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Introduction

Since the birth of particle physics, with the discovery of the electron by Thomson in 1897, much
progress has been made in explaining the observable phenomena in nature. In order to explain
the properties of particles at the (sub)atomic scale quantum mechanics was developed around
the nineteen-twenties. Based on experiments it was realized that all particles in nature have a
fundamental property called “spin”, the value of which divides them into two classes: bosons
and fermions, each with distinct properties. Somewhat earlier, in 1905, Einstein proposed his
theory of special relativity, which radically changed our notions of space and time; it showed
how both concepts are intricately connected. A combination of special relativity and quantum
mechanics finally led to the Standard Model around 1970, which quite successfully describes
the interactions between the elementary particles that form the building blocks of all observable
matter in the universe. There are three fundamental forces incorporated in the Standard Model:
the electromagnetic, the weak, and the strong force. Here the concept of gauge symmetry plays
an important role. By making this symmetry local, i.e. introducing coordinate dependent trans-
formation parameters, spin 1 gauge bosons are introduced that mediate the force between two
particles. The best known example is the photon that causes an electromagnetic field between
two charged particles, causing them to attract or repulse. Similarly, the additional fundamental
forces are carried by W/Z bosons and gluons respectively. The Standard Model has been veri-
fied to great precision, nevertheless there are some discrepancies. First of all there is the Higgs
boson which is responsible for giving masses to the other fundamental particles, but still has
not been found.! Secondly, the Standard Model contains nineteen fine-tuned parameters — e.g.
corresponding to masses of elementary particles — that cannot be theoretically predicted, and is
not a fundamental theory.

Another major achievement of 20th century theoretical physics was Einsteins theory of gen-
eral relativity, dealing with the fourth fundamental force: gravity. The theory was constructed
in 1914 in an attempt to implement special relativity into Newtonian gravity and further im-
proved our knowledge about space and time. Some of its successes were the predictions of
small deviations of planetary orbits and the deflection of light from heavy objects. More specu-
lative predictions are black holes and gravitational radiation, which both only have been verified
indirectly. Furthermore, predictions could be made regarding the evolution of our universe.
Although this theory was capable of explaining the interactions between massive objects at rela-
tively large length scales, something goes wrong when trying to describe gravity at small scales
where quantum effects become important. Considering that the gravitational force is extremely

I'There is hope that the new LHC accelerator, due 2006, will provide conclusive experimental proof of its existence.
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force mediating acts on range relative
particle strength

strong nuclear force | gluon quarks nuclear distances | 20

electromagnetism photon charged particles infinite 1

weak nuclear force | W- or Z-boson | quarks and leptons | nuclear distances | 1077

gravity graviton? massive particles infinite 10736

Table 1: The four fundamental forces. The relative strengths are based on two interacting up-
quarks separated by a distance of 107'% m [1].

weak compared to the other three fundamental forces at small scales, see table 1, it is not strange
that general relativity theory has only been tested up to approximately 1 mm. An attempt to de-
scribe gravity by using similar quantization techniques as used for the Standard Model failed.
The theory suffered from infinities since the gravitational coupling constant x = 87G/c* is not
dimensionless and is therefore unsuitable for performing perturbation expansions, which are
common in particle physics. The typical length scale where our classical ideas of gravity and
space-time lose their validity is given by the Planck length:

[hG
tp=/—= 4110 m, (1)
C

with i Planck’s constant, G Newton’s gravitational constant, and c¢ the velocity of light.

Summarizing, at both ends of the scale spectrum two quite successful theories were obtained,
that did not seem to be compatible. These arguments show the need for a theory of “quantum
gravity”, that can handle all four fundamental forces simultaneously. The quest for this unified
theory has been the main target for the research done in high energy physics during the last
twenty years.

A partial success was reached in 1976 by the discovery of supergravity; an extension of
general relativity theory that behaved better at high energies, i.e. the infinities were partially
cancelled. The crucial ingredient here was “supersymmetry”, a symmetry between bosons and
fermions, that predicts that for every boson in nature there exists a corresponding fermionic
particle, and vice versa. The gauge theory of supersymmetry is given by supergravity. The
spin 2 gauge boson responsible for mediating the gravitational force is called the graviton. Its
supersymmetric partner is the so-called gravitino. In order to measure these particles energies
would be needed that are way out of the range of our present (and future) accelerators.

The most promising candidate so far for a theory of quantum gravity is superstring theory.
String theory assumes that all particles can be represented by different oscillational modes of a
string, with a typical length ¢ of the order of the Planck length £p. One of the modes turns out
to be a spin 2 particle, behaving like a graviton. Subsequentially it was found that the low energy
limit of superstring theory is given by supergravity. There is an intuitive reason why superstring
theory is free from infinities. These infinities usually occur at singular points, however a string
moving in space-time sweeps out a two dimensional surface, as opposed to a line in the case of



a point particle. Exactly this fact causes the interactions not to take place at one single point,
but to spread out over a small area. Intuitively that is the reason for string theory to be free from
infinities, which usually occur at singular points.

Unfortunately, this theory also has its disadvantages. String theory is only defined per-
turbatively, i.e. scattering amplitudes are expressed as an infinite expansion in powers of the
string coupling constant gg, associated with the “Feynman-diagrams” of string theory. The
main setback however was apparent when there seemed to exist five different superstring theo-
ries, whereas we hoped to obtain one unique theory of quantum theory.

This opinion was drastically changed after the discovery of dualities, that enabled us to relate
different energy regimes of different theories. An important role was played by the so-called
“brane” solutions of string theory. They are solitonic membrane-like objects that can be seen
as higher-dimensional generalizations of strings. The five apparently distinct theories and their
brane-solutions seemed to be related by a web of dualities, suggesting that they all represented
various limits of one single fundamental theory, called “M-theory”. Unfortunately there is not
much known about this theory. However, by studying the low energy limits of M-theory and the
various dualities between them, hopefully we will get closer to a unified theory.

We will now give a brief description of the topics discussed in this thesis. In chapter 1 we
will briefly describe the framework of string theory and supergravity, needed to understand the
context of the rest of the thesis. Chapter 2 will provide the motivations for the research described
in the remainder of the thesis. The main motivation is the concept of “brane-world scenarios”,
which assumes that our four-dimensional universe can be represented as a four-dimensional
brane-solution in five dimensions. With these types of models several problems in cosmology
were tried to be solved, e.g. the cosmological constant problem and the hierarchy problem.
The branes used in these models separate space-time into two regions and are called “domain-
walls”. A supersymmetrized version is not easy to construct; the domain-walls have to satisfy
several conditions in order to describe the correct vacuum structure of the five-dimensional
space-time. The determination of all possible domain-wall candidates requires a knowledge of
matter couplings of five-dimensional supergravity. The scalar fields occurring in such theories
can be interpreted as coordinates of a manifold. The potential energy of the scalars is given by
the scalar potential, which is a function of all the scalars of the scalar manifold. The vacuum-
structure of the five-dimensional space-time is determined by the minima of the scalar potential
and the geometry of the scalar manifold.

The five-dimensional matter-coupled supergravity theory is a special case of a “gauged su-
pergravity”, i.e. a supergravity theory where one or more global symmetries has been made local.
One way of constructing these gauged supergravities is by means of dimensional reduction. One
starts with a higher-dimensional supergravity theory and “curls up” some extra dimensions to
end up effectively with a supergravity in a lower space-time dimension. An extension of this
method is called generalized dimensional reduction; here one uses a symmetry of a theory to
obtain masses in lower dimensions. In this case, the symmetry used will appear as a gauged
symmetry of the reduced theory. When applied to supergravity one can construct gauged super-
gravities. A general introduction to this topic is given in chapter 3, after which it is applied to
eleven- and ten-dimensional supergravity in chapter 4.

The remaining three chapters 5, 6 and 7 provide another method to obtain gauged supergrav-
ities: the three-step superconformal program. We used the program in order to obtain a more
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general matter coupled five-dimensional N' = 2 Poincaré supergravity than currently known in
the literature. The space-time symmetries in Poincaré supergravity are given by translations and
rotations, which are part of the super-Poincaré group. The conformal program extends this group
to the largest group of space-time symmetries, namely the superconformal group. By introduc-
ing extra symmetries, the corresponding conformal supergravity will contain more structure and
will be easier to analyze.

The first step of the program is given in chapter 5 which describes the construction and
gauging of the superconformal algebra in five dimensions, resulting in the so-called “Standard
Weyl multiplet” which is the minimal representation of the superconformal algebra containing
the graviton. The fields in this multiplet are the superconformal background fields.

The second step will be the subject of chapter 6 where we construct various matter multiplet
representations of the superconformal algebra, and determine their actions and supersymme-
try transformation rules in a background of the Weyl multiplet fields. We will only consider
vector-tensor multiplets and hypermultiplets. Both contain scalars that give rise to interesting
geometries on the corresponding scalar manifolds.

The last step is given in chapter 7 where the superconformal algebra is “broken down” to the
super-Poincaré algebra by making convenient gauge choices for the non-Poincaré symmetries.
This “gauge-fixing” process will produce five-dimensional matter coupled Poincaré supergrav-
ity, that can be used for many applications. Finally, in appendices A—C, we give our conventions
and some in-depth information about the geometrical properties of quaternionic-like manifolds
that are generated by the hypermultiplet couplings.



Chapter 1

String theory and supergravity

In this chapter we will briefly review some basic aspects of string theory, supergravity, dualities
and (membrane) solutions.

1.1 Free string theory

For obtaining the dynamics of a classical string it is natural to consider the higher dimensional
generalization of the relativistic particle. The trajectory of a free relativistic point particle is
described by the minimization of the length of its worldline. Equivalently, the action for a
free classical string in D dimensions will be proportional to the area of its worldsheet, i.e. the
two-dimensional surface it spans in space-time. The worldsheet can be parametrized by the
spacelike variable o (0 < o < ¢), the coordinate along the string of length £, and timelike
variable 7. The embedding of the string worldsheet in Minkowski space-time is given by the
functions X*(o,7) (u = 0,...,D — 1). The action describing the string dynamics is called the

Nambu-Goto action [2, 3],
S =-T fdo-d‘r,lldet(aaXl‘GﬁXH)l , (1.1)

where T is the string tension given by 5 ﬂla, with @’ = % the so-called Regge-slope. The indices

a, run over o and 7. Although this form of the action is quite natural, there is a better formu-
lation more suitable for e.g. quantization of the string, without the square root. This action was
first discovered by Brink, Di Vecchia, Deser, Howe and Zumino [4,5] but is better known as the
Polyakov action [6]

T
§=-3 f dordr Iyl Y8, X 9pX,, , (1.2)

where an auxiliary worldsheet metric 44 has been introduced (y = dety,g). The two actions
are equivalent after eliminating y,s by using its equation of motion. The reparametrization
invariance of the worldsheet can be used to choose the so-called conformal gauge in which
we take the worldsheet metric to be equal to the two-dimensional Minkowskian metric. Then
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particle open string closed string

X

Figure 1.1: Open and closed string worldsheets.

Type of string | Boundary condition

closed periodic: Xt (o +£) = XH(0o)

open Dirichlet: X*(o) = constant, o =0,¢;
Neumann: 0, XM (o)=0, o=0,¢

Table 1.1: Boundary conditions for open and closed strings

using (1.2) the equation of motion for the string can be easily found:
n%P0,05X" = 0. (1.3)

Note that this wave equation can be solved with two different types of boundary conditions (see
table 1.1) describing either open or closed strings (see figure 1.1). The solutions are now fully
determined in terms of oscillator expansions, both for left and right moving modes

XM (o, 1) = X[ (0 + 1)+ Xp (0 — 7). (1.4)

At this point, consistently quantizing the string turns out to restrict the space-time dimension
to D = 26. The oscillation modes of the string behave as particles, having specific mass and
energy. Studying the spectrum one finds:

open string: tachyon (scalar) 7', massless vector A, - - -
closed string:  tachyon (scalar) T, dilaton (scalar) ¢, graviton h,, (symmetric, traceless),

two-form By, (antisymmetric), - - -
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The spin-2 graviton particle is believed to be the gauge-particle mediating the gravitational force.
So as a surprising result we see that theories with closed strings (or self-interacting open strings)
seem to contain gravity! This led people to believe that string theory could form the basis of a
theory of quantum gravity. However, the open string spectrum still contains a tachyon as ground
state, an unphysical particle with negative mass squared. Furthermore any unified theory of
elementary particle physics also should contain fermions. It turns out that including fermions
in our theory will provide us with a way to eliminate the tachyon from the spectrum. Also,
consistency of the theory will further restrict the number of dimensions to D = 10. We can
add fermions to (1.2) by again choosing the conformal gauge and adding a kinetic term for a
two-component worldsheet Majorana spinor

Uy = (‘”WZ) : (15)

transforming as vectors under the space-time Lorentz group, giving [7]
_ T dodr (0, X*0°X, — 14" p"d 1.6
S__E O'T(a = 1P aw,,), (1.6)

where p? is a two dimensional representation of the Clifford algebra. This action turns out to
have a worldsheet symmetry called supersymmetry, mapping the fermions to bosons and visa
versa. Just like in the bosonic case we can have two types of boundary conditions for the open
string

Ramond (R):  ¢/(0,7) = ¢*(0,7) " (L, 1) =" (Ls,7),

Neveu-Scharz (NS):  ¢(0,7) = v (0,7)  ¥"(Ly,7) =~ (£, 7). a7

For the closed string the periodic Ramond or anti-periodic Neveu-Schwarz boundary condi-
tions for left and right moving modes can be chosen independently, resulting in four different
sectors: R-R, NS-NS, R-NS and NS-R. Demanding the spectrum of (1.6), apart from world-
sheet supersymmetry, also to have space-time supersymmetry, will lead to the so-called Gliozzi-
Scherk-Olive(GSO)-projection [8]. Since the fermionic spectrum does not have any negative
mass-squared states and the massless sector has to be supersymmetric, this projection will suc-
cessfully eliminate the tachyonic ground state from the spectrum. This theory, having manifest
worldsheet supersymmetry, is called the Neveu-Schwarz-Ramond (NSR) formalism; a GSO-
projection is needed to obtain space-time supersymmetry.

There is another formulation of superstring theory, called the Green-Schwarz (GS) formu-
lation. This theory describes the embedding of the bosonic worldsheet in superspace and is
therefore manifestly space-time supersymmetric. However, quantization of this theory until re-
cently [9—11] was only possible in the light-cone gauge.

Using either the NSR or the GS formalism, choosing several combinations of the boundary
conditions in the open and closed string case turns out to yield five different supersymmetric
string theories: Type IIA, Type IIB, Type I, Heterotic Eg X Eg and Heterotic SO(32). Type 1A
and Type IIB are theories of closed strings and contain N' = 2 space-time supersymmetry. In
Type IIA both supersymmetry parameters have opposite chirality, whereas in Type IIB they are
equal. Type I is the only open string theory, and has N' = 1 supersymmetry. Both Heterotic
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theories also have N' = 1 and differ by their gauge groups, under which the massless vector
fields transform.

1.2 Nonlinear sigma model

Until now we only considered non-interacting strings, moving in a flat Minkowski background.
Next consider the closed bosonic string in a more general background consisting of the mass-
less states (¢, h, B,y), generated by vibrating closed strings in the bulk. The resulting action,
invariant under worldsheet reparametrizations, is called the nonlinear sigma model

T
S=-3 f dordr{(Vivl Y gur — £ By ) 0 X" 3pX" — @’ Y g RZ ()} , (1.8)

where the background metric is given by g,y = 7,y + hy and R? is the Ricci-scalar of the
worldsheet metric y,,. The last term in the action, with ¢ taken equal to 1, is proportional to a
topological invariant quantity in two dimensions, called the Euler characteristic y

1
X=- f dodr ViyIR?(y) = 2(1 - g), (1.9)

where g denotes the genus of the Riemann surface swept out by the string. A redefinition of
the dilaton in terms of its vacuum expectation value: ¢ — ¢ + (¢) gives a rescaling of the
classical path integral with a factor e/®X. As a consequence, every interaction vertex will have
an associated string coupling constant

g =e?. (1.10)

Therefore a worldsheet with genus g can be seen as the g-th loop correction for string theory.
In contradistinction to the first two terms the topological term is not classically invariant under
the worldsheet Weyl symmetry y,s — A*(0, T)yap. It has been included to enable us to get a
consistent conformal invariant theory at the quantum level, provided the S-functionals associated
to the “coupling constants” ¢, h,,, and B, vanish. In lowest non-trivial approximation in &’ one
obtains [12]

B =Ry — $Hypo HS” +2V,0,6 + O() ,
/(11\3/) = %VpHp,uv - Hpv;)vp¢ + O(a") s (1.11)
B =R+ LH* -4V, +40°¢ 6,0 + O,

where R,,(g) is the Ricci tensor of space-time, R the corresponding Ricci scalar, and Hy,, =
30, B, is the field strength of the two-form. The form of these equations suggests they can be
interpreted as equations of motion for the background fields. Indeed they can also be obtained
from the following low energy effective action

S = 2%2 f d*x \igle™ (R(g) + 4(09)* — 35 HupH"™ + O()) , (1.12)
0
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where ko can be related to the gravitational coupling constant, defined in terms of Newton’s

constant in D = 26 as
Kk = koe'? = [87Go. (1.13)

Observe that the leading order term is not the conventional Einstein-Hilbert kinetic term, due to
the dilaton pre-factor. This is because we are currently in the so-called string frame g = g®.

Performing the Weyl-rescaling g’ = e?/’g() we get the action in the Einstein frame

1 , y ,
S=33 d0x\[lg®1 (REE) = 1(06)* - 356 Hyp H'P + O(@)) . (1.14)
0

The analysis above can be repeated for open strings, having an extra massless vector field A, in
their background, coupling to the string endpoints. This interaction is described by the boundary
term

T
S = ——f dTAﬂaTX”, (1.15)
2 Jos

which gives rise to the following contribution to the low energy effective action for open strings

_ 1 26 1 _—¢ v
S = Z—K()fd x\lg®] (=3 F L P (1.16)

where F,, = 20;,A,;. This analysis, thus far purely bosonic and in D = 26, can be extended
to the supersymmetric case in D = 10, and it then turns out that the low energy effective de-
scriptions of all five superstring theories, except Type I, have one part in common, the so-called
“common sector’”’; namely the NS-NS sector given by the ten dimensional analog of (1.14). The
low energy limits of these superstring theories coincide with known supersymmetric extensions
of Einstein gravity, called supergravities, which will be described in more detail below.

1.3 Supergravity effective actions

As mentioned in the Introduction, supergravity (sugra), as a gauge theory for supersymmetry,
was first introduced in 1976 [13] as an extension of Einstein’s theory of general relativity. Al-
though it was not shown to be a finite perturbation theory in all orders, these effective actions
are still useful for many applications. Especially because of the remarkable fact that they turned
out to describe the low energy effective behavior of string theories. Several different methods
can be used to formulate supergravity. One approach is to directly gauge the supersymmetry
algebra, comparable to the procedure we will follow in chapters 5, 6 and 7 for constructing off-
shell supergravity in five dimensions. In this section we will give some more details about the
five different supergravity/superstring theories living in ten dimensions. Also see table 1.2.

1.3.1 Typell

Type 11 theory gives a description of oriented closed superstrings moving in a background con-
sisting of massless closed string vibration modes. It is called Type II since the theory contains
two space-time supersymmetries. Since the left and right moving modes of closed superstrings
are decoupled, the states are described by tensorial products of two open string states. The
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open closed | String theory Low energy limit
X A N =2 1IA sugra
X 1B N =21IB sugra

X X Type I N =1 sugra coupled to SO(32) YM multiplet

X Heterotic SO(32) | N =1 sugra coupled to SO(32) YM multiplet

X Heterotic Eg X Eg | NV = 1 sugra coupled to Eg X Eg YM multiplet

Table 1.2: superstring theories and their low energy limits.

massless string states transform under the little group SO(8) of the ten dimensional Lorentz
group SO(9, 1). These irreducible representations are given by the trivial irrep 1 (dilaton), the
fundamental vector 8, the spinor reps 8, 8 (two gauginos with opposite chirality), 28 (anti-
symmetric two-form), 35, (graviton), 35 (self-dual four-form), 56,56 (two gravitinos with
opposite chirality). Since the Ramond sector of an open string state transforms under a spinor
representation we can distinguish two possibilities for the closed string states. The Ramond
sectors of left and right moving string states can either have opposite or equal chirality, leading
to two different superstring theories, respectively called ITA and IIB:

HA:  (8,98.)® (8, ®8,), 117
IIB : 8, ®8.)® (8, ®8.). ’

These direct product states can be decomposed into SO(8) irreps to give the full massless spec-
trum. Both theories have a common NS-NS sector

8,®8,=1028®35,=¢® B, ®hy, . (1.18)
The other bosonic degrees of freedom reside in the R-R sector
IIA : 8. ®8, =8, ®56, = C(l)@C@),

1IB : 80®8c:1@28@35c:C(0)®C(2)®Ca),

(1.19)

and are therefore called RR gauge fields. The zero-form C g is called the axion. The fermionic

fields are found in the NS-R and R-NS sectors (chirality denoted by a or &)
IMA/TIB : 8,8, =856, = 1@ v
_ (1.20)
IIA : 8, ®8; =8, 056, =1"0 Y, .

The bosonic truncations of the ITA and IIB actions are given below (in the string frame). For
ITA we have

1 =
Sia = 55 | dxVigl{e ™ [RGe) +4@0)° - 75 H)| - 756G

1
— G} - v f d'%xdCg A dCa) A By, (1.21)
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where the field strengths are defined as follows (see appendix A for our conventions on form
notation)

H(g) = dB(z) , G(z) = dC(l) . G(4) = dC(3) - H(g) A C(l) . (122)
For IIB we have
1 _
Sus = 55 | dx Vigl{e ™ [R(e) + 40¢)* - 75 Hy | - 16 - 5562
1
215‘G?5)} g — fdl XC(4) A dC(z) A H(g) , (1.23)
with

The above IIB action is called the non-self-dual action, since the self-duality condition for the
four-form gauge field does not follow from the action [14, 15]. The equations of motion have to
be supplemented by

G(5) = *G(5). (125)

1.3.2 Typel

Type I string theory is a theory with unoriented open strings and having N = 1 supersymmetry.
It also contains a closed string sector due to open string interactions. Since the open string
endpoints can interact with a one-form gauge field A(’w we can assign charges to them. The
only corresponding consistent gauge group turns out to be SO(32). The spectrum can be derived
from the IIB spectrum by a specific parity projection Q on the left and right moving sectors,
keeping the left-right symmetric states, i.e. projecting out the NS-NS two-form. The action is
given by

Sy = f d"x vigl{e ™ [R(e) + 409)| - 5 Hp, + 1e ' F Fo) (1.26)

22

where
Fl,y = dA(, +[An. Ap) H) = dCy + Al AdAqy, (1.27)

and the trace runs over all the group generators.

1.3.3 Heterotic

The last two theories are Heterotic superstring N' = 1 theories with gauge groups Eg X Eg and
SO(32) respectively. These theories contain oriented closed strings. The action is given by

St = 55 | dxvigle™ {R(g) + 4(0¢)* — 55 HE) + 1FlyFoy) . (1.28)

2x2

where
(2) dA(l) + [A(l),A(l)]l . H(3) = d32 + 2 (1) A dA(l)I (129)
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1.4 Dualities

Although a lot information can be obtained from superstring theories by making use of per-
turbative techniques, non-perturbative studies of superstring theories turn out to be extremely
difficult. Furthermore, we saw in the previous section there are five different consistent theories
of quantum gravity at first sight.

The concept of duality could be used to solve this unification problem, by showing that the
five superstring theories are connected, suggesting that each of these five theories are merely
different vacua of a single theory called M-theory.

Some examples of dualities in physics have been known for a long time. For example,
assuming the existence of magnetic monopoles, Maxwell’s equations were found to be invariant
under the transformation

E>B, B-o-E, ecog, (1.30)

with e the electric charge and g the magnetic monopole charge. Dirac’s theory of monopoles [16]
showed that the following quantization condition has to hold

e-g="2mn, neZz, (1.31)

connecting a strongly coupled theory of electrodynamics to a weakly coupled theory of mono-
poles! Similarly it was found [17] that e & g is an exact symmetry of N = 4 Yang-Mills theory.
In the following sections we will analyze dualities in the context of superstring theory. However,
first we will briefly introduce the concept of compactification.

1.4.1 T-duality

This duality, also called target space duality, connects different theories, compactified on inverse
radii. If we compactify one dimension, the periodicity along this coordinate y implies that fields
can be expanded into their eigenfunctions on the circle

O, y) = D B¢, (1.32)

where p, = % is the quantized conjugate momentum of y, and @, are the so-called Kaluza-
Klein modes. For more details on compactification and dimensional reduction, see chapter 3.
To demonstrate this type of duality, let us consider a theory with coordinate x° compactified on
a circle of radius R. In the simple case of a theory with only point particles, there are two clearly
discernable limits. R — oo will lead to a continuous conjugate momentum spectrum in the com-
pact direction, restoring the uncompactified theory. On the other hand, when R shrinks to zero,
the momentum will be zero or infinite, effectively decoupling the compact coordinate. However,
in the case of string theory, closed strings can wrap w times around the circle, generalizing the
periodicity condition to

XM (r, 0+ ;) = X (1,0) + 27wR, (1.33)

for the string coordinates X*, where w € IN is called the winding number. Inspecting the con-
jugate momenta of left and right movers along the circle, and the altered mass spectrum, one
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observes a new ‘symmetry’ of the theory, called T-duality. It relates a theory compactified
on a circle with radius R, winding number w and momentum labelled by 7, to another theory
compactified on a circle with inverse radius «’/R, and interchanged momentum and winding
numbers [18]. Furthermore, the right moving modes are changed by a parity transformation.
For the fermionic modes this means that the right moving Ramond ground state alters its chiral-
ity; a theory with two opposite chiralities maps to a theory with equal chiralities, i.e. it has been
found [19,20] that the massless sectors of IIA and IIB supergravity are each others T-dual [21].
Also Heterotic SO(32) and Heterotic Eg X Eg supergravity turn out to be T-dual. Both dualities
are conjectured to hold in the corresponding (non-perturbative) string theory limit.

In the case of open strings it can be shown that the boundary condition changes from Neu-
mann to Dirichlet under T-duality, i.e. their endpoints are localized on the circle. The hyper-
plane given by x° = ¢ turns out to describe a solitonic object in string theory, called a D-brane.
This particular class of solutions will be discussed in more detail in section 1.5.2.

Note that T-duality, because of its perturbative nature, does not give us any more insights
into the non-perturbative behavior of string theory.

1.4.2 S-duality

Another type of duality is the strong-weak duality. Similarly to the EM-duality it maps between
strongly and weakly coupled regimes of different theories, making it particularly useful for
obtaining non-perturbative information in one theory, using perturbative methods in the S-dual
theory. From (1.10) we see that this duality generally corresponds to changing the sign of the
dilaton: ¢ — —¢.

In the supergravity approximation some simple examples are given by the S-duality between
Type I and Heterotic SO(32) [22], which can be easily observed after scaling the metric to
the Einstein frame. Secondly IIB turns out to be self-dual [23]. To see this, we write the
IIB action (1.23) in a manifestly S€(2,R) covariant manner. The dilaton and the RR-scalar
can be combined into a complex scalar T = C(y) + ie™?, which transforms under the Mgbius

transformation
ar+b

_, 1.34
H cTt+d ( )
with
a b

Q—(C d)’ ad—-bc=1. (1.35)

The NS-NS and R-R two-forms transform as a doublet under S£(2, R)

C(z) a b C(z) aC(z) + bB(z)

= , 1.36
( Bo ) - ( c d )( B cCe) +dB, (1-36)

and the four-form transforms as a singlet. An S-duality transformation can now be seen as a
specific S€(2, R) transformation witha =d =0and b = —c =1

¢ — —¢ s C(z) — B(z) S B(z) — —C(z) s (137)

mapping IIB onto itself. Since quantum mechanics requires the charge, with respect to the
NS-NS two-form of the basic object of string theory, the fundamental string, to be quantized,
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the symmetry group is broken to the discrete subgroup S¢(2,7Z). Due to the non-perturbative
nature of this duality type, S{(2,Z) has been conjectured as being the symmetry group of non-
perturbative IIB superstring theory.

D = 11 supergravity

In D = 11 dimensions there is only one possible (physical) supergravity theory, having 32
supercharges. This N' = 1 supergravity theory was found by Cremmer, Julia and Scherk in
1978 [24], with the bosonic part given by

1

7 dux\/@{R(g)_ﬁG(zé‘)Jrﬁ8(4)(4/><3>G(4)G(4,)C(3)}’ (1.38)
11

Sp=11 =

with field strength G4, = dC(3). The supersymmetric version of this action will be the starting
point of chapter 4.

It was first realized by [25] that compactification of D = 11 supergravity onto a circle with
radius Ry, = (g,)*3 exactly yields D = 10 ITA supergravity. It was also found in [26,27] that
compactification onto an interval R;; = S'/Z, (called an orbifold) yields Heterotic Eg x Eg
supergravity. Led by these observations, a unified theory was conjectured, called M-theory, of
which the low energy approximation is given by D = 11 supergravity. The strong coupling limit
(large g,) of IIA/Heterotic string theory is given by M-theory.

The earlier mentioned S¢(2,7Z) symmetry of IIB supergravity can now be easily explained.
Since we know that ITA and IIB are T-dual, a compactification of D = 11 supergravity onto two
circles S! x S! with radii Ry, and R, should be equal to IIB supergravity compactified on a
circle with radius 1/Ryo. This is true if g;;3 = Ry1/R10. However, since the compact manifold
S1 x §! forms a torus, with modular group S£(2,Z,), the IIB coupling constant g;;5 is related to
its inverse gI‘IIB. It follows that the symmetry group of IIB is given by S¢(2,Z), and therefore the
theory is self-dual.

Some models of M-theory have been proposed, i.e. the matrix model [28], but until now there
is still little known about M-theory. However, it is believed that all five superstring theories in ten
dimensions somehow should follow from taking some particular low energy limit of M-theory,
leading to a web of dualities, as depicted in figure 1.2.

1.5 Solutions

In this section we will discuss several kinds of solutions of the supergravity equations of motion.
These solutions have played an essential role in strengthening our belief in dualities in the non-
perturbative limit. For reviews on this subject see [29, 30].

1.5.1 p-Branes

The existence of higher rank gauge fields in string theory suggest a further generalization of
strings is possible, namely p-branes, (p + 1)-dimensional objects in space-time, coupling to a
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Figure 1.2

(p + D)-rank gauge field A, ., as follows:

(1.39)

+1 ..,
f AP 1E Do X1 L B XF Ay T

in the same way we know a point particle (p = 0) couples to a one-form gauge field, and the
NS-NS two-form B, couples to a string worldsheet. The electrical charge of such an object can

be found by a generalization of Gauss’ law to be

(1.40)

0, ~ f “Flp+2) »
SDfpfz

where *F(,.2) is the Hodge-dual (see appendix A) of the A,y field

strength, and S?72 is a

sphere surrounding the p-brane. This charge is conserved due to the equation of motion for

the gauge field. Associated with this electrically charged p-brane solution is a dual magnetic

(D — p — 4)-brane, coupling to A (- p-3), the dualization of the gauge field A, ). Its topological

magnetic charge is given by

(1.41)

Fpi2),

p+2

I

which is conserved due to the Bianchi identity. Here we integrated over the transverse space of

the p-brane. These charges satisfy

Qm"’

(1.42)

neZz,

Qe O =27n,
generalizing Dirac’s quantization condition for electric and magnetic monopoles. In order to

explicitly find solitonic p-brane solutions in a given supergravity theory, let us consider a con-
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sistent bosonic truncation, only containing one (n — 1)-form gauge field

1
S =55 | xgl(R- 30,000 - 553eFG)) (1.43)

In order to solve the equations of motion following from (1.43), a convenient Ansatz is given
by

ds? = e Odxtdx"n,, + 220dy"dy S s ¢ =¢@),
u,v=0...p mn=p+1,....D—-1, (1.44)

with » = +/y"y"5,,, the isotropic radial distance in the transverse space. The above Ansatz is
consistent with a P,y X SO(D — p — 1) symmetry of space-time, with Poincaré symmetry
along the worldvolume directions. There are two possible solutions of the equations of motion,
leading to an electric (p=r-2) or magnetic (p=D-p-2) p-brane [31,32]:

ds? - HW(D?Z)CIX(ZPH) +H @(Diz)dy(zD—p—l) ,
e’ - HE, = { +1  electric ’
—1 magnetic (1.45)
Fomas s = %5/41.»-/1,171 Om(H™")  electric,
Foem, = = %b‘ml mrOrH magnetic,

where the harmonic function H satisfies V2ZH = 0. For D — p — 1 > 2, H can be written as
Hr)y=1+ (VT‘J)D""3 , where 7 is an integration constant related to the charge in the magnetic
case. The constant A is given by

2, A+ 1D =p=3)

A=
“ D-2

(1.46)

Examples

The simplest example in Type II theories is the electric one-brane, coupling to the NS-NS two-
form, called the fundamental string (F1). This solution can be obtained from (1.45) by using
p=1,a =-1and D = 10. Its magnetic dual is called the Neveu-Schwarz five-brane (NS5).
Type II theories also contain RR-gauge fields, allowing for a separate class of solutions as de-
scribed in the following section.

The D = 11 supergravity theory only contains one three-form gauge field, and no dilaton
(take a = 0). The only sources we can have for a three-form are a two-brane or five-brane
solution, so we take A = 4 in (1.45). The resulting solutions are called the electric M2-brane [33]
and magnetic M5-brane [34]. The compactification of the M2-brane along its spatial direction
was found to give exactly the F1 solution of IIA supergravity. The NS5 solution can be obtained
by compactifying the M5 brane along a transverse direction.

