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Abstract
The classical shadows protocol, introduced by Huang et al (2020 Nat. Phys. 16 1050), makes use of
the median-of-means (MoM) estimator to efficiently estimate the expectation values ofM
observables with failure probability δ using onlyO(log(M/δ))measurements. In their analysis,
Huang et al used loose constants in their asymptotic performance bounds for simplicity. However,
the specific values of these constants can significantly affect the number of shots used in practical
implementations. To address this, we studied a modified MoM estimator proposed by Minsker
(2023 Proc. 36th Conf. on Learning Theory (PMLR) 195 5925) that uses optimal constants and
involves a U-statistic over the data set. For efficient estimation, we implemented two types of
incomplete U-statistics estimators, the first based on random sampling and the second based on
cyclically permuted sampling. We compared the performance of the original and modified
estimators when used with the classical shadows protocol with single-qubit Clifford unitaries
(Pauli measurements) for an Ising spin chain, and global Clifford unitaries (Clifford
measurements) for the Greenberger–Horne–Zeilinger state. While the original estimator
outperformed the modified estimators for Pauli measurements, the modified estimators showed
improved performance over the original estimator for Clifford measurements. Our findings
highlight the importance of tailoring estimators to specific measurement settings to optimize the
performance of the classical shadows protocol in practical applications.

1. Introduction

Classical shadows is a protocol recently proposed by Huang, Kueng, and Preskill [1] that builds on ideas from
Aaronson’s shadow tomography [2] and quantum state tomography [3, 4] to efficiently estimate properties
of an unknown quantum state ρ, without requiring a complete description of ρ to be learned. The protocol
tackles the fundamental scaling problem of quantum systems, where learning a full description of the
quantum system requires a number of measurements that scales exponentially with the number of qubits [5,
6]. By instead constructing an approximate classical description of the system, the expectation values ofM
observables can be predicted using onlyO(logM)measurements, independent of system size. Since its
introduction, the protocol and its variants [7–42] have found applications across diverse domains, including
chemistry [43–47], machine learning [48–50], error mitigation [51–53], entanglement characterization
[54–56], and variational quantum algorithms [57–60], among others [61–66]. Moreover, noise-robust
adaptations of the protocol have been introduced, allowing it to sustain efficient performance under realistic,
noisy conditions [67–75].

To estimate expectation values of observables using classical shadows, the median-of-means (MoM)
estimator [76, 77] is commonly employed, offering favorable scaling of sample complexity with respect to the
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failure probability of the protocol. In the original construction, Huang et al chose conservative numerical
constants for estimator bounds, which, although not affecting theoretical analyses, play a critical role in
practical implementations [78–81]. Specifically, these constants directly affect the number of measurements
required to achieve a desired level of accuracy in the estimation process. While theoretical analyses typically
focus on large sample sizes where constants become negligible, they become critical in practical scenarios
with limited measurements or resource constraints. Tighter constants in the MoM estimator allow for more
precise estimates with fewer measurements, reducing overhead.

Recently, Minsker [82, 83] presented optimal constants for the MoM estimator, and also proposed a
modified version of the estimator with even tighter constants. In this study, we apply Minsker’s results to
classical shadows. Using ideas from incomplete U-statistics [84], we introduce practical implementations of
Minsker’s estimator which would otherwise be impossible to run for large datasets. Through numerical
simulations, we benchmarked the performance of the original and modified estimators using an Ising spin
chain and the Greenberger–Horne–Zeilinger (GHZ) state [85] to measure their performance, using the
single-qubit Clifford unitary ensemble and global Clifford unitary ensemble respectively. We found that
while the original MoM estimator performed better in the former case, the modified version showed
improvements in the latter case.

The rest of our manuscript is structured as follows. In section 2, we review the basics of the classical
shadows protocol. In section 3, we present the original MoM estimator used in the protocol, followed by
Minsker’s modified estimator in section 4. Next, in section 5, we present two practical implementations of
Minsker’s estimator using incomplete U-statistics in the context of classical shadows. We then benchmark the
estimators for the Ising spin chain in section 6.1 and GHZ state in section 6.2. Finally, in section 7, we
provide a discussion of the results.

