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A Divide-And-Conquer Pebbling Strategy for
Oracle Synthesis in Quantum Computing

Kezhen Zhang , Riling Li , and Mingsheng Ying

Abstract—Quantum oracles are quantum circuits that imple-
ment classical Boolean functions, frequently used as independent
black boxes in quantum algorithm design. The hierarchical
reversible logic synthesis approach, a scalable method for
large-scale oracle synthesis, relies on ancilla qubits to store
intermediate results. The sequence in which these results are
computed and uncomputed, governed by the reversible pebble
game, greatly affects both qubit usage and circuit gate count. This
article introduces a novel divide-and-conquer pebbling strategy
that reduces qubit count while maintaining a reasonable circuit
gate count. Experimental results show up to a 90% reduction
in qubits compared to the most commonly-used strategy, with
an average increase of 3 to 4 times in quantum operations,
all achieved within a reasonable runtime. In qubit-constrained
tasks, our method achieves over 90% reduction in T-count.
Additionally, we have incorporated our strategy into the hier-
archical synthesis method and implemented it as a potential
synthesizer for Qiskit, with experiments demonstrating that it
outperforms the default synthesizer. The proposed approach
shows promise in optimizing both qubit usage and circuit gate
count for large-scale oracle synthesis problems.

Index Terms—Quantum computing, quantum oracle,
reversible logic synthesis, reversible pebble game.

I. INTRODUCTION

MANY quantum algorithms utilize a quantum circuit to
implement a classical function f : {0, 1}m → {0, 1}n,

often assumed to exist and applied directly. Such a circuit
is commonly known as an oracle, and its implementation is
regarded as a distinct problem. In the realm of quantum algorithm
research, oracles play a pivotal role in circuit design, often
comprising the majority of the final circuit [1]. The frequency of
oracle invocations can serve as a metric for assessing algorithm
complexity [2]. Due to their frequent utilization in quantum
circuits, optimizing the overall cost of oracles has become a
significant focus. Various synthesis and optimization methods
for oracles have been proposed in recent years [1], [3], [4], [5].
In particular, oracle synthesis functionality has been integrated
into quantum software platforms, such as Qiskit [6] and Q# [7].

The primary challenge in oracle synthesis is the effi-
cient minimization of redundant operations. For instance,
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Exclusive-or sum-of-products (ESOP)-based synthesis [8]
converts the Boolean function into ESOP form and proceeds
to execute ESOP minimization, a computationally challenging
procedure. An effective strategy for improving efficiency is the
utilization of the hierarchical approach [9], whereby the target
function is transformed into a composition of look-up tables
(LUTs), each representing a simpler function. Subsequently,
ESOP-based synthesis is applied to these reduced-scale LUTs,
after which the resulting circuits are recombined to generate
the final circuit.

The main limitation of the hierarchical method is its reliance
on additional ancillae, helper qubits initialized in the state
|0〉, to preserve the outputs of the LUTs, also known as
intermediate results. In a given oracle synthesis task, the
ancilla requirement is mainly determined by two factors.
First, the sizes of the LUTs play a crucial role. Generally
speaking, smaller LUTs facilitate the application of more
accurate but computationally complex ESOP minimization
algorithms, resulting in shorter circuits. However, this also
leads to a larger number of LUTs, thereby increasing the
ancilla requirement. Second, the order in which LUTs are
computed and uncomputed also influences the ancilla require-
ment. Drawing parallels with the register allocation problem
in classical compilation, one can reduce the required number
of ancilla qubits by eagerly cleaning up no-longer-needed
results and temporarily uncomputing variables that will not
be utilized in the near future. The quantum counterpart
of this process is akin to playing the reversible pebble
game [10], [11].

By finding a strategy that solves the reversible pebble
game with the minimum qubit requirement, we can not only
conserve the limited qubit resources on a quantum computer
but also optimize the size of the LUTs when the available
number of qubits is known. This optimization can lead to a
decrease in both the number of qubits and circuit gate count
if done properly. However, such a strategy is known to be
computationally hard [12]. While a SAT-based exact synthesis
strategy has been proposed to tackle this challenge [13],
its excessively long runtime limits its applicability to large-
scale cases. Alternatively, the reversible pebble game heuristic
(RPGH) strategy attempts to provide a suboptimal solution
using heuristic methods. However, it often results in a sig-
nificant increase in circuit gate count, ranging from 10 to
over 100 times [14]. Presently, the most prevalent approach
to addressing the reversible pebble game involves employing
the eager clean-up method [5], a straightforward strat-
egy that reduces qubit usage without introducing additional
operations.
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Fig. 1. Overview of the LHRS framework and the XAG-based approach.
(a) LHRS framework. Step 1: LUT mapping; Step 2: Reversible pebble
game; Step 3: STG synthesis. (b) XAG-based approach. Step 1: XAG-adapted
reversible pebble game; Step 2: Toffoli decomposition.

Contributions of the Article: In this article, we introduce
a novel divide-and-conquer-based strategy for the reversible
pebble game. We have devised a recursive approach to solve
a specific form of the reversible pebble game, which we
then generalized into a strategy applicable to common cases.
Our new strategy significantly reduces the required qubit
count compared to previous approaches while still maintaining
reasonable circuit gate counts. We evaluate the effectiveness
of our strategy within the LUT-based Hierarchical Reversible
Logic Synthesis (LHRS) framework [9], outlined in Fig. 1(a).
Experimental results on the EPFL combinational bench-
mark [15] demonstrate that integrating our strategy into the
second step of LHRS achieves up to a 90% reduction in
qubit count compared to the original approach, with a runtime
of no more than 2 min and a quantum operation increase
of no more than ten times. We further validate our strategy
by testing it within an Xor-And-Inverter Graph (XAG)-based
logic synthesis approach [16] [outlined in Fig. 1(b)], which
shares similarities with the LHRS algorithm, and observe com-
parable performance improvements. Additionally, our strategy
facilitates a more optimized selection of parameters during the
LUT mapping step for qubit-constrained tasks, resulting in a
reduction of up to 90% in the T-count of the final circuit.
Furthermore, we have integrated our strategy as a potential
synthesizer for Qiskit’s PhaseOracle and BooleanExpression
classes, with experiments showing that it outperforms Qiskit’s
default synthesizer in both CNOT count and depth. Our
strategy exhibits the capability to address large-scale problems
that are beyond the capability of SAT-based methods.

II. PRELIMINARIES

In this section, we provide a brief introduction to the
LHRS framework and explain how the reversible pebble game
reduces the number of ancilla qubits required by the algorithm.