A special case of p-brane (p = D — 2) is the so-called domain-wall, a brane with one
transverse direction, separating space-time into two regions. As we will see later these objects
play an important role in so-called brane-world scenarios.
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1.5.2 D-branes

In section 1.4.1 we already encountered D-branes as hyperplanes where open strings can end.
They turn out to be a special class of p-brane solutions, coupling to RR potentials, and satisfy-
ing Dirichlet boundary conditions along their spacelike coordinates [35], i.e. they are fixed in
space. Their dynamics is generated by the open string modes. In the string frame the Dp-brane
geometry takes the following simple form

ds? = H‘%dx(zpﬂ) —H%dx%D_p_l),
o2 - HZT, (1.47)

RR

Foppopm = OpH™! m=p+1,...,9),
Since IIA / IIB supergravity only contains odd / even-form gauge potentials, it only contains
D2p /D(2p + 1)-branes. In IIB there are two special cases. There is a D(—1)-brane called the D-
instanton, whose position is fixed in space-time, coupling to the axion. There is also a self-dual
dyonic D3 brane solution.

The D-brane low energy effective worldvolume action was found by Leigh [36] by using the
same technique used in section 1.2, and is called the Dirac-Born-Infeld action

SpaI = —Tpfd/’“§e¢ Vig + 71, (1.48)

where T, is the tension of the Dp-brane, and ¥;; = 2na’F;; — B;; (F = dA). When considering
D-brane actions in Type II supergravity it turns out one also has to include a Wess-Zumino term

Swz = Tpf(ef A C)<p+1> : (1.49)

where ¥ is given as a formal sum over all odd (IIA) or even (IIB) RR-forms, and the expansion
picks out only forms of rank (p + 1).

1.5.3 Brane dualities

A lot of evidence for the conjectured dualities has been obtained by inspecting the solutions. The
solutions described in the last section are all related by the same dualities, and by dimensional
reduction. This is depicted in figure 1.3. Some other solutions that have not been mentioned are
Kaluza-Klein (KKp) monopoles and gravitational waves (Wp).

1.6 BPS states

The presence of p-branes allows the D-dimensional supertranslation algebra to be extended with
central charges Z(, related to the p-brane charges.

{0, Qp} = 67 (4Cop Py + D (40 o 1], (1.50)
V4
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Figure 1.3: Web of dualities between supergravity solutions in D = 10 and D = 11 [37].

,,,,,,,,,,,

with i = 1,..., N. Positivity of the Q% operator on the left hand side gives rise to the so-called
Bogomol’nyi-Prasad-Sommerfield (BPS) bound [38, 39], symbolically relating the mass and
charge by

M > c|Z]. (1.51)

States saturating this bound are called BPS states. These states are stable against decay since
they minimize the energy for a given charge. Supersymmetry protects these states from renor-
malization by quantum effects; the mass-charge relation also holds non-perturbatively, therefore
these states have played an important role in the study of dualities.

The BPS states we consider are purely bosonic configurations, where the background fermi-
onic fields have been put to zero. Stability and consistency of this solution of the field equations
requires the supersymmetry variations of the fermions to vanish, leading to the BPS equations.
This provides a convenient way to explicitly derive BPS states. For example, if we consider a
Type II background with only one (p + 1)-form present, the supersymmetry transformation rules
can be written as [40]

i i (=1)” i i
Wl = O+ oMy €+ W6¢F~F(p+2)rﬂP(p)e =D, =0,
‘ . 3-
SA = THO, + tw,Pya) ¢ + W T - FPDPp(p)e = (1.52)

where P(p) is a p-dependent projection operator and a)l‘j” the spin-connection. The first equation
is called the Killing spinor equation. These differential constraints on the background fields are
called the BPS equations. Substituting a p-brane Ansatz into these equations allows us to solve



1.6 BPS states 19

for the parameters. One also finds the following algebraic constraint on €
€+To,P(pe=0. (1.53)

As a consequence this breaks half of the supersymmetry, which is generally true for objects
saturating the BPS-bound. The above procedure is applied in chapter 4 in order to find %-BPS
solutions of D = 9 gauged supergravity.
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Chapter 2

Scalar potential: Domain-walls and
other applications

In this chapter we will give some motivations for the research described in the remainder of this
thesis. We will briefly show the relevance of scalar potentials and domain-walls to supergravity,
field theories and cosmology. In the next chapters we will give two methods to obtain scalar
potentials from supergravity, dimensional reduction and conformal supergravity.

2.1 Gauged and massive supergravities

Gauged supergravities have played an important role during the past 25 years in a broad range of
applications. In most of these cases the key factor is the so-called scalar potential. Scalar poten-
tials e.g. in bosonic scalar-gravity models are essentially non-restricted massive deformations;
for example ¢* theory coupled to gravity. However, in supersymmetric models, like gauged
and massive supergravities, the form of the potential is fully determined. In that case the gauge
coupling constant g can be related to the mass parameter m by: m = «g. Supersymmetry in
general not only restricts the form of the potential; it also imposes a geometrical structure on the
collection of scalars in the theory, called the scalar manifold. We will see explicit examples of
this in chapters 6 and 7.

Strictly speaking gauged supergravities are defined as supergravity theories where either
a subgroup of or the full R-symmetry group is gauged, using one or more vectors present in
the theory. In some cases this will involve the coupling of extra matter multiplets, e.g. vector
multiplets. In practice the term gauged supergravity is often used to denote a gauging of an
arbitrary global symmetry group.

The general procedure of gauging a supergravity theory consists of

e choosing an appropriate gauge group G.

e performing a minimal substitution, i.e. coupling vector fields A/ to matter fields @' by
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introducing covariant derivatives
D,®" = 9,®" + g A] f1' DX, .1
locally invariant under
6c® = —g N "%, 56AlL =0,A" - g N fi'AK (2.2)

where g is the gauge coupling constant, A’ is the gauge parameter, and f;,;X are the struc-
ture constants encoding the properties of the specific gauge group. Note that non-Abelian
gaugings also allow for self-couplings between the vector fields.

e restoring supersymmetry by adding terms to the action and/or transformation rules, mak-
ing use of the Noether method. This procedure generally gives rise to mass-terms for the
fermions and contributes to the scalar potential.

In some specific cases a wide range of possible gauge groups have been classified, e.g. for
N =2, D =5 supergravity in [41]. More details on this subject will be given in chapter 7.

Note that not all potentials necessarily have to come from gauging. A good example of a so-
called massive supergravity theory is Romans’ [42] deformation of ITA (1.21) in ten dimensions
with one mass parameter, consistent with supersymmetry. Although the string theory origin
of these theories is somewhat unclear, their importance should not be underestimated. E.g.
Romans’ theory contains the D8-brane as a natural solution, coupling to the ‘zero-form’ mass
parameter.

2.1.1 Vacua

In this section we will illustrate the way in which the vacua of gauged/massive supergravities are
determined by the extrema of the scalar (super)potential. In conventional gravity or supergravity
theories the vacua are those solutions of the field equations with maximal symmetry, i.e. the
largest number of isometries. Let us first consider the D-dimensional Einstein-Hilbert action,
with cosmological constant A

1

S =—
2k

dPx+/lgl R - 2A) . (2.3)
The corresponding field equation is given by the vacuum Einstein equation
Ry —iRgy+Agyw=0, (2.4)

which, after taking the trace, gives an expression of the cosmological constant in terms of the
Ricci-scalar
A=LZ2R. (2.5)

Depending on the curvature of space-time, the vacua correspond to de Sitter (dS), anti-de Sitter
(AdS) or flat Minkowski space:

anti-de Sitter (AdS) : negative curvature
Minkowski :  zero curvature
de Sitter (dS) :  positive curvature
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Figure 2.1: Critical points of the scalar potential.

Next consider a slight generalization corresponding to a minimal truncation of a gauged/massive
sugra action. The action for a scalar field coupled to gravity is given by

1
S=55 dPx+Igl(R - 10,000 - V(9)) . (2.6)
The equations of motion of (2.6) are given by
ov
v = —
H aﬂ¢ 6¢ °
Ry —3Rgw = 30.00,— (50,096 + V(@) g - @7

In order to be consistent with maximum symmetry, the vacuum expectation value (v.e.v.) of the
scalar field has to be constant, and should correspond to a local extremum of the potential called
a critical point, see figure 2.1:

ov

— =0. (2.8)
0 lg=4,
At these extrema the equations (2.7) reduce to the field equation describing three different
vacuum solutions, depending on the value and sign of the cosmological constant. In the (A)dS
cases the cosmological constant is given by

(@) = ¢e

A=1V(g). (2.9)

In section 2.3 a specific class of vacuum solutions of (2.6) will be discussed, having (D — 1)-
dimensional Poincaré invariance and scalar v.e.v. that are dependent on the D-th coordinate. The
geometry of these half-supersymmetric solitons, called domain-walls, interpolates between two
conventional vacua with different cosmological constants.

2.1.2 Scalar (super)potential

Supergravity models generically consist of a basic supergravity multiplet coupled to any number
of supermultiplet representations of the underlying supersymmetry algebra. Interactions in those
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models are usually described by three types of potentials for the scalar fields in the theory: the
superpotential W and the potential V, derived from W.

The connection between V and W can be made clear by the following toy model. Let us
consider the same scalar-gravity model as given in (2.6) and describe scalar fluctuations ¢ around
the AdS vacuum associated with the critical point ¢. with V(¢.) < 0

©=¢-g. (2.10)
Expanding the action (2.6) to lowest order around this critical point yields

1
S=35 dPx\/Igl (R - 30,000 = M*¢? — V(4.)) . (2.11)

with the following equations of motion
(Vuo" - M*)p=0,
R,uv - %R g/n/ + Ag,uv = 0(902) > (212)
describing a scalar particle of mass M in an AdS background with cosmological constant A

v
O¢?

M A=1vig. (2.13)

¢=¢c

A more general case was considered by Townsend [43]: supergravity coupled to vector multi-
plets, also called Einstein-Maxwell supergravity. This theory contains multiple scalars ¢~ that
can be interpreted as coordinates on some manifold described by metric g,

d”x igl (R = 32:(9) 0,8 #¢° = V(9)) - (2.14)

In the bosonic case it was shown from stability requirements of the AdS vacua that the potential
can be expressed in terms of the superpotential

oW oW D -

V(9) = 4(D -2)? [2g’“ 9690 D2

W(¢) } (2.15)

A similar result can be obtained by requiring supersymmetry invariance, where the superpoten-
tial can be read off from the transformation rules of the fermions

Sy = (Ou+ 1w, Tap)e+ W(¢) T e,

61 = gadpe-(D-2)2 (2.16)

6(1)*

These contributions to the scalar potential are called the fermion-shifts. Note that not all po-
tentials in supersymmetric theories can be written in terms of a superpotential. We will see
examples of this in chapter 4.
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2.1.3 Applications

From the above it should be clear that it is very useful to study the properties of gauged su-
pergravities. In particular the scalar potential can provide crucial information about the vacua,
solutions and dynamics of supergravity theories, that can be used in many applications, some of
which will be further explained in the following sections.

e The DW/QFT correspondence is a conjectured duality between supergravity on a domain-
wall background and a quantum field theory. A special case of this duality is the AdS/CFT
duality. Useful properties of field theories can be obtained by studying domain-wall solu-
tions of supergravity, which are fully determined by the form of the scalar potential. By
using this duality, the domain-wall geometries describe renormalization group flows in
the dual field theory. See sections 2.2 and 2.3 for more details.

e Brane-world scenarios try to describe our four-dimensional world by assuming that we
live on the worldvolume of a domain-wall solution in five dimensions. Whether a su-
persymmetric embedding of these scenarios is possible or not depends on the vacuum
solutions of the scalar potential in gauged N = 2 supergravity in five dimensions.

¢ Inflationary models are used to study several issues in cosmology like the smallness of
the cosmological constant, the horizon problem and the isotropy of the universe. These
models try to explain the dynamical properties of the universe by studying the scalar-
potentials occurring in specific scalar-gravity systems. For certain values of the so-called
“slow-roll parameter” cosmic inflation occurs, as the result of the “rolling” of the scalar
field towards the minimum of the potential. For a review see [44,45].

2.2 AdS/CFT

One of the most important developments of the past few years has been the conjecture of Mal-
dacena in 1997, called the AdS/CFT correspondence [46]. This was later generalized to the
DW/QFT correspondence [47,48]. Before giving a brief explanation of this conjecture, let us
first give some relevant information about the geometry of anti-de Sitter.

2.2.1 (A)dS geometry

The geometry of AdS p is given by the SO(2, D— 1) invariant hyperboloid in (D + 1)-dimensional
space

D-1
—X2 - X3+ ZX? =%, (2.17)
i=1
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Figure 2.2: AdS p and dS p as hyperboloids in R>P-1,

where R denotes the AdS-radius, see figure 2.2. This induces the following line element in terms
of so-called horospherical coordinates {x,, U, V}:

U = X 1+Xp,

X, R
Xo = , (=0,....,D-2),
U
Uy, (%
vV o= X_I—XD_1=(%—2)x +(7), (2.18)
U\2 R\
ds? = (—) dx2+(—) au? .
% U

A more convenient parametrization in the context of brane-world scenarios, that we will en-
counter further on, are the so-called Poincaré coordinates

e—r/ﬂ? — g

ds? = e 7 d? + dr?, R (2.19)

2.2.2 Maldacena conjecture

In 1997 a remarkable connection between string theory and gauge theory was conjectured by
Maldacena [46], proposing an equivalence between string theory on an AdS , X SP77 and a
conformal field theory (CFT) in (p — 1) dimensions, on the boundary of the AdS space. We will
illustrate this statement by briefly describing Maldacenas original motivation.

First imagine we have an open string with both endpoints ending on a single D3-brane.
As the lowest mode is given by a vector field with U(1) gauge invariance, this induces a four-
dimensional U(1) gauge theory on the brane. Since the D3-brane is a half-BPS solution, break-
ing half of the total number of supersymmetries, the D = 4 U(1) theory has N = 4 supersym-
metry.

Now extend this to a system of N parallel D3-branes, separated by a distance . The open
strings stretching between the various branes again induce a U(1) gauge theory on each brane.
In the limit of r — 0 we have a stack of coinciding branes and the gauge symmetry on the branes
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is enhanced from U(1)" to U(N), which in the low energy limit describes a four-dimensional
CFT with gauge group SU(N), known as D = 4 N' = 4 super-Yang-Mills (SYM) theory. The
bosonic symmetry group of this gauge theory is given by the product of the conformal group in
four dimensions, SO(4, 2) and the R-symmetry group SO(6).

On the other hand we know that the stack of D3-branes, like any massive object, causes the
space-time to curve. Far away from the branes the space-time is given by Minkowski space but
in the near-horizon limit, i.e. near the branes, the geometry can be shown to resemble that of the
space AdS s x S°. Since the radii of the sphere and of the AdS space are proportional to N, the
resemblance gets better for increasing N. The isometry group of this background geometry is
given by SO(4, 2) x SO(6).

Consequently it was conjectured that IIB string theory on a AdSs x S background in the
large N limit is dual to a CFT on the boundary of AdS s, given by N' = 4 SYM. This statement
was later generalized to the so-called Domain-wall/Quantum field theory (DW/QFT) correspon-
dance, that relates supergravity on a near-horizon geometry of a p-brane to a (non-conformal)
QFT on the brane. The most striking result of these correspondances is that they relate a gravi-
tational theory, like supergravity or string theory, to a non-gravitational conformal field theory.

In the context of this conjecture, it is useful to study N = 8, D = 5 gauged supergravity; the
dimensional reduction of IIB on AdS s x S° gives SO(6) gauged D = 5, N' = 8 sugra [49, 50].
This reduction is believed to be a consistent nonlinear truncation, meaning that all classical
solutions of the five-dimensional theory can be uplifted to IIB solutions. For example, the
SO(6)-invariant AdS 5 groundstate can be uplifted to an AdS s x S° vacuum. Therefore the five-
dimensional theory should contain all relevant deformations of N' = 4 SYM, and all domain-wall
solutions in this theory can be uplifted.

During the past few years a considerable amount of evidence has been gathered in many
different applications to support the AdS/CFT conjecture. For more details we refer to the
reviews [46,51].

2.3 Domain-walls

Domain-walls are (D-1)-dimensional solutions of the sugra equations of motion, separating two
regions of space-time. In the case of a (singular) (D-2)-brane solution, also called ‘thin’ domain-
wall, the brane couples to a volume form which can be dualized to a cosmological constant. The
value and/or sign of the cosmological constant usually is different when passing both sides of
the domain-wall. The other type of domain-wall is the ‘smooth’ or ‘thick’ domain-wall.

2.3.1 Solution

The ‘thin’ domain-wall solution is a -function singularity, given by (1.45) with p = D -2

ds? = H(y)z"de(zD_l) + H(y)*dy?,
ef = H@y) 7,
domain-wall = T | (2.20)
F(D) = \/gd xANdH™,
Hy) = 1+0hl.
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Figure 2.3: Warp-factor for singular and smooth branes.
with
__2 _ 2D-1 — 4/
¥ =557 B= 357> 0= VAA, (2.21)
where the parameter A given by
A=a*-221. (2.22)

This expression for A is bounded from below by the value A,ys corresponding to the AdS
vacuum solution of pure supergravity'

A> AAdS = —2% . (223)
It was indeed shown [52] that the corresponding domain-wall solution describes two regions of
AdS-space. More generally it can be shown that the near-brane limit of solutions of this type
are flat Minkowski, and the asymptotic limit far away from the brane describes AdS geometry.
Domain-walls therefore are solutions interpolating between two vacua of the theory.

In phenomenological and cosmological models people are usually more interested in non-
singular solutions, where there is no é-function source. A more general domain-wall Ansatz can
be written as

ds* = a(y)dxgp_y, + dy?, (2.24)

where the function a is called the warp factor; see figure 2.3. For a(y) = e V'L this corresponds
to the domain-wall consisting of two slices of AdS in Poincaré coordinates. Depending on the
properties of the scalar potential smooth solutions for a(y) can exist corresponding to so-called
thick domain-walls.

2.3.2 Toy model: domain-walls as RG-flows

In this section we will show how domain-walls can be associated with renormalization group
flows (RG-flows). The application of the AdS/CFT duality shows that supergravity flow equa-
tions, connecting critical points of the scalar potential, describe (holographic) RG-flows of quan-
tum field theories, connecting different fixed points.

An exact analysis of the scalar potential is in general not possible, due to the non-trivial
geometry of the scalar manifold and the large number of scalars appearing in the potential.
Instead of trying to solve the minimization problem at the level of the second order equations of
motion, there is a more appealing method.

! Corresponding to the case a = 0, i.e. constant dilaton; the metric therefore describing AdS-space.
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Figure 2.4: Fixed points of the beta-function.

Our starting point is the smooth domain-wall Ansatz in the context of the scalar-gravity toy
model (2.6)
ds? = 0, dxtdx” + dy*, ¢ = ¢(y). (2.25)

As we saw before, at the critical points of V(¢) the scalar ¢ is constant and the geometry be-
comes AdS with cosmological constant given by A = %V(qﬁc). However, we also saw that these
AdS vacua are dual to a conformal field theory on the boundary of the AdS space-time. Rele-
vant deformations of these CFTs on the field theory side give rise to so-called RG-group flows
to other conformal theories. Mapped to its gravity dual this corresponds to scalar fluctuations
around AdS space-time. The RG-flow of the coupling constants is described by the U depen-
dence of the scalar fields. These scalars ¢ can be interpreted as coupling constants g and the
warp-factor a(y) = A behaves as a renormalization group scale or energy scale U in the dual
field theory side. The expression of the field theory beta-function is conventionally given by
dg(U)

and is depicted in figure 2.4. The arrows denote the flow-direction of the coupling constant g
with increasing energy U. The zeroes of the beta-function, called fixed points, correspond to
scale-independent conformal field theories. These fixed points correspond to critical points of
the scalar potential on the supergravity side. There are two types of fixed points: IR points
corresponding to low energy scales and UV points at high energy scales, behaving as attractors.
A small dictionary mapping between objects in gauge/gravity theory is given in table 2.1.

Returning to equation (2.25), we see that this geometry describes anti-de Sitter space if we
take A(y) = —%. Using the metric-Ansatz (2.25) the equations of motion (2.7) become [53]

¢"(y) + (D = DA’ ()¢’ (y) x,
(D - 2)A” () + L2 47 (y)? 1o - tv(g), (2.27)
ELP2AG) = [0 - 5V).

These equations can be interpreted as Euler-Lagrange equations for the energy functional

0 H(D-DAG) , 1 5
E = f dyﬁ (—(D - DD -2A ()" + Eqb’(y) + V()| . (2.28)
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Sugra on AdS p (D — 1)-dim. gauge theory
Critical point: AdS space-time Fixed point: CFT 8 =0
Warp-factor a(y) Energy scale U
Scalar ¢(y) Coupling constant g(U)
Domain-wall flow-equations RG-flow

Table 2.1: A domain-wall/RG-flow dictionary.

Substituting equation (2.15), and using the Bogomol’nyi trick to write E as a sum of squares we
obtain

o o(D-DAG) (1 L ;1%
E = fmdyﬁ[§[¢@)+(D—2)%

2

1 2
- (D-D(D-2) [A'(y) * EW@)} )
x [P OW@)|” (2.29)

Written in this form the equations minimizing the energy are easily read off to be

F(D - 2)%—‘; ,

1
> W(o). (2.30)

')

A'(y)

These equations describe gradient-flows on the hypersurface given by the functional W(¢') in
the scalar manifold. Contrary to the second order equations of motion, the analysis of these first
order equations is much simpler. Solutions of the flow-equations are automatically solutions of
the equations of motion.

Remarkably, in gauged supergravity theories the flow equations could also have been ob-
tained by plugging the same Ansitze (2.25) and (2.15) into the BPS-equations corresponding to
the domain-wall solution

Sy = O+t Ty)e+ W), e=0,
W
51 = é’(l)e—(D—Z)%e:O. (2.31)

In any theory there are generally different relevant deformations possible, all describing cer-
tain RG-flows: IR-UV, UV-UYV, IR-IR. For instance, in [54, 55] a flow was constructed from
N =4SYMto N =1 SYM by studying the scalar potential of N = 8, D = 5 supergravity.
Flows of the type IR-IR are of particular interest in the context of supersymmetric brane-world
scenarios as we will see in the following section. Figure 2.5 gives an example of a flow between
two IR-IR fixed points. The big question however still remains. . . does there exist a correspond-
ing domain-wall? The answer to this question can be given by studying the scalar potential of
the most general matter-coupled gauged supergravity theory.
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Figure 2.5: Domain-walls as Renormalization Group Flows.

2.4 Brane-world scenarios

The idea of brane-worlds rests on the assumption that our four-dimensional space-time is given
by an infinitesimally thin three-brane floating in (4+7) dimensions. Standard model particles are
living on the brane but gravity extends in the transverse dimensions. In 1999 Randall and Sun-
drum proposed two specific brane-world models, motivated to solve a couple of long standing
problems in theoretical physics: the hierarchy problem and the cosmological constant problem.
The hierarchy problem covers the huge difference of order of magnitude between the Planck
scale and the weak scale. Some of the older models tried to explain this using large extra di-
mensions [56,57]. Although the idea by Randall and Sundrum is not completely new [58], their
approach came with remarkable new insights that stimulated further research until the current
moment. In their original two papers they gave two different models, RS I [59] and RS 1I [60]
which will be schematically described below. For more details we refer to the original papers or
the reviews [61-63].

2.4.1 Randall-Sundrum I: two branes

The two-brane scenario is a model of five-dimensional gravity on an orbifold M4 X S /7, with
two three-branes located on both Z, fixed points, separated by a distance nr,. The brane at
y = 0 is called the “hidden” or “Planck” brane and the one at y = nr,. the “visible” or “Standard
model” brane (see figure 2.6). The idea is simple:
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Figure 2.6: The two-brane Randall-Sundrum scenario.

e Symbolically write down an action for the combined system
§ = Sgravily + Syis + Shid »

S gravity = f d*xdy+GI(2M°R - A) , (2.32)

S brane

f d*x V1gindl (£ = Vorane) » (for both branes)

where ging is the induced metric on the brane, Vi, the vacuum energy of the brane, and
M the five-dimensional Planck mass.

e Write down an Ansatz for the background metric, possessing four-dimensional Poincaré

invariance
ds* = a(y)znmdx”dx" +ridy?, a(y) = e, (2.33)
e Deduce the modified Einstein equations from (2.32) and (2.33). These equations are
solved by
o) = rely 57 Viia = —Vois = —AJk,  A=-24MK,  (2.34)

24M3°

where k is some integration constant. We see that the solution of the warp-factor requires
the background to consist of two slices of AdS in Poincaré coordinates.

As a result of the above procedure the effective Planck scale on the brane can be calculated to
be
M3
2 —2nrck
My = —— (1) (2.35)
The hierarchy problem can now be solved by taking the five-dimensional Planck scale to be of
the order of the weak scale, and considering the effective theory on the visible brane aty = nr.. If
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Figure 2.7: The single-brane Randall-Sundrum scenario.

we take r.k =~ 50, this results in a scale hierarchy due to the exponential form of the warp-factor.
This was concluded by considering matter fields living on the visible brane. Although solving
the hierarchy problem, nevertheless this scenario is still problematic; it lacks the possibility of
localization of gravity on the visible brane. Also the presence of a negative tension brane was
required. Soon after the RS I model was proposed, another model was suggested, with only one
brane, to resolve these problems.

2.4.2 Randall-Sundrum II: one brane

The one-brane scenario initially starts off with the same setup as the one described in the pre-
vious section , but the invisible brane is sent to infinity, and is therefore physically removed
from the model, see figure 2.7. The brane-tension of the remaining brane is positive and again
fine-tuned against the bulk cosmological constant. Instead of solving the hierarchy problem, the
warp-factor is now used for the localization of the graviton to the brane. By studying fluctua-
tions of the metric G it was shown that they are effectively described by Newton’s equation on
the brane, predicting higher order corrections to the Newtonian potential

mym 1
Va(r) = Gy ‘r 2 (1 + W) . (2.36)

Although both these models have appealing properties, fermions will have to be included in
order to obtain phenomenologically interesting models.
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2.4.3 Supersymmetric Randall-Sundrum scenario

The simplest way of including fermions in the theory is by trying to embed the model in a
supersymmetric theory. The best candidate for this theory is thought to be D = 5, N = 2
supergravity. As we saw in the previous sections some parameter tweaking was necessary for
obtaining a consistent model. The main obstruction of a supersymmetric analog however is that
the scalar potential is now more restricted, not leaving a lot of room for tweaking the parameters
of the solution. Furthermore, the three-brane used in the model should be a valid supergravity
solution, namely a domain-wall in five dimensions. Several possible solutions were suggested
to resolve this issue.

One solution was given by [64, 65] who considered the insertion of singular brane sources
in order to restore supersymmetry in spaces with singularities such as the thin domain-walls.
This scenario is conjectured to be the dimensional reduction of the eleven-dimensional Hotava-
Witten model [27], on some six-dimensional Calabi-Yau manifold [66, 67].

Another, more appealing, solution would be to find a smooth soliton solution interpolating
between two AdS vacua. For such solutions to be compatible with a supersymmetric Randall-
Sundrum scenario, the scalar potential should have at least two connected stable IR critical
points with the same value of the cosmological constant. Secondly, the flow-equations should
be solvable for the smooth domain-wall Ansatz and the corresponding warp-factor should be
exponentially decreasing for y — =+co. In order to find such solutions a thorough investigation
of the most general gauged N' = 2, D = 5 sugra is needed. Note that brane-world models
can be given a place in string theory, by requiring this five-dimensional theory to follow from a
specific Calabi-Yau compactification of M-theory. Alternatively one could try to find an explicit
embedding of N = 2 in N = 8 sugra in D = 5, which could be related to string theory by the
AdS/CFT conjecture.

Let us give a brief description of the field content of ungauged N' = 2, D = 5 supergravity
and its relevant matter multiplets (/ labelling the representation of the gauge group):?

e (8 + 8) Gravity multiplet: vielbein e,“, two gravitinos t,bL, graviphoton A,
* (8 +8) Vector multiplets: vector A, two gauginos ¢/, scalar o’
e (4 +4) Hyper multiplets: four quaternions ¢*, two hyperinos /4

In five dimensions we can also have self-dual tensor multiplets, provided the vectors are in
the adjoint representation. Otherwise the tensors can be dualized into vectors. Normally these
tensors are self-dual in the sense as explained in [68].

Pure ungauged N = 2, D = 5 sugra was constructed by Cremmer in 1980 [69]. A few years
later Giinaydin, Sierra and Townsend constructed U(1)- and SU(2)-gauged N = 2, D = 5 sugra
coupled to an arbitrary number of vector multiplets [70-72]. Several years ago Giinaydin and
Zagermann added tensor-couplings for specific gauge groups [73—-75]. Finally, in 2000, Ceresole
and Dall’ Agata constructed gauged N = 2, D = 5 sugra coupled to ny vectors, ny tensors and
ny hyper multiplets [76].

The analysis of the scalar potential in these such theories is highly non-trivial. Several
simplified cases therefore have been considered in the literature. Many NO-GO theorems have

2The bosonic and fermionic degrees of freedom are denoted between parenthesis.
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been posed [77-81]. It was found that without hyper-couplings no IR critical points could be
found [55,77,78, 82]. After including hypermultiplets several solutions were found yielding
only one single IR critical point [54, 55, 83]. In [79] multiple critical points were found, having
at least one IR direction 3, but they were not connected.

Last year however a possible solution of a smooth domain-wall was found, by Behrndt and
Dall’ Agata [84], admitting a supersymmetric extension of the Randall-Sundrum scenario. They
considered N' = 2 sugra coupled to a single hypermultiplet. The crucial ingredient was the
restriction to a specific class of non-homogeneous quaternionic manifolds. A generalization to
more general non-homogeneous quaternionic manifolds was recently considered by Anguelova
and Lazaroiu [85]. Although solutions already have been found, they are not by far the most
general solutions possible. First of all because only the coupling of one hypermultiplet was an-
alyzed. Secondly, because a specific type of tensor-couplings was overlooked in the literature,
corresponding to non-compact gaugings, which could have surprising implications. We con-
structed this extension in the context of N' = 2, D = 5 conformal supergravity [86]; this will be
discussed in chapters 5, 6 and 7.

3Saddle points of the scalar potential.
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Chapter 3

Dimensional reduction

In this chapter we will explain how to obtain massive deformations, i.e. scalar potentials and
cosmological constants from dimensional reduction. We start by reviewing some aspects of
standard Kaluza-Klein reduction. Then we will introduce a mechanism to generate masses in
lower dimensions, called Scherk-Schwarz dimensional reduction, which will be used in chap-
ter 4 to construct gauged and massive supergravities in ten and nine dimensions. For reviews on
the subject of dimensional reduction see [87-90].

3.1 Kaluza-Klein dimensional reduction

Even before the advent of string theory, the possibility of extra dimensions was discussed.
As early as 1921, a few years after Einstein wrote down his theory of general relativity [91],
Kaluza attempted to unify gravitation with electromagnetism by assuming that we live in a
five-dimensional universe [92]. By ignoring the extra dimension! he managed to obtain the
four-dimensional field equations of both gravity and electromagnetism from a five-dimensional
theory of pure gravity. Several years later Klein reformulated this theory using the action-
principle [93]. He also assumed that the extra coordinate was curled up as a circle with radius
of the order of £,, explaining why this coordinate had never been observed in experiment.

The same mechanism can now also be used for ten-dimensional string theories, in order to
try to obtain the four-dimensional world as we observe it and make contact with experiment.
For this purpose, one assumes that the ten-dimensional space-time can be written in the form
My X Kg, where My is our four-dimensional space-time, and K¢ a compact sub-manifold of
Planckian size. Dimensional reduction also plays an important role in the context of dualities in
string theory; many of these results have been obtained by using torus or sphere reductions. In
this chapter we will mostly restrict ourselves to compactifications of the type Mp,; = MpxS',
splitting the coordinates x* into x* and the compact coordinate z.> In section 3.2.2 we will

Kaluza considered our universe to be an isolated four-dimensional subspace of R where all derivatives with respect
to the fifth coordinate vanish, the so-called “cylinder condition”.

2We use hats to denote the dimensionality of a certain object or index. In this section hatted fields are living in (D +1)
dimensions and hatted indices run from 0. .. D. See appendix B.1 for our conventions.
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generalize this to compactifications on higher dimensional compact manifolds.
First of all we observe that all fields in this (D + 1)-dimensional space have to satisfy the
boundary condition
O,z +27R,) = D2, 2), 3.1)

and therefore can be Fourier-expanded in terms of the eigenfunctions of the circle

b, 2) = D D IR (3.2)

where R, is the circle-radius. When we insert this Ansatz into the massless Klein-Gordon equa-
tion in flat space-time we obtain the equation of motion for a field with mass M = || in the
non-compact subspace

Bb( ) =0 — [O0+0.5] D) = [u + (R—)z] ®,(¢) = 0. (3.3)

The infinite set of fields @, is called the tower of massive Kaluza-Klein (KK) modes. Taking the
limit where the radius of the circle goes to zero, these KK-modes become infinitely massive and
decouple from the massless theory. These modes can be neglected in any effective field theory.
In this limit the higher dimensional fields simply become independent of the compact coordinate.
This is equivalent to the assumption that the (D + 1)-dimensional space-time has an isometry
along z, with associated Killing vector K* = d,. The process of compactification combined with
consistently truncating away the massive modes is called Kaluza-Klein reduction. In the next
sections we will give some explicit examples, demonstrating the KK-mechanism.