2. Preliminaries

The purpose of the classical shadows protocol is to efficiently predict functions of a density matrix ρ. Of
particular importance are linear functions, such as expectation values {oi} of a set ofM observables {Oi},
which can be expressed as:

oi (ρ) = tr(Oi ρ) 1⩽ i ⩽M. (1)

The protocol works by applying a transformation ρ 7→ UρU†, where U is randomly selected from an
ensemble of unitaries. We consider two commonly used ensembles: random global Clifford unitaries, and
tensor products of random single-qubit Clifford unitaries. After the transformation, we perform a
computational-basis measurement to obtain |b̂〉 ∈ {0,1}r, where r is the number of qubits. Using this, we
define the shadow channelM, defined as

M(ρ) = E
[
U† |b̂〉〈b̂|U

]
. (2)

We typically choose ensembles for which the object U† |b̂〉〈b̂|U can be efficiently stored classically.
Assuming that the inverse mapM−1 exists, it can be shown that the classical snapshot ρ̂=M−1

(U† |b̂〉〈b̂|U) is an unbiased estimator of ρ, i.e.

ρ= E [ρ̂] = E
[
M−1

(
U† |b̂〉〈b̂|U

)]
. (3)

While the inverse mapM−1 is not necessarily a valid quantum channel, it can still be applied during
classical post-processing. Repeatedly sampling U from the ensemble of unitaries N times results in a classical
shadow S of length N:

S(ρ;N) = {ρ̂1, . . . , ρ̂N} . (4)

3. MoM estimator

GivenM observables Oi, which return oi = tr(Oi ρ) when acting on the system ρ, we can construct an
unbiased estimator ôi of oi using the set of classical shadows S(ρ;N):

ôi (N,1) =
1

N

N∑
j=1

tr
(
Oiρ̂j

)
. (5)
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Algorithm 1.Median-of-means estimator for a list of data (MOM).

Input:
• x1, . . . ,xN: Array of data.
• k: The number of disjoint subsets.

Output: Estimated result.

1: functionMOM (x1, . . . ,xN,k)
2: A←{}
3: for i ← 0,⌊Nk ⌋− 1 do

4: A← A∪{ 1k
∑k(i+1)

p=ik+1 xp}
5: end for
6: returnmedian(A)
7: end function

From Chebyshev’s inequality,

P(|ôi (N,1)− tr(Oi ρ) |⩾ ε)⩽ Var [ôi]

ε2
(6)

=
Var [tr(Oi ρ̂1)]

Nε2
(7)

≡ δ

M
. (8)

This means that to achieve a failure probability below δ, the number of samples required scales as N∼ 1/δ.
To circumvent this 1/δ dependence, the MoM estimator is often used:

ôi (N,k) =median

{
ô(1)i

(⌊
N

k

⌋
,1

)
, . . . , ô(k)i

(⌊
N

k

⌋
,1

)}
. (9)

This involves splitting the N snapshots into groups of size bN/kc, and finding the mean of each group. Then,
we take the median of these groups. This procedure is shown in algorithm 1.

Let µ̂MoM be an MoM estimator of N random variables Xi, so

µ̂MoM =median(X̄1, . . . , X̄k) , (10)

where X̄i denotes the mean of the group with size bN/kc. The estimator µ̂MoM obeys the inequality

P

(
|µ̂MoM −µ|⩾ Cσ

√
t

N

)
⩽ 2e−t, (11)

where C can be taken to be 8e2 (see appendix A). Using N= 34σ2k/ε2, t= k/2, Huang et al [1] obtain the
bound

P(|µ̂MoM −µ|⩾ ε)⩽ 2e−k/2. (12)

However, Minsker [83, 86] showed that a tighter bound is possible.

Theorem 1 (Theorem 2.1 of Minsker [83].).

P

(
|µ̂MoM −µ|⩾ σ

√
t

N

)
⩽ 2exp

(
− t

π
(1+ o(1))

)
, (13)

where o(1) is a function that goes to 0 as k,N/k→∞, uniformly over t ∈ [lk,N,uk,N] for any sequences
lk,N � kg2(N/k) and uk,N � k, where g satisfies the following inequality:

g(m)⩽ C E
∣∣∣∣X1 −µ

σ

∣∣∣∣qm−(q−2)/2 (14)

whenever E|X1 −µ|q <∞ for some q ∈ (2,3].
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This corresponds to C=
√
π+ o(1) in equation (11). In the context of quantum measurements, the

condition E|X1 −µ|q <∞ is trivially satisfied. Next, if
√
kg(N/k)→ 0 as k,N→∞, then the range of t

becomes 1⩽ t� k. For classical shadows, we can choose k such that N� k and o(1)� 1. Hence, we will
ignore this factor in our subsequent analysis.

GivenM quantities we want to estimate, we construct the estimators µ̂1, . . . , µ̂M. We want to find a value
for t such that:

P(|µ̂i −µi|⩾ ε ∀i)⩽ δ. (15)

Starting from theorem 1, we make the substitution t 7→ π t, ε= σ
√
π t/N:

P(|µ̂i −µi|⩾ ε)⩽ 2e−t =
δ

M
. (16)

From the union bound,

P

(
M⋃
i=1

|µ̂i −µi|⩾ ε

)
⩽

M∑
i=1

P(|µ̂i −µi|⩾ ε) (17)

⩽
M∑
i=1

δ

M
(18)

= δ. (19)

Therefore, t= log(2M/δ). To satisfy the condition t� k, we will choose t= k/ log(k).

