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Abstract: We prove Hawking’s singularity theorem for spacetime metrics of local Lip-
schitz regularity. The proof rests on (1) new estimates for the Ricci curvature of regular-
ising smooth metrics that are based upon a quite general Friedrichs-type lemma and (2)
the replacement of the usual focusing techniques for timelike geodesics—which in the
absence of a classical ODE-theory for the initial value problem are no longer available—
by a worldvolume estimate based on a segment-type inequality that allows one to control
the volume of the set of points in a spacelike surface that possess long maximisers.
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1. Introduction

The singularity theorems form an important body of results in Lorentzian differential
geometry that firmly establish the occurrence of spacetime singularities as a generic
feature of General Relativity (GR). More precisely they assert causal geodesic incom-
pleteness under different sets of physically reasonable conditions like those associated
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with complete gravitational collapse [50] or an expanding universe [27]. Naturally these
results, which appeared roughly in the second half of the 1960-ies, were formulated for
smooth spacetimes. However, already Hawking and Ellis in their classic [28] discussed
the issue of regularity: A lack of low-regularity versions of the theorems, that is for
spacetime metrics g below the C2-class, would undermine their physical significance.
Indeed, then incompleteness and hence a spacetime singularity in the sense of the stan-
dard definition (see e.g. [15, p. 10] and [28, Sec. 8.1] for a discussion) could be avoided
by a drop in regularity of g: If, for example, g were in C!-!, then via the field equations
there would be a finite jump in the matter variables, which hardly could be termed ‘sin-
gular’ on physical grounds. Therefore [28, Sec. 8.4] contains an in-depth discussion of
these issues in which the authors argue for a C!'!-version of Hawking’s theorem [28,
Sec. 8.2, Thm. 4] and express their expectation that also all the other classical theorems
would extend to this regularity. Accepting this for the moment one may observe that
given these results, the alternative to incompleteness would now be locally unbounded
curvature. This, however, still might be manageable as long as one can make sense of
the field equations, which, in particular, is possible if g is locally Lipschitz continuous,
ie., g € C%!, as again highlighted in [28, Sec. 8.4]. In particular, this includes very
prominent classes of solutions like impulsive gravitational waves (e.g. [51], [25, Ch. 20],
[52]), thin shells and many matched spacetimes (e.g. [29,32,42] ) which all exhibit a
§-function like curvature concentrated on a hypersurface. This is precisely the regularity
class we deal with in this work, where we extend the validity of the Hawking singularity
theorem to spacetime metrics g € C%!.

While the singularity theorems’ regularity issues have been duly addressed through-
out the decades, see e.g. [56, Sec. 6.2], real progress only has been made rather recently.
By extending Lorentzian causality theory (mainly) to continuous spacetime metrics
[14,16,37,45,53] and to even more general settings [36,46] on the one hand, and by
sharpening the analytic tool of approximation via convolution on the other, the classi-
cal theorems could be proven for C L1 metrics [21,38,39] and later also for g € C 1
[20,35,55]. Here we take this endeavour one decisive step further, namely to g € C%!.

Let us briefly address the added difficulties we have to deal with in this regularity.
While for C!-metrics the initial value problem for the geodesic equation is still solvable,
albeit not uniquely so, we here face the problem that its right hand side is merely locally
bounded. This forces us to work with maximising curves rather than with solutions to
the ODE and so the ODE-techniques decisively used in the C'-results [20, Sec. 2] to
approximate the geodesics of the rough metric by geodesics of approximating metrics
are no longer at our disposal. This forces us to significantly modify the analytical core
of the proof, which provides the focusing of geodesics under curvature bounds. While
we still rely on a regularisation scheme that allows us to exploit the distributional strong
energy condition, we will then apply the newly developed worldvolume estimates of
[22] to the smooth regularising metrics. This will allow us to control (the volume of) the
set of points on a Cauchy surface that possess long maximisers, but on the other hand
forces us to sharpen our estimates on regularised curvature. Indeed, exploiting Friedrichs
lemma-type arguments we provide new L?-estimates on the Ricci curvature for Lipschitz
metrics and their regularisation, which constitute the main analytical advance of our
work. Moreover, we also have to deal with the ‘initial condition’ of the theorem, i.e.,
a bound on the mean curvature of a spacelike hypersurface. We extend the standard
condition to Lipschitz regularity by a smearing out of the hypersurface.

Finally, let us address the potential extensions of our methods to the other singular-
ity theorems within Lipschitz regularity. In the Penrose case, where one is concerned
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with null geodesics emanating from a trapped surface, one would have to replace the
usual focusing estimates by a null version of the segment-type inequality. While this
seems feasible in principle, it cannot be expected to be a simple variation of the time-
like analysis of [22]. Moreover, the very notion of a trapped surface would have to
be adapted in a way similar to the smearing out of the (Cauchy-) hypersurface in the
present work. Additionally, the regularisation approach to leverage the distributional
null energy condition to gain estimates on the respective approximations is technically
more demanding, cf. the Cl-case in [20,35]—all issues we reserve for future research.
Finally, the Hawking-Penrose theorem already classically relies on a more involved fo-
cusing analysis providing the existence of conjugate points along a single causal geodesic
solely under an energy and a genericity condition which, from our present perspective,
seems particularly difficult to extend to the Lipschitz case.

We organise our work as follows. After stating our conventions, we collect some
necessary prerequisites in Sect. 2. This first concerns causality theory for (Lipschitz)-
continuous metrics, where we also detail how for g € C%! we may exploit results from
the more general settings of closed cone structures of [47] and Lorentzian length spaces
[36]. Then we set up the regularisation scheme to be used throughout and, finally, intro-
duce the worldvolume estimates of [22], which are inspired by the segment inequality of
[13]. In Sect. 3 we provide regularisation results for distributional curvature. In particu-
lar, we establish new L”-convergence (1 < p < 00) as well as L°°-boundedness results
for the Ricci curvature of a sequence of metrics approximating g € C%! (Proposition
3.1), which are based on the quite general Friedrichs Lemma 3.3. In Sect. 4 we will
be concerned with the initial condition of the Hawking theorem. We develop a sensible
notion of mean curvature of a hypersurface in case g € C%! and establish its com-
patibility with the smooth setting. Finally, in Sect. 5 we formulate and prove our main
result, a Hawking singularity theorem for locally Lipschitz continuous spacetimes. As
usual we give two formulations, one in the globally hyperbolic case and one supposing
just a (converging) compact spacelike hypersurface. Finally, we also comment on the
interrelation of our and related C'-results to several synthetic versions of the singularity
theorems that have appeared recently.

2. Preliminaries

In this section we will be concerned with three topics that underlie our main arguments
and to which we will devote one subsection each, causality theory, regularisation of
distributional tensor fields, and volume comparison.

Our standard references are [49] for smooth Lorentzian geometry, the seminal [47] for
causality theory, and [53] for the low-regularity (continuous) setting. We will generally
be concerned with spacetimes (M, g) where M is a smooth, Hausdorff, second countable,
and connected manifold of dimension n > 2 and g is a continuous Lorentzian metric.
Whenever g has some added regularity we will state this explicitly. In particular, we will
be interested in locally Lipschitz continuous metrics, for which we will write g € C%1.
Anyway, we will always assume that a time orientation is fixed by a smooth timelike
vector field and call such a Lorentzian manifold a C%- or C%!-spacetime. We will also
equip M with a complete background Riemannian metric /4 and denote its length metric
by d". Estimates on smooth vector and tensor fields X € X¥(M) and T € T (M) will
always be done w.r.t. the norms induced by /. Spaces of test functions will be denoted
by 2 and distributions by &', and in particular we will write 27" (M) for distributional
tensor fields. We refer to [35, Sec. 2] for a concise overview of distribution theory on
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manifolds as employed in this work. With a view to the distributional Ricci bounds
to be imposed below we recall, in particular, that a scalar distribution u € 2'(M) is
nonnegative, u > 0, if u(w) = (u, ) > 0 for all nonnegative test densities w. Any
nonnegative distribution is a measure and hence a distribution of order 0.

Finally, we will write K € M if K is a compact subset of M, and the regularisation
parameter & will generally be taken from (0, 1].

2.1. Causality theory. We base causality notions on locally Lipschitz curves, that is we
callacurve y : I — M defined on some arbitrary non-trivial interval I timelike, null,
causal, future or past directed if it is locally Lipschitz and y has the respective properties
almost everywhere. Then p < ¢ (resp. p < g) means that there exists a future directed
timelike (resp. causal) curve from p to g, IT(A) :={qg € M : p K ¢ forsome p € A}
and J*(A) :={q € M : p < g forsome p € A}.

We call (M, g) globally hyperbolic if it is non-totally imprisoning (no future or
past inextendible causal curve is contained in a compact set) and for all pairs of points
P, q € M the causal diamonds J(p, q) := J*(p) N J~ (g) are compact. Note that this
implies that M is strongly causal by [53, Prop. 5.6]. A subset ¥ € M is called a Cauchy
hypersurface if it is met exactly once by every inextendible causal curve. It is always a
closed acausal topological hypersurface, and (M, g) is globally hyperbolic if and only
if it possesses a Cauchy hypersurface ¥, in which case M is homeomorphic to R x X,
[53, Sec. 5]. We define the Cauchy development of some set S as

D(S) := D*(S)U D™ (S), (1)

where D (S) are the sets of points p € M such that every future/past-directed future/past
inextendible causal curve through p meets S, cf. [14]. The interior of the Cauchy devel-
opment D(S)° of any acausal set S is globally hyperbolic [53, Cor. 5.8]. Moreover, the
Avez-Seifert theorem extends to continuous globally hyperbolic spacetimes, i.e., in such
(M, g) there is a globally maximising causal curve between any pair of causally related
points (cf. [53, Prop. 6.4]). However, the relation between maximisers and geodesics
becomes more subtle here.

Remark 2.1 (Geodesics and maximisers).