Metric

Let us first consider pure gravity in (D + 1) dimensions, given by the Einstein-Hilbert action

A 1 ~
$=— de+'xJ@R. (3.4)
27,

The metric of (D + 1)-dimensional space-time can be decomposed into the following compo-
nents: 8.y, 8, and g, naively looking like a metric, vector and scalar in D dimensions respec-
tively. In order to have all components behave correctly under D-dimensional general coordinate
transformations (g.c.t.’s) one arrives at the following Ansatz for the metric

204 2B¢ 2B¢
.| e gy +eFPAA, ePPA
8pny —( ﬂézﬁ"’Av He ezﬁ¢“ 5 (3.5)
with @ and S arbitrary constants. This Ansatz corresponds to the line element
2
d§? = 27ds” + €% (dz + Audn*) (3.6)

The scalar ¢ is called the dilaton and A, the Kaluza-Klein vector.
Since we will perform reductions of supergravity theories in the next chapter, it is convenient
to use the Palatini formalism. Namely in order to covariantly describe spinors we need to define
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a flat tangent space in each point of space-time. Vielbeins are the orthonormal basis vectors
defined over the manifold. The metric can be written in terms of these vielbeins as follows

Pap - 3.7)

We can use the internal Lorentz gauge degrees of freedom to write the vielbein and inverse
vielbein in upper triangular form

Ny et PPA . A e e b —e7A,
elj = ( OH eﬁﬁbﬂ ) N €y Ho= ( 0 e_ﬁ¢ ) . (3.8)
Using the above Ansétze we obtain the following action (for details see appendix B.2)
_ ! D o 2D-Dag
S = ) d’xe (R - 3(09)" - “F(AY) . (3.9)

Note that we had to use the following values for @ and S to obtain the canonical Einstein-Hilbert
action in the Einstein-frame
2 _ 1
2(D-1)D-2)’
The D-dimensional gravitational constant is related to the (D+ 1)-dimensional one by the volume
of the compact space

B=-(D=2a. (3.10)

Ko, = KDde— 27R, K3, . (3.11)

The above mechanism demonstrates how Kaluza and Klein partly succeeded in unifying
Maxwell’s theory with gravity, by reducing pure gravity from five to four dimensions. The only
awkward feature they were not able to explain was the presence of the scalar field. Naively one
would put it equal to zero, but this would not be consistent with the field equations; it would
imply that the KK-vector should vanish as well.

Forms

Next consider antisymmetric forms in a gravitational background. The generic KK-Ansatz for a
(n — 1)-form gauge field is given by?

A

A = Alll---lln—l > Aﬂl---ﬂn—zz = A#l---#u-z . (312)

Using these Ansitze, we obtain the lower-dimensional gauge invariant field-strengths

H1-Mn—1

2 5 M 5 fuip i D-n-1

Fal..‘anflg = &, ... 2, a leg F#lm#n—lZ el )¢Fm...anfl >
Foyooy, = 8" 80, " ( Ca,1" Fup oy + neég,* Fm - 1z) = e_nWFalman , (3.13)
Fopy = dAp-, Fay =dAp-1) —nFu1y AAqy .

Usually the reduction Ansitze will be of a slightly different form. This is because lower-
dimensional field redefinitions are already applied on the level of the Ansitze, in order to get a
nice expression for the reduced theory.

3Flat compact directions are denoted by z. These differ from the non-flat ones by the vielbein &,
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3.1.1 Symmetries

Let us now have a look at the symmetries of the lower-dimensional theory, and how they are
obtained from the higher-dimensional symmetries. The (D + 1)-dimensional theory of gravity
contains two symmetries:

o General coordinate transformations (g.c.t.)
The g.c.t. can be written infinitesimally as

Sger X =&, Sgcr 8y = E0p8po + 28p0n & . (3.14)

Demanding all fields (e.g. g,.) to stay independent of z after a g.c.t., one derives the
following constraints on the g.c.t.-parameter

3.8 =0, 0.0,8 =0, (3.15)

which are solved by

=),  F=cz+a). (3.16)

The g.c.t. corresponding to these parameters also leave invariant the KK-Ansatz (3.6), and
give rise to the following transformations after substituting (3.5) and (3.16) into (3.14).

6gﬂV = gpapgﬂ" + 2gp(/16v)§p - za’ﬁilcgyv

0A, = EPOLA, + AL0,E° - CcA, +  0ud(x)

(S(ﬁ — é';pap(p + B—lc (317)
g.ct. scale symmetry u(l)

The emerging of a U(1) associated with z-independent reparametrizations of the compact
coordinate is in fact a generic feature of dimensional reduction. The KK-vector transforms
as a true gauge vector. As we will see in section 3.2.2, in general a lower-dimensional
gauge group G is generated by the Killing vectors on the internal manifold. The relevance
of the scale-symmetry will become clear after discussing the second symmetry.

e Global Weyl symmetry
Actually this is not a symmetry of the action, but of the equations of motion. Under this
symmetry the metric scales with a constant factor. Infinitesimally this becomes

6§’a§, = Zagﬁf, s (318)
reducing to
g =2a|l - | gu.  6A,=0, Sp=ap’. (3.19)

By taking two linearly independent combinations of both scale-symmetries we obtain a global
dilaton shift symmetry of the lower-dimensional action, and a uniform scaling symmetry* that
is only valid at the level of the equations of motion

a=-+= 1 6gy=0, 0Ay = —cAy 60 =15y s (3.20)
a=-c : 08y =2ag, . 6A, = dA, 0p=0. 3.2

4Also called “trombone” symmetry in the literature [87].
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Both types of symmetries will turn out to be of use in chapter 4 when we consider scale sym-
metries in supergravity.

3.2 Scherk-Schwarz dimensional reduction

Even though the KK-mechanism has some very appealing features, it is clearly not the most
general way of dimensional reduction; all massive modes are truncated away and consequently
we can never obtain masses for gauge particles in lower dimensions. It also does not provide
a natural way of breaking some part of the supersymmetry, which clearly is needed to obtain
physically plausible theories. In 1979 Scherk and Schwarz posed an interesting alternative in a
series of two papers [94, 95], called generalized dimensional reduction, or also Scherk-Schwarz
(SS) reduction.

The general feature of SS-reduction is the usage of symmetries of the higher-dimensional
theory to introduce masses in lower dimensions. The generalization consisted of allowing the
higher-dimensional fields to depend on the compact coordinate z, in a way prescribed by the
symmetries of the action. This assures us that the z-dependence will be completely removed
from the equations of motion of the reduced action.

Two types of symmetries can be used:

1. global/internal symmetries: phase, scale and shift symmetries or other global symmetries

2. local/external symmetries: space-time symmetries, such as translations or rotations in the
compact manifold

3.2.1 Scherk-Schwarz I

In this section we will restrict ourselves to symmetries of the first kind; the latter type will be
briefly explained in section 3.2.2.

In the case of a global U(1) phase-symmetry & — ¢'A®, we generalize the periodicity con-
dition (3.1) by identifying the two fields up to an extra global phase-transformation, or “twist”

D,z +27R,) = MR, ), (3.22)
resulting in the following mode-expansion

D, z) = €' Z (el /R (3.23)

In the limit R, — 0 the massive modes again decouple, and we are left with the effective Ansatz
D, 2) = e ™ Dy(x) (3.24)

which can also be obtained by replacing the global symmetry parameter A by mz. More gen-
erally if there is a global symmetry group G acting on the fields: ® — g(d), we allow for a
specific z-dependence in our reduction Ansatz through a symmetry transformation dependent
on the compact coordinate(s)

D, 2) = g (D), g =8k €G. (3.25)
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This particular form of the Ansatz guarantees that the reduced theory will be independent of z,
and results in the gauging of the group G, producing a scalar potential or cosmological constant.
When a mass term is produced for the gravitino, there is even a spontaneous breaking of su-
persymmetry. Since the z-dependent transformation in general will not be periodic, as before,
going once around the compact coordinate will produce a twist, the so-called monodromy

M(g) = gaR)g(0)',  MeG. (3.26)
Writing the group element in terms of the generators of the Lie algebra
gy =",  MelLieG), (3.27)
we obtain an expression for the monodromy in terms of M
M=eM, M=g"dg. (3.28)

In practice it turns out that the object M can be interpreted as the mass matrix of the reduced
theory, as we will see in chapter 4. The specific function g can now be determined by demanding
that M is independent of z.

One might wonder at this point whether the reduced theory we obtain this way is unique.
Not every choice for g will necessarily lead to a new reduced theory; provided these functions
are in the same conjugacy class, their reduced theories will only differ by a field redefinition.
Independent reductions can therefore be classified by the conjugacy classes of the mass matrix
M [96-98]. We will see examples of this in the next chapter.

Let us first look at some simple examples of the mechanism described above.

Complex scalar field in a gravitational background
The action for a complex scalar field in a curved background is given by
A 1

— D+l oD 1 AN qfl Ak
S= 22 f d*" 22 (R~ 5 0" () . (3.29)

This action contains two global symmetries: invariance under phase transformations and under
shifts.

(1) Phase symmetry: ¢ — el
Following the above prescription, the corresponding SS-Ansatz becomes:
A(R) = ™Y p(x), (m, real). (3.30)
The reduction of the scalar part of the action then gives:

& 0p(H)0¢" (%)

& (R (R)ea ey ™

e(IDe()P + mie P2 o) | (3.31)

where the covariant derivative is defined as: D, =4, — imA,.
This we recognize as the usual expression for the covariant derivative, associated with the
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@)

gauging of a U(1) phase transformation of an Abelian gauge theory. So a straightforward
interpretation of m, is that of a charge for the complex scalar field. Alternatively m; can be
interpreted as mass parameter. Added up to (3.9), the complete reduced action describes
a real scalar ¢ (the dilaton) and a charged complex scalar ¢ in a curved background.
Most importantly, this procedure seems to have produced a scalar potential, describing
the interactions between both scalar fields. Finally note that the same result, except for
the scalar potential, could have been obtained by a KK-reduction, followed by the gauging
of the generated global U(1) symmetry. The scalar potential, however, is gauge-invariant
by itself and cannot be constructed by gauging alone. In supersymmetric theories however
the scalar potential can always be reconstructed by demanding invariance of the action.

Shift symmetry: @ — @ + c.
As SS-Ansatz we now take

(X)) = @(x) + mpz (my complex) . (3.32)

This time the scalar part of the action reduces as

60p(D0Q" (%) = e (1Dp(O + Imaf? ) (3.33)
with covariant derivative D, ¢ = 8,9 —maA,,, invariant under the so-called massive gauge
transformations

0 = mp A(x),
s 24 (3.34)
0A, = 0,A(x),

induced by a general coordinate transformation along z in (D + 1) dimensions, as we saw
earlier in the Kaluza-Klein reduction. The complete reduced action becomes

S = f dPxe[R -1 (39)" — § e 2PV FAA) - LDyl - L mie? P L (335)

If we now fix the massive gauge transformations, by taking Re(p) = 0, the action consists
of the following parts:
1. a D-dimensional Einstein-Hilbert action + kinetic term for the dilaton
2. dexe [—%e’zw’l)""’F(A)2 - m%Az] ,
which is the well known Proca action for a massive vector field, coupled to gravity,
with additional dilaton interaction terms.

3. ascalar potential.

Compared to the KK-reduction, obtained by taking m; = m, = 0, we gained a scalar potential
and masses for either the scalar or vector field.

Instead of the two separate global symmetries, we could have used the combination of both
symmetries for the Scherk-Schwarz reduction. The Ansatz then becomes

~

¢ =e"™(p+m2) . (3.36)

The reduced action corresponds to the sum of the separate actions corresponding to the phase-
and shift symmetry.
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O(N) scalar fields

The O(N) N-scalar model in (D + 1)-dimensional flat space-time, is described by the Lagrangian
Lpi

Lo = A0, F 6 ) 337

invariant under global orthogonal transformations working on the scalar fields

d— D=06, 0ecON), 0T0=00" =1. (3.38)

In order to perform a generalized reduction of this theory, we again use the transformation
parameter of the global symmetry (group) to put the z-dependence into, yielding the following
Ansatz

B(x,2) = 0()D(x) . (3.39)
resulting in the action
_ > > 2 NZT 2
Lp=-10,8" 0" 0"® - }(m* + (0" 6,01")d" & (3.40)
=1 =0-16,0

The only term in the lower-dimensional action, still containing the matrix O(z), is propor-
tional to 0O~'(2)0.0(z). Since we do not want this term to contain any z-dependence, the term
07'(2)0.0(z) = M again can be interpreted as a mass matrix, just like in (3.28). The exact form
of O(2) is not important since it does not explicitly appear in the reduced theory, but using the
properties of O(z), the constraint can in principle be solved.

3.2.2 Non-Abelian reductions and Scherk-Schwarz I1

In order to generalize the five-dimensional KK-theory we replace the internal space S' with
some other (compact) space of higher dimension. The first generalization of the KK-mechanism
was first considered by Pauli in 1953 [99]. His starting point was the six-dimensional space-time
M, x S?. The extra dimensions form a two-sphere S? with internal symmetry group SO(3) ~
SU(2)/ U(1). Using an appropriate Ansatz (given below for general case) he constructed a non-
Abelian theory with gauge group SU(2), one year before Yang and Mills published their famous
paper [100].

In the years after that further generalizations were proposed [101-106], which can be roughly
classified in the following possibilities for the compact space E,;:

1. E, = T": Torus reduction from (D + n) to D dimensions on 7", i.e. n successive circle
reductions. Each reduction-step will give rise to a KK-vector and a dilaton. Also, p-
form gauge fields will reduce to a p-form and (p — 1)-form gauge field one dimension
lower. Further reductions will also create O-form potentials or axions coming from the
KK-vector(s) in the compact directions. The reduced theory is ungauged and will finally
consist of a plethora of scalars and vectors, in the adjoint of the gauge group U(1)".

2. E, = G: Group manifold reduction, where G is the compact Lie-group associated with
general coordinate transformations on the compact manifold, which will become the
gauge group of the reduced theory.
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3. E, = G/H: Coset space reduction, where H is the maximal compact subgroup of G.
The most common examples are sphere-reductions: S” ~ SO(n + 1)/ SO(n). Note that
in most cases coset reductions are preferred above group manifold reductions, since less
extra dimensions are needed to obtain a certain gauge group. E.g. in order to obtain the
SO(8) gauge group one could use the SO(8) group manifold or the coset SO(8)/ SO(7)
corresponding to the seven-sphere. The first case would require dim(E,) = 28 whereas
for the coset reduction one only needs dim(E,) = 7.

4. inhomogeneous spaces or spaces without any isometries.

Note that not all these reductions can be performed in a consistent way. The only exceptions
where consistency can be understood from group-theoretic arguments are the circle, torus or
group-manifold reductions. All other reductions will have to satisfy certain requirements to get
a full decoupling of the massless and massive modes in the KK-spectrum [107].

For cases 2 and 3 the generic line-element Ansatz is given by

d$? = ds” + gap [dz” + K{(Adx"][d2 + K5(2)A,dx"], (3.41)

where g,z is the internal metric on E,. The coordinates x have been split into x* and compact
coordinates z*. The functions K} (z) are the Killing vectors of the internal metric, generating the
isometry group G with structure constants f7,X

K =K[0, — Ly, Ky =K, K] = fi/"Kg . (3.42)

These same structure constants also define the lower-dimensional gauge group since they end
up in the covariant derivatives of the lower-dimensional vector fields, after reducing the general
coordinate transformation of the metric under

oxf = &t =0, & =K'Q@QuX). (3.43)

The second type of Scherk-Schwarz reductions (SS2) makes use of these z-dependent dif-
feomorphisms on the group manifold, to assign to some fields a specific dependence on the
compact coordinates. For details we refer to [95].
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Chapter 4

Scherk-Schwarz reductions and
gauged supergravities

In this chapter we will make use of the techniques explained in chapter 3 to construct five dif-
ferent two-parameter massive deformations of the unique nine-dimensional N' = 2 supergravity.
All of these deformations have a higher-dimensional origin via SS-reduction and correspond to
gauged supergravities. Although the ultimate goal is to do a full analysis of the scalar potentials
in lower-dimensional gauged supergravities, D = 4 and D = 5 in specific, in this chapter we
will study dimensional reductions from D = 11 via D = 10 down to D = 9; nine-dimensional
supergravity shares some of the complexities of the lower-dimensional cases, but is still simple
enough to study in full detail. Based on these results we will conclude by making a systematic
search for half-supersymmetric domain-walls and non-supersymmetric de Sitter space solutions.
Furthermore, we discuss in which sense the supergravities we have constructed can be consid-
ered as low-energy limits of compactified superstring theory.

Appendix B.1 contains our conventions and in appendix B.3 we discuss some manipulations
with spinors and gamma-matrices in ten and nine dimensions.

This chapter is based on the work published in [108]. In this chapter we will only treat
the generalized reduction from D = 11 to D = 10 in some detail; a detailed description of the
reductions to D = 9 is given in [108].

4.1 D = 11 supergravity

Our starting point is eleven-dimensional supergravity [24], which field content is given by!

~
x

D=11: (3%, Caspr 03} 4.1)

n order to distinguish between D = 11, D = 10 and D = 9 we indicate D = 11 fields and indices with a double hat,
D = 10 fields and indices with a single hat and D = 9 fields and indices without hat.
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Table 4.1: The R*-weights of the D = 11 supergravity fields, the supersymmetry parameters &
and the Lagrangian £.

The Einstein-frame action and the corresponding supersymmetry transformations, up to quar-
tics, are given by

A
A

L :ZLZ R() - 159 D)

2 A7) i &p55
+mae )(3)é<4>é<4/>C<3>] : “4.2)
3 & _ 3fal.
6e;" = er L
6Cﬁ‘§l§ = -3¢l AR (43)
A Aala 1 Al LA AUnA 2
s = Dy(0)€ + 75T — AT TG e,
with the field strength 6(4) = dé(g) and DA =0;+3; #351&22. The 11D fermionic field
content consists solely of a 32-component gravmno Whose ﬁeld equation reads
Xo() = D9 Dyfs = 0, (44)

where we have set the three-form equal to zero for simplicity.> Under supersymmetry this
fermionic field equation transforms into

AAAAA

SoXo(Wy = LTVE IR, — 1R B, (4.5)

which implies the bosonic Einstein equation for the metric. The supersymmetry rules and field
equations are covariant under an R* symmetry with parameter & [109]. A generic field ® with

weight w scales as @ — ¢"%® under this symmetry. The weights of the D = 11 fields under
this R™ are given in table 4.1. Note that the Lagrangian is not invariant but scales with weight
w = 9. Therefore this R* is a symmetry of the equations of motion only.

No massive deformation of the eleven-dimensional supergravity theory is known; in partic-
ular, no cosmological constant can be added [110]. One problem with a D = 11 supersymmetric
cosmological constant is that its reduction gives rise to a D = 10 cosmological constant with
a dilaton coupling that differs from Romans’ massive deformation. A general deformation of
D = 11 supergravity involving the use of extra Killing vectors has been considered in [111], but
we will not pursue this possibility here.

2This is because we are only interested in solutions coupling to the metric and the dilaton.
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4.2 Massive deformations of D = 10 ITA supergravity

As already mentioned in section 1.4.2, the Kaluza-Klein reduction of eleven-dimensional su-
pergravity yields the effective IIA theory in ten dimensions. This gives us the following field
content of the D = 10 IIA supergravity theory

N A

D =10 TIA: {8, Bas, &, Ap, Cgpytha, A} - (4.6)

For this reduction we use the reduction Ansitze>

N -¢/125 & _ 2&/3AAA N . N
2 e € € 0 24 % 13 2 _3/24~
e = 0 ! ez$/3y ) Ua = € (a — 310, E=c?Me,
2 A A A 2 3248 A
Cﬁ{,p = Cﬁ{,p . Cﬁ\?x = —Bﬁf/, lﬁ)_c = %E(N F)_C/L (47)

Applying these to the 11D transformation rules (4.3), we obtain the IIA transformation rules in
the Einstein frame and up to quartics*:

—An A

Soe = ey,

(S()lﬁy D + ﬁ€7¢/2(ﬁfﬁ + %fﬁﬁ)rll

—

3¢/4(ﬁr 117 ) ST e¢/4(a§r - 11y @))
SoBss = 2€¢/2§r11fu}(lffﬂ % aA),
SoAn = —eE ) (B - 200, (4.8)
S0Casp = =3¢ el sy — L) + 3Am503m|,
Sod = (09 + e ATy, + 3VHET ) + L G)e,

~ A~

F=4dA, H=dB, G=dC+AAAH, (4.9)

and @ﬂ =0y + %&)ﬁagf“&,;. For later purposes we indicate these (undeformed) supersymmetry
transformations by ¢p. Upon (massless) reduction with the Ansitze (4.7) the 11D field equa-
tion (4.4) splits up into two field equations for the 10D IIA fermionic field content, a gravitino
and a dilatino:

AN A

XoWp™) = T Dy — L@HIFA =0,
Xo) = "D, A - TP @)y = 0, (4.10)

3The flat x'!-direction is denoted by x, and the curved x!!-direction by x. The particular dilaton prefactors were
conveniently chosen to get the standard form of the IIA transformation rules.

4An additional field dependent 10D Lorentz transformation is needed to get the correct transformation rule for e.g.
the vielbein: dp(e) = dp(€) + dp.
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R* || &% | Bas | € | Ay | Casp | ¥ | A | & || £ || Origin
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Table 4.2: The R*-weights of the D = 10 IIA supergravity fields, the supersymmetry parameter
€ and the Lagrangian L.

where we have set the vector, two- and three-form equal to zero. Under supersymmetry these
fermionic field equations transform into

SoXoW") =1T7e [R
§oXo() =¢[O

- 10"9)(0:9) + 1(09)*8"51,
0¢], @.11)

which imply the usual graviton-dilaton field equations. The corresponding action can be de-
duced from (4.2), using the same reduction Ansitze (4.7), and is e.g. given in [112] (in the
string frame). The transformation rules have two R*-symmetries, one with parameter & that
scales the Lagrangian and one with parameter /3 that leaves the Lagrangian invariant. The first
symmetry follows via dimensional reduction from the D = 11 R*-symmetry with parameter &.
The weights of these two R*-symmetries are given in table 4.2. The gauge symmetry associated
to the Ramond-Ramond vector, with parameter A, reads

NI'—‘

A—A-dn, C—>C-diAB. 4.12)

The D = 10 ITA supergravity theory allows two massive deformations which we discuss one
by one below.

4.2.1 Deformation my: D = 10 massive supergravity

The first massive deformation, with mass parameter mg, is due to Romans [42]. In this case (the
same is true for all other cases) the supersymmetry transformations receive two types of massive
deformations: explicit and implicit ones. The explicit deformations are terms, at most linear in
mg, that are added to the original supersymmetry rules. These explicit deformations are denoted
by ., and define the fermion-shifts, used for determining the scalar potential. They are given
in terms of a superpotential W(¢) and derivatives thereof by

Smlp = —sWIze, bl
mR:{émkﬁl _ 45WA with W = 154, . (4.13)

There are further implicit massive deformations to the original supersymmetry rules &g, which
are given in (4.8), due to the fact that in these rules one must replace all field strengths by
corresponding massive field strengths which are given by

A ~

F =dA + mB, A =dB, G=dC+ANH+

N N

mrBAB. (4.14)

=
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The Lagrangian contains terms linear and quadratic in mg. Again there are implicit defor-
mations, via the massive field strengths, and explicit deformations. The explicit deformations
quadratic in the mass parameter define the scalar potential which can be written in terms of the
superpotential W(¢) and derivatives thereof by using (2.15) and (2.16).

The linear deformations of the fermionic (gravitino and dilatino) field equations of Romans’
theory can be found by requiring closure of the supersymmetry algebra:

[ XG0P = mgeXHTP (L + 22150,
- XmR(/Al) mRes‘;’/4f‘7(—%l&9 - %f{,ﬁ) .

A

(4.15)

The undeformed equations, Xo(J™) and Xo(;l), are given in eqs. (4.10). Under supersymmetry
these fermionic field equations, Xy + X,,,, transform into the deformed bosonic equations of
motion. Since we will only be interested in finding solutions that are carried by the metric and
the scalars it is convenient to truncate away all bosonic fields except the metric and the dilaton.’
After this truncation we find that under supersymmetry the fermionic field equations transform
into

(60 + 6m )Xo + X )07 = L& [RE; — LR9%; — L@ 3)(0y9) + L0912 8P5 + Imd ™28k,
(60 + 6m)(Xo + X)) = 2[0¢ — 3mde™??] . (4.16)

At the right-hand side we find the Romans’ bosonic field equations for the metric and the dilaton,
one solution of which is the D8-brane. Note that the bosonic field equations contain terms
quadratic in the mass parameter.

Romans’ theory is not known to have a higher-dimensional supergravity origin; neither is it
a gauged supergravity. A candidate symmetry of the Lagrangian to be gauged is the 3 symmetry
of table 4.2. However, the candidate gauge field Aﬁ has a nontrivial weight under 3. This means
that the curl dA transforms with a non-covariant term proportional to A A dA. Such a term cannot
be cancelled by adding an extra term, such as B, to the definition of the A curvature. In short,
the 3-symmetry cannot be gauged [113]. The same table shows that on the other hand Aﬁ has
weight zero under the @-symmetry which is a symmetry of the equations of motion only. This
&-symmetry can indeed be gauged at the level of the equations of motion. This gauging leads to
the D = 10 gauged supergravity discussed below.

4.2.2 Deformation m;: D = 10 gauged supergravity

The second massive deformation, with mass parameter m;;, has been considered in [114, 115]
and is a gauged supergravity. It can be obtained by generalized Scherk-Schwarz reduction of
D = 11 supergravity using the R* symmetry & of table 4.1 [115]. The corresponding reduction
Ansitze can be obtained by adding the appropriate factors e"”''* to the Ansétze in (4.7), using
the corresponding weights in table 4.1. This reduction leads to the following explicit massive
deformations of the D = 10 ITA supersymmetry rules

A~ 9 Y YT A
I Sl = semue e, @.17)
11 - A ~ .
5m“/l = %ml1€_3¢/4F116.

5Note that a further truncation to ¢ = c is inconsistent.
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The implicit massive deformations of the original supersymmetry rules J, are given by the mas-
sive bosonic field strengths

D¢ =dp+3m A, F=dA, H=dB+3m C, G=dC+AArH, (4.18)
while the covariant derivative of the supersymmetry parameter f)ﬁé is replaced by
Dpé = @ + 10, + 2miid)e. (4.19)
The gauge vector in the definition of the covariant derivative is required to make the derivative
of the supersymmetry parameter and the spin connection R*-covariant.
The linear deformations of the fermionic field equations read in this case

X, (B = m e—3<7’/4r 7 (=2d5 + 1152
”:{ n W) 1 1 ( S+ 7 A), 4.20)
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Xy, (D)

We first consider the truncation where all bosonic fields except the metric and the dilaton are set
equal to zero. Under supersymmetry the fermionic field equations transform into

(80 + Oy )Xo + X VW) = ST [RY; — LR, — 1(079)(050) + 1(08)*8";
+ 36m e_3‘7’/2 o] + T11€[3myre” 3¢/4B“¢]
(80 + Sy )Xo + X YV =& [0] + [T, €[9my 634858 4.21)

The terms involving I'j; are part of the vector field equation. Therefore, to obtain a consistent
truncation, we must further truncate the dilaton to zero. One is then left with only the metric
satisfying the Einstein equation with a positive cosmological constant, a solution of which is
10D de Sitter space [115].

The reduced theory is a gauged supergravity where the R* symmetry & of table 4.2 has
been gauged. In particular, the gauge parameter and transformation of the Ramond-Ramond
potentials read as follows®

a: A=e"mid with Ao A-dl, C—mYC-dinB), (4.22)

where w; are the weights under &. We note that one can take two different limits of the & gauge
transformations. First, the limit m;; — O leads to the massless gauge transformations (4.12).
Note that C transforms trivially under this gauge symmetry in the sense that C can be made
gauge-invariant after a simple field-redefinition. Secondly, one can take the limit that & is con-
stant. This leads to the ungauged R* @-symmetry of table 4.2.

A noteworthy feature of the D = 10 gauged supergravity is that no Lagrangian can be
defined for it. In the search for supersymmetric domain-wall solutions in five dimensions other
examples of gauged supergravity theories without a Lagrangian have been found [86]; we will
encounter these in chapter 6. Note that one can write down a Lagrangian for the ungauged
theory. The reason that one cannot write down a Lagrangian after gauging is that the symmetry
that is gauged is not a symmetry of the Lagrangian but only of the equations of motion. It would
be instructive to construct the D = 10 gauged supergravity from the ungauged theory by gauging
the @-symmetry. Apparently, it shows that one can gauge symmetries that leave a Lagrangian
invariant up to a scale factor.

Tt is understood that each field with wg # 0 is multiplied by A.
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4.3 D = 10 IIB supergravity

The other ten-dimensional supergravity theory is chiral IIB, which field content is given by
D=10 B:  {&,.%. By, By, Dyspirs U ). (4.23)

The supersymmetry transformation rules of ten-dimensional IIB supergravity read (in complex

notation)
68, = Lef, +hee.,
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631(229) = e¢/2 (2* f[ﬁl& 1= %léfﬂv;l) +h.c ,
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with the complex scalar T = { + ie=® and the field strengths
? 2 A A R R 0 1
A=dB, G=dD+1iB"A, =\ | ol (4.25)
The field strength G is subject to a self-duality constraint
Gyt = =58y GO P (4.26)

which can be used to eliminate the four form potential C4), after a dimensional reduction to

D =09.
The covariant derivative of the IIB Killing spinor reads
4.27)

Dpe = (95 + 0T + Lictaupie.
The corresponding action can be found in [112]. The IIB supersymmetry rules transform co-

variant under the S¢(2, R) transformations (omitting indices)

A—>af—+b, B—Qb, D—-D, with Q = b € St(2,R),
ct+d d
. et +d\"* . N et +dVt +d\'"*
; ; A, é . 4.28
"_’(cﬂd) Vi ﬂ_)(c%+d) €= ( %+d) (4.28)
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Here we have used the vector notation B = (BY, B The group S£(2, R) contains a set of
three one-parameter conjugacy classes defining one compact and two non-compact subgroups.
We will describe them shortly. Each of the subgroups is generated by a S¢(2, R) group element
Q with detQ = 1. As a global symmetry group of IIB supergravity, S¢(2,R) is suitable for
performing a Scherk-Schwarz reduction to D = 9. There are three different cases to consider,
corresponding to the three different subgroups listed below.

1. One non-compact subgroup R is generated by

L (o+io 1 2
Q, =e¢@1* 2>=(0 X ) (4.29)
Each element defines a parabolic conjugacy class with Tr Q = 2. These parabolic transfor-
mations leave the combination (B®)? invariant. Therefore the invariant metric is given by
diag (0,1). The action of the R Z-symmetry on the fields can not be expressed by assigning
weights to the standard basis of fields given in (4.23).

2. An SO(1, 1)* subgroup which is generated by elements

, e/ 0
— /93 = N
Q, =e _( 0 o7 ) . (4.30)

Each element defines a hyperbolic conjugacy class with TrQ > 2. These hyperbolic
transformations leave the combination BV B® invariant. After diagonalization this leads
to an invariant metric given by diag (1,-1). The weights corresponding to the SO(1, 1)*
y-symmetry are given in table 4.3.

3. There is a SO(2) subgroup which is generated by elements Q of S£(2, R) with

(4.31)

o _eiggz_( cos B sin@)

—sind cosf

Each element defines an elliptic conjugacy class with TrQ < 2. The elliptic transfor-
mations leave (B(V)? + (B?)? invariant. After diagonalization this leads to an invariant
metric given by diag (1,1). The action of the SO(2) #-symmetry on the fields can not be
expressed by assigning weights to the standard real basis of fields given in (4.23).

Table 4.3 contains the weights of the 9-symmetry defined above’ and of a new R* symmetry &
which is not a subgroup of S£(2, R) and that does not leave the Lagrangian invariant. One could
combine S¢(2,R) with this new R" into a G£(2, R) symmetry that leaves the IIB equations of
motion invariant. Its action is the product of the two separate transformations: Q = QA;. This
exhausts all the symmetries of D = 10 IIB supergravity.

The IIB supergravity theory is not known to have massive deformations. One of the reasons
for this is that there is no candidate vector field like in the IIA case.

"The other two symmetries defined above cannot be defined in terms of weights of real fields only.
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R* || & | ¢ | & | BY) | BY) | Dawpsr |0 | A | & || £ || symmetry
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Table 4.3: The scaling weights of the D = 10 IIB supergravity fields, the supersymmetry pa-
rameter € and the Lagrangian /.

H R* | e, | ¢ ‘ & ‘ % ‘AH ‘ AD ‘ALZ) ‘ B ‘ B2 | Cup | W ‘ Pl ‘ p| ‘ € H L H Origin H
9 6 9 9 9 9
3 V7 3] 1 3 1 1
ﬁ 0 1 e ~2 2 ~7 0 -z 7 —i 0 0 0 0 0 1TA
v 01-2] O 210 1 -1 1 -1 0 0 0 0O [0]O0 IIB
s 210 -5 0|2 |2 |2]2]| 4 |&|-4]|-4]4)8| 1B

Table 4.4: The scaling weights of the nine-dimensional supergravity fields, the supersymmetry
parameter € and the Lagrangian £.

4.4 Massive deformations of D = 9, N = 2 supergravity

The Kaluza-Klein reduction of either (massless) IIA or IIB supergravity gives the unique D = 9,
N = 2 massless supergravity theory. Its field content is given by

D=9: te. 0.0 X A AL AD, BY), B, Coiyothys A, A} (4.32)

The supersymmetry rules are given in [108]. The massless nine-dimensional theory inherits
several global symmetries from its parents: two R* symmetries @, from IIA supergravity
and one R* symmetry & plus a full S€(2, R) symmetry from IIB supergravity. The latter leads
in particular to an SO(2) symmetry 6, an SO(1, 1)* symmetry y and an R-symmetry . The
weights of all these symmetries, except for the SO(2) 6-symmetry and R {-symmetry, and their
higher-dimensional origin are given in table 4.4 (see also [109]).

