
 
 
General rights 
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright 
owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights. 
 

 Users may download and print one copy of any publication from the public portal for the purpose of private study or research. 

 You may not further distribute the material or use it for any profit-making activity or commercial gain 

 You may freely distribute the URL identifying the publication in the public portal 
 
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately 
and investigate your claim. 
  
 

   

 

 

Downloaded from orbit.dtu.dk on: Mar 19, 2023

Quantum Communication with non-Gaussian states

Breum, Casper Rubæk

Publication date:
2020

Document Version
Publisher's PDF, also known as Version of record

Link back to DTU Orbit

Citation (APA):
Breum, C. R. (2020). Quantum Communication with non-Gaussian states. Department of Physics, Technical
University of Denmark.

https://orbit.dtu.dk/en/publications/be9ba09f-a929-4135-9e78-6ee2807436ff


◗✉❛♥t✉♠ ❈♦♠♠✉♥✐❝❛t✐♦♥ ✇✐t❤
♥♦♥✲●❛✉ss✐❛♥ st❛t❡s

❆ ❞✐ss❡rt❛t✐♦♥ s✉❜♠✐tt❡❞ t♦ t❤❡ ❉❡♣❛rt♠❡♥t ♦❢ P❤②s✐❝s ❛t t❤❡ ❚❡❝❤♥✐❝❛❧
❯♥✐✈❡rs✐t② ♦❢ ❉❡♥♠❛r❦ ✐♥ ♣❛rt✐❛❧ ❢✉❧✜❧♠❡♥t ♦❢ t❤❡ r❡q✉✐r❡♠❡♥ts ❢♦r t❤❡ ❞❡❣r❡❡

♦❢ ♣❤✐❧♦s♦♣✐❛❡ ❞♦❝t♦r

❈❛s♣❡r ❘✉❜æ❦ ❇r❡✉♠

◆♦✈❡♠❜❡r ✷✵✷✵

❙✉♣❡r✈✐s♦r✿ Pr♦❢❡ss♦r ❯❧r✐❦ ▲✉♥❞ ❆♥❞❡rs❡♥

❈♦✲s✉♣❡r✈✐s♦r✿ ❙❡♥✐♦r ❘❡s❡❛r❝❤❡r ❏♦♥❛s ❙❝❤♦✉ ◆❡❡r❣❛❛r❞✲◆✐❡❧s❡♥

❉❛♥✐s❤ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❋♦✉♥❞❛t✐♦♥
❈❡♥t❡r ❢♦r ▼❛❝r♦s❝♦♣✐❝ ◗✉❛♥t✉♠ ❙t❛t❡s ✲ ❜✐❣◗

❉❡♣❛rt♠❡♥t ♦❢ P❤②s✐❝s
❚❡❝❤♥✐❝❛❧ ❯♥✐✈❡rs✐t② ♦❢ ❉❡♥♠❛r❦



❉❚❯ P❤②s✐❝s

❉❡♣❛rt♠❡♥t ♦❢ P❤②s✐❝s

❚❡❝❤♥✐❝❛❧ ❯♥✐✈❡rs✐t② ♦❢ ❉❡♥♠❛r❦

❋②s✐❦✈❡❥

❇✉✐❧❞✐♥❣ ✶✶

✷✽✵✵ ❑♦♥❣❡♥s ▲②♥❣❜②✱ ❉❡♥♠❛r❦

P❤♦♥❡ ✰✹✺ ✹✺✷✺ ✸✸✹✹

✐♥❢♦❅❢②s✐❦✳❞t✉✳❞❦

✇✇✇✳❢②s✐❦✳❞t✉✳❞❦



❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s ✇❡ ✐♥✈❡st✐❣❛t❡ t✇♦ ❛s♣❡❝ts ♦❢ q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✇✐t❤
❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s ✐♥ ♥❡t✇♦r❦s✳ ◗✉❛♥t✉♠ ♣❤②s✐❝s ✐s ❝✉rr❡♥t❧② ✉♥❞❡r❣♦✐♥❣ ✐ts
s❡❝♦♥❞ r❡✈♦❧✉t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡ ✉♥✐q✉❡ ♣r♦♣❡rt✐❡s ♦❢ q✉❛♥t✉♠ s✉♣❡r♣♦s✐t✐♦♥s ❛♥❞
♥♦♥✲❝❧❛ss✐❝❛❧ ❡♥t❛♥❣❧❡♠❡♥t ❛r❡ ❤❛r♥❡ss❡❞ ❛♥❞ ❡♥❣✐♥❡❡r❡❞ t♦ ✐♠♣r♦✈❡ t❡❝❤♥♦❧♦❣✐❡s
❛❝r♦ss ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ✜❡❧❞s✳ ❖♥❡ ♣❛rt✐❝✉❧❛r ❛r❡❛ ♦❢ ✐♥t❡r❡st ✐s t❤❡ ❝♦♥♥❡❝t✐♦♥
♦❢ ❞✐✛❡r❡♥t q✉❛♥t✉♠ ❞❡✈✐❝❡s ❛❝r♦ss ❛ s❤❛r❡❞ ♥❡t✇♦r❦✱ ✇❤❡r❡ t❤❡ s❝❛❧❡ ❝❛♥ r❛♥❣❡
❢r♦♠ ❛ s✐♥❣❧❡ r♦♦♠ t♦ t❤❡ s✐③❡ ♦❢ ❛ ✉♥✐✈❡rs✐t② ♦r ❝♦♠♣❛♥② ❝❛♠♣✉s✳ ❆♥ ♦❜✈✐♦✉s
❝❤♦✐❝❡ ♦❢ ❝❤❛♥♥❡❧s ❢♦r ♥❡t✇♦r❦s ♦❢ t❤✐s s✐③❡ ✐s ♦♣t✐❝❛❧ ✜❜❡rs ❛♥❞ s♦ t❤❡ ❢❛✐t❤❢✉❧
tr❛♥s❢❡r ♦❢ q✉❛♥t✉♠ st❛t❡s ♦❢ ❧✐❣❤t ❛❝r♦ss t❤❡ ❝❤❛♥♥❡❧s ♦❢ t❤❡ ♥❡t✇♦r❦ ❜❡❝♦♠❡s
❛♥ ✐♥t❡❣r❛❧ ❝❤❛❧❧❡♥❣❡✳

❋✐rst❧②✱ ✇❡ ❣❡♥❡r❛t❡ ❛ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡✱ ♥❛♠❡❧② t❤❡ s✐♥❣❧❡
♣❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ st❛t❡ ✭✶✲P❙❙q❱✮✱ ❛♥❞ ✉s❡ ✐t ❛s ❛ ♣r♦❜❡ ♦❢
t❤❡ tr❛♥s♠✐ss✐♦♥ ❡✣❝✐❡♥❝② ❛❝r♦ss t❤r❡❡ ❞✐✛❡r❡♥t ♥❡t✇♦r❦ ❝❤❛♥♥❡❧s✳ ❋♦r t❤❡ ✜rst
❝❤❛♥♥❡❧✱ ❛ 1♠ s✐♥❣❧❡ ♠♦❞❡ ✜❜❡r ✭❙▼❋✮ ♦♥ t❤❡ s❛♠❡ ♦♣t✐❝❛❧ t❛❜❧❡ ♦❢ t❤❡ st❛t❡
❣❡♥❡r❛t✐♦♥ s❡t✉♣✱ ✇❡ ♠❡❛s✉r❡ ❛ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t✐❡s ♦❢ −0.206 ± 0.001π ♦❢ t❤❡
r❡❝❡✐✈❡❞ st❛t❡✳ ❋♦r t❤❡ s❡❝♦♥❞ ❝❤❛♥♥❡❧✱ ❛ 60 ♠ ❙▼❋ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡
st❛t❡ ❣❡♥❡r❛t✐♦♥ ❧❛❜ ❛♥❞ ❛♥ ❛❞❥❛❝❡♥t ❧❛❜✱ ✇❡ ♠❡❛s✉r❡ −0.104± 0.001π✳ ❋♦r t❤❡
t❤✐r❞ ❝❤❛♥♥❡❧✱ ❛ 400 ♠ ❝♦♥♥❡❝t✐♦♥ ❛❝r♦ss ✸ ♥♦❞❡s ♦❢ t❤❡ ❉❚❯ ❝❛♠♣✉s ✜❜❡r✲
♦♣t✐❝ ♥❡t✇♦r❦ t♦ ❛ s❡♣❛r❛t❡ ❜✉✐❧❞✐♥❣✱ ✇❡ ✉♥❢♦rt✉♥❛t❡❧② ❝♦✉❧❞ ♥♦t ♠❡❛s✉r❡ ❛♥②
❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✳ ❍❡r❡ t❤❡ ♠❛✐♥ ♣r♦❜❧❡♠ ✇❛s ♦♣t✐❝❛❧ ❧♦ss ♦❢ t❤❡ ❝❤❛♥♥❡❧✳ ❚❤❡
♣r❡s❡♥❝❡ ♦❢ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❝♦♥✜r♠s t❤❡ s✉r✈✐✈❛❧ ♦❢ t❤❡ ❤✐❣❤❧② ♥♦♥✲❝❧❛ss✐❝❛❧
❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ tr❛♥s♠✐tt❡❞ st❛t❡✳

❙❡❝♦♥❞❧②✱ ✇❡ ✐♠♣❧❡♠❡♥t ❛ s❡♥s✐♥❣ ♣r♦t♦❝♦❧ ♦♥ ❛ s♠❛❧❧ ♦♥✲t❛❜❧❡ ❢r❡❡✲s♣❛❝❡ ♥❡t✲
✇♦r❦ ❝♦♥s✐st✐♥❣ ♦❢ ❢♦✉r ♥♦❞❡s✳ ■♥ t❤❡ ♣r♦t♦❝♦❧ ❛ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡ ♠✉❧t✐✲♣❛rt✐t❡
❡♥t❛♥❣❧❡❞ st❛t❡ ✐s ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ❛✈❡r❛❣❡ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♣❤❛s❡ s❤✐❢ts ❛t ❡❛❝❤
♥♦❞❡✳ ❍❡r❡ ✇❡ s❤♦✇ ❛♥ ✐♥❝r❡❛s❡❞ s❡♥s✐t✐✈✐t② t♦ t❤❡ ♣❤❛s❡ s❤✐❢t✱ ❛s ❛ ∼ 20%
r❡❞✉❝t✐♦♥ ✐♥ t❤❡ r♦♦t✲♠❡❛♥✲sq✉❛r❡ ❡st✐♠❛t✐♦♥ ❡rr♦r✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ s❡♥s✐t✐✈✐t②
♣♦ss✐❜❧❡ ❢♦r ❛♥② ♠❡❛s✉r❡♠❡♥t ♣r♦t♦❝♦❧ ♥♦t ✉s✐♥❣ ❛♥ ❡♥t❛♥❣❧❡❞ ♣r♦❜❡ st❛t❡✳
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❘❡s✉♠é

■ ❞❡♥♥❡ ❛❢❤❛♥❞❧✐♥❣ ✉♥❞❡rsø❣❡r ✈✐ t♦ ❛s♣❡❦t❡r ❛❢ ❦✈❛♥t❡✐♥❢♦r♠❛t✐♦♥s ❜❡❤❛♥❞❧✐♥❣
♠❡❞ ❦♦♥t✐♥✉❡r❧✐❣❡ ✈❛r✐❛❜❧❡ ✐ ♥❡t✈ær❦✳ ❑✈❛♥t❡❢②s✐❦ ❣❡♥♥❡♠❣år ✐ ø❥❡❜❧✐❦❦❡t s✐♥ ❛♥✲
❞❡♥ r❡✈♦❧✉t✐♦♥✱ ❤✈♦r ❞❡ ✉♥✐❦❦❡ ❡❣❡♥s❦❛❜❡r ✈❡❞ ❦✈❛♥t❡♠❡❦❛♥✐s❦ s✉♣❡r♣♦s✐t✐♦♥ ♦❣
✐❦❦❡✲❦❧❛ss✐s❦ s❛♠♠❡♥✜❧tr✐♥❣ ✉❞♥②tt❡s ♦❣ ❝♦♥tr♦❧❧❡r❡s t✐❧ ❛t ❢♦r❜❡❞r❡ t❡❦♥♦❧♦❣✐❡r
♣å t✈ærs ❛❢ ❡♥ ❧❛♥❣ ræ❦❦❡ ❢❡❧t❡r✳ ❊t sær❧✐❣t ✐♥t❡r❡ss❛♥t ♦♠rå❞❡ ❡r ❢♦r❜✐♥❞❡❧s❡♥
♠❡❧❧❡♠ ❢♦rs❦❡❧❧✐❣❡ ❦✈❛♥t❡❡♥❤❡❞❡r ♣å t✈ærs ❛❢ ❡t ❢æ❧❧❡s ♥❡t✈ær❦✱ ❤✈♦r størr❡❧s❡♥
❦❛♥ ✈ær❡ ❢r❛ ❡t ❡♥❦❡❧t r✉♠ t✐❧ ❡t ✉♥✐✈❡rs✐t❡t ❡❧❧❡r ❡♥ ✈✐r❦s♦♠❤❡❞s❝❛♠♣✉s✳ ❊t
å❜❡♥❧②st ✈❛❧❣ ❛❢ ❦❛♥❛❧❡r t✐❧ ❡t ♥❡t✈ær❦ ❛❢ ❞❡♥♥❡ størr❡❧s❡ ❡r ♦♣t✐s❦❡ ✜❜r❡✱ ❤✈♦r✈❡❞
♣å❧✐❞❡❧✐❣ ♦✈❡r❢ørs❡❧ ❛❢ ❦✈❛♥t❡t✐❧st❛♥❞❡ ✐ ❧❛s❡r❧②s ♦✈❡r ♥❡t✈ær❦❡ts ❦❛♥❛❧❡r ❜❧✐✈❡r
❡♥ ❝❡♥tr❛❧ ✉❞❢♦r❞r✐♥❣✳

❋ørst✱ ❣❡♥❡r❡r❡r ✈✐ ❡♥ ❦♦♥t✐♥✉❡r❧✐❣ ✈❛r✐❛❜❡❧ ✐❦❦❡✲●❛✉ss✐s❦ t✐❧st❛♥❞✱ ♥❛✈♥❧✐❣ ❞❡♥
❡♥❦❡❧t ❢♦t♦♥❢r❛tr✉❦❦❡t ❦❧❡♠t❡ ✈❛❦✉✉♠t✐❧st❛♥❞ ♦❣ ❜r✉❣❡r ❞❡♥ s♦♠ ❡♥ s♦♥❞❡ ❢♦r
tr❛♥s♠✐ss✐♦♥s❡✛❡❦t✐✈✐t❡t❡♥ ♣å t✈ærs ❛❢ tr❡ ❢♦rs❦❡❧❧✐❣❡ ♥❡t✈ær❦s❦❛♥❛❧❡r✳ ❋♦r ❞❡♥
❢ørst❡ ❦❛♥❛❧✱ ❡♥ 1♠ s✐♥❣❧❡✲♠♦❞❡ ♦♣t✐s❦ ✜❜❡r ✭❙▼❋✮ ♣❧❛❝❡r❡t ♣å ❞❡t s❛♠♠❡ ♦♣✲
t✐s❦❡ ❜♦r❞ s♦♠ t✐❧st❛♥❞s❣❡♥❡r❛t✐♦♥s♦♣sæt♥✐♥❣❡♥✱ ♠å❧❡r ✈✐ ❡♥ ❲✐❣♥❡r✲♥❡❣❛t✐✈✐t❡t
♣å −0.206 ± 0.001π ❛❢ ❞❡♥ ♠♦❞t❛❣♥❡ t✐❧st❛♥❞✳ ❋♦r ❞❡♥ ❛♥❞❡♥ ❦❛♥❛❧✱ ❡♥ 60 ♠
❙▼❋✲❢♦r❜✐♥❞❡❧s❡ ♠❡❧❧❡♠ t✐❧st❛♥❞s❣❡♥❡r❛t✐♦♥s❧❛❜♦r❛t♦r✐❡t ♦❣ ❡t t✐❧stø❞❡♥❞❡ ❧❛❜✲
♦r❛t♦r✐❡✱ ♠å❧❡r ✈✐ −0.104 ± 0.001π✳ ❋♦r ❞❡♥ tr❡❞❥❡ ❦❛♥❛❧✱ ❡♥ 400 ♠ ❢♦r❜✐♥❞❡❧s❡
♣å t✈ærs ❛❢ ✸ ❦r②❞s♥♦❞❡r ✐ ❉❚❯ ❝❛♠♣✉s ✜❜❡r♦♣t✐s❦❡ ♥❡t✈ær❦ t✐❧ ❡♥ s❡♣❛r❛t
❜②❣♥✐♥❣✱ ❦✉♥♥❡ ✈✐ ❞❡s✈ærr❡ ✐❦❦❡ ♠å❧❡ ♥♦❣❡♥ ❲✐❣♥❡r✲♥❡❣❛t✐✈✐t❡t✳ Pr♦❜❧❡♠❡t ✈❛r
❤❡r ❤♦✈❡❞❡s❛❣❡❧✐❣t ♦♣t✐s❦ t❛❜ ✉♥❞❡r✈❡❥s✳ ❚✐❧st❡❞❡✈ær❡❧s❡♥ ❛❢ ❲✐❣♥❡r✲♥❡❣❛t✐✈✐t❡t
❜❡❦ræ❢t❡r ♦✈❡r❧❡✈❡❧s❡♥ ❛❢ ❞❡ stær❦❡ ✐❦❦❡✲❦❧❛ss✐s❦❡ ❦♦rr❡❧❛t✐♦♥❡r ✐ ❞❡♥ tr❛♥s♠✐t✲
t❡r❡❞❡ t✐❧st❛♥❞✳

❊❢t❡r✱ ✐♠♣❧❡♠❡♥t❡r❡r ✈✐ ❡♥ ♠å❧❡♣r♦t♦❦♦❧ ♣å ❡t ❧✐❧❧❡ ❜♦r❞❜❡❣ræ♥s❡t ❢r✐t❧✉❢ts ♥❡t✈ær❦
❜❡stå❡♥❞❡ ❛❢ ✜r❡ ❦♥✉❞❡♣✉♥❦t❡r✳ ■ ♣r♦t♦❦♦❧❧❡♥ ❛♥✈❡♥❞❡s ❡♥ ❦♦♥t✐♥✉❡r❧✐❣t ✈❛r✐❛❜❡❧
✢❡r❞❡❧t s❛♠♠❡♥✜❧tr❡t s♦♥❞❡t✐❧st❛♥❞ t✐❧ ❛t ♠å❧❡ ❣❡♥♥❡♠s♥✐tt❡t ❛❢ ✐♥❞✐✈✐❞✉❡❧❧❡
❢❛s❡❢♦rs❦②❞♥✐♥❣❡r ✈❡❞ ❤✈❡rt ❦♥✉❞❡♣✉♥❦t✳ ❍❡r ✈✐s❡r ✈✐ ❡♥ ø❣❡t ❢ø❧s♦♠❤❡❞ ♦✈❡r ❢♦r
❢❛s❡❢♦rs❦②❞♥✐♥❣❡♥✱ s♦♠ ❡♥∼ 20% r❡❞✉❦t✐♦♥ ✐ r♦❞✲♠✐❞❞❡❧✲❦✈❛❞r❛t ♠å❧❡❛❢✈✐❣❡❧s❡♥✱
s❛♠♠❡♥❧✐❣♥❡t ♠❡❞ ❞❡♥ ❢ø❧s♦♠❤❡❞ ❞❡r ❡r ♠✉❧✐❣ ❢♦r ❡♥❤✈❡r ♠å❧❡♣r♦t♦❦♦❧ ❞❡r ✐❦❦❡
❜r✉❣❡r ❡♥ s❛♠♠❡♥✜❧tr❡t s♦♥❞❡t✐❧st❛♥❞✳
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❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ✇✐❧❧ st❛rt ❢r♦♠ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ s♦ s❤♦✉❧❞ st❛rt ❜② t❤❛♥❦✐♥❣ ❛ss✳ ♣r♦❢✳ ❆❧❡①❛♥✲
❞❡r ❍✉❝❦ ❢♦r ❣✐✈✐♥❣ ♠② ❧❛❜ ♣❛rt♥❡r✱ ❑r✐st♦✛❡r ❏♦❛♥❡s❛rs♦♥✱ ❛♥❞ ■ t❤❡ ♦♣♣♦r✲
t✉♥✐t② t♦ ❞♦ ♦✉r ❜❛❝❤❡❧♦rs ♣r♦❥❡❝t ❛t t❤❡ ◗P■❚ s❡❝t✐♦♥ ♦❢ ❉❚❯ P❤②s✐❝s✳ ❚❤✐s
♠❛r❦❡❞ ♠② ✜rst ❡♥❝♦✉♥t❡r ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ q✉❛♥t✉♠ ♣❤②s✐❝s✳ ▲❛t❡r ❞✉r✐♥❣
♠② ♠❛st❡rs✱ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ♣r♦❢✳ ❯❧r✐❦ ▲✳ ❆♥❞❡rs❡♥✱ ■ ❛rr❛♥❣❡❞ t♦ t❛❦❡ ❛
s❡♠❡st❡r ❛❜r♦❛❞ ✐♥ ❏❛♣❛♥ ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❚♦❦②♦✳ ❍❡r❡ ✐ ❥♦✐♥❡❞ t❤❡ ❣r♦✉♣ ♦❢
♣r♦❢✳ ❆❦✐r❛ ❋✉r✉s❛✇❛ ❛♥❞ ✇♦r❦❡❞ t♦❣❡t❤❡r ✇✐t❤ ❤✐s st✉❞❡♥t ❖❦❛❞❛ ▼❛s❛♥♦r✐✳
❚❤✐s ✇❛s ♠② ❜❛♣t✐s♠ ❜② ✜r❡ ✐♥ t❤❡ ❛rts ♦❢ ❡①♣❡r✐♠❡♥t❛❧ q✉❛♥t✉♠ ♦♣t✐❝s ❛♥❞ ✐
♦✇❡ ❛ ❣r❡❛t ❞❡❛❧ t♦ ❖❦❛❞❛ ❢♦r ❤♦❧❞✐♥❣ ♠② ❤❛♥❞✱ ❤✐s ♣❛t✐❡♥❝❡ ❛♥❞ ❢♦r t❡❛❝❤✐♥❣
♠❡ ❛❧❧ t❤❡ tr✐❝❦s ♦❢ t❤❡ tr❛❞❡✳ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ❆❦✐r❛ ❢♦r ❤♦st✐♥❣ ♠❡✱
t❤❡ s❡❝r❡t❛r② ❨✉♠✐❦♦ ❨♦s❤✐❦❛✇❛ ❢♦r ❛❧❧ t❤❡ ♣❛♣❡r✇♦r❦ ❛♥❞ t❤❡ r❡st ♦❢ ❣r♦✉♣ ❢♦r
✇❡❧❝♦♠✐♥❣ ♠❡ ❛♥❞ ♠❛❦✐♥❣ ♠② st❛② ✐ ❏❛♣❛♥ ❛♥ ✉♥❢♦r❣❡❛❜❧❡ ❡①♣❡r✐❡♥❝❡✳

❆❢t❡r r❡t✉r♥✐♥❣ t♦ ❉❡♥♠❛r❦ ■ ❥♦✐♥❡❞ t❤❡ ◗P■❚ ❣r♦✉♣ t♦ ❞♦ ♠② ♠❛st❡rs ♣r♦❥❡❝t
❛♥❞ ❡✈❡♥t✉❛❧❧② ♠② P❤❉ ♣r♦❥❡❝t✱ ❜♦t❤ ✇✐t❤ ❏♦♥❛s ❙✳ ◆❡❡r❣❛❛r❞✲◆✐❡s❡♥ ❛♥❞ ❯❧r✐❦
❤❛s s✉♣❡r✈✐s♦rs✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡♠ ❜♦t❤ ❣r❡❛t❧② ❢♦r ❣✐✈✐♥❣ ♠❡ t❤♦s❡
♦♣♣♦rt✉♥✐t✐❡s✳ ❉✉r✐♥❣ ♠② P❤❉ ■ ♦♥❝❡ ❛❣❛✐♥ ✇❡♥t t♦ ❏❛♣❛♥ t♦ st❛② ❛t t❤❡ ❋✉r✲
s❛✇❛ ❣r♦✉♣ ❢♦r ❛ ✻ ✇❡❡❦ ❡①t❡r♥❛❧ st❛②✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❆❦✐r❛ ❢♦r ❣✐✈✐♥❣ ♠②
t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❝♦♠❡ ❜❛❝❦✱ ▼❛♠♦r✉ ❊♥❞♦ ❢♦r ❧❡tt✐♥❣ ♠❡ ❥♦✐♥ ❤✐s ♣r♦❥❡❝t ❛♥❞
❛♥❞ t❤❡ r❡st ♦❢ t❤❡ ❣r♦✉♣ ❢♦r ✇❡❧❝♦♠✐♥❣ ♠❡ ❜❛❝❦ ❛♥❞ t❛❦✐♥❣ ❝❛r❡ ♦❢ ♠❡ ❞✉r✐♥❣
♠② st❛②✳ ❆t ◗P■❚ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❛❧❧ ♠② ❢❡❧❧♦✇ P❤❉ st✉❞❡♥t t❤r♦✉❣❤ ♠②
t✐♠❡ ❢♦r ❣r❡❛t ❝❛♠❛r❛❞❡r✐❡ ❛♥❞ ❢♦r ❛❧✇❛②s ❜❡✐♥❣ t❤❡r❡ t♦ ♣r♦✈✐❞❡ r❡❛ss✉r❛♥❝❡
✇❤❡♥ t❤✐♥❣s ✐♥ ✇❡r❡ ♥♦t ✇♦r❦✐♥❣✳ ■ ❤❛✈❡ ❛❧s♦ ❣r❡❛t ❛♣♣r❡❝✐❛t❡❞ t❤❡ ❤❡❧♣ ✇✐t❤
♣❛♣❡r✇♦r❦ ❛♥❞ ❛♥♥♦②✐♥❣ ❉❚❯ s②st❡♠s ♦❢ ♦✉r s❡❝r❡t❛r② ❚✐♥❡ ❑❧✐t♠ø❧❧❡r✳



✈✐

■ ✇♦✉❧❞ ❡s♣❡❝✐❛❧❧② ❧✐❦❡ t♦ t❤❛♥❦ ♠② ♦✣❝❡ ❛♥❞ ❧❛❜ ♣❛rt♥❡rs ❳✉❡s❤✐ ●✉♦✱ ❙❤✉r♦
■③✉♠✐ ❛♥❞ ▼✐❦❦❡❧ ❱✳ ▲❛rs❡♥ ❢♦r ♠❛❦✐♥❣ ♠② t✐♠❡ ❛t ◗P■❚ tr✉❧② s♣❡❝✐❛❧✳ ■ ❝♦♥✲
s✐❞❡r ②♦✉ ♠② ❢r✐❡♥❞s ❛♥❞ ■ ❞♦♥✬t t❤✐♥❦ ■ ❝♦✉❧❞ ❤❛✈❡ ♠❛♥❛❣❡❞ t❤❡s❡ ②❡❛rs ✇✐t❤♦✉t
②♦✉✳ ❇❡s✐❞❡s t❤❡ tr❡♠❡♥❞♦✉s ❤❡❧♣ ②♦✉ ❤❛✈❡ ❣✐✈❡♥ ♠❡ ✐♥ t❤❡ ❧❛❜ ❛♥❞ ✐♥ t❤❡ ♦✣❝❡✱
■ t❤❛♥❦ ②♦✉ ❢♦r ❛❧❧ t❤❡ r❛♠❡♥ ✴ ❜✉r❣❡r ♥✐❣❤ts✱ ❞✐❝❡ ❣❛♠❡s✱ ❋r✐❞❛② ❜❛r ❜❡❡rs ❛♥❞
❢✉♥ t✐♠❡s ✇❡ ❤❛✈❡ ❤❛❞✳ ❖✉r t❡❛♠ ❧❡❛❞❡r✱ ❏♦♥❛s✱ ❛❧s♦ ❞❡s❡r✈❡❞ ❤✐❣❤ ♣r❛✐s❡ ❢♦r
♣r♦✈✐❞✐♥❣ ❛ ❢✉♥ ❛♥❞ ❡♥❣❛❣✐♥❣ ❛t♠♦s♣❤❡r❡ ❛♥❞ ❢♦r ❛❧✇❛②s ❜❡✐♥❣ r❡❛❞② t♦ ❤❡❧♣
❛♥❞ ♣r♦✈✐❞❡ ❛ss✐st❛♥❝❡✱ ❜❡ ✐t ♣❤②s✐❝s ♦r ❧✐❢❡ ❡♥ ❣❡♥❡r❛❧✳ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦
t❤❛♥❦ ❏❡♥s ❆r♥❜❛❦ ❢♦r ❜❡✐♥❣ ❛♥ ❛❧❧ r♦✉♥❞ ♦✉tst❛♥❞✐♥❣ ❣✉② ❛♥❞ ❡①❝❡❧❧❡♥t P❤❉
❝♦❧❧❡❛❣✉❡✳ ■ ❤♦♣❡ ❛❧❧ ♦❢ ✉s ✇✐❧❧ ❝♦♥t✐♥✉❡ t♦ st❛② ✐♥ t♦✉❝❤✳ ❆t ❉❚❯ ■ ✇♦✉❧❞ ❛❧s♦
❧✐❦❡ t♦ t❤❛♥❦ ♠② ❝❧❛ss♠❛t❡s ❑r✐st♦✛❡r✱ ❊♠✐❧ ❉❡♥♥✐♥❣✱ ▼❛❞s ●✳ ❙❡♥st✐✉s ❛♥❞
❙ør❡♥ ❑✳ ❍❛♥s❡♥ ❢♦r ♦✉r t✐♠❡ ✐♥ ❑❧✉❜ ✹✼✳ ❋♦r ♦✉r ❧❡♥❣t❤②✱ ❤❡❛t❡❞ ❛♥❞✱ ♣❡r❤❛♣s
❞r✉♥❦❡♥✱ ❞✐s❝✉ss✐♦♥s ♦❢ ❡✈❡r②t❤✐♥❣ ♣❤②s✐❝s ❛♥❞ ♠♦r❡✳

❇✉t ♠♦st ♦❢ ❛❧❧ ■ ♥❡❡❞ t♦ t❤❛♥❦ ♠② ❜❡❛✉t✐❢✉❧ ✜❛♥❝é❡✱ ❆♥♥❡♠❡tt❡ ■s❛❣❡r ❆❤❧✱
❢♦r ❦❡❡♣✐♥❣ ✉♣ ✇✐t❤ ♠❡ ❞✉r✐♥❣ ♠② st✉❞✐❡s t❤❡ ♣❛st ✻ ②❡❛rs ❛♥❞ ❢♦r ♣r♦✈✐❞✐♥❣
❡t❡r♥❛❧ s✉♣♣♦rt ❛♥❞ ❝♦♠❢♦rt ❞✉r✐♥❣ t❤❡ ❤❛r❞ t✐♠❡s✳ ❆♥❞ t♦ ♦✉r s♦♥✱ ❆✉❣✉st
❆❤❧ ❇r❡✉♠✱ ❢♦r ♣r♦✈✐❞✐♥❣ ♠❡ s♦♠❡ ♠✉❝❤ ♥❡❡❞❡❞ r❡✢❡❝t✐♦♥ ✐♥ ✇❤❛t ✐s ✐♠♣♦rt❛♥t
✐♥ ❧✐❢❡✳ ■t ❜r♦❦❡ ♠② ❤❡❛rt ❤❛✈✐♥❣ t♦ s♣❡♥❞ s♦ ♠❛♥② ❧❛t❡ ♥✐❣❤ts ✐♥ ❧❛❜ ❛♥❞ s♦
♠✉❝❤ t✐♠❡ ❛✇❛② ❢r♦♠ ②♦✉ ❜♦t❤ ❞✉r✐♥❣ t❤❡ ✜♥❛❧ ♠♦♥t❤s ♦❢ ♠② P❤❉ ❛♥❞ ■ ❛♠
❢♦r❡✈❡r ❣r❛t❡❢✉❧ ❢♦r t❤❡ ✐♥❝r❡❞✐❜❧❡ str❡♥❣t❤ ②♦✉ s❤♦✇❡❞ ❞✉r✐♥❣ t❤❛t t✐♠❡✳ ❈❡❧❡✲
❜r❛t✐♥❣ ❆✉❣✉sts ✻ ♠♦♥t❤s ♦♥ t❤❡ ❞❛② ■ ❤❛♥❞❡❞ ✐♥ ♠② t❤❡s✐s ✇❛s ❜♦t❤ ♣r♦♣❡r❧②
t❤❡ ❜✐❣❣❡st r❡❧✐❡❢ ✐ ❤❛✈❡ ❡✈❡r ❢❡❧t ❛♥❞ ♦♥❡ ♦❢ t❤❡ ❤❛♣♣✐❡st ❞❛②s ♦❢ ♠② ❧✐❢❡✳

❑❣s✳ ▲②♥❣❜②✱ ◆♦✈❡♠❜❡r ✷✵✷✵
❈❛s♣❡r ❘✳ ❇r❡✉♠
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■✱ ❈❛s♣❡r ❘✳ ❇r❡✉♠✱ ❞❡❝❧❛r❡ t❤❛t t❤✐s t❤❡s✐s ❛♥❞ t❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ❤❡r❡ ✐s
♠② ♦✇♥ ❛♥❞ ❤❛s ♥♦t ♣r❡✈✐♦✉s❧② ❜❡❡♥ s✉❜♠✐tt❡❞ ❢♦r ❛✇❛r❞ ❛t t❤✐s ♦r ❛♥② ♦t❤❡r
✐♥st✐t✉t✐♦♥✳ ❚❤❡ ✇♦r❦ ♦❢ ♦t❤❡rs s❤♦✇♥ ❤❡r❡ ✐s ❛♣♣r♦♣r✐❛t❡❧② r❡❢❡r❡♥❝❡❞✳ P❛rts
♦❢ t❤✐s t❤❡s✐s ❛r❡ ❜❛s❡❞ ✉♣♦♥ ♣✉❜❧✐s❤❡❞ ❛rt✐❝❧❡s ♦r ♠❛♥✉s❝r✐♣ts ✐♥ ♣r❡♣❛r❛t✐♦♥
❢♦r ♣✉❜❧✐❝❛t✐♦♥ ✐♥ ♣❡❡r✲r❡✈✐❡✇❡❞ ♣❤②s✐❝s ❥♦✉r♥❛❧s✳ ❇❡❧♦✇ ✐s ❛ ❧✐st ♦❢ t❤❡ ✇♦r❦ ■
❝♦♥tr✐❜✉t❡❞ t♦ ❞✉r✐♥❣ ♠② P❤✳❉✳ ♣r♦❥❡❝t✳
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❞❡rs❡♥✱ ❉✐str✐❜✉t❡❞ q✉❛♥t✉♠ s❡♥s✐♥❣ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡ ❡♥t❛♥❣❧❡❞
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◆✐❡❧s❡♥ ❛♥❞ ❯❧r✐❦ ▲✳ ❆♥❞❡rs❡♥✱ ❉❡t❡r♠✐♥✐st✐❝ ♠✉❧t✐✲♠♦❞❡ ❣❛t❡s ♦♥ ❛ s❝❛❧✲
❛❜❧❡ ♣❤♦t♦♥✐❝ q✉❛♥t✉♠ ❝♦♠♣✉t✐♥❣ ♣❧❛t❢♦r♠✱ ❛r❳✐✈✿✷✵✶✵✳✶✹✹✷✷ ❬q✉❛♥t✲♣❤❪
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✐♠❡♥t❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢ ❍✐❣❤✲❋✐❞❡❧✐t② ❚❡❧❡♣♦rt❛t✐♦♥ ♦❢ ❈♦♥t✐♥✉♦✉s✲❱❛r✐❛❜❧❡
◗✉❛♥t✉♠ ❙t❛t❡s ✐♥ t❤❡ t❡❧❡❝♦♠ ❜❛♥❞✱ P❤❉ s❝❤♦♦❧✱ ●✐❧❧❡❥❡✱ ❉❡♥♠❛r❦ ❏✉♥❡
✷✵✶✼

❼ ✷✹t❤ ❈❡♥tr❛❧ ❊✉r♦♣❡❛♥ ❲♦r❦s❤♦♣ ♦♥ ◗✉❛♥t✉♠ ❖♣t✐❝s✱ P♦st❡r✿ ❚♦✇❛r❞s
❡①♣❡r✐♠❡♥t❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢ ❍✐❣❤✲❋✐❞❡❧✐t② ❚❡❧❡♣♦rt❛t✐♦♥ ♦❢ ❈♦♥t✐♥✉♦✉s✲❱❛r✐❛❜❧❡
◗✉❛♥t✉♠ ❙t❛t❡s ✐♥ t❤❡ t❡❧❡❝♦♠ ❜❛♥❞✱ ❝♦♥❢❡r❡♥❝❡✱ ❚❡❝❤♥✐❝❛❧ ✉♥✐✈❡rs✐t② ♦❢
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❼ ❱■ ◗✉❛♥t✉♠ ■♥❢♦r♠❛t✐♦♥ ❲♦r❦s❤♦♣ ❛♥❞ ❙❝❤♦♦❧✱ P♦st❡r✿ ❚♦✇❛r❞s ❡①♣❡r✲
✐♠❡♥t❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢ ❍✐❣❤✲❋✐❞❡❧✐t② ❚❡❧❡♣♦rt❛t✐♦♥ ♦❢ ❈♦♥t✐♥✉♦✉s✲❱❛r✐❛❜❧❡
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❼ ❆♥♥✉❛❧ ▼❡❡t✐♥❣ ♦❢ ❉❛♥✐s❤ P❤②s✐❝❛❧ ❙♦❝✐❡t②✱ P♦st❡r✿ ❉✐str✐❜✉t❡❞ s❡♥s✐♥❣
✉s✐♥❣ ❙q✉❡❡③❡❞ ❙t❛t❡s ♦❢ ▲✐❣❤t✱ ✇♦r❦s❤♦♣✱ ▼✐❞❞❡❧❢❛rt✱ ❉❡♥♠❛r❦ ❏✉♥❡ ✷✵✶✽

❼ ◗✉❛♥t✉♠ ❚❡❝❤♥♦❧♦❣② ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡✱ P♦st❡r✿ ❉✐str✐❜✉t❡❞ ♣❤❛s❡
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❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡s✱ P♦st❡r✿ ❚♦✇❛r❞s ❛ ♦♣t✐❝❛❧ q✉❛♥t✉♠ st❛t❡ s②♥t❤❡✲
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❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

❲❤❡♥ t❤❡ ✜rst ❢❡✇ ❜✐ts ♦❢ ❞❛t❛ ✇❡r❡ tr❛♥s♠✐tt❡❞ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣✉t❡rs ❛t t❤❡
❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛ ❛♥❞ ❙t❛♥❢♦r❞ ❘❡s❡❛r❝❤ ■♥st✐t✉t❡ ✐♥ ✶✾✻✾✱ ♦♥ ❛ ♣r❡❝✉rs♦r
♥❡t✇♦r❦ t♦ t♦❞❛②✬s ✐♥t❡r♥❡t✱ ✐t ✐s ♥♦t ❤❛r❞ t♦ ✐♠❛❣✐♥❡ t❤❛t t❤❡ r❡s❡❛r❝❤❡rs ✐♥✲
✈♦❧✈❡❞ ♥❡✈❡r ❝♦✉❧❞ ❤❛✈❡ ❞r❡❛♠❡❞ ♦❢ t❤❡ ❡♥❞❧❡ss ♣♦ss✐❜✐❧✐t✐❡s t❤✐s t❡❝❤♥♦❧♦❣② ♦♥❡
❞❛② ✇♦✉❧❞ ❛❧❧♦✇✳ ❙✐♠✐❧❛r❧② ✐t ✐s ❞♦✉❜t❢✉❧ t❤❛t ❇❛r❞❡❡♥✱ ❇r❛tt❛✐♥ ❛♥❞ ❙❤♦❝❦❧❡②
❝♦✉❧❞ ❤❛✈❡ ❢✉❧❧② ❣r❛s♣❡❞ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡✐r ✐♥✈❡♥t✐♦♥ ❛♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤❡
❡♥s✉r✐♥❣ ❞✐❣✐t❛❧ r❡✈♦❧✉t✐♦♥✳ ❲❤❛t ♠✐❣❤t s❡❡♠ ❧✐❦❡ ❢✉♥❞❛♠❡♥t❛❧ r❡s❡❛r❝❤ t♦❞❛②✱
❢❛r r❡♠♦✈❡❞ ❢r♦♠ ❛♥② ♣r❛❝t✐❝❛❧ ✐♠♣♦rt❛♥❝❡✱ ❝❛♥ ✐♥ t✐♠❡ ♣r♦✈❡ t♦ ❧❛② t❤❡ ❢♦✉♥✲
❞❛t✐♦♥ ♦❢ t❡❝❤♥✐❝❛❧ ❛❞✈❛♥❝❡s ♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡✳ ■t ✐s ✐♥ t❤✐s ❢♦❣ ♦❢ ♣♦ss✐❜❧❡
❞✐r❡❝t✐♦♥ t♦ ♣✉rs✉❡✱ ♥♦t ❦♥♦✇✐♥❣ ✇❤✐❝❤ ❞✐r❡❝t✐♦♥ ✐s ❝♦rr❡❝t ✭✐❢ ❛♥② ❞✐r❡❝t✐♦♥ ✇✐❧❧
t✉r♥ ♦✉t t♦ ❜❡❄✮✱ t❤❛t ♠✉❝❤ ♦❢ ❝✉rr❡♥t q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ r❡s❡❛r❝❤ ♣❧❛②s ♦✉t✳

❚❤❡ ✜rst q✉❛♥t✉♠ r❡✈♦❧✉t✐♦♥ ✇❛s ❛ r❡✈♦❧✉t✐♦♥ ♦❢ ❛t♦♠✐❝ ❛♥❞ s✉❜❛t♦♠✐❝ ♣❤②s✐❝s✱
✇❤✐❝❤ ❛♠♦♥❣ ♠❛♥② t❤✐♥❣s ❧❡❛❞s t♦ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ✐♥✈❡♥t✐♦♥ ♦❢ t❤❡ tr❛♥✲
s✐st♦r✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❧❡❛❞ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♠♣✉t❡rs ❛t ❯❈▲❆ ❛♥❞
❙❘■ ❛♥❞ t♦ t❤❡ ✐♥t❡r♥❡t✳ ❲❡ ❛r❡ ♥♦✇ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ s❡❝♦♥❞ q✉❛♥t✉♠
r❡✈♦❧✉t✐♦♥✳ ■ts ❜❡❣✐♥♥✐♥❣ ✇❛s ♠❛r❦❡❞ ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s
t♦ ✐♥❢♦r♠❛t✐♦♥ t❤❡♦r② ❛♥❞ ✐s ♥♦✇ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ♥❡✇
t❤❡♦r② t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥❡✇ ❛♥❞ ✐♠♣r♦✈❡❞ t❡❝❤♥♦❧♦❣②✳ ❚❤❡s❡ ❡✛♦rts ❝❛♥
❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ ❞✐st✐♥❝t✱ ❜✉t ✐♥t❡r❧✐♥❦❡❞ ✜❡❧❞s✱ ❛s ❡①❡♠♣❧✐✜❡❞ ❜② t❤❡ ♣✐❧❧❛rs
♦❢ t❤❡ ♦♥❣♦✐♥❣ ❊✉r♦♣❡❛♥ ◗✉❛♥t✉♠ ❋❧❛❣s❤✐♣ ♣r♦❣r❛♠ ❬✶❪❀ ◗✉❛♥t✉♠ ❈♦♠♣✉t✐♥❣
✴ ❙✐♠✉❧❛t✐♦♥✱ ◗✉❛♥t✉♠ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ◗✉❛♥t✉♠ ❙❡♥s✐♥❣ ✴ ▼❡tr♦❧♦❣②✳ ■t



✷ ■♥tr♦❞✉❝t✐♦♥

✐s ❜❡❧✐❡✈❡❞ t❤❛t ❛❧❧ ♦❢ t❤❡s❡ ✜❡❧❞s ✇✐❧❧ s❡❡ t❡❝❤♥♦❧♦❣② ✐♠♣r♦✈❡❞ ❜② q✉❛♥t✉♠ ♠❡✲
❝❤❛♥✐❝s ✐♥ t❤❡ ❝♦♠✐♥❣ ❞❡❝❛❞❡s ❬✷❪✳

❆ ❝❡♥tr❛❧ ❝♦♥❝❡♣t ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s✉❝❤ ✐♠♣r♦✈❡❞ t❡❝❤♥♦❧♦❣✐❡s ✐s t❤❡
t❤r❡s❤♦❧❞✱ ❝❛❧❧❡❞ q✉❛♥t✉♠ ❛❞✈❛♥t❛❣❡✱ ❛t ✇❤✐❝❤ ❛ q✉❛♥t✉♠ ✐♠♣r♦✈❡❞ t❡❝❤♥♦❧✲
♦❣② ❞♦❡s s♦♠❡t❤✐♥❣ ✭❛♥②t❤✐♥❣✮ t❤❛t ❛ s✐♠✐❧❛r t❡❝❤♥♦❧♦❣② ❜❛s❡❞ ♦♥ ❝❧❛ss✐❝❛❧
♣❤②s✐❝s ❝❛♥ ♥♦t ❞♦✳ ❚❤✐s t❤r❡s❤♦❧❞ ✇❛s ❝❧❛✐♠❡❞ ♣❛ss❡❞ ❧❛st ②❡❛r ❜② ●♦♦❣❧❡
✐♥ t❤❡ ❝♦♥t❡①t ♦❢ q✉❛♥t✉♠ ❝♦♠♣✉t❛t✐♦♥ ❬✸❪✱ ✇❤❡r❡ t❤❡② s❤♦✇❡❞ t❤❛t ✉s✐♥❣ ❛ ✺✸
q✉❜✐t ♣r♦❝❡ss♦r t❤❡② ❝♦✉❧❞ s❛♠♣❧❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ 253 ❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣✉✲
t❛t✐♦♥ st❛t❡ s♣❛❝❡ ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st❡r t❤❛♥ t❤❡ ❜❡st ❦♥♦✇♥ ❝❧❛ss✐❝❛❧ ❛❧❣♦r✐t❤♠s✱
t❤♦✉❣❤ t❤❡✐r ❝❧❛✐♠ ✇❛s ❧❛t❡r r❡❢✉t❡❞ ❜② ■❇▼ ❬✹❪✳ ❘❡❝❡♥t❧② q✉❛♥t✉♠ ❛❞✈❛♥t❛❣❡
❛s ❛❧s♦ ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ❢♦r q✉❛♥t✉♠ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❬✺❪ ❛♥❞ ♠❡tr♦❧♦❣② ♣r♦t♦✲
❝♦❧s ❬✻❪✳ ❲❤✐❧❡ t❤❡s❡ ♠✐❧❡st♦♥❡s ❤❡❧♣ t♦ str❡♥❣t❤❡♥ ♦✉r ❜❡❧✐❡❢ ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ t❤❡
❞✐✛❡r❡♥t r❡s❡❛r❝❤ ❞✐r❡❝t✐♦♥✱ t❤❡② ❛r❡ t❤❡♠s❡❧✈❡s ♦♥❧② st❡♣♣✐♥❣ st♦♥❡s t♦✇❛r❞s
❜✐❣❣❡r ❣♦❛❧s✳ ❋♦r q✉❛♥t✉♠ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♥❡ s✉❝❤ ❣♦❛❧ ✐s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛
q✉❛♥t✉♠ ✐♥t❡r♥❡t✳ ❆ ♥❡t✇♦r❦ ❝❛♣❛❜❧❡ ♦❢ tr❛♥s♠✐tt✐♥❣ q✉❛♥t✉♠ ♣r♦t❡❝t❡❞ ❝❧❛s✲
s✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ❡♥❝♦❞❡❞ ✐♥ q✉❛♥t✉♠ st❛t❡s ❜❡t✇❡❡♥
❞✐st❛♥t ♣❛rt✐❡s✱ ❛s ✇❡❧❧ ❛s ❡♥t❛♥❣❧✐♥❣ t❤❡♠✱ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❛❧❧ t❤r❡❡ ♦❢ t❤❡ ♠❛✐♥
q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ✜❡❧❞s ❬✼❪✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ q✉❛♥t✉♠ ❝♦♠♠✉♥✐❝❛t✐♦♥ t❤❡
♦❜✈✐♦✉s ❝❛♥❞✐❞❛t❡ ❢♦r t❤❡ ♣❤②s✐❝❛❧ ♣❧❛t❢♦r♠ ♦♥ ✇❤✐❝❤ t♦ ❜✉✐❧❞ s✉❝❤ ❛ ♥❡t✇♦r❦ ✐s
♦♣t✐❝s✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ✐s t❤❛t q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ❡♥❝♦❞❡❞ ✐♥ t❤❡ ❡❧❡❝✲
tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ r❡❛❞✐❧② ❝❛♥ ❜❡ tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ ❢r❡❡ s♣❛❝❡ ❛♥❞✱ t❤❛♥❦s t♦
t❤❡ ❡①t❡♥s✐✈❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❡❧❡❝♦♠ t❡❝❤♥♦❧♦❣②✱ t❤r♦✉❣❤ ♦♣t✐❝❛❧ ✜❜❡rs✳

❚r❡♠❡♥❞♦✉s ❡✛♦rt ❤❛s ❜❡❡♥ ♠❛❞❡ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ t❡❝❤♥✐q✉❡s ♥❡❡❞❡❞ t♦
r❡❛❧✐s❡ t❤❡ ❧♦♥❣ ❞✐st❛♥❝❡ ❝♦♥♥❡❝t✐♦♥s r❡q✉✐r❡❞ ♦❢ ❛ q✉❛♥t✉♠ ✐♥t❡r♥❡t ❬✽❪✳ ❲✐t❤♦✉t
r❡s♦rt✐♥❣ t♦ s❛t❡❧❧✐t❡ r❡❧❛②❡❞ ❝♦♥♥❡❝t✐♦♥s✱ t❤❡ ♠❛✐♥ ♦❜st❛❝❧❡ ❤❡r❡ ✐s t❤❡ ✐♥❤❡r❡♥t
tr❛♥s♠✐ss✐♦♥ ❧♦ss ♦❢ ♦♣t✐❝❛❧ ✜❜❡rs ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r✐♠❛r② s♦❧✉t✐♦♥ ✐s t♦
r❡❧② ♦♥ q✉❛♥t✉♠ r❡♣❡❛t❡rs t♦ ♦✈❡r❝♦♠❡ t❤❡ ❧♦ss ❬✾❪ ❬✶✵❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
❢♦r s❤♦rt ❞✐st❛♥❝❡ ♥❡t✇♦r❦s✱ t❤❡ ♦♣t✐❝❛❧ ❧♦ss❡s ♠✐❣❤t ❜❡ ❧♦✇ ❡♥♦✉❣❤ t♦ ❛❧❧♦✇ ❢♦r
❞✐r❡❝t tr❛♥s♠✐ss✐♦♥ ♦❢ s✐♠♣❧❡ q✉❛♥t✉♠ st❛t❡s✳ ❇✉t ✐♥ ❛ s❤♦rt ♥❡t✇♦r❦ ✐t ♠✐❣❤t
❜❡ ♠♦r❡ ❧✐❦❡❧② t❤❛t ❡✳❣✳ t✇♦ q✉❛♥t✉♠ ❝♦♠♣✉t❡rs ♦r s❡✈❡r❛❧ s❡♥s✐♥❣ ♥♦❞❡s ❛r❡
❝♦♥♥❡❝t❡❞ ❛♥❞ t❤❛t ♠♦r❡ ❢r❛❣✐❧❡ ❤✐❣❤❧② ♥♦♥✲❝❧❛ss✐❝❛❧ st❛t❡s ❤❛✈❡ t♦ ❜❡ tr❛♥s✲
♠✐tt❡❞✳ ■♥ s✉❝❤ ❛ s❝❡♥❛r✐♦ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛❞✈❛♥❝❡❞ r❡♣❡❛t❡r s❝❤❡♠❡s ❛♥❞
❡rr♦r ❞❡t❡❝t✐♦♥ ❛♥❞ ❝♦rr❡❝t✐♦♥ ❝♦❞❡s ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❜❡ ♥❡❝❡ss❛r② t♦ ♣r♦♣❡r❧②
❧✐♥❦ t❤❡ ♥♦❞❡s ❬✶✶❪✳ ◆❡t✇♦r❦s ❛❧s♦ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ❢♦r q✉❛♥t✉♠ s❡♥s✐♥❣✱
✇❤❡r❡ ❛♥ ✐♥❝r❡❛s❡❞ ✐♥t❡r❡st❡❞ ♦✈❡r t❤❡ ❧❛st ❢❡✇ ②❡❛rs ❤❛s ❜❡❡♥ ❣✐✈❡♥ t♦ ✉s❡ ♦❢
❡♥t❛♥❣❧❡♠❡♥t ❛❝r♦ss ♥❡t✇♦r❦ ♠♦❞❡s ❛s ♠❡❛♥s ♦❢ ✐♠♣r♦✈✐♥❣ ♠✉❧t✐✲ ♦r ❞✐str✐❜✉t❡❞
♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♣r♦t♦❝♦❧s ❬✶✷✕✶✹❪✳

❚❤❡ ✇♦r❦ ♦❢ t❤✐s t❤❡s✐s ✐s t♦✇❛r❞s ❜♦t❤ ♦❢ t❤❡s❡ ❡♥❞s ❛♥❞ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦
♣r♦❥❡❝ts✳ ■♥ t❤❡ ✜rst ♣r♦❥❡❝t ✇❡ ❝♦♥s✐❞❡r✱ ❛s ❛ ✜rst st❡♣✱ t❤❡ ❞✐r❡❝t tr❛♥s♠✐ss✐♦♥
♦❢ ❛ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ t❤r♦✉❣❤ ♥❡t✇♦r❦ ❝❤❛♥♥❡❧s ♦❢ ✈❛r✐♦✉s
s✐③❡s✳ ❚❤❡ st❛t❡ ♦❢ ❝❤♦✐❝❡ ✐s t❤❡ ♣❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ st❛t❡✱ ❛s ✐t
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❝❛♥ ❜❡ r❡❧✐❛❜❧② ♣r♦❞✉❝❡❞ ❛♥❞ s❡r✈❡s ✇❡❧❧ ❛s ♣r♦❜❡ ♦❢ t❤❡ ❧✐♠✐ts ♦❢ ❞✐r❡❝t tr❛♥s✲
♠✐ss✐♦♥ ✐♥ s✉❝❤ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ♣r❡s❡r✈❛t✐♦♥ ♦❢ ♠❡❛s✉r❛❜❧❡ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t②
❛❢t❡r tr❛♥s♠✐ss✐♦♥ ✇✐❧❧ s❡r✈❡ ❛s t❤❡ ♦✈❡r❛r❝❤✐♥❣ ❣♦❛❧ ❛♥❞ r❡q✉✐r❡ ❜♦t❤ ❧♦✇ ♦♣t✐✲
❝❛❧ ❧♦ss ❛♥❞ st❛❜❧❡ ♣❤❛s❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ♥❡t✇♦r❦ ❝❤❛♥♥❡❧✳ ■♥ t❤❡ s❡❝♦♥❞ ♣r♦❥❡❝t
✇❡ ♣❡r❢♦r♠ ❛ ♣r♦♦❢✲♦❢✲♣r✐♥❝✐♣❧❡ ❡①♣❡r✐♠❡♥t❛❧ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ❞✐str✐❜✉t❡❞ s❡♥s✐♥❣
♣r♦t♦❝♦❧✱ ✐♥ ✇❤✐❝❤ ❛♥ ❡♥t❛♥❣❧❡❞ ♣r♦❜❡ st❛t❡ ✐s ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ ❛✈❡r❛❣❡ ♣❤❛s❡
s❤✐❢t ♦❢ ♥♦❞❡s ✐♥ ❛ s♠❛❧❧ s❝❛❧❡ ♥❡t✇♦r❦✳

❚❤❡ t❤❡s✐s ❝♦♥s✐sts ♦❢ ❛♥ ❢♦✉r ♠❛✐♥ ❝❤❛♣t❡rs ❢♦❧❧♦✇❡❞ ❜② ❛♥ ♦✉t❧♦♦❦✳

✶✳ ❚❤❡♦r② ❍❡r❡ ❛ ❜❛s✐❝ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡ q✉❛♥t✉♠ ♦♣✲
t✐❝s ✐s ❣✐✈❡♥ ✇✐t❤ ❛ ❢♦❝✉s ♦♥ sq✉❡❡③❡❞ ❧✐❣❤t ❛♥❞ r❡❧❡✈❛♥t ❡q✉❛t✐♦♥s ✉s❡❞
t❤r♦✉❣❤ t❤❡ t❤❡s✐s ♣r❡s❡♥t❡❞✳ ❆ ♠♦❞❡❧ ❞❡s❝r✐❜✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♣r♦✲
❝❡❞✉r❡ ♦❢ ❝r❡❛t✐♥❣ ❛ ✶✲P❙❙q❱ st❛t❡ ✐s ♣r❡s❡♥t❡❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ t❤❡♦r②
♦❢ t♦♠♦❣r❛♣❤✐❝ r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t ❞❛t❛✱ ✇❤✐❝❤
✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❛♥❛❧②s❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ❛ q✉✐❝❦
✇❛❧❦t❤r♦✉❣❤ ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❛❧❣♦r✐t❤♠
❢♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss✳

✷✳ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s ❍❡r❡ ✇❡ ❣✐✈❡ ❛ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡①✲
♣❡r✐♠❡♥t❛❧ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ ✶✲P❙❙q❱ st❛t❡s✳ ❲❡ ❝♦♥str✉❝t
❛ s❡t✉♣ t♦ ♣r♦❞✉❝❡ ❝♦♥t✐♥✉♦✉s ✇❛✈❡ sq✉❡❡③❡❞ ❧✐❣❤t ❛t 1550 ♥♠ ✈✐❛ ♣❛r❛✲
♠❡tr✐❝ ❞♦✇♥✲❝♦♥✈❡rs✐♦♥ ♦❢ ❛ s❡❝♦♥❞ ❤❛r♠♦♥✐❝ ✜❡❧❞ ✐♥ ❛♥ ❖P❖ ❝❛✈✐t②✳ ❲❡
t❤❡♥ t❛♣ ❛ s♠❛❧❧ ♣❛rt ♦❢ t❤❡ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ✜❡❧❞ ✐♥t♦ ❛ tr✐❣❣❡r ❝❤❛♥♥❡❧
❛♥❞ ❢r❡q✉❡♥❝② ✜❧t❡r ✐t t♦ s❡❧❡❝t ♦♥❧② t❤❡ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝② ♠♦❞❡ ♦❢ t❤❡
❖P❖ ♦✉t♣✉t t♦ ❜❡ ♠❡❛s✉r❡❞ ❜② ❛ s✐♥❣❧❡✲♣❤♦t♦♥ ❞❡t❡❝t♦r✳ ❆ ❝❧✐❝❦ ♦❢ t❤❡
s✐♥❣❧❡✲♣❤♦t♦♥ ❞❡t❡❝t♦r t❤❡♥ t❤❡♥ ❤❡r❛❧❞s t❤❡ ❝r❡❛t✐♥❣ ♦❢ t❤❡ ✶✲P❙❙q❱ st❛t❡
✐♥ t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧✳ ❲❡ ❛❧s♦ ❞❡s❝r✐❜❡ t❤❡ ❞✐✛❡r❡♥t ♥❡t✇♦r❦ ❝♦♥✜❣✉r❛t✐♦♥s
t❤❡ st❛t❡ ✇❛s tr❛♥s♠✐tt❡❞ tr♦✉❣❤✳

✸✳ ◆♦♥✲●❛✉ss✐❛♥ ❙t❛t❡ ❚r❛♥s♠✐ss✐♦♥ ❍❡r❡ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♥♦♥✲●❛✉ss✐❛♥
st❛t❡ tr❛♥s♠✐ss✐♦♥ ♣r♦❥❡❝t ❛r❡ ♣r❡s❡♥t❡❞✳ ❲❡ ❛♥❛❧②s❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞
❢r♦♠ t❤r❡❡ ❞✐✛❡r❡♥t ♠❡❛s✉r❡♠❡♥t ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ❝♦♠♣❛r❡ t❤❡♠ t♦ t❤❡
r❡s✉❧ts ❡①♣❡❝t❡❞ ❢r♦♠ ♦✉r t❤❡♦r❡t✐❝❛❧ ♠♦❞❡✳

✹✳ ❉✐str✐❜✉t❡❞ ◗✉❛♥t✉♠ ❙❡♥s✐♥❣ ❍❡r❡ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❞✐str✐❜✉t❡❞ s❡♥s✲
✐♥❣ ♣r♦❥❡❝t ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ♣✉❜❧✐s❤❡❞ ✇♦r❦ t♦❣❡t❤❡r ✇✐t❤
❛ s❤♦rt ✐♥tr♦❞✉❝t✐♦♥✳

✺✳ ❖✉t❧♦♦❦ ❈♦♥❝❧✉❞❡s ♦♥ t❤❡ ♣r❡s❡♥t❡❞ r❡s✉❧ts ♦❢ t❤❡ t✇♦ ♣r♦❥❡❝ts ❛♥❞ ❞✐s✲
❝✉ss❡s ♣♦ss✐❜❧❡ ♣❛t❤s ❢♦r✇❛r❞s✳



✹ ■♥tr♦❞✉❝t✐♦♥



❈❤❛♣t❡r ✷

❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡

◗✉❛♥t✉♠ ❖♣t✐❝s

■♥ t❤✐s ❝❤❛♣t❡r ❛ ❜❛s✐❝ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡ ✭❈❱✮ q✉❛♥t✉♠ ♦♣t✐❝s
✐s ❣✐✈❡♥✳ ■♥ s❡❝✳ ✷✳✶ t❤❡ t✇♦ ♠❛✐♥ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❛ q✉❛♥t✉♠ st❛t❡ ♦❢ ❧✐❣❤t✱
t❤❡ ❞❡♥s✐t② ♠❛tr✐① ❛♥❞ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥✱ ✐s ♣r❡s❡♥t❡❞ ❛♥❞ ✐♥ s❡❝✳ ✷✳✷ t❤❡
♣r♦♣❡rt✐❡s ❛♥❞ ❣❡♥❡r❛t✐♦♥ ♦❢ ♦♥❡ ♦❢ t❤❡ t❤❡ ♠♦st ❜❛s✐❝ ✐♥❣r❡❞✐❡♥ts ✐♥ ❛♥② q✉❛♥✲
t✉♠ ❡♥❤❛♥❝❡❞ ♦♣t✐❝❛❧ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ s❡♥s✐♥❣ ♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦t♦❝♦❧ ✲ t❤❡
sq✉❡❡③❡❞ ✈❛❝✉✉♠ st❛t❡ ✲ ✐s ❡①♣❧♦r❡❞✳ ■♥ s❡❝✳ ✷✳✸✳✷ ❛ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ❞❡s❝r✐❜✐♥❣
❛♥ ❡①♣❡r✐♠❡♥t❛❧❧② r❡❧❡✈❛♥t s❝❤❡♠❡ ❢♦r ♣r♦❞✉❝✐♥❣ ❛ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ ✐s ❞❡r✐✈❡❞✳
❚❤❡ s❝❤❡♠❡ ❞❡t❛✐❧s ❤♦✇ t❤❡ ♥♦♥✲●❛✉ss✐❛♥ ♦♣❡r❛t✐♦♥ ♦❢ s✐♥❣❧❡ ♣❤♦t♦♥ ❞❡t❡❝t✐♦♥
❝❛♥ ❜❡ ✉s❡❞ t♦ tr❛♥s❢♦r♠ ❛ sq✉❡❡③❡❞ ✈❛❝✉✉♠ st❛t❡ ✐♥t♦ ❛ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ ✲
t❤❡ ♣❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ st❛t❡✳ ❋✐♥❛❧❧② ✐♥ s❡❝✳ ✷✳✹ t❤❡ ❤♦♠♦❞②♥❡
❞❡t❡❝t✐♦♥ s❝❤❡♠❡ ❛♥❞ ✐ts ✉s❡ ✐♥ q✉❛♥t✉♠ st❛t❡ t♦♠♦❣r❛♣❤② ♣r❡s❡♥t❡❞✳

✷✳✶ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ q✉❛♥t✉♠ st❛t❡s ♦❢ ❧✐❣❤t

◗✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ✐s ✉s✉❛❧❧② ❡①♣❧❛✐♥❡❞ ❛s t❤❡ ❧❛✇s ♦❢ ♥❛t✉r❡ ❛t t❤❡ ❛t♦♠✐❝
❧❡✈❡❧✳ ❋♦r ❧✐❣❤t t❤✐s ♣✐❝t✉r❡ tr❛♥s❧❛t❡s t♦ q✉❛♥t✉♠ ♦♣t✐❝s ❜❡✐♥❣ t❤❡ ❧❛✇s ♦❢ ❡❧❡❝✲
tr♦♠❛❣♥❡t✐s♠ ❛t t❤❡ s✐♥❣❧❡ ♣❤♦t♦♥ ❧❡✈❡❧✳ ❚♦ ✉♥❢♦❧❞ t❤❡♠ t❤❡ ❣❡♥❡r✐❝ ❛♣♣r♦❛❝❤
✐s t♦ q✉❛♥t✐③❡ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ t♦ ♦❜t❛✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ ❛ ❤❛r♠♦♥✐❝



✻ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

♦s❝✐❧❧❛t♦r✱ ✇❤❡r❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ t❛❦❡ ♦♥ t❤❡ ✉s✉❛❧ r♦❧❡ ♦❢ ♣♦s✐t✐♦♥
❛♥❞ ♠♦♠❡♥t✉♠✳ ❆ s✐♥❣❧❡ ♠♦❞❡ ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s t❤❡♥ ❞❡s❝r✐❜❡❞
❜② t❤❡ ❍❛♠✐❧t♦♥✐❛♥

Ĥ = ~ω

(

â†â+
1

2

)

✭✷✳✶✮

✇❤❡r❡ â ❛♥❞ â† ❛r❡ t❤❡ t❤❡ ♥♦♥✲❍❡r♠✐t✐❛♥ ♥♦♥✲❝♦♠♠✉t✐♥❣ ❛♥♥✐❤✐❧❛t✐♦♥ ❛♥❞
❝r❡❛t✐♦♥ ♦♣❡r❛t♦rs ✇✐t❤ t❤❡ ❝♦♠♠✉t❛t✐♦♥ [â, â†] = 1✱ ~ ✐s P❧❛♥❝❦s ❝♦♥st❛♥t ❛♥❞
ω t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ❡✐❣❡♥st❛t❡ ♦❢ t❤❡
q✉❛♥t✉♠ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r Ĥ ✐s t❤❡♥ ❝❛❧❧❡❞ t❤❡ ❡♥❡r❣② ❡✐❣❡♥st❛t❡s ♦r ❋♦❝❦
st❛t❡s |n〉 ❛♥❞ ❤❛✈❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s En = ~ω(n + 1/2)✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
st❛t❡ |n〉 ❝♦♥s✐st✐♥❣ ♦❢ ♥ ♣❤♦t♦♥s ✐✳❡✳ ❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞
♠♦❞❡✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ â |n〉 = √

n |n− 1〉 ❛♥❞ â† |n〉 =
√
n+ 1 |n+ 1〉 t❤❡

♣❤♦t♦♥ ♥✉♠❜❡r ♦♣❡r❛t♦r n̂ = â†â ❛❧s♦ s❤♦✇s t❤✐s n̂ |n〉 = n |n〉✳ ❋♦r |n = 0〉 t❤❡
st❛t❡ ✐s ❝❛❧❧❡❞ t❤❡ ✈❛❝✉✉♠ st❛t❡ ♦r ❡♥❡r❣② ❣r♦✉♥❞ st❛t❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ③❡r♦
♣❤♦t♦♥s✳ ❈✉r✐♦✉s❧② t❤❡ ♥♦♥③❡r♦ ❡♥❡r❣② ♦❢ t❤❡ ❣r♦✉♥❞ st❛t❡ E0 = ~ω/2 ✐s t❤❡
✜rst ❤✐♥t t❤❡ ♥♦♥ ❝❧❛ss✐❝❛❧ ♥❛t✉r❡ ♦❢ q✉❛♥t✉♠ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❧✐❣❤t✳

✷✳✶✳✶ ❉❡♥s✐t② ♠❛tr✐①

❚❤❡ ❡♥❡r❣② ❡✐❣❡♥st❛t❡s ❛r❡ ❝♦♥✈❡♥✐❡♥t❧② ✉s❡❞ t♦ s♣❛♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡✱ ❛s t❤❡②
❢♦r♠ ❛ ❝♦♠♣❧❡t❡ s❡t ❞✉❡ t♦ t❤❡ ❍❡r♠✐t✐t② ♦❢ Ĥ✳ ❚❤❡② ❛r❡ t❤❡♥ ✉s❡❞ ❛s t❤❡ ❜❛s✐s
t♦ ❞❡s❝r✐❜❡ ❛♥② q✉❛♥t✉♠ st❛t❡ ❜② ✐ts ❞❡♥s✐t② ♠❛tr✐①

ρ̂ =
∑

i

ki |ψi〉 〈ψi| ✭✷✳✷✮

❚❤✐s ❜❛s✐s ✐s ❝❛❧❧❡❞ t❤❡ ♥✉♠❜❡r st❛t❡ ❜❛s✐s ♦r ❋♦❝❦ ❜❛s✐s✳ ❚❤❡ ❞❡♥s✐t② ♠❛tr✐①
♦❢ ❛ ♣✉r❡ q✉❛♥t✉♠ st❛t❡ |ψ〉 ✐s t❤❡♥ ✇r✐tt❡♥ ❛s ρ̂ = |ψ〉 〈ψ|✱ ✇❤❡r❡ ψ ❝❛♥ ❜❡ ❛♥②
s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ♣❤♦t♦♥ ♥✉♠❜❡r st❛t❡s✳ ❚❤❡ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ ❞❡♥s✐t② ♠❛tr✐① ✐s
t❤❡♥ t❤❡ ♣❤♦t♦♥ ♥✉♠❜❡r ❞✐str✐❜✉t✐♦♥ ♣r(n) = ρnn ♦❢ t❤❛t st❛t❡✱ ✇❤❡r❡ ρmn =
〈m| ρ̂ |n〉✳ ❲✐t❤♦✉t ❢✉rt❤❡r ✐♥tr♦❞✉❝t✐♦♥ ✇❡ ❤❡r❡ ♣r❡s❡♥t t❤❡ ❞❡♥s✐t② ♠❛tr✐①
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠♦st ❝♦♠♠♦♥❧② ❡♥❝♦✉♥t❡r❡❞ q✉❛♥t✉♠ st❛t❡s ❛s t❤❡② ✇✐❧❧
❜❡ ✉s❡❢✉❧ t♦ ❤❛✈❡ ❛t ❤❛♥❞ ❢♦r ❧❛t❡r ❝❛❧❝✉❧❛t✐♦♥s✳ ❚❤❡✐r ❞❡✜♥✐t✐♦♥ ❛♥❞ ❞❡r✐✈❛t✐♦♥
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛❧♠♦st ❛♥② q✉❛♥t✉♠ ♦♣t✐❝s t❡①t ❜♦♦❦ ❬✶✺❪❬✶✻❪✳



✷✳✶ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ q✉❛♥t✉♠ st❛t❡s ♦❢ ❧✐❣❤t ✼

❙t❛t❡ |ψ〉 ◆✉♠❜❡r st❛t❡ ❡①♣❛♥s✐♦♥

❱❛❝✉✉♠ |0〉
∞
∑

n=0
δ0n |n〉

❈♦❤❡r❡♥t |α〉 = D̂(α) |0〉 e
−|α|2

2
∞
∑

n=0

αn

√
n!

|n〉

❙q③✳ ✈❛❝✳ |ζ〉 = Ŝ(ζ) |0〉 1√
cosh r

∞
∑

n=0

√
n!

(n/2)!

(

eiφ tanh r
2

)

n
2
δ
[2]
0n |n〉

❋♦❝❦ |m〉
∞
∑

n=0
δmn |n〉

❖❞❞ ❝❛t |cat−〉 1√
sinh |α|2

∞
∑

n=0
δ
[2]
1n

αn

√
n!

|n〉

❊✈❡♥ ❝❛t |cat+〉 1√
cosh |α|2

∞
∑

n=0
δ
[2]
0n

αn

√
n!

|n〉

❚❛❜❧❡ ✷✳✶✿ ❚②♣✐❝❛❧ ♦♣t✐❝❛❧ q✉❛♥t✉♠ st❛t❡s ❛♥❞ t❤❡✐r ♥✉♠❜❡r st❛t❡ ❡①♣❛♥s✐♦♥
❝♦❡✣❝✐❡♥ts

✷✳✶✳✷ P❤❛s❡ s♣❛❝❡ ❛♥❞ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥

❋r♦♠ t❤❡ ❛♥♥✐❤✐❧❛t✐♦♥ ❛♥❞ ❝r❡❛t✐♦♥ ♦♣❡r❛t♦rs ✇❡ ❝❛♥ ❞❡✜♥❡ q✉❛❞r❛t✉r❡ ♦♣❡r❛t♦rs
❝❧♦s❡❧② r❡s❡♠❜❧✐♥❣ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣♦s✐t✐♦♥ ❛♥❞ ♠♦♠❡♥t✉♠ ♦♣❡r❛t♦rs ♦❢ ❛ ❝❧❛ss✐❝❛❧
❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦r

x̂ =
1√
2

(

â† + â
)

, p̂ =
i√
2

(

â† − â
)

✭✷✳✸✮

❯s✐♥❣ t❤❡s❡ q✉❛❞r❛t✉r❡ ♦♣❡r❛t♦rs t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ q✉❛♥t✉♠ ❤❛r♠♦♥✐❝ ♦s✲
❝✐❧❧❛t♦r ❢r♦♠ ❡q✳ ✷✳✶ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s Ĥ = ~ω

2

(

x̂2 + p̂2
)

✳ ◆♦t❡ t❤❛t ✇❤✐❧❡ t❤❡ ❛♥✲
♥✐❤✐❧❛t✐♦♥ ❛♥❞ ❝r❡❛t✐♦♥ ♦♣❡r❛t♦rs ✇❡r❡ ♥♦♥✲❍❡r♠✐t✐❛♥✶ t❤❡ q✉❛❞r❛t✉r❡ ♦♣❡r❛t♦rs
❛r❡ ❛♥❞ ❤❛✈❡ t❤❡ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥ [x̂, p̂] = i ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡♠ ❜❡✐♥❣
❝♦♥❥✉❣❛t❡ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡r❡❢♦r❡ ♥♦t ♣r❡❝✐s❡❧② ♠❡❛s✉r❛❜❧❡ ❛t t❤❡ s❛♠❡ t✐♠❡✳
■♥st❡❛❞ t❤❡② ♠✉st ♦❜❡② t❤❡ ❍❡✐s❡♥❜❡r❣ ✉♥❝❡rt❛✐♥t② ♣r✐♥❝✐♣❧❡ 〈∆x̂2〉〈∆p̂2〉 ≥
|[x̂, p̂]|/4 = 1/4✳ ❚❤✐s ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❢r♦♠ t❤❛t ❢❛❝t t❤❛t ✇❤✐❧❡ t❤❡ q✉❛❞r❛t✉r❡
❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡s ♦❢ t❤❡ ♥✉♠❜❡r st❛t❡s ❛r❡ ③❡r♦ 〈x̂〉 = 〈p̂〉 = 0 t❤❡✐r ✈❛r✐❛♥❝❡ ✐s

✶◆♦♥✲❍❡r♠✐t✐♦♥ ♦♣❡r❛t♦rs ❛r❡ ♥♦t ♦❜s❡r✈❛❜❧❡s✱ ♠❡❛♥✐♥❣ t❤❡② ❞♦ ♥♦t ❝♦rr❡s♣♦♥❞ t♦ ❛ ♠❡❛✲

s✉r❛❜❧❡ q✉❛♥t✐t②



✽ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

♥♦♥✲③❡r♦ ❡✈❡♥ ❢♦r t❤❡ ✈❛❝✉✉♠ st❛t❡ 〈∆x̂2〉 = 〈∆p̂2〉 = n+ 1/2✳

❚❤❡ q✉❛❞r❛t✉r❡ ♦♣❡r❛t♦rs ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ t♦ r❡♣r❡s❡♥t t❤❡ q✉❛❞r❛t✉r❡ q̂θ ❛❧♦♥❣
❛♥② ❛①✐s ✐♥ t❤❡ ♣❤❛s❡ s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ ①✲ ❛♥❞ ♣✲❛①✐s✳ ❲❡ ❝❛❧❧ t❤✐s q✉❛❞r❛✲
t✉r❡ t❤❡ r♦t❛t❡❞ q✉❛❞r❛t✉r❡

q̂θ = cos θ x̂+ sin θ p̂ = 1√
2
(â†eiθ + âe−iθ) ✭✷✳✹✮

❍❡r❡ θ ✐s t❤❡ ❛♥❣❧❡ t♦ ①✲❛①✐s ❛♥❞ s♦ ✇❡ ❝♦♥s✐❞❡r q̂0 = x̂ ❛♥❞ q̂π/2 = p̂✳ ❚❤❡
❡✐❣❡♥st❛t❡s ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ r♦t❛t❡❞ q✉❛❞r❛t✉r❡ ♦♣❡r❛t♦r ✐s t❤❡♥ ✇r✐tt❡♥
❛s |qθ〉 ❛♥❞ q r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ ♣✉r❡ q✉❛♥t✉♠ st❛t❡ |ψ〉 ❝❛♥
t❤❡♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ ♦✈❡r❧❛♣ ✇✐t❤ t❤❡ q✉❛❞r❛t✉r❡ ♦♣❡r❛t♦r ψ(q) = 〈qθ|ψ〉
❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ q✉❛❞r❛t✉r❡ ♣r♦❜❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ❛s Prθ = | 〈qθ|ψ〉 |2✳ ■❢ t❤❡
st❛t❡ ✐s ♠✐①❡❞ t❤❡ q✉❛❞r❛t✉r❡ ♣r♦❜❛❜✐❧✐t② ❤❛s t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ st❛t❡s
❞❡♥s✐t② ♠❛tr✐① Prθ = 〈qθ| ρ̂ |qθ〉✳ ❋♦r t❤❡ ♥✉♠❜❡r st❛t❡s t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥
❢♦r t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✐s

〈qθ|n〉 =
e−inθ

√

2nn!
√
π
Hn(q)e

−q2/2 ✭✷✳✺✮

❆s ✇❡ s❤❛❧❧ s❡❡ ✐♥ s❡❝✳ ✷✳✺✳✶ t❤✐s ❡q✉❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ ♣r♦❥❡❝✲
t✐♦♥ ♦♣❡r❛t♦rs ✐♥ t❤❡ ♥✉♠❜❡r st❛t❡ ❜❛s✐s✳ ❆ ✉s❡❢✉❧ ✇❛② ♦❢ ✈✐s✉❛❧✐③✐♥❣ ❛ q✉❛♥t✉♠
st❛t❡ ✐♥ t❤❡ ①✲♣ ♣❤❛s❡ s♣❛❝❡ ✐s ✉s✐♥❣ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ❬✶✼❪✳ ❚❤❡ ❲✐❣♥❡r
❢✉♥❝t✐♦♥ ♦❢ ❛ q✉❛♥t✉♠ st❛t❡✱ ❞❡✜♥❡❞ ❜② ✐ts ❞❡♥s✐t② ♠❛tr✐① ρ̂✱ ✐s ❣✐✈❡♥ ❞❡✜♥❡❞ ❛s

W (x, p) =
1

2π

∫ ∞

−∞
eiyp

〈

x− y
2

∣

∣ ρ̂
∣

∣x+ y
2

〉

dy ✭✷✳✻✮

■♥ ❣❡♥❡r❛❧ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ♦❢ ❛♥② ♦♣❡r❛t♦r Â ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②
WA(x, p) =

1
2π

∫∞
−∞ eiyp

〈

x− y
2

∣

∣ Â
∣

∣x+ y
2

〉

dy✳ ❯s✐♥❣ t❤❡ ♦✈❡r❧❛♣ ❢♦r♠✉❧❛ tr[ÂB̂] =

2π
∫ ∫

WA(x, p)WB(x, p) dxdy t❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ t❤❡ ♦♣❡r❛t♦r✱ ❝❛❧❝✉❧❛t❡❞

❛s 〈Â〉 = tr[ρ̂Â]✱ ❝❛♥ t❤❡♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✲
✐♦♥✿

〈

Â
〉

= ❚r
[

ρ̂Â
]

= 2π

∫ ∞

−∞

∫ ∞

−∞
W (x, p)WA(x, p) dxdy ✭✷✳✼✮

❙✐♠✐❧❛r t♦ ♥✉♠❜❡r st❛t❡ r❡♣r❡s❡♥t❛t✐♦♥ ✇❡ ❤❡r❡ ♣r❡s❡♥t✱ ✇✐t❤♦✉t ❞❡r✐✈❛t✐♦♥✱ t❤❡
❲✐❣♥❡r ❢✉♥❝t✐♦♥s ♦❢ t❤❡ s❛♠❡ q✉❛♥t✉♠ st❛t❡s ❬✶✺❪❬✶✻❪✿ ❋r♦♠ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥
✐t ✐s ❝❧❡❛r t♦ s❡❡ t❤❛t t❤❡ ✈❛❝✉✉♠ st❛t❡ ✐s ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ ❝❡♥t❡r
♦❢ ♣❤❛s❡ s♣❛❝❡ ✇✐t❤ t❤❡ ✈❛r✐❛♥❝❡ 1/2✱ ♠❡❛♥✐♥❣ t❤❛t ✐s ❛ ♠✐♥✐♠✉♠ ✉♥❝❡rt❛✐♥t②
st❛t❡✳ ❚❤❡ ❝♦❤❡r❡♥t st❛t❡ ✐s t❤❡♥ s✐♠♣❧② ❛ ✈❛❝✉✉♠ st❛t❡ ❞✐s♣❧❛❝❡❞ ✐♥ ♣❤❛s❡
s♣❛❝❡✱ ✇❤✐❧❡ t❤❡ sq✉❡❡③❡❞ ✈❛❝✉✉♠ st❛t❡ ✐s ❛ ✈❛❝✉✉♠ st❛t❡ ✇✐t❤ ✉♥❡q✉❛❧ ✈❛r✐❛♥❝❡s
❛❧♦♥❣ t❤❡ ♣✲ ❛♥❞ ①✲❛①✐s✱ ♠❛❦✐♥❣ ✐t ♥♦♥✲❝❧❛ss✐❝❛❧✳ ❍❡r❡ t❤❡ ✈❛r✐❛♥❝❡ ❛❧♦♥❣ t❤❡
①✲❛①✐s ✐s r❡❞✉❝❡❞ ❜❡❧♦✇ t❤❡ ❝❧❛ss✐❝❛❧ 1/2 ❧✐♠✐t ❜✉t ✇✐t❤ t❤❡ ✈❛r✐❛♥❝❡ ❛❧♦♥❣ t❤❡
♣✲❛①✐s ✐♥❝r❡❛s❡❞ ❛❝❝♦r❞✐♥❣❧② t♦ s❛t✐s❢② t❤❡ ❍❡✐s❡♥❜❡r❣ ✉♥❝❡rt❛✐♥t② r❡❧❛t✐♦♥✳ ❚❤❡
❋♦❝❦ st❛t❡s ❛r❡ ❡✈❡♥ ♠♦r❡ ♥♦♥✲❝❧❛ss✐❝❛❧✱ ❡①❝❡♣t ❢♦r t❤❡ ✈❛❝✉✉♠ st❛t❡✱ t❤❡② ❛❧❧



✷✳✶ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ q✉❛♥t✉♠ st❛t❡s ♦❢ ❧✐❣❤t ✾

❙t❛t❡ W (x, p) ♣❤❛s❡ s♣❛❝❡ ❞✐str✐❜✉t✐♦♥

❱❛❝✉✉♠ W0
1
π exp

(

−x2 − p2
)

❈♦❤❡r❡♥t Wα W0(x− xα, p− pα)

❙q③✳ ✈❛❝✳ Wsqv W0(xe
−r, per)

❋♦❝❦ Wn (−1)nL0
n(2x

2 + 2p2)W0(x, p)

❖❞❞ ❝❛t W+
1

2+2e−2α2

[

W0(x−
√
2α, p) +W0(x+

√
2α, p)

+2W0(x, p) cos
(

2
√
2pα

)

]

❊✈❡♥ ❝❛t W−
1

2−2e−2α2

[

W0(x−
√
2α, p) +W0(x+

√
2α, p)

−2W0(x, p) cos
(

2
√
2pα

)

]

❚❛❜❧❡ ✷✳✷✿ ❲✐❣♥❡r ❢✉♥❝t✐♦♥s ❢♦r t②♣✐❝❛❧ ♦♣t✐❝❛❧ q✉❛♥t✉♠ st❛t❡s

❤❛✈❡ ♥♦♥✲●❛✉ss✐❛♥ ❲✐❣♥❡r ❢✉♥❝t✐♦♥s ❛♥❞ ❤❛✈❡ r❡❣✐♦♥s ✐♥ ♣❤❛s❡ s♣❛❝❡ ✇❤❡r❡ ✐t
✐s ♥❡❣❛t✐✈❡✳ ❚❤✐s ❢❡❛t✉r❡ ✐s ❝❧❡❛r s✐❣♥ ♦❢ t❤❡ q✉❛♥t✉♠ ♥❛t✉r❡ ♦❢ t❤♦s❡ st❛t❡s
❛♥❞ s✐♥❝❡ t❤❡✐r ♣❤♦t♦♥ ♥✉♠❜❡r✱ ❛♥❞ t❤❡r❡❜② ❡♥❡r❣②✱ ✐s ♣r❡❝✐s❡❧② ❞❡✜♥❡❞ t❤❡②
❤❛✈❡ ❛ ❝♦♠♣❧❡t❡❧② ✉♥❞❡✜♥❡❞ ♣❤❛s❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r♦t❛t✐♦♥ s②♠♠❡tr② ✐♥ ♣❤❛s❡
s♣❛❝❡✳ ❇✉t ♥♦t ♦♥❧② t❤❡ ♥✉♠❜❡r st❛t❡s ❝❛♥ ❜❡ ♥♦♥✲●❛✉ss✐❛♥✱ t❤❡ ❡✈❡♥ ❛♥❞ ♦❞❞
❙❝❤rö❞✐♥❣❡r✬s ❝❛t st❛t❡s✱ ❞❡✜♥❡❞ ❛s ❡✈❡♥ N+(|α〉 + |−α〉) ❛♥❞ ♦❞❞ N−(|α〉 −
|−α〉) s✉♣❡r ♣♦s✐t✐♦♥s ♦❢ ❝♦❤❡r❡♥t st❛t❡s ♦♣♣♦s✐t❡ ✐♥ ♣❤❛s❡ s♣❛❝❡✱ ❤❛✈❡ r❡❣✐♦♥s ♦❢
♥❡❣❛t✐✈❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥✳ ❚❤❡s❡ st❛t❡s ❝♦♥t❛✐♥ ❡✐t❤❡r ♦♥❧② ❡✈❡♥ ♦r ♦❞❞ ♣❤♦t♦♥
♥✉♠❜❡r ❝♦♥tr✐❜✉t✐♦♥s✳

❈♦♥✈❡rs✐♦♥ t♦ ♥✉♠❜❡r st❛t❡ ❜❛s✐s

❋r♦♠ ❡q✳ ✷✳✻ ✇❡ ❦♥♦✇ ✐♥ ♣r✐♥❝✐♣❧❡ ❤♦✇ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ♦❢ ❛
q✉❛♥t✉♠ st❛t❡ ❣✐✈❡♥ ✐ts ❞❡♥s✐t② ♠❛tr✐①✳ ❆s ✇❡ s❤❛❧❧ s❡❡ ❧❛t❡r ✐t ✇✐❧❧ ❜❡ ❡q✉❛❧❧②
✉s❡❢✉❧ t♦ ❜❡ ❛❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❞❡♥s✐t② ♠❛tr✐① ❣✐✈❡♥ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥
♦❢ ❛ st❛t❡✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❛t ✐♥ t❤❡ ♥✉♠❜❡r st❛t❡ ❜❛s✐s✱
❡❛❝❤ ♠❛tr✐① ❡❧❡♠❡♥t ♦❢ ρ̂ ✐s ❡q✉❛❧ t♦ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♥✉♠❜❡r st❛t❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r✳ ❯s✐♥❣ ❡q✳✷✳✼ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ✇r✐t❡

ρmn = ❚r [ρ̂ |m〉 〈n|] = 2π

∫ ∞

−∞
W (x, p)Wmn(x, p) dxdy ✭✷✳✽✮



✶✵ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

✇❤❡r❡ Wmn(x, p) t❤❡♥ ✐s t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r |m〉 〈n|✱
✇❤✐❝❤ ❤❛s t❤❡ ❛♥❛❧②t✐❝❛❧ ❢♦r♠

Wmn(x, p) =
1

π
e−x2−p2

(−1)n(x− ip)m−n

√

2m
n!

m!
L(m−n)
n (2x2 + 2p2) ✭✷✳✾✮

✇❤❡r❡ L
(α)
n ✐s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ▲❛❣✉❡rr❡ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ t❤❡ ❡①♣r❡ss✐♦♥ ❜❡✐♥❣

✈❛❧✐❞ ❢♦rm ≥ n✱ ✇✐t❤Wmn(x, p) =W ∗
nm(x, p) s②♠♠❡tr② ❢♦rm < n✳ ■❢ ✇❡ ♦♥ t❤❡

♦t❤❡r ❤❛♥❞ ❛r❡ ✐♥ ♣♦ss❡ss✐♦♥ ♦❢ t❤❡ ❞❡♥s✐t② ♠❛tr✐①✱ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ♥✉♠❜❡r st❛t❡
❜❛s✐s✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ❜② ✐♥s❡rt✐♥❣ ρ̂ =