4. ModifiedMoM for classical shadows

It was shown by Minsker [82] that a modified, permutation-invariant version of Mom can give even tighter
bounds. Similar to before, we first split our set of N data points {X1, . . . ,XN} into disjoint subsets of size
n= kl and take the mean of each subset:

G1 ∪ . . .∪Gn ⊆ [N] , Zj = X̄j =
1

|Gj|
∑
i∈Gj

Xi, (20)

where [N] = {1, . . . ,N}. For some set of integers J⊆ [n] of cardinality |J|= l, define Z̄J =
1
l

∑
j∈JZj. Then, to

construct our estimator µ̂comb, we take the median of all possible Z̄J:

µ̂comb ≡median
(
Z̄J, J ∈ A(l)

n

)
, (21)

A(l)
n = {J⊂ [n] : |J|= l} . (22)

This process is shown in algorithm 2.
Making appropriate substitutions to Minsker’s results, we get a bound corresponding to C=

√
2+ o(1)

in equation (11)—a tighter constant compared to Mom.

Theorem 2 (Theorem 1 of Minsker [82].). Assume that E|X1 −µ|2+a <∞ for some a> 0. Suppose that
l= o(ma) and let L(n, l) and M(n, l) be any sequences such that L(n, l)� n

l g
2(m) and M(n, l)� n

l2 . Then for
all L(n, l)⩽ t⩽M(n, l),

P

(
|µ̂MoM −µ|⩾ σ

√
t

N

)
⩽ 3exp

(
− t

2(1+ o(1))

)
, (23)

where m= bN/kc, o(1)→ 0 as l,k→∞ uniformly over all t ∈ [L(n, l),M(n, l)].

A full treatment can be found in Minsker’s [82] work, which we summarize below. Using the same
analysis as equation (15), we choose t= log(3M/δ). Additionally, we will use the values
l= log(N/k), t= n/l2 log(l).

The MoM estimator can be written as an M-estimator:

µ̂MoM ∈ argmin
z∈R

∑
J∈A(l)

n

|
√
m
(
Z̄J − z

)
|. (24)

4
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Algorithm 2.Median-of-means estimator with combinations (MOMCOMB).

Input:
• x1, . . . ,xN: Array of data.
• k: Changes the number of initial disjoint subsets, where kl is the number of subsets.
• l: Size of sets of sample averages.

Output: Estimated result.

1: functionMOMCOMB (x1, . . . ,xN,k, l)
2: A←{}
3: for i ← 0,⌊Nkl ⌋− 1 do ▷ Split data into disjoint subsets, like in Mom.

4: A← A∪{ 1
kl

∑kl(i+1)
j=ikl+1 xj}

5: end for

6: B← all possible subsets of size l of A ▷ B contains
(kl
l

)
sets of size l.

7: C←{}
8: for all J ∈ B do
9: C← C∪{ 1l

∑l
p=1 Jp}

10: end for
11: returnmedian(C)
12: end function

The left derivative |·| ′− of the absolute value function |·| is⩽ 0. Using the fact that |·| ′− is a non-decreasing
function, it can be shown that the performance of the MomComb estimator is bounded by that of the
U-statistic:

Un,l(| · | ′−) =
(
n

l

)−1 ∑
J∈A(l)

n

((
|
√
m(Z̄J −µ−

√
t/N)| ′− −E| · | ′−

)
⩾−

√
kE| · | ′−

)
, (25)

where

E| · | ′− ≡ E
∣∣∣(√m

(
Z̄J −µ−

√
t/N
))∣∣∣ ′

−
. (26)

One downside of this approach is its computational complexity ofO(kl logk), which can quickly become

untenable. A practical implementation therefore requires sampling a subset D⊆A(l)
n ofm elements. In the

proceeding sections, we will draw heavily on analysis by Lee [84] to present and benchmark two possible
methods of sampling: randomly, and using cyclic permutations.

5. Incomplete modifiedMoM

An incomplete U-statistic U(0)
n involves considering a subsetD of sizem out of the

(n
l

)
terms in MomComb,

whereD is commonly called the design of U(0)
n . For a givenm, we want to chooseD to minimize the variance

of U(0)
n to maximize the efficiency of the estimator.