(i) For g € C%! the right hand side of the geodesic equation is merely locally bounded
and hence we are outside classical ODE-theory. However, the initial value problem
has solutions in the sense of Filippov [17] which are C!-curves [57], satisfying a
differential inclusion relation for the essential convex hull of the locally bounded right
hand side. But solutions of the geodesic equations may fail to be local maximisers
already for g in the Holder class C1¢ for a < 1 [26,54].

(ii) Conversely, for ¢ € C%! any maximiser, when parametrized by g-arclength is a
Filippov-geodesic of regularity C'!, see [40, Thm. 1.1] and the discussion following
it. Also, such maximisers are either timelike or null throughout [23,40].

For p, g € M the future time separation is defined by
©(p, q) :=sup({L(y) : y is a future directed causal curve from p to g} U {0}), (2)

where L(y) denotes the Lorentzian arc-length of y : I — M, ie., L(y) = fl
gy (@), y(t))|dt. Moreover, one defines the future time separation to a subset S by

t5(p) :=sup1(q, p). 3)
ges
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While it is known that for continuous metrics basic features of causality theory (such
as the push up principle and the openness of I*) break down [14,24], this is not the
case for the class of causally plain metrics, to which any g € C%! belongs [14, Thm.
1.20]. Moreover, although we will be concerned with the (low regularity) spacetime
setting, we will freely use results from causality theory derived in more general settings,
in particular the closed cone structures of [46] and the Lorentzian (pre-)length spaces of
[36]. Here we briefly recall how continuous spacetime metrics g fall into these settings.

Remark 2.2 (Cone structures). Causality in cone structures, which generalise Lorentzian
causality theory to an order theoretic setting, were introduced by Ettore Minguzzi in the
seminal paper [46]. A cone structure (M, C) is amultivalued map M > p — C,, where
Cp € T, M\ Ois aclosed sharp convex non-empty cone, [46, Definition 2.2]. Itis called
closed [46, Def. 2.3], if it is a closed subbundle of the slit tangent bundle.

Let g be a locally Lipschitz metric, and C, := {v € T,M\ {0} : g(v,v) <
0, v future directed} as in [46, Ex. 2.1], then by [46, Prop. 2.4] the map p — C) is
locally Lipschitz and by [46, Prop. 2.3] (M, C) is a closed cone structure. In addition it
is proper, i.e., closed with all C,; having nonempty interior.

Remark 2.3 (Lorentzian length spaces). Lorentzian length spaces were introduced by
Kunzinger and Sdmann in [36] as an analogue of metric length spaces. Let (X, d) be a
metric space endowed with a preorder < as well as a transitive relation < contained in
<, called the timelike and causal relation. If in addition we have a lower semicontinuous
map p: X x X — [0, oo] that satisfies the reverse triangle inequality and p(x, y) >
0 & x < y, then (X,d, K, <, p) is called a Lorentzian pre-length space with time
separation function p.

The length of a future-directed causal y : [a, b] — X (i.e. f; < t implies y (f]) <
v (t2)) is defined as L,(y) = inf{ZfiBlp(y(ti), y(tiv1)) ta=1tH <t < ...<
ty = b, N € N}, and (X, p) is called a Lorentzian length space if, in addition to some
technical assumptions (cf. [36, Def. 3.22]) p is intrinsic, i.e., p(p, g) = sup{L,(y) : y
future-directed causal from p to ¢}.

By [36, Theorem 5.12] every continuous, strongly causal and causally plain spacetime
(and hence every strongly causal Lipschitz spacetime, cf. [14, Thm. 1.20]) is a (strongly
localisable) Lorentzian length space (with <, < asusual, p = 7, and d = dh).

2.2. Regularisation of distributional tensor fields. A key technical tool throughout this
work is regularisation of distributional tensor fields, which we introduce next. Let
(Uy, ¥o) (@ € N) be a countable and locally finite family of relatively compact chart
neighbourhoods covering M and pick a subordinate partition of unity (&), with supp(&y) <
U, for all @. Also, choose a family of cut-off functions x, € Z(U,) with x4 = 1 on
a neighbourhood of supp(&,). Let p € Z2(B1(0)) be a non-negative test function with
unit integral and set, for ¢ € (0, 1], p.(x) := e7"p (%) Then denoting by f; (resp.
f*) push-forward (resp. pull-back) of distributions under a diffeomorphism f, for any
tensor distribution 7 € 2'7] (M) we set

T oo pe(6) = Y 4al®) (Vo) | (W)= - D) % e ). )

Here, (¢)«(&y - T) is a compactly supported distributional tensor field on R”, and
convolution with p, is understood component-wise, yielding a smooth field on R”. The
cut-off functions y, ensure that (g, x) — 7 %3 p.(x) is a smooth map on (0, 1] x M.
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For any compact set K € M there is an ex such that for all ¢ < ¢g and all x € K,
equation (4) reduces to a finite sum with all x, = 1 (which can therefore be omitted
from the formula), namely when ¢k is less than the distance between the support of
£y o ¥ ! and the boundary of v/, (Uy) for all @ with U, N K # @.

Since the mollifier p above is assumed to be nonnegative, it follows that for any
nonnegative scalar distribution u € 2'(M) we also have u s p. > 0 for any ¢ € (0, 1].

We next collect basic convergence properties of regularisations of Lipschitz-continuous
Lorentzian metrics and their Ricci-curvature. To this end we introduce the following no-
tation that we shall use throughout: * will exclusively denote convolutions on R”, while
* )7 stands for the manifold convolution (4). We will write

Qe 1= & *M Pes (5)

but to avoid confusion we will otherwise not use the subscript ¢ to denote quantities
derived from g,. Instead we will be more explicit and write e.g. Ric[g.] for the Ricci
curvature derived from the metric g. but e.g. Ric[g] xps p. for the manifold convolution
of the Ricci curvature of g. Finally, for two Lorentzian metrics g1, g2 on M we write
g1 < g2 and say that g| has strictly narrower light cones than g», if for all non-vanishing
vectors X

g1(X, X) <0 implies g2(X, X) <O. (6)

Lemma 2.4 (Convergence of approximating metrics). Let g € C%1 (M) be a Lorentzian
metric and let g, be as in (5). Then there are smooth Lorentzian metrics g, and g, on
M with the following properties

(i) 8¢ < & < &
(ii) 8¢, 8o — g, and (32)~', (8)~" — g~ locally uniformly and in Wli)’cp(M) for all
1 <p<oo
(iii) §e — ge — 0, §e — g — 0, and (&) ™' = (g) ™' = 0, ()" — (g)~' — 0, all
in C2°.(M). In particular, Ric[g.] — Ric[g.] — 0 in C2.(M).
(iv) For any compact subset K € M there exists a sequence €; \ 0 such that g, ;< ge 41
and ge;,, < e, forall j € N.

Proof. Statement (i) is [20, Lemma 4.2(i)]. The claims about the metrics in (ii) and (iii)
follow from the proof of [20, Lemma 4.2(iii)], only observing that for any Lipschitz
function f on an open subset of R” and a standard mollifier p, we have that f % p, — f
locally uniformly and in any WIL’CP , 1 < p < oo. The properties of the inverses in (ii)
and (iii) follow from (i), (ii), together with the cofactor formula of matrix inversion and
the fact that det g is bounded away from 0 on any compact set. Finally, (iv) is [39, Prop.
2.3(1)]. O

2.3. Volume comparison. To formulate the proofs of our main results and to understand
the singularity-theorem adjacent result of [22, Thm. 4.1] which they rely on, we need
to introduce some corresponding notions. Since we will apply these results to smooth
regularisations of the rough metric we assume g to be smooth throughout this subsection.

We consider a smooth spacelike hypersurface ¥ with unit future normal 7 and corre-
sponding mean curvature bounded by H < 8 < 0. Moreover, we assume a lower bound
on the Ricci curvature of (M, g) in timelike unit directions, i.e., Ric[g](X, X) > «n,
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where « is any negative number (with potentially large modulus). We denote by expy, :
I* — M the future normal exponential map to . Here Z* = {(¢, x) € [0, sT(x)) x X}
where [0, s*(x)) is the maximal domain of definition of the unique geodesic y, with
initial data y,(0) = x and y,(0) = 7. Further we write CE : X — (0, 00] for the
future cut function of X, i.e. c%(x) = sup{r € [0, s*(x)) : Ts(exp,(t7ix)) = t}. Then
for T > 0 and B C X we define the future evolution

Q7.(B) := {exp,(tny) :x € B, t € [0, T1 N[0, ¢ (x))} 7

and for n > 0 (considered small as compared to T) the set of (T + n)-regular points
Reg?;(T) of x € ¥ such that s*(x) > T + n and y, is maximising on [0, T + n], i.e.,

Reg} (T) = (c§) (T +7n, 00)). (8)

Observe that for any B C Reg;(T) we have that Q7.(B) = exp} ([0, T] x B). Now
volume comparison techniques lead to the following segment-type inequality ([22, Prop.
3.10]) for continuous f > 0and B C Reg:,f(T) with finite volume (i.e.,0 < o (B) < 00),
where o denotes the volume measure on ¥ with respect to the Riemannian metric induced

by g):

min(7,s*(x))
inf / fexpy(r,x))dr <
0

_— dvol,. 9
xeB ~ C4o(B) Q;(B)f Yo ©

Here the so-called backwards area comparison constant is explicitly given by CA~ (n, «, 1,

T)= (sinh(n«/ [k ])/sinh((T +n)/ |k |))n_ g Applying inequality (9) to the negative part
of the Ricci curvature evaluated on the future unit congruence of X, i.e., Ric[g](U, U)—
with

exp, ((t +5) 1iy) (10)
s=0

U()—i
p_ds

for p = exp} (7, x), one has the following result, which is a slightly modified version of
[22, Thm. 4.1].

