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1 Introduction
Since the pioneering works of Mitchel et al. [1] and Sommerfeld and Welker [2], for 
nearly 88 years, numerous studies have been conducted on confined atomic and molecu-
lar systems for their immense applicability in quantum optics [3], and quantum infor-
mation theory [4–11]. Due to the enhanced tunability of confining environments, the 
structural and spectroscopic properties of atoms and molecules can be systematically 
modified. This, in turn, enables the exploration of various intricate aspects of fundamen-
tal physics, such as orbital shape manipulation, including orbital breathing, reordering, 
fission, and fusion [12]. In this regard, Dolmatov and King [13] investigated the confined 
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Abstract
In this study, we aim to investigate the oscillatory nature of the probability density 
in position and momentum space of a hydrogen atom under a penetrable 
repulsive single-barrier (RSB) potential and the related information-theoretic 
measures. We have employed the Ritz variational method, utilizing a Slater-type 
trial wavefunction to determine the eigenvalues and eigenvectors of the hydrogen 
atom. The momentum space wavefunction is then estimated by employing the 
Fourier transformation of the position space counterpart. Both of these conjugate 
space wavefunctions are used to estimate the Shannon entropy, which is then 
utilized to verify the well-known Bialynicki-Birula and Mycielski (BBM) inequality. Our 
investigation reveals confinement-induced oscillatory features in the radial probability 
density of position space and corresponding oscillations in momentum space. These 
oscillations are strongly correlated with atomic swelling, orbital fusion, fission, and 
collapse, which manifest as discontinuities in the variations of the Shannon entropy. 
For non-zero angular momentum states, additional oscillatory features arise from the 
combined effect of the centrifugal term and the barrier potential. Altogether, the 
findings highlight the intricate interplay between external confinement and orbital 
deformation, their impact on information-theoretic measures, and the consequent 
emergence of quantum phase transitions.
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hydrogen atom, focusing on orbital structure manipulation under a finite-barrier poten-
tial of the form

VRSB(r) =
{

V R ≤ r ≤ R + ∆,
0 otherwise  (1)

Here V denotes the barrier height, ∆ its width, and R the position of the repulsive bar-
rier, respectively. When the hydrogen atom is compressed under this potential and the 
confinement radius falls below a certain critical value Rc (e.g., Rc = 1.45 a.u. for the 
ground state), the electronic cloud undergoes anomalous swelling, causing the atomic 
radius to increase to nearly nine times that of the free atom value. The phenomenon, 
referred to as atomic swelling, displays remarkable characteristics, including an abnormal 
increase in the oscillator strength f1s→2p, which can become nearly twice the observed 
value in the corresponding free atom. Similarly, the effect of the finite barrier potential 
in the many-electron systems has far-fetched implications, where it exhibits phenomena 
like orbital collapse, orbital fission, and orbital fusion as well. For instance, an excited 
electron in the 3d state of the Chromium atom Cr(3p5 3d5 4s1 3d∗, 7P), when placed 
under such a potential, exhibits 3d orbital collapse [13]. Another study on such phenom-
ena in the semi-filled states of Phosphorus, Nitrogen, Lithium, and Chromium was car-
ried out by Dolmatov [12]. In another work, Connerade and Dolmatov [14] investigated 
the controlling orbital-collapse in transition elements using spin-polarized Hartree-
Fock wavefunction and particularly demonstrated the controlled orbital collapse in the 
Cr atom. Also, the finite barrier potential can occur naturally in free d- and f-block and 
transition elements, particularly due to the screening effect of the core electrons [15, 16]. 
Consequently, the Scandide (d-block elements) and the Lanthanide (f-block elements) 
contraction arise, resulting in an abrupt reduction of the atomic radius. Interestingly, the 
structural properties of valence shell electrons in d-block and f-block elements can be 
effectively simulated by suitably selecting the parameters (V, R, ∆) [17].

