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way is then semiclassically expanded up to O(e?).

1 | INTRODUCTION

Graphene is a two-dimensional material that displays unusual electronic properties due to the conical shape of the energy
bands in the proximity of the so-called Dirac points. For this reason, charge transport in graphene attracts a lot of interest
from the scientific community. In the literature, there are several papers describing electron hydrodynamics with semi-
classical or quantum models [1-7]. In particular, the viscous hydrodynamic regime, which is only possible in a time-scale
where electron-electron collisions are dominant, has been deeply investigated both theoretically [3, 5, 6] and experimen-
tally [8]. In refs. [3-6], the author reports a derivation of the viscous hydrodynamic equations based on a semiclassical
Boltzmann equation, that is, a kinetic description that is classical except for some key elements such as the conical energy
bands and the use of Fermi statistics. On the other hand, quantum-corrected hydrodynamic equations (obtained from a
quantum kinetic description based on the Wigner equation) have been obtained only in the case of an inviscid regime
and assuming regularized energy bands [2]. This is because the singular behavior of the bands at the conical intersection
causes the appearance of divergent integrals when computing quantum corrections to the transport coefficients.

The aim of the present work is to explore the possibility of deriving fully-quantum and quantum-corrected hydro-
dynamic equations in both the inviscid and viscous regimes. Hence, we are implicitly assuming a time scale where
the momentum conserving electron-electron collisions are dominant with respect to the electron-phonon (or electron-
impurity) collisions [3]. For the sake of simplicity, we only consider the isothermal case, since the nonisothermal case
would only bring more calculation but no methodological differences. We also work with regularized bands, by intro-
ducing a regularization parameter a (with the physical meaning of an energy gap); however, the conical limit & — 0 is
considered whenever possible.

Quantum hydrodynamic models date back to the early period of quantum mechanics. The Schrodinger equation can be
formulated in a hydrodynamic form, the so-called Madelung equations [9], which represent an isothermal Euler system
with an additional /#? term, called Bohm potential [10, 11]. Madelung’s approach is restricted to pure states, and so it
is not suitable to introduce statistical concepts, such as equilibrium states, which are needed in the derivation of more
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general quantum fluid models. A more systematic way to derive quantum hydrodynamic models was proposed by Degond,
Ringhofer, and Méhats [12, 13] by introducing the quantum maximum entropy principle (QMEP) to close the systems of
the macroscopic moments. In refs. [12, 13], the authors, similarly to the classical maximum entropy principle [14, 15] and
to Levermore’s method [16], close the moment system by means of a quantum distribution function which maximizes the
entropy with given moments. This approach is fairly general and can be applied to different systems and different regimes.

Our derivation starts from the one-particle Wigner equation [17, 18] with a BGK collisional term, which describes the
relaxation of the system to the local equilibrium. Here, we are interested in the isothermal fluid equations for the particle
density n and for the momentum density n,. Following the lines of Ringhofer-Degond-Méhats’ theory, we obtain the local
equilibrium Wigner function by using the QMEP, which determines the local equilibrium by maximizing an entropy func-
tional with the constraints given by the macroscopic moments. The equilibrium Wigner function g can be formally derived
and it contains an implicit dependence upon the moments n and n, through the dependence on a set of three Lagrange
multipliers, A and B = (B1, B,). The quantum Navier-Stokes equations for graphene are then obtained by performing the
limit of the Wigner equation as the mean free path converges to zero, by using the Chapman-Enskog expansion.

At order O in the collision-time parameter, we obtain the quantum analog of the classical Euler equations, while at
order 1 the viscous corrections to the Euler model are obtained. Finally, we determine the expression of macroscopic
moments as functions of the Lagrange multipliers in the semiclassical case (namely, at second-order in %) and then com-
pute the approximated quantum Navier-Stokes equations. We also discuss the case of nonregularized (conical) energy
bands, letting the regularization parameter o go to 0, and show that, remarkably, the Euler equations remain nonsingular
in this limit.

We remark that our approach is analogous to the one used in ref. [19], also based on the QMEP, where the authors derive
for the first time quantum isothermal Navier-Stokes equations for a standard particle (i.e., with a quadratic energy band).
In that paper, the authors compute, in a purely formal way, the viscous correction terms for their model. Inspired by this
idea, our work positions itself in the framework of mathematical models for the inclusion of viscous effects in graphene,
the existing works being focused on the Euler equations. The novelty of our paper is the theoretical calculation of the
quantum corrections to the viscous terms for a fluid of electrons in graphene, with the aim of a mathematical study of
their form and possibly their numerical estimation (left for future work).

The outline of the paper is the following. In Section 2 we introduce the model recalling the form of the energy bands for
graphene and their regularization and write down the Wigner equation with a BGK collisional operator. In Section 3 we
perform the Chapman-Enskog expansion and derive quantum Euler equations and quantum Navier-Stokes equations.
In Section 4 we compute the semiclassical expansion up to Q(%?) for the equilibrium distribution and consequently for
the Navier-Stokes equations. Section 5 contains our conclusions.