∑

m,n ρmn |m〉 〈n|
❞✐r❡❝t❧② ✐♥t♦ ❡q✳ ✷✳✻ t♦ ❣❡t

W (x, p) =
∑

m,n

ρmnWmn(x, p) ✭✷✳✶✵✮

❆s ✇❡ s❤❛❧❧ s❡❡ ❧❛t❡r ✐♥ s❡❝✳ ✷✳✺✱ t❤✐s ✇✐❧❧ ❜❡ t❤❡ ❝❛s❡ ✇❤❡♥ ✇❡ ♣❡r❢♦r♠ q✉❛♥t✉♠
st❛t❡ r❡❝♦♥str✉❝t✐♦♥ ✉s✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❛❧❣♦r✐t❤♠✱ ✇❤❡r❡ t❤❡ ♦✉t✲
❝♦♠❡ ✐s ❡①❛❝t❧② t❤❡ ❞❡♥s✐t② ♠❛tr✐① ✐♥ t❤❡ ♥✉♠❜❡r st❛t❡ ❜❛s✐s ❛♥❞ s♦ ✇❡ ✇✐❧❧ ❛♣✲
♣❧② ❡q✳ ✷✳✶✵ t♦ ♦❜t❛✐♥ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ r❡❝♦♥str✉❝t❡❞ st❛t❡✳ ❑♥♦✇✐♥❣
t❤❛t t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ ❛ ❞❡♥s✐t② ♠❛tr✐① ❝♦♥t❛✐♥s t❤❡ ♣❤❛s❡ ✐♥❢♦r♠❛✲
t✐♦♥ ❛❜♦✉t t❤❡ st❛t❡ ❛♥❞ t❤❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ❤❛s ✉♥❞❡✜♥❡❞
♣❤❛s❡✱ ✇❡ ❡①♣❡❝t t❤❛t W (0, 0) s❤♦✉❧❞ ♦♥❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢
t❤❡ ❞❡♥s✐t② ♠❛tr✐①✳ ❚❤✐s ✐s ❡①❛❝t❧② t❤❡ ❝❛s❡✱ s✐♥❝❡ Wmn(0, 0) =

1
π δmn(−1)m s♦

t❤❛t W (0, 0) = 1
π

∑

n(−1)nρnn ❛♥❞✱ ❛s ✇❡ s❤❛❧❧ s❡❡ ✐♥ s❡❝✳ ✹✳✷✳✷✱ t❤✐s ❡①♣r❡ss✐♦♥
❝❛♥ ❜❡ ✉s❡❢✉❧ ✇❤❡♥ ♣❡r❢♦r♠✐♥❣ ♦♣t✐♠✐③✐♥❣ ♦❢ ❛ ♣❛r❛♠❡t❡r ✐♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥
♣r♦❝❡ss ✉s✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❛s ❛ ❜❡♥❝❤♠❛r❦✳

✷✳✶✳✸ ❋✐❞❡❧✐t② ❛♥❞ tr❛❝❡ ❞✐st❛♥❝❡

❚❤❡ ✜❞❡❧✐t② ❋ ❜❡t✇❡❡♥ t✇♦ q✉❛♥t✉♠ st❛t❡s ρ̂1 ❛♥❞ ρ̂2 ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡✐r
❝❧♦s❡♥❡ss ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ t❛❦❡s t❤❡ ✈❛❧✉❡ 0 ≤ F (ρ̂1, ρ̂2) ≤ 1✳ ❆ ✜❞❡❧✐t②
♦❢ ❡✐t❤❡r ✵ ♦r ✶ ❝♦rr❡s♣♦♥❞s t♦ ρ̂1 ❛♥❞ ρ̂2 ❜❡✐♥❣ ❡✐t❤❡r ♦rt❤♦❣♦♥❛❧ ♦r ✐❞❡♥t✐❝❛❧
st❛t❡s r❡s♣❡❝t✐✈❡❧②✳ ■❢ ρ̂1 = |ψ1〉 〈ψ1| ❛♥❞ ρ̂2 = |ψ2〉 〈ψ2| ❛r❡ ❜♦t❤ ♣✉r❡ st❛t❡s✱
t❤❡ ✜❞❡❧✐t② ✐s ❞❡✜♥❡❞ ❛s F (ψ1, ψ2) = | 〈ψ1|ψ2〉 |2✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ❣❡♥❡r❛❧✐③❡s
t♦ t❤❡ ❝❛s❡ ♦❢ ❡✐t❤❡r st❛t❡ ❜❡✐♥❣ ✐♠♣✉r❡✱ s♦ t❤❛t ✐❢ ρ̂2 ✐s ❛♥ ✐♠♣✉r❡ st❛t❡ t❤❡
✜❞❡❧✐t② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s F (ψ1, ρ̂2) = 〈ψ1| ρ̂′2 |ψ1〉✳ ❋♦r ❜♦t❤ ❝❛s❡s t❤❡ ✜❞❡❧✐t②
❝❛♥ ❡q✉✐✈❛❧❡♥t❧② ❜❡ ✇r✐tt❡♥ ❛s F = ❚r [ρ̂1ρ̂2]✳ ■❢ ❜♦t❤ st❛t❡s ❛r❡ ✐♠♣✉r❡ t❤❡
❣❡♥❡r❛❧✐③❛t✐♦♥ ❞♦❡s ♥♦t ❤♦❧❞ ❛♥❞ ✐♥st❡❛❞ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥ ♠✉st ❜❡
✉s❡❞✳ ■♥ ❬✶✽❪ ❏♦③s❛ ❞❡✜♥❡s t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r s✉❝❤ ❛♥ ❡①♣r❡ss✐♦♥ ❛♥❞
t❤❡♥ ♣r♦✈❡s t❤❛t t❤❡ ✬tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t②✬ ❢♦r♠✉❧❛ ❢r♦♠ ❬✶✾❪ s❛t✐s❢② t❤❡♠✳ ❚❤❡
❢♦r♠✉❧❛ ✐s ✇r✐tt❡♥ ❛s

F (ρ̂1, ρ̂2) = ❚r

[
√

√

ρ̂1ρ̂2
√

ρ̂1

]2

✭✷✳✶✶✮



✷✳✶ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ q✉❛♥t✉♠ st❛t❡s ♦❢ ❧✐❣❤t ✶✶

✇❤❡r❡
√
M ✐s t❤❡ ♠❛tr✐① sq✉❛r❡ r♦♦t ❞❡✜♥❡❞ ❛s

√
M

√
M =M ✳ ❋r♦♠ t❤❡ ❲✐❣♥❡r

❢✉♥❝t✐♦♥s t❤❡ ✜❞❡❧✐t② ❜❡t✇❡❡♥ ❛ ♣✉r❡ |ψ1〉 ❛♥❞ ✐♠♣✉r❡ ρ̂2 st❛t❡ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞
✐♥ t❤❡ s❛♠❡ ✇❛② ✉s✐♥❣ ❡q✳ ✷✳✼

F (ψ1, ρ2) = ❚r [|ψ1〉 〈ψ1| ρ̂2] = 2π

∫ ∞

−∞

∫ ∞

−∞
W1(x, p)W2(x, p) dxdy ✭✷✳✶✷✮

✇❤❡r❡ W1 ❛♥❞ W2 ❛r❡ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥s ♦❢ t❤❡ st❛t❡s✳

❚r❛❝❡ ❞✐st❛♥❝❡

❆♥♦t❤❡r ✉s❡❢✉❧ ♠❡tr✐❝ ❢♦r ❝♦♠♣❛r✐♥❣ t✇♦ q✉❛♥t✉♠ st❛t❡s ✐s t❤❡ tr❛❝❡ ❞✐st❛♥❝❡
❚✱ ✇❤✐❝❤ s✐♠✐❧❛r t♦ t❤❡ ✜❞❡❧✐t②✱ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❞✐st✐♥❣✉✐s❤❛❜❧② ♦❢ ❜❡t✇❡❡♥
t✇♦ q✉❛♥t✉♠ st❛t❡s ❛♥❞ t❛❦❡s t❤❡ ✈❛❧✉❡ 0 ≤ T (ρ̂1, ρ̂2) ≤ 1✳ ❈♦♠♣❛r❡❞ t♦ t❤❡
✜❞❡❧✐t② ♦❢ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ tr❛❝❡ ❞✐st❛♥❝❡ ✐s r❡✈❡rs❡❞✱ s♦ t❤❛t ❛ ✈❛❧✉❡ ♦❢
✵ ♦r ✶ ❝♦rr❡s♣♦♥❞s t♦ ✐❞❡♥t✐❝❛❧ ♦r ♦rt❤♦❣♦♥❛❧ st❛t❡s r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ❞❡✜♥❡❞ ❛s
❤❛❧❢ ♦❢ t❤❡ tr❛❝❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ st❛t❡s ❬✷✵❪ T (ρ̂1, ρ̂2) =

1
2 ||ρ̂1 − ρ̂2||tr✱

✇❤✐❝❤ ❢♦r ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s r❡❞✉❝❡s t♦

T (ρ̂1, ρ̂2) =
1
2❚r

[

√

(ρ̂1 − ρ̂2)2
]

✭✷✳✶✸✮

❍❡r❡ ||M ||tr ✐s t❤❡ tr❛❝❡ ♥♦r♠ ❞❡✜♥❡❞ ❛s ||M ||tr =
√
M†M ✳ ❚❤❡ tr❛❝❡ ❞✐s✲

t❛♥❝❡ ✐s ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ✜❞❡❧✐t② t❤r♦✉❣❤ t❤❡ ❋✉❝❤s✲✈❛♥ ❞❡ ●r❛❛❢ ✐♥❡q✉❛❧✐t②
1 −

√

F (ρ̂1, ρ̂2) ≤ T (ρ̂1, ρ̂2) ≤
√

1− F (ρ̂1, ρ̂2)✱ ✇❤❡r❡ ✐t ♣r♦✈✐❞❡s ✉s❡❢✉❧ ✉♣♣❡r
❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦❢ t❤❡ ✜❞❡❧✐t②✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ ❡✐t❤❡r st❛t❡s ❜❡✐♥❣ ♣✉r❡✱ t❤❡
✐♥❡q✉❛❧✐t② r❡❞✉❝❡s t♦ 1− F (ψ1, ρ̂2) ≤ T (ψ1, ρ̂2) ❬✷✶❪✳

✷✳✶✳✹ ▲♦ss ♠♦❞❡❧

▼♦st ❧✐♥❡❛r ❧♦ss ♠❡❝❤❛♥✐s♠s ❛❝t✐♥❣ ♦♥ ❛ s✐❣♥❛❧ st❛t❡ ✐s ♠♦❞❡❧❧❡❞ ❛s st❛t❡ ρ̂
❜❡✐♥❣ tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ ❛ ❜❡❛♠s♣❧✐tt❡r ✇✐t❤ ✈❛❝✉✉♠ ❛s ✐ts ♦t❤❡r ✐♥♣✉t ❛♥❞ ❛
tr❛♥s♠✐tt❛♥❝❡ T = η ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧♦ss✳ ❚❤❡ r❡s✉❧t ✐s t❤❛t t❤❡ s✐❣♥❛❧ st❛t❡
✐♥t❡♥s✐t② ✐s r❡❞✉❝❡❞ ❜② η ✇❤✐❧❡ t❤❡ s✐❣♥❛❧ ♠♦❞❡ ✐s ❛❞♠✐①❡❞ ✇✐t❤ 1− η ✈❛❝✉✉♠✳
❚❤❡ ❡✛❡❝t ♦❢ ✐♥t❡r❢❡r✐♥❣ t✇♦ ♠♦❞❡ ♦♣❡r❛t♦rs â1 ❛♥❞ â2 ♦♥ ❛ ❜❡❛♠s♣❧✐tt❡r ✐s
t②♣✐❝❛❧❧② ✇r✐tt❡♥ ❛s

(

b̂1
b̂2

)

=

( √
T

√
1− T

−
√
1− T

√
T

)(

â1
â2

)

♦r ✭✷✳✶✹✮

= B̂†(T )

(

â1
â2

)

B̂(T ) ✭✷✳✶✺✮



✶✷ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

✇✐t❤ B̂(T ) = exp
[

arccos
(√

T
)

(â1â
†
2 − â†1â2)

]

❜❡✐♥❣ t❤❡ ❜❡❛♠s♣❧✐tt❡r ♦♣❡r❛t♦r✳

■♥ t❤❡ ❞❡♥s✐t② ♠❛tr✐① ♣✐❝t✉r❡ t❤❡ ❧♦ss ✐s t❤❡♥ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ♣❛rt✐❛❧ tr❛❝❡ ♦✈❡r
t❤❡ tr❛♥s♠✐tt❡❞ ✈❛❝✉✉♠ ♠♦❞❡ v′ ❛❢t❡r tr❛♥s❢♦r♠❛t✐♦♥ ❜② t❤❡ ❜❡❛♠s♣❧✐tt❡r

ρ̂′s′ = ❚rv′

[

B̂†(η)ρ̂s ⊗ |0〉v 〈0|v B̂(η)
]

✭✷✳✶✻✮

❚❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ♦❢ ρ̂′ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❇❡r♥♦✉❧❧✐
tr❛♥s❢♦r♠❛t✐♦♥ ❬✷✷❪

(ρ̂′)mn = 〈m| ρ̂′s |n〉 =
∞
∑

k=0

Bm+k,m(η)Bn+k,n(η) 〈m+ k| ρ̂s |n+ k〉 ✭✷✳✶✼✮

✇❤❡r❡ Bm+k,m(η) =
√

(

n+k
k

)

ηn(1− η)k ✐s t❤❡ ❜✐♥♦♠✐❛❧ ❞✐str✐❜✉t✐♦♥✳ ■♥ t❤❡

❲✐❣♥❡r ❢✉♥❝t✐♦♥ ♣✐❝t✉r❡ ❧✐♥❡❛r ❧♦ss η ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞ ❛s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡
st❛t❡ ✇✐t❤ ❛ ❝♦♠♣❧❡① ●❛✉ss✐❛♥ Gσ ✇✐t❤ ✈❛r✐❛♥❝❡ σ =

√

(1− η)/2η

W ′
s(x, p) =

1

η
(Ws ◦Gσ)

(

x√
η ,

p√
η

)

✭✷✳✶✽✮

✷✳✷ ❙q✉❡❡③❡❞ ❧✐❣❤t

❋✐rst ♦❜s❡r✈❡❞ ❜② ❙❧✉s❤❡r ❡t ❛❧✳ ✐♥ ✶✾✽✺✱ sq✉❡❡③❡❞ ❧✐❣❤t ✐s ♣❡r❤❛♣s t❤❡ ♠♦st
❢✉♥❞❛♠❡♥t❛❧ r❡s♦✉r❝❡ ❢♦r ❈❱ q✉❛♥t✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✐♥❣ ✭❈❱◗■P✮ ❛♥❞
❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ❢❛❝✐❧✐t❛t❡ q✉❛♥t✉♠ ✐♠♣r♦✈❡❞ ♣r♦t♦❝♦❧s ❛❝r♦ss ❛❧❧ t❤r❡❡ ✜❡❧❞s
♦❢ q✉❛♥t✉♠ ❝♦♠♣✉t❛t✐♦♥✱ s❡♥s✐♥❣ ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❋♦r ❛ ❞❡t❛✐❧❡❞ r❡✈✐❡✇
♦❢ t❤❡ ❤✐st♦r② ♦❢ sq✉❡❡③❡❞ ❧✐❣❤t ❛♥❞ ✐ts ✐♠♣♦rt❛♥❝❡✱ s❡❡ t❤❡ ❡①❝❡❧❧❡♥t r❡✈✐❡✇ ❜②
❆♥❞❡rs❡♥ ❡t ❛❧✳ ❬✷✸❪✳ ▼❛t❤❡♠❛t✐❝❛❧❧② sq✉❡❡③✐♥❣ ✐s ❡①♣r❡ss❡❞ ❜② t❤❡ sq✉❡❡③✐♥❣
♦♣❡r❛t♦r

Ŝ(ξ) = exp
(

ξ
2 â

†2 − ξ∗

2 â
2
)

✭✷✳✶✾✮

❆ sq✉❡❡③❡❞ ✈❛❝✉✉♠ st❛t❡✱ |ξ〉 = Ŝ(ξ) |0〉✱ ✐s ❛ ❝♦♠♠♦♥ st❛rt✐♥❣ ♣♦✐♥t ♦❢ ♠❛♥②
❈❱◗■P ♣r♦t♦❝♦❧s✱ ✐♥❝❧✉❞✐♥❣ ♦✉r ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ ❛♥❞ ❞✐str✐❜✉t❡❞ s❡♥s✐♥❣
♣r♦❥❡❝ts✱ s✐♥❝❡ ✐t ❝❛♥ r❡❛❞✐❧② ❜❡ ❣❡♥❡r❛t❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✳ ■t ❤❛s t❤❡ ♣r♦♣❡rt✐❡s
♦❢ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ t❤❡ q✉❛❞r❛t✉r❡ ♦♣❡r❛t♦r ❜❡✐♥❣ ③❡r♦ ∆q̂θ = 0 ❢♦r ❛♥②
sq✉❡❡③✐♥❣ r❛t❡ ❛♥❞ ❛❧♦♥❣ ❛♥② q✉❛❞r❛t✉r❡ ❛♥❣❧❡✱ s✐♠✐❧❛r t♦ t❤❡ ✈❛❝✉✉♠ st❛t❡✱
✇❤✐❧❡ t❤❡ ✈❛r✐❛♥❝❡ ✐s ✧sq✉❡❡③❡❞✧

〈

∆x̂2
〉

= 1
2e

−2r ❛♥❞ ✧❛♥t✐sq✉❡❡③❡❞✧
〈

∆p̂2
〉

=
1
2e

2r ❛❧♦♥❣ ♦rt❤♦❣♦♥❛❧ q✉❛❞r❛t✉r❡ ❛♥❣❧❡s ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ✈❛❝✉✉♠ st❛t❡✳



✷✳✷ ❙q✉❡❡③❡❞ ❧✐❣❤t ✶✸

●❡♥❡r❛t✐♦♥

❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ sq✉❡❡③✐♥❣ ♦♣❡r❛t♦r ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ t❤r♦✉❣❤ ❛ t②♣❡✲✵
❞❡❣❡♥❡r❛t❡ ♣❛r❛♠❡tr✐❝ ❞♦✇♥✲❝♦♥✈❡rs✐♦♥ ♣r♦❝❡ss ❬✶✺❪✳ ❙✉❝❤ ❛ ♣r♦❝❡ss ❝❛♥ ❜❡
♣❤②s✐❝❛❧❧② r❡❛❧✐③❡❞ ❜② tr❛♥s♠✐tt✐♥❣ ❛ ♣✉♠♣ ✜❡❧❞ ❛t ❢r❡q✉❡♥❝② 2ω t❤r♦✉❣❤ ❛
s❡❝♦♥❞✲♦r❞❡r ♥♦♥❧✐♥❡❛r ♠❡❞✐✉♠✱ ✐♥ ♦r❞❡r t♦ ❞♦✇♥✲❝♦♥✈❡rt ❛ ♣❤♦t♦♥ ❢r♦♠ t❤❡
♣✉♠♣ ✜❡❧❞ ✐♥t♦ ❛ ♣❤♦t♦♥ ♣❛✐r ✐♥ ❛ s✐❣♥❛❧ ✜❡❧❞ ❛t ❢r❡q✉❡♥❝② ω✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥
❢♦r s✉❝❤ ❛ ♣r♦❝❡ss ✐s

Ĥ = ~ω0â
†â+ 2~ω0b̂

†b̂+ i~χ(2)
(

â2b̂† − â†2b̂
)

✭✷✳✷✵✮

✇❤❡r❡ ❛ ❛♥❞ ❜ ❞❡♥♦t❡s t❤❡ s✐❣♥❛❧ ❛♥❞ ♣✉♠♣ ✜❡❧❞ ♠♦❞❡s r❡s♣❡❝t✐✈❡❧② ❛♥❞ χ(2)

✐s t❤❡ s❡❝♦♥❞✲♦r❞❡r ♥♦♥❧✐♥❡❛r s✉s❝❡♣t✐❜✐❧✐t② ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♠❡❞✐✉♠ ❛❧♦♥❣ t❤❡
❞✐r❡❝t✐♦♥ ♦❢ ♣✉♠♣ ✜❡❧❞ ♣r♦♣❛❣❛t✐♦♥✱ ♦❢t❡♥ s✐♠♣❧② ❝❛❧❧❡❞ t❤❡ ♥♦♥❧✐♥❡❛r✐t②✳ ■t ✐s
❛ss✉♠❡❞ t❤❛t t❤❡ ♣✉♠♣ ✜❡❧❞ ✐s ❛ str♦♥❣ ❝♦❤❡r❡♥t ✜❡❧❞✱ s♦ t❤❛t ✐t ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞
❝❧❛ss✐❝❛❧❧② ❛s βe−i2ωt✳ ❖♥❡ ❝❛♥ t❤❡♥ ✇r✐t❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐♥ t❤❡ ✐♥t❡r❛❝t✐♦♥
♣✐❝t✉r❡ ❛s Ĥint = i~χ(2)

(

β∗â2 − βâ†2
)

s♦ t❤❛t t❤❡ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r Û(t) t❛❦❡s
t❤❡ ❢♦r♠ ♦❢ t❤❡ sq✉❡❡③✐♥❣ ♦♣❡r❛t♦r

Û(t) = e−iĤintt/~ = eχ
(2)(β∗â2−βâ†2)t = Ŝ(ξ) ✭✷✳✷✶✮

✇✐t❤ ξ = 2χ(2)βt✳ ❍❡r❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ t✐♠❡ t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥
❧❡♥❣t❤✱ t❤❛t ✐s t❤❡ ♣❤②s✐❝❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ♠❡❞✐✉♠✳ ■t ✐s t❤❡r❡❢♦r❡ ❝❧❡❛r
t❤❛t ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ str♦♥❣ sq✉❡❡③✐♥❣✱ ♦♥❡ ♥❡❡❞s t♦ ♠❛✐♥t❛✐♥ ❛ str♦♥❣ ♣✉♠♣
✜❡❧❞ t❤r♦✉❣❤ ❛ ❧♦♥❣ ♣✐❡❝❡ ♦❢ ♠❛t❡r✐❛❧ ✇✐t❤ ❤✐❣❤ ♥♦♥❧✐♥❡❛r✐t②✳

✷✳✷✳✶ ❖♣t✐❝❛❧ ♣❛r❛♠❡tr✐❝ ♦s❝✐❧❧❛t♦r

❙✐♥❝❡ χ(2) ✐s s♠❛❧❧ ❢♦r ♠♦st ♦♣t✐❝❛❧ ♠❛t❡r✐❛❧s t❤❡ sq✉❡❡③✐♥❣ ❧❡✈❡❧s ♦❜t❛✐♥❛❜❧❡
❜② ❛ s✐♠♣❧❡ s✐♥❣❧❡✲♣❛ss s❡t✉♣ ♦❢ t❤❡ ♣✉♠♣ ✜❡❧❞ t❤r♦✉❣❤ t❤❡ ♥♦♥❧✐♥❡❛r ♠❛t❡r✐❛❧
✈❡r② ✐s ❧♦✇✳ P✉❧s❡❞ ❧✐❣❤t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝✐r❝✉♠✈❡♥t t❤✐s ✐ss✉❡✱ ❜✉t t♦ ❣❡♥❡r❛t❡
❛ ❝♦♥t✐♥✉♦✉s ✇❛✈❡ sq✉❡❡③❡❞ ✜❡❧❞✱ t❤❡ ❞♦♠✐♥❛♥t s♦❧✉t✐♦♥ ❤❛s ❜❡❡♥ t♦ ♣❧❛❝❡ t❤❡
♥♦♥❧✐♥❡❛r ♠❛t❡r✐❛❧ ✐♥s✐❞❡ ❛♥ ♦♣t✐❝❛❧ ❝❛✈✐t② ❛t r❡s♦♥❛♥❝❡ ✇✐t❤ t❤❡ ❞♦✇♥✲❝♦♥✈❡rt❡❞
✜❡❧❞s✳



✶✹ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

❋✐❣✉r❡ ✷✳✶✿ ❙❝❤❡♠❛t✐❝ ♦❢ ❖P❖ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs

❋♦r ❛♥ ♦♣t✐❝❛❧ ❝❛✈✐t② t❤❡ r❡s♦♥❛♥❝❡ s♣❡❝tr✉♠ ❝♦♥s✐st ♦❢ ❛ ❝♦♠❜ ♦❢ ▲♦r❡♥t③✐❛♥
s❤❛♣❡❞ r❡s♦♥❛♥❝❡ ♣❡❛❦s✱ ❝❡♥tr❡❞ ❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝② ω0 ❛♥❞ ✇✐t❤ s♣❛❝✲
✐♥❣ ∆ω = 2π/tcav ❝❛❧❧❡❞ t❤❡ ❢r❡❡ s♣❡❝tr❛❧ r❛♥❣❡ ♦❢ t❤❡ ❝❛✈✐t②✱ ✇❤❡r❡ tcav = lcav/c
✐s t❤❡ r♦✉♥❞✲tr✐♣ t✐♠❡ ❛♥❞ lcav ✐s ♦♣t✐❝❛❧ ❝❛✈✐t② r♦✉♥❞✲tr✐♣ ❧❡♥❣t❤✳ ❚❤❡ ❤❛❧❢✲✇✐❞t❤
❛t ❤❛❧❢✲♠❛①✐♠✉♠ ✭❍❲❍▼✮ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ♣❡❛❦s ✐s ❝❛❧❧❡❞ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢
t❤❡ ❝❛✈✐t② ❛♥❞ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❞❡❝❛② r❛t❡ γ ♦❢ t❤❡ ❝✐r❝✉❧❛t✐♥❣ ✜❡❧❞ ❛♥❞ ✐s ♣r♦✲
♣♦rt✐♦♥❛❧ t♦ t❤❡ t♦t❛❧ r♦✉♥❞✲tr✐♣ ❧♦ss r✳ ❚❤❡ t✇♦ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♥❣ ❢❛❝t♦rs ❝❛♥
❜❡ t❤♦✉❣❤t ♦❢ ❛s t❤❡ ♦✉t♣✉t ❝♦✉♣❧❡r tr❛♥s♠✐tt❛♥❝❡ T1 ❛♥❞ t❤❡ ✐♥tr❛✲❝❛✈✐t② ❧♦ss❡s
L✱ s♦ t❤❛t r =

√
1− T1

√
1− L✳ ❊❛❝❤ ❧♦ss ❢❛❝t♦r ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❜❛♥❞✇✐❞t❤

❛s γ1 = (1 −√
1− T1)/tcav ≈ T1/2tcav ❛♥❞ γ2 = (1 −

√
1− L)/tcav ≈ L/2tcav✱

❢♦r T1,L ≪ 1✱ s♦ t❤❛t t❤❡ t♦t❛❧ ❞❡❝❛② r❛t❡ γ = γ1 + γ2 ✐s t❤❡ ❍❲❍▼ ❜❛♥❞✇✐t❤
♦❢ t❤❡ ❝❛✈✐t②✳

❚♦ ♠♦❞❡❧ t❤❡ ❖P❖ ❜❡❤❛✈✐♦✉r ✇❡ ✉s❡ t❤❡ ✜❡❧❞ ♦♣❡r❛t♦rs ✐♥ ❜♦t❤ t✐♠❡ ❛♥❞ ❢r❡✲
q✉❡♥❝② ❞♦♠❛✐♥✳ ■♥ ❛ ❢r❛♠❡ r♦t❛t✐♥❣ ✇✐t❤ t❤❡ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝② ω0 t❤❡ t✇♦
❞♦♠❛✐♥s ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② t❤❡ s②♠♠❡tr✐❝ ❋♦✉r✐❡r tr❛♥s❢♦r♠❛t✐♦♥ ❛s

â(ω) =
1√
2π

∫ ∞

−∞
eiωtâ(t) dt ✭✷✳✷✷✮

â(t) =
1√
2π

∫ ∞

−∞
e−iωtω̂(t) dω ✭✷✳✷✸✮

❯s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦❢ t❤❡ ✐♥tr❛✲❝❛✈✐t② ✜❡❧❞ âcav ❛s ❛♥ ❛♥s❛t③ ✇❡ ❝❛♥
❞❡r✐✈❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❝❛✈✐t② ♦✉t♣✉t ♠♦❞❡ âout✱ ❢r♦♠ ✇❤✐❝❤ ✇❡
❝❛♥ ❞❡r✐✈❡ t❤❡ q✉❛❞r❛t✉r❡ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❧② t❤❡ ♠❛✐♥
r❡s✉❧ts ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞✱ ✇❤✐❧❡ t❤❡ ❢✉❧❧ ❞❡r✐✈❛t✐♦♥ ❝❛♥ ❜❡ ❢♦❧❧♦✇❡❞ ✐♥ ❬✷✹❪ ❛♥❞
♦r✐❣✐♥❛❧❧② ✐♥ ❬✷✺❪✳ ❯s✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs s❤♦✇♥ ✐♥ ✜❣✳ ✷✳✶ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥
✐♥ t❤❡ ❍❡✐s❡♥❜❡r❣ ♣✐❝t✉r❡ ✐s

dâcav(t)

dt
= ǫeiφâ†cav(t)− γâcav(t) +

√

2γ1âin(t) +
√

2γ1âvac(t) ✭✷✳✷✹✮



✷✳✷ ❙q✉❡❡③❡❞ ❧✐❣❤t ✶✺

✇❤❡r❡ ǫ = χ(2)|β| = γ
√

Pp/Pthr ✐s t❤❡ ♣✉♠♣ r❛t❡ ❛♥❞ φ ✐s t❤❡ ♣✉♠♣ ♣❤❛s❡
♦✛s❡t✳ ❚❤❡ ❖P❖ t❤r❡s❤♦❧❞ ❝♦♥❞✐t✐♦♥ ✐s t❤❡♥ ǫ = γ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝❛✈✐t②
✜❡❧❞ ❜✉✐❧❞✐♥❣ ❢❛st❡r t❤❡♥ ✐t ❞❡❝❛②s✳ ❆❜♦✈❡ t❤r❡s❤♦❧❞ ✭ǫ > γ✮ t❤❡ ❝❛✈✐t② ♦✉t♣✉t
✜❡❧❞ ✇✐❧❧ ❤❛✈❡ ❛ ❝♦❤❡r❡♥t ❛♠♣❧✐t✉❞❡ ❛♥❞ s❤♦✇ s✐♠♣❧❡ P♦✐ss♦♥✐❛♥ st❛t✐st✐❝s✱ ✇❤✐❧❡
✐❢ t❤❡ ❖P❖ ✐s ♣✉♠♣❡❞ ❜❡❧♦✇ ✐ts t❤r❡s❤♦❧❞ ✭ǫ < γ✮ t❤❡ ♦✉t♣✉t ✜❡❧❞ ✇✐❧❧ s❤♦✇
s✉❜✲P♦✐ss♦♥✐❛♥ st❛t✐st✐❝s✱ ❛❧❧♦✇✐♥❣ ❢♦r sq✉❡❡③✐♥❣ t♦ ❜❡ ♦❜s❡r✈❡❞✳ ❯s✐♥❣ t❤❛t
âin + âout =

√
2γ1âcav t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ❝❛♥ ❜❡ s♦❧✈❡❞✱ ②✐❡❧❞✐♥❣ t❤❡ t✐♠❡

❞♦♠❛✐♥ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♦✉t♣✉t ✜❡❧❞ ♦♣❡r❛t♦r

〈â(t)â(t′)〉 = ǫγ1e
iφ

2

(

e−(γ−ǫ)|t−t′|

γ − ǫ
+
e−(γ+ǫ)|t−t′|

γ + ǫ

)

✭✷✳✷✺✮

〈

â†(t)â(t′)
〉

=
ǫγ1
2

(

e−(γ−ǫ)|t−t′|

γ − ǫ
− e−(γ+ǫ)|t−t′|

γ + ǫ

)

✭✷✳✷✻✮

❍❡r❡ t❤❡ ♦✉t♣✉t ♠♦❞❡ s✉❜s❝r✐♣t ❤❛s ❜❡❡♥ ❞r♦♣♣❡❞ ❢♦r s✐♠♣❧✐❝✐t②✳ ❯s✐♥❣ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ① ❛♥❞ ♣ q✉❛❞r❛t✉r❡ ♦♣❡r❛t♦rs ❢r♦♠ ❡q✳ ✷✳✸ t❤❡✐r t✐♠❡ ❞♦♠❛✐♥
❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✉s✐♥❣ t❤❡ ✜❡❧❞ ❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s ❛❜♦✈❡✳
❙❡tt✐♥❣ φ = π/2 ❢♦r s✐♠♣❧✐❝✐t②✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛♥ ❛♠♣❧✐t✉❞❡ sq✉❡❡③❡❞ st❛t❡✱
✇❡ ✜♥❞ t❤❛t

〈x̂(t)x̂(t′)〉 = δ(t− t′)

2
− 〈â(t)â(t′)〉+

〈

â†(t)â(t′)
〉

=
δ(t− t′)

2
+

γ1ǫ

γ + ǫ
e−(γ+ǫ)|t−t′| ✭✷✳✷✼✮

=
δ(t− t′)

2
+ 〈: x̂(t)x̂(t′) :〉

〈p̂(t)p̂(t′)〉 = δ(t− t′)

2
+ 〈â(t)â(t′)〉+

〈

â†(t)â(t′)
〉

=
δ(t− t′)

2
+

γ1ǫ

γ − ǫ
e−(γ−ǫ)|t−t′| ✭✷✳✷✽✮

=
δ(t− t′)

2
+ 〈: p̂(t)p̂(t′) :〉

❍❡r❡ : . : ❞❡♥♦t❡s t❤❡ ♥♦r♠❛❧✲♦r❞❡r❡❞ ❢♦r♠✱ ✇❤✐❝❤ ✐s ✉s❡❢✉❧ t♦ ✇♦r❦ ✇✐t❤ s✐♥❝❡ ✐t

❞♦❡s ♥♦t ✐♥❝❧✉❞❡ t❤❡ δ(t−t′)
2 ✈❛❝✉✉♠ t❡r♠✳ ❯s✐♥❣ t❤❡ ❲✐❡♥❡r✲❑❤✐♥t❝❤✐♥❡ t❤❡♦r❡♠

✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ q✉❛❞r❛t✉r❡ ♣♦✇❡r s♣❡❝tr✉♠ S(ω) ❛s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢
t❤❡ q✉❛❞r❛t✉r❡ ❛✉t♦✲❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥ Sq(ω) =

∫∞
∞ 〈q̂(τ)q̂(0)〉 eiωt dτ ✱ ✇❤❡r❡

〈q̂(τ)q̂(0)〉 ✐s s✐♠♣❧② 〈q̂(t)q̂(t′)〉 ❢♦r τ = t− t′ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦rr❡❧❛t✐♦♥s ♦❢
t❤❡ ❝♦♥t✐♥✉♦✉s ❖P❖ ♦✉t♣✉t ✜❡❧❞ ❜❡✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ♦♥ t❤❡ t✐♠❡ ♦❢ ❞❛②✳ ■♥s❡rt✐♥❣
❡q✳ ✷✳✷✼ ❛♥❞ ✷✳✷✽ ✇❡ ♦❜t❛✐♥ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t✐❡s ♦❢ t❤❡ q✉❛❞r❛t✉r❡ ♦♣❡r❛t♦rs



✶✻ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

♦❢ t❤❡ ❖P❖ ♦✉t♣✉t ✜❡❧❞

Sx(ω) =
1

2
− 2ǫγ1

(γ + ǫ)2 + ω2
=

1

2
− 2ηǫγ

(γ + ǫ)2 + ω2
✭✷✳✷✾✮

Sp(ω) =
1

2
+

2ǫγ1
(γ − ǫ)2 + ω2

=
1

2
+

2ηǫγ

(γ − ǫ)2 + ω2
✭✷✳✸✵✮

■♥ t❤❡ ✜♥❛❧ ❢♦r♠ t❤❡ ♦✉t♣✉t ❝♦✉♣❧❡r t❡r♠ γ1 ❤❛✈❡ ❜❡❡♥ r❡♣❧❛❝❡❞ ❜② ❛♥ ❡✣❝✐❡♥❝②
t❡r♠ η ❛♥❞ t❤❡ t♦t❛❧ ❖P❖ ❞❡❝❛② r❛t❡✳ ❋r♦♠ t❤❡r❡ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✇❤❡♥ η =
1 t❤❡ ♦✉t♣✉t st❛t❡ ✐s ♣✉r❡ s✐♥❝❡ t❤❡ ♣r♦❞✉❝t SxSp = 1/4 s❛t✉r❛t❡s t❤❡ ❍❡✐s❡♥❜❡r❣
✉♥❝❡rt❛✐♥t②✳ ❚❤❡s❡ s♣❡❝tr❛❧ ❞❡♥s✐t✐❡s ❛r❡ ✈❡r② ✉s❡❢✉❧✱ ❛s t❤❡② ❛r❡ ♣r♦♣♦rt✐♦♥❛❧
t♦ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t✐❡s ♦❢ t❤❡ ♣❤♦t♦❝✉rr❡♥ts ♣r♦❞✉❝❡❞ ❜② ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥
✇❤❡♥ ❧♦❝❦❡❞ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ q✉❛❞r❛t✉r❡ ♣❤❛s❡ ❛♥❞ s♦ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✜t
❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✐♥ ♦r❞❡r t♦ ❡①tr❛❝t ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳ ■❢ ❛ q✉❛❞r❛t✉r❡ ♦t❤❡r
t❤❛♥ ① ♦r ♣ ✐s ♠❡❛s✉r❡❞ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ✐s ❣✐✈❡♥ ❜② ❛ ❣❡♦♠❡tr✐❝ ❝♦♠❜✐♥❛t✐♦♥
♦❢ t❤❡ ①✲ ❛♥❞ ♣✲s♣❡❝tr❛

Sqθ (ω) = Sx(ω) cos
2 θ + Sp(ω) sin

2 θ ✭✷✳✸✶✮

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ q̂θ✱ s♦ t❤❛t θ = 0 ❜❡❝♦♠❡s t❤❡ ❛♥❣❧❡ ✇❤❡r❡
✇❡ ✇✐❧❧ ♠❡❛s✉r❡ sq✉❡❡③✐♥❣ ✭① q✉❛❞r❛t✉r❡✮ ❞✉❡ t♦ ♦✉r ❝❤♦✐❝❡ ♦❢ sq✉❡❡③✐♥❣ ❛♥❣❧❡
✭φ = π/2✮✳ P❧♦ts s❤♦✇✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ♣✉♠♣ r❛t❡ ❛♥❞ ❧♦ss ♦♥ t❤❡ ❣❡♥❡r❛t❡❞
sq✉❡❡③✐♥❣ ❛♥❞ ❛♥t✐✲sq✉❡❡③❡❞ ❧❡✈❡❧s ❛s ✇❡❧❧ ❛s t❤❡ ❢r❡q✉❡♥❝② ❛♥❞ ♣❤❛s❡ ❞❡♣❡♥❞❡♥❝❡
♦❢ t❤❡ ♣♦✇❡r s♣❡❝tr✉♠ ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳ ✷✳✷✳
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❋✐❣✉r❡ ✷✳✷✿ ❈♦♥t♦✉r ♣❧♦ts ♦❢ ❡q✳ ✷✳✷✾✱ ✷✳✸✵ ❛♥❞ ✷✳✸✶ ✐♥ ❞❇ s❝❛❧❡✱ s❤♦✇✐♥❣ t❤❡
❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♣♦✇❡r s♣❡❝tr✉♠ ❢♦r sq✉❡❡③❡❞ ✈❛❝✉✉♠✳ ❉♦tt❡❞ ❧✐♥❡s s❤♦✇ t❤❡
✈❛❝✉✉♠ ♥♦✐s❡ ❝r♦ss✐♥❣

❋r♦♠ ✜❣✳ ✷✳✷✭❧❡❢t✰♠✐❞❞❧❡✮ ✇❡ s❡❡ t❤❛t t❤❡ sq✉❡❡③✐♥❣ ❧❡✈❡❧ ✐s ♠♦r❡ s❡♥s✐t✐✈❡ t♦
❧♦ss t❤❛♥ t❤❡ ❛♥t✐✲sq✉❡❡③✐♥❣ ❛♥❞ t❤❛t t❤❡ ♦❜s❡r✈❡❞ sq✉❡❡③✐♥❣ ✐s ❤✐❣❤❧② r❡❞✉❝❡❞
❢♦r ❢♦r ♥♦♥✲③❡r♦ ❧♦ss ❡✈❡♥ ❢♦r ❤✐❣❤ ♣✉♠♣ r❛t❡s✳ ❋r♦♠ ✜❣✳ ✷✳✷✭r✐❣❤t✮ ✇❡ s❡❡ t❤❡
t②♣✐❝❛❧ ✧▼❝❉♦♥❛❧❞s✧ sq✉❡❡③✐♥❣ ❝✉r✈❡s ✇❤❡♥ ❧♦♦❦✐♥❣ ❛❝r♦ss t❤❡ ❞❡t❡❝t✐♦♥ ❛♥❣❧❡



✷✳✸ P❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ✶✼

❛t ❛ ✜①❡❞ ❢r❡q✉❡♥❝② ❛♥❞ t❤❛t ❛ ❧❛r❣❡r ♣❛rt ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡ ✭q✉❛❞r❛t✉r❡ ❛♥❣❧❡s✮
✐s ❛♥t✐✲sq✉❡❡③❡❞ t❤❡♥ sq✉❡❡③❡❞✳ ❚❤✐s ❢❛❝t ✇✐❧❧ ❜❡ r❡❧❡✈❛♥t ✇❤❡♥ ✇❡ ✇❛♥t t♦ ✉s❡
❛ s✐♥❣❧❡ t❡♠♣♦r❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥ t♦ ❡♥❝♦♠♣❛ss ❛ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ ❣❡♥❡r❛t❡❞
❢r♦♠ sq✉❡❡③❡❞ ✈❛❝✉✉♠✳

✷✳✷✳✷ ❆s ❛ r❡s♦✉r❝❡ ❢♦r ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ ❣❡♥❡r❛t✐♦♥

❙q✉❡❡③❡❞ ❧✐❣❤t ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ r❡s♦✉r❝❡ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❣❡♥❡r❛t✐♦♥ ♦❢ ♥♦♥✲
●❛✉ss✐❛♥ st❛t❡✱ ❜② r❡❧②✐♥❣ ♦♥ t❤❡ ❤✐❣❤❧② ♥♦♥✲●❛✉ss✐❛♥ ♥❛t✉r❡ ♦❢ ♣❤♦t♦♥ ❞❡t❡❝✲
t✐♦♥✳ ❚❤✐s ❝♦♥❝❡♣t ✇❛s ❝♦♥❝r❡t✐③❡❞ ✐♥ ✶✾✾✼ ❜② ❉❛❦♥❛ ❡t ❛❧✳✱ ✇❤❡♥ t❤❡② ♣r♦♣♦s❡❞
❛ s✐♠♣❧❡ s❝❤❡♠❡ t♦ ❣❡♥❡r❛t❡ ❛ st❛t❡ s✐♠✐❧❛r t♦ ❛ s♠❛❧❧ ❛♠♣❧✐t✉❞❡ ❙❝❤rö❞✐♥❣❡r✬s
❝❛t st❛t❡ ❜② s✉❜tr❛❝t✐♥❣ ♣❤♦t♦♥s ❢r♦♠ ❛ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ✉s✐♥❣ ❛ ❜❡❛♠s♣❧✐t✲
t❡r ❛♥❞ ❝♦✉♥t✐♥❣ t❤❡♠ ❬✷✻❪✳ ❲❡ ❝❛❧❧ t❤❡s❡ st❛t❡s ♣❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞
✈❛❝✉✉♠ st❛t❡s❀ P❙❙q❱✳ ❚❤❡ ✜rst ❡①♣❡r✐♠❡♥t❛❧ ❞❡♠♦♥str❛t✐♦♥s ✇✐t❤ ♣✉❧s❡❞ ❧✐❣❤t
✇❡r❡ r❡❛❧✐③❡❞ ✐♥ ✷✵✵✹ ❬✷✼❪ ❛♥❞ ✷✵✵✻ ❬✷✽❪ ❛♥❞ ✉s✐♥❣ ✉s✐♥❣ ❝♦♥t✐♥✉♦✉s ✇❛✈❡ ❧✐❣❤t
✐♥ ✷✵✵✻ ❬✷✾❪ ❛♥❞ ✷✵✵✼ ❬✸✵❪✳ ▼❛♥② ♠♦r❡ ❛❞✈❛♥❝❡❞ s❝❤❡♠❡s ❤❛✈❡ ❧❛t❡r ❢♦❧❧♦✇❡❞✱
s✉❝❤ ❛s t❤❡ ✜rst ❞❡♠♦♥str❛t✐♦♥s ♦❢ t✇♦ ♣❤♦t♦♥ s✉❜tr❛❝t✐♦♥ ❬✸✶❪ ❛♥❞ t❤r❡❡ ♣❤♦✲
t♦♥ s✉❜tr❛❝t✐♦♥ ❬✸✷❪✳ Pr♦♣♦s❛❧s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♠❛❞❡ ♦♥ ❤♦✇ t♦ ❣❡♥❡r❛t❡ st❛t❡
s✐♠✐❧❛r t♦ ❧❛r❣❡r ❛♠♣❧✐t✉❞❡ ❙❝❤rö❞✐♥❣❡r✬s ❝❛t st❛t❡s ❬✸✸✱ ✸✹❪ ❛s ✇❡❧❧ ❛s ❡①♣❡r✐♠❡♥✲
t❛❧ ❞❡♠♦♥str❛t✐♦♥s ❬✸✺✕✸✼❪✳ ❘❡❧❡✈❛♥t t♦ ✉s ✐s t❤❡ ✜rst ❞❡♠♦♥str❛t✐♦♥s ♦❢ ♥♦♥✲
●❛✉ss✐❛♥ st❛t❡s ❛t t❤❡ t❡❧❡❝♦♠ ✇❛✈❡❧❡♥❣t❤ s❤♦✇✐♥❣ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❬✸✽✱ ✸✾❪✳
❍✐❣❤❧② ♣✉r❡ P❙❙q❱ st❛t❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❣❡♥❡r❛t❡❞ ❜② t✐❣❤t ♦♣t✐❝❛❧ ✜❧t❡r✐♥❣ ♦❢
t❤❡ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ♠♦❞❡ ❬✹✵❪✳ ❘❡❝❡♥t❧② t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ ♦♣t✐❝❛❧
❙❝❤rö❞✐♥❣❡r✬s ❝❛t ❧✐❦❡ st❛t❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♣r♦♣♦s❡❞ ❢♦r ❛ ❣❡♥❡r❛❧✐③❡❞ ♣❤♦t♦♥
s✉❜tr❛❝t✐♦♥ s❝❤❡♠❡ ❬✹✶❪✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤❡ ✈❛r✐♦✉s ♣r♦❞✉❝t✐♦♥ s❝❤❡♠❡s
❛♥❞ ♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡s s❡❡ t❤❡ ✷✵✷✵ r❡✈✐❡✇ ❜② ▲✈♦✈s❦②
❡t ❛❧✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✇❡ ✇✐❧❧✱ ✐♥ s❤♦rt✱ ♣r❡s❡♥t t✇♦ ♠♦❞❡❧s ♦❢ t❤❡ s✐♥❣❧❡ P❙❙q❱
st❛t❡ ✭✶✲PP❙q❱✮✱ ❛s t❤✐s ✇✐❧❧ ❜❡ t❤❡ st❛t❡ ✇❡ ❣❡♥❡r❛t❡ ❡①♣❡r✐♠❡♥t❛❧❧② ✐♥ ❝❤❛✳ ✺✳

✷✳✸ P❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠

❍❡r❡ ✇❡ ✜rst ❜r✐❡✢② ✐♥tr♦❞✉❝❡✱ ❛s ❛ r❡❢❡r❡♥❝❡✱ t❤❡ ✐❞❡❛❧✐③❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
t❤❡ ♣❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ st❛t❡ ❛s ❛ s✐♥❣❧❡ ♠♦❞❡ st❛t❡ ❣❡♥❡r❛t❡❞
❢r♦♠ ❛ ♥✉♠❜❡r r❡s♦❧✈✐♥❣ ❞❡t❡❝t♦r✳ ❆❢t❡r✇❛r❞s ❛ ♠♦r❡ r❡❛❧✐st✐❝ ♠♦❞❡❧ ♦❢ t❤❡
♣r♦❝❡❞✉r❡ r❡q✉✐r❡❞ t♦ ❡①♣❡r✐♠❡♥t❛❧❧② ❣❡♥❡r❛t❡ t❤❡ ♣❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞
✈❛❝✉✉♠ st❛t❡ ✐s ♣r❡s❡♥t❡❞✳ ❚❤❡ ♠♦❞❡❧ ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ▼ø❧♠❡r ✐♥ ✷✵✵✻ ❬✹✷❪ ✐♥
❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ ✜rst ❡①♣❡r✐♠❡♥t❛❧ ❞❡♠♦♥str❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ t❤❡ s❛♠❡



✶✽ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

②❡❛r ❬✹✸❪ ❛♥❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♠✉❧t✐✲♠♦❞❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❖P❖ ♦✉t♣✉t ✜❡❧❞✳
❆ ♠♦r❡ ❞❡t❛✐❧❡❞ ✇❛❧❦t❤r♦✉❣❤ ♦❢ t❤❡ ♠♦❞❡❧✱ ✐♥❝❧✉❞❡❞ ❞❡r✐✈❛t✐♦♥ ♦❢ ♠❛♥② ✐♥t❡r✲
♠❡❞✐❛r② t❡r♠s✱ ✐s ❣✐✈❡♥ ✐♥ t❤❡ t❤❡s✐s ♦❢ ◆❡❡r❣❛❛r❞✲◆✐❡❧s❡♥❬✷✹❪✳

❚❤❡ ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ❣❡♥❡r❛t✐♦♥ s❝❤❡♠❡ ✐s t♦ tr❛♥s♠✐t ❛ sq✉❡❡③❡❞ ✈❛❝✲
✉✉♠ st❛t❡ t❤r♦✉❣❤ ❛ ✇❡❛❦❧② r❡✢❡❝t✐✈❡ ❜❡❛♠s♣❧✐tt❡r ❛♥❞ t❤❡♥ ❞❡t❡❝t ♦♥❡ ♦r ♠♦r❡
♣❤♦t♦♥s ✐♥ t❤❡ r❡✢❡❝t❡❞ tr✐❣❣❡r ♣❛t❤✱ t❤❡r❡❜② ❝♦❧❧❛♣s✐♥❣ t❤❡ st❛t❡ ✐♥t♦ ❛ ♣❤♦t♦♥
s✉❜tr❛❝t❡❞ sq✉❡❡❡❞ ✈❛❝✉✉♠ st❛t❡✳

✷✳✸✳✶ ❙✐♥❣❧❡ ♠♦❞❡ ✇✐t❤ ♥✉♠❜❡r✲r❡s♦❧✈❡❞ ❞❡t❡❝t✐♦♥

■♥ t❤❡ s✐♥❣❧❡ ♠♦❞❡ ♣✐❝t✉r❡ t❤❡ st❛t❡ ✐♥❝✐❞❡♥t ♦♥ t❤❡ ❜❡❛♠s♣❧✐tt❡r ✐s ✇r✐tt❡♥ ❛s
|ψin〉 = |ξ〉s |0〉t ❛♥❞ t❤❡ ♦✉t♣✉t st❛t❡ ❝❛❧❝✉❧❛t❡❞ ❛s |ψbs〉 = B̂(T ) |ψin〉✱ ✇✐t❤
t❤❡ ❜❡❛♠s♣❧✐tt❡r ♦♣❡r❛t♦r ♦❢ ❡q✳ ✷✳✶✺ ❛♥❞ ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛ B̂(T ) |n, 0〉 =
∑n

k=0

√

Bn
k (T ) |k, n− k〉 ❬✷✷❪✳ ❇② ❝♦♥❞✐t✐♦♥✐♥❣ t❤✐s t✇♦✲♠♦❞❡ st❛t❡ ♦♥ t❤❡ ❞❡✲

t❡❝t✐♦♥ ♦❢ ♠ ♣❤♦t♦♥s ✐♥ t❤❡ tr✐❣❣❡r ♠♦❞❡ t❤❡ st❛t❡ ✐♥ t❤❡ s✐❣♥❛❧ s✉❜s♣❛❝❡ ✇✐❧❧
❝♦❧❧❛♣s❡ ✐♥t♦

|ψm〉s =
t 〈m|ψbs〉
√

Prt(m)
=

1
√

Prt(m)

∞
∑

n=0

〈n+m|ξ〉
√

Bn+m
n (T ) |n〉s ✭✷✳✸✷✮

✇❤❡r❡ Prt(m) =
∑

n | 〈n,m|ψbs〉 |2 ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❞❡t❡❝t✐♥❣ t❤❡ ♠ ♣❤♦t♦♥s
✐♥ t❤❡ tr✐❣❣❡r ♠♦❞❡✳ ❲❡ s❡❡ t❤❛t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛r✐t② ♦❢ ♠ t❤❡ ✶✲P❙❙q❱
st❛t❡ ✇✐❧❧ ❜❡ ❛ s✉♣❡r ♣♦s✐t✐♦♥ ♦❢ ❡✐t❤❡r ❡✈❡♥ ♦r ♦❞❞ ♣❤♦t♦♥ ♥✉♠❜❡rs✳ ❋♦r t❤❡
❝❛s❡ ♦❢ s✉❜tr❛❝t✐♥❣ ❛ s✐♥❣❧❡ ♣❤♦t♦♥ t❤❡ st❛t❡ ❜❡❝♦♠❡s ❡q✉✐✈❛❧❡♥t t♦ ❛ s❧✐❣❤t❧②
❧❡ss sq✉❡❡③❡❞ s✐♥❣❧❡ ♣❤♦t♦♥ st❛t❡ ❬✹✹❪

|ψ1〉s =
1

sinh s
âŜ(s) |0〉 = Ŝ(s) |1〉 ✭✷✳✸✸✮

✇❤❡r❡ s = ❛r❝t❛♥❤(T tanh r) ≤ r ✐s ❛ ♠♦❞✐✜❡❞ sq✉❡❡③✐♥❣ ♣❛r❛♠❡t❡r ♦✇✐♥❣ t♦ t❤❡
❛❞♠✐①✐♥❣ ♦❢ ✈❛❝✉✉♠ t❤r♦✉❣❤ t❤❡ ✉♥✉s❡❞ ♣♦rt ♦❢ t❤❡ ❜❡❛♠s♣❧✐tt❡r ✉s❡❞ t♦ s✉❜✲
tr❛❝t t❤❡ s✐♥❣❧❡ ♣❤♦t♦♥✳ ❚❤❛t ✐s ❛ ✶✲P❙❙q❱ st❛t❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ ✐♥✐t✐❛❧ sq✉❡❡③✐♥❣
♣❛r❛♠❡t❡r r ❛♥❞ ❜❡❛♠s♣❧✐t❡r tr❛♥s♠✐tt❛♥❝❡ ❚ ❝♦rr❡s♣♦♥❞s t♦ ❛ sq✉❡❡③❡❞ s✐♥❣❧❡
♣❤♦t♦♥ ✇✐t❤ sq✉❡❡③✐♥❣ ♣❛r❛♠❡t❡r s✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t s → r ❛s t → 1✳ ❚❤❡
♥✉♠❜❡r st❛t❡ ❡①♣❛♥s✐♦♥ ❛♥❞ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✶✲P❙❙q❱ st❛t❡ ✐s s✉♠♠❛✲
r✐③❡❞ ❜❡❧♦✇✱ ✇❤❡r❡ ksqv(r, φ, n + 1) ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ sq✉❡❡③❡❞ ✈❛❝✉✉♠
st❛t❡ ❢r♦♠ t❛❜✳ ✷✳✶✳



✷✳✸ P❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ✶✾

❙t❛t❡ |ψ〉 ◆✉♠❜❡r st❛t❡ ❡①♣❛♥s✐♦♥

✶✲P❙❙q❱ |sq✈✲✶〉 = âŜ(ξ) |0〉
√
1+n

sinh r ksqv(r, φ, n+ 1)

W (x, p) P❤❛s❡ s♣❛❝❡ ❞✐str✐❜✉t✐♦♥

Wsqv−1 W1(xe
−r, per)

✷✳✸✳✷ ❈♦♥❞✐t✐♦♥❡❞ ♠✉❧t✐✲♠♦❞❡ ♠♦❞❡❧

❚❤❡ ♠✉❧t✐✲♠♦❞❡ ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❢♦r♠❛❧✐s♠✳ ❍❡r❡ ❛ t✇♦
♠♦❞❡ ●❛✉ss✐❛♥ st❛t❡ ❝❛♥ ❛❧✇❛②s ❜❡ r♦t❛t❡❞ s✉❝❤ t❤❛t ✐ts ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❤❛s
t❤❡ ❣❡♥❡r✐❝ ❢♦r♠

Γ =

(

ΓAA ΓAB

Γ❆❇ Γ❇❇

)

=









Γ11 0 Γ13 0
0 Γ22 0 Γ24

Γ13 0 Γ33 0
0 Γ24 0 Γ44









✭✷✳✸✹✮

❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♥♦ ①✲♣ ❝♦rr❡❧❛t✐♦♥s ✐♥ ❡✐t❤❡r s✉❜s②st❡♠✳ ❲❤✐❧❡ ❜✉✐❧❞✐♥❣ ♦✉r
♠♦❞❡❧ ✇❡ ✉t✐❧✐③❡ t❤❛t t❤❡ ✈❛❝✉✉♠ ♥♦✐s❡ t❡r♠ ♦❢ t❤❡ ❛✉t♦✲❝♦rr❡❧❛t✐♦♥ ❢✉♥❝t✐♦♥s
❞♦❡s ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡✳ ❲❡ t❤❡r❡❢♦r❡ ❝♦♥✲
✈❡♥✐❡♥t❧② ❝❤♦♦s❡ t❤❡ ♥♦r♠❛❧✲♦r❞❡r❡❞ ❢♦r♠ ♦❢ t❤❡ ❛✉t♦✲❝♦rr❡❧❛t✐♦♥s ❛♥❞ s✐♠♣❧②
❛❞❞ t❤❡ ✈❛❝✉✉♠ t❡r♠ ✐♥ t❤❡ ❡♥❞ t♦ ♦❜t❛✐♥ t❤❡ ❢✉❧❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❡①♣r❡ss✐♦♥
♦❢ t❤❡ ✜♥❛❧ t✇♦ ♠♦❞❡ st❛t❡✳ ❆ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ s❡q✉❡♥t✐❛❧ st❡♣s ✐♥✈♦❧✈❡❞ ✐♥
❜✉✐❧❞✐♥❣ t❤❡ ♠♦❞❡❧ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✷✳✸✳

❋✐❣✉r❡ ✷✳✸✿ ❖✉t❧✐♥❡ ♦❢ ♠✉❧t✐ ♠♦❞❡ ♠♦❞❡❧ str✉❝t✉r❡

✶✳ ❖P❖ ♦✉t♣✉t ❚❤❡ ✐♥✐t✐❛❧ ✉♥❝♦rr❡❧❛t❡❞ t✇♦✲♠♦❞❡ st❛t❡ ✐s t❤❡♥ t❤❡ sq✉❡❡③❡❞
✈❛❝✉✉♠ st❛t❡ ✐♥ t❤❡ s✐❣♥❛❧ ♠♦❞❡ ✭❆❆✮ ❛♥❞ ✈❛❝✉✉♠ ✐♥ t❤❡ tr✐❣❣❡r ♠♦❞❡
✭❇❇✮✱ ✇✐t❤ t❤❡ s✐❣♥❛❧ s✉❜s♣❛❝❡ ❤❛✈✐♥❣ t❤❡ ❡♥tr✐❡s : Γi

11(t−t′) := 2 〈: x̂(t)x̂(t′) :〉



✷✵ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

❛♥❞ : Γi
22(t− t′) := 2 〈: p̂(t)p̂(t′) :〉 ❢r♦♠ ❡q✳ ✷✳✷✼ ❛♥❞ ✷✳✷✼ r❡s♣❡❝t✐✈❡❧②✳

: Γi :=

(

: Γi
AA(t− t′) : 0

0 0

)

✭✷✳✸✺✮

✷✳ ❚❛♣♣✐♥❣ P❛rt ♦❢ t❤❡ s✐❣♥❛❧ ♠♦❞❡ ✐s t❤❡♥ ❝♦✉♣❧❡❞ t♦ t❤❡ tr✐❣❣❡r ♠♦❞❡ ❜②
❛ ❜❡❛♠s♣❧✐tt❡r ✐♥t❡r❛❝t✐♦♥✳ ❚❤❡ t✇♦✲♠♦❞❡ st❛t❡ ❛❢t❡r t❤❡ ❜❡❛♠s♣❧✐tt❡r ✐s
❝❛❧❝✉❧❛t❡❞ ❛s : Γi :→: Γbs := B(T ) : Γi : B(T )T ✇✐t❤ t❤❡ B(T ) ♠❛tr✐①
s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✉s❡❞ ✐♥ ❡q✳ ✷✳✶✹✿

: Γbs :=











: Γbs
AA : = T : Γi

AA :

: Γbs
AB : = −

√

T (1− T ) : Γi
AA :

: Γbs
BB : = (1− T ) : Γi

AA :

✭✷✳✸✻✮

✸✳ ❚r✐❣❣❡r ✜❧t❡r✐♥❣ ❚❤❡ tr✐❣❣❡r ♠♦❞❡ ✐s t❤❡♥ ❢r❡q✉❡♥❝② ✜❧t❡r❡❞ t♦ s❡❧❡❝t ♦♥❧②
t❤❡ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝② r❡s♦♥❛♥❝❡ ♠♦❞❡ ♦❢ t❤❡ ❖P❖ ♦✉t♣✉t✳ ❚❤❡ tr❛♥s❢♦r✲
♠❛t✐♦♥ : Γbs : → : Γtf : ✐s ❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ❡❧❡♠❡♥ts ✇✐t❤ t❤❡ tr✐❣❣❡r ✜❧t❡r ❢✉♥❝t✐♦♥✳ ❲❡ ✉s❡ ❛ s✐♥❣❧❡✲s✐❞❡❞
❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ❛s t❤❡ ✜❧t❡r ❢✉♥❝t✐♦♥✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t❡♠♣♦✲
r❛❧ r❡s♣♦♥s❡ ♦❢ ❛ ♣❤②s✐❝❛❧ ✜❧t❡r ❝❛✈✐t② ❛s ✉s❡❞ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣
✭♦♣t✐❝❛❧ ❧♦✇♣❛ss ✜❧t❡r✮✳ ❚❤❡ tr✐❣❣❡r ♠♦❞❡ s✉❜s♣❛❝❡ ✭❇❇✮ ✐s ✜❧t❡r❡❞ t✇✐❝❡✱
✇❤✐❧❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ s✉❜s♣❛❝❡ ✭❆❇✮ ♦♥❧② ♦♥❝❡✱ ✇✐t❤ t❤❡ ✐♥t❡❣r❛t✐♦♥s ❢r♦♠
] −∞, t′] ❢♦r ❆❇ ❛♥❞ ❢r♦♠ ] −∞, t] ❛♥❞ ] −∞, t′] ❢♦r ❇❇✱ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ♦✉t♣✉t ✜❡❧❞ ♦❢ t❤❡ ❢r❡q✉❡♥❝② ✜❧t❡r ❛t t✐♠❡ t ♥♦t ❜❡✐♥❣ ❛✛❡❝t❡❞ ❜②
t❤❡ ✐♥♣✉t ✜❡❧❞ ❛t s♦♠❡ ❧❛t❡r t✐♠❡✿

: Γtf :=











: Γtf
AA : =: Γbs

AA :

: Γtf
AB : = κ

∫

: Γbs
AB(t− τ) : e−κ(t′−τ) dτ

: Γtf
BB : = κ2

∫ ∫

: Γbs
BB(τ − τ ′) : e−κ(t+t′−τ−τ ′) dτdτ ′

✭✷✳✸✼✮

✹✳ ❚❡♠♣♦r❛❧ ♠♦❞❡ s❡❧❡❝t✐♦♥ ❚❤❡ s✉❜tr❛❝t✐♦♥ ❛♥❞ ❞❡t❡❝t✐♦♥ ♦❢ ❛ ♣❤♦t♦♥
❢r♦♠ t❤❡ ❖P❖ ♦✉t♣✉t ✜❡❧❞✱ ❧❡❛❞s t♦ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ st❛t❡ ❡①✐st✐♥❣ ❛s
❛❧t❡r❡❞ t❡♠♣♦r❛❧ ❝♦rr❡❧❛t✐♦♥s ✇✐t❤✐♥ ❛ ❞✐st✐♥❝t ❛ t❡♠♣♦r❛❧ ♠♦❞❡ ❛r♦✉♥❞ t❤❡
tr✐❣❣❡r t✐♠❡✳ ❇② t❡♠♣♦r❛❧❧② ✜❧t❡r✐♥❣ t❤❡ ♠♦❞❡ ♦♣❡r❛t♦r ♦❢ t❤❡ ♦t❤❡r✇✐s❡
st❛t✐♦♥❛r② ❖P❖ ♦✉t♣✉t ✜❡❧❞ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛♥ ♦♣❡r❛t♦r ❢♦r t❤❡ t❡♠♣♦r❛❧
♠♦❞❡ ❛s

∫

fs(t)âs(t)dt✱ ✇❤❡r❡ fs(t) ✐s ❛ ✜❧t❡r ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ❞❡s✐r❡❞ t❡♠♣♦r❛❧ ♠♦❞❡✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✜❧t❡r✐♥❣ t❤❡ ♠♦❞❡ ♦♣❡r❛t♦r✱ t❤❡
t❡♠♣♦r❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥ ✭❚▼❋✮ ✐s ❛♥ ❛♠♣❧✐t✉❞❡ ✜❧t❡r ❛♥❞ s❤♦✉❧❞ t❤❡r❡❢♦r❡
❜❡ ♥♦r♠❛❧✐③❡❞ ❛s

∫

|fs(t)|2dt = 1✳ ■♥t✉✐t✐✈❡❧② t❤❡ t❡♠♣♦r❛❧ ♠♦❞❡ ♦❢ t❤❡
✶✲P❙❙q❱ s❤♦✉❧❞ r❡s❡♠❜❧❡ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✭❡q✳ ✷✳✷✼ ❛♥❞ ✷✳✷✽✮
♦❢ t❤❡ ❖P❖ ♦✉t♣✉t ✜❡❧❞ ❛r♦✉♥❞ t❤❡ tr✐❣❣❡r t✐♠❡✱ s✐♥❝❡ ✐t ✐s ♦♥❧② ✇✐t❤✐♥
t❤❡s❡ ❝♦rr❡❧❛t✐♦♥s t❤❛t ❡♥t❛♥❣❧❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ tr✐❣❣❡r ❛♥❞ s✐❣♥❛❧ ♠♦❞❡
❝❛♥ ❧❡❛❞ t♦ t❤❡ s✐❣♥❛❧ ♠♦❞❡ ❜❡✐♥❣ ❛✛❡❝t❡❞ ❜② t❤❡ ♣❤♦t♦♥ s✉❜tr❛❝t✐♦♥



✷✳✸ P❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ✷✶

✐♥ t❤❡ tr✐❣❣❡r ♠♦❞❡✳ ■♥ ♣r❛❝t✐❝❡ t❤❡ ❚▼❋ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ r❡❝♦r❞❡❞
t✐♠❡ tr❛❝❡s ❞✉r✐♥❣ ❞❛t❛ ❛♥❛❧②s✐s✱ t❤♦✉❣❤ ✐t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❞✐r❡❝t❧② ✐♥ t❤❡
❡①♣❡r✐♠❡♥t ❜② s❤❛♣✐♥❣ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ▲❖ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❚▼❋
♦r ❜② ✜❧t❡r✐♥❣ t❤❡ ❤♦♠♦❞②♥❡ ♣❤♦t♦❝✉rr❡♥t ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ st❛t❡ ❤❛s
❜❡❡♥ ✜❧t❡r❡❞ t♦ ❤❛✈❡ ❛ ❚▼❋ r❡s❡♠❜❧✐♥❣ t❤❡ ❡❧❡❝tr✐❝❛❧ ✜❧t❡r r❡s♣♦♥s❡ ❛s ✐♥
❬✹✵❪✳ ❆♥ ❛❞✈❛♥t❛❣❡ ♦❢ ❛♣♣❧②✐♥❣ t❤❡ ❚▼❋ ✐♥ ♣♦st✱ ✐s t❤❛t ✐ts s❤❛♣❡ ❝❛♥
❜❡ ♦♣t✐♠✐③❡❞ t♦ ♠❛①✐♠✐③❡ ❡✳❣✳ t❤❡ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ♦❢ t❤❡ r❡❝♦♥str✉❝t❡❞
st❛t❡✳ ❚❤✐s ✐s ✐♠♣♦rt❛♥t ❛s ❝❤♦♦s✐♥❣ ❛ ✇r♦♥❣ ❚▼❋ ❝❛♥ ❧❡❛❞ t♦ ❡✐t❤❡r ♥♦t
✐♥❝❧✉❞✐♥❣ t❤❡ ❢✉❧❧ ❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ st❛t❡ ♦r ✐♥❝❧✉❞✐♥❣ s♦♠❡
♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠✳ ❚♦ t❤✐s ❡♥❞ ✇❡ t❤❡r❡❢♦r❡ ❝❤♦♦s❡
♥♦t t♦ ❡①♣❧✐❝✐t❧② ❝❤♦♦s❡ t❤❡ ❚▼❋ ✐♥ ♦✉r ♠♦❞❡❧✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢
t❤❡ st❛t❡ ❛❢t❡r t❤❡ tr✐❣❣❡r ✜❧t❡r✐♥❣ : Γtf → : Γtms : ✐♥t♦ t❤❡ t❡♠♣♦r❛❧
♠♦❞❡ s❡❧❡❝t❡❞ st❛t❡ ✐s t❤❡♥ ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ t❡♠♣♦r❛❧
❝♦rr❡❧❛t✐♦♥s ❛r♦✉♥❞ t❤❡ tr✐❣❣❡r t✐♠❡ ✇❡✐❣❤t❡❞ ❜② t❤❡ ❚▼❋ ❛♥❞ s♦ ❤❡r❡ t❤❡
❛❧❧ ✐♥t❡❣r❛t✐♦♥s ❛r❡ ❢r♦♠ ]−∞,∞[✳

: Γtms :=











: Γtms
AA : =

∫ ∫

fs(t)fs(t
′) : Γtf

AA : dtdt′

: Γtms
AB : =

∫ ∫

fs(t)ft(t
′) : Γtf

AB : dtdt′

: Γtms
BB : =

∫ ∫

ft(t)ft(t
′) : Γtf

BB : dtdt′
✭✷✳✸✽✮

✺✳ ❈❤❛♥♥❡❧ ❧♦ss ❚❤❡ ❧♦ss ♦❢ t❤❡ tr✐❣❣❡r ❛♥❞ s✐❣♥❛❧ ❝❤❛♥♥❡❧ tr❛♥s❢♦r♠ t❤❡
st❛t❡ ❛s : Γtms : → : Γf := η : Γtms : η ✇❤❡r❡ η ✐s ❛ t✇♦✲♠♦❞❡ ❞✐❛❣♦♥❛❧
♠❛tr✐① ✇✐t❤

√
ηs ❛♥❞

√
ηt ❡♥tr✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♠✐①✐♥❣ t❤❡ s✐❣♥❛❧ ❛♥❞

tr✐❣❣❡r ♠♦❞❡s ✇✐t❤ ❛✉①✐❧✐❛r② ✈❛❝✉✉♠ ♠♦❞❡s ✉s✐♥❣ ❜❡❛♠s♣❧✐tt❡r ♠❛tr✐❝✐❡s
B(ηs) ❛♥❞ B(ηt) ❛s ✐♥ st❡♣ ✷✳ ❚❤❡ ❢✉❧❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ✜♥❛❧ t✇♦✲
♠♦❞❡ st❛t❡ ❥✉st ❜❡❢♦r❡ ❞❡t❡❝t✐♦♥ ✐♥ tr✐❣❣❡r ❝❤❛♥♥❡❧ ✐s t❤❡♥ ♦❜t❛✐♥❡❞ ❜②
❛❞❞✐♥❣ ❜❛❝❦ t❤❡ ✈❛❝✉✉♠ ♥♦✐s❡ ❛s : Γf : → Γf = ✶̂+ : Γf :✿

Γf =











Γf
AA = ηs : Γ

tms
AA : +1

Γf
AB =

√
ηsηt : Γ

tms
AB :

Γf
BB = ηt : Γ

tms
BB : +1

✭✷✳✸✾✮

❍❛✈✐♥❣ ❛❧r❡❛❞② ❝❤♦s❡♥ t❤❡ ♠♦❞❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ tr✐❣❣❡r ✜❧t❡r ✇❡ ❛r❡ ❢r❡❡ t♦
❝❤♦♦s❡ t❤❡ t❡♠♣♦r❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥s ft(t) ❛♥❞ fs(t) ♦❢ t❤❡ tr✐❣❣❡r ❛♥❞ s✐❣♥❛❧
♠♦❞❡s r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤❡ tr✐❣❣❡r ♠♦❞❡ ✇❡ ❝❤♦♦s❡ ❛ ❞❡❧t❛ ❢✉♥❝t✐♦♥ ft(t) = δ(t)✱
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ✈❡r② ♥❛rr♦✇ t✐♠✐♥❣ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❤♦t♦♥ ❞❡t❡❝t♦r ❝♦♠✲
♣❛r❡❞ t♦ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ ❞❡t❡❝t❡❞ ✜❡❧❞✱ ✇❤✐❝❤ ✐s r❡❛s♦♥❛❜❧❡
❢♦r ❛ ♦✉r s❡t✉♣ ✇✐t❤ ❛ t✐♠✐♥❣ r❡s♦❧✉t✐♦♥ ♦❢ 70 ♣s ❛♥❞ ❛ ❖P❖ ❜❛♥❞✇✐t❤ ♦❢
8 ▼❍③ ∝ 125 ♥s✳ ❋♦r t❤❡ s✐❣♥❛❧ ♠♦❞❡ ✇❡ ❝❤♦♦s❡ ❛ ❞♦✉❜❧❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥
fs(t) =

√
γse

−γst ♦❢ ✇✐❞t❤ γs✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ ❛ r❡❛s♦♥❛❜❧❡ ❣✉❡ss s✐♥❝❡ t❤❡
✐❞❡❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥ ❢♦r ❧♦✇ ❣❛✐♥ ❛♥❞ ♥♦ tr✐❣❣❡r ✜❧t❡r✐♥❣ ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞ t♦ ❜❡
❛ ❞♦✉❜❧❡ ❡①♣♦♥❡♥t✐❛❧ ♦❢ ✇✐❞t❤ ❡q✉❛❧ t♦ t❤❡ ❖P❖ ❜❛♥❞✇✐❞t❤ ❬✹✺❪✳ ❲✐t❤ t❤❡s❡



✷✷ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

❝❤♦✐❝❡s ♦❢ ♠♦❞❡ ❢✉♥❝t✐♦♥s ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ♦✉t❧✐♥❡❞ ❛❜♦✈❡✱ ❛♥❛❧②t✐❝❛❧
❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❡♥tr✐❡s ♦❢ Γf ✇❛s ♦❜t❛✐♥❡❞ ❜② ◆❡❡r❣❛❛r❞✲◆✐❡❧s❡♥ ❬✷✹❪✿

Γf
11 = 1 + TηsΓ

(−)
AA Γf

22 = 1 + TηsΓ
(+)
AA

Γf
33 = 1 + (1− T )ηtΓ

(−)
BB Γf

44 = 1 + (1− T )ηtΓ
(+)
BB ✭✷✳✹✵✮

Γf
13 =

√

T (1− T )
√
ηsηtΓ

(−)
AB Γf

24 =
√

T (1− T )
√
ηsηtΓ

(+)
AB

✇✐t❤

Γ
(±)
AA =

±4γǫ(γ ∓ ǫ+ 2γs)

(γ ∓ ǫ)(γ ∓ ǫ+ γs)

Γ
(±)
BB =

±2γǫκ

(γ ∓ ǫ)(γ ∓ ǫ+ γs)
✭✷✳✹✶✮

Γ
(±)
AB =

∓4γǫκ(γ ∓ ǫ+ κ+ γs)

(γ ∓ ǫ)(γ ∓ ǫ+ κ)(γ ∓ ǫ+ γs)(κ+ γs)

❲❡ ♥♦t❡ t❤❛t t❤❡ ① ❛♥❞ ♣ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠♦❞❡s r❡♠❛✐♥ s②♠♠❡tr✐✲
❝❛❧ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✐❣♥ ❝❤❛♥❣❡ ♦❢ ǫ✳ ❲✐t❤ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ t✇♦
♠♦❞❡ s②st❡♠ ❥✉st ❜❡❢♦r❡ ❛ tr✐❣❣❡r ❝❧✐❝❦ ✐♥ ❤❛♥❞✱ ✇❡ ♥♦✇ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦
t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣ st❛t❡ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ ❛ ❝❧✐❝❦ ✐♥ t❤❡ tr✐❣❣❡r ♠♦❞❡✳
❚❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ♦❢ ❛♥ ❛r❜✐tr❛r② ◆✲♠♦❞❡ ●❛✉ss✐❛♥ st❛t❡✱ ❞❡s❝r✐❜❡❞ ❜② ✐ts

❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① Γ✱ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛sWΓ(ξ) = [πN
√
❞❡tΓ]−1e−ξTΓξ ❛♥❞ t❤❡

❲✐❣♥❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ st❛t❡ ❛s

Wcond(ξs) =
2π
∫ ∫

WΓ(ξ)WE(ξt) dξ
2
t

2π
∫

WΓ(ξ)WE(ξt) dξ4
✭✷✳✹✷✮

✇❤❡r❡ ξs = (xs, ps)✱ ξt = (xt, pt) ❛♥❞ ξ = (xs, ps, xt, pt) ✐s t❤❡ s✐❣♥❛❧✱ tr✐❣❣❡r ❛♥❞

t✇♦ ♠♦❞❡ ❝♦♦r❞✐♥❛t❡s ❛♥❞ WE(x, p) =
1
2π − 1

π e
−x2−p2

✐s t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ♦❢

t❤❡ tr✐❣❣❡r ♠♦❞❡ ♦♥✲P❖❱▼ Êon
t = ✶̂t + |0〉t 〈0|✱ ❝❛❧❝✉❧❛t❡❞ ✐♥ s✐♠✐❧❛r ❢❛s❤✐♦♥ ❛s

❡q✳ ✷✳✻✳ ❚❤❡ ❢♦r♠ ♦❢ ❡q✳ ✷✳✹✷ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❡q✉✐✈❛❧❡♥t
❡①♣r❡ss✐♦♥ ❢♦r ❞❡♥s✐t② ♠❛tr✐❝❡s ρ̂ons = trt[Ê

on
t ρ̂Γ]/trs,t[Ê

on
t ρ̂Γ] ❬✷✹❪✱ ✇❤❡r❡ t❤❡

tr❛❝❡s ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✉s✐♥❣ ❡q✳ ✷✳✼✳ ❍❡r❡ ✐t ✐s ♠♦r❡ ❝❧❡❛r t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❡❞
st❛t❡ ρ̂ons ✐s ♦❜t❛✐♥❡❞ ❜② ♦♣❡r❛t✐♥❣ ♦♥ t❤❡ st❛t❡ ρ̂Γ ✇✐t❤ t❤❡ ♦♥✲P❖❱▼ ❛♥❞ tr❛❝✐♥❣
♦✉t t❤❡ tr✐❣❣❡r ♠♦❞❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥t❡❣r❛t✐♥❣ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ st❛t❡ ❛♥❞
♦♥✲P❖❱▼ ❲✐❣♥❡r ❢✉♥❝t✐♦♥s ❛❝r♦ss t❤❡ tr✐❣❣❡r ♠♦❞❡✳ ❯s✐♥❣ t❤❡ ❣❡♥❡r✐❝ ❢♦r♠ ♦❢
❛ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ ❛ ✭♣r♦♣❡r❧② r♦t❛t❡❞✮ t✇♦ ♠♦❞❡ ●❛✉ss✐❛♥ st❛t❡ ✭❡q✳ ✷✳✸✹✮
❛♥ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ❢♦r ❡q✳ ✷✳✹✷ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛s

Wcond(ξs) =





exp
(

− x2
s

Γ11
− p2

s

Γ22

)

π
√
Γ11Γ22

−
2 exp

(

− (1+Γ33)x
2
s

Γ11(1+Γ33)−Γ2
13

− (1+Γ44)p
2
s

Γ22(1+Γ44)−Γ2
24

)

π
√

(Γ11(1 + Γ33)− Γ2
13)(Γ22(1 + Γ44)− Γ2

24)





×
[

1− 2
√

(1 + Γ33)(1 + Γ44)

]−1

✭✷✳✹✸✮



✷✳✸ P❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ✷✸

❍❡r❡ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ♥✉♠❡r❛t♦r ✐s t❤❡ ✉♥❝♦♥❞✐t✐♦♥❡❞ st❛t❡ Wuncond(ξs) =

[π
√
Γ11Γ22]

−1e−x2
s/Γ11−p2

s/Γ22 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❤❛✈✐♥❣ s✐♠♣❧② tr❛❝❡❞ ♦✉t t❤❡
tr✐❣❣❡r ♠♦❞❡ ❛♥❞ t❤❡ ❞❡♥♦♠✐♥❛t♦r t❡r♠ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ tr✐❣❣❡r ❝❧✐❝❦
♣ron = 1− 2[

√

(1 + Γ33)(1 + Γ44)]
−1✳

❆ ♣❛r❛♠❡t❡r ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❡✛❡❝t ♦❢ ❢❛❦❡ ❝♦✉♥ts ❝❛♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♠♦❞❡❧
❛s ❛ ♠✐①✐♥❣ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ st❛t❡ ✇✐t❤ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❡❞ st❛t❡ ❜② ❛ ❢❛❝t♦r
Ξ✱ ❝❛❧❧❡❞ t❤❡ ♠♦❞❛❧ ♣✉r✐t②✱ ✇❤✐❝❤ ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ tr✉❡ t♦ t♦t❛❧ ✭tr✉❡✰❢❛❦❡✮
❝♦✉♥ts✿

Wcond(ξs,Ξ) = ΞWcond(ξs) + (1− Ξ)Wuncond(ξs) ✭✷✳✹✹✮

■♥ t❤✐s ♣❡rs♣❡❝t✐✈❡ ❢❛❦❡ ❝♦✉♥ts ❛r❡ ❛♥② ❝❧✐❝❦s ❢r♦♠ t❤❡ ❙❙P❉ ♥♦t ♦r✐❣✐♥❛t✐♥❣
❢r♦♠ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ ❛ s✉❜tr❛❝t❡❞ ♣❤♦t♦♥✳ ❚❤❡s❡ ❛r❡ t②♣✐❝❛❧❧② t❤❡ ❞❡t❡❝t♦r
❞❛r❦ ❝♦✉♥ts ❛♥❞ ❝♦✉♥ts ❢r♦♠ s❝❛tt❡r❡❞ ❧✐❣❤t✱ ♠❛✐♥❧② t❤❡ ❝♦♥tr♦❧ ❜❡❛♠s ✉s❡❞ ❢♦r
❧♦❝❦✐♥❣ ❛♥❞ ♣❤❛s❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t✳ ❖✉r ❢✉❧❧ ♠♦❞❡❧ ✐s t❤❡♥ ♦❜t❛✐♥❡❞ ❜②
✐♥s❡rt✐♥❣ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❡♥tr✐❡s ♦❢ ❡q✳ ✷✳✹✵ ✐♥t♦ ❡q✳ ✷✳✹✹✳ ❚❤❡ ♣❛r❛♠❡t❡rs
♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❛❜✳ ✷✳✸✳

γ ❚♦t❛❧ ❖P❖ ❞❡❝❛② r❛t❡✱ ❖P❖ ❜❛♥❞✇✐❞t❤

ǫ P✉♠♣ r❛t❡✱ γ
√

P/Pthr

T ❚❛♣♣✐♥❣ r❛t✐♦✱ ❜❡❛♠s♣❧✐tt❡r tr❛♥s♠✐tt❛♥❝❡
κ ❚r✐❣❣❡r ✜❧t❡r ✇✐❞t❤✱ ❋❈ ❜❛♥❞✇✐❞t❤
γs ❙✐❣♥❛❧ t❡♠♣♦r❛❧ ♠♦❞❡ ✇✐❞t❤
ηs ❚♦t❛❧ s✐❣♥❛❧ ❝❤❛♥♥❡❧ ❡✣❝✐❡♥❝②
ηt ❚♦t❛❧ tr✐❣❣❡r ❝❤❛♥♥❡❧ ❡✣❝✐❡♥❝②
Ξ ▼♦❞❛❧ ♣✉r✐t②

❚❛❜❧❡ ✷✳✸✿ P❛r❛♠❡t❡rs ♦❢ t❤❡ ♠✉❧t✐ ♠♦❞❡ ♠♦❞❡❧ ✇✐t❤ ♦♥✴♦✛ ❞❡t❡❝t✐♦♥ ❢♦r
♣❤♦t♦♥✲s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ❣❡♥❡r❛t✐♦♥✳

❖♣t✐♠❛❧ ✜❧t❡r ❛♥❞ ♠♦❞❡ ❢✉♥❝t✐♦♥s

❍❡r❡ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝ts ♦❢ t❤❡ ✇✐❞t❤s ♦❢ t❤❡ s✐❣♥❛❧ ❚▼❋ ❛♥❞ t❤❡ tr✐❣❣❡r
✜❧t❡r ✐♥ ♦✉r ♠♦❞❡❧ ♦♥ t❤❡ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ♦❢ t❤❡ ❤❡r❛❧❞❡❞ st❛t❡✳ ❲❡ s❡t ❛❧❧
❡✣❝✐❡♥❝✐❡s t♦ ✉♥✐t② ❛♥❞ ✉s❡ ❛ ❜❡❛♠s♣❧✐tt❡r r❛t✐♦ ♦❢ T ≈ 1✳ ❋✐rst ✇❡ s❡❡ t❤❡
❡✛❡❝t ♦❢ ❚▼❋ ✇✐❞t❤ ❜② s❡tt✐♥❣ t❤❡ tr✐❣❣❡r ✜❧t❡r ✇✐❞t❤ t♦ ✐♥✜♥✐t②✳ ❚❤✐s ✐s ♦❢
❝♦✉rs❡ ♥♦♥s❡♥s✐❝❛❧ ✐♥ t❤❡ r❡❛❧ ❡①♣❡r✐♠❡♥t✱ ❜✉t ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ✐s♦❧❛t❡ t❤❡ ❡✛❡❝t✳
❲❡ t❤❡♥ s❡❡ ✐❢ t❤❡ tr✐❣❣❡r ✇✐❞t❤ ❛✛❡❝ts t❤❡ ♦♣t✐♠❛❧ ❚▼❋ ✇✐❞t❤ ❛♥❞ ✜♥❛❧❧② ✉s❡
t❤❡ ♦♣t✐♠❛❧ ❚▼❋ ✇✐❞t❤ t♦ s❡❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ tr✐❣❣❡r ✇✐❞t❤✳ ❚❤❡ r❡s✉❧ts ❛r❡
s❤♦✇♥ ✐♥ ✜❣✳ ✷✳✹✳
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❋✐❣✉r❡ ✷✳✹✿ ❊✛❡❝t ♦❢ s✐❣♥❛❧ ❚▼❋ ✇✐❞t❤ ❛♥❞ tr✐❣❣❡r ✜❧t❡r ✇✐❞t❤ ♦♥ t❤❡ ❲✐❣♥❡r
♥❡❣❛t✐✈✐t② ♣r❡❞✐❝t❡❞ ❜② t❤❡ ♠♦❞❡❧✳