When an atom undergoes orbital shape modifications, notable variations in its infor-
mation-theoretic measures become apparent. In our earlier work [18], we investigated 
such orbital shape manipulation by studying the changes in the Shannon information 
entropy for a hydrogen atom. We established that Shannon entropy can be used as an 
indicator of such orbital shape changes. In that work, the entire calculations were done 
using the well-established Lagrange-Laguerre mesh method (LMM), a simplistic yet 
highly-accurate numerical technique [19–24]. However, in the case of the finite barrier 
potential, we have faced few challenges while calculating the potential energy matrix ele-
ment. Firstly, due to the discontinuous nature of the VRSB(r), the chosen Laguerre-type 
Lagrange functions lose their orthogonality within the range of the potential, and the 
resulting effect yielded a noticeable numerical instability. However, this can be resolved 
with proper scaling and transformation of the Lagrange mesh. Secondly, because of the 
unequal nature of the Gaussian quadrature, the method becomes somewhat problem-
atic for computing the momentum-space density, which is, in fact, an important quan-
tity in the present context. Momentum space density elucidates several properties of an 
atomic system, such as Compton profiles, atomic form factors etc. Despite this, the effect 
of orbital shape manipulations on the momentum space density of an atomic system and 
its corresponding information-theoretic measures has not been explored yet.
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We note that the information theoretical measures have been previously applied in the 
analysis of various structural properties in atoms and molecules, for example, in propos-
ing an information theoretical estimate of the exchange parameter of neutral atoms in 
Xα-theory [25], estimating the mean excitation energy of confined hydrogen atom [26], 
locating the characteristic minimum in the total Shannon information entropy of the 
confined atoms [27], analysis of avoided crossing of energy levels of hydrogenic atoms 
in parallel magnetic and electric fields [28], in the studies involving the chemical bond-
ing in hydrogen molecular ion [29, 30], chemical reactivity description of a three-centre 
insertion reaction [31], and the characterization of Wigner crystallization [32], respec-
tively. In this work, we present an in-depth investigation of the effects of orbital shape 
manipulation due to the finite barrier potential on the position as well as the momen-
tum-space density and the subsequent variations in the information-theoretic measures. 
To avoid the difficulties regarding the calculation of momentum space density, we have 
used the Ritz variational method by employing the basis set expansion technique instead 
of LMM. The basis-set expansion technique is a robust method that can be used to solve 
various types of confined atomic and molecular systems. In fact, various previous works 
from our group have been done predominantly on the development of the said method 
[11]. The momentum-space density is calculated using the Fourier transformation of the 
optimized trial wave-function, which is elaborately pointed out in our previous articles 
[8, 33]. The Shannon entropy in both position and momentum space is calculated in 
order to justify the effect of the RSB potential on the hydrogen atom in a more effective 
way. Additionally, we have also considered the Bialynicki-Birula and Mycielski (BBM) 
inequality [34] to understand Heisenberg’s uncertainty principle in the context of infor-
mation theory. As an important aspect of this work, various atomic phenomena, such 
as atomic swelling, orbital fusion, orbital fission, and orbital collapse, have been exam-
ined through measuring Shannon entropy for hydrogenic orbitals as functions of the 
position of the RSB potential. Furthermore, we aim to identify and interpret the discon-
tinuities observed in the Shannon entropy that emerge from sudden structural modifica-
tions in the underlying quantum states, thereby signalling the onset of a quantum phase 
transition.
The article is organized as follows: a brief discussion of the methodology of solving 

the Schrödinger equation is given in Sec. 2, followed by the discussion on the results in 
Sec. 3. Lastly, a brief conclusion is presented in Sect. 4.

2 Methodology
The non-relativistic Hamiltonian (in atomic units) of a hydrogen atom under the influ-
ence of the repulsive barrier potential (RSB) can be written as [12, 13, 15, 18],

H = −1
2∇2

r + Veff.(r) + VRSB(r) (2)

where T̂ = − 1
2 ∇2

r = − 1
2

1
r2

d
dr

(
r2 d

dr

)
 is the radial part of the kinetic energy, Veff.(r) is 

the effective potential which is defined as,

Veff.(r) = −1
r

+ l(l + 1)
2r2  (3)
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Here, l is the angular momentum quantum number. To solve Schrödinger’s equation for 
the system, we have employed the Ritz variational method to obtain the variationally 
optimized energy and position-space wavefunction of the system. Due to the spherical 
symmetry of the Hamiltonian, we can write the total wavefunction as,

Ψnlm(r) = ψnl(r)Ylm(r̂) (4)

where ψnl(r) is the radial wave function and Ylm(r̂) represents the spherical harmonics. 
The explicit expression of ψnl(r) is considered as the linear combination of a Slater-type 
basis set, which can be expanded as,

ψnl(r) = rl
N∑

k

Ck e−αkr  (5)

Here, αk ’s are the non-linear variational parameters which are chosen in a geometrical 
sequence as,

αk = αk−1σ (6)

Here, σ is the common ratio. The highest and lowest values of αk along with the value 
of N are modulated in such a way that the energy eigenvalue of the particular nl-state at 
V = 0 becomes accurate up to 14 decimal places. The chosen values of N, α0, and αN  
kept fixed for all calculation of the values of (V, R, ∆) at that particular nl-state. For 
example, at 1s state, the chosen values are N = 41, α0 = 0.01, and αN = 500.0 [8, 10] 
which remained the same for any further calculations of the 1s state itself. The Ck ’s are 
known as linear variational parameters, which can be determined by solving the general-
ized eigenvalue equation, given as,

H C = E S C (7)

where H is the Hamiltonian matrix, S  is the overlap matrix, C is the column matrix con-
sisting of linear variational parameters i.e. Ck ’s and E is the corresponding energy eigen-
value. We can estimate the radial probability density in the position space as,

Dnl(r) = r2|ψnl(r)|2 (8)

where,
ˆ ∞

r=0
Dnl(r)dr = 1 (9)

The momentum space wave function Φnlm(p) can be estimated by performing the 3D 
Fourier transformation of the position-space wavefunction of Eq. (5)

Φnlm(p) = 1
(2π)3/2

ˆ

eip·rΨnlm(r)r2drdΩ (10)

