxies. Magnetogenesis is the theoretical process under which

seed magnetic fields may be generated during inflation (Widrow et al. 2012). Alternatively the

Biermann battery mechanism (Biermann 1950) may operate at cosmological accretion shocks

to generate magnetic fields from nothing (Ryu et al. 1998a), or at cosmological ionization

fronts during reionization (Gnedin et al. 2000).

Here we study the effects of a very week seed magnetic field on cosmological (25 Mpc)

scales using simulations. The goal is to study the general properties of cosmological mag-

netic fields, the dependence on the initial feed strength, the coupling to full physics baryonic

feedback, and the amplification by turbulence. In Section 6.2 we describe the numerical setup.

Section 6.3 discusses the large-scale properties of the magnetic field in the cosmological vol-

ume. Some properties at the individual halo scale are presented in Section 6.4. In Section 6.5

we offer discussion and concluding remarks.
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6.2 NUMERICAL SETUP

We simulate 25h−1 Mpc cosmological volumes using the AREPO code with the ILLUSTRIS

feedback model (Vogelsberger et al. 2014b,a), some of which have been presented in Chap-

ter 3.

The simulations have resolutions of 2 × 2563 particles. They consider a standard Λ cold

dark matter (ΛCDM) cosmology, with the most recent cosmological parameters deduced from

Planck (Spergel et al. 2015). The simulations are started at z = 127 using the transfer function

computed with CAMB (Lewis & Bridle 2002).

The moving mesh code AREPO (Springel 2010) solves self-gravitating collisionless dy-

namics via a standard TreePM method, splitting the gravitational force into a long range and

short range contribution. The long range contribution is calculated in Fourier space on a mesh,

and the short-range contribution is found using an oct-tree algorithm. The fluid equations are

solved in finite-volume form on a discretized unstructured Voronoi tessellation that moves

with the fluid motions. To evolve the magnetic field, the constraint transport algorithm of

Mocz et al. (2016) is used.

In ideal MHD, the volume averaged mean-field is an invariant and there are no source

terms in the equation; therefore it is impossible to generate magnetic fields out of nothing.

Therefore, in these simulations we consider the effect of a small uniform primordial magnetic

field present at z = 127. We investigate how the initial strength of the field impacts the

evolution to the present time at z = 0.
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The galaxy formation physics used in the simulations are those specifically developed

for the Illustris simulations, initially presented in Vogelsberger et al. (2013). The model is

calibrated against the cosmic star formation history and the galaxy stellar mass function, and

is able to reproduce a wide range of observed galaxy properties and statistics at z = 0.

We present 3 simulations here. The 3 simulations are [1] adiabatic and [2] full physics runs

with an initial (weak) seed field of B = 10−14 G, and [3] a full physics run with stronger

initial seed field (B = 10−10 G). Additional simulations with varied parameters may be found

in Marinacci et al. (2015), supporting the same picture presented here (those simulations

were performed with the Powell scheme). The magnetic fields quoted here are the physical

magnetic field strengths rescaled to z = 0 to factor out the effects of cosmological expansion:

B = B0/a
2, where a = (1 + z)−1 is the cosmological expansion factor, and B0 is the rescaled

intensity of the B-field at z = 0.

6.3 LARGE-SCALE PROPERTIES

We begin by analyzing the large-scale properties of the magnetic field in a cosmological

volume, looking at the correlation between magnetic field intensity and density. Figure 6.1

shows a slice of density in the box in our 3 simulations (adiabatic weak seed, full physics

weak seed, full physics stronger seed). Slices are shown at redshifts z = 2 and at z = 0.2.

Figure 6.2 shows the magnetic field strength in the same slices. What is clearly evident from

the visualizations is that the magnetic field traces the cosmic density structure. The strongest
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Figure 6.1: Slices of density at z = 2 and z = 0.2 for the 3 simulations.
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Figure 6.2: Slices of the magnetic field strength at z = 2 and z = 0.2 for the 3 simulations.
Compare with Figure 6.1, the magnetic field strengths are seen to trace cosmic structure.
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Figure 6.3: Distribution of the magnetic field strength as a function of density. Homogeneous
contraction with flux freezing predicts a B ∝ ρ2/3 scaling. Cosmic expansion reduces the nor-
malization of the physical magnetic field strength with time by a factor of (1 + z)−2. Small scale
turbulence and shearing motions in the full physics runs are seen to saturate the magnetic
field at high overdensities irrespective of initial field strength.
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Figure 6.4: Probability density distribution of magnetic field strengths in the 3 simulations at
redshifts z = 2 and z = 0.2. Low magnetic field values are found in cosmic voids and filaments
and the distribution between adiabatic and full physics runs is unchanged. The high end of
the distribution is stretched due to additional amplification in the full physics runs. The high
end distribution is very similar for both full physics runs with very weak (10−14 G) and weak
(10−10 G) seed fields.
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Figure 6.5: Radial profile of the thermal gas pressure, magnetic energy density, and kinetic
energy density in the most massive halos of each simulation. In adiabatic runs, the profiles
are seen to be fully self-similar, and magnetic field amplification at the very center of the halos
is weak. With full physics runs, an equipartition is reached at the centers of halos within the
virial radius due to additional amplification by small scale shearing motions and turbulence.
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magnetic fields are located at density peaks. This is expected, due to the flux-frozen nature of