A. Single-Target Gate Synthesis

In the field of reversible logic synthesis, single-target
gates (STGs) serve as fundamental components for con-
structing reversible circuits. An STG is denoted as
Tc({x1, . . . , xk}, xk+1), where x1, . . . , xk represent the control
lines, xk+1 denotes the target line, and c : {0, 1}k → {0, 1}
denotes the control function. It implements the reversible
function f : {0, 1}k+1 → {0, 1}k+1 that preserves the values of

the control lines (f (xi) = xi for 1 ≤ i ≤ k) while modifying the
target line according to the control function f (xk+1) = xk+1⊕
c(x1, . . . , xn). It is common practice to convert a reversible
circuit into a cascade of STGs before applying STG synthesis
methods to decompose them into basic gates.

Multiple-controlled Toffoli gates are STGs whose control
functions can be expressed with a single product term. For an
STG with a control function c = c1 ⊕ c2 ⊕ · · · ⊕ cl where
c1, . . . , cl are product terms, ESOP-based STG synthesis
decomposes the STG into a cascade of multiple-controlled
Toffoli gates

Tc(X, t) → Tc1(X, t) ◦ Tc2(X, t) ◦ · · · ◦ Tcl(X, t) (1)

where ◦ denotes the concatenation of gates, and
Tc1(X, t), . . . , Tcl(X, t) are multiple-controlled Toffoli gates
whose decomposition into basic gates has been extensively
studied [17], [18]. However, the expression c = c1 ⊕ c2 ⊕
· · ·⊕ cl for a given function c, which is called the ESOP form
of c, is not unique. Therefore, ESOP minimization algorithms
are required to ensure the nonredundancy of the final results.
Since the exact minimization of ESOP expressions [19]
is computationally difficult and time-consuming, heuristic
methods, such as Pseudo-Kronecker Expression (PKRM) [20]
and exorcism [21], as well as pseudo-exact approaches that
combine exact and heuristic methods [22], are commonly used
to balance effectiveness and efficiency.

B. Hierarchical Reversible Logic Synthesis

Hierarchical reversible logic synthesis methods typically
rely on logic networks, a data structure that represents a
Boolean function using a directed acyclic graph (DAG).
In these networks, function inputs, function outputs, and
Boolean operations are depicted as vertices, while computation
dependencies are described by directed edges. The term “hier-
archical” signifies an approach wherein the original network
is subdivided into smaller subnetworks, with each subnetwork
subsequently mapped into circuits.

The LHRS [9] framework employs LUT mapping [23], [24]
to partition the original network into LUTs. This framework
typically operates with logic networks defined over a restricted
gate basis to represent the input function. For example,
the XAG is a widely used type of logic network in this
context, where Boolean operations are confined to {∧,⊕,¬}.
Such networks are commonly employed in related research
endeavors [16], [25]. Obtaining such a network for a given
Boolean expression is straightforward, after which the LUT
mapping procedure is applied to map the original network into
subnetworks, i.e., LUTs in this case. Fig. 2(a) illustrates an
example of the XAG representation of a two-bit half adder,
where dashed arrows represent negation. Fig. 2(b) depicts the
corresponding LUT network obtained after LUT mapping.

After obtaining an LUT network, a reversible circuit con-
tructed from STGs can be generated by mapping each LUT
into an STG, with an ancilla qubit serving as the target line.
Fig. 2(c) and (d) depict two possible STG networks derived
from Fig. 2(b). In these figures, dashed lines indicate that the
line is not an input to the STG. It’s important to note that an



ZHANG et al.: DIVIDE-AND-CONQUER PEBBLING STRATEGY FOR ORACLE SYNTHESIS IN QUANTUM COMPUTING 4603

Fig. 2. Example of the LHRS flow working on a two-bit half adder. (a) XAG
representation. (b) Corresponding LUT network. (c) STG network mapped
from the LUT network. (d) Equivalent STG network with fewer ancilla qubits.

additional STG is utilized to restore the target line of STG 2
to its initial state, a process known as “uncomputation” [26],
which is necessary due to the inherent nature of quantum
computing. Finally, each STG is transformed into basic gates
through the application of STG synthesis algorithms.

The XAG-based approach [16] follows a framework similar
to the LHRS algorithm but is specifically tailored for XAG
networks. It leverages the fact that each ⊕ (exclusive-or)
operation in an XAG can be implemented using an in-place
CNOT gate, allowing intermediate results to be stored on one
of the already-allocated qubits. The reversible pebble game is
applied to an abstract graph derived from the original XAG,
where only AND nodes are retained. Subsequently, each AND
node is computed or uncomputed using a Toffoli gate, which
is then decomposed into basic quantum gates.

C. Reversible Pebble Game and Existing Strategies

The contrast between Fig. 2(c) and (d) highlights the
potential to reduce the necessary number of ancilla qubits
by rearranging the order of the STGs. Addressing this issue
involves engaging in the reversible pebble game.

The reversible pebble game is played on a DAG G =
(V, E), where each vertex v ∈ V corresponds to an input, an
output or an intermediate result and directed edges E represent
computation dependency. An example is shown in Fig. 3. The
bottom vertices x1, x2, x3, x4 are the primary inputs, whose
data are available throughout the process. Such vertices are
sometimes omitted in the DAG for simplicity. Vertices 7 and 8
marked by y1, y2 are primary outputs that we need to acquire.

In the reversible pebble game, when we intend to compute
or uncompute an intermediate result represented by a vertex
v, we use the terms “pebble v” or “unpebble v”.

Fig. 3. Example of a reversible pebble game.

Definition 1 (Reversible Pebbling Configuration): A
reversible pebbling configuration of DAG G is a set P ⊆ V ,
which is the set of all pebbled vertices at a given step.

Definition 2 (Reversible Pebbling): Let O denote the set
of all primary outputs of DAG G. A reversible pebbling of
G is a sequence of reversible pebbling configurations P =
(P1, P2, . . . , Pm) where P1 = ∅ and Pm = O, and for each
2 ≤ i ≤ m we have

1) Pi = Pi−1 ∪ {v} or Pi = Pi−1 \ {v} for some v ∈ V and
Pi 
= Pi−1.

2) All in-neighbors of v are in Pi−1.
The number of pebbles used in a reversible pebbling

P is defined as the maximum size of reversible pebbling
configurations in the sequence

p = max
1≤i≤m

| Pi |. (2)

The reversible pebble game aims at finding the minimum p
and the corresponding reversible pebbling P.

Previous research has already obtained various conclu-
sions under certain constraints. For example, the time-optimal
solution under a given space bound can be expressed in
recursive form for line graphs [27]. Additionally, it has been
demonstrated that determining the minimum p along with the
reversible pebbling can be achieved in polynomial time for
trees with a single primary output [11]. However, these conclu-
sions do not extend to an arbitrary DAG. For a random DAG,
the problem can be reformulated as a satisfiability problem
(SAT problem), where p acts as a parameter constraining the
number of pebbles [13]. A SAT solver is invoked to verify
the existence of a solution within p, and the value of p
is successively increased until either the minimum value is
reached or the time limit is exceeded.