A detailed derivation of the momentum space wavefunction of the Hydrogen atom 
using the Slater basis is provided in our previous publications of Ref [8, 10, 35]. Now, the 
expression of the Eq. (10) can be simplified as,

Φnlm(p) =ϕnl(p)Ylm(p̂)  (11)
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Here ϕnl(p) and Ylm(p̂) are the radial wavefunction and the spherical harmonics in 
momentum space. The expression of ϕnl(p) can be simplified as,

ϕnl(p) =
[√

2
π

ˆ ∞

r=0
iljl(pr)ψnl(r)r2dr

]
 (12)

Here, i =
√

−1. To proceed further, we need to evaluate the following Fourier-Bessel 
basis integral,

Aq
l,a(p) =

ˆ ∞

r=0
rl e−ar jq(pr) dr

=
q∑

k=0

2(q + k)!
(2p)k+1k!(q − k)!

(l − k − 1)!
P l−k

α (p)
cos

{π

2 (−q + k − 1) + (l − k)ξα(p)
} (13)

where l is an integer and must be greater than −1 and a > 0.0. Here,

Pα(p) =
√

α2 + p2; ξα(p) = tan−1
{ p

α

}
 (14)

Hence, the expression of ϕnl(p) can be written in terms of Aq
l,a(p) as,

ϕnl(p) =
√

2
π

il
N∑

k

CkAl
l+2,αk

(p) (15)

The radial momentum space density can be written as,

Γnl(p) = p2|ϕnl(p)|2 (16)

3 Results and discussion
In this section, we have explored the effect of the repulsive barrier potential on the elec-
tronic probability densities of the hydrogen atom in the conjugate space. The strength 
and width of the barrier are fixed at V = 4.0 a.u. and ∆ = 5.0 a.u. [18], while its position 
(R) is varied to study the resulting changes in the probability densities. Evidently, the 
atomic swelling in 1s state occurs if V >2.5 and ∆ > 1.0. Thus, the choice of V and ∆ is 
sufficient in the present context.

To begin, we evaluated the radial Shannon entropy in both position and momentum 
space (Sr  and Sp), which are defined as:

Sr = −
ˆ

ρnl(r) ln ρnl(r)r2dr; Sp = −
ˆ

γnl(p) ln γnl(p)p2dp  (17)

where, ρnl(r) = |ψnl(r)|2, and γnl(p) = |ϕnl(p)|2. The angular Shannon entropy (Sθ,ϕ) is 
identical in position and momentum space and can be expressed as:

Sθ,ϕ = −
ˆ

|Ylm(r̂)|2 ln |Ylm(r̂)|2dΩ = −
ˆ

|Ylm(p̂)|2 ln |Ylm(p̂)|2dΩ (18)

The values of Sθ,ϕ for different nl states are taken from the work of Jiao et al. [36]. There-
fore, the total Shannon entropy in position and momentum space (Sr  and Sp) can be 
written as,
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Sr = Sr + Sθ,ϕ; Sp = Sp + Sθ,ϕ (19)

At a specific value of l, the Sθ,ϕ remains constant in both conjugate position and momen-
tum space due to spherical symmetry. Hence, the value of Sθ,ϕ becomes only additive 
part to Sr  and Sp respectively. Now, using the value of Sr  and Sp, the Shannon entropy 
ST  sum can be written as,

ST = Sr + Sp + 2Sθ,ϕ  (20)

and the corresponding BBM inequality reads as,

ST ≥ 3(1 + ln π)  (21)

3.1 Zero angular momentum (l = 0) states

The effect of the RSB potential has been examined on the conjugate-space radial prob-
ability density and the Shannon entropy for the lowest three s-symmetric (l = 0) states 
of the hydrogen atom. Prior to this analysis, the wavefunctions of all relevant states were 
evaluated with high precision, as confirmed by the highly accurate eigenvalues obtained. 
For instance, at R = 100.0 a.u., the energy eigenvalue of the 1s state is exactly −0.5 a.u., 
clearly reflecting the asymptotic free region. Similarly, the eigenvalues for the 2s and 3s 
states are found to be −0.125 a.u. and −0.055 a.u., respectively. These results confirm 
the high accuracy of the computed wavefunctions.