the magnetic field (which is a consequence of the divergence-free condition). Namely, in the

case of adiabatic and isotropic contraction, the magnetic field evolves with density ρ as:

B = B0/a
2 ∝ ρ2/3 (6.1)

The normalization is given by the initial seed field value. Notably, the net effect of cosmic

expansion is to decrease the physical intensity of the B-field.

The magnetic field in the full physics simulations are seen to reach much higher values

at the centers of halos. The magnetic field amplification goes several orders of magnitude

higher than simple adiabatic flux freezing. Radiative cooling and feedback are responsible.

Radiative cooling allows gas to reach higher densities than via adiabatic contraction only, and

gas outflows from stellar and black hole feedback stir turbulence and add shear to the gas,

boosting the B-field amplification. This effect becomes especially marked at low redshift.

Additionally, the black hole feedback from the center of the galaxies is seen to expand low

density bubbles of gas to Mpc scales, in which the magnetic field is strong. This can be a

useful way to increase the volume filling factor of strong magnetic fields in the cosmic web

(Mocz et al. 2011). It is important to point out that the black hole feedback model does not

add a source term to the magnetic field in the simulations. Potentially the magnetic fields may

be even stronger in the radio bubbles from the AGN.

The field strengths in low-density regions and in voids are similar in the simulations with
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and without cooling and feedback. But the B-field strength can be somewhat larger in certain

low-density areas with the inclusion of baryon physics since stellar and AGN feedback can

eject highly magnetized gas from the centers of halos in the intergalactic space.

The distribution of the magnetic field strength in the gas cells as a function of density is

shown in Figure 6.3. Isotropic contraction with flux freezing predicts a B ∝ ρ2/3 scaling,

which is seen in the low density gas parcels (these correspond to voids and filaments). Cosmic

expansion reduces the normalization of the physical magnetic field strength with time by a

factor of (1 + z)−2. Small scale turbulence and shearing motions in the full physics runs are

seen to saturate the magnetic field at high overdensities irrespective of initial field strength.

The final saturation strength is an equipartition state with the gas thermal pressure and kinetic

energy density (Section 6.4).

Figure 6.4 shows the probability density distributions of the magnetic field strengths in

the volume of the box. Low magnetic field values are found in cosmic voids and filaments

and the distribution between adiabatic and full physics runs at a fixed initial seed strength is

unchanged. The high end of the distribution is stretched due to additional amplification of the

magnetic field in the full physics runs. The high end distribution is very similar for both full

physics runs with very weak (10−14 G) and weak (10−10 G) seed fields, demonstrating that the

magnetic fields have saturated at high overdensities.
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6.4 MAGNETIC FIELD IN HALOS

The radial profile of the thermal gas pressure, magnetic energy density, and kinetic energy

density in the most massive halos of each simulation is shown in Figure 6.5. In adiabatic runs,

the profiles are seen to be fully self-similar, and magnetic field amplification at the very center

of the halos is weak, a few orders of magnitude below observed values of 10− 100 µG. With

full physics runs, an equipartition is reached at the centers of halos within the virial radius due

to additional amplification by small scale shearing motions and turbulence, and typical field

strengths agree with observations. The outer parts of halos are still unsaturated, and follow a

self-similarity, with typical plasma betas of around β ∼ 100−−1000. This non-equipartition

self-similarity can be deduced from a self-similar energetics scaling argument of turbulence

(Miniati & Beresnyak 2015). The source of all energy in the turbulent cascade initially comes

from gravitational potential energy. This is in part converted to kinetic energy via accretion

flows. The flows generate shear and accretion shocks which helps induce fluid instabilities

via the baroclinic term that leads to turbulent flows. The shocks do not dissipate tangential

flows, which generate a combination of shear, shocks, and turbulence. The turbulence enters

a turbulent cascade. Compressive modes dissipate into heat, while turbulent dynamo action