Due to the computational complexity inherent in solving
SAT problems, the SAT-based approach may encounter scala-
bility issues. To the best of our knowledge, there are mainly
3 alternative strategies that can be applied to relatively large
DAGs in practice.

1) Bennett Strategy [10]: This is a straightforward approach
that involves pebbling all vertices in topological
order, followed by unpebbling all vertices except the
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Fig. 4. Different pebbling strategies for the DAG in the example. Each
column represents a reversible pebbling configuration at a specific step, with
each black square indicating a pebbled vertex. The red columns highlight the
steps where the maximum number of pebbles are used. Our strategy uses
six pebbles and spans 20 steps. The Bennett strategy and the eager clean-up
strategy require more pebbles (8 and 7, respectively), while the RPGH strategy
necessitates more steps (30 steps). (a) Bennett strategy. (b) Eager clean-up
strategy. (c) RPGH strategy. (d) Our strategy.

primary outputs in reverse topological order. This
strategy utilizes |V| pebbles, and it requires the min-
imum number of steps to complete the pebbling
process.

2) Eager Clean-Up Strategy [5]: This strategy is simi-
lar to the Bennett strategy but focuses on unpebbling
intermediate results as soon as possible. In this approach,
when a primary output with no immediate successor is
pebbled, its direct predecessors are recursively examined
to determine if they have unexploited out-edges. If none
are found, they are unpebbled. Despite its simplicity, the
eager clean-up strategy does not increase the number
of steps compared to the Bennett strategy. As a result,
it offers an efficient approach for pebbling DAGs,
particularly when implemented in algorithms, such as
the LHRS algorithm.

3) RPGH Strategy [14]: The primary outputs are arranged
in descending order based on the sizes of their tran-
sitive fan-in cones, and they are pebbled individually.
During each pebbling step, the strategy determines the
next move by evaluating vertices using a heuristic
function. Furthermore, before initiating each pebbling
step, it endeavors to reclaim free ancilla qubits by
attempting to unpebble previous vertices in a heuristic
manner.

The reversible pebblings of the strategies above are depicted
in Fig. 4. It is noteworthy that the RPGH strategy exhibits a
number of unnecessary steps (from step 16 to step 23).

D. Utilization of Free Ancillae

Both the LHRS algorithm and the XAG-based approach
require a significant number of ancilla qubits. When the
intermediate result stored on an ancilla qubit is uncom-
puted, the qubit is considered clean and can be reused for
other optimization methods until it is needed for another
intermediate result. Below, we introduce two optimization
techniques that leverage the utilization of ancilla qubits.

Ancillae-Aided Toffoli Decomposition [18]: This method
involves computing the AND of some control qubits and
storing the result on ancilla qubits, which are then used as the
control qubits for subsequent multiple-controlled Toffoli gates.
This effectively breaks down a multiple-controlled Toffoli gate
into smaller gates with fewer controls, reducing the total
number of quantum gates after decomposition. This approach
aligns well with ESOP-based STG synthesis, as it naturally
results in a cascade of multiple-controlled Toffoli gates.

Best-Fit Mapping [28]: This technique is based on the
observation that, after LUT mapping, each LUT in the network
corresponds to a subnetwork of the initial logic network,
referred to as cells, which preserve the logic network’s struc-
ture. For example, in Fig. 2(a), the cells corresponding to LUT
3 and LUT 4 in Fig. 2(b) are highlighted in the same color.
Each cell contains a vertex representing its output, which also
corresponds to the output of the LUT. The direct predecessors
of the LUT in Fig. 2(b) serve as the input vertices of the cells
in Fig. 2(a). This enables a second round of LUT mapping
with the assistance of clean ancilla qubits, where each cell
can be further divided into smaller LUTs, thereby reducing
the cost of subsequent synthesis.

III. DIVIDE-AND-CONQUER STRATEGY

In this section, we introduce the main idea of our strategy
and present an outline of the algorithm implementation.

A. Main Idea

Consider the simplest situation where the DAG is shaped
as a chain (see Fig. 5). It is evident that when the second-to-
last vertex is pebbled, simply reversing all previous steps after
pebbling the last vertex completes a valid reversible pebbling.
Consequently, the problem is reduced to finding the longest
chain whose tail can be pebbled using p− 1 pebbles.

When p − 1 = 2, it is easy to verify that a chain of
length 3 is the maximum attainable, as depicted in Fig. 5(a)
(primary inputs are omitted). When p− 1 = 3, we utilize the
previous conclusion to pebble a chain of length 7, as illustrated
in Fig. 5(b). It is noteworthy that the sections marked by
rectangles are identical to that in Fig. 5(a). By recursively
applying the same steps, a chain of length 2p−1 can be pebbled
with p pebbles. Thus, a chain of length n can be pebbled with
�log2(n)� + 1 pebbles, which proves to be optimal [10].

The process described above is a special case of the
recursion on line graphs [27]. The key to the strategy lies in
identifying a checkpoint within the chain and then subdividing
the problem into subproblems. This concept serves as the
inspiration for adapting the divide-and-conquer strategy to an
arbitrary DAG, as outlined in Section III-B.
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Fig. 5. Pebble the possibly longest chain with a fixed number of pebbles.
(a) p− 1 = 2. (b) p− 1 = 3.

Fig. 4(d) illustrates the application of our strategy to the
DAG depicted in Fig. 3. The fundamental approach involves
designating vertex 5 as a checkpoint. When vertex 5 is
pebbled, its predecessors are immediately unpebbled, and
vertex 5 is treated as a new starting point for the second
stage of the pebble game. Both stages are managed using the
eager clean-up strategy. In comparison to the RPGH strategy,
our approach yields the same number of pebbles but requires
fewer steps. Furthermore, as the size of the DAG increases,
the heuristic nature of the RPGH strategy introduces unpre-
dictability, whereas our strategy ensures controlled unpebbling.
Therefore, we anticipate that our strategy will demonstrate
greater competence and efficiency when dealing with large-
scale problems.

B. Algorithm Outline

Algorithm 1 outlines the main body of the divide-and-
conquer pebbling strategy. The function pebble serves as the
primary entry point of the algorithm (line 1), taking four
parameters as inputs.

1) G represents the DAG this procedure operates on. For
simplicity we use the subset V ′ ⊆ V to denote its
induced subgraph G[V ′] = (V ′, E′), where E′ = {(i, j) ∈
E | i, j ∈ V ′}.

2) sta denotes the set of vertices that are initially pebbled
and remain pebbled throughout the procedure. For a
given reversible pebble game problem, sta is initialized
as the set of all primary inputs.