❋♦r t❤❡ ✐s♦❧❛t❡❞ ❚▼❋ ✇✐❞t❤ ✇❡ s❡❡ t❤❛t ❛s t❤❡ ♣✉♠♣ r❛t❡ ✐♥❝r❡❛s❡s t❤❡ ♦♣t✐♠❛❧
✜❧t❡r ✇✐❞t❤ ❞❡❝r❡❛s❡s ❛s ✇❡❧❧ ❛s t❤❡ ♦❜t❛✐♥❡❞❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✳ ❚❤❡ r❡❞✉❝t✐♦♥ ✐♥
❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ① ❛♥❞ ♣ q✉❛❞r❛t✉r❡
❜❡✐♥❣ ♣✉s❤❡❞ ❛♣❛rt ❜② t❤❡ ❡♣s✐❧♦♥ t❡r♠ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ❡q✳✷✳✷✾ ❛♥❞ ✷✳✸✵✳
❚❤❡ ❧❛r❣❡r t❤❡ ♣✉♠♣ r❛t❡ ✐s t❤❡ ♠♦r❡ t❤❡ t❡♠♣♦r❛❧ ♠♦❞❡ ♦❢ t❤❡ st❛t❡ ✐s s❦❡✇❡❞
❛♥❞ t❤❡ ❧❡ss ❛ s✐♥❣❧❡ t❡♠♣♦r❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥ ❝❛♥ ❡♥❝♦♠♣❛ss ✐t✳ ❚❤❡ s❤♦rt❡♥✐♥❣
♦❢ t❤❡ ♦♣t✐♠❛❧ ❚▼❋ ✇✐❞t❤ ❝❛♥ t❤❡♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ s❤♦rt❡♥✐♥❣ ♦❢ t❤❡
❛♥t✐✲sq✉❡❡③❡❞ ❜❛♥❞✇✐❞t❤ ✇❡✐❣❤✐♥❣ ❤❡❛✈✐❡r t❤❛♥ t❤❡ ❧❡♥❣t❤❡♥✐♥❣ ♦❢ t❤❡ sq✉❡❡③❡❞
❜❛♥❞✇✐t❤✱ s✐♥❝❡ ♠♦r❡ ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡ ✐s ❛♥t✐✲sq✉❡❡③❡❞ t❤❛♥ sq✉❡❡③❡❞✳ ❲❡
t❤❡♥ s❡❡ t❤❛t t❤❡ tr✐❣❣❡r ✜❧t❡r ✇✐❞t❤ s❤♦✉❧❞ ❛t ❧❡❛st ❜❡ ✽ t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡
❖P❖ ❜❛♥❞✇✐❞t❤ t♦ ♥♦t ❝❛✉s❡ t❤❡ ♦♣t✐♠❛❧ ❚▼❋ ✇✐❞t❤ t♦ ❞❡❝r❡❛s❡ ❛♥❞ t❤❡r❡❜②
❞❡❝r❡❛s✐♥❣ t❤❡ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✳ ❚❤♦✉❣❤ ❤❡r❡ ✇❡ ❤❛✈❡ t♦ ❦❡❡♣ ✐♥ ♠✐♥❞ t❤❛t ✇❡
❛r❡ ✉s✐♥❣ ❛ s❤❛r♣ ❞♦✉❜❧❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ❛s ♦✉r ❚▼❋ ❛♥❞ t❤❛t t❤❡ ❡✛❡❝t
♦❢ t❤❡ tr✐❣❣❡r ✜❧t❡r ✐s t♦ s♠♦♦t❤❡♥ ♦✉t t❤❡ t❡♠♣♦r❛❧ ❝♦rr❡❧❛t✐♦♥s ❛♥❞ s♦ ✉s✐♥❣ ❛
❞✐✛❡r❡♥t ❚▼❋ s❤❛♣❡ ❝♦✉❧❞ ♥❡❣❛t❡ t❤✐s ❡✛❡❝t✳ ■t ✐s ❛❧s♦ ✇♦rt❤ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞
t❤❛t ✇❤✐❧❡ t❤❡ ❚▼❋ ✐s ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❞❛t❛ ❛♥❛❧②s✐s ❛♥❞ t❤❡r❡❢♦r❡ ❡❛s✐❧② ❝❛♥ ❜❡
✈❛r✐❡❞✱ t❤❡ tr✐❣❣❡r ✜❧t❡r ✇✐❞t❤ κ ✐s s❡t ❜② t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ✜❧t❡r✐♥❣
s②st❡♠ ❛♥❞ s♦ ♠✐❣❤t ♥♦t ❜❡ ❡❛s② ❛❞❥✉st ♦r ❡✈❡♥ ♣♦ss✐❜❧❡ t♦ ❛❞❥✉st✳
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❋✐❣✉r❡ ✷✳✺✿ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣✉♠♣ r❛t❡ ❢♦r ✈❛r✐♦✉s ✈❛❧✉❡s ♦❢
T ✱ ηt✱ ηs ❛♥❞ Ξ✳ ❱❛❧✉❡s ❛ ✉♥✐t② ✉♥❧❡ss ♦t❤❡r✇✐s❡✳

❍❡r❡ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧❀ T ✱ ηs✱
ηt ❛♥❞ Ξ✳ ■❢ ✇❡ ❞✐sr❡❣❛r❞ t❤❡✐r ❡✛❡❝t ♦♥ t❤❡ ♠♦❞❛❧ ✐♠♣✉r✐t② t❤❡✐r ❜❡❤❛✈✐♦✉r ✐s
str❛✐❣❤t ❢♦r✇❛r❞❀ ✐❢ t❤❡② ❛r❡ ❞❡❝r❡❛s❡❞ s♦ ✐s t❤❡ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❛s ✐s s❡❡♥ ❢r♦♠
t❤❡ s♦❧✐❞ ❧✐♥❡s ♦❢ ✜❣✳ ✷✳✺✳ ❚❤❡ r❡❞✉❝t✐♦♥ ✐s ✇♦rst ❢♦r t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧ ❡✣❝✐❡♥❝②
❛♥❞ ♠♦❞❛❧ ✐♠♣✉r✐t②✱ ✇❤♦ ❡ss❡♥t✐❛❧❧② ❞❡s❝r✐❜❡ t❤❡ s❛♠❡ ♠❡❝❤❛♥✐s♠ ♦❢ ♠✐①✐♥❣
t❤❡ s✐❣♥❛❧ st❛t❡ ✇✐t❤ ✈❛❝✉✉♠✳ ❲❡ s❡❡ t❤❛t t❤❡ r❡❞✉❝t✐♦♥ ✐s ❧✐♥❡❛r ❛♥❞ t❤❛t ❛
❞❡❝r❡❛s❡ ❢r♦♠ 99% t♦ 90% r❡s✉❧ts ✐♥ ❛ r♦✉❣❤❧② 2̃0% r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❲✐❣♥❡r
♥❡❣❛t✐✈✐t② ❛❝r♦ss t❤❡ ♣✉♠♣ r❛♥❣❡✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡s ✐♥❝❧✉❞❡ t❤❡ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡
♠♦❞❛❧ ✐♠♣✉r✐t② t♦ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡r ❛♥❞ ✐s ♠♦❞❡❧❧❡❞ ❛s

Ξ(ǫ, T, ηt) =
〈n̂tc〉 − 〈n̂dc〉

〈n̂tc〉
=

〈n̂〉 (1− T )ηt
〈n̂〉 (1− T )ηt − 〈n̂dc〉

✭✷✳✹✺✮

✇❤❡r❡ 〈n̂tc〉 ❛♥❞ 〈ndc〉 ✐s t❤❡ t♦t❛❧ ❛♥❞ ❞❛r❦ ❝♦✉♥t r❛t❡s✱ r❡s♣❡❝t✐✈❡❧②✱ ♦❜s❡r✈❡❞
❢r♦♠ t❤❡ ❙❙P❉ ✇❤❡♥ r✉♥♥✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t ❛♥❞ 〈n̂〉 =

〈

â†(t)â(t)
〉

= γ1ǫ
2/(γ2−

ǫ2) ✐s t❤❡ ♣❤♦t♦♥ ♥✉♠❜❡r ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ t❤❡ ❖P❖ ♦✉t♣✉t ♠♦❞❡✱ ✇❤✐❝❤ ❝♦r✲
r❡s♣♦♥❞s t♦ t❤❡ ♣❤♦t♦♥ ♣r♦❞✉❝t✐♦♥ r❛t❡ ✐♥ ❍③✳ ❋♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❞❛s❤❡❞
❧✐♥❡s ✐♥ ✜❣✳ ✷✳✺ ③❡r♦ ✐♥t❡r♥❛❧ ❧♦ss ✐s ❛ss✉♠❡❞ ✭γ2 = 0 → γ = γ1✮ ❛♥❞ t②♣✐❝❛❧
❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ✉s❡❞ t♦ s❡t 〈ndc〉 = (1−Ξ′) 〈n̂′〉 (1−T ′)η′t/Ξ

′ ✇✐t❤
ǫ′/γ = 0.4✱ T ′ = 0.97✱ η′t = 0.1✱ Ξ′ = 0.995✳ ❚❤❡ ♣r✐♠❡ ❞❡♥♦t❡s t❤❡ s♣❡❝✐✜❝ ✈❛❧✉❡
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s✐♥❝❡ t❤❡ ❞❛r❦ ❝♦✉♥t r❛t❡ s❤♦✉❧❞ ✐❞❡❛❧❧② ♥♦t ❞❡♣❡♥❞ ♦♥ ❛♥② ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳
■♥ ❛ r❡❛❧ ❡①♣❡r✐♠❡♥t t❤❡ ♣❤♦t♦♥ ❞❡t❡❝t♦r ✇✐❧❧ ✉♥❢♦rt✉♥❛t❡❧② ♥♦t ♦♥❧② s❡❡ ❞❛r❦
❝♦✉♥ts ❜✉t ❛❧s♦ ❝♦✉♥ts ❢r♦♠ s❝❛tt❡r❡❞ ❧✐❣❤t ♦r ✉♥❛tt❡♥✉❛t❡❞ ❧✐❣❤t ❢r♦♠ ❝♦♥tr♦❧
❜❡❛♠s ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥ t♦ t❤❡ ❞✐✛❡r❡♥t ❧♦ss ♠❡❝❤❛♥✐s♠ ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❡❝✐✜❝
❧❛②♦✉t ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳

❋✐❞❡❧✐t②

❋✐♥❛❧❧② ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ✜❞❡❧✐t② ❜❡t✇❡❡♥ ♦✉r ♠♦❞❡❧ ❛♥❞ ❛ r❡❛❧ ♦❞❞ ❝❛t st❛t❡
❛♥❞ t❤❡ s✐♥❣❧❡ ♠♦❞❡ ✶✲P❙❙q❱✳ ❲❡ ✉s❡ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ❢r♦♠ ♦✉r ♠♦❞❡❧ ❛♥❞
t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥s ❢r♦♠ t❛❜✳ ✷✳✷ ❛♥❞ ✷✳✸✳✶ ❛♥❞ ❝❛❧❝✉❧❛t❡ t❤❡ ✜❞❡❧✐t② ✉s✐♥❣ ❡q✳
✷✳✶✷ ❢♦r ✈❛r✐♦✉s ♣✉♠♣ r❛t❡s ❛♥❞ ❛♠♣❧✐t✉❞❡ ♦r sq✉❡❡③✐♥❣ ♣❛r❛♠❡t❡rs✳ ❚❤❡ r❡s✉❧t
✐s s❤♦✇♥ ✐♥ ✜❣✳ ✷✳✻✳ ■♥ ❣❡♥❡r❛❧ ✇❡ s❡❡ t❤❛t t❤❡ ✜❞❡❧✐t② ❞❡❝r❡❛s❡s ✇✐t❤ ✐♥❝r❡❛s✐♥❣
♣✉♠♣ r❛t❡✱ ❛s ✇❡ ✇♦✉❧❞ ❡①♣❡❝t ❢r♦♠ t❤❡ ❞❡❝r❡❛s❡❞ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❛♥❞ t❤❛t
t♦ ♦❜t❛✐♥ ❛ ✜❞❡❧✐t② ❛❜♦✈❡ ✵✳✾ t❤❡ ♣✉♠♣ r❛t❡ ❤❛s t♦ ❜❡ ǫ/γ < 0.4✳ ❲❡ ❛❧s♦ ♥♦t❡
t❤❛t t❤❡ ✜❞❡❧✐t② t♦ t❤❡ s✐♥❣❧❡✲♠♦❞❡ ✶✲P❙❙q❱ ✐s s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ t♦ t❤❡ r❡❛❧
♦❞❞ ❝❛t st❛t❡✱ ✇❤✐❧❡ ❜♦t❤ ❛ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r t❤❛♥ t♦ t❤❡ s✐♥❣❧❡ ♣❤♦t♦♥ ❢♦❝❦
st❛t❡✳
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❋✐❣✉r❡ ✷✳✻✿ ❋✐❞❡❧✐t② ❜❡t✇❡❡♥ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ ♠✉❧t✐✲♠♦❞❡ ✶✲P❙❙q❱ st❛t❡ ❛♥❞
t❤❡ r❡❛❧ ♦❞❞ ❝❛t st❛t❡ ❛♥❞ s✐♥❣❧❡✲♠♦❞❡ ✶✲PP❙q❱✳ ❆❧❧ ❡✣❝✐❡♥❝✐❡s ♦❢ t❤❡ ♠♦❞❡❧ ✐s
s❡t t♦ ✉♥✐t② ✇✐t❤ T ≈ 1 ❛♥❞ κ ≈ ∞ ❛♥❞ ❢♦r ❡❛❝❤ ♣✉♠♣ r❛t❡ t❤❡ ♦♣t✐♠❛❧ ❚▼❋
✇✐❞t❤ ✐s ✉s❡❞✳ ❉♦tt❡❞ ❧✐♥❡s ✐♥❞✐❝❛t❡ t❤❡ ♠❛①✐♠❛❧ ✜❞❡❧✐t② tr❛❥❡❝t♦r②✳

✷✳✹ ❍♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥

❚♦ ❝❤❛r❛❝t❡r✐③❡ ❛ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡ st❛t❡ ❛ ♣❤❛s❡ s❡♥s✐t✐✈❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡
❧✐❣❤t ✜❡❧❞ ✐s ♥❡❡❞❡❞✱ t❤♦✉❣❤ ✉♥❢♦rt✉♥❛t❡❧② t❤❡r❡ ❡①✐sts ♥♦ ❝✉rr❡♥t ❞❡t❡❝t♦r t❡❝❤✲
♥♦❧♦❣② t❤❛t ❝❛♥ ❞✐r❡❧② ♠❡❛s✉r❡ t❤❡ ♣❤❛s❡ ♦❢ ❛♥ ✐♥❝♦♠✐♥❣ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t



✷✳✹ ❍♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥ ✷✼

♦♣t✐❝❛❧ ❢r❡q✉❡♥❝✐❡s✳ ■♥st❡❛❞ ✐♥t❡r❢❡r❡♥❝❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡✈❡❛❧ t❤❡ ❞❡s✐r❡❞ ♣❤❛s❡
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❛ st❛t❡✳ ❆ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡ t❤❛t ❞♦❡s t❤✐s ✐s t❤❡ ❜❛❧✲
❛♥❝❡❞ ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥✳ Pr♦♣♦s❡❞ ✐♥ ✶✾✽✾ ❜② ❱♦❣❡❧ ❬✹✻❪ ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧❧②
❞❡♠♦♥str❛t❡❞ ❢♦✉r ②❡❛rs ❧❛t❡r ❬✹✼❪✱ ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥ ✐s ❛ ♣❤❛s❡✲s❡♥s✐t✐✈❡ ♠❡❛✲
s✉r❡♠❡♥t ♦❢ t❤❡ q✉❛♥t✉♠ ♥♦✐s❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞❡✜♥❡❞ ❜② ❛♥ ♦♣t✐❝❛❧ ♠♦❞❡✳
❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ t❤❡ ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t ❛❧❧♦✇s ✉s t♦ ♠❡❛✲
s✉r❡ t❤❡ q✉❛❞r❛t✉r❡ ✈❛❧✉❡s qθ ♦❢ ❛ st❛t❡ ❛❧♦♥❣ ❛♥② ❛♥❣❧❡ ✐♥ ♣❤❛s❡ s♣❛❝❡✳ ❚❤❡
♠❡❛s✉r❡♠❡♥t ❝♦♥s✐sts ♦❢ ✐♥t❡r❢❡r✐♥❣ t❤❡ s✐❣♥❛❧ ✜❡❧❞ ✇✐t❤ ❛ str♦♥❣ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r
✭▲❖✮ ✜❡❧❞ ♦♥ ❛ ❜❛❧❛♥❝❡❞ ✭✺✵✿✺✵✮ ❜❡❛♠s♣❧✐tt❡r ❛♥❞ ♠❡❛s✉r✐♥❣ t❤❡ t✇♦ ♦✉t♣✉t
♠♦❞❡s ✇✐t❤ ♣❤♦t♦❞❡t❡❝t♦rs✳ ❚❤❡ r❡s✉❧t✐♥❣ ♣❤♦t♦❝✉rr❡♥ts ❛r❡ t❤❡♥ s✉❜tr❛❝t❡❞ t♦
r❡♠♦✈❡ t❤❡ ❝❧❛ss✐❝❛❧ ♥♦✐s❡ ♦❢ t❤❡ ▲❖ ✜❡❧❞ ❛♥❞ ❛♠♣❧✐❢② t❤❡ ♣❤❛s❡ s❡♥s✐t✐✈❡ ♥♦✐s❡
♦❢ t❤❡ s✐❣♥❛❧ ✜❡❧❞✳ ❚♦ s❡❡ ❤♦✇ t❤❡ s❝❤❡♠❡ ✇♦r❦s ✇❡ ❝♦♥s✐❞❡r t❤❡ ✜❡❧❞ ♦♣❡r❛t♦rs
â1 ❛♥❞ â2 ♦❢ t❤❡ t✇♦ ✐♥❝♦♠✐♥❣ ✜❡❧❞s

b̂1 =
1√
2
(â2 + â1) ⇒ n̂b,1 = b̂†1b̂1 =

1

2

(

n̂a,2 + n̂a,1 + â†2â1 + â†1â2
)

b̂2 =
1√
2
(â2 − â1) ⇒ n̂b,2 = b̂†2b̂2 =

1

2

(

n̂a,2 + n̂a,1 − â†2â1 − â†1â2
)

■♥ t❤❡ ❝❧❛ss✐❝❛❧ ♣✐❝t✉r❡ t❤❡ ♣❤♦t♦❝✉rr❡♥t ✐ ♣r♦❞✉❝❡s ❜② ❛ ❞✐♦❞❡ ✐s ♣r♦♣♦rt✐♦♥❛❧
t♦ t❤❡ ❛❜s♦r❜❡❞ ✜❡❧❞ ✐♥t❡♥s✐t② i ∝ |E|2✱ ✇❤✐❧❡ ✐♥ t❤❡ q✉❛♥t✉♠ r❡❣✐♠❡ ✐ts t❤❡
♣❤♦t♦♥ ♥✉♠❜❡r ♦❢ t❤❡ ♠♦❞❡ â✱ s♦ t❤❛t i ∝ n̂✳ ❚❤❡ s✉❜tr❛❝t❡❞ ♣❤♦t♦❝✉rr❡♥t ❢r♦♠
t❤❡ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r ihd ✐s t❤❡♥

ihd = i1 − i2 ∝ n̂b,1 − n̂b,2 = â†2â1 + â†1â2 ✭✷✳✹✻✮

❙❡tt✐♥❣ â1 = âs ❛s ♦✉r ✐♥♣✉t s✐❣♥❛❧ st❛t❡ t♦ ❜❡ ♠❡❛s✉r❡❞ ❛♥❞ â2 = |αlo|eiθ ❛s
t❤❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ✜❡❧❞✱ ✇❡ ❣❡t

ihd ∝ |αlo|
(

âse
−iθ + â†se

iθ
)

=
√
2|αlo|q̂s,θ ✭✷✳✹✼✮

✷✳✹✳✶ ■♠♣❡r❢❡❝t ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥

❖♣t✐❝❛❧ ❧♦ss

❆♥② ❧♦ss✱ ❜♦t❤ ❜❡❢♦r❡ ❛♥❞ ❞✉r✐♥❣✱ t❤❡ ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞
❛s t❤❡ ✐♥♣✉t s✐❣♥❛❧ st❛t❡ ❤❛✈✐♥❣ ❜❡❡♥ tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ ❛ ❜❡❛♠s♣❧✐tt❡r ✇✐t❤
tr❛♥s♠✐ss✐♦♥ η✱ s♦ t❤❛t â1 =

√
ηâs +

√
1− ηâv✳ ■♥s❡rt✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥t♦

❡q✳ ✷✳✹✻ ❣✐✈❡s

ihd ∝|αlo|
[

(
√
ηâs +

√

1− ηâv)e
−iθ + (

√
ηâ†s +

√

1− ηâ†v)e
iθ
]

=
√
2|αlo|(

√
ηq̂s,θ +

√

1− ηq̂v) ✭✷✳✹✽✮



✷✽ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

❯♥❜❛❧❛♥❝❡❞

■❢ t❤❡ ❞❡t❡❝t✐♦♥ ✐s ✉♥❜❛❧❛♥❝❡❞ ✭T 6= 1
2 ✮ ✇❡ ❝❛♥♥♦t ✉s❡ ❡q✳ ✷✳✹✻✳ ■♥st❡❛❞ ✇❡ ❤❛✈❡

t❤❛t

b̂1 =
√
1− T â2 +

√
T â1 ⇒ n̂b,1 = (1− T )n̂a,2 + T n̂a,1 +

√

T − T 2(â†2â1 + â†1â2)

b̂2 =
√
T â2 −

√
1− T â1 ⇒ n̂b,2 = T n̂a,2 + (1− T )n̂a,1 −

√

T − T 2(â†2â1 + â†1â2)

✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❤♦♠♦❞②♥❡ ♣❤♦t♦❝✉rr❡♥t ❝♦♥t❛✐♥✐♥❣ t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ♣❤♦t♦♥
♥✉♠❜❡r ♦♣❡r❛t♦rs

ihd = i1 − i2 ∝ n̂b,1 − n̂b,2 ✭✷✳✹✾✮

=(1− 2T )(n̂a,2 − n̂a,1) + 2
√

T − T 2(â†2â1 + â†1â2) ✭✷✳✺✵✮

■❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠♦❞❡ â2 ❝♦♥t❛✐♥s t❤❡ str♦♥❣ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ✜❡❧❞ ❛♥❞ t❤❛t
T = 1

2 + k✱ ✇❤❡r❡ ❦ ✐s s♦♠❡ s♠❛❧❧ ❢r❛❝t✐♦♥ ✭k ≪ 1✮ s②♠❜♦❧✐③✐♥❣ t❤❡ ✉♥❜❛❧❛♥❝❡✱

✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ ❛ ❜❛❧❛♥❝❡❞ ♣❤♦t♦❝✉rr❡♥t ❜② ❛tt❡♥✉❛t✐♥❣ t❤❡ b̂2 ♠♦❞❡ ❜②
❛♥ ❛♠♦✉♥t 1 − η2 t❤❛t ❝♦♠♣❡♥s❛t❡s ❢♦r t❤❡ ❧❛r❣❡r ♣♦rt✐♦♥ ♦❢ t❤❡ â2 ♠♦❞❡✳ ■♥
❬✹✽❪ ✐t ✇❛s ❢♦✉♥❞ t❤❛t ❢♦r s♠❛❧❧ ✐♠❜❛❧❛♥❝❡s t❤✐s ❝♦♠♣❡♥s❛t✐♦♥ ❧❡❛❞s t♦ ❛ ❧♦ss ♦❢
t❤❡ ❤♦♠♦❞②♥❡ s✐❣♥❛❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♠❜❛❧❛♥❝❡✱ ✐✳❡✳ ❢♦r ❛ 4% ✐♠❜❛❧❛♥❝❡
✭T = 48/52✮ t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ ♥❡❡❞❡❞ t♦ ❜❛❧❛♥❝❡ t❤❡ ❤♦♠♦❞②♥❡ ♣❤♦t♦❝✉rr❡♥t
r❡s✉❧ts ✐♥ ❛ ❧♦ss✱ ❡q✉✐✈❛❧❡♥t t♦ ❡q✳ ✷✳✹✽✱ ♦❢ 4%✳

✷✳✺ ◗✉❛♥t✉♠ st❛t❡ r❡❝♦♥str✉❝t✐♦♥

❲❡ ✇✐❧❧ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❡ss❡♥t✐❛❧ t❛s❦ ♦❢ ❡st✐♠❛t✐♥❣ ✇❤❛t q✉❛♥t✉♠ st❛t❡ ✇❡
❤❛✈❡ ♠❡❛s✉r❡❞✱ ❜❛s❡❞ ♦♥ ❝♦❧❧❡❝t❡❞ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛✳ ■❢ ✇❡ ✐♠❛❣✐♥❡ {|j〉} ❛s
t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s ♦❢ ♦✉r ♠❡❛s✉r❡♠❡♥t✱ ✇❡ ❝❛♥ ✇r✐t❡ ♦✉r ❞❛t❛s❡t
{fj} ❛s t❤❡ ❢r❡q✉❡♥❝② fj ♦❢ ❡❛❝❤ ♦✉t❝♦♠❡✳ ■♥ ❣❡♥❡r❛❧ ✐❢ ♦♥❡ ❤❛s ❛ ♠♦❞❡❧ ♦❢
❛ s②st❡♠ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♣rj ♦❢ ❤❛✈✐♥❣ ♠❡❛s✉r❡❞ |j〉
❣✐✈❡♥ s♦♠❡ s♣❡❝✐✜❝ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳ ■♥ ♦✉r ❝❛s❡ ♦❢ tr②✐♥❣ t♦ ❡st✐♠❛t❡ ❛♥
✉♥❦♥♦✇♥ q✉❛♥t✉♠ st❛t❡✱ t❤❡ ❡❧❡♠❡♥ts ♦❢ ✐ts ❞❡♥s✐t② ♠❛tr✐① ♣❧❛② t❤❡ r♦❧❡ ♦❢
♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛♥❞ ♦✉r ❥♦❜ ✐s t♦ ✜♥❞ t❤❡ ❞❡♥s✐t② ♠❛tr✐① ρ̂0 t❤❛t ♠❛①✐♠✐③❡s
t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ♣r♦✈✐❞✐♥❣ ♦✉r ❞❛t❛s❡t✳ ❚♦ ❞♦ t❤✐s ✇❡ ✉s❡ ❛ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥
❞❡✜♥❡❞ ❛s

L(ρ̂) =
∏

j

♣r
fj
j ✭✷✳✺✶✮

✇❤❡r❡ ♣rj = 〈j| ρ̂ |j〉 = ❚r
[

Π̂j ρ̂
]

✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♠❡❛s✉r✐♥❣ |j〉 ❣✐✈❡♥ ρ̂✳ ❲❡

✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t L ✐❢ ♠❛①✐♠✐③❡❞ ✇❤❡♥ ρ̂ = ρ̂0✱ s✐♥❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ✇✐❧❧



✷✳✺ ◗✉❛♥t✉♠ st❛t❡ r❡❝♦♥str✉❝t✐♦♥ ✷✾

t❤❡♥ ❡①❛❝t❧② ♠❛t❝❤ t❤❡ ❞❛t❛ ✭♣rj = fj✮✳ ■♥ ❬✹✾❪ ▲✈♦✈s❦② ♣r❡s❡♥ts ❛♥ ✐t❡r❛t✐✈❡
♠❡t❤♦❞ ❢♦r ♠❛①✐♠✐③✐♥❣ t❤✐s ❧✐❦❡❧✐❤♦♦❞ ✇❤✐❝❤ ✐s s✉✐t❛❜❧❡ ❢♦r ❤♦♠♦❞②♥❡ ❞❛t❛✳ ❚❤❡
❛♣♣r♦❛❝❤ ✐s t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r

R̂(ρ̂) =
∑

j

fj
♣rj

Π̂j ✭✷✳✺✷✮

✇❤❡r❡ Π̂j = |j〉 〈j| ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r✳ ◆♦t✐❝✐♥❣ t❤❛t ❛s ρ̂ → ρ̂0 ✇❡ ❣❡t

♣rj → fj ✇❤✐❝❤ ❧❡❛❞s t♦ R̂(ρ̂) → ✶̂ s✐♥❝❡ {|j〉} ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ ❝♦♠♣❧❡t❡ s❡t

s♦ t❤❛t
∑

j Π̂j = ✶̂✳ ■♥ t❤❡ ❧✐♠✐t ✇❡ t❤❡♥ ❤❛✈❡ R̂(ρ̂)ρ̂R̂(ρ̂) = ρ̂✱ ✇❤✐❝❤ ❢♦r♠s t❤❡
❜❛s✐s ♦❢ ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss

ρ(k+1) = N
[

R̂(ρ̂(k))ρ̂(k)R̂(ρ̂(k))
]

✭✷✳✺✸✮

✐♥ ✇❤✐❝❤ ❛♥ ✐♥✐t✐❛❧ ρ̂(0) ✐s ❛s②♠♣t♦t✐❝❛❧❧② tr❛♥s❢♦r♠❡❞ t♦✇❛r❞s t❤❡ ♠❛①✐♠✉♠✲
❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t♦r ρ̂0 s♦ t❤❛t t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s❡s✳ ❊❛❝❤ st❡♣
♦❢ t❤❡ ✐t❡r❛t✐♦♥ ✐s ♥♦r♠❛❧✐③❡❞ t♦ ✉♥✐t② tr❛❝❡ ❜② N ✳ ❲❡ ❝❛❧❧ t❤✐s r❡❝♦♥str✉❝t✐♦♥
❛♣♣r♦❛❝❤ t❤❡ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠✱ s❤♦rt ❢♦r ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞✳

✷✳✺✳✶ ❚♦♠♦❣r❛♣❤② ❢r♦♠ ❤♦♠♦❞②♥❡ ❞❛t❛

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ t❤❛t t❤❡ ❞❛t❛ s❡t {fj} ✐s ❢r♦♠ ❛ s❡r✐❡s ♦❢
❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❛ s✐♥❣❧❡ ♠♦❞❡ q✉❛♥t✉♠ st❛t❡✳ ❲❡ ✐♠❛❣✐♥❡ ♦✉r
❞❛t❛s❡t ❛s ❝♦♥s✐st✐♥❣ ♦❢ ❛ t♦t❛❧ ♦❢ Nf q✉❛❞r❛t✉r❡ ✈❛❧✉❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ▲❖
❤❛✈✐♥❣ ❜❡❡♥ ❧♦❝❦❡❞ ❛t ❞✐✛❡r❡♥t ♣❤❛s❡ ❛♥❣❧❡s✱ ✇❤✐❧❡ Nθ q✉❛❞r❛t✉r❡ ✈❛❧✉❡s ✇❤❡r❡
r❡❝♦r❞❡❞ ❛t ❡❛❝❤ ❛♥❣❧❡✳ ❙✐♥❝❡ t❤❡ ❡✐❣❡♥st❛t❡s ♦❢ t❤❡ ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t✱
✇❤✐❝❤ ❛r❡ t❤❡ q✉❛❞r❛t✉r❡s st❛t❡s |qθ〉✱ ❛r❡ ❝♦♥t✐♥✉♦✉s ✈❛❧✉❡❞✱ t❤❡ s❡t {|qθ〉} ❤❛s t♦
❜❡ ❜✐♥♥❡❞ ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② ♣rθ t♦ ❜❡ ✜♥✐t❡✳ ❲❡ t❤❡r❡❢♦r❡ ❞❡✜♥❡ t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ ♦❜s❡r✈✐♥❣ t❤❡ q✉❛❞r❛t✉r❡ ✈❛r✐❛❜❧❡ q̂θ ✇✐t❤✐♥ ❛ ❜✐♥ s♣❛♥♥✐♥❣ ]ql; ql+1[ ❛s

♣rθ,l =

∫ ql+1

ql

♣rθ(q) dq =

∫ ql+1

ql

〈qθ| ρ̂ |qθ〉 dq = ❚r
[

Π̂θ,lρ̂
]

✭✷✳✺✹✮

✇✐t❤ Π̂θ,l =
∫ ql+1

ql
|qθ〉 〈qθ| dq ❜❡✐♥❣ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ❢♦r t❤❡ ❧t❤ ❜✐♥ ❛t

t❤❡ ♣❤❛s❡ θ✳ ❚❤❡ ✐♥t❡❣r❛t✐♦♥ ✐s ❛❝r♦ss t❤❡ ❜✐♥ ✇✐❞t❤ dq✳ ❲❡ t❤❡♥ ❞❡♥♦t❡ t❤❡
♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ ❧t❤ ❜✐♥ ❛s Nθ,l s♦ t❤❛t Nθ =

∑

j Nθ,l✳ ❆s ✇❡ ❛r❡
♥♦✇ ✉s✐♥❣ t✇♦ ✐♥❞✐❝❡s θ ❛♥❞ j t♦ ✐♥❞❡① ♦✉r ❞❛t❛s❡t {fθ,j} ✇❡ ❝❛♥ ♠♦❞✐❢② ❡q✳
✷✳✺✷ t♦ r❡✢❡❝t ✐t

R̂(ρ̂) =
∑

θ

Nθ

Nf

∑

l

fθ,l
♣rθ,l

Π̂θ,l ✭✷✳✺✺✮

❍❡r❡
∑

θ ✐s t❤❡ s✉♠ ♦✈❡r t❤❡ ▲❖ ❛♥❣❧❡s ❛♥❞ t❤❡ ❢❛❝t♦r Nθ/Nf ❡♥s✉r❡s t❤❛t t❤❡
❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ s✉♠ ❢r♦♠ ❡❛❝❤ ❛♥❣❧❡ ✐s ❝♦rr❡❝t❧② ✇❡✐❣❤t❡❞ ✐❢ Nθ ✐s ♥♦t ❡q✉❛❧



✸✵ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

❢♦r ❛❧❧ ❛♥❣❧❡s✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ❜✐♥s ❤❛✈❡ t♦ ❝♦✈❡r t❤❡ ❡♥t✐r❡ r❛♥❣❡ ♦❢ q✉❛❞r❛✲
t✉r❡ ✈❛❧✉❡s✱ s♦ t❤❛t ✇❡ ❢✉❧✜❧ t❤❡ ❝♦♠♣❧❡t❡♥❡ss r❡q✉✐r❡♠❡♥ts ♦❢

∑

l ♣rθ,l = 1 ❛♥❞
∑

l Π̂θ,l = ✶̂✱ ❜✉t ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ s❡❝t✐♦♥ ❜❡❧♦✇✱ t❤✐s ✐s ♦❢ ❝♦✉rs❡ ♥♦t ❢❡❛s✐❜❧❡
✐♥ ❛ r❡❛❧ ✇♦r❧❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ❤❡r❡ ♦♥❧② ❝♦♥✲
s✐❞❡r❡❞ ❛ s✐♥❣❧❡ ♠♦❞❡ st❛t❡✱ ❜✉t ✐t ❝❛♥ r❡❛❞✐❧② ❜❡ ❡①t❡♥❞❡❞ t♦ ♠✉❧t✐✲♠♦❞❡ st❛t❡s✱
t❤♦✉❣❤ t❤❡ ♠❡❛s✉r❡♠❡♥t ❞❛t❛ r❡q✉✐r❡s ✐♥❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛❧② ✇✐t❤ t❤❡ ♥✉♠❜❡r
♦❢ ♠♦❞❡s t❤❡ st❛t❡s ♦❝❝✉♣✐❡s✳ ◆❡✇❡r ♠❡t❤♦❞s r❡❧②✐♥❣ ♦♥ ♥❡✉r❛❧ ◆❡t✇♦r❦s ❤❛✈❡
t❤❡r❡❢♦r❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r ❝✐r❝✉♠✈❡♥t t❤✐s ❞✐✣❝✉❧t② ❬✺✵❪✳ ❯s✐♥❣ t❤❡ ▼❛❦▲✐❦
❛❧❣♦r✐t❤♠ ✇❡ r❡❝♦♥str✉❝t t❤❡ ❞❡♥s✐t② ♠❛tr✐①✱ ❜✉t t♦ ♦♥❧② ♦❜s❡r✈❡ ❲✐❣♥❡r ♥❡❣❛✲
t✐✈✐t② ❞❛t❛ ♦❜t❛✐♥ ❢r♦♠ ♣❤♦t♦♥✲♥✉♠❜❡r✲r❡s♦❧✈✐♥❣ ♠❡❛s✉r❡♠❡♥ts ❤❛✈❡ ❜❡❡♥ ✉s❡❞
t♦ ❞✐r❡❝t❧② r❡❝♦♥str✉❝t t❤❡ ❲✐❣♥❡r ❋✉♥❝t✐♦♥ ❬✺✶❪✳

▲♦ss ❝♦♠♣❡♥s❛t❡❞ r❡❝♦♥str✉❝t✐♦♥

❖♥❡ ♦❢ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠ ✐s t❤❡
♣♦ss✐❜✐❧✐t② ♦❢ ❞✐r❡❝t❧② ✐♥❝❧✉❞✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♥❣ ❢♦r ❛♥② ❞❡t❡❝t✐♦♥ ✐♥❡✣❝✐❡♥❝✐❡s
✐♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ❡①❝❤❛♥❣✐♥❣ t❤❡ ♣r♦❥❡❝t✐♦♥
♦♣❡r❛t♦r Π̂θ,l ✇✐t❤ t❤❡ P❖❱▼ ❬✺✷❪

Êθ,l =
∑

m,n,k

√

Bm+k
m (η)Bn+k

n (η)

∫ ql+1

ql

〈m|qθ〉 〈qθ|n〉 dq |n+ k〉 〈m+ k| ✭✷✳✺✻✮

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ♠❡❛s✉r✐♥❣ ✇✐t❤ ❛ ❞❡t❡❝t♦r ♦❢ η ❡✣❝✐❡♥❝②✳ ❚❤❡ ▼❛①▲✐❦
❛❧❣♦r✐t❤♠ ✇✐❧❧ t❤❡♥ ❞✐r❡❝t❧② r❡❝♦♥str✉❝t ❛ st❛t❡✱ ✇❤❡r❡ t❤❡ ❧♦ss ❢r♦♠ t❤❡ ❞❡t❡❝t✐♦♥
❤❛✈❡ ❜❡❡♥ ❝♦♠♣❡♥s❛t❡❞✳ ❋♦r ♠ ❛♥❞ ♥ t❤❡ s✉♠♠❛t✐♦♥ ✐s ❢r♦♠ ✵ t♦ t❤❡ ❡✈❡♥t✉❛❧
tr✉♥❝❛t✐♦♥ ♦❢ t❤❡ ♣❤♦t♦♥ ♥✉♠❜❡r st❛t❡ s♣❛❝❡ ✭❡①♣❧❛✐♥❡❞ ❜❡❧♦✇✮✱ ❛♥❞ ❢♦r ❦ ✐ts
❢r♦♠ ✵ t♦ ❧❛r❣❡st ♦❢ ♠ ♦r ♥✳

❯♥❝❡rt❛✐♥t② ♦❢ ▼❛①▲✐❦ r❡❝♦♥str✉❝t✐♦♥

❚♦ ❡st✐♠❛t❡ t❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ ▼❛①▲✐❦ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss ✇❡ ✇✐❧❧ ✉s❡
t❤❡ ❜♦♦tstr❛♣ ♠❡t❤♦❞✳ ❍❡r❡ t❤❡ ❞❡♥s✐t② ♠❛tr✐① r❡❝♦♥str✉❝t❡❞ ❢r♦♠ ❡①♣❡r✐♠❡♥t❛❧
❞❛t❛ ✐s ✉s❡❞ t♦ ❣❡♥❡r❛t❡ s❡✈❡r❛❧ s❡ts ♦❢ s✐♠✉❧❛t❡❞ ❞❛t❛ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❤❛✈✐♥❣
♠❡❛s✉r❡❞ t❤❛t r❡❝♦♥str✉❝t❡❞ st❛t❡ ✇✐t❤ ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥✳ ❯s✐♥❣ t❤❡ ▼❛①▲✐❦
❛❧❣♦rt❤✐♠ ♦♥ t❤❡ s✐♠✉❧❛t❡❞ s❡ts t❤❡♥ ♣r♦✈✐❞❡s ❛ s❡r✐❡s ♦❢ s✐♠✉❧❛t❡❞ ❞❡♥s✐t② ♠❛✲
tr✐❝❡s✳ ❋r♦♠ t❤❡s❡ st❛t✐st✐❝❛❧ ✉♥❝❡rt❛✐♥t✐❡s ❝❛♥ ❜❡ ❞❡r✐✈❡❞✱ s✉❝❤ ❛s t❤❡ ❛✈❡r❛❣❡
❞✐st❛♥❝❡ t♦ t❤❡ ♦r✐❣✐♥❛❧ ❞❡♥s✐t② ♠❛tr✐① ♦r t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣
❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✳



✷✳✺ ◗✉❛♥t✉♠ st❛t❡ r❡❝♦♥str✉❝t✐♦♥ ✸✶

✷✳✺✳✷ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ▼❛①▲✐❦

❲❤❡♥ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠ ✇❡ ❝❤♦♦s❡ t♦ ✉s❡ t❤❡ ♥✉♠❜❡r st❛t❡
❜❛s✐s✳ ■♥ ✐t ✇❡ ❝❛♥ ❞✐r❡❝t❧② ✉s❡ ❡q✳ ✷✳✺ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ♦❢ t❤❡
♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ❛s

(Π̂θ,l)mn =

∫ ql+1

ql

〈m|qθ〉 〈qθ|n〉 dq ✭✷✳✺✼✮

❇✉t s✐♥❝❡ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ✐s ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✱ ✇❡ ♥❡❡❞ t♦ ❝❤♦♦s❡ ❛ ❤✐❣❤❡st
♣❤♦t♦♥ ♥✉♠❜❡r st❛t❡ ◆ t♦ ✐♥❝❧✉❞❡ ❛s t❤❡ tr✉♥❝❛t✐♦♥ ♣♦✐♥t ♦❢ ♦✉r r❡s✉❧t✐♥❣ ◆✰✶
❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❚❤✐s s♣❛❝❡ ♦❢ ❝♦✉rs❡ ❤❛s t♦ ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t t❤❡
st❛t❡ ρ̂ ✇❡ ❛r❡ tr②✐♥❣ t♦ r❡❝♦♥str✉❝t ❝❛♥ ❜❡ ❢✉❧❧② ❡①♣r❡ss❡❞✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡
❧❛r❣❡st ♣❤♦t♦♥ ♥✉♠❜❡r ❝♦♠♣♦♥❡♥t ♦❢ ρ̂ s❤♦✉❧❞ ❜❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ◆✳ ❚❤✐s
tr✉♥❝❛t✐♦♥ ❛❧s♦ ✐♥✢✉❡♥❝❡s ❤♦✇ ❧❛r❣❡ ❛ r❛♥❣❡ ♦❢ q✉❛❞r❛t✉r❡ ✈❛❧✉❡s ♦✉r ❜✐♥♥✐♥❣
♥❡❡❞s t♦ ❝♦✈❡r ✐♥ ♦r❞❡r ❢♦r t❤❡ ❝♦♠♣❧❡t❡♥❡ss r❡q✉✐r❡♠❡♥ts t♦ ❜❡ ♠❡t✳ ❙✐♥❝❡ ✇❡
❛❧r❡❛❞② ❛ss✉♠❡❞ t❤❛t ◆ ✐s t❤❡ ❧❛r❣❡st ♣❤♦t♦♥ ♥✉♠❜❡r ❝♦♠♣♦♥❡♥t ✐♥ ♦✉r s♣❛❝❡✱
✇❡ ♥❡❡❞ t♦ ❝❤♦♦s❡ t❤❡ st❛rt✐♥❣ ql=0 ❛♥❞ ❡♥❞✐♥❣ ql=Nb

♣♦✐♥t ♦❢ ♦✉r ❜✐♥♥✐♥❣✱

s✉❝❤ t❤❛t
∫ qNb

q0
〈qθ|N〉 dq = 1 =

∑

i,l ❚r
[

Π̂θ,l

]

/N ✱ ✇❤❡r❡ q0 ❛♥❞ qL ✐s t❤❡ ❚❤✐s

✐s ✐s ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t t♦ ♥♦t❡ ❢♦r s♠❛❧❧ ❛♠♣❧✐t✉❞❡ q✉❛♥t✉♠ st❛t❡s s✉❝❤ ❛s
P❙❙q❱✱ s✐♥❝❡ ♦♥❡ ❝♦✉❧❞✱ ❢r♦♠ ❥✉st ♦❜s❡r✈✐♥❣ t❤❡ r❡❝♦r❞❡❞ q✉❛❞r❛t✉r❡ ✈❛❧✉❡s✱
♠❛❦❡ ❛ ❝❤♦✐❝❡ ♦❢ ql=0 ❛♥❞ ql=Nb

❧❛r❣❡ ❡♥♦✉❣❤ t♦ ♥♦t tr✉♥❝❛t❡ {fθ,l}✱ ❜✉t t♦♦
s♠❛❧❧ t♦ ♥♦t tr✉♥❝❛t❡ t❤❡ ❧❛r❣❡st ♣❤♦t♦♥ ♥✉♠❜❡r ❝♦♠♣♦♥❡♥t ♦❢ Π̂θ,l✳
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❋✐❣✉r❡ ✷✳✼✿ ❲❛✈❡❢✉♥❝t✐♦♥s 〈qθ|n〉
♦❢ ♣❤♦t♦♥ ♥✉♠❜❡r st❛t❡s ✉s❡❞ t♦ ❝❛❧✲
❝✉❧❛t❡ Π̂θ,l
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bin range: |ql= 0|
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Tr
[

l
,l

]/
N

N=10
N=20
N=30
N=40
N=50
N=100

❋✐❣✉r❡ ✷✳✽✿ ❖✈❡r✈✐❡✇ ♦❢ t❤❡
❜✐♥ r❛♥❣❡ ♥❡❡❞❡❞ t♦ s❛t✐s❢②

❚r
[

Π̂θ,l

]

/N = 1 ❢♦r ❞✐✛❡r❡♥t

tr✉♥❝❛t✐♦♥ ♣♦✐♥ts ◆✳

❚❤✐s ✐ss✉❡ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✳ ✷✳✼ ❛♥❞ ✷✳✽ ❛♥❞ ❢r♦♠ t❤❡♠ ✇❡ s❡❡ t❤❛t ❛ s❡♥s✐❜❧❡
❝❤♦✐❝❡ ❝♦✉❧❞ ❜❡ N = 30 ❛♥❞ −q0 = qNb

= 10✱ ✇❤✐❝❤ ✐s ✐♥❞❡❡❞ ✇❤❛t ✇❡ ✇✐❧❧
✉s❡ ❢♦r t❤❡ s✐♠✉❧❛t❡❞ ❞❛t❛ ❛♥❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ♣r❡s❡♥t❡❞ ✐♥



✸✷ ❈♦♥t✐♥✉♦✉s ❱❛r✐❛❜❧❡ ◗✉❛♥t✉♠ ❖♣t✐❝s

❝❤❛♣✳ ✹✳ ❯s✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ♦✉t❧✐♥❡❞ ❜❡❧♦✇ ✇❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡
♥✉♠❜❡r ♦❢ ♣❤❛s❡ ❛♥❣❧❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❜✐♥s ♦♥ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss✳ ❲❡
✉s❡ t❤❡ ✜❞❡❧✐t② ❛♥❞ tr❛❝❡ ❞✐st❛♥❝❡ ❛s ♠❡tr✐❝ ❛♥❞ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ❛♥❛❧②s✐s ✐s
s❤♦✇♥ ✐♥ s❡❝✳ ❆✳✶✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t ✉s✐♥❣ ❛ ❛③✐♠✉t❤❛❧ r❡s♦❧✉t✐♦♥ ♦❢ 30o

❛♥❞ ❛ ❜✐♥ r❛♥❣❡ ♦❢ ✷✵✵✱ s❤♦✉❧❞ s✉✐t❛❜❧❡ ❢♦r ❛ ✶✲P❙❙q❱ st❛t❡✳

❲❛❧❦t❤r♦✉❣❤ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥

❚♦ s❡❡ ❤♦✇ t♦ ✐♠♣❧❡♠❡♥t t❤❡ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠ ♦♥ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❝♦❧❧❡❝t❡❞
❜② ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥✱ ✇❡ st❛rt ❜② ❜✉✐❧❞✐♥❣ ❛ s✐♠✉❧❛t❡❞ ❞❛t❛s❡t✳ ❲✐t❤ t❤❡ ❡①✲
♣r❡ss✐♦♥ ❢♦r ❛♥ ♦❞❞ ❝❛t st❛t❡ ❢r♦♠ t❛❜✳ ✷✳✶ ✇❡ ❣❡♥❡r❛t❡ ❛ N = 30 ✭✸✶①✸✶✮ ❞❡♥s✐t②
♠❛tr✐① ♦❢ ❛ st❛t❡ ✇✐t❤ ♠❡❛♥ ♣❤♦t♦♥ ♥✉♠❜❡r ✷✱ r♦t❛t❡ ✐t 90◦ ❛♥❞ s✉❜❥❡❝t ✐t t♦
20% ❧♦ss✳ ❲❡ t❤❡♥ ❣❡♥❡r❛t❡ s✐♠✉❧❛t❡❞ ❞❛t❛s❡ts ♦❢ 20000 ♣♦✐♥ts ❜② s❛♠♣❧✐♥❣
❢r♦♠ t❤❡ ✐♥✈❡rt❡❞ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❛t 30o ♣❤❛s❡ ✐♥t❡r✈❛❧s✳ ❋r♦♠ t❤❡s❡
❞❛t❛s❡ts ✇❡ ❜✉✐❧❞ q✉❛❞r❛t✉r❡ ❤✐st♦❣r❛♠s ❜② ❜✐♥♥✐♥❣ t❤❡ ❞❛t❛ ✐♥ t❤❡ r❛♥❣❡ −10
t♦ 10 ✇✐t❤ ✷✵✵ ❜✐♥s✱ ❣✐✈✐♥❣ ❛ q✉❛❞r❛t✉r❡ r❡s♦❧✉t✐♦♥ ♦❢ 0.1✳ ❋✐♥❛❧❧② ✇❡ ❝♦♠❜✐♥❡
❛❧❧ ❤✐st♦❣r❛♠s ✐♥t♦ ❛ s✐♥❣❧❡ ✈❡❝t♦r ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳ ❇② ❝♦♠❜✐♥✐♥❣ t❤❡ ❞❛t❛ t♦ ❛
s✐♥❣❧❡ ✈❡❝t♦r t❤❡ ❢r❡q✉❡♥❝② r❡❞✉❝❡s t♦ ❛ s✐♥❣❧❡ s✉❜s❝r✐♣t ❥ ❛♥❞ ✇❡ ❛✈♦✐❞ t❤❡ s✉♠
♦✈❡r t❤❡ ♣❤❛s❡ ❛♥❣❧❡s✳

❚❤❡s❡ st❡♣s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳ ✷✳✾✳ ❚❤❡ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠ ✭❡q✳ ✷✳✺✸✮ ✐s t❤❡♥
r✉♥ ❢♦r ✶✵✵✵ ✐t❡r❛t✐♦♥s ✉s✐♥❣ ❡q✳ ✷✳✺✷ ❛♥❞ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ❛s ρ(0) ❛♥❞ t❤❡
r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✷✳✶✵✳ ❍❡r❡ ✇❡ s❡❡ t❤❛t ❛❧r❡❛❞② ❛❢t❡r ✶✵✵ r✉♥s t❤❡r❡ ✐s
❡①❝❡❧❧❡♥t ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ✈❡❝t♦r ❛♥❞ t❤❡ ✐♥♣✉t ❞❛t❛ ✈❡❝t♦r
fj ✳ ❚♦ ❝❤❡❝❦ t❤❛t t❤❡ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠ r❡❛❧❧② ❞✐❞ ❝♦♥str✉❝t ♦✉r ✐♥♣✉t st❛t❡
✇❡ ✉s❡ ❡q✳ ✷✳✶✶ ❛♥❞ ✷✳✶✸ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✜❞❡❧✐t② ❛♥❞ tr❛❝❡ ❞✐st❛♥❝❡✳ ❍❡r❡ ✇❡
s❡❡ t❤❛t ❛r♦✉♥❞ ✶✵✵ st❡♣s ❛r❡ ♥❡❡❞❡❞ ❢♦r t❤❡ ❞✐r❡❝t r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss t♦
r❡❛❝❤ > 0.99 ✜❞❡❧✐t② t♦ t❤❡ ❧♦ss② ✐♥♣✉t st❛t❡✱ ✇❤✐❧❡ t❤❡ ❧♦ss ❝♦♠♣❡♥s❛t❡❞ r❡❝♦♥✲
str✉❝t✐♦♥ ♥❡❡❞s ♠♦r❡ t❤❛♥ ✶✵✵✵✵ st❡♣s t♦ r❡❛❝❤ > 0.99 ✜❞❡❧✐t② t♦ t❤❡ ♣✉r❡ st❛t❡✳
❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ✇❛❧❦tr♦✉❣❤ ♦❢ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠
❜② ✐♥s♣❡❝t✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ st❛t❡ ❞✉r✐♥❣ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss✳ ❲❡
❞♦ t❤✐s ❜② ❧♦♦❦✐♥❣ ❛t ❜♦t❤ t❤❡ ❘ ♦♣❡r❛t♦r✱ ❞❡♥s✐t② ♠❛tr✐① ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣
❲✐❣♥❡r ❢✉♥❝t✐♦♥✳ ❚❤✐s ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✷✳✶✷ ❛♥❞ ✷✳✶✸✳
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❋✐❣✉r❡ ✷✳✾✿ Pr❡♣❛r❛t✐♦♥ ♦❢ s✐♠✉❧❛t❡❞ ❞❛t❛ ❢♦r t❤❡ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠✳
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❋✐❣✉r❡ ✷✳✶✵✿ ❘❡s✉❧t ♦❢ r✉♥♥✐♥❣ ▼❛①▲✐❦ ♦♥ s✐♠✉❧❛t❡❞ ❞❛t❛✳ ✭t♦♣✮ ❊✈♦❧✉t✐♦♥ ♦❢
t❤❡ ♣r♦❜❛❜✐❧✐t② ✈❡❝t♦r pj ❞✉r✐♥❣ t❤❡ ▼❛①▲✐❦ r✉♥✳ ✭♠✐❞❞❧❡✮ ❆❣r❡❡♠❡♥t ❜❡t✇❡❡♥
t❤❡ ♣r♦❜❛❜✐❧✐t② ❛♥❞ ❢r❡q✉❡♥❝② ✈❡❝t♦rs✳ ✭❜♦tt♦♠✮ ❘❛t✐♦ ❜❡t✇❡❡♥ ❢r❡q✉❡♥❝② ❛♥❞
♣r♦❜❛❜✐❧✐t② ✈❡❝t♦r ❢♦r ✶✵✵ r✉♥s✳ ❚❤❡ r❛t✐♦ s❤♦✉❧❞ ✐❞❡❛❧❧② ❜❡ ♦♥❡ ❢♦r ❛❧❧ ❜✐♥s✱ ❜✉t
✐s ♦❢ ❝♦✉rs❡ ③❡r♦ ✇❤❡r❡ t❤❡ fj ❜✐♥s ✇❡r❡ ❡♠♣t②✳ ❆t t❤❡ tr❛♥s✐t✐♦♥ t♦ ♥♦♥✲❡♠♣t②
❜✐♥s ❛t t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s ✇❡ s❡❡ t❤❛t t❤❡ r❛t✐♦ ♦s❝✐❧❧❛t❡s ✇✐❧❞❧②✳ ❚❤✐s
✐s ❞✉❡ ♥✉♠❡r✐❝❛❧ ✐♥st❛❜✐❧✐t②✱ ❛s fj ✐s s♠❛❧❧ ❛♥❞ prj ❜❡❝♦♠❡s ❝❧♦s❡ t♦ ✵✳
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❋✐❣✉r❡ ✷✳✶✶✿ ✭❧❡❢t ❛①✐s✮ ❋✐❞❡❧✐t② ♦❢ t❤❡ st❛t❡ t♦ t❤❡ ✐♥♣✉t st❛t❡ ❞✉r✐♥❣ t❤❡
❞✐r❡❝t ❛♥❞ ❧♦ss ❝♦♠♣❡♥s❛t❡❞ ✭η = 0.8✮ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss✳ ✭r✐❣❤t ❛①✐s✮
❚r❛❝❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ st❡♣s ❞✉r✐♥❣ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss✳
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❋✐❣✉r❡ ✷✳✶✷✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❘ ♦♣❡r❛t♦r ❛♥❞ st❛t❡ ❞❡♥s✐t② ♠❛tr✐① ❞✉r✐♥❣ t❤❡
r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss✳ ❲❡ s❡❡ t❤❛t ✐♥✐t✐❛❧❧② ❛❧❧ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ st❛t❡ ✐s
❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❘ ♦♣❡r❛t♦r ❛♥❞ t❤❛t ✐t ✐s ♣✉s❤❡❞ t♦✇❛r❞s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ❛s
t❤❡ ❞❡♥s✐t② ♠❛tr✐① ✐s ❜✉✐❧❞ ✉♣✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ ❘ ♦✉ts✐❞❡
♦❢ t❤❡ ♣❤♦t♦♥ ♥✉♠❜❡r r❛♥❣❡ s✉♣♣♦rt❡❞ ❜② t❤❡ ❞❡♥s✐t② ♠❛tr✐① ✐s ✐♥❝r❡❛s❡❞✳ ❚❤✐s
❝❛♥ ♠♦st ❧✐❦❡❧② ❜❡ ❛ttr✐❜✉t❡❞ t♦ ♥✉♠❡r❛❧ ✐♥st❛❜✐❧✐t② s✐♠✐❧❛r t♦ ✇❤❛t ✇❡ s❛✇ ✐♥
✜❣✳ ✷✳✶✵✭❜♦tt♦♠✮✱ ❛s t❤❡r❡ ✐s ❧✐tt❧❡ ❢❡❡❞❜❛❝❦ ❢r♦♠ t❤❡ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡
r❛♥❣❡ ♦❢ ♣❤♦t♦♥ ♥✉♠❜❡rs ❜❡②♦♥❞ r❛♥❣❡ s✉♣♣♦rt❡❞ ❜② ❞❡♥s✐t② ♠❛tr✐①✳
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❋✐❣✉r❡ ✷✳✶✸✿ ❊✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥s ❞✉r✐♥❣ t❤❡ r❡❝♦♥str✉❝t✐♦♥
♣r♦❝❡ss✳ ❈❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ✷✳✶✵ ♦♥ ❛ ✶✵✵①✶✵✵ −10 t♦ 10 ①✲♣ q✉❛❞r❛t✉r❡ ❣r✐❞✳
❙❝❛❧❡❞ ✐s −π t♦ π r❛♥❣❡✳
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❈❤❛♣t❡r ✸

❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

❆ s❝❤❡♠❛t✐❝ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✉s❡❞ ❢♦r ♥♦♥✲●❛✉ss✐❛♥ st❛t❡
❣❡♥❡r❛t✐♦♥ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✶✳ ❚❤❡ ❦❡② ❢❡❛t✉r❡s ♦❢ t❤❡ s❡t✉♣ ✇✐❧❧ ❜❡ ❜❡ ♦✉t✲
❧✐♥❡❞ ❜❡❧♦✇ ✇❤✐❧❡ ❛ ♠♦r❡ ✐♥ ❞❡♣t❤ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❤r❡❡ st❛❣❡s ✐s ❣✐✈❡♥ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✳ ❆ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ s❡t✉♣ ✉s❡❞ ❢♦r t❤❡ ❞✐str✐❜✉t❡❞
s❡♥s✐♥❣ ♣r♦❥❡❝t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ s❡❝✳ ❆✳✺ ♦❢ t❤❡ ❛♣♣❡♥❞✐①✳

❈♦❤❡r❡♥t ❧❛s❡r ❧✐❣❤t ❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝② ω ❢r♦♠ ❛ ♠❛st❡r ❧❛s❡r s♦✉r❝❡
✐s s♣❧✐t ✐♥t♦ ❛ ❢✉♥❞❛♠❡♥t❛❧ ♣✉♠♣ ✜❡❧❞ α✱ t♦ ❜❡ ❢r❡q✉❡♥❝② ✉♣✲❝♦♥✈❡rt❡❞ ❜② ❛
s❡❝♦♥❞✲❤❛r♠♦♥✐❝ ❣❡♥❡r❛t✐♦♥ ✭❙❍●✮ ❝❛✈✐t②✱ ❛♥❞ ❛ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ✭▲❖✮ ✜❡❧❞ αlo✱
t♦ ❢✉♥❝t✐♦♥ ❛s ❛ ♣❤❛s❡ r❡❢❡r❡♥❝❡ ❢♦r ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t✳ ❚❤❡ ✉♣✲❝♦♥✈❡rt❡❞
✜❡❧❞ β ✐s t❤❡♥ ✉s❡❞ t♦ ♣✉♠♣ ❛♥ ♦♣t✐❝❛❧ ♣❛r❛♠❡tr✐❝ ♦s❝✐❧❧❛t♦r ✭❖P❖✮ ❝❛✈✐t② ❜❡❧♦✇
✐ts t❤r❡s❤♦❧❞ ✇✐t❤ ✈❛❝✉✉♠ ❛s ✐ts ✐♥♣✉t✱ ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ ❛ sq✉❡❡③❡❞ ✈❛❝✉✉♠
✜❡❧❞ ❜② s♣♦♥t❛♥❡♦✉s ♣❛r❛♠❡tr✐❝ ❞♦✇♥✲❝♦♥✈❡rs✐♦♥✳ ❚❤❡ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ✜❡❧❞ ✐s
t❤❡♥ tr❛♥s♠✐tt❡❞ t❤r♦✉❣❤ ❛ ✈❡r② ✇❡❛❦❧② r❡✢❡❝t✐♥❣ ❜❡❛♠s♣❧✐tt❡r✱ ✐♥ ♦r❞❡r t♦ t❛♣
❛ s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ✐♥t♦ ❛ tr✐❣❣❡r ❝❤❛♥♥❡❧✱ ✇❤✐❧❡ t❤❡ r❡st ♦❢ t❤❡ sq✉❡❡③❡❞
✈❛❝✉✉♠ ✜❡❧❞ ❝♦♥t✐♥✉❡s ✐♥t♦ ❛ s✐❣♥❛❧ ❝❤❛♥♥❡❧✳ ■♥ t❤❡ tr✐❣❣❡r ❝❤❛♥♥❡❧ ❛ ✜❧t❡r✐♥❣
❝❛✈✐t② ✭❋❈✮ s②st❡♠ ❡♥s✉r❡s t❤❛t ♦♥❧② t❤❡ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝② ♠♦❞❡ ♦❢ t❤❡ sq✉❡❡③❡❞
✈❛❝✉✉♠ ✜❡❧❞ ✐s ❜❡✐♥❣ tr❛♥s♠✐tt❡❞ t♦ ❛ s✐♥❣❧❡ ♣❤♦t♦♥ ❝♦✉♥t✐♥❣ ♠♦❞✉❧❡ ✭❙P❈▼✮✳
■♥ t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧ t❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤❡ ✈❛❝✉✉♠ ✜❡❧❞ ✐s ♠✐①❡❞ ✇✐t❤ t❤❡ str♦♥❣
▲❖ ✜❡❧❞ ♦♥ ❛ ❜❛❧❛♥❝❡❞ ❜❡❛♠s♣❧✐tt❡r ❢♦r ✐ts q✉❛❞r❛t✉r❡ ✈❛❧✉❡s t♦ ❜❡ r❡❝♦r❞❡❞
❜② ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥ ✭❍❉✮✳ ❆ s✐♥❣❧❡ ♣❤♦t♦♥ ❞❡t❡❝t✐♦♥ ✐♥ t❤❡ tr✐❣❣❡r ❝❤❛♥♥❡❧
t❤❡♥ ❤❡r❛❧❞s t❤❛t ❛ ♣❤♦t♦♥ ✇❛s s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝② ♠♦❞❡ ♦❢



✸✽ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

t❤❡ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ✜❡❧❞ ✐♥ t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧✳ ❯s✐♥❣ t❤❡ tr✐❣❣❡r s✐❣♥❛❧ t❤❡
q✉❛❞r❛t✉r❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣❤♦t♦♥✲s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ st❛t❡ ✐s r❡❝♦r❞❡❞
❜② t❤❡ ❍❉ ❛♥❞ t❤❡ ♥♦♥✲●❛✉ss✐❛♥ ❢❡❛t✉r❡s ♦❢ t❤❡ st❛t❡ ❝❛♥ ❜❡ ✉♥❝♦✈❡r❡❞✳

❋✐❣✉r❡ ✸✳✶✿ ❙✐♠♣❧✐✜❡❞ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳

✸✳✶ ❙q✉❡❡③❡❞ r❡s♦✉r❝❡ ❣❡♥❡r❛t✐♦♥

❋♦r ❜♦t❤ t❤❡ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ tr❛♥s♠✐ss✐♦♥ ❛♥❞ ❞✐str✐❜✉t❡❞ s❡♥s✐♥❣ ♣r♦❥❡❝ts
❛ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ✜❡❧❞ ✐s ✉s❡❞ ❛s t❤❡ ✐♥✐t✐❛❧ q✉❛♥t✉♠ r❡s♦✉r❝❡✳ ❚♦ ❣❡♥❡r❛t❡
t❤❡ ❝♦♥t✐♥✉♦✉s sq✉❡❡③❡❞ ✈❛❝✉✉♠ ✜❡❧❞ ✇❡ ❞❡s✐❣♥ ❛♥❞ ❜✉✐❧❞ ❛ ❢r❡❡ s♣❛❝❡ ♦♣t✐❝❛❧
s❡t✉♣✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ❝❤❛♣t❡r ✐♥tr♦❞✉❝t✐♦♥ t❤❡ s❡t✉♣ ❢♦❧❧♦✇s t❤❡ ❝♦♥✈❡♥✲
t✐♦♥❛❧ t❡❝❤♥✐q✉❡ ♦❢ ❣❡♥❡r❛t✐♥❣ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ❢r♦♠ s♣♦♥t❛♥❡♦✉s ♣❛r❛♠❡tr✐❝
❞♦✇♥✲❝♦♥✈❡rs✐♦♥ ✐♥ ❛♥ ❖P❖ ❝❛✈✐t② ♣✉♠♣❡❞ ❜❡❧♦✇ t❤r❡s❤♦❧❞✳ ❚❤❡ ♣✉♠♣ ✜❡❧❞
✐s ❧✐❦❡✇✐s❡ ❣❡♥❡r❛t❡❞ ❜② s❡❝♦♥❞✲❤❛r♠♦♥✐❝ ❣❡♥❡r❛t✐♦♥ ✐♥ ❛ ❝❛✈✐t② ❢r♦♠ t❤❡ s❛♠❡
♠❛st❡r ❧❛s❡r ✜❡❧❞ s✉♣♣❧②✐♥❣ t❤❡ ▲❖ ✜❡❧❞✱ ✉s❡❞ ❢♦r ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥✱ t♦ ❡♥s✉r❡
❣♦♦❞ ♣❤❛s❡ ❝♦❤❡r❡♥❝❡✳ ❆ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ s❡t✉♣ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✷

❚❤❡ s❡t✉♣ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ s❡✈❡♥ ❦❡② ❢❡❛t✉r❡s❀ ❬✶❪ ❚❤❡ ♠❛st❡r ❧❛s❡r s♦✉r❝❡✱ ❬✷❪
✜❜❡r ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ✜❡❧❞✱ ❬✸❪ ❜❡❛♠ ❝❤♦♣♣✐♥❣ st❛❣❡ t♦ ✐♠♣❧❡♠❡♥t
❛ s❛♠♣❧❡✲❤♦❧❞ ♠❡❛s✉r✐♥❣ s❝❤❡♠❡✱ ❬✹❪ ✜❜❡r ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ ✜❧t❡r ❝❛✈✐t② ❧♦❝❦✐♥❣
❜❡❛♠✱ ❬✺❪ s❡❝♦♥❞ ❤❛r♠♦♥✐❝ ❣❡♥❡r❛t✐♦♥ ❝❛✈✐t②✱ ❬✻❪ ❖♣t✐❝❛❧ ♣❛r❛♠❡tr✐❝ ♦s❝✐❧❧❛t♦r
❝❛✈✐t②✱ ❬✼❪ s♣❧✐tt✐♥❣ ♦❢ ❖P❖ ♦✉t♣✉t ✐♥t♦ s✐❣♥❛❧ ❛♥❞ ✐❞❧❡r ❜❡❛♠ ❛♥❞ ❣❛✐♥ ❧♦❝❦✐♥❣
♦❢ t❤❡ ❖P❖✳



✸✳✶ ❙q✉❡❡③❡❞ r❡s♦✉r❝❡ ❣❡♥❡r❛t✐♦♥ ✸✾

Local
oscillator 775 nm

pump

Probe

PBS

1550 nm fiber laser

Koheras X15

EDFA

EOM

OPO 
lock

FC 
lock

OPO lock

Gain 
mod

SHG
lock

Gain 
lock

Tap

OPO

SHG

HWP

PPKTP

PPKTP

PS

Flip

AOM

AOM

Beam chopping

Signal

Idler

PBSHWP

Gain

Cavity

Cavity

2
8

.7
 M

H
z

50 kHz

Master laser

[2]

[5]

[4]

[6]

[7]

[1]

[3]

❋✐❣✉r❡ ✸✳✷✿ ❙❝❤❡♠❛t✐❝ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ s❡t✉♣ ❢♦r sq✉❡❡③❡❞ ✈❛❝✉✉♠ ❣❡♥❡r❛t✐♦♥✳

✸✳✶✳✶ ❑❡② ❢❡❛t✉r❡s ♦❢ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ ❣❡♥❡r❛t✐♦♥ s❡t✉♣

❬✶❪ ▼❛st❡r ❧❛s❡r

❙✐♥❝❡ t❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r ♦✉r ❡①♣❡r✐♠❡♥ts ❛r❡ ♣r♦♦❢✲♦❢✲♣r✐♥❝✐♣❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s
♦❢ q✉❛♥t✉♠ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♣r♦t♦❝♦❧s ❢♦r s❤♦rt ❞✐st❛♥❝❡ ♥❡t✇♦r❦s ✇❡ ♥❛t✉r❛❧❧②
✇❛♥t t♦ ✇♦r❦ ✐♥ t❤❡ t❡❧❡❝♦♠ ❜❛♥❞ ✐♥ ♦r❞❡r t♦ ✉t✐❧✐③❡ ❡①✐st✐♥❣ ♦♣t✐❝❛❧ ✜❜❡r❝♦♠✲
♣♦♥❡♥ts ❛♥❞ ✐♥❢r❛str✉❝t✉r❡✳ ❲❡ s♣❡❝✐✜❝❛❧❧② ❝❤♦s❡ t♦ ✇♦r❦ ❛t ✶✺✺✵ ♥♠ ❛s t❤✐s
✇❛✈❡❧❡♥❣t❤ ✐♥ ❣❡♥❡r❛❧ ♣r♦✈✐❞❡s t❤❡ ❧♦✇❡st ❧♦ss ♦♣t✐❝❛❧ ✜❜❡rs ❛♥❞ ❝♦♠♣♦♥❡♥ts✳ ❋♦r
♦✉r ❡①♣❡r✐♠❡♥t ✇❡ ✉s❡ ❛ ❊r❜✐✉♠✲❞♦♣❡❞ ✜❜❡r ❧❛s❡r ❢r♦♠ ◆❑❚ ✭❑❖❍❊❘❆❙ ❇❆❙■❑

❳✶✺✮ ❛s t❤❡ ♠❛✐♥ ❧❛s❡r✳ ❚❤❡ ❳✶✺ ♠♦❞❡❧ ❤❛s ❛ ❧✐♥❡✇✐❞t❤ ♦❢ < 0.1kHz✱ t②♣✐❝❛❧
♣❤❛s❡ ♥♦✐s❡ ❜❡❧♦✇ −120dB/Rad/

√
Hz ❛t ✶ ❍③ ❛♥❞ ✉♣ ❛♥❞ ❝♦❤❡r❡♥❝❡ ❧❡♥❣t❤ ♦❢

✶✵s ♦❢ ❦✐❧♦♠❡tr❡s✳ ❲❡ t❤❡♥ ✉s❡ ❛♥ ❡r❜✐✉♠✲❞♦♣❡❞ ✜❜❡r ❛♠♣❧✐✜❡r ✭❊❉❋❆✮ ❢r♦♠
◆❑❚ t♦ ❛♠♣❧✐❢② t❤❡ ♦♣t✐❝❛❧ ♣♦✇❡r ❢r♦♠ ✹✵♠❲ t♦ ❛ ♠❛①✐♠✉♠ ♦❢ ✷❲✳ ❚❤❡ ❧❛s❡r
❧✐❣❤t ✐s ❣✉✐❞❡❞ ❜② ❛ s✐♥❣❧❡✲♠♦❞❡ ✜❜❡r ✭❙▼❋✮ ❛♥❞ ❝♦✉♣❧❡❞ ♦✉t ♦♥t♦ t❤❡ ♦♣t✐❝❛❧
t❛❜❧❡ t❤r♦✉❣❤ ❛ ✜❜❡r♣♦rt✳

❯♥❢♦rt✉♥❛t❡❧② t❤❡ ♦✉t♣✉t ✜❜❡r ♦❢ t❤❡ ❊❉❋❆ ✐s ♥♦t ♣♦❧❛r✐③❛t✐♦♥ ♠❛✐♥t❛✐♥✐♥❣
✭P▼✮ ❛♥❞ ✇❡ t❤❡r❡❢♦r❡ ♦❜s❡r✈❡ s♦♠❡ s♠❛❧❧ ❞r✐❢t ♦❢ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ ♠❛✐♥
❧❛s❡r ♦✉t♣✉t ✐♥ r❛♥❣❡ ♦❢ ❛ ❢❡✇ ❍③✳ ❚❤✐s ♣♦❧❛r✐③❛t✐♦♥ ❞r✐❢t ✐♥ t✉r♥ ❧❡❛❞s t♦ ❞r✐❢t
♦❢ t❤❡ ♦♣t✐❝❛❧ ♣♦✇❡r ❛s ✇❡ ✉s❡ ♣♦❧❛r✐③❛t✐♦♥ ❜❡❛♠s♣❧✐tt❡rs ✭P❇❙✮ t♦ ❞✐✈✐❞❡ t❤❡
❜❡❛♠ t♦ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ s❡t✉♣✳ ❚♦ ♠✐t✐❣❛t❡ t❤✐s ♣r♦❜❧❡♠ ✇❡ ✉s❡ ❛ s✐♠♣❧❡
♣♦❧❛r✐③❛t✐♦♥ st❛❜✐❧✐③❡r ✭P❙✮ ❝♦♥s✐st✐♥❣ ♦❢ ❛ ♠♦t♦r✐③❡❞ ❤❛❧❢✲✇❛✈❡ ♣❧❛t❡ ✭❍❲P✮✱
P❇❙✱ ♣❤♦t♦✲❞❡t❡❝t♦r✱ ❆❉❈ ❛♥❞ P■❉ ❝♦♥tr♦❧❧❡r✳ ❆ s❝❤❡♠❛t✐❝ ♦✈❡r✈✐❡✇ ♦❢ t❤❡
P❙ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✸✳✸✳ ❚❤❡ ❍❲P ✐s s❡t s♦ t❤❛t ❛ s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ t❤❡
♠❛✐♥ ❜❡❛♠ ✐s t❛♣♣❡❞ ♦✛ ❜② t❤❡ P❇❙ ❛♥❞ t❤❡ ♦♣t✐❝❛❧ ♣♦✇❡r ✐s ♠♦♥✐t♦r❡❞ ❜② t❤❡



✹✵ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

❞❡t❡❝t♦r✳ ❚❤❡ r❡s✉❧t✐♥❣ ✈♦❧t❛❣❡ s✐❣♥❛❧ ✐s ❞✐❣✐t✐③❡❞ ❛♥❞ ✉s❡❞ ❛s ❡rr♦r s✐❣♥❛❧ ❢♦r ❛
❞✐❣✐t❛❧ P■❉ ❝♦♥tr♦❧❧❡r ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ❞r✐✈❡r ♦❢ t❤❡ ♠♦t♦r✐③❡❞ ✇❛✈❡♣❧❛t❡✳ ❚❤❡
❢❡❡❞❜❛❝❦ ❧♦♦♣ ♦❢ t❤❡ P❙ t❤❡♥ ❛❧❧♦✇s ✉s t♦ st❛❜✐❧✐③❡ ❞r✐❢ts ✐♥ ❜♦t❤ ♦♣t✐❝❛❧ ♣♦✇❡r
❛♥❞ ♣♦❧❛r✐③❛t✐♦♥ ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ t❤❡ ♠❛✐♥ ❧❛s❡r s♦✉r❝❡ ❛♥❞ t♦ ❝❤♦♦s❡ ❛ ❧♦❝❦✐♥❣
♣♦✐♥t r❡s✉❧t✐♥❣ ✐♥ ❛ ❞❡s✐r❡❞ ♦♣t✐❝❛❧ ♣♦✇❡r ❛❢t❡r t❤❡ P❙✳ ❋♦r r❡❧✐❛❜❧❡ ♦♣❡r❛t✐♦♥
♦❢ t❤❡ P❙ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❝❤♦♦s❡ t❤❡ ❧♦❝❦✐♥❣ ♣♦✐♥t s♦ t❤❛t t❤❡ s✐❣♥❛❧✲t♦✲♥♦✐s❡
r❛t✐♦ ✭❙◆❘✮ ♦❢ t❤❡ ❡rr♦r s✐❣♥❛❧ ✐s s✉✣❝✐❡♥t✳

PID

Drv.

HWP PBS

ADC

❋✐❣✉r❡ ✸✳✸✿ P♦❧❛r✐③❛✲
t✐♦♥ st❛❜✐❧✐③❡r ✭P❙✮

A mod

D mod

flip:
ON

flip: 
OFF

AOM1

AOM2

Dual
driver

❋✐❣✉r❡ ✸✳✹✿ ❇❡❛♠ ❝❤♦♣♣❡r ✭❇❈✮

❬✷❪ ▲♦❝❛❧ ♦s❝✐❧❧❛t♦r ✜❜❡r ❝♦✉♣❧✐♥❣

❏✉st ❛❢t❡r t❤❡ P❙ ♣❛rt ♦❢ t❤❡ ♠❛✐♥ ❧❛s❡r ✜❡❧❞ ✐s t❛♣♣❡❞ ♦✛ ✉s✐♥❣ ❛ ❤❛❧❢✲✇❛✈❡ ♣❧❛t❡
✭❍❲P✮ ❛♥❞ ♣♦❧❛r✐③❛t✐♦♥ ❜❡❛♠s♣❧✐tt❡r ✭P❇❙✮ ❝♦♠❜♦✳ ❙✐♥❝❡ t❤❡ ❜❡❛♠ ✐s ❧✐♥❡❛r❧②
♣♦❧❛r✐③❡❞ ❛❢t❡r t❤❡ P❙ st❛❣❡✱ t✉r♥✐♥❣ t❤❡ ❍❲P t✉♥❡❞ t❤❡ ♣♦✇❡r s♣❧✐tt✐♥❣ ♦❢ t❤❡
P❇❙✳ ❚❤❡ ▲❖ ✜❡❧❞ ✐s ❝♦✉♣❧✐♥❣ t♦ ♣♦❧❛r✐③❛t✐♦♥ ♠❛✐♥t❛✐♥✐♥❣ ✭P▼✮ s✐♥❣❧❡ ♠♦❞❡
✜❜❡r ✭❙▼❋✮ t❤r♦✉❣❤ ❛ ✜❜❡r ❝♦❧❧✐♠❛t♦r ❛t 80% ❡✣❝✐❡♥❝②✳ ❆ ③✲tr❛♥s❧❛t✐♦♥ ❞❡❣r❡❡
♦❢ ❢r❡❡❞♦♠ ♦♥ t❤❡ ❝♦❧❧✐♠❛t♦r ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛❞❥✉st t❤❡ ❝♦✉♣❧✐♥❣ ❡✣❝✐❡♥❝② ❛♥❞
t❤❡r❡❜② t✉♥❡ t❤❡ ▲❖ ♣♦✇❡r ❛t t❤❡ ❤♦♠♦❞②♥❡ st❛t✐♦♥✳ ❉❡t✉♥✐♥❣ t❤❡ ❝♦✉♣❧✐♥❣
❡✣❝✐❡♥❝② s❧✐❣❤t❧② ❛❧s♦ ✐♥❝r❡❛s❡s t❤❡ st❛❜✐❧✐t② ♦❢ ▲❖ ♣♦✇❡r✱ s✐♥❝❡ ✐t ❜❡❝♦♠❡s ❧❡ss
s❡♥s✐t✐✈❡ t♦ ♠❡❝❤❛♥✐❝❛❧ ❞r✐❢t✳ ❇② ✜❜❡r ❝♦✉♣❧✐♥❣ t❤❡ ▲❖ ✇❡ ❛❧s♦ ❝✐r❝✉♠✈❡♥t t❤❡
♥❡❡❞ t♦ ✉s❡ ❛ ♠♦❞❡ ♠❛t❝❤✐♥❣ ❝❛✈✐t② t♦ ❝❧❡❛♥ t❤❡ ▲❖ ♠♦❞❡ ❜❡❢♦r❡ ✐♥t❡r❢❡r❡♥❝❡
✇✐t❤ t❤❡ s✐❣♥❛❧ ❢♦r ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥✳

❬✸❪ ❇❡❛♠ ❝❤♦♣♣✐♥❣

❚♦ ❛✈♦✐❞ t❤❡ str♦♥❣ ❜❡❛♠s ✉s❡❞ ❢♦r ♣❤❛s❡ ❝♦♥tr♦❧ ❛♥❞ ❝❛✈✐t② ❧♦❝❦✐♥❣ t♦ ❝♦✉✲
♣❧❡ t❤r♦✉❣❤ t❤❡ tr✐❣❣❡r ❝❤❛♥♥❡❧ ❛♥❞ ✐♥t♦ t❤❡ ❙P❈▼ ❛♥❞ s❛t✉r❛t✐♥❣ ✐t✱ ✇❡ ✉s❡
❛ ✧s❛♠♣❧❡✲❤♦❧❞✧✲s❝❤❡♠❡ ✇❤❡♥ r✉♥♥✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ s❝❤❡♠❡ ❝♦♥s✐sts
♦❢ ❝♦♥t✐♥✉♦✉s❧② s✇✐t❝❤✐♥❣ t❤❡ ❝♦♥tr♦❧ ❛♥❞ ♣r♦❜❡ ❜❡❛♠s ♦♥ ❛♥❞ ♦✛ ❛t ❛ ✜①❡❞



✸✳✶ ❙q✉❡❡③❡❞ r❡s♦✉r❝❡ ❣❡♥❡r❛t✐♦♥ ✹✶

❢r❡q✉❡♥❝② ❛♥❞ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❡①t❡♥s✐✈❡❧② ❢♦r ❤❡r❛❧❞❡❞ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ ❣❡♥✲
❡r❛t✐♦♥ ❬✺✸❪✳ ❲❤❡♥ t❤❡ ❜❡❛♠s ❛r❡ ♦♥ ✭s❛♠♣❧❡✮ ❛❧❧ ♣❤❛s❡ ❛♥❞ ❝❛✈✐t② ❧♦❝❦s ❛r❡
❛❝t✐✈❡ ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t ✐s ❜❡✐♥❣ st❛❜✐❧✐③❡❞✱ ✇❤❡♥ t❤❡ ❜❡❛♠s ❛r❡ ♦✛ ✭❤♦❧❞✮
❛❧❧ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧s ❛r❡ ❦❡♣t ❝♦♥st❛♥t✱ ✇❤✐❧❡ t❤❡ ❣❡♥❡r❛t❡❞ st❛t❡ ✐s ❜❡✐♥❣
♠❡❛s✉r❡❞✳ ❲❤❡♥ ✉s✐♥❣ t❤✐s s❝❤❡♠❡ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❦❡❡♣ t❤❡ ❤♦❧❞ ♣❡r✐♦❞
s❤♦rt ❡♥♦✉❣❤ s♦ t❤❛t ❞r✐❢ts ♦❢ ♣❤❛s❡ ❛♥❞ ❝❛✈✐t② ❧♦❝❦s ❛r❡ ♥❡❣❧✐❣✐❜❧❡ ❛♥❞ t❤❡ s❛♠✲
♣❧❡ ♣❡r✐♦❞ ❧♦♥❣ ❡♥♦✉❣❤ t♦ ♣r♦♣❡r❧② r❡st❛❜✐❧✐③❡ t❤❡ ❡①♣❡r✐♠❡♥t ❜❡❢♦r❡ ❤♦❧❞✐♥❣
✐t✳ ❯s✉❛❧❧② ❛ ❧♦♥❣❡r s❛♠♣❧❡ ♣❡r✐♦❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❤♦❧❞ ♣❡r✐♦❞ ✐s ✉s❡❞✳ ❚❤❡
s♣❡❝✐✜❝ s❡tt✐♥❣s ✉s❡❞ ✇❤❡♥ r✉♥♥✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t ❛r❡ ❧✐st❡❞ ✐♥ s❡❝✳ ✸✳✹✳✸✳

■♥ t❤❡ s❡t✉♣ ✇❡ ✉s❡ ❛ ❜❡❛♠ ❝❤♦♣♣❡r ✭❇❈✮ ❝♦♥s✐st✐♥❣ ♦❢ t✇♦ ❛❝♦✉st♦✲♦♣t✐❝ ♠♦❞✉✲
❧❛t♦rs t♦ ❝❤♦♣ ✭t✉r♥ ♦♥ ❛♥❞ ♦✛✮ t❤❡ ❜❡❛♠ ❜❡❢♦r❡ ✐t ✐s s♣❧✐t ✐♥t♦ ❛ ♣r♦❜❡ ❛♥❞ ❧♦❝❦
❜❡❛♠ ✭s❡❡ ✜❣✳ ✸✳✹✮✳ ❆♥ ❆❖▼ ♦♣❡r❛t❡s ❜② tr❛♥s❝❡♥❞✐♥❣ ❛♥ ✐♥♣✉t ❡❧❡❝tr✐❝❛❧ ❘❋
s✐❣♥❛❧ ✐♥t♦ st❛♥❞✐♥❣ s♦✉♥❞ ✇❛✈❡s ❛❝r♦ss ❛ tr❛♥s♣❛r❡♥t ❝r②st❛❧✱ t❤❡r❡❜② ❞❡✢❡❝t✐♥❣
♣❛rt ♦❢ ❛♥ ✐♥❝♦♠✐♥❣ ❧✐❣❤t ✜❡❧❞ ❞✉❡ t♦ t❤❡ ❛❝♦✉st♦✲♦♣t✐❝ ❡✛❡❝t✳ ❉❡♣❡♥❞✐♥❣ ♦♥
t❤❡ ✐♥❝✐❞❡♥t ❛♥❣❧❡ θin✱ t❤❡ ❞❡✢❡❝t❡❞ ♣❛rt ❤❛s ✐ts ❢r❡q✉❡♥❝② ❡✐t❤❡r ✐♥❝r❡❛s❡❞ ♦r
❞❡❝r❡❛s❡❞ ❜② t❤❡ s♦✉♥❞ ✇❛✈❡ ❢r❡q✉❡♥❝②✱ ✇❤✐❧❡ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❞❡✢❡❝t❡❞
♣❛rt ❞❡♣❡♥❞s ♦♥ t❤❡ ❘❋ s✐❣♥❛❧ str❡♥❣t❤✳ ❚❤❡ ❛♥❣❧❡ ♦❢ ❞❡✢❡❝t✐♦♥ θout ✐s r❡❧❛t❡❞
t♦ t❤❡ ❘❋ s✐❣♥❛❧ ❜② 2Λ sin θout = mλ0/n✱ ✇❤❡r❡ Λ ✐s t❤❡ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ s♦✉♥❞
✇❛✈❡✱ λ0 ✐s t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t ✇❛✈❡❧❡♥❣t❤✱ n ✐s t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ t❤❡ ❝r②st❛❧
♠❛t❡r✐❛❧ ❛♥❞ m = 0,±1,±2, ... ✐s t❤❡ ❞❡✢❡❝t✐♦♥ ♦r❞❡r ❬✺✹❪✳ ❲❡ ✉s❡ ❆❖▼s ❢r♦♠
■❙❖▼❊❚ ❛♥❞ ❞r✐✈❡ t❤❡♠ ✇✐t❤ ❛ ✽✵ ▼❍③ ❞✉❛❧ ❞r✐✈❡r ✐♥ ❛♥ ✉♣✲❞♦✇♥ ❝♦♥✜❣✉r❛✲
t✐♦♥✳ ■♥ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ t❤❡ ❜❡❛♠ ✐s ✜rst ✉♣✲s❤✐❢t❡❞ ❜② ✽✵ ▼❍③ ✭✰✶st ♦r❞❡r✮
✇✐t❤ 60% ❡✣❝✐❡♥❝② ❛♥❞ t❤❡♥ ❞♦✇♥✲s❤✐❢t❡❞ ❛❣❛✐♥ ✇✐t❤ ✲✽✵ ▼❍③ ✭✲✶st ♦r❞❡r✮ ✇✐t❤
60% ❡✣❝✐❡♥❝②✳ ❚❤❡ ❞✉❛❧ ❞r✐✈❡r ❡♥s✉r❡❞ t❤❛t t❤❡ t♦t❛❧ ❢r❡q✉❡♥❝② s❤✐❢t ✐s ❡①❛❝t❧②
❝❛♥❝❡❧❧❡❞✳ ❚❤❡ ❞r✐✈❡r ❤❛s ❜♦t❤ ❛♥ ✐♥♣✉t ❢♦r ❞✐❣✐t❛❧ ♠♦❞✉❧❛t✐♦♥ ✭❉ ♠♦❞✮✱ ✇❤✐❝❤
t✉r♥s t❤❡ ❞r✐✈❡r ♦♥ ❛♥❞ ♦✛✱ ❛♥❞ ❛♥❛❧♦❣✉❡ ♠♦❞✉❧❛t✐♦♥ ✭❆ ♠♦❞✮✱ ✇❤✐❝❤ t✉♥❡s t❤❡
str❡♥❣t❤ ♦❢ t❤❡ ♠♦❞✉❧❛t✐♦♥✱ ❛♥❞ ❡✈❡♥ ✇❤❡♥ ❜♦t❤ ✐♥♣✉ts ❛r❡ ③❡r♦✱ ❛♥❞ t❤❡r❡ ✐s
♥♦ st❛♥❞✐♥❣ ✇❛✈❡ ✐♥s✐❞❡ t❤❡ ❆❖▼ ❝r②st❛❧✱ ❛ s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞
✇✐❧❧ st✐❧❧ s❝❛tt❡r ✐♥t♦ t❤❡ ✶st ♦r❞❡r ♠♦❞❡✳ ❯s✐♥❣ ❜♦t❤ ✐♥♣✉ts ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ❣✐✈❡s
t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ❡①t✐♥❝t✐♦♥ r❛t✐♦✱ ✇❤❡r❡ ✇❡ ♠❡❛s✉r❡ ∼ 120 dB✳ ❇❡❢♦r❡ t❤❡
❇❈ ❛ ✢✐♣ ♠✐rr♦r ❛❧❧♦✇s ❢♦r t❤❡ ❇❈ st❛❣❡ t♦ ❜❡ s❦✐♣♣❡❞ ✐❢ ❞❡s✐r❡❞✳