2 | GRAPHENE ENERGY BANDS AND KINETIC EQUATIONS

Graphene is a monolayer crystal consisting of a honeycomb lattice of carbon atoms. In the tight-binding approximation,
the valence and conduction bands have conical intersections at the vertices of the Brillouin zone (the so-called Dirac
points), where they touch each other with a null gap [20]. This leads to consider the carriers as “massless fermions.” In
this work, we restrict our model to the conduction band, for which the explicit expression

k) =hopk, k=Ikl, )

holds for k in a neighborhood of a given Dirac point. Here, vy is the Fermi speed and # is the reduced Planck constant.
It is customary in the models involving the graphene bands to place the origin of the Brillouin zone at the Dirac point,
so the crystal vector k in Equation (1) is measured from the Dirac point. The band profile given by Equation (1) presents
a singular point at the origin, which causes certain integrals appearing in the kinetic formulations to diverge. However,
one can introduce a very small gap related to the first and second neighbor hopping energy; this assumption provides a
smooth version of the energy band [2, 20] given by

E(k) = vpy\/ 2 k2 + a2, ()

where « is a small parameter, physically related to the nearest-neighbor and next nearest-neighbor hopping energies.
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Let w(x, k, t) be the single electron Wigner function [18, 21-23], which is the Wigner transform of the electron density
matrix p(x, y, t)

w(x,k,t)=i/ p<x+§,x—§> e ikgg, 3)
R2

27 2

We suppose that the carrier population lives mainly near the Dirac point of the Brillouin zone, which we have chosen as
our origin of the k space. This allows to effectively enlarge the Brillouin zone to the whole of R? when integrating over
k, and thus to identify the crystal momentum ek with the Wigner canonical momentum p so that the Wigner function is
viewed as a function of p (instead of k), that is, w = w(x, p, t).

Let us introduce reference length x,, time ¢\, energy E,, temperature T, and density n,. From now on, we shall switch
to dimensionless variables, by making the following substitutions:

X = XpX, t — tyt, P = PoD» € = Eyé, w — nyw,

where, for the sake of simplicity, the new dimensionless quantities are denoted by the same symbols as the old ones.
Moreover, we assume that the following relations hold

XoPo _ XoPo (4)

Ey = kpTy, ty= By - kply’

where kg is the Boltzmann constant. Consequently, the dimensionless energy band reads as follows:

E(p) =cyVp*+a?, (5)

where p = | p| is the dimensionless momentum and

_Uh __%
kgTy’ Do

A crucial quantity associated with the energy band is the semiclassical velocity, which is defined according to the classical
Hamiltonian picture:

c

oD

For the sake of simplicity, in this paper we consider an isothermal electron gas, so we only need the first two hydrodynamic
moments, namely the charge density n(x, t) and the momentum density n,(x, t):

v(p)=V,&(p) = p- (6)

n(x, 1) = / wCx, p.t)dp = (w), ™)
RZ

np(e,1) = /R (. p.0 pdp = (pw). ®)

With a more compact notation, we define the monomials

bo(p) =1,  h(p)=p1.  P)=D> (9)
and the corresponding moments
ng = (P,w), s=0,1,2, (10)
so that
n=n, np = (ng,ny). (11)
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In the Wigner (phase-space) formalism, the operator product translates into the Moyal product between two phase space
functions u(x, p), v(x, p):

o0
u#v = Z “utt v, (12)
k=0
where
U v = % > (—1)I' VEVE U VEViD (13)
@0 o {1 B!
and
h
€= (14)
XoPo

is the dimensionless Planck constant. It is important to note that
u# v = (- v#,u. (15)
The time evolution of a single particle is governed by the Wigner equation with collisions [2]
3,w + A[E]w + O[V]w = %(g —w). (16)
The left-hand side of this equation accounts for the Hamiltonian dynamics of the electrons and is equivalent to the von
Neumann equation for the density matrix. Here, A[£] and ©[V] are pseudo-differential operators describing the effect of

the crystal lattice and the (dimensionless) external potential V(x). In terms of the Moyal product we have [24]:

Al€]w = é{g, why = é(é‘#w — wHE)

o a7
(_l)kezk 1
=y —— > — Vie Viw,
k=0 loc|=2k+1
o[V]w = é{v, why = é(V#w — wHV)
(18)

[s9)
-1 k -2k 1
--y (_)2: Y VeV Viw
le|=2k+1 ~ "

(note that our sign convention for © is opposite to that of ref. [2]). In the following, we will also encounter the symmetric
version of O[V], namely

l)k 2k

0,[Viw = —(V#w +wHY) = Z (—

k=0 22k =2k &

— V“V Vow 19)

Definitions (17), (18), and (19) in terms the Fourier integral representation become:

Al€lw = (2 )2 /58(p, ) W(v, p)el”*dv, (20)
O[V]w = é ﬁ / SV(x,n) W(x,n) e "Pdy, (21)
0,[V]w = é ﬁ / 5.V (x,n) W(x,n) e "Pdv, (22)
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where W(v, p) is the Fourier transform of w(x, p) with respect to x and W(x, ) is the Fourier transform of w(x, p) with
respect to to p, with the symbols

5£(p,v)=£<p+
SV(x,n) = V<x +
8. V(x,n) = V(x+ %) +V(x_ en>’

for x, p,v € R%.