(small-scale vorticity) converts a fraction of the turbulent energy to magnetic fields. Assuming

an approximately constant efficiency of turbulence generation from the gravitational energy,

the ratio of the thermal to turbulent to magnetic energy densities is expected to remain con-

stant. Halos never stop contracting, so the process continues as more gravitational potential
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Figure 6.6: Lyman-alpha flux power spectra statistics change if the primordial magnetic
field is strong enough to have a small dynamical effect on structure formation. Line-of-sight
gas properties are affected (e.g. increased fluctuations). But the signature is essentially
unchanged if the seed field is dynamically week (B < 10−9 G), as expected from current
observational upper limits on the primordial field strength.

energy is tapped. This process (with β ∼ 100−−1000) is observed in the halo profiles of the

adiabatic runs, and the outer halos profiles of the full physics runs in Figure 6.5.

6.5 DISCUSSION AND CONCLUDING REMARKS

Dependence on initial seed strength is largely erased inside halos, as equipartition is reached,

and memory of initial field topology is also lost. In some sense this is useful because predic-

tions for observables such as Faraday rotation measures in halos are unaffected by the choice

of seed magnetic field, which is not known from observations (Faraday rotation observation

predictions are made in Marinacci et al. (2015)). However, this also makes observational
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strategies to constrain primordial magnetic fields, if they exist, difficult. The best bet is to ob-

serve signatures affected by magnetic fields (such as rotation measures) in low density regions,

such as outer parts of halos or potentially filaments. This will take future generation telescopes

to have the required sensitivity to observe.

We have also taken a look at the effect of the initial field strength on the Lyman-alpha

forest, notably the 1D flux power spectrum (Figure fig:LyAlpha), which probes low-density

cosmic structure. The Lyman-alpha flux power-spectra was calculated taking random lines of

sight in the simulation volume and creating mock spectra by extracting line-of-sight features

such as HI density, temperature, and peculiar velocity, following Theuns et al. (1998). As

expected, if the magnetic field is dynamically unimportant (B < 10−9 G) as known from

current observational upper limits, then cosmic structure on large scales is unaffected and

so is the flux power spectrum. However, this picture can chance slightly if line widths are

additionally turbulently broadened on the smallest scales. Such effects are not captured by our

simulation due to the numerical resolution. The additional broadening would be proportional

to the field strength. The effect would be a small perturbation in the flux power spectrum

towards larger scales. Figure fig:LyAlpha also demonstrates the perturbation on the flux power

spectrum once the magnetic field starts becoming dynamically important (B = 10−8 G),

which is of theoretical interest, but observationally this strong seed field value is ruled out.

Our simulations have chosen the simplest initial magnetic field configuration at z = 127, a

uniform field. We have also explored more complicated initial field topologies, such as tangled

magnetic fields with a characteristic scale of 1 Mpc and k−4 power-law power-spectrum tail
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in magnetic power, but found the overall picture does not change: in low density regions the

magnetic fields amplify by adiabatic contraction according to the flux frozen condition, and

in high density regions the magnetic fields saturate. There is no significant inverse-cascade

processes due to a tangled field attempting to reduce it’s energy configuration by straightening

itself out. The primordial field topology is preserved in filaments and voids. Future generation

telescopes will be very useful in constraining the magnetic field topology in such regions.

With the inclusion of cooling and feedback, halos with realistic magnetic field strengths

(10− 100 µG) are produced self-consistently by the simulations. The simulations show that the

field strengths that are observed correspond to an equipartition fluid state in the interior of the

halo.
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7
Conclusions and future directions

7.1 IMPORTANCE OF CONSTRAINED TRANSPORT

The importance of preserving physical symmetries at the discretized level is seen to have im-

portant consequences for the stability and accuracy of simulations. Various examples of this

have been presented in Chapters 2, 3, and 4. The moving mesh constrained transport method

presented in this dissertation is the first numerical formulation of the MHD equations that is
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both Galilean invariant and divergence-preserving. This property was seen most readily in the

almost-trivial test problem of advecting a magnetic field loop: Fig. 3.7. The field loop is sim-

ply expected to translate at constant velocity, as it does with moving mesh CT, but it is seen

that using an Eulerian fixed grid breaks Galilean invariance by introducing diffusion errors

(in the direction of motion), as does using a Powell ‘correction’ term. The Powell scheme,

while extremely stable numerically, can lead to a false sense of security in the accuracy solu-

tion. While it often performs well, the danger is illustrated well in the case of a turbulent box

simulation (Fig. 4.3), where the mean-field, another invariant of ideal MHD, actually grows in

the moving mesh simulations due to the Powell source terms. The CT approach does keep the

mean-field time-steady by construction (Chapter 2).