❬✹❪ ❋✐❧t❡r ❝❛✈✐t② ❧♦❝❦ ❜❡❛♠ ✜❜❡r ❝♦✉♣❧✐♥❣

❆❢t❡r t❤❡ ❇❈ st❛❣❡ ♣❛rt ♦❢ t❤❡ ❜❡❛♠ ✐s t❛♣♣❡❞ ♦✛ t❤❡ ❜❡ ✉s❡❞ ❛s t❤❡ ❧♦❝❦✐♥❣
❜❡❛♠ ❢♦r t❤❡ ❋❈ ✐♥ t❤❡ tr✐❣❣❡r ❝❤❛♥♥❡❧✳ ❚❤❡ ❜❡❛♠ ✐s ❛❣❛✐♥ t❛♣♣❡❞ ✉s✐♥❣ ❛
❍❲P✰P❇❙ ❝♦♠❜♦ ❛♥❞ ❝♦✉♣❧❡❞ ✐♥t♦ ❙▼❋ ❛t 70% ❡✣❝✐❡♥❝② t❤r♦✉❣❤ ❛ ❣r❛❞❡❞
✐♥❞❡① ✭●❘■◆✮ ❧❡♥s✳ ❆♥ ❡❧❡❝tr♦✲♦♣t✐❝ ♠♦❞✉❧❛t♦r ✭❊❖▼✮ ✐♥ t❤❡ ❜❡❛♠ ♣❛t❤ ❜❡❢♦r❡
t❤❡ ❇❈ st❛❣❡ ✐s ❞r✐✈❡♥ ❛t 28.7 ▼❍③ ❜② t❤❡ ❙❍● ❧♦❝❦❜♦①✱ t♦ ❝r❡❛t❡ ❛ ♣❤❛s❡
♠♦❞✉❧❛t✐♦♥ ✉s❡❞ ❢♦r P♦✉♥❞✲❉r❡✈❡r✲❍❛❧❧ ❧♦❝❦✐♥❣✳ ❚❤✐s ❧♦❝❦✐♥❣ s❝❤❡♠❡ ✐s ✉s❡❞
❢♦r ❜♦t❤ ❙❍●✱ ❖P❖ ❛♥❞ ❋❈ ❝❛✈✐t✐❡s✱ s✐♥❝❡ ❛❧❧ t❤❡✐r ❧♦❝❦❜♦①❡s ❛r❡ s②♥❝❤r♦♥✐③❡❞✳



✹✷ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

❋✉rt❤❡r ❞❡t❛✐❧s r❡❣❛r❞✐♥❣ t❤❡ ❧♦❝❦✐♥❣ s❝❤❡♠❡s ❛r❡ ❣✐✈❡♥ ✐♥ s❡❝✳ ✸✳✹✳✷✳ ❚❤❡ ✜❜❡r
❝♦✉♣❧✐♥❣ ❡✣❝✐❡♥❝② ✐s ♥♦t ❝r✐t✐❝❛❧✱ s✐♥❝❡ t❤❡ ❋❈ ♦♥❧② ♥❡❡❞s ❧♦✇ ♣♦✇❡r t♦ ❧♦❝❦ ❛♥❞
s♦ ❛♥② r❡✢❡❝t✐♦♥ ✇✐❧❧ ❜❡ ♠✐♥✐♠❛❧✳

❬✺❪ ❙❍● ❝❛✈✐t②

❚❤❡ ❢r❡q✉❡♥❝② ❞♦✉❜❧✐♥❣ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ 1550 ♥♠ ❧✐❣❤t ✜❡❧❞ ✐♥t♦ t❤❡ s❡❝♦♥❞
❤❛r♠♦♥✐❝ ✜❡❧❞ ❛t 775 ♥♠ ✐s ❞♦♥❡ ❜② ❛ ♥♦♥❧✐♥❡❛r ❝r②st❛❧ ♣❧❛❝❡❞ ❛t t❤❡ ✇❛✐st ♦❢ ❛
t✐❣❤t❧② ❢♦❝✉s❡❞ ❝❛✈✐t② ♠♦❞❡✱ r❡s♦♥❛♥t t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✜❡❧❞✳ ❚❤❡ ♥♦♥❧✐♥❡❛r
❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❝r②st❛❧ ✐s ❧♦✇ ✭❧❡ss t❤❛♥ 1%/W ✮ ❛♥❞ s♦ t❤❡ ❝❛✈✐t② ✐s
✉s❡❞ t♦ ❡♥❤❛♥❝❡ t❤❡ ✐♥♣✉t ✜❡❧❞ t♦ s❡✈❡r❛❧ ✇❛tts ♦❢ ❝✐r❝✉❧❛t✐♥❣ ♣♦✇❡r✳ ❆s ❛ r❡s✉❧t
✉♣ t♦ 60% t♦t❛❧ ♣♦✇❡r ❝♦♥✈❡rs✐♦♥ ❢r♦♠ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t♦ t❤❡ s❡❝♦♥❞ ❤❛r♠♦♥✐❝
✜❡❧❞ ✐s r❡❛❧✐s❡❞✳ ❚❤❡ ❝❛✈✐t② ✉s❡s ❛ ❝♦♠♣❛❝t ❜♦✇t✐❡ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ t❤❡ ❝r②st❛❧
✇❛✐st ❜❡t✇❡❡♥ t✇♦ ❝✉r✈❡❞ ♠✐rr♦r✳ ❚❤❡ ✐♥♣✉t ✜❡❧❞ ✐s ❝♦✉♣❧❡❞ ✐♥ t❤r♦✉❣❤ ❛ 90%
r❡✢❡❝t✐✈❡ ♠✐rr♦r✱ ✇❤✐❧❡ t❤❡ r❡st ❛r❡ ❤✐❣❤✲r❡✢❡❝t✐✈✐t② ✭❍❘✮ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
✜❡❧❞✳ ❆❧❧ ♠✐rr♦rs ❛r❡ tr❛♥s♣❛r❡♥t t♦ t❤❡ s❡❝♦♥❞ ❤❛r♠♦♥✐❝ ✜❡❧❞ ❛♥❞ s♦ ✐t s✐♠♣❧②
❝♦✉♣❧❡❞ ♦✉t t❤r♦✉❣❤ ♦♥❡ ♦❢ t❤❡ ❝✉r✈❡❞ ♠✐rr♦rs✳ ❉❡t❛✐❧s r❡❣❛r❞✐♥❣ t❤❡ ❝r②st❛❧ ❛♥❞
❝❛✈✐t② ❞❡s✐❣♥ ✐s ❣✐✈❡♥ ✐♥ s❡❝✳ ✸✳✶✳✷✳ ❚❤❡ ❝❛✈✐t② ✐s ❧♦❝❦❡❞ ✇✐t❤ t❤❡ P❉❍ ❧♦❝❦✐♥❣
s❝❤❡♠❡ ❬✺✺❪ ✉s✐♥❣ ❛ P❩❚✲❛❝t✉❛t♦r ❝❧❛♠♣❡❞ t♦ ♦♥❡ ♦❢ t❤❡ ✢❛t ❝❛✈✐t② ♠✐rr♦rs✳ ❆♥
❊❖▼ ✐♥ t❤❡ ✐♥♣✉t ❜❡❛♠ ♣❛t❤ ❝r❡❛t❡s ❛ 28.7 ▼❍③ ♣❤❛s❡ ♠♦❞✉❧❛t✐♦♥✱ ✇❤✐❝❤ ✐s
✉s❡❞ t♦ ❞❡r✐✈❡ t❤❡ ❡rr♦r s✐❣♥❛❧ ❢r♦♠ ❛ ♣❤♦t♦❞❡t❡❝t♦r s✐❣♥❛❧ ♠❡❛s✉r✐♥❣ ❛ s♠❛❧❧
♣❛rt ♦❢ t❤❡ ❝✐r❝✉❧❛t✐♥❣ ❧✐❣❤t ✐s ❧❡❛❦✐♥❣ ♦✉t t❤r♦✉❣❤ ♦♥❡ ♦❢ t❤❡ ❤✐❣❤✲r❡✢❡❝t♦r
♠✐rr♦r✳ ❆❢t❡r t❤❡ ❙❍● ❝❛✈✐t② ❛ ❍❲P✰P❇❙ ❝♦♠❜♦ ❛♥❞ ❛ ❜❡❛♠❞✉♠♣ ✐s ✉s❡❞
t♦ ❝♦♥tr♦❧ t❤❡ ♣♦✇❡r ♦❢ t❤❡ ♣✉♠♣ ✜❡❧❞ ❝♦✉♣❧❡❞ ✐♥t♦ t❤❡ ❖P❖ ❝❛✈✐t②✱ t❤❡r❡❜②
t✉♥✐♥❣ t❤❡ ♣✉♠♣ r❛t❡ ǫ✳

❬✻❪ ❖P❖ ❝❛✈✐t②

❚❤❡ ♣❛r❛♠❡tr✐❝ ❞♦✇♥✲❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡ ❖P❖ ❝❛✈✐t② ✐s ❝❛rr✐❡❞ ♦✉t ❜② ❛ ♥♦♥❧✐♥❡❛r
❝r②st❛❧ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r s❡❝♦♥❞✲❤❛r♠♦♥✐❝ ❣❡♥❡r❛t✐♦♥✳ ❍❡r❡ t❤❡ ❝❛✈✐t②
✐s ✉s❡❞ t♦ ❞❡✜♥❡ t❤❡ ♠♦❞❡ ♦❢ t❤❡ ❣❡♥❡r❛t❡❞ ✜❡❧❞ ❛♥❞ ✐s ❞❡s✐❣♥❡❞ ✐❞❡♥t✐❝❛❧ t♦ t❤❡
❙❍●✳ ❚❤❡ ♣✉♠♣ ✐s ❝♦✉♣❧❡❞ t❤r♦✉❣❤ t❤❡ ❝✉r✈❡❞ ♠✐rr♦rs ❛♥❞ ❞✉♠♣❡❞ ♦♥ t❤❡
♦t❤❡r s✐❞❡ ♦❢ t❤❡ ❝❛✈✐t②✳ ❚❤❡ ❣❡♥❡r❛t❡❞ ❢✉♥❞❛♠❡♥t❛❧ ✜❡❧❞ ✐s ❧❡❛❦❡❞ ♦✉t t❤r♦✉❣❤
❛ 90% tr❛♥s♠✐tt✐♥❣ ♦✉t❝♦✉♣❧✐♥❣ ♠✐rr♦r✳ ❚❤❡ ❖P❖ ✐s ❛❧s♦ ❧♦❝❦❡❞ ✉s✐♥❣ t❤❡ P❉❍
s❝❤❡♠❡ ❛♥❞ P❩❚✲❛❝t✉❛t❡❞ ♠✐rr♦r✱ ✇✐t❤ ❛ ❧♦❝❦✐♥❣ ❜❡❛♠ ❝♦✉♣❧✐♥❣ ✐♥ t❤r♦✉❣❤ ❛
❍❘ ♠✐rr♦r ✐♥t♦ t❤❡ ❝♦✉♥t❡r✲♣r♦♣❛❣❛t✐♥❣ ❞✐r❡❝t✐♦♥ r❡❧❛t✐✈❡ t♦ t❤❡ ❞♦✇♥✲❝♦♥✈❡rt❡❞
✜❡❧❞✳ ❆ ♣❤♦t♦❞❡t❡❝t♦r ✇✐t❤ ❛ 28.7 ▼❍③ r❡s♦♥❛♥t ❛♠♣❧✐✜❝❛t✐♦♥ ❝✐r❝✉✐t ♠❡❛s✉r❡s
t❤❡ ❧♦❝❦✐♥❣ ❜❡❛♠ ❝♦✉♣❧✐♥❣ ♦✉t t❤r♦✉❣❤ t❤❡ ♦✉t❝♦✉♣❧❡r ♠✐rr♦r✳ ❚❤❡ ❖P❖ ❧♦❝❦❜♦①
✐s s②♥❝❤r♦♥✐③❡❞ t♦ t❤❡ ❙❍● ❧♦❝❦❜♦① ❛♥❞ s♦ t❤❡ s❛♠❡ ♠♦❞✉❧❛t✐♦♥ ✐s ✉s❡❞✳ ❚❤❡
❝r②st❛❧ ✐s ❆❘ ❝♦❛t❡❞ ❛♥❞ ❤❛s ❛ 1.15◦ ❞❡❣r❡❡s ❛♥❣❧❡❞ ❢❛❝❡t t♦ ❡♥s✉r❡ t❤❛t t❤❡



✸✳✶ ❙q✉❡❡③❡❞ r❡s♦✉r❝❡ ❣❡♥❡r❛t✐♦♥ ✹✸

❧♦❝❦✐♥❣ ❜❡❛♠ ❞♦❡s ♥♦t ❝♦✉♣❧❡ t♦ t❤❡ ❝♦✲♣r♦♣❛❣❛t✐♥❣ ❞✐r❡❝t✐♦♥✳ ❆ ♣r♦❜❡ ❜❡❛♠
✐s ❛❧s♦ ❝♦✉♣❧❡❞ ✐♥t♦ t❤❡ ❖P❖ ✐♥ t❤❡ ❝♦✲♣r♦♣❛❣❛t✐♥❣ ❞✐r❡❝t✐♦♥ t♦ s❡r✈❡ ❤❛s ❛
♣❤❛s❡ r❡❢❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞♦✇♥✲❝♦♥✈❡rt❡❞ ✜❡❧❞ ❛♥❞ t❤❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ❞✉r✐♥❣
❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t✳

❬✼❪ ■❞❧❡r t❛♣♣✐♥❣ ❛♥❞ ❣❛✐♥ ❧♦❝❦✐♥❣

❋✐♥❛❧❧② t❤❡ ♦✉t♣✉t ✜❡❧❞ ♦❢ t❤❡ ❖P❖ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ❝❤❛♥♥❡❧s✱ s✐❣♥❛❧ ❛♥❞
tr✐❣❣❡r✱ ❜② ❛ ❍❲P✲P❇❙ ❝♦♠❜✐♥❛t✐♦♥✳ ❲❡ ❞❡♥♦t❡ t❤❡ ❜❡❛♠ ✐♥ tr✐❣❣❡r ❝❤❛♥♥❡❧ ❛s
✐❞❧❡r ❛♥❞ t❤❡ ❜❡❛♠ ✐♥ s✐❣♥❛❧ ❝❤❛♥♥❡❧ ❛s s✐❣♥❛❧✳ ❙✐♥❝❡ t❤❡ ❖P❖ ♦✉t♣✉t ✜❡❧❞ ✐s ❧✐♥✲
❡❛r❧② ♣♦❧❛r✐③❡❞✱ t✉r♥✐♥❣ t❤❡ ❍❲P ❡✛❡❝t✐✈❡❧② t✉♥❡s t❤❡ s♣❧✐tt✐♥❣ r❛t✐♦ T ❜❡t✇❡❡♥
t❤❡ t✇♦ ❝❤❛♥♥❡❧s✳ ◆♦t❡ t❤❛t ✐♥ ♦✉r ♠♦❞❡❧ ✇❡ ❛ss✉♠❡❞ t❤❡ s✐❣♥❛❧ st❛t❡ t♦ ❜❡ t❤❡
tr❛♥s♠✐tt❡❞ ♣❛rt✱ ❜✉t ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t ✇❡ ✉s❡ t❤❡ r❡✢❡❝t✐♦♥ ♦❢ t❤❡ P❇❙ ❛s t❤❡
s✐❣♥❛❧ ♣❛rt✱ s✐♥❝❡ ✐t ❤❛s ❛ ❤✐❣❤❡r ❡①t✐♥❝t✐♦♥ r❛t✐♦✱ ❧❡❛❞✐♥❣ t♦ ❝❧❡❛♥❡r ♣♦❧❛r✐③❛t✐♦♥
♠♦❞❡ ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ tr❛♥s♠✐tt❡❞ ♣❛rt✳ ❋r♦♠ ♦✉r ♠♦❞❡❧ ✇❡ ❦♥♦✇ t❤❛t t❤❡
♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ T ❞❡♣❡♥❞s ♦♥ t❤❡ ❞❛r❦ ❝♦✉♥t r❛t❡✱ ❜✉t ✐♥ t❤❡ ❧❛❜ ♦♥❡ ❛❧s♦ ❤❛s
t♦ ❝♦♥s✐❞❡r t❤❡ ♦✈❡r❛❧❧ st❛❜✐❧✐t② ♦❢ t❤❡ s❡t✉♣ ✇❤❡♥ r✉♥♥✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t ❛♥❞
s♦ ❡✈❡♥ ✐❢ ❛ s✉✣❝✐❡♥t❧② ❧♦✇ ❞❛r❦ ❝♦✉♥t r❛t❡ ✇♦✉❧❞ t❤❡♦r❡t✐❝❛❧❧② ❛❧❧♦✇ ❛ ✈❡r② ❧♦✇
t❛♣♣✐♥❣ r❛t✐♦✱ t❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ❣❛t❤❡r ❡♥♦✉❣❤ ♠❡❛s✉r❡♠❡♥t st❛t✐st✐❝s ❝♦✉❧❞
❜❡❝♦♠❡ ❧♦♥❣❡r t❤❛♥ t❤❡ st❛❜✐❧✐t② ♦❢ s♦♠❡ ♣❛rts ♦❢ t❤❡ s❡t✉♣✳ ❆s ❛ st❛rt✐♥❣ ♣♦✐♥t
✇❡ ❝❤♦♦s❡ t♦ t❛♣ 3% ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s❡tt✐♥❣ T = 0.97 ✐♥ t❤❡ ♠♦❞❡❧✱ s✐♥❝❡ t❤✐s
✈❛❧✉❡ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ♣r❡✈✐♦✉s ♣❤♦t♦♥ s✉❜tr❛❝t✐♦♥ ❡①♣❡r✐♠❡♥ts ❬✹✵❪✳

❲❤❡♥ t❤❡ ♣r♦❜❡ ❜❡❛♠ ✐s ❝♦✉♣❧❡❞ ✐♥t♦ t❤❡ ❖P❖ ✐t ✇✐❧❧ ❜❡ ❡✐t❤❡r ❛♠♣❧✐✜❡❞ ♦r
❞❡❛♠♣❧✐✜❡❞ ❜② t❤❡ ♣❤❛s❡ s❡♥s✐t✐✈❡ ♣❛r❛♠❡tr✐❝ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ♣✉♠♣ ❜❡❛♠
✐♥ t❤❡ ♥♦♥❧✐♥❡❛r ❝r②st❛❧✳ ❚❤❡ ❛♠♦✉♥t ♦❢ ❛♠♣❧✐✜❝❛t✐♦♥ ♦r ❞❡ ❛♠♣❧✐✜❝❛t✐♦♥ r❡❧❛t✐✈❡
t♦ t❤❡ ♥♦ ♣✉♠♣ ❧❡✈❡❧ ✐s ❝❛❧❧❡❞ t❤❡ ❣❛✐♥ ❛♥❞ ✐s ❣✐✈❡♥ ❜②

G(φp) =
cos2 φp
(1− x)2

+
sin2 φp
(1 + x)2

✭✸✳✶✮

✇❤❡r❡ x = ǫ/γ =
√

Pin/Pthr ✐s t❤❡ ♣✉♠♣ ♣❛r❛♠❡t❡r ❛♥❞ Pthr t❤❡ ♦s❝✐❧❧❛t✐♥❣
t❤r❡s❤♦❧❞ ♦❢ t❤❡ ❖P❖✳ ❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❡q✳ ✷✳✷✹ ❜② ❡①✲
❝❤❛♥❣✐♥❣ |αp|eiφp ✇✐t❤ t❤❡ ✈❛❝✉✉♠ t❡r♠s✳ ❚❤❡ ❣❛✐♥ ✐s t❤❡♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡
sq✉❛r❡ ♦❢ t❤❡ st❡❛❞② st❛t❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❝❛✈✐t② ✜❡❧❞ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t t❤❡ ♣✉♠♣
✜❡❧❞✳ ❚❤❡ ♣❤❛s❡ ❜❡t✇❡❡♥ t❤❡ ♣✉♠♣ ❛♥❞ ♣r♦❜❡ ✜❡❧❞ ✐s ❧♦❝❦❡❞ ❜② t❛♣♣✐♥❣ ♦✛ 1%
♦❢ t❤❡ s✐❣♥❛❧ ✜❡❧❞ ❛♥❞ ♠❡❛s✉r✐♥❣ ✐t ✇✐t❤ ❛ ♣❤♦t♦❞❡t❡❝t♦r✳ ❇② ♠♦❞✉❧❛t✐♥❣ t❤❡
♣❤❛s❡ ♦❢ t❤❡ ♣r♦❜❡ ❜❡❛♠ ✇✐t❤ ❛ P❩❚✲♠✐rr♦r✱ t❤❡ r❡❧❛t✐✈❡ ♣❤❛s❡ ❜❡t✇❡❡♥ t❤❡
♣r♦❜❡ ❛♥❞ ♣✉♠♣ ❜❡❛♠ ❝❛♥ ❜❡ ❧♦❝❦❡❞✱ ✉s✐♥❣ ❛♥ ❆❈ ❧♦❝❦✐♥❣ s❝❤❡♠❡✱ t♦ ❡✐t❤❡r
❛♠♣❧✐✜❝❛t✐♦♥ φp = 0 ♦r ❞❡❛♠♣❧✐✜❝❛t✐♦♥ φp = π/2✳ ❈♦♥s❡q✉❡♥t❧② t❤✐s ❧♦❝❦✐♥❣
❛♥❣❧❡ s❡ts t❤❡ sq✉❡❡③✐♥❣ ❛♥❣❧❡ ❛♥❞ s♦ ✐♥ ♦✉r s❡t✉♣ ✇❡ ❧♦❝❦ t♦ ❞❡❛♠♣❧✐✜❝❛t✐♦♥
r❡s✉❧t✐♥❣ ✐♥ ❛♠♣❧✐t✉❞❡ sq✉❡❡③✐♥❣✳ ❙❡❡ s❡❝✳ ✸✳✹✳✷ ❢♦r ♠♦r❡ ❞❡t❛✐❧s r❡❣❛r❞✐♥❣ t❤❡
❧♦❝❦✐♥❣ s❝❤❡♠❡✳



✹✹ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

✸✳✶✳✷ ❙❍● ❛♥❞ ❖P❖ ❞❡s✐❣♥

❍❡r❡ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❛ s❤♦rt ♦✈❡r✈✐❡✇ ♦❢ t❤❡ st❡♣s ❛♥❞ ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥✈♦❧✈❡❞
✐♥ ❞❡s✐❣♥✐♥❣ t❤❡ s❡❝♦♥❞✲❤❛r♠♦♥✐❝ ❣❡♥❡r❛t✐♦♥ ✭❙❍●✮ ❛♥❞ ♦♣t✐❝❛❧ ♣❛r❛♠❡tr✐❝ ♦s✲
❝✐❧❧❛t♦r ✭❖P❖✮ ❝❛✈✐t✐❡s ✉s❡❞ ✐♥ t❤❡ s❡t✉♣✳ ❋✉rt❤❡r ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♠②
♠❛st❡r t❤❡s✐s ❬✺✻❪✳ ■♥ ❡ss❡♥❝❡ t❤❡ ❞❡s✐❣♥ ♣r♦❝❡ss ✐s ❛s ❢♦❧❧♦✇s✿

✶✳ ❈❤♦♦s❡ ❝r②st❛❧ ♠❛t❡r✐❛❧ ❛♥❞ ❞❡s✐❣♥ ♣❤❛s❡ ♠❛t❝❤✐♥❣ ♠❡t❤♦❞ t♦ ❢❛❝✐❧✐t❛t❡
❞❡s✐r❡❞ ♥♦♥❧✐♥❡❛r ♣r♦❝❡ss✳

✷✳ ❇❛s❡❞ ♦♥ ❝r②st❛❧ s♣❡❝✐✜❝❛t✐♦♥s ❞❡s✐❣♥ ❛♥ ♦♣t✐❝❛❧ ❝❛✈✐t② t♦ ❡♥❤❛♥❝❡ t❤❡
♥♦♥❧✐♥❡❛r ✐♥t❡r❛❝t✐♦♥✳

❋♦r ❜♦t❤ st❡♣s ❛♥ ❡ss❡♥t✐❛❧ ♣❛r❛♠❡t❡r t♦ ❝♦♥s✐❞❡r ✐s t❤❡ s✐♥❣❧❡✲♣❛ss ♥♦♥❧✐♥❡❛r
❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② Enl✱ ✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ♣♦✇❡r
❝♦♥✈❡rs✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❞ ❤❛r♠♦♥✐❝ ✜❡❧❞s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ♥♦♥✲
❧✐♥❡❛r ♣r♦❝❡ss✳ ❋♦r ❙❍● ✇❡ ✇r✐t❡ P2ω = EnlP

2
ω ❛♥❞ s♦ ✇❡ ✇♦✉❧❞ ❧✐❦❡ ♦✉r ❞❡s✐❣♥

❝❤♦✐❝❡s ❞✉r✐♥❣ st❡♣ ✭✶✮ ❛♥❞ ✭✷✮ t♦ ♠❛①✐♠✐③❡ Enl✳ ■♥ ✶✾✻✽✱ ✇❤❡♥ st✉❞②✐♥❣ t❤❡
♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❙❍● ❛♥❞ ♣❛r❛♠❡tr✐❝ ❣❡♥❡r❛t✐♦♥ ✭P●✮✱ ❇♦②❞ ❛♥❞ ❑❧❡✐♥♠❛♥ ❛r✲
r✐✈❡❞ ❛t ❛ t❤❡♦r❡t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r Enl ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② r❡❧❡✈❛♥t ❝♦♥t❡①t
♦❢ ❢♦❝✉s❡❞ ●❛✉ss✐❛♥ ❜❡❛♠s ❬✺✼❪✿

Enl =
16π2d2eff lcry

ǫ0cλ3ωnωn2ω
e−α′lcryhBK(σ, β, κ, ξ, µ) ✭✸✳✷✮

✇❤❡r❡ hBK ✱ ❝❛❧❧❡❞ t❤❡ ❇❑✲❤ ❢❛❝t♦r✱ ✐s t❤❡ ❇♦②❞✲❑❧❡✐♥♠❛♥ ❢♦❝✉ss✐♥❣ ❢✉♥❝t✐♦♥
❝♦♥t❛✐♥✐♥❣ ❛❧❧ t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② t✉♥❛❜❧❡ ♣❛r❛♠❡t❡rs

hBK(σ, β, κ, ξ, µ) =
eµα

′lcry

4ξ

∫ ∫ ξ(1−µ)

−ξ(1−µ)

e−κ(τ+τ ′)+iσ(τ−τ ′)−β2(τ−τ ′)2

(1 + iτ)(1− iτ ′)
dτdτ ′

✭✸✳✸✮
❆♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ✐♥✈♦❧✈❡❞ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❛❜✳ ❆✳✹✳ ❋r♦♠ t❤❡
♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❇❑✲❤ ❢❛❝t♦r ✭✜❣✳ ✸✳✺✮ ✇❡ ♦❜t❛✐♥ s❡✈❡r❛❧ ❦❡② ✐♥s✐❣❤ts✳ ■❢
♥❡❣❧✐❣✐❜❧❡ ❛❜s♦r♣t✐♦♥ κ = 0 ✐s ❛ss✉♠❡❞ t❤❡♥ t❤❡ ♦♣t✐♠❛❧ ❢♦❝✉s ♣♦s✐t✐♦♥ ✐s ✐♥ t❤❡
♠✐❞❞❧❡ ♦❢ t❤❡ ❝r②st❛❧ µ = 0 ❛♥❞ t❤❡r❡ t❤❡♥ ❡①✐sts ❜♦t❤ ❛♥ ♦♣t✐♠❛❧ ❢♦❝✉s str❡♥❣t❤
(ξm = lcry/2zR✮ ❛♥❞ ♦♣t✐♠❛❧✱ ♥♦♥ ③❡r♦✱ ♣❤❛s❡ ♠✐s♠❛t❝❤ ✭σ = zR∆k✮✱ ✇❤✐❝❤ ❛r❡
❜♦t❤ ❞❡t❡r♠✐♥❡❞ s♦❧❡❧② ❜② t❤❡ ❝r②st❛❧ ❧❡♥❣t❤✳ ❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ ❞❡s✐❣♥ ❝♦♥str❛✐♥ts✱ ✇❤✐❝❤ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♥♦♥✲❧✐♥❡❛r ♣r♦❝❡ss ♦r ❝❛✈✐t②
❣❡♦♠❡tr②✿

❼ ❚❤❡ ♦♣t✐♠❛❧ ❢♦❝✉s✐♥❣ str❡♥❣t❤ ξm = 2.837 ❞❡t❡r♠✐♥❡s t❤❡ ❝❛✈✐t② ❞❡s✐❣♥
t❤r♦✉❣❤ t❤❡ ♦♣t✐♠❛❧ ❘❛②❧❡✐❣❤ ❧❡♥❣t❤ ♦❢ t❤❡ r❡s♦♥❛♥t ❝❛✈✐t② ♠♦❞❡ zR,m =
lcry/2ξm = lcry/5.675✳



✸✳✶ ❙q✉❡❡③❡❞ r❡s♦✉r❝❡ ❣❡♥❡r❛t✐♦♥ ✹✺

❼ ❚❤❡ ♦♣t✐♠❛❧ ♣❤❛s❡ ♠✐s♠❛t❝❤ σm = 0.574 ❞❡t❡r♠✐♥❡s t❤❡ ❝r②st❛❧ ❞❡✲
s✐❣♥ t❤r♦✉❣❤ t❤❡ ♦♣t✐♠✉♠ ✇❛✈❡ ✈❡❝t♦r ♠✐s♠❛t❝❤ ∆km = σm/zRm

=
3.255/lcry✳

P❤❛s❡ ♠❛t❝❤✐♥❣

❚❤❡ ♣❤❛s❡ ♠✐s♠❛t❝❤ ♦❢ ♥♦♥✲❧✐♥❡❛r ♣r♦❝❡ss ✐s ❞❡✜♥❡❞ ❛s t❤❡ ✇❛✈❡ ✈❡❝t♦r ♠✐s♠❛t❝❤
∆k = kin − kout ♦❢ t❤❡ ✜❡❧❞s ✐♥s✐❞❡ t❤❡ ❝r②st❛❧✳ ❋♦r ❙❍● ❛♥❞ ❙P❉❈ t❤❡
✜❡❧❞s ❛r❡ ∆kSHG = 2kω − k2ω ❛♥❞ ∆kSPDC = k2ω − 2kω r❡s♣❡❝t✐✈❡❧②✱ s♦ t❤❛t
∆kSHG = −∆kSPDC = 4π

λω
(nω−n2ω)✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ✉s❡ t❤❡

s❛♠❡ ❝r②st❛❧ ❢♦r ❜♦t❤ ❙❍● ❛♥❞ ❙P❉❈✳ ❋♦r ♣❧❛♥❡ ✇❛✈❡s t❤✐s ♠✐s♠❛t❝❤ s❤♦✉❧❞ ❜❡
③❡r♦ t♦ ❢✉❧❧② ✉t✐❧✐③❡ t❤❡ ❝r②st❛❧ ❧❡♥❣t❤✱ s✐♥❝❡ ❛ ♥♦♥ ③❡r♦ ♠✐s♠❛t❝❤ ✇✐❧❧ ❡✈❡♥t✉❛❧❧②
❧❡❛❞ t♦ t❤❡ ❛❝❝✉♠✉❧❛t❡❞ ♣❤❛s❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✜❡❧❞s ❡①❝❡❡❞✐♥❣ π
t❤❡r❡❜② ❝❛✉s✐♥❣ t❤❡ ♣r♦❝❡ss t♦ r❡✈❡rs❡ ❛♥❞ ♣♦✇❡r t♦ ❜❡ tr❛♥s❢❡rr❡❞ ❜❛❝❦ t♦ t❤❡
♣✉♠♣ ✜❡❧❞✳ ❚❤✐s ❡①❛❝t ❧❡♥❣t❤ ✐s ❝❛❧❧❡❞ t❤❡ ❝♦❤❡r❡♥❝❡ ❧❡♥❣t❤ lcoh = π/∆k✳ ❇✉t
❢r♦♠ t❤❡ ❇♦②❞✲❑❧❡✐♥♠❛♥ t❤❡♦r② ✇❡ ❦♥♦✇ t❤❡ ♦♣t✐♠❛❧ ✇❛✈❡ ✈❡❝t♦r ♠✐s♠❛t❝❤
∆km ❢♦r ❢♦❝✉s❡❞ ●❛✉ss✐❛♥ ❜❡❛♠s✳
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Phase mismatch factor: 
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❋✐❣✉r❡ ✸✳✺✿ ❚❤❡ σ✲ ❛♥❞ ξ✲❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❇❑✲❤ ❢❛❝t♦r ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥
t❤❛t β = κ = µ = 0✱ s♦ t❤❛t ❡q♥✳ ✸✳✸ r❡❞✉❝❡s t♦ ❛ s✐♥❣❧❡✱ r❡❛❧✲✈❛❧✉❡❞✱ ✐♥t❡❣r❛❧✿

hBK(σ, ξ) = 1
4ξ

[

∫ ξ

−ξ
cosστ+τ sinστ

1+τ2 dτ
]2

❬✺✽❪

❋♦r ❝r②st❛❧ ♠❛t❡r✐❛❧ ✇❡ ❝❤♦♦s❡ ♣❡r✐♦❞✐❝❛❧❧② ♣♦❧❡❞ ♣♦t❛ss✐✉♠ t✐t❛♥②❧ ♣❤♦s♣❤❛t❡
✭PP❑❚P✮ ❢r♦♠ ❘❛✐❝♦❧ ❈r②st❛❧s✱ ❛s t❤❡✐r ❝r②st❛❧s ❤❛❞ ♣r❡✈✐♦✉s❧② s❤♦✇♥ ❣♦♦❞
♣❡r❢♦r♠❛♥❝❡ ❢♦r ❜♦t❤ ❙❍● ♦❢ ✼✼✺ ♥♠ ♣✉♠♣ ❧✐❣❤t ❛♥❞ ❙P❉❈ ✐♥t♦ ✶✺✺✵ ♥♠
sq✉❡❡③❡❞ ❧✐❣❤t ❬✺✾✕✻✶❪✳ ❍❡r❡ ♣❡r✐♦❞✐❝❛❧❧② ♣♦❧✐♥❣ ✐s ❛ ♠❡t❤♦❞ ♦❢ ♦❜t❛✐♥✐♥❣ q✉❛s✐✲



✹✻ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

♣❤❛s❡ ♠❛t❝❤✐♥❣ ✭◗P▼✮ ❜② ❤❛✈✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ t❤❡ ❝r②st❛❧ ♣❡r✐♦❞✐❝❛❧❧②
❝❤❛♥❣❡ s✐❣♥✱ s♦ t❤❛t ❛ ♣❤❛s❡ ❣r❛t✐♥❣ ♦❢ ♣❡r✐♦❞ Λpol ✐s ❢♦r♠❡❞✱ ❡✛❡❝t✐✈❡❧② ✐♠♣♦s✐♥❣
❛♥ ❛❞❞✐t✐♦♥❛❧ ♠♦♠❡♥t✉♠ ♦❢ G = −2π/Λpol t♦ t❤❡ ♣❤❛s❡ ♠❛t❝❤✐♥❣ ❝♦♥❞✐t✐♦♥✳
■♥ ♣r❛❝t✐❝❡ t❤❡ ❛❧t❡r♥❛t✐♥❣ ♥♦♥❧✐♥❡❛r✐t② ✐s ❛❝❤✐❡✈❡❞ ❜② ♣❡r✐♦❞✐❝❛❧❧② ♣♦❧✐♥❣ t❤❡
❝r②st❛❧ ✇✐t❤ ❛ str♦♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛❧♦♥❣ ✐ts ❧❡♥❣t❤✱ ❢♦r♠✐♥❣ ❞♦♠❛✐♥s ♦❢ ❧❡♥❣t❤
Λpol/2 ✇✐t❤ ❡✈❡r② ♦t❤❡r ❞♦♠❛✐♥ ✢✐♣♣❡❞✳ ❇② ❝❛r❡❢✉❧❧② ❡♥❣✐♥❡❡r✐♥❣ t❤❡ ♣♦❧✐♥❣ ♣❡✲
r✐♦❞ Λpol ✐t s❤♦✉❧❞ t❤❡♥ ❜❡ ♣♦ss✐❜❧❡ t♦ ❢✉❧✜❧ t❤❡ ◗P▼ ❝♦♥❞✐t✐♦♥ ∆km = ∆k+G✳

❆ ❞♦✇♥s✐❞❡ ♦❢ ✉s✐♥❣ ◗P▼ ✐s t❤❛t t❤❡ ❡✛❡❝t✐✈❡ ♥♦♥❧✐♥❡❛r✐t② deff ✐s s❝❛❧❡❞ ❜②
❛ ❢❛❝t♦r 2/π✱ ✇❤✐❧❡ t❤❡ ✉♣s✐❞❡ ✐s t❤❛t ♣❡r✐♦❞✐❝❛❧❧② ♣♦❧✐♥❣ ✇♦r❦s ❢♦r ❛♥② ❝r②s✲
t❛❧ ❞✐r❡❝t✐♦♥✱ s♦ t❤❛t ♦♥❡ ✇✐t❤ t❤❡ ❧❛r❣❡st ♥♦♥❧✐♥❡❛r✐t② d0 ❝❛♥ ❜❡ ✉t✐❧✐③❡❞✳ ❚❤❡
♣r✐♥❝✐♣❧❡ ♦❢ ✉s✐♥❣ ♣❡r✐♦❞✐❝❛❧❧② ♣♦❧✐♥❣ t♦ ♦❜t❛♥ ◗P▼ ✐s ❜❡st ✐❧❧✉str❛t❡❞ ❢♦r ♣❧❛♥❡
✇❛✈❡s✱ ✇❤❡r❡ t❤❡ ♦♣t✐♠❛❧ ♣❤❛s❡ ♠✐s♠❛t❝❤ ✐s ✵ r❡s✉❧t✐♥❣ ✐♥ t❤❡ ♠t❤ ♦r❞❡r ◗P▼
❝♦♥❞✐t✐♦♥ Λpol = 2mπ/∆k = mlcoh, m ∈ 1, 3, 5, ...✳ ❍❡r❡ t❤❡ ♣♦❧✐♥❣ ♣❡r✐♦❞
s❤♦✉❧❞ ❜❡ ❛♥ ♦❞❞ ✐♥t❡❣❡r ♥✉♠❜❡r ♦❢ ❝♦❤❡r❡♥❝❡ ❧❡♥❣t❤s✳ ❚❤✐s ❡✛❡❝t ✐s ✐❧❧✉str❛t❡❞
✐♥ ✜❣✳ ✸✳✻✳

■♥ ❣❡♥❡r❛❧ ❜♦t❤ t❤❡ ❞✐s♣❡rs✐♦♥ ❛♥❞ ❜✐r❡❢r✐♥❣❡♥❝❡ ♦❢ t❤❡ ❝r②st❛❧ ✇✐❧❧ ❜❡ t❡♠♣❡r❛✲
t✉r❡ ❞❡♣❡♥❞❡♥t✱ ❛♥❞ s♦ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ❡①❛❝t t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢
r❡❢r❛❝t✐✈❡ ✐♥❞❡① t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣❤❛s❡ ♠✐s♠❛t❝❤ ❛❝❝✉r❛t❡❧②✳ ❋r♦♠ t❤❡ ❧✐tt❡r❛✲
t✉r❡ ✇❡ ✉s❡ t❤❡ ❢♦r♠✉❧❛ ♦❜t❛✐♥❡❞ ❜② ❊♠❛♥✉❡❧✐ ❛♥❞ ❆r✐❡ ❬✻✷❪ ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡
❞❡♣❡♥❞❡♥❝❡ ❛♥❞ t❤❡ ❜❛s❡ ✐♥❞❡①❡s ♦❜t❛✐♥❡❞ ❜② ❋r❛❞❦✐♥ ❡t ❛❧✳ ❬✻✸❪✱ ❑❛t♦ ❡t ❛❧✳ ❬✻✹❪
❛♥❞ ❋❛♥ ❡t ❛❧✳ ❬✻✺❪✳ ❋✉rt❤❡r ❞❡t❛✐❧s ❛♥❞ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ❛❧❧ ✐♥✈♦❧✈❡❞ ♣❛r❛♠❡t❡rs
❝❛♥ ❜❡ ❢♦✉♥❞ ♠② t❤❡s✐s ❬✺✻❪✳ ❲❡ ♣❧♦t t❤❡ ♣❤❛s❡ ♠✐s♠❛t❝❤ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝r②s✲
t❛❧ t❡♠♣❡r❛t✉r❡ ❛♥❞ ♣♦❧✐♥❣ ♣❡r✐♦❞ t♦ s❡❡ ✐❢ ✇❡ ❝❛♥ r❡❛❝❤ t❤❡ ♦♣t✐♠❛❧ ♠✐s♠❛t❝❤
✇✐t❤ r❡❛s♦♥❛❜❧❡ ✈❛❧✉❡s✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✼✳ ❋r♦♠ ✜❣✳ ✸✳✼ ✇❡ s❡❡
t❤❛t ✇❡ s❤♦✉❧❞ ❜❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ ♦♣t✐♠❛❧ ♣❤❛s❡ ♠❛t❝❤✐♥❣ ❢♦r ❛ r❛♥❣❡ ♦❢ ♣♦❧✐♥❣
♣❡r✐♦❞s ❛♥❞ t❡♠♣❡r❛t✉r❡s✳ ■♥ t❤❡ ❡♥❞ ✇❡ ❝❤♦♦s❡ t♦ ✉s❡ ❛ 16 ♠♠ ❝r②st❛❧✱ ✇❤❡r❡
❘❛✐❝♦❧ r❡❝♦♠♠❡♥❞s ❛ ♣♦❧✐♥❣ ♣❡r✐♦❞ ♦❢ ∼ 24.7 µ♠ ❛♥❞ ♦♣❡r❛t✐♥❣ t❡♠♣❡r❛t✉r❡
♦❢ ∼ 30 − 50 o❈✱ ✇❤✐❝❤ ❛♣♣❡❛rs t♦ ♠❛t❝❤ ✇❡❧❧ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs s✉❣❣❡st❡❞
❜② ✉s✐♥❣ t❤❡ ❋r❛❞❦✐♥ ♥✉♠❜❡rs✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t ❡✈❡♥ ✐❢ t❤❡ ♣♦❧✐♥❣ ♣❡r✐♦❞
✐s s❧✐❣❤t❧② ♦✛✱ ✇❡ ❤❛✈❡ s♦♠❡ ❧❡❡✇❛② ✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ t♦ r❡❛❝❤ t❤❡ ♦♣t✐♠❛❧
♠✐s♠❛t❝❤✳ ❚❤❡ ♣❛r❛♠❡t❡rs s✉❣❣❡st❡❞ ❜② ✉s✐♥❣ t❤❡ ❑❛t♦ ❛♥❞ ❋❛♥ ♥✉♠❜❡rs ❛r❡
q✉✐t❡ ❢❛r ♦✛ ❢r♦♠ t❤❡ r❡❝♦♠♠❡♥❞❡❞ ♣❛r❛♠❡t❡rs✱ s♦ ✇❡ ❝❤♦♦s❡ t♦ ❞✐sr❡❣❛r❞ t❤❡♠✳
❲❡ ❝♦♥❝❧✉❞❡ ♦✉r ❝r②st❛❧ ❛♥❛❧②s✐s ❜② ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❇❑✲❤
❢❛❝t♦r ♦♥ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧ ✸✳✸✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❛♥❛❧②s✐s ✐s
s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✽✳

❈❛✈✐t② ❣❡♦♠❡tr②

❋r♦♠ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❇❑✲❤ ❢❛❝t♦r ❢♦r ♦✉r ❝❤♦✐❝❡ ♦❢ ❝r②st❛❧ ❧❡♥❣t❤
✭lcry = 16mm✮✱ ✇❡ ❦♥♦✇ t❤❛t ✇❡ s❤♦✉❧❞ ❞❡s✐❣♥ ♦✉r ❙❍● ❛♥❞ ❖P❖ ❝❛✈✐t✐❡s
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❋✐❣✉r❡ ✸✳✻✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❡✛❡❝t ♦❢ ✉s✐♥❣ ♣❡r✐♦❞✐❝❛❧❧② ♣♦❧✐♥❣ t♦ ♦❜t❛✐♥ q✉❛s✐

♣❤❛s❡ ♠❛t❝❤✐♥❣ ❢♦r ♣❧❛♥❛r ✇❛✈❡s✳ ❈❛❧❝✉❧❛t❡❞ ✉s✐♥❣ E2ω ∝
∫ lcry
0

d(z)ei∆kzdz✱
✇❤❡r❡ d(z) ✐s ❛ ±d0 st❡♣ ❢✉♥❝t✐♦♥ ❛❧♦♥❣ t❤❡ ❝r②st❛❧ ❧❡♥❣t❤ ✇✐t❤ Λpol ❛s ♣❡r✐♦❞✱
❡♠✉❧❛t✐♥❣ t❤❡ ♣❡r✐♦❞✐❝❛❧❧② ♣♦❧❡❞ ♥♦♥❧✐♥❡❛r✐t② d0✳ ❲❡ s❡❡ t❤❛t t❤❡ ✜❡❧❞ ✐s ♦♥❧②
❡✛❡❝t✐✈❡❧② ❜✉✐❧❞ ✉♣✱ ✇❤❡♥ t❤❡ ◗P▼ ❝♦♥❞✐t✐♦♥ ♦❢ Λpol = mlcoh, m ∈ 1, 3, 5, ... ✐s
s❛t✐s✜❡❞✳ ❚❤❡ ✉♣♣❡r ❧✐♥❡ ♣❧♦t s❤♦✇s t❤❡ ❧✐♥❡❛r s❝❛❧✐♥❣ ♦❢ t❤❡ q✉❛s✐ ♣❤❛s❡ ♠❛t❝❤❡❞
✜❡❧❞ ❜✉✐❧❞✲✉♣ ❢♦r ❝♦♠♣❛r✐s♦♥✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❡r❢❡❝t❧② ♣❤❛s❡
♠❛t❝❤❡❞ ✜❡❧❞ ❜✉✐❧❞✲✉♣ ✉s✐♥❣ t❤❡ ❡✛❡❝t✐✈❡ ♥♦♥❧✐♥❡❛r✐t② deff = (2/mπ)d0✳ ❚❤❡
♦✈❡r❧❛♣ ♦❢ t❤❡ ❝✉r✈❡s s❤♦✇s t❤❛t ✉s✐♥❣ t❤❡ ❡✛❡❝t✐✈❡ ♥♦♥❧✐♥❡❛r✐t② ❢♦r ♣❡r❢❡❝t ♣❤❛s❡
♠❛t❝❤✐♥❣ ❝♦rr❡❝t❧② ❝❛♣t✉r❡s t❤❡ ❡✛❡❝t ♦❢ ♠t❤✲♦r❞❡r ◗P▼✳

s✉❝❤ t❤❛t t❤❡ r❡s♦♥❛♥t ♠♦❞❡ ❤❛s ❛ ✇❛✐st s✐③❡ ✐♥s✐❞❡ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ❝r②st❛❧ ♦❢
ω0,m =

√

λ0zR,m/πn(λ, Tm) =
√

λ016 ♠♠/(π1.82× 5.675) = 27.7 µ♠✳ ❖❢ t❤❡
t❤r❡❡ ♠❛✐♥ ❝❛✈✐t② ❣❡♦♠❡tr✐❡s ✭❧✐♥❡❛r✱ tr✐❛♥❣❧❡✱ ❜♦✇t✐❡✮ ✇❡ ❝❤♦♦s❡ t❤❡ ❜♦✇t✐❡✱ ❛s
t❤✐s ❣❡♦♠❡tr② ❞❡s✐❣♥ ❤❛s s❡✈❡r❛❧ ❦❡② ❛❞✈❛♥t❛❣❡s ❢♦r ♦✉r ♣✉r♣♦s❡✳ ❇❡s✐❞❡s ❜❡✐♥❣
♣r❛❝t✐❝❛❧❧② ❡❛s② t♦ ❞❡s✐❣♥✱ ❜✉✐❧❞ ❛♥❞ ✇♦r❦ ✇✐t❤ ❞✉❡ t♦ t❤❡ s❡✈❡r❛❧ ❞❡❣r❡❡s ♦❢
❢r❡❡❞♦♠✱ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ✐s✱ ❢r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ ❖P❖✱ t❤❛t ✐t s✉♣♣♦rts
❛ r✉♥♥✐♥❣ ✇❛✈❡ r❡s♦♥❛♥t ♠♦❞❡✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ t✇♦ ❞✐r❡❝t✐♦♥s ♦❢ ♣r♦♣❛❣❛t✐♦♥
✐♥s✐❞❡ t❤❡ ❝❛✈✐t② ❞♦❡s ♥♦t ✐♥t❡r❢❡r❡✱ ❛♥❞ t❤❡ ♦✉t♣✉t ❝♦✉♣❧❡r ♠✐rr♦r ✇✐❧❧ ❜❡ ❛♥❣❧❡❞
r❡❧❛t✐✈❡ t♦ t❤❡ ♦✉t♣✉t s✐❣♥❛❧ ❜❡❛♠ ♣❛t❤✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ✉s❡ ❛ ❝♦✉♥t❡r
♣r♦♣❛❣❛t✐♦♥ ❧♦❝❦ ❜❡❛♠ r❡❧❛t✐✈❡ t♦ t❤❡ s✐❣♥❛❧ ❜❡❛♠ ❛♥❞ t❤❛t ❛♥② ❜❛❝❦ r❡✢❡❝t✐♦♥
❢r♦♠ s✐❣♥❛❧ ♣❛t❤✱ s✉❝❤ ❛s ❋❈ ❧♦❝❦ ♦r ▲❖ ❧✐❣❤t✱ ✐♥t♦ t❤❡ ❖P❖ ✇✐❧❧ ♥♦t ✐♥t❡r✲
❢❡r❡ ✇✐t❤ t❤❡ s✐❣♥❛❧ ✜❡❧❞✳ ❚❤✐s ❜♦t❤ ❤❡❧♣s t♦ r❡❞✉❝❡ t❤❡ ❝♦♥t❛♠✐♥❛t✐♦♥ ♦❢ t❤❡
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❋✐❣✉r❡ ✸✳✼✿ P❤❛s❡ ♠✐s♠❛t❝❤ ♦❢ t②♣❡✲✵ ❙❍● ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t PP✲
❑❚P ❝r②st❛❧ ❧❡♥❣t❤s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✈❛❧✉❡s ❢r♦♠ ❧✐t❡r❛t✉r❡✳

∆k = ∆k
(ω)
❙P❉❈✲✵

(T ) + G ✇✐t❤ ∆k
(2ω)
❙❍●✲✵

(T ) = 4π
λω

∣

∣nz(
λω

2 , T )− nz(λω, T )
∣

∣ =

∆k
(ω)
❙P❉❈✲✵

(T ) ❛♥❞ G = −2π/Λpol

sq✉❡❡③❡❞ ❧✐❣❤t ✜❡❧❞ ✐♥ t❤❡ s✐❣♥❛❧ ♣❛t❤ ❛♥❞ t♦ r❡❞✉❝❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❧✐❣❤t ❜❡✐♥❣
s❝❛tt❡r❡❞ ✐♥t♦ t❤❡ ✐❞❧❡r ♣❛t❤ ❛♥❞ ❝♦✉♣❧✐♥❣ t♦ t❤❡ ❙❙P❉✳ ❚❤❡ ❢❛❝❡t ♦❢ t❤❡ ❝r②st❛❧
✐s✱ ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥✱ ❝✉t ❛t ❛♥ ❛♥❣❧❡ ♦❢ 1.15o✳ ❋✉rt❤❡r ❞❡t❛✐❧s r❡❣❛r❞✐♥❣ t❤❡
♠❡❝❤❛♥✐❝❛❧ ❞❡s✐❣♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♠② ♠❛st❡r t❤❡s✐s ❬✺✻❪✳

❯s✐♥❣ t❤❡ ❝❛✈✐t② ❞❡s✐❣♥ ❛♣♣r♦❛❝❤ ❛s ♦✉t❧✐♥❡ ✐♥ s❡❝✳ ❆✳✷✳✷ ♦❢ t❤❡ ❛♣♣❡♥❞✐① ✇✐t❤
t❤❡ ❜♦✇t✐❡ ❣❡♦♠❡tr② ❞❡✜♥✐t✐♦♥ ♦❢ t❛❜✳ ❆✳✸✱ ✇✐t❤ ❝r②st❛❧ ❧❡♥❣t❤ lcry = 16mm✱
❝r②st❛❧ r❡❢r❛❝t✐✈❡ ✐♥❞❡① n = 1.82✱ ♠✐rr♦r ❝✉r✈❛t✉r❡ R = 50mm✱ ❝❛✈✐t② r♦✉♥❞✲tr✐♣
❧❡♥❣t❤ lcav = 310mm ❛♥❞ ❢♦❧❞✐♥❣ ❛♥❣❧❡ θ = 6o✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡s♦♥❛♥t s♦❧✉t✐♦♥
s❤♦✇♥ ✐♥ ✜❣✳ ❄❄✳ ❍❡r❡ ✜①✐♥❣ lcav ❛♥❞ θ ❧❡ts ✉s ✈❛r② l1 ❛s t❤❡ ♦♥❧② ❢r❡❡ ♣❛r❛♠❡t❡r✳
❲❡ s❡❡ t❤❛t ✇✐t❤ ❛ ❞✐st❛♥❝❡ ♦❢ 58 ♠♠ ❜❡t✇❡❡♥ t❤❡ ❝✉r✈❡ ♠✐rr♦rs✱ t❤❡ r❡s♦♥❛♥t
♠♦❞❡ ✇✐❧❧ ❤❛✈❡ t❤❡ ♦♣t✐♠❛❧ ✇❛✐st s✐③❡ ✐♥s✐❞❡ t❤❡ ❝r②st❛❧ ❛♥❞ t❤❛t t❤❡ ❧♦✇ ❢♦❧❞✐♥❣
❛♥❣❧❡ ❡♥s✉r❡s ✈❡r② ❧♦✇ ❛st✐❣♠❛t✐s♠❡ ♦❢ t❤❡ ♠♦❞❡✳ ❚❤❡ ✜♥❡ss❡ F = π

√
r/(1− r)

♦❢ t❤❡ ❝❛✈✐t② ✐s ❛ s✐♠✐❧❛r ♠❡❛s✉r❡ ♦❢ ❤♦✇ ✇❡❧❧ t❤❡ ❝❛✈✐t② st♦r❡s t❤❡ r❡s♦♥❛t✐♥❣
❧✐❣❤t ✜❡❧❞ ❛♥❞ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❢✉❧❧✲✇✐❞t❤ ❛t ❤❛❧❢✲♠❛①✐♠✉♠ ✭❋❲❍▼✮ ❜❛♥❞✇✐❞t❤
❛s 2γ ≈ ∆ω/F ✳ ❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ ♦✉r ❝❛✈✐t② ✐s s✉♠♠❛r✐s❡❞ ✐♥ t❛❜✳ ✸✳✶✳

✸✳✶✳✸ ❙❍● ♣❡r❢♦r♠❛♥❝❡

❋♦r t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❙❍● ❝❛✈✐t② t❤❡ ♠❡tr✐❝ ✇❡ ❝♦♥s✐❞❡r ✐s t❤❡ t♦t❛❧
❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✜❡❧❞ ✐♥t♦ t❤❡ s❡❝♦♥❞ ❤❛r♠♦♥✐❝ ✜❡❧❞✱
✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♥♦♥❧✐♥❡❛r ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② Enl✳ ❚❤❡ ✐♥♣✉t✲
♦✉t♣✉t ♣♦✇❡r ❝♦♥✈❡rs✐♦♥ ✐s ❡❛s✐❧② ♠❡❛s✉r❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✱ ❜✉t ✐♥ ♦r❞❡r t♦ r❡❧❛t❡
t❤❡ r❡s✉❧t ✐♥t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦♥❧✐♥❡❛r ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ✇❡ ♥❡❡❞ t♦



✸✳✶ ❙q✉❡❡③❡❞ r❡s♦✉r❝❡ ❣❡♥❡r❛t✐♦♥ ✹✾
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❋✐❣✉r❡ ✸✳✽✿ ❉❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❇❑✲❤ ❢❛❝t♦r ✭❡q✳ ✸✳✸✮ ♦♥ ❞✐✛❡r❡♥t ♠♦❞❡❧ ♣❛✲
r❛♠❡t❡rs✳ ❚❤❡ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ❝♦♠❡s ❢r♦♠ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✭✜❣✳
✸✳✼✮✳ ✭t♦♣✲❧❡❢t✮ ❚❡♠♣❡r❛t✉r❡ ❤❛s t♦ ❜❡ ❝♦♥tr♦❧❧❡❞ t♦ ❛t ❧❡❛st ✇✐t❤✐♥ 1 o❈ t♦
♠❛✐♥t❛✐♥ ❛ st❛❜❧❡ ♥♦♥❧✐♥❡❛r ❝♦♥✈❡rs✐♦♥✳ ✭❜♦tt♦♠✲❧❡❢t✮ ❊✈❡♥ ❛ ±30% ❞❡✈✐❛t✐♦♥
❢r♦♠ t❤❡ ♦♣t✐♠❛❧ ❢♦❝✉s✱ ✇✐❧❧ ♥♦t r❡s✉❧t ✐♥ ❞r❛st✐❝ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❇❑✲❤ ❢❛❝t♦r✳
✭t♦♣✲r✐❣❤t✮ ❲❡ ❛r❡ ♥♦t ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♦✈❡r❛❧❧ ✇❛✈❡❧❡♥❣t❤ ❞❡♣❡♥❞❡♥❝❡ ♦❢
t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✜❡❧❞ s✐♥❝❡ ♦✉r ✜❜❡r ❧❛s❡r ✐s st❛❜❧❡✳ ✭❜♦tt♦♠✲r✐❣❤t✮ P❤❛s❡
♠❛t❝❤✐♥❣ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❞♦✇♥✲❝♦♥✈❡rs✐♦♥ ♣r♦❝❡ss✳ ❚❤✐s ✇✐❧❧ ❜❡ ✐♠♣♦rt❛♥t
✇❤❡♥ ✇❡ ❞❡s✐❣♥ t❤❡ ❢r❡q✉❡♥❝② ✜❧t❡r✐♥❣ ♦❢ t❤❡ tr✐❣❣❡r ❝❤❛♥♥❡❧ ♥❡❡❞❡❞ t♦ s✉♣♣r❡ss
❛❧❧ t❤❡ ❢r❡q✉❡♥❝② s✐❞❡❜❛♥❞ ♠♦❞❡s ♦❢ t❤❡ ❖P❖ ♦✉t♣✉t✳

❝♦♥s✐❞❡r ❤♦✇ t❤❡ ✐♥tr❛✲❝❛✈✐t② ✜❡❧❞ ✐s r❡❧❛t❡❞ t♦ t❤❡ ✐♥♣✉t ♣♦✇❡r✳ ❲❡ st❛rt ✇✐t❤
t❤❡ s✐♠♣❧❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡ ✐♥♣✉t✱ ✐♥tr❛✲❝❛✈✐t② ❛♥❞
r❡✢❡❝t❡❞ ✜❡❧❞s ❬✻✻❪

Pcav

Pin
=

T1
(1− r)2

Prefl

Pin
=

1− (T1 − r)2

(1− T1)(1− r)2
✭✸✳✹✮

❍❡r❡ T1 ✐s t❤❡ ✐♥♣✉t ❝♦✉♣❧❡r tr❛♥s♠✐ss✐♦♥✱ ✇❤✐❝❤ ✐s 0.1 ❢♦r ♦✉r ❙❍● ❛♥❞ r =
√
1− T1

√
1− L

√

1− E′
nlP

(ω)
c ✐s t❤❡ t♦t❛❧ r♦✉♥❞✲tr✐♣ ✜❡❧❞ ❛♠♣❧✐t✉❞❡ ❛tt❡♥✉❛✲

t✐♦♥ ❝❛✉s❡❞ ❜② t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♦✉t❝♦✉♣❧✐♥❣✱ ❧✐♥❡❛r ❧♦ss L ❛♥❞ ♥♦♥❧✐♥❡❛r ❧♦ss
❞✉❡ t♦ t❤❡ ❢r❡q✉❡♥❝② ❝♦♥✈❡rs✐♦♥✱ ✇❤❡r❡ E′

nl ✐s t❤❡ ♥♦♥❧✐♥❡❛r ❝♦♥✈❡rs✐♦♥ ❡✣✲
❝✐❡♥❝② ✇✐t❤♦✉t ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❛❜s♦r♣t✐♦♥ ♦❢ s❡❝♦♥❞ ❤❛r♠♦♥✐❝ ✜❡❧❞ ✐♥ t❤❡



✺✵ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

❈r②st❛❧

▲❡♥❣t❤✱ lcry 16 ♠♠
❍❡✐❣❤t ① ✇✐❞t❤ 2 ♠♠ ① 1 ♠♠
P♦❧✐♥❣ ♣❡r✐♦❞✱ Λpp 27.7 µ♠
❖♣❡r❛t✐♥❣ t❡♠♣❡r❛t✉r❡✱ Tm ∼ 45 o❈

●❡♦♠❡tr②

❈r②st❛❧ ✇❛✐st 27.7 µ♠
❈❛✈✐t② ❧❡♥❣t❤✱ lcav 310 ♠♠
▼✐rr♦r ❝✉r✈❛t✉r❡s✱ R 50 ♠♠
❋♦❧❞✐♥❣ ❛♥❣❧❡✱ θcav 6o

❙♣❡❝tr❛❧

❖✉t❝♦✉♣❧❡r✱ T1 10%
❋❙❘✱ ∆ω 967 ▼❍③
❇❛♥❞✇✐❞t❤✱ γ 8 ▼❍③
❋✐♥❡ss❡ ∼ 60
❊s❝❛♣❡ ❡✣❝✐❡♥❝②✱ ηesc ✵✳✾✽

❚❛❜❧❡ ✸✳✶✿ ❉❡s✐❣♥ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❙❍● ❛♥❞ ❖P❖ ❝❛✈✐t✐❡s

❝r②st❛❧ ✭α′ = 0 ✐♥ t❤❡ ♠♦❞❡❧✮✳ ❚❤✐s ❝♦rr❡❝t✐♦♥ ✐s ♥❡❡❞❡❞ s✐♥❝❡ t❤❡ ❛♠♦✉♥t ♦❢
❧♦st ❢✉♥❞❛♠❡♥t❛❧ ✜❡❧❞✱ r❡❧❡✈❛♥t ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✐♥tr❛✲❝❛✈✐t② ✜❡❧❞ ❛tt❡♥✉❛t✐♦♥✱
✐s ✐♥❞❡♣❡♥❞❡♥t ♦♥ ❧♦ss ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ✜❡❧❞ ❞✉❡ t♦ ❛❜s♦r♣t✐♦♥✳ ❚❤❡ ❛❜s♦r♣✲
t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✜❡❧❞ ❝❛♥ t❤❡♥ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❧✐♥❡❛r ❧♦ss t❡r♠ ❢♦r
❝♦♥✈❡♥✐❡♥❝❡✳ ❚❤❡ ❢✉❧❧ ♥♦♥❧✐♥❡❛r ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ✐s t❤❡♥ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣

P
(2ω)
out = Enl(P

(ω)
c )2 ✇✐t❤ P

(ω)
c ♦❜t❛✐♥❡❞ ♥✉♠❡r✐❝❛❧❧② ❢r♦♠ ❡q✳ ✸✳✹✳ ❚❤❡ r❡s✉❧t ✐s

s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✾✳

✸✳✶✳✹ ❖P❖ ♣❡r❢♦r♠❛♥❝❡

❋r♦♠ ❛ ❝❧❛ss✐❝❛❧ ♣❡rs♣❡❝t✐✈❡ t❤❡ ❖P❖ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ❜❡ ❜❡♥❝❤♠❛r❦❡❞ ❜② t❤❡
♦❜s❡r✈❡❞ ♣❛r❛♠❡tr✐❝ ❣❛✐♥✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ✐s str❛✐❣❤t ❢♦r✇❛r❞❀ ❛ ♣r♦❜❡ ✐s ❝♦✉✲
♣❧❡❞ t♦ t❤❡ ❖P❖ ❛♥❞ t❤❡ ❣❛✐♥ ❛t ✈❛r✐♦✉s ♣✉♠♣ ♣♦✇❡rs ✐s r❡❝♦r❞❡❞✳ ❋r♦♠ t❤✐s
♠❡❛s✉r❡♠❡♥t t❤❡ t❤r❡s❤♦❧❞ ♦❢ t❤❡ ❖P❖ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞✱ ✇❤✐❝❤ ✐s ❛♥ ✐♠♣♦r✲
t❛♥t ♣❛r❛♠❡t❡r s✐♥❝❡ ✐t t❡❧❧s ✉s ✇❤❛t ♣✉♠♣ ♣♦✇❡r t♦ ✐♥❥❡❝t ❢♦r ❛ ❞❡s✐r❡❞ ♣✉♠♣
r❛t❡ ǫ✳ ❚❤❡ r❡s✉❧ts ♦❢ s✉❝❤ ❛ ♠❡❛s✉r❡♠❡♥t ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✶✵✳ ❚❤❡ t❤r❡s❤♦❧❞
✐s r❡❧❛t❡❞ t♦ t❤❡ ♥♦♥❧✐♥❡❛r ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ❜② Pthr = (T + L)2/4Enl ❬✻✼❪
❛♥❞ ❢♦r t❤❡ ❖P❖ ✇❡ ♠❡❛s✉r❡ ❛♥ ❡s❝❛♣❡ ❡✣❝✐❡♥❝② ♦❢ ηesc = 0.97 ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ❛♥ ✐♥tr❛✲❝❛✈✐t② ❧♦ss ♦❢ L ≈ 0.3%✳ ❲✐t❤ ❛ ♠❡❛s✉r❡❞ t❤r❡s❤♦❧❞ ♦❢ 788 ♠❲
t❤✐s s❤♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ ❛ ♥♦♥❧✐♥❡❛r ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ♦❢ ❛♣♣r♦①✐♠❛t❡❧②
0.34%/W ✱ ✇❤✐❝❤ ✐s s❡❡♥ t♦ ❛❣r❡❡ r❡❛s♦♥❛❜❧❡ ✇❡❧❧ ✇✐t❤ ♦✉r r❡s✉❧t ❢r♦♠ t❤❡ ❙❍●
♣❡r❢♦r♠❛♥❝❡ t❡st✳

❋r♦♠ ❛ q✉❛♥t✉♠ ♣❡rs♣❡❝t✐✈❡ t❤❡ ❖P❖ ♣❡r❢♦r♠❛♥❝❡ ✐s ❜❡♥❝❤♠❛r❦❡❞ ❜② t❤❡
❛♠♦✉♥t ♦❢ sq✉❡❡③✐♥❣ ♣r♦❞✉❝❡❞✱ t❤♦✉❣❤ t❤✐s ✐♥ r❡❛❧✐t② ✐s ❛ ❜❡♥❝❤♠❛r❦ ♦❢ t❤❡ ❝♦♠✲



✸✳✶ ❙q✉❡❡③❡❞ r❡s♦✉r❝❡ ❣❡♥❡r❛t✐♦♥ ✺✶

❋✐❣✉r❡ ✸✳✾✿ P❧♦t ♦❢ t❤❡ ♠❡❛s✉r❡❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❙❍● ❝❛✈✐t②✳ ❲❡ ♦❜s❡r✈❡
❛ ♠❛①✐♠✉♠ t♦t❛❧ ❝♦♥✈❡rs✐♦♥ ♦❢ 0.63 ❛t 350 ♠❲✱ ❜✉t ✇✐t❤ ❛ r❡s✉❧t✐♥❣ ❧♦✇ ❝♦♥✲
✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ♦❢ 0.18%✳ ❚❤❡ ♦❜t❛✐♥❡❞ ♥♦♥❧✐♥❡❛r ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② r❛♥❣❡s
❜❡t✇❡❡♥ 0.16%/W ❛♥❞ 0.38%/W ❛s s❡❡♥ ❢r♦♠ t❤❡ ✐♥s❡rt✳ ❚❤❡s❡ ✈❛❧✉❡s ❛r❡ ❧♦✇❡r
t❤❛♥ t❤❡ 0.7%/W ❡①♣❡❝t❡❞ ❜② ❘❛✐❝♦❧ ❛♥❞ ❝❛♥ ❜❡ ❛ttr✐❜✉t❡❞ t♦ ❛ ❝♦♠❜✐♥❛t✐♦♥
♦❢ ♠✐s❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❝❛✈✐t② ✜❡❧❞ ❛♥❞ ✐rr❡❣✉❧❛r✐t✐❡s ✐♥ t❤❡ ♣♦❧✐♥❣ ♣❡r✐♦❞ ❧♦♥❣
t❤❡ ❝r②st❛❧✳ ❚❤❡ ♠♦❞❡❧ ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❡q✳ ✸✳✷ ✇✐t❤ deff ❛s t❤❡ ❧♦✇❡st ❛♥❞
❤✐❣❤❡st ✈❛❧✉❡ r❡♣♦rt❡❞ ✐♥ ❧✐t❡r❛t✉r❡ ❛♥❞ t❤❡ ❧✐♥❡❛r ❧♦ss ❡st✐♠❛t❡❞ ❜② ♠❡❛s✉r✐♥❣
t❤❡ ❞❡♣t❤ ♦❢ t❤❡ ❝❛✈✐t② r❡s♦♥❛♥❝❡ ❞✐♣ ✐♥ r❡✢❡❝t✐♦♥✱ ✇❤❡♥ t❤❡ ❝r②st❛❧ t❡♠♣❡r❛t✉r❡
✐s t✉♥❡❞ ♦✉ts✐❞❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❛♥❞✇✐❞t❤✳

❜✐♥❡❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❖P❖✱ s✐❣♥❛❧ ❝❤❛♥♥❡❧ ❛♥❞ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r✳ ❙✐♥❝❡
✇❡ ♣❧❛♥ t♦ r✉♥ ♦✉r ❡①♣❡r✐♠❡♥t ✉s✐♥❣ t❤❡ s❛♠♣❧❡✲❤♦❧❞ s❝❤❡♠❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞
✐♥ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ st❛❜✐❧✐t② ♦❢ ♦✉r s❡t✉♣✳ ■t s❤♦✉❧❞ ♦❢ ❝♦✉rs❡ ❜❡ s♦ st❛❜❧❡✱ s♦
t❤❛t ♥♦ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ♠❡❛s✉r❡❞ sq✉❡❡③✐♥❣ ❧❡✈❡❧ ✐s s❡❡♥ ❞✉r✐♥❣ t❤❡ ❤♦❧❞ ♣❡✲
r✐♦❞✳ ❚♦ s❡❡ t❤✐s ✇❡ r❡❝♦r❞ ❛ s❡q✉❡♥❝❡ ♦❢ ✶✵✵✵ ✐♥❞✐✈✐❞✉❛❧ t✐♠❡ tr❛❝❡s ♦❢ t❤❡ ❖P❖
♦✉t♣✉t ❧♦❝❦❡❞ t♦ ❜♦t❤ sq✉❡❡③✐♥❣ ❛♥❞ ❛♥t✐sq✉❡❡③✐♥❣✳ ❲❡ ❞✐✈✐❞❡ t❤❡ ❧♦♥❣ tr❛❝❡s
✐♥t♦ s❡✈❡r❛❧ s❤♦rt❡r s❡❣♠❡♥ts ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ✈❛r✐❛♥❝❡ ❛♥❞ ♣♦✇❡r s♣❡❝tr✉♠ ♦❢
t❤❡ ♥♦✐s❡ r❡❧❛t✐✈❡ t♦ ♥♦✐s❡ ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ s❤♦t ♥♦✐s❡ s❡❣♠❡♥ts✳ ❚❤❡ r❡s✉❧ts ♦❢
t❤✐s ❛♥❛❧②s✐s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✶✶✳

❲❡ ♦❜s❡r✈❡ ❛ ♠❛①✐♠✉♠ sq✉❡❡③✐♥❣ ❧❡✈❡❧ ♦❢ ❝❧♦s❡ t♦ −5 ❞❇ ❛t 1− 2MHz r❡❧❛t✐✈❡
t♦ t❤❡ ✈❛❝✉✉♠ ❧❡✈❡❧ ✇✐t❤ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥t✐ sq✉❡❡③✐♥❣ ❧❡✈❡❧ ❛t 7.5 − 8.5 ❞❇✳
❚❤❡ r❡❞✉❝t✐♦♥ ✐♥ sq✉❡❡③✐♥❣ ❛♥❞ ❛♥t✐sq✉❡❡③✐♥❣ ❛t ❧♦✇ ❢r❡q✉❡♥❝✐❡s ❝❛♥ ❜❡ ❝♦♥✲
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❋✐❣✉r❡ ✸✳✶✵✿ P❧♦t ♦❢ t❤❡ ♠❡❛s✉r❡❞ ❣❛✐♥ ❛t ❞✐✛❡r❡♥t ♣✉♠♣ ♣♦✇❡rs✳ ❋✐t ♦❢ ❡q✳
✸✳✶ ❣✐✈❡s ❛ t❤r❡s❤♦❧❞ ♣♦✇❡r ♦❢ Pthr = 788 ± 1 ♠❲✳ ❚❤❡ r✐❣❤t ❛①✐s s❤♦✇s t❤❡
s❝❛❧✐♥❣ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣✉♠♣ ♣❛r❛♠❡t❡r x =

√

P/Pthr

tr✐❜✉t❡❞ t♦ ♣❤❛s❡ ♥♦✐s❡ ♦❢ t❤❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ❧♦❝❦✱ ✇❤✐❝❤ ❛✛❡❝ts t❤❡ sq✉❡❡③✐♥❣
❧❡✈❡❧ ♠♦r❡ s❡✈❡r❡❧② t❤❛♥ t❤❡ ❛♥t✐sq✉❡❡③✐♥❣ ❛s s❡❡♥ ❜❡ t❤❡ ✐❞❡♥t✐❝❛❧ sq✉❡❡③✐♥❣ ❛t
1 ❛♥❞ 2 ▼❍③✳ ❉✉r✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t t❤❡ ❝♦✉♣❧✐♥❣ ❡✣❝✐❡♥❝② ♦❢ t❤❡ s✐❣♥❛❧ ✐♥t♦
❙▼❋ ✇❛s 89%✱ ✇❤✐❧❡ t❤❡ ♦t❤❡r ♠❡❛s✉r❡♠❡♥t ♣❛r❛♠❡t❡rs ✇❡r❡ ❡st✐♠❛t❡❞ t♦ ❜❡
0.53 ♣✉♠♣ r❛t❡✱ t♦t❛❧ ❤♦♠♦❞②♥❡ ❡✣❝✐❡♥❝② 0.90✱ ❡s❝❛♣❡ ❡✣❝✐❡♥❝② 0.97✱ ❣❛✐♥ ❧♦❝❦
t❛♣♣✐♥❣ 0.99 ✇❤✐❝❤ ❣✐✈❡s ❛ t♦t❛❧ ❡✣❝✐❡♥❝② ♦❢ 77%✳ ❚❛❦✐♥❣ t❤❡ ♣❤❛s❡ ♥♦✐s❡ ✐♥t♦
❛❝❝♦✉♥t t❤❡ ❜❡st ✜t t♦ t❤❡ ♣♦✇❡r s♣❡❝tr✉♠ ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ γ = 2π×6.9 ▼❍③✱
x = 0.53✱ η = 0.78 ❛♥❞ φac = 9o ♣❤❛s❡ ♥♦✐s❡ ❞✉r✐♥❣ t❤❡ sq✉❡❡③✐♥❣ ♠❡❛s✉r❡♠❡♥t✳
❚❤♦✉❣❤ t❤❡ ❜❛♥❞✇✐❞t❤ ❛♣♣❡❛rs t♦ ❜❡ s♦♠❡✇❤❛t s♠❛❧❧❡r t❤❛♥ ❡①♣❡❝t❡❞ ❜② t❤❡
❖P❖ ❞❡s✐❣♥✱ ✇❡ ♦❢t❡♥ ❣❡t ❣❡t ❛ ❧♦✇❡r ❜❛♥❞✇✐❞t❤ ✇❤❡♥ ✜tt✐♥❣ ✉s✐♥❣ ❛ ♣❤❛s❡
♥♦✐s❡ t❡r♠✱ s✐♥❝❡ t❤❡② ❛✛❡❝t t❤❡ s❤❛♣❡ ♦❢ t❤❡ sq✉❡❡③✐♥❣ tr❛❝❡ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✲
✐♦♥ ❛♥❞ ✇✐t❤ t❤❡ ❧❛r❣❡ ♣❤❛s❡ ♥♦✐s❡ ✉s❡❞ ❜② t❤❡ ✜tt✐♥❣ r♦✉t✐♥❡ t❤❡ ✉♥❝❡rt❛✐♥t②
✐s ❧❛r❣❡✳ ❖✉r t✇♦ ♠❛✐♥ t❛❦❡ ❛✇❛② ❝♦♥❝❧✉s✐♦♥s ✐s t❤❛t t❤❡ sq✉❡❡③✐♥❣ ❧❡✈❡❧ s❡❡♠s
t♦ st❛② ❝♦♥st❛♥t ❞✉r✐♥❣ t❤❡ ❤♦❧❞ t✐♠❡ ❛♥❞ t❤❛t ♦✉r ♠❡❛s✉r❡♠❡♥t s✉✛❡rs ❢r♦♠
❧❛r❣❡ ♣❤❛s❡ ♥♦✐s❡ ♦❢ t❤❡ ▲❖ ❧♦❝❦ ❛t ❢r❡q✉❡♥❝✐❡s ❜❡❧♦✇ 2 ▼❍③✱ ✇❤✐❝❤ ✇✐❧❧ ❤❛✈❡
t♦ ❜❡ ✐♠♣r♦✈❡❞✳

❚❤❡ s❡t✉♣ ❢♦r sq✉❡❡③✐♥❣ ❧✐❣❤t ❣❡♥❡r❛t✐♦♥ ❛❧s♦ ❝♦♥t❛✐♥s ❛♥ ❛❞❞✐t✐♦♥❛❧ ✐❞❡♥t✐❝❛❧
❖P❖ ✭♥♦t s❤♦✇♥ ❤❡r❡✮✱ ❛♥❞ ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❣❡♥❡r❛t✐♦♥ ♦❢ ❛
✷✲❞✐♠❡♥s✐♦♥❛❧ ❝❧✉st❡r st❛t❡ ❬✻✽❪ ❛♥❞ ❧❛t❡r t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛
♠✉❧t✐✲♠♦❞❡ ❣❛t❡ s❡t ♦♥ ✐t ❬✻✾❪✳
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❋✐❣✉r❡ ✸✳✶✶✿ ❚②♣✐❝❛❧ sq✉❡❡③✐♥❣ ❧❡✈❡❧s ✉s✐♥❣ ✜❜❡r ❝♦✉♣❧❡❞ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r
❛♥❞ s❛♠♣❧❡✲❤♦❧❞ ♠❡❛s✉r❡♠❡♥t s❝❤❡♠❡✳
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❆s ✇❡ ❦♥♦✇ ❢r♦♠ ♦✉r ♠♦❞❡❧ ❛♥❞ ♣❧❛♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❧❛②♦✉t t❤❡ ❥♦❜ ♦❢ t❤❡
tr✐❣❣❡r ❝❤❛♥♥❡❧ ✐s t♦ ✜❧t❡r ❛✇❛② ❛❧❧ t❤❡ ✉♥❞❡s✐r❡❞ ❧♦♥❣✐t✉❞✐♥❛❧ ♠♦❞❡s ♦❢ t❤❡ ❖P❖✱
s♦ t❤❛t ♦♥❧② ♣❤♦t♦♥s s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝② ♠♦❞❡ ❛r❡ ❝♦✉♣❧❡❞
t♦ t❤❡ s✐♥❣❧❡ ♣❤♦t♦♥ ❞❡t❡❝t✐♦♥ ♠♦❞✉❧❡ ✭❙P❉▼✮ ❢♦r ❤❡r❛❧❞✐♥❣✳ ❆ ❝♦♥❝❡♣t✉❛❧
s❝❤❡♠❛t✐❝ ♦❢ t❤❡ tr✐❣❣❡r ❝❤❛♥♥❡❧ ✐s s❤♦✇♥ ✐♥ ✜❣✳✸✳✶✷✳ ❍❡r❡ ❛ ❧✐♥❡❛r ✜❧t❡r✐♥❣
❝❛✈✐t② ✭❋❈✮ ❛♥❞ ❛ ❞❡♥s❡ ✇❛✈❡❧❡♥❣t❤ ❞✐✈✐s✐♦♥ ♠✉❧t✐♣❧❡①✐♥❣ ✭❉❲❉▼✮ ✜❧t❡r ✇♦r❦
✐♥ ❝♦♠❜✐♥❛t✐♦♥ t♦ ♣r♦✈✐❞❡ t❤❡ ❢r❡q✉❡♥❝② ✜❧t❡r✐♥❣ ♥❡❝❡ss❛r② ❢♦r s✉♣♣r❡ss✐♦♥ ♦❢
t❤❡ ❤✐❣❤❡r ❛♥❞ ❧♦✇❡r ♦r❞❡r ❧♦♥❣✐t✉❞✐♥❛❧ ❖P❖ ♠♦❞❡s✱ ✇❤✐❧❡ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣
s✐♥❣❧❡ ♣❤♦t♦♥ ❞❡t❡❝t♦r ♣❧✉s ❛♠♣❧✐✜❡r ❡❧❡❝tr♦♥✐❝s ✇♦r❦ ❛s t❤❡ ❙P❈▼✱ ❝♦♥✈❡rt✐♥❣
t❤❡ s✉❜tr❛❝t❡❞ ♣❤♦t♦♥s ✐♥t♦ ❡❧❡❝tr✐❝❛❧ tr✐❣❣❡r s✐❣♥❛❧s ❢♦r ❤❡r❛❧❞✐♥❣✳ ❆❢t❡r t❤❡ ❋❈
❛ ❢r❡❡ s♣❛❝❡ ❆❖▼ ✐s ✉s❡❞ t♦ ♣r♦t❡❝t t❤❡ ❙❙P❉ ❢r♦♠ s❛t✉r❛t✐♦♥ ✇❤❡♥ r✉♥♥✐♥❣
t❤❡ ❡①♣❡r✐♠❡♥t ✇✐t❤ t❤❡ s❛♠♣❧❡✲❤♦❧❞ s❝❤❡♠❡✱ ❜② ❜❧♦❝❦✐♥❣ t❤❡ str♦♥❣ ✐❞❧❡r ❜❡❛♠
❞✉r✐♥❣ t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞✳ ❚❤❡ r❡❢r❛❝t❡❞ ♣❛rt ♦❢ t❤❡ ✐❞❧❡r ❜❡❛♠✱ ❝♦♥t❛✐♥✐♥❣ ♦♥❧②
s✐♥❣❧❡ ♣❤♦t♦♥s ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❢r❡q✉❡♥❝② ♠♦❞❡ ♦❢ t❤❡ ❖P❖✱ ✐s ❝♦✉♣❧❡❞ ✐♥t♦
❙▼❋ t❤r♦✉❣❤ ❛ ❣r❛❞✐❡♥t✲✐♥❞❡① ✭●❘■◆✮ ❧❡♥s ❛♥❞ ❛❢t❡r ♣❛ss✐♥❣ t❤❡ ❉❲❉▼ ✜❧t❡r
❧❡❛✈❡s t❤❡ ♦♣t✐❝❛❧ t❛❜❧❡ ❛♥❞ ✐s ❣✉✐❞❡❞ t❤r♦✉❣❤ 10 ♠ ♦❢ ✜❜❡r ✐♥t♦ t❤❡ ❙❙P❉ ✐♥ ❛♥
❛❞❥❛❝❡♥t t❡❝❤♥✐❝❛❧ r♦♦♠✳ ❍❡r❡ t❤❡ ✐♥❤❡r❡♥t ❜r♦❛❞❜❛♥❞ ❞❡t❡❝t✐♦♥ ♦❢ t❤❡ ❙❙P❉
♠❛❦❡s t❤❡ +80 ▼❍③ ❢r❡q✉❡♥❝② s❤✐❢t ♦❢ t❤❡ r❡❢r❛❝t❡❞ ❜❡❛♠ ❜② t❤❡ ❆❖▼ ✐rr❡❧❡✲
✈❛♥t✳



✺✹ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

❚❤❡ ❋❈ ❧♦❝❦✐♥❣ ❜❡❛♠ ✐s t✉r♥❡❞ t♦ ❛♥ ♦rt❤♦❣♦♥❛❧ ❧✐♥❡❛r ♣♦❧❛r✐③❛t✐♦♥✱ ❛s ❝♦♠✲
♣❛r❡❞ t♦ t❤❡ ✐❞❧❡r ❜❡❛♠✱ ❛♥❞ ❝♦✉♣❧❡❞ ✐♥t♦ t❤❡ ❋❈ ❢r♦♠ t❤❡ ❜❛❝❦s✐❞❡ ✉s✐♥❣ ❛
P❇❙✱ ✇❤✐❧❡ ❛ s❡❝♦♥❞ P❇❙ ♦♥ t❤❡ ❢r♦♥t s✐❞❡ ❝♦✉♣❧❡s t❤❡ ❧♦❝❦✐♥❣ ❜❡❛♠ ♦✉t ❛❣❛✐♥
❛♥❞ ✐♥t♦ ❛ ❧♦❝❦✐♥❣ ❞❡t❡❝t♦r✳ ❚❤❡ ❋❈ ✐s ❧♦❝❦❡❞ ✉s✐♥❣ t❤❡ P❉❍ s❝❤❡♠❡ ✭s❡❡ s❡❝✳
❄❄ ❢♦r ❞❡t❛✐❧s✮✳ ❆♥ ✐s♦❧❛t♦r ✭■❙❖✮ ❡♥s✉r❡s t❤❛t ♥❡✐t❤❡r ♣r♦❜❡ ❧✐❣❤t r❡✢❡❝t❡❞ ♦♥
t❤❡ ❋❈ ♦r ❧✐❣❤t ❢r♦♠ t❤❡ ❋❈ ❧♦❝❦✐♥❣ ❜❡❛♠ ❝♦✉♣❧❡s ❜❛❝❦ ✐♥t♦ t❤❡ ❖P❖✳

FC

FC
lock

FC 
lock

ISO

DWDM

SPCM
Trigger

Idler

10m

FC lockbox

HWP

AOM3

❋✐❣✉r❡ ✸✳✶✷✿ ❙❝❤❡♠❛t✐❝ ♦✈❡r✈✐❡✇ ♦❢ tr✐❣❣❡r ❝❤❛♥♥❡❧

✸✳✷✳✶ ❋r❡q✉❡♥❝② ✜❧t❡r✐♥❣

❋r♦♠ ✜❣✳ ✸✳✽✭❜♦tt♦♠✲r✐❣❤t✮ ✇❡ ❡①♣❡❝t t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❙P❉❈ ♣r♦❝❡ss ❢♦r
❛ 16 ♠♠ ❝r②st❛❧ t♦ ❜❡ 5 − 6 ♥♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ 622 − 746 ●❍③ ❛♥❞ ✇✐t❤ ❛
❞❡s✐❣♥❡❞ ❖P❖ ❋❙❘ ♦❢ ❛r♦✉♥❞ 1 ●❍③ ✐t ✐s ❝❧❡❛r t❤❛t ♠❛♥② ❤✉♥❞r❡❞s ♦❢ ❖P❖
♠♦❞❡s ✇✐❧❧ ❜❡ ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ ❙P❉❈ ♣r♦❝❡ss t♦ ♣♦♣✉❧❛t❡✳ ❚❤♦✉❣❤ ✐♥ r❡❛❧✐t②
t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ♠♦❞❡s ✇✐❧❧ ❜❡ s♠❛❧❧❡r s✐♥❝❡ ❜♦t❤ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r
♠♦❞❡ ♣❛✐r ✇✐❧❧ ❤❛✈❡ t♦ ❜❡ s✐♠✉❧t❛♥❡♦✉s❧② r❡s♦♥❛♥t ✇✐t❤✐♥ t❤❡ ❝❛✈✐t②✳ ❚❤❡ ❡①❛❝t
♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ♠♦❞❡s ❝❛♥ ✐♥ ♣r✐♥❝✐♣❧❡ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❛t t❤❡
❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ ❝r②st❛❧ ✇✐❧❧ ❝❛✉s❡ t❤❡ r❡❧❛t✐✈❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝✐❡s t❤❡ ✉♣♣❡r
❛♥❞ ❧♦✇❡r ♠♦❞❡s t♦ ❜❡ ❞❡t✉♥❡❞✳ ❆s ❛ r❡s✉❧t✱ ✇❤❡♥ t❤❡ ❞❡t✉♥✐♥❣ ❜❡❝♦♠❡s ❧❛r❣❡r
t❤❛♥ t❤❡ ❖P❖ ❜❛♥❞✇✐❞t❤✱ t❤❡ ❙P❉❈ ♣r♦❝❡ss ✇✐❧❧ ❜❡ s✉♣♣r❡ss❡❞✱ ❞✉❡ t♦ t❤❡
❡♥❡r❣② ❝♦♥s❡r✈❛t✐♦♥ r❡q✉✐r✐♥❣ ❡q✉❛❧ s♣❛❝✐♥❣ ♦❢ t❤❡ ♠♦❞❡s ❢r♦♠ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
❢r❡q✉❡♥❝②✳ ❇✉t ❛s ✇❡ s❤❛❧❧ s❡❡ ❢r♦♠ t❤❡ ✉s❡ ♦❢ t❤❡ ❉❲❉▼ ✜❧t❡r✱ ✇❡ ♥❡❡❞ ♥♦t
t❛❦❡ t❤✐s ❡✛❡❝t ✐♥t♦ ❛❝❝♦✉♥t✳

❋r♦♠ ♦✉r ♠♦❞❡❧ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ ♦✉r tr✐❣❣❡r ✜❧t❡r s❤♦✉❧❞ ✐❞❡❛❧❧②
❜❡ s❡✈❡r❛❧ t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ ❖P❖ ❜❛♥❞✇✐❞t❤✱ ❜✉t ✐t s❤♦✉❧❞ ♦❢ ❝♦✉rs❡ ♥♦t ❜❡
❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ❋❙❘ ♦❢ t❤❡ ❖P❖✳ ■♥ r❡❛❧✐t② ✐t ✐s q✉✐t❡ ❞✐✣❝✉❧t t♦ ❝♦♥str✉❝t
❛ s✐♥❣❧❡ ❢r❡q✉❡♥❝② ✜❧t❡r ✇❤✐❝❤ ❤❛s ❜♦t❤ ❛ ♥❛rr♦✇ ❜❛♥❞✇✐❞t❤ ❛♥❞ ❛ ✈❡r② ❧❛r❣❡ ✐❢
♥♦t ✐♥✜♥✐t❡ ❋❙❘✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ❝❤♦♦s❡ t♦ ❡♠♣❧♦② t✇♦ ✜❧t❡rs❀ ✜rst❧② ❛ ♥❛rr♦✇
✭2.2 ♠♠✮ ❧✐♥❡❛r ✜❧t❡r ❝❛✈✐t② ✇✐t❤ ❛ ❜❛♥❞✇✐❞t❤ ♦❢ γFC ≈ 24 2π▼❍③ ❛♥❞ ❋❙❘ ♦❢
∆ωFC ≈ 75 2π●❍③✱ s❡❝♦♥❞❧② ✇❡ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❙❙P❉ ❜❡✐♥❣ ✜❜❡r ❝♦✉✲
♣❧❡❞ ❛♥❞ ✉s❡ ❛ st❛♥❞❛r❞ 50 ●❍③ ❉❲❉▼ ❈✲❜❛♥❞ ✜❧t❡r ❝❡♥tr❡❞ ❛t 1550 ♥♠ ❛s ❛