3) tgt represents the set of target vertices that we aim
to pebble or unpebble in this procedure. For a given
reversible pebble game problem, tgt is initialized as the
set of all primary outputs.

4) rev is a boolean variable that defines the objective of
this procedure. If rev = true, we intend to unpebble
all vertices in tgt, meaning that initially, the vertices in
sta ∪ tgt are pebbled, and after this procedure, only the
vertices in sta remain pebbled. Otherwise, we start with
all vertices in sta and conclude with sta ∪ tgt.

In the function pebble, we first partition G into con-
nected subgraphs and identify the “live” nodes that contribute
to at least one tgt vertex. Subsequently, we invoke the
DivideAndConquer function on each of these “live” subgraphs
(lines 2–4). This preprocessing ensures that the subgraph
passed to DivideAndConquer is semiconnected and each
nontarget vertex has at least one successor.

The core of the strategy lies within the DivideAndConquer
function (lines 5–16). When the size of the input subgraph
is deemed sufficiently small, we apply the eager clean-up
strategy to it (lines 6–7). Details regarding how we define
“small” are elucidated in Section IV-B. Alternatively, if the
subgraph is larger, we endeavor to identify a set S of vertices
that serves as the checkpoint in the current problem (line 8).
The methodology for identifying the set S is expounded upon
Section IV-A. Subsequently, we further partition the problem
using S. In the initial stage, the set S together with A ∩ tgt is
pebbled through A starting with sta (line 14). Following this,
we attempt to pebble the tgt vertices in set B with S ∪ sta
as the new starting point (line 15). Finally, we unpebble the
set S except for the tgt vertices within it (line 16). Note that
the set A ∪ S ∩ tgt has been pebbled in the initial stage and
does not require cleaning, hence it constitutes part of the sta
parameter of the subproblem according to our definition. The
reverse division of this process is described between lines 10
and 12.

Ideally, the number of pebbles used by the divide-and-
conquer strategy is approximately the sum of the sizes (i.e.,
the number of elements, where each element is a vertex) of all
the checkpoint sets and the tgt set, which is dependent on the
geometric features of the initial DAG. It is worth noting that
we could have executed our strategy on each transitive fan-in
cone of the primary outputs, similar to the RPGH strategy,
potentially resulting in a larger decrease in the number of
pebbles. However, our strategy operates on each connected
subgraph instead (line 2). This decision is made to preserve the
DAG’s ability to leverage shared parts among different cones.

IV. IMPLEMENTATION DETAILS

In this section we decsribe the unexplained details in the
implementation of Algorithm 1.

A. Checkpoint Identification

The set S selected as the checkpoint must satisfy certain
criteria. Primarily, the vertices in S and sta should collectively
suffice to pebble the vertices in set B. Additionally, to ensure
the effectiveness of the split stages, we aim to maintain a clear
separation between the induced subgraphs G[A] and G[B],
with G[S] acting as the divider. Furthermore, since the vertices
in S remain pebbled during the second stage of the divided
subproblems, the size of S significantly impacts the final cost.
Therefore, we strive to minimize the size of the set S.

Motivated by a greedy algorithm for the vertex separator
problem [29], we employ Algorithm 2 to identify the check-
point set S. The algorithm iteratively inserts vertices into the
initially empty subgraph G[A], ensuring its size gradually
approaches half of G, with each step prioritizing the vertex
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Algorithm 1: Divide-and-Conquer Pebbling

1 Function Pebble(G=(V, E), sta, tgt, rev):
2 forall connected subgraph of G do
3 liv← {v ∈ subgraph | ∃t ∈ tgt, there is a path

from v to t};
4 DivideAndConquer(liv, sta, tgt ∩ liv, rev);

5 Function DivideAndConquer(G=(V, E), sta, tgt, rev):
6 if | V | is small then
7 use eager clean-up strategy on G;

8 (A, B, S)← FindCheckpoint(G, sta, tgt);
9 if rev then

10 Pebble((A∪S)\ tgt, sta∪(A∪S∩ tgt), S\ tgt, false);
11 Pebble(B, S ∪ sta, B ∩ tgt, true);
12 Pebble(A ∪ S, sta, S ∪ (A ∩ tgt), true);

13 else
14 Pebble(A ∪ S, sta, S ∪ (A ∩ tgt), false);
15 Pebble(B, S ∪ sta, B ∩ tgt, false);
16 Pebble((A∪S)\ tgt, sta∪ (A∪S∩ tgt), S\ tgt, true);

Algorithm 2: Identification of Checkpoint Set

1 Function FindCheckpoint(G=(V, E), sta, tgt):
2 A← ∅, B← V;
3 C← candidateG(A ∪ sta);
4 S← faninG(B);
5 while | A |≤| V | /2 do
6 let i ∈ C s.t. i minimizes | faninG(B \ {i}) |;
7 move i from B to A;
8 update C and S;

9 A← A \ S;
10 return (A, B, S);

that minimizes the separator S (lines 5–8). The candidate set
and fanin set are defined as

candidateG=(V,E)(A) = {v ∈ V | ∀(u, v) ∈ E, u ∈ A} (3)

faninG=(V,E)(B) = {u ∈ V \ B | ∃v ∈ B, (u, v) ∈ E} (4)

where candidate represents the set of vertices that can be peb-
bled in the subsequent step, while fanin comprises all vertices
required to compute G[B]. This configuration guarantees that
S∪ sta in Algorithm 1 encompasses all essential predecessors
for handling the second stage.

B. Stopping Condition

For an input DAG G = (V, E), the pebble number
of the divide-and-conquer strategy is approximately |S| +
max(pe(G[A]), pe(G[B])), where pe represent the number of
pebbles used by eager clean-up strategy. Since the sizes of
A and B are around |V|/2, as the size of V decreases, the
advantage gained from applying divide-and-conquer strategy
over eager clean-up strategy diminishes. On the other hand,
deeper recursion entails additional computation and uncom-
putation steps. As a result, we anticipate the recursion to halt

once |V| reaches a sufficiently small value. In the remainder of
this section we present two methods to determine the stopping
condition of the recursion.

A Threshold-Based Method: A straightforward approach
is to establish a threshold for the size of the input graph
G, beyond which the recursion stops and eager clean-up
strategy is employed. For instance, the threshold might be
set to be 1/10 of the size of the input DAG. Thus, when
processing a DAG with 100 vertices, the recursion terminates
once the size of the divided subgraph falls below 10. However,
this method has drawbacks. First, it may lead to numerous
unnecessary iterations, especially when G is split into multiple
parallel subproblems. Second, the threshold does not offer
direct control over the pebble number of the final result.