Chapter 4 demonstrated the numerical side effects of the Powell scheme in astrophysical

setting, where magnetic fields in turbulent regions with dynamo processes such as a rotating

galactic disk may be over-amplified significantly. It is important to note that these effects

may be mitigated with increased resolution. However, it is sometimes impossible to reach the

required resolution in large scale simulations with current computational technology.

In summary, constrained transport offers a gold standard solution (machine-precision con-

trol) on maintaining important symmetries of the MHD equations, and can be adapted to

arbitrary meshes. The use of a moving-mesh offers the advantages of Galilean-invariance and

automatic mesh adaptability which is especially useful for resolving regions collapsing under

self-gravity.
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7.2 COMPARISON OF FUNDAMENTAL MAGNETIC AND TURBULENT PROCESSES IN

STAR FORMATION AND COSMOLOGY

Chapters 5 and Chapters 6 discussed the formation processes of collapsing halos and proto-

stars. Despite cosmological structure formation being anti-hierarchical (the smallest gravita-

tionally bound structures such as matter peaks that contain the first stars and stellar clusters

form first, and are subsequently merged to form galaxies, followed by galaxy groups, clusters

and superclusters) and star formation being hierarchical (large congregations of gas consist

of small structures which themselves also fragment and collapse in to stellar objects), the the

physical processes have related physics. They both fall into the category of structure forma-

tion in magneto-gravo-turbulence. There is a general transfer of energies from gravitational

potential energy to kinetic and magnetic energies. Much of the star formation process is in the

(optically-thin) isothermal limit, unlike in the cosmological context, which means that the gas

cannot be heated in the collapse (heating is a sort of sink term for collapse in the cosmological

context which adds additional pressure support against collapse).

Flux freezing is an important condition for describing the overall picture of how the mag-

netic field grows in cosmological and star forming systems. Flux freezing gives a scaling of

magnetic field with density that is just determined by the geometry of collapse. The collapse is

isotropic overall in the case of cosmology, yielding B ∝ ρ2/3, and can vary between isotropic

and anisotropic in the case of star formation, yielding B ∝ ρ1/2 in the case that the mean-

magnetic field is strong. But turbulence further plays a role in amplifying the field. In the case
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of cosmology, turbulence is generated by accretion shocks, which allows small-scale dynamo

action and shearing motions to further amplify the magnetic field beyond simple flux-freezing

scaling arguments. Galactic feedback processes and cooling provide enough stirring and shear

to the gas that the magnetic field can saturate at equipartition levels at halo centers and inside

galaxies. Star formation in galaxies has starting conditions from a saturated turbulent envi-

ronment, where turbulent stirring is present on scales larger than the collapsing molecular

cloud region. The stirring may come from both cosmological turbulence cascading down to

the smallest scales and also from stirring due to supernova explosions. Collapse under self-

gravity under these conditions (free-fall timescale is less than sound-crossing timescale) will

cause the magnetic field to scale according to flux freezing. However, flux freezing actually

breaks a little in this turbulent regime, due to the fast turbulent reconnection diffusion mech-

anism. An arbitrarily small amount of resistivity can cause magnetic reconnection, breaking

the flux-frozen condition. The interstellar medium will physically have a small resistivity, and

numerical resistivity is also unavoidably present in the code, and it turns out the effect of tur-

bulent reconnection in this regime is independent of the strength of resistivity, so the physical

process is accurately captured by the code. Reconnection allows the mass-to-flux ratio in cores

to change as the core collapses (an invariant in pure ideal MHD). Our simulations show that

reconnection can even allow for regions which are initially slightly magnetically sub-critical to

collapse.

The pictures of collapse under self-gravity in magneto-gravo-turbulence that we have

painted show that while there are common physical themes, there is also diversity in behavior

177



in different physical regimes.

7.3 FUTURE DIRECTIONS

Future work will propel in the direction of performing larger simulations with more detail

physics and resolution. In the case of star formation, it will be useful to repeat the simulations

without the isothermal assumption to continue following collapse into the adiabatic phase

and see whether our simulations form disks (e.g., see whether turbulence can solve the mag-

netic breaking catastrophe). Such simulations will likely require the use of sink particles and

radiative feedback to accurately capture the process.

The star formation simulations may be used to help interpret future ALMA observations of

young protostellar systems. We have made theoretical predictions for how the magnetic field

orientation correlations with the Alfvénic mach number of the system as a function of length

scale.