It turns out that only three out of the four scalings given in table 4.4 are linearly independent,
due to the relation

ta-8p=y+1s. (4.33)

We observe the following pattern. Using (4.33) to eliminate one of the scaling-symmetries we
are left with three independent scaling-symmetries. Each of the three gauge fields A, ALl),Aff)
has weight zero under the linear combination of two out of these three symmetries: one is a
symmetry of the action, the other is a symmetry of the equations of motion only.
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mass parameters || S€(2,R)

(my, my, ms) triplet
(my, imy) doublet
(myy, mya) doublet
mune singlet

Table 4.5: This table indicates the different multiplets that the D = 9 mass parameters form
under S£(2, R).

The D =9 S€(2,R) symmetry acts in the following way:

+b - - - =
o 2 0k, BooB, wimha=[¢ ?)eswar).
ct+d c d
et +d\'"* et +d\"*
; 1 A, 4.34
w”_)(c‘r+d) Y _>(c1'+d) (4.34)
~ R AL et +d\'"*
P = A, € — €,
ct+d ct+d

while ¢ and C are invariant. We have used a vector notation for the two vectors and two anti-
symmetric tensors, like in D = 10. Again one can combine S£(2, R) with an R* symmetry to
form G£(2, R) with parameter Q = QAR-.

In addition to the global symmetries there is a number of local symmetries. In particular, the
gauge transformations of the vectors read

AL A g A A0 @
A — A-da, B — B-Aada. (4.35)

We now turn to massive deformations of the 9D theory. Applying a SS dimensional reduc-
tion of the higher-dimensional supergravities we obtain a number of massive deformations in
nine dimensions, as illustrated in figure 4.1. By employing the different global symmetries of
11D, A and IIB supergravity we obtain seven deformations of the unique D = 9 supergravity.
Since the procedure is quite straightforward — though tedious — we will not give any details here;
these can be found in [108].

Note that the different massive deformations can be related. Symmetries of the massless
theory become field redefinitions in the massive theory that only act on the massive deforma-
tions. This means that the mass parameters transform under such transformations: they have
a scaling weight under the different scaling symmetries and fall in multiplets of S¢(2,R). In
table 4.5 the multiplet structure of the massive deformations under S¢(2, R) is given. The mass
parameter 7714 is defined as the S-dual partner of m4 and can not be obtained by a SS reduction
of ITA supergravity.

All these deformations correspond to a gauging of a 9D global symmetry. In particular, it
is always the symmetry that is employed in the SS reduction Ansatz that becomes gauged upon
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D =11 ---» SS-reduction
— KK-reduction
[T Noaction
D=10 (1A me |
5 49,6
¥ AN
D=9 |mIlB | it ‘
Gauged Symmetry ' @ a B ] 4,70
Gauge Group R R* R* R* R* R, SO(1, 1)*,S0(2)
Gauge Vector A ADA® AP A A

Figure 4.1: Overview of all reductions performed in [108]. These cases can all be interpreted
as gauged supergravities, with gauged symmetry and corresponding gauge field as given in the
figure. Mass parameters in the same box, such as m, mya or my, my, ms, form a multiplet under
S¢€(2,R). Further details of these cases will be given below. Note that the two ways of obtaining
the R-gauging give rise to the massive T-duality of [116], provided that m; = m; = mg and
ms = 0.

reduction. The corresponding gauge vector is always provided by the metric, i.e. it is the Kaluza-
Klein vector of the dimensional reduction. In all but one case this is the complete story and one
finds an Abelian gauged supergravity. It turns out that there is one exception where we find a
non-Abelian gauge symmetry. This can be understood from the following general rule.® As we
noted, the Kaluza-Klein vector gauges the symmetry employed in the SS reduction Ansatz. The
fate of either of the remaining two gauge vectors is restricted to three possibilities:

e The vector is a singlet under the gauge symmetry and its field strength acquires no modi-
fication, e.g. A" in the mys deformation.

e The vector transforms under the gauge symmetry and its field strength acquires a massive
deformation proportional to a two-form. The degrees of freedom of the vector are eaten
up by the two-form via the Stiickelberg mechanism, e.g. A in the mys deformation.

e The vector transforms under the gauge symmetry and its field strength acquires no massive
deformation proportional to a two-form. In this case we must have gauge enhancement to
preserve covariance, e.g. A in the m4 deformation.

All cases we find in D = 9 are consistent with this rule of thumb. Details can be found in [108].

8We thank Sergio Ferrara for clarifying discussions on this issue.
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4.5 Combining massive deformations

In this section we would like to consider combining the massive deformations discussed in
the previous section. The resulting theories will have more mass parameters characterizing
the different deformations. However, not all combinations will turn out to be consistent with
supersymmetry. This inconsistency only appears when turning to the bosonic field equations:
the supersymmetry algebra with a combination of massive deformations always closes, as can
be seen from the following argument.

Suppose one has a supergravity with one massive deformation m and supersymmetry trans-
formations 8y + d,,. In all cases discussed in this chapter the massive deformation of the su-
persymmetry rules satisfies the following property: 6,,(boson) = 0. In other words, only the
supersymmetry variations of the fermions receive massive corrections. This implies that the
issue of the closure of the supersymmetry algebra is a calculation with m-independent parts and
parts linear in m but no parts of higher order in m.? On the one hand [6(e)), 6(&>)] has no terms
quadratic in m since one of the two §’s acts on a boson. On the other hand the supersymmetry
algebra closes modulo fermionic field equations which also have only terms independent of and
linear in m. Therefore, given the closure of the massless algebra, the closure of the massive
supersymmetry algebra only requires the cancellation of terms linear in m.

In the previous sections we have not checked the closure of the massive supersymmetry
algebras since this was guaranteed by the higher-dimensional origin, i.e. Scherk-Schwarz reduc-
tion of supergravity leads to a gauged supergravity. However, the argument of linearity allows
us to combine different massive deformations. Suppose one has two massive supersymmetry
algebras with transformations 8y + d,,, and ¢ + 6,,,. Both supersymmetry algebras close modulo
fermionic field equations with (different) massive deformations. Then the combined massive
algebra with transformation 8y + &, + 6,,, also closes modulo fermionic field equations whose
massive deformations are given by the sum of the separate massive deformations linear in m,
and my. The closure of the combined algebra is guaranteed by the closure of the two massive
algebras since it requires a cancellation at the linear level.

Under supersymmetry variation of the fermionic field equations, one in general finds linear
and quadratic deformations of the bosonic equations of motion. In addition to these corrections,
we find that there are also ‘non-dynamical’ equations posing constraints on the mass parameters.
Solving these equations generically excludes the possibility of combining massive deformations
by requiring mass parameters to vanish. At first sight, one might seem surprised that the su-
persymmetry variation of the fermionic equations of motion leads to constraints other than the
bosonic field equations. However, one should keep in mind that the multiplets involved cannot
be linearized around a Minkowski vacuum solution. Therefore, the usual rules for linearized
(Minkowski) multiplets do not apply here.

We find that generically adding massive deformations is possible whenever the D = 10
symmetries, giving rise to the separate massive deformations, can be combined in D = 10
as symmetries of IIA or IIB supergravity only. The combined D = 9 supergravity is then a
gauged supergravity which just follows by performing a SS reduction on the combined D = 10
symmetry.

9That is, up to cubic order in fermions. We have not checked the higher-order fermionic terms but, based upon
dimensional arguments, we do not expect that these rule out the possibility of combining massive deformations.
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In the first subsection we will discuss the situation in D = 10 and in the next subsection we
will review the D = 9 situation; see [108] for details.

4.5.1 Combining massive deformations in 10D

The 10D IIA supergravity theory has two massive deformations parameterized by myg and m;.
Can we combine these two massive deformations? Based on the linearity argument presented
above one would expect a closed supersymmetry algebra. The bosonic field equations (with up
to quadratic deformations) can be derived by applying the supersymmetry transformations (with
only linear deformations) to the fermionic field equations (containing only linear deformations).
For simplicity, we truncate all bosonic fields to zero except the metric and the dilaton. We thus
find

(60 + Oy + 6m,] )(Xo + X + Xony JGF)
= L2 (R - LR&"; — L D)05d) + 105 + L™ gh, + 36m? e gh )
+ F116[3mue 3¢/4aﬂ¢] + Ty Pe [Bmgmy e, (4.36)
(60 + O + Oy )Xo + Xy + Xm“)(/l)
= &[0 - Img 2]+ 1T 8[9my 72014 ,8] + rye[3 Smgmyye??].

At the right-hand side we find four different structures. Three of them correspond to the field
equations of the metric, dilaton and RR vector. The vector field equation corresponds to the
terms linear in m;; and containing I';;. They show us that truncating the RR vector to zero
forces us to further truncate the dilaton to ¢ = c. More interesting is the fourth structure which
is bilinear in mgm;;. It leads to the constraint mgm;; = 0. This constraint cannot be a remnant
of a higher-rank form field equation due to its lack of Lorentz indices. It could only fit in the
scalar field equation but the I'y; factor prevents this. It is an extra constraint which does not
restrict degrees of freedom but rather restricts mass parameters.

We conclude that, even though the closure of the algebra is a linear calculation and there-
fore always works for combinations, the bosonic field equations exclude the possibility of the
combination of massive deformations in D = 10 dimensions.

4.5.2 Combining massive deformations in 9D

Repeating the above analysis — i.e. requiring that the fermionic field equations transform under
supersymmetry to a complete set of bosonic field equations — restricts us to five cases, each
containing two non-zero mass parameters:

e Case 1 with {mys, m4}: this combination can also be obtained by Scherk-Schwarz reduc-
tion of IIA employing a linear combination of the symmetries & and 3, guaranteeing its
consistency. It is also a gauging of both this symmetry and (for my4 # 0) the parabolic
subgroup of S{(2, R) in 9D, giving the non-Abelian gauge group A(1).

e Case 2,3,4 with {7, myp}: as in the case with myg = 0 and only 7 this combination
contains three different, inequivalent cases depending on 7> (depending crucially on the
fact that myp is a singlet under S¢(2, R)):
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— Case 2 with {/i}, mpp} and m? = 0.
— Case 3 with {/f}, mpp} and % > 0.
m

— Case 4 with {I’I_’)l, HB} and I’)_’)l2 < 0.

All these combinations can also be obtained by Scherk-Schwarz reduction of I1IB em-
ploying a linear combination of the symmetries é and (one of the subgroups of) S£(2, R),
guaranteeing its consistency. All cases (assuming that myp # 0) correspond to the gaug-
ing of an Abelian non-compact symmetry in 9D. Only the special case {#? < 0, myp = 0}
corresponds to a SO(2)-gauging.

e Case 5 with {my = —%muA, my = ms}: this case can be understood as the generalized
dimensional reduction of Romans’ massive IIA theory, employing the R* symmetry that
is not broken by the mg deformations: 3 — 15—2&. It gauges both this linear combination of
R*’s and the parabolic subgroup of S£(2, R) in 9D, giving the non-Abelian gauge group

A().

Another solution to the quadratic constraints has parameters {mya, 1}, but this combination
does not represent a new case. It can be obtained from only mya (and thus a truncation of
case 1) via an S¢€(2,R) field redefinition (since they form a doublet). Thus the most general
deformations are the five cases given above, all containing two mass parameters. All five of
these are gauged theories and have a higher-dimensional origin. Both case 1 and case 5 have a
non-Abelian gauge group provided my4 # 0.

4.6 Solutions

In the first part of this chapter we constructed a gauged supergravity with 32 supersymmetries
in D = 10; after that we illustrated how to obtain a variety of gauged supergravities in D = 9,
using the same methods. They all have in common that there is a scalar potential. Our next goal
is to make a systematic search for solutions that are based on this scalar potential. In the next
subsections we will search for two types of solutions: (i) 1/2 BPS domain-wall (DW) solutions
and (ii) maximally symmetric solutions with constant scalars, i.e. de Sitter (dS), Minkowski
(Mink) or anti-de Sitter (AdS) solutions.

4.6.1 1/2 BPS domain-wall solutions

The authors of [117] already made a systematic search for half-supersymmetric DW solutions of
the gauged supergravities corresponding to the cases 3, 4 and 5. Due to a one-to-one relationship
with seven-branes in D = 10 dimensions [111] they could even make a systematic investigation
of the quantization of the mass parameters by using the results of [118, 119].

The goal of this subsection is to investigate whether the five massively deformed super-
gravities we found in subsection 4.5.2 allow new half-supersymmetric DW solutions. In other
words, we will derive all 1/2 BPS seven-brane solutions to the nine-dimensional supergravities
described in the previous sections. This analysis should lead, as a check of our calculations, to
at least all the solutions of [117]. Since we are looking for 1/2 BPS solutions it is convenient to
solve the Killing spinor equations, which are obtained by setting the supersymmetry variation
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of the gravitino and dilatinos to zero. In this way we solve first order equations instead of sec-
ond order equations which we would encounter if we were to solve the field equations directly.
For static configurations a solution to the Killing spinor equation is also a solution to the field
equations, so we do not have to check explicitly that the field equations are satisfied. The pro-
jector!® for a DW is given by %(1 +7vy), where y denotes the transverse direction. We find that, in
order to make a projection operator in the Killing spinor equations, we are forced to set all mass
parameters to zero except for 77, which corresponds to cases 3, 4 and 5 of section 4.5. This is
a consistent combination of masses and we obtain three classes of domain-wall solution which
were discussed in detail in [117]. As it turns out, there are no more half-supersymmetric DW
solutions.

To summarize, we find that there are no new codimension-one 1/2 BPS solutions to the
D = 9 supergravity theories we obtained in the previous sections, as compared to the three
classes of domain-wall solutions given in [117].

4.6.2 Solutions with constant scalars

In this subsection we will consider solutions with all three scalars constant. This is a consistent
truncation in two cases, both of which have two mass parameters. In this truncation one is left
with the metric only satisfying the Einstein equation with a cosmological term

Ry — 38wR = —Aguy 4.37)

with A quadratic in the two mass parameters. Depending on the sign of this term one then has
anti-de Sitter, Minkowski or de Sitter geometry.
We find that solutions with constant scalars are possible in the following massive supergrav-
ities:
e D = 10 with {m;} has A = 36my;2e~3%/2, which gives rise to de Sitter| [115], breaking
all supersymmetry. The D = 11 origin of this solution is Mink,; written in a basis where
the x-dependence is of the required form [115]

Mink;; : ds? = 2™ (=dr? + ¥™1'dxg + dx?) . (4.38)

o D=9, Case 1 with {mys = —3ms} has A = Em,2e?3¢/ V7, which gives rise to de Sittero,
breaking all supersymmetry. This case follows from the reduction of Mink o by using a
combination of I[A scale symmetries that leave the dilaton invariant (since Minkowski
has vanishing dilaton) so that, after reduction, one is left with a non-trivial geometry only.

e D =9, Case 4 with {myg,ms} has A = 28mys2e*’ V7, which gives rise to de Sitter for
non-vanishing myg. This case follows from the reduction of Mink;o by using a combina-
tion of IIB scale symmetries that leave the dilaton invariant. Note that for vanishing myg
this reduces to Minkg, despite the presence of m3 [120]. For either myp or m3 non-zero
this solution breaks all supersymmetry.

10From a general analysis of the possible projectors in nine dimensions, i.e. demanding that the projector squares to
itself and that its trace is half of the spinor dimension, in order to yield a 1/2 BPS state, we find that there is a second
projector given by %(1 + iv,). This projector would give a euclidean DW, i.e. a DW having time as a transverse direction.
Note that such a Euclidean DW can never be 1/2 BPS since if there existed a Killing spinor it would square to a Killing
vector in the transverse direction, i.e. time, which is not an isometry of the euclidean DW.
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4.7 Conclusions

In this chapter we have illustrated how to construct five different D = 9 massive deformations
with 32 supersymmetries, each containing two mass parameters. We found in [108] that all
these five theories have a higher-dimensional origin via SS reduction from D = 10 dimensions.
Furthermore, the massive deformations gauge a global symmetry of the massless theory. The
gauge groups we obtained are the Abelian groups SO(2), SO(1, 1)*, R, R* and the unique two-
dimensional non-Abelian Lie group A(1) of scalings and translations on the real line.

We have analyzed the possibility of combining massive deformations to obtain more general
massive supergravities that are not gauged or do not have a higher-dimensional origin. Our
analysis shows that the only possible combinations are the five two-parameter deformations,
which are all gauged and can be uplifted. We have not made a systematic search for massive
D = 9 supergravities that are not the combination of gaugings and we cannot exclude that there
are more possibilities; this requires a separate calculation. In this context, it is of interest to point
out that examples of massive supergravities like Romans have been found in lower dimensions,
e.g. [121,122]. In these cases the compactification manifolds are such that the candidate gauge
fields are truncated away.

It is intriguing that some of the gauged supergravities we have constructed result from gaug-
ing an R* scale symmetry that does not leave the Lagrangian invariant but scales it with a factor.
Apparently, it is possible to gauge such symmetries at the level of the equations of motion.

Finally we would like to address the question of whether the gauged supergravities we con-
structed can be interpreted as the leading terms in a low-energy approximation to (compactified)
superstring theory. The nine-dimensional massive deformations split up in two categories: those
where only the theory to lowest order in @’ has a higher-dimensional origin and those where also
the higher-derivative corrections can be obtained from 10D. The latter category can be derived
using symmetries that extend to all orders in @’. We have two such symmetries:

e The S¢(2,R) (or rather its S€(2, Z,) subgroup) symmetry of IIB. Thus the i = (my, my, m3)
deformations correspond to the low-energy limits of three different sectors of compactified
1IB string theory (depending on /4% = (m;? + my* — m3?)). In [117] DW solutions were
constructed for all three sectors. Of these only the D7-brane has a well-understood role in
IIB string theory.

e The linear combination 1—12& + f3 of R*-symmetries of ITA. Thus one can define a massive
deformation m within case 1 with {mys = %ms, my = mg} which corresponds to the low-
energy limit of a sector of compactified IIA string theory. No vacuum solution has been
constructed for this sector. It would be very interesting to try to find a vacuum solution
and understand which role it plays in IIA string theory.

In fact, one can have a better understanding of the m; massive deformation and the %d +j
symmetry of IIA from the following point of view. The combination %d + f3 of TIA can be
understood from its 11D origin as the general coordinate transformation x!' — Ax'!; one can
easily check that this is indeed the case by comparing with (3.17). This explains why all @’
corrections transform covariantly under this specific R*: the higher-order corrections in 11D
are invariant under general coordinate transformations and upon reduction they must transform
covariantly under the reduced g.c.t.’s, among which is the %fv + f3 scaling-symmetry.



Chapter 5

Conformal supergravity

As we saw in the previous chapters, Scherk-Schwarz dimensional reduction can be used as a
tool to obtain scalar potentials in lower dimensional gauged supergravity theories. There are
unfortunately many different ways in which the compactification process can be performed and
therefore it is a priori not clear how to obtain the most general vacuum solutions.

Another approach to this problem is the construction of matter coupled Poincaré supergravity
in lower dimensions. One possibility is the explicit coupling of matter multiplets of the super
Poincaré algebra to the supergravity multiplet. The method we will use in the following chapters
however, is that of conformal supergravity for reasons explained below.

Conformal supergravities have been constructed in various dimensions (for a review, see
[123]) but not yet in five dimensions. By using conformal tensor calculus, conformal super-
gravities form an elegant way to construct general couplings of Poincaré-supergravities to mat-
ter [124]. It also provides a method to find the auxiliary fields of off-shell Poincaré supergrav-
ities, like e.g. for N = 1, D = 4 supergravity [125]. The reason for using a theory based on
the superconformal group instead of the Poincaré group is the presence of more symmetries,
generally resulting in more structure and therefore simplifying the calculations. Furthermore,
the conformal group is the largest possible group of space-time symmetries and turns out to
be gauge equivalent to the Poincaré group. In the five-dimensional case these matter coupled
supergravities have recently attracted renewed attention for reasons motivated in chapter 2.

Although quite some progress has been made in these areas, it is clear that it is important to
have an independent derivation of the most general matter couplings derived in [76] where most
of the current results are based on. Especially since past experience has shown that supercon-
formal constructions lead to new insights in the structure of matter couplings. A recent example
is the insight in relations between hyper-Kéhler cones and quaternionic manifolds, based on
the study of superconformal invariant matter couplings with hypermultiplets [126]. For these
reasons a superconformal construction of general matter couplings in N' = 2, D = 5 is desirable.

The superconformal program
The procedure will be as follows.

o In this chapter we take the first step in this investigation by constructing the N =2, D =5
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conformal supergravity theory. In our construction we use the methods developed first for
N =1,D = 4[127,128], which were inspired by the geometrical methods of [129]. They
are based on gauging the conformal superalgebra [130] which in our case is F>(4). The
superconformal multiplet one obtains this way contains all the (independent) gauge fields
of the superconformal algebra and is called the Weyl multiplet. In general one needs to
include matter fields to have an equal number of bosons and fermions. Although there are
two sets of auxiliary fields one can use, in this chapter we will restrict to the one leading
to the so-called Standard Weyl multiplet.

e The second step will be performed in chapter 6, where we construct the actions for matter
multiplets in the background of the Standard Weyl multiplet. This step already produces
a nice geometrical framework on the scalar manifolds resulting from this construction.

o Finally, in chapter 7 we will gaugefix the symmetries not present in the Poincaré algebra
and construct N = 2, D = 5 matter coupled Poincaré supergravity.

This chapter is based on the work published in [131]. Note that many details have been left out
for reasons of brevity and clarity; we refer the reader to [131, 132] for more details. Note that
shortly after our publication interesting results have been obtained on conformal supergravity in
five dimensions [133] that have some overlap with our work.

For more information on the conformal supergravity approach, see [134—136].

5.1 Definition of rigid conformal (super-)symmetry

We start this chapter by giving a short review of rigid conformal supersymmetry; for a more
extended discussion, see e.g. [137]. We first introduce conformal symmetry and in a second step
extend this to conformal supersymmetry. Given a space-time with a metric tensor g,,(x), the
conformal transformations are defined as the general coordinate transformations that leave “an-
gles” invariant. The parameters of these special coordinate transformations define a conformal
Killing vector k*(x). The defining equation for this conformal Killing vector is given by

Og.ct(K)gu(x) = Vyuky(x) + Vyky(x) = w(x)gv(X) (5.1

where w(x) is an arbitrary function, k, = g,,k” and the covariant derivative is given by V,k, =
0k, — Fﬁvkp. In flat D-dimensional Minkowski space-time, (5.1) implies

ik (X) = S 0ok (x) = 0. (5.2)

In dimensions D > 2, the conformal algebra is finite-dimensional. The solutions of (5.2) are
given by

K(x) = & + Ay, + Apx + (P Al — 20" - A). (5.3)

Corresponding to the parameters & are the translations P, the parameters A% correspond to

Lorentz rotations M,,, to Ap are associated the dilatations D, and Aﬁ'( are the parameters of

‘special conformal transformations’ K,,. Thus, the full set of conformal transformations d¢ can
be expressed as follows:

S = &Py + XM,y + ApD + ALK, . (5.4)
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The commutators between different generators define the conformal algebra which is isomorphic
to the algebra of SO(D, 2).

We wish to consider representations of the conformal algebra on fields ¢ (x) where « stands
for a collection of internal indices referring to the stability subalgebra of x* = 0. From the
expression (5.3) for the conformal Killing vector, we deduce that this algebra is isomorphic to
the algebra generated by M,,,, D and K,,. We denote the generators of this stability subalgebra by
%, A and k. Applying the theory of induced representations, it follows that any representation
(Z, A, k) of the stability subalgebra induces a representation of the full conformal algebra with
the following transformation rules [135] (we suppress any internal indices):

Spp(x) = &O,0(x),

Sup(x) = T (6,0, — x,0,)(x) + S5 (A)(x) ,

Spp(x) = Apx'0,(x) + Sa(Ap)P(x), (5.5)
Skp(x) = (0, — 2x,x'0)P(x)

+ (6a(=2x - Ag) + Os(~4x1udin) + 8(AK) )p(0)
We now look at the non-trivial representation (X, A, «) that we use in this chapter.

e Firstly, concerning the Lorentz representations, in this chapter we will encounter anti-
symmetric tensors ¢y, ..., (x) (n = 0, 1,2, ...) and spinors ¢, (x):

(A0 ey Dbtar-—a) (%) »
LAy (x) . (5.6)

62(/1M)¢a1 ey (x)
Os(Ap ) (x)

e Secondly, we consider the dilatations. For most fields, the A transformation is just deter-
mined by a number w, which is called the Weyl weight of ¢“:

Sa(Ap)g* (x) = wApg“(x). (5.7

An exception is given in the next chapter for the scalars of the hypermultiplet, on which
dilatation transformations are realized nonlinearly. Namely, for scalar fields it is often
convenient to consider the set of fields ¢® as the coordinates of a scalar manifold with
affine connection I'g”. With this understanding, the transformation of ¢ under dilatations
can be characterized by

oa(Ap)¢" = Apk*(9). (5.8)

Requiring dilatational invariance of kinetic terms determined by a metric g.s, leads to
the interpretation of the vector k* as a homothetic Killing vector, i.e. it should satisfy the
conformal Killing equation (5.1) for constant w(x):

Dokg + Dyky = (D = 2)2up » (5.9)

where D denotes the space-time dimension and D kg = 0,k — I'y”k,. However, (5.5)
shows that the A-transformation also enters in the special conformal transformation. It
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turns out that invariance of the kinetic terms under these special conformal transforma-
tions restricts k*(¢) further to a so-called exact homothetic Killing vector, i.e.

ko = 0,K, (5.10)

for some function K'(¢). One can show that the restrictions (5.9) and (5.10) are equiva-
lent to
DokP = 9,k + TPl = wi,F . (5.11)

The constant w is identified with the Weyl weight of ¢* and is given by w = (D —
2)/2, i.e. 3/2 in five dimensions. The proof of the necessity of (5.11) can be extracted
from [138], see also [139, 140]. In these papers the conditions for conformal invariance
of a sigma model with either gravity or supersymmetry are investigated. Note that the
condition (5.11) can be formulated independent of a metric. Only an affine connection is
necessary.

For the special case of a zero affine connection, the homothetic Killing vector is given by
k* = wg?® and the transformation rule (5.8) reduces to do(Ap)p® = wadpd®. Note that the
homothetic Killing vector k% = w¢? is indeed exact with K given by

K = ok gapk” . (5.12)

o Finally, all (non-gauge)fields that we will discuss in this thesis are invariant under the
internal special conformal transformations, i.e. 6,¢* = 0.

We next consider the extension to conformal supersymmetry. The parameters of these super-
symmetries define a conformal Killing spinor €'(x) whose defining equation is given by

V€)= 57,7 Ve (x) = 0. (5.13)
In D-dimensional Minkowski space-time this equation implies
9,€'(x) = Syude (x) = 0. (5.14)
The solution to this equation is given by
€(x) =€+ ix'yn, (5.15)

where the (constant) parameters €' correspond to “ordinary” supersymmetry transformations
Q', and the parameters 7' define special conformal supersymmetries generated by S’,. The
conformal transformation (5.3) and the supersymmetries (5.15) do not form a closed algebra.
To obtain closure, one must introduce additional R-symmetry generators. In particular, in the
case of 8 supercharges Q', in D = 5, there is an additional SU(2) R-symmetry with generators
Uij = Uj; (i = 1,2). Thus, the full set of superconformal transformations d¢ is given by:

0c = &Pyt XMy + ApD + NyKy + AVU;j + 180 + i7S . 610

The factors of i in the last two terms appear due to the reality properties, as explained in ap-
pendix A. The full superconformal algebra F2(4) formed by (anti-)commutators between the
(bosonic and fermionic) generators will be given in section 5.2.1.



5.2 Gauging the Superconformal Algebra 67

To construct field representations of the superconformal algebra, one can again apply the
method of induced representations. In this case one must use superfields ®%(x*, ¢,), where a
stands for a collection of internal indices referring to the stability subalgebra of x* = ¢, = 0.
This algebra is isomorphic to the algebra generated by M,,, D, K., U;; and S',.

An additional complication, not encountered in the bosonic case, is that the representation
one obtains is reducible. To obtain an irreducible representation, one must impose constraints
on the superfield. It is at this point that the transformation rules become nonlinear in the fields.
In this chapter we will follow a different approach; instead of working with superfields we will
work with the component “ordinary” fields. The different nonlinear transformation rules are
obtained by imposing the superconformal algebra.

In the supersymmetric case, we must specify the SU(2)-properties of the different fields as
well as the behavior under §-supersymmetry. Concerning the SU(2), we will only encounter
scalars ¢, doublets ¢/ and triplets ¢') whose transformations are given by

5SU(2)(AU)¢ = 0,
Ssu) (A (x) —A (), (5.17)
Ssuay (AN (x) = —2A% M (x).

Note that the scalars of the hypermultiplet will also have an SU(2) transformation despite the
absence of an i index, as we will see in the following chapter in section 6.3.2.

This leaves us with specifying how a given field transforms under the special supersymme-
tries generated by S’ . In superfield language the full S -transformation is given by a combination
of an x-dependent translation in superspace, with parameter €'(x) = ix"y,n', and an internal S -
transformation. This is a perfect analogy to the bosonic case. In terms of component fields, the
same is true. The x-dependent contribution is obtained by making the substitution

€ - ifm (5.18)

in the Q-supersymmetry rules. The internal S -transformations can be deduced by imposing the
superconformal algebra.

5.2 Gauging the Superconformal Algebra

In this section we will construct the Standard Weyl multiplet by using the methods developed
first for N' = 1 in four dimensions [128]. They are based on gauging the conformal superalge-
bra [130] which, in our case, is F>(4). We start by giving the commutation relations defining
the F%(4) algebra. Next we discuss the general method, and then apply this to construct the full
nonlinear Standard Weyl multiplet. For clarity, we have collected the final results in section 5.3.

5.2.1 The D = 5 superconformal algebra F*(4)

Our starting point is the five dimensional superconformal algebra. There exist many varieties
of superconformal algebras when one allows for central charges [141, 142]. However, so far a
suitable superconformal Weyl multiplet has only been constructed from those superconformal



68 Conformal supergravity

algebras' that appear in the Nahm’s classification [144]. In that classification there appears one
exceptional algebra, which is F(4). The particular real form that we need here is denoted by
F?(4), see tables 5 and 6 in [137].

As we saw in section 5.1, the algebra consists of the bosonic generators M, P,, K,, D and
the fermionic generators Q;, and S ;,, where a, b, . .. are Lorentz indices, « is a spinor index and
i =1,21s an SU(2) index. M,;, is the Lorentz generator, P, are the conformal transformations,
K, is the special conformal transformation, D the dilatation, Q;, and S ;, are the supersymmetry
and the special supersymmetry generators, respectively, which are symplectic Majorana spinors,
8 real components in total. Finally, U = U/ are the generators of the SU(2) R-symmetry group.
For more details on the F2(4) algebra and the rigid superconformal transformations, see [137].
The non-trivial (anti)commutation relations of the generators defining the F*(4) algebra are
given by

[Pas Mpc] = nuapPe, (Ko, Mpe] = napKe,
[D’ Pa] = Pav [D’ Ka] = _Kav
|Map. M| = <26 Mp ™, [Pe Kyl = 20wD +2Ma),
[Mab’ Qia] = - i(’}’abQi)w s [Mab’ S ia] = _i(')/ahsi)zy s
[D’ Ql(l] = %Qia ) [D’Sl(l] = _%Sia/v
[Kaa Ql(l] = i (yaSi)a s [Paa Sl(l] = -i (’YaQi)a/ s (519)
{Qim Opj = —%Sij(J’a)aﬁPa , {S i Sjﬁ} = _%gij('ya)ryﬁKa ,
{Qm, Sy = —%i (‘9ijCaBD + (Y apMap + 3Ca,BUij) ,
[Qies Ul = € Qpas [Sie: Ul = €S pas
[ Uij, Ukl] = 26 (i(k Uj)l) ,

where C,p is the charge conjungation matrix, see appendix A. The first six commutation rela-
tions define the bosonic conformal subgroup SO(5, 2).

We give below some of the commutators of the (rigid) superconformal algebra expressed
in terms of commutators of variations of the fields. The commutators between Q- and S -
supersymmetry are given by

[60(e1). 6p(e)] = 6p(3arvua). (5.20)
[6s.60()] = op(3ien)+ou(Liey™n)+ou(-3ie?), (5.21)
[6s (), 0s(m2)] = 51<(%7_727a771)- (5.22)

Note that to verify these commutators one should use not only the internal but the full su-
perconformal transformation rules including the x-dependent translations (5.5) and Q-super-
symmetries (5.18).

!One exception is the ten dimensional Weyl multiplet [143], which is not based on a known algebra.



5.2 Gauging the Superconformal Algebra

69

Generators | P, | My | D | Ko | Ujj | Qai | Sai
Fields e’ wﬁh b, | f° V,ij v, | ¢
Parameters | & | A | Ap | A% | AV | € | 7

Table 5.1: The gauge fields and parameters of the superconformal algebra F2(4).

5.2.2 The gauge fields and their curvatures

The D = 5 conformal supergravity theory is based on the superconformal algebra F2(4) whose
generators are those in table 5.1. As a first step we assign to every generator of the supercon-
formal algebra a gauge field. These gauge fields and the names of the corresponding gauge
parameters are given in table 5.1.