The right-hand side of Equation (16) accounts for the effect of collisions. According to Ringhofer-Degond-Méhats’ the-
ory [12,13,19], collisions in a quantum system can be represented by means of an operator of BGK type [25], describing the
relaxation of the system toward a local equilibrium g in a characteristic (dimensionless) time 7. The classical BGK opera-
tors share some aspects with the Boltzmann collision operator, like for example local conservation of mass, momentum,
and energy. What changes in the quantum case is that the local equilibrium state g is represented by a suitable Wigner func-
tion that maximizes quantum entropy. Since we are considering isothermal hydrodynamics, only mass and momentum
conservation will be imposed. The local equilibrium Wigner function g will be described in detail in Section 3.2.

3 | THE CHAPMAN-ENSKOG EXPANSION

In this section, we derive formally the hydrodynamic equations in a fully quantum picture by using the Chapman-Enskog
procedure (see ref. [26] for the classical case and, for example, see ref. [13] for the quantum case).

3.1 | Chapman-Enskog expansion and moments

The starting point of the Chapman-Enskog method is the formal expansion of the Wigner function in a series of powers
of the collision time 7:

W= wy+1W; +7TW,y + -+ (23)

As we said before, we are supposed to work in the isothermal case, and that the moments n; (i.e., n and np) are locally
conserved hydrodynamic quantities, so we assume that

ns = (Psw) = (P;g), §=0,1,2. (24)
(a condition that guarantees that the BGK operator conserves n and np).
The second step of the Chapman-Enskog procedure is to expand the time-derivative of the macroscopic moments (not
the macroscopic moments themselves) in powers of z:
dng = 'ng + 1! ng + - (25)
By substituting the expansion (23) in the Wigner equation (16), we obtain
Wy =g (26)
w; = —Twy — 8wy = —Tg — 8¢ (27)

where T = A[€] + ©[V]and 8! stands for the time-derivatives of g approximated at order 0, as it results from the expansion
(25). Indeed, the function g depends on time only through the dependence on the macroscopic quantities n and np, so
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that

2 dg on 2 og
= —° 75— —° (g% 1 ). 2
9:8 SZZO 5n, 31~ & on, (8ns +1dlng+ ) (28)

Note that we used the symbol of functional derivative because, as we shall see, the dependence of g on the moments n is
deeply nonlocal. Also note that Equations (24) and (26) entail

(pswi) =0, s=0,1,2, k>1
Multiplying the Wigner equation (16) by ¥, and integrating over p we obtain
atns + (1/)5Tw0> + T<¢sTw1> = 0(72)- (29)

Then, by using expression (27), we obtain up to O(z2),

oing + (P, Tg) = t(p,TTg) + T(;bsTaf’g), s=0,1,2. (30)
We have therefore identified
3'n; = —(¢;Tg), ding = (P TTg) + (P;Tg). (31)
The O(1) equations,
oing + (P,Tg) =0, s=0,1,2, (32)

are the equations of the inviscid hydrodynamics and are the quantum analog of the Euler equations of classical hydrody-
namics, while the O(7) Equations (30) give the quantum analog of the classical Navier-Stokes equations. The meaning of
6? is that the time-derivatives of moments are given by Euler equations (32).

3.2 | Equilibrium

In order to proceed with the Chapman-Enskog expansion, the equilibrium distribution g must be made explicit. As already
mentioned in Section 2, g is a Wigner function that satisfies the QMEP. More precisely, according to the QMEP, g is the
(unique) maximizer of the von Neumann entropy subject to the constraint that the observed macroscopic moments n and
np are determined by Equation (10). We do not repeat here the derivation of the form of g (which can be found e.g., in
refs. [12, 13, 24]) and we limit ourselves to state the result that one obtains assuming that the entropy is compatible with
Fermi-Dirac statistics:

g=0p (—eop(g_Bl PR 1) (33)

where we have taken into account Equation (4). Here, Op represents the Weyl quantization and is defined, for a phase
space function a = a(x, p), by

(0p@el) = s [ a(F52,p) gy el rpleanar, (34)

We recall [18, 22, 23] that the inverse transform Op_1 coincides with the Wigner transform up to the identification of the
operator Op(a) with its integral kernel a. To this extent, the Wigner transform (3) and the Weyl transform (34) are the
inverse of each other.