A simple and common way of choosing the design is to randomly sample fromA(l)
n either with or

without replacement. For simplicity, we will consider the former. This approach is shown in algorithm 3. It
can be shown that [84]

VarU(0)
n =

σ2l
m

+
(
1−m−1

)
VarUn, (27)

where for some U-statistic Un =
(n
l

)−1∑
(n,l)ψ(Xi1 , . . . ,Xil) and the sum is taken over all permutations

(i1, . . . , il) of {1,2, . . . , l},

σ2c = Var [ψc (X1, . . . ,Xc)] , (28)

where

ψc (x1, . . . ,xc) = E [ψ (X1, . . . ,Xk) |X1 = x1, . . . ,Xc = xc] . (29)

5
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Algorithm 3.Median-of-means estimator with random sampling (MOMRAND).

Input:
• x1, . . . ,xN: Array of data.
• k: Changes the number of initial disjoint subsets, where kl is the number of subsets.
• l: Size of sets of sample averages.
•m: Number of randomly sampled sets of sample averages.

Output: Estimated result.

1: functionMOMRAND (x1, . . . ,xN,k, l,m)
2: A←{}
3: for i ← 0,⌊Nkl ⌋− 1 do ▷ Split data into disjoint subsets, like in MOM.

4: A← A∪{ 1
kl

∑kl(i+1)
p=ikl+1 xp}

5: end for

6: B←{}
7: for i← 0,m− 1 do ▷ Randomly samplem subsets of A.
8: B← B∪{J⊆ A : |J|= l} where J is a random subset of A.
9: end for

10: C←{}
11: for all J ∈ B do
12: C← C∪{ 1l

∑l
p=1 Jp}

13: end for
14: returnmedian(C)
15: end function

Letm=Kn for some constant K. Comparing the variance with the complete estimator Un, we find the
asymptotic relative efficiency (ARE)

ARE= lim
n→∞

VarUn

VarU(0)
n

=
Kl2σ21

l2σ21 +σ2l
. (30)

We can chooseD in a manner that is theoretically more efficient than simple random sampling. One
possible minimum variance design employs cyclic permutations of our data set. To our data set of n elements
Zj, we apply the cyclic permutations

(
1 2 . . . n

dν ⊕ 1 dν ⊕ 2 . . . dν ⊕ n

)
(31)

for ν = 1,2, . . . , l. The symbol⊕ denotes addition (mod n), and dν ’s are chosen such that (dν − dν ′)
(mod n) are distinct for any pair (ν,ν ′) with ν 6= ν ′. In other words, the chosen dν must form a modified
Golomb ruler [87], which can be found inO(l2) time. Furthermore, the values of dν can be precomputed
and stored in a lookup table for reference during the execution of the estimator. Hence, this step has minimal
impact on the performance of the algorithm.

After applying each cyclic permutation with offset dν , the elements are sequentially grouped into sets of
size l, with their average taken to give Z̄J. Repeating the process K times with a new set of dν , where all pairs
dν used have distinct differences, gives a total ofm=Kn values for Z̄J. This is summarized in algorithm 4.

This estimator MomCyc has variance

VarU(0)
n =m−1

(
l(lK− 1)σ21 +σ2l

)
(32)

and

ARE=
Kl2σ21

l(lK− 1)σ21 +σ2l
, (33)

which is more efficient than MomRand for the samem.

6
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Algorithm 4.Median-of-means estimator with cyclic permutations (MOMCYC).

Input:
• x1, . . . ,xN: Array of data.
• k: Changes the number of initial disjoint subsets, where kl is the number of subsets.
• l: Size of sets of sample averages.
•m: Number of rounds.

Output: Estimated result.
⇒ CYCPERM(A, d): cyclically permutes all elements in A by offset d.
⇒ GOLRUL(l, D): generates a Golomb ruler (mod n) of length l, while also accounting for the

differences stored in D.

1: functionMomCyc (x1, . . . ,xN,k, l,m)
2: A←{}
3: for i ← 0,⌊Nkl ⌋− 1 do ▷ Split data into disjoint subsets, like in MOM.

4: A← A∪{ 1
kl

∑kl(i+1)
p=ikl+1 xp}

5: end for

6: B←{}
7: D←{}
8: for i ← 0,m do
9: C← GOLRUL (l,D)
10: D← differences between any two elements in C.
11: for all d ∈ C do
12: CYCPERM (A,d)
13: for j ← 0,⌊ N

kl2 ⌋− 1 do ▷ Split data into disjoint subsets of
length l and store the mean of each subset.