The transformations are generated by operators according to

§=EPy+ A My, + ApD + ALK + AU + 1€Q + 73S . (5.23)
Gauge fields h;‘ in general transform as
6p(e”)y = 0,€" + €h) fzc” (5.24)
where the structure constants fzc” can be read off from the algebra (5.19). We find
de, ' = D& - /l”beﬂ;, - Ape,* + %Ey“l/lﬂ ,
6w, = DT —4g £ — ANCe P liey g, ~Liny Ty,
6by = OuAp =28 fua + 20Geuat i€, + Lidi,
8f4 = DN — A fp + Apf+ %f]yaqﬁﬂ , (5.25)
6‘/;1] - a'uAij _ ZA(i[Vij){ 3 —(l¢/) —(l )
S, = Due+iévad) - iﬂ“bmwﬂ = %AD% - N —ieyan,
6, = Dy — 1A%ywd, + SApd], — N gl — i Ayl + 1 fivae

where D,, is the covariant derivative with respect to dilatations, Lorentz rotations and SU(2)
transformations:

D = 0, + bt + w8,
D" = 8,47 + 2w, ",
DAy = 9% — b Ay + w0, Ay, (5.26)
Z),lei = 66+ be+ a) ya;,e—V ej,
Dﬂ’]i = 6;,7] - -bufl + a) '}’abn - Vy nj -
The corresponding curvatures can be calculated by using the general rule
Ryt =20,hy) + hSh] foc . (5.27)
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The structure constants can again be read off from the (anti)commutator expressions (5.19) and
we obtain the following curvatures (terms proportional to vielbeins are underlined for later use):

R,(P) = 20pe," + 2wy, ey + 2bjen  — 30 Uy »
RyPM) = 20,007 + 20, “wn” + 8, en” + i gy v,
Ry(D) = 201by) = 4fiu“eva=iduiby ,
R,K) = 20pfn" + 2wy, fup = 2biuf — 3By b - (5.28)
Ry (V) = 20,V =2V, 1V P31l
Ry'(Q) = 200 + 50 yally + bty — 2V + 2ivadi,e0°

vai(S) = 28[/1¢i] + %wluabYab(pi] - b[u(pf/] - 2V[/Jij¢v|j - 2i7a‘//lb,fv]a .

Since the transformation laws given above satisfy the F2(4) superalgebra, we have constructed
a gauge theory of F2(4). However, this is not a gauge theory of diffeomorphisms of space-time
yet; this can only be realized if we take the spin connection as a composite field that depends on
the vielbein. So far we have it as an independent field.?

Furthermore, we see that the number of bosonic and fermionic degrees of freedom do not
match. The gauge fields together have 96 + 64 degrees of freedom. Therefore, we can not have
a supersymmetric theory with invertible general coordinate transformations generated by the
square of supersymmetry operations.

5.2.3 Curvature constraints

The solution to the problems described above is well known. In order to convert the P-gauge
transformations into general coordinate transformations and to obtain irreducibility we need to
impose curvature constraints. This will define some gauge fields to be dependent fields.

We will consider the fiinfbein as an invertible field. Then some of the curvatures in (5.28)
are linear in some gauge fields. This is shown by the underlined terms in (5.28). Therefore,
we can impose constraints on these curvatures that are solvable for these gauge fields. Such
constraints are called conventional constraints, and imposing them reduces the Weyl multiplet,
such that we get closer to an irreducible multiplet. The conventional constraints are

R,‘(P)=0 (50),
bRy (M) =0 (25), (5.29)
YR, (Q) =0 (40).
In brackets we denoted the number of restrictions each constraint imposes. These constraints are

similar to those for other Weyl multiplets in four dimensions with N' = 1 [127,130], N' = 2 [145]
or N =4 [146], or in six dimensions for the (1,0) [147] or (2, 0) [148] Weyl multiplets.

2One might think that the field equations can determine the spin connection as a dependent gauge field. This can
indeed be done for the spin connection, but it is not known how to generalize this for the gauge fields of special
(super)conformal symmetries, which we also want to be dependent gauge fields.
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Field | # Gauge SU®R) w || Field | # Gauge SUQ2) w

Elementary gauge fields Dependent gauge fields

e | 9 P 1 -1 - M@ 10

b, 0 D 1 0 Lt - K 1 1
v |12 SU(2) 30

v, |24 o, 2 3| 4 |- Se 20 3

Dilaton Weyl multiplet Standard Weyl multiplet

By | 6 6By, =201,A 1 0 || Twr | 10 1 1
A, 4 0A, = d,A 1 0

o 1 1 1 D 1 1 2

Y| 8 2 20 X |8 2 3

Table 5.2: Fields of the Weyl multiplets, and their roles. The upper half contains the fields that
are present in all versions. They are the gauge fields of the superconformal algebra (see section
5.2). The fields at the right-hand side of the upper half are dependent fields. The symbol #
indicates the off-shell degrees of freedom. The lower half contains the extra matter fields that
appear in the two versions of the Weyl multiplet. In the left half we have those of the Dilaton
Weyl multiplet, and at the right those of the Standard Weyl multiplet. We also indicated the
(generalized) gauge-symmetries of the fields A, and B,,.

5.2.4 Adding matter fields

After imposing the constraints we are left with 21 bosonic and 24 fermionic degrees of freedom.
The independent fields are those in the upper left part of table 5.2. In order to get matching
bosonic and fermionic degrees of freedom, we have to introduce extra matter fields in the mul-
tiplet, to obtain the full Weyl multiplet. There turns out to be two possibilities for a D = 5 Weyl
multiplet, each with 32 + 32 degrees of freedom. The auxiliary fields (A,, By, 0, ") lead to the
Dilaton Weyl multiplet, whereas the set (T, D, x*) leads to the Standard Weyl multiplet. The
latter type is the Weyl multiplet one would expect when comparing to four and six dimensional
theories with eight supercharges. Furthermore, since both Weyl multiplets are related by field
redefinitions [131] we will restrict ourselves to the Standard Weyl multiplet from now on.

Modified constraints. The extra matter fields will change the transformations of the gauge
fields. In fact, for the transformation of a general gauge field hfl we will have (apart from the
general coordinate transformations):

6, €N, = 0, + €' fu)' + €M, (5.30)
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where we use the index [ to denote all gauge transformations apart from general coordinate
transformations, and an index A includes the translations.

The last term depends on the matter fields, and its explicit form has to be determined below.
But also the second term has contributions from matter fields. This is due to the fact that the
structure ‘functions’ of the final algebra f;,X are modified from those of the F(4) algebra which
was used for (5.25). These extra terms also lead to modified curvatures

Ru' = 20yh" + hPhA fag' = 2k My, (5.31)

The commutator of two supersymmetry-transformations will also change. In particular we
will find transformations with field-dependent parameters. They can be conveniently written as
so-called covariant general coordinate transformations, which are defined as

Seger(€) = Oger(é) — 51(E Ry, (5.32)

namely a combination of general coordinate transformations and all the other transformations
whose parameter €’ is replaced by &h,,’.
Note that the curvature modifications also lead to modified curvature constraints:*

R,(P)=0, "Ry (M) =0, YR'(0) = 0. (5.33)

In general one can add extra terms to the constraints (5.33), which just amount to redefinitions
of the composite fields. By choosing suitable terms simplifications were obtained in four and
six dimensions. In this case one could e.g. add a term T, T"“ to the second constraint rendering
all the constraints invariant under S -supersymmetry, but in five dimensions this turns out to be
impossible. Therefore we keep the constraints as written above.

Due to these constraints the fields wﬂ"b , f.“ and qﬁL are no longer independent, but can be
expressed in terms of the other fields. In order to write down the explicit solutions of these
constraints, it is useful to extract the terms which have been underlined in (5.28). We define R’
as the curvatures without these terms. Formally,

R, =Ry +2hle, fu. (5.34)

where f,;! are the structure constants in the F2(4) algebra that define commutators of translations
with other gauge transformations. Then the solutions to the constraints are

wzb — 2ev[aa[ﬂev]b] _ ev[aeb](re'ucaveo_o " 2eﬂ [abb] _ %(Z[bya] wﬂ _ ilpbyﬂwa ,
¢ = i - 3ny™R,Q), (5.35)
S = %Rﬂa - ﬁeﬂ“R, Ry = Eﬂpab(M)eﬂpeV” ’ R=R/.

The constraints imply further relations between the curvatures through Bianchi identities.

3Note that the third constraint implies that ymVEp(rJi(Q) =0.
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Modified transformation rules. To obtain all the extra transformations one imposes the su-
perconformal algebra, but at the same time allowing modifications of the algebra by field-
dependent quantities. The techniques are the same as already used in four and six dimensions
in [145,146], and were described in detail in [147].

For the fields in the upper left corner of table 5.2, we now have to specify the extra parts M
in (5.30). This will in fact only apply to Q-supersymmetry. The other transformations are as in
(5.25). The full supersymmetry transformations of these fields are

doe," = %a’a‘pﬂ’

(5Qz,bL = Dﬂei+i)/-Tyﬂei,

sVl = 3idlg) + iely Tyl + 4yn?, (5.36)
Sob, = %i&d, —2&yux.

where D, is given in (5.27).
The modification M in (5.30) is the last term of the transformations of z//fl, VL’ and b,. The

second term in the transformation of VLj on the other hand is due to the fact that the structure
constants have become structure functions, and in particular there appears a new T-dependent
SU(2) transformation in the anti-commutator of two supersymmetries. We will give the full new
algebra in section 5.3.

The transformation rules for the matter fields of the Standard Weyl multiplet are as follows
(Q and § supersymmetry)

5Tab = % 1 E’)’ab)( - 3% i EEab(Q) 5
' = YeD-Ly RI(V)e+ iy DT e — Liy D Tope
_i'yadeTachdEi + %Tzfi + %ry . TT]l R (5.37)

6D = ey -3iey-Ty- iijy.

There are no explicit gauge fields here, as should be the case for ‘matter’, i.e. non-gauge fields.
These are all hidden in the covariant derivatives and covariant curvatures. The covariant deriva-
tive for any matter field @ is given by the rule

D@ = € (3 — 6:(h,)) @ (5.38)

The last term represents a sum over all transformations except general coordinate transforma-
tions, with parameters replaced by the corresponding gauge fields. In practice, the Lorentz
transformations and SU(2) transformations follow directly from the index structure and lead
to additions similar to those in (5.27). For the Weyl transformations there is a term —w b, ®,
where w is the Weyl weight of the field that can be found in table 5.2, and then there remain the
terms for Q and S supersymmetry. There are no K transformations for any matter field in five
dimensions.
The covariant curvatures in (5.37) are given by the general rule (5.31), e.g.

Ry(Q) = R, (Q+2iy Ty,
RyIV) = RV =8Ul v - iy - Tw) (5.39)
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where R,,'(Q) and R,, (V) are those given in (5.28). Given the transformation rules in (5.36)
and (5.37), we could calculate the transformations of the dependent fields. Their transforma-
tion rules are now determined by their definition due to the constraints. An equivalent way
of expressing this is that their transformation rules are modified w.r.t. (5.25) due to the non-
invariance of the constraints under these transformations. We have chosen the constraints to
be invariant under all bosonic symmetries without modifications. Therefore, only the Q- and
S -supersymmetries of the dependent fields are modified to get invariant constraints.

This finishes our discussion of the Standard Weyl multiplet. The final results for this multi-
plet have been collected in section 5.3.

5.3 Results for the Weyl multiplet

In this section we collect the essential results of the previous sections, and give the supersym-
metry algebra, which is modified by field-dependent terms. The transformation under dilatation
is for each field 6p® = wAp®, where the Weyl weight w can be found in table 5.2. The Lorentz,
and SU(2) transformations are evident from the index structure, and our normalizations can be
found in (5.25).

5.3.1 The Standard Weyl multiplet

The Q- and S -supersymmetry and K-transformation rules for the independent fields of the Stan-
dard Weyl multiplet are

de, ! = %Ey”w” ,
oy, = Due+iy-Tye — iy,
sV, = —3iely) + 4ely D + ity - Tyl + ity
6Ta = Lieywy - SieRws(Q),
o' = 1eD-Ly RIV)e+ L iy DTue - Liy' D Tue (5.40)

_%yadeTachdEi + %Tzei + %7 ' TTII P
6D = &ly-3iey-Ty- iy,
6b, = LYiep, —2&yx+ 3im, +2Ak,.
The covariant derivative D, is given in (5.27). For other covariant derivatives, see the general

rule (5.38), with more explanation below that equation. The covariant curvatures E(Q) and ﬁ(V)
are given explicitly in (5.39). The expressions for the dependent fields are given in (5.35), where
the prime indicates the omission of the underlined terms in (5.28).

5.3.2 Modified superconformal algebra

The original algebra given in (5.19) is no longer satisfied on the Weyl multiplet; the algebra
closes up to matter field modifications. These modifications can be written as superconformal
transformations, with field dependent parameters. The algebra realized on the Weyl multiplet
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therefore is also called a ‘soft’ algebra. This is also the algebra that all matter multiplets will

have to satisfy, apart from possible additional transformations under which the fields of the Weyl

multiplet do not transform, and possibly field equations if these matter multiplets are on-shell.
The full commutator of two supersymmetry transformations is given by

[60(€),0p()] = eger@) + 6p(A5") + 85 (3) + Su(AY) + 5k (A%s) . (5.41)

Note that the Dilaton Weyl multiplet also gives rise to field dependent gauge transformations,
which have been omitted here. The covariant general coordinate transformations have been
defined in (5.32). The parameters appearing in (5.41) are

é:/; = %627;461 s
= —igy-Ta,
A= idy 1€,
n = -%ieeax +1iayveayy
+11 &y (¥ + 1R4Q) (5.42)
Ay = —lay'e D+ LEy ™ elRy(V)

+ﬁ & (—SyathDchd + 9DbTha) €1
+& (V" ToeTae = 4y TeaT* + 37T 1.

For the 0, S commutators we find the following algebra:

[65(0. 6p(e)] = dp(3i@n +Sm(3iey™m +ou(=31&n") + 5k (NS,
[6s(m),6s(m)] = Sk (57ay'm). (5.43)
with
Asx = t&(y - Tya = Syay - T)n. (5.44)

This concludes our description of the Standard Weyl multiplet.

In this chapter we have taken the first step in the superconformal tensor calculus by con-
structing the Standard Weyl multiplet for N = 2 conformal supergravity theory in five dimen-
sions. We explained how the Weyl multiplet could be obtained by gauging the superconformal
algebra F?(4). The results of this chapter will be our starting point for the construction of general
supergravity/matter couplings in five dimensions.
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Chapter 6

Matter-couplings of conformal
supergravity

6.1 Introduction

In the previous chapter the first step in the conformal program has been performed by construct-
ing the Standard Weyl multiplet of N' = 2 conformal supergravity in five dimensions. We will
now take the next step in the program and introduce the different D = 5 matter multiplets with
eight conformal supersymmetries together with the corresponding actions (when they exist).
Apart from reasons given before, there is a rather different, more general, motivation of why
the D = 5 matter-coupled supergravities are interesting to study. The reason is that they belong
to the class of theories with eight supersymmetries [149]. Such theories are especially interest-
ing since the geometry, determined by the kinetic terms of the scalars, contains undetermined
functions. Theories with thirty-two supersymmetries have no matter multiplets while the geom-
etry of those with sixteen supersymmetries is completely determined by the number of matter
multiplets. Of course, theories with four supersymmetries allow for more general geometries.
The restricted class of geometries, in the case of eight supersymmetries, makes these theories
especially interesting and manageable. For instance, the work of Seiberg and Witten [150, 151]
heavily relies on the presence of eight supersymmetries. Theories with eight supersymmetries
are thus the maximally supersymmetric theories that, on the one hand, are not completely deter-
mined by the number of matter multiplets in the model and, on the other hand, allow arbitrary
functions in their definition, i.e. continuous deformations of the metric of the manifolds.

The geometry related to supersymmetric theories with eight real supercharges is called ‘spe-
cial geometry’. Special geometry was first found in [152, 153] for local supersymmetry and
in [154, 155] for rigid supersymmetry. It occurs in Calabi-Yau compactifications of type II su-
perstrings as the moduli space of these manifolds [156-161].

In the following sections we will introduce the relevant basic superconformal matter mul-
tiplets: the vector-tensor multiplet and the hypermultiplet. We will start by discussing them in
a rigid superconformal context, at which level we already find all the interesting geometry. A
local superconformal extension will be given in the last section.
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Field | SUR2) w #d.of
I
A " 1 0 4n
Yyl 3 2 3n
ol 1 1 1n
Wi 2 3/2 8n

Table 6.1: The off-shell non-Abelian vector multiplet, where n labels the number of vector mul-
tiplets.

6.2 The vector-tensor multiplet

In this section, we will discuss superconformal vector multiplets that transform in arbitrary
representations of the gauge group. From work on N = 2, D = 5 Poincaré matter couplings [73]
it is known that vector multiplets transforming in representations other than the adjoint have
to be dualized to tensor fields. We define a vector-tensor multiplet to be a vector multiplet
transforming in a reducible representation that contains the adjoint representation as well as
another, arbitrary representation.

We will show that the analysis of [73] can be extended to superconformal vector multiplets.
In doing this we will generalize the gauge transformations for the tensor fields [73] by allow-
ing them to transform into the field-strengths for the adjoint gauge fields. These more general
gauge transformations are consistent with supersymmetry, even after breaking the conformal
symmetry.

The vector-tensor multiplet contains a priori an arbitrary number of tensor fields. The re-
striction to an even number of tensor fields is not imposed by the closure of the algebra. If
one demands that the field equations do not contain tachyonic modes, an even number is re-
quired [68]. Closely related to this is the fact that one can only construct an action for an even
number of tensor multiplets. But supersymmetry without an action allows the more general
possibility. Note that these main results are independent of the use of superconformal or super-
Poincaré algebras.

6.2.1 Adjoint representation

We will start with giving the transformation rules for a vector multiplet in the adjoint represen-
tation [133]. An off-shell vector multiplet has 8 + 8 real degrees of freedom whose SU(2) labels
and Weyl weights we have indicated in table 6.1.

The gauge transformations that we consider satisfy the commutation relations (I = 1,...,n)

|[66(AD), 66(AD)] = a(A), A = gAIALfS. ©6.1)

The gauge fields Af, (u=0,1,...,4) and general matter fields of the vector multiplet as e.g. X’
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transform under gauge transformations with parameters A’ according to
6c(ANA] = 0,A" + gAlfik' N* . Sa(ADX = —gN [ XK, (6.2)

where g is the coupling constant of the gauge group G. The expression for the gauge-covariant
derivative of X! and the field-strengths are given by

DX =9, X" +gAlfi' XY, Fl, =20,,A], +gfix' AJAL . (6.3)
The field-strength satisfies the Bianchi identity
DyFyy =0. (6.4)

The rigid Q- and S -supersymmetry transformation rules for the off-shell Yang-Mills multiplet
are given by [133]

SAL = feyu,
SYUl = —%E(i@lﬁj)l _ %igé(ifmlcrjlﬁm( + %i,—?(iwm ,
sl = Lty Flé -Llipold - Yile+ oy, (6.5)
sl = Liey!.
2

The commutator of two Q-supersymmetry transformations yields a translation with an extra
G-transformation

[6(e1). 6(e)] = 6p (3&yua) + 66 (- io@ea). (6.6)

Note that even though we are considering rigid superconformal symmetry, the algebra (6.6)
contains a field-dependent term on the right-hand side. Such soft terms are commonplace in
local superconformal symmetry but here they already appear at the rigid level. In Hamiltonian
language, it means that the algebra is satisfied modulo constraints.

6.2.2 Reducible representation

Starting from n vector multiplets we now wish to consider a more general set of fields WZV =
1,...,n+m). Wewrite?-(lfv = {Ffl BMywith = (LMY =1,...,m;M =n+1,...n+m). The

vs Puy
first part of these fields corresponds to the generators in the adjoint representation. These are
the fields that we used in subsection 6.2.1. The other fields form a tensor multiplet which may
transform in an arbitrary, possibly reducible, representation. Properties of the tensor multiplet

fields are given in table 6.2. The representation matrix can be written as

(1)K = ((tl)lK (l1)JN) { I,J,K l,...,n
7= ,

tu®™  anu® MN = n+l,....,n+m.

6.7)

It is understood that the (#;),% are in the adjoint representation, i.e.

"~ = fi~. (6.8)
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Field | SUQ2) w #dof.

B% 1 0 3m
oM |1 1 Im

P 2 32 4m

Table 6.2: The on-shell tensor multiplet, where m labels the number of tensor multiplets.

If m # 0, then the representation (t,)JJ( is reducible. We will see that this representation can
be more general than assumed so far in treatments of vector-tensor multiplet couplings. The
requirement that m is even will only appear when we demand the existence of an action in
section 6.4.2, or if we require absence of tachyonic modes. The matrices ¢#; satisfy commutation
relations o o B

)] = —fite, o 5"t — Rt = — Nty (6.9)

If the index L is a vector index, then this relation is satisfied using the matrices as in (6.8).
Requiring the closure of the superconformal algebra, we find Q- and S -supersymmetry trans-
formation rules for the vector-tensor multiplet and a set of constraints. The transformations are

T _ T, : = 1 _J,K | := T
57-%, = —&yDyy + 1g&Ymit gy oW + 1y’
ijl 1 =G Dl 1 =G T I\ T, DK | 1:=(, )l
sy = —JE Dy - gige! (tlf'K] _3’(170’)‘7 S LN
syl = —%y SHE - %iﬂ)o-lei - Yij’ej + %gt(]—,g)loJ(rKei +oly, (6.10)
s’ = lieg.

The curly derivatives denote gauge-covariant derivatives as in (6.3) with the replacement of
structure constants by general matrices 7; according to (6.8). We have extended the range of the
generators from [ to [ in order to simplify the transformation rules with the understanding that

)X =0. (6.11)

We find that the supersymmetry algebra (6.6) is satisfied provided the representation matrices
are restricted to

i5x =0, (6.12)
and provided the following two constraints on the fields are imposed:
7 = ] (m’yiﬂf -1 ilzijl,ij) -0, (6.13)
1 3 T T T ()'—~ .77 oo K
Epa = S DuHo” = ot ((H?{P Ky Ligly M) ~0. 6.14)

For I = I, the constraint (6.14) reduces to the Bianchi identity (6.4). The tensor F Lv can therefore
be seen as the curl of a gauge vector A;Iu Moreover, the constraint (6.13) is trivially satisfied for
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I = 1. We conclude that the fields with indices 7 = I form an off-shell vector multiplet in the
adjoint representation of the gauge group.

On the other hand, when I = M, the constraint (6.14) does not permit the fields Bﬁ{, to be
written as the curl of a gauge field and they should be seen as independent tensor fields. Instead,
the constraint (6.14) is a massive self-duality condition that puts the tensors BL”V on-shell. The
constraint (6.13) implicitly allows us to eliminate the fields Y/* altogether. The general vector-
tensor multiplet can then be interpreted as a set of m on-shell tensor multiplets in the background
of n off-shell vector multiplets.

Using (6.12) we have reduced the representation matrices #; to the following block-upper-

triangular form:
_ K (4N
(i)~ = (f’é ((;:));N) 6.15)

In [73] it is mentioned that, “since terms of the form BM A F! A A’ appear to be impossible to
supersymmetrize in a gauge invariant way (except possibly in very special cases) we shall also
assume that Cyy; = 0”. This corresponds, as we will see in section 6.4.2, to the assumption that
the representation is completely reducible, i.e. #; N=0, meaning that gauge transformations do
not mix the pure Yang-Mills field-strengths and the tensor fields. However, we find that off-
diagonal generators are allowed, both when requiring closure of the superconformal algebra and
when writing down an action. We thus allow reducible, but not necessarily completely reducible
representations. _

The constraints (6.13) and (6.14), with I = M, do not yet form a supersymmetric set; succes-
sive variations under S -supersymmetry and Q-supersymmetry lead to the equations of motion
for the spinors ¢/ and scalars o/ [86]. Although this procedure generates a set of constraints,
transforming to each other under Q- and S -supersymmetry, they do not seem to form a multiplet
by themselves. That is, the algebra is not realized on this set of transformation rules.

6.3 The hypermultiplet

In this subsection, we discuss hypermultiplets in five dimensions. As for the tensor multiplets,
there is in general no known off-shell formulation with a finite number of auxiliary fields.!
Therefore, the supersymmetry algebra already leads to the equations of motion.

A single hypermultiplet contains four real scalars and two spinors subject to the symplectic
Majorana reality condition. For r hypermultiplets, we introduce real scalars ¢*(x), with X =
1,...,4r, and spinors Z4(x) with A = 1,...,2r. The properties of the hypermultiplet fields are
given in table 6.3. To formulate the symplectic Majorana condition, we introduce two matrices
pAB and Eij, with

pp* = —]12, . EE* = —]].2 . (616)

This defines symplectic Majorana conditions for the fermions and supersymmetry transforma-
tion parameters [163]:

aCyolPps = (¢1).  aCnelEf = (€) . (6.17)

! An off-shell tensor-formulation can be constructed by extending the algebra with central charges [162]. A similar
procedure could also possibly be used to obtain an off-shell hypermultiplet.
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Field | SU2) w #d.of
q~ 2 3/2 4r
oA 1 2 4r

Table 6.3: The on-shell hypermultiplet, where r labels the number of hypermultiplets.

where C is the charge conjugation matrix, and « is an irrelevant number of modulus 1. We can
always adopt the basis where E;/ = &;;, and will further restrict to that.

The scalar fields are interpreted as coordinates of some target space, and requiring the on-
shell closure of the superconformal algebra imposes certain conditions on the target space, which
we derive below. Superconformal hypermultiplets in four space-time dimensions were discussed
in [164]; our discussion is somehow similar, but we extend it to the case where an action is not
needed, in the spirit explained in [149].

6.3.1 Rigid supersymmetry

We will show how the closure of the supersymmetry transformation laws leads to a ‘hypercom-
plex manifold’. The closure of the algebra on the bosons leads to the defining equations for this
geometry, whereas the closure of the algebra on the fermions and its further consistency leads
to equations of motion in this geometry, independent of an action.

The rigid supersymmetry transformations for the hypermultiplet are given by

—i€fL
Lidd fie - (Pwxs™(6(e)g”), (6.18)

s(e)q*
s(e)

where the functions f2(q), fi*(¢) and wxg"(g) satisfy reality properties consistent with reality
of ¢¥ and the symplectic Majorana conditions, e.g.

() = oeimn' o) = ons), " ©19

A priori the functions 3} and f)"(A are independent, but the commutator of two supersymmetries
on the scalars only gives a translation if one imposes

Y S
DYfig ani)zg - wYBAfiﬁ + rzyxfii =0, (6.20)

where I'xy? is some object, symmetric in the lower indices. This means that flﬁ can be inter-
preted as vielbeins on the hyperscalar manifold, i.e. if and f)"{‘ are each others inverse and are
covariantly constant with connections I" and w. It also implies that p is covariantly constant.
The conditions (6.20) encode all the constraints on the target space that follow from imposing
the supersymmetry algebra. Below, we show that there are no further geometrical constraints
coming from the fermion commutator; instead this commutator defines the equations of motion
for the on-shell hypermultiplet.
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Reparametrizations

The supersymmetry transformation rules (6.18) are covariant with respect to two kinds of repa-
rametrizations. The first ones are the target space diffeomorphisms, g — g% (g), under which
fiﬁ transforms as a vector, wx4® as a one-form, and 'yyZ as a connection. The second set are
the reparametrizations which act on the tangent space indices A, B, ... On the fermions, they act
as _

- Mg = USQ), (6.21)

where U(g)4? is any invertible matrix. In general, such a transformation brings us into a ba-
sis where the fermions depend on the scalars ¢*. In this sense, the hypermultiplet is written
in a special basis where ¢* and /* are independent fields. The supersymmetry transformation
rules (6.18) are covariant under (6.21) if we transform f)"(A(q) as a vector and wy4® as a connec-
tion,

wxa® = Dxa? = [OxUHU + U wxU14E. (6.22)

These considerations lead us to define the covariant variation of the fermions:
60 =604 + Py’ 5q” (6.23)

for any transformation ¢ (supersymmetry, conformal transformations,...). Two models related
by either target space diffeomorphisms or fermion reparametrizations of the form (6.21) are
equivalent; they are different coordinate descriptions of the same system. Thus, in a covariant
formalism, the fermions can be functions of the scalars. However, the expression 6X§A only
makes sense if one compares different bases. But in the same way also, the expression £ 2wyp?
only makes sense if one compares different bases, as the connection has no absolute value. The
only covariant object is the covariant derivative

Dyt = 0xd + Py’ (6.24)

We will frequently use the covariant transformations (6.23). It can similarly be used on target-
space vectors or tensors. E.g. for a quantity AX:

SAX = 6AY + AT,y 647 . (6.25)

Geometry

The geometry of the target space is that of a hypercomplex manifold. It is a weakened version of
hyperkéhler geometry where no hermitian covariantly constant metric is defined. We refer the
reader to appendix C for an introduction to these manifolds, references and the mathematical
context in which they can be situated.
The crucial ingredient is a triplet of complex structures, the hypercomplex structure, defined
as
Jox" = =i RO fy - (6.26)

Using (6.20), they are covariantly constant and satisfy the quaternion algebra

J(YJﬁ — _]14r6(1/ﬁ + 8(1/[3)/]7 . (627)
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At some places we also use a doublet notation, for which
I =100 (00 = 2 fh - slel (6.28)

The same transition between doublet and triplet notation is also used for other SU(2)-valued
quantities.

The holonomy group of such a space is contained in G£(r, H) = SU*(2r)xU(1), the group
of transformations acting on the A, B-indices. This follows from the integrability conditions
on the covariantly constant vielbeins f, which relates the curvatures of the wyx4? and I'yy?
connections (see appendix C.2 for conventions on the curvatures),

Ryyz" = Y PRy, 5; Rxvs” = fi f,ZB Ryyz", (6.29)

such that the Riemann curvature only lies in G{(r, H). Moreover, from the cyclicity properties
of the Riemann tensor, it follows that

X ¥ A_ 1 A
feifipRxvs” = —3&i;Weps”

Weps” = fX foRxvs™ = L1 fnfafy Ravz" . (6.30)

where W is symmetric in all its three lower indices. For a more detailed discussion on hyper-
complex manifolds and their curvature relations, we refer to appendix C. There we show that,
in contrast with hyperkihler manifolds, hypercomplex manifolds are not necessarily Ricci flat;
instead, the Ricci tensor is antisymmetric and defines a closed two-form.

So far we have only used the commutator of supersymmetry on the hyperscalars, and this
led us to the geometry of hypercomplex manifolds. Before continuing, we want to see what
the independent objects are that determine the theory, and what the independent constraints
are. We start in the supersymmetric theory from the vielbeins f;{‘. They have to be real in the
sense of (6.19) and invertible. With these vielbeins, we can construct the complex structures as
in (6.26). In the developments above, the only remaining independent equation is the covariant
constancy of the vielbein in (6.20). This equation contains the affine connection I'yy? and the
G{(r, H)-connection wx4 2. These two objects can be determined from the vielbeins if and only
if the (‘diagonal’) Nijenhuis tensor (C.24) vanishes. Indeed, for vanishing Nijenhuis tensor, the
‘Obata’-connection [165]

Tyy” = _é (ZG(XJ‘Iy)W n S{YBYJ'B(XU6|U\J7Y)W) I, (6.31)

leads to covariantly constant complex structures. Moreover, one can show that any torsionless
connection that leaves the complex structures invariant is equal to this Obata connection (similar
to the fact that a connection that leaves a metric invariant is the Levi-Civita connection). With
this connection one can then construct the G£(r, H)-connection

wxa® = 317 (Oxfh + TX2fL) - (6.32)

such that the vielbeins are covariantly constant.
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Dynamics

Now we consider the commutator of supersymmetry on the fermions, which will determine the
equations of motion for the hypermultiplets. Using (6.20), (6.29) and (6.30), we compute the
supersymmetry commutator on the fermions, and find

[6(er), (&)1 = 18,046y e + iT&€ — Ly T &y e . (6.33)

On-shell closure of the algebra on the fermion requires the last two terms to vanish. The I'* are
therefore called non-closure functions, and define the equations of motion for the fermions,

I =Dt + IWepp' 2P =0, (6.34)
where we have introduced the covariant derivative with respect to the transformations (6.23)
D, = 0,8 + (0,65 Pwxp™ . (6.35)

By varying the fermion equation of motion under supersymmetry, we derive the correspond-
ing equations of motion for the scalar fields:

Sert = Li fileaX, (6.36)

where
A* = og" - 128y,0P0°q" £i€ fAWaep® — 1Dy Waen ZELPLCCB R £ (6.37)
and the covariant Laplacian is given by

0q" = 0a0°q" + (0aq") (6°¢”) Tv*. (6.38)

In conclusion, the supersymmetry algebra imposes the hypercomplex constraints (6.20) and
the equations of motion (6.34) and (6.37). These form a multiplet, as (6.36) has the counterpart

SN = — &P X + 21 TP FERY ven (6.39)

where the covariant derivative of I'* is defined similar to (6.35). In the following, we will
derive further constraints on the target space geometry from requiring the presence of conformal
symmetry.