The definition of g is completed by imposing the constraints (24). In (33) the scalar function A and the vector function
B = (Bj, B,), both real-valued, are the Lagrange multipliers that provide the necessary degrees of freedom for g to fulfill
such constraints.
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3.3 | Quantum Euler equations

We now express the quantum Euler equations (32) in terms of the Lagrange multipliers.
For the operator A[£] we have

i i i
Al€lg = E{S,g}# = E{é‘—B-p—A,g}# + E{B'P"‘A,g}#

i i
= E{B P+ Agy= ;{B - P, gl + O[A]g,

where we used the fact that {£ — B- p — A, g}» = 0, since g is a function of (and therefore commutes with) € —B- p— A
(see (33)). Moreover (using the convention of summing over repeated indices B - p = B;p;),

i
B Dy gl = 2 " (B;pj)Hig
Oddk
21 2k+1 (—1)'

VEB,Vhp; VaVig.
pPj VpVx
= Qi+ ateipmakn AR

In the last expression, only the terms with 8 = 0 and 8 = 1 are nonzero in the factor VP »pj and we obtain:

1)k 2k

(=
118, pj.gh = Z X - pViB;Vig
k=0 la|=2k+1
e (—1)k€2k ag
+ Y = o Z — VB V== 5
k=0 la|= % &

Comparing with (18) and (19) yields
i dg
E{Bj pj,8 = p;O[B;lg + ®+[Bj]a_
Xj

and, therefore,

og

Al€]g = p;O[Bjlg + ®+[Bj]ﬁ + O[Alg.
J
Then,
o}
Tg = Al€]g+©[V]g = p,©[B;lg + O, [B)] = + B[4+ Vlg. (35)
J
Here and in the following section we shall use the identities
ov
(e[V]w) =0, (pj0lViw) = Ix (w),
J (36)
@ VIw) =v(w),  (p;04[VIw) =V{pw).
Thanks to (36) we obtain from (35):
d 0
(Tg) =(Al€]g+0[V]g) = E(Bj(g» = W(Bjno) (37)
J J
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and, fori =1,2,

(piTg) = (piAl€]g + piB[V]g)

0B, d d(A+V)
= 5%, (Pig) + 5 Bipg) + =7 —(®) 38)

1

= a_xlnj + E( jni)+

oA+ V)n
axi 0

Hence, Equation (32) reads as follows:

5(B~n0)
0B; 0(B;n;) A4V
on + —n; + “+a(a: )
i

axi J axj

(39)

ng=0, i=1,2

As discussed in Section 3, Equations (39) are the quantum Euler equations for electrons in graphene. The form of
Equation (39) is similar to that of the quantum Euler equations found in other contexts [24, 27].

3.4 | Quantum Navier-Stokes equations

The next order in the Chapman-Enskog expansion, O(t), provides the quantum Navier-Stokes equations which include
viscosity terms. From Equation (30) we see that these terms are given by t(y,TTg) + r(z,bsT 6?g), for s = 0,1,2. We have

0
TTg = (A[E] + O[V])) <pj®[Bj]g + ®+[Bj]a—f_ + @[A*]g).
J

where A* = A + V. Then, by using (36), we obtain

o)
(r79) = (€1 (py018 g + 015,155 + 01l ) ) (40)

J

and

(piTTg) = <A[5] <Pipj@[3j]g + Pi®+[Bj]% + Pi@[A*]g>>
j

(41)
a_V G(B]no)
axi 5xj ’

Unfortunately, no simplifying identities like (36) are available for A[£]. Moreover, the nonpolynomial form of the energy
band £ makes the Navier-Stokes terms (40) and (41) much less treatable than the corresponding terms for quadratic bands
[19].

Turning to the expression (,T3"g ), we recall that 60 means that the time-derivatives of the moments n; are approxi-
mated by the Euler equations (39). The term (gbsTa?g) cannot be made more explicit, given the lack of a general explicit
form for the dependence of the Lagrange multipliers on the moments ng. This can only be done in the semiclassical
approximation that will be discussed in Section 4. For the moment, we shall just improve a little bit the expression by
using Equations (37) and (38):

(T8%) = 6(Tg) = a?( =
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and, fori =1,2,

0B; 0(Bin;) aA*
T3%) =30 Ly, 4 7 O
<plTatg> at (axi n] + axj + axi I’l0>. (43)
In conclusion we get:
a(Bjno) 0 a(BJno)
"o + axj - a[ < ax] >
dg B}
J
and, fori =1, 2,
on; + ﬁn- + a(Bjni) aA*n =
£ 6xl- J 6xj 6xi 0=
0B; o(Bjn;) gA* av 9(B;jng)
of Z7J Jr ov J
Tat <axi n] + axj + axi n0> Taxi ax]
0
+ T<A[5] <Pin®[Bj]g + Pi@+[Bj]a—j + Pi®[A*]g> > (45)
J

which are the quantum Navier-Stokes equations for electrons in graphene. Here, 6? means that every time-derivative of
the moments ng, ny, and n, must be computed by using

9(B;ny)
0'ny =— ax,
5 5 ) (46)
B; Bin)  4(A+V)
0 . :-—] R J —_ I =
o/n; ax; n; 5xj ax; no, i=1,2.