✸✳✷ ❚r✐❣❣❡r ❝❤❛♥♥❡❧ ✺✺

♣❛ss✐✈❡ ❜❛♥❞♣❛ss ✜❧t❡r✳ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ t✇♦ ✜❧t❡r s♣❡❝tr❛ r❡❧❛t✐✈❡ t❤❡ ❖P❖
❛♥❞ ❢✉❧❧ ❙P❉❈ ✐s ♣r❡s❡♥t❡❞ ✐♥ ✜❣✳ ✸✳✶✸✱ ✇❤❡r❡ ✐t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❧♦✇❡r ♣❧♦t
t❤❛t t❤❡ ❜❛♥❞♣❛ss s♣❡❝tr✉♠ ♦❢ t❤❡ ❉❲❉▼ ❛❧❧♦✇s ✉s t♦ ❞✐sr❡❣❛r❞ t❤❡ r❡❞✉❝❡❞
❙P❉❈ s♣❡❝tr✉♠ ❛s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✳

1.0 0.5 0.0 0.5 1.0

Idler channel - filtering spectrum
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❋✐❣✉r❡ ✸✳✶✸✿ ❖✈❡r✈✐❡✇ ♦❢ t❤❡ ❝♦♠❜✐♥❡❞ ✜❧t❡r✐♥❣ ♦❢ t❤❡ ✜❧t❡r ❝❛✈✐t② ✭❋❈✮
❛♥❞ ❞❡♥s❡ ✇❛✈❡❧❡♥❣t❤ ❞✐✈✐s✐♦♥ ♠✉❧t✐♣❧❡①✐♥❣ ✭❉❲❉▼✮ ❜❛♥❞♣❛ss ✜❧t❡r✳ ❖P❖
❜❛♥❞✇✐t❤ ✐s γOPO ≈ 8 2π▼❍③ ✇✐t❤ ❋❙❘ ∆ωOPO ≈ 1 2π●❍③✱ ❋❈ ❜❛♥❞✲
✇✐t❤ ✐s γFC ≈ 24 2π▼❍③ ✇✐t❤ ❋❙❘ ∆ωFC ≈ 75 2π●❍③✱ ❉❲❉▼ ❜❛♥❞✇✐t❤
✐s γ ≈ 50 2π●❍③ ❛♥❞ t❤❡ ❢✉❧❧ ❙P❉❈ ❜❛♥❞✇✐❞t❤ ✐s ∆ωSPDC ≈ 685 2π●❍③✳

❲❡ ♠❡❛s✉r❡ ❛ t②♣✐❝❛❧ tr❛♥s♠✐ss✐♦♥ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❋❈ ♦❢ ∼ 80% ❢♦❧❧♦✇❡❞ ❜②
❛ t②♣✐❝❛❧ ❡✣❝✐❡♥❝② ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❝❤❛♥♥❡❧ ✭❆❖▼✱ ✜❜❡r ❝♦✉♣❧✐♥❣✱ ❉❲❉▼✮
♠❡❛s✉r❡❞ ❛t t❤❡ ✜❜❡r ♦✉t♣✉t ❜❡❢♦r❡ t❤❡ ❙❙P❉ ♦❢ ∼ 40%✳ ❲❡ t❤❡r❡❢♦r❡ ❡st✐♠❛t❡
t❤❡ t♦t❛❧ ♦♣t✐❝❛❧ tr❛♥s♠✐ss✐♦♥ ❡✣❝✐❡♥❝② ♦❢ t❤❡ tr✐❣❣❡r ❝❤❛♥♥❡❧ t♦ ❜❡ ∼ 30%✳
❚♦❣❡t❤❡r ✇✐t❤ ❛♥ ❡st✐♠❛t❡❞ ❙❙P❉ ❡✣❝✐❡♥❝② ♦❢ 60% t❤❡ t♦t❛❧ tr✐❣❣❡r ❝❤❛♥♥❡❧
❡✣❝✐❡♥❝② ✐s t❤❡♥ ηt ≈ 20%✳ ▼♦r❡ ❡✛♦rt ❝♦✉❧❞ ❜❡ ♠❛❞❡ t♦ ✐♥❝r❡❛s❡ t❤✐s ❡✣❝✐❡♥❝②✱
❜✉t ❢r♦♠ ♦✉r ♠♦❞❡❧✱ ✇✐t❤ t❤❡ ❧♦✇ ❞❛r❦ ❝♦✉♥ts ✇❡ ❛r❡ ❛❜❧❡ t♦ ❛❝❤✐❡✈❡✱ ✇❡ ❡①♣❡❝t
♥❡❣❧✐❣✐❜❧❡ ✐♠♣r♦✈❡♠❡♥ts✳
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❋✐❧t❡r ❝❛✈✐t② ❣❡♦♠❡tr②

❚❤❡ ✜❧t❡r ❝❛✈✐t② ✐s ❜✉✐❧❞ ❛r♦✉♥❞ ❛ ❚❤♦r❧❛❜s ❝❛❣❡ s②st❡♠ ❛♥❞ ✉s❡s t✇♦ ✐❞❡♥t✐❝❛❧
500 ♠♠ ❝✉r✈❡❞ 1/4”✲✐♥❝❤ ♠✐rr♦rs ✇✐t❤ T = 0.2% tr❛♥s♠✐ss✐♦♥ ❝♦❛t✐♥❣s✳ ❖♥❡
♠✐rr♦r ✐s ♠♦✉♥t❡❞ t♦❣❡t❤❡r ✇✐t❤ ❛ r✐♥❣ P❩❚✲❛❝t✉❛t♦r ✐♥ ❛ s♣❡❝✐❛❧❧② ❞❡s✐❣♥❡❞
❤♦❧❞❡r✳ ❚❤❡ ♠✐rr♦r s✐ts ✐♥ ❛ s♠❛❧❧ ❛❧✉♠✐♥✐✉♠ s♦❝❦❡t t❤❛t ✐s ❝❧❛♠♣❡❞ t♦ t❤❡
P❩❚✲❛❝t✉❛t♦r ❜② ❛ ♣r❡❧♦❛❞ ♠❡❝❤❛♥✐s♠✳ ❚❤❡ ❛❧✉♠✐♥✐✉♠ s♦❝❦❡t ❛❧❧♦✇s t❤❡ ♠✐rr♦r
t♦ s✐t ❡①t❡♥❞❡❞ ❢♦r✇❛r❞✱ s♦ t❤❛t t❤❡ ❝❛✈✐t② ❞✐st❛♥❝❡ ✐♥ ♣r✐♥❝✐♣❧❡ ❝❛♥ ❜❡ ♠❛❞❡
❛r❜✐tr❛r✐❧② s❤♦rt✳ ❋♦r ♦✉r ♠❡❛s✉r❡♠❡♥ts ✇❡ s❡t ✐t t♦ 2.2 ♠♠ ❛♥❞ t❤❡ ❝❛✈✐t②
✜♥❡ss❡ ✐s ∼ 1600✳ ❚❤❡ ❤♦❧❞❡r ✐s ♠♦✉♥t❡❞ ✐♥ ❛ t②♣✐❝❛❧ t✐♣✲t✐❧t st❛❣❡✱ ✇❤✐❧❡ t❤❡
s❡❝♦♥❞ ♠✐rr♦r ✐s ❦❡♣t ✜①❡❞ ✇✐t❤♦✉t ❛♥② ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❚❤❡ ✇❛✐st s✐③❡ ✐s
❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❝❛✈✐t② ❞❡s✐❣♥ ❣✉✐❞❡ ♦✉t❧✐♥❡❞ ✐♥ s❡❝✳ ❆✳✷✳✷ ♦❢ t❤❡ ❛♣♣❡♥❞✐①
❛♥❞ ❛ ♣❧♦t ♦❢ t❤❡ ❞❡s✐❣♥ ❝♦♥s✐❞❡r❛t✐♦♥ ✐s s❡❡♥ ✐♥ ✜❣✳ ❆✳✻✳ ❋✉rt❤❡r ❞❡t❛✐❧s
r❡❣❛r❞✐♥❣ t❤❡ ❝❛✈✐t② ❞❡s✐❣♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♠② t❤❡s✐s ❬✺✻❪✳

✸✳✷✳✷ ❙✉♣❡r❝♦♥❞✉❝t✐♥❣ s✐♥❣❧❡ ♣❤♦t♦♥ ❞❡t❡❝t♦r

❚♦ ❞❡t❡❝t t❤❡ ♣❤♦t♦♥s s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ sq✉❡❡③❡❞ ✈❛❝✉✉♠ s✐❣♥❛❧✱ ✇❡ ❡♠♣❧♦②
❛ ✜❜❡r✲❝♦✉♣❧❡❞ s✉♣❡r❝♦♥❞✉❝t✐♥❣ s✐♥❣❧❡ ♣❤♦t♦♥ ❞❡t❡❝t♦r ✭❙❙P❉✮ ❜❛s❡❞ ♦♥ ❛ ♥✐♦✲
❜✐✉♠ t✐t❛♥✐✉♠ ♥✐tr✐❞❡ ✭◆❜❚✐◆✮ ♥❛♥♦✇✐r❡ ❝❛✈✐t② st❛❝❦ ❞❡✈❡❧♦♣❡❞ ❛t t❤❡ ◆❛t✐♦♥❛❧
■♥st✐t✉t❡ ♦❢ ■♥❢♦r♠❛t✐♦♥ ❛♥❞ ❈♦♠♠✉♥✐❝❛t✐♦♥s ❚❡❝❤♥♦❧♦❣② ✐♥ ❑♦❜❡✱ ❏❛♣❛♥ ❬✼✵❪✳
❚❤❡ st❛❝❦ ❝♦♥s✐sts ♦❢ ❛ ❢❡✇ ♥♠ t❤✐❝❦ ♠❡❛♥❞❡r✐♥❣ ◆❜❚✐◆ ♥❛♥♦✇✐r❡ s❛♥❞✇✐❝❤❡❞
❜❡t✇❡❡♥ ❛ ❧❛②❡r ♦❢ ❙✐❖✱ ✇✐t❤ ❛ ∼ 100 ♥♠ t❤✐❝❦ ❆❣ ♠✐rr♦r ♦♥ t♦♣✱ ❛♥❞ ❛ ❧❛②❡r
♦❢ ❙✐❖2 t♦✇❛r❞s t❤❡ ❙✐ s✉❜str❛t❡✱ ❢♦r♠✐♥❣ ❛ ❞♦✉❜❧❡❞ s✐❞❡❞ ❝❛✈✐t② ❛r♦✉♥❞ t❤❡
♥❛♥♦✇✐r❡ t♦ ✐♥❝r❡❛s❡ t❤❡ ❛❜s♦r♣t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❬✼✶❪✳ ❚❤❡ ✜❧❧✐♥❣ ❢❛❝t♦r ♦❢ t❤❡
♥❛♥♦✇✐r❡ ❤❛✈❡ ❜❡❡♥ ♦♣t✐♠✐③❡❞ ❢♦r ❤✐❣❤ s②st❡♠ ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝② ✭❙❉❊✮ ❛♥❞
❤✐❣❤ ❝♦✉♥t✐♥❣ r❛t❡ s✐♠✉❧t❛♥❡♦✉s❧② ❢♦r 1550 ♥♠ ❬✼✷❪✳ ❚❤❡ r❡♣♦rt❡❞ s♣❡❝✐✜❝❛t✐♦♥s
♦❢ t❤❡ s❡♥s♦r ❛r❡ ❛ ❙❉❊ ♦❢ ∼ 70%✱ ✇✐t❤ ❛ ♠❛①✐♠✉♠ t✐♠✐♥❣ ❥✐tt❡r ♦❢ 68 ♣s ❛♥❞
❞❛r❦ ❝♦✉♥t r❛t❡ ♦❢ 100 ❍③✳ ❚❤❡ s❡♥s♦r ♣❛❝❦❛❣❡ ✐s ❤♦✉s❡❞ ✐♥ ❛ ●✐✛♦r❞✲▼❝▼❛❤♦♥
✭●▼✮ ❝r②♦❝♦♦❧❡r ❬✼✸❪✱ ✇❤✐❝❤ ✐s ♣✉♠♣❡❞ t♦ ❛ ✈❛❝✉✉♠ ♣r❡ss✉r❡ ♦❢ ∼ 5× 10−5 P❛
❛♥❞ ❝♦♦❧❡❞ t♦ ∼ 2 ❑ ❜② ❛ ❤❡❧✐✉♠ ❝♦♠♣r❡ss♦r✳

❆♥ ♦✈❡r✈✐❡✇ t❤❡ ❙❙P❉ ❛♥❞ r❡❛❞♦✉t ❡❧❡❝tr♦♥✐❝s ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✶✹✳ ❆ ❇❛tt❡r②
♣♦✇❡r❡❞ ✈♦❧t❛❣❡ s♦✉r❝❡ s✉♣♣❧✐❡s ❛ st❡❛❞② ❜✐❛s ❝✉rr❡♥t t♦ t❤❡ ❙❙P❉ ♥❛♥♦✇✐r❡
t❤r♦✉❣❤ t❤❡ ❞❝ ❛r♠ ♦❢ ❛ ❜✐❛s t❡❡✳ ❚❤❡ ♥❛♥♦✇✐r❡ ✐s ❝♦♦❧❡❞ ❜❡❧♦✇ ✐ts ❝r✐t✐❝❛❧
t❡♠♣❡r❛t✉r❡ ❛♥❞ t❤❡ t❤❡ ✈♦❧t❛❣❡ ✐s s❡t s♦ t❤❛t t❤❡ ❜✐❛s ❝✉rr❡♥t ✐s ❥✉st ❜❡❧♦✇ t❤❡
❝r✐t✐❝❛❧ ❝✉rr❡♥t✳ ❆♥ ❛❜s♦r♣t✐♦♥ ♦❢ ❛ ♣❤♦t♦♥ ✇✐❧❧ t❤❡♥ ❝r❡❛t❡ ❛ s♠❛❧❧ r❡s✐st✐✈❡
❤♦ts♣♦t ❛t t❤❡ ❛❜s♦r♣t✐♦♥ ❧♦❝❛t✐♦♥✱ ❝❛✉s✐♥❣ t❤❡ ❝✉rr❡♥t ❞❡♥s✐t② t♦ r❛♣✐❞❧② ✐♥✲
❝r❡❛s❡ ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❤♦ts♣♦t ❡♥❞ ❡✈❡♥t✉❛❧❧② ❡①❝❡❡❞✐♥❣ t❤❡ ❝r✐t✐❝❛❧ ❞❡♥s✐t②✳
❚❤✐s ❝❛✉s❡s ❛ r❡s✐st✐✈❡ ❜❛rr✐❡r t♦ ❢♦r♠ ❛❝r♦ss t❤❡ ♥❛♥♦✇✐r❡ ❛♥❞✱ ❛✐❞❡❞ ❜② ❥♦✉❧❡
❤❡❛t✐♥❣ ❢r♦♠ t❤❡ ❜✐❛s ❝✉rr❡♥t✱ ❡✈❡♥t✉❛❧❧② ❜❧♦❝❦✐♥❣ t❤❡ ❝✉rr❡♥t ✢♦✇✳ ❚❤❡ ❞r♦♣



✸✳✷ ❚r✐❣❣❡r ❝❤❛♥♥❡❧ ✺✼

✐♥ ❝✉rr❡♥t ✐s r❡❛❞♦✉t ❛s ❛ ✈♦❧t❛❣❡ ♣✉❧s❡ t❤r♦✉❣❤ t❤❡ ❆❈ ❛r♠ ♦❢ t❤❡ ❜✐❛s t❡❡ ❛♥❞
❛♠♣❧✐✜❡❞ ❜② ❛ ❧♦✇ ♥♦✐s❡ ❛♠♣❧✐✜❡r✳ ❊✈❡♥ ❛❢t❡r t❤❡ ❛♠♣❧✐✜❡r t❤❡ ✈♦❧t❛❣❡ ♣✉❧s❡ ✐s
q✉✐t❡ s♠❛❧❧ ❛♥❞ s❤♦rt ❛♥❞ ✇❡ t❤❡r❡❢♦r❡ ✉s❡ ❛ ❞✐s❝r✐♠✐♥❛t♦r t♦ ❝♦♥✈❡rt t❤❡ ♣✉❧s❡
t♦ ❛ s✐❣♥❛❧ ♠♦r❡ s✉✐t❛❜❧❡ s✐❣♥❛❧ ❢♦r tr✐❣❣❡r✐♥❣ ❛♥ ♦s❝✐❧❧♦s❝♦♣❡✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡
♣✉❧s❡s ❛❢t❡r t❤❡ ❛♠♣❧✐✜❡r ❛♥❞ ❞✐s❝r✐♠✐♥❛t♦r ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ✸✳✶✺✳

Disc.
Trigger

50 Ω

100k Ω

Bias T Low noise 
amp

2K cryo.Idler

SSPD

❋✐❣✉r❡ ✸✳✶✹✿ ❙✐♥❣❧❡ ♣❤♦t♦♥ ❝♦✉♥t✐♥❣ ♠♦❞✲
✉❧❡ ✭❙P❈▼✮ ❝♦♥s✐st✐♥❣ ♦❢ ❛ s✉♣❡r❝♦♥❞✉❝t✐♥❣
s✐♥❣❧❡ ♣❤♦t♦♥ ❞❡t❡❝t♦r ✭❙❙P❉✮ ❛♥❞ r❡❛❞♦✉t
❡❧❡❝tr♦♥✐❝s

❋✐❣✉r❡ ✸✳✶✺✿ ❊❧❡❝tr✐❝❛❧ tr✐❣✲
❣❡r s✐❣♥❛❧ ❛❢t❡r ❧♦✇ ♥♦✐s❡ ❛♠♣❧✐✲
✜❡r ✭❆♠♣✳✮ ❛♥❞ ❞✐s❝r✐♠✐♥❛t♦r
✭❉✐s❝✳✮✳ ❖✈❡r❧❛② ♦❢ ✷✵✵ tr❛❝❡s
✐s s❤♦✇♥✳

❋♦r ❡✈❡r② ✐♥♣✉t ♣✉❧s❡ t❤❡ ❞✐s❝r✐♠✐♥❛t♦r ❝❛♥ ♦✉t♣✉t ❛ ♣✉❧s❡ ♦♥ t✇♦ ❞✐✛❡r❡♥t ❝❤❛♥✲
♥❡❧s ❛t t❤❡ s❛♠❡ t✐♠❡ ❛♥❞ s♦ ✇❡ ✉s❡ ♦♥❡ ❝❤❛♥♥❡❧ ❛s t❤❡ tr✐❣❣❡r ❢♦r ❛♥ ♦s❝✐❧❧♦s❝♦♣❡
❞✉r✐♥❣ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ❛♥❞ t❤❡ ♦t❤❡r ✇❡ ❝♦♥♥❡❝t t♦ ❛ ✽✲❝❤❛♥♥❡❧ ❈♦✉♥t❡r✴❚✐♠❡r
❉❡✈✐❝❡ ✭P❈■ ✻✻✵✷ ❢♦r♠ ◆❛t✐♦♥❛❧ ■♥str✉♠❡♥ts✮ ✐♥st❛❧❧❡❞ ♦♥ ❛ ❧❛❜ ❝♦♠♣✉t❡r✳ ❋r♦♠
❛ ❤♦♠❡♠❛❞❡ ▲❛❜❱✐❡✇ ♣r♦❣r❛♠ ✇❡ t❤❡♥ ♠♦♥✐t♦r t❤❡ ❝♦✉♥t r❛t❡ ❛♥❞ ❝♦❧❧❡❝t ❝♦✉♥t
st❛t✐st✐❝s ✇❤❡♥ r✉♥♥✐♥❣ ❛♥ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ ♣r♦❣r❛♠ ✐s ❡s♣❡❝✐❛❧❧② ✉s❡❢✉❧ s✐♥❝❡
✇❡ ❛❧s♦ ✐♥♣✉t t❤❡ ❤♦❧❞ s✐❣♥❛❧ ❛♥❞ ♣r♦❣r❛♠ ♦♥❡ ❝♦✉♥t❡r t♦ ✉s❡ ✐t ❛s ❛ ❣❛t❡✱ t❤✉s
❛❧❧♦✇✐♥❣ ✉s t♦ ♠♦♥✐t♦r ❜♦t❤ t❤❡ t♦t❛❧ ❝♦✉♥t r❛t❡ ❛♥❞ t❤❡ ❡q✉✐✈❛❧❡♥t ❤♦❧❞ ♣❡r✐♦❞
❝♦✉♥t r❛t❡✳ ■t ✐s t❤✐s ❝♦✉♥t r❛t❡ ✇❡ ✉s❡ t♦ ❡st✐♠❛t❡ t❤❡ ♠♦❞❛❧ ♣✉r✐t②✳

❉✉r✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❢♦r t❤❡ ❝❛t st❛t❡ tr❛♥s♠✐ss✐♦♥ ♣r♦❥❡❝t❡❞ ♣r❡s❡♥t❡❞
✐♥ ❝❤❛✳ ✹ ✇❡ ♦❜s❡r✈❡❞ t②♣✐❝❛❧ ❙❉❊s ♦❢ ∼ 60% ❛♥❞ ❝♦✉❧❞ ♠❛✐♥t❛✐♥ ❝♦✉♥t r❛t❡s
♦❢ ✉♣ t♦ ❛ ❢❡✇ ♠✐❧❧✐♦♥ ❍③ ❜❡❢♦r❡ ❧❛t❝❤✐♥❣ ✇✐t❤ ❞❛r❦ ❝♦✉♥t r❛t❡s ❜❡t✇❡❡♥ ✶✵ ❛♥❞
✺✵ ❍③✳ ❍❡r❡ ❞❛r❦ ❝♦✉♥t r❛t❡✱ 〈∆n2

dc〉✱ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ t❤❡ ♦❜s❡r✈❡❞ ❝♦✉♥t
r❛t❡ ✇❤❡♥ t❤❡ ❙❙P❉ ✜❜❡r ✐s ❞✐s❝♦♥♥❡❝t❡❞ ❢r♦♠ t❤❡ tr✐❣❣❡r ❝❤❛♥♥❡❧✱ ♥♦t t♦ ❜❡
❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡ ❢❛❦❡ ❝♦✉♥t r❛t❡✱ 〈∆n2

fake〉✱ ✇❤✐❝❤ ✇❡ ❝♦♥s✐❞❡r ❛s t❤❡ ♦❜s❡r✈❡❞
❝♦✉♥t r❛t❡ ✇❤❡♥ r✉♥♥✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t ❛♥❞ ❜❧♦❝❦✐♥❣ t❤❡ ❖P❖ ♣✉♠♣ ❜❡❛♠✳
❇♦t❤ r❛t❡s ❛r❡ ❝♦✉♥t❡❞ ❞✉r✐♥❣ t❤❡ ❤♦❧❞ ♣❡r✐♦❞✱ ❛s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❚❤✐s r❛t❡
t❤❡r❡❢♦r❡ ✐♥❝❧✉❞❡s t❤❡ ❞❛r❦ ❝♦✉♥t r❛t❡ ❛♥❞ t❤❡ ❝♦✉♥ts ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ ❛❧❧ ♦t❤❡r
s♦✉r❝❡s t❤❛♥ s✉❜tr❛❝t❡❞ s✐❣♥❛❧ ♣❤♦t♦♥s✳ ❆s ✇❡ ✉s❡ ▲❊❉ ❧✐❣❤ts ✐♥ t❤❡ ❧❛❜♦r❛t♦r②
✈❡r② ❧✐tt❧❡ ❛♠❜✐❡♥t ❧✐❣❤t ❝♦✉♣❧❡s t♦ t❤❡ ❙❙P❉ ❛♥❞ t❤❡ ❢❛❦❡ ❝♦✉♥t r❛t❡ ✐s t❤❡r❡✲
❢♦r❡ ♠❛✐♥❧② ❝❛✉s❡❞ ❜② s❝❛tt❡r❡❞ ❧✐❣❤t ♣r♦❜❡ ❛♥❞ ❧♦❝❦ ❧✐❣❤t✳ ❚♦ ♠✐♥✐♠✐③❡ t❤❡ ❢❛❦❡
❝♦✉♥ts ✇❡ ✐♥st❛❧❧❡❞ s❡✈❡r❛❧ s❡❝t✐♦♥s ♦❢ ❜❧❛❝❦♦✉t ❤❛r❞❜♦❛r❞ t♦ ✇❛❧❧ ♦✛ t❤❡ ♣❛rts
♦❢ t❤❡ s❡t✉♣ ❝♦♥t❛✐♥✐♥❣ t❤❡ str♦♥❣❡st ❜❡❛♠s✱ ❛s ✇❡❧❧ ❛s ❡♥❝❛♣s✉❧❛t✐♥❣ t❤❡ ❙❙P❉



✺✽ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

✜❜❡r ❝♦✉♣❧✐♥❣ s❡t✉♣✳

✸✳✸ ❙✐❣♥❛❧ ❝❤❛♥♥❡❧

❆s ♠♦t✐✈❛t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ t❤❡ ❛✐♠ ♦❢ t❤❡ ♥♦♥✲●❛✉ss✐❛♥ ♣r♦❥❡❝t ✐s t♦
s✉❝❝❡ss❢✉❧❧② tr❛♥s♠✐t ❛ ❈❱ ♥♦♥✲●❛✉ss✐❛♥ q✉❛♥t✉♠ st❛t❡ ❜❡t✇❡❡♥ t✇♦ ♣❤②s✐❝❛❧❧②
❞✐st❛♥t ❧♦❝❛t✐♦♥s✳ ❆ s✉❝❝❡ss❢✉❧ tr❛♥s♠✐ss✐♦♥ ✐s ❜❡♥❝❤♠❛r❦❡❞ ❜② t❤❡ s✉r✈✐✈❛❧ ♦❢
♥♦♥✲●❛✉ss✐❛♥✐t② t❤r♦✉❣❤ t❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ ❛ ♠❡❛s✉r❛❜❧❡ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❛t
t❤❡ r❡❝❡✐✈❡r s✐❞❡✳ ❚❤❡ ❞❡s✐r❡❞ s❡t✉♣ ❢♦r t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧ ✐s t❤❡r❡❢♦r❡ q✉✐t❡
str❛✐❣❤t ❢♦r✇❛r❞✿ ❛❢t❡r ❛ s♠❛❧❧ ♣❛rt ♦❢ t❤❡ ❜❡❛♠ ✐s t❛♣♣❡❞ ♦✛ ❢♦r t❤❡ tr✐❣❣❡r
❝❤❛♥♥❡❧ t❤❡ s✐❣♥❛❧ ❜❡❛♠ ✐s ❝♦✉♣❧❡❞ ✐♥t♦ ❙▼❋ t❤r♦✉❣❤ ❛♥ ❛♥t✐ r❡✢❡❝t✐✈❡ ✭❆❘✮
❝♦❛t❡❞ ❣r❛❞❡❞ ✐♥❞❡① ✭●❘■◆✮ ❧❡♥s✳ ❚❤❡ ♥♦♥✲●❛✉ss✐❛♥ s✐❣♥❛❧ st❛t❡ ✐s t❤❡♥ tr❛♥s✲
♠✐tt❡❞ t❤r♦✉❣❤ ❛ ✜❜❡r ❝❤❛♥♥❡❧✱ t♦ t❤❡ r❡❝❡✐✈❡r ❧♦❝❛t✐♦♥ ✇❤❡r❡ ✐t ✐s ❝❤❛r❛❝t❡r✐③❡❞
❜② q✉❛♥t✉♠ t♦♠♦❣r❛♣❤②✳ ❚❤❡ t♦♠♦❣r❛♣❤② ✐s ♣❡r❢♦r♠❡❞ ♦♥ q✉❛❞r❛t✉r❡ st❛t✐s✲
t✐❝s ❝♦❧❧❡❝t❡❞ ❜② ♠❡❛s✉r✐♥❣ t❤❡ st❛t❡ ✇✐t❤ ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥ ❛t ✈❛r✐♦✉s ❧♦❝❦❡❞
❧♦❝❛❧ ♦s❝✐❧❧❛t♦r ✭▲❖✮ ❛♥❣❧❡s✳ ❚♦ ♣❡r❢♦r♠ t❤❡ st❛t❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛t t❤❡ r❡✲
❝❡✐✈❡r ❧♦❝❛t✐♦♥ ❛ ♣♦rt❛❜❧❡ ✜❜❡r ❝♦✉♣❧❡❞ ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t st❛t✐♦♥ ✭❍▼❙✮
✇✐t❤ ❛❧❧ t❤❡ ♥❡❝❡ss❛r② ❝♦♠♣♦♥❡♥ts ❢♦r ❧♦❝❦✐♥❣✱ tr✐❣❣❡r✐♥❣ ❛♥❞ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ✐s
✉s❡❞✳ ❚❤❡ ♦♥❧② s✐❣♥❛❧s ♥❡❡❞❡❞ t♦ ❜❡ tr❛♥s♠✐tt❡❞ ❜❡t✇❡❡♥ t❤❡ s❡♥❞❡r ✭❧❛❜ ❆✮ ❛♥❞
r❡❝❡✐✈❡r ❧♦❝❛t✐♦♥ ❛r❡ t❤❡♥ t❤❡ s✐❣♥❛❧ st❛t❡✱ ▲❖ ❛♥❞ tr✐❣❣❡r s✐❣♥❛❧s✳ ❆♥ ♦✈❡r✈✐❡✇
t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✶✻ ❛♥❞ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ❞✐✛❡r❡♥t
❝♦♥✜❣✉r❛t✐♦♥s ✉s❡❞ ❢♦r ✜❜❡r ♥❡t✇♦r❦ ❝❤❛♥♥❡❧ ✐s ❣✐✈❡♥ ✐♥ s❡❝✳ ✸✳✸✳✷✳

❚♦ tr❛♥s♠✐t t❤❡ ❡❧❡❝tr✐❝❛❧ ❙❙P❉ tr✐❣❣❡r s✐❣♥❛❧s ❛ ❡❧❡❝tr✐❝❛❧✲t♦✲✜❜❡r♦♣t✐❝ ✭E → O✮
❝♦♥✈❡rt❡r ❢r♦♠ ❍✐❣❤❧❛♥❞ ❚❡❝❤♥♦❧♦❣② ✐s ✉s❡❞ t♦ ❝♦♥✈❡rt t❤❡ s✐❣♥❛❧s t♦ 1310 ♥♠
♦♣t✐❝❛❧ ❚❚▲ ♣✉❧s❡s✱ ✇❤✐❝❤ ❛r❡ t❤❡♥ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ▲❖ ♦♥ ❛ ✶✸✶✵✴✶✺✺✵ ✇❛✈❡✲
❧❡♥❣t❤ ❞✐✈✐s✐♦♥ ♠✉❧t✐♣❧❡①❡r ✭❲❉▼✮ ❛♥❞ ❝♦✉♣❧❡❞ ✐♥t♦ ❛ s❡♣❛r❛t❡ ❙▼❋ ❝❤❛♥♥❡❧
❛❞❥❛❝❡♥t t♦ t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧✳ ❖♥ t❤❡ ❍▼❙ ❛♥ ✐❞❡♥t✐❝❛❧ ❲❉▼ ❛♥❞ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ✜❜❡r♦♣t✐❝✲t♦✲❡❧❡❝tr✐❝❛❧ ✭O → E✮ ❝♦♥✈❡rt❡r ✜rst s♣❧✐ts t❤❡ ▲❖ ❛♥❞ tr✐❣❣❡r
s✐❣♥❛❧s ❛♥❞ t❤❡♥ ❝♦♥✈❡rts t❤❡ tr✐❣❣❡r ♣✉❧s❡s ❜❛❝❦ t♦ ❡❧❡❝tr✐❝❛❧ ❚❚▲ s✐❣♥❛❧s✳ ❚❤❡
E → O ❝♦♥✈❡rs✐♦♥ ❤❛♣♣❡♥s ✇✐t❤ ❛ < 250 ♣s r✐s❡t✐♠❡✱ < 12 ♣s t②♣✐❝❛❧ ❘▼❙ ❧✐♥❦
❥✐tt❡r ❛♥❞ t♦t❛❧ ♣r♦♣❛❣❛t✐♦♥ ❞❡❧❛② ♦❢ 1.2 ♥s✱ ✇❤✐❧❡ t❤❡ O → E ❤❛♣♣❡♥s ✇✐t❤ ❛
< 750 ♣s r✐s❡t✐♠❡✱ < 12 ♣s t②♣✐❝❛❧ ❘▼❙ ❧✐♥❦ ❥✐tt❡r ❛♥❞ t♦t❛❧ ♣r♦♣❛❣❛t✐♦♥ ❞❡❧❛②
♦❢ < 10 ♥s✳ ❚❤❡ ❧♦✇ ❥✐tt❡r t✐♠❡ ✐s ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t t♦ ❡♥s✉r❡ t❤❛t t❤❡ ♣❤♦t♦♥
s✉❜tr❛❝t❡❞ ♣❛rt ♦❢ t❤❡ ❤♦♠♦❞②♥❡ ♣❤♦t♦❝✉rr❡♥t ❛rr✐✈❡s ❛t t❤❡ ❞✐❣✐t❛❧ s❛♠♣❧✐♥❣
♦s❝✐❧❧♦s❝♦♣❡ ✭❉❙❖✮ ❛ ✜①❡❞ ❞❡❧❛② r❡❧❛t✐✈❡ t♦ t❤❡ ❛rr✐✈❛❧ ♦❢ ❛ ❙❙P❉ tr✐❣❣❡r ❝❧✐❝❦✳ ■❢
t❤❡ tr✐❣❣❡r ❞❡❧❛② ✈❛r✐❡s✱ t❤❡ ♣❤♦t♦♥ s✉❜tr❛❝t❡❞ ♣❛rt ✇✐❧❧ ♥♦t ❛♣♣❡❛r ❛t t❤❡ ❡①❛❝t
s❛♠❡ ♣♦✐♥t ✐♥ t✐♠❡ ♦❢ t❤❡ r❡❝♦r❞❡❞ t✐♠❡ tr❛❝❡s✳ ❆s ❛ r❡s✉❧t t❤❡ t❡♠♣♦r❛❧ ♠♦❞❡
❢✉♥❝t✐♦♥ ❝❛♥ ♥♦t ❜❡ ♣❧❛❝❡❞ ❝♦rr❡❝t❧② ❢♦r ❛❧❧ t✐♠❡ tr❛❝❡s✱ ❧❡❛❞✐♥❣ t♦ ❛❞❞✐t✐♦♥❛❧
❜❛❝❦❣r♦✉♥❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ❜❡✐♥❣ ✐♥❝❧✉❞❡❞ ✉❧t✐♠❛t❡❧② r❡❞✉❝✐♥❣ t❤❡ ♦❜s❡r✈❛❜❧❡
❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✳
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❋✐❣✉r❡ ✸✳✶✻✿ ❙❝❤❡♠❛t✐❝ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧

✸✳✸✳✶ ❍♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t st❛t✐♦♥

❚❤❡ ❍▼❙ r❡❧✐❡s ♦♥ ❛ ❙▼❋ ✜❜❡r ❜❛s❡❞ ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t s❡t✉♣✳ ❍❡r❡ ❜♦t❤
s✐❣♥❛❧ ❛♥❞ ▲❖ ❜❡❛♠s ❛r❡ ❙▼❋ ❝♦✉♣❧❡❞ ❛♥❞ ✐♥t❡r❢❡r❡❞ ♦♥ ❛ ✜❜❡r ✺✵✿✺✵ ❜❡❛♠✲
s♣❧✐tt❡r ✭❇❙✮ ❜❡❢♦r❡ ❞✐r❡❝t❧② ♦✉t❝♦✉♣❧✐♥❣ ♦♥t♦ t❤❡ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r ❞✐♦❞❡s
t❤r♦✉❣❤ ●❘■◆ ❧❡♥s❡s✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ✜❜❡r s❡t✉♣ ✐s t❤❛t ❛❧♠♦st
♣❡r❢❡❝t ♠♦❞❡ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ t❤❡ s✐❣♥❛❧ ❛♥❞ ▲❖ ✐s ✐♥❤❡r❡♥t❧② ❣✉❛r❛♥t❡❡❞ ❜② t❤❡
✜❜❡r ❇❙ ❛♥❞ ✇✐t❤ ❝❛r❡❢✉❧❧② t❛♣❡❞ ❙▼❋ ✜❜❡rs t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✐s ✇❡❧❧ ♠❛✐♥t❛✐♥❡❞
❧❡❛❞✐♥❣ t♦ ❝❧♦s❡ t♦ ✉♥✐t② ❤♦♠♦❞②♥❡ ✈✐s✐❜✐❧✐t② ❜❡✐♥❣ ❛❝❤✐❡✈❛❜❧❡ ✉s✐♥❣ ♠❛♥✉❛❧ ♣♦✲
❧❛r✐③❛t✐♦♥ ❝♦♥tr♦❧❧❡r✳ ■♥ ♦r❞❡r t♦ s❝❛♥ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ ▲❖ ✇❡ ✉s❡ ❛ ❤♦♠❡♠❛❞❡
✜❜❡r str❡t❝❤❡r✱ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❛ ✸❉ ♣r✐♥t❡❞✱ P❛❝♠❛♥ ❧✐❦❡✱ str✉❝t✉r❡ ✇✐t❤ ❛
P❩❚✲❛❝t✉❛t♦r st❛❝❦ ♣❧❛❝❡❞ ✐♥ t❤❡ ♠♦✉t❤ ♦❢ t❤❡ P❛❝♠❛♥ ❛♥❞ t❤❡ ✜❜❡r t✐❣❤t❧②
✇♦✉♥❞ ❛r♦✉♥❞ t❤❡ ❝✐r❝✉♠❢❡r❡♥❝❡ ✭s❡❡ ✜❣✳ ❆✳✶✷✮✳ ❆♣♣❧②✐♥❣ ❛ ✈♦❧t❛❣❡ t♦ t❤❡
P❩❚✲❛❝t✉❛t♦r t❤❡♥ ♣✉s❤❡s t❤❡ str✉❝t✉r❡ ❛♣❛rt str❡t❝❤✐♥❣ t❤❡ ✜❜❡r✱ ❧❡❛❞✐♥❣ t♦
❛ ♣❤❛s❡ ❝❤❛♥❣❡ ❛t t❤❡ ✜❜❡r ♦✉t♣✉t ❛♥❞ ❜② ♠❛❦✐♥❣ t❤❡ r❛❞✐✉s ♦❢ t❤❡ P❛❝♠❛♥
❧❛r❣❡r t❤❛♥ t❤❡ ❝r✐t✐❝❛❧ ❜❡♥❞✐♥❣ ❛♥❣❧❡ ♦❢ t❤❡ ✜❜❡r✱ t❤❡ ✜❜❡r str❡t❝❤❡r ✐♥tr♦❞✉❝❡s
♥♦ ❛❞❞✐t✐♦♥❛❧ ❧♦ss❡s✱ ❜❡s✐❞❡s t❤❡ ✉♥❛✈♦✐❞❛❜❧❡ 0.18 ❞❇✴❦♠ ♣r♦♣❛❣❛t✐♦♥ ❧♦ss ♦❢
❙▼❋✲✷✽ ✜❜❡r✳ ❚♦ ✐♠♣❧❡♠❡♥t t❤❡ ❛r❜✐tr❛r② ♣❤❛s❡ ❧♦❝❦✱ ❆❈✴❉❈ ❧♦❝❦ ❢♦r s❤♦rt✱
t✇♦ ✜❜❡r str❡t❝❤❡rs ❛r❡ ✉s❡❞✿ ♦♥❡ ❢♦r ♠♦❞✉❧❛t✐♥❣ t❤❡ ▲❖ ♣❤❛s❡ ❛♥❞ ♦♥❡ ❢♦r
s❝❛♥♥✐♥❣ ❛♥❞ ❧♦❝❦✐♥❣✳ ❆ t❤♦r♦✉❣❤ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❆❈✴❉❈ ❧♦❝❦✐♥❣ s❝❤❡♠❡ ✐s
❣✐✈❡♥ ✐♥ s❡❝✳ ✸✳✹✳✷✳

❚❤❡ ❍▼❙ ❝♦♥s✐sts ♦❢ ❛ t✇♦✲❧❡✈❡❧ 300× 450 ♠♠ ♦♣t✐❝❛❧ ❜r❡❛❞❜♦❛r❞ t♦✇❡r ❤♦✉s✲
✐♥❣ t❤❡ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r✱ ♦✉t❝♦✉♣❧✐♥❣ ●❘■◆ ❧❡♥s❡s✱ ✺✵✿✺✵ ❝♦✉♣❧❡r✱ ♠❛♥✉❛❧
♣♦❧❛r✐③❛t✐♦♥ ❝♦♥tr♦❧❧❡r ❛♥❞ t✇♦ ✜❜❡r str❡t❝❤❡rs ♦♥ t❤❡ ✉♣♣❡r ❧❡✈❡❧ t♦❣❡t❤❡r ✇✐t❤
t❤❡ ❲❉▼✱ O → E ❝♦♥✈❡rt❡r ❛♥❞ ❘❡❞ P✐t❛②❛ ❜♦❛r❞ ♦♥ t❤❡ ❧♦✇❡r ❧❡✈❡❧✳ ❚❤❡
❜r❡❛❞❜♦❛r❞ t♦✇❡r ✐s ♣❧❛❝❡❞ ♦♥ t♦♣ ❛ r♦❧❧✐♥❣ ❝❛rt✱ ✇✐t❤ t❤❡ r❡q✉✐r❡❞ ❡❧❡❝tr✐❝❛❧
❝♦♠♣♦♥❡♥ts ♦♥ ❛ ❧♦✇❡r s❤❡❧✈❡✳ ❚❤❡s❡ ❛r❡ ❞✉❛❧ ❧❛❜ ♣♦✇❡r s✉♣♣❧✐❡s t♦ ♣r♦✈✐❞❡
t❤❡ ±9 ❱ ❛♥❞ ±19 ❱ r❡q✉✐r❡❞ t♦ ♣♦✇❡r t❤❡ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r ❛♥❞ ❛ ♣r❡❛♠✲
♣❧✐✜❡r✳ ❚❤❡ ♣r❡❛♠♣❧✐✜❡r t♦❣❡t❤❡r ✇✐t❤ ❛ ❤✐❣❤✲✈♦❧t❛❣❡ ❛♠♣❧✐✜❡r ✭❍❱❆✮ ❛♠♣❧✐✜❡s
t❤❡ 0− 2 ❱ ♦✉t♣✉t ♦❢ t❤❡ ❘❡❞ P✐t❛②❛ t♦ t❤❡ 0− 150 ❱ r❛♥❣❡ ♣❡r♠✐tt❡❞ t♦ ❞r✐✈❡



✻✵ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

t❤❡ ✜❜❡r str❡t❝❤❡r P❩❚✲❛❝t✉❛t♦rs✳ ❆ ❢✉♥❝t✐♦♥ ❣❡♥❡r❛t♦r ✭❋●✮✱ ✐❞❡♥t✐❝❛❧ t♦ t❤❡
❋● ✐♥ ❧❛❜ ❆✱ ✐s ✉s❡❞ t♦ ❣❡♥❡r❛t❡ ❛ s✐♠✐❧❛r s❛♠♣❧❡✲❤♦❧❞ s✐❣♥❛❧ ✐♥ ❧❛❜ ❇✳ ❚❤❡ t✇♦
❋●s ❛r❡ ♥♦t s②♥❝❤r♦♥✐③❡❞✱ ❜✉t ❜② ❝❛r❡❢✉❧❧② ❞❡t✉♥✐♥❣ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❧❛❜ ❇
❋● ❛♥❞ ❛❞❥✉st✐♥❣ t❤❡ ♣❤❛s❡✱ t❤❡ t✇♦ s❛♠♣❧❡✲❤♦❧❞ s✐❣♥❛❧s ❝❛♥ ❜❡ ♦✈❡r❧❛♣♣❡❞ ❛♥❞
❞r✐❢t ❜② ♦♥❧② ∼ 10 µs ♦✈❡r 2 ♠✐♥s✳ ❆ ♥❡t✇♦r❦ r♦✉t❡r t♦ ❝♦♥♥❡❝t ❛ ❧❛♣t♦♣ t♦ t❤❡
❘❡❞ P✐t❛②❛ ❛♥❞ ❉❙❖ t♦ ❝♦♥tr♦❧ t❤❡ ❆❈✴❉❈ ❧♦❝❦ ❛♥❞ ♣r♦❣r❛♠ t❤❡ ♠❡❛s✉r❡♠❡♥t
♣r♦❝❡❞✉r❡✳

❋✐❣✉r❡ ✸✳✶✼✿ P❤♦t♦❣r❛♣❤s ♦❢ t❤❡ ❍▼❙ ♣❧❛❝❡❞ ✐♥ ❧❛❜ ❈ ✭❜❧❞✳ ✸✹✵✮

❲❡ ❦♥♦✇ ❢r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥ ✭s❡❝✳ ✷✳✹✮ t❤❛t
t❤❡ ♠❡❛s✉r❡♠❡♥t ❤✐♥❣❡s ♦♥ t❤❡ ♣r❡❝✐s❡ ❝❛♥❝❡❧❧❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❧❛s❡r ♥♦✐s❡ ♦❢
t❤❡ ❧♦❝❛❧ ♦s❝✐❧❧❛t♦r✳ ❋♦r ❛ ❢r❡❡✲s♣❛❝❡ ❤♦♠♦❞②♥❡ s❡t✉♣ t❤✐s ❝❛♥❝❡❧❧❛t✐♦♥ ✐s ✉s✉❛❧❧②
❛❝❤✐❡✈❡❞ ❜② ❝❛r❡❢✉❧❧② t✉♥✐♥❣ t❤❡ s♣❧✐tt✐♥❣ r❛t✐♦ ♦❢ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❜❡❛♠s♣❧✐tt❡r✱
❜✉t t✉♥✐♥❣ t❤❡ ❝♦✉♣❧✐♥❣ r❛t✐♦ ♦❢ ❛ ✜①❡❞ ✺✵✿✺✵ ✜❜❡r ❝♦✉♣❧❡r ✐s ♥♦t ♣♦ss✐❜❧❡ ❛♥❞ s♦
❛♥② ❛s②♠♠❡tr② ✐♥ t❤❡ s♣❧✐tt✐♥❣ r❛t✐♦ ❤❛s t♦ ❜❡ ❜❛❧❛♥❝❡❞ ❜② ❛tt❡♥✉❛t✐♦♥ ♦❢ ♦♥❡
♦❢ t❤❡ ✜❜❡r ❛r♠s ❛❢t❡r t❤❡ ❝♦✉♣❧❡r✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ✉s❡ ❛ ❤♦♠❡♠❛❞❡ ✸❉ ♣r✐♥t❡❞
✜❜❡r ❛tt❡♥✉❛t♦r✱ ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛ s♠❛❧❧ s♦❧✐❞ str✉❝t✉r❡ ✇✐t❤ ❛ ❝❤❛♥♥❡❧ ❢♦r t❤❡
✜❜❡r✱ r❛✐s✐♥❣ ✐t ❛ ❢❡✇ ♠♠ ❛❜♦✈❡ t❤❡ t❛❜❧❡✳ ❚❤❡ ❝❤❛♥♥❡❧ ❤❛s ❛ s❤♦rt ❣❛♣ ✇✐t❤ ❛♥
❛r♠ ♣✐❡❝❡ r❡❛❝❤✐♥❣ ♦✈❡r✳ ❚❤❡ ❡♥❞ ♦❢ t❤❡ ❛r♠ ♣✐❡❝❡ ✐s ✜①❡❞ t♦ t❤❡ t❛❜❧❡ ✇✐t❤ ❛♥
▼✻ s❝r❡✇ ❛♥❞ ❜② t✉r♥✐♥❣ t❤❡ s❝r❡✇ t❤❡ ❛r♠ ♣✐❡❝❡ ✐s ❧♦✇❡r❡❞✱ t❤❡r❡❜② ♣✉s❤✐♥❣
❞♦✇♥ ♦♥ t❤❡ ✜❜❡r ❛❝r♦ss t❤❡ ❣❛♣ ✐♥❞✉❝✐♥❣ ❜❡♥❞✐♥❣ ❧♦ss✳ ❚❤❡ ❛♠♦✉♥t ♦❢ ❧♦ss ✐s
t❤❡♥ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ s❝r❡✇ ✭s❡❡ ✜❣✳ ❆✳✶✸✮✳

❚♦ r❡❞✉❝❡ ♦♣t✐❝❛❧ ❧♦ss❡s t❤❡ ♦✉t❝♦✉♣❧✐♥❣ ●❘■◆ ❧❡♥s❡s ❛r❡ s♣❧✐❝❡❞ t♦ t❤❡ ✺✵✿✺✵
❝♦✉♣❧❡r ❛♥❞ ❢r♦♠ t❤❡ ▲❖ s✐❞❡ ✇❡ ♠❡❛s✉r❡ ❛ 48.1% ❛♥❞ 47.8% tr❛♥s♠✐ss✐♦♥
❡✣❝✐❡♥❝② ♦✉t ♦❢ t❤❡ ❞✐♦❞❡s✳ ❚❤❡ ❡①❛❝t s♣❧✐tt✐♥❣ r❛t✐♦ ✐s ❛❧s♦ ✈❡r② s❧✐❣❤t❧② ♣♦❧❛r✲
✐③❛t✐♦♥ ❞❡♣❡♥❞❡♥t ❛♥❞ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ❣❛✐♥ ♦❢ t❤❡ ❍❉ t❤✐s ❧❡❛❞s t♦ ❛ ♠❡❛s✉r❛❜❧❡
❝❤❛♥❣❡ ✐♥ ❉❈ ♦✉t♣✉t ✇❤❡♥ ❛❞❥✉st✐♥❣ t❤❡ ▲❖ ♣♦❧❛r✐③❛t✐♦♥ ❞✉r✐♥❣ ❍❉ ✈✐s✐❜✐❧✐t②
♦♣t✐♠✐③❛t✐♦♥✳ ❆♥❞ s✐♥❝❡ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ ✐s ❝❤❛♥❣❡❞ ✇❤❡♥❡✈❡r ❛ ✜❜❡r ♠❛t✐♥❣
s❧❡❡✈❡ ❤❛s ❜❡❡♥ ❞✐s❝♦♥♥❡❝t❡❞✱ ✇❡ r♦✉t✐♥❡❧② ❤❛✈❡ t♦ r❡♦♣t✐♠✐③❡ t❤❡ ✈✐s✐❜✐❧✐t② ❛♥❞
r❡❜❛❧❛♥❝❡ t❤❡ ❍❉ ❜② ❛❞❥✉st✐♥❣ t❤❡ ❛tt❡♥✉❛t✐♦♥✳ ❋r♦♠ s❡❝✳ ✷✳✹✳✶ ✇❡ ❦♥♦✇ t❤❛t
❢♦r s♠❛❧❧ ❛s②♠♠❡tr② ✐♥ t❤❡ s♣❧✐tt✐♥❣ r❛t✐♦ t❤❡ ❛tt❡♥✉❛t✐♦♥ r❡q✉✐r❡❞ t♦ ❜❛❧❛♥❝❡
t❤❡ ❍❉ ❧❡❛❞s t♦ ❛ ❧♦ss ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛s②♠♠❡tr② r❛t✐♦✳ ❲❡ t❤❡r❡❢♦r❡



✸✳✸ ❙✐❣♥❛❧ ❝❤❛♥♥❡❧ ✻✶

❡st✐♠❛t❡ t❤❡ t②♣✐❝❛❧ ♦♣t✐❝❛❧ ❧♦ss ♦❢ t❤❡ ❍❉✱ ❜❡❢♦r❡ ❞❡t❡❝t✐♦♥✱ t♦ ❜❡ 5% ❛♥❞ ❛
99% ✈✐s✐❜✐❧✐t②✳

❍♦♠♦❞②♥❡ ❞❡t❡❝t♦r

❇❡s✐❞❡s t❤❡ ❞✐r❡❝t ♥♦✐s❡ ❝❛♥❝❡❧❧❛t✐♦♥ ♦t❤❡r ✐♠♣♦rt❛♥t ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ♦❢
❛ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r ✭❍❉✮ ✐s t❤❡ q✉❛♥t✉♠ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❞✐♦❞❡s✱ ❞❡t❡❝t✐♦♥
❜❛♥❞✇✐❞t❤ ❛♥❞ ♥♦✐s❡ ❝❧❡❛r❛♥❝❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t✳ ❚❤❡ ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝②
s❤♦✉❧❞ ❜❡ ❛s ❝❧♦s❡ t♦ ✉♥✐t② ❛s ♣♦ss✐❜❧❡ t♦ ♥♦t ✐♠♣❛rt ❛❞❞✐t✐♦♥❛❧ ❧♦ss ❞✉r✐♥❣
t❤❡ ❞❡t❡❝t✐♦♥ ♣r♦❝❡ss ❛♥❞ t❤❡ ❜❛♥❞✇✐❞t❤ s❤♦✉❧❞ ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❞❡t❡❝t ❛❧❧
❢r❡q✉❡♥❝② ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♠❡❛s✉r❡❞ ✜❡❧❞✳ ❋✐♥❛❧❧② t❤❡ ❞❡t❡❝t♦r ❝✐r❝✉✐t s❤♦✉❧❞
❤❛♥❞❧❡ ❛ ❤✐❣❤ ❡♥♦✉❣❤ ▲❖ ♣♦✇❡r t♦ ♣r♦✈✐❞❡ ❛ ✢❛t ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ❛❝r♦ss t❤❡
r❡❧❡✈❛♥t ❜❛♥❞✇✐❞t❤ r❛♥❣❡ ❛t ❛ ♥♦✐s❡ ❧❡✈❡❧ ❢❛r ❛❜♦✈❡ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ❞❛r❦
♥♦✐s❡✳ ❚♦ ♠❡❡t t❤❡s❡ r❡q✉✐r❡♠❡♥ts ✇❡ ✉s❡ ❤✐❣❤ q✉❛♥t✉♠ ❡✣❝✐❡♥❝② ❆❘ ❝♦❛t❡❞
100 µ♠ ❞✐♦❞❡s ♦♣t✐♠✐③❡❞ ❢♦r 1550 ♥♠ ❛t ❛ 10− 15o ❛♥❣❧❡ ♦❢ ✐♥❝✐❞❡♥t✳ ■♥ ♦r❞❡r
❢♦r t❤❡ ♣❤♦t♦❝✉rr❡♥ts t♦ ❜❡ ❝♦rr❡❝t❧② s✉❜tr❛❝t❡❞✱ t❤❡ ❞✐♦❞❡s ❛r❡ ♣❧❛❝❡❞ ❝❧♦s❡ t♦
❡❛❝❤ ♦t❤❡r ♦♥ ♦♣♣♦s✐t❡ s✐❞❡s ♦❢ t❤❡ ❍❉ P❈❇✳ ❆ s✐♠♣❧✐✜❡❞ s❝❤❡♠❛t✐❝ ♦❢ t❤❡ ❍❉
❝✐r❝✉✐t ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✷✶✭❛✮✳ ❍❡r❡ t❤❡ ❞✐✛❡r❡♥❝❡ ♣❤♦t♦❝✉rr❡♥t ✐s ❝♦♥✈❡rt❡❞ t♦
❛ ✈♦❧t❛❣❡ s✐❣♥❛❧ ❜② ❛ tr❛♥s✲✐♠♣❡❞❛♥❝❡ ❛♠♣❧✐✜❡r st❛❣❡ ❛♥❞ t❤❡ s✐❣♥❛❧ s♣❧✐t ✐♥t♦
❛ ❉❈ ❛♥❞ 100 ❍③ ❤✐❣❤♣❛ss ✜❧t❡r❡❞ ❆❈ ♦✉t♣✉t✳ ❚♦ ❝♦♥✜r♠ t❤❛t ♦✉r ❞❡t❡❝t♦r
✐s ❝♦rr❡❝t❧② s❤♦t♥♦✐s❡ ❧✐♠✐t❡❞ ❛❝r♦ss ✐ts ❜❛♥❞✇✐❞t❤✱ ✇❡ ♠❡❛s✉r❡ t❤❡ ❜❛❧❛♥❝❡❞
♥♦✐s❡ ❢♦r ❞✐✛❡r❡♥t ▲❖ ♣♦✇❡rs ❝❤❡❝❦ t❤❛t t❤❡ ♥♦✐s❡ ♣♦✇❡r s❝❛❧❡s ❧✐♥❡❛r❧② ✇✐t❤
t❤❡ ♦♣t✐❝❛❧ ♣♦✇❡r✳ ❋r♦♠ t❤❡ ♠❡❛s✉r❡♠❡♥ts ✇❡ ❝♦♥✜r♠ ♦✉r ❞❡s✐❣♥❡❞ ❜❛♥❞✇✐❞t❤
♦❢ 30 ▼❍③ ❛♥❞ ✜♥❞ t❤❛t ✇❡ ❤❛✈❡ 20 ❞❇♠ ♦❢ ❝❧❡❛r❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦♥✐❝
♥♦✐s❡ ❛♥❞ s❤♦t ♥♦✐s❡ ✇❤❡♥ ✉s✐♥❣ ❛ ▲❖ ♣♦✇❡r ♦❢ 1 ♠❲✳ ❇② ❡♥s✉r✐♥❣ ♣r♦♣❡r
❢♦❝✉s ♦❢ t❤❡ ❧✐❣❤t ✐♥t♦ t❤❡ ❍❉ ❞✐♦❞❡ ❛♥❞ ❝♦♠♣❛r✐♥❣ t❤❡ ♦♣t✐❝❛❧ ✐♥♣✉t ♣♦✇❡r t♦
t❤❡ ♦✉t♣✉t ✈♦❧t❛❣❡ ✇❡ ❡st✐♠❛t❡ ❛ ηq ≈ 97% q✉❛♥t✉♠ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❢✉❧❧ ❍❉
❝✐r❝✉✐t✳ ❚♦ t♦t❛❧ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t ✐s t❤❡r❡❢♦r❡ ❡st✐♠❛t❡
t♦ ❜❡ ηhd = 0.95 · 0.992 · 0.97 ≈ 0.90✳

✸✳✸✳✷ ▼❡❛s✉r❡♠❡♥t ❝♦♥✜❣✉r❛t✐♦♥s

❍❡r❡ ✇❡ ❣✐✈❡ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ❞✐✛❡r❡♥t ♥❡t✇♦r❦ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ t❤❡
❛❝❝♦♠♣❛♥②✐♥❣ ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❍▼❙ ✉s❡❞ ❢♦r ❡❛❝❤✳



✻✷ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

❈♦♥✜❣✉r❛t✐♦♥ ✭✶✮

❍❡r❡ t❤❡ ♥❡t✇♦r❦ ❝❤❛♥♥❡❧ ✐s ❛ ∼ 1 ♠ ❙▼❋ ✜❜❡r ♣❧❛❝❡❞ ♦♥ t❤❡ s❛♠❡ t❛❜❧❡ ❛s
t❤❡ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ ❣❡♥❡r❛t✐♦♥ s❡t✉♣✳ ❲❡ ♠❡❛s✉r❡ t❤❡ st❛t❡ ✉s✐♥❣ ♦♥❧② t❤❡
❞❡t❡❝t♦r ♣❛rt ♦❢ t❤❡ ❍▼❙ ❛♥❞ ♣❧❛❝❡ t❤❡ t✇♦✲❧❡✈❡❧ ♦♣t✐❝❛❧ ❜r❡❛❞❜♦❛r❞ t♦✇❡r ♦♥
t❤❡ ♦♣t✐❝❛❧ t❛❜❧❡ ♦♥ ♣❡❞❡st❛❧s✳ ❲❡ ❢✉rt❤❡r ❜②♣❛ss t❤❡ ❡❧❡❝tr✐❝❛❧✲t♦✲♦♣t✐❝❛❧ ❛♥❞
♦♣t✐❝❛❧✲t♦✲❡❧❡❝tr✐❝❛❧ ❝♦♥✈❡rs✐♦♥ ♦❢ t❤❡ tr✐❣❣❡r s✐❣♥❛❧s ❛♥❞ ❢❡❡❞ t❤❡♠ ❞✐r❡❝t❧② t♦
t❤❡ ❉❙❖ ❛♥❞ r❡✉s❡ t❤❡ 50 ❦❍③ ❣❛✐♥ ♠♦❞✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❡ ❜❡❛♠ t♦ ❣❡♥❡r❛t❡
t❤❡ ❆❈ ❧♦❝❦✐♥❣ s✐❣♥❛❧ ❢♦r t❤❡ ❆❈✴❉❈ ▲❖ ❧♦❝❦✳ ◆❡✈❡r ❧❡❛✈✐♥❣ t❤❡ ♦♣t✐❝❛❧ t❛❜❧❡
r❡s✉❧ts ✐♥ t❤❡ s❡t✉♣ ❤❛✈✐♥❣ ❡①❝❡❧❧❡♥t ❧♦♥❣ t❡r♠ ♣❤❛s❡ st❛❜✐❧✐t②✱ ❛s s❡❡♥ ❢r♦♠ t❤❡
sq✉❡❡③✐♥❣ ♠❡❛s✉r❡♠❡♥ts ✐♥ ✜❣ ✸✳✶✶✳

❈♦♥✜❣✉r❛t✐♦♥ ✭✷✮

❍❡r❡ t❤❡ ♥❡t✇♦r❦ ❝❤❛♥♥❡❧ ✐s ❛ 60 ♠ ❙▼❋ ❝♦♥♥❡❝t✐♥❣ ❧❛❜ ❆ t♦ ❛♥ ❛❞❥❛❝❡♥t ❧❛❜ ❇✳
❚❤❡ ✜❜❡r ✐s ♣✉❧❧❡❞ t❤r♦✉❣❤ ❛ ✈❡♥t✐❧❛t✐♦♥ t✉❜❡ ❛♥❞ ✐♥t♦ ❛ ❜❛s❡♠❡♥t ❝♦rr✐❞♦r ❛♥❞
♣❧❛❝❡❞ ✐♥ ❛ st❛♥❞❛r❞ ❝❛❜❧❡ tr② r✉♥♥✐♥❣ ❛❧♦♥❣ t❤❡ ❝♦rr✐❞♦r ❝❡✐❧✐♥❣✳ ■♥s✐❞❡ ❧❛❜ ❆
❛♥❞ ❇ t❤❡ ✜❜❡r ✐s ❝❛r❡❢✉❧❧② t❛♣❡❞ t♦ r❡❞✉❝❡ ♣❤❛s❡ ♥♦✐s❡✱ ✇❤✐❧❡ ♥♦ s♣❡❝✐❛❧ ♣r❡❝❛✉✲
t✐♦♥s ❛r❡ t❛❦❡♥ t♦ s❡❝✉r❡ t❤❡ ✜❜❡r ❛❧♦♥❣ t❤❡ ❝♦rr✐❞♦r✳ ❆ ♠❛♣ ♦❢ t❤❡ ❜❛s❡♠❡♥t
❝♦rr✐❞♦r ❛♥❞ t❤❡ ✜❜❡r ❝♦♥♥❡❝t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ❆✳✼ ♦❢ t❤❡ ❛♣♣❡♥❞✐①✳ ❍❡r❡ ✇❡
♠❡❛s✉r❡ ❛ ❝❤❛♥♥❡❧ ❡✣❝✐❡♥❝② ♦❢ ∼ 95%✳ ❚❤❡ ❧❡ss t❤❛♥ ✉♥✐t② ❡✣❝✐❡♥❝② ✐s ♠❛✐♥❧②
❝❛✉s❡❞ ❜② t❤❡ ❆P❈✴❆P❈ ❝♦✉♣❧✐♥❣s ✐♥ ♠❛t✐♥❣ s❧❡❡✈❡s✳ ■♥ ❣❡♥❡r❛❧ ✇❡ ✜♥❞ t❤❛t
t❤❡ ❡✣❝✐❡♥❝② ❢♦r ❙▼❋ ❆P❈✴❆P❈ ❝♦♥♥❡❝t✐♦♥s ❝❛♥ ✈❡r② ❜❡t✇❡❡♥ 100%and90%✱
t❤❛t t❤❡r❡ ❝❛♥ ❜❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♠❛t✐♥❣ s❧❡❡✈❡s✱ t❤❛t ❞✐s❝♦♥♥❡❝t✐♥❣ ❛♥❞ r❡✲
❝♦♥♥❡❝t✐♥❣ t❤❡ s❛♠❡ ✜❜❡r ❢r♦♠ t❤❡ s❛♠❡ s❧❡❡✈❡ ❞♦❡s ♥♦t ❣✉❛r❛♥t❡❡ t❤❛t s❛♠❡
❡✣❝✐❡♥❝② ❛♥❞ t❤❛t s♦♠❡ ✜❜❡rs✱ ❞✉❡ t♦ ✐♠♣❡r❢❡❝t✐♦♥s ♦❢ t❤❡ ✜❜❡r t✐♣✱ ♥❡✈❡r ❝❛♥
❜❡ ❝♦✉♣❧❡❞ ✇✐t❤ ❤✐❣❤ ❡✣❝✐❡♥❝② ✉s✐♥❣ ♠❛t✐♥❣ s❧❡❡✈❡s✳ ❚❤❡ ♣r❡❝✐s❡ ❡st✐♠❛t✐♦♥ ♦❢
♦♣t✐❝❛❧ ❡✣❝✐❡♥❝② t❤❡r❡❢♦r❡ ❜❡❝♦♠❡s ❞✐✣❝✉❧t ✇❤❡♥ ♠❛♥② ❝♦♥♥❡❝t✐♦♥ ❛r❡ ✐♥✈♦❧✈❡❞✳

❋♦r t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ ✇❡ ✜rst ✉s❡❞ ❛ ❤♦♠❡♠❛❞❡ ✜❜❡r ♠♦❞✉❧❛t♦r t♦ ♠♦❞✉❧❛t❡
t❤❡ ♣❤❛s❡ ❛t 20 ❦❍③✱ ✇❤✐❝❤ ♣r♦✈✐❞❡❞ ❛ ❝❧❡❛r ❆❈ ❧♦❝❦✐♥❣ s✐❣♥❛❧ ✐♥ ❧❛❜ ❇✳ ❚❤❡
♠♦❞✉❧❛t♦r ❝♦♥s✐st❡❞ ♦❢ str✐♣♣✐♥❣ t❤❡ ❡♥❞s ♦❢ t✇♦ ✜❜❡r ♣✐❣t❛✐❧s ❛♥❞ s♣❧✐❝✐♥❣ t❤❡♠
t♦❣❡t❤❡r ✇✐t❤♦✉t ❛❞❞✐♥❣ ❛ ♣r♦t❡❝t✐✈❡ s❧❡❡✈❡ ❧❡❛✈✐♥❣ r♦✉❣❤❧② 2 ❝♠ ♦❢ ❡①♣♦s❡❞
✜❜❡r✳ ❚❤❡ ❜❛r❡ ✜❜❡r ✇❛s t❤❡♥ ❣❧✉❡❞ t♦ t❤❡ ❢❡❡t ♦❢ ❛ ❯✲s❤❛♣❡❞ ♣✐❡❝❡ ♦❢ ✸❉
♣r✐♥t❡❞ ♠❛t❡r✐❛❧ ✇✐t❤ ❛ P❩❚✲❛❝t✉❛t♦r ❡❧❡♠❡♥t sq✉❡❡③✐♥❣ ✐♥ ❜❡t✇❡❡♥ t❤❡ ❢❡❡t ❜❡✲
❧♦✇ t❤❡ ✜❜❡r ✭s❡❡ ✜❣✳ ❆✳✶✸✳ ▼♦❞✉❧❛t✐♥❣ t❤❡ P❩❚✲❛❝t✉❛t♦r ❧❡♥❣t❤ t❤❡♥ ♣✉s❤❡❞
t❤❡ ❢❡❡t ❛♣❛rt t❤❡r❡❜② str❡t❝❤✐♥❣ t❤❡ ✜❜❡r ❛♥❞ ✐♥❞✉❝✐♥❣ ❛ ♣❤❛s❡ s❤✐❢t✳

❲❤✐❧❡ t❤❡ ❞❡s✐❣♥ ❞♦❡s ✇♦r❦✱ t❤❡ ❡①♣♦s❡❞ ✜❜❡r ✐s ❡①tr❡♠❡❧② ❞❡❧✐❝❛t❡ ❛♥❞ ✐♥ ♦✉r
❡①♣❡r✐❡♥❝❡ ❜♦t❤ s❛♠♣❧❡s ✇❡ ❛ss❡♠❜❧❡❞ ❜r♦❦❡ ✇✐t❤✐♥ ❛ ❢❡✇ ❤♦✉rs ♦❢ ✉s❡✳ ■♥st❡❛❞
t♦ ❝❤♦s❡ t♦ ✉s❡ ❛ s❡❝♦♥❞ ✜❜❡r str❡t❝❤❡r✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❢♦✉♥❞ ❛ r❡s♦♥❛♥❝❡ ❛t



✸✳✸ ❙✐❣♥❛❧ ❝❤❛♥♥❡❧ ✻✸

14 ❦❍③ t♦ ❣✐✈❡ t❤❡ ❜❡st r❡s✉❧t✳ ❲❡ ❛❧s♦ tr✐❡❞ t♦ ♠♦❞✉❧❛t❡ ❛♥❞ ❧♦❝❦ ✇✐t❤ ❛ s✐♥❣❧❡
✜❜❡r str❡t❝❤❡r✱ ❜✉t ❞✉❡ t♦ t❤❡ s❝❛♥♥✐♥❣ ♦❢ t❤❡ P❩❚✲❛❝t✉❛t♦r ❞✉r✐♥❣ ❝❛❧✐❜r❛t✐♦♥
t❤❡ ❆❈ ❡rr♦r s✐❣♥❛❧ ✇♦✉❧❞ ❜❡ ✉♥❡✈❡♥ ❛❝r♦ss t❤❡ s❝❛♥✱ t❤❡r❡❜② ♣r♦❤✐❜✐t✐♥❣ ❝♦rr❡❝t
❝❛❧✐❜r❛t✐♦♥✳

❈♦♥✜❣✉r❛t✐♦♥ ✭✸✮

❍❡r❡ t❤❡ ♥❡t✇♦r❦ ❝❤❛♥♥❡❧ ❝♦♥s✐sts ♦❢ ❛ 70 ♠ ❙▼❋ ❝♦♥♥❡❝t✐♥❣ ❧❛❜ ❆ t♦ ❛ ♥♦❞❡
✭❇✸✵✼✮ ♦❢ t❤❡ ❉❚❯ ❝❛♠♣✉s ✜❜❡r ♥❡t✇♦r❦✳ ❋r♦♠ t❤❡r❡ ❛ ❝♦♥♥❡❝t✐♦♥ ✐s ♣❛t❝❤❡❞
t❤r♦✉❣❤ t✇♦ ♦t❤❡r ♥♦❞❡s ✐♥t♦ ❛ s❡♣❛r❛t❡ ❜✉✐❧❞✐♥❣ ✭✸✹✵✮ ♦♥ ❝❛♠♣✉s✳ ❲❡ ❞❡♥♦t❡
t❤❡ t❡❝❤♥✐❝❛❧ r♦♦♠ ✐♥ ✇❤✐❝❤ t❤❡ ❇✸✹✵ ♥♦❞❡ ✐s ♣❧❛❝❡❞ ❛s ❧❛❜ ❈ ❛♥❞ ✉s❡ ❛ ∼ 3 ♠
❙▼❋ ✜❜❡r ♠❛❞❡ ❢r♦♠ t✇♦ s♣❧✐❝❡❞ ❙❈ ❛♥❞ ❆P❈ ♣✐❣t❛✐❧s t♦ ❝♦✉♣❧❡ ♦✉t ♦❢ t❤❡ ❇✸✹✵
♥♦❞❡ ❛♥❞ ✐♥t♦ t❤❡ ❍▼❙✳ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❡♥t✐r❡ ❝❤❛♥♥❡❧ ✐s s❦❡t❝❤❡❞ ✐♥ ✜❣✳ ✸✳✶✽
❛♥❞ ❛ ♠❛♣ ♦❢ t❤❡ ❝❛♠♣✉s ♥❡t✇♦r❦ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣✳ ❆✳✽✳ ■♥❝❧✉❞✐♥❣ t❤❡ ✐♥✐t✐❛❧
70 ♠ ✜❜❡r ✇❡ ❡st✐♠❛t❡ t❤❡ t♦t❛❧ ❝❤❛♥♥❡❧ ❧❡♥❣t❤ t♦ ❜❡ ∼ 400 ♠✳ ❚❤❡ ♣❛t❝❤❡❞
❝♦♥♥❡❝t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ▲❖ ❛♥❞ tr✐❣❣❡r s✐❣♥❛❧s ❛r❡ tr❛♥s♠✐tt❡❞ ❝♦♥s✐sts ♦❢ ✶✵
②❡❛rs ♦❧❞ ✜❜❡rs ❛♥❞ ✇❡ ♠❡❛s✉r❡ ❛ t♦t❛❧ tr❛♥s♠✐ss✐♦♥ ❡✣❝✐❡♥❝②✱ ❢r♦♠ ✐♥❝♦✉♣❧✐♥❣
✐♥ ❧❛❜ ❆ t♦ ♦✉t❝♦✉♣❧✐♥❣ ✐♥ ❧❛❜ ❈ ✭❜❡❢♦r❡ t❤❡ ❍▼❙✮✱ ♦❢ ∼ 75%✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥
✐♥ ✇❤✐❝❤ t❤❡ ❙✐❣♥❛❧ ✐s tr❛♥s♠✐tt❡❞ ✉s❡s ♥❡✇❡r ✜❜❡rs ❛♥❞ ❤❡r❡ ✇❡ ♠❡❛s✉r❡ ❛♥
❡✣❝✐❡♥❝② ♦❢ ∼ 90%✳ ❲❡ ❛❧s♦ ✜♥❞ t❤❛t ❝❧❡❛♥✐♥❣ t❤❡ ❙❈✴❙❈ ❝♦✉♣❧✐♥❣s ❛t ❡❛❝❤
♥❡t✇♦r❦ ♥♦❞❡ ❣r❡❛t❧② ✐♠♣r♦✈❡❞ t❤❡ ❡✣❝✐❡♥❝② ❛♥❞ s♦ t❤✐s s❤♦✉❧❞ ❜❡ ❞♦♥❡ ❢♦r ❛♥②
♥❡t✇♦r❦ ❝❤❛♥♥❡❧ tr❛♥s♠✐tt✐♥❣ s❡♥s✐t✐✈❡ q✉❛♥t✉♠ st❛t❡s✳

❚♦ ✐♠♣r♦✈❡ t❤❡ ❆❈ ❧♦❝❦✐♥❣ s✐❣♥❛❧ ✇❡ ♠♦❞✐❢② t❤❡ ❍▼❙ ❜② r❡♠♦✈✐♥❣ t❤❡ s❡❝✲
♦♥❞ ✜❜❡r str❡t❝❤❡r ❛♥❞ ✐♥st❡❛❞ ✉s❡ ❛ ✜❜❡r ❝♦✉♣❧❡❞ ❊❖▼ t♦ ❣❡♥❡r❛t❡ t❤❡ ♣❤❛s❡
♠♦❞✉❧❛t✐♦♥✳ ❇✉t s✐♥❝❡ t❤❡ ❊❖▼ ✉s❡s P▼ ✜❜❡r ✇❡ ❤❛✈❡ t♦ ✉s❡ ❛ ✜❜❡r ♣♦❧❛r✐③❛✲
t✐♦♥ ❝♦♥tr♦❧❧❡r ❛♥❞ ♣♦❧❛r✐s❡r ❜❡❢♦r❡ t❤❡ ❊❖▼ ✐♥ ♦r❞❡r t♦ r♦t❛t❡ t❤❡ ♣♦❧❛r✐③❛t✐♦♥
✐♥t♦ t❤❡ P▼ ✜❜❡r ❛♥❞ ♠❛①✐♠✐③❡ t❤❡ tr❛♥s♠✐ss✐♦♥ ❡✣❝✐❡♥❝②✳ ❲✐t❤ t❤❡ ♣♦❧❛r✐③❛✲
t✐♦♥ ❝♦♥tr♦❧❧❡r ✇❡ ❣❡t ❛ tr❛♥s♠✐ss✐♦♥ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ▲❖ t❤r♦✉❣❤ t❤❡ ♣♦❧❛r✐s❡r
❛♥❞ ❊❖▼ ♦❢ ∼ 60%✳

B340

HXE-341
#9

HXE-341
#10

B341

HXE-307
6607 #12

HXE-307
5712 #12

LO + trigger 
100%

B307

HXE-341
6607 #12

HXE-341
5712 #12

HXE-340
#9

HXE-340
#10

70m

APC

APC

SC/SC

SC/SC

SC/SC

SC/SC

SC/SC

SC/SC

SC/SC

SC/SC

APC

APC

DTU campus fiber network (400m)

Signal
100%

Signal
90%

LO + trigger
75%

❋✐❣✉r❡ ✸✳✶✽✿ t❡st



✻✹ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

✸✳✹ ❊①♣❡r✐♠❡♥t❛❧ ❝♦♥tr♦❧

❆♥ ✐♥t❡❣r❛❧ ❝❤❛❧❧❡♥❣❡ t♦ ❛❧❧ q✉❛♥t✉♠ ♦♣t✐❝s ❡①♣❡r✐♠❡♥ts ✐s t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢
♦♣t✐❝❛❧ ♣❤❛s❡s ❛♥❞ ❝❛✈✐t② ❧❡♥❣t❤s✳ ■♥ ❣❡♥❡r❛❧✱ ❡✈❡♥ ♦♥ ❛ ❞❛♠♣❡❞ ♦♣t✐❝❛❧ t❛✲
❜❧❡ ❛♥❞ ✇✐t❤ st✉r❞② ♦♣t✐❝s ♠♦✉♥ts ♦r t❛♣❡❞ ✜❜❡rs t❤❡ ♣❛t❤ ❧❡♥❣t❤s ♦❢ ❞✐✛❡r❡♥t
❜❡❛♠s ❛r❡ ❛❧✇❛②s ❞r✐❢t✐♥❣ s❧✐❣❤t❧② ❝❛✉s✐♥❣ t❤❡ r❡❧❛t✐✈❡ ♣❤❛s❡s t♦ ✢✉❝t✉❛t❡✳ ❆❝✲
t✐✈❡ ❢❡❡❞❜❛❝❦ ✐s t❤❡r❡❢♦r❡ ♥❡❡❞❡❞ t♦ ❧♦❝❦ t❤❡ r❡❧❛t✐✈❡ ♣❤❛s❡ ❜❡t✇❡❡♥ ✐♥t❡r❢❡r✐♥❣
❜❡❛♠s✳ ❚❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r ♦♣t✐❝❛❧ ❝❛✈✐t✐❡s✱ ✇❤❡r❡ ✐t ✐s t②♣✐❝❛❧❧② t❤❡ ❝❛s❡ t❤❡
♠❛st❡r ❧❛s❡r ❢r❡q✉❡♥❝② ✐s ♠✉❝❤ ♠♦r❡ st❛❜❧❡ t❤❛♥ t❤❡ ❝❛✈✐t② ❧❡♥❣t❤ ✭r❡s♦♥❛♥❝❡
❢r❡q✉❡♥❝②✮✳ ❋♦r ❛ ❜❡❛♠ t♦ ❝♦✉♣❧❡ r❡s♦♥❛♥t❧② ✇✐t❤ ❛ ❝❛✈✐t②✱ t❤❡ ♦♣t✐❝❛❧ ❧❡♥❣t❤ ♦❢
t❤❡ ❝❛✈✐t② t❤❡r❡❢♦r❡ ❤❛s t♦ ❜❡ ❧♦❝❦❡❞ t♦ t❤❡ r❡s♦♥❛♥t ❧❡♥❣t❤ ❞❡✜♥❡❞ ❜② t❤❡ ❧❛s❡r
❢r❡q✉❡♥❝②✳

❚❤❡ ❣❡♥❡r❛❧ s❝❤❡♠❡ ❢♦r s✉❝❤ ❧♦❝❦s ✐s ❛ ❝❧♦s❡ ❧♦♦♣ ❝♦♥tr♦❧ s②st❡♠✱ ✇❤❡r❡ t❤❡
✐♥t❡r❢❡r❡♥❝❡ ✭♦r ❝❛✈✐t② r❡s♦♥❛♥❝❡✮ s✐❣♥❛❧ ✐s ♠♦♥✐t♦r❡❞ ❛♥❞ ✉s❡❞ t♦ ❞❡r✐✈❡ ❛♥
❡rr♦r s✐❣♥❛❧ t❤❛t ✐s ❢❡❞ t♦ ❛♥ ♣r♦♣♦rt✐♦♥❛❧✲✐♥t❡❣r❛❧✲❞❡r✐✈❛t✐✈❡ ✭P■❉✮ ❝♦♥tr♦❧❧❡r
✇❤✐❝❤ ❞r✐✈❡s t❤❡ ♣❤②s✐❝❛❧ ❢❡❡❞❜❛❝❦ ♠❡❝❤❛♥✐s♠✳ ❆♥ ❡①❝❡❧❧❡♥t ✐♥tr♦❞✉❝t✐♦♥ t♦
♣r❛❝t✐❝❛❧ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ❢♦r ❡①♣❡r✐♠❡♥t❛❧✐st ✐s ❬✼✹❪✳

✸✳✹✳✶ ❘❡❞ P✐t❛②❛ ❛♥❞ P②❘P▲

■♥ ♦✉r ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❛❧❧ s✉❝❤ ❧♦❝❦s ❛r❡ ❤❛♥❞❧❡❞ ❜② ❘❡❞ P✐t❛②❛ ✭❘P✮ ✜❡❧❞✲
♣r♦❣r❛♠♠❛❜❧❡ ❣❛t❡ ❛rr❛② ✭❋P●❆✮ ❜♦❛r❞s r✉♥♥✐♥❣ t❤❡ P②❘P▲ ✭P②t❤♦♥ ❘❡❞
P✐t❛②❛ ▲♦❝❦❜♦①✮ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡ ❬✼✺❪✳ ❇❡s✐❞❡s t❤❡ ❋P●❆ ❝❤✐♣✱ t❤❡ ❘P ✐s
❡q✉✐♣♣❡❞ ✇✐t❤ ✷ ① ❛♥❛❧♦❣ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t ❙▼❆ ♣♦rts✱ s❛♠♣❧❡❞ ❛t 125 ▼❍③ ✉s✲
✐♥❣ ✶✹ ❜✐ts✳ ❚❤❡ P②❘P▲ ♣❛❝❦❛❣❡ ♣r♦✈✐❞❡s ❤✐❣❤✲❧❡✈❡❧ ❢✉♥❝t✐♦♥s ❛♥❞ ✉s❡r✲✐♥t❡r❢❛❝❡
✐♥ ♣②t❤♦♥ t♦❣❡t❤❡r ✇✐t❤ ❛ ❝✉st♦♠ ❋P●❆ ❞❡s✐❣♥ ✐♥ ❱❡r✐❧♦❣✱ ✇❤✐❝❤ ✐♠♣❧❡♠❡♥ts
t❤❡ ✈❛r✐♦✉s ❞✐❣✐t❛❧ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ ✭❉❙P✮ ♠♦❞✉❧❡s ✉s❡❞ ❢♦r t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥✲
tr♦❧ s②st❡♠s ✲ ❧♦❝❦❜♦①❡s ❢♦r s❤♦rt✳ ❚❤❡s❡ ♠♦❞✉❧❡s ✐♥❝❧✉❞❡ ❛ t✇♦✲❝❤❛♥♥❡❧ ♦s❝✐❧✲
❧♦s❝♦♣❡✱ t✇♦ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥ ❣❡♥❡r❛t♦r✱ ❢♦✉r P■❉ ❝♦♥tr♦❧❧❡rs ✇✐t❤ ❢♦✉r✲♦r❞❡r
✜❧t❡rs✱ t❤r❡❡ ❞❡♠♦❞✉❧❛t✐♦♥ ✭■◗✮ ♠♦❞✉❧❡s✱ ❛♥ ✐♥✜♥✐t❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ✭■■❘✮ ✜❧✲
t❡r ❛♥❞ ❛ ♥❡t✇♦r❦ ❛♥❞ s♣❡❝tr✉♠ ❛♥❛❧②s❡r✳ ❖♥ ❛ ❧❛❜ ❝♦♠♣✉t❡r ✇❡ t❤❡r❡❢♦r❡ ❤❛✈❡
❛ ♣r♦❣r❛♠♠❛❜❧❡ ✐♥t❡r❢❛❝❡ ✇✐t❤ r❡❛❧✲t✐♠❡ ❞✐s♣❧❛② ❛♥❞ t✉♥❡❛❜✐❧✐t② ♦❢ ❛❧❧ ♦✉r ❧♦❝❦s
❛♥❞ ❧♦❝❦❜♦① ♣❛r❛♠❡t❡rs✳ ❆ ♣❤♦t♦❣r❛♣❤ ♦❢ t❤❡ ❘P s❡t✉♣ ❝❛♥ ❜❡ s❡❡♥ ✐♥ ✜❣ ❆✳✶✵
♦❢ t❤❡ ❛♣♣❡♥❞✐①✳



✸✳✹ ❊①♣❡r✐♠❡♥t❛❧ ❝♦♥tr♦❧ ✻✺

IQ P

PID

PDC=sin()

PAC=cos()

d.			AC/DC	lockbox

Input

Output1
kHz

IQ PID

PID

Input

MHz
high

low

10 Hz

course

Output

fine

RP

RP Adder

b.			FC	lockbox

IQ PID
Input

MHz

Output

RP

a.			Cavity	lockbox

trig

IQ PID
Input

kHz

Output

RP

c.			Gain	lockbox

ID

PID

Output2

❋✐❣✉r❡ ✸✳✶✾✿ ❖✈❡r✈✐❡✇ ♦❢ t❤❡ ✈❛r✐♦✉s ❝❛✈✐t② ❛♥❞ ♣❤❛s❡ ❧♦❝❦❜♦①❡s ✐♠♣❧❡♠❡♥t❡❞
✐♥ P②❘P▲✳ ❚❤❡ ❝❛✈✐t② ❧♦❝❦❜♦① ✐s ✉s❡❞ t♦ ❧♦❝❦ t❤❡ ❙❍● ❛♥❞ ❖P❖ ❝❛✈✐t②✱ ✇❤✐❧❡
t❤❡ ❆❈✴❉❈ ❧♦❝❦❜♦① ✐s ✉s❡❞ t♦ ❧♦❝❦ t❤❡ ▲❖ ♣❤❛s❡ ❢♦r ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t✳

✸✳✹✳✷ ❈❛✈✐t② ❛♥❞ ♣❤❛s❡ ❧♦❝❦s

❙❍● ❛♥❞ ❖P❖ ❝❛✈✐t② ❧♦❝❦✐♥❣

❚❤❡ ❧♦❝❦❜♦① ✉s❡❞ ❢♦r t❤❡ ❙❍● ❛♥❞ ❖P❖ ❝❛✈✐t② ❧♦❝❦s ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✶✾✭❛✮✳
■♥ t❤❡ ❙❍● ❧♦❝❦❜♦① t❤❡ ❞❡♠♦❞✉❧❛t✐♦♥ ♠♦❞✉❧❡ ♦✉t♣✉ts ❛ ▼❍③ s✐♥❡ ✇❛✈❡✱
✇❤✐❝❤ ✐s ❛♠♣❧✐✜❡❞ ❛♥❞ ❢❡❞ t♦ t❤❡ ❊❖▼ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s❡t✉♣ ✭✜❣✳ ✸✳✶ t♦
❣❡♥❡r❛t❡ ❛ ♣❤❛s❡ ♠♦❞✉❧❛t✐♦♥ s✐❞❡❜❛♥❞ ♦♥ t❤❡ ♠❛✐♥ ❧❛s❡r ❜❡❛♠ ❜❡❢♦r❡ ✐t ✐s s♣❧✐t
✉♣ ✐♥t♦ ❙❍● ♣✉♠♣✱ ❖P❖ ❧♦❝❦ ❛♥❞ ❋❈ ❧♦❝❦ ❜❡❛♠s✳ ❚❤❡ ♠♦❞✉❧❛t✐♦♥ s❡r✈❡s ❛s
t❤❡ ♣❤❛s❡ r❡❢❡r❡♥❝❡ ❢♦r t❤❡ P♦✉♥❞✲❉r❡✈❡r✲❍❛❧❧ ✭P❉❍✮ ❧♦❝❦✐♥❣ s❝❤❡♠❡ ❬✺✺❪✳ ❍❡r❡
❛ s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ t❤❡ ❝✐r❝✉❧❛t✐♥❣ ❝❛✈✐t② ❧✐❣❤t ✐s ❧❡❛❦❡❞ ♦✉t t❤r♦✉❣❤ ❛ ♠✐rr♦r
❛♥❞ ♠♦♥✐t♦r❡❞ ❜② ❛ ♣❤♦t♦❞❡t❡❝t♦r ❝♦♥♥❡❝t❡❞ t♦ t❤❡ ✐♥♣✉t ♦❢ ❛ ❘P✳ ❚❤❡ s✐❣♥❛❧
❝❛♥♥♦t ❜❡ ✉s❡❞ ❞✐r❡❝t❧②✱ ❛s t❤❡ r❡s♦♥❛♥❝❡ ♣❡❛❦ r❡s✉❧ts ✐♥ ❡q✉❛❧ ✈❛❧✉❡s ♦♥ ❡✐t❤❡r
s✐❞❡ ♦❢ t❤❡ r❡s♦♥❛♥❝❡✳ ❚❤❡ s✐❣♥❛❧ ✐s ✐♥st❡❛❞ ❞❡♠♦❞✉❧❛t❡❞ ✐♥ t❤❡ ■◗ ♠♦❞✉❧❡
❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❡rr♦r s✐❣♥❛❧ ❢❡❞ t♦ ❛ P■❉ ♠♦❞✉❧❡✳ ❚❤❡ ♣❤❛s❡ ♦❢ t❤❡ ❞❡♠♦❞✉✲
❧❛t✐♦♥ ✐s s❡t ♠❛♥✉❛❧❧② ❜② ✈✐s✐❜❧② ♦♣t✐♠✐③✐♥❣ t❤❡ ❡rr♦r s✐❣♥❛❧ ♦♥ t❤❡ P②❘P▲ s❝♦♣❡✳