6.3.2 Superconformal symmetry

Now we define transformation rules for the hypermultiplet under the full (rigid) superconfor-
mal group. The scalars do not transform under special conformal transformations and special
supersymmetry, but under dilatations and SU(2) transformations, we parametrize

Sp(Ap)g* = Apk¥(g),
Ssua(A)Ng" = AKi(q), (6.40)

for some unknown functions k*(g) and kX(¢).
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To derive the appropriate transformation rules for the fermions, we first note that the hy-
perinos should be invariant under special conformal symmetry. This is due to the fact that this
symmetry changes the Weyl weight with one. The special supersymmetry transformation of /4
can be read off from the [K, Q]-commutator, giving rise to

Ss (e = =k i (6.41)

Realizing the commutator of regular and special supersymmetry (5.21) on the scalars, we deter-
mine the expression for the generator of SU(2) transformations in terms of the dilatations and
complex structures,

R A e S s LT A (6.42)

Realizing (5.21) on the hyperinos, we determine the covariant variations
oplt =2ApL" . Ssupdt =0, (6.43)
and furthermore the commutator (5.21) only closes if we impose
DykX = 36y, (6.44)

which also implies
Dy = 12U K. (6.45)

Note that (6.44) is imposed by supersymmetry. In a more usual derivation, where one considers
symmetries of the Lagrangian, we would find this constraint by imposing dilatation invariance
of the action, see (5.11). Our result, though, does not require the existence of an action. The
relations (6.44) and (6.42) further restrict the geometry of the target space, and it is easy to
derive that the Riemann tensor has four zero eigenvectors,

KRyyzV =0, kX Ryy," = 0. (6.46)

Also, under dilatations and SU(2) transformations, the hypercomplex structure is scale invariant
and rotated into itself,

Ap (kzaz.]axy - 8ZkyJ"XZ + 8kaJ(IZy) = 0,
NP (K200 kY = 07k Jox% + 0xkP2 17" ) = —eP'NP Y (6.47)
All properties derived above are similar to those derived from superconformal hypermulti-

plets in four space-time dimensions [164, 166]. There, the Sp(1) X G¢(r, H) sections, or simply,
hypercomplex sections, were introduced

AiB(q) = kX )i(B , (AiB)* — AjCEjipCB , (648)

which allow for a coordinate independent description of the target space. This means that all

equations and transformation rules for the sections can be written without the occurrence of the
X

q* fields.
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6.3.3 Symmetries

We now assume the action of a symmetry group on the hypermultiplet. We have no action, but
the ‘symmetry’ operation should leave invariant the set of equations of motion. The symmetry
algebra must commute with the supersymmetry algebra (and later with the full superconformal
algebra). This leads to hypermultiplet couplings to a non-Abelian gauge group G. The symme-
tries are parametrized by

Soq* = —gAGk (q),
6l = —gAGut(@lP. (6.49)

The vectors k;‘ depend on the scalars and generate the algebra of G with structure constants f; Tad
kiydyvkiyy = =5 fis" k- (6.50)

The commutator of two gauge transformations (6.1) on the fermions requires the following
constraint on the field-dependent matrices #;(q),

[t 718" = —fi,5txp™ - Zkﬁ‘bxlmBA + kK Ry ™ (6.51)

Requiring the gauge transformations to commute with supersymmetry leads to further relations
between the quantities k) and t;5%, allowing us to determine #;(g) in terms of the vielbeins f)i(A
and the vectors ky

tia® = 1Ok 12 (6.52)

if the vectors kf satisfy the constraint
VP Dk = 0. (6.53)

Equation (6.53) can be expressed as the vanishing of the commutator of D ykf with the complex
structures:?
(D)) Jv* = J°x" (Drk]) (6.54)

which is equivalent to the vanishing of the Lie derivative of the complex structure in the direction
of the vector k;
(L, IOy ¥ =kF0,0 Y — 07k} I % + oxki Y = 0. (6.55)

According to part C.5 of the appendix, this means that (6.55) is a special case of the statement
that the vector k; normalizes the hypercomplex structures. The vanishing of this Lie derivative,
or (6.53), is expressed by saying that the gauge transformations act triholomorphic. Thus, it
says that all the symmetries are embedded in G{(r, H).

Vanishing of the gauge-supersymmetry commutator on the fermions requires

Oytia® = k' Ryxa®. (6.56)
Using (6.52) this implies a new constraint,

DxDyk? = Rxwy’k) . (6.57)

2This can be seen directly from lemma C.2.2 in appendix C.
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Note that this equation is in general true for any Killing vector of a metric. As we have no
metric here, we could not rely on this fact, but here the algebra imposes this equation. It turns
out that (6.53) and (6.57) are sufficient for the full commutator algebra to hold.

A further identity can be derived: substituting (6.56) into (6.51) one gets

[, 118" = = f1/ 5tk = KK Ry . (6.58)

The group of gauge symmetries should also commute with the superconformal algebra, in
particular with dilatations and SU(2) transformations. This leads to

K'oyk) = 3kF, k" Dyk) = Lky I N, (6.59)

coming from the scalars, and there are no new constraints from the fermions or from other
commutators. Since byk;( commutes with J%y¥, the second equation in (6.59) is a consequence
of the first one.

In the above analysis, we have taken the parameters A’ to be constants. In the following, we
also allow for local gauge transformations. The gauge coupling is done by introducing vector
multiplets and defining the covariant derivatives

Dﬂqx
D"

8ﬂqx + gALkX ,
Ol + 0,q  wxs (P + gAl s " (6.60)

The commutator of two supersymmetries should now also contain a local gauge transformation,
in the same way as for the multiplets of the previous sections, see (6.6). This requires an extra
term in the supersymmetry transformation law of the fermion,

SOt = Livg fite + Lgo kf fire' . (6.61)

With this additional term, the commutator on the scalars closes, whereas on the fermions, it
determines the equations of motion

I = D + IWpep?Z€LPLP - gLk fow + 180 1) = 0, (6.62)

with the same conventions as in (6.33).
Acting on I'* with supersymmetry determines the equation of motion for the scalars

A = 0" - 32D K fWaen® = iy Waen TP EPL L 1
—g (2107 ug’ £y - K I ¥T) + g0l o Dyk K (6.63)

The first line is the same as in (6.37), the second line contains the corrections due to the gauging.
The gauge-covariant Laplacian is here given by

0q~ = 0,94 + gD.q" Oykf A + D,q" DTS, . (6.64)

The equations of motions I'* and AX still satisfy the same algebra with (6.36) and (6.39).
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6.4 Rigid superconformal actions

In this section, we will present rigid superconformal actions for the multiplets discussed in the
previous section. We will see that demanding the existence of an action is more restrictive than
only considering equations of motion. For the different multiplets, we find that new geometric
objects have to be introduced.

6.4.1 Vector multiplet action

The rigid superconformal invariant action describing n vector multiplets was obtained from
tensor calculus using an intermediate linear multiplet in [167]. The Abelian part can be obtained
by just taking the cubic action of the improved vector multiplet as given in [131], adding indices
1, J, K on the fields and multiplying with the symmetric tensor C;,g. For the non-Abelian case,
we need conditions expressing the gauge invariance of this tensor:

fis"Cryp =0. (6.65)

Moreover one has to add a few more terms, e.g. to complete the Chern—Simons term to its
non-Abelian form. This leads to the action

Liecior = [(—iFIIIVFﬂVJ - %&Iﬂ)wj — %DaO—IDH(TJ + YinYz‘jJ) K

— e VoAl (FLFE + LelA, A FE, + 5214, A1 1A, A 1F)
- §idly - FlS = Lig" Y + Ligdtytel o fn®|Cux (6.66)

The equations of motion for the fields of the vector multiplet following from the action (6.66)
are

0=L;f=¢;=E‘;=N, (6.67)
where we have defined

Lllj = CIJK (ZO'JYin — %ilZ/ijll/jK),

¢ = Cux(i/Du™ + 1@ W™ + YMyf — by FyiK)
- gCxfin* o’ oty

Eq = Cux|D (0 Fod® + 107 v0at") = toapeacF" F*¥| (6.68)
— 38C kL fin’ Uy - gCoxn fir) oK T Do

Ny = Cug (OJEIO'K + %D“OJZ)(,O'K - %Fij“bK - %&Jﬂ)wl( + YijJYin)

+2igCrx fn" oty .

These equations themselves transform as a linear multiplet in the adjoint representation of the
gauge group for which the transformation rules have been given in appendix A of [86].
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6.4.2 The vector-tensor multiplet action

We will now generalize the vector action (6.66) to an action for the vector-tensor multiplets
(with n vector multiplets and m tensor multiplets) discussed in section 6.2.2.

The supersymmetry transformation rules for the vector-tensor multiplet (6.10) were obtained
from those for the vector multiplet (6.5) by replacing all contracted indices by the extended
range of tilde indices. In addition, extra terms of O(g) had to be added to the transformation
rules. Similar considerations apply to the generalization of the action, as we will see below.

To obtain the generalization of the Chern-Simons (CS) term, it is convenient to rewrite this
CS-term as an integral in six dimensions which has a boundary given by the five-dimensional
Minkowski space-time. The six-form appearing in the integral is given by

Liector = CIJKFI AF A FE s (6.69)

where we have used form notation. This six-form is both gauge-invariant and closed, by virtue
of (6.65) and the Bianchi identities (6.4). It can therefore be written as the exterior derivative of
a five-form which is gauge-invariant up to a total derivative. The space-time integral over this
five-form is the CS-term given in the second line of (6.66).

We now wish to generalize (6.69) to the case of vector-tensor multiplets. It turns out that the
generalization of (6.69) is somewhat surprising. We find

Lee-tensor = CrgH! AHT A HE = 20,y DBY A DB (6.70)

The tensor Qy is antisymmetric and invertible, and it restricts the number of tensor multiplets
to be even
Qun = —Qnum ., QupQMR = 5p%. (6.71)

The covariant derivative of the tensor field is given by
DBY, = 8,BY, +g Al NHT
= OB\, +gAyNFl, + g Al B, (6.72)
To see why (6.70) is a closed six-form, we write out the first term of (6.70)
CiigH AH NHE = CpuxF ANF! AFX +3C 0 F' NF? ABY +3C,unF' ABY ABY . (6.73)

Since the BM tensors in (6.73) do not satisfy a Bianchi identity, we also need the second term
in (6.70) to render it a closed six-form. This requirement of closure leads to the following
relations between the C and Q tensors:

Crim = tan" Qum Ciuy = %tIMPQPN- (6.74)

We stress that the tensor C7z is not a fundamental object: the essential data for the vector-

tensor multiplet are the representation matrices 7,7, the Yang-Mills components C;yk, and the
symplectic matrix Q,y. The tensor components of the C tensor are derived quantities, and we
can summarize (6.74) as
_ . __P
Cyix = 1Gr) Qrm - (6.75)
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From (6.74), we deduce that the second term of (6.73) only depends on the off-diagonal (between
vector and tensor multiplets) transformations. The first term of (6.73) will induce the usual five-
dimensional CS-term. The generalized CS-term induced by the third term of (6.73) was given
in [73]. With our extension to also allow for the off-diagonal term in (6.15), we also get CS-terms
induced by the C;,j; components, which were not present in [73].

Gauge invariance of the first term of (6.70) requires that the tensor C satisfies a modified
version of (6.65)

i Cruym = tig™txny Qun - (6.76)

In addition to this, the second term of (6.70) is only gauge invariant if the tensor Q satisfies
t" Qup = 0, (6.77)

such that the second relation in (6.74) is consistent with the symmetry (MN). The two condi-
tions (6.76) and (6.77) combined with the definition (6.75) imply the following generalization
of (6.65)

4G Crpin = 0. (6.78)

The superconformal action for the combined system of m = 2k tensor multiplets and n
vector multiplets contains the CS-term induced by (6.70) and the generalization of the vector
action (6.66) to the extended range of indices. Some extra terms are necessary to complete it to

an invariant action: we need mass terms and/or Yukawa coupling for the fermions at O(g), and
a scalar potential at O(g?). We thus find the following action:

Liciomor = (~3HLHT = 15Dy - 1D, D' + YY) R O
1
+ @gVAI}(TQMNB% ((()ABLV(T + ZgIIJNAiFF{(T + gtIPNAZng—)
—ﬁb‘”MpUCUKA,II(FQFfa + fFGJAfAf(—%g FX + TlongHLKA;IA(Lr))

oo
- 3 Quntik MGV ALALAS (~1g FX, + 5% fur XAl AL)

+ (g HOE L) e +

+% iglﬁ—i(ﬂijO'—L~ (I[TT]MCMI?Z - 4t(7E)MCA7IfZ)
—%gza'KCKMNtIZMOJOIIJ;NOJO'F. (6.79)

To check the supersymmetry of this action, one needs all the relations between the various
tensors given above. Another useful identity implied by the previous definitions is

M M
tin Cxim = ~t&D) Cim- (6.80)

The terms in the action containing the fields of the tensor multiplets can also be obtained
from the field equations following from the on-shell closure of the algebra in section 6.2.2. Note
however that the equations of motion for the vector multiplet fields, obtained from this action,
are similar to those given in (6.68), but with the contracted indices running over the extended
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range of vector and tensor components. Furthermore, the A,II equation of motion gets corrected
by a term proportional to the self-duality equation for B%:

05 veo-tensor V;: ; = Ef + Lge A} Ec™t)" Qun . (6.81)

Finally, we remark that the action (6.79) is invariant under supersymmetry for the general
form (6.15) of the representation matrices (¢;) J~K .

We thus conclude that in order to write down a superconformal action for the vector-tensor
multiplet, we need to introduce another geometrical object, namely a gauge-invariant anti-
symmetric invertible tensor Qyy. This symplectic matrix will restrict the number of tensor
multiplets to be even. We can still allow the transformations to have off-diagonal terms between
vector and tensor multiplets, if we adapt (6.65) to (6.78). In this way, we have constructed more
general matter couplings than were known so far. Terms of the form A A F' A B did not appear
in previous papers. We see that such terms appear generically in our Lagrangian by allowing
off-diagonal gauge transformations for the tensor fields.

6.4.3 The hypermultiplet

Until this point, the equations of motion we derived found their origin in the fact that we had an
open superconformal algebra; the non-closure functions I'4, together with their supersymmetric
partners AX yielded these equations of motion. We discovered a hypercomplex scalar manifold
M, whose properties are described in appendix C.

Now, we will introduce an action to derive the field equations of the hypermultiplet. An
important point to note is that the necessary data for the scalar manifold we had in the previous
section are not sufficient anymore. This is not specific to our setting, but is a general property
of nonlinear sigma models. In such models, the kinetic term for the scalars is multiplied by a
scalar-dependent symmetric tensor g.z(¢),

§S=-3 f d°x gup(#)0,0° "¢, (6.82)

in which @ and B run over the dimensions of the scalar manifold. The tensor g is interpreted
as the metric on the target space M. As the field equations for the scalars should now also be
covariant with respect to coordinate transformations on the target manifold, the connection on
the tangent bundle 7 M should be the Levi-Civita connection. Only in that particular case, the
field equations for the scalars will be covariant. In other words, in O¢® + - - - = 0 the Levi-Civita
connection on 7 M will be used in the covariant box.

Therefore, in order to be able to write down an action, we will need to introduce a metric
on the scalar manifold. However, this metric will also restrict the possible target spaces for the
theory.

Observe that most steps in this section do not depend on the use of superconformal symme-
try.> Only at the end of this section we make explicit use of this symmetry.

30f course, the form of the field equations does reflect the superconformal symmetry.
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Without gauged isometries
To start with, we take the non-closure functions I'* to be proportional to the field equations for
the fermions {A. In other words, we ask

— = ZCABFB . (683)

In general, the tensor C4p5 could be a function of the scalars and bilinears of the fermions.
If we try to construct an action with the above Ansatz, it turns out that the tensor has to be
anti-symmetric in AB and

0Cap
0, 6.84
52C (6.84)
DyCap = 0. (6.85)

This means that the tensor does not depend on the fermions and is covariantly constant.*
This tensor C4p Will be used to raise and lower indices according to the NW-SE convention
similar to &;;:
Ap = ABCpy AY = C4BAg, (6.86)

where &'/ and CA® for consistency should satisfy
exe* =67, CucCBC = 5,8 (6.87)

We may choose C4p to be constant. For this choice, the connection wyxap is symmetric, so
the structure group G¢(r, H) breaks to USp(2r — 2p, 2p). The signature is the signature of d¢g,
which is defined as Cyp = poCdcp where ps© was given in (6.16). However, we will allow Cyp
also to be non-constant, but covariantly constant.

We now construct the metric on the scalar manifold as

gxy = [l CapeiifiF . (6.88)

The above-mentioned requirement that the Levi-Civita connection should be used (as I'xy?) is
satisfied due to (6.85). Indeed, this guarantees that the metric is covariantly constant, such that
the affine connection is the Levi-Civita one. On the other hand we have seen already that for
covariantly constant complex structures we have to use the Obata connection. Hence, the Levi-
Civita and Obata connection should coincide, and this is obtained from demanding (6.85) using
the Obata connection. This makes us conclude that we can only write down an action for a
hyperkéhler scalar manifold.
We can now write down the action for the rigid hypermultiplets. It has the following form:

S hyper = f & x(=38xr0aq 0'q" + DL = {Wancnl'CPZ°L), (6.89)

4This can also easily be seen by using the Batalin-Vilkovisky formalism.
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where the tensor Wapcp can be proven to be completely symmetric in all of its indices (see
appendix C). The field equations derived from this action are

S hyper B
——— = 2C4I7,
57 AB
oS _
% = guA' - 20T Pwys". (6.90)

Also remark that due to the introduction of the metric, the expression of A% simplifies to
A = 0g" = 299" (PR vap — 3D Wasenl PP (6.91)

Conformal invariance

Due to the presence of the metric, the condition for the homothetic Killing vector (6.44) implies
that kx is the derivative of a scalar function as in (5.10). This scalar function K(g) is called
the hyperkihler potential [139, 164, 168]. It determines the conformal structure, but should be
restricted to

DxDy K = %gxy. (6.92)

The relation with the homothetic Killing vector is
ky =0xK, K= Lkxk". (6.93)

Note that this implies that, when K and the complex structures are known, one can compute the
metric with (6.92), using the formula for the Obata connection (6.31).

With gauged isometries

With a metric, the symmetries of section 6.3.3 should be isometries, i.e.
kay[ + Dykx[ =0. (694)

This makes the requirement (6.57) superfluous, but we still have to impose the triholomorphicity
expressed by either (6.53) or (6.54) or (6.55).
In order to integrate the equations of motion to an action we have to define (locally) triples
of ‘moment maps’, according to
OxPy = 1T xyk] . (6.95)

The integrability condition that makes this possible is the triholomorphic condition.

In the kinetic terms of the action, the derivatives should now be covariantized with respect
to the new transformations. Supersymmetry invariance of the action also forces us to include
some new terms proportional to g and g?

St = [ Ex(-denrDug 0" + 2B - Wanenl 020 (6.96)

-8 (2 L [l + i 5 0l - 2P1inlij) - %gZU'IU'Jk;(ka) )
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[where the covariant derivatives D now also include gauge-covariantization proportional to g as
in (6.60)], while the field equations have the same form as in (6.90).

Alternatively one can use the method explained in [169] to construct the action. Since the
field equations are linear in the non-closure functions and the Lagrangian should vanish on-shell,
we expect that the action itself can in fact be written as a linear combination of non-closure
functions, in the form of X[field]x[non-closure]:

L= tkxA* 4+, (6.97)

The two coefficients can be fixed by looking at the normalization of the kinetic terms. Substi-
tuting the non-closure functions into (6.97) and partial integrating the covariant box, we indeed
find the correct action (6.96). This method is believed to be correct for any on-shell multiplet.
Note however that supersymmetry is a necessary ingredient. The invariance of the hypermulti-
plet action under supersymmetry can easily be checked by using the following transformation
rules for the non-closure functions:

SAY = i gl‘z)rf‘ A+ 218TBCP FERY vep + 27 TA £ + A T2y 6%,
ot = Tify A& A — 5q% wyz T2, (6.98)
where the covariant derivative is given by
DI = (0= 3by + j0, V)T + 8,4 wxp T + gAL 15" T (6.99)
Supersymmetry of the action imposes
K I xyky = 2f1,5P% . (6.100)

As only the derivative of P appears in the defining equation (6.95), one may add an arbitrary
constant to P. But that changes the right-hand side of (6.100). One should then consider whether
there is a choice of these coefficients such that (6.100) is satisfied. This is the question about
the center of the algebra, which is discussed in [170, 171]. For simple groups there is always
a solution.> For Abelian theories the constant remains undetermined. This free constant is the

so-called Fayet-Iliopoulos term.
In a conformal invariant theory, the Fayet—Iliopoulos term is not possible, since dilatation

invariance of the action requires
3Py = kXox Py . (6.101)

Thus, P{ is completely determined [using (6.95) or (6.59)] as (see also [172])

—6P} = KX I xyk] = —3K5K 177" Dykix . (6.102)

SWe thank Gary Gibbons for a discussion on this subject.
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The proof of the invariance of the action under the complete superconformal group, uses the
equation obtained from (6.59) and (6.95):

KK Dxk! = 0" Py (6.103)

If the moment map P} has the value that it takes in the conformal theory, then (6.100) is satisfied
due to (6.50). Indeed, one can multiply that equation with kyxk?J¥;" Dy, and use (6.54), (6.57)
and (6.46). Thus, in the superconformal theory, the moment maps are determined and there is
no further relation to be obeyed, i.e. the Fayet—Iliopoulos terms of the rigid theories are absent
in this case.

To conclude, isometries of the scalar manifold that commute with dilatations, see (6.59), can
be gauged. The resulting theory has an extra symmetry group G, whose algebra is generated by
the corresponding Killing vectors.

Gathering together our results (6.79) and (6.96) the total Lagrangian describing the most
general couplings of vector/tensor multiplets to hypermultiplets with rigid superconformal sym-
metry is given by

— 8
-£total = Lvec—tensor + -E

hyper ° (6.104)

Summarizing, in this section the actions of rigid superconformal vector/tensor-hypermulti-
plet couplings have been constructed. The full answer is (6.104). We found that the existence of
an action requires the presence of additional tensorial objects. A review of all the independent
objects needed to determine the transformation laws, or to determine the action, are given in
table 6.4. Note that these objects could already be introduced at the level of rigid supersymmetry.
In the next section these results will be generalized to the local case, by coupling the matter

multiplets to the Weyl multiplet, but this will not introduce any new constraints.



ALGEBRA (no action) ACTION
multiplets objects | Def/restriction objects ] Def/restriction
Vect. f[]J]K Jacobi identities C(]JK) f[(JHCKL)H =0a
7 < invertible
(t1) [t 1) = —fi" 1k
Vect./Tensor N ! X © J Qg fI(JHCKL)H = lI(JMtKL)NQMN
=M = fut, tiy’ =0 P
tim' Qnvp =0
" invertible and real using p
Hyper S y . » 5 Ciap DxCap =0
Nijenhuis condition: Nxy” =0
Dxbyk% = RXWYZk}/V < Dxky; + Dykyx; =0
Hyper + 1 o | o
gauging ki kindrklyy = —3.fu" kg P a OxP] = =3J"xvk; &
L, J*=0 « k;(J;Yk}’ = 2f1JKP‘I’( A
Hyper + ' X _3¢X _3
conformal k* - Dyk = 26)/ < K bxbyq( = 38xy
Hyper + Yoy X — 31X
conformal + gauged KDvky = 2k

Table 6.4: Various matter couplings with or without action. We indicate which are the geometrical objects that determine the theory
and what are the independent constraints. The symmetries of the objects are already indicated when they appear first. In general, the
equations should also be valid for the theories in the rows below (apart from the fact that ‘hyper+gauging’ and ‘hyper+conformal’
are independent, but both are used in the lowest row). However, the symbol A indicates that these equations are not to be taken over
below. E.g. the moment map Py itself is completely determined in the conformal theory, and it should therefore no longer be given
as an independent quantity. For the rigid theory without conformal invariance, only constant pieces can be undetermined by the given
equations, and they are the Fayet—Iliopoulos terms. On the other hand, the equations indicated by « have not to be taken over for the

theories with an action, as they are then satisfied due to the Killing equation or are defined by %K.

suonoe eurIojuodIddns pisSRy 9
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6.5 Local superconformal multiplets

In this section we will extend the supersymmetry to a local conformal supersymmetry, by mak-
ing use of the off-shell 32 + 32 Standard Weyl multiplet constructed in chapter refch:weyl. We
restrict ourselves here to the Standard Weyl multiplet. One may wonder whether the use of the
dilaton Weyl multiplet could lead to other matter couplings. Though we can not exclude this,
we do not expect a physically different result. Whether the conformal gauge-fixing program will
also be insensitive to the choice of Weyl multiplet, remains to be seen.

The procedure for extending the rigid superconformal transformation rules for the various
matter multiplets is to introduce covariant derivatives with respect to the superconformal sym-
metries. These derivatives contain the superconformal gauge fields which, in turn, will also
transform to additional matter fields as explained in chapter 5.

Since in the previous sections we have explained most of the subtleties concerning the possi-
ble geometrical structures, we can be brief here. We will obtain our results in two steps. First, we
require that the local superconformal commutator algebra, as it is realized on the standard Weyl
multiplet (5.41)—(5.44) is also realized on the matter multiplets (with possible additional trans-
formations under which the fields of the standard Weyl multiplet do not transform, and possibly
field equations if the matter multiplet is on-shell). Note that this local superconformal algebra is
a modification of the rigid superconformal algebra (5.22), (5.20) where all modifications involve
the fields of the standard Weyl multiplet.

Now we will apply a standard Noether procedure to extend the rigid supersymmetric actions
to a locally supersymmetric one. This will introduce the full complications of coupling the
matter multiplets to conformal supergravity.

6.5.1 Vector-tensor multiplet

The local supersymmetry rules are given by

SA, = zEny'-gid! %’

6BY = —&yuDyy" - Lic"eRs(Q) + iy - Tyny™
+1857’abl(17() oTuK + iy

syl — _%€<z‘lp¢,j)7 jely. TW) —4igleliyd (6.105)
—3ige (fm?] - 3’(]1?;)“ W+ ginty

61//’7 = -1y Hle - i ipole - YijTej + O'T)/ -Te + %gt(r,()rajajei + O'Ti]i,

sol = %iéwT.

The covariant derivatives are given by

D, ol = D, ol -1 ilﬁwa,
Z)ﬂoj = (0,-b )0' +gtJK1A ok
DT = DY+ Lty Hyl 41 ilDoij + Yy, —oly - Ty, (6.106)
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_%gt(ﬁz)lo_JO_K% _ 0J¢L’
D" = Bp— 3 byt §¥a W W! = VI + gt AT
The covariant curvature ‘}73‘, should be understood as having components (I?l’lv, B,,) and
Fl, = 20,Al + g fi' A AK — Gy’ + Lio G . (6.107)

The locally superconformal constraints needed to close the algebra are given by the fol-
lowing extensions of (6.13) and (6.14) (which are non-zero only for [ in the tensor multiplet
range)

LM = I(R)M (20_injE _ %i(zifwjf) -0,
3 ook o TR T R
Eﬁ’iﬁ = gD[,,BM]M - sﬂv/lpgt(j;(—)M (O'J‘H’”’K -8’ okKTr7 4 %n,bjy"”z,bK)

3 _ —
- @WMV[;[RM](Q)
= 0. (6.108)

Here, the supercovariant derivative on the tensor is defined as

D[#B%] = 6[}13%] - 21)[}13%] + lp[y’vap](ﬂM + % iO'Mlp[ﬂRyp](Q)
—i @[u)’v)’ : T’Yp]'ﬁM - i‘Z[/l')’vp]wM

—i gy ot + gt g AL HY (6.109)

vp] *

Analogously to subsection 6.2.2, the full set of constraints could be obtained by varying these
constraints under supersymmetry.

The action, invariant under local superconformal symmetry, can be obtained by replacing
the rigid covariant derivatives in (6.79) by the local covariant derivatives (6.106) and adding
extra terms proportional to gravitinos or matter fields of the Weyl multiplet, determined by
supersymmetry. It is convenient at this point to introduce a new S-invariant tensorfield Eﬁ{,
which is defined as

M _ M _ 7 M, 1: M7
B/JV = B/JV - l!/[/lyVllll + ;10 l!/[y'//v] ’
such that the symbol 7—(lfv can be written as
77 I _ 7 T, 1: 17 I _ -l pM
WﬂVZH#V—I,D[},’yV]l// + 510 l,bu,gbv], [{‘le :(F,uv’B,uv .
The action then reads
ot = |(~4HLFRT - LT+ Yol o7 + LD DA + YY) ok
—%O'IOJO'K (D + 23—6TabT“b) + 40"0'17-(657Tab
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+%0'TLZ/#)/”(1 OJID!,//E + %iDoJl//E - %yﬂfwk + 20'77~T¢,//E - 80'70'~)()
~ Ly (qu_labK _ SO_JO_KTab) _ ﬁo'll/_/ﬁﬂwll//jﬂfv
+% iojl/_/al//;, (ojﬁ“bl? — 8070k T“b) + ﬁ iolo’, Py wpﬁ[f,
—%UJI/_/L?’”'//NY,'I; + é iOJOJ'Z’L)’Wl/fiK-[; - 21—4 iy
+ 3 LYV = B Y+ Ly
57Ty + i g R gy
+4L iOJOJ'/_//IVHMP‘//p'Z’yVV'//K + ;?U,UJUK‘;AYMVAP'I’pl/_//J‘//V]Cﬁ

1
16g
B C AL + g AT AS (L S+ e AAY)
—ée_IéJJV/lpo—QMNl]KM[FGNALAng (—%g Ff{r + %ngHLKA[I;IA(I;)

+

pt oT

e_ls”V‘"rTQMNE%(QPEgT +2g IIJNA’FJ +g tIPNA;I)ES—T)

1. 71,] K _L M M
+rigy Yoo (f[if] Cuzr — 4% CMTE)

7 T._J K L M 2. 1 J K _M_N, P
—%gz,//”y“z// olot o gry Corr — %g ocolcto oty tKﬁQCIPQ (6.110)

where the superconformal d’ Alembertian is defined as

mioad D“Daoj
(6“ -2b" + a)bb“) Daaj+ gtjETAiD“O'E -1 ilﬁ,,D”lPT— 20]1};17’“)(

H10y  TYT + Sy + 20T = Lel g ok ©6.111)

6.5.2 Hypermultiplet

Imposing the local superconformal algebra we find the following supersymmetry rules:

6qX
oA

i oA X
—-iesf,

LiDg* e — Ly - TK fiye' + Leo' &k fye + KX fin' . (6.112)

L

The covariant derivatives are given by

D" = D"+ gL fy

Dug® = 8ug" - b k" = VK + gALKY

Dt = DUt =Ky, + 310G Sy, + 3y TK [y, — g507'k) fixdy, (6.113)
DL = 0,0+ 0,5 wxp B + %wﬂhcybcf‘ - 2b, 0" + gAf,t,BAgB.



6.5 Local superconformal multiplets 101

Similar to section 6.3, requiring closure of the commutator algebra on these transformation rules
yields the equation of motion for the fermions

Dot = D&+ 5Weps" (P20 = Jik¥ fipx +2iy - T
—g ik fay™ + ic' 5" ). (6.114)
The scalar equation of motion can be obtained from varying (6.114):

Sl = Li fidAAXe + Ly'TAgy, — Lyhy'TAey,y, (6.115)

where
A = O - 2By Dg R  yac + gTzkx
+3DKX + 8i 'L [ — 1D Wapcnl*(PLCLP
~8Q 19" P’ ) — Ky Iy YY)
+g2ol o DykfkY (6.116)
and the superconformal d’ Alembertian is given by
Dc‘qX = D DaqX
= 0,Dq" - 3b,Dq" - LV y D" + gD f
21K = 20y a K + 40y AP - Byt - T
_Q_S;’yagAf;)A( + waabquX _ %g&a,yalplk;( _ Dan6yk;(Aa1
+DanD“qZF}y(Z. (6.117)

Note that so far we did not require the presence of an action. Introducing a metric, the locally
conformal supersymmetric action is given by

Ll = —3exyDag Dq" + L + §DIC + FTHE

—? iZAXikXﬁ?( +2ilyy - TS - iWABCDZAngch
=30V XK+ 30ay"y - TYK fiy + 51007 Y W Do fiy

+3 1K = F Gy puk mwzkxf-@

+ S @y Y] Deg? Ty ik = ST0WP T wk? + & 10y, T ok
—g(iff 1 0al” + 21k} filaw + zo'lkfﬁXZAYal//Z

+ Wy P — %izZ/;y‘”’w{;o-’P,,-j)

+2gY],P; R Sl TS (6.118)

Indeed, no further constraints other than those given in section 6.3 were necessary in this local
case. In particular, the target space is still hypercomplex or, when an action exists, hyperkéhler.
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This action leads to the following dynamical equations

Sconf
hyper
6§A 2 CABrcont >

conf
6Shyper

&I—X = 8y (Aconf 2§A conf"‘) B - lwayargonffg)' (6.119)

Again, this action can also be obtained by using the [field]x[non-closure] method. The trans-

formation rules for the non-closure functions now get gravitino-corrections:

SN = —i@PTAfY + 21 TP AR vep + 20 TA A + A'T 2y %667
+3 ifiiJf,ZF*‘éw“ - iy Y eyt
o = JifieA" + 1Y T ey, — 'Y T ey, — 6q wy, TP, (6.120)

where the covariant derivative is given by

DI = DI+ AN, — LT, + Ly Yy Ty,
DI = (0,-3b,+ w”byab)FA+6 7 wxg T + gAlL 15" T" . (6.121)

There are several ways to determine the coeflicients of the gravitino terms; for example by trying
to close the [Q, S ] commutator on I'* and A%, or by using the non-closure functions in the [Q, O]
of ¢ 4 and DﬂA"A, like explained in [147, p.19-21]. The extra term in the Ansatz can be obtained
by requiring S-invariance of the action:

e L= Ly A+ (Qa - 21U ke ST (6.122)

Substituting the non-closure functions into (6.122) and partial integrating the covariant box, we
again find (6.118).

The Lagrangians (6.110) and (6.118) are the starting point for obtaining matter couplings to
Poincaré supergravity. This involves a gauge fixing of the local scale and SU(2) symmetries,
which will be studied in the next chapter.