Equations (44) and (45) are still in implicit form, since we need to express the Lagrange multipliers A and B in terms of
the densities ny, n;, and n,. We shall address this point in the next section, by adopting a semiclassical approach. This
will allow us to obtain a closed-form set for Equations (44) and (45). We also note that, once this issue has been solved,
the equations can directly be used for a numerical approach and thus for applications to real systems.

4 | SEMICLASSICAL EXPANSION

In this section we introduce the semiclassical approximation, by expanding all quantities and equations to second-order
in €. To this aim, we introduce the phase space function h(x, p) given by

h:=-E+B-p+A. (47)

where the energy band £ = £(p) is given by (2); A = A(x) and B = B(x) are the Lagrange multipliers. For the sake of
simplicity, let us assume that the Fermi-Dirac distribution can be approximated with the Maxwell-Boltzmann one. The
Fermi-Dirac is certainly more appropriate to the physical regime under consideration but we preferred to avoid technical
complications in order to better illustrate the method. Equation (33) then becomes

g= op—1 (eop(h)), (48)

which is the so-called quantum exponential of h [12, 13, 24, 27]. The quantum exponential admits the semiclassical
expansion

g =89 +e2g@ 4+ oY), (49)
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where

g® = eh (50)

is the classical exponential and [13, 22, 24, 27]

@ _ 1 h{ 8°h  0°h ’h  0%h 1 0%h 06h dh
g = e - + - = —
0x;0x; 0p;dp; 0x;0p;Op;0x; 309x;0x;0p; dp;

(51)
2 Ph hoh 1 O ohhy
3axlapj 5pl axj 3aplap] 5xi axj ’
where summation convention over repeated indices is adopted. In our case, recalling (6), we have
dh OB-p+A) oh
_——=— -_— = Bi — Uj,
axi axi apl
?h _B-p+A) 3°h__ vy 3°h__ 9B,
6xi6xj - 5xiaxj ’ aplap] - 5pj’ 5x15pj - axi
Substituting into (51) yields
g = leh{ G*(B-p+A)dv 9B, 0B
8 ox;0x; Op; 0x; dx;
10%(B-p+ A)
- gTaxj(Bi —;)(Bj —v;)
(52)

20Bj3(B- p +A)

3 axi ax]

(Bi —vy)

10B-p+ A)d(B- p+ A) dy;
+ L.
3 6xl- axj apJ

4.1 | Semiclassical expansion of the constraints

In order to proceed with the semiclassical approximation, we need to expand the constraints (24) up to order ¢, that is,
(89) +e2(g?) =ny,  (pg?) +e*(pg?) =n,. (53)
We begin with the leading order, g(® = e”. By using the polar representations
p = p(cosB,sin0), B = b(cos 6, sin 6p),

we obtain

0 b
(eh> — / e—£+B-p+Adp — eA/ pe—C\/p2+062/ ebpcos(G—OB)dedp'
R2 0 -

(s T ()
—e4 / o e—cVpita? / ebp cos(@)dedp = 27red / o e—cx/p2+<x210(bp) dp
0 -7

0

(s [e9]
= 2mef / se I, (bVs2 —a?)ds = 271'6‘40(2/ te Iy (baVit: —1)dt
a 1

o}
—_ A
= —2me _ac (oc

/ e~ (baVit2 —1) dt)

1
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where [ is the zeroth-order modified Bessel function of the first kind. Since

% e
a / e=c [ (ba V12 = 1)dt = =——
1 \e2 — b2

for b < c (see Remark 1 and e.g., ref. [28]), we obtain

<eh> = —27wceAi A e efe 62_b2(a -+l (54)
- oc\ \Jez_p2 - (c2 — b2)3/2
Now,
Vpeh = —vel + Be"
and so we have
(vel) = B(eM).
Moreover,
(pe") = (Vpe") = Vg(e") =V Zreete VT @y et~ b2+ )
pe ) =\Vs = Ve = Vs (@ — b2y
2mcefeaVer-b? (ocz(c2 —b?) +3a\c2—b2+ 3) (55)
= B
(c2 — b2)5/2
3 o?
- + (¢")B.
(cz b g2 —p2 +1>
It is convenient to define j such that
np = Noj (56)
and to introduce the semiclassical current u as
nou := (vel). (57)

Hence, from the preceding computations, we see that the following relations between the Lagrange multipliers A and B
and the hydrodynamic moments n,, u and n,, hold true at leading-order:

_ 2meelte™ VI (g /e2 —u2 + 1)

(c2 — u2)3/2

Ny

s

u=a_=B, (58)

where, as usual, u := |u|.

Remark 1. Since e”*/n, is a nonconstant probability distribution in p, and since |v| < ¢ (for @ > 0), then from Jensen’s
inequality we have

1 1
lu| = n—ol(ve’“)l < n—o(lvleh) <c

with the strict inequality sign, which ensures that the consistency relation u < c is fulfilled (also for & = 0).
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Remark 2. For o = 0 we obtain the relations

27c et 3u

l’l0=— u=B, j:

(c2 — u2)3/?’ (59)

2 —u2

which are known to hold true for the conical band (with Maxwell-Boltzmann statistics), see for example, ref. [6].