Calculating Qubit Allocation and Reclamation: An alter-
native approach involves considering the problem from the
perspective of qubit allocation and reclamation. During the
reversible pebble game, when an unpebbling move occurs,
it signifies that a qubit is reclaimed and available for future
allocation. Reusing such reclaimed qubits does not increase
the overall ancilla requirement. Therefore, by monitoring the
number of reclaimed qubits, denoted as pr, and comparing it
with the size of the input DAG G, the algorithm can determine
when pe(G) ≤ |V| ≤ pr. Applying eager clean-up strategy
under such circumstances minimizes unnecessary pebbling
steps without escalating the total pebble number. Moreover, by
initializing pr to a value greater than 0, we effectively allocate
a predetermined number of qubits for use in the synthesis
task. In such cases, Algorithm 1 attempts to find a reversible
pebbling with a lower pebble count than pr which serves as
a limit. Should this prove unsuccessful, it returns a sequence
with the lowest pebble count it can find. Our strategy reverts
to eager clean-up strategy when the limit is set to a number
greater than |V|.

When a qubit allocation occurs, we have the option to either
reuse a reclaimed qubit or allocate a new one. This aspect
of the second approach can be managed using heuristic algo-
rithms like [30], which take factors, such as qubit connectivity
into account. Currently, our priority is to minimize the ancilla
requirement, so we opt to allocate reclaimed qubits whenever
possible.

The second approach provides a more precise control
over the final pebble count compared to the threshold-based
method. However, there may be instances where users are
unable to determine a suitable limit beforehand. Consequently,
we adopt a hybrid approach where Algorithm 1 terminates the
recursion when either the size of the input graph falls below
the predetermined threshold or sufficient qubits are reclaimed
to directly apply the eager clean-up strategy to the input graph.

V. OPTIMIZATION OF QUBIT RESOURCE UTILIZATION

In this section, we discuss strategies to maximize the
utilization of available qubit resources.

A. Working Against Qubit Constraints

Rather than focusing on identifying the minimum qubit
requirement for a given circuit, quantum circuit synthesis



ZHANG et al.: DIVIDE-AND-CONQUER PEBBLING STRATEGY FOR ORACLE SYNTHESIS IN QUANTUM COMPUTING 4607

TABLE I
COMPARISON OF PEBBLING STRATEGIES ON THE ISCAS85 BENCHMARKS

typically operates under the constraint that a synthesis task
must be completed within a specified qubit limit. In the LHRS
algorithm, the determination of the qubit requirement hinges
on two factors: 1) the cut size of the LUT mapping process
and 2) the selection of strategy for the reversible pebble game.
The choice of algorithm for LUT. mapping also plays a role
but is not discussed in this context.

Smaller Cut Sizes Yield Better Synthesis Results: The cut
size in the LUT mapping process, indicating the maximum
number of inputs to each LUT, significantly influences both the
qubit requirement and the quality of the final result. Larger cut
sizes tend to generate fewer but larger-sized LUTs (measured
by the number of inputs) that lead to longer runtime and
potentially inferior results in the subsequent STG synthesis
stage, with fewer qubits required to store the intermediate
results. Conversely, smaller cut sizes result in a higher qubit
requirement but enable the application of more sophisticated
algorithms that yield better results. Furthermore, for LUTs
with a sufficiently small number of inputs (typically fewer
than 4), it is possible to explore a database of precomputed
near-optimal circuits, which produces satisfactory results in a
relatively short amount of time.

Determining Cut Sizes in LHRS: The LHRS algorithm
addresses this tradeoff through an incremental approach. It
initiates LUT mapping with a small cut size and employs
eager clean-up strategy to determine the required number of
qubits. If the qubit requirement exceeds the specified limit,
the algorithm iteratively increases the cut size until a suitable
configuration is found where the required qubits meet the
constraint.

Reducing the Cut Size With Better Pebbling Strategy: In the
preceding sections, we introduced our innovative divide-and-
conquer strategy, which reduces the number of qubits required
for a given LUT network compared to the eager clean-up
strategy. As a result, when determining the appropriate cut
size under a specified qubit constraint through an incremental
process, employing the divide-and-conquer strategy instead of
the eager clean-up strategy allows for an earlier conclusion,
yielding a smaller cut size that benefits the subsequent STG
synthesis procedure. Although our strategy results in an
increased number of computation and uncomputation steps,
each corresponding to an STG in the LHRS algorithm, we
will demonstrate in Section VI that the reduction in circuit

gate count resulting from the smaller LUT sizes outweighs the
increase in the number of steps.

B. Best-fit Mapping With Divide-and-Conquer Pebbling
Strategy

Reducing Cut Sizes With Subsequent LUT-Mapping: As
discussed in Section II-D, the best-fit mapping technique
applies a second round of LUT mapping to each cell of the
original logic network. This approach further reduces LUT
sizes, leading to a more compact circuit.

Combining Divide-and-Conquer Strategy With Best-Fit
Mapping: To avoid increasing the total ancilla qubit require-
ments, the second round of LUT mapping is restricted to
qubits already allocated during the first round, thereby setting a
constraint for qubits. Since each cell has only one output node,
the eager clean-up strategy does not help in reducing qubit
usage in such cases. However, using the divide-and-conquer
strategy, the cells can be decomposed into even smaller LUTs,
enabling more efficient near-optimal mapping throughout the
circuit.

VI. RESULTS

We implemented our strategy as part of the LHRS algo-
rithm [9] in C++ with caterpillar,1 one of the EPFL logic
synthesis libraries [31]. Experiments were run on an Intel
Core i7-12700 CPU with 2.10 GHz and 16 GB RAM running
Windows 11 OS.

A. Comparison of Pebbling Strategies

We evaluate the performance of various pebbling strategies
on the ISCAS85 benchmark, and the results are presented
in Table I. The “PI/PO” column denotes the number of
primary inputs and primary outputs for each benchmark. The
metrics “pebbles” and “steps” represent the number of pebbles
(excluding PIs and POs) used and the number of steps in
the resulting reversible pebbling, respectively. The %�ps and
%�ps columns indicate the percentage reduction in pebbles
compared to the SAT-based approach and the RPGH strategy,
respectively.

1https://github.com/gmeuli/caterpillar
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TABLE II
SYNTHESIS RESULTS OF THE LHRS ALGORITHM ON THE EPFL BENCHMARKS

The SAT-based approach is implemented using the
Z3 solver [32], with time limits set to 30 min for the solver
and 60 min for the overall search. Cases marked as “FAIL”
indicate that the SAT-based approach failed to produce a valid
result within the allotted time. It is worth noting that while the
SAT-based approach has the potential to achieve the minimum
number of pebbles in reversible pebbling, the results obtained
may not be optimal due to hardware limitations and the
imposed time constraints, especially given the relatively large
size of the benchmarks. Additionally, the Bennett strategy
consistently produces the same number of steps as the eager
clean-up strategy, with both strategies completing in under
0.2 s. For brevity, these columns are omitted from the table.