Theorem 2.5. Let (M, g) be a smooth globally hyperbolic spacetime with smooth space-
like Cauchy surface ¥ with H < B and Ric[g](X, X) > n« for all timelike unit vectors
X, where k, 8 < Oand B > —(n — 1)

k|.If for B € X with0 < o(B) < oo and

some T,n > 0and p € R we have

1

— (Ric[g](U, U)—(n—l),o) dvol, < CA~(n.k, . T)K(B.T. p). (11)
o (B) Jai) -

where

Bl = "7 if p=0,
KB, T, p) =118l — (n — D/Iplcoth(V/[pIT) if p <0, (12)
[B] — (n — 1)/pcot(/pT) ifp>0and JpT <%,

then B & Reg) (T).
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Proof. Proceeding as in the proof of the original [22, Thm. 4.1], we assume to the
contrary that B C Regj;(T). We set f(p) = (Ric(Up, Up) —(n — 1),0) , then the

segment-type inequality (9) and the assumed estimate (11) imply that there exists x € B
such that

min(T,s* (x)) T
/0 f(exp¥(z, x))dr :/0 fexpk(r,x))dt < K(B, T, p). (13)

Let y := expy (., x) : [0, T] — M denote the unit speed future normal geodesic to X
starting in x, which maximizes the ¥-time separation up to p := y(T) € I7(Z) since
xeBC Regj;(T). The standard second variation of arc-length computations along y
yields

T
0> 181+ / —(n — Dh(®)? +h(t)*Ric(y (1), y (1)dt =

0
T ) T

=|ﬂ|+f —(n—1>h(r)2+h(z)2<n—1>pdt+f B> Ric( (@), 7 (1)) — (n — Dp)dr
0 0
T T

> |ﬂ|+/ —(n — D) +h(t)*(n — 1)pdt—/ h(0)* (Ric(y (1), 7(1) — (n — 1)p) _dt
0 0

T
> |B| +/ —(n — Dh®)? +h(t)*(n — Dpdt — K(B, T, p) (14)
0

for any smooth 2 : [0, 7] — R with h(0) = 1, h(T) = 0 and |h| < 1. Choosing
ht) =1— % incase p = 0, h(t) = m sinh({/|p|(T — t)) in case p < O,
and h(t) = sm(lw sin(,/p(T — 1)) in case p > 0 (the condition /pT < % in this

case is required to assure |h(¢)| < 1 on [0, T]), (14) evaluates to zero, giving the usual
contradiction. m]

As indicated above, we will show estimate (11) for Ric[g.] and so the task we take
up in the next section is to develop the corresponding estimates on the Ricci curvature
of the approximations.

3. Curvature Estimates

The main strategy in our regularisation approach is to employ the energy condition for
the Lipschitz metric g, i.e., the condition that Ric[g] is a non-negative distribution to
derive local curvature bounds on the regularised metrics g.. However, since convergence
of Ric[g.] (and so by Lemma 2.4(iii) Ric[g.], which is the more relevant quantity in
our approach) to Ric[g] is merely distributional, we will exploit the non-negativity of
Ric[g] *p pe instead. To make use of this property we have to control the difference
between the latter quantity and Ric[g,]. Deriving the required estimates is the main aim
of this section. More precisely we are going to establish the following result:

Proposition 3.1. Let (M, g) be a Lorentzian manifold with a locally Lipschitz metric g.
Then for g.(= g *ym pe) we have for any compact K € M

(i) |IRic[ge] — Riclg] *p pellLr(x)y — Oforall 1 < p < oo, and
(ii) there exists some Cx > 0 such that for ¢ small enough

[Ric[ge] — Riclg] *m pellL (k) < Ck.
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As a first step towards a proof of Proposition 3.1, note that explicitly calculating from
(4) the push-forward under a chart of g, the local expressions of the relevant terms in
Ric[g:] — Ric[g] *ps p, containing all second order derivatives of g take the form (cf.
[20, proof of Lemma 4.6]) of first order derivatives of

[Wp)ege]” ([0 (Wp)s@)im] * pe) — ([(Wp)+8]” E(Wp)<&)im) * pe
=:as(f * pe) — (af) * pe,
(15)
where g is a coordinate chart, £ a cutoff function, p, a standard mollifier, and *
denotes the usual convolution on R". According to (4) and the remarks following it, in
a neighbourhood of any K € M we can write

Wp)age = ) (Ve 0¥y ) (Ya)s (Ea)) * pe). (16)

Now set g4 := (Yq)«(Exg). Then if each g, * p, converges in WIL’C” N Ly, so does
(¥g)+&e. Thus for all further calculations in this section we may without loss of generality
consider the case M = R” with the single chart ¢, = id and g, = g * p.. Then a,
becomes a component of the inverse of the smoothed metric (g * p,)"/, and a is a
component of g”/. Also, f = &(dxg)m is a compactly supported L>°-function. Since
a; # a * pg, we reserve the notation a, just for that term and write the convolution
explicitly for all the others. Hence, to prove Prop 3.1 we have to show that for such a,

a. and f we have for all K € R”

as(f * pe) — (af) * pe — 0 in whr(K) for each p € [1, 00), as well as

(17)
lae (f % pe) — (@f) # pellwiok) < Ck.

We first collect all relevant properties of a. and a to be used below.

Lemma 3.2. Let a; and a be components of (g * pg)" and g, respectively. Then on
any compact K € R" we have

(i) a is Lipschitz on K

(ii) a is smooth and Lipschitz on K, uniformly in ¢
(iii) ag — a in WHP(K) for 1 < p < 00
(v) lag(x) —a(x)| < Cke.

Proof. (i) and (iii) follow from the cofactor formula and standard properties of convo-
lution, cf. Lemma 2.4(ii).

To prove (ii), recall first that for any locally Lipschitz function /2 we have again by
standard properties of the convolution that for all small ¢

Lip(h  pe, K) < Lip(h, K'), (18)
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where Lip(h, K') is the Lipschitz constant of & on a suitable compact neighbourhood
K’ of K. Next we explicitly write out a, using the cofactor formula

ag(x) — ag(z)

((g = pg)COf)ij (x) — ((g = Pe)COf)ij (@)

det (g * pe)(x) det (g * pe)(2)

=<

det (g  pe) (x)
cofy .. 1 — :
+]((g % pe) i (@) det(g * pe)(x)  det(g * pe)(2)
5[ C 1 ] ’
19)

det(g * pe)(2) det(g * pe)(x)
where the constants C, C> depend on the Lipschitz constants and the L°°-bounds of
the components of g on a suitable compact neighbourhood K’ of K. Now since det g is
uniformly bounded away from zero on K’ and once more by the uniform bounds on g
we obtain the uniform Lipschitz property on K.

Finally, in order to prove (iv) we again write out the cofactor formula and, by inserting
and subtracting terms, we obtain a sum of terms which are products of (uniformly in €)
bounded functions with only a single factor being a difference of a component of g and
its convolution with the mollifier. Since the latter is bounded by a constant times ¢ the
result follows. O

+ Cp

Z—X

det(g * pg)(x)

We now begin to prove (17). Note that the zero order estimates follow easily from
standard properties of the convolution and Lemma 3.2. In fact, we even have for each
K e R"

las (f * pe) — (af) * pellLex) = Ckr € Il f Ik, (20)
which also implies suitable estimates for any remaining terms in Ric[g.] — Ric xps ps
containing at most first derivatives of g.

The first order estimates are more delicate and we establish them in the following

statement, whose proof follows a layout similar to that of [8, Appendix A].

Lemma 3.3 (Friedrichs Lemma). Let a, a be as in Lemma 3.2 and let f € L*(R") be
compactly supported. Then we have for each K € R" and each1 < j <n

(i) ||8j(ag(f * pg) — (af) = ,og)HLp(K) — Oforall p €[1,00), and

(ii) there is Cx > O such that ||3;(ae (f % pe) = (@f) * pe) || joo ) = Ck-

Proof. To show (i), we start by writing
i (ac (£ 5 o) = @) xpc) = 8 (@ = (5 o)) + 8 (aCf 5 p0) = (@) e ).
2n

The idea is to write both terms as an integral operator acting on f and to study the
properties of the corresponding kernels. We start with the latter term on the r.h.s. of (21)
and find

9 (ats * p) = @f) e ) @

9
_ /Rn m((a(x) —a(y))pe(x — y))f(y)dy =: /Rn ke (x, y)f(y)(j;
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so the operator takes the form K, f (x) = fR,, ke(x,y) f(y)dy with

ke, y) = 0, (a0 —a(m) psx = 1) ). (23)

Since for fixed ¢ the kernel k; is essentially bounded, it gives rise to a bounded operator
K¢ : LP(R") — LP(K) forall 1 < p < oo. Moreover, the support of k. is contained
in an e-neighbourhood of supp(a) x supp(a), and k. (x, y) = O for |[x — y| > &. Finally,
to establish properties of K that are uniform in ¢ we observe that the kernels k, satisfy:
There is C > 0 such that

/ lke(x,y)|dx < C forally €e R" and all ¢ > 0,
K

(24)
/ kg(x,y)‘dy < C forallx € K andall ¢ > 0.
RVL
Indeed writing the kernel as
da(x) 0pe(x — y)
ke(r,y) = =57 pelx = 3) + (a(@) = a(y) o (25)
we obtain the estimate
1 0
/ ke (x, )] dx < Lip(a, K) +¢ Lip(a, K') ~ f ‘ PO e
K & az/

were K’ is a compact neighbourhood of K. So we obtain (24) with C = (1 + f Vo)
Lip(a, K’) and the same reasoning applies to the integral with respect to the y-variable.