3.1.1 Ground state

At R = 100 a.u., the values of Sr  and Sp are found to be 4.144 a.u. and 2.422 a.u., respec-
tively, which are consistent (to the digits reported here) with the results of Jiao et al. [36]. 
Accordingly, the total Shannon entropy ST  at the same R is calculated to be 6.567 a.u. As 
R decreases to 2 a.u., Sr  reduces to 2.815 a.u., while Sp increases to 3.644 a.u., indicating 
that the barrier enhances localization of the probability density in position space. In con-
trast, the probability density in momentum space becomes more delocalized. It is impor-
tant to note that in both cases, the total Shannon entropy ST  takes the values 6.567 a.u. 
and 6.459 a.u., respectively, thereby satisfying the BBM inequality. , At R = 1.45 a.u., Sr  
abruptly increases to 10.277 a.u., while Sp decreases to −3.158 a.u. Meanwhile, ST  still 
maintains the BBM inequality and exhibits a sudden increment up to 7.119 a.u. at same 
R. This sudden change in the information entropy is attributed to atomic swelling [13], 
and particularly the Shannon entropy can be used as an indicator for such phenomena 
[18]. These changes also signal the onset of a quantum phase transition in the Shannon 
entropy with respect to the position of the repulsive barrier, R. However, to have a better 
understanding of the underlying intricacies, we need to study the probability densities 
in both position and momentum space in the utmost detail. For that purpose, we have 
divided the whole spatial distance into three specific spatial regions: (i) inner attractive 
region (0 ≤ r ≤ R), (ii) repulsive barrier region (R < r < R + ∆), and (iii) outer attrac-
tive region (R + ∆ ≤ r < ∞). Therefore, the density distribution can be classified into 
three regions: reflected density (region I), trapped density (region II), and transmitted 
density (region III). The variations of these radial densities in both position and momen-
tum space are depicted in  figure 1 (a) and (b), respectively, for the ground state of the 
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hydrogen atom. As evident from figure 1(a), each of these components exhibits distinct 
patterns when plotted on a logarithmic scale rather than a linear scale.

Before proceeding further, we define two important quantities, such as,

D(a, b) =
ˆ b

a

D(r)dr; G(a, b) =
ˆ b

a

D(r)V(r)dr (22)

here, V(r) = Veff.(r) + VRSB(r). The quantity D(a, b) indicates the probability of find-
ing the electron within r ∈ [a, b] while G(a, b) indicates the strength of the potential 
within the same region. At R = 10 a.u., the quantity D(0, R) ≡ DI (i.e., reflectance for 
region I) is 0.99999989, indicating that the majority of the electronic cloud is confined 
within the region 0 ≤ r ≤ R, while still retaining nearly all the characteristics of a free 
atom. The character in the suffix ‘I’ corresponds to the region I, and similar notation is 
used in the following text. Meanwhile, the value of D(R + ∆, ∞) ≡ DIII (i.e. transmit-
tance) is 1.55 × 10−8, indicating that the probability of finding the electron in region 
III is negligibly small. However, despite such a small contribution, the probability dis-
tribution in region III has a unique oscillatory feature which can be understood from 
the quantity G(a, b). The strength of the potential in the inner well at R = 10 a.u. is 
G(0, R) ≡ GI = −0.99997874 a.u., i.e. exactly equivalent to the expectation value of 
potential energy in the ground state of the hydrogen atom. Due to these reasons, most 
of the electronic distribution is confined to the region I, maintaining the characteristics 

Fig. 1 a Position space density  and b momentum space density  of the 1 state of Hydrogen atom for different 
values of R, c Shannon entropy in position space S and momentum space S and d Shannon entropy sum S  the 
position of the repulsive single barrier .
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of the free-H atom. In region III, the effect of the potential is almost negligible as 
G(R + ∆, ∞) ≡ GIII = −7.598 × 10−10 a.u. Therefore, in region III, Schrödinger equa-
tion can approximately be written as,

−1
2∇2

rψnl(r) ≈ Eψnl(r)  (23)

where, ψnl(r) ≈ jl(kr) with wave vector k =
√

2E. Now, in this limit, the spherical 
Bessel function attains its asymptotic form jl(kr) ≈ sin(kr−l π

2 )
kr . Therefore, the elec-

tronic probability distribution in region III behaves like a free particle with an oscilla-
tory nature. On the other hand, the probability distribution in momentum space shows 
smooth and monotonic variation with no prospect of oscillation (see figure 1(b)). As the 
value of R is decreases to 5 a.u., the strength of the inner well (GI) increases to −1.015 
a.u. with reflectance (DI) becomes 0.999716. As we can see, due to increased strength in 
the inner well, the reflected electronic wavefunction in region I becomes localized within 
a smaller region. This is the compression effect of the finite barrier potential, which is 
also reflected in the momentum space distribution. From figure 1 (b), it is evident that 
a small amount of distortion appears in the momentum distribution of the 1s electron. 
On the other hand, the strength of the outer well increases nearly ∼ 104 times and 
attains a value of −3.475 × 10−6 a.u. and the value of the transmittance also increases 
up to ∼ 103 fold (DIII = 6.151 × 10−5). Now, as the value of R further decreases to 1.45 
a.u., the strength of the outer well increases to GIII = −0.079 a.u., while the value of GI 
becomes −3.87 × 10−5 a.u. Due to the increase in the strength of the outer region, the 
electronic wave tunnels through the repulsive barrier, resulting in atomic swelling, which 
is evident from the largest lobe of probability density corresponding to the transmitted 
wave ( DIII = 0.9994878). Due to this reason, the transmitted part becomes a superposi-
tion between 1s-like electronic wavefunction with asymptotic spherical Bessel function 
of a free particle at a large distance from the nucleus. Interestingly enough, the momen-
tum space distribution of the corresponding swelled hydrogen atom in the ground state 
exhibits an oscillatory nature, which has only been observed in the case of a one-elec-
tron system trapped under an impenetrable cavity. For example, in our earlier work 
[35], we have elaborately studied the effect of confinement resonance in the momentum 
space distribution of alkali-like systems under hard-wall confinement. Similarly, we can 
describe the appearance of the oscillation in momentum space for the swollen hydrogen 
atom as well. If the strength of the potential barrier is indefinitely increased to infinity in 
the case of the swollen atom, the resulting potential can be written as,