Our strategy achieves a relatively low number of peb-
bles while maintaining a reasonable runtime. In contrast,
the SAT-based approach often requires a significantly longer
runtime and may fail to produce results for relatively large
cases. The RPGH strategy, while capable of reducing the
number of pebbles to some extent, incurs a substantial increase
in the number of pebbling steps. Our strategy outperforms both
the SAT-based approach and the RPGH strategy in terms of
the number of pebbles, the number of steps, and runtime across
most cases. Specifically, it achieves an average reduction of
40.1% in the number of pebbles compared to the SAT-based
approach and an average reduction of 51.6% compared to the
RPGH strategy.

B. Large-Scale Benchmark Synthesis

LHRS Algorithm: We evaluate the performance of our
strategy on nine arithmetic benchmarks from the EPFL
combinational benchmark [15], employing different cut sizes
(denoted as k) within the LHRS algorithm. A cut size of
6 is selected as it is a common choice in related research,

while 15 is the maximum value that avoids stack smashing
during LUT mapping on our device. Additionally, ten serves
as an intermediate value. Results are presented in Table II,
which includes comparisons with the Bennett strategy and
eager clean-up strategy. The STGs are synthesized into mul-
ticontrolled Toffoli networks using ESOP-based synthesis,
with ESOP minimization achieved through PKRM [20] and a
modified version of exorcism where EXORLINK-4 operations
are omitted [9]. Multicontrolled Toffoli gates are decomposed
into Clifford+T gates using ancilla qubits (see Section II-D).
The number of STGs and T gates in the final circuit, listed
in Table II, serve as indicators of circuit gate count. Runtime
metrics include total runtime t and runtime consumed by
computing the pebbling strategy tp. For clarity, we denote
%�q as the percentage reduction in qubits compared to
eager clean-up strategy, ×s as the multiplicative factor for
the number of STGs, and ×T as the multiplicative factor
for the number of T gates. All experiments are conducted
with the qubit limit for the divide-and-conquer strategy, as
mentioned in Section IV-B, set to 0, representing the minimum
number of qubits achievable by our strategy. Setting this limit
to a larger value may help mitigate the impact on circuit
gate count, which we will explore in the next section. No
post-synthesis optimization is performed in the experiments
detailed here.

The standard form of an oracle is |x〉 |q〉 → |x〉 |q⊕ f (x)〉,
where f : {0, 1}m → {0, 1}n is the Boolean function of the
oracle [33]. Here, |x〉 represents the m-qubit register containing
the input to the oracle, and |q〉 denotes the n-qubit register
where the outputs of f are stored. It is important to note
that |q〉 is not necessarily initialized as |0〉. Consequently,
it is imperative that all outputs of f are not computed on
reclaimed qubits during the reversible pebble game, and
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TABLE III
SYNTHESIS RESULTS OF THE XAG-BASED APPROACH ON THE EPFL BENCHMARKS

each primary output requires a dedicated qubit that cannot
be repurposed. Minor adjustments are made in the LHRS
algorithm to accommodate this constraint, which ensures that
the primary inputs and primary outputs remain unaffected by
the reversible pebble game. The “PI/PO” column of Table II
indicates the count of primary inputs and primary outputs in
each respective benchmark. In the %�q column, we present
the percentage reduction of remaining qubits (excluding PI
and PO ones) in brackets.

Our strategy significantly reduces the number of qubits,
achieving an average percentage reduction of 69.9% (82.7%
excluding PIs and POs) compared to eager clean-up strategy.
This comes with an average of 4.56 times more STGs (or
4.05 times more T gates) in the circuit. The Adder benchmark
presents the worst result, where the majority of qubits are
used to carry inputs and outputs, leaving limited room for
optimization. However, in larger cases where the number of
inputs and outputs is dwarfed by the number of intermediate
results, our strategy saves over 80% of ancilla qubits compared
to eager clean-up strategy, with mostly less than ten times the
original number of STGs. In comparison, the RPGH strategy
typically results in a percentage reduction of around 10% to
20%, accompanied by an increase in the number of STGs by
10 times to over 100 times in most cases [14], and the SAT-
based approach is not applicable to inputs of such scale.

The computation time of our strategy, as shown in the “tp”
column, remains mostly consistent regardless of the increase
in the cut size for LUT mapping. However, as the cut size is
raised to 15, the total synthesis time of the circuit experiences
rapid growth. To expedite the synthesis process, synthesized
STGs are cached, and “MEMORY OUT” indicates that the
synthesis was aborted after exceeding the 16GB memory limit.
Additionally, while the number of STGs shows only minor
variation, the T-count of the final circuit increases significantly.
These observations suggest that minimizing LUT sizes is
beneficial for the STG synthesis process, as discussed in
Section V-A.

XAG-Based Approach: We also evaluate the performance of
our strategy within the XAG-based approach, and the results
are presented in Table III. Specifically, we test the algorithm’s
ability to reduce T-count [16, Algorithms 1 and 3] where 2-
controlled Toffoli gates are decomposed into 7 T gates. Similar

to the experiments within the LHRS framework, the number
of ancilla qubits (i.e., qubits that do not hold inputs or outputs)
and the number of T gates are used as metrics to quantify the
cost of the final circuit. For clarity, %�a and ×T denote the
percentage reduction in ancilla qubits and the multiplicative
factor for T-count, respectively, achieved by the divide-and-
conquer strategy compared to the eager clean-up strategy.
Additionally, to compare with the LHRS algorithm, we include
the number of additional ancilla qubits required by the XAG-
based approach in the �ak columns and the multiplicative
factor for T-count relative to the LHRS results in the ×Tk

columns, where k represents the corresponding cut size in the
LHRS framework.

The experiments with the XAG-based approach further
demonstrate that the divide-and-conquer strategy significantly
reduces the required number of ancilla qubits. Additionally,
a comparison with the results of the LHRS algorithm reveals
that the XAG-based approach generally achieves better results
in terms of the T-count of the final circuit. This advantage is
particularly pronounced when the cut size of the LHRS algorithm
is set to 15, where the final T-count of the XAG-based approach
is less than 1% of that of the LHRS algorithm for benchmarks,
such as Sine and Log2. However, this improvement comes at
the cost of a significantly higher number of ancilla qubits. When
using the eager clean-up strategy, the XAG-based approach
requires an average of over 10 000 extra ancilla qubits. This is
primarily due to the absence of the LUT-mapping stage in the
XAG-based approach, where multiple vertices in the original
XAG are fused into a single LUT node, thereby reducing the
overall qubit requirement. This drawback may limit the practical
applicability of the approach.