From (24) we immediately obtain uniform L!'-boundedness of K ¢, and indeed also
for L? (1 < p < o0). In fact, taking advantage of both estimates in (24) and Holder’s

inequality we have for 1/p+1/g =1
P 11 P
ar= [ (/ keoc,y)p*qf(y)‘dy) dx
K n

o) ([ e fo) T

dx) dy < CP £ @y @7

K W = | ‘ | ke soray
K R®

sf [(/ ks(x,wa(y)
K R’l
» p
quf £O) (f
Rn K

Using (24) we will now show that K, f — 0 in L?(K) for each f € LP(R"). In fact
we would only need to consider f € L (R") with compact support. Being a uniformly
bounded family of operators it suffices to establish that || K, f||.r(x) — O for any test
function f in the dense subspace CS°(R") of L (R"), see Lemma 3.5, below. While this
follows from (21) by mostly standard tricks for smoothing by convolution, we include
the detailed estimates here for convenience.

ke(x,y)

ks(.x, )’)




207 Page 12 of 31 M. Calisti, M. Graf, E. Hafemann, M. Kunzinger, R. Steinbauer

So suppose that f is a compactly supported smooth function, then we have

dx

a dpe (x — r
[okerwrac= [ ][ 12500~ 000+ 00 - a0) L2 00 |ay
K K X

a a
= / / [ ) petx = (OIS )+ o =) 0
K n X

dx/
9pe

— (a(x) —a(y ))Pif( )]dy ©

da(x)
:/K /n gx)fc Pe(x = y)(f(y)—f(x))dy

ad
+/Rn[ a(x)pg ( ) (X—y)f(y)} &
+/R (a(x) —a(y))pe f(” ay| ax

f ‘(5)1 () + ([@D2(x) + (D3 (x) dX- (28)

Now we go on estimating the first term on the right hand side. Calculating similarly to
(27) we have

d 1,1 |P
/|<D)1(x)|f’dx—/ ‘/ A () = F))etx — ) qdy‘ dx

oxJ
p 3 P
5/ [(/ pg<x—y)dy) (/ pg(x—y)dy> } d
K n R” (29)

da(x)|? P
=/K pelx — y)dydx

ox/
< Lip(a, K)" ”Vf”Zoo(K/)

da(x)
ox/

/ ‘f(y) )
Rﬂ

(f) = f)

In the same way we estimate the ([J)3-term by

P
/I(D)%(X)Ide—/ ‘/ (ao) — a(») fy) pex — y)dy| dx
s// a(x) - 3f(y.) pe(x — y) dy dx
K Jre ay/
< & Lip(a, K7 1V £ 10 e K' (30)
Finally for (L), we have
9 P
f|(D>2<x)|de=/ / [;’(’j) y.) }ps(x—y)dy dx
K K X
d d P
= [ o - | a(y)f(y)pg(x—y)dy ax
K X R~
= @) f = (®ja) f) *'05|LP(K)’ GD

which goes to zero. Indeed (9ja) f € L°°(K) and the conclusion follows from standard
properties of convolution (see e.g. [1, Theorem 2.29 (c¢)]). Putting (29), (30) and (31)
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together via the triangle inequality we obtain K, f — 0 in L?(K) for all test functions

f

To finish the proof of (i) we still have to deal with the first term on the r.h.s. of (21).
Following the same strategy, we rewrite it as

d
| sl - e~ v]rmay= [ heonroray = s
Rr 0X R7 (32)

Then we have similarly to the above: There exists C > 0 such that

J
J.

Indeed, writing out /. explicitly we have

dx < C forally e R" and all ¢ > 0,

he(x,y)

(33)

hg(x,y)‘dy < C forallx € K andall ¢ > 0.

a
pe(x —y), (34

d
he(x,y) = w(aa(X) —a(x))pe(x = y) + (@ (x) — a(x)) x)

and using Lemma 3.2(i), (ii) and (iv) we obtain the estimate

J

for some constant C, and the same arguments apply to the y-integral.

Now it follows as above that the operators H, : L”(R") — LP(K) are uniformly
bounded for 1 < p < oo. Hence to prove pointwise convergence in L” we again only
have to consider test functions f. First we write

0p(2)
07/

he(x,y) dz, (35)

~ 1
dx§C+8CK—/
& Jk

a ad
He f(x) = /R (0@ = ) pex =) + (ae () = (o)) S pe(x = )] F) dy

a
- / 57 (@00 —a()pe(x —a) f () dy

)
o [ (a0 —aw)oets =03 F0dy
= Oue) + 5.

(36)
Now we estimate using Holder’s inequality as in (27)

ad 1,1 p
/K|(D>4<x)|f’dxsfl{(/w1@(as(x)—a(x))\pg(x—y>v 717 dy)" dx

a
<M [ ol —a)|” [ petr=3) dy as

= ”f”ioo([(/) ”ae _a”{;)‘/l,p(K/),
(37
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which goes to zero by Lemma 3.2(iii). Finally we have

ad
/ (Ol dx < / (@ —a(x))/ pel =)= f)dy| dx
K K R ay]
(38)
= ”Vf”ioc(](/) ”a& _a”fﬁo(l{)

which goes to zero thanks to Lemma 3.2(iv). Summing up we have shown that H; f — 0
in L?(K) for all test functions f and so we obtain (i).

To prove (ii) we use the decomposition of the kernel k. given in (25), which for
x € K leads to

) ape(x —
koo = [ B2 - wironare [ taeo - a0 | L2 1rray - 39)
Rn X Rn ox/
1
< Lip(a, K) || fllzex’) + € Lip(a, K') Z IVollLesy IS Lok - (40)

To derive the desired L°°-bound it only remains to take care of the term H, f on the
r.h.s. of (21). Similarly to the above we have for x € K

‘Haf(x)

9
5/ —.(ag(x)—a(x))‘pg(x—y) ‘f(y)‘dy
R

n | ox/J
+
R

- 1
<CI\fllpey + Ck e - IVollLeokry | fllLeek)s (41)

ape(x —
) = aw)|| L2 |0y

where we used Lemma 3.2 (i), (ii) and (iv) in the last inequality. |

With an estimate of the form of (11) in mind, we also insert vector fields into the
respective Ricci-terms. We now do so in a form directly usable in the course of our main
proofs, cf. Lemma 5.9 below. The proof strategy is the same as in Lemma 3.3.

Corollary 3.4. Let X, Y € X(M). Then for all K € M and any p € [1, 00) we have
(Ric[g] *m pe) (X, Y) — (Ric[gl(X, Y)) *m pe — O in LP(K), (42)
ase — 0.

Proof. As in the discussion following (15), we determine the relevant terms in the Ricci
tensor to be locally of the form d(af), where a is Lipschitz and f € L. This precise
structure is not required for the current proof, so we simply write f € L in place of
af. We use the letter a instead to represent terms of the form X’ Y/ by a smooth function
in local coordinates. Then proving (42) amounts to showing that

[(3; ) * pela — [(3; fal x p. — O in LP(K). (43)
Applying Lemma 3.3 (i) to the constant net a, = a we obtain that

@ja)(f * pe) +[0;(f * pe)la — [(0ja) f1* pe — [(9j fal  pe — O in LP(K).
(44)

In this expression, (dja)(f * pe) — ((9;a) ) * p. — 0in LP(K), so (43) follows. O
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Finally, we note the following standard result from functional analysis, which was
key in the proof of Lemma 3.3.

Lemma3.5. Let K € R" and 1 < p < oo. Suppose T, : LP(R") — LP(K) is
a sequence of uniformly bounded linear operators such that T, — 0 pointwise on
CX@R"). Then T, f — 0in LP(K) for each f € LP(R").

4. Mean Curvature for Lipschitz Metrics

Regarding the ‘initial condition’ of Hawking’s singularity theorem we need to define
what it means to bound the mean curvature of a spacelike hypersurface X. To do so
we shall use a ‘thickening’ of the Lebesgue zero set X, to properly extend the classical
notion, as follows.

Let (M, g) be a spacetime with a Lipschitz metric tensor g and let X € X(M) be
smooth and timelike. Let & : © — M be the flow-out of ¥ along X (cf. e.g. [41, Thm.
9.20]), where O C T x R is open. We say that an open set Ay C O is admissible if Ax
is an open neighbourhood of ¥ x {0}, ®| 4, is a diffeomorphism onto its image and the
induced metric on each hypersurface 3; = ®((Z x {r}) N Ayx) is Riemannian. We then
also call Ay = ®(Ayx) admissible and note that such sets exist by the flow-out theorem
since X is spacelike.

In what follows we denote by N the unique future directed unit vector field which
is normal to the leaves X; and note that N is locally Lipschitz. We call a vector field
Y € X(Ayx) tangent to Ay, and write Y € X(Ax) " if Y(p) € T, %, forany p € I, for
all 7.

With these conventions, given a smooth timelike vector field X we now define the

X-slab mean curvature Hfflz [g] € Lﬁfc(Az) of ¥ on an admissible open set Ay, as

X(As)"T x X(As)" 3 (Y, Z) > —trg (8(VyZ, N)). (45)

To be precise, by tr, we mean here the (n — 1)-dimensional metric trace along the
spacelike slices of Ay. Thus if Xy, ..., X,—1 form a local frame of tangential vector
fields and G% denotes the inverse of the matrix (g(X;i, X j))Z; i |» then on the common
domain of the X;’s we have

n—1
Hiy,lel=— ) GYg(Vx,X;, N). (46)
i,j=1

We will then say that the X-slab mean curvature of X is bounded above by b € R if
there exists an admissible set Ay such that (46) is locally essentially bounded, i.e.

ess sup 'Hf‘z [g]l <D onAy. 47)

In this case, we simply write HX[g] < b. Note that the property of being admissible
is closed under intersections. Also, if there is an Ay such that (47) holds, then for any
other admissible open set By the bound (47) also holds for By N Ay. We now show
that this notion of mean curvature bounds is independent of the choice of X.

Lemma 4.1 (Independence of X). Let (M, g) be a spacetime with a locally Lipschitz
metric g and let ¥ € M be a smooth spacelike hypersurface. Assume that HX[g] < b
for some timelike X € X(M). Then given any other timelike Y € X(M) it also holds
that Hy[g] < b.
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Proof. Wefix alocal frame Vi, ..., V,_1 € X(¥) and define X1, ..., X;,—1 € %(AE)T
and Y1,..., Y, € x(Bz)T by the push-forward of this frame under the diffeomor-
phisms ®X and @7, ie.,

Xi 0 ®X(z,1) := T n®X (Vi(2),0),  Yio®Y(z,1) := T, n® (Vi(2),0). (48)

Then (X;);, (Y;); — V; in C® ast — 0. Denoting by N* and N the corresponding
future directed unit normal fields, we note that (NX), € 3&”(2,)()L and (NY), e %(Ety)l
converge locally uniformly to the future-directed unit normal of ¥ as t — 0.