Vcage(r) =
{ ∞ r < R

0 Otherwise  (24)

Ideally, this is a modified form of the Shell confinement, introduced by Sen [37] with an 
indefinitely large outer radius. In this particular case, the wavefunction must vanish at 
the inner radius r = R, maintaining the Dirichlet condition. Thus, one may use the trial 
wavefunction referred in the Ref. [35] to solve the resulting Schrödinger equation using 
the Ritz variational technique with the spatial limit r ∈ [R, ∞).

Similarly, the momentum space radial wavefunction can be written as,
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ϕcage
nl (p) =

[√
2
π

ˆ ∞

r=R

iljl(pr)ψcage
nl (r)r2dr

]
 (25)

with the Fourier-Bessel basis integral, which can be derived using the expression given 
in [35],

Aq
l,a(p; R) =

ˆ ∞

r=R

rl e−ar jq(pr) dr

=
ˆ ∞

r=0
rl e−ar jq(pr) dr −

ˆ R

r=0
rl e−ar jq(pr) dr

 (26)

=e−αR

q∑

k=0

l∑

k′=0

2(q + k)!(l − k − 1)!Rk′

(2p)k+1k! k′!(q − k)! P l−k−k′
α (p)

cos
{π

2 (k − q − 1) + (l − k − k′)ξα(p) + pR
}

 (27)

Now, as it can be seen that due to the presence of pR in the second term of Eq. (26, 27), 
the momentum space density would exhibit an oscillatory nature. Physically, it can be 
understood from the fact that due to the attraction of the nucleus, the electron wave-
function would scatter from the inner-hard wall, and the scattered wavefunction will 
exhibit oscillation that is similar to the case, elaborately pointed out in Ref. [35]. In the 
present case, this is indeed happening with the swollen hydrogen atom in the presence 
of the finite barrier, where there exists a non-zero component of the wavefunction inside 
the region I. For R = 1 a.u., an oscillatory pattern appears in the case of the probability 
density corresponding to the reflected wave (see figure 1(a)). Although the reflectance 
(DI) is 5.355 × 10−7, the oscillation appears since the reflected part of the wave gets 
trapped within a very small confinement between the nucleus and the repulsive barrier. 
Meanwhile, the transmitted electronic wave (DIII = 0.9994687) retains its shape similar 
to R = 1.45 a.u., with a slight phase difference due to the change in the value of R.

Now, there exists another interesting and intuitive aspect of this study which 
was pointed out by Dolmatov et al. [13]. They proposed that within the range of 
1.45 ≤ R ≤ 1.59 a.u., the strength of inner and outer wells becomes almost compa-
rable, resulting in the emergence of two maxima of D1s(r) in region I and region III, 
respectively. We have verified this phenomenon, and our calculations indicate that at 
Rm = 1.5497 a.u., the strength of the inner well and outer well becomes almost similar 
with GI = −0.078 a.u. and GIII = −0.074 a.u. As predicted by Dolmatov et al. [13], the 
resulting position space probability distribution in figure 2(a) for R = 1.5497 a.u. has 
two almost comparable maxima for both D1s(r) with DI = 0.048 and DIII = 0.949. For 
comparison purposes, we have also depicted the variation of the D1s(r) at R = 1.45 a.u. 
and 1.55 a.u. in figure 2(a) as well. In the case of the former, the reflected part becomes 
almost negligible as the atom undergoes atomic swelling. For R = 1.55 a.u., which is 
well within the limit of R proposed by Dolmatov et al. [13], there exist two maxima in 
region I and region III, respectively (see figure 2(a)). In momentum space, however, the 
momentum space radial wavefunction becomes a superposition of the momentum space 
counterparts of the reflected and the transmitted wave. The former accounts for the 
compression-induced distortion, and the latter accounts for the high momentum oscil-
latory tail. The resulting Γ1s(p) for R = 1.55 a.u. and R = 1.5497 a.u. are depicted in fig-
ure 2(b) respectively. The pure oscillatory momentum distribution for the swollen atom 
in R = 1.45 a.u. is also depicted in the figure 2(b).
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3.1.2 Excited states