14: B← B∪{ 1l
∑j+l

p=j+1Ap}
15: end for
16: end for
17: end for
18: returnmedian(B)
19: end function

6. Numerical experiments

6.1. Benchmarking with Ising Chain
We first used classical shadows with random single-qubit Cliffords (hereby referred to as ‘Pauli
measurements’) to estimate the two-point correlator function

〈
σz
1σ

z
i+1

〉
of a transverse field Ising model,

with Hamiltonian

H= J
∑
i

σZ
i σ

Z
i+1 + h

∑
i

σX
i . (34)

We found the correlator for 50 qubits with between 1000 and 50 000 Pauli measurements, using tensor
network techniques described in section 9.

Figure 1 shows the results of the simulations using 4 different kinds of estimators. Figure 2 shows the
difference between the predicted and exact values, together with the ‘Mean bound’ (equation (8)),
‘Huang-Kueng-Preskill (HKP) bound’ (equation (12)), ‘Original bound’ (theorem 1), and ‘New bound’
(theorem 2). The short dotted lines in the figure correspond to 3.3σ values, which have a 0.1% probability of
occurring. This allows for direct comparison between numerical results and the theoretical bounds (long
dashed lines) with failure probability δ = 0.1%.

6.2. Benchmarking with noisy GHZ state
Next, we examined the fidelity between a noisy GHZ state and a pure GHZ state. We define

|GHZ±
r 〉=

1√
2

(
|0〉⊗r ± |1〉⊗r

)
(35)

and introduce a GHZ source which has a phase error with probability p

ρp = (1− p) |GHZ+
r 〉〈GHZ+

r |+ p|GHZ−
r 〉〈GHZ−

r |. (36)

7
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Figure 1. Predicted and exact values for the 2-point correlator function over 50 qubits, using Pauli measurements.

Figure 2. (Left) Average error of each correlator over 10 runs against shadow size for the mean, Mom, MomRand, and MomCyc.
Short dotted lines of the corresponding color plot the 3.3σ boundary for each estimator. Long dashed lines show each of the
bounds in equation (8), theorems 1, 2, and equation (12). (Right) Variance for the same runs.

Using random global Clifford unitaries (hereby referred to as ‘Clifford measurements’), we found the
classical shadow of ρp and calculated the fidelity with the pure GHZ state ρpure = |GHZ+

r 〉〈GHZ+
r |,

F
(
ρp,ρpure

)
= tr

(
ρpρpure

)
. (37)

Figure 3 shows the exact and predicted values of F(ρp,ρpure) for difference estimators and r= 2. Figure 4
shows the average error and variance.

Huang et al [1] showed that the performance of the classical shadows protocol is independent of the
number of qubits in the system. To verify this for the new estimators, we estimated the fidelity of the pure
p= 0GHZ state for r= 5,10,15,20 and the average. This is shown in figure 5. In this case, the 3.3σ value of
Mom exceeds the bounds of the modified estimator (theorem 2). Next, the shadow size N required to attain a
fidelity of 0.98 was found, as shown in figure 6, showing independence between accuracy and shadow size
regardless of estimator.

Finally, we tested the estimators on quadratic functions of ρ. Instead of median of means, Huang et al
employ a median of U-statistics to estimate quadratic functions. The details of these modified estimators can
be found in section 9.

8
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Figure 3. Predicted and exact values of fidelity for different phase error probability p using Clifford measurements.

Figure 4. (Left) Average error for the fidelity over 100 runs against shadow size for the mean, Mom, MomComb, MomRand, and
MomCyc for the n= 2-qubit noisy GHZ state. Short dotted lines of the corresponding color plot the 3.3σ boundary for each
estimator. Long dashed lines show the bounds. (Right) Variance for the same runs.

Figure 7 shows the predicted purity for different values of p over 10 independent runs for p= 0,0.25,0.5,
0.75,1 and figure 8 shows the error and variances of each estimator.

7. Discussion

Despite having the worst bound, taking the mean of the data had the lowest average error out of all the
estimators. This agrees with prior experiments [78–80], as the distribution of the estimator ôi(N,1) tends
towards a normal distribution as N→∞ and gives a tighter bound than theorem 2. Our results strengthen
the case for the normality of ôi(N,1) for the number of samples N⩾ 1000 examined (appendix B).

When estimating Pauli observables using Pauli measurements, Mom had the best performance out of the
remaining estimators despite having worse bounds than MomRand and MomCyc. MomRand had error that
was in between Mom and MomCyc. This result is further discussed in appendix C. The 3.3σ error of
MomRand and MomCyc exceeded the tightened bounds by Minsker (theorem 2), indicating that these
estimators may not be suitable for use with Pauli measurements.