❯s✐♥❣ t❤❡ ♣②t❤♦♥ ✐♥t❡r❢❛❝❡ ❛ ❧♦❝❦✐♥❣ ♣r♦❝❡❞✉r❡ ✐s ♣r♦❣r❛♠♠❡❞❀ ✜rst t❤❡ ❧♦❝❦✐♥❣
♣♦✐♥t ✐s s❡t ❛t ❛r♦✉♥❞ ♦❢ t❤❡ ❡rr♦r s✐❣♥❛❧ ♣❡❛❦ ❤❡✐❣❤t t♦ ❝❛t❝❤ t❤❡ ❧♦❝❦
✇❤❡♥ ✐t ✐s ❡♥❣❛❣❡❞✳ ❆ t❤r❡s❤♦❧❞ ✈❛❧✉❡ ✐s s❡t✱ s♦ t❤❛t ✇❤❡♥ t❤❡ ✐♥♣✉t s✐❣♥❛❧ ✐s
❛❜♦✈❡✱ t❤❡ ❧♦❝❦✐♥❣ ♣♦✐♥t ✐s ❝❤❛♥❣❡❞ t♦ ✵ ❧♦❝❦✐♥❣ t❤❡ ❝❛✈✐t② ❧❡♥❣t❤ ♦♥ r❡s♦♥❛♥❝❡✳
❚❤❡ ❝❛✈✐t② ❧❡♥❣t❤ ✐s ❝❤❛♥❣❡❞ ❜② ❛ P❩❚✲❛❝t✉❛t♦r✱ ❝❧❛♠♣❡❞ t♦ ♦♥❡ ♦❢ t❤❡ ❝❛✈✐t②



✻✻ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

♠✐rr♦rs✱ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ P■❉ ♦✉t♣✉t t❤r♦✉❣❤ ❛ ❍❱❆✳ ■♥ ♣r❛❝t✐❝❡ ✇❡ ❞♦ ♥♦t
✉s❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✭❉✮ ♣❛r❛♠❡t❡r ♦❢ t❤❡ P■❉ ♠♦❞✉❧❡ ❛♥❞ ♦♣t✐♠✐③❡ t❤❡ P ❛♥❞ ■
✈❛❧✉❡s ❜② ❤❛♥❞✳

❚❤❡ ❡①❛❝t s❛♠❡ ❧♦❝❦✐♥❣ s❝❤❡♠❡ ✐s ✉s❡❞ t♦ ❧♦❝❦ t❤❡ ❖P❖ ❝❛✈✐t②✳ ❇✉t ❜② s②♥✲
❝❤r♦♥✐③✐♥❣ t❤❡ ❝❧♦❝❦ ♦❢ t❤❡ ❙❍● ❛♥❞ ❖P❖ ❘P ❜♦❛r❞s✱ t❤❡ ❖P❖ ❘P ❞♦❡s ♥♦t
♥❡❡❞ t♦ ♦✉t♣✉t ❛♥② ♠♦❞✉❧❛t✐♦♥ s✐❣♥❛❧ t♦ t❤❡ ❊❖▼ ❛♥❞ ❝❛♥ r❡✉s❡ t❤❡ 27.8 ▼❍③
♣❤❛s❡ ♠♦❞✉❧❛t✐♦♥ t♦ ❣❡♥❡r❛t❡ t❤❡ ❡rr♦r s✐❣♥❛❧✳

❋❈ ❧♦❝❦✐♥❣

❚❤❡ ❧♦❝❦❜♦① ✉s❡❞ ❢♦r t❤❡ ❋❈ ❧♦❝❦ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✶✾✭❜✮✳ ❚❤❡ ❋❈ ❘P ✐s ❛❧s♦
s②♥❝❤r♦♥✐③❡❞ t♦ t❤❡ ❙❍● ❘P✱ s♦ t❤❛t t❤❡ s❛♠❡ 27.8 ▼❍③ ♣❤❛s❡ ♠♦❞✉❧❛t✐♦♥
s✐❣♥❛❧ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❧♦❝❦ t❤❡ ❋❈ ✉s✐♥❣ t❤❡ P❉❍ s❝❤❡♠❡✳ ❇✉t ❞✉❡ t♦ t❤❡
❤✐❣❤ ✜♥❡ss❡ ♦❢ t❤❡ ❋❈ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❙❍● ❛♥❞ ❖P❖ ❝❛✈✐t✐❡s ❛♥❞ t❤❡ ✜♥✐t❡
r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘P ❉❆❈ ❛ ♠♦r❡ ❡❧❛❜♦r❛t❡ ❧♦❝❦✐♥❣ ♣r♦❝❡❞✉r❡ ✐s ✉s❡❞✳ ❆♥ ❡rr♦r
s✐❣♥❛❧ ✐s ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ ✉s✉❛❧ ❢❛s❤✐♦♥ ✈✐❛ ❞❡♠♦❞✉❧❛t✐♦♥✱ ❜✉t ✐s t❤❡♥ ❢❡❞ t♦ t✇♦
❞✐✛❡r❡♥t P■❉ ♠♦❞✉❧❡s ✇❤♦s❡ ♦✉t♣✉t ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ ❛♥ ❡①t❡r♥❛❧ ❛❞❞❡r ❜♦①✳
❇❡❢♦r❡ ❛❞❞✐♥❣ t❤❡ t✇♦ s✐❣♥❛❧s✱ ♦♥❡ ❛r♠ ♦❢ t❤❡ ❛❞❞❡r ✐s ❛♠♣❧✐✜❡❞ ✇✐t❤ ❛ ❧♦✇ ❣❛✐♥✱
✇❤✐❧❡ t❤❡ ♦t❤❡r ❛r♠ ✐s ❛♠♣❧✐✜❡❞ ✇✐t❤ ❛ ❤✐❣❤ ❣❛✐♥✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ✉s❡ t❤❡ ✜♥❡
✭❧♦✇ ❣❛✐♥✮ P■❉ t♦ ❤❛♥❞❧❡ s♠❛❧❧ ❤✐❣❤ ❢r❡q✉❡♥❝② ✢✉❝t✉❛t✐♦♥s ❛♥❞ t❤❡ ❝♦✉rs❡ ✭❤✐❣❤
❣❛✐♥✮ P■❉ t♦ ❤❛♥❞❧❡ t❤❡ s❧♦✇❡r ❛♥❞ ❧❛r❣❡r ❞r✐❢ts ❛s ✇❡❧❧ ❛s s❝❛♥♥✐♥❣ t❤❡ ❝❛✈✐t②
❧❡♥❣t❤✳ ❚❤❡ ❧♦❝❦✐♥❣ ♣r♦❝❡❞✉r❡ ✐s ❛s ❢♦❧❧♦✇✿

✶✳ ❚❤❡ ✜♥❡ P■❉ ✐s ✐♥❛❝t✐✈❡ ❛♥❞ t❤❡ ❝♦✉rs❡ P■❉ ✐s s❡t t♦ s❝❛♥ t❤❡ ❝❛✈✐t② ❧❡♥❣t❤
s❧♦✇❧② ✭❧♦✇ P ❛♥❞ ■✮✳ ❆ ♣②t❤♦♥ t✐♠❡r ✐♥ P②❘P▲ ✐s s❡t t♦ ❝❤❡❝❦ t❤❡ ✐♥♣✉t
s✐❣♥❛❧ ✈❛❧✉❡ ❡✈❡r② 10 ♠s✳

✷✳ ❖♥❝❡ t❤❡ ✈❛❧✉❡ ✐s ❛t 50% ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ♣❡❛❦ ❤❡✐❣❤t t❤❡ ✜♥❡ P■❉ ✐s ❛♥❞
t❤❡ ❝♦✉rs❡ P✱ ■✱ ❧♦❝❦♣♦✐♥t ❛♥❞ ✜❧t❡r s❡tt✐♥❣s ❛r❡ ❝❤❛♥❣❡❞✳

✸✳ ■❢ t❤❡ ❧♦❝❦ ✐s ❧♦st ✭✐♥♣✉t s✐❣♥❛❧ ❣♦❡s ❧♦✇✮ t❤❡ ❧♦❝❦✐♥❣ ♣r♦❝❡❞✉r❡ ✐s ✐♠♠❡❞✐✲
❛t❡❧② r❡♣❡❛t❡❞✳

❆ 10 ❍③ ▲P❋ ♦❢ t❤❡ ❝♦✉rs❡ ❛r♠ ✐s ❛❧s♦ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❛❞❞❡r ❜♦①✱ ✇❤✐❝❤ ❝❛♥
❜❡ ❛❝t✐✈❛t❡❞ ❜② t❤❡ ❘P✳ ❇✉t ✐♥ ♣r❛❝t✐❝❡ ✇❡ ❢♦✉♥❞ t❤❛t s✇✐t❝❤✐♥❣ t❤❡ ✜❧t❡r ♦♥
❝❛✉s❡❞ t❤❡ ❧♦❝❦ t♦ ❜r❡❛❦✱ ❞✉❡ t♦ ❛ s❧✐❣❤t ❝❤❛♥❣❡ ✐♥ ♣❤❛s❡ ❞❡❧❛② ♦❢ t❤❡ ❝♦✉rs❡ ❛r♠
r❡❧❛t✐✈❡ t♦ t❤❡ ✜♥❡✳ ❆♥❞ ✐♥ ❣❡♥❡r❛❧ ✇❡ ❝♦✉❧❞ ♠❛✐♥t❛✐♥ ❛ st❛❜❧❡ ❧♦❝❦ ❜② t✉♥✐♥❣
t❤❡ P■❉ ♣❛r❛♠❡t❡rs ❛♥❞ r❡❧②✐♥❣ ♦♥ t❤❡ ❞✐❣✐t❛❧ ▲P❋ ♦❢ ❝♦✉rs❡ ❛r♠✳



✸✳✹ ❊①♣❡r✐♠❡♥t❛❧ ❝♦♥tr♦❧ ✻✼

●❛✐♥ ♣❤❛s❡ ❧♦❝❦✐♥❣

❚❤❡ ❧♦❝❦❜♦① ✉s❡❞ ❢♦r t❤❡ ❣❛✐♥ ❧♦❝❦ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✶✾✭❝✮✳ ■t ✐♠♣❧❡♠❡♥ts ❛ ❆❈✲
❧♦❝❦✐♥❣ s❝❤❡♠❡✱ s✐♠✐❧❛r t♦ t❤❡ P❉❍ s❝❤❡♠❡ ✉s❡❞ ❢♦r ❝❛✈✐t② ❧♦❝❦✐♥❣✳ ❆s ❞❡s❝r✐❜❡❞
✐♥ s❡❝✳ ✸✳✶✳✶ ❛ P❩❚✲❛❝t✉❛t❡❞ ♠✐rr♦r ✐♥ t❤❡ ♣r♦❜❡ ♣❛t❤ ✐s ✉s❡❞ t♦ ♠♦❞✉❧❛t❡ t❤❡
♣r♦❜❡ ♣❤❛s❡ ❛t fp = 50 ❦❍③ ❜❡❢♦r❡ t❤❡ ❖P❖✳ ❆❢t❡r t❤❡ ❖P❖ t❤❡ ♣r♦❜❡ ✐s ♠❡❛✲
s✉r❡❞ ❜② t❛♣♣✐♥❣ 1% ♦✛ ❢r♦♠ t❤❡ s✐❣♥❛❧ ♣❛t❤✳ ❚❤r♦✉❣❤ t❤❡ ♣❛r❛♠❡tr✐❝ ❣❛✐♥ t❤❡
✐♥♣✉t s✐❣♥❛❧ ❛t ❧♦❝❦❜♦① ✐s t❤❡♥ ♣r♦♣♦rt✐♦♥❛❧ t♦ cos(φp + φq +M cos(2πfpt))✱
✇❤❡r❡ φq ✐s t❤❡ ❣❧♦❜❛❧ ♣❤❛s❡ ♦❢ t❤❡ ❞♦✇♥✲❝♦♥✈❡rt❡❞ ✜❡❧❞ ❡q✉❛❧ t♦ t❤❡ ♣✉♠♣
♣❤❛s❡✱ φp ✐s t❤❡ ❣❧♦❜❛❧ ♣r♦❜❡ ❜❡❛♠ ♣❤❛s❡ ❛♥❞ M ✐s t❤❡ ♠♦❞✉❧❛t✐♦♥ ❞❡♣t❤✱
✇❤✐❝❤ ✐s ❛ss✉♠❡❞ s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❢r✐♥❣❡✳
❉✐sr❡❣❛r❞✐♥❣ t❤❡ ❤✐❣❤ ❢r❡q✉❡♥❝② ♣❛rt ✇❡ ❝❛❧❧ t❤✐s s✐❣♥❛❧ t❤❡ ❉❈ s✐❣♥❛❧✱ s✐♥❝❡
✐t ✐s ♦❜t❛✐♥❡❞ ❞✐r❡❝t❧② ✇✐t❤♦✉t ❛♥② ♠♦❞✉❧❛t✐♦♥✳ ❇② ❞❡♠♦❞✉❧❛t✐♦♥ ✭❝♦♥✈♦❧✉t✐♥❣
✇✐t❤ cos(2πfp) ❛♥❞ ❧♦✇✲♣❛ss ✜❧t❡r✐♥❣✮ ❛ s✐❣♥❛❧ ♣r♦♣♦rt✐♦♥❛❧ t♦ − sin(φq − φp)
❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳ ❲❡ ❝❛❧❧ t❤✐s s✐❣♥❛❧ t❤❡ ❆❈ s✐❣♥❛❧ ❛♥❞ ✉s❡ ✐t ❛s t❤❡ ❡rr♦r s✐❣♥❛❧✱
s✐♥❝❡ ✐t ❜♦t❤ ❝❡♥tr❡❞ ❛r♦✉♥❞ ✵ ❞✉❡ t♦ t❤❡ ▲P❋ ❛♥❞ ✐s s❤✐❢t❡❞ 90o r❡❧❛t✐✈❡ t♦ t❤❡
❉❈ s✐❣♥❛❧✳ ▲♦❝❦✐♥❣ t❤❡ ❡rr♦r s✐❣♥❛❧ t♦ ✵ t❤❡♥ ❝♦rr❡s♣♦♥❞s t♦ ❧♦❝❦✐♥❣ ❛t t❤❡ t♦♣
✭❛♠♣❧✐✜❝❛t✐♦♥✮ ♦r ❜♦tt♦♠ ✭❞❡✲❛♠♣❧✐✜❝❛t✐♦♥✮ ♦❢ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ s✐❣♥❛❧ ❜❡t✇❡❡♥
t❤❡ ♣r♦❜❡ ❛♥❞ ♣✉♠♣ ❜❡❛♠✳ ❈❤❛♥❣✐♥❣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❧♦❝❦✐♥❣ r❡❣✐♠❡s ✐s s✐♠♣❧②
❞♦♥❡ ❜② ❝❤❛♥❣✐♥❣ t❤❡ s✐❣♥ ♦❢ P ❛♥❞ ■ ✐♥ P②❘P▲✳ ❚❤❡ ♦♥❧② ♣r❛❝t✐❝❛❧ ❞✐✛❡r❡♥❝❡
t♦ t❤❡ ❝❛✈✐t② ❧♦❝❦s ✐s ❤❡r❡ t❤❡♥✱ t❤❛t t❤❡ ❜♦t❤ t❤❡ ♠♦❞✉❧❛t✐♦♥ ❛♥❞ ❢❡❡❞❜❛❝❦ ✐s
♣❡r❢♦r♠❡❞ ❜② t❤❡ s❛♠❡ P❩❚✲❛❝t✉❛t❡❞ ♠✐rr♦r✳

❚♦ ❛❧❧♦✇ ❢♦r t❤❡ P❩❚✲❛❝t✉❛t❡❞ ♠✐rr♦r t♦ ♦♣❡r❛t❡ ❛t ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s ❛ ❞❡s✐❣♥
❜❛s❡❞ ♦♥ ❬✼✻❪ ✇❛s ✉s❡❞✳ ❍❡r❡ ❛ q✉❛rt❡r ✐♥❝❤ ♠✐rr♦r ❛♥❞ s✐♥❣❧❡✲❞✐s❦ ✭❧♦✇ ❝❛♣❛❝✐✲
t❛♥❝❡✮ P❩❚ ✐s ❣❧✉❡❞ t♦ ❛ t❛♣❡r❡❞ ❜r❛ss ❜❛s❡ ✇✐t❤ ❧❡❛❞ ✜❧❧✐♥❣✳ ❚❤❡ s♠❛❧❧ ♠✐rr♦r
❛♥❞ t❛♣❡r❡❞ ✐♥t❡r❢❛❝❡ ❡✛❡❝t✐✈❡❧② r❡❞✉❝❡s ❧♦✇ ❢r❡q✉❡♥❝② ❞r✉♠❤❡❛❞ ♠♦❞❡s✱ ✇❤✐❧❡
t❤❡ ❧❡❛❞ ✜❧❧✐♥❣ ❞❛♠♣❡♥s s❤❛r♣ ❧♦♥❣✐t✉❞✐♥❛❧ r❡s♦♥❛♥❝❡ ♠♦❞❡s ♦❢ t❤❡ str✉❝t✉r❡✳

▲❖ ♣❤❛s❡ ❧♦❝❦✐♥❣

❚❤❡ ❧♦❝❦❜♦① ✉s❡❞ ❢♦r t❤❡ ▲❖ ❧♦❝❦ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✸✳✶✾✭❝✮✳ ■t ✐♠♣❧❡♠❡♥ts ❛
❆❈✴❉❈✲❧♦❝❦✐♥❣ s❝❤❡♠❡✱ ✇❤❡r❡ ❛ ❉❈ ❛♥❞ ❆❈ ❡rr♦r s✐❣♥❛❧ ✐s ❝♦♠❜✐♥❡❞ t♦ ❢♦r♠
❛ ♥❡✇ ❡rr♦r s✐❣♥❛❧✱ s❤✐❢t❡❞ ❜② ❛♥ ❛r❜✐tr❛r② ♣❤❛s❡ ✐♥ ❜❡t✇❡❡♥ t❤❡ t✇♦✳ ❙✐♥❝❡ t❤❡
❣❛✐♥ ❧♦❝❦ s❡ts t❤❡ r❡❧❛t✐✈❡ ♣❤❛s❡ ❜❡t✇❡❡♥ t❤❡ ♣✉♠♣ ❛♥❞ ♣r♦❜❡ ❜❡❛♠ φ = φq−φp✱
❧♦❝❦✐♥❣ t❤❡ ♣❤❛s❡ ❜❡t✇❡❡♥ t❤❡ ♣r♦❜❡ ❜❡❛♠ ❛♥❞ ▲❖ φp−φlo ❡✛❡❝t✐✈❡❧② ❧♦❝❦s t❤❡
r❡❧❛t✐✈❡ ♣❤❛s❡ ❜❡t✇❡❡♥ t❤❡ ▲❖ ❛♥❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ s✐❣♥❛❧ ✜❡❧❞✳

❋r♦♠ t❤❡ ❉❈ ♦✉t♣✉t ♦❢ t❤❡ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r ❜♦t❤ ❛ ❉❈ ❛♥❞ ❆❈ ❡rr♦r s✐❣♥❛❧
✐s ❞❡r✐✈❡❞ ❛♥❞ ❢❡❞ t♦ ✐♥❞✐✈✐❞✉❛❧ P■❉ ♠♦❞✉❧❡s✳ ❚❤❡ ❆❈ s✐❣♥❛❧ ✐s ♦❜t❛✐♥❡❞ ❜②
♠♦❞✉❧❛t✐♥❣ t❤❡ ▲❖ ♣❤❛s❡ ✇✐t❤ ❛ ✜❜❡r str❡t❝❤❡r ❛t flo = 14 ❑❍③ ❛♥❞ ❞❡♠♦❞✉✲



✻✽ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s

❧❛t✐♥❣✳ ■♥ ❜♦t❤ P■❉ ♠♦❞✉❧❡s t❤❡ ■ ❛♥❞ ❉ ✈❛❧✉❡s ❛r❡ s❡t t♦ ✵ ❛♥❞ t❤❡ P ✈❛❧✉❡ ✐s
✉s❡❞ t♦ t✉♥❡ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❡rr♦r s✐❣♥❛❧✳ ❇② ♠♦❞✐❢②✐♥❣ t❤❡ ❋P●❆ ❝♦❞❡✱
t❤❡ ♦✉t♣✉t ♦❢ t❤❡ P■❉ ♠♦❞✉❧❡s ❛r❡ ❤❛r❞❝♦❞❡❞ t♦ ❜❡ s✉♠♠❡❞ ❛♥❞ ✉s❡❞ ❛s ✐♥♣✉t
t♦ ❛ t❤✐r❞ P■❉ ♠♦❞✉❧❡✳ ❚❤❡ P■❉ ✜❧t❡rs s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ s♦ t❤❛t t❤❡ ❉❈ s✐❣♥❛❧
✐s ❛ ❝❧❡❛♥ ❝♦s✐♥❡ ❛♥❞ t❤❡ ❆❈ s✐❣♥❛❧ ❛ ❝❧❡❛♥ s✐♥❡✳ ❇② s❡tt✐♥❣ t❤❡ ❧♦❝❦♣♦✐♥t ♦❢ t❤❡
❉❈ P■❉ ❛♥② ❞❡t❡❝t♦r ♦✛s❡t ❝❛♥ ❜❡ ❝♦♠♣❡♥s❛t❡❞ ❛♥❞ ❜② t✉♥✐♥❣ t❤❡ q✉❛❞r❛t✉r❡
❢❛❝t♦r ❛♣♣❧✐❡❞ ✐♥ t❤❡ ■◗ ♠♦❞✉❧❡ ❛❢t❡r t❤❡ ❞❡♠♦❞✉❧❛t✐♦♥ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡
❆❈ s✐❣♥❛❧ ❝❛♥ ❜❡ s❝❛❧❡❞ t♦ t❤❡ ❉❈ s✐❣♥❛❧ ❛♠♣❧✐t✉❞❡✳

❖♥❝❡ t❤❡ ❉❈ ❛♥❞ ❆❈ ❡rr♦r s✐❣♥❛❧s ❤❛✈❡ ❜❡❡♥ ♣r♦♣❡r❧② ❝❛❧✐❜r❛t❡❞✱ s❡tt✐♥❣ Pdc =
sin(θ) ❛♥❞ Pac = cos(θ) ❧❡❛❞s t♦ t❤❡ ✐♥♣✉t s✐❣♥❛❧ ♦❢ t❤❡ t❤✐r❞ P■❉ ❜❡✐♥❣ ❛ s✐♥❡
s❤✐❢t❡❞ ❜② θ r❡❧❛t✐✈❡ t♦ t❤❡ ❆❈ s✐❣♥❛❧✳ ❚❤✉s s❡tt✐♥❣ θ = 0 ❧❡❛❞s t♦ ♣✉r❡ ❆❈ ❧♦❝❦✲
✐♥❣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❧♦❝❦✐♥❣ t♦ t❤❡ sq✉❡❡③❡❞ q✉❛❞r❛t✉r❡✱ ✇❤✐❧❡ θ = 90o ❧❡❛❞s t♦
♣✉r❡ ❉❈ ❧♦❝❦✐♥❣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❧♦❝❦✐♥❣ t♦ t❤❡ ❛♥t✐✲sq✉❡❡③✐♥❣ q✉❛❞r❛t✉r❡✳ ❚❤❡
❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠❡t❤♦❞ ✐s t❤❛t ✐t ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ❛ s✐♥❣❧❡ ❘P ❜♦❛r❞✱
✇❤✐❧❡ t❤❡ ❞♦✇♥s✐❞❡ ✐s t❤❛t ✐t r❡q✉✐r❡s ♣r❡❝✐s❡ ❝❛❧✐❜r❛t✐♦♥ ♦❢ t❤❡ ❡rr♦r s✐❣♥❛❧s t♦
❧♦❝❦ t♦ t❤❡ ❝♦rr❡❝t ✐♥t❡r♠❡❞✐❛t❡ ♣❤❛s❡✳ ■❢ ❡✐t❤❡r t❤❡ ♣✉♠♣✱ ♣r♦❜❡ ♦r ▲❖ ♣♦✇❡r
✐s ❝❤❛♥❣❡❞ t❤❡ ❧♦❝❦✐♥❣ ♣❛r❛♠❡t❡rs ❛❧s♦ ❤❛✈❡ t♦ ❜❡ r❡♦♣t✐♠✐③❡❞✳ ❋♦rt✉♥❛t❡❧②✱
t❤❛♥❦s t♦ P②❘P▲✱ ♠♦st ♦❢ t❤❡ ❝❛❧✐❜r❛t✐♦♥ ❝❛♥ ❜❡ ❛✉t♦♠❛t✐③❡❞✳

✸✳✹✳✸ ❙❛♠♣❧❡✲❤♦❧❞ s❝❤❡♠❡

❲❤❡♥ r✉♥♥✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t ✇❡ ✉s❡ ❛ s❛♠♣❧❡✲❤♦❧❞ s❝❤❡♠❡✱ ✇❤❡r❡ ✜rst ❛❧❧ ❧♦❝❦✲
✐♥❣ ❜❡❛♠s ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ❢❡❡❞❜❛❝❦s ❛r❡ ❛❝t✐✈❡ ❞✉r✐♥❣ ❛ s❛♠♣❧❡ ♣❡r✐♦❞ ❛♥❞ t❤❡♥
t✉r♥❡❞ ♦✛ ❛♥❞ ❤❡❧❞ ❝♦♥st❛♥t ❞✉r✐♥❣ ❛ ❤♦❧❞ ♣❡r✐♦❞✱ ✇❤❡r❡ ♠❡❛s✉r❡♠❡♥t ❞❛t❛ ✐s
❝♦❧❧❡❝t❡❞✳ ❲❤❡♥ r✉♥♥✐♥❣ t❤❡ ♥♦♥✲●❛✉ss✐❛♥ ❡①♣❡r✐♠❡♥t ✇❡ ✉s❡ ❛ s❛♠♣❧❡✲❤♦❧❞
♣❡r✐♦❞ ♦❢ 10 ♠s✱ ✇❤❡r❡ t❤❡ ❧♦❝❦✐♥❣ ❜❡❛♠s ❛r❡ ♦♥ ❢♦r 7 ♠s✱ ❢♦❧❧♦✇❡❞ ❜② ❛ 0.3 ♠s
❞❡❛❞ t✐♠❡ ❜❡❢♦r❡ AOM3✱ ✐♥ t❤❡ tr✐❣❣❡r ❝❤❛♥♥❡❧ ❜❧♦❝❦✐♥❣ t❤❡ ❙❙P❉✱ ✐s ♦♣❡♥❡❞
❢♦r 2.5 ♠s ❛♥❞ ❞❛t❛ ✐s ❝♦❧❧❡❝t❡❞ ❢♦❧❧♦✇❡❞ ❜② ❛♥♦t❤❡r 0.2 ♠s ❞❡❛❞ t✐♠❡✳ ❚❤❡
s❝❤❡♠❡ ✐s ♦✉t❧✐♥❡❞ ✐♥ ✜❣✳ ✸✳✷✵✳

❯s✐♥❣ P❉❍ ❛♥❞ ❆❈ ❧♦❝❦✐♥❣ s❝❤❡♠❡s ❛♥❞ ❛♥ ♦♥✴♦✛ s✇✐t❝❤✐♥❣ ♦❢ t❤❡ ❧♦❝❦✐♥❣
❜❡❛♠s ❢❛st❡r t❤❛♥ t❤❡ ❞r✐❢t ❛♥❞ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❧♦❝❦s✱ ✐t ✐s ✐♥ ♣r✐♥❝✐♣❧❡ ♥♦t
♥❡❝❡ss❛r② t♦ ♠♦❞✐❢② t❤❡ ❧♦❝❦s ❛s t❤❡② ✇✐❧❧ ♥♦t ✧s❡❡✧ t❤❛t t❤❡ ❡rr♦r s✐❣♥❛❧ ✐s
t✉r♥❡❞ ♦♥ ❛♥❞ ♦✛✳ ❇✉t s✐♥❝❡ ✇❡ ❛r❡ ✉s✐♥❣ r❛t❤❡r s❧♦✇ 100 ❍③ ❝❤♦♣♣✐♥❣ ✇✐t❤
❛ 3 ♠s ❤♦❧❞ t✐♠❡✱ ✇❡ ♠♦❞✐❢② t❤❡ P②❘P▲ ❋P●❆ ❝♦❞❡ ✐♥ t✇♦ ✇❛②s t♦ ❛❝❝♦♠✲
♠♦❞❛t❡❀ ✭✶✮ ✇❤❡♥ t❤❡ s❛♠♣❧❡ s✐❣♥❛❧✱ ❣✐✈❡♥ t♦ t❤❡ ❘P t❤r♦✉❣❤ t❤❡ ❡①t❡♥s✐♦♥
❝♦♥♥❡❝t♦rs✱ ✐s ❧♦✇ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧♦❝❦ ❜❡❛♠s ❜❡✐♥❣ ♦✛✱ t❤❡ ✐♥♣✉t ✈❛❧✉❡ ♦❢
t❤❡ P■❉s ✐s s❡t t♦ ✵ s♦ t❤❛t t❤❡② ❦❡❡♣ ❛ ❝♦♥st❛♥t ♦✉t♣✉t ✈❛❧✉❡ ❛♥❞ ✭✷✮ ✇❤❡♥ t❤❡
s❛♠♣❧❡ s✐❣♥❛❧ ✐s ❤✐❣❤ ❛❣❛✐♥ t❤❡r❡ ✐s ❛ 1.05 ♠s ❞❡❧❛② ✉♥t✐❧ t❤❡ P■❉ ♦✉t♣✉t ✈❛❧✉❡ ✐s
✉♣❞❛t❡❞✱ ❡♥s✉r✐♥❣ t❤❡ ❡rr♦r s✐❣♥❛❧ ❤❛s t✐♠❡ t♦ ❜✉✐❧❞ ✉♣ ❛♥❞ ♥♦t ❝❛✉s❡ ❛ s✉❞❞❡♥
❥✉♠♣ ♦❢ t❤❡ ❧♦❝❦ ❞✉❡ t♦ ❞r✐❢ts ❞✉r✐♥❣ t❤❡ ❤♦❧❞ ♣❡r✐♦❞✳ ❚❤❡ 1.05 ♠s ❝♦rr❡s♣♦♥❞s



✸✳✹ ❊①♣❡r✐♠❡♥t❛❧ ❝♦♥tr♦❧ ✻✾

t♦ t❤❡ t✐♠❡ ♥❡❡❞❡❞ ✇❤❡♥ ❛ 1 ❦❍③ ▲P❋ ♦❢ t❤❡ ❡rr♦r s✐❣♥❛❧ ✐s ✉s❡❞✳ ❚❤❡ s✐❣♥❛❧s
✉s❡❞ t♦ ❞r✐✈❡ t❤❡ s❛♠♣❧❡✲❤♦❧❞ s❝❤❡♠❡ ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❛ ✷✲❝❤❛♥♥❡❧ ❋●✱ s❤♦✇♥
✐♥ ✜❣✳ ✸✳✷✶✳ ❍❡r❡ ❝❤❛♥♥❡❧ ✶ ✐s t❤❡ s❛♠♣❧❡ s✐❣♥❛❧ ✭100 ❍③ 70% ❞✉t② ❝②❝❧❡ sq✉❛r❡
✇❛✈❡✮ ❛♥❞ ✐s ❣✐✈❡♥ t♦ t❤❡ ❘Ps ❛♥❞ ❞✉❛❧ ❞r✐✈❡r ♦❢ t❤❡ ❜❡❛♠ ❝❤♦♣♣✐♥❣ ❆❖▼s ❛♥❞
❝❤❛♥♥❡❧ ✷ ✐s t❤❡ ❤♦❧❞ s✐❣♥❛❧ ✭100 ❍③ 25% ❞✉t② ❝②❝❧❡ sq✉❛r❡ ✇❛✈❡✮ ❛♥❞ ✐s ❣✐✈❡♥
t♦ t❤❡ ❙❙P❉ ❆❖▼ ❛♥❞ t❤❡ ❉❙❖ ❛s t❤❡ q✉❛❧✐✜❡❞ tr✐❣❣❡r ❢♦r ✇❤❡♥ t♦ tr✐❣❣❡r ♦♥
❙❙P❉ ❝❧✐❝❦s✳

6.0 ms

Sample Hold

2.5 ms

0.2 ms 0.3 ms

0 V

Trigger signals

Subtracted photon clicksClicks from scattered lock and probe beam light

-1.5 V

1.05 ms

PID
delay

❋✐❣✉r❡ ✸✳✷✵✿ ❚❤❡ s❛♠♣❧❡✲❤♦❧❞ s❝❤❡♠❡✳ ❲❤❡♥ s❛♠♣❧❡ ✐s ❤✐❣❤ ❧♦❝❦ ❜❡❛♠s ❛♥❞
❢❡❡❞❜❛❝❦s ❛r❡ ♦♥✱ ✇❤❡♥ s❛♠♣❧❡ ✐s ❧♦✇ ❧♦❝❦ ❜❡❛♠s ❛r❡ ♦✛ ❛♥❞ ❢❡❡❞❜❛❝❦s ❦❡♣t
❝♦♥st❛♥t✳ ❲❤❡♥ ❤♦❧❞ ✐s ❤✐❣❤ t❤❡ ❙❙P❉ ✐s ♦♣❡♥ ❛♥❞ t❤❡ ❉❙❖ tr✐❣❣❡r❡❞ ♦♥ t❤❡
❙❙P❉ ❝❧✐❝❦s✳ ❚❤❡ ❤✐❣❤ ❝♦✉♥t r❛t❡ ❞✉r✐♥❣ t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞ ✐s ❞✉❡ t♦ str♦♥❣ ❧♦❝❦
❜❡❛♠s s❝❛tt❡r✐♥❣ t❤r♦✉❣❤ t❤❡ ❙❙P❉ ❆❖▼✱ ❡✈❡♥ ✇❤❡♥ ✐t ✐s ♦✛✳

D mod

Gate

FG
A mod

D mod

PID trig

trigger

Dual 

driver

Fixed

driver
AOM3

AOM1

AOM2
100 Hz

100 Hz

Vdc

Vac

TIA
100 Hz

High QE 
diodes

a.			HD	detector
b.			Sample-hold	
							signals

❋✐❣✉r❡ ✸✳✷✶✿ ✭❛✮ ❙✐♠♣❧✐✜❡❞ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r ❝✐r❝✉✐t✳ ❆ tr❛♥s✲✐♠♣❡❞❛♥❝❡
❛♠♣❧✐✜❡r ✭❚■❆✮ st❛❣❡ ❝♦♥✈❡rts t❤❡ s✉❜tr❛❝t❡❞ ♣❤♦t♦❝✉rr❡♥t ♦❢ t❤❡ t✇♦ ❞✐♦❞❡s
t♦ ❛ ✈♦❧t❛❣❡✱ ✇❤✐❝❤ ✐s t❤❡♥ s♣❧✐t ✐♥t♦ ❛ ❉❈ ❛♥❞ ❆❈ ❛r♠✳ ❚❤❡ ❆❈ ❛r♠ ✐s ❤✐❣❤✲
♣❛ss ✜❧t❡r❡❞ ❛t 100 ❍③ t♦ r❡♠♦✈❡ ❛♥② t❡❝❤♥✐❝❛❧ ❉❈ ♥♦✐s❡✳ ✭❜✮ ❖✈❡r✈✐❡✇ ♦❢ t❤❡
s✐❣♥❛❧s ✉s❡❞ t♦ ❞r✐✈❡ t❤❡ s❛♠♣❧❡✲❤♦❧❞ s❝❤❡♠❡✳ ❈❤❛♥♥❡❧ ✶ ✐s t❤❡ s❛♠♣❧❡ s✐❣♥❛❧
❛♥❞ ❝❤❛♥♥❡❧ ✷ ✐s t❤❡ ❤♦❧❞ s✐❣♥❛❧✳ ❚❤❡ ❆ ♠♦❞ s✐❣♥❛❧ ♦❢ t❤❡ ❞✉❛❧ ❞r✐✈❡r ✐s ❛♠♣❧✐✜❡❞
t♦ ❜❡ 0− 10 ❱ ❛♥❞ t❤❡ ❣❛t❡ s✐❣♥❛❧ ♦❢ t❤❡ ✜①❡❞ ❞r✐✈❡r ✐s ❧❡❢t ✢♦❛t✐♥❣✳



✼✵ ❊①♣❡r✐♠❡♥t❛❧ ▼❡t❤♦❞s



❈❤❛♣t❡r ✹

◆♦♥✲●❛✉ss✐❛♥ ❙t❛t❡

❚r❛♥s♠✐ss✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r t❤❡ ❞❛t❛ ❝♦❧❧❡❝t❡❞ ❢r♦♠ t❤❡ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ tr❛♥s♠✐ss✐♦♥
♣r♦❥❡❝t ✇✐❧❧ ❜❡ ❛♥❛❧②s❡❞ ❛♥❞ t❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts ❝♦♠♣❛r❡❞ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧
♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✐♥ s❡❝✳ ✷✳✸✳✷✳ ❚❤❡ ❞❛t❛ ♣r❡s❡♥t❡❞ ✇✐❧❧ t❤❡ ❜❡st ♦❜t❛✐♥❡❞ ❢r♦♠
t❤r❡❡ ❞✐✛❡r❡♥t ❡①♣❡r✐♠❡♥t❛❧ ❝♦♥✜❣✉r❛t✐♦♥s✳ ■♥ ❝♦♥✜❣✉r❛t✐♦♥ ✭✶✮ t❤❡ ❤♦♠♦❞②♥❡
st❛❣❡ ✇❛s ♣❧❛❝❡❞ ✐♥ ❧❛❜ ❆ ♦♥ t❤❡ s❛♠❡ ♦♣t✐❝❛❧ t❛❜❧❡ ❛s t❤❡ sq✉❡❡③❡❞ ❧✐❣❤t ❣❡♥✲
❡r❛t✐♦♥ st❛❣❡✱ ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ✭✷✮ t❤❡ ♣♦rt❛❜❧❡ ❤♦♠♦❞②♥❡ st❛t✐♦♥ ✇❛s ♣❧❛❝❡❞ ✐♥
❛ s❡♣❛r❛t❡ ❛❞❥❛❝❡♥t ❧❛❜♦r❛t♦r② ✭❧❛❜ ❇✮ ❛♥❞ ✐♥ ❝♦♥✜❣✉r❛t✐♦♥ ✭✸✮ t❤❡ st❛t✐♦♥ ✇❛s
♣❧❛❝❡❞ ✐♥ ❛ ❝♦♠♣❧❡t❡❧② s❡♣❛r❛t❡ ❜✉✐❧❞✐♥❣ ✭❧❛❜ ❈✮✳ ❚❤❡ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s ♦❢ t❤❡
❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ s❡❝✳ ✸✳✸✳✷✳ ❋♦r ❛❧❧ ❝♦♥✜❣✉r❛t✐♦♥s t❤❡ ❞❛t❛ s❡ts ②✐❡❧❞✲
✐♥❣ t❤❡ ❜❡st r❡s✉❧ts✱ ♥❛♠❡❧② t❤❡ ❧♦✇❡st ♦❜t❛✐♥❡❞ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✱ ❛r❡ ✉s❡❞ ❢♦r
t❤❡ ❛♥❛❧②s✐s✳

✹✳✶ ❊①♣❡r✐♠❡♥t❛❧ r✉♥ ❛♥❞ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥

❲❤❡♥ r✉♥♥✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t ♦✉r ❛✐♠ ✐s t♦ ♣r♦❞✉❝❡ ♣❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞
✈❛❝✉✉♠ st❛t❡s ❛♥❞ s✉❜s❡q✉❡♥t❧② ✈❡r✐❢② t❤❡ q✉❛❧✐t② ♦❢ t❤♦s❡ st❛t❡s✳ ❚♦ t❤✐s ❡♥❞ ✇❡
✇✐❧❧ ❡♠♣❧♦② q✉❛♥t✉♠ st❛t❡ t♦♠♦❣r❛♣❤② ✉s✐♥❣ ❞❛t❛ ❝♦❧❧❡❝t❡❞ ✈✐❛ ❤♦♠♦❞②♥❡ ♠❡❛✲
s✉r❡♠❡♥t ✐♥ ♦r❞❡r t♦ r❡❝♦♥str✉❝t t❤❡ ❞❡♥s✐t② ♠❛tr✐① ❛♥❞ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡



✼✷ ◆♦♥✲●❛✉ss✐❛♥ ❙t❛t❡ ❚r❛♥s♠✐ss✐♦♥

❣❡♥❡r❛t❡❞ st❛t❡✳ ❚❤❡ ♥❡❣❛t✐✈✐t② ♦❢ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ✇✐❧❧ ❜❡ ♦✉r ❜❡♥❝❤♠❛r❦
❢♦r t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♦✉r ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣✳ ■♥ ♦r❞❡r ❢♦r t❤❡ t♦♠♦❣r❛♣❤✐❝
r❡❝♦♥str✉❝t✐♦♥ t♦ ❜❡ s✉❝❝❡ss❢✉❧ ✇❡ ✇✐❧❧ ♥❡❡❞ ❜♦t❤ s✉✣❝✐❡♥t ❛③✐♠✉t❤❛❧ r❡s♦❧✉✲
t✐♦♥ ❛♥❞ st❛t✐st✐❝s ♦❢ t❤❡ ♠❡❛s✉r❡s st❛t❡✳ ❇❛s❡❞ ♦♥ t❤❡ ❛♥❛❧②s✐s ♦❢ s❡❝✳ ✷✳✺✱ ✇❡
❝❤♦♦s❡ t♦ ❝♦❧❧❡❝t ✺✵✵✵ tr❛❝❡s ❛t ❡❛❝❤ ♦❢ s✐① ❡q✉❛❧❧② s❡♣❛r❛t❡❞ ❛♥❣❧❡s❀ 0o✱ 30o✱
60o✱ 90o✱ 120o✱ 150o✳ ❙✐♥❝❡ t❤❡ ♣❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ st❛t❡ ✐s
π✲s②♠♠❡tr✐❝❛❧✱ ♦♥❧② ❞❛t❛ ❜❡t✇❡❡♥ 0o ❛♥❞ 180o ♥❡❡❞s t♦ ❜❡ ❝♦❧❧❡❝t❡❞✳ ❋r♦♠ t❤❡
♠♦❞❡❧ ✇❡ ❡①♣❡❝t t❤❡ t❡♠♣♦r❛❧ ♠♦❞❡ ♦❢ t❤❡ ♣❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠
st❛t❡ t♦ ❡①t❡♥❞ r♦✉❣❤❧② 60 ♥s ✐♥ t✐♠❡✱ ❛♥❞ t❤❡r❡❢♦r❡ ❝❤♦♦s❡ ❛ tr❛❝❡ ❧❡♥❣t❤ ♦❢
1 µs ✇✐t❤ ❛ s❛♠♣❧✐♥❣ r❛t❡ ♦❢ 500 ▼❙✴s✱ ❣✐✈✐♥❣ ❛ t✐♠❡ r❡s♦❧✉t✐♦♥ ♦❢ 2 ♥s✳ ❙❛✈✐♥❣
❛ ❧♦♥❣ ❡♥♦✉❣❤ t✐♠❡ tr❛❝❡s ✐s ❜❡♥❡✜❝✐❛❧ ❢♦r t✇♦ r❡❛s♦♥s❀ ✜rst❧② t❤❡ tr❛❝❡ ❤❛s t♦
❜❡ ❧♦♥❣ ❡♥♦✉❣❤ t♦ ❡♥❝♦♠♣❛ss ❛♥② ♣♦t❡♥t✐❛❧ t✐♠✐♥❣ ❞❡❧❛② ❜❡t✇❡❡♥ t❤❡ ❙❙P❉
tr✐❣❣❡r s✐❣♥❛❧ ❛♥❞ ❤♦♠♦❞②♥❡ ♣❤♦t♦❝✉rr❡♥t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t❡♠♣♦r❛❧ ♠♦❞❡
r❡❛❝❤✐♥❣ t❤❡ ♦s❝✐❧❧♦s❝♦♣❡ ❛♥❞ s❡❝♦♥❞❧② ✐t ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❡①tr❛❝t ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t t❤❡ ✉♥❝♦♥❞✐t✐♦♥❡❞ sq✉❡❡③❡❞ st❛t❡ ❛✇❛② ❢r♦♠ t❤❡ s✐❣♥❛❧ t❡♠♣♦r❛❧ ♠♦❞❡✳
❚❤❡ ❡①♣❡r✐♠❡♥t ✐s r✉♥ ✉s✐♥❣ t❤❡ s❡t✉♣ ✐♥ ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛✳ ✸✳ ❘✉♥♥✐♥❣ t❤❡
❡①♣❡r✐♠❡♥t ❝♦♥s✐sts ♦❢✿

✶✳ ▲♦❝❦ ❙❍●✱ ❖P❖ ❛♥❞ ❋❈ ❝❛✈✐t✐❡s ❛♥❞ t❤❡♥ ❧♦❝❦ t❤❡ ♣❛r❛♠❡tr✐❝ ❣❛✐♥ t♦
❞❡❛♠♣❧✐✜❝❛t✐♦♥ ❛s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝✳ ✸✳✹✳✷✳

✷✳ ❙❡t t❤❡ ❖P❖ ♣✉♠♣ ❜❡❛♠ ♣♦✇❡r ❛♥❞ tr❛♥s♠✐tt❛♥❝❡ ♦❢ t❤❡ t❛♣♣✐♥❣ ❜❡❛♠✲
s♣❧✐tt❡r ✭3%✮✳

✸✳ ❊♥❣❛❣❡ t❤❡ s❛♠♣❧❡✲❤♦❧❞ s❝❤❡♠❡ ✐♥ ❧❛❜ ❆✳ ❋♦r ❝♦♥✜❣✉r❛t✐♦♥ ✭✷✮ ❛♥❞ ✭✸✮
s②♥❝❤r♦♥✐③❡ t❤❡ ❧♦❝❛❧❧② ❣❡♥❡r❛t❡❞ s❛♠♣❧❡✲❤♦❧❞ s✐❣♥❛❧ t♦ t❤❡ ❧❛❜ ❆ s✐❣♥❛❧
✉s✐♥❣ t❤❡ ❙❙P❉ tr✐❣❣❡r s✐❣♥❛❧s ❛s r❡❢❡r❡♥❝❡✳

✹✳ ❙❡t t❤❡ ❍❉ ❉❈ s✐❣♥❛❧ t♦ ③❡r♦ ♦✛s❡t ❜② ❛tt❡♥✉❛t✐♦♥ ❛♥❞ ❝❛❧✐❜r❛t❡ t❤❡
❤♦♠♦❞②♥❡ ❆❈✴❉❈ ❧♦❝❦ ❛s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝✳ ✸✳✹✳✷✳

✺✳ ❚r✐❣❣❡r t❤❡ ♦s❝✐❧❧♦s❝♦♣❡ ✇✐t❤ t❤❡ ❙❙P❉ ❝❧✐❝❦s ✉s✐♥❣ t❤❡ ❤♦❧❞ s✐❣♥❛❧ ❛s ❛
q✉❛❧✐✜❡r ❛♥❞ s❡t t❤❡ ♦s❝✐❧❧♦s❝♦♣❡ t♦ r❡❝♦r❞ ❛ s❡q✉❡♥❝❡ ♦❢ t✐♠❡ tr❛❝❡s✳

✻✳ ❋♦r ❡❛❝❤ ❞❡s✐r❡❞ ♣❤❛s❡ ❛♥❣❧❡ ❧♦❝❦ t❤❡ ▲❖ ♣❤❛s❡ ❛♥❞ r❡❝♦r❞ ❛ ♠❡❛s✉r❡♠❡♥t
s❡q✉❡♥❝❡s✳

✼✳ ❇❧♦❝❦ t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧ ❛♥❞ r❡❝♦r❞ ❛ s❤♦t ♥♦✐s❡ s❡q✉❡♥❝❡✳

✽✳ ❇❧♦❝❦ t❤❡ ▲❖ ❛♥❞ r❡❝♦r❞ ❛♥ ❡❧❡❝tr♦♥✐❝ ♥♦✐s❡ s❡q✉❡♥❝❡✳

✾✳ ❇❧♦❝❦ t❤❡ ❖P❖ ♣✉♠♣ ❜❡❛♠ ❛♥❞ ♥♦t❡ ❞♦✇♥ t❤❡ ❙❙P❉ ❢❛❦❡ ❝♦✉♥ts✳

❇❡❢♦r❡ r✉♥♥✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t ♦t❤❡r ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s❡t✉♣ s❤♦✉❧❞ ❛❧s♦ ❜❡
❝❤❡❝❦❡❞ ❛♥❞ ♦♣t✐♠✐③❡❞ ✐❢ ♥❡❝❡ss❛r②✳ ❚②♣✐❝❛❧❧② t❤✐s ✐♥❝❧✉❞❡s t❤❡ ❖P❖ t❤r❡s❤♦❧❞



✹✳✷ ❉❛t❛ ❛♥❛❧②s✐s ✼✸

✭♦♣t✐♠✐③❡❞ t❤r♦✉❣❤ ♣✉♠♣ ❜❡❛♠ ❛❧✐❣♥♠❡♥t ❛♥❞ ❝r②st❛❧ ♣♦s✐t✐♦♥ ❛♥❞ t❡♠♣❡r❛✲
t✉r❡✮✱ ✜❜❡r ❝♦✉♣❧✐♥❣ t♦ t❤❡ s✐❣♥❛❧ ●❘■◆ ❧❡♥s✱ ▲❖ ♣♦❧❛r✐③❛t✐♦♥ ❢♦r ❍❉ ✐♥t❡r❢❡r✲
❡♥❝❡✱ ●❘■◆ ❧❡♥s ❝♦✉♣❧✐♥❣ t♦ t❤❡ ❍❉ ❞✐♦❞❡s✱ s❤✐❡❧❞✐♥❣ ♣♦s✐t✐♦♥ t♦ r❡❞✉❝❡ ❙❙P❉
❢❛❦❡ ❝♦✉♥ts ❛s ✇❡❧❧ ❛s ❧♦❝❦✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ ❝❛✈✐t② ❛♥❞ ♣❤❛s❡ ❧♦❝❦s✳

✹✳✷ ❉❛t❛ ❛♥❛❧②s✐s

❚❤❡ ❞❛t❛ ❛♥❛❧②s✐s ❝♦♥s✐sts ♦❢ t❤r❡❡ ♠❛✐♥ st❡♣s✳ ❋✐rst❧② ✇❡ ✉s❡ t❤❡ ♣♦rt✐♦♥ ♦❢ t❤❡
t✐♠❡ tr❛❝❡s ❛✇❛② ❢r♦♠ t❤❡ s✐❣♥❛❧ t❡♠♣♦r❛❧ ♠♦❞❡ t♦ ❝♦♠♣✉t❡ ♣♦✇❡r s♣❡❝tr✉♠
♦❢ t❤❡ q✉❛❞r❛t✉r❡ ✢✉❝t✉❛t✐♦♥s ❛t t❤❡ ❞✐✛❡r❡♥t ♠❡❛s✉r❡♠❡♥t ❛♥❣❧❡s ♦❢ t❤❡ ✉♥✲
❝♦♥❞✐t✐♦♥❡❞ ✧❜❛❝❦❣r♦✉♥❞✧ sq✉❡❡③❡❞ ✈❛❝✉✉♠✳ ❇② ♥♦r♠❛❧✐③✐♥❣ t♦ t❤❡ s❤♦t ♥♦✐s❡
s♣❡❝tr✉♠ ✇❡ ❝❛♥ t❤❡♥ ♣❡r❢♦r♠ ❝✉r✈❡ ✜tt✐♥❣ ✉s✐♥❣ t❤❡ ♣♦✇❡r s♣❡❝tr❛❧ ❞❡♥s✐t②
❢♦r♠✉❧❛ ✷✳✸✶ t♦ ❝❤❡❝❦ ✐❢ t❤❡ ✜tt❡❞ ♣❛r❛♠❡t❡rs ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♠❡❛s✉r❡♠❡♥t
s❡tt✐♥❣s✳ ❙❡❝♦♥❞❧② ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ s❤❛♣❡ ♦❢ t❤❡ t❡♠♣♦r❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤
✇❡ ✇✐❧❧ ✉s❡ t♦ ❡①tr❛❝t t❤❡ q✉❛❞r❛t✉r❡ ✈❛❧✉❡s ❢r♦♠ ♦✉r t✐♠❡ tr❛❝❡s✳ ❊❛❝❤ t✐♠❡
tr❛❝❡ r❡s✉❧ts ✐♥ ❛ s✐♥❣✉❧❛r ✈❛❧✉❡ ❛♥❞ s♦ ❢♦r ❡❛❝❤ ♠❡❛s✉r❡♠❡♥t ❛♥❣❧❡ ✇❡ ❜✉✐❧❞ ❛
❞✐str✐❜✉t✐♦♥ ♦❢ q✉❛❞r❛t✉r❡ ✈❛❧✉❡s✳ ❋✐♥❛❧❧② ✇❡ ❡♠♣❧♦② t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞
❛❧❣♦r✐t❤♠✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ s❡❝✳ ✷✳✺✱ ♦♥ ♦✉r s❡t ♦❢ ❞✐str✐❜✉t✐♦♥s ✐♥ ♦r❞❡r t♦ r❡✲
❝♦♥str✉❝t t❤❡ ❞❡♥s✐t② ♠❛tr✐① ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ q✉❛♥t✉♠ st❛t❡ ♠♦st ❧✐❦❡❧② t♦
❤❛✈❡ ♣r♦❞✉❝❡❞ t❤♦s❡ ❡①❛❝t st❛t✐st✐❝s✳ ❋r♦♠ t❤❡ r❡s✉❧t✐♥❣ ❞❡♥s✐t② ♠❛tr✐① ✇❡ ❝❛♥
t❤❡♥ ❞✐r❡❝t❧② ✉s❡ ❡q✳ ✷✳✶✵ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ st❛t❡s ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ❛♥❞ ✭❤♦♣❡✲
❢✉❧❧②✦✮ ❝♦♥✜r♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✳ ❚❤❡ r❡❝♦♥str✉❝t❡❞ ❲✐❣♥❡r
❢✉♥❝t✐♦♥ ❛❧s♦ s❡r✈❡s ❛s ❛♥ ✐❧❧✉♠✐♥❛t✐♥❣ ♣♦✐♥t ♦❢ ❝♦♠♣❛r✐s♦♥ t♦ ♦✉r t❤❡♦r❡t✐❝❛❧
♠♦❞❡❧✳

✹✳✷✳✶ ❋✐tt✐♥❣ ♦❢ ✉♥❝♦♥❞✐t✐♦♥❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠

❇❡❢♦r❡ ❝♦♠♣✉t✐♥❣ t❤❡ ♣♦✇❡r s♣❡❝tr✉♠s ✇❡ ♥❡❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡
♣❤♦t♦♥ s✉❜tr❛❝t✐♦♥ ❡✈❡♥t ✇✐t❤✐♥ t❤❡ t✐♠❡ tr❛❝❡s✳ ❲❡ ✜♥❞ t❤❡ ❡✈❡♥t ❜② ❝♦♠♣✉t✐♥❣
t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t q✉❛❞r❛t✉r❡ ✈❛r✐❛♥❝❡

〈

∆q̂θ(t)
2
〉

♦❢ t❤❡ tr❛❝❡s ❧♦❝❦❡❞ t♦ t❤❡
x̂ ❛♥❞ p̂ q✉❛❞r❛t✉r❡✱ ❛s ✇❡ ❡①♣❡❝t t❤❡ ♥♦✐s❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♣❤♦t♦♥ s✉❜tr❛❝t❡❞
st❛t❡ t♦ ❜❡ ❧❛r❣❡r t❤❛♥ t❤❡ s✉rr♦✉♥❞✐♥❣ sq✉❡❡③❡❞ ✈❛❝✉✉♠✳ ❚❤✐s ✐s s❤♦✇♥ ✐♥
✜❣✳ ✹✳✶✱ ✇❤❡r❡ ✇❡ ❝❧❡❛r❧② s❡❡ ❛ ❧❛r❣❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♥♦✐s❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❛♥t✐✲
sq✉❡❡③❡❞ tr❛❝❡ ❛s ✇❡❧❧ ❛s ❛ ♠✐♥♦r ✐♥❝r❡❛s❡ ✐♥ t❤❡ sq✉❡❡③❡❞ ♥♦✐s❡ ✈❛r✐❛♥❝❡✳ ❚❤❡
♥❡❣❛t✐✈❡ ♦✛s❡t ♦❢ t❤❡ ♣❡❛❦ r❡❧❛t✐✈❡ t♦ t❤❡ ♦s❝✐❧❧♦s❝♦♣❡ tr✐❣❣❡r t✐♠❡ ✭t = 0✮ ✐s
❞✉❡ t♦ t❤❡ t✐♠✐♥❣ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛rr✐✈❛❧ ♦❢ t❤❡ ❤♦♠♦❞②♥❡ ♣❤♦t♦❝✉rr❡♥t
♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ st❛t❡ ❛♥❞ t❤❡ ❡❧❡❝tr✐❝❛❧ tr✐❣❣❡r s✐❣♥❛❧ ❢r♦♠ ❙❙P❉ ❡❧❡❝tr♦♥✐❝s✳
❚❤❡ s❤❛♣❡ ♦❢ t❤❡ ♣❡❛❦ ❛❧s♦ r❡✈❡❛❧s s♦♠❡ ❤✐♥ts ❛❜♦✉t t❤❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥
t❤❡ s✐❣♥❛❧ ❛♥❞ tr✐❣❣❡r ✜❡❧❞s ❛♥❞✱ ❛s ✇❡ s❤❛❧❧ s❡❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ❝❛♥ s❡r✈❡



✼✹ ◆♦♥✲●❛✉ss✐❛♥ ❙t❛t❡ ❚r❛♥s♠✐ss✐♦♥

❛s ❛ ❣✉✐❞❡ t♦ ❞❡t❡r♠✐♥✐♥❣ ❛ s✉✐t❛❜❧❡ t❡♠♣♦r❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥✳
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: x(t)x(t ′) :

400 200 0 200 400
Time: t [ns]

: p(t)p(t ′) :
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❋✐❣✉r❡ ✹✳✶✿ ✭❧❡❢t✮ ◆♦✐s❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✈❛❝✉✉♠✱ sq✉❡❡③✐♥❣ ❛♥❞ ❛♥t✐✲sq✉❡❡③✐♥❣
tr❛❝❡s ♦❢ t❤❡ D2 ❞❛t❛ s❡t✳ ❚❤❡ ❧❛r❣❡ ♣❡❛❦ ✐♥ t❤❡ ❛♥t✐✲sq✉❡❡③✐♥❣ tr❛❝❡ ❛t −192 ♥s
✐♥❞✐❝❛t❡s t❤❡ ♣❤♦t♦♥ s✉❜tr❛❝t✐♦♥ ❡✈❡♥t✳ ✭r✐❣❤t✮ ❋✉❧❧ ♥♦r♠❛❧ ♦r❞❡r❡❞ ❛✉t♦❝♦✲
✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ♦❢ t❤❡ sq✉❡❡③❡❞ ❛♥❞ ❛♥t✐✲sq✉❡❡③❡❞ q✉❛❞r❛t✉r❡✱ ❝❛❧❝✉❧❛t❡❞ ❜②
s✉❜tr❛❝t✐♦♥ t❤❡ s❤♦t♥♦✐s❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳

❚❤❡ ✈❛r✐❛♥❝❡ tr❛❝❡s ♦❢ ✹✳✶✭❧❡❢t✮ ❝♦✉❧❞ ❜❡ ♠♦❞❡❧❧❡❞ ❜② t❛❦✐♥❣ t❤❡ ❡①♣❡❝t❛t✐♦♥
✈❛❧✉❡ ♦❢ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ❛ ✜❧t❡r ❢✉♥❝t✐♦♥✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❤♦♠♦❞②♥❡
❞❡t❡❝t♦r ✐♠♣✉❧s❡ r❡s♣♦♥s❡✱ ❛❝r♦ss t❤❡ s✐❣♥❛❧ q✉❛❞r❛t✉r❡ ❝♦rr❡❧❛t✐♦♥s ❛❢t❡r ❝♦♥✲
❞✐t✐♦♥✐♥❣✳ ❲✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ st❛t❡ ❧♦❝❛t❡❞ ✐♥ t❤❡ ✜rst ❤❛❧❢ ♦❢ t❤❡ t✐♠❡ tr❛❝❡s
❛t −192 ♥s r❡❧❛t✐✈❡ t♦ t❤❡ tr✐❣❣❡r t✐♠❡✱ ✇❡ ❝❤♦♦s❡ t♦ ✉s❡ t❤❡ s❡❝♦♥❞ ❤❛❧❢ ♦❢ t❤❡
t✐♠❡ tr❛❝❡s t♦ ❝♦♠♣✉t❡ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♥♦✐s❡ ♣♦✇❡r s♣❡❝tr✉♠✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✐s
❢♦❧❧♦✇❡❞ ❢♦r ❛❧❧ t❤❡ ♣r❡s❡♥t❡❞ ❞❛t❛ s❡ts✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ ❝♦✈❛r✐✲
❛♥❝❡ ♠❛tr✐① ❞❡s❝r✐❜❡s t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ♥♦r♠❛❧ ♦r❞❡r❡❞ q✉❛❞r❛t✉r❡ ✈❛r✐❛♥❝❡
〈: ∆q̂(t)2 :〉 = 〈: q̂(t)q̂(t) :〉✳ ❋r♦♠ ♦✉r ✐♥✐t✐❛❧ t❡st ♦❢ ❛ sq✉❡❡③✐♥❣ ♠❡❛s✉r❡♠❡♥t
✇❡ ❡①♣❡❝t ♦✉r ▲❖ ❧♦❝❦ t♦ s✉✛❡r ❢r♦♠ s♦♠❡ ♣❤❛s❡ ✢✉❝t✉❛t✐♦♥s ❛♥❞ ✐♥❝❧✉❞❡ t❤✐s
✐♥ ♦✉r ♠♦❞❡❧ ♦❢ t❤❡ ♣♦✇❡r s♣❡❝tr✉♠ ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❛❝t✉❛❧ ♣❤❛s❡ ❧♦❝❦✐♥❣
♣♦✐♥t ✐s ❛ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❛ s♠❛❧❧ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ φ ❛♥❞ t❤❛t t❤❡
✢✉❝t✉❛t✐♦♥s ❝❛♥ ❜❡ ❞✐✛❡r❡♥t ❢♦r t❤❡ ❆❈ ❛♥❞ ❉❈ ❧♦❝❦✳ ❋r♦♠ ❬✼✼❪ t❤✐s ❝♦rr❡✲
s♣♦♥❞s t♦ ❛ ♣❤❛s❡ ♦✛s❡t ✐♥ t❤❡ ❧♦❝❦✐♥❣ ❛♥❣❧❡ ♦❢ φ ✇❤❡♥ ❧♦❝❦❡❞ t♦ sq✉❡❡③✐♥❣ ❛♥❞
❛♥t✐sq✉❡❡③✐♥❣✳ ❲❡ t❤❡r❡❢♦r❡ ♠♦❞✐❢② ❡q✳ ✷✳✸✶ t♦ r❡✢❡❝t t❤✐s

S̃(θ) =
[

Sx cos
2 δθac + Sp sin

2 δθdc
]

cos2 θ

+
[

Sp cos
2 δθac + Sx sin

2 δθdc
]

sin2 θ ✭✹✳✶✮

❆s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝✳ ✸✳✹✳✷ t❤❡ ❆❈✴❉❈ ❧♦❝❦✐♥❣ s❝❤❡♠❡ r❡q✉✐r❡s ♣r❡❝✐♦✉s ❝❛❧✐❜r❛✲
t✐♦♥ ♦❢ t❤❡ ❆❈ ❛♥❞ ❉❈ ❡rr♦r s✐❣♥❛❧ ❢♦r t❤❡ ❧♦❝❦✐♥❣ ♣♦✐♥ts ✐♥ ❜❡t✇❡❡♥ 0o ❛♥❞
90o t♦ ❜❡ ❛❝❝✉r❛t❡✳ ❲❡ t❤❡r❡❢♦r❡ ❝❤♦♦s❡ t♦ ✜rst ✜t ♦♥❧② t❤❡ sq✉❡❡③✐♥❣ ❛♥❞ ❛♥✲
t✐sq✉❡❡③✐♥❣ tr❛❝❡s ✉s✐♥❣ ❡q✳ ✹✳✶ t♦ ♦❜t❛✐♥ ❡♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❜❛♥❞✇✐❞t❤✱ ♣✉♠♣
r❛t❡✱ ❡✣❝✐❡♥❝②✱ ❛❝ ❛♥❞ ❞❝ ♣❤❛s❡ ✢✉❝t✉❛t✐♦♥s✳ ❆❢t❡r✇❛r❞s ✇❡ ✉s❡ t❤❡ r❡s✉❧t✐♥❣
✜tt✐♥❣ ♣❛r❛♠❡t❡rs t♦ ✜t ❛ ♣❤❛s❡ ❧♦❝❦✐♥❣ ♦✛s❡t ♦❢ t❤❡ {30o, 60o, 120o, 150o} tr❛❝❡s✳
❚❤❡ r❡s✉❧t ♦❢ t❤✐s ❛♥❛❧②s✐s ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✹✳✷✳
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❋✐❣✉r❡ ✹✳✷✿ P♦✇❡r s♣❡❝tr✉♠ ✜tt✐♥❣ ♦❢ ❜❛❝❦❣r♦✉♥❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ♦❢ ❞❛t❛s❡t
D2 ✭❧❡❢t✮ ❛♥❞ D3 ✭r✐❣❤t✮✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡s ✐♥❞✐❝❛t❡ t❤❡ ❡①♣❡❝t❡❞ ♣♦s✐t✐♦♥ ♦❢ t❤❡
{30o, 60o, 120o, 150o} tr❛❝❡s ❜❛s❡❞ ♦♥ t❤❡ {0o, 90o} ✜t✳ ❚❤❡ ✜tt❡❞ ❧♦❝❦✐♥❣ ❛♥❣❧❡s
♦❢ D2 ❛r❡ s❡❡♥ t♦ ♠❛t❝❤ ✇❡❧❧ ✇✐t❤ t❤❡ ✐♥t❡♥❞❡❞ ❧♦❝❦✐♥❣ ❛♥❣❧❡s✱ ✇❤✐❧❡ t❤❡ D3

✜t s❤♦✇ ❜♦t❤ ❛ s✐❣♥✐✜❝❛♥t ♦✛s❡t ❢r♦♠ t❤❡ ✐♥t❡♥❞❡❞ ❧♦❝❦✐♥❣ ❛♥❣❧❡ ❛♥❞ ❛ ❧❛r❣❡
♠✐s♠❛t❝❤ ❜❡t✇❡❡♥ t❤❡ s②♠♠❡tr✐❝❛❧ ❛♥❣❧❡s✳

■♥ ♦r❞❡r ❢♦r t❤❡ ✜tt✐♥❣ r♦✉t✐♥❡ t♦ ❡st✐♠❛t❡ ✉♥❝❡rt❛✐♥t✐❡s t❤❡ ♣❤❛s❡ ♥♦✐s❡ ♦❢ t❤❡
❉❈ ❧♦❝❦ ✐s ✜①❡❞ t♦ ✵ ❞✉r✐♥❣ t❤❡ ✜t ✭φdc = 0✮✳ ❚❤✐s ✐s ❥✉st✐✜❡❞ ❛s t❤❡ r❡s✉❧t ♦❢
t❤❡ ✜t ✐s ✉♥❝❤❛♥❣❡❞ ❜② ✐♥❝❧✉❞✐♥❣ ✐t ♦r ♥♦t✱ ❛s ✐ts ❡✛❡❝t ✐s ♥❡❣❧✐❣✐❜❧❡ ❝♦♠♣❛r❡❞
t♦ t❤❡ ♣❤❛s❡ ♥♦✐s❡ ♦❢ t❤❡ ❆❈ ❧♦❝❦ φac✳ ❚❤❡ ✜tt✐♥❣ r❡s✉❧ts ❛r❡✿

γ1 = 7.9± 0.2 ▼❍③ γ3 = 7.5± 0.2 ▼❍③

ǫ1 = 0.48± 0.02 γ1 ǫ3 = 0.49± 0.02 γ3

ηs,1 = 0.76± 0.05 ηs,3 = 0.73± 0.05

φac,1 = 4± 3.5o φac,3 = 11± 1.2o ✭✹✳✷✮

❚❤❡ ✉♥❝❡rt❛✐♥t✐❡s ❛r❡ ❡st✐♠❛t❡❞ ❛s t❤❡ 95% ✉♥❝❡rt❛✐♥t② ✐♥t❡r✈❛❧ ❛♥❞ t❤❡ ✜ts
❛r❡ ❣❡♥❡r❛❧❧② s❡❡♥ t♦ ♠❛t❝❤ t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ ✇❡❧❧✳ ❚❤❡ ✉♥❝❡rt❛✐♥t✐❡s ♦❢ t❤❡
✜tt❡❞ ❛♥❣❧❡s ❛r❡ ❛❧❧ ✇✐t❤✐♥ ±1o✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❖P❖ ❜❛♥❞✇✐❞t❤ ❜❡t✇❡❡♥ t❤❡
t✇♦ ♠❡❛s✉r❡♠❡♥t s❡r✐❡s ✐s ❛ r❡s✉❧t ♦❢ t❤❡ ❧❛r❣❡ ♣❤❛s❡ ✢✉❝t✉❛t✐♦♥s✱ ✇❤✐❝❤ ❝❛✉s❡s
t❤❡ ✜tt✐♥❣ r♦✉t✐♥❡ t♦ ❜❡ s❧✐❣❤t❧② ♦✈❡r ♣❛r❛♠❡tr✐③❡❞ ❛s ❞✐s❝✉ss❡❞ ✐♥ s❡❝✳ ✸✳✶✳✹✳
❚❤❡ ✜tt❡❞ ♣✉♠♣ r❛t❡ ❛❣r❡❡s r❡❛s♦♥❛❜❧② ✇❡❧❧ ✇✐t❤ t❤❡ 200 ♠❲ ♦❢ 775 ♥♠ ♣✉♠♣
♣♦✇❡r ✉s❡❞ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ t❤❡ ❡st✐♠❛t❡❞ ❖P❖ t❤r❡s❤♦❧❞ ♦❢ 788 ♠❲✱
❛s
√

200/788 ≈ 0.5✳ ❚❤❡ ✜tt❡❞ ❡✣❝✐❡♥❝✐❡s ❛r❡ ❛❧s♦ ✇✐t❤✐♥ r❛♥❣❡ ♦❢ t❤❡ ❡①♣❡❝t❡❞
❧♦ss✱ ❜❛s❡❞ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❧♦ss ❜✉❞❣❡t ❢r♦♠ s❡❝✳ ✸✳✶✳✹✳ ❇✉t ✐t ✐s ✇♦rt❤
❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t ✇❤❡♥ ✜tt✐♥❣ ✇✐t❤ ❜♦t❤ t❤❡ ❜❛♥❞✇✐❞t❤ γ✱ ♣✉♠♣ r❛t❡ ǫ✱ ❧♦ss
η ❛♥❞ sq✉❡❡③✐♥❣ ♣❤❛s❡ ♥♦✐s❡ φac t❤❡ ✜tt✐♥❣ r♦✉t✐♥❡ ✐s ♦✈❡r ♣❛r❛♠❡tr✐③❡❞ ❛♥❞ s♦
t❤❡ ✜tt✐♥❣ r❡s✉❧t ❝❛♥ ♥♦t ❜❡ tr✉st❡❞ ❛s t❤❡ tr✉❡ ✈❛❧✉❡s ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t✳ ❲❡
t❤❡r❡❢♦r❡ ♦♥❧② ♦♥❧② ♦♥ t❤❡ ♦❜t❛✐♥❡❞ ♥✉♠❜❡rs ❛s r♦✉❣❤ ❡st✐♠❛t❡s ❛♥❞ ❛s ❛ ❝❤❡❝❦
t❤❛t t❤❡ ❛✉t♦♠❛t❡❞ ♠❡❛s✉r❡♠❡♥t ♣r♦❝❡ss ✇❛s ❝❛rr✐❡❞ ♦✉t ❝♦rr❡❝t❧②✳ ❖✉r ♠❛✐♥
t❛❦❡ ❛✇❛② ✐s ❡✳❣✳ t❤❛t t❤❡ ❆❈✴❉❈ ❧♦❝❦ ♦❢ t❤❡ ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥t s❡❡♠ t♦



✼✻ ◆♦♥✲●❛✉ss✐❛♥ ❙t❛t❡ ❚r❛♥s♠✐ss✐♦♥

✇♦r❦ ❝♦rr❡❝t❧② ❢♦r ❝♦♥✜❣✉r❛t✐♦♥ ✭✶✮✱ ✇❤❡r❡ t❤❡ ♠❡❛s✉r❡♠❡♥t ✐s ❞♦♥❡ ♦♥ t❤❡ s❛♠❡
♦♣t✐❝❛❧ t❛❜❧❡ ❛♥❞ ❧♦✇ ♣❤❛s❡ ❞r✐❢ts ♦❢ t❤❡ s✐❣♥❛❧ ❛♥❞ ▲❖ ✐s ❡①♣❡❝t❡❞ ❛♥❞ t❤❛t ❢♦r
❝♦♥✜❣✉r❛t✐♦♥ ✭✷✮ t❤❡ ❝❤❛♥❣❡ ♦❢ ❆❈ ❧♦❝❦✐♥❣ ♠❡❝❤❛♥✐s♠ ❛♥❞ ❛♥ ✐♥❝r❡❛s❡❞ ♣❤❛s❡
❞r✐❢t ❢r♦♠ t❤❡ ❧♦♥❣ ✜❜❡r ❝❤❛♥♥❡❧ ❜❡t✇❡❡♥ t❤❡ t✇♦ r♦♦♠s ❝❛✉s❡ t❤❡ ❆❈✴❉❈ ❧♦❝❦
t♦ ❜❡❝♦♠❡ ✉♥st❛❜❧❡✳

✹✳✷✳✷ ❈❤♦✐❝❡ ♦❢ s✐❣♥❛❧ t❡♠♣♦r❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥

■♥ ♦r❞❡r t♦ ♣❡r❢♦r♠ t❤❡ t♦♠♦❣r❛♣❤✐❝ r❡❝♦♥str✉❝t✐♦♥ ♦❢ ♦✉r st❛t❡ ✇❡ ♥❡❡❞ t♦
❡①tr❛❝t q✉❛❞r❛t✉r❡ ✈❛❧✉❡s ❢r♦♠ ♦✉r t✐♠❡ tr❛❝❡s✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥
♦❢ ♦✉r t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ t❤✐s ✐s ❞♦♥❡ ❛♣♣❧②✐♥❣ ❛ ♠♦❞❡ ❢✉♥❝t✐♦♥ fs(t) t♦ t❤❡ t✐♠❡
tr❛❝❡ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐t✳ ❊❛❝❤ tr❛❝❡ t❤❡♥ r❡s✉❧ts ✐♥ ❛ s✐♥❣❧❡ q✉❛❞r❛t✉r❡ ✈❛❧✉❡✳
❚❤❡ ♠♦❞❡ ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ✐❞❡❛❧❧② ❝♦♠♣❧❡t❡❧② ♦✈❡r❧❛♣ t❤❡ tr✉❡ t❡♠♣♦r❛❧ ♠♦❞❡
♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ st❛t❡ ❢♦r t❤❡ t♦♠♦❣r❛♣❤② t♦ ❣✐✈❡ t❤❡ ❜❡st r❡s✉❧t✳ ■♥ ♦r❞❡r t♦
❞❡t❡r♠✐♥❡ t❤✐s ♦♣t✐♠❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥ s❤❛♣❡ ✇❡ ❢♦❧❧♦✇ t✇♦ ❛♣♣r♦❛❝❤❡s✿ ✜rst❧② ✇❡
❝❤♦♦s❡ t❤r❡❡ ❞✐✛❡r❡♥t ❞♦✉❜❧❡✲s✐❞❡❞ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s ❛♥❞ ♣❡r❢♦r♠ t❤❡ ❢✉❧❧
t♦♠♦❣r❛♣❤✐❝ r❡❝♦♥str✉❝t✐♦♥ ✇❤✐❧❡ ✈❛r②✐♥❣ t❤❡✐r ❜❛♥❞✇✐❞t❤ ♣❛r❛♠❡t❡rs t♦ ✜♥❞
t❤❡ ♠♦❞❡ s❤❛♣❡ t❤❛t r❡s✉❧ts ✐♥ t❤❡ ❧❛r❣❡st ❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✱ s❡❝♦♥❞❧② ✇❡ ❡♠♣❧♦②
t❤❡ s❧✐❣❤t❧② ♠♦r❡ ❡❧❡❣❛♥t ❛♣♣r♦❛❝❤ ♦❢ ❡①♣❛♥❞✐♥❣ t❤❡ ❛✉t♦❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐♥t♦
❡✐❣❡♥❢✉♥❝t✐♦♥s ❛♥❞ ✉s✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ❛s
t❤❡ ♠♦❞❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❛♣♣r♦❛❝❤ r❡❧✐❡s ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❡❞ st❛t❡ ❤❛✈✐♥❣ ❤✐❣❤❡r
✈❛r✐❛♥❝❡ t❤❛♥ t❤❡ ❜❛❝❦❣r♦✉♥❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ❛♥❞ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜②
▼♦r✐♥ ❡t ❛❧✳ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦♥t✐♥✉♦✉s❧② ♠❡❛s✉r❡❞ t✐♠❡ tr❛❝❡s ❬✼✽❪✳ ❚❤✐s
❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ ♣r❡✈✐♦✉s ♣❤♦t♦♥ s✉❜tr❛❝t✐♦♥ ❡①♣❡r✐♠❡♥ts ❬✼✾✱ ✽✵❪ t♦
♣r♦✈✐❞❡ t❤❡ ♦♣t✐♠❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❤❛✈❡ r❡❝❡♥t❧② ❜❡❡♥ ❡①♣❛♥❞❡❞ t♦ ❛❧s♦
✐♥❝❧✉❞❡ ❝♦♠♣❧❡① ♠♦❞❡ ❢✉♥❝t✐♦♥s ❬✽✶❪✳ ❚♦ ♣❡r❢♦r♠ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥ ❡①♣❛♥s✐♦♥
✇❡ ❝♦♥s✐❞❡r ♦✉r ❞❛t❛ ❛s ♥♦t ❝♦♥t✐♥✉♦✉s✱ ❜✉t ✐♥st❡❛❞ ❞✐s❝r❡t❡❧② ❜✐♥♥❡❞ ✐♥ t✐♠❡ ❞✉❡
t♦ ♦✉r ✷ ♥s ♠❡❛s✉r❡♠❡♥t r❡s♦❧✉t✐♦♥✳ ■♥ t❤❡ ❞✐s❝r❡t❡ s❝❡♥❛r✐♦ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥
❡①♣❛♥s✐♦♥ t✉r♥s ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❛♥❛❧②s✐s ✭P❈❆✮ ❬✽✷❪✱
✇❤❡r❡ ✇❡ ❤❛✈❡ ✶✵✵✵ ❞✐♠❡♥s✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ 1 µs ♠❡❛s✉r❡♠❡♥t t✐♠❡✳
❆♥ ❡①❝❡❧❧❡♥t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s ❡q✉✐✈❛❧❡♥❝❡ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ♠❛st❡r t❤❡s✐s ♦❢ ▲❛rs❡♥
❬✽✸❪✳ ❚❤❡ r❡s✉❧t ♦❢ ✉s✐♥❣ P❈❆ ♦♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ✐♥ ✜❣✳ ✹✳✶ ✐s s❤♦✇♥ ✐♥
✜❣✳ ✹✳✸✳
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❋✐❣✉r❡ ✹✳✸✿ ✭❧❡❢t✮ ❊✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ♦❢ ❉✷✳ ✭♠✐❞❞❧❡✮
❈♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❧❛r❣❡st ❛♥❞ s❡❝♦♥❞ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s✳ ❘❡❞
❛♥❞ ❜❧✉❡ ✐s ❢♦r t❤❡ p̂ ❛♥❞ x̂ q✉❛❞r❛t✉r❡ r❡s♣❡❝t✐✈❡❧②✳ ✭r✐❣❤t✮ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♥♦r♠❛❧✐③❡❞ ♠♦❞❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡ ✐s t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦r ❛♥❞ s♦❧✐❞
❧✐♥❡ ✐s sq✉❛r❡ ♦❢ t❤❛t✱ ✇❤✐❧❡ t❤❡ r❡❞ ✐s t❤❡ ♥❛✐✈❡ ❣✉❡ss ✇✐t❤ ❛ ❜❛♥❞✇✐t❤ ♦❢
7.5 2π▼❍③✳

❋r♦♠ ✜❣✳ ✹✳✸ ✇❡ ❝✉r✐♦✉s❧② s❡❡ t❤❛t t❤❡ ❧❡❛❞✐♥❣ ❡✐❣❡♥✈❡❝t♦r ✐s q✉✐t❡ ❜r♦❛❞ ❝♦♠✲
♣❛r❡❞ t♦ t❤❡ ♥❛✐✈❡ ❣✉❡ss ❛♥❞ t❤❛t ✐ts sq✉❛r❡ ❧♦♦❦s ♠♦r❡ r❡❛s♦♥❛❜❧❡✳ ❚❤✐s ❝❛♥
❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ P❈❆ ♠♦❞❡ ❢✉♥❝t✐♦♥ ✐s ♦♥❧② ❜❛s❡❞ ♦♥ t❤❡ ❛♥t✐✲
sq✉❡❡③✐♥❣ q✉❛❞r❛t✉r❡ ✇❤✐❝❤ ❤❛s t❤❡ ❜❛♥❞✇✐❞t❤ γ − ǫ ❛♥❞ ❢♦r t❤❡ ❤✐❣❤ ♣✉♠♣
r❛t❡ ✉s❡❞ ❤❡r❡ ✭x ≈ 0.48✮ t❤✐s ❞✐✛❡r❡♥❝❡ ❜❡❝♦♠❡s s✐❣♥✐✜❝❛♥t✳ ❚♦ ❝✐r❝✉♠✈❡♥t
t❤✐s ♣r♦❜❧❡♠ ❛♥ ❛✈❡r❛❣❡ ❜❡t✇❡❡♥ t❤❡♥ P❈❆✲① ❛♥❞ P❈❆✲♣ ❝❛♥ ❜❡ ✉s❡❞✱ ❜✉t t❤✐s
✐s ♥♦t ♣♦ss✐❜❧❡ ❢♦r ✉s ❞✉❡ t♦ t❤❡ ❧♦✇ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ sq✉❡❡③✐♥❣ ♠❡❛s✉r❡♠❡♥ts✳
❆s ✇❡ ✇✐❧❧ s❡❡✱ ✇❡ ✜♥❞ t❤❛t ✉s✐♥❣ t❤❡ sq✉❛r❡ ♦❢ t❤❡ P❈❆ ❣✐✈❡s ❜❡tt❡r r❡s✉❧ts
❛♥❞ t❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ sq✉❛r❡ ✐s r♦✉❣❤❧② ❡q✉❛❧ t♦ t✇✐❝❡
t❤❡ ❜❛♥❞✇✐❞t❤ PCA(t, γ)2 ≈ PCA(t, 2γ)✳ ❚❤✐s ❝❛♥ ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❜② tr②✲
✐♥❣ t♦ ♣❡r❢♦r♠ t❤❡ ❛✈❡r❛❣❡ ✉s✐♥❣ e−γx|t| = e−|t|/tx ✱ ❜✉t s✐♥❝❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢
sq✉❡❡③✐♥❣ ✐s s♦ ❧♦✇ ✐♥✜♥✐t❡ ❜❛♥❞✇✐❞t❤ ✐s ♥❡❡❞❡❞ t♦ s❡❡ t❤❡ ❝♦rr❡❧❛t✐♦♥s ❛♥❞ s♦
t′ = (tx + tp)/2 → t′ = tx/2 s✐♥❝❡ γp = ∞ → tp = 0✳

❲❡ ♥♦r♠❛❧✐③❡ ❛❧❧ ♠♦❞❡ ❢✉♥❝t✐♦♥s ❛s fs(t) = fs(t)/
√

∫

|f(t)|2dt s♦ t❤❛t
∫

f(t)2dt =

1✳ ❯s✐♥❣ t❤✐s ♥♦r♠❛❧✐③✐♥❣ t❤❡ ♣r❡✲❢❛❝t♦r ♦♥ ❞♦✉❜❧❡✲s✐❞❡❞ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥s
✐s ♥♦t r❡q✉✐r❡❞✳ ❚❤❡ ❢✉♥❝t✐♦♥s ✇❡ ✉s❡ ❛r❡✿

fs,1(t) = e−γ1|t−tc|

fs,2(t) = e−γ2
1 |t−tc|2/2 ✭✹✳✸✮

fs,3(t) =
1
γ1
e−γ1|t−tc| − 1

γ2
e−γ2|t−tc|

❚❤❡ r❡s✉❧t ♦❢ t❤❡ ❜r✉t❡ ❢♦r❝❡ ♦♣t✐♠✐③❛t✐♦♥ ❢♦r t❤❡ D2 ❞❛t❛s❡t ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✹✳✹✳
❙✐♠✐❧❛r ♦♣t✐♠✐③❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❢♦r D1 ❛♥❞ D3 ❞❛t❛s❡ts ❛s ✇❡❧❧ ❛♥❞ t❤❡
r❡s✉❧ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❛❜✳ ✹✳✶ ❛♥❞ ✹✳✷✳ ■♥ ❣❡♥❡r❛❧ ✇❡ ✜♥❞ t❤❛t t❤❡ ♠❛①✐♠❛❧
❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ ✉s✐♥❣ ❛ s❧✐❣❤t❧② s♠♦♦t❤❡❞ s✐❣♥❛❧ ❚▼❋✱ s✉❝❤



✼✽ ◆♦♥✲●❛✉ss✐❛♥ ❙t❛t❡ ❚r❛♥s♠✐ss✐♦♥

❛s fs,2 ♦r fs,3✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ s❤❛r♣ s❤❛♣❡ ♦❢ fs,1✳ ❚❤✐s ✐s t♦ ❜❡ ❡①♣❡❝t❡❞ ❛s
❜♦t❤ t❤❡ ♦♣t✐❝❛❧ ✜❧t❡r✐♥❣ ♦❢ t❤❡ tr✐❣❣❡r ✜❧t❡r ❝❛✈✐t② ❛♥❞ ❛♥② ❡❧❡❝tr✐❝❛❧ ❧♦✇♣❛ss
✜❧t❡r✐♥❣ ♦❢ t❤❡ ❞❡t❡❝t✐♦♥ ❝✐r❝✉✐t ✇✐❧❧ r❡s✉❧t ✐♥ ❛ s♠♦♦t❤✐♥❣ t❤❡ s✐❣♥❛❧ t❡♠♣♦r❛❧
♠♦❞❡✳ ■♥ t❤❡ s✉♠♠❛r✐s❡❞ r❡s✉❧ts t❤❡ P❈❆ ♠♦❞❡ ❢✉♥❝t✐♦♥ ✉s❡❞ ✐s t❤❡ sq✉❛r❡ ♦❢
t❤❡ ♠♦❞❡ ❢✉♥❝t✐♦♥ s✉❣❣❡st❡❞ ❜② t❤❡ P❈❆ ❛♥❛❧②s✐s✱ s✐♥❝❡ ✉s✐♥❣ t❤❡ ❞✐r❡❝t ♠♦❞❡
❢✉♥❝t✐♦♥ ❞✐❞ ♥♦t r❡s✉❧t ✐♥ ❛♥② ❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✳ ❚❤❡ ♦❜t❛✐♥❡❞ ❧♦✇❡r ❲✐❣♥❡r
♥❡❣❛t✐✈✐t✐❡s ❝♦♥✜r♠ ♦✉r s✉s♣✐❝✐♦♥ t❤❛t ✉s✐♥❣ t❤❡ P❈❆ ♠❡t❤♦❞ ♦❢ ❞❡r✐✈✐♥❣ t❤❡
♦♣t✐♠❛❧ ❚▼❋ ✐s ♥♦t t❤❡ ❜❡st ❝❤♦✐❝❡ ❢♦r ♦✉r ❞❛t❛✱ ❞✉❡ t♦ t❤❡ ♠✐ss✐♥❣ s✉♣♣♦rt
❢r♦♠ t❤❡ sq✉❡❡③✐♥❣ q✉❛❞r❛t✉r❡✳
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❋✐❣✉r❡ ✹✳✹✿ ✭❧❡❢t✰♠✐❞❞❧❡✮ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧ ❚▼❋ ❢♦r t❤r❡❡ ❞✐✛❡r❡♥t
✜❧t❡r ❢✉♥❝t✐♦♥s ❢♦r t❤❡ D2 s❡t✳ ✭r✐❣❤t✮ ❚❤❡ r❡s✉❧t✐♥❣ ♦♣t✐♠❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥s
✇✐t❤ t❤❡ P❈❆ ♠♦❞❡ ❜❡✐♥❣ t❤❡ sq✉❛r❡❞ ❡✐❣❡♥✈❡❝t♦r✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡ ✐♥ t❤❡ ❧❡❢t ♣❧♦t
✐s ❛ ✜t ♦❢ t❤❡ fs,1 ❞❛t❛ ♣♦✐♥ts t♦ t❤❡ ♠♦❞❡❧ ✇✐t❤ γ0 = 8.0✱ ǫ = 0.48γ0✱ T = 0.97✱
ηt = 0.2 ❛♥❞ Ξ = 0.995 ✜①❡❞ ❛♥❞ t❤❡ ✜t r❡t✉r♥✐♥❣ γ = 7.8 ± 0.14✱ κ = 32 ± 2✱
ηs = 0.728 ± 0.003✳ ❆❧❧ ❢r❡q✉❡♥❝② ♥✉♠❜❡rs ❛r❡ ✐♥ 2π▼❍③✳ ❚❤❡ ✐♥s❡rt s❤♦✇s ❛
❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ♦♣t✐♠✐③❛t✐♦♥ ❛r♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ✜❧t❡r ✇✐❞t❤✳ ❍❡r❡ t❤❡ ❜❧❛❝❦
❝✉r✈❡s ❧②✐♥❣ ❝❧♦s❡ t♦ t❤❡ r❡❞ ❛♥❞ ♦r❛♥❣❡ ✐s t❤❡ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❛t ξ = (0, 0)✱
s❤♦✇✐♥❣ t❤❛t t❤❡ ✈❛❧✉❡ ❞♦❡s ♥♦t ❞❡✈✐❛t❡ ♠✉❝❤✳ ❚❤✐s ✐s ❢✉rt❤❡r s✉♣♣♦rt❡❞ ❜②
t❤❛t ❢❛❝t t❤❛t t❤❡ ♠✐♥✐♠❛❧ ❲✐❣♥❡r ✈❛❧✉❡s ✇❡r❡ ♦❜t❛✐♥❡❞ ❛r❡ ❛❧❧ ξmin < 0.03✳