Next, we have considered a similar discussion on the excited s-symmetry states, such 
as 2s and 3s states of the hydrogen atom. It is found that as the position of the barrier is 
shifted closer towards the nucleus, the distribution D2s(r) becomes more localized, and 
the subsequent momentum space distribution (Γ2s(p)) becomes more diffused. How-
ever, from the variations of Sr , Sp, and ST  with respect to R, shown in figure 3(c)-(d), 
two discontinuities in the Shannon entropy are observed. These correspond to the onset 
of two significant phenomena: atomic swelling and orbital fusion at R = 6.4 a.u., and 
orbital fission at R = 1.45 a.u. [18]. The corresponding variations of the probability den-
sities in conjugate space of the 2s state are depicted in the figure 3(a)-(b). At R = 20 
a.u., the variation of D2s(r) in figure 3(a) in region I shows two distinct lobes, indicat-
ing the 2s-like electronic distribution. Meanwhile, the transmitted part of the electronic 
distribution exhibits spherical Bessel-like variation as described earlier. As the value of 
R is decreased to 15 a.u., the distribution D1s(r) in region I becomes more compressed, 
while the distortions due to the compression effect become prominent in the variation 
of Γ2s(p). Now, the atomic swelling of 2s state and the subsequent orbital fusion occur 
at R = 6.4 a.u. compared to R = 6.48 a.u. [18]. The orbital fusion occurs when the two 
distinct lobes of the position probability density of 2s electronic state merge together to 
form a 1s-like feature, which is generally accompanied by the atomic swelling. The cor-
responding momentum distribution at R = 6.4 a.u. shows oscillatory features. Similarly, 
the orbital fission in 2s state occurs exactly at R = 1.45 a.u., which happens to be the 
value of R at which the atomic swelling occurs in 1s state. This trend continues for all 
excited states as well. Also, the momentum space distribution at R = 1.45 a.u. retains its 
oscillatory features with a small phase shift due to the position of the barrier. Similar to 
the 1s state, at Rm = 1.51291 a.u., the strength of the inner well (GI = −0.044 a.u.) and 
outer well (GIII = −0.046 a.u.) becomes comparable.

However, for the 3s state, four distinct discontinuities appear in the variations of the 
Shannon entropy, as shown in  figure 4(c)–(d). These correspond to atomic swelling and 
orbital fusion at R = 14.3 a.u., orbital collapse and the first orbital fission at R = 6.4 
a.u., a second atomic swelling at R = 5.5 a.u., and a second orbital fission at R = 1.45 
a.u. The first phenomenon is very similar to the cases which are described for the 1s and 

Fig. 2 a Position space density D1s(r) and b momentum space density Γ1s(p) of the 1s state of Hydrogen atom 
for different values of R at R = 1.45, 1.5497, 1.55 a.u
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2s states, respectively. At R = 14.3 a.u., the three distinct lobes of the D3s(r) merged 
to form 1s-like distribution, as evident from the figure 4 (a). The resulting momentum 
space density exhibits oscillatory features as well (see figure 4(b)). However, the orbital 
collapse, or sudden compression, occurs when the entire transmitted electronic wave 
from region III tunnels back into region I (DI = 0.979). This is caused by the abrupt 
increase in the strength of the inner well (GI = −0.442 a.u.) relative to the outer well 
(GIII = −0.0006 a.u.). Additionally, the probability distribution in region I contains two 
distinct lobes, similar to the 2s state, indicating the occurrence of the first orbital fis-
sion. A small yet non-negligible portion of the transmitted wave can also be found as 
DI = 0.016, which has a profound implication on the momentum space density. Now, 
due to this reason, the Γ3s(p) becomes a superposition of the momentum space counter-
part of both reflected as well as transmitted waves, resulting in a momentum distribution 
that has a compression-induced distortion and oscillation (see figure 4(b)). Now, as the 
value of R is decreased even further from R = 6.4 a.u. to R = 5.5 a.u., due to the com-
pression effect, the electronic cloud tunnels back to the region III, maintaining its 2s-like 
feature (see figure 4(a)). Therefore, it can be considered as the 2nd atomic swelling, 
which is also the reason behind the sharp rise in the value of Sr  near R = 5.5 a.u. The 
corresponding Γ3s(p) exhibits the oscillatory features similar to the first atomic swelling 
with a small phase shift as well (see figure 4(a)). At R = 1.45 a.u., the second orbital fis-
sion occurs. Due to this reason, the variation of D3s(r) in region III contains the three 

Fig. 3 a Position space density D2s(r) and b momentum space density Γ2s(p) of the 2s state of Hydrogen atom 
for different values of R, c Shannon entropy in position space Sr  and momentum space Sp and d Shannon entropy 
sum ST w.r.t. the position of the repulsive single barrier R
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distinct lobes. The corresponding Γ3s(p) shows no distinct changes in the oscillation. It 
is also observed that, between R = 1.5 a.u. and R = 1.5001 a.u., the strength of the inner 
well (GI) decreases drastically relative to the outer well (GIII), suggesting that within this 
narrow range there exists a value of R at which the strengths of the inner and outer wells 
become comparable. However, it should be mentioned that for higher excited states i.e. 
3s, 4s, and so on, the precise estimation of the value of Rm becomes extremely difficult 
and notoriously sensitive.