When using Clifford measurements to predict linear functions, the practical performance of the MoM
estimators followed the tightened bounds closely, indicating the validity of the assumptions made. Mom now
had higher error and variance than MomRand and MomCyc. This shows that Minsker’s estimator offers an

9
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Figure 5. (Top half): Error in fidelity with the r-Qubit pure GHZ state with r= 5,10,15,20 over 10 independent runs. (Bottom
half): Average error over all four values of n.

advantage over the traditional MoM protocol for Clifford measurements. In this case, the mean and
MomRand performed similarly, while MomCyc performed slightly worse. We have also demonstrated the
tightness of Minsker’s bound (theorem 2) in figure 5, as the bound was exceeded by Mom but not MomRand
and MomCyc.

When predicting quadratic functions such as purity, the mean continued to perform the best. The
MomRand and MomCyc estimators had worse performance than Mom, in contrast to the improved
performance for linear functions.

Despite the higher ARE of MomCyc compared to MomRand, the latter showed better performance for
Clifford measurements.

While the mean showed the best performance in all the simulations, MomRand had similar results when
using Clifford measurements, with the added benefit that the MoM estimators are backed by performance
bounds under weaker assumptions. Using the bound in theorem 2, the number of shots needed can be
greatly reduced. As a simple illustration, the minimum number of shots required is summarized in table 1 for

10
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Figure 6. Number of snapshots needed to achieve 0.98 fidelity (ε< 0.02) for increasing system size, using various estimators,
Averaged over 10 independent runs.

Figure 7. Predicted purity for the 2-qubits GHZ state using mean, Mom, MomRand, and MomCyc, for p= 0,0.25,0.5,0.75,1
and N= 10 000 shadows.

Table 1. Number of samples required to achieve an average error of ε= 0.1, using the different bounds.

Bound N

Mean 80× 106

HKP 1.3× 106

Original 58× 103

New 38× 103

11
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Figure 8. Error and variance of predictions with varying shadow size N using different estimators and their associated bounds,
averaged over p= 0,0.25,0.5,0.75,1 and 10 independent runs.

an average errorM= 50, ε < 0.1, δ = 0.001. The loose bound used by Huang et al requires several orders of
magnitude more shots than the tighter bounds by Minsker.

8. Conclusions

Since its inception, the classical shadows protocol has seen widespread adoption in areas such as the study of
open quantum systems [88, 89] and variational quantum algorithms [57]. The high cost of running
quantum circuits on noisy intermediate-scale quantum computers relative to classical compute power
incentivizes the minimization of quantum sample complexity using more efficient classical post-processing
techniques, as proposed in this paper.

In this paper, we have shown using numerical experiments that different estimators can improve the
accuracy of estimated values, depending on the ensemble employed in the classical shadows protocol.
Previous studies have likewise shown that estimator performance can vary depending on both the ensemble
and the physical system under investigation [23]. Future work includes a more detailed investigation into
how different estimators used in classical post-processing affect sample complexity. It would also be valuable
to explore alternative variants of classical shadows, such as derandomized shadows [8], decision
diagram-based methods [90], and shallow shadows [39].

Since our proposed changes pertain solely to the classical post-processing stage of the classical shadows
protocol, our findings are immediately applicable to any experiment using the protocol, without requiring
changes to the experimental setup, and can be readily applied to existing datasets.

9. Methods

9.1. Pauli measurements
The ground state of the Ising Hamiltonian was found using the infinite time-evolving block decimation
algorithm [91, 92], in four steps of bond dimensions χ = 16,32,50,100 and time-steps τ = 0.1,0.01,
0.001,0.0001 respectively. This was treated as the ground truth, and the matrix product state tensors were
used to find the classical shadow. The bit-string b̂= (b̂1, . . . , b̂r) ∈ {0,1}r was found using methods proposed
by Ferris and Vidal [93]. 50 000 snapshots were taken for 10 independent experiments. Finally, the various
estimators were used on the shadows withM= 50, δ = 0.001. For MomRand and MomCyc, the number of
samples was chosen to bem= 10kl.

To generate shadows of size between 1000 and 50 000, the appropriate number of snapshots was
randomly sampled from the full shadow. The single-qubit Clifford unitary Uj applied to each qubit was
stored and used to reconstruct each snapshot

ρ̂=
r⊗

j=1

(
3U†

j |b̂j〉〈b̂j|Uj −1
)
. (38)

12
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9.2. Clifford measurements
The GHZ state was simulated efficiently using the stabilizer formalism, implemented using the Qiskit library.
Using the global Clifford ensemble, it can be shown that the snapshots have the form

ρ̂= (2r + 1)U†|b̂〉〈b̂|U−1. (39)

When estimating fidelity we can use this form to show:

F(ρ0, ρ̂) = (2r + 1) |〈b̂|U|GHZ+ (r)〉|2 − 1. (40)

The shadows of the 2-qubit GHZ state were found for p= 0,0.25,0.5,0.75,1 for 100 independent runs and
shadow size N= 50000. To estimate the fidelity for 1000⩽ N⩽ 50000, the appropriate number of snapshots
was sampled randomly from the full shadow.