In the case of cosmological simulations, it will be interesting to study the effects of mag-

netic fields inside galaxies in higher resolution simulations (such as the new ILLUSTRIS++

simulations which have improved the galactic feedback modules and include magnetic fields),

to study how it effects star formation rate and changes the disk scale height and outflow prop-

erties. Adding in magnetic field generation from accretion shocks and reionization fronts

would be also very useful as a way to directly distinguish between these mechanisms.

Aside from these two applications, the MHD module in AREPO can be applied to study any
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astrophysical magnetic process with large dynamical range in densities more accurately than

before. Some interesting applications include tidal disruption events, circumbinary disks, and

radio mode feedback from active galactic nuclei.
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Burkhart, B., Falceta-Gonçalves, D., Kowal, G., & Lazarian, A. (2009). Density Studies of
MHD Interstellar Turbulence: Statistical Moments, Correlations and Bispectrum. ApJ, 693,
250–266.

Burkhart, B., Lee, M.-Y., Murray, C. E., & Stanimirović, S. (2015). The Lognormal Probability
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in Self-gravitating Super-Alfvénic Turbulence with Adaptive Mesh Refinement. ApJ, 731,
59.

Crutcher, R. M. (2012). Magnetic Fields in Molecular Clouds. ARA&A, 50, 29–63.

Crutcher, R. M., Wandelt, B., Heiles, C., Falgarone, E., & Troland, T. H. (2010). Magnetic
Fields in Interstellar Clouds from Zeeman Observations: Inference of Total Field Strengths
by Bayesian Analysis. ApJ, 725, 466–479.

Cunningham, A. J., Frank, A., Varnière, P., Mitran, S., & Jones, T. W. (2009). Simulating Mag-
netohydrodynamical Flow with Constrained Transport and Adaptive Mesh Refinement:
Algorithms and Tests of the AstroBEAR Code. ApJS, 182, 519–542.

Dai, W. & Woodward, P. R. (1998a). A Simple Finite Difference Scheme for Multidimensional
Magnetohydrodynamical Equations. Journal of Computational Physics, 142, 331–369.

Dai, W. & Woodward, P. R. (1998b). On the Divergence-free Condition and Conservation
Laws in Numerical Simulations for Supersonic Magnetohydrodynamical Flows. ApJ, 494,
317–335.
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Spergel, D. N., Flauger, R., & Hložek, R. (2015). Planck data reconsidered. Phys. Rev. D, 91(2),
023518.

Springel, V. (2005). The cosmological simulation code GADGET-2. MNRAS, 364, 1105–1134.

Springel, V. (2010). E pur si muove: Galilean-invariant cosmological hydrodynamical simula-
tions on a moving mesh. MNRAS, 401, 791–851.

Stephens, I. W., Looney, L. W., Kwon, W., Hull, C. L. H., Plambeck, R. L., Crutcher, R. M.,
Chapman, N., Novak, G., Davidson, J., Vaillancourt, J. E., Shinnaga, H., & Matthews, T.

192

https://graphics.stanford.edu/courses/cs468-13-spring/assets/lecture12.pdf/
https://graphics.stanford.edu/courses/cs468-13-spring/assets/lecture12.pdf/


(2013). The Magnetic Field Morphology of the Class 0 Protostar L1157-mm. ApJ, 769,
L15.

Stone, J. M., Gardiner, T. A., Teuben, P., Hawley, J. F., & Simon, J. B. (2008). Athena: A New
Code for Astrophysical MHD. ApJS, 178, 137–177.

Strong, A. W. & Moskalenko, I. V. (1998). Propagation of Cosmic-Ray Nucleons in the Galaxy.
ApJ, 509, 212–228.

Susskind, L. (2003). Superstrings. Physics world, 16(11), 29.

Tang, Y.-W., Ho, P. T. P., Koch, P. M., Girart, J. M., Lai, S.-P., & Rao, R. (2009). Evolution of
Magnetic Fields in High-Mass Star Formation: Linking Field Geometry and Collapse for
the W51 e2/e8 Cores. ApJ, 700, 251–261.

Theuns, T., Leonard, A., Efstathiou, G., Pearce, F. R., & Thomas, P. A. (1998). Pˆ3M-SPH
simulations of the Lyalpha forest. MNRAS, 301, 478–502.

Thummalapalli, R. (2017). Fourier transform: Natures way of analyz-
ing data. http://www.yalescientific.org/2010/12/
fourier-transform-natures-way-of-analyzing-data/, (accessed 2017-
03-29).

Toro, E. F. (2013). Riemann solvers and numerical methods for fluid dynamics: a practical
introduction. Springer Science & Business Media.
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