3.2 Non-zero angular momentum (l ̸= 0) states

For l ̸= 0 states, such as 2p, 3p, and 3d, the presence of the centrifugal term in the Ham-
iltonian behaves as an additional repulsive barrier for region I. Thus, it can be thought 
that the resulting electronic wavefunction gets trapped within two repulsive barriers. 
Due to this reason, the amplified effect of compression can generate oscillation within 
the momentum space density before the atomic swelling. For example, at R = 15 a.u., 
the variation of D2p(r) in figure 5(a) shows that the electronic cloud becomes com-
pressed within two repulsive barriers. The corresponding momentum distribution of 
Γ2p(p) shows the oscillatory nature in the high momentum range (see figure 5(b)) that 
is absent in the s-symmetry states, which is discussed earlier. Further, as R decreases to 
R = 5.3 a.u., the atomic swelling occurs in the 2p state of the system, and the resulting 

Fig. 4 a Position space density D3s(r) and b momentum space density Γ3s(p) of the 3s state of Hydrogen atom 
for different values of R, c Shannon entropy in position space Sr  and momentum space Sp and d Shannon entropy 
sum ST w.r.t. the position of the repulsive single barrier (R)
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distribution of D2p(r) exhibits the presence of a larger singular lobe in region III. Con-
trary to R = 15 a.u., the oscillation in Γ2p(p) at R = 5.3a.u. can be seen in the low 
momentum range as well. At R = 1 a.u., however, the two repulsive barriers merge 
together to form a single repulsive barrier, which extends all throughout the region I. 
Interestingly, the portion of the electronic wave that gets trapped within the repulsive 
barrier also exhibits oscillatory behavior in the position space distribution. Although it 
is prevalent for all the cases described earlier (i.e. the region II), the oscillation in Dnl(r) 
inside the repulsive barrier becomes more prominent for l ̸= 0 state around R ∼ 1 a.u. 
Similarly, for the 3d state, oscillations in the high-momentum region of the distribution 
Γ3d(p) are observed due to the compression effect at R = 15 a.u. (see figure  7(b)), while 
atomic swelling occurs at R = 11.4 a.u. In cases of both 2p and 3d states, the variation of 
the Shannon entropy exhibits a singular discontinuity in its variation w.r.t. R (see figure 
5(c)-(d) and 7(c)-(d)) [18].      

For the 3p state, the variation of the Shannon entropy exhibits three distinct disconti-
nuities (see figure 6(c)–(d)): atomic swelling and orbital fusion near R = 13.6 a.u., sud-
den compression or orbital collapse at R = 5.3 a.u., and orbital fission accompanied by 
a second atomic swelling at R = 5.0 a.u. The corresponding variations of D3p(r) and 
Γ3p(p) are demonstrated in figure 6(a)-(b), respectively. From the figure 6 (a), the usual 
atomic swelling and the subsequent orbital fusion can be evident by seeing the presence 
of a singular 2p-like lobe in the region III of the distribution of D3p(r). The resulting 

Fig. 5 a Position space density D2p(r) and b momentum space density Γ2p(p) of the 2p state of Hydrogen 
atom for different values of R, c Shannon entropy in position space Sr  and momentum space Sp and d Shannon 
entropy sum ST w.r.t. the position of the repulsive single barrier R
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Γ3p(p) shows the presence of the oscillation as well. However, near R = 5.3 a.u., the 
strength of the inner well increases to (GI = −0.204 a.u.), which is almost ∼ 105 times 
higher than the strength of the outer well (GIII = −8.307 × 10−5 a.u.), resulting in the 
orbital collapse. Due to this reason, the entire electronic cloud tunnels back to region I 
from region III, which is also depicted from the variation of Γ3p(p). When the value of 
R is further reduced to R = 5 a.u., the electronic cloud exhibits another atomic swelling 
similar to 3s state, and it is also accompanied by orbital fission.    

Finally, a summary of all the phenomena observed for different states of the hydrogen 
atom under consideration is provided in Table 1 for further clarification. Interestingly, all 
of these orbital shape manipulations, listed in the second column in Table 1, can be con-
strued as QPT, which is fundamentally different from the classical thermal phase transi-
tion process. While the latter is driven by thermal fluctuations, a QPT can be induced by 
varying a non-thermal parameter (NPT) in the system’s Hamiltonian [38]. When such 
a parameter reaches a critical value, the ground state of the quantum system undergoes 
a fundamental change, signalling the onset of QPT [39]. In a seminal work, Serra and 
Kais [40] demonstrated a profound connection between electronic structure theory and 
quantum critical phenomena. They showed that the symmetry breaking of an electronic 
configuration w.r.t a particular NTP is an essential feature of a quantum phase transition. 
Within this framework, parameters such as the nuclear charge of an atom or the inverse 

Fig. 6 a Position space density D3p(r) and b momentum space density Γ3p(p) of the 3p state of Hydrogen 
atom for different values of R, c Shannon entropy in position space Sr  and momentum space Sp and d Shannon 
entropy sum ST w.r.t. the position of the repulsive single barrier R
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internuclear distance in molecules play a role analogous to that of temperature in clas-
sical phase transitions. Subsequent research has established that two-electron systems 
bound via the Coulomb interaction undergo such a QPT in the vicinity of critical charge, 
where a symmetry breaking occurs in the two-particle density. Furthermore, some stud-
ies revealed properties like radial and angular momenta exhibit abrupt changes near 
critical points [41–47]. In view of this, the present work shows several sharp changes are 