Let ¥ be compact for the moment. From the assumption H*[g] < b in terms of
the essential supremum there exists > 0 such that H,)fl [¢g] < b —n a.e. for some
admissible Ay . By the above convergence properties and the almost everywhere local
boundedness of F’/. &1, there exists an open neighbourhood Zx C OX(Ax) N @Y (Byx)
containing ¥ such that

Ui
HX [g] — HY - 49
LESOENT] B (49)
Consequently,
MY [g1<b— g ae. on Zs. (50)

We construct an admissible open set from Zy as Uy = ()" 1(Zyx). Since H};E [g]
and H},_[g] coincide on Uy C Zx, we have that H}//{E [g] <b—1% ae. on Us and
thereby 5—(’/ < b in the sense of (47).

For the general case consider an exhaustion of £ by compact sets {K; };cn. Notice that
on each K;, there exists an g; > 0 such that ®X (K; x (—¢;, &) and ®Y (K; x (—¢;, &))
are contained in ®X (Ayx) and ®Y (By), respectively. By the preceding argument, on
each K; it holds that H};Z [g]l <b— % almost everywhere on an open subset Zy, € M
containing K;. Hence we can choose a smooth function § : ¥ — R* such that, for each
i, 8|k, <& and CD({(K,') is contai]ned in Z’)}, where <I>§ := ®Y(-,8(-)). Then on the
admissible open set Cy, := (®Y)~ (U;’il @ (K;)) we obtain

HE gl < b - g ae.on Cs, (51)

which shows that HY [g] < b, as claimed. O

Thanks to Lemma 4.1 we can now define bounds for the slab mean curvature of X
independent of the choice of a timelike vector field X € X(M).

Definition 4.2 (Mean curvature bounds). Let (M, g) be a spacetime with Lipschitz met-
ric g. Fix a constant » € R and let ¥ be a smooth spacelike hypersurface. We say that
the slab mean curvature of X is bounded above by b and write

Hlgl <b

if there exists a timelike X € X¥(M) such that HX[g] < b in the sense of (47).

To justify the definition above, we next show that bounds for the slab mean curvature
are equivalent to bounds for the usual mean curvature if g is smooth.
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Lemma 4.3 (Equivalence of mean curvature bounds for g smooth). Let (M, g) be a
smooth spacetime. Let ¥ be a smooth spacelike hypersurface with future-directed unit
normal vector field i, and let H|[g] be the mean curvature of ¥ associated with n. For
any b € R, the following statements are equivalent:

(i) H[g] < bon X.
(ii) H[g] < b.

Proof. Note that for N as defined above we have N |y = 7. The implication (i) = (i) is
immediate since Hﬁ and H agree on X. Conversely, (i) = (ii) follows by continuity

since for any timelike X € X(M), the trace —trgg (V.., NX) is smooth and restricts to
Hlg]on X. m|

The following final result of this section will allow us to infer mean curvature bounds
on regularisations of g from those on g in the sense of the previous definition.

Lemma 4.4 (Local convergence of the mean curvature). Let (M, g) be a spacetime with
a locally Lipschitz metric g and let £ be a smooth spacelike hypersurface. Let & be
open and relatively compact in ¥ and let gy := &, be as in Lemma 2.4 (iv). Finally, let
X € X(M) be g-timelike. Then there exists some ko € N and an open neighbourhood
As of Y in M that is admissible with respect to X for g and for each g with k > k.
Moreover,

| 1gid = H¥ (81 %w1 oy | e ay) = O @k = 0. (52)

In particular, if H[g] < b for some b € R, then the gi-mean curvature of % satisfies
Hs [gr] < b fork large.

Proof. Let Ay be admissible for X, X and g and choose an open and relatively compact
neighbourhood Ay C Ay of 3. Then since gk — g uniformly on Ay, there exists kg
such that the leaves )i, are gi-spacelike, and thereby A is admissible for f], X and g,
for each k > k.

Dropping the subscript indicating the admissible open set for the X-slab mean cur-
vature, we have

H¥lg] = MV gl wur ey = (H¥[ga] = H¥(ge]) + (H¥ (8] = H¥ (g1 w1 2, )
(53)

Due to Eq. 46 we can schematically write the local form of the highest order terms of
HX[g] in the form

H¥[g] ~ g(38)g 'ni& ;& ~ g(3g). (54)

where 7; represents local components of N X and &;, & stand for (local derivatives of) x;.
Here, g~! and #; are Lipschitz and the & 7 & are smooth, hence can be notationally
suppressed. Combining (53) and (54) we see that Lemma 2.4 directly gives convergence
(even in C).(M)) for the first term on the right-hand side of (53). For the second one,
notice that (in a local chart)

8 (0ge) — (8(09)) * pe = (g * pe)((08) * pe) — ((38)) * pe

has the same form as [38, Eq. (6) of Lemma 3.2] since g is Lipschitz and hence dg €
L (M), so it goes to 0 locally uniformly, as claimed.
The final claim now follows from Lemmas 4.1 and 4.3. |
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Remark 4.5 (Comparison with synthetic notions of mean curvature). In the past few
years various synthetic definitions of mean curvature and mean curvature bounds have
been proposed, based on the needle decomposition, a tool used to localize (timelike)
lower Ricci curvature bounds in the synthetic setting [5,7,12,30,31]. This notion of
localization stems from convex geometry and serves the purpose of reducing a multi-
dimensional problem to a one-dimensional one, in order to derive functional and geo-
metric inequalities, in particular lower Ricci curvature bounds [9,11,12,33].

In summary, this construction decomposes the ambient measured Lorentzian pre-
length space (X, d, <, <, t, m) into maximisers X, where « is an index that can be
identified with points in the Cauchy hypersurface X, up to a negligible set. Recall
that in the Lipschitz case maximisers can be parametrised to be C'*!-geodesics in the
Filippov sense, see Remark 2.1(ii). The so-called needles X, are then viewed as one-
dimensional metric measure spaces (X, dy, M) that inherit the curvature properties
of the ambient space, cf. [12, Thm. 4.17] and [7, Thms. 6.37 and A.5]. As such, these
curvature properties yield the absolute continuity of my = he L0, 1, (x,)) [10, Thm.
A.2]. In the smooth context it follows directly from the definitions that

he(t) = - det DOy )T, = (55)

where ®(«, t) = exp, (—tVtyx(«)) is the normal exponential map and v is a renormal-
ization factor [12, Rem. 5.4].

Synthetic mean curvature bounds are then defined via a second-order Taylor expan-
sion of the volume of the region that in the smooth case is spanned by the evolution
of ¥ under the map ®, hence involves sy directly ([12, Def. 5.2]). In particular, just
like the notion put forth in Definition 4.2, mean curvature bounds in this synthetic sense
reproduce the classical bounds in the smooth case ([12, Rem. 5.4]). To compare these
notions for Lipschitz Lorentzian metrics it is necessary to study what the right-hand side
of (55) means in this regularity, where the exponential map is no longer available. In
addition, it requires a study of the needle decomposition in the context of low-regularity
metrics, which is deferred to future work.

5. Hawking’s Singularity Theorem for Lipschitz Metrics

In this section we formulate and prove our main results. As usual we give two versions of
the Hawking theorem, the first one providing a global bound on 73, (p) = sup,c5, (g, p)
(cf. (3)) for a Cauchy surface X, while the second one avoids global hyperbolicity.

5.1. The globally hyperbolic case. In this section we will prove the following general

version of Hawking’s singularity theorem:

Theorem 5.1 (C%'-Hawking singularity theorem, I). Let (M, g) be a spacetime with a

locally Lipschitz metric g such that:

(i) There exists p € R such that Ricg(X, X) > —(n — 1)pg(X, X) in the distributional
sense for all timelike X € X(M).

(ii) There is a smooth spacelike Cauchy hypersurface ¥ with H[g] < p < 0.

Then we have

3
|
—_

ifp=0
—1 18] : ; _
coth ((nfl)\/W) if p <0, provided |B] > (n — 1)/|pl, (56)

—1 18] :
cot ((n—l)ﬁ) if p>0.

3=
s

sup ty <
M

a
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Remark 5.2. (i) The case p = 0 in (56) corresponds to the classical Hawking theorem
(cf. [49, Thm. 14.55A]). Versions of the theorem with p # 0 have appeared e.g. in
[3,4] and in low regularity in [12,19].

(i1) Denoting the right hand side of (56) by «(B, p) (cf. (73) below), @ (B, p) is calculated
such that K (8, a(B, p), p) = 0, see (12). The assumption on § and p in the case
o < 0 ensures that the argument lies within the domain of coth~!.

(iii) Inthe case p > 0the expression on the right hand side of (56) is always strictly smaller

than lp and in fact smaller than ‘2/—7'?. This is in accordance with the observations
that (in the smooth setting), (a) lower timelike Ricci curvature bounded below by
(n — 1)p > 0 forces any unit speed timelike geodesic of length > \/Lﬁ to contain

conjugate points (cf. [49, Lem. 10.23]) and (b) any hypersurface with negative mean
JP

curvature (i.e. an initial focussing) develops conjugate points before 3—.

Throughout this section, we will generally assume—unless explicitly stated
otherwise—that (M, g) is globally hyperbolic and that g is locally Lipschitz. To prove
Theorem 5.1 some preparations are required.

Lemma 5.3 (Existence of maximisers). Let ¥ C M be a Cauchy hypersurface of a
globally hyperbolic spacetime (M, g) with a locally Lipschitz metric g. Then

(i) For any compact set K € J*(X) the set J—(K) N J*(X) is compact as well.
(ii) For any q € J*(X) there exists a maximising causal curve y from T 1o q.

Recall that by Remark 2.1(ii) the maximiser y in (ii) above, when parametrised w.r.t.
g-arclength, is a C!-!-geodesic in the sense of Filippov.

Proof. (1) ¥ is a closed acausal topological hypersurface. As noted in Remark 2.2,
Cp:={veT,M\{0}: g(v,v) <0, v future directed} defines a proper cone structure.
So, using J*(X) = D*(X), we obtain by [46, Thm. 2.44] that J~(K) N J*(X) is
compact.