To write down the constraints (53) at second-order, we need to compute (g®) and { pg®), that is, (,g@ ) for s =
0,1, 2. From (52) we have:

3*(B-p+A) v W 9B; 9B, .
axian 5pj axi ax] $

($g®) = §{<¢

. <¢SM(BZ' —u)(B; - Uj)eh>

B 5 6xi6xj
5 (60)
20B; OB -p+A) L
+ 3 6x,- <¢s axj (Bi Ui)e

1<¢sa(B~p+A)6(B-p+A)@eh>}

3 dx; ox;  dp;

fors=0,1,2.

The moments (i.e., the expressions in angular brackets) in Equation (60), can be (in principle) computed explicitly
as functions of n, and u by using techniques similar to those employed to obtain the relations (58), but the resulting
expressions are much more cumbersome.

Note that all the moments appearing in (60) are finite also for « = 0 (because the only singularity comes from dv;/dp;,
which behaves like p~1, and thus integrable in dimension two). This implies that the semiclassical expansion of the
Lagrange multipliers has no singularities, at least to second-order. On the other hand, the quantum Euler equations (39)
have been proven to depend only on the Lagrange multipliers. Hence, we obtain the remarkable result that, in our
approach, the second-order semiclassical Euler equations contain no singularities, even without band regularization.

4.2 | Inversion of the constraint system

Equations (58) and (60) are the expressions of the hydrodynamic moments as functions of the Lagrange multipliers to
second-order (first-order in ¢?). However, in order to get explicit semiclassical Navier-Stokes equations, it is necessary to
express the Lagrange multipliers in terms of the hydrodynamic moments in the quantum Navier-Stokes equations (44)
and (45). Then, our next task is to invert the (9(e¢?) constraint system (53).

To better understand this point, let us schematically indicate by A = (A, B) the vector of Lagrange multipliers, and by
N = (ny, j) the vector of hydrodynamic moments. In the previous section, we have expressed N as a function of A up to
order €2:

N = FO(A) + 2FPD(A) + O(eY), (61)

where F(O(A) and FP(A) are given by Equations (58) and (60), respectively. Inverting these relations at order ¢ means
writing

A= AON) +cAD(N) + 2AP(N) + O(e3). (62)
To determine the functions A, A®, and A®, we insert (62) into (61), which yields (by Taylor expansion)
OF©®
N = F0O(40 = (A4
(A9) +e—=2-(a")

32F© AF©®
+ e2A<1>aT (A©)AD + 262 —— (A©)A@ +262FD (AD) + O(e3). (63)
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At leading-order we obtain
A0 — (F(o))_l(N) (64)

corresponding to the inversion of (58), that is,

22832
A© :a(no,u)=10g< (c —u)" o )

2mece—aVei—u(gy/c2 —u2 + 1) (65)
BO =y,

where the link with j is given by the leading-order relation

j= < S 4 @ )u (66)
=u g2 41
From the first-order equation

©
agA (AO)AD =0 (67)

we immediately obtain AW = 0, so that the second-order inversion reduces to the linear system

F©®

W( AO)AD = _F@) (40 (68)
for the unknown A® (see also ref. [24]), where

is the Jacobian matrix of the mapping (58) evaluated at A = A, B = B©) (given by (65)), and F®(A©) is given by (60),
also evaluated at A = A®, B = B(). More explicitly, using (54) and (55),

© a(ehy a(ehy .
oF (A©) = A 3B _ ("0 hoj (69)
0A a(pe")/ng)  3((peh)/ng) 0 M(ny,u)
dA 4B | A=A®©) B=B(0)
where M(n, w) is the 2 X 2 matrix
M(ng,u) = 4 B®B (70)

Ve2 —u2(aye2 —u2 +1)

+< > & o >1 (70)
w1

Moreover,

FO(AO) = f?)(no, u)
£ (ng, )

where f 52)(1’10, u) and f g)(no, u) are given by the right-hand side of (60), for s = 0, 1,2, with A, B substituted by their
leading-order expressions (65), and j is still given by the leading-order relation (66). Hence, the second-order corrections
to the relations (65) are obtained by solving the linear system

ng noj A®) _ f iz)(no,u) (71)
0 M(npuw))\B®) E,Z)(no,u)

(together with the relation (66) between j and u).
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4.3 | Semiclassical expansion of the quantum Navier-Stokes equations

In the semiclassical approximation, the hydrodynamic equations for electrons in graphene can be summarized in the
following theorem.