Table 1 The specific values of the position of the barrier, R (in a.u.), at which different types of orbital 
shape deformation occur for the trapped hydrogen atom
States Atomic phenomenon R
1s Swelling 1.45

2s Swelling and orbital fusion 6.40

Orbital fission 1.45

2p Swelling 5.30

3s Swelling and orbital fusion 14.30

Orbital collapse and fission 6.40

Second swelling 5.50

Second orbital fission 1.45

3p Swelling and orbital fusion 13.60

Orbital collapse 5.30

Orbital fission with swelling 5.00

3d Swelling 11.40

Fig. 7 a Position space density D3d(r) and b momentum space density Γ3d(p) of the 3d state of Hydrogen 
atom for different values of R, c Shannon entropy in position space Sr  and momentum space Sp and d Shannon 
entropy sum ST w.r.t. the position of the repulsive single barrier R
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noted in the Shannon entropy profile, indicating the orbital nodal structure manipula-
tion with the change of the NTP of the Hamiltonian, that is, the position of the barrier 
R. For the ground state, the system undergoes a transition from a low polarizability state 
to a swollen high polarizability state. So, one can opine that the Shannon entropy profile, 
being an explicit function of the orbital density, indicates the quantum phase transition 
for the confined system under the present consideration.

4 Conclusion
In the present work, we investigate the influence of a penetrable repulsive single-barrier 
(RSB) potential on orbital shape manipulation of nl states (n = 1 − 3 and l = 0 − 2) of 
the hydrogen atom. Specifically, we analyze phenomena such as orbital breathing, reor-
dering, fission, and fusion under the effect of this potential. In our earlier study [18], 
these processes were systematically examined to provide a comprehensive understand-
ing of the hydrogen atom, where Shannon entropy was shown to serve as an effective 
indicator of orbital shape manipulation. In that study, the Schrödinger equation was 
solved using the Lagrange mesh method (LMM) with the aid of a high-accuracy Gauss–
Laguerre mesh. However, certain challenges were encountered, primarily due to the 
discontinuous nature of the RSB potential and the non-uniform characteristics of the 
Gaussian quadrature. These issues are well taken care of by introducing here the Ritz 
variational method with the help of a Slater-type basis set. The variationally optimized 
wave function is then used to determine the momentum space wave function with the 
help of the Fourier transformation of the position space counterpart. First, we evalu-
ate the position- and momentum-space Shannon entropies for various parameters of 
the RSB potential, namely the height (V0), width (∆), and position (R). To gain deeper 
insight, the whole configuration space is divided into three distinct regions: the inner 
attractive region (r ≤ R), the repulsive barrier region (R < r < R + ∆), and the outer 
attractive region (r ≥ R + ∆). The analysis of Shannon entropy in both position and 
momentum space reveals that the system exhibits increased localization as R decreases, 
while simultaneously supporting the phenomena mentioned above. A number of dis-
continuities, depending on both n and l, are observed in the variations of the Shannon 
entropy in position and momentum space. These discontinuities mark the onset of a 
quantum phase transition. In the present work, however, we do not explore the details 
of this transition; instead, we treat it simply as a sudden modification, leaving a more 
comprehensive analysis for future studies. The Shannon entropy in the conjugate spaces 
is further employed to analyze the origin of these discontinuities, thereby distinguishing 
whether they arise from atomic swelling, atomic collapse, or orbital fusion and fission. 
Furthermore, the Bialynicki-Birula and Mycielski (BBM) entropic uncertainty relation is 
examined and found to hold consistently for the entire spatial domain. Next, the prob-
ability density is used to estimate the reflectance, transmittance, and absorptance for 
the three different regions mentioned above. It is observed that for R sufficiently high, 
for the ground state of hydrogen atom, the probability distribution is predominantly 
concentrated within the inner region, yielding a reflectance value close to unity, while 
transmission remains negligible. Nevertheless, the probability density exhibits oscil-
latory behavior, arising from the interaction of the hydrogen atom with the potential 
well. Interestingly, such oscillations are absent in the momentum-space density dis-
tribution. Moreover, a reduction in R leads to an increasingly localized wave function, 
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whereas beyond a certain critical value of R, the system undergoes atomic swelling and 
the momentum space distribution demonstrates oscillation. For the ground state of the 
hydrogen atom, we find that at R = Rm ≈ 1.5497 a.u., the density distribution exhibits 
comparable peak amplitudes in the first and third regions, indicating an equivalent con-
tribution from the inner well and the outer well of the potential. A similar characteristic 
is observed for all the other excited states considered, although the corresponding value 
of Rm varies from state to state. Additionally, we observe that different states exhibit dif-
ferent numbers of atomic phenomena, with their specific positions also identified. Over-
all, the present calculations demonstrate the effectiveness of the employed methodology, 
as well as the utility of Shannon entropy, in capturing and elucidating various funda-
mental physical phenomena through the orbital shape analysis of different states of the 
hydrogen atom confined within the RSB potential.
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