(i) By Remark 2.3, M is a globally hyperbolic Lorentzian length space and so by
[36, Thm. 3.28], 7 is finite and continuous. Thus 7(-, ¢) has a maximumon J~(¢) N X,
which is compact by (i). Hence there isa p € J 7 (g) N X with tx(¢) = t(p, ¢). By the
Avez-Seifert theorem ([53, Prop. 6.4] or [36, Thm. 3.30]) there exists a maximiser from
p to g, hence from X to g. O

Lemma 5.4 (Continuity of tx). Let (M, g) be a globally hyperbolic spacetime with a
continuous metric g and Cauchy surface X. Then Ty is continuous.

Proof. By definition, ty is a supremum of continuous functions hence it is lower semi-
continuous and we only need to show upper semicontinuity.

Suppose to the contrary that there is a sequence g, — g and§ > Osuchthat tx(g,) >
t5(q) +8.Letz € I (g), then w.l.o.g., gn, ¢ € J~ (z). By (the proof of) Lemma 5.3(ii)
for all n there is p, € XN J ™ (z) with tx(q,) = T(pn, gn). By compactness, cf. Lemma
5.3(1), we may assume the p; to converge to some p € £ N J~ (z) and we have

T(Pn. qn) = T2(qn) 2 12(q) +8 = T(p.q) +4 (57
But by continuity 7 (p,, g») — T(p, g), which is a contradiction. O

In the following we will make use of the smooth metrics g, approximating the rough
metric g ‘from the inside’ as introduced in Lemma 2.4. In particular, we use a monotone
sequence g, as in item (iv) of that lemma, and for convenience we set

8k = &eys Tk 1= Ty and 73 = T8.8e - (58)
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Since the gx have narrower light cones than g, each gy is globally hyperbolic itself, and
any Cauchy surface for g is also a Cauchy surface for each gj.

Lemma 5.5 (Convergence of time-separations). Let (M, g) be a globally hyperbolic
spacetime with locally Lipschitz metric g and Cauchy surface ¥. Then we have

(i) . — t locally uniformly, and
(ii) s x — s locally uniformly.

Remark 5.6. In [43, Prop. A.2] statement (i) is proven for continuous, causally plain
and strongly causal metrics g, but for monotonously approximating metrics with wider
light cones, i.e., Tg, T locally uniformly. Observe that their proof does not work in
our case since it relies on the property t(p, q) < Tt (p,q) < e, (p, q), which is

reversed for t := T3, » S€€ (59) below.

To establish Lemma 5.5 we shall require the following result, which is the analogue

of [43, Lem. A.1 (iii) and (iv)] for metrics gy = g, with narrower light-cones and which
can be proven in full analogy.

Lemma 5.7. Let (M, g) be a continuous spacetime and let g be as in (58). Then the
sequence g \( 0 can be chosen in such a way that, for all gx-causal X € TM:

(i) —gr(X, X) < —g(X, X), and
(ii) —gr(X, X) < —gr1(X, X).

Proof of Lemma 5.5. (i) Let p, g in some K € M and observe first that

%(p, q) < w+1(p, q) < T(p, q). (59

Indeed any gi-causal y from p to g is also gx+1- and g-causal. Then from Lemma 5.7
we have Lg, () < Lg,,(v) < Lg(y) and so

w(p,q) = sup Lg(y)= sup  Lg, (¥) = sup Lg(y)=1(p,q).
y gk-causal Y 8k+1-causal y g-causal
(60)

We next prove pointwise convergence of i to T, which together with monotonicity
(59) gives the claim by Dini’s theorem (e.g. [2, Thm. 2.66]). In case t(p, ¢) = 0, again
by (59) all 7« (p, g) vanish, and so we only need to consider 7(p, g) > 0. By the Avez-
Seifert theorem there is a g-maximiser y from p to g, which when parametrised to
g-unit speed is a C!-!-curve (cf. Remark 2.1(ii)), implying that y is gi-timelike for k
large enough, and we have Lg, (y) — Lg(y). Hence for § > 0 and k large enough

w(p.q) = Lg(y) = Lg(y) =8 =1(p.q) =4, (61)

and convergence follows by combining this estimate with (59).

(ii) As before, since gx-causal curves are g+1- and g-causal we have monotonicity,
ie., Ty k < Tx k+1 < Ty and again it suffices to show tx 1 (¢) — tx(g) forallg € K
M. Given such g by (the proof of) Lemma 5.3(ii) there is p € X with tx(g) = t(p, q)
and since by (i) the latter expression equals limy_, o T« (p, ¢) we have for any § > 0 and
all k large enough

tx(q) > 12k(9) > w(p,q) = t(p,g) = =715(q) — 8 (62)

and we are done. |
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We next employ the regularisation result Proposition 3.1(ii) to derive a uniform lower
bound on the Ricci tensor Ric[ gx ] of the regularised metrics from the distributional strong
energy condition on Ric[g].

Proposition 5.8 (Lower uniform bound on Ric[gk]). Let (M, g) be a spacetime with a
locally Lipschitz metric g. Suppose that there is some C € R such that

Ric[gl(X, X) > C - g(X, X) distributionally for all g-timelike X € X(M). (63)

Then for any compact K € M there is C € R such that for all n < 0 there exists some
ko € N such that, for all k > ko and all X € TM|g with || X||n < D and g(X, X) <n
we have

Ric[gr](X, X) > C - gk (X, X). (64)

Proof. We first note that it suffices to show the claim for g, instead of gy = (g,)-
Indeed, suppose that we already know (64) for g, instead of gx. Then due to Lemma
2.4, for any § > 0 and k sufficiently large we have

Ric[gi](X, X) — C - gk (X, X) = (Ric[gx] — Ric[ge, (X, X)
+ (Ric[ge, 1(X, X) — Cge (X, X))
+C(ge (X, X) — gr(X, X))

-5 -25
> 6> —g(X,X) > —g(X, X),
n n

which gives (64) with C — % instead of C. For the remainder of this proof we therefore
may assume that g, = g, .

Next, since the claim is local, we may suppose that M = R”, h is the standard
Euclidean metric, and we can replace *j; by the standard convolution * on R” (cf. the
notational conventions in Sect. 2.2). Since (63) is supposed to hold for g-timelike vector
fields, we may without loss of generality assume that C > 0. We will follow the basic
layout of the proof of [38, Lem. 3.2].

To begin with, by uniform continuity of ¢ on K there exists some r > 0 such
that, for all p,x € K with ||[p — x| < r and any X € R" with || X| < D, we
have [|g,(X, X) — g«(X, X)|| < —n. Fixing p € K, it follows that on the open ball

B,(p) the constant vector field X := x +> X is g-timelike. Choose a cut-off function
x € C(R™) with x = 1 in a neighbourhood of B,(p) and set, for 1 < i, j < n,

R;j :== x -Ric[g];; € 2'(R™). Due to (63), for any x € B —1/k(p) we have

(Rij X' X7) % pr(x) > (Cgij X' X7 % pr(x) = C(gr)ij (x) X' X/ (65)

Now note thatfor 1/k < r we have (Ric[g];j* o) (p) = (Rij *p0k)(p). Thusfork > 1/r
we obtain, using the constancy of X ,

IRiclgilij (p) X' X* — (Rij X' X7) x p) (p)]
= |(Riclgelij (p) — Riclglij * o (p) X' X/ (66)

< D? max sup |Ric[ge];; (x) — Riclgli; * px(x)|.
L] xeK
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Using (65) we arrive at
Riclgrli; (P) X' X7 = (Rij X' X7) * px(p) + (Riclgklij (p)X' X7 — (Rij X' X7) % p(p))
> C(gn)ij(P)X X! — Riclgelij (P) X' X7 — (Ri; X' X7) % pr) (p)]

=: [ + .
(67)
Employing (66), together with Proposition 3.1(ii), we see that
Cg D? . 2Ck D? o
0h = —CxD* = - gij(P)X' X = — (80)ij (P) X' X

for k large since gx (X, X) — g(X, X) uniformly on K x Bp(0). Combining this with

(67) gives the claim with C:=C-— %Dz. |

In the following result, we call a sequence (X ) of vector fields on M locally uniformly

timelike if for each K € M there exists some ¢ < O such that, for each k € N,
g( Xk, Xx) <conKk.
Lemma 5.9 (L?-convergence for Ric[gk]). Let Ric[g](X, X) > pg(X, X) in distribu-
tions for some p € R and each g-timelike X € X(M) and suppose that (Xy) is a
sequence of smooth locally uniformly bounded and locally uniformly g-timelike vector
fields. Then for all K € M and any p € [1, 00) we have (with () _ denoting the negative
part of a function)

(Ric[gr](Xx, Xi) — pgk (X, Xx))_ — 0 in LP(K) (68)
as k — oo.

Proof. As in the proof of Proposition 5.8 we see that it suffices to show (68) when
replacing gi by g, , which we will tacitly do below in order to refer to results in Sect. 3.