Theorem 1. The quantum corrected semiclassical model for a regularized energy band, in the isothermal case, reads as
o,n; + Ei(o) + ein(z) = TSZ.(O) + Tele@, i=0,1,2 (72)

where the Euler terms are

o _ 5(n0uj)

(U axj ’
ou; d(mu;) =
o _, % niUj da+V)
E! , =1,2
"oy T Tox, ™ oy
®)
E(Z) _ a(”OBJ )
Y 6xj ’
(74)
2 2
5o aB? omBY) s .
Jax, Ty, T ox; =5

J

where a = A©®, A®, B§2) are given by (65), (71), and are functions of the macroscopic moments ny and u = |u|, while the
viscosity terms have the expressions

ou; ou;
o__ 9 |(. Ui\ 0 , %4 o
S0 = axj[<u’+n05no>E° +5jkE"]
a (0duj /o(vkpj) d(nguy) d(a+V) /v
L Il A N () ZA0%k Tk 50
6xk<6xl< ap 87 )+ 0x; + dx; 6plg ’ (75)

ou; ou;
© _ 0 i ou; d da da (0)
57 = [nj ax; dny  Ox; <n16n0> gy ax; dng * o dx;

9 Ou; Ou; 3 ou; 3 dal. o
— [nka—xiﬂ'i'a-l'a—xj ujéik+niﬂ +nyg— axl al’lk E

3 |ow /9pip)) +u.a<vkpig(0)> 8@ +V) [ 8uip) o) 76)
dxy | 9x; op; g I ox; dx; ap
(fori=1,2).
©)]
S(z) _ a(nOBJ )
0 t axj
O o AP0+ 0B pt;98
+ ) A@[e]| @®[p;B) + A1 + ©[B; 15— (77)
a+p+y+6=2 Xj
and, fori = 1,2,
) (2) (2
S(z) _ aO aB] - a(nlBj ) N aA(Z)n N a_Va(nij )
i t 5xi J axj axi 0 axi axj
@ ”) D16 o @y 501982
+ ) ADLEN ©P[pip;B]” + piA] 18 + O [piB; 15 ) (78)
a+p+y+6=2 J
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Proof. The derivation of the model is reported in Appendix. O

Note that El.(o) and Ei(z) provide the leading-order and second-order approximations of the quantum Euler equations,

while Sl.(o) and Sl.(z) are the analogous approximation of the “viscous” terms. The ¢? quantum corrections El.(z) and Sl.(z)

depend on the second-order Lagrange multipliers A®) and B(.Z), but the dependence of the latter on the hydrodynamic
unknowns n; is complicated and it is not explicitly written down here: it can be deduced starting from Equation (71).

The high complexity of the model and the cumbersome equations require a numerical implementation to better under-
stand the role of the terms involved. In ref. [29] a calculation of the bulk and shear viscosity of the electron liquid in a
doped graphene sheet is reported. In ref. [30] the authors show a quantitative calculation of the electronic shear and Hall
viscosities in graphene. In ref. [5] the authors determine the ratio of the shear viscosity to the entropy density, also dis-
cussing the possible consequences of the low viscosity. In this framework, as a natural continuation of our work, it could
be desirable to perform a numerical estimation of the viscosity terms derived in the paper and consequently discuss a
comparison with the quantities mentioned above.

4.4 | The small current regime
A simplified model can be obtained by assuming a regime of small current, namely,
Jj=0().
We recall that
g =eh =exp(—E + p-B+ A),

and (see (58))

(h) = 1+avc2—b2 2mce’

eava—pr (2 —b2)3/2’
(ve") = (e")B, (79)

hy — 3 o’ h\ g
()= (2t e )

where b = |B|. As in Section 4.2, let
A=A 1AW 4 24@ 4 ... B=BO 4+ ¢BD 4+ 2B? ...
Since now
NO =m0, ND=(0,))

following the procedure of Section 4.2, the leading-order Equation (64) yields

27(1 +ca) 40
BO=0. Tt =n (50)
In particular,
can2
A0 —qop [ 1) 81
& 27r(1 + ca) (81)
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The first-order Equation (67) has now a nonvanishing NV at the right-hand side and the Jacobian matrix is given by

R IR

d(pie") ., (pie") < aeh> .
A —<Pie> dBj = piaB,- —<Pine>

(82)

By evaluating such matrix (82) at A = A and B = B, we see that the first-order equation is

0 AW 0
(6 cm) (50)=(5): @)

where
_ 1 2 _ 27
— [ 2a—E\ _ e\ _ 2.2
Ci = (p’e >_§<|p|e >_C—4(coc +3ca +3).
This leads to
1
@ = 1) = —
A 0, B Cn J- (84)

The second-order inversion equation, given by (63), requires the evaluation of g» at A = A® and B = B(?) = 0, which
leads to the much simpler expression

g~ leA@)e—g 9?A% du _1 32A© ViL; + laA(O) 8A© v ) (85)
8 0x;0x;0p; 39x;0x; '’ 3 dx; Ox; dp;
Hence, by using (80) and obvious symmetry reasons,
2 2
(g?) ~Cyn <§AA(0) +|VA©) ) (pg?) =0, (86)
where
ca .2 ca 4 too 2 2
Cz:i—e - <| * _£>=i € ¢ Y X e-esgs, (87)
16 277(1 + ca) 16 (1+4ca) /, s