Next, 10 shadows of the r= 5,10,15,20GHZ states were found for p= 0. For each shadow, 10 fidelity
estimates were obtained for each value of 1000⩽ N⩽ 50000, sampled randomly, using each of the
estimators, to obtain 100 runs. To find the minimum number of snapshots for 0.98 fidelity, a rolling average
over 5 values of N was used to smooth out the data, then the minimum N was found for each run, before
taking the average.

To estimate purity,

tr
(
Uswapρ̂1 ⊗ ρ̂2

)
= (2r + 1)2 |〈b̂1|U1U

†
2|b̂2〉|2 − 2(2r + 1)+ 2r, (41)

where Uswap is the SWAP operator. Instead of taking the MoM of disjoint subsets, we instead used each
subset to find the U-statistic:

ô(q)i

(⌊
N

k

⌋
,1

)
=

1⌊
N
k

⌋(⌊
N
k

⌋
− 1
) ∑

u ̸=v
u,v∈{N(1− 1

q )+1,...,N}

tr(Oi ρ̂u ⊗ ρ̂v) (42)

for 1⩽ q⩽ k. Then, we took the median of this set of U-statistics:

ôi (N,k) =median

{
ô(1)i

(⌊
N

k

⌋
,1

)
, . . . ,o(k)i

(⌊
N

k

⌋
,1

)}
. (43)

We define the ‘mean’ estimator to be the mean of the set of ô(p)i (N,1) from which the median is found for
Mom.

To extend this estimator to MomRand and MomCyc, we treated this U-statistic as the mean in the first
step of the algorithm (line 4 of algorithms 3 and 4), then grouped them to form Z̄J. This was used to estimate
the purity tr(ρ2) = tr(Uswapρ⊗ ρ) of the n= 2 noisy GHZ state for p= 0,0.25,0.5,0.75,1 from 10 shadows
for 1000⩽ N⩽ 10000.
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Appendix A. MoM bound

We present a proof for the bound

P [|µ̂N −E(X) |⩾ ε]⩽ 2e−k/2, (A1)

where ε=
√
4e2σ2k/N and N is the total number of data points for an MoM estimator µ̂N, adapted from

Devroye et al [76].
Given random variables X1, . . . ,XN, we split them into k disjoint sets of size b= bN/kc, and find their

mean. If |µ̂N −E(X)|⩾ ε, this means more than half of the means X̄(b)
i = b−1

∑
j∈Ji

Xj, |Ji|= b deviates from

E(X) by more than ε. Let Y(b)
i = X̄(b)

i −E(X):

k∑
i=1

I
{
|Y(b)

i |⩾ ε
}
⩾ k

2
. (A2)

As Y(b)
i are i.i.d. let Var [Xi] = σ2 <∞ and Var

[
Y(b)
i

]
= kσ2/N so that by Chebyshev’s inequality,

P
(
|Y(b)

i |⩾ ε
)
⩽ kσ2

Nε2
. (A3)

|Y(l)|⩾ ε is a Bernoulli event with probability⩽ kσ2/Nε2. This implies

P

(
k∑

i=1

I
{
|Y(b)

i |⩾ ε
}
= r

)
⩽
(
k

r

)(
kσ2

Nε2

)r(
1− kσ2

Nε2

)k−r

. (A4)

Putting everything together,

P(|µ̂N −E(X) |⩾ ε)⩽ P

(
k∑

i=1

I
{
|Y(b)

i |⩾ ε
}
⩾ k

2

)
(A5)

⩽
k∑

r=⌈k/2⌉

(
k

r

)(
kσ2

Nε2

)r(
1− kσ2

Nε2

)k−r

(A6)

⩽
(
kσ2

Nε2

)⌈k/2⌉ k∑
r=⌈k/2⌉

(
k

r

)
(A7)

⩽
(
kσ2

Nε2

)⌈k/2⌉ k∑
r=0

(
k

r

)
(A8)

=

(
kσ2

Nε2

)⌈k/2⌉

2k. (A9)

Choosing N= 4e2σ2k/ε2 ensures that

P(|µ̂N −E(X) |⩾ ε)⩽ e−k (A10)

⩽ 2e−k/2, (A11)

thereby obtaining the bound given in equation (A1).
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Appendix B. Bounds for Gaussian distribution

In the simulations, the mean performed better despite having worse bounds than the MoM estimators when
using Chebyshev’s inequality (equation (8)). However, for large shadow size, the distribution of the estimator

ôi(N,1) tends towards a Gaussian distribution, with P(|µ̂−µ|⩾ ε)⩽ exp
(
−Nε2

2σ2

)
≡ δ

M , giving an

explanation for the better-than-expected performance of the mean. Here, we include comparisons between
this tighter bound under this normality assumption, and the bound in theorem 2.