Let V be arelatively compact open neighbourhood of K. Without loss of generality we
may assume that on an open neighbourhood U of V there exists a smooth /-orthonormal
frame F1, ..., F,, € X(U) (h asmooth Riemannian background metric). Fix any x € K
and write

n
Xp(®) =) ohFi(®)
j=1
(X, ..., ak € R). Now define Xy € X(U) by
n
szza(;Fj k=1,...,n). (69)
j=1

Since the X are uniformly bounded on V, there exists some Cg independent of X such
that
efl <Cx  (keN, I=1,...,n). (70)

Let ¢ < 0 be such that g(Xx, Xx) < c on V for each k € N. Using the local Lipschitz
property of g (as well as that of the F;) together with (70), we may without loss of

generality assume that the diameter of V is so small ! that
N . ]
|8 (Xi (X), Xi (X)) = 82 (Xi(x), X ()| < =

1 Clearly it suffices to establish the result for any compact subset of K of small diameter.
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hence gx(}_(k (x), Xp(x)) < c/2 for any x € V and each k. Thus each X} is g-timelike
on all of V. Moreover, this property holds irrespective of the original choice of x.
Consider now the following decomposition:

Riclgr](Xk, Xp) — pegr (X, Xi) = [Riclgr] — (Riclgl p o)1 (Xx, Xz)
+ [Riclgl *#p o) Xk, Xp) — (Riclgl(Xx, Xp)) a1 px]
+ [Ric[g](Xg. Xi) — pg Xk, Xi)] *umr ok
+1pg (X, X) *p1 ok — 8k (Xge, Xp)]
= Ar(X, Xp) + Be(Xi, Xp) + Cr (X, Xi) + Dy (X, ??k)ﬂ
Since Xy is g-timelike on V and p > 0, we have Cr(Xy, )_(k)(i) > 0 for all k lgrge):
(depending only on the distance from K to V). Keeping in mind that

(Ric[ge](Xk, Xk) — pgr(Xk, X)) (X) = (Riclge](Xk, Xx) — pgk (Xk, Xi)) (),
we therefore obtain

[Ric[gr](Xg, Xi) — pgr (Xk, Xp)]-(X)

oo o o (72)
< Ak (X, Xi) O]+ [ B (X, Xp) (0| + [ D (X, X)) ()]

Set Ak = max{|Ag(F;, F)l: j,I = 1,...,n}, and analogously define ék and bk.
Since the coefficients in (69) are constant, from (70) and (72) we conclude that there
exists a constant Cx > 0 independent of x such that

[Riclgr](Xk, Xi) — pgx (Xi, Xi)]- (%) < Ck (Ag + Bi + D) (X).

This p01ntw1se estimate on K reduces our task to showing L?(K)- convergence to 0 of
Ak, Bk, and Dk Indeed, for Ak this follows from Proposition 3.1(i) and for Bk it holds
due to Corollary 3.4. Finally, Dy — 0 uniformly on K. O

We are now ready to prove our first main result, Theorem 5.1.

Proof of Theorem 5.1. Let

-1 . _
HIW 181 e
1 - .
a=a(B,p) = ol coth ((”‘U\/W) if p<O (73)
1 -1 8] :
7 cot CEYW ifp>0

and assume |8| > (n — 1)/]p] if p # 0. We have to show that s < a.

To this end we suppose by contradiction that there is ¢ € J*(Z) with 75 (¢) > a+38
for some § > 0. Choose some gy € 1~ (¢) with o +8 < T5(gg) < a +28. Then there is
an open and relatively compact neighbourhood U of gg in J~ () such that forall g € U

a+6 <1x(q) <a+26. (74)

Now we start using the regularisations g of g. By Lemma 5.5 7, y — tx uniformly on
U and so there is ko such that for all k > kg and for all qelU

a+d <t3i(q) <oa+26. (75)
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Furthermore, since X is a Cauchy surface for the smooth metric g, there are base points
pZ € ¥ N J7(q) and gr-maximising geodesics y,f from pZ to g. Define

Be:={p{lgcUySJ @NE=N (76)

and note that N is compact by Lemma 5.3(i).

Consider now the initial parts of the gi-unit speed geodesics that start g -orthogonally
from N for as long as they stay within L := J~(g) N J*(X), which is compact also
by Lemma 5.3(i). Since these curves are g-timelike and L is compact, their i-lengths
are uniformly bounded, cf., e.g., [18, Lem. 2.1, and proof of Lem. 2.2]. Moreover, the
C%!-norms of the g; are uniformly bounded on L. It therefore follows from [40, Prop.
1.4] that the C''-norms of these geodesics are uniformly bounded on L. From this and
the fact that gz — g uniformly on L it follows that the U, defined as in (10) but for gy,
are uniformly bounded and g-uniformly timelike on L.

By definition we also have that (for the notation see Sect. 2.3)

By C *Reg}(a) (77)

and we also clearly have that voly, x(By) is finite. Next we show that it is also positive.
More precisely, we will show that there is a constant D > 0 such that for £ large we
have

vols x(Bx) > D. (78)

To this end, first note that for the set kQ; +25(Br) (cf. (7)) we have for large k
1
Volk(kQLza(Bk) NL)>vol(U) > zvol(U) >0 (79

(where we took into account that the cut locus CutkE is a set of measure zero).

Next we want to estimate voly, x(By) from below in terms of voly (SZ; +s(Br) NL)
to establish (78). To this end we use assumptions (i) and (ii) to give us appropriate
curvature bounds needed to apply [22, Lem. 3.2 and Rem. 3.3]. First, the distributional
strong energy condition (i) together with Proposition 5.8 and the fact that the U are
uniformly bounded and uniformly g-timelike implies the existence of some ko and some
« < 0 such that, for all k > ko we have

Ric[g UK U) >« (80)

on L. Furthermore, assumption (ii) in conjunction with Lemma 4.4 implies that, for large
k?

Hlgelln < B <0, (81)

where H|[gk] is the mean curvature of X with respect to the smooth metric gi.

Now, writing the volume measure of g; in a normal exponential chart as vol, =
Ay dt ®doy, with oy, the Riemannian measure induced by g on X, we have upon choosing
coordinates on X that A (7, x) = /det gx(r, x)/+/det gx (0, x), cf. [22, Rem. 2.8]. By
increasing the modulus of « in (80) if necessary we may assume that 8 > —(n — 1)/[«].
Finally, denoting by y)f the gr-unit speed geodesic starting gx-orthogonally fromx € N,
let ¥ f1(x) := sup{s € [0, 00): ¥X([0, s]) € L}.
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Then by [22, Lem. 3.2 and Rem. 3.3] and noting that the proofs of these results rely
exclusively on the bounds (80), (81), we obtain

min(a+28,Xct (x),% f1,(x))
Vole (2t 10y (B N L) = / / Ayt ) di do
Bie 70 (82)

o428
< c/ / doy dt = C - (o +28) - vols  (By),
0 By

with C = C(n, k, B, a +25). We then conclude (78) by combining (79) and (82).

At this point we want to apply Theorem 2.5 to (M, gi) for By and the set © Qs P (Br)
forlarge k. To this end, we first note that, again, inspection of the proof of that result in [22]
shows that the Ricci- resp. mean curvature bounds assumed globally in its formulation
can in fact be replaced by (80), (81) in our setting (as long as kQ}H] (Bx) C L in the
notation of Theorem 2.5).

Next, note that ¥ Q; +s(Br) € L, where (80) and (81) hold with constants « and
B satisfying B > —(n — 1)4/]k]. Next we choose 1 := §/2, and T := a + 1. Since
K (B, T, p) from Theorem 2.5 is strictly increasingin 7 we have that K := K (B8, T, p) >
K(B,a(B,p),p) = 0.1In case p > 0 we may assume 6 is small enough such that
JoT < 3.

Therefore (i), together with Lemma 5.9 implies that the L'-norm of the negative part
of Ric[gx] on the geodesic tangents KU goes to zero, so for large k we obtain

an@kukUp,kUp)—(n—-np)_dvou(p)<:CA*0LK;n,T)K.

(83)

)
vols k(Bi) Jkqy,, (By)

But now Theorem 2.5 gives By € kRegg/z(a +46/2) = kReg;’((x), which contradicts
7). O

Remark 5.10 (Comparison with synthetic versions of the Hawking singularity theorem)
In [12, Thm. 5.6], a synthetic Hawking singularity theorem was proved for globally hy-
perbolic timelike non-branching Lorentzian geodesic spaces satisfying the strong energy
condition in the sense of the timelike measure contraction property TMCP¢ (K, N). To
compare this result, first, to the Cl-version of [20, Thm. 4.13], we note that although
Lemma 4.3 remains true also for C!-metrics, the question about what the right-hand
side of (55) represents still remains. In addition, we need to compare the ways in which
the strong energy condition is modelled in each case. In this regularity, it was shown in
[6] that distributional Ricci bounds for C!-metrics indeed imply the bounds used in [12,
Thm. 5.6].

In the Lipschitz case treated in the current work, apart from what was said on mean
curvature bounds in Remark 4.5, even the compatibility of the notions of timelike Ricci
curvature bounds is still open. The situation is better in the Riemannian context, where
the problem was first studied for the C!-case in [34], and more recently compatibility
was shown in [48] even down to metrics of regularity C% N Wli)’cz.

Another very recent synthetic Hawking singularity theorem was shown in [7, Theo-
rem A.7]. Here, the authors use the same version of mean curvature bounds as in [12],
and also implement the strong energy condition via the timelike measure contraction
property TMCP¢(K, N). Thus the same compatibility statements as detailed above for
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[12] apply here as well. The Hawking theorem itself is then based on integral curvature
bounds. Even in the weighted smooth case, this is a new result.

Note that, in any case, since both [12, Thm. 5.6] and [7, Thm. A.7] assume an
(essential) non-branching condition, even if the curvature bounds turn out to be equivalent
in all cases, the synthetic versions of the theorem will not imply our results since the
latter do not rely on any non-branching condition.

5.2. The non-globally hyperbolic case. In this final section we are going to state and
prove the extension of [49, Thm. 14.55B] to Lipschitz spacetimes. Beforehand we es-
tablish that maximisers emanating from a spacelike hypersurface X start orthogonal to
it, cf. [21, Rem. 6.6(ii)] for the null case and g € C1!.

Lemma 5.11 (Maximisers start orthogonally from X). Let (M, g) be a spacetime with
locally Lipschitz metric tensor g and let ¥ be a smooth spacelike hypersurface. Then
any maximiser emanating from X starts orthogonally to X.

Proof By Remark 2.1(ii), any maximiser has a parametrization as a C'-!-curve. Let
vv : [0, 1] — M be such a curve with y,(0) = p € X and y,(0) = v. We suppose by
contradiction that v ¢ T), ¥ 1 and construct a variation of y, which gives a longer curve
from X to g = y,(1).