By applying the divide-and-conquer strategy instead of the
eager clean-up strategy, the demand for additional ancilla
qubits is significantly mitigated. With this strategy, the XAG-
based approach requires an average of no more than 400
extra ancilla qubits, substantially lowering the threshold for its
practical application.

C. Qubit-Constrained Synthesis

In the previous section, we demonstrated our strategy’s
effectiveness in reducing qubit usage when the LUT network
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Fig. 6. Qubit-constrained synthesis results. egr: eager clean-up pebbling strategy, dac: divide-and-conquer pebbling strategy, esop: ESOP-based STG synthesis,
lut: LUT-based STG synthesis. (a) Synthesis results for benchmark Adder. (b) Synthesis results for benchmark Max. (c) Synthesis results for benchmark Sine.
(d) Synthesis results for benchmark Square-root.

for the pebbling process is predetermined. In this section,
we evaluate the performance of our strategy under qubit-
constrained conditions, where the number of available ancilla
qubits is specified in advance, and the cut size for the
LUT mapping process is adjusted accordingly to meet these
constraints.

Fig. 6 presents the T-count of the synthesis results for four
benchmarks with varying numbers of ancilla qubits. The Adder
benchmark is selected to represent a relatively small case,
while Max and Sine are chosen as medium-sized examples,
and Square-root represents a relatively large case. The cut
sizes for the LUT mapping process are determined through the
incremental approach outlined in Section V-A, with minimum
and maximum cut sizes set at 4 and 15, respectively.

Two different STG synthesis methods are employed in these
experiments. The ESOP-based synthesis, denoted as esop, is
the same method used in the previous section. The LUT-based
synthesis, denoted as lut, maps each STG with no more than
4 control qubits into precomputed near-optimal Clifford+T
circuits by referencing a database [9]. For STGs with more
than four control qubits, the synthesis reverts to the ESOP-
based method. Additionally, the results of the XAG-based
approach are provided for comparison. Although the XAG-
based approach does not include the LUT-mapping stage, the
required number of qubits can still be adjusted using the
divide-and-conquer strategy. The best-fit mapping technique is
not applied in this section and will be explored in the next
section.

The results across all benchmarks and combinations of peb-
bling strategies and STG synthesis methods reveal a consistent

pattern: the T-count of the final circuit sharply increases
as qubit limitations tighten, following a period of relatively
stable performance. However, when employing the divide-
and-conquer strategy, this stable period is notably extended.
This phenomenon is attributed to our strategy’s flexibility in
trading off qubit usage for circuit gate count, as discussed in
Section IV-B. By leveraging additional pebbling steps, we can
delay the need to increase the cut size for a longer duration,
allowing the cut sizes to remain minimal until our strategy
reaches its limit for conserving qubits.

The divide-and-conquer strategy excels in reducing qubit
usage compared to the eager clean-up strategy, enabling valid
results under much tighter constraints on the number of ancilla
qubits across all cases. In situations where both strategies are
applicable, the T-count of results obtained with the divide-
and-conquer strategy is generally lower than that of the eager
clean-up strategy, particularly under tight constraints. This
is because the divide-and-conquer strategy can maintain a
smaller cut size than the eager clean-up strategy under the
same qubit limits, albeit at the cost of additional pebbling
steps. In most cases, the impact of these increased steps on
the final circuit gate count does not match the growth of cut
sizes. As constraints loosen, the advantages of the divide-and-
conquer strategy diminish, and its results may occasionally be
worse than those of the eager clean-up strategy. With sufficient
ancilla qubits, both strategies effectively operate the same way,
resulting in identical outcomes.

The LUT-based STG synthesis method functions identically
to the ESOP-based method for STGs with more than four con-
trol qubits, differing mainly by directly mapping smaller STGs
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Fig. 7. Qubit-constrained synthesis results with best-fit mapping. egr: eager clean-up strategy, dac: divide-and-conquer strategy, non: no extra LUT mapping.
(a) c432, PI: 36, PO: 7, nodes: 246. (b) c880, PI: 60, PO: 26, nodes: 388. (c) c1908, PI: 33, PO: 25, nodes: 448. (d) c6288, PI: 32, PO: 32, nodes: 2370.

into near-optimal circuits. At first glance, this might seem like
an improvement over the ESOP-based method, as the exorcism
algorithm may struggle to consistently achieve near-optimality
for every small STG. However, the results in Fig. 6(c)
and (d) suggest otherwise. In many cases, the ESOP-based
method actually produces lower T-counts than the LUT-based
approach. This is likely because the near-optimal circuits are
often computed with few or no ancilla qubits, leaving room for
further optimization if more ancilla qubits are available (hence
“near-optimal” rather than “optimal”). As a result, the ESOP-
based method can achieve better results by utilizing ancilla
qubits in decomposing multicontrolled Toffoli gates. The fact
that the ESOP-based method outperforms the LUT-based
method in a significant number of experiments underscores the
effectiveness of combining exorcism with ancilla-aided Toffoli
decomposition.

The results of the XAG-based approach follow a similar
trend to the other implementations. However, since it typically
requires more ancilla qubits to execute (see Section VI-B),
the range of its results on the x-axis is narrower compared
to the LHRS algorithm when combined with the divide-and-
conquer strategy. For instance, on the benchmark Max, the
XAG-based approach requires more than 300 ancilla qubits,
whereas the LHRS algorithm, when combined with the divide-
and-conquer strategy, is able to operate with fewer than 100
ancilla qubits. Additionally, the XAG-based approach demands
significantly more ancilla qubits to achieve a sufficiently low
T-count. Under the same relatively low qubit constraint, it
generally produces a higher T-count in the final circuit than
the LHRS algorithm.

D. Optimize STG Sizes With Best-Fit Mapping

The results from the previous section demonstrate that the
divide-and-conquer strategy effectively reduces circuit gate
count under qubit constraints by enabling lower cut sizes
during the LUT mapping process. Its advantage over the eager
clean-up strategy is particularly pronounced in tasks with tight
ancilla constraints. In this section, we combine our strategy
with the best-fit mapping technique (see Section V-B) to
show how this combination further reduces the size of STGs
(measured by the number of control qubits) and evaluate its
impact on the final circuit gate count.

The results of six different implementations are presented in
Fig. 7. Each line in Fig. 7 represents a specific combination of
pebbling strategies applied in the two rounds of LUT mapping.
Here, egr signifies the eager clean-up strategy, dac represents
the divide-and-conquer strategy, and non indicates that no
second round of LUT mapping (and hence no best-fit mapping)
was applied. The combinations “egr+non” and “egr+egr” cor-
respond to the strategies used in the original LHRS algorithm
and the best-fit mapping strategy, respectively. The results of
the XAG-based approach are provided for comparison. For
simplicity, all STGs in this experiment are synthesized using
the ESOP-based synthesis method.