Chapter 7
Gauge fixing

The general idea of this chapter can be illustrated by using a scalar-gravity toy model in four
dimensions. We start with a conformally invariant action for a scalar field ¢

£ = lgl[30¢) + 3R] . (7.1)
which is invariant under the following local dilatations
6‘/7 = AD‘p, 6g;1v = _ZADgyv . (72)

This dilatation symmetry can be gauge fixed by choosing the gauge ¢ = V6/«; this leads to the
Poincaré action

L=55glR. (7.3)

Therefore the actions (7.1) and (7.3) are gauge equivalent. Alternatively, we could have chosen
new coordinates (g, = gﬂvtpz), such that the resulting action is manifestly invariant under the
dilatation symmetry. Although ¢ still transforms under dilatations, the field does not appear in
the action anymore. The scalar ¢ has no physical degrees of freedom, and is called a “‘compen-
sating scalar”. Note that the scalar kinetic term has the wrong sign; this is a generic feature of
compensating scalars which we will also encounter in the more complicated case of conformal
supergravity.

The same mechanism will be used in this chapter to obtain five-dimensional matter coupled
Poincaré supergravity. In chapter 5 the Poincaré algebra was extended to the local superconfor-
mal algebra F2(4). We constructed the minimal representation of the superconformal algebra
containing the graviton, called the Standard Weyl multiplet. The fields of the Standard Weyl
multiplet and their properties were given in table 5.2. Next, in chapter 6, we constructed vector-
tensor multiplets and hypermultiplets in the background of this Weyl multiplet, see tables 6.1,
6.2 and 6.3 for the contents and properties of these multiplets. The corresponding actions, equa-
tions of motion and transformation rules were given in (6.110) and (6.118). As a third and final
step we now want to gaugefix the extra symmetries, not belonging to the super-Poincaré alge-
bra, and obtain Poincaré supergravity coupled to vector-tensor multiplets and hypermultiplets.
As compensators we will need one hypermultiplet and one vector-tensor multiplet. Therefore,
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the starting point of this chapter will be local D = 5, N = 2 conformal supergravity coupled to
(ny + np + 1) vector-tensor multiplets and (ny + 1) hypermultiplets':

-Etota[ = -EVeczor—Tenmr + LHyper . (74)

This chapter is based on work to be published in [173, 174].

7.1 Conformal geometry

The superconformal tensor calculus performed in the last chapter resulted in the construction of
a hypercomplex manifold spanned by (4ny + 4) hyperscalars ¢* (X = 1,...,4ny + 4). In this
chapter we will for simplicity assume the presence of a covariantly constant hermitian metric,
which promotes the hypercomplex manifold to a hyperkéhler manifold. This manifold includes
the four scalars of the compensating hypermultiplet. In the end these compensating scalars
will be removed from the manifold; therefore it is convenient to split these coordinates off by
making a specific coordinate choice on the hyperkihler manifold. Details about this procedure
can be found in [174].> Here we will skip the technical details and only give some of the
relevant results. We use the hat-notation for objects that are defined on the “higher dimensional”
hyperkihler manifold, spanned by the g*.

As we saw in chapter 6, the manifold contains three generic isometries, generated by the

SU(2) Killing vectors KX. These isometries were gauged using the vectors of the vector-tensor
multiplets. Using Frobenius’ theorem it can be shown that the three-dimensional subspace
spanned by the direction of the three SU(2) transformations can be parametrized by coordi-
nates z% (¢ = 1,2,3). Furthermore, using the homothetic Killing equation (6.44), one more
coordinate z° can be singled out, which is associated with the dilatation transformation. The
other directions are indicated by qX (X = 1,...,4ng). Thus, we split the coordinates on the
hyperkihler manifold as {¢*} = {z°,z%, ¢*}. Similarly we can split the tangent space index as
(A} ={i,A}(i=1,2;A =1,...,2ny), where i is an SU(2) index. Note that throughout this chap-
ter we will work in this coordinate basis. In this basis the Killing vectors take on the following
form

02 = 32,000, KX 2% q) = 0,k 2%),0}. (7.5)

We will choose the following metric parametrization:

ds?

2gpdgtdq” .
(dz%)?

= 5 +Tho(@9dg'dg”

~8ap(2°, 2%, @Iz + AL, 2%, )dg¥1[d? + AD (", 2, 9)dg"1, (7.6)

where we have chosen the signs and factors for later convenience. The object hxy denotes the
metric on the subspace spanned by the coordinates ¢*, and A%z, q) = fl‘]’ f)’(J .

'In comparison with chapter 6 we have: n = ny + 1, m = ny and r = ny + 1.
2In this reference we also discuss the case without a hyperscalar-metric.
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Note the resemblance of (7.6) with the generic form of the Kaluza-Klein Ansatz (3.41). This
is not that surprising, since we are in fact performing a “dimensional reduction” of the scalar
manifold. In the above coordinate basis we find the following expressions for the vielbeins®:

D= g L0 fa _ o 2 X _
f;'j = —1&j 327 f;'j = 220k 6-)1]7 f;'j = 0,
(03

o _ _ X A £X _ X

fiA_ s f,-A— fA iA — Jia> (7.7)
pj_ s ij [ A [ =i fT_ FiiA

o =gl 5, R = \akka . ] = \anke - 3UAS,

FiA _ FiA _ FiA _ lA

0 =0, =0, Y = [y

Using the above expressions for the vielbeins, we find the following complex structures:

—E)OZO, _;O:]z 5 f)xO:AgY(/?a,
- —kﬁ T = Lhx B, T = SALE, x-S 7.9
Jroo. 70— T =

Covariant constancy of the vielbeins furthermore leads to the expressions for the Gf(ny + 1, H)
connections. The non-zero components are given by:

A 17 =] A B _ 1riB Y
wmj__lﬁk O—ij, WaA™ = 3 ;/aaf;'A’

~ j A B _ 1riB Y 1 B
xi! Axwaz > Woa~ = 5]y aOf;‘A 2,06 (7.9)

AoA s [ A A i s [0 ey
oxi* = i fsmenfy's Oxa’ = —i 5V flihvx.

Using these results, some other relevant expressions can be derived

Cup =2"Caup, Cij = &), Ciu=0, (7.10)
Wasc” = Wapc”, (7.11)
B =B, (7.12)
=10, 2R (@ykf - LP).Kf). (7.13)

where WP is the ‘quaternionic Weyl tensor’ defined in (C.54).

We found that for each point in the subspace {z*}, corresponding to a specific gauge fixing,
the {¢*} space describes a quaternionic-Kéhler manifold. These manifolds are all related to each
other by coordinate redefinitions.

We point out in appendix C.3 that the connections on a quaternionic manifold are not
uniquely defined; a certain &-transformation can be performed to choose a convenient gauge for
the connections. The gauge chosen in [174] leads to the following expressions for the G¢(ny, H)
and SU(2) connections:

Oxa® = wxa®, By = MA"k (7.14)

Note that before gauge fixing the unhatted objects are dependent on the z-coordinates.

3These expressions do not represent reduction Ansiitze, because the fields on the right hand side still depend on

0,2
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7.2 Gauge fixing

The actions given in (6.110) and (6.118) are invariant under the full supercovariant group. In
order to break the symmetries that are not present in the Poincaré algebra, we will impose the
necessary gauge conditions in the following subsections.

7.2.1 Preliminaries

The first step in the gaugefixing process will be the elimination of the dependent gauge fields
qﬁL and f,“, associated to S- and K-symmetry respectively. Using the relations (5.35) together
with the definitions of the supercovariant curvatures, we find the following expressions for the
dependent gauge fields

£ = 5 (-R@) - 0.y D,
+ YLYU Vi + 160y ) — 4100 Tap + 510 Yabeath"T*)
wﬂab — wﬂab(e) _ %l/-/[bya]% _ %J’b)’u'ﬁ%rzeu[abb],
¢, = 1Y D, - H v DV, - SV Y Y+ 51V e (7.15)
—T W = T Yoy = 3Ty W = $Toey™
510" = 39 bat, »

>

with
Dy = 0+ 30, v (7.16)

We only need the contracted version of f, since the other components do not appear in the
action or transformation rules. Also, in order to simplify notation we will choose not to eliminate
Wy, @ in most places.

First of all we observe that, after writing out all covariant derivatives, the gauge field b, does
not appear in the action. This can be argued from K-invariance of the action. Although this
prohibits us from determining its equation of motion, we will choose the conventional gauge
choice for K-symmetry, namely b, = 0.

This still leaves us with one more gauge field corresponding to a non-Poincaré symmetry:
the SU(2) gauge field V” Solving for its equation of motion, corresponding to the action (7.4),
gives us the following expression

Vil = 5 (2e0@ug® + ALK + LikX filZ iy, — kK PA Ly
—%CTJ'IEO' o' yHWJ + 3 iCﬁEa'KaJlﬁ”ywlﬁj"). (7.17)
The action contains four auxiliary matter fields: D, T, and x* from the Weyl multiplet, and

Yg from the vector-tensor multiplet. Both D and y' appear as Lagrange multipliers in the action,
leading to the following constraints, respectively

D : C-12=0, with C=Cppololok, (7.18)

Yo —8iCrzol o’y — 4 (C - 1K) vy + 1Al = 0. (7.19)
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The equations of motion for Y{; and T, are given by

YUJCIJKO' 861£ PQJ + iiCﬁxﬁ”zij, (7.20)

Tap = g (40'10'17’6261111( + UIUJ&KY[al!/b]Cﬁz + O'IO'Jl!_/KJ’abcl//CCﬁE
+ i 0y Cigg + 2 PRyt + 2 FAZavact™ + 21 Liyand®) (7:21)
which have been simplified by making use of (7.18).

7.2.2 Gauge choices and decomposition rules

Apart from the K-gauge we already introduced to fix the special conformal (K-)symmetry, we
will have to choose gauges for the other non-Poincaré (super)symmetries as well.

D-gauge

Having written out all dependent gaugefields in the action, the kinetic terms for the graviton and
the gravitino become

e Lonwrs = % (C+K) (R@) + 5" D) . (7.22)

Similarly to the example given in (7.1)—(7.3) we can demand canonical factors for the Einstein-

Hilbert and Rarita-Schwinger kinetic terms means by imposing the following D-gauge:
1

ok

Note that in order to get the conventional mass-dimensions for the Rarita-Schwinger term, we

identify the superconformal gravitino l//g in terms of the gravitino a,//lf from the super-Poincaré
multiplet as follows:

Llc+r)=- (7.23)

U = k). (7.24)
The index P will be suppressed in the rest of this chapter. If we combine the D-gauge (7.23) and
the equation of motion for D (7.18) we obtain

9 3
K =-=, C=-5. (7.25)
K K
The first constraint implies that z° = Kiz, whereas the second constraint effectively eliminates one
of the vector-tensor scalars.

S-gauge

Off-diagonal kinetic terms like e.g. ¢, Dy or zZtLZ){A appear in the action with one overall co-
efficient. A canonical form of the action requires the vanishing of these terms, which can be
accomplished by demanding the overall coefficient to vanish. This leads to the following con-
straint, called the S-gauge: L

Crgo'a’yf =0. (7.26)

This constraint effectively eliminates one of the gauginos.
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SU(2)-gauge

The gauge for dilatations was chosen such that z° = K% Similarly we may also choose a gauge
for SU(2). Such a gauge would be a specific point in the three-dimensional space of the z°.
Any fixed value of these coordinates would fix a gauge, however we will leave this arbitrary.
The dependence of objects on the hyperkédhler manifold on the coordinates z* thus describes
the gauge dependence. By fixing the SU(2) gauge, i.e choosing z* to be constant, all fields
become particular functions of the quaternionic-Kihler coordinates ¢g* only. These functions
may be different for different gauge choices, but once we make a choice, which is not relevant
for further considerations, they are fixed.
Using both the S-gauge (7.26) and the equation of motion for D (7.18) in equation (7.19) we
also get a constraint on the hyperino A
Al =0, (7.27)

In our coordinate basis, we obtain the following expression for the sections A%

i — ijp. FX ij s P i
AAszkXﬁ§=—3£’f;?4=—31 \/;54. (7.28)

After applying the D-gauge, i.e. fixing one degree of freedom of q’? by (7.25), equation (7.28)
plays the role of SU(2) gauge since it fixes three of the degrees of freedom contained in Aii .
Moreover, combining it with (7.27) one discovers that our choice of coordinates on the hy-
perkéhler manifold is consistent with the hyperinos of the compensating multiplet carrying no
physical information:

g,' = g‘j(?ji =0. (729)

Decomposition rules

As a consequence of the gauge choices, the corresponding transformation parameters can be
expressed in terms of the others by so-called decomposition rules. These rules will enable us
to eliminate the parameters AD’A(II(’AISJU(z)?ni and determine the transformation rules for the
remaining symmetries in section 7.3. For example, the requirement that the K-gauge should
be invariant under the most general superconformal transformation, i.e. 6b, = 0, leads to the
decomposition rule for A%:

Ny = —Le" (0uAp + Ligg, — 2ey + §idwy) . (7.30)
Similarly, demanding 6z° = 0 yields
Ap=0. (7.31)
The decomposition rule for 7' can be found by varying the S-gauge and demanding that
6 (Cro’w¥) = 0. (7.32)
We find
no= —f—;Cl—ﬁoJon - HEE + %go-’P;jej + 3217iy”beiZAyab§A

+i5 i ! (Ve yar™ - Ly e yayX). (7.33)
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The SU(2) decomposition rule can be found by requiring that 6z* = 0:

AY,

sue = ‘Ug((SQ +86)q" + KZgAlcpij . (7.34)

7.2.3 Hypersurfaces

The gauge condition for the vector/tensor scalars (7.25), defines a (ny + ny)-dimensional hy-
persurface of scalars ¢* called a “very special real” manifold, embedded into a (ny + ny + 1)-
dimensional space spanned by the scalars 4/(¢). In order to find the kinetic term for the scalars
¢* we need to identify the embedding metric g,,. At this point it is convenient to rescale the
Ci7% symbol and to redefine our scalars, in order to get a convenient normalization:

T T _ 3
o ah', a= 72>

Cig = —%Nm, (7.35)
N = Nggh'n'n* =1.

The metric on the A’-manifold can be determined by substituting the equation of motion for 7',
(7.21) back into the action, and defining the kinetic term for the vectors/tensors as

-[fkin,vec—ten = _iajjﬁzvﬁ,uvf. (7.36)
We then find
a7 = —2Npgh® + 3hshy, (7.37)
where
he = agh’ = Nggh' 'K = hhl =1, (7.38)

In the following we will assume that a;7 is invertible; this enables us to solve (7.20) for ¥ il

Yl = (o - $4TH7) (g oL P «/LE iNmJ/"EWz) . (739

This expression is needed to eliminate Y/ from the action and transformation rules. For conve-
nience we introduce the following notation:

= - \/ghfx(gp), - hy, = ahl(e) = \/ghzxap). (7.40)

It follows from (7.38) that:

hihl = T = 0. (7.41)
Let us now focus on the embedding manifold, spanned by the scalars ¢*. We define the embed-
ding metric on this surface as

8y = hihjagy. (7.42)
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This metric indeed gives the required kinetic term for ¢. Apart from a metric, we can also

introduce vielbeins f¢ that are covariantly constant with respect to the spin-connection w“” and
Levi-Civita connection I'}, defined on this manifold:
Fiy = %gZW (_gxy,w + 8wxy + gyw,x) s 8xyiz = 0,
go = Naflfy (7.43)
Fix = ha+t w“”fy~ “TLA =0 fiew = o fp
a _
h = 1l h.,-.
For future usage we also give the following useful relations, that follow from the above:
, _ |2 ,
h1~x;y = th,y - Fi)’hfz - \/;(hfgx)’ + TX)’Zh’Z‘)
Ty. = \@hﬁ;yhg = - \@hfh = WL N (7.44)
ry, = WL+ \/g T8

The (ny + nr + 1) gauginos ¢/ are also still constrained fields, due to the S-gauge. In order to
translate these to (ny + ny) unconstrained gauginos on the embedding space, we introduce 1'%,
which transforms as a vector in the tangent space. As we will see later, a convenient choice is
given by (for agreement with the literature [76]):

A= peyl T = gl (7.45)

Note that this choice for lﬁiTindeed solves the S-gauge (7.26).

7.3 Results

The scalar potential. We will now determine the scalar potential like it appears in the gauge-
fixed action. We will have to take into account all terms in (6.110) and (6.118) of order g2. As
the solution for Y/ (7.39) contains a term linear in g, the ¥> and gY P terms in the actions will
both contribute to the scalar potential:

Vscalar—C”KY,[JY”J ok — 'gzo'loJo-KO'MO'NtJM tKNQCIPQ+2gY1 '/—Ego' I}f 7% - (7.46)

After performing the rescaling of C and o into N and A, substituting the expression for ¥ and
applying the specific coordinate basis, the potential can be simplified to:

2

Vieaar = 5 [2W*W, = 4P - P+ 2P B, + INuN™] | (7.47)
where we defined the following quantities
Wro= ik = 3 PR nVR, K = \ft,M”th*
B = K@WB, B.=2hB,  NA = Yepix (7.48)
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The composite object P, containing the moment map, also occurs with its derivative and is
indeed the superpotential for this scalar potential.

The action. After applying the special coordinate basis, substituting the expressions for the
dependent gauge fields and matter fields, and “reducing” the objects on the hyperkdhler manifold
to the quaternionic-Kdhler manifold, we obtain the following action:

'L = Q_,LzR(w) - %a“q‘{l HI — %gxyDaS"xDa‘py - ﬁhxy@aqxﬂaqy

777
1 —1 v M BN N Al pJ N xI P

+@€ s ‘UO-TQMNB#V(BPBO_T + 2g[11 ApFo"r +gtp ApBo"r)
_%'pp’ypﬂvﬂy'ﬁv - %Zx@/lx + KLzZA@gA
+E (= 2W, W+ 4P B - 2P By - 2NuN™)

K ~1 uvipoc G 2
+35 3¢ TN AL [ FLF, + fra! AUAS (-1 FX, + 58 fur XA AL )|
—%e_lSIJMP(TQMNZ‘IKMIFGNAIIIAfAf (—%g F/ﬁ(cr + ll—OngHLKA;IAg_)

—Lkhy H} oy 2" - ;—%KihTHcd U Yavead” + 3 \/gki Ty - H'Y

ek - H Ao+ 3 g iy - H'C + 3 10.D0Y A + 10007 D Vo fiy
—g(\A L WA T 21 LK ANZAT + [IIHES A W~ kDL VP,
—% \/gKl hIPIijl/_/;)/ab(//i + \/gKl TxythZPI,‘j/_lix/ljy + ZK_\/E thP],‘j/_lix/l{r
3L W R R N + 127" Nigz) — 3 H0ay U hr 7% )
_%J’izwja/_l?/ljx - %lpzyhl//ja;l;iyb/ljx - g_z‘r/_’a'}’bcl//a/_lxybc/lx - %J’ad/b/_lxyab/lx

2 - - — i= 2 = s = 2 - -
WY XY X = UYL A = G YUY WY aveadjx + STy Gy U

2 - - . 2 - - . 2 - - . - - .
— WA YV = G I YU+ S0 — 2l Yancl Y W

- - - - 2 . - =y

+50aY W Lyl + G W Lyl + \/2 T oellayp XY X

LAY AZay et + 2Tl Y A XX + 22 1%, A B yad s
t354 Yab x{Aya &+ 6 V3! xyWaY i j+ 16 4 YatxA;Yadjy
+ B Y YAy + E g Ty T ARAP ALY — LA,
~ 2 Wascnl P10 + 52 laval Ty . (7.49)

The covariant derivatives are given by

+

Q‘

D' = 00" +gALK],

D = O + gt ALK = = 2D,

D = 84" + Ak,

DA = 8,47 + 0T + T, Py A (7.50)



112 Gauge fixing

+0,q" wy A + K gA] P A + gAK [P AL
DygA = augA + a;4‘])(‘4))(’19/4473 + iwﬂbc’)’bcém + gA{,tIBAgB ,

Dy = (O + iwyabYab)'pvi — 8uq  wxi'yj - KZgA/l,Plij'//vj'

We chose to extract the fermionic terms from the spin connection and use w, instead of &,
in the covariant derivatives and the Ricci scalar, unless mentioned otherwise.

The transformation rules. The N = 2 Poincaré supersymmetry rules that leave the above
action invariant can be constructed as follows. We start from the transformation rules for the
vector-tensor multiplets (6.105), for the hypermultiplets (6.112) and the two remaining transfor-
mation rules from the Weyl-multiplet (5.40) for the vielbein and gravitino. Next, the parameters
corresponding to the gauge-fixed symmetries are replaced by the decomposition rules given in
section 7.2.2. The remaining transformations are Poincaré supersymmetry (e’) and gauge trans-
formations (Ag); they are given by:

o(e)e,” = %Kéy”glrﬂ .
(5(6)¢IL = %Dﬂ(d))e" + ﬁg ihﬂ-(’”b(yabﬂ —4g,.Yp)E + 6quwgz//,lj - ﬁg igPy,€;
_Kkqix

J K Jix,ayJ K Jix. ab 3j K Jix J~a
6 ypﬂxfj + ﬁ/l Y /lxypafj - E/l Y Ax'y;labfj + E/l 7;«1/1)0’ €j

1 7 b +A i
+m§A7a s Yyabfl,

ey = 5 i fyr,
seA, = 9, (7.51)
st = —% i@(p%i - 5(6)<pxwi5fx,; + 6(E)qxwxij/1? + %y . ﬂfh?ei
—ﬁTﬁi’E[—?);l%/lé + /_l%yﬂ/lgy” + %;l%ywxléy”"]ej - LgP"ei+ LeWie,
s©BY = 20,0 - Vogeyp Q"N - igey, A hw QMY
s = —igd'fy,
s = Fiy'Dugfite - deq wxs " + LgNiE,
with
oL = eyl - Liney,, Dt = Dupt-Ligat, 252
DI = 8,00+ gAlt ZTOK Dug® = Guq¥ +gAUX +kigiEgY,
and where the (gauge) covariant derivative of the Killing spinor is given by
Dy(®)e = Dy(@)e - duq*wle; — gk*AL P (7.53)

Notice that the fermion shifts, proportional to P/, P#/, W@ and N;*, indeed appear quadratically
in the scalar potential.
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The transformations under the gauge group G are given by:

SAGAL = 0N+ Al ik’ AE

S(AG)BY = —gAlLtZHE,

S(Ac)e" = —gAGK},

S(AG)g* = -gALKkf, (7.54)
SN = —8(Ac)g wxp (P — gAGHE P,

SAT = (-6l i+ LT g™ 1 0(AG) + 6(AG)g Wil + gL P,
SN, = S(AT W+ K AGP W .

7.4 Simplified action for domain-walls

In the previous chapter we gave the full results, including the quartic fermion couplings. How-
ever, for determining the domain-wall solutions we only need the bosonic parts of the fermionic
transformation rules, and the bosonic action. In this section we have collected all relevant infor-
mation, needed for such an investigation.

The bosonic parts of the fermionic transformation rules immediately lead to the BPS equa-
tions:

SOV, = 0 = LDe+ e ihH ™ (i, — dguy)e - <z igPlye.
ST = 0 = —1iDgte + Ly HIhie — LgPliic;+ Lewie, (7.55)
st = 0 = LiyDug fite + LgNie,

with

Dy(w)e = Dy(w)e - duq*we; — gk*ALPe;. (7.56)
These equations can in principle be solved by choosing a specific coset manifold, i.e. specifying
the constants N7z and by making the ¢*-embedding explicit. Since not every solution of the
BPS equations necessarily has to satisfy the equations of motion, we will also have to give the

truncated action. The bosonic equations of motion can be derived from the following truncated
action:

'L = ﬁR(w) - %a;ﬂ—(ﬁvﬂj’” - %gxyDagoxD‘ltp’ - #hxyDaqXD“qY
+ﬁ671#Vp”TQMNE%(6p§gT + 2glleA£FOJ_T + g IIPNAég(I;T)

+E(=2W, W' + 4P P - 2P B, - 2NuN™)

+ﬁ %671§VAP(TN]]KAi [F){/IFII;. + fFGJAfA/C{ (—%g FK + %ngHLKA;IAg.)]

po

—3e & QM iV AL AT AG (—%g For + %ngHLKA/]J{Aé) ’ (7.57)

po
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where the relevant covariant derivatives are given by

Dy = 0,0 + ALK}, Dug* =8,4" + ALk . (7.58)



Conclusions

In this thesis we have used two different techniques for the construction of gauged supergravi-
ties. The first method is generalized reduction - also called Scherk-Schwarz I reduction - which
exploits global symmetries of higher dimensional supergravity theories in order to introduce
masses into lower dimensional supergravity theories. The global symmetries used for dimen-
sional reduction generically appear as a gauged symmetry in the lower dimensional theory. The
group-manifold equivalent of this mechanism is called Scherk-Schwarz II and deals with dif-
feomorphisms of the compact group manifold. In this case the masses occur as components of
structure constants of a gauge group G in lower dimensions. In chapter 4 we demonstrated the
Scherk-Schwarz I mechanism by reducing from eleven down to nine dimensions, by making use
of several possible global scaling symmetries. Already at this level various different gaugings
could be obtained, among which also non-compact gaugings. Non-compact gaugings in general
are very interesting since they are believed to circumvent no-go theorems regarding the exis-
tence of de Sitter vacua and supersymmetrized brane-world scenarios. Furthermore, some of the
gaugings were only defined at the level of the field equations. A better understanding of these
special cases has been obtained recently in [175] in the context of eight-dimensional gauged
supergravity.

The second method used in this thesis is the conformal program, which is a tool to construct
matter-coupled gauged Poincaré supergravity. Motivated by recent developments like e.g. the
brane-world scenario, we performed the conformal program in five dimensions. In chapter 5 the
five-dimensional Poincaré algebra was extended to the full superconformal group. By gauging
the superconformal group, applying the curvature constraints and introducing auxiliary matter
fields, we constructed the minimal representation of the superconformal group, containing the
graviton, called the Standard Weyl multiplet. In chapter 6 matter multiplets were introduced:
vector-tensor multiplets and hypermultiplets. The transformation rules and corresponding ac-
tions were found in the background of the Weyl multipet fields. Finally, in chapter 7 the vector-
tensor and hyper action were combined and used as starting point of the gaugefixing procedure.
In this procedure we made convenient gauge choices for the symmetries that are not in the
Poincaré algebra, and solved for the dependent gaugefields and auxiliary matter fields. The fi-
nal result of this exercise indeed produced matter-coupled Poincaré supergravity. It furthermore
provided an improved understanding of the gauge-fixing procedure, in relation with hyperkéhler
and quaternionic-Kihler geometry.

Note that we do not claim to have found the most general matter coupled N' = 2 Poincaré
supergravity in five dimensions. First of all, in view of the applications, we chose to include only
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vector-tensor and hyper multiplets. Several other representations could have been included as
well, like the linear and nonlinear multiplet. Secondly, it can not be excluded that more general
gaugings can be found from dimensional reduction; especially if we drop the requirement of
an action, several new possibilities may be possible. In all these cases, including our five-
dimensional Poincaré action, it is not clear what the higher dimensional origin is, if any.

Compared to the existing formulations by e.g. Ceresole and Dall’Agata [76], or Giinay-
din and Zagermann [73-75], we have found a generalization by allowing off-diagonal gauge-
transformations between the vector and tensor multiplets. This introduces extra terms propor-
tional to the representation matrices #;; in the action, transformation rules and most importantly
in the scalar potential, that were not found in other literature.

The presence of the extra off-diagonal couplings in the action and transformation rules will
probably allow for non-compact gaugings in five dimensions, leading to new classes of solutions,
e.g. new domain-walls that can be used for supersymmetric brane-world models. It will be very
interesting to see whether these new couplings will lead to new de Sitter vacua and improved
realizations of brane-world scenarios. Hopefully, future research will teach us more.



Appendix A

Conventions

In this appendix, we will summarize our conventions. Furthermore, we will give some useful
identities that have been used in the previous chapters.

A.1 Indices

Below we will summarize the different ranges and meanings of the indices used in chapters 5
and 6. First of all, the metric that we use is mostly plus: i.e. in five dimensions, we have
8w = (= ++ + +). In chapter 5, we have used the following notations

u,v 0,1,...,4 space-time,

a,b 0,1,...,4 tangent space,

o, 1,...,4 spinor, (A.1)
i,j 1,2 SUQ),

In chapter 6, we have furthermore used indices labelling the components of the matter multiplets.
In particular, we have used

7, J 1,2,...n+m vector-tensor multiplet,

1,J 1,2,...,n vector multiplet,
M, N 1,2,....,m tensor multiplet,
X, Y 1,2,...,4r hypermultiplet target space, (A.2)
A,B  1,2,...,2r hypermultiplet tangent space,

i,j 1,2 SU®2).

In chapter 7 two compensating multiplets were introduced. The X,Y and A, B indices were
replaced by hatted ones to denote the increased ranges. The other indices are as above, but with
n =ny+ 1, m = ny and r = ny, where ny, ny and ng respectively are the number of Poincaré
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vector-, tensor- and hypermultiplets. The following indices were used':

!

1, J 1,2,...ny + ny + 1 vector-tensor multiplet,
1,J 1,2,...,ny +1 vector multiplet,
M,N 1,2,...,n7 tensor multiplet,
X,y 1,2,...,ny + nr vector-tensor multiplet,
X,¥Y 1,2,...,4ny+4  hyperkihler hypermultiplet target space,
XY 1,2,...,4nyg quaternionic-K#hler hypermultiplet target space, (A.3)
z* a=1273 SU(2) subspace of the hyperkihler hypermultiplet target space,
AB  1,2,...,2ny+2  hyperkihler hypermultiplet tangent space ,
A,B 1,2,...,2nyg quaternionic-K#hler hypermultiplet tangent space,
i,j 1,2 SUQ®),
a, B 1,2,3 SU(2) vector index .

In this thesis symmetrizations are denoted with parentheses, and anti-symmetrizations with
brackets around the indices. Furthermore, we (anti-)symmetrize with weight one:

Xary = 5 Kap + Xpa) » Xian) = 3 KXo — Xpa) - (A4)

A.2 Tensors
Our conventions for the D-dimensional Levi-Civita tensor &, 4, are
ot -1 = =PV =1, (A.5)

In the local case we use the Levi-Civita tensor density as a “constant tensor”. It can be obtained
from the Levi-Civita tensor by using vielbeins to convert the tangent space indices to space-time
indices and multiplying the result with the vielbein determinant

—ele @ ..o ap 1MD I ... HMD  nar1..ap
Erpp = €€y e &y ap, €' =ee, -, € , (A.6)

where we have used the Einstein summation convention in which repeated indices are summed
over.

Note that raising and lowering the indices of the Levi-Civita tensor is done with the metric,
which for the Levi-Civita tensor density is done by using the definition (A.6). Contractions of
the Levi-Civita tensor give products of delta-functions which are normalized as

lpCl .y _ e ¢ql
‘c;a]..411,,b1.4.b,7“3a1 apelCe = _p|qy6[21] .. '6b;] 5 (A7)

We have defined the dual of five-dimensional tensors as

Xal...as,,, _ 1

nl

: by...b
1 86,1,“057”1,1“1,”14 r, (AS)

!For the hypermultiplets we now assume the presence of a metric on the scalar manifold.
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Using (A.7), one finds the following identities

= 1 1 1~ -
A=A, —AY*B, . =—A-B= A-B,
n! gl n->5)!

(A9)

where we have introduced the generalized inner product notation A - B that we use throughout
this thesis.

We use the same conventions for the Riemann tensor and its contractions as [176]. In par-
ticular, we define the Riemann tensor as

RA, o = 001, — 0,1 + FﬁAl"gv -I5,I9, . (A.10)
The Ricci tensor and Ricci scalar in this thesis are given by
Ry =R%Yw, R=g"R,. (A.11)

With these conventions, the Einstein-Hilbert action has a positive sign.

A.3 Differential forms

At several places in this thesis, we have used differential form notation. A p-form is related to a
rank-p anti-symmetric tensor according to

1
F,) = de"‘ c A E L (A.12)

The analog of the dual of an anti-symmetric tensor (A.8), is given by the Hodge-dual: i.e a
differential p-form A has a (D — p)-form B = %A as its dual with components

1
By, = Ee‘9#1...uc,wmvaVl"‘V" , g=D-p. (A.13)

Note in particular the different order in which the indices in (A.13) are contracted with respect
to (A.8). With this definition, we have the usual identity

*xx Ay = (=" Ay, g=D-p. (A.14)

A.4 Spinors in five dimensions

Our five-dimensional spinors are symplectic-Majorana spinors that transform in the (4,2) of
SO(5) ® SU(2). The generators U;; of the R-symmetry group SU(2) are defined to be anti-
Hermitian and symmetric, i.e.

i =-U/.  Uyj=Uj. (A.15)

A symmetric traceless U;/ corresponds to a symmetric U% since we lower or raise SU(2) indices
using the e-symbol contracting the indices in a northwest-southeast (NW-SE) convention

X' =&UX;, X, =Xe;, en=-en=¢&=1. (A.16)
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The actual value of € is here given as an example. It is in fact arbitrary as long as it is antisym-
metric, £/ = (g;;)* and eje* = 5,/ When the SU(2) indices on spinors are omitted, NW-SE
contraction is understood
Ay = Ay, (A.17)
The charge conjugation matrix C and Cvy,, are antisymmetric. The matrix C is unitary and y,
is Hermitian apart from the timelike one, which is anti-Hermitian. The bar is the Majorana bar

A=)c. (A.18)

We define the charge conjugation operation on spinors as
@€ =a ' B, 2= () = a7 () BN, (A.19)
where B = Cyy, and @ = =1 when one uses the convention that complex conjugation does not
interchange the order of spinors, or @« = +1i when it does. Symplectic Majorana spinors satisfy
A = A€. Charge conjugation acts on gamma-matrices as (y,)¢ = —v,, does not change the order
of matrices, and works on matrices in SU(2) space as M€ = o, M*0,. Complex conjugation can
then be replaced by charge conjugation, if for every bi-spinor one inserts a factor —1. Then, e.g.

the expressions o '

Ay, i (A.20)

are real for symplectic Majorana spinors. For more details, see [137].