Since y, L X thereis y € T, X with g(y,v) > 0. Leta : [0,b] — X bea C?-curve
with ¢(0) = p and &(0) = y. Since this is a local issue we may assume M = R” and
a(0) = p = y,(0) = 0. Now we define a variation of y,, by o : [0, #p] x [0, so] — R",

t
o(t,s) =y(t)+ <1 - t—) o(s), (84)
0
where we have chosen 79 and sg so small that
VD)o >c >0 V@, s) €0, 1] x [0, sol, (85)

To show that o (-, s) : [0, fo)] — R" is a longer curve from «a(s) € ¥ to o (fg, 5) =
yv(to) for s, ty small enough, we first Taylor expand « to obtain «(s) = sy + 0(s?).
Then we compute

lg(o(t,5)) — g(v(0)] < Lip(g) lo(t,s) —a(t,0)]
t t (86)
70 < Lip(g) (1 - —) la(s)] < C-s (1 - —) :
to fo

for s small enough. Moreover, we have 9,0 (¢, s) = y,(t) — %a(s) =y () — %y +0(s?)
and so

<al0(t7 S)9 3,6(1, s))a’(t,s) = (‘}}U(t)7 J}U(I))a([)x) - 2 % (Vv(t)9 y)U(t,s) + O(SZ)

< (o). T + 5 (c(l -4 -2 2) +0),
fo fo
(87)
Now for s, fo small enough the sum of the trailing terms on the right hand side becomes
negative and so L(o (-, 5)) > L(yyl[0,5])- O

Our second main result can now be stated and proven:
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Theorem 5.12 (C%!'-Hawking singularity theorem, II). Let (M, g) be a spacetime with
locally Lipschitz metric tensor g such that:

(1) There exists p € R such that Ricg (X, X) > —(n — 1)p g(X, X) in the distributional
sense for all timelike X € X(M).

(ii) There is a smooth compact spacelike hypersurface X with H[g] < B < 0, where in
case p < 0 we assume |B| > (n — 1/]pl.

Then there exists a timelike future directed geodesic y in the sense of Filippov emanating
orthogonally from X which is incomplete. More precisely, the length of this y is bounded
above by the right-hand side of (56).

Proof. Similar to the classical proof (cf. [49, Thm. 14.55B]) we employ Theorem 5.1
to establish the result. More precisely, our arguments rely on Theorem 5.1 only via the
bound on 7y on the interior of D, (X). It will therefore suffice to treat the case p = 0,
with the understanding that the other cases follow entirely analogously, simply replacing
nlﬁ%ll by the appropriate bound on the right hand side of (56).

Thus, supposing that p = 0, we are going to show that there exists an inextendible
future directed timelike Filippov geodesic y starting orthogonally from X with length
bounded above by %

To begin with, the covering argument given in [49, Prop. 14.48] allows us also in the
present case to assume, without loss of generality, that ¥ is acausal and connected. By
[53, Thm. 5.7] the interior of the Cauchy development int(D, (X)) is globally hyperbolic
and we may apply Theorem 5.1 to see that ty, < % on this set.

If the future Cauchy horizon Hg+ (X) = @ then by [46, Thm. 2.35] we obtain that
I*(X) € D*(X), so the conclusion follows from Theorem 5.1. Thus from now on we
assume that

HE (D) # 10, (88)

We make the indirect assumption that every inextendible timelike future directed
Filippov geodesic starting perpendicularly from X has length strictly greater than 2 T /3\

Step 1. Compactness of the horizon. The set B of initial conditions for these geodesics
is given by {71, | p € X} with 7 the future directed unlt normal to X, hence is compact.
Since by assumption all such y exist at least on [0, 2 BT 1, by [17, Thm. 3, p. 79] there
exists L € M compact containing all their images. Thanks to the Avez-Seifert theorem
[53, Prop. 6.4] any point ¢ € 1nt(D+(E)) is reached by a maximiser y, which by
Remark 2.1(ii) and Lemma 5.11 is a Filippov geodesic emanatmg orthogonally from
%. Moreover, by Theorem 5.1 its length is bounded by 7y < | ﬁl , so we conclude that
1nt(D+(E)) C L.

Due to the fact that D;:(E) \ X is open by [46, Thm. 2.34], we get D;:(E) \
Y C int(D;j(E)), and consequently D;;(E) C L. Hence (again using [46, Thm. 2.35])
H;(E) C L and so it is compact as well.

Step 2. Any point in H, ; (X) can be reached by a maximiser. Retaining the notation
from (58) consider an approximating sequence of smooth metrics g; with gx < g. Each
8k 1s globally hyperbolic onint(Dg, (X)) = Dg, (X) (cf. (the proof of) [49, Lem. 14.43]).

(1) We claim that for all £

H; (%) € Di(X) € D}y (%) € DE (%), (89)
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Indeed, by [46, Thm. 2.36] we have

D (%) = ﬁ;(E) := {q | every past inextendible timelike curve from ¢ intersects X}.
(90)

Letg € D+(E) and let y be gx-past directed, past inextendible and causal. Then y is
also g-past dlrected timelike and hence must intersect X, so D+(E) c D’r (X) and (89)
follows.

(2) Due to the classical Avez-Seifert theorem, given g € HgJr (X), foreach k € N
there exists a gx-maximiser y, from X to g with

Lo (vk) = t2.4(q). 1)

We assume yy to be parametrised with respect to h-arclength. Because yy is gx-causal itis
g-timelike and so must be contained in D;(E) since it terminates in H ; (X). Denoting
by pr the initial point of y;, we may without loss of generality suppose that py —
p € . Let g := g, be a sequence of smooth Lorentzian metrics as in Lemma 2.4
approximating g from the outside.

(3) Fixing m € N we now want to apply the limit curve theorem [44, Thm. 3.1(2)]
to the sequence {yx}r of g,-timelike curves in (M, g,) to obtain a limit curve that
connects p and g. To do so we have to exclude case (2)(ii) in that theorem. Note that
we cannot immediately conclude this from the curves being contained in a compact set
since (M, g,,) need not be non-totally imprisoning.

Assume, to the contrary, that the s-arclengths of the curves y; are unbounded, i.e.,
vk [0, br] — M with y;(by) = q and by — o0. Then we obtain a future-inextendible
&m-causal limit curve y : [0, 00) — M emanating from p. Note that this limit curve is
in fact independent of m and is g,,-causal for all m, hence g-causal.

(4) We claim that for any ¢ with y(¢) € D;(Z), y is g-maximising from X to y ().
By Lemma 5.5 (which applies since we are in a globally hyperbolic region) and Lemma
5.7(i) we have

(v () = hm ek (Vk(1) = hm Lgk(J/k|[0 ) < limsup L (vkl[0,7)-

k—o00

Since the g;, approximate g from the outside, for each k and m we have (using [43, Lem.
A1D) Lg(yklio) < Lg,, (Vklio,¢1)- Together with [44, Thm. 2.4(b)] this implies

lim sup Lg(vkljo,n) < limsup Lg, (vilfo,:) < Lg, (¥ lf0,11)-
k k

This holds for each m, and since L;, (v {0.1]) — Lg(¥l[0,r]) as m — 00, altogether we
arrive at

(¥ (@) = Lg(¥l0,i1)s

proving the claim.

(5) Next we show that T := sup{t € [0,00): y(t) € D;(E)} < 00. Indeed,
if this were not the case then y C D;(E) and by the above y is always maximis-
ing the Lorentzian distance to ¥. Hence by Remark 2.1(ii) and Lemma 5.11 its re-
parametrisation to g-unit speed is a Filippov-geodesic starting orthogonally to X. Since
y 1is future inextendible and we assume Filippov-geodesic completeness, also its g-unit
speed parametrisation must be defined on [0, co). But then for any ¢ > % we have

n—1 . . . . . .
thatts (Y (t)) =t > B (where y is being parametrized by g-unit speed), contradicting
7y < ”|ﬂ|1 on D{ ().
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(6) Since D;(E) \ X is open, we have y(T) € D (%) \ D;(E) = H;(E) (using
[46, Thm. 2.35]). We now claim that y (t) € I;(H;(E)) forallt > T.

Fix a globally hyperbolic neighbourhood U of y(T) and fix a § > 0 such that
y([T — 3§, T +68]) € U. By h-uniform convergence also yx ([T — §, T + §]) € U for
large enough k. Thus by the same reasoning as in (4) we conclude that y|[7—5 7+
is maximising, hence it has a causal character, namely timelike because it is timelike
initially.

Since I+(H+(E)) is open, we also have that y; (T + 1) € I+(H+(E)) for k large,
contradlctmg the fact that y, C D+(E) (cf. [46, Thm. 2.32]).

Altogether, we have establlshed that case (ii) of [44, Thm. 3.1 (2)] cannot occur,
hence y : [0, b] — M indeed reaches ¢ = y(b). By the same arguments as above,
vio.p S Dg(E) and T (y (1)) = Lg(ylo,,7) for all t < b. Letting t / b and using
lower semicontinuity of Ty, we conclude that y is maximising from ¥ to g, thereby
concluding Step 2.

Step 3. The function p — tx(p) is strictly decreasing on past-pointing generators
of Hy (¥). We first note that by [46, Thm. 2.32] every g € H, (%) is the future endpoint
of a null maximiser «, so we fix such a curve and take s < ¢ 1n its domain of definition.
By the above there is a past-pointing timelike geodesic o from «(¢) to ¥ such that
Lg(0) = tx(a(?)). But o is null and so the curve B obtained by the concatenation of
o|[s,r1 and o is not maximising by [23, Thm. 1.1]. Hence

tz(a(s)) > Lg(B) = Lg(o) = tx(a(r)). 92)

Step 4. Conclusion. Since H*(X) is compact the function p + tx(p) attains a
minimum at some ¢ € H*(X). But this contradicts strict monotonicity of tx along a
generator starting in p, thereby concluding the proof. O

Remark 5.13. Arguing as in the proof of Theorem 5.12 it follows that assumption (ii) in
Theorem 5.1 can be weakened to ¥ merely being a smooth future Cauchy hypersurface
satisfying the mean curvature bound. Here, by X being a future Cauchy surface we mean
(cf. [49, p. 432]) that H*(Z) = . Indeed, given this, we may apply Theorem 5.1 to
the globally hyperbolic spacetime int(D, (X)) and note that since /* (%) < D;(E), the
right hand side of (56) is in fact a global bound on 7.
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