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Abstract. Considering a theory of Brans-Dicke gravity with general couplings of a heavy
field, we derive the low-energy effective theory action in the universe of temperature
much lower than the heavy field mass. Gravitational equations and the Brans-Dicke scalar
field equation including an effective potential of the scalar field are obtained, which is
induced through virtual interactions of the heavy field in the late-time universe. We find
a deSitter cosmological solution stemming from the inverse power law effective potential
of the scalar field and discuss the possibility that the late time acceleration of our universe
can be described by means of the solution.

Recent cosmological observations including supernova data [1] suggest that our universe is made
up of about 68 % dark energy, about 27 % dark matter, and about 5 % ordinary matter, and they
cause an explosion of interest in the origin of dark energy [1] and dark matter [2]. The current cosmic
acceleration due to the dark energy and the primordial inflation can be described by using the de
Sitter solutions to the gravitational field equations. Various approaches have been used to understand
the dark energy, such as the cosmological constant, quintessence [3], and the phantom [4] in general
relativity. Other approaches are based on assorted types of modifications to general relativity, such as
f(R) gravity and scalar-tensor theories of gravity. We study the late-time acceleration of the Universe,
in the Brans-Dicke (BD) theory of gravity coupled to a heavy field.

From the BD gravity theory, we derive the low-energy effective theory [5] action in the universe of
temperature much lower than the heavy field mass and obtain an inverse power law effective potential
of the BD scalar field, which is stimulated through virtual interactions of the heavy field. With the
effective potential we discuss the possibility that the cosmological constant problem can be addressed.
Before doing these things, we present the method by which the low-energy effective theory can be
obtained from a high energy theory, as follows:

The (effective action or) generating functional (GF) for connected, one-particle-irreducible (1PI)
with respect to ¢- and h-lines Green functions is given by the Legendre transform of a GF for con-
nected Green functions, W(j, J) = —iln Z(j, J) with GF for (general) Green functions Z(j, J),

(g, h) = W, J) - f d*xjp — f d*xJh (1)

with 6W§'j{’]) = ¢, 6”1;(‘]"’1) = h. Eq. (1) can be rewritten as

(¢, h) =T(¢,J) — f d*xJh, (2)
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where the GF for connected, 1PI with respect to ¢-lines Green functions is given by the partial Leg-
endre transform

M) = WG - [ d*xio, 3)

with %’jm = ¢. From (2) we also have the relation
(¢, J) =T(o, h) + f d*xJh 4)

with ST 1)
—n - -J, 5)

which gives us h = h(¢, J).

When the freedoms associated with matter fields, A(x*), heavier (m;, > T) than the temperature
of the Universe are hidden from direct observation (i.e., J = 0), the effective theory is described by
the low-energy effective action S.ss(¢) of light fields, ¢(x*), only. In the tree-level approximation, its
action is given by

Ser(@) =TV, h(@)), (6)
where h(¢) = h(¢, J = 0) is derived from the equation

STO(p,h) 0

5 (N

with the effective action I'(¢, &) defined in terms of both ¢ and 4 fields in a high-energy theory, as in
Eq. (1).
The BD theory of gravity coupled to a heavy field ~(x*) can be described by the action, S =

f d*x \J=g[¢R - %g“ﬁaacpaﬁgo — V()] + S (um), Which is rewritten as

S = f d*xV=gl8*R ~ wgP3.$dsd — V(@) + S (. ®)
with substitution ¢ = ¢* and wyy = %w. The action for the heavy field is assumed by
S m) = f d'x \/—_g[—%gaﬁaahaﬁh = V() = Viu(®, )], ©)
where V is the potential of the heavy field and the non-renormalizable interaction potential
Viul, ) = Mgi,_4 ol (10)

withk + 1> 4.
By applying the formula (7) to Egs. (9) and (10) and by choosing V(h) = %mihz, we get

—ul¢k 1 1 g"ﬁVgaﬁ —Mlgbk s
”(‘”—(W””(“z-z )" miM;kH_@)”’ (11)

in the low-energy limit, |0gh| << m;h. Substituting Eq. (11) into Egs. (6) and (8), we have

1
Serr(@) = f d*x\=g[¢’R — w($)g™P Do dsp — V($) — Egaﬁaah(qs)aﬁh(@ -V, (12)
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where the effective potential
VIl (g) = dg™ (13)
withd = (1/212 5 — 157 -1)(— u)z m,; (M(k” 4))1 2 (u<0,k+1>4,and [ > 2), which gives us an inverse

power law potential for a qumtessence model. The equation of state is given by

2k+21-4

WP + 4P + ¢ + 2HPP) — V + cd Er ¢* — dpT2
wp? — 12Hop + V + c¢ 57 §2 + dp >

_D
Wiot = — =
o

with ¢ = ;(2 1)2( ’M(*” 4))2 7. Note that w;,, > —1.

In the flat Frledamnn Robertson-Waker spacetime, we can derive the scalar field equation and the
Friedmann equation from Eq. (12).

Quw + ")
= —(6wH + 3HW? + W1 $)¢ — 2{V.o =6(H + 2H) + VI 12 )¢

—_ O _ v
with i/ = &;, Vg = TR and

—~4¢*H(=p + p)
= 2w + 2)¢* + 4o + > (p) — 4Hp, (14)

subject to the constraint
. . 1.
64 H* = wd* — 12Hpd + V + Eh2(¢) + VI (), (15)

from which we get a solution for de Sitter universe with H = 0 and ¢ = 0, which has following
requirements (with H = const. and ¢ = const.):

6> H? = w, > — 12¢¢H + V($) + VI ($), (16)
(we +2)¢*> — 2H¢ = 0,

and
(6wH + WH'$)¢ = {2V, 5o —24H* + 2V 12 )¢

with w, = w(1 + %). Linear stability analyses near the above solution are given in [6].

When ¢? << 1 and V(¢) << 1 are assumed, Eq. (16) yields A¢*> ~ V¢//(¢) with an effective
cosmological constant A =~ 107'?M, and the Planck mass M,, ~ 10'°GeV. We suppose that the BD
field ¢ would be an attractor in the asymptotic region with ¢ ~ M,. Note that < ¢* >~ 1/G in the
BD theory [7] with its Lagrangian density, ¢*R — wg™8,$0sp — V(¢). Taking the heavy field mass

ho 10‘17M,, and My ~ 107*M,, in Egs. (13) and (16), we have the useful solutions in (possibly
smallest) integers / and k:

Interesting cases, [[ =3,k =3, x=5]and [/ =3, k = 6, x = 2 ], of natural numbers &, /, and x
can be related with effective theories, which are derived from a grand unified theory defined at energy
higher than M, ~ 10'*GeV or M, ~ 10'7GeV, respectively. In these cases,

VI () o mS M7 - (Ma/ ). a7

Other cases of [ / = 3 ] and [ k = any integer, x = 0 ] are obtained with a little different values of m;, ~
107°°M, and A ~ 10"20M§, compared to the former cases. In the latter cases, the non-renormalizable
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interaction term of the BD and the heavy field in Eq. (10) is induced from a high-energy theory which
resides at energy near M,,. The effective potential is VeIt (g) mg /Mg - (Mp/ P)*.

We can restate that, in the low-energy effective theory of BD gravity coupled with a heavy field
whose non-renormalizable interaction terms are derived from a grand unified theory, we get a petite
cosmological constant A from the effective potential V¢// in Eq. (16) (with suitable my, and M,).
The cosmological constant problem thus can be alleviated in this kind of quintessence model with the
inverse power law, effective potential of the BD field in the late-time universe, as given in Egs. (13)
and (17).
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