❋r♦♠ ♦✉r ❚▼❋ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❛❧②s✐s ✇❡ ✜♥❞ t❤❛t ❢♦r t❤❡ D1 ❛♥❞ D2 ♠❡❛s✉r❡✲
♠❡♥t s❡r✐❡s✱ ✉s✐♥❣ t❤❡ ❝♦rr❡❝t✐♦♥ t♦ t❤❡ ♣❤❛s❡ s♣❛❝❡ ❧♦❝❦✐♥❣ ❛♥❣❧❡ ♦❜t❛✐♥❡❞ ❢r♦♠
t❤❡ ✉♥❝♦♥❞✐t✐♦♥❡❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ♣♦✇❡r s♣❡❝tr✉♠ ✜tt✐♥❣✱ ❞♦❡s ✐♥ ❢❛❝t ♥♦t
r❡s✉❧t ✐♥ ❛ ❧❛r❣❡r ❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✳ ❲❤✐❧❡ ❢♦r t❤❡ D3 s❡r✐❡s✱ t❛❦❡♥ ✉s✐♥❣ ❝♦♥✲
✜❣✉r❛t✐♦♥ ✭✷✮✱ ❛ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❝♦✉❧❞ ❜❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ ✉s✐♥❣ t❤❡ ❝♦rr❡❝t❡❞
❛♥❣❧❡s✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t
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D1 D2 D3

{θ0}
fs,1 7.80 7.35
fs,2 8.76 7.10
fs,3 12.47✱ 14.32 10.42✱ 14.95

{θ′k}
fs,1 5.42 7.34 7.10 (8.45)
fs,2 8.53 7.10 7.45 (8.34)
fs,3 6.76✱15.64 10.42✱14.95 11.37✱ 12.43 ✭9.74✱ 19.53✮

❚❛❜❧❡ ✹✳✶✿ ❚❛❜❧❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❞❡❝❛② ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❞✐✛❡r❡♥t ❚▼❋ ♦❢
t❤❡ ❞✐✛❡r❡♥t ❞❛t❛ s❡ts✳ ❱❛❧✉❡s ❛r❡ ✐♥ 2π▼❍③ ✉♥✐ts✳ ❚❤❡ ✉s❡❞ ❛♥❣❧❡s ✇❡r❡
♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♣♦✇❡r s♣❡❝tr✉♠ ✜tt✐♥❣ ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠
❛s {θ0} = {0o, 30o, 60o, 90o, 120o, 150o}✱ {θ′1} = {0o, 38o, 68o, 90o, 111o, 139o}✱
{θ′2} = {0o, 31o, 62o, 90o, 121o, 150o} ❛♥❞ {θ′3} = {0o, 17o, 36o, 90o, 148o, 169o}✳

D1 D2 D3

{θ0}
fs,1 −0.182 −0.180 −
fs,2 −0.206 −0.170 −
fs,3 −0.202 −0.181 −
PCA2 −0.162 −0.171 −

{θ′}
fs,1 −0.151 −0.173 −0.047 (−0.087)
fs,2 −0.172 −0.166 −0.052 (−0.097)
fs,3 −0.185 −0.174 −0.046 (−0.094)
PCA2 −0.144 −0.165 −0.042 (−0.080)

❚❛❜❧❡ ✹✳✷✿ ❚❛❜❧❡ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t✐❡s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ♦♣t✐✲
♠✐③❡❞ ❚▼❋ ♦❢ t❛❜✳ ✹✳✶✳ ❱❛❧✉❡s ❛r❡ πW (ξmin)✱ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ❢♦✉♥❞ t♦ ❜❡
✈❡r② ❝❧♦s❡ t♦ πW (0, 0) ❛t t❤❡ ♦♣t✐♠❛❧ ♠♦❞❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ s❡t ♦❢ ✈❛❧✉❡s
❢♦r D3 ❤❛s ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② ❞✐sr❡❣❛r❞✐♥❣ t❤❡ {30o} ♠❡❛s✉r❡♠❡♥t s❡q✉❡♥❝❡✳
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❆s s❡❡♥ ❢r♦♠ t❛❜✳ ✹✳✷ ❛ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ✇❛s ♦❜s❡r✈❡❞ ❢♦r ✶✲P❙❙q❱ st❛t❡s ♠❡❛✲
s✉r❡❞ ✉s✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥ ✭✶✮ ❛♥❞ ✭✷✮✳ ❋♦r ❝♦♥✜❣✉r❛t✐♦♥ ✭✸✮ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s
s❛❞❧② ♣r❡✈❡♥t❡❞ ✉s ❢r♦♠ ♠❡❛s✉r✐♥❣ ❛♥② ❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✳ ❲❡ ♥♦✇ t❤❡♥ ❢✉rt❤❡r
✐♥✈❡st✐❣❛t❡ t❤❡ t♦♠♦❣r❛♣❤✐❝ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss ✉s✐♥❣ ❛ ❞❛t❛s❡ts ❢r♦♠ ❡❛❝❤
❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ♦♣t✐♠❛❧ fs,1 ❚▼❋ t♦ ❝♦♠♣❛r❡ t♦ ♦✉r ♠♦❞❡❧✳ ❋♦r
❝♦♥✜❣✉r❛t✐♦♥ ✭✷✮ ✇❡ ✇❛♥t t♦ ❡♥s✉r❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ ✉s✐♥❣ t❤❡ ❝♦rr❡❝t❡❞ ❧♦❝❦✐♥❣
❛♥❣❧❡s ❢♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ ❢♦r ❝♦♥✜❣✉r❛t✐♦♥ ✭✸✮ ✇❡ ✇❛♥t t♦ ✜❣✉r❡ ♦✉t ✇❤❛t
❡①♣❡r✐♠❡♥t❛❧ ✐♠♣❡r❢❡❝t✐♦♥s ♣r❡✈❡♥ts ✉s ❢r♦♠ ♠❡❛s✉r✐♥❣ ❛ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✳
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✹✳✸✳✶ ❈♦♥✜❣✉r❛t✐♦♥ ✭✶✮

❲❡ st❛rt ❜② ♣❧♦tt✐♥❣ t❤❡ q✉❛❞r❛t✉r❡ ❤✐st♦❣r❛♠s ❢♦r ❡❛❝❤ ♠❡❛s✉r❡♠❡♥t ❛♥❣❧❡
✭❛s ✐♥ ✜❣✳ ✷✳✾✮ ❛♥❞ ❝♦♠♣❛r❡ t❤❡♠ t♦ t❤❡ ❡①♣❡❝t❡❞ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢
t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ♦✉r ♠♦❞❡❧ ✉s✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦❜t❛✐♥❡❞
❢r♦♠ t❤❡ ♣♦✇❡r s♣❡❝tr✉♠ ✜tt✐♥❣ ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠✳ ❚❤❡
r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✹✳✺✱ ✇❤❡r❡ ✇❡ ✜♥❞ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡❞
✭r❡❞ ❞♦ts✮✱ ❡①♣❡❝t❡❞ ✭❣r❡❡♥ ❧✐♥❡s✮ ❛♥❞ r❡❝♦♥str✉❝t❡❞ ✭❜❧❛❝❦ ❧✐♥❡✮ q✉❛❞r❛t✉r❡
❞✐str✐❜✉t✐♦♥s✳

❋✐❣✉r❡ ✹✳✺✿ ◗✉❛❞r❛t✉r❡ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❤✐st♦❣r❛♠s ♦❢ t❤❡ D1 ❞❛t❛s❡t✱ t♦✲
❣❡t❤❡r ✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ✉s✐♥❣ ❜♦t❤ t❤❡ s❡t {φ} ❛♥❞
❝♦rr❡❝t❡❞ {φ∗} ❧♦❝❦✐♥❣ ❛♥❣❧❡s✳ ❚❤❡ q✉❛❞r❛t✉r❡ ✈❛❧✉❡s ❛r❡ ❡①tr❛❝t❡❞ ✉s✐♥❣ t❤❡
✜tt❡❞ ♣❛r❛♠❡t❡rs ♦❢ ❡q✳ ✹✳✷ ❛♥❞ fs,1(t) ✇✐t❤ γ1 = 7.35 2π▼❍③✳ ❚❤❡ ❜❧❛❝❦ ❝✉r✈❡
✐s t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ r❡❝♦♥str✉❝t❡❞ ❲✐❣♥❡r ❢✉♥❝t✐♦♥✳ ❚❤❡ ♦✈❡r✲
❧❛♣ ♦❢ ❛❧❧ t❤r❡❡ ❝✉r✈❡s ✇✐t❤ t❤❡ ♠❡❛s✉r❡❞ ❤✐st♦❣r❛♠s ✐♥❞✐❝❛t❡s t❤❛t t❤❡ st❛t❡
❣❡♥❡r❛t✐♦♥ s❡t✉♣ ❛♥❞ ♠❡❛s✉r❡♠❡♥t ✐s ✇♦r❦✐♥❣ ❛s ✐♥t❡♥❞❡❞✳

❯s✐♥❣ t❤❡ ✉♥❝♦rr❡❝t❡❞ ❧♦❝❦✐♥❣ ❛♥❣❧❡s ❛♥❞ q✉❛❞r❛t✉r❡ ❤✐st♦❣r❛♠s s❤♦✇♥ ✐♥ ✜❣✳
✹✳✺ ✇❡ ♣❡r❢♦r♠ t❤❡ ▼❛①▲✐❦ r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ t❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✹✳✻✳
❚❤❡ r❡❝♦♥str✉❝t❡❞ st❛t❡ ❤❛s ❛ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ♦❢ −0.18±0.001π ✇✐t❤ ❛ ✜❞❡❧✐t②
♦❢ 0.98 t♦ t❤❡ st❛t❡ ❡①♣❡❝t❡❞ ❢♦r♠ t❤❡ ♠♦❞❡❧✳ ❚❤❡ ✜❞❡❧✐t② ❝❛♥ ❜❡ ✐♥❝r❡❛s❡❞ t♦ ∼ 1
❜② s❧✐❣❤t❧② ✐♥❝r❡❛s✐♥❣ t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧ ❡✣❝✐❡♥❝②✳ ❲❡ t❤❡r❡❢♦r❡ ❢❡❡❧ ❝♦♥✜❞❡♥t
t❤❛t ♦✉r ♠♦❞❡❧ ❛❝❝✉r❛t❡❧② ❞❡s❝r✐❜❡s t❤❡ ✶✲P❙❙q❱ st❛t❡ t❤❛t ♦✉r s❡t✉♣ ♣r♦❞✉❝❡s
❛♥❞ t❤❛t ♦✉r ❍▼❙ ✐s ❝❛♣❛❜❧❡ ♦❢ ❝♦rr❡❝t❧② ♠❡❛s✉r✐♥❣ ✐t✳ ▲♦♦❦✐♥❣ ❛t t❤❡ ❞❡♥s✐t②
♠❛tr✐① ρ t❤❛t t❤❡ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠ ❞✐r❡❝t❧② ♣r♦❞✉❝❡s ✇❡ ❛❧s♦ s❡❡ ❡①♣❡❝t❡❞
❜❡❤❛✈✐♦✉r✳ ❖✉r ✶✲P❙❙q❱ st❛t❡s ❛r❡ ♣r♦❞✉❝❡❞ ❢r♦♠ ❛♠♣❧✐t✉❞❡ sq✉❡❡③❡❞ ✈❛❝✉✉♠
❛♥❞ s♦ t❤❡ ❛♥t✐✲sq✉❡❡③❡❞ q✉❛❞r❛t✉r❡ ✐s ❛❧♦♥❣ t❤❡ ♣✲❛①✐s ❧❡❛❞✐♥❣ t♦ ♥❡❣❛t✐✈❡ ♦✛
❞✐❛❣♦♥❛❧ t❡r♠s ❛s ✇❡❧❧ ❛s ♥♦♥✲③❡r♦ ✐♠❛❣✐♥❛r② ♣❛rts✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t ❛❧❧ ρmn

❡❧❡♠❡♥ts ✇✐t❤ ♦❞❞ m − n ❛r❡ ❝❧♦s❡ t♦ ③❡r♦✱ ❛s s❤♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ ❢r♦♠ ❛ π✲
s②♠♠❡tr✐❝❛❧ st❛t❡✳ ❉✉❡ t♦ ❤✐❣❤ ♣✉♠♣ r❛t❡ ✭x = 0.48✮ t❤❛t ✇❛s ✉s❡❞ ❢♦r t❤❡ D1
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s❡t t❤❡ st❛t❡ ❝♦♥t❛✐♥s ♣❤♦t♦♥ ♥✉♠❜❡r ❝♦♥tr✐❜✉t✐♦♥s ❛❧❧ t❤❡ ✇❛② ✉♣ t♦ n = 10
✇✐t❤ ❛ ♠❡❛♥ ♣❤♦t♦♥ ♥✉♠❜❡r ♦❢ 2.46 ❛s ✇❡❧❧ ❤❛s str♦♥❣ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥
t❤❡♠ ❛s s❡❡♥ ❢r♦♠ t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ t❡r♠s✳ ❘♦t❛t✐♦♥ ✐♥✈❛r✐❛♥t ✭2π✲s②♠♠❡tr✐❝❛❧✮
st❛t❡s✱ s✉❝❤ ❛s t❤❡ ❢♦❝❦ st❛t❡s✱ ❤❛✈❡ ♥♦ ♦✛✲❞✐❛❣♦♥❛❧ t❡r♠s ❛♥❞ s♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢
t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ t❡r♠s ✐s ❛❧s♦ ❛♥ ✐♥❞✐❝❛t✐♦♥ ♦❢ t❤❡ ❈❱ ♥❛t✉r❡ ♦❢ t❤❡ st❛t❡✳ ❚❤❡
❞✐❛❣♦♥❛❧ ♦❢ t❤❡ ❞❡♥s✐t② ♠❛tr✐① ✐s t❤❡ ♣❤♦t♦♥ ♥✉♠❜❡r ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❢r♦♠ ✐t
✇❡ s❡❡ ❛ s♠❛❧❧ ❣❧✐♠♣s❡ ♦❢ t❤❡ ❝❛t✲❧✐❦❡ ♥❛t✉r❡ ♦❢ ♦✉r st❛t❡ ✲ t❤❡ s✉♣❡r ♣♦s✐t✐♦♥
♦❢ ♦❞❞ ♣❤♦t♦♥ ♥✉♠❜❡r st❛t❡s✳ ❚❤✐s ✐s s❡❡♥ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ρ33 ✐s ❧❛r❣❡r t❤❛♥
ρ22 ❛♥❞ ♣❛rt❧② ❜② t❤❡ s✐♠✐❧❛r ❤❡✐❣❤t ♦❢ t❤❡ ρ55✱ ρ77 ❛♥❞ ρ99 t❡r♠s ✇✐t❤ t❤❡✐r
❡✈❡♥ ❝♦✉♥t❡r♣❛rt✳ ❍❡r❡ t❤❡ ❤✐❣❤ ❧♦ss ηs ≈ 0.75 ❤❛s ❝❛✉s❡❞ t❤❡ s✉♣❡r♣♦s✐t✐♦♥
t♦ ❞❡❣r❛❞❡✳ ❋✐♥❛❧❧② t❤❡ tr❛❝❡ ❞✐st❛♥❝❡ ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ st❛t❡ ❞✉r✐♥❣ t❤❡
r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss ❝♦♥✜r♠s t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❤❛❞ r❡❛❝❤❡❞ ❛ st❛❜❧❡ s♦❧✉t✐♦♥
❛❢t❡r ✺✵✵ ✐t❡r❛t✐♦♥s✳
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❋✐❣✉r❡ ✹✳✻✿ ✭▲❡❢t✮ ❱✐s✉❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ❡①♣❡❝t❡❞ ❛♥❞ r❡❝♦♥str✉❝t✐♦♥ ❲✐❣♥❡r
❢✉♥❝t✐♦♥s ♦❢ t❤❡ D1 ❞❛t❛s❡t✳ ✭❘✐❣❤t✮ ❉❡♥s✐t② ♠❛tr✐① ♦✉t♣✉t ♦❢ t❤❡ ▼❛①▲✐❦
❛❧❣♦r✐t❤♠ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣❤♦t♦♥ ♥✉♠❜❡r ❞✐str✐❜✉t✐♦♥ ❛♥❞ tr❛❝❡ ❞✐st❛♥❝❡ ❡✈♦✲
❧✉t✐♦♥✳

✹✳✸✳✷ ❈♦♥✜❣✉r❛t✐♦♥ ✭✷✮

❋♦❧❧♦✇ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❢♦r ❝♦♥✜❣✉r❛t✐♦♥ ✭✷✮✱ ❛s ✇❡ ❞✐❞ ❢♦r ❝♦♥✜❣✉r❛t✐♦♥ ✭✶✮✱
✇❡ ♣❧♦t t❤❡ r❡s✉❧ts ✐♥ ✜❣✳ ✹✳✼✳ ▲♦♦❦✐♥❣ ❛t t❤❡ q✉❛❞r❛t✉r❡ ❤✐st♦❣r❛♠s ✇❡ s❡❡✱ ❛s
✇❡ ❡①♣❡❝t❡❞ ❢r♦♠ t❤❡ ♣♦✇❡r s♣❡❝tr✉♠ ✜tt✐♥❣✱ t❤❛t t❤❡r❡ ✐s ❛ ❧❛r❣❡r ❞✐s❝r❡♣❛♥❝②
❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡❞ ❛♥❞ ❡①♣❡❝t❡❞ q✉❛❞r❛t✉r❡ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ s❡t ❧♦❝❦✐♥❣
❛♥❣❧❡s ✭❧✐❣❤t ❣r❡❡♥ ❝✉r✈❡✮✳ ❯s✐♥❣ t❤❡ ❝♦rr❡❝t❡❞ ❧♦❝❦✐♥❣ ❛♥❣❧❡s ❛♣♣❡❛r t♦ r❡s✉❧t ✐♥
❜❡tt❡r ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡❞ ❛♥❞ ❡①♣❡❝t❡❞ q✉❛❞r❛t✉r❡ ❞✐str✐❜✉t✐♦♥s✱
t❤♦✉❣❤ t❤❡ {30◦, 150◦} ♠❡❛s✉r❡♠❡♥ts st✐❧❧ ❛♣♣❡❛r ♦✛✱ ✇✐t❤ {30◦} s❧✐❣❤t❧② ✇♦rs❡✳



✽✷ ◆♦♥✲●❛✉ss✐❛♥ ❙t❛t❡ ❚r❛♥s♠✐ss✐♦♥

❋✐❣✉r❡ ✹✳✼✿ ❉✸ ❤✐st

■t ✐s ❢♦r t❤✐s r❡❛s♦♥ t❤❛t ✇❡ ✐♥✐t✐❛❧❧② ❡①❝❧✉❞❡❞ t❤✐s ♠❡❛s✉r❡♠❡♥t ❢r♦♠ t❤❡ r❡✲
❝♦♥str✉❝t✐♦♥✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❡✈❡♥ ❤✐❣❤❡r ❲✐❣♥❡r ♥❡❣❛t✐✈✐t✐❡s ❛s s❡❡♥ ✐♥ t❛❜✳
✹✳✷✳ ❇✉t ✐s t❤❡ ✉s❡ ♦❢ t❤❡ ❝♦rr❡❝t❡❞ ♣❤❛s❡ ❛♥❣❧❡s ❢♦r t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❡✈❡♥
❛ ✈❛❧✐❞ ❛♣♣r♦❛❝❤❄ ❙✉r❡❧② ✐❢ t❤❡s❡ ✧❜❛❞✧ ♠❡❛s✉r❡♠❡♥ts ❛r❡ tr✉❧② ❤♦✇ t❤❡ st❛t❡
❧♦♦❦s✱ ❞✉❡ t♦ ❞❡❣r❛❞❛t✐♦♥ ❢r♦♠ ❧♦ss ♦r ♦t❤❡r s♦✉r❝❡s✱ ✐t ✇♦✉❧❞ ♥♦t ❜❡ s❝✐❡♥t✐✜✲
❝❛❧❧② ♣r♦♣❡r t♦ s✐♠♣❧② ❛❧t❡r ✭♦r ❡✈❡♥ ❡①❝❧✉❞❡✦✮ t❤❡♠ ❢r♦♠ t❤❡ ❛♥❛❧②s✐s ✐♥ ♦r❞❡r
t♦ ♦❜t❛✐♥ ❜❡tt❡r r❡s✉❧ts✳ ❲❡ ❛r❡ t❤❡r❡❢♦r❡ ✐♥t❡r❡st❡❞ ✐♥ s❡❡✐♥❣ ❤♦✇ ❞✐✛❡r❡♥t
❡①♣❡r✐♠❡♥t❛❧ ✐♠♣❡r❢❡❝t✐♦♥s ❛✛❡❝t t❤❡ ✶✲P❙❙q❱ st❛t❡✱ t♦ ❞❡t❡r♠✐♥❡ ✐❢ t❤❡ ❝❛✉s❡
♦❢ t❤❡ ❞✐s❝r❡♣❛♥❝② r❡❛❧❧② ✐s ❛♥ ♦✛s❡t ✐♥ t❤❡ ❧♦❝❦✐♥❣ ❛♥❣❧❡s✳ ❚♦ t❤✐s ❡♥❞ ✇❡ ✐♥✲
✈❡st✐❣❛t❡ ❤♦✇ t❤r❡❡ ❞✐✛❡r❡♥t ♠❡❝❤❛♥✐s♠s❀ ❧♦❝❦✐♥❣ ♣❤❛s❡ ♥♦✐s❡ θ̃✱ ❧♦❝❦✐♥❣ ♣❤❛s❡
♦✛s❡t δθ ❛♥❞ ❧♦ss ηs ❡✛❡❝ts t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❡①♣❡❝t❡❞ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s✳
❋r♦♠ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s t❤❡ ❡✛❡❝t ♦❢ ❧♦❝❦✐♥❣ ♣❤❛s❡ ♦✛s❡t ❛♥❞ ❧♦ss ❝❛♥
❜❡ ♦❜s❡r✈❡❞ ❞✐r❡❝t❧② ❛♥❞ t♦ s❡❡ t❤❡ ❡✛❡❝t ♦❢ ❧♦❝❦✐♥❣ ♣❤❛s❡ ♥♦✐s❡ ✇❡ ❣❡♥❡r❛t❡
s❛♠♣❧❡s ❢r♦♠ ❛ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❧♦❝❦✐♥❣ ❛♥❣❧❡s ❝❡♥tr❡❞ ❛t t❤❡ s❡t ❛♥❣❧❡s
❛♥❞ ✇✐t❤ ✈❛r✐❛♥❝❡ θ̃✳ ❋r♦♠ t❤❡ s❛♠♣❧❡s ✇❡ t❤❡♥ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥✶✳ ❚❤❡ r❡s✉❧t ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✹✳✽✳

❋r♦♠ t❤❡ ❛♥❛❧②s✐s ✇❡ ❧❡❛r♥ s❡✈❡r❛❧ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡s❀ t❤❡ s❤❛♣❡ ❛t {90◦} ✐s
❞♦♠✐♥❛♥t❧② ❛✛❡❝t❡❞ ❜② ❧♦ss ❛♥❞ s♦ ✐ts ❞✐♣ ❣✐✈❡s ❛ ❣♦♦❞ ✐♥❞✐❝❛t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧
❝❤❛♥♥❡❧ ❡✣❝✐❡♥❝②✳ ❚❤❡ ❝❧♦s❡r t❤❡ ♠❡❛s✉r❡♠❡♥t ❛♥❣❧❡ ✐s t♦ t❤❡ sq✉❡❡③✐♥❣ ❛♥✲
❣❧❡ t❤❡ ♠♦r❡ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ✈♦❧❝❛♥♦ s❤❛♣❡ ✐s ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❧♦❝❦✐♥❣ ♣❤❛s❡
♦✛s❡t✳ ❚❤❛t ❛ ❧♦❝❦✐♥❣ ♣❤❛s❡ ♥♦✐s❡ ♦❢ θ̃ ❢♦r {0◦, 90◦} ❣✐✈❡s ❛ ✈♦❧❝❛♥♦ ❤❡✐❣❤t ❡q✉✐✈✲
❛❧❡♥t t♦ ❛ ♣❤❛s❡ ♦✛s❡t ♦❢ 2θ̃✱ ❜✉t ✇✐t❤ ❛ r❡❞✉❝❡❞ ❞✐♣✳ ■♥ t❤❛t s❡♥s❡ ♣❤❛s❡ ♥♦✐s❡
❛♣♣❡❛rs ❧✐❦❡ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❧♦❝❦✐♥❣ ♣❤❛s❡ ♦✛s❡t ❛♥❞ ❧♦ss✳

❋r♦♠ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ✐t ✐s t❤❡♥ ❝❧❡❛r t❤❛t ❢♦r t❤❡ D3 ❞❛t❛s❡t✱ t❤❡ ❤✐st♦❣r❛♠s
✇❡ ♦❜t❛✐♥ ❢♦r {30◦, 60◦, 120◦, 150◦} ♦♥❧② ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❛ ❧♦❝❦✐♥❣ ♣❤❛s❡

✶❚❤✐s ❛♣♣r♦❛❝❤ ✐s s✐♠✐❧❛r t♦ ✇❤❛t ✇❛s ❞♦♥❡ ✐♥ s❡❝✳ ✷✳✺✳✷ t♦ ❣❡♥❡r❛t❡ t❤❡ s✐♠✉❧❛t❡❞ q✉❛❞r❛✲

t✉r❡ ❤✐st♦❣r❛♠s ❢♦r ▼❛①▲✐❦ r❡❝♦♥str✉❝t✐♦♥✳
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❋✐❣✉r❡ ✹✳✽✿ P❧♦ts ♦❢ ❤♦✇ ❧♦❝❦✐♥❣ ♣❤❛s❡ ♥♦✐s❡ θ̃✱ ❧♦❝❦✐♥❣ ♣❤❛s❡ ♦✛s❡t δθ ❛♥❞ ❧♦ss
ηs ❛✛❡❝ts t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ♦❢ ❛ ✶✲P❙❙q❱ st❛t❡✱ ❝❛❧❝✉❧❛t❡❞
❢r♦♠ ♦✉r ♠♦❞❡❧ ✇✐t❤ γ = 8 2π▼❍③✱ ǫ = 0.5γ✱ T = 0.97✱ κ = 30 2π▼❍③✱
fs = 7.5 2π▼❍③✱ ηs = 0.75✱ ηt = 0.2 ❛♥❞ Ξ = 0.995

♦✛s❡t✱ s✐♥❝❡ ♥❡✐t❤❡r ❧♦ss ♦r ♣❤❛s❡ ♥♦✐s❡ ❝♦✉❧❞ ❤❛✈❡ r❡s✉❧t❡❞ ✐♥ t❤❡ ❧❛r❣❡ ❞✐s❝r❡♣✲
❛♥❝② ✇❡ s❡❡ ❜❡t✇❡❡♥ t❤❡ ❡①♣❡❝t❡❞ ❛♥❞ ♠❡❛s✉r❡❞ ❞✐str✐❜✉t✐♦♥s ❢♦r s❡t s❡t ❧♦❝❦✐♥❣
❛♥❣❧❡s✳ ❆♥♦t❤❡r t❤✐♥❣ t♦ ♥♦t❡ ✐s t❤❛t ❢r♦♠ t❤❡ ♣♦✇❡r s♣❡❝tr✉♠ ✜ts ✇❡ ❡①♣❡❝t
t❤❛t ♦✉r ♠❡❛s✉r❡♠❡♥ts s❤♦✉❧❞ s✉✛❡r ❢r♦♠ ♣❤❛s❡ ♥♦✐s❡ ♦❢ t❤❡ ❆❈ ❧♦❝❦ ❛♥❞ ✇❤✐❧❡
❛ ♣❤❛s❡ ♥♦✐s❡ ♦❢ θ ≈ 10◦ ❝♦✉❧❞ ❡①♣❧❛✐♥ t❤❡ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ t❤❡ ❡①♣❡❝t❡❞
❛♥❞ ♠❡❛s✉r❡❞ ❞✐str✐❜✉t✐♦♥s ❢♦r t❤❡ {30◦ 150circ} ♠❡❛s✉r❡♠❡♥ts ✐t s❤♦✉❧❞ ❛❧s♦
r❡❞✉❝❡ t❤❡ {0◦}♠❡❛s✉r❡♠❡♥t✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ t❤❡ ♠♦st s❡♥s✐t✐✈❡ t♦ ♣❤❛s❡ ♥♦✐s❡✳
❇✉t ✇❡ ❞♦♥✬t s❡❡ t❤✐s ❛♥❞ s♦ t❤❡ ♠✐ss✐♥❣ ❞✐♣ ❢♦r {30◦ 150circ} ❝♦✉❧❞ ❜❡ ❢r♦♠
❡rr♦♥❡♦✉s ❧♦✇ ❡✣❝✐❡♥❝② ♦r ❧❛r❣❡ ♣❤❛s❡ ♥♦✐s❡ ❢♦r t❤♦s❡ ♣❛rt✐❝✉❧❛r ♠❡❛s✉r❡♠❡♥ts✱
t❤♦✉❣❤ ❛ s✉❞❞❡♥ ❞r♦♣ ✐♥ ❡✣❝✐❡♥❝② s❡❡♠s ✉♥❧✐❦❡❧② ✇❤✐❧❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❧♦❝❦✐♥❣
♣❤❛s❡ ♥♦✐s❡ ✐s ❡♥t✐r❡❧② ♣♦ss✐❜❧❡ ❛s t❤❡ ❧♦❝❦✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❆❈✴❉❈ ❧♦❝❦ ❛r❡
s❡t ❛♥❞ ♦♣t✐♠✐③❡❞ ♦♥❧② ♦♥❝❡ ❜❡❢♦r❡ ❛ ❢✉❧❧ ♠❡❛s✉r❡♠❡♥t r✉♥✳ ❚❤❡ ♦♣t✐♠✐③❛t✐♦♥
❝♦♥s✐sts ♦❢ ❛❞❥✉st✐♥❣ t❤❡ P ❛♥❞ ■ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ P■❉ ♠♦❞✉❧❡ ❞r✐✈✐♥❣ t❤❡ ❢❡❡❞✲
❜❛❝❦✱ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❧♦❝❦ ❢♦r θ = 0◦ ❛♥❞ θ = 90◦✳ ❲❤✐❧❡ t❤❡ ❆❈ ❛♥❞ ❉❈ ❡rr♦r
s✐❣♥❛❧s s❤♦✉❧❞ ✐♥ ♣r❛❝t✐❝❡ ❜❡ ♠❛❞❡ ✐❞❡♥t✐❝❛❧ s♦ t❤❛t t❤❡ ✜♥❛❧ ❡rr♦r s✐❣♥❛❧ ❢❡❞ t♦
P■❉ ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡♠❡♥ts✱ ❞r✐❢ts ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t ❝❛♥
❝❛✉s❡ t❤❡♠ t♦ ❝❤❛♥❣❡✳ ❚❤✐s ❝❛♥ ❜♦t❤ ❡①♣❧❛✐♥ ❤♦✇ s✉❝❤ ❛ ❧♦❝❦✐♥❣ ♣❤❛s❡ ♦✛s❡t ❝❛♥



✽✹ ◆♦♥✲●❛✉ss✐❛♥ ❙t❛t❡ ❚r❛♥s♠✐ss✐♦♥

♦❝❝✉r ❛♥❞ ❤♦✇✱ ❢♦r s♦♠❡ ♠❡❛s✉r❡♠❡♥t ❛♥❣❧❡s✱ t❤❡ ❧♦❝❦✐♥❣ ♣❛r❛♠❡t❡rs ❝♦✉❧❞ ❜❡
s✉❜♦♣t✐♠❛❧ ❧❡❛❞✐♥❣ t♦ ❛ ❧❛r❣❡ ❧♦❝❦✐♥❣ ♣❤❛s❡ ♥♦✐s❡✳ ❚❤✐s ✇❛s ❡s♣❡❝✐❛❧❧② tr✉❡ ❢♦r
❝♦♥✜❣✉r❛t✐♦♥ ✭✷✮✱ ✇❤❡r❡ t❤❡ ♠♦❞✉❧❛t✐♦♥ ❢♦r t❤❡ ❆❈ ❧♦❝❦✐♥❣ s✐❣♥❛❧ ✇❛s ♣r♦✈✐❞❡❞
❜② ❛ s❡❝♦♥❞ ✜❜❡r ♠♦❞✉❧❛t♦r ❞r✐✈❡♥ ❛t ❛ r❡s♦♥❛♥❝❡ ♦❢ ♦♥❧② 14 ▼❍③ ❝♦♠♣❛r❡❞
t♦ t❤❡ 50 ❑❍③ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥ ✭✶✮✳ ❋♦r t❤✐s r❡❛s♦♥ ✇❡ ❛❧s♦ ❞❡❝✐❞❡❞ t♦ ♣❡r❢♦r♠
t❤❡ ▼❛①▲✐❦ r❡❝♦♥str✉❝t✐♦♥ ♦♥ t❤❡ D3 ❞❛t❛s❡t ✇✐t❤♦✉t ✐♥❝❧✉❞✐♥❣ t❤❡ {30◦ 150◦}
♠❡❛s✉r❡♠❡♥ts ❛♥❞ t❤❡ r❡s✉❧t✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♦t❤❡r r❡❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ D3

❞❛t❛s❡t ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✹✳✾ ❚❤❡ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ♦❢ ♦❢ t❤❡ ♠♦❞❡❧ ✐s −1.403✱
✇❤✐❧❡ t❤❡ r❡❝♦♥str✉❝t❡❞ st❛t❡s ❤❛✈❡ −0.045±0.001π ❛♥❞ −0.105±0.001π r❡s♣❡❝✲
t✐✈❡❧②✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❝❛♥ ❤❡r❡ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❡✐t❤❡r ❛❞❞✐t✐♦♥❛❧ ❧♦ss ♦r ♣❤❛s❡
♥♦✐s❡ ❛s ❞✐s❝✉ss❡❞✳
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❋✐❣✉r❡ ✹✳✾✿ ✭▲❡❢t✮ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ t❤r❡❡ ❞✐❢✲
❢❡r❡♥t r❡❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ D3 ❞❛t❛s❡t t♦ t❤❡ ❲✐❣♥❡r ❢✉♥❝t✐♦♥ ❡①♣❡❝t❡❞ ❜②
t❤❡ ♠♦❞❡❧✳ {φ(0)} = {0◦, 30◦, 60◦, 90◦, 120◦, 150◦} ✐s t❤❡ s❡t ❧♦❝❦✐♥❣ ❛♥❣❧❡s✱
{φ(1)} = {0◦, 17◦, 36◦, 90◦, 148◦, 169◦} ✐s t❤❡ ❝♦rr❡❝t❡❞ ❛♥❣❧❡s ❛♥❞ {φ(2)} =
{0◦, 36◦, 90◦, 148◦} ✐s ✇✐t❤ t❤❡ ♣♦ss✐❜❧② ❡rr♦♥❡♦✉s ♠❡❛s✉r❡♠❡♥ts ❡①❝❧✉❞❡❞✳ ❆❧❧
❤✐st♦❣r❛♠s ✇❡r❡ ❝r❡❛t❡❞ ✉s✐♥❣ t❤❡ fs,1(t) ♠♦❞ ❢✉♥❝t✐♦♥ ✇✐t❤ γ1 = 2π7.5 ▼❍③✱
2π7.1 ▼❍③ ❛♥❞ 2π8.42 ▼❍③ ❢♦r {φ(0)}✱ {φ(1)} ❛♥❞ {φ(2)} r❡s♣❡❝t✐✈❡❧②✳

✹✳✸✳✸ ❈♦♥✜❣✉r❛t✐♦♥ ✭✸✮

❋♦r ❝♦♥✜❣✉r❛t✐♦♥ ✭✸✮✱ t❤❡ tr✉❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣r♦❥❡❝t✱ ✇❡ s❛❞❧② ❞✐❞ ♥♦t s✉❝❝❡❡❞
✐♥ ♠❡❛s✉r✐♥❣ ❛♥② ❲✐❣♥❡r ♥❡❣❛t✐✈✐t②✳ ❚❤✐s ✇❛s ♠♦st❧② ❛ r❡s✉❧t ♦❢ t❤❡ ❝♦♥✜❣✉r❛✲
t✐♦♥ ♦♥❧② ❜❡✐♥❣ ❛✈❛✐❜❧❡ ✇✐t❤✐♥ t❤❡ ✜♥❛❧ ♠♦♥t❤ ♦❢ t❤❡ ❞❡❛❞❧✐♥❡ ♦❢ t❤✐s t❤❡s✐s✱ ❞✉❡
t♦ t❤❡ ❧♦❝❦❞♦✇♥ ♦❢ t❤❡ ❉❚❯ ❝❛♠♣✉s ❝❛✉s❡❞ ❜② t❤❡ ♦♥❣♦✐♥❣ ❈❖❱■❉✲✶✾ ✈✐r✉s
♦✉t❜r❡❛❦✳ ❲✐t❤✐♥ t❤❡ ❛✈❛✐❧❛❜❧❡ t✐♠❡ ✐t ✇❛s ♥♦t ♣♦ss✐❜❧❡ t♦ ✜❣✉r❡ ♦✉t ❛♥❞ s♦❧✈❡
❛❧❧ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✐♠♣❡r❢❡❝t✐♦♥s✱ ❜✉t ✇❡ ✇✐❧❧ st✐❧❧ ❤❡r❡ ♣r❡s❡♥t t❤❡ ❝♦❧❧❡❝t❡❞



✹✳✸ ■♥s♣❡❝t✐♦♥ ♦❢ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss ✽✺

♠❡❛s✉r❡♠❡♥t ❞❛t❛ ❤❡r❡✳ ❆s ♣r❡✈✐♦✉s❧② ✇❡ st❛rt ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❝♦✈❛r✐❛♥❝❡ ♦❢
t❤❡ sq✉❡❡③✐♥❣ ❛♥❞ ❛♥t✐sq✉❡❡③✐♥❣ ♠❡❛s✉r❡♠❡♥ts ✭✜❣✳ ✹✳✶✵✮✳ ❋♦r t❤✐s ♠❡❛s✉r❡✲
♠❡♥t ✭D4✮ ✇❡ ✉s❡❞ ❛ ♣✉♠♣ r❛t❡ ♦❢ ∼ 0.35 ✐s ❝♦♠♣❛r❡❞ t♦ t❤❡ ∼ 0.48 ✉s❡❞ ❢♦r t❤❡
♣r❡✈✐♦✉s ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ r❡❛s♦♥ ❜❡✐♥❣ t❤❛t ✇❡ ❡①♣❡❝t❡❞ t❤❡ ❧♦❝❦✐♥❣ ♣❤❛s❡
♥♦✐s❡ t♦ ❜❡ ✇♦rs❡ ❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ❞✉❡ t♦ t❤❡ ❧♦♥❣❡r ✜❜❡r
♥❡t✇♦r❦✱ ❛♥❞ s♦ ❛ s♠❛❧❧❡r ❛♥t✐✲sq✉❡❡③❡❞ ❧❡✈❡❧ r❡❞✉❝❡s t❤❡ ❡✛❡❝t ♦❢ ♣❤❛s❡ ♥♦✐s❡✳
❋r♦♠ ✜❣✳ ✹✳✶✵ ✇❡ s❡❡ ❛ ❝❧❡❛r s✐❣♥ ♦❢ t❤❡ ♣❤♦t♦♥ s✉❜tr❛❝t✐♦♥ ❡✈❡♥t✳ ❲❡ t❤❡♥ ♣r♦✲
❝❡❡❞ ✇✐t❤ t❤❡ ❝✉r✈❡ ✜tt✐♥❣ ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ sq✉❡❡③❡❞ ✈❛❝✉✉♠ ♣♦✇❡r s♣❡❝tr✉♠✱
❜✉t ❛❧r❡❛❞② ❢r♦♠ t❤❡ ♦❜s❡r✈❡❞ ✈❛r✐❛♥❝❡ ❧❡✈❡❧s ✇❡ ❡①♣❡❝t t❤❡ sq✉❡❡③❡❞ t♦ ❜❡ r❡✲
❞✉❝❡❞ ❢r♦♠ ❡✐t❤❡r ❛❞❞✐t✐♦♥❛❧ ❧♦ss ♦r ✐♥❝r❡❛s❡❞ ♣❤❛s❡ ♥♦✐s❡✳ ❚❤❡ ✜tt✐♥❣ r❡s✉❧ts
❛r❡ ❛s ✇❡❧❧ ❧❡ss ❝❧❡❛r✳ ■♥❝❧✉❞✐♥❣ t❤❡ ❆❈ ♣❤❛s❡ ♥♦✐s❡ t❡r♠ ✇❡ ❣❡t γ = 7.0± 0.5✱
x = 0.28± 0.08✱ ηs = 0.66± 0.26 ❛♥❞ φac = 17± 5◦✱ ✇❤✐❝❤ ✐♠♠❡❞✐❛t❡❧② s❡❡♠s
✇r♦♥❣ ❞✉❡ t♦ t❤❡ ✐♥❝♦rr❡❝t❧② ✜tt❡❞ ♣✉♠♣ ♣❛r❛♠❡t❡r ❛♥❞ ❤✐❣❤ ❡✣❝✐❡♥❝② ✇✐t❤
❤✐❣❤ ❆❈ ♣❤❛s❡ ♥♦✐s❡✳ ❋✐①✐♥❣ φac = 0 ✇❡ ❣❡t γ = 8.0± 0.3✱ x = 0.37± 0.015 ❛♥❞
ηs = 0.37±0.016✱ ✇❤✐❝❤ ❜♦t❤ ✜t t❤❡ ✉s❡❞ ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛♠❡t❡rs ♠✉❝❤ ❜❡tt❡r
❛♥❞ ❤❛s ❧♦✇❡r ✜tt✐♥❣ ✉♥❝❡rt❛✐♥t✐❡s✳ ❋♦r ❜♦t❤ ✜ts t❤❡ ❧♦❝❦✐♥❣ ❛♥❣❧❡ ❝♦rr❡❝t✐♦♥s
❛r❡ ✇✐t❤ ±4◦ ❢r♦♠ t❤❡ s❡t ❛♥❣❧❡s✳
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❋✐❣✉r❡ ✹✳✶✵✿ ▼❡❛s✉r❡♠❡♥t r❡s✉❧t ❢r♦♠ ❝♦♥✜❣✉r❛t✐♦♥ ✭✸✮✳ ❆ ❝❧❡❛r s✐❣♥ ♦❢ t❤❡
♣❤♦t♦♥ s✉❜tr❛❝t✐♦♥ ❡✈❡♥t ❝❛♥ ❜❡ s❡❡♥✱ ❜✉t t❤❡ ❧♦✇ sq✉❡❡③✐♥❣ ❧❡✈❡❧ ✐♥❞✐❝❛t❡ t❤❛t
❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ✐s ♠♦st ❧✐❦❡❧② ♥♦t ♣r❡s❡r✈❡❞✳

❲❡ t❤❡♥ ♣❧♦t t❤❡ q✉❛❞r❛t✉r❡ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❤✐st♦❣r❛♠s ❛♥❞ ❝♦♠♣❛r❡ t❤❡♠
t♦ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ✇❡ ✇♦✉❧❞ ❡①♣❡❝t ♦✉r ♠♦❞❡❧ ✉s✐♥❣ t❤❡ t✇♦ s❡t ♦❢
✜tt❡❞ ♣❛r❛♠❡t❡rs ❛♥❞ ♦♣t✐♠✐③❡❞ s✐❣♥❛❧ ❚▼❋✳ ❚❤✐s ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✹✳✶✶ ❛♥❞ ✇❡
❝❧❡❛r❧② s❡❡✱ ❛s ✇❡ ❡①♣❡❝t❡❞✱ t❤❛t t❤❡ ❞❛r❦❣r❡❡♥ ❝✉r✈❡ ♦❢ t❤❡ ✜tt❡❞ ♣❛r❛♠❡t❡rs
✇✐t❤♦✉t t❤❡ ❆❈ ♣❤❛s❡ ♥♦✐s❡ t❡r♠ ♠❛t❝❤❡s t❤❡ ♠❡❛s✉r❡❞ ❞❛t❛ ❜❡tt❡r✳ ❋r♦♠ ♦✉r
♣r❡✈✐♦✉s ❛♥❛❧②s✐s ✭✜❣✳ ✹✳✽✮ ✇❡ ❛❧s♦ ❦♥♦✇ t❤❛t t❤❡ ❧♦✇ ❞✐♣ ♦❢ t❤❡ {90◦} ✈♦❧❝❛♥♦
✐s ♠❛✐♥❧② ❝❛✉s❡❞ ❜② ❧♦ss ❛♥❞ s♦ t❤✐s ❛❧s♦ s✉❣❣❡sts t❤❛t ❝♦♥✜❣✉r❛t✐♦♥ ✭✸✮ ❤❛❞
❛ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞ ❡✣❝✐❡♥❝② ❝♦♠♣❛r❡❞ t♦ ❝♦♥✜❣✉r❛t✐♦♥ ✭✶✮ ❛♥❞ ✭✷✮✳ ❚❤✐s
❝♦✉❧❞ ❜❡ ❛ ❛ttr✐❜✉t❡❞ t♦ t❤❡ ♠❛♥② ❝♦♥♥❡❝t✐♦♥s ♦❢ t❤❡ ✜❜❡r ♥❡t✇♦r❦✱ ❜✉t ❢r♦♠
❛♥ ✐♥❞❡♣❡♥❞❡♥t ♠❡❛s✉r❡♠❡♥t ✐t ✇❛s ❡st✐♠❛t❡❞ t♦ ∼ 0.90± 0.01%✳

❊✈❡♥ t❤♦✉❣❤ ✇❡ ❝♦✉❧❞ ♦❜t❛✐♥ ❛ ❜❡tt❡r ♠❛t❝❤ t♦ t❤❡ ♠❡❛s✉r❡❞ q✉❛❞r❛t✉r❡ ❞✐s✲



✽✻ ◆♦♥✲●❛✉ss✐❛♥ ❙t❛t❡ ❚r❛♥s♠✐ss✐♦♥

tr✐❜✉t✐♦♥s ✉s✐♥❣ t❤❡ ✜tt❡❞ ♣❛r❛♠❡t❡rs ❡①❝❧✉❞✐♥❣ t❤❡ ♣❤❛s❡ ♥♦✐s❡ t❡r♠✱ ✇❡ ✇✐❧❧
❝♦♥❝❧✉❞❡ ♦✉r ❛♥❛❧②s✐s ❜② ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❛❝t✉❛❧ ♣❤❛s❡ ♥♦✐s❡ t❤❛t ♦✉r D4 ♠❡❛✲
s✉r❡♠❡♥t s✉✛❡r❡❞ ❢r♦♠✳ ❲❡ ❞♦ t❤✐s ❜② ❦❡❡♣✐♥❣ ❛❧❧ ❧♦❝❦s ❛♥❞ ❜❡❛♠s ❝♦♥st❛♥t❧② ♦♥
✐♥ ❧❛❜ ❆✱ ✇❤✐❧❡ ♦♥❧② r✉♥♥✐♥❣ t❤❡ s❛♠♣❧❡✲❤♦❧❞ s❝❤❡♠❡ ♦♥ t❤❡ ❆❈✴❉❈ ❧♦❝❦❜♦①✳
❚❤✐s ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ❝♦♥t✐♥✉♦✉s❧② tr❛❝❦ t❤❡ ♣r♦❜❡ ✐♥t❡♥s✐t② ❢r♦♠ t❤❡ ❉❈
♦✉t♣✉t ♦❢ t❤❡ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r ❞✉r✐♥❣ s❛♠♣❧❡✲❤♦❧❞ ♣❡r✐♦❞s✱ ✇❤❡♥ ❧♦❝❦❡❞ t♦
❞✐✛❡r❡♥t ▲❖ ♣❤❛s❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ t♦♠♦❣r❛♣❤✐❝ ♠❡❛s✉r❡♠❡♥t✳ ❆♥ ♦✈❡r❧❛②
♦❢ ✷✵✵ s✉❝❤ tr❛❝❡s ❛❝r♦ss t✇♦ s❛♠♣❧❡✲❤♦❧❞ ♣❡r✐♦❞s ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✹✳✶✷✳

❋✐❣✉r❡ ✹✳✶✶✿ ◗✉❛❞r❛t✉r❡ ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❤✐st♦❣r❛♠s ♦❢ t❤❡ D4 ❞❛t❛s❡t✱ t♦✲
❣❡t❤❡r ✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥s ✉s✐♥❣ t❤❡ t✇♦ ❞✐✛❡r❡♥t s❡ts ♦❢
✜tt❡❞ r❡s✉❧ts✳

❋♦r t❤❡ tr❛❝❡s s❤♦✇♥ ❤❡r❡ ✇❡ ✉s❡❞ ❛ ❢r❡q✉❡♥❝② ♦❢ 200 ❍③ ✇✐t❤ ❛ s❛♠♣❧❡✲❤♦❧❞
❞✉t②✲❝②❝❧❡ ♦❢ ✻✵✿✹✵✳ ❲❡ s❡❡ t❤❛t ❢r♦♠ t❤❡ ♠♦♠❡♥t t❤❡ ❤♦❧❞ ♣❡r✐♦❞ st❛rts ✭t = 0✮✱
❛♥❞ t❤❡ ❢❡❡❞❜❛❝❦ ✐s ❤❡❧❞ ❝♦♥st❛♥t✱ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ ♣r♦❜❡ r❡❧❛t✐✈❡ t♦ t❤❡ ▲❖
st❛rts t♦ ❞r✐❢t ❛♥❞ t❤❛t ❛❧r❡❛❞② ❛❢t❡r ∼ 1 ♠s t❤❡ ♣❤❛s❡ ❤❛s ❞r✐❢t❡❞ ♠♦r❡ t❤❡♥
180◦✳ ❋♦r ❛ ♠❡❛s✉r❡♠❡♥t t❤✐s ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♠❡❛s✉r❡❞ ♣❤❛s❡ ❜❡✐♥❣
r❛♥❞♦♠✐③❡❞ ❛❢t❡r 1 ♠s✱ ❛♥❞ s♦ ✐t s❡❡♠s s✉r♣r✐s✐♥❣ t❤❛t ♦✉r ♠❡❛s✉r❡❞ q✉❛❞r❛✲
t✉r❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ ♥♦t ✇♦rs❡ t❤❛♥ t❤❡② ❛r❡✳ ❚♦ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡ ✇❡ ❛❧s♦
♣❧♦t ❛ ③♦♦♠ ♦❢ t❤❡ ✜rst 0.5 ♠s ♦❢ t❤❡ ❤♦❧❞ ♣❡r✐♦❞ ❛♥❞ ❢♦r t❤❡ {60◦, 90◦, 120◦}
♠❡❛s✉r❡♠❡♥ts ❝❛❧❝✉❧❛t❡ t❤❡ ♣❤❛s❡ ♥♦✐s❡ ✐♥ ❞❡❣r❡❡s ❛s t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢
t❤❡ ♣❤❛s❡ ❛♥❣❧❡ ♦❢ t❤❡ s✐♥✉s♦✐❞❛❧ ✐♥t❡r❢❡r❡♥❝❡✳ ❚❤✐s ❝❛♥ ♥♦t str❛✐❣❤t❢♦r✇❛r❞❧②
❜❡ ❞♦♥❡ ❢♦r t❤❡ ♦t❤❡r ♣❤❛s❡s ❛s t❤❡② ❝❧♦s❡ t♦ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ❡❞❣❡ ❛♥❞ s♦ t❤❡
✉♥✇r❛♣♣✐♥❣ ♦❢ t❤❡ ♣❤❛s❡ ❢r♦♠ t❤❡ ♥♦✐s② tr❛❝❡s ❧❡❛❞s t♦ ❧❛r❣❡ ✉♥❝❡rt❛✐♥t✐❡s✳ ❚❤❡
❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t ❡✈❡♥ t❤❡ str♦♥❣ ♣❤❛s❡ ❞r✐❢t ❝❛✉s❡❞ ❜② t❤❡ ✜❜❡r ♥❡t✇♦r❦
❝♦♥♥❡❝t✐♦♥ ♦✉r ❆❈✴❉❈ ❧♦❝❦ ✐s ❛❜❧❡ t♦ ♠❛✐♥t❛✐♥ ❛ ❧♦❝❦ ✇✐t❤ ∼ 4◦ ♦❢ ♣❤❛s❡ ♥♦✐s❡
❛♥❞ t❤❛t t❤❡ ♣❤❛s❡ ✢✉❝t✉❛t✐♦♥s ✐♥❝r❡❛s❡s t♦ ♠♦r❡ t❤❛♥ ∼ 10◦ ❛❢t❡r ♦♥❧② 0.5 ♠s
♦❢ ❤♦❧❞ t✐♠❡✳

❖♥❡ ❡①♣❧❛♥❛t✐♦♥ ❢♦r ✇❤② s✉❝❤ ❧❛r❣❡ ♣❤❛s❡ ✢✉❝t✉❛t✐♦♥s ❞♦❡s ♥♦t ❛♣♣❡❛r t♦ ❤✉rt
♦✉r ♠❡❛s✉r❡♠❡♥ts ♠♦r❡✱ ✐s t❤❛t ✇❡ ✉s❡❞ ❛ s❛♠♣❧❡✲❤♦❧❞ ❢r❡q✉❡♥❝② ♦❢ 100 ❍③ ❛♥❞



✹✳✸ ■♥s♣❡❝t✐♦♥ ♦❢ r❡❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss ✽✼

t❤❛t t❤❡ ♠❡❛s✉r❡♠❡♥t t✐♠❡ ❢♦r ❛ s✐♥❣❧❡ s❡t ♦❢ ✺✵✵✵ s❡q✉❡♥❝❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ✺✵✵✵ ❙❙P❉ tr✐❣❣❡r ❝❧✐❝❦s✱ ✇❛s r♦✉❣❤❧② ✶✳✺ ♠✐♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✶ ❝❧✐❝❦ ♣❡r
s❛♠♣❧❡✲❤♦❧❞ ♣❡r✐♦❞✳ ■t ♠✐❣❤t ❜❡ s♦ t❤❛t t❤❡ ✐♥t❡r♥❛❧ s♣❡❡❞ ♦❢ t❤❡ ❉❙❖ ✐s ❡①❛❝t❧②
s♦ s❧♦✇ t❤❛t ✐t ✇♦✉❧❞ tr✐❣❣❡r ♦♥ t❤❡ ✜rst ❝❧✐❝❦ ♦❢ ❛ ❤♦❧❞ ♣❡r✐♦❞ ❛♥❞ t❤❡♥ ♥♦t ❜❡
r❡❛❞② t♦ tr✐❣❣❡r ❛❣❛✐♥ ❜❡❢♦r❡ ❛ ♥❡✇ ♣❡r✐♦❞ ✇♦✉❧❞ st❛rt✳ ■♥ t❤❛t ✇❛② ♦♥❧② ❞❛t❛
❢r♦♠ t❤❡ ✜rst ✭❛♥❞ ❜❡st✮ tr✐❣❣❡r ❝❧✐❝❦s ♦❢ ❡❛❝❤ ❤♦❧❞✲♣❡r✐♦❞ ✇♦✉❧❞ ❜❡ r❡❝♦r❞❡❞
❞✉r✐♥❣ ❛ ♠❡❛s✉r❡♠❡♥t s❡q✉❡♥❝❡✳ ❯♥❢♦rt✉♥❛t❡❧② ♦✉r ❉❙❖ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ t✐♠✲
✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ✐♥❞✐✈✐❞✉❛❧ tr❛❝❡s ✇✐t❤✐♥ ❛ s❡q✉❡♥❝❡s ❞❛t❛ ✜❧❡ t♦ ❝♦♥✜r♠ t❤✐s
s✉s♣✐❝✐♦♥✳



✽✽ ◆♦♥✲●❛✉ss✐❛♥ ❙t❛t❡ ❚r❛♥s♠✐ss✐♦♥

❋✐❣✉r❡ ✹✳✶✷✿ ❉r✐❢t ♦❢ t❤❡ r❡❧❛t✐✈❡ ♣❤❛s❡ ❜❡t✇❡❡♥ t❤❡ ▲❖ ❛♥❞ s✐❣♥❛❧ ❢♦r ❝♦♥✜❣✲
✉r❛t✐♦♥ ✭✸✮✳ ❱✐s✉❛❧✐③❡❞ ❛s t❤❡ ♦✈❡r❧❛② ♦❢ ✷✵✵ t✐♠❡ tr❛❝❡s ❛❝r♦ss ✷ s❛♠♣❧❡✲❤♦❧❞
♣❡r✐♦❞s ✇✐t❤ ❛ ❝♦♥st❛♥t ♣r♦❜❡ s✐❣♥❛❧✳ ✭r✐❣❤t✮ ❩♦♦♠ ♦❢ t❤❡ ✜rst 0.5 ♠s ♦❢ ❤♦❧❞
t✐♠❡ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❤❛s❡ ♥♦✐s❡ ❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡
♣❤❛s❡ ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡ ❞❛r❦❡r s❤❛❞❡❞ ❛r❡❛ ✐♥❞✐❝❛t❡ t❤❡ t✐♠❡ ❞✉r❛t✐♦♥ ✇❤❡♥ t❤❡
❧♦❝❦ ✐s ♦♥✳



❈❤❛♣t❡r ✺

❉✐str✐❜✉t❡❞ ◗✉❛♥t✉♠

❙❡♥s✐♥❣

■♥ ✷✵✶✽ ❩❤✉❛♥❣ ❡t ❛❧✳ ♣r♦♣♦s❡❞ t❤❡ ✜rst ♣r♦t♦❝♦❧ ❢♦r ✉t✐❧✐③✐♥❣ ❈❱ ♠✉❧t✐♣❛rt✐t❡
❡♥t❛♥❣❧❡♠❡♥t t♦ ✐♠♣r♦✈❡ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ ♣❤❛s❡ ♦r ❞✐s♣❧❛❝❡♠❡♥t s❡♥s✐♥❣ t❛s❦s
✐♥ ❛ ♥❡t✇♦r❦ ❬✶✹❪✳ ▲❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ②❡❛r ✇❡ t❤❡♥ ❞❡♠♦♥str❛t❡❞ t❤❡ ✜rst ❡①✲
♣❡r✐♠❡♥t❛❧ r❡❛❧✐③❛t✐♦♥ ❛ ❞✐str✐❜✉t❡❞ s❡♥s✐♥❣ ♣r♦t♦❝♦❧ ✐♠♣r♦✈❡❞ ❜② ♠✉❧t✐♣❛rt✐t❡
❡♥t❛♥❣❧❡♠❡♥t✳ ■♥ ♦✉r ♣✉❜❧✐s❤❡❞ ✇♦r❦ ✇❡ s❤♦✇ t❤❛t ❢♦r ✜①❡❞ ♣r♦❜❡ r❡s♦✉r❝❡s
✇❡ ♦❜t❛✐♥ ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ r♦♦t✲♠❡❛♥✲sq✉❛r❡ ✭r♠s✮ ❡st✐♠❛t✐♦♥ ❡rr♦r ♦❢
s❡♥s✐♥❣ t❤❡ ❛✈❡r❛❣❡ ♣❤❛s❡ s❤✐❢t ❛❝r♦ss ✹ ♥♦❞❡s✱ ❜② ✉s✐♥❣ ❛ ♠✉❧t✐♣❛rt✐t❡ ❡♥t❛♥✲
❣❧❡❞ ♣r♦❜❡ st❛t❡ ❛s ❝♦♠♣❛r❡❞ t♦ ✉s✐♥❣ ♥♦♥✲❡♥t❛♥❣❧❡❞ ♣r♦❜❡s✳ ●❡♥❡r❛❧❧② t❤❡ r♠s
❡st✐♠❛t✐♦♥ ❡rr♦r ❢♦r ♣r♦t♦❝♦❧s ✉t✐❧✐③✐♥❣ ❡♥t❛♥❣❧❡♠❡♥t ❝❛♥ s❝❛❧❡ ❛s t❤❡ ❍❡✐s❡♥❜❡r❣
s❝❛❧✐♥❣ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ▼✱ t❤❛t ✐s 1/M ✱ ✇❤✐❧❡ ♣r♦t♦❝♦❧s ✇✐t❤♦✉t ❡♥t❛♥❣❧❡✲
♠❡♥t ♦♥❧② s❝❛❧❡ ❛s t❤❡ st❛♥❞❛r❞ q✉❛♥t✉♠ ❧✐♠✐t 1/

√
M ✳ ❇✉t ❞✉❡ t♦ ❡①♣❡r✐♠❡♥t❛❧

✐♠♣❡r❢❡❝t✐♦♥s ✐♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ♠❛✐♥❧② ♦♣t✐❝❛❧ ❧♦ss✱ ✇❡ ♦♥❧② s❤♦✇ ❛ 20%
✐♠♣r♦✈❡♠❡♥t ❢♦r M = 4 ♥♦❞❡s✳ ❉✉❡ t♦ t❤❡ s❝❛❧✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ ❈❱ ♠✉❧t✐♣❛r✲
t✐t❡ ❡♥t❛♥❣❧❡♠❡♥t ❜❡✐♥❣ ❤✐❣❤❧② s❡♥s✐t✐✈❡ t♦ ❧♦ss✱ r❡❝❡♥t ❛❞✈❛♥❝❡♠❡♥t ❤❛✈❡ ❜❡❡♥
♠❛❞❡ ✐♥ ♣r♦t♦❝♦❧s ✉t✐❧✐③✐♥❣ ♥♦♥❧✐♥❡❛r ❛♠♣❧✐✜❡rs ❬✽✹❪ ♦r ❈❱ ❡rr♦r ❝♦rr❡❝t✐♦♥ ❝♦❞❡s
❬✽✺❪ t♦ ✐♠♣r♦✈❡ t❤❡✐r r♦❜✉st♥❡ss ❛❣❛✐♥st ❧♦ss✳ ❇❡s✐❞❡s ♣❤❛s❡ s❡♥s✐♥❣ ❞✐str✐❜✉t❡❞
q✉❛♥t✉♠ s❡♥s✐♥❣ ❤❛✈❡ ❛❧s♦ r❡❝❡♥t❧② ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ s❡♥s✐♥❣
❘❋ s✐❣♥❛❧s ❬✽✻❪✳ ❋♦r ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✐♥tr♦❞✉❝t✐♦♥ t♦ ✉s✐♥❣ sq✉❡❡③✐♥❣ ✈❛❝✉✉♠ ❢♦r
s❡♥s✐♥❣ s❡❡ t❤❡ r❡✈✐❡✇ ❜② ▲❛✇r✐❡ ❡t ❛❧✳ ❬✽✼❪✳



✾✵ ❉✐str✐❜✉t❡❞ ◗✉❛♥t✉♠ ❙❡♥s✐♥❣

✺✳✶ ❊①♣❡r✐♠❡♥t❛❧ s❡t✉♣

❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✉s❡❞ t♦ ✐♠♣❧❡♠❡♥t ♦✉r ❞✐str✐❜✉t❡❞ s❡♥s✐♥❣ ♣r♦t♦❝♦❧
✉s❡s ❛♥ ❛❧♠♦st ✐❞❡♥t✐❝❛❧ s❡t✉♣ ❢♦r ❣❡♥❡r❛t✐♥❣ t❤❡ sq✉❡❡③❡❞ ♣r♦❜❡ ❛s ❢♦r t❤❡ ♥♦♥✲
●❛✉ss✐❛♥ st❛t❡ ♣r♦❥❡❝t✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❛ s❡❝♦♥❞ ❊❖▼ ✐♥
t❤❡ ♣r♦❜❡ ❜❡❛♠ ♣❛t❤✱ ✇❤✐❝❤ ✐s ✉s❡❞ t♦ ❝r❡❛t❡ ❛ 3 ▼❍③ s✐❞❡❜❛♥❞ ❛❝t✐♥❣ ❛s t❤❡
♣r♦❜❡ st❛t❡ ❢♦r t❤❡ s❡♥s✐♥❣ ♣r♦t♦❝♦❧✳ ❚❤❡ s✐❞❡❜❛♥❞ ♣r♦❜❡ st❛t❡ ✐s t❤❡♥ sq✉❡❡③❡❞
❜② t❤❡ ❖P❖✱ ❛❧❧♦✇✐♥❣ ✉s t♦ ❛❞❥✉st t❤❡ ❝♦❤❡r❡♥t ❛♥❞ sq✉❡❡③❡❞ ♣❛rt ♦❢ t❤❡ ♣r♦❜❡
st❛t❡ ❜② t✉♥✐♥❣ t❤❡ ❖P❖ ♣✉♠♣ ♣♦✇❡r ❛♥❞ ❊❖▼ ♠♦❞✉❧❛t✐♦♥ str❡♥❣t❤✳ ❚❤❡
sq✉❡❡③❡❞ ♣r♦❜❡ st❛t❡ ✐s t❤❡♥ ♣❛ss❡❞ t❤r♦✉❣❤ ❛ ❜❡❛♠s♣❧✐tt❡r ♥❡t✇♦r❦ ✭❇◆✮ ❝r❡✲
❛t✐♥❣ t❤❡ ♠✉❧t✐♣❛rt✐t❡ ❡♥t❛♥❣❧❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ❢♦✉r ❡①✐t ❛r♠s✳

■♥ ❬✶✹❪ t❤❡ ♣❤❛s❡s t♦ ❜❡ s❡♥s❡❞ ✐s t❤❡♥ ✐♠❛❣✐♥❡❞ ❛s ❛ s♠❛❧❧ ♣❤❛s❡ s❤✐❢t ✐♥ ♦♥❡ ❛r♠
♦❢ ❛ ▼❛❝❤✲❩❡❤♥❞❡r ✐♥t❡r❢❡r♦♠❡t❡r ❥✉st ❜❡❢♦r❡ ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥ ✐♥ ❡❛❝❤ ❛r♠✳
❋♦r ❢♦✉r ♥♦❞❡s t❤✐s ✇♦✉❧❞ r❡q✉✐r❡s ❢♦✉r ♣❤❛s❡ ❧♦❝❦❡❞ ✐♥t❡r❢❡r♦♠❡t❡rs ❢♦❧❧♦✇❡❞ ❜②
❢♦✉r ▲❖ ♣❤❛s❡ ❧♦❝❦s ❛♥❞ s♦ t♦ r❡❞✉❝❡ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♠♣❧❡①✐t② ✇❡ ❝❤♦♦s❡
t♦ ♦✈❡r❧❛♣ t❤❡ ▲❖ ✇✐t❤ t❤❡ ♣r♦❜❡ ❜❡❢♦r❡ t❤❡ ❇◆ ❛♥❞ ✉s❡ ◗❲Ps ❛❢t❡r t♦ tr❛♥s✲
❢♦r♠ t❤❡✐r ♣♦❧❛r✐③❛t✐♦♥s t♦ ♦♣♣♦s✐t❡ ❝✐r❝✉❧❛r ♣♦❧❛r✐③❛t✐♦♥s✳ ❲❡ t❤❡♥ ✉s❡ t❤❡ ❢❛❝t
t❤❛t ❛ ❍❲P ✇✐❧❧ s❤✐❢t t❤❡ r❡❧❛t✐✈❡ ♣❤❛s❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝✐r❝✉❧❛r ♣♦❧❛r✐③❛t✐♦♥s
♠♦❞❡s ❛♥❞ ❞❡t❡❝t t❤❡♠ ✇✐t❤ ❤♦♠♦❞②♥❡ ❞❡t❡❝t✐♦♥ ✉s✐♥❣ ❛ ♣♦❧❛r✐③❛t✐♦♥ ❜❡❛♠✲
s♣❧✐tt❡r ✭P❇❙✮ t♦ ✐♥t❡r❢❡r❡ t❤❡ ♣r♦❜❡ ❛♥❞ ▲❖✳ ■♥ t❤✐s ✇❛② t❤❡ ◗❲P✰❍❲P✰P❇❙
❡✛❡❝t✐✈❡❧② r❡❛❧✐s❡s ❛ ❝♦♣r♦♣❛❣❛t✐♥❣ ▼❛❝❤✲❩❡❤❞♥❡r ✐♥t❡r❢❡r♦♠❡t❡r ✇✐t❤ t❤❡ ♣❤❛s❡
s❤✐❢t s♣❧✐t ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛r♠s ❛♥❞ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❧♦❝❦ t❤❡ ♣r♦❜❡ ❛♥❞ ▲❖
♣❤❛s❡ ❜❡❢♦r❡ t❤❡ ❇❙ ♥❡t✇♦r❦✳ ❆ s❦❡t❝❤ ♦❢ t❤❡ s❡t✉♣ ✐s s❤♦✇♥ ✐♥ ✜❣✳ ✺✳✶ ❛♥❞
♠♦r❡ ❞❡t❛✐❧s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ s✉♣♣❧❡♠❡♥t ♠❛t❡r✐❛❧✳
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Networking is integral to quantum communications1 and has 
significant potential for upscaling quantum computer tech-
nologies2. Recently, it was realized that the sensing perfor-
mances of multiple spatially distributed parameters may 
also be enhanced through the use of an entangled quantum 
network3–10. Here, we experimentally demonstrate how sens-
ing of an averaged phase shift among four distributed nodes 
benefits from an entangled quantum network. Using a four-
mode entangled continuous-variable state, we demonstrate 
deterministic quantum phase sensing with a precision beyond 
what is attainable with separable probes. The techniques 
behind this result can have direct applications in a number of 
areas ranging from molecular tracking to quantum networks 
of atomic clocks.

Quantum noise associated with quantum states of light and mat-
ter ultimately limits the precision with which measurements can 
be carried out11–13. However, by carefully designing the coherence 
of this quantum noise to exhibit properties such as entanglement 
and squeezing, it is possible to measure various physical parameters 
with significantly improved sensitivity compared to classical sens-
ing schemes14. Numerous realizations of quantum sensing utilizing 
non-classical states of light15–17 and matter18 have been reported, 
but only a few applications have been explored. Examples of these 
include quantum-enhanced gravitational wave detection19, the 
detection of magnetic fields20–22 and sensing of the viscous-elasticity 
parameter of yeast cells23. All these implementations are, however, 
restricted to the sensing of a single parameter at a single location.

Spatially distributed sensing of parameters at multiple locations 
in a network is relevant for applications from local beam tracking24 
to global-scale clock synchronization3. The development of quan-
tum networks enables new strategies for achieving enhanced per-
formance in such scenarios. Theoretical works4–8,25–27 have shown 
that entanglement can improve sensing capabilities in a network 
using either twin photons or Greenberger–Horne–Zeilinger (GHZ) 
states combined with photon number-resolving detectors5,6 or using 
continuous-variable (CV) entanglement for the detection of distrib-
uted phase space displacements7. In this Letter, we experimentally 
demonstrate an entangled CV network for sensing the average of 
multiple phase shifts inspired by the theoretical proposal of ref. 7. 
We focus on the task of estimating small variations around a known 
phase in contrast to ab initio phase estimation. We successfully 
demonstrate deterministic distributed sensing in a network of four 
nodes with a sensitivity beyond that achievable with a separable 
approach using similar quantum states.

We start by introducing a theoretical analysis of the networked 
sensing scheme assuming the existence of an external phase  

reference. Consider a network of M nodes with optical inputs that 
undergo individual phase shifts, ϕj(j = 1, …, M). The goal is to esti-

mate the averaged phase shift, ϕ ϕ= ∑ ∕= M
j

M

javg 1
, among all nodes 

with as high precision as possible. Two different sensing set-ups are 
considered: a separable system where the nodes are interrogated 
with independent quantum states (Fig. 1a) and an entangled system 
where they are interrogated with a joint quantum state (Fig. 1b). We 
assume the squeezers give out pure single-mode Gaussian quantum 

states described by the state vectors α Ŝ̂ ∣D r( ) ( ) 0 , where D̂ and Ŝ are 

the displacement and squeezing operators, respectively, α is the dis-
placement amplitude and r is the squeezing factor. We assume that 
each probe state undergoes loss in a channel with transmission η. We 
furthermore restrict the estimator to be the joint phase quadrature, 

̂ = ∑ ̂ ∕=P p M
j

M

javg 1
 (where ̂p

j
 are the phase quadratures of the indi-

vidual modes), practically corresponding to the averaged outcome 
of M individual homodyne detectors. These states and detectors are 
of particular interest due to their experimental feasibility, inherent 
deterministic nature, high efficiency and robustness to noise.

Using the separable approach, M identical Gaussian probe states 
are prepared and individually detected, while in the entangled 
approach, a single squeezed Gaussian state is distributed evenly to 
the M nodes via a beamsplitter array and similarly measured indi-
vidually with homodyne detectors at the nodes. If one wanted to 
estimate different linear combinations of the phase shifts than the 
simple average, other beamsplitter divisions would be required4,5. 
The sensitivity of the measurement can be defined as the standard 
deviation (s.d.) of the measurement which, by error propagation, is13

σ
ϕ

=

Δ ̂

∣∂ ̂ ∕∂ ∣

P

P

(1)
avg

2

avg avg

where Δ ̂ = ̂ − ⟨ ̂ ⟩P P Pavg

2

avg

2

avg

2
 is the variance of the estima-

tor. We are only interested in the sensitivity for small phase shifts, 
because one can always use an initial rough phase estimation to 
adjust the homodyne detector (the local oscillator phase) to the 
maximum sensitivity setting16. For small phase shifts, we obtain 
the sensitivities for the separable (σs) and entangled (σe) approaches 
(Supplementary Section I):

σ

η
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=
+ ∕ −−

M

e 1 1
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We now constrain the average number of photons, N, hitting 
each sample. The photons can be separated into those originating 
from coherent displacement and those originating from squeez-
ing: η α= + = +N N N r( sinh )s,coh s,sqz s

2 2
s  for the separable case and 

η α= + = + ∕N N N r M( sinh )e,coh e,sqz e
2 2

e  for the entangled case. The 
ratio between photon numbers, parametrized as μs(e) = Ns(e),sqz/N can 
be tuned to give the optimal sensitivities

σ

η η

η
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− + + + −
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For perfect efficiency (η = 1), it is clear that the sensitivity of 
the entangled system yields Heisenberg scaling both in the num-
ber of nodes (1/M) and the number of photons per mode (1/N), 
whereas the separable system only achieves the latter and a classical 
∕ M1 -scaling with the number of modes. The gain in sensitivity of 

the entangled network relative to the separable network (denoted 
σ σ= ∕G s
opt

e
opt) is thus =G M .

For non-ideal efficiency, the Heisenberg scaling ceases to exist, 
in accordance with previous work on single parameter estimation28. 
In fact, for η → 0, both sensitivities approach ∕ MN1 2 . Still, it is 
important to note that the entangled network exhibits superior 
behaviour for any value of η, M and N for optimized μs, μe. Some 
examples for the sensitivity gain are illustrated in Fig. 1c,d. From 
Fig. 1d where a network of M = 4 nodes is considered, it is clear that 
the highest gain in sensitivity is attained at a finite photon number. 
We also note that, for large photon numbers, the gain tends to unity 
for non-zero loss, meaning no enhanced sensitivity when using the 
entangled approach. However, there is still a practical advantage for 
the entangled approach: only one squeezed state is needed com-
pared to the M squeezed states with similar squeezing levels for the 
separable approach (Supplementary Section I).

Next, we demonstrate experimentally the superiority of using an 
entangled network for distributed sensing. A schematic outline for 
the experimental set-up is shown in Fig. 2a (for more details see 
Extended Data Fig. 1, Methods and Supplementary Section II). The 
entangled network is realized by dividing equally a displaced single-
mode squeezed state into four spatial modes by means of three bal-
anced beamsplitters. These entangled probe states are then sent to 
the four nodes of the network, where they each undergo a phase 
shift ϕj and are finally measured with high-efficiency balanced 
homodyne detectors that are set to measure the phase quadrature, 

̂p
j
. The external phase reference is set by the local oscillator, which 

co-propagates with the probes through the set-up but in a different 
polarization mode. This ensures that the relative phases between 
the probes and the local oscillator can be controlled. The resulting 
photocurrents from the four detectors are further processed and 
subsequently combined to produce the averaged phase shift. For 
demonstration purpose, we set all ϕj to the same value ϕj = ϕavg, but 
in principle they could be different.

An experimental run is shown in Fig. 2b. In this particular run, a 
displaced squeezed state is prepared with an average photon number 
of N = 2.48 ± 0.12 in each mode, of which Ne,sqz = 0.30 ± 0.01 photons 
are from the squeezing operation and Ne,coh = 2.19 ± 0.11 are from the 
phase modulation, as this distribution is near-optimal for the entan-
gled case. We then impose 12 different ϕavg values by phase shifts 
at each node while recording the Fourier transformed homodyne 
detector outputs; the spectra around the 3 MHz sideband for six of 
the ϕavg values are shown in Fig. 2b. These outputs yield poor esti-
mates of the individual phase shifts (because the squeezing in each 
mode is only ~0.8 dB), but the averaged phase shift, obtained by 
summing the photocurrents, produces an entanglement-enhanced 
estimate with significantly lower noise, ~5 dB squeezing. The spec-
tra for the averaged photocurrents are shown in Fig. 2c. For compar-
ison, we also simulate the separable approach by directing the entire 
displaced squeezed state (with properly optimized parameters) to a 
single node. We then perform the phase estimation at that node and 
scale the obtained sensitivity by 4  to obtain the projected perfor-
mance for an average over four identical sites.

We quantify the performance of the sensing network by estimat-
ing the sensitivities of the two approaches based on the averaged 
homodyne measurement outcomes, Pavg. By extracting the rate of 

change with respect to a phase rotation, ϕ∣∂ ̂ ∕∂ ∣Pavg avg
, as well as 

the variance, Δ ̂Pavg
2

, of Pavg, we deduce the sensitivity using equa-

tion (1). See Supplementary Section IV for more details on the data 
analysis. For the experimental runs described above, we obtain 
sensitivities of σe = 0.099 ± 0.003 and σs = 0.118 ± 0.002 for the 
entangled and separable approach, respectively. These correspond 
to single-shot resolvable distributed phase shifts (that is, phase 
shifts for which the signal-to-noise ratio is unity) of 5.66° ± 0.18° 
for the entangled case and 6.76° ± 0.11° for the separable case 
with ~2.5 photons. Using a coherent state instead of the squeezed 
state, the minimal resolvable phase for 2.5 photons is 9.06° ± 0.07°,  
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the phase quadrature (HD1, …, HDM), and the sensitivity can be increased 

by using squeezed probes generated by M independent squeezers S1, …, 

SM. b, If the M sites are connected by an optical beamsplitter network 

(BSN), a single squeezed probe can be distributed among the sites. This 

enables entanglement-enhanced sensing of the average phase shift. c,d, 

The entangled approach of b shows a gain in sensitivity compared to the 

separable approach in a for the same number of photons, N, hitting each 

sample and with optimized probe states. This gain, σ σ= ∕G s
opt

e
opt, is plotted 

as a function of the number of samples M with N fixed at 10 (c) and as 
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different values of η, the efficiency of the channel between pure resource 

state and phase sample.
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corresponding to the standard quantum limit. Note that these 
angles are larger than our small phase shift approximation (which 
requires ϕavg to be much smaller than ~7° for the conditions in this 
experimental run; Supplementary Section I). In practice, this means 
that it is necessary to probe the sample more than once to resolve 
the small phases implemented in the experiment. Sampling the 
phases K times will result in K  times smaller resolvable phase shift  
angles. The entangled strategy will still benefit from the enhanced 
sensitivity per probe.

We find the sensitivities for different total average photon num-
bers both for the entangled and separable network, and plot the 
results in Fig. 3a. For every selection of the total photon number, we 
adjust μ to a near-optimal value for optimized sensitivity (Fig. 3b,c). 
It is clear in Fig. 3a that both realizations beat the standard quan-
tum limit (reachable by coherent states of light) and, most impor-
tantly, we see that the entangled network outperforms the separable 
network. The ultimate sensitivity of our entangled approach is 
not reached in our implementation (see Methods and Extended 
Data Fig. 2). However, homodyne detection will not, even in prin-
ciple, saturate this bound, and non-Gaussian measurements are in  
general needed.

Our results demonstrate experimentally how mode entangle-
ment, here in the form of squeezing of a collective quadrature of a 
multimode light field, can enhance the sensitivity in a distributed 

sensing scenario. The main limitation of the scheme when applied 
to realistic scenarios will be the channel efficiency, which will even-
tually limit the achievable gain. Other technical challenges will be 
to supply phase-locked local oscillators to each site that are sepa-
rate from the probe beams and to suppress the spectral parts of the 
squeezed light that does not contribute to the sensing. On the other 
hand, because the probes are generated from a simple beamsplitter 
network, it will be straightforward to scale to more modes where 
the sensitivity gain may be even larger (Fig. 1c). Consequently, 
we believe that techniques demonstrated in this proof-of-prin-
ciple experiment have direct applications in a number of areas. 
Specifically, beam tracking, relevant for molecular tracking24, could 
benefit from these techniques. Such applications impose limits on 
the allowed probe power to prevent photon damage and heating of 
the systems. Mode entanglement can thus be used to increase sen-
sitivity without increasing the probe power. Using squeezed coher-
ent light for quantum non-demolition (QND) measurements has 
also been exploited for the generation of spin squeezing in atomic 
ensembles29 and optical magnetometry20. Although this is usually 
considered for single ensembles, the generalization to multiple 
ensembles can provide enhanced sensitivity and new primitives for 
quantum information processing. Combining several ensembles  
for magnetometry and utilizing mode entanglement would further 
reduce the shot noise and increase the sensitivity of a collective 
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optical measurement. Performing a collective optical QND mea-
surement of several atomic ensembles can prepare a distributed 
spin-squeezed state for quantum network applications. In particu-
lar, squeezing of multiple optical lattice clocks could be used for col-
lective enhancement of clock stability3,30. In ref. 30, this was obtained 
by letting a single probe interact with all ensembles in a sequential 
manner. However, by utilizing mode entanglement, this can be per-
formed in a parallel fashion with no quantum signal being transmit-
ted between the ensembles.
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Methods
Outline of the experimental methods. Full details of the experimental set-up and 
data analysis are provided in Supplementary Sections II–IV. A brief outline is  
given here.

With this set-up, squeezed vacuum at 1,550 nm wavelength is generated in a 
bowtie-shaped OPO containing a periodically poled KTiOPO4 crystal (Extended 
Data Fig. 1a). The OPO cavity has a half-width at half-maximum bandwidth 
of 8.0 MHz, an oscillation threshold of 850 mW and 95% escape efficiency. It is 
pumped by 775 nm light generated by second harmonic generation in an identical 
cavity. Two 1,550 nm beams are injected into the cavity through a high reflector: 
one beam propagates against the direction of the squeezed light and is used for 
locking the cavity length and the other beam co-propagates and serves multiple 
purposes. First, this latter beam exits the cavity in the same spatial mode as the 
squeezing and is therefore used for alignment with the local oscillator. Second, it is 
used for locking the phase of the squeezing through the classical parametric gain, 
observed after tapping off 1% of the light. Third, and most importantly, it serves 
as the coherent displacement part of our probes. For this purpose, it is modulated 
at 3 MHz by an EOM. The modulation depth determines the amplitude of the 
displacement. Finally, it is used as the phase reference for locking the probe state 
and the local oscillator (LO) phase for homodyne detection.

The LO used in all four homodyne detectors is combined with the squeezed 
probe on a polarizing beamsplitter (PBS) in orthogonal polarizations prior to the 
distribution of the combined beams in the beamsplitter network (Extended Data 
Fig. 1b). Because the LO is co-propagating with the signals in the same spatial 
modes, balanced homodyne detection—which is inherently insensitive to noise 
in the LO—is achieved by changing the fields to orthogonal circular polarizations 
with λ/4 wave plates and subsequently mixing and splitting the fields on PBSs. The 
PBS outputs are then detected on a balanced photodetector (Extended Data Fig. 
1c). To lock the local oscillator to either the phase or amplitude quadrature of the 
probe, 1% is tapped off and detected with a homodyne detection set-up identical to 
those at the four sensing sites. All locks in the set-up are controlled by the PyRPL 
software package31 running on a PC and multiple RedPitaya FPGA boards. At each 
of the sensing sites, as well as at the LO phase lock, the relative phase of the LO and 
probe is manually controlled by a λ/2 wave plate. Before the measurements, the 
wave plates are carefully calibrated in order to be able to apply a well-defined phase 
shift to the probe states. Turning the λ/2 wave plate by 1° induces a 4° phase shift.

The data for the sensitivity measurements are obtained by simultaneously 
recording 200 μs-long oscilloscope traces of the high-pass filtered homodyne 
detector signals. The power spectral density is then calculated via the FFT of 
these traces and, from each, the single point at 3.000 MHz is extracted for further 
processing. Finally, the phase estimation sensitivities are obtained from fitting to 
simple sinusoidal models the amplitudes of the sideband peaks and the background 
noise floors as a function of the induced phase shift.

Mode definition of the optical field for sensing. The choice of modulation for 
generation of the coherent displacement defines the spectral mode of the probing 
scheme: a narrow 5 kHz band around the 3 MHz optical sideband of the 1,550 nm 
carrier. This sideband is chosen as it is in the spectral region of our source with 
maximum squeezing. At higher frequencies, the squeezing reduces due to the 
limited bandwidth of the OPO, while at lower frequencies, it is degraded by 
technical noise. Equivalently, the temporal mode is given by the 200 μs oscilloscope 
trace length. The spatial mode of the beams (~1.8 mm diameter) and their 
polarization also add to the definition of the optical mode that probes the sample, 
and it is the average photon number within this mode that counts as the resource of 
the phase sensing. Note that there are no fundamental restrictions in the scheme on 
the optical modes employed. In any practical setting, they would be chosen based on 
the nature of both the squeezing source and the samples being probed. In this work, 
the classical, separable and entangled schemes are compared using the same mode 
definitions. One could of course consider choosing different modes for a classical 
or separable scheme, but the relevant comparison of the schemes is still in terms 
of sensitivity versus average photon number within the mode. Whichever mode 
is chosen for each of the three schemes, as long as there is multimode squeezing 
(entanglement), the entangled scheme will outperform the other schemes.

In this proof-of-principle experiment, many photons outside the sensing mode 
still hit the sample, even though they do not count in the resource calculations. For 
applications where the power on the sample is restricted, these ‘inactive’ photons 
should be avoided. Photons from the local oscillator can be avoided by using 
individual local oscillators locally at the sites, combined with the probes after phase 
sampling. Photons in the carrier of the coherent modulation can be filtered away 
optically. The same is true for squeezed photons outside the employed spectral 
mode. Conversely, the spectral mode could be extended to contain most of the 
bandwidth of the squeezed OPO output.

Quantum Cramér–Rao bound for ϕavg sensing. Throughout the experiment, we 
did not try to pursue the ultimate sensitivity by using optimal probe states and 
optimal measurements. This means that the sensitivity for ϕavg sensing, with both 
the separable approach and the entangled approach, can be further optimized. 
Here, we confine the discussion to Gaussian states, and analyse the ultimate 
sensitivity limit for ϕavg sensing for a given probe with the help of the quantum 

Cramér–Rao bound (QCRB). We also compare the QCRB for ϕavg sensing to the 
counterpart of single parameter phase sensing by using a single-mode Gaussian 
state as the probe, as discussed in detail in ref. 32. We assume the sensing channel 
has a constant efficiency η < 1.