The last ingredient we need to invert in (63) at second-order are the Hessian matrices of <ek > and < pieh> evaluated at
A©® and BO, Exploiting symmetries, we readily see that the first one is given by

n 0
0 Cl n5ij
and the second one vanishes. Hence, according to (63), A®) and B are given by
Clif\ ., (1 0\ (A%, 2AA0 4 VA0 0
o ) o ¢ )\B®)*2" 0 “\o/
that is,

2 2 C
A = —C2<§AA(0) +|VAO) > - 71|j|2, B? =o, (83)

A further simplification is given by the fact that the terms Sl.(z) are of third-order with respect to the small parameters 7 and €
and so one can decide to neglect them in a suitable regime. All such simplifications result in a system of Navier-Stokes-like
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equations of the form
om+E” +?EY =5, i=0,12, (89)

where the semiclassical Euler terms Ei(o) are given by (73), the semiclassical viscosity terms Sl.(o) are given by (75) and (76)

and the quantum corrections El.(z) are given by

2 el
-,

202 2 (& 2
22040 A© N
- (52040 4 cva0r + i),

(90)

EP =0, =12

A© being given by (81). Note that E(()Z) is the Bohm potential for our system [10, 11, 22, 24]. We remark that in the case of
nonsmoothed cones, that is for « = 0, the model is nonsingular, since the coefficients C; and C, remain finite. This was
expected, as we already remarked that the singular terms are all in Sl.(z).

5 | CONCLUSIONS

In this work, we have obtained the hydrodynamic equations for a population of conduction electron carriers in graphene,
by using a regularized form for the energy band and by assuming a isothermal regime. The macroscopic equation include
the inviscid Euler equations and the viscosity terms. The underlying kinetic model is given by the Wigner-function
approach, in which the effect of the periodic potential is accounted for by a pseudo-differential operator with the sym-
bol given by the band shape. We use the Chapman-Enskog procedure accompanied by the quantum maximum energy
principle, which provides the Wigner equilibrium function in terms of a set of Lagrange multipliers. The relationship
between the hydrodynamic quantities and the Lagrange multipliers cannot be inverted in general, thus we obtain hydro-
dynamic equations which, in their general quantum form, are left implicit. Subsequently, we expand the hydrodynamic
equations together with all relevant quantities to second-order in €, thus obtaining the semiclassical approximation
for the inviscid and viscous hydrodynamic equations. It is worth to remark that, in contrast with previous studies, the
semiclassical Euler equations that we obtain by applying the QMEP are nonsingular in the zero-gap limit a — 0.
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APPENDIX A: PROOF OF THEOREM 1
We compute the expressions Ei(m) and Sl.(m) one by one. To this aim, we recall from Section 2 that the pseudo-differential
operator admit the expansions:

2

A0 242 _ € 1
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~ 60 200[V] = e 1o va
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€2 1
0.[VI~ 0 [VI+20Q[V]=V -2 D — ViV V5. (A3)
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These expansions, together with the expansions of the equilibrium and of the Lagrange multipliers obtained in Section 4.2
will now be used in Equations (44) and (45) to obtain the ®(¢?) model (72). From Equations (44) and the leading-order
expansion (65) of the Lagrange multipliers, we immediately obtain for the Euler terms El.(o) and Ei(z) the expressions (73)
and (74).

Let us now turn to the viscosity terms, starting from the leading-order. From (44), (65) and (A1)-(A3) we obtain

0 d(nou;

t ax]

du; 9g(©® {veg®)  Ba+Vv ERO)
+i '} vep; 8 +u; (vig >_ (a+V) " g ,
0xy, axl op; 0x; dx; op;

where g() is the local equilibrium at leading-order, that is,

) _
Sy’ =

g9 =exp(—=E+u-p+a).
Keeping in mind the relationships (56) and (66) between u, j, ny and np, we have

a(nou]) ou;

+n
ang TG,

and, fori =1, 2,

d(nou;) 3 d(nou;) 4 i 3 au] 1 auj

- 3, n 3
on; dji  9n a]k no a]k

where du;/d ji is to be computed from Equation (66). Note that here, at variance with Section 3.1, we are using ordinary
derivatives with respect to the moments n;: this is because, in the semiclassical expansion, the Lagrange multipliers depend
locally on the moments. Therefore, performing integrations by parts and also recalling that (vkg(°)> = nyuy and

n =-E", i=0,1,2,

we obtain the expression for S(()O) as shown in the theorem. By similar procedures, we first obtain from Equation (45)

SO = g duj . o) o(a+ ), . d(nou,)
ax; " 0x; dx; ax; 0x;

NI BT S SO CR A O .
ox, | dx kPiPj ap I ox; ox; KPitg T op

J

and then the expression (76) where the terms

av d(nou;)
an —
axl dx; 0x;

have canceled. The viscous quantum corrections Si(z) originate from collecting all the (9(¢?) terms appearing at the right-
hand sides of (44) and (45), and taking into account the expansions (A1), (A2), and (A3). This yields the expressions (77)
and (78). Working out more explicitly these terms would lead to very cumbersome expressions and therefore we decided
to limit ourselves to report the overall form without entering into further details.
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