We notice in our experiments that on large benchmarks, the
T-count of the final circuit is relatively insensitive to small
variations in the number of available ancilla qubits, with a
significant gap typically existing between the minimum ancilla
requirement of the eager clean-up strategy and the divide-and-
conquer strategy. Therefore, it is challenging to capture precise
changes caused by small adjustments in the available ancilla
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resources while still maintaining a comprehensive analysis
in such cases. To address this, we shift to the ISCAS85
benchmark, where smaller cases allow for clearer tracking of
changes in the T-count incurred by incremental adjustments in
the number of available ancilla qubits. Fig. 7(a), (b), and (c)
show the number of T gates in the synthesized circuits for
benchmarks c432, c880, and c1908, respectively, with the
number of primary inputs (PI), primary outputs (PO), and
the number of nodes before LUT mapping listed below each
figure. For comparison, the results of the relatively large
benchmark c6288 are shown in Fig. 7(d).

The results across all four benchmarks exhibit the same
pattern as observed in the previous section: the number of
T gates decreases as the number of available ancilla qubits
increases. The divide-and-conquer strategy, when applied dur-
ing the first round of LUT mapping, consistently outperforms
the eager clean-up strategy until sufficient ancilla resources are
available, at which point both strategies converge to identical
results. However, reducing the incremental step in the number
of available ancilla qubits uncovers certain exceptions. For
instance, in benchmark c880, using 44 ancilla qubits results in
a higher T-count than using 34 ancilla qubits when applying
the eager clean-up strategy in the first and second round
of LUT mapping. This happens because the advantage of
reducing cut sizes does not always outweigh the additional
computational steps required. Moreover, decomposing the
logic network into smaller components can sometimes miss
optimization opportunities. This indicates a potential direction
for further research into better synchronization between the
LUT mapping process and STG synthesis. Nevertheless, min-
imizing cut sizes remains an effective approach for reducing
circuit gate count at this stage.

Furthermore, compared to cases where only one round of
LUT mapping is applied, those incorporating an additional
round generally achieve better results. Circuits that employ
the divide-and-conquer strategy in the second round tend to
produce lower T-counts in most experiments. The difference is
most pronounced under tight qubit constraints and diminishes
when ample ancilla resources are available, as the first round
of LUT mapping already achieves the desired effect. The
distributions of STG sizes for all four benchmarks with the
minimum number of ancilla qubits are depicted in Fig. 8.
In each distribution, it can be seen that using the divide-
and-conquer strategy in the second round of LUT mapping
results in a significantly higher number of small-sized STGs
(particularly those with no more than four control qubits)
and further reduces the large-sized STGs, compared to the
eager clean-up strategy. The greater this difference, the more
noticeable the performance improvement in Fig. 7.

There are still exceptions where applying the best-fit map-
ping technique increases the circuit’s T-count, which occurs
for the same reason mentioned in the previous paragraph. This
can be addressed by applying the pick-best method [28], where
each STG undergoes a second round of LUT mapping only if
it reduces the total T-count. Since this approach operates on
each individual STG rather than the entire circuit, it can lead
to a lower T-count even in cases where the best-fit mapping
technique already has a positive effect.

Fig. 8. Distribution of STG sizes with minimum ancilla resource.
(a) Benchmark c432 with nine ancilla qubits. (b) Benchmark c880 with 14
ancilla qubits. (c) Benchmark c1908 with 24 ancilla qubits. (d) Benchmark
c6288 with 49 ancilla qubits.

Similar to the experiments in Section VI-C, under the same
qubit constraint, the XAG-based approach generally yields a
higher T-count than the LHRS algorithm, except for a few
cases. When provided with sufficient ancilla qubits, it outper-
forms the LHRS algorithm on benchmarks c432 and c880.
However, on benchmarks c1908 and c6288, it is outperformed
by the combination of the LHRS algorithm and the best-fit
mapping technique. Furthermore, the number of additional
ancilla qubits required for the XAG-based approach to achieve
its optimal result is significantly higher than that of the LHRS
algorithm. These observations suggest that the advantage of
the XAG-based approach over the LHRS algorithm may not
be consistently evident. A hybrid approach combining the two
methods could be a promising direction for future research.

E. Intergration Into Qiskit

We have implemented our method as a potential synthesizer
for Qiskit’s PhaseOracle and BooleanExpression classes. In
this section, we evaluate the performance of our proposed
method in comparison to Qiskit’s default synthesis approach,
denoted as pkrm_synth. Our experiments revealed that the
pkrm_synth implementation encounters errors when handling
cases with more than ten variables. Due to this uncertainty,
we opted to focus on smaller benchmarks. Since suitable
benchmarks of this scale are difficult to find, we chose
to test both methods on random CNF cases generated by
CNFgen [34]. Fig. 9 illustrates the average CNOT count and
CNOT depth for the synthesis results of pkrm_synth, along
with the outcomes of our method using 0 and 5 ancilla
qubits. The STG synthesis in these experiments is accom-
plished using the ESOP-based synthesis, and multicontrolled
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Fig. 9. Comparison of our method to Qiskit’s default method. pkrm_synth: Qiskit’s default method, lhrs_dac_0: Our method with 0 ancilla qubit, lhrs_dac_5:
Our method with 5 ancilla qubits. The cases are identified by the first digit representing the number of literals in each CNF clause, while the second digit
indicates the number of clauses. (a) Average CNOT count for random CNF cases with 8 variables. (b) Average CNOT count for random CNF cases with 9
variables. (c) Average CNOT depth for random CNF cases with 8 variables. (d) Average CNOT depth for random CNF cases with 9 variables.

Toffoli networks are decomposed into basic gates using the
decompose method in Qiskit.

The proposed method demonstrates a clear advantage over
the pkrm_synth method across all test cases, particularly when
aided by five ancilla qubits. However, in some instances, the
inclusion of five ancilla qubits results in a higher cost in the
final circuit. This occurs because the ancilla qubits enable a
smaller cut size during LUT mapping, which does not always
translate to a lower final circuit cost, as previously discussed.
Nonetheless, our method outperforms pkrm_synth even under
these circumstances.

VII. CONCLUSION

We propose a novel pebbling strategy based on divide-and-
conquer for the reversible pebble game, which can seamlessly
integrate into the LHRS algorithm and the XAG-based
approach. Experiments on the EPFL benchmarks demonstrate
that our algorithm can effectively handle large-scale cases with
notable efficiency, achieving up to a 90% reduction in qubits
while incurring an average increase of less than ten times the
original steps. Moreover, our strategy is adept at addressing
qubit-constrained tasks by minimizing the cut sizes for LUT
mapping, thereby resulting in a substantial reduction in circuit
gate count.
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