For a general sensing problem, the QCRB sets a lower bound, minimized over 
all possible measurements, on the uncertainty with which a parameter ϕ can be 
estimated through an unbiased estimator 

∼

ϕ , given a probe in a certain quantum 

state: ∼

ϕΔ ≥ ϕ
−F

2 1, where Fϕ is the quantum Fisher information. The ultimate 

sensitivity limit for sensing of a single phase shift is thus σ = ∕ϕ ϕF1CR . The 

quantum Fisher information for single-mode phase sensing using a Gaussian probe 
with initial displacement α and squeezing r is given by32
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The QCRB for sensing of an average ϕavg of multiple phase shifts with coherent 
probes, σcoh

CR, and with our separable approach, σsep
CR, can also be found from equation 

(6), divided by M  to account for the M independent phase estimations.
For non-trivial estimation involving multiple parameters, the quantum Fisher 

information matrix (QFIM) is needed. The variance of an unbiased estimator ∼q of 

an arbitrary linear combination of M parameters, ϕ= ∑
=

q w
i

M
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with the weight coefficients wT = (w1, …, wM) and parameter covariance matrix K 
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. Given a quantum Fisher information matrix F, the 

QCRB is expressed as
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The QCRB for ϕavg with the entangled scheme where the weights are 
= ∕ ∕ ∕ ∕w (1 4, 1 4, 1 4, 1 4)avg

T  is then

∑σ = =−

=

−F Fw w
1

16
( ) (8)

i j

ijent
CR

avg
T

ent
1

avg

, 1

4

ent
1

How to calculate the QFIM for arbitrary multimode Gaussian states, as well as the 
existence (or not) of a measurement that reaches the bound, is discussed in refs. 
33,34. We use equations (16)–(21) in ref. 34 to numerically calculate Fent. As discussed 
in ref. 33, when any of the symplectic eigenvalues of the quadrature covariance 
matrix of the Gaussian state has unity value, the process in ref. 34 gives a singular 
result. This applies to our entangled scheme, because it has three vacuum input 
modes. We solve this numerical problem pragmatically by replacing the three 
vacuum states with very weak thermal states (10−6 mean photon number in each).

The optimal QCRBs for different scenarios, together with the optimal 
sensitivity of our measurement schemes σs

opt and σe
opt, are shown in Extended 

Data Fig. 2. The QCRBs are optimized over α and r for a fixed mean photon 
number. For the η = 0.735 detection efficiency, the states optimizing the QCRBs 
are all squeezed vacuum states. It is interesting to compare this with ref. 35, where 
it is shown that for pure states (η = 1), the optimal Gaussian probes to sense a 
parameter encoded in a BSN (ϕavg is a special case of such a parameter) can be 
prepared by sending a single-mode squeezed vacuum state into one port of the 
BSN and vacuum states to all the other ports. This is equivalent to what we do in 
our entangled scheme. At our detection efficiency, we find

σ σ σ σ σ> > > > (9)coh
CR

s
opt

e
opt

sep
CR

ent
CR

The sensitivities obtained do not reach the corresponding ultimate limits. 
Furthermore, these relations show that, in principle, it should be possible to 
reach a better sensitivity with a separable scheme than what is obtained with 
the entangled scheme. However, the difference between them is small and—to 
the best of our knowledge—no efficient way of experimentally implementing a 
measurement to reach the ultimate limit σsep

CR is known. In ref. 36, it is discussed 
that an ̂ ̂+ ̂ ̂XP PX type of measurement is needed to reach the QCRB when η < 1. 
This is non-Gaussian and cannot be realized by only Gaussian operations such as 
squeezing, beamsplitters, phase shifts and homodyne/heterodyne detection. For 
sensing involving multiple parameters, a joint, non-Gaussian measurement may be 
optimal, but the experimental approaches to reach the optimal bound σent

CR remain 
unclear.
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Finally, note that the QCRB of the entangled scheme overlaps with that of the 
single parameter estimation. This makes sense intuitively: splitting a resource state 
equally into four and using these to probe the average of four phase shifts should 
result in the same sensitivity as that of a single phase shift probed by the same 
unsplit resource.

Data availability
The data represented in Figs. 2 and 3 and Supplementary Fig. 6b are available 
as Source Data or Supplementary Data. Raw oscilloscope data and data analysis 
scripts are available at https://doi.org/10.11583/DTU.9988805. All other data that 
support the plots within this paper and other findings of this study are available 
from the corresponding author upon reasonable request.
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Extended Data Fig. 1 | experimental Setup. See Supplementary Sec. II for details. (a) Single mode displaced squeezed state generation at the 3 MHz side 

band; (b) A proof-of-principle experimental setup for distributed phase sensing with entangled probes. The local oscillator (LO) is used as external phase 

reference, and the phase shift is introduced by wave plates; (c) The balanced homodyne detection setup corresponding to HD1 to HD4 in (b).
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Extended Data Fig. 2 | Optimal sensitivities and quantum Cramér–Rao bounds (QCRB) for different scenarios. All calculated with a total efficiency 

of η = 0.735 as in our experiment. The optimal sensitivity of our separable scheme σs
opt and entangled scheme σe

opt are plotted in solid blue and red, 

respectively. These are derived in the Supplementary Material Section I. The remaining four curves show the QCRBs derived in the Methods section: 

The optimal QCRB for ϕavg sensing with coherent probes (σcoh
CR, dashed black), the separable scheme with squeezed probes (σs

CR, dashed blue), and the 

entangled scheme (σe
CR, dashed red), as well as the QCRB for single parameter phase sensing with a squeezed probe (σsm

CR, solid green).
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✜❧t❡r s②st❡♠ ❝♦♥s✐st✐♥❣ ♦❢ ❛ ♥❛rr♦✇ ❧✐♥❡❛r ✜❧t❡r ❝❛✈✐t② ❛♥❞ ❛ ❉❲❉▼ ❜❛♥❞♣❛ss
✜❧t❡r✳ ❋♦r t❤❡ ✜❧t❡r ❝❛✈✐t② ✇❡ ❞❡✈❡❧♦♣❡❞ ❛ ❧♦❝❦✐♥❣ s❝❤❡♠❡ t♦ ❡✣❝✐❡♥t❧② ❧♦❝❦ t❤❡
❝❛✈✐t② ✉s✐♥❣ ❛♥ ❋P●❆ ❜❛s❡❞ ❧♦❝❦❜♦① ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ P②❘P▲ s♦❢t✇❛r❡ s✉✐t❡✳
❚❤❡ s✐♥❣❧❡ ♣❤♦t♦♥s ✇❡r❡ ❞❡t❡❝t❡❞ ❜② ❛ s✐♥❣❧❡ ♣❤♦t♦♥ ❞❡t❡❝t♦r ❜❛s❡❞ ♦♥ s✉♣❡r✲
❝♦♥❞✉❝t✐♥❣ ♥✐♦❜✐✉♠ t✐t❛♥✐✉♠ ♥✐tr✐❞❡ ♥❛♥♦✇✐r❡s✳ ❲❡ ❝❤❛r❛❝t❡r✐③❡❞ t❤❡ tr✐❣❣❡r
❝❤❛♥♥❡❧ t♦ ❤❛✈❡ ❛ t♦t❛❧ ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝② ♦❢ 20% ❛♥❞ ✇✐t❤ ❝❛r❡❢✉❧ s❤✐❡❧❞✐♥❣
♦❢ t❤❡ ♦♣t✐❝❛❧ s❡t✉♣ ❞❛r❦ ❝♦✉♥t r❛t❡s ♦❢ 10 − 50 ❍③ ✇❡r❡ ❛❝❤✐❡✈❡❞✳ ❚♦ ♠❡❛s✉r❡
t❤❡ ❤❡r❛❧❞❡❞ st❛t❡ ✇❡ ❞❡s✐❣♥❡❞ ❛♥❞ ❛ss❡♠❜❧❡❞ ❛ ♣♦rt❛❜❧❡ ♠❡❛s✉r❡♠❡♥t st❛t✐♦♥
❜❛s❡❞ ♦♥ ❛ ✜❜❡r ❝♦✉♣❧❡❞ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r s❡t✉♣ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡❞ ✐t t♦ ❤❛✈❡ ❛
t♦t❛❧ ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝② ♦❢ 90%✳ ❇② ❝♦✉♣❧✐♥❣ t❤❡ ❣❡♥❡r❛t❡❞ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡
✐♥t♦ s✐♥❣❧❡ ♠♦❞❡ ✜❜❡r✱ tr❛♥s♠✐tt✐♥❣ ✐t t❤r♦✉❣❤ t❤r❡❡ ❞✐✛❡r❡♥t ♥❡t✇♦r❦ ❝❤❛♥♥❡❧
❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ♠❡❛s✉r✐♥❣ ✉s✐♥❣ t❤❡ ♣♦rt❛❜❧❡ ♠❡❛s✉r❡♠❡♥t st❛t✐♦♥✱ t❤❡ r❡✲
❝❡✐✈❡❞ st❛t❡s ✇❡r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② q✉❛♥t✉♠ t♦♠♦❣r❛♣❤②✳

❋♦r ❝♦♥✜❣✉r❛t✐♦♥ ✭✶✮✱ ✐♥ ✇❤✐❝❤ t❤❡ ❝❤❛♥♥❡❧ ✇❛s ❛ ✶ ♠ ✜❜❡r ❛♥❞ t❤❡ ♠❡❛s✉r❡♠❡♥t
st❛t✐♦♥ ✇❛s ♣❧❛❝❡❞ ♦♥ t❤❡ s❛♠❡ ♦♣t✐❝❛❧ t❛❜❧❡✱ ✇❡ ♠❡❛s✉r❡❞ ❛ ♠❛①✐♠❛❧ ❲✐❣♥❡r
♥❡❣❛t✐✈✐t② ♦❢ −0.206π ✇✐t❤ ❛ ♠❡❛♥ ♣❤♦t♦♥ ♥✉♠❜❡r ♦❢ 2.54✳ ❋♦r ❝♦♥✜❣✉r❛t✐♦♥
✭✷✮✱ ✐♥ ✇❤✐❝❤ t❤❡ ❝❤❛♥♥❡❧ ✇❛s ❛ s✐♥❣❧❡ ✻✵ ♠ ✜❜❡r t❡r♠✐♥❛t✐♥❣ ❛t ❛♥ ❛❞❥❛❝❡♥t
❧❛❜✱ ✇❡ ♠❡❛s✉r❡❞ ❛ ♠❛①✐♠❛❧ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ♦❢ −0.105 ✇✐t❤ ❛ ♠❡❛♥ ♣❤♦t♦♥
♥✉♠❜❡r ♦❢ 2.345✳ ❍❡r❡ ✇❡ ❛❧s♦ s❤♦✇❡❞ ❤♦✇ ❝❛r❡❢✉❧❧② ❛♥❛❧②s✐♥❣ t❤❡ t♦♠♦❣r❛♣❤✐❝
♣r♦❝❡ss ❛❧❧♦✇❡❞ ✉s t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ✐♥❝♦rr❡❝t ♠❡❛s✉r❡♠❡♥t s❡tt✐♥❣s✳ ❋♦r ❝♦♥✲
✜❣✉r❛t✐♦♥ ✭✸✮✱ ✐♥ ✇❤✐❝❤ t❤❡ ❝❤❛♥♥❡❧ ✇❛s ❛ ∼ 300 ♠ ❝♦♥♥❡❝t✐♦♥ t❤r♦✉❣❤ t❤❡
❉❚❯ ❝❛♠♣✉s ✜❜❡r ♥❡t✇♦r❦ t❡r♠✐♥❛t✐♥❣ ✐♥ ❛ s❡♣❛r❛t❡ ❜✉✐❧❞✐♥❣✱ ✇❡ ❝♦✉❧❞ s❛❞❧②
♥♦t ♠❡❛s✉r❡ ❛♥② ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❜❡❢♦r❡ ❝♦♥❝❧✉❞✐♥❣ t❤❡ ♣r♦❥❡❝t✳ ■♥ t❤❡ ❡♥❞
✇❡ ❢♦✉♥❞✱ ❢♦r ②❡t ✉♥❦♥♦✇♥ r❡❛s♦♥s✱ t❤❛t t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧ ❤❛❞
s❡✈❡r❡❧② ❞❡❝r❡❛s❡❞ ❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❝♦♥✜❣✉r❛t✐♦♥ ✭✷✮ ❛♥❞ ✭✸✮✳

❋♦r ❝♦♥✜❣✉r❛t✐♦♥ ✭✸✮ ✇❡ ♣❡r❢♦r♠❡❞ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ♣❤❛s❡ ✢✉❝t✉❛t✐♦♥s ♦❢
t❤❡ ✜❜❡r ❝❤❛♥♥❡❧ ❛♥❞ ❢♦✉♥❞ t❤❛t✱ ✇❤✐❧❡ s❡✈❡r❡✱ ♦✉r ❧♦❝❦✐♥❣ s❝❤❡♠❡ ❝♦✉❧❞ ❝♦♠✲
♣❡♥s❛t❡ ❢♦r t❤❡♠ ❛♥❞ ❞❡t❡r♠✐♥❡❞ t❤❛t ❛ ❤♦❧❞✐♥❣ t✐♠❡ ♦❢ ♥♦ ❧♦♥❣❡r t❤❛♥ ❛ ❢❡✇
100 µs ✇✐❧❧ ❜❡ r❡q✉✐r❡❞✳ ❚❤❡ ♠♦st ♦❜✈✐♦✉s ♣♦✐♥t ♦❢ ✐♠♣r♦✈❡♠❡♥t ✐s t❤❡ ♦♣t✐❝❛❧
tr❛♥s♠✐ss✐♦♥ ❡✣❝✐❡♥❝② ♦❢ t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧✳ ■♠♣r♦✈✐♥❣ t❤✐s ❡✣❝✐❡♥❝② ❝❛♥ ❜❡
❞♦♥❡ ✐♥ t❤r❡❡ ♣❧❛❝❡s❀ ❧♦❝❛❧❧② ✐♥ ❧❛❜ ❆ ❜② ❝❤❡❝❦✐♥❣ t❤❡ tr❛♥s♠✐ss✐♦♥ ❡✣❝✐❡♥❝② ♦❢
❛❧❧ ♦♣t✐❝❛❧ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ s✐❣♥❛❧ ❝❤❛♥♥❡❧✱ ❜② ❝❧❡❛♥✐♥❣ ❛❧❧ ✜❜❡r ❝♦♥♥❡❝t✐♦♥s ♦❢



✶✵✶

t❤❡ ❝❛♠♣✉s ♥❡t✇♦r❦ ❛♥❞ ❜② r❡❜✉✐❧❞✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t st❛t✐♦♥ ✉s✐♥❣ ❛ ❤✐❣❤❡r
q✉❛❧✐t② ❜❡❛♠s♣❧✐tt❡r ❛♥❞ r❡s♣❧✐❝✐♥❣ t❤❡ ✜❜❡r ❝♦♥♥❡❝t✐♦♥s✳ ❇❡s✐❞❡s t❤❡ ♦♣t✐❝❛❧ ❡❢✲
✜❝✐❡♥❝② t❤❡ ❡①♣❡❝t❡❞ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❝❛♥ ❛❧s♦ ❜❡ ✐♠♣r♦✈❡❞ ❜② ✉s✐♥❣ ❛♥ ❡✈❡♥
❧♦✇❡r ♣✉♠♣ r❛t❡ ❛♥❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✜❧t❡r ❝❛✈✐t② t♦ ✐♥❝r❡❛s❡ ✐ts
❜❛♥❞✇✐❞t❤✳ ❲❡ t❤❡r❡❢♦r❡ str♦♥❣❧② ❜❡❧✐❡✈❡ t❤❛t ❣✐✈❡♥ t❤❡ ✐♠♣r♦✈❡♠❡♥ts ❧✐st❡❞
♠❡❛s✉r✐♥❣ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ♦❢ ❛ ❈❱ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡ tr❛♥s♠✐tt❡❞ tr♦✐✉❣❤
t❤❡ ❉❚❯ ❝❛♠♣✉s ♥❡t✇♦r❦ ✐s ❡♥t✐r❡❧② ♣♦ss✐❜❧❡ ✇✐t❤ ♦✉r s❡t✉♣✳

❇❡s✐❞❡s ♠❡❛s✉r✐♥❣ t❤❡ ❲✐❣♥❡r ♥❡❣❛t✐✈✐t② ❜② ✐♠♣r♦✈✐♥❣ t❤❡ ♦♣t✐❝❛❧ ❧♦ss ♦❢ t❤❡
s✐❣♥❛❧ ❝❤❛♥♥❡❧ ♦t❤❡r ✐♥t❡r❡st✐♥❣ ♣❛t❤s t♦ ♣✉rs✉❡ ❝♦✉❧❞ ❜❡ t♦ ✉s❡ ❛ tr✉❡ ❧♦❝❛❧✲
❧♦❝❛❧ ♦s❝✐❧❧❛t♦r s❡t✉♣ t♦ ♣❡r❢♦r♠ t❤❡ ❤♦♠♦❞②♥❡ ♠❡❛s✉r❡♠❡♥ts✱ t❤❡r❡❜② r❡❞✉❝✐♥❣
t❤❡ ❝❤❛♥♥❡❧ r❡q✉✐r❡♠❡♥ts t♦ ❛ s✐♥❣❧❡ q✉❛♥t✉♠ ❝❤❛♥♥❡❧ ❢♦r ♥❡t✇♦r❦ tr❛♥s♠✐ss✐♦♥✳
❚❤✐s ❝♦✉❧❞ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♦✉r s❡t✉♣ ❜② ❡✐t❤❡r ❛❞❞✐♥❣ ❛ ♣✐❧♦t t♦♥❡ ❞✉r✐♥❣ t❤❡
s❛♠♣❧❡ ♣❡r✐♦❞ ♦r ❜② ♣❧❛❝✐♥❣ ✐t ❛ ❤✐❣❤ s✐❞❡❜❛♥❞ ❢r❡q✉❡♥❝② ♦✉ts✐❞❡ ♦❢ t❤❡ ❜❛♥❞✲
✇✐❞t❤ ♦❢ t❤❡ ✶✲P❙❙q❱ st❛t❡ ❬✽✽❪✳ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❡①♣❡r✐♠❡♥t ❝♦✉❧❞ ❜❡ s♣❧✐t
t❤❡ ❝❛t st❛t❡ ♦♥ ❛ ✺✵✿✺✵ ❜❡❛♠s♣❧✐tt❡r ❛♥❞ ❞✐r❡❝t ❡✐t❤❡r ❤❛❧❢ t♦ ❞✐✛❡r❡♥t ❜✉✐❧❞✐♥❣s
❛♥❞ ♠❡❛s✉r❡ t❤❡♠ ✉s✐♥❣ ✐❞❡♥t✐❝❛❧ ♠❡❛s✉r❡♠❡♥t st❛t✐♦♥s✳ ❙✐♥❝❡ ♦✉r ❙❙P❉ ❤❛s ✻
❝❤❛♥♥❡❧s✱ ✇❡ ❝♦✉❧❞ ❛❧s♦ ❡❛s✐❧② s♣❧✐t t❤❡ tr✐❣❣❡r ❝❤❛♥♥❡❧ ❛❢t❡r ❢r❡q✉❡♥❝② ✜❧t❡r✐♥❣
♦♥t♦ s❡✈❡r❛❧ ❙❙P❉s ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ ✉♣ t♦ s✐① ♣❤♦t♦♥ s✉❜tr❛❝t❡❞ sq✉❡❡③✐♥❣
✈❛❝✉✉♠ st❛t❡s✳ ❚❤♦✉❣❤ ✉s✐♥❣ t❤✐s ❛♣♣r♦❛❝❤ t❤❡ ♠❡❛s✉r❡♠❡♥t t✐♠❡ ✇♦✉❧❞ s❝❛❧❡
❡①♣♦♥❡♥t✐❛❧❧② ❞✉❡ t♦ t❤❡ ❞❡❝r❡❛s❡❞ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ tr✐❣❣❡r ❡✈❡♥ts ❛♥❞
s♦ t❤❡ ❧♦♥❣ t❡r♠ st❛❜✐❧✐t② ♦❢ ♦✉r s❡t✉♣ ❛♥❞ ❡s♣❡❝✐❛❧❧② t❤❡ ❢❛❦❡ ❝♦✉♥t r❛t❡ ❜❡✲
❝♦♠❡s ✐♥❝r❡❛s✐♥❣❧② ✐♠♣♦rt❛♥t✳ ❇❡s✐❞❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧❧② ✐♥t❡r❡st✐♥❣ ❛s♣❡❝ts ♦❢
❝r❡❛t✐♥❣ ❧❛r❣❡ ♥♦♥✲●❛✉ss✐❛♥ st❛t❡✱ ♦t❤❡r ♣r♦t♦❝♦❧s ♠♦r❡ r❡❧❡✈❡♥t ❢♦r q✉❛♥t✉♠
❝♦♠♠✉♥✐❝❛t✐♦♥ t❛s❦s ❝♦✉❧❞ ❜❡ ♣✉rs✉❡❞✱ s✉❝❤ ❛s ❈❱ ❡♥t❛♥❣❧❡♠❡♥t ❞✐str✐❜✉t✐♦♥
❛♥❞ ❞✐st✐❧❧❛t✐♦♥ ❛❝r♦ss t❤❡ ♥❡t✇♦r❦ ❬✽✾❪

❘❡❣❛r❞✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t st❛t✐♦♥ t❤❡r❡ ❛r❡ ❛❧s♦ ♣♦ss✐❜❧❡ ♣♦✐♥ts ♦❢ ✐♠♣r♦✈❡✲
♠❡♥t✳ ❋r♦♠ ♦✉r ❞❛t❛ ❛♥❛❧②s✐s ✇❡ ❢♦✉♥❞ t❤❛t ❧♦❝❦✐♥❣ t♦ t❤❡ ❛♥❣❧❡s ❜❡t✇❡❡♥ 0◦

❛♥❞ 90◦ ❝♦✉❧❞ ❜❡ ♣r♦❜❧❡♠❛t✐❝ ❢♦r ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❆❈✴❉❈ ❧♦❝❦✳ ❚❤✐s
✐ss✉❡ ❝♦✉❧❞ ❜❡ ❝✐r❝✉♠✈❡♥t❡❞ ❛❞❞✐♥❣ ❛ s❡❝♦♥❞ ❤♦♠♦❞②♥❡ ❞❡t❡❝t♦r ❛♥❞ ❝❤❛♥❣✐♥❣
t❤❡ ♠❡❛s✉r❡♠❡♥t s❡t✉♣ t♦ ❤❡t♦r♦❞②♥❡ ❞❡t❡❝t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡ s✐❣♥❛❧ ✐s s♣❧✐t ♦♥ ❛
✺✵✿✺✵ ❜❡❛♠s♣❧✐tt❡r ❛♥❞ ♦♥❡ ❤❛❧❢ ✐s ♠❡❛s✉r❡❞ ✐♥ ①✲q✉❛❞r❛t✉r❡ ❛♥❞ t❤❡ ♦t❤❡r ✐♥ t❤❡
♣✲q✉❛❞r❛t✉r❡✳ ■♥ t❤✐s ✇❛② t❤❡ ❡♥t✐r❡ ♣❤❛s❡ s♣❛❝❡ ♦❢ t❤❡ ◗✲❢✉♥❝t✐♦♥ ✐s s❛♠♣❧❡❞ ❛t
♦♥❝❡ ❛♥❞ ♦♥❧② ❛ ♣✉r❡ ❆❈ ❛♥❞ ♣✉r❡ ❉❈ ❧♦❝❦ ✐s r❡q✉✐r❡❞ ❬✽✶❪✳ ❚❤❡ ✉s✉❛❧ ❞✐✣❝✉❧t②
♦❢ ❣❡tt✐♥❣ t✇♦ ✐♥t❡r❢❡r❡♥❝❡ ✈✐s✐❜✐❧✐t✐❡s ❝❧♦s❡ t♦ ✉♥✐t② ✐s ❢✉rt❤❡r r❡❞✉❝❡s ❜② ✉s✐♥❣ ❛
✜❜❡r s❡t✉♣✱ ✇❤❡r❡ ✇❡ ❢♦✉♥❞ t❤❛t ❛ > 0.99 ✈✐s✐❜✐❧✐t② r♦✉t✐♥❡❧② ❝♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞✳
❋♦r t❤❡ ♠❡❛s✉r❡♠❡♥t ♣r❡s❡♥t❡❞ ✐♥ ❝❤❛♣✳ ✹ ❛ ✧s❧♦✇✧ s❛♠♣❧❡✲❤♦❧❞ s❝❤❡♠❡ ✇❛s
✉s❡❞✳ ❍❡r❡ s❧♦✇ ♠❡❛♥s t❤❛t t❤❡ s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② ✇❛s ✇❡❧❧ ❜❡❧♦✇ t❤❡ ❧♦❝❦✐♥❣
❜❛♥❞✇✐❞t❤ ❛♥❞ ✇❡ t❤❡r❡❢♦r❡ ❤❛❞ t♦ ❤♦❧❞ ❛❧❧ ❧♦❝❦s ❞✉r✐♥❣ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥✳ ❚❤✐s ♦❢
❝♦✉rs❡ ❛❧❧♦✇s ❢♦r ❧♦♥❣ ♠❡❛s✉r❡♠❡♥t tr❛❝❡s t♦ ❜❡ ❝♦❧❧❡❝t❡❞✱ ❜✉t ❛s ✇❡ s❛✇ ❢r♦♠
t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ♣❤❛s❡ ♥♦✐s❡ ♦❢ t❤❡ ❢✉❧❧ ✜❜❡r ♥❡t✇♦r❦ ✭✜❣✳ ✹✳✶✷✮ t❤✐s ✐s ♦❢
♥♦ ✉s❡ ❛s t❤❡ ♣❤❛s❡ ❞r✐❢ts t♦♦ q✉✐❝❦❧②✳ ❲❡ s❤♦✉❧❞ t❤❡r❡❢♦r❡ ♦♣t t♦ ✉s❡ t❤❡ ✧❢❛st✧
s❛♠♣❧❡✲❤♦❧❞ s❝❤❡♠❡✱ ✐♥ ✇❤✐❝❤ t❤❡ s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② ✐s ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❡



✶✵✷ ❖✉t❧♦♦❦

❧♦❝❦✐♥❣ ❜❛♥❞✇✐❞t❤ ❛♥❞ s♦ t❤❡ ❧♦❝❦s ❝❛♥ ❜❡ ❦❡♣t ❝♦♥t✐♥✉♦✉s❧② ♦♥✱ ❛s t❤❡② ✇♦♥✬t
s❡❡ t❤❡ ♦♥✴♦✛ s✇✐t❝❤✐♥❣ ♦❢ t❤❡ ❧♦❝❦✐♥❣ s✐❣♥❛❧s✳ ❖♥❡ t❤✐♥❣ t♦ s♦❧✈❡ ✇♦✉❧❞ t❤❡♥
❜❡ t❤❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡✲❤♦❧❞ s✐❣♥❛❧ ❣❡♥❡r❛t❡❞ ✐♥ ❧❛❜ ❆ ❛♥❞ ❧❛❜ ❈✳
■❢ s♦❧✈❡❞✱ ✉s✐♥❣ t❤✐s ♠❡t❤♦❞ ♦✉r ♠❡❛s✉r❡♠❡♥t s❤♦✉❧❞ t❤❡♥ ♦♥❧② s✉✛❡r ❢r♦♠ t❤❡
❧♦❝❦✐♥❣ ♣❤❛s❡ ♥♦✐s❡✱ ✇❤✐❝❤ ✇❡ ❢♦✉♥❞ t♦ ❜❡ ∼ 4◦ ❢♦r ❝♦♥✜❣✉r❛t✐♦♥ ✭✸✮✳

❉✐str✐❜✉t❡❞ q✉❛♥t✉♠ s❡♥s✐♥❣

❋♦r t❤❡ ❞✐str✐❜✉t❡❞ s❡♥s✐♥❣ ♣r♦❥❡❝t✱ ✇❤✐❝❤ ✇❛s ❝❛rr✐❡❞ ♦✉t ❜❡❢♦r❡ t❤❡ ♥♦♥✲
●❛✉ss✐❛♥ st❛t❡ tr❛♥s♠✐ss✐♦♥ ♣r♦❥❡❝t ✐♥ t❤❡ ♦❧❞ ❧❛❜✱ ✇❡ ❛❧s♦ ❜✉✐❧❞ ❛ s❡t✉♣ t♦
❣❡♥❡r❛t❡ sq✉❡❡③✐♥❣ ✈❛❝✉✉♠ ❢r♦♠ ✉s✐♥❣ ♣❛r❛♠❡tr✐❝ ❞♦✇♥✲❝♦♥✈❡rs✐♦♥ ✐♥ ❛♥ ❖P❖
❝❛✈✐t② ❛s ✇❡❧❧ ❛s t❤❡ ❢♦✉r ♥♦❞❡ ❢r❡❡✲s♣❛❝❡ ♥❡t✇♦r❦ ❝♦♥s✐st✐♥❣ ♦❢ t❤r❡❡ ✺✵✿✺✵
❜❡❛♠s♣❧✐tt❡rs ❛♥❞ ❡✐❣❤t ◗❲Ps ❛♥❞ ❍❲Ps✳ ❋♦r t❤❡ ♣r♦❥❡❝t ✇❡ ❞❡✈❡❧♦♣❡❞ t❤❡
t❡❝❤♥✐q✉❡ ♦❢ ✉s✐♥❣ ♦✈❡r❧❛♣♣❡❞ ♣r♦❜❡ ❛♥❞ ▲❖ s✐❣♥❛❧s ✐♥ ♦♣♣♦s✐t❡ ❝✐r❝✉❧❛r ♣♦❧❛r✲
✐③❛t✐♦♥s t♦ r❡❛❧✐s❡ ❛ ♣❤❛s❡ s❤✐❢t ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠♦❞❡s ✉s✐♥❣ ♦♥❧② ❛ ❍❲P✳ ❚❤✐s
❛❧❧♦✇❡❞ ✉s t♦ t♦ s❝❛❧❡ t❤❡ ♥❡t✇♦r❦ s✐③❡ t♦ ❢♦✉r ♥♦❞❡s ✇✐t❤♦✉t ❤❛✈✐♥❣ t♦ ❞❡❛❧ ✇✐t❤
t❤❡ ♦t❤❡r✇✐s❡ ❡✐❣❤t ♣❤❛s❡ ❧♦❝❦s✳ ❲✐t❤ t❤❡ ❡♥t❛♥❣❧❡❞ ♣r♦❜❡ st❛t❡ ✇❡ s❤♦✇❡❞ ❛
r♦✉❣❤❧② 20% ✐♠♣r♦✈❡♠❡♥t ✐♥ r♦♦t✲♠❡❛♥✲sq✉❛r❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ❝♦♠♣❛r❡❞ t♦ ❛
♥♦♥✲❡♥t❛♥❣❧❡❞ ♣r♦❜❡✱ ❢♦r t❤❡ s❡♥s✐♥❣ t❛s❦ ♦❢ ♠❡❛s✉r❡❞ t❤❡ ❛✈❡r❛❣❡ ♣❤❛s❡ s❤✐❢t ♦❢
t❤❡ ❢♦✉r ♥♦❞❡s✳ ❚❤❡ ♠❛✐♥ ♦❜st❛❝❧❡ ♣r❡✈❡♥t✐♥❣ ✉s ❢r♦♠ s❤♦✇✐♥❣ ❛ ❜❡tt❡r s❝❛❧✐♥❣
✇❛s t❤❡ 75% t♦t❛❧ ♦♣t✐❝❛❧ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♥❡t✇♦r❦ ❝❤❛♥♥❡❧s✳ ❚♦ ♦❜t❛✐♥ t❤❡
♠❛①✐♠❛❧ s❡♥s✐t✐✈✐t② ✇✐t❤ ♦✉r ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✇❡ ❤❛❞ t♦ ❝❛r❡❢✉❧❧② ♦♣t✐♠✐③❡
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝♦❤❡r❡♥t ❛♥❞ sq✉❡❡③❡❞ ♣❤♦t♦♥s ✇✐t❤✐♥ t❤❡ ❡♥t❛♥❣❧❡❞ ♣r♦❜❡
st❛t❡✳ ❆s t❤✐s ♣r♦❥❡❝t ✇❛s ❛ ♣r♦♦❢✲♦❢✲♣r✐♥❝✐♣❧❡ ❡①♣❡r✐♠❡♥t ❛♥❞ s✐♥❝❡ ✇❡ ❤❛❞ t♦
❞✐s❛ss❡♠❜❧❡ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ❝♦♠♣❧❡t❡❧②✱ ✇❡ ❤❛✈❡ ♥♦ ❝✉rr❡♥t ♣❧❛♥s ❢♦r
❞❡✈❡❧♦♣✐♥❣ t❤❡ ❡①♣❡r✐♠❡♥t ❢✉rt❤❡r✳

❚❤♦✉❣❤ ❛♥ ✐♥t❡r❡st✐♥❣ ✐❞❡❛ ❝♦✉❧❞ ❜❡ t♦ ✉s❡ t❤❡ s❛♠❡ s❝❤❡♠❡ ♦❢ ♦✈❡r❧❛♣♣❡❞
▲❖ ❛♥❞ ♣r♦❜❡ st❛t❡ t♦ ✐♠♣❧❡♠❡♥t ❛ ♠✉❧t✐♣❛ss s❡♥s✐♥❣ ♣r♦t♦❝♦❧✳ ■♥ ❄❄ ❍✐❣❣✐♥s
❡t ❛❧✳ s❤♦✇ ❤♦✇ ♣❛ss✐♥❣ ❛ ♣r♦❜❡ st❛t❡ t❤r♦✉❣❤ ❛ ♣❤❛s❡s❤✐❢t ♠✉❧t✐♣❧❡ t✐♠❡s ❝❛♥
❧✐♥❡❛r❧② ✐♥❝r❡❛s❡ t❤❡ ❛❝❝✉♠✉❧❛t❡❞ ♣❤❛s❡ ❛♥❞ t❤❡r❡❜② ❧❡❛❞✐♥❣ t♦ ❛ ❍❡✐s❡♥❜❡r❣
❧✐♠✐t❡❞ ♠❡❛s✉r❡♠❡♥t s❡♥s✐t✐✈✐t②✳ ■♥ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ t❤❡② ✉s❡❞ ♣♦❧❛r✐③❛t✐♦♥
◆❖❖◆ st❛t❡s ❝r❡❛t❡❞ ❜② ♣❛ss✐♥❣ ❛ ❤❡r❛❧❞❡❞ s✐♥❣❧❡ ♣❤♦t♦♥ tr♦✉❣❤ ❛ P❇❙✳ ❇✉t
❞✉❡ t♦ t❤❡ ❤❡r❛❧❞✐♥❣ t❤❡✐r s❝❤❡♠❡ ✇❛s ♦♥❧② ♣r♦❜❛❜✐❧✐st✐❝✳ ❯s✐♥❣ ❛ s❡t✉♣ s✐♠✐❧❛r
t♦ ✇❤❛t ✇❡ ❜✉✐❧❞ ❢♦r t❤✐s ♣r♦❥❡❝t✱ ❜✉t ✇✐t❤ ❛ ♠✉❧t✐♣❛ss st❛❣❡ ❛s ✐♥ ❄❄ ✭❍❲P ✐♥
❜❡t✇❡❡♥ t✇♦ ♠✐rr♦rs ❛♥❞ ◗❲Ps✮ ✐♥st❡❛❞ ♦❢ t❤❡ ❜❡❛♠s♣❧✐tt❡r ♥❡t✇♦r❦ ✇❡ ❝♦✉❧❞
s❤♦✇✱ ❛ss✉♠✐♥❣ ❧♦✇ ❡♥♦✉❣❤ ❧♦ss✱ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❍❡✐s❡♥❜❡r❣ ❧✐♠✐t❡❞ s❝❛❧✐♥❣ ✐♥
t❤❡ ♥✉♠❜❡r ♦❢ ♣r♦❜❡ ♣❛ss❡s ♦❢ t❤❡ ♠✉❧t✐♣❛ss st❛❣❡✳
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❆✳✶ ❍♦♠♦❞②♥❡ t♦♠♦❣r❛♣❤② ♣❧♦ts
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❋✐❣✉r❡ ❆✳✶✿ ❍♦♠♦❞②♥❡ t♦♠♦❣r❛♣❤② ✉s✐♥❣ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠✳ ❋✐❞❡❧✐✲
t✐❡s ❢♦r ✈❛r✐♦✉s ❜✐♥ r❛♥❣❡s✳ ❙t❛t❡s ❤❛✈❡ ❛✈❡r❛❣❡ ♣❤♦t♦♥ ♥✉♠❜❡r ✷ ❛♥❞ ❛♥ ❛③✲
✐♠✉t❤❛❧ r❡s♦❧✉t✐♦♥ ♦❢ 30o ✐s ✉s❡❞✳
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❋✐❣✉r❡ ❆✳✷✿ ❍♦♠♦❞②♥❡ t♦♠♦❣r❛♣❤② ✉s✐♥❣ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠✳ ❚r❛❝❡
❞✐st❛♥❝❡s ❢♦r ✈❛r✐♦✉s ❜✐♥ r❛♥❣❡s✳ ❙t❛t❡s ❤❛✈❡ ❛✈❡r❛❣❡ ♣❤♦t♦♥ ♥✉♠❜❡r ✷ ❛♥❞ ❛♥
❛③✐♠✉t❤❛❧ r❡s♦❧✉t✐♦♥ ♦❢ 30o ✐s ✉s❡❞✳
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iteration step: k

❋✐❣✉r❡ ❆✳✸✿ ❍♦♠♦❞②♥❡ t♦♠♦❣r❛♣❤② ✉s✐♥❣ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠✳ ❋✐❞❡❧✐✲
t✐❡s ❢♦r ✈❛r✐♦✉s ❛③✐♠✉t❤❛❧ r❡s♦❧✉t✐♦♥ dθ✳ ❙t❛t❡s ❤❛✈❡ ❛✈❡r❛❣❡ ♣❤♦t♦♥ ♥✉♠❜❡r ✷
❛♥❞ ✷✵✵ ❜✐♥s ❛r❡ ✉s❡❞✳
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❋✐❣✉r❡ ❆✳✹✿ ❍♦♠♦❞②♥❡ t♦♠♦❣r❛♣❤② ✉s✐♥❣ ▼❛①▲✐❦ ❛❧❣♦r✐t❤♠✳ ❚r❛❝❡
❞✐st❛♥❝❡s ❢♦r ✈❛r✐♦✉s ❛③✐♠✉t❤❛❧ r❡s♦❧✉t✐♦♥ dθ✳ ❙t❛t❡s ❤❛✈❡ ❛✈❡r❛❣❡ ♣❤♦t♦♥ ♥✉♠✲
❜❡r ✷ ❛♥❞ ✷✵✵ ❜✐♥s ❛r❡ ✉s❡❞✳



✶✵✽ ❆♥ ❆♣♣❡♥❞✐①

❲❛✐st s✐③❡ ω0

√

λzR/π
❘❛②❧❡✐❣❤ ❧❡♥❣t❤ zR πnω2

0/λ
❉✐✈❡r❣❡♥❝❡ ❛♥❣❧❡ φR λ/πω0

❲❛✈❡♥✉♠❜❡r k 2πn/λ
❆♥❣✉❧❛r ❢r❡q✉❡♥❝② ν 2πc/λ

❇❡❛♠ ✇✐❞t❤ ω(z) ω0

√

1 + (z/zR)2

❇❡❛♠❢r♦♥t ❝✉r✈❛t✉r❡ R(z) z
(

1 + (zR/z)
2
)

●♦✉② ♣❤❛s❡ Glm(z) (1 + l +m) arctan(z/zR)
▼♦❞❡♠❛t❝❤ 1 ↔ 2 ηol,0 2/(ω0,2/ω0,1 + ω0,1/ω0,2)

❚❛❜❧❡ ❆✳✶✿ ❚②♣✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ ❛ ❢♦❝✉s❡❞ ●❛✉ss✐❛♥ ❜❡❛♠ ❬✺✹❪✳

❆✳✷ ❈❛✈✐t② ❞❡s✐❣♥ ❣✉✐❞❡

❆✳✷✳✶ ❘❛② tr❛♥s❢❡r ♠❛tr✐① ❛♥❛❧②s✐s

❚❤❡ ❜❡❛♠ ♣❛r❛♠❡t❡r q(z) ❢✉❧❧② ❞❡s❝r✐❜❡s ❛ ●❛✉ss✐❛♥ ❜❡❛♠ ❜② ✐ts ❘❛②❧❡✐❣❤ ❧❡♥❣t❤
♦r ✇❛✐st s✐③❡

q(z) = z + izR ⇔ 1
q(z) =

1
R(z) − iλ

nπω(z)2 ✭❆✳✶✮

❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛ ●❛✉ss✐❛♥ ❜❡❛♠ ❜② ❛ ❝♦♠❜✐♥❛t✐♦♥ ❧✐♥❡❛r ♦♣t✐❝❛❧ ❡❧❡♠❡♥ts
✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❆❇❈❉ ❧❛✇

q2 =
Aq1 +B

Cq1 +D
✭❆✳✷✮

✇❤❡r❡ q1 ✐s t❤❡ ✐♥✐t✐❛❧ ●❛✉ss✐❛♥ ❜❡❛♠ ♣❛r❛♠❡t❡r✱ q2 ✐s t❤❡ r❡s✉❧t✐♥❣ ❜❡❛♠ ♣❛✲
r❛♠❡t❡r ❛♥❞ ❆✱❇✱❈ ❛♥❞ ❉ ❛r❡ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ♦❢ t❤❡ r❛② tr❛♥s❢❡r ♠❛tr✐①
M = M3M2M1 ❞❡s❝r✐❜✐♥❣ t❤❡ s❡q✉❡♥t✐❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ♦♣t✐❝❛❧ ❡❧❡♠❡♥ts
1 → 2 → 3✳



❆✳✷ ❈❛✈✐t② ❞❡s✐❣♥ ❣✉✐❞❡ ✶✵✾

Pr♦♣❛❣❛t✐♦♥ ❞ ❂ ❞✐st❛♥❝❡ Mp =

[

1 d
0 1

]

❚❤✐♥ ❧❡♥s ❢ ❂ ❢♦❝❛❧ ❧❡♥❣t❤ Mtl =

[

1 0
−1
f 1

]

❈✉r✈❡❞
♠✐rr♦r

R ❂ ♠✐rr♦r ❝✉r✈❛t✉r❡
Mm =

[

1 0
−2
Re

1

]

Re = R cos θ ✭t❛♥❣❡♥t✐❛❧ ♣❧❛♥❡✮
Re = R/ cos θ ✭s❛❣✐tt❛❧ ♣❧❛♥❡✮

❈✉r✈❡❞ ♥ ❂ r❡❢r❛❝t✐✈❡ ✐♥❞❡①
Mb =

[

1 0
n1−n2

Rn2

n1

n1

]

❜♦✉♥❞❛r② 1 → 2 ❘ ❂ ❜♦✉♥❞❛r② ❝✉r✈❛t✉r❡

❚❛❜❧❡ ❆✳✷✿ ❈♦♠♠♦♥ r❛② tr❛♥s❢❡r ♠❛tr✐❝❡s ❬✺✹❪✳

❋❛❜r②✲P❡r♦t
✭❋P✮ M =Mp(

l1
2 )Mm(R)Mp(

l1
2 )

▼♦♥♦❧✐t❤✐❝
❋P

M =Mp(
lcry
2 )Mm(Rcry)Mp(

lcry
2 )

❚r✐❛♥❣❧❡

M =Mp(
l1
2 + l3)Mm(R, θ)

×Mp(
l1
2 + l3)

l3 =
√

( l12 )
2 + l22, θ = arctan 2l2

l1

❋❧❛t tr✐❛♥❣❧❡
✇✳ ❝r②st❛❧

M =Mp(l3)Mm(R, θ)

×Mp(
l1−lcry

2 )Mb(n, 1)Mp(
lcry
2 )

l3 =
√

( l12 )
2 + l22, θ = arctan 2l2

l1

❇♦✇t✐❡ ✇✳
❝r②st❛❧

M =Mp(l4 +
l2
2 )Mm(R, θ)

×Mp(
l1−lcry

2 )Mb(n, 1)Mp(
lcry
2 )

l4 =
√

( l1+l2
2 )2 + l23, θ = arctan 2l3

l1+l2

❚❛❜❧❡ ❆✳✸✿ ❈♦♠♠♦♥ ♦♣t✐❝❛❧ ❢r❡❡✲s♣❛❝❡ ❝❛✈✐t② ❣❡♦♠❡tr✐❡s ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞
r❛② tr❛♥s❢❡r ♠❛tr✐①M ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ r❡s♦♥❛♥t ♠♦❞❡ ✇❛✐st s✐③❡✳ ●❡♥❡r❛❧❧②
M ❞❡s❝r✐❜❡s t❤❡ ✇❛✐st t♦ ✇❛✐st tr❛♥s❢❡r✱ s♦ t❤❛t ✐❢ t❤❡ ❝❛✈✐t② ❤❛s ❤❛s t✇♦ ✇❛✐sts
♦r ✐s s②♠♠❡tr✐❝ M ♦♥❧② ❞❡s❝r✐❜❡s ❤❛❧❢ ❛ r♦✉♥❞ tr✐♣✳
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❲❛✐st✲t♦✲✇❛✐st tr❛♥s❢❡r ❡q✉❛t✐♦♥s

■❢ ✇❡ s❛② t❤❛t ❜♦t❤ q1 = izR,1 ❛♥❞ q2 = izR,2 ❛r❡ ✇❛✐sts✱ ✇❡ ❝❛♥ t❤❡♥ ✉s❡ t❤❡
❆❇❈❉ ❧❛✇ t♦ ✇r✐t❡

izR,2 =
iAzR,1 +B

iCzR,1 +D
=
i(AD −BC)zR,1 +ACz2R,1 +BD

(CzR,1)2 +D2

✇❤✐❝❤ ✐s s♦❧✈❡❞ ❜② s❡♣❛r❛t✐♥❣ t❤❡ r❡❛❧ ❛♥❞ ❝♦♠♣❧❡① ♣❛rt

❘❡(q2) : 0 =
ACz2R,1 +BD

(CzR,1)2 +D2
⇔ zR,1 =

√

−BD
AC

✭❆✳✸✮

■♠(q2) : zR,2 =
(AD −BC)zR,1

(CzR,1)2 +D2
=

(AD −BC)
√

−BD
AC

−C2BD
AC +D2

=
(AD −BC)AD

√

−BD
AC

−BC +AD
=

√

−AB
CD

✭❆✳✹✮

❍❡r❡ ✇❡ ✉s❡ t❤❛t zR ♠✉st ❜❡ r❡❛❧ s♦ t❤❡ t❡r♠s −BD/AC ❛♥❞ −AB/CD ❛r❡
❛ss✉♠❡❞ ♣♦s✐t✐✈❡✳ ❚❤❡ t✇♦ ❡q✉❛t✐♦♥s ❝❛♥ t❤❡♥ ❜❡ ✉s❡❞ ❞✐r❡❝t❧② t♦ ♦❜t❛✐♥ t❤❡
❘❛②❧❡✐❣❤ ❧❡♥❣t❤s ❛♥❞ t❤❡r❡❜② ✇❛✐st s✐③❡ ♦❢ ❛♥② r❡s♦♥❛♥t ❝❛✈✐t② ❣❡♦♠❡tr②✳ ❙✐♥❝❡
t❤❡ ❡q✉❛t✐♦♥s ♦♥❧② ❤♦❧❞ ❢♦r r❡s♦♥❛♥t ♠♦❞❡s✱ ❛ ❣❡♦♠❡tr② r❡s✉❧t✐♥❣ ✐♥ ❝♦♠♣❧❡①
❘❛②❧❡✐❣❤ ❧❡♥❣t❤s ❝♦rr❡s♣♦♥❞s t♦ ♥♦ r❡s♦♥❛♥t ♠♦❞❡ ❜❡✐♥❣ s✉♣♣♦rt❡❞✳

❆✳✷✳✷ ▼❡❝❤❛♥✐❝❛❧ ❞❡s✐❣♥s
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❋✐❣✉r❡ ❆✳✻✿ ❉❡s✐❣♥ ❝♦♥s✐❞❡r❛t✐♦♥s ♦❢ t❤❡ ❋❈✳ r❡s♦♥❛♥t ♠♦❞❡ ✇❛✐st s✐③❡✱ ❜❛♥❞✲
✇✐❞t❤ ✭❇❲✮ ❛♥❞ ❢r❡❡ s♣❡❝tr❛❧ r❛♥❣❡ ✭❋❙❘✮ ❛s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝❛✈✐t② ❧❡♥❣t❤
✭lcav/2✮ ❛♥❞ ♠✐rr♦r s♣❡❝✐✜❝❛t✐♦♥s✳ ❯s✐♥❣ ❛ ❝❛❣❡ s②st❡♠✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❝❤❛♥❣❡
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❋✐❣✉r❡ ❆✳✼✿ ▼❛♣ ♦❢ t❤❡ ❧❛❜♦r❛t♦r② r♦♦♠s ✐♥ t❤❡ ❜❛s❡♠❡♥t ♦❢ ❜✉✐❧❞✐♥❣ ✸✵✼ ❛t
t❤❡ ❉❚❯ ❝❛♠♣✉s✳ ❚❤❡ ✶✲P❙❙q❱ st❛t❡ ✐s ❣❡♥❡r❛t❡❞ ✐♥ ❧❛❜ ❆ ❛♥❞ ✐s ❝♦♥♥❡❝t❡❞
t♦ ❧❛❜ ❇ ✈✐❛ t✇♦ 60 ♠ ❙▼❋ ✜❜❡rs ✭❝♦♥✜❣✉r❛t✐♦♥ ✷✮ ❛♥❞ t♦ t❤❡ ✸✵✼❜ ♥♦❞❡ ♦❢ t❤❡
❝❛♠♣✉s ✜❜❡r ♥❡t✇♦r❦ ✭● ✐♥ ✜❣✳ ❆✳✽✮ ✈✐❛ t✇♦ 70 ♠ ❙▼❋ ✜❜❡rs ✭❝♦♥✜❣✉r❛t✐♦♥
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❋✐❣✉r❡ ❆✳✽✿ ▼❛♣ ♦❢ t❤❡ ❉❚❯ ✜❜❡r ♥❡t✇♦r❦ ✇✐t❤ ❝❡♥tr❛❧ ♥♦❞❡s s❤♦✇♥✳ ❋♦r
♠❡❛s✉r❡♠❡♥t ❝♦♥✜❣✉r❛t✐♦♥ ✭✸✮ ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♥♦❞❡ ● ❛♥❞ ❊ ✇❛s ♣❛t❝❤❡❞
✉♣✱ s♦ t❤❛t t❤❡ ❝❤❛♥♥❡❧ ❝♦♥♥❡❝t✐♥❣ ❧❛❜ ❆ ✐♥ ❜❧❞✳ ✸✵✼ t♦ ❧❛❜ ❈ ✐♥ ❜❧❞✳ ✸✹✵ ♣❛ss❡s
t❤r♦✉❣❤ ❛ t♦t❛❧ ♦❢ t❤r❡❡ ♥♦❞❡ ❝❛❜✐♥❡ts✳ ❚❤❡ t♦t❛❧ ❝❤❛♥♥❡❧ ❧❡♥❣t❤ ✐s ❡st✐♠❛t❡❞
t♦ ❜❡ ∼ 400 ♠✳
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■♥ ♦✉r s❡t✉♣ ✇❡ t②♣✐❝❛❧❧② ✉s❡ ♦♥❡ ❘P ♣❡r ❧♦❝❦❜♦① ❛♥❞ ❤❛✈❡ ♠♦❞✐✜❡❞ t❤❡♠ ✐♥
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❛♥❞ r❡♠♦✈✐♥❣ ❘✷✺ ❛♥❞ ❘✷✻ ✭s❧❛✈❡✮✳ ❚❤❡ ❝❧♦❝❦ ❢r♦♠ t❤❡ ♠❛st❡r ❘P ✐s
❝❛rr✐❡❞ t♦ t❤❡ s❧❛✈❡ ❘P t❤r♦✉❣❤ t❤❡ ●◆❉✱ ❈▲❑✰ ❛♥❞ ❈▲❑✲ ♣✐♥s ♦❢ t❤❡ ❊✷
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✉♣ t♦ ✜✈❡ ❘P ✉s✐♥❣ s❤♦rt ✉♥s❤✐❡❧❞❡❞ ❝❛❜❧❡s ❛s ✇❡❧❧ ❛s s②♥❝❤r♦♥✐③✐♥❣ t♦ ❘P
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I. AVERAGED PHASE SHIFT SENSING WITH P̂avg ESTIMATOR

Our distributed phase sensing scenario is as follows. At each of M spatially separated locations, an optical phase

shift φj occurs. We are interested in estimating the average phase shift φavg = 1
M

∑M
j=1 φj . It is straight-forward

to generalize to other linear combinations of the phase shifts, but for the sake of demonstrating the power of the
entangled approach it suffices to consider the simple average, where the gain is maximum [1]. We consider two
different approaches: The separable scheme where each phase shift is probed individually by squeezed coherent states,
and the entangled scheme where the M locations are part of an optical network endowed with a single squeezed
coherent state that is distributed among the nodes to serve as an entangled probe. In either case, the phase shifted
probes are measured by homodyne detection of their phase quadratures and the results are communicated classically
to establish the average.

We furthermore make the following assumptions to simplify the analysis:

1. All the phase shifts are small, giving the small-angle approximation sinφ ≈ φ.

2. All probes in the separable approach are identical, having real-valued displacement amplitude αs and squeezing
in the phase quadrature with squeezing parameter rs. That is, the M probes are each in the state |ψ(s)〉 =

D̂(αs)Ŝ(rs)|0〉, where D̂(α) = exp(αâ† − α∗â) is the displacement operator and Ŝ(r) = exp( r2 (â
†2 − â2)) is the

squeezing operator.

3. In the entangled approach, the single initial resource state has real-valued displacement amplitude αe and phase
squeezing with squeezing parameter re, that is, it is in the state |ψ(e)〉 = D̂(αe)Ŝ(re)|0〉. This resource is divided
evenly through the network to the M nodes.

4. The channel losses, quantified by the efficiency parameter η, are identical for the M channels and they occur
entirely prior to the probes reaching the phase samples. In other words, we assume the phase samples themselves
and the detection to be lossless. While this assumption is not quite realistic, even in our experiment, it mostly
has consequences when keeping track of the number of photons hitting the sample but does not influence the
sensitivity as such. In a truly distributed setting, most losses would also happen in the distribution of the
resources.

For high-sensitivity estimation of larger phase shifts, these assumptions can still be fulfilled, as long as the local
oscillator in the homodyne detector is pre-adjusted to be roughly 90◦ out of phase with the shifted probe. This rough
estimation can be done with just a few initial probings [2].

A. General sensitivity for small phase shift

1. Separable scheme

With probe states given as described above, we use the notation defined in Figure 1 to analyse the separable scheme.
The phase quadrature of a single mode after channel loss and the phase shift φj is

p̂j =
(√

η x̂s,j +
√

1− η x̂vac,j

)

sinφj +
(√

η p̂s,j +
√

1− η p̂vac,j

)

cosφj , (1)



2

… …

fj

f1

fM

… …

FIG. 1. Phase quadrature notations for analyzing the separable scheme. The amplitude quadrature is defined accordingly.
p̂s,1 . . . p̂s,M : operator for the initial squeezed states; p̂vac,1 . . . p̂vac,M : the vacuum operators induced by loss. η: the overall
detection efficiency; φ1 . . . φM : the local phase shifts; p̂1 . . . p̂M : phase quadrature of a single mode after channel loss and the
phase shift.

where x̂s,j , p̂s,j are the quadrature operators of the initial squeezed states with mean values 〈x̂s,j〉 =
√
2αs, 〈p̂s,j〉 = 0

and variances 〈∆x̂2s,j〉 = 1
2e

2rs , 〈∆p̂2s,j〉 = 1
2e

−2rs , while x̂vac,j , p̂vac,j are vacuum mode operators admixed through
the losses. The expectation value of the rotated phase quadrature is

〈p̂j〉 =
√
η 〈x̂s,j〉 sinφj =

√

2ηαs sinφj ≈
√

2ηαsφj . (2)

The phase shift can thus be directly estimated from the measured p̂j values. The average phase shift of M modes,

φavg = 1
M

∑M
j=1 φj , can then be estimated with the estimator P̂avg = 1

M

∑M
j=1 p̂j :

〈P̂avg〉 ≈
√

2ηαsφavg. (3)

The sensitivity of the estimation is defined as the standard deviation which, from standard error propagation
analysis, is given by

σs =

√

〈∆P̂ 2
avg〉

∣

∣

∣∂〈P̂avg〉/∂φavg
∣

∣

∣

. (4)

The slope of P̂avg versus φavg is

∂〈P̂avg〉/∂φavg ≈
√

2ηαs, (5)

and its variance is

〈∆P̂ 2
avg〉 =

1

M2

〈

∆





M
∑

j=1

p̂j





2
〉

=
1

M2

M
∑

j=1

〈∆p̂2j 〉 (6)

=
1

M2

M
∑

j=1

(

sin2φj(η〈∆x̂2s,j〉+ (1− η)〈∆x̂2vac,j〉) + cos2φj(η〈∆p̂2s,j〉+ (1− η)〈∆p̂2vac,j〉)
)

(7)

=
1

M2

M
∑

j=1

(

ηe2rs

2
sin2 φj +

ηe−2rs

2
cos2 φj +

1− η

2

)

. (8)
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The second equality comes from the fact that in the separable approach there are no correlations between the modes.

Under a stronger bound on the magnitude of the phase shifts, φj ≪
√

〈∆p̂2s,j〉/〈∆x̂2s,j〉, this expression reduces to

〈∆P̂ 2
avg〉 ≈

1

M

(

η〈∆p̂2s,j〉+
1− η

2

)

=
ηe−2rs + 1− η

2M
. (9)

Hence, the sensitivity is

σs =

√

e−2rs + 1/η − 1

2αs

√
M

. (10)

The average number of photons hitting each sample is

Ns = Ns,coh +Ns,sqz = η(α2
s + sinh2 rs). (11)

… …

fj

f1

fM

… …

BSN

…

vacuum

vacuum

…

FIG. 2. Phase quadrature notations for analyzing the entangled scheme. The amplitude quadrature is defined accordingly.
BSN: beam-splitter network with M inputs and outputs; p̂e: the only non-vacuum input of the BSN; p̂′1 . . . p̂

′

M : the evenly split
M output of the BSN. All the other notations are the same as Figure 1.

2. Entangled scheme

With entangled probes (the notation used in our analysis is summarized in Figure 2), we use the same estimator,

P̂avg. The individual modes that combine to form the average are, however, now related through the distributed single
initial resource p̂e:

p̂j =
(√

η x̂′j +
√

1− η x̂vac,j

)

sinφj +
(√

η p̂′j +
√

1− η p̂vac,j

)

cosφj , (12)

where the primed mode operators are obtained after symmetric distribution in the beam-splitter network, that is,

x̂e =
1√
M

M
∑

j=1

x̂′j , p̂e =
1√
M

M
∑

j=1

p̂′j . (13)

The mean value of the estimator is

〈P̂avg〉 =
1

M

M
∑

j=1

〈p̂j〉 ≈
√
η

M

M
∑

j=1

〈x̂′j〉φj =
√

2η

M
αeφavg. (14)
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The variance is

〈∆P̂ 2
avg〉 =

1

M2

〈

∆





M
∑

j=1

p̂j





2
〉

≈ η

M2

〈

∆





M
∑

j=1

x̂′jφj





2
〉

+
η

M2

〈

∆





M
∑

j=1

p̂′j





2
〉

+
1− η

M2

〈

∆





M
∑

j=1

p̂vac,j





2
〉

≈ η

M2

〈

∆





M
∑

j=1

p̂′j





2
〉

+
1− η

M2

M
∑

j=1

〈p̂2vac,j〉

=
η

M2
M〈∆p̂2e〉+

1− η

M2

M
∑

j=1

〈p̂2vac,j〉

=
ηe−2re + 1− η

2M
. (15)

In the second line, we made use of the fact that there are no correlations between x̂ and p̂ quadratures for the given
probe state in our entangled scheme as well as the small angle approximation cos(φj) ≈ 1, sin(φj) ≈ φj . In the third

line, we further tightened the small angle approximation by taking a φ̃ such that for all j, |φj | < φ̃ and assuming

φ̃2

〈

∆





M
∑

j=1

x̂′j





2
〉

≪
〈

∆





M
∑

j=1

p̂′j





2
〉

⇒ φ̃2 ≪ 〈∆p̂2e〉
〈∆x̂2e〉

⇒ φ̃≪ e−2re . (16)

This approximation gives a sensitivity for the entangled approach of

σe =

√

〈∆P̂ 2
avg〉

∣

∣

∣
∂〈P̂avg〉/∂φavg

∣

∣

∣

=

√

e−2re + 1/η − 1

2αe
. (17)

Note that this, in contrast with the separable approach, does not depend on the number of modesM . The sensitivity
is therefore the same as the sensitivity for a single mode with the same resource state - but in the single mode case
the sample would of course be exposed to M times as many photons. The average number of photons hitting each
sample in the distributed, entangled scheme is

Ne = Ne,coh +Ne,sqz =
η

M
(α2

e + sinh2 re). (18)

B. Optimized parameters and sensitivities

1. Entangled scheme

With the sensitivities given by eqs. (10) and (17), we wish to find the values for the displacement amplitudes and
squeezing parameters that optimize the sensitivity for a fixed photon number on the sample. This problem can be
solved with Lagrangian multipliers, using the constraint Ns,e − N = 0, where N is the photon number to be held
fixed during optimization. The total photon number of the resource state(s) before loss is then Ntot =MN/η.

The Lagrange function for the entangled scheme is
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Le(αe, re, λ) = σe + λ(Ne −N) (19)

=

√

e−2re + 1/η − 1

2αe
+ λ

η

M
(α2

e + sinh2 re)− λN, (20)

and the equations for the stationary point of the Lagrangian become

0 = ∇αe
Le = −

√

e−2r + 1/η − 1

2α2
e

+
2ληαe

M
, (21)

0 = ∇reLe = − e−2re

2αe

√

e−2re + 1/η − 1
+

2λη cosh r sinh re
M

, (22)

0 = ∇λLe =
η

M
(α2

e + sinh2 re)−N. (23)

After some manipulation, the solutions can be expressed as

e2re =
ΛM − η

1− η
, (24)

α2
e = Ntot − sinh2 re = Ntot −

e2re + e−2re − 2

4
=
MN

η
− (ΛM − 1)2

4(1− η)(ΛM − η)
, (25)

with ΛM =
√

1 + 4MN(1− η). The optimal photon number ratio is

µe =
Ne,sqz

N
=

sinh2 re
Ntot

=
η(ΛM − 1)2

4MN(1− η)(ΛM − η)
, (26)

and the optimal sensitivity obtained with these parameters becomes

σopt
e =

1

2MN

√

MN(1− η) + η(ΛM + 1)/2

1 + η/(MN)
, (27)

which for η = 1 reduces to σopt
e (η = 1) = 1

2MN

√

MN
MN+1 . This sensitivity exhibits Heisenberg scaling in both photon

number (due to the squeezing) and mode number (due to the entanglement).

a b

FIG. 3. a and b: Optimized squeezed photon number ratio µ and squeezing degrees ηe−2r + (1− η) for the Fig. 1c and 1d in
the main text, respectively. Sep, the separable approach; Ent, the entangled approach.
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2. Separable scheme

Doing the same derivation for the separable scheme, that is, starting from the Lagrange function Ls(αs, rs, λ̃) =

σs + λ̃(Ns −N), results in the following optimal parameters for squeezing and displacement:

e2rs =
Λ1 − η

1− η
, (28)

α2
s =

Ntot

M
− sinh2 rs =

N

η
− (Λ1 − 1)2

4(1− η)(Λ1 − η)
, (29)

with Λ1 =
√

1 + 4N(1− η), and a corresponding photon number ratio

µs =
Ns,sqz

N
=
M sinh2 rs

Ntot
=

η(Λ1 − 1)2

4N(1− η)(Λ1 − η)
. (30)

Finally, the optimal sensitivity becomes

σopt
s =

1

2
√
MN

√

N(1− η) + η(Λ1 + 1)/2

1 + η/N
, (31)

which for η = 1 reduces to σopt
s (η = 1) = 1

2
√
MN

√

N
N+1 , thus no longer showing Heisenberg scaling in the mode

number. The result enable us to obtain the simulation result in Fig 1c and 1d in the main text, and the optimal µ
and corresponding squeezing rated need to get the optimal µ is shown in Fig. 3.

II. PREPARATION OF ENTANGLED PROBES

The entangled probes are prepared in two steps. First, we generate a squeezed coherent state, denoted as the
squeezed probe (SP), by an optical parametric oscillator (OPO). Second, we send the SP through a beam-splitter
network (BSN) to generate 4 entangled probes. We define the mode of the SP to be a narrow sideband at 3 MHz,
since this is region where we have high squeezing quality.

A. Generation of squeezed probes with OPO

The laser source for the experiment is an amplified NKT Photonics X-15 fibre laser operating at 1550 nm. Most of
the light is used for pumping a second harmonic generation (SHG) cavity (same design as the OPO described below)
to produce 775 nm light to act as the OPO pump. The rest is used for the local oscillator and the probe and lock
beams. As shown in Fig. 4, we use a bow-tie shaped OPO with a periodically poled potassium titanyl phosphate
(PPKTP) crystal to generate the SP by type-0 parametric down conversion. The bandwidth of the cavity is 8.0 MHz
half width half maximum (HWHM) and the OPO pump power threshold is 850 mW. The 775 nm pump, which for
the measurements presented here varied between 150 mW and 350 mW, is coupled through the dichroic curved cavity
mirrors and dumped after passing the crystal. A 3.6 mW coherent beam at 1550 nm, weakly phase-modulated by
an electro-optic modulator (EOM) at 3 MHz and 28.7 MHz, is coupled into the OPO in the counter-propagating
direction through a high reflectivity mirror (HR) with a transmittance of about 100 ppm. This beam is used to lock
the cavity by the Pound–Drever–Hall technique with the 28.7 MHz side band and the resonant detector D1. All cavity
and phase locks in the experiment are handled by Red Pitaya FPGA boards running the PyRPL lockbox software [3].

The reflection from the HR mirror is re-coupled into the forward-propagating mode of the OPO with a 0◦ mirror
to serve as the carrier of the sideband mode that defines our probe state. A variable attenuator (Att.) is inserted
to control the optical power. In the OPO, the forward-propagating beam is squeezed by the parametric process and
coupled out through a 10% transmittive out coupling mirror (light gray in Fig. 4). A half-wave plate (λ/2) and
a polarization beam-splitter (PBS) is used to tap around 1% of the OPO output towards detector D2 to lock the
phase between the carrier and the pump for de-amplification. As a result, the carrier is squeezed in the amplitude
quadrature, leading to squeezing of the phase quadrature of the probe in the 3 MHz modulated sideband frequency
mode since the sideband is encoded by phase modulation.
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FIG. 4. Squeezed probe (SP) preparation with OPO. M, high reflectively mirror; EOM, electro-optic modulator; Att, attenuator;
D1, resonant detector for cavity lock; D2, high gain detector for OPO gain lock.

B. Generation and detection of entangled probes

The detailed experimental setup is shown in Fig. 5. It is essentially a multi-port version of a squeezed-light-enhanced
polarization interferometer [4]. We create four entangled probes by sending the squeezed probe, SP, through a BSN
consisting of three 50:50 beam-splitters. Prior to this, the SP is spatially combined on a PBS with a strong beam
(LO) which will act as the local oscillator for all four modes. The LO phase is locked to either the p̂ or x̂ quadrature
of the SP by tapping ∼ 1% towards a polarization-based homodyne detection setup, the output of which is used to
control a piezo-mounted mirror in the LO path. In each of the four modes, the phase between LO and SP can be
further controlled by a λ/4 and a λ/2 wave plate. The λ/4 plates change the LO and SP into left-hand and right-hand
circular polarization, respectively. The λ/2 plates introduce phase shifts between SP and LO and play two roles:
First, they are used to synchronize the phases for the entangled probes by compensating the phase difference induced
by 50:50 beam splitters. Second, they are used to simulate the phase samples, that is, the imposed phases φ1, . . . , φ4.
For details, see section IIIA. Finally, the four outputs are measured on homodyne detectors.

LO
HD1

tapping

SP

BSN

PBS

50:50

λ/2
λ/4

HD2

HD3

HD4

φ
1

HDL
EOM OPO

φ
2

φ
3

φ
4

1

2

3

4

1

4 2

3

λ/4 λ/2

FIG. 5. Detailed experimental setup and the input-output relationship of the beam splitter network (BSN). The input modes

â1 to â4 with s-polarization are transferred into the output modes b̂1 to b̂4. Here, only â1 is a squeezed coherent state operator.
â2 to â4 are vacuum operators. By tuning the wave plates at each output of the BSN, b̂1 to b̂4 are set to circular polarization.

1. Homodyne detection and data acquisition

All five homodyne detection setups use the same scheme, illustrated in Fig. 6a. The circularly polarized SP and
LO interfere after the PBS. The optical power of the LO is about 3 mW on each HD and it detects a SP of about 10
nW. The output of the detector is electronically split into AC and DC parts with a bias-tee of about 100 kHz. The
AC signal, Vac, is used for phase sensing. It includes the 3 MHz side-band, but filters out the carrier at DC and the
side-band for cavity locking at 28.7 MHz with a low pass filter at around 14 MHz. The DC signal, Vdc, detects the
carrier. It is used for phase locking and phase calibration (see section III B).
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a. b.

FIG. 6. a. The circular polarized SP and local oscillator (LO) are projected into p- or s-polarization by a PBS, and detected
with a balanced photo-detector. The output voltage of the detector photo diodes is separated into DC–100 kHz output Vdc and
100 kHz–14 MHz output Vac. PD, photo diode; TIA, trans-impedance amplifier. b. Power spectral densities (PSDs). SNL,
shot-noise limit; ASQ, anti-squeezing; SQ, squeezing; PX and PP, probe noise in X and P quadrature respectively, measured
by blocking pump; EL, electronic noise of the data acquisition system, measured by blocking both SP and the LO.

The Vac outputs of HD1 to HD4 are sent to a 4-channel oscilloscope (LeCroy HDO6034), which acquires time-
voltage traces of 200 µs with a 50 MHz sampling rate. The power spectral densities (PSDs) of the individual HD
outputs and the averaged output is obtained by Fast Fourier Transform (FFT) on a computer. Fig. 6b shows PSDs
for the averaged voltage of the 4 HDs in different experimental conditions with no modulation from the EOM. All
the PSDs in Fig. 6b are the averaged result of 400 oscilloscope measurements. To show the signal-to-noise ratio of
the data acquisition system, we measure the PSDs of the shot noise level (SNL, measured when SP is blocked) and
electronic noise (EL, measured when both SP and LO are blocked). The result is shown in green and dark grey traces
in Fig. 6b. We see that the electronic noise clearance is about 23 dB at the 3 MHz side band, which corresponds to
about 0.5% effective loss in detection efficiency. We will discuss the other PSDs shown in Fig. 6b in the following
subsection.

2. Input-output relations of the BSN

The BSN we use in the experiment is shown in Figure 5. The only non-vacuum input mode â1 is the SP, whose
mode operator is â1 = Ŝ†(r)âŜ(r) + α in the Heisenberg picture, with â being the annihilation operator of the OPO
input at 3 MHz and the real-valued α being the effective coherent excitation of the mode after modulation by the
EOM and de-amplification in the OPO. All the other input modes â2, â3 and â4 are vacuum modes. The output

modes of the BSN, b̂j can be explicitly written as:

b̂1 =
1

2

√
η(â1 − iâ4 +

√
2iâ2) +

√

1− ηâvac,1

b̂2 =
1

2

√
η(â1 − iâ4 −

√
2iâ2) +

√

1− ηâvac,2

b̂3 =
1

2

√
η(â1 + iâ4 +

√
2iâ3) +

√

1− ηâvac,3

b̂4 =
1

2

√
η(â1 + iâ4 −

√
2iâ3) +

√

1− ηâvac,4. (32)

Here we have introduced an identical overall efficiency η and vacuum mode operator âvac,j for j = 1 . . . 4. Although
the various inefficiencies occur at different points in the experiment, for simplicity we have assumed (as in section I)
that they all occur after the distribution of the probes in the BSN and that they are identical for the four channels.
Experimentally, we use eight variable irises before the PDs of all four HDs to equalize the overall detection efficiency.

3. Overall detection efficiency estimation

The loss budget of our experiment setup is as follows: the escape efficiency of the OPO ∼ 95%; the quantum
efficiency of the photo diodes in HD ∼ 98%; the imperfection of the mode matching between SP and LO ∼ 90%; the
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electronic noise of the homodyne detection ∼ 99%; the efficiency introduced by tapping for phase locking ∼ 97% and
the efficiency of all optics between OPO output and the PD of the HD ∼ 92%. The loss budget of the experiment
system gives an estimation of the overall detection efficiency of η ∼ 74%.

We also estimate the overall detection efficiency by measuring the squeezing/anti-squeezing degrees (notated with
v2sq and v2asq) for the entangled approach at 3 MHz. Since

v2sq = ηe−2re + (1− η)

v2asq = ηe2re + (1− η), (33)

we can calculate η and re with measured v2sq and v2asq. The overall efficiency estimated with 5 different pump powers
to the OPO is η = 73.5% ± 1.5%. This result coincide with the loss budget estimation, and we use this result to
theoretically calculate the sensitivity.

For the separable approach, where the BSN is removed, the overall efficiency is ∼ 1.5% higher. However, we
compensate this by tapping more to the lock detector D2 in Figure 4 so the separable approach has similar efficiency
to that of the entangled approach.

4. Entanglement characterization of the probes

The squeezing degree for each individual output mode will not be better than 3/4 shot noise due to the splitting
of the SP in the BSN. However, the squeezing of SP is converted into entanglement between all the probes. By joint
measurement of the 4 probes (simply averaging the voltage from the four HDs), we can recover the squeezing degree
of the SP: From Eq. (32), the joint measurement recovering the squeezing of SP is simply the sum of the four HD1–4

outputs. The recovered squeezed and anti-squeezed quadratures are shown as SQ (blue) and ASQ (red) in Fig. 6b.
We see the joint measurement gives about 4.8 dB of squeezing at the 3 MHz side band frequency. The additional
noise seen below 2 MHz is due to technical noise from our laser. As a calibration of the noise of the probe before
the parametric process, we measure the PSDs of X̂ and P̂ quadrature by blocking the pump of our OPO, and the
result is shown with PX (light blue) and PP (light red) in Fig. 6b (noting that here we refer to the amplitude/phase

quadrature of the carrier of the SP since there is no side-band). We see the technical noise of both X̂ and P̂ quadrature
decreases as the frequency increases and overlap with the SNL when the frequency is above 1.8 MHz. Therefore, in
our estimation of the overall detection efficiency at the side band frequency (3 MHz), we ignore contributions from
technical noise of the laser.

HD1 Joint Measurement

a. b.

FIG. 7. a. Squeezing and anti-squeezing spectra for a single distributed spatial mode obtained from HD1. b. Squeezing and
anti-squeezing spectra from joint measurement. Dashed lines: spectra predicted by theory.

With the measurement described in Fig. 6b, we can get the squeezing/anti-squeezing degree in SNL units. Fig. 7a
and b shows the squeezing and anti-squeezing of an individual channel (HD1) and that from the joint measurement,
respectively. The dashed lines show the squeezing and anti-squeezing predicted by [5]

S±(f) = 1± 4η
√

P/Pth

(1∓
√

P/Pth)2 + (f/fcav)2
, (34)

where S−(f) and S+(f) denotes the squeezing and anti-squeezing spectrum, η = 0.735 is the estimated overall
detection efficiency, fcav = 8.0 MHz is the HWHM of the OPO cavity and Pth = 850 mW is the threshold of the
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OPO. In this measurement, P = 300 mW pump power is used. Here both fcav and Pth are obtained from independent
measurements.

We quantitatively verify the entanglement of the probes by reconstructing the covariance matrix of the 4 modes.
As we do not expect correlations between x̂ and p̂ quadratures, we only experimentally reconstruct Mx = Cov(x̂j , x̂k)
and Mp = Cov(p̂j , p̂k) for j, k = 1 to 4 at around 3 MHz. After balancing the length of cables from HD1–4 to
the oscilloscope, we digitally filter the recorded traces by a 50 kHz band pass filter centered around 3 MHz, and
measure Mx and Mp, respectively. The covariance matrices in shot noise units from the average of 400 oscilloscope
measurements are:

Mx =







0.83 −0.18 −0.17 −0.19
- 0.84 −0.16 −0.18
- - 0.83 −0.18
- - - 0.82






Mp =







3.0 1.9 1.9 2.0
- 2.8 1.8 1.9
- - 2.8 1.9
- - - 3.0






, (35)

where symmetric elements are not shown. We show the entanglement property of the probes by calculating the
logarithmic negativity N (ρ̂) between them, where N (ρ̂) > 0 is a sufficient condition for entanglement [6]. For a
Gaussian state this can be obtained through the symplectic eigenvalues of the partially transposed covariance matrix,
so that N (ρ) =

∑

k f(ṽk), where ṽk are the symplectic eigenvalues and f(x) = −log2(x) for x < 1 and 0 otherwise.
By constructing the full Mx,p covariance matrix from Mx and Mp, we find that for any two, three or four modes the
value of N (ρ̂) is within the range of 0.20± 0.02, 0.33± 0.02 and 0.51± 0.02 respectively, confirming the presence of
quadrature entanglement across all mode combinations.

III. PHASE CONTROL AND CALIBRATION

In this section we first calculate the interference at the two photo diodes of the HD in Fig. 6. The result shows that
the phase between SP and LO can be controlled by rotating the λ/2 wave plates. After that, we describe the phase
calibration procedure and result in our experiment. With the phase calibration result, we can control the phase φj
for j = 1 . . . 4 (and therefore φavg) by rotating the λ/2 wave plates to a specific position.

A. Phase control with λ/2 wave plates

The LO with p polarization and OPO output with s polarization are combined by the PBS in Fig. 5, and the Jones
vector after the PBS is

Jin =

[

ELO · e−iφLO

ESP · e−iφSP

]

, (36)

where ELO · e−iφLO is the LO and ESP · e−iφSP is the OPO output (squeezed probe). The Jones Matrix for a wave
plate is [7]

Mwp =

[

cos(φ/2) + i sin(φ/2) cos(2θ) i sin(φ/2) sin(2θ)
i sin(φ/2) sin(2θ) cos(φ/2)− i sin(φ/2) cos(2θ)

]

, (37)

where θ is the angle between the fast axis of the wave plate and p polarization (the direction of LO), and φ is the
retardance of the wave-plate (φ = π or φ = π/2 for an ideal λ/2 or λ/4 wave-plate, respectively). We fix the λ/4
wave plate at θ = 45◦ and put the λ/2 wave plate at a variable angle θv, resulting in the output Jones vector

Jout =Mλ/2(θv)Mλ/4(45
◦)Jin =

[

J1
J2

]

(38)

with

J1 =
1√
2

[

iELOe
i(2θv−φLO) − ESP e

−i(2θv+φSP )
]

J2 =
1√
2

[

ELOe
i(2θv−φLO) − iESP e

−i(2θv+φSP )
]

. (39)
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Therefore, the interference between the two polarization modes observed at the two diodes of the HD after the second
PBS is:

IHD = |J1|2 − |J2|2 = 2ESPELO sin(4θv − φd), (40)

where φd = φSP − φLO is the initial phase difference between OPO output and LO mode before being overlapped at
the first PBS. The result show that if we rotate the λ/2 wave plate by an angle of 1◦, the phase between LO and OPO
output will change 4◦. The form of Eq. (40) also shows the visibility of the HD is not affected by the polarization
transformation since it doesn’t have any constant term. However, if the wave plates or PBS are not perfect, which
means that the wave plates have either more or less retardance or that the PBS has a finite extinction ratio between s
and p polarization, a similar calculation shows the rotation of λ/2 wave plate by 1◦ will result in a phase shift slightly
deviating from 4◦, and that the visibility of the interference at HD can be reduced. We experimentally measure these
imperfections as shown in the following subsection.

B. Phase calibration

During the experiment we lock φd to be either 0◦ or 90◦ with HDL, and use the rotation of the λ/2 wave plate
before each HD to control the phase of each mode. In order to account for potential imperfections in our experiment,
we first measured the visibility reduction from imperfect polarization components. We find a worst-case reduction of
the HD visibility from 98.5% to 95.2%. We also perform a phase calibration by scanning the phase between LO and
SP carrier with a ramp at 27 Hz while the interference fringe measured from Vdc of HDL and HD1,2,3,4 is recorded.
The phase between LO and signal in each path is inferred from sine curve fitting. We calibrate the phase with 40
repeated measurements at each λ/2 wave plate position, and the result is shown in Fig. 8. The SQ (blue dots) shows
the result when we lock φi = 0◦ and the HDs measure the squeezed quadrature, and the ASQ (red dots) shows the
result when we lock φi = 90◦. For both SQ and ASQ, we rotate the λ/2 wave-plate position in each channel by an
actuator in the wave-plate mount, allowing us to faithfully use the calibration result in the experiment.
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FIG. 8. Phase calibration result for each HD. The black dashed line is the linear fitting of the calibration.

TABLE I. The phase calibration result

Squeezing
k1 -3.96 k2 -3.97 k3 -3.95 k4 -3.96
b1 -0.13 b2 -0.59 b3 -0.64 b4 0.37
Anti-squeezing
k1 -3.99 k2 -3.99 k3 -4.06 k4 -4.06
b1 -89.50 b2 -89.97 b3 -89.87 b4 -88.90
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From the calibration results, we see that the phase is linear within the whole range of the actuator (8◦) on the wave
plate mounts. The result of the linear fitting to HD channel j = 1 to 4 with the equation

φj = kjθv + bj (41)

is summarized in Table I. With these fitted parameters, we can control both the phase in each channel φj or the
averaged phase φavg accurately. Particularly, if we lock φi to 0◦, we can change the φavg by a slope of 3.96◦ ± 0.02◦;
if we lock φi to 90◦, can change the φavg by a slope of 4.02◦ ± 0.02◦.

IV. DATA ANALYSIS

In this section we introduce the details of our data analysis procedure, which includes measuring the sensitivity by
fitting and counting how many photons in average is used in the SP.
As the estimator of φavg, P̂avg is experimentally estimated from the PSD of the averaged output of the four HDs

in each mode. Fig. 9 shows the PSD results measured for different φavg. Each PSD is obtained from the FFT of an
average of 2000 oscilloscope traces. The spectrum peak at 3 MHz Spk gives the value of

Spk = 2V 2
sn · 〈P̂ 2

avg〉 = 2V 2
sn · (〈∆P̂ 2

avg〉+ 〈P̂avg〉2), (42)

where Vsn is the 4-mode shot noise limit (SNL) voltage from HDs decided by LO power, electronic gain and the digital

filtering. The constant 2 in Eq. (42) comes from the commutation relationship we choose [X̂, P̂ ] = i. We start our
data analysis by separating the peak into two voltage parts

Spk = V 2
s + V 2

n , (43)

where Vs =
√
2Vsn|〈P̂avg〉| is the signal part induced by the coherent photons of the side band, and Vn =

√
2Vsn

√

〈∆P̂ 2
avg〉 is the part induced by the fluctuation of the light. Except at the 3 MHz peak, the spectra in

Fig. 9 vary slowly with frequency. This enables us to extract Vn from the adjacent frequencies of the 3 MHz peak.
The procedure of Vn estimation is illustrated with the anti-squeezing quadrature (ASQ, φavg = -89.5 ±0.8◦) PSD in
Fig. 9 as an example. We first do a linear fit with the frequency range indicated by the red dots, which is slightly
away from 3 MHz. This fitting gives the black dashed line labeled as ”Fitting for ASQ”. Vn is then inferred by the
square root value of the fitted line at 3 MHz. Since our side band line width is obviously smaller than the 5 kHz
resolution of the FFT, only one peak point is observed in the PSDs in Fig. 9. Therefore, Vs can simply be calculated
by the difference between the blue dot at 3 MHz and the fitting result.

In our experiment we always introduce equal positive phase shift in all channels. In this case we know that
〈P̂avg〉 > 0, and Vs and Vn relate to the averaged phase φavg by

Vs(φavg) =
√
2Vsn〈P̂avg〉 =

2√
M
Vsn · αe| sin(φavg + θ1)|

Vn(φavg) =
√
2Vsn

√

∆P̂ 2
avg = Vsn ·

√

v2sq cos
2(φavg + θ2) + v2asq sin

2(φavg + θ2). (44)

Here α is the real coherent amplitude from modulation, M is the mode number, θ1 and θ2 are parameters indicating
the imperfections of the experimental setup (ideally they should be 0), where θ1 parametrizes the residual amplitude
modulation of the phase modulating EOM and θ2 parametrizes the phase locking offset of the squeezing measurement.
v2sq = ηe−2re + (1 − η) and v2asq = ηe2re + (1 − η) are squeezing and anti-squeezing degrees in SNL units. Note that
the form of Eq. (44) rely on two assumptions: First, we assume that the modulation signal on the EOM is perfectly
coherent so Vs(φavg) doesn’t have an offset term. This assumption is consolidated by the fact that we drive the EOM
with a sine wave generated from a function generator with phase noise less than -65 dBc. Second, we ignore the phase
fluctuations of the phase locking. This assumption is consolidated by the high (∼32 dB) signal-to-noise ratio of the
locking detector HDL, though this signal-to-noise ratio is not a direct measurement of the phase fluctuation.

A. Sensitivity fitting

With Vs and Vn extracted for a range of φavg settings, we can estimate the sensitivity. By comparing the definition
of σ in Eq. (4) with Eq. (44), the sensitivity to a small phase shift at a given φavg offset is

σ = Vn(φavg)/V
′
s (φavg), (45)
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Fitting for ASQ

SQ

ASQ

SNL

FIG. 9. PSDs of averaged HD output voltage with 3 MHz phase modulation on at different φavg. SNL: shot-noise limit; SQ,
φavg=0.2 ±0.8◦; ASQ, φavg = 89.5 ±0.8◦. We estimate Vs and Vn from these PSDs.

a b

FIG. 10. (a) and (b): Fitting from measured Vs and Vn in different φavg. With the fiting result, σ is estimated by using Eq.
(46). All the error bars are standard deviation of the data.

where V ′
s = ∂Vs/∂φavg is the partial derivative of Vs with respect to φavg and the σ estimation is independent of SNL

measurement since dividing Vn with V ′
s can cancel Vsn out.

In the experiment we give an identical local phase shift to all 4 modes so that φj = φavg for all j = 1 to 4, and
change the value of φavg around both the squeezing φavg = 0 and the anti-squeezing |φavg| = 90◦. The φavg we choose
to induce as well as the fitting to Eq. (44) with measured Vs and Vn from Figure 9 is shown in Figure 10. In the

Vs(φavg) fitting, the parameters to fit are the slope k =
√

2
M Vsnαe and θ1. In the Vn fitting, the squeezing noise

voltage scaled by SNL, ksq = Vsn · vsq, the anti-squeezing noise voltage scaled by SNL, kasq = Vsn · vasq, and θ2 are
fitting parameters. With the fitting result, we estimate the small angle sensitivity of our system σmin by

σmin =
Vn(φavg = 0)

V ′
s (φavg = 0)

. (46)

We do fitting for 5 different pump power of OPO and find the fitted values of θ1 and θ2 are 3.4◦±0.2◦ and 1.6◦±0.6◦,
respectively. These values are reasonably small, and in principle could be further reduced by better locking and phase
modulation techniques. For the most sensitive case (maximum squeezing rate) in our result, the fitted θ1 and θ2
indicate σmin could have been further improved by ∼ 0.2% and ∼ 0.9%, respectively. The σmin extracted in Eq. (46)
is shown in our experiment results for the entangled approach in main text Fig 3 as σe. The uncertainty of V ′

s is
obtained from the fitting, and the uncertainty of Vn is obtained from the standard deviation of 2000 measurements.
The error bars for σ in Fig. 3 are calculated by error propagation of Eq. (46).

A similar analysis method is used for the separable approach, but the PSDs used in the separable approach are
from only one HD instead of averaged HD outputs. By removing the BSN, our setup gives the separable approach of
M = 1. To compare with the entangled approach of M = 4, we rescale our result with 1/

√
M as a result of classical

averaging. The scaled sensitivity is quoted as our experiment result for the separable approach in main text Fig. 3 as
σs.
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B. Resource counting

In this section, we show how to experimentally measure the average photon number per mode that we use in the
phase sensing.

For the entangled approach, we estimate MNe = MNe,coh +MNe,sqz by comparing the joint measurement PSDs
for squeezing and anti-squeezing quadrature to that for SNL, where M = 4 is the mode number. With the notation
defined above, the average number of squeezed photons for all modes in the entangled approach are obtained by
comparing Vn to Vsn with

M ·Ne,sqz =
1

2

(

〈∆P̂ 2
avg〉+ 〈∆X̂2

avg〉 − 1
)

=
1

4

[

V 2
n (φavg = 0◦)

V 2
sn

+
V 2
n (φavg = 90◦)

V 2
sn

− 2

]

, (47)

Similarly, the average number of coherent photons are obtained by comparing Vs to Vsn with

M ·Ne,coh = ηα2
e =

V 2
s (φavg = 90◦)

4V 2
sn

. (48)

With Eq. (47) and (48), Ne = Ne,coh +Ne,sqz gives the N values in main text Fig. 3 for the entangled approach σe.
The error bars for N in Fig. 3, entangled approach are calculated by error propagation of Eqs. (47-48).

For the separable approach, we use a very similar technique. However, the PSD is from a single HD instead of joint
measurement. Explicitly, the photon number per mode for the separable approach is Ns = Ns,coh +Ns,sqz, with

Ns,sqz =
1

2

(

〈∆p̂2j 〉+ 〈∆x̂2j 〉 − 1
)

=
1

4

[

V 2
n (φ = 0◦)

V 2
sn′

+
V 2
n (φ = 90◦)

V 2
sn′

− 2

]

(49)

and

Ns,coh =
V 2
s (φ = 90◦)

4V 2
sn′

, (50)

where φ is the phase shift of the single mode, and we use Vsn′ to denote the 1-mode SNL, which is about 1/4 of
the 4-mode SNL Vsn used in the entangled approach. The photon number per mode Ns = Ns,coh +Ns,sqz gives the
N values in main text Fig. 3 for the separable approach σs. The error bars for N in Fig. 3, separable approach are
calculated by error propagation of Eqs. (60-61).
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