This ‘Mean Gaussian bound’ is tighter than theorem 2 and obeyed by the mean for the Ising model
(figure 9), 2-qubit GHZ (figure 10), 5,10,15,20-qubit GHZ (figure 11), and GHZ purity (figure 12). In
figure 11, the tighter bound is obeyed by the mean and MomRand, but not Mom and MomCyc. These results
demonstrate the validity of the normality assumption for classical shadows.

Figure 9. Error and variance vs shadow size for the Ising model using Pauli measurements when estimating the correlator, as in
figure 2. We compare the bounds under the assumption that the distribution of the mean of the shadow is Gaussian, and the
bound by Minsker in theorem 2.

Figure 10. Error and variance vs shadow size for the 2-qubit GHZ state using Clifford measurements when estimating fidelity, as
in figure 4, with comparison of bounds under the normality assumption.
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Figure 11. Error and variance vs shadow size for the 5, 10, 15, 20-qubit GHZ states using Clifford measurements when estimating
fidelity, as in figure 5, with comparison of bounds under the normality assumption.
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Figure 12. Error and variance vs shadow size for the 2-qubit GHZ state using Clifford measurements when estimating the purity,
as in figure 8, with comparison of bounds under the normality assumption.

Figure 13. Error vs group size k for predicting the 2-point correlator for 50 qubits, using different estimators, averaged over 10
independent runs.

Appendix C. Performance of estimators for Pauli observables

The performance of the estimators may be explained by the different values of k used for each, as suggested
by analysis by Huang et al [8]. The mean is equivalent to Mom with k= 1. For Mom, k= 43. For MomRand
and MomCyc, k= [65,219] when N= [1000,50000]. k changes the number of data points tr(Oi ρ̂j) that the
final estimate is averaged over, corresponding to bN/kc.

Figure 13 shows that, rather than the type of estimator used, the error depends most heavily on the
number of groups k. The fewer data points per group and the higher k used, the higher the error and variance
of the estimator.

In the aforementioned paper, Huang et al showed that the failure probability of the estimator for Pauli
observables and measurements is exponentially suppressed by the ‘hit count’ of the estimator. For a system of
r qubits, we perform N Pauli measurements pi ∈ {X,Y,Z}r, to estimateM observables Oj, with each
measurement corresponding to a snapshot ρ̂i. For Pauli observables, equation (38) implies that tr(ρ̂iOj) is
non-zero if the measurement ‘hits’ the observable, Oj ▷ pi. That is, by substituting {X,Y,Z} in pi with I, we
can obtain Oj if Oj ▷ pi. Huang et al showed that the performance of the estimator improves exponentially
with the number of hits. By splitting the data set into groups, the hit count in each group is reduced,
exponentially increasing the failure probability of each X̄i for Mom and Z̄J for MomRand and MomCyc.
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Figure 14. Error and variance vs shadow size for biased and unbiased classical shadows when estimating the 2-point correlator for
50 qubits.

Figure 15. Error and variance vs shadow size for biased measurements of a H2Omolecule.

Appendix D. Application to locally biased classical shadows (LBCS)

We repeated the Ising experiment using LBCS [11]. In this case, as the observables were composed solely of
‘Z’ Paulis, the optimized single-qubit Clifford ensemble comprised only the ‘I’ operator. The results are
shown in figure 14. The relative performance of the different estimators matched that of the unbiased case.

LBCS was also applied to a H2Omolecule. From the Jordan–Wigner transformation, the ground-state
energy was estimated from the resulting 14-qubit system, and the various estimators were applied. The
results are shown in figure 15.

Appendix E. Time comparison

For the Ising and GHZ systems, we compared the time taken to run the various estimators. These are shown
in figures 16 and 17 respectively. As MomCyc and MomRand sample a subset of possible values, the number
of samples can be varied. Here, we used the same values as in the rest of the experiments. The modified
estimators have a higher classical computational cost compared to ‘Mean’ and Mom. Nevertheless, quantum
operations dominate the total resource budget while the estimator is executed entirely on classical hardware.
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Figure 16. Time vs shadow size, and error vs time for various estimators applied to the Ising model.

Figure 17. Time vs shadow size, and error vs time for various estimators applied to the GHZ system.

Hence, the runtime of the estimators remains a secondary consideration as long as it remains within
reasonable bounds.
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