A.5 Gamma-matrices in five dimensions

The gamma-matrices y, are defined as matrices that satisfy the Clifford-algebra

(Yas Yo} = Ya¥b + VoYa = 2Nap - (A.21)

Completely anti-symmetrized products of gamma-matrices are denoted in three different ways

Y = Yar-a, = Vi " Ya] - (A.22)

The product of all gamma-matrices is proportional to the unit matrix in odd dimensions. We
use

yabcd@ — igadee . (A.23)

This implies that the dual of a (5 — n)-antisymmetric gamma-matrix is the r-antisymmetric
gamma-matrix given by
Yai..a, = ﬁ i8L11...a,lb1.4.b5,,,)/l;57”mbl . (A24)
For convenience, we will give the values of gamma-contractions like

Y'Yy Yomy = Cam¥Yan) » (A.25)
where the constants ¢, , are given in table A.1. The constants for n, m > 2 can easily be obtained
from (A.24) and table A.1.

Changing the order of spinors in a bilinear leads to the following signs
{ t,=+1forn=0,1

t,=—-1forn=2,3 (A.26)

7 (1 2 -2 1
IDyx® =t P vy

where the labels (1) and (2) denote any SU(2) representation.
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Cnm m=1 m=2
n=0 5 =20
n=1 -3 -4
n=2 1 4

Table A.1: Coeflicients used in contractions of gamma-matrices.

A.6 Fierz-identities in five dimensions

The sixteen different gamma-matrices y(, for n = 0,1,2 form a complete basis for four-
dimensional matrices. Similarly, the identity matrix 1, and the three Pauli-matrices o for
i = 1,2,3 form a basis for two-dimensional matrices. A change of basis in a product of two
pseudo-Majorana spinors will give rise to so-called Fierz-rearrangement formulae, which in
their simplest form are given by

Yl = =20 = YA Yy + Yy, 0N = —Lgasl. (A.27)

Using such Fierz-rearrangements, other useful identities can be deduced for working with cubic
fermion terms

/lj/_lj/li = J/a/lj/_lj’ya/li = %'y”b/li/_h/ah/l s
Yy Ay A = 42y A. (A.28)

When one multiplies three spinor doublets, one should be able to write the result in terms of

(f) = 56 independent structures. From analyzing the representations, one can obtain that these

are in the (4,2) + (4,4) + (16, 2) representations of SO(5) x SU(2). They are

LA =y [y, A = Ly Ay,
AR (A.29)
LAyl

As a final Fierz-identity, we give a three-spinor identity which is needed to prove the invariance
under supersymmetry of the action for a vector multiplet

lv[/l['llZ’J‘/’K] = yal//l[.ll/_/jya‘//m . (A.30)

A similar identity was required to get the full hypermultiplet action from the [field]x[non-
closure] method

YW = Yol b,y Y, - (A31)
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Appendix B

Reductions

B.1 Conventions

We use mostly plus signature (— + - - - +). All metrics are Einstein-frame metrics. Unless stated
otherwise, doubly hatted fields and indices are eleven-dimensional, singly hatted fields and in-
dices ten-dimensional while unhatted ones are nine-dimensional. Greek indices i, ¥, 0 . . . denote
world coordinates and Latin indices &, b, ¢ . . . represent tangent space-time. They are related by
the vielbeins éﬁA and inverse vielbeins &,~. Explicit indices x, y, z are underlined when flat and
non-underlined when curved. When indices are omitted we use form notation.

B.2 Reduction of Ricci scalar

Covariant constancy of the metric translates to
Dye,* =0=3d,e," =Tl e, + w,%ey . (B.1)
Taking the antisymmetric part we obtain
Q0 = w e = 20,6, Qupe = ed'er” Quye Wabe = 3 Qupe + Deap = Qpea) . (B.2)
The Riemann curvature and Ricci scalar in terms of the spin connection are given by
Ry™ = 2Djwy™ = 20,05 + 2w, “w,", R =R,%ele, . (B.3)
Using the vielbein-Ansitze (3.8) the spin connections reduce as follows
Oave = € (Wape + 20Map01®) . Dapz = 3PP F4(A), Bz =0,
Qe = -2V (A, g = P Opd, @z =0. (B.4)
The determinant of the metric reduces to

8 = PPV (B.5)
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The Einstein-Hilbert action can now be written as

A 1 A~
S = > f dPxdz eR(®)
2Kp41
1 NN TR N TR
= _2/(2 dede 2e (w[p, wmhe@”e,; ) . (B6)
D+1

The dw term has been partially integrated, and the boundary term is assumed to be zero. Note
that in the case of non-trivial boundaries some extra requirements will have to be satisfied for
these terms to vanish. Substituting the expressions for the vielbeins and spin connections, we
obtain

1 ~

S = 22 dP xdz elF~(P-2a¥, {Zw[a“cwb]cb +2[B+ (D -2)] w,“d-¢
K

D

+[?(D = (D - 2) + 2B - )] (39)* - 14 FX(A)} . (B.7)

This action can be brought into a canonical form by choosing

2

@ B=—(D-2)a. (B.8)

_ 1
= 20-DD-2)°
This leads to the following scalar-gravity-Maxwell action:

1
S = 2—2 dD)CdZ€ {R(OJ) - %(a(p)z — ie_z(D_l)‘"ﬁFz(A)} ) (B9)
Kp

B.3 Spinors and I'-matrices in ten and nine dimensions

The I'-matrices in ten (I';) and nine (y,,) dimensions can be chosen to satisfy

U =mplp  and v} =y, (B.10)
respectively. In ten dimensions we can also choose the I-matrices to be real, while in nine
dimensions they will be purely imaginary, which implies that

I =npln and vy = -y, (B.11)

In ten dimensions the minimal spinor is a 32 component Majorana-Weyl spinor with 16 (real)
degrees of freedom. With the choice

1 0
F“ = _FQ"-Q’ FU = (0 —ﬂ)’ (B12)

we can write a ten-dimensional Majorana-Weyl spinor as being composed of nine-dimensional,
16 component, Majorana-Weyl spinors according to

mw _ [ Y1 mw _[ O
/8 _( 0 )» /8 _((//2)’ (B.13)
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where ; are nine-dimensional Majorana-Weyl spinors and + or — denotes the chirality of the
ten-dimensional spinor. The split of an arbitrary ten-dimensional spinor into two Majorana-
Weyl spinors of opposite chirality can of course be done without reference to nine dimensions
(through the specific choice of I'j;), but each ten-dimensional Majorana-Weyl spinor will then
in general have 32 non-zero components even though it only has 16 degrees of freedom. In order
to reduce to nine dimensions we use

=31, I=c®1, I,=02®vy,, (B.14)

where z is the reduction coordinate and the Pauli matrices are defined as

m:((l) é) 0'2=(? _Oi), 0'3=((1) _01). (B.15)

As mentioned above the nine-dimensional y-matrices are purely imaginary. If we work with a
reduction of type IIB, where the two spinors have the same chirality, it may be convenient to
introduce complex, nine-dimensional, Weyl spinors according to

Ye =y + i, Ao = A +idy,
€ =€ +ie, ;102;12+i/~11, (B.16)

which in ten-dimensional notation can be written as, e.g.
w:(‘/(’)l )+i( ‘/(’)2). (B.17)

If we instead work with a reduction of type IIA the two spinors will have opposite chirality, and
can thus be composed into a ten-dimensional Majorana spinor according to

M ¥ 0
= + . B.18
=5 )0 ®19
With the above mentioned decomposition into nine-dimensional Majorana-Weyl spinors we can
write ~
v _ [ ¥ m_ [ & v _ [ A v _ [ A
so(y) o) o (4) ()
and
w_ [ Y1ty w_ [ a+tie
() @), @0
0 ~ 0
wo_ w_| _ .
A _(/12+i/11)’ 4 _(/12+i/11)’ (B21)

where the spinors without an M or W superscript are Majorana-Weyl spinors. Note also that it
follows from the Clifford algebra and the choice of I'y; that I'; is off-diagonal, which is crucial
for this construction.
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Appendix C

The geometry of scalar manifolds

In this appendix we will present the essential properties of hypercomplex manifolds, and show
the relation with hyperkéhler and quaternionic (Kéihler) manifolds. We show how properties of
the Nijenhuis tensor determine whether suitable connections for these geometries can be defined.
We give the curvature relations, and finally the properties of symmetry transformations of these
manifolds.

In [174] we showed that there is a map between conformal hypercomplex/hyperkihler and
quaternionic(-Kidhler) geometry, based on the coordinate basis chosen in section 7.1. The re-
quired geometrical properties for quaternionic manifolds were obtained by using the special
coordinate basis for the identities and constraints given in chapter 6.

Hypercomplex manifolds were introduced in [177]. A very thorough paper on the subject
is [178]. Examples of homogeneous hypercomplex manifolds that are not hyperkihler, can be
found in [179,180], and are further discussed in appendix C of [86]. Non-compact homogeneous
manifolds are dealt with in [181]. Various aspects have been treated in two workshops with
mathematicians and physicists [182, 183]. To prepare this appendix, we extensively used [178].
However, in some parts we used original methods.

C.1 The family of quaternionic-like manifolds

Let V be a real vector space of dimension 4r, whose coordinates we indicate as g* (with X =
1,...,4r). We define a hypercomplex structure H on V to be a triple of complex structures J¢,
(with @ = 1, 2, 3) which realize the algebra of quaternions,

JOJP = 6%y, + &PV (C.1

A quaternionic structure is the space of linear combinations a,J* with a, real numbers. In this
case the three-dimensional space of complex structures is globally defined, but the individual
complex structures do not have to be globally defined.

Let M be a 4r-dimensional manifold. An almost hypercomplex manifold or almost quater-
nionic manifold is defined as a manifold M with a field of hypercomplex or quaternionic struc-
tures.
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\ || no preserved metric | with a preserved metric |

no SU(2) hypercomplex hyperkéhler

curvature G{(r,H) USp(2r)
non-zero SU(2) quaternionic quaternionic-Kéhler

curvature SUR) - G¢(r,H) SU2) - USp(2r)

Table C.1: Quaternionic-like manifolds. These are the manifolds that have a quaternionic struc-
ture satisfying (C.1) and (C.2). The holonomy group is indicated. For the right column the metric
may give another real form as e.g. USp(2,2(r — 1)).

The ‘almost’ disappears under one extra condition. Different terminologies are used to ex-
press this condition. Sometimes it is said that the structure should be 1-integrable. The same
condition is also expressed as the statement that the structure should be covariantly constant
using some connections, and it is also sometimes expressed as the ‘preservation of the struc-
ture’ using that connection. The connection' here should be a symmetric (i.e. ‘torsionless’)
connection F(XY)Z and possibly an SU(2) connection wx®. The condition is

0 = DxJ%? = OxJ%? = Txy VI W? + Txw?JI% Y + 2P P Iy . (C.2)

If the SU(2) connection has non-vanishing curvature, the manifold is called quaternionic.> If
the condition (C.2) holds with vanishing SU(2) connection, i.e.

0 = DxJy* = dxJ*y* = Txy " Jw? + Txw” Iy ", (C.3)
then the manifold is hypercomplex. If there is a hermitian metric, i.e. a metric such that
% gzy = Iy gzx (C4

and if this metric is preserved using the connection I" (i.e. if I is the Levi-Civita connection
of this metric) then the hypercomplex and quaternionic manifolds are respectively promoted
to hyperkihler and quaternionic-Kihler manifolds. Hence this gives rise to the scheme® of
table C.1.

We will show in section C.4 that the spaces in the upper row have a Ricci tensor that is an-
tisymmetric, and those in the right column have a Ricci tensor that is symmetric (and Einstein).
It follows then that the hyperkidhler manifolds are Ricci-flat. The restriction of the holonomy
group when one goes to the right column, just follows from the fact that the presence of a metric
restricts the holonomy group further to a subgroup of O(4r).*

IThe word ‘connection’ is by mathematicians mostly used as the derivative including the ‘connection coefficients’.
We use here ‘connection’ as a word denoting these coefficients, i.e. gauge fields.

2For r = 1 there are subtleties in the definition, to which we will return below.

3The table is essentially taken over from [178], where there is also the terminology unimodular hypercomplex or
unimodular quaternionic if the G{(r) is reduced to S{(r).

4The dot notation means that it is the product up to a common factor in both groups that does not contribute. In fact,
one considers e.g. SU(2) and USp(2r) on coset elements as working one from the left, and the other from the right. Then

if both are —1, they do not contribute. Thus: SU(2) - USp(2r) = %lis;)ar).
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A theorem of Swann [168] shows that all quaternionic-Kéhler manifolds have a correspond-
ing hyperkéhler manifold which admit a quaternionically extended homothety [a homothety
extended to an SU(2) vector as in (6.42)] and which has three complex structures that rotate
under an isometric SU(2) action. It has been shown in [164] that this can be implemented in
superconformal tensor calculus to construct the actions of hypermultiplets in any quaternionic-
Kéhler manifold from a hyperkéhler cone. Similarly, it has been proven in [184, 185] that any
quaternionic manifold is related to a hypercomplex manifold.

Locally there is a vielbein fi# (with i = 1,2 and A = 1,...,r) with reality conditions as
in (6.19). In supersymmetry we always start from these vielbeins and the integrability condition
can be expressed as ‘

Oxfit — T2, f4 + fPlox) + fiBwyst = 0. (C.5)

C.2 Conventions for curvatures and lemmas

We start with the notations for curvatures. The main conventions for target space curvature,
fermion reparametrization curvature and SU(2) curvature are

Ryyz" = 20xTyz" +2Tyx"'Tyz",
Ryyp" = 20wy + 2wxic wys s (C.6)
Ryxvi! = 20wy’ + 2wpp’wn® .

The SU(2) curvature and connection wy;’ are hermitian traceless,> and one can make the transi-
tion to triplet indices a = 1, 2, 3 by using the sigma matrices

Rxyi’

a
RX Y

1(0)/Rey,

—% i (O'a)inxyji = 20[)((4))/]0[ + 28(Iﬁywxﬂwyy . (C.7

This transition between doublet and triplet notation is valid for any triplet object, e.g. the com-
plex structures. It is useful to know the translation of the inner product: R;/R;’ = —2R*R?.
The curvatures by definition all satisfy the Bianchi identities that say that they are closed
2-forms, e.g.
DixRyzv" =0. (C.8)

Furthermore, due to the torsionless (symmetric) connection, also the cyclicity property holds.
Rxyz" + Rzxy" + Ryzx" = 0. (C.9)

The Ricci tensor is defined as
Rxy = Rzxy” . (C.10)

This is not necessarily symmetric. When I' is the Levi-Civita connection of a metric, then one
can raise and lower indices, Ryzxy = Rxywz and the Ricci tensor is symmetric. Then one defines
the scalar curvature as R = g*YRyy.

>This means symmetric if the indices are put at equal height using the raising or lowering tensor &; ; (NW-SE
convention).
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We now present three lemmas that are useful in connecting scalar manifold indices with
G{(r, H) indices. These lemmas are used in section 6.3 and will simplify further derivations in
this appendix.

Lemma C.2.1 If a matrix Mx" satisfies
[J, M] = 2" Pm? , (C.11)
for some numbers m?, then the latter are given by
4rm* =Tr(J*°M), (C.12)
and the matrix can be written as
M=-m*J*+N, [N, J]=0. (C.13)
A matrix M of this type is said to ‘normalize the hypercomplex structure’.

Proof. The first statement is proven by taking the trace of (C.11) with J°. Inserting this value of
m® in (C.13), it is obvious that the remainder N commutes with the complex structures. [ |

Lemma C.2.2 If a matrix M ¥ commutes with the complex structures, then it can be written as
Y B iA oY
Mx" =Ms"f{ fig - (C.14)

and vice-versa, any M® matrix can be transformed with (C.14) to a matrix commuting with the
complex structures.

Proof. The vice-versa statement is easy. For the other direction, one replaces J* with J;/ as
in (6.28). Then multiply this equation with fj)j‘ fZ"‘B and consider the traceless part in AB. ]

Lemma C.2.3 If a tensor Rixyiz" satisfies the cyclicity condition (C.9) and commutes with the
complex structures,
Ryyz" I = 72 "Ryyy¥ =0, (C.15)

it can be written in terms of a tensor Wapc? that is symmetric in its lower indices. If Ryxy7%2 =0,
then also W is traceless.

Proof. By the previous theorem, we can write
Rxyw” = fif f5Rxva® Rxva® = LV 1P Ryyw” . (C.16)
We can change all indices to tangent indices, defining
Rijcps” = fé{ifj%nygA = —Rjipcs” . (C.17)
The cyclicity property of R can be used to obtain

0= £ Rywxr)” = fii)l/;RWX]BA . (C.18)
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We multiply this with £{ /) £}, leading to
Rijecp™ + Rijcpe™ + 2Rjpec” = 0. (C.19)

The symmetric part in (jk) of this equation implies that R(jx apc” = 0 [multiply the equation by
3, and subtract both cyclicity rotated terms in (CDE)]. Thus we find

Rijcps™ = —3&;;Weps™ (C.20)

with
A _ ij X Y A ij X oY 7 cAkp W
Weps = &7 fic fipRxvs" = 367 fic fip oS Rxvz" . (C.21

Now we prove that W is completely symmetric in the lower indices. The definition immediately
implies symmetry in the first two. The [ jk] antisymmetric part of (C.19) gives

Weep® + Wpee” = 2Wepc = 0. (C.22)

Antisymmetrizing this in two of the indices gives the desired result.
Finally, it is obvious from (C.21) that the tracelessness of R and W are equivalent. ]
The full result for such a curvature tensor is thus

Ryyw? = =L filei fIP £ fo Wanc® . (C.23)

C.3 The connections

In the definition of hypercomplex and quaternionic manifolds, the affine connection I'yy? and
an SU(2) connection wx® appear. In this subsection we will show how they can be obtained.
The crucial ingredient is the Nijenhuis tensor.

C.3.1 Nijenhuis tensor

A Nijenhuis tensor N;[;Z is defined for any combination of two complex structures, but we will

use only the ‘diagonal’ Nijenhuis tensor (normalization for later convenience)
NXYZ = %]axwalw.]anz —(X g Y) = —NYXZ. (C24)

It satisfies a useful relation
Nxy? = I Nyy? I 27, (C.25)

from which one can deduce that it is traceless.

C.3.2 Obata connection and hypercomplex manifolds

The torsionless Obata connection [165] is defined as

FObeZ = —% (Za(x.lay)w + 8aﬁ7Jﬁ(xU(9|U|Jyy)W) JQWZ . (C26)
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First, note that if a manifold is hypercomplex, i.e. if (C.3) is satisfied, then by inserting the
expression for 0J from that equation in the right-hand side of (C.26), one finds that the affine
connection of the hypercomplex manifold should be the Obata connection, I' = T'°®. One may
thus answer the question whether an almost hypercomplex manifold [i.e. with three matrices
satisfying (C.1)], defines a hypercomplex manifold [i.e. satisfies (C.3)]. As we now know that
the affine connection in (C.3) should be (C.26), this can just be checked. For that purpose, the
following equation is useful:

8XJ(Y zZ _ (FObXYW + NXYW) J(I/WZ + (FObXWZ + NXWZ) J(Iyw — O' (C.27)

It shows that any hypercomplex structure can be given a torsionful connection such that the
complex structures are covariantly constant. The condition for a hypercomplex manifold is
thus that this connection is torsionless, i.e. that the Nijenhuis tensor vanishes. In conclusion,
a hypercomplex manifold consists of the following data: a manifold M, with a hypercomplex
structure with vanishing Nijenhuis tensor. In the main text, we only use the Obata connection,
and we thus have I = 'O,

C.3.3 Oproiu connection and quaternionic manifolds

For the quaternionic manifolds, the affine connection and SU(2) connection can not be uniquely
defined. Indeed, one can easily check that (C.2) is left invariant when we change these two
connections simultaneously using an arbitrary vector &y as

FXYZ e FXYZ + S}ggfw , an - a)X” + JQXWfW , (C28)

where S is the tensor

Sy = 260,04, — 20751, (C.29)
which satisfies the relation
Sawd vy = I WY SSy = 26 PP A0y (C.30)

Under this transformation, the G£(r, H) connection transforms as
wxa® = wxa® + AP FAS v Ew - (C.31)
An invariant SU(2) connection is
Ox" = wx” + 2% Pyl = 2ox™ - e Py wy (C.32)

If we use (C.2) in the expression for the Nijenhuis tensor, (C.24), we find that quaternionic
manifolds do not have a vanishing Nijenhuis tensor, but the latter should satisfy

NXYZ = —J”[XZ(Z)Y]“ . (C33)
This condition can be solved for @. We find

(1 =21 ax® = Nxy?J%," . (C.34)



C.4 Curvature relations 133

Thus the condition for an almost quaternionic manifold to be quaternionic is that the Nijenhuis
tensor satisfies

(1 -2 r) nyZ = —J{Y[XZNY]VWJ(YWV . (C35)

On the other hand, one may also use (C.2) in the expression for the Obata connection (C.26).
Then we find that the affine connection for the quaternionic manifolds is given by

Tyy” =T%" = I Pwy)” - S o, (C.36)

which exhibits the transformation (C.28).
One can take a gauge choice for the invariance. A convenient choice is to impose

I w2 =0. (C.37)

With this choice @x* = wx®. The affine connection in (C.36) simplifies, and this expression is
called the Oproiu connection [186]

Oop Z _ tOb Z z
I'Pyy” = TI'Pxy” = Jx“wn)”

%% + NZy — I wx” . (C.38)

The last expression shows that the Oproiu connection, which up to here was only proven to
be necessary for solving (C.2), gives rise to covariantly constant complex structures under the
condition (C.33). Indeed, the first two terms give a (torsionful) connection that gives rise to
a covariantly constant hypercomplex structure, see (C.27), and the last term cancels the SU(2)
connection. The condition (C.33) is now the condition that the connection I'P is torsionless.

In conclusion, a quaternionic manifold consists of the following data: a manifold M, with a
hypercomplex structure with Nijenhuis tensor satisfying (C.35).

Levi-Civita connection and hyperkéhler or quaternionic-Kihler manifolds. For hyper-
kihler manifolds, the Obata connection should coincide with the Levi-Civita connection of a
metric. For quaternionic-Kéhler manifolds, the connection that preserves the metric can be one
of the equivalence class defined from the Oproiu connection by a transformation (C.28).

C.4 Curvature relations

C.4.1 Splitting according to holonomy

There are two interesting possibilities of splitting the curvature on quaternionic-like manifolds.
First of all, the integrability condition of (C.5) yields that the total curvature on the manifold
is the sum of the SU(2) curvature and the G£(r, H) curvature which shows that the (restricted)
holonomy splits in these two factors:

Ryyw? =RV ?  +ROCH 7 (C.39)

— VA Z B A : Z B _ rZ riB
= —J%W* Rxy® +Lw“ 4" Rxys”, with Ly“4” = atw -
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The matrices L4 ® and J* commute and their mutual trace vanishes
J(IXYLYZAB — LXYABJ(I Z s J(IZYLYZAB — O . (C.40)

For hypercomplex (or hyperkihler) manifolds, the SU(2) curvature vanishes. Then the Riemann
tensor commutes with the complex structures and using the cyclicity, one may use lemmas C.2.2
and C.2.3 to write .

Ruvw” = =3 [ &) o FoWanc” - (CA4D

This W is symmetric in its lower indices. The Ricci tensor is then
.
Rxy = %Sijf;l(B ) Wapc® = —Ryx . (C.42)

Thus the Ricci tensor for hypercomplex manifolds is antisymmetric. In general, the antisym-
metric part can be traced back to the curvature of the U(1) part in G€(r, H) = S&(r, H) x U(1).
Indeed, using the cyclicity condition:

u(l udl
Rixy) = Rzxn)” = _%RXYZZ = —Rx(y) , Rx(y) = Ryya® . (C.43)

C.4.2 Splitting in Ricci and Weyl curvature

The separate terms in (C.39) for quaternionic manifolds do not satisfy the cyclicity condition,
and thus are not bona fide curvatures. We will now discuss another splitting

R = RRiCXYWZ + R(W)xywz . (C44)

Both terms will separately satisfy the cyclicity condition. The first part only depends on the Ricci
tensor of the full curvature, and is called the ‘Ricci part’. The Ricci tensor of the second part
will be zero, and this part will be called the ‘Weyl part’ [178]. We will prove that the second part
commutes with the complex structures. The lemmas of section C.2 then imply that the second
part can be written in terms of a tensor ‘WP, symmetric in the lower indices and traceless.
This tensor appears in supersymmetric theories, which is another reason for considering this
construction. The case r = 1 needs a separate treatment which will be discussed afterwards.

To define the splitting (C.44), we define the first term as a function of the Ricci tensor, and
R™) is just defined as the remainder. The definition of RR® again makes use of the tensor S
in (C.29):

RRCyy,V = 25;{;‘;31/]\/ ,
1 1 1
B —Rixy) - ———xr/*" Rzw + ———Rxy - C.45
Xy o T ey e Kaw + g R ( )
Here, I1 projects bilinear forms onto hermitian ones, i.e.
My ™Y = § (6x%oy" + J7x%0°y"). (C.46)

The Ricci part satisfies several properties that can be checked by a straightforward calculation:

1. The Ricci tensor of RR is just Ryy.
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2. The cyclicity property (C.9).

3. Considered as a matrix in its last two indices, this matrix normalizes the hypercomplex
structure (see lemma C.2.1).

Especially to prove the last one, the property (C.30) can be used (multiplying it with Byy and
antisymmetrizing in [ZU]). The relation is explicitly

TV RREC gy — RR W g7y = 26 B,V RRIC Y
with RN = %J"WZRR“XYZW =2Jx"Byz . (C.47)
The important information is now that the full curvature also satisfies these 3 properties. The
latter one is the integrability property of (C.2):
0=2DxDyJ%" = Rxyw" ' J*2" = Rxy," J%w" = 2P Ryy? JP,V . (C.48)
As in general for matrices normalizing the complex structure, we can also express Ryy® as
Ryyz" J*w? = 4r Ryy” . (C.49)

This leads to properties of the Weyl part of the curvature. First of all, it implies that this
part is Ricci-flat. Secondly it also satisfies the cyclicity property. Third, it also normalizes the
hypercomplex structure, defining some R%)a. We will now prove that the latter is zero for r > 1.

The expression for this tensor satisfies a property that can be derived, starting from its defi-
nition, by first using the cyclicity of R™), then the equation saying that it normalizes the hyper-
complex structure, and finally that it is Ricci-flat

ng(V;)a _ %JQUVR(W)XYVU _ _%JQUVR(W)V[X”U
- —eaﬁVR(VV[V;BﬂY]V. (C.50)
Multiplying with J¥ and antisymmetrizing leads to
T RE = 0. (C.51)

Secondly, multiplying (C.50) with J°,XJ%7, and using (C.50) again for multiplying the com-
plex structures at the right-hand side, leads to

P Z PPy VRO = —RIDT or Ty ?YROVY = 0. (C.52)
Finally, multiplying (C.50) with %€ J%,Y leads to
RV =0, if r>1. (C.53)

Therefore RW)yy," is a tensor that satisfies all conditions of lemma C.2.3, and we can thus write
, .
Rxyz" = R yy," - % ;'?lé‘ij Y ‘{cvckaD(WABCD- (C.54)
For hypercomplex manifolds, we found that the full curvature can be written in terms of a tensor
WascP, see (C.41), which is symmetric in the lower indices, but not necessarily traceless. One
can straightforwardly compute the corresponding ‘W, and find that this is its traceless part, the
trace determining the Ricci tensor:

D D D E A iA £jB
Wape™ = Wape™ - aWoE" Ryxy = —Ryya® = Y& £ £ Wapc© . (C.55)

3
2(r + 1)6
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C.4.3 The one-dimensional case

As
G{(1,H) = S¢(1,H) x U(1) = SU2) x U(1), (C.56)

we have now two SU(2) factors in the full holonomy group. This can be written explicitly by
splitting L in (C.39) in a traceless and trace part:

Ly"4% = 2i(oMaPTx" + Loyl . (C.57)
This leads to the r = 1 form of (C.39):
Ryyw” = =W RS — T W Ry + 5%;/72%/1) , (C.58)

where for emphasizing the symmetry, we indicate the original complex structures as J+%x'.

We saw that for » = 1 we could not perform all steps to get to the decomposition (C.54).
However, some authors define quaternionic and quaternionic-Kéhler for r = 1 as a more re-
stricted class of manifolds such that this decomposition is still valid [187]. For quaternionic-
Kihler manifolds, the definition that is taken in general leads for r = 1 to the manifolds with
holonomy SU(2) x USp(2), which is just SO(4). Thus with this definition all four-dimensional
Riemannian manifolds would be quaternionic-Kéhler. Therefore a further restriction is imposed.
This further restriction is also natural in supergravity, as it is equivalent to a constraint that fol-
lows from requiring invariance of the supergravity action.

In general, as R™Y) normalizes the hypercomplex structure, we can by lemma C.2.1 and
lemma C.2.2 write

R(W)XYZW _ _R;\’;’I)aﬁzw " R;X,LB LZWAB _ R(W)+XYZW " R(W)—XYZW. (C.59)
We impose
RO =0, (C.60)

as part of the definition of quaternionic manifolds with r = 1. This is thus the equation that
is automatically valid for » > 1. Using lemma C.2.3, this implies that (C.54) is valid for all
quaternionic manifolds.

In the one-dimensional case, we can see that a possible metric is already fixed up to a mul-
tiplicative function. Indeed, the C4p that is used in (6.88) can only be proportional to &4p.
Therefore, it is said that there is a conformal metric, i.e. a metric determined up to a (local) scale
function A(q): A

8xy = A(Q)f;}Af;BgingB . (C.61)
One can check that this metric is hermitian for any A(g), i.e. J%xy = J%x%gzy is antisymmetric.
The remaining question is whether this metric is covariantly constant, which boils down to the
covariant constancy of C4p. This condition can be simplified using the Schouten identity:

DxCap = OxCap + 20x1a Ciepp) = 0xCap + wxc Cap = £ap <5X/1(61) + wxccfl(q))~ (C.62)

We can choose a function A(g) such that C is covariantly constant iff wxcC is a total derivative,
i.e. if the U(1) curvature vanishes. Thus in the one-dimensional case hypercomplex manifolds
become hyperkéhler, and quaternionic manifolds become quaternionic-Kéhler if and only if the
U(1) factor in the curvature part G¢(1, H) vanishes.
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C.4.4 The curvature of Quaternionic-Kihler manifolds

In quaternionic-Kihler manifolds, the affine connection is the Levi-Civita connection of a met-
ric. Therefore, the Ricci tensor is symmetric. As we have already proven that in the hypercom-
plex case the symmetric part vanishes, hyperkihler manifolds have vanishing Ricci tensor. Now
we will prove that the quaternionic-Kéhler spaces are Einstein, and that moreover the SU(2) cur-
vatures are proportional to the complex structures with a proportionality factor that is dependent
on the scalar curvature.

We start again from the integrability property (C.48). Multiplying with J°, X

gives
RYZ&H(S _ SaéﬁRXYZWJﬁWX + JGZWRXYWVJ5VX _
—26PORP + 26U RxyP IP X — 2Rxy° T X = 0. (C.63)
The second and third term can be rewritten
YIWY = —Rywx" v = RwxyV %%
—Rywx"J°v* + Ryxw" V¥, (C.64)
ZnyWVJ6VX = —4/’Ryw6 .

Rxyw

In the first line, the cyclicity property of the Riemann tensor is used. Then, the symmetry in
interchanging the first two and last two indices (here we use that the curvature originates from
a Levi-Civita connection) and finally interchanging the indices on the last complex structure,
using its antisymmetry (Hermiticity of the metric). This leads to

Ryz8" + *P2(r — DRy — 2(r = DRyx*J 2% +26%°RE ,JP,X = 0. (C.65)
Multiplying with 6% gives
Ryz = =3(r+ 2P/ Ry’ . (C.66)

On the other hand, multiplying (C.65) with £ gives only a non-trivial result for  # 1, in
which case we find
for r>1: ZRYZQ = aﬁyJﬂYXRXZy. (C67)

We impose the same equation for r = 1. We will connect this equation to another requirement
below.
By replacing ™7 JPy* by —(J*J7)y* — 556" we get

1
Ryy” = 31717 "Ry = mJQXZRZY- (C.68)

We also have

JO[XZRZY/; = Saﬁyﬂxyy - éﬂﬁny . (C69)

2(r+2)

The final step is obtained by using (C.48) once more. Now multiply this equation with
Py JBYX Jv .U " and use for the contraction of the Riemann curvature tensor with JA¥X that we
may interchange pairs of indices such that (C.49) can be used. Then everywhere J*RF appears,
for which we can use (C.69). This leads to the equation expressing that the manifold is Einstein:

1
ny = 4—gxyR. (C70)
r
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With (C.68), the SU(2) curvature is proportional to the complex structure:

1

Rxy™ = 2vJ%y . =—R. C.71
xr" = 5v %y v T+ (C.71)
The Einstein property drastically simplifies the expression for B in (C.45) to
Byy = 1vgxy - (C.72)

The Ricci part of the curvature then becomes proportional to the curvature of a quaternionic
projective space of the same dimension:
HP" 1 1 1 1 AB
(R™) yyuy = 38z1x8vI0 + 350 T5w = 55w = S50 I5w + L™ Looms . (C73)
The full curvature decomposition is then

Rxywz = v(R® ) xywz + 1 Lzw"* WagcpLxy©”, (C.74)

with Wapcp completely symmetric. The constraint appearing in supergravity fixes the value
of v to —k*. The quaternionic-Kihler manifolds appearing in supergravity thus have negative
scalar curvature, and this implies that all such manifolds that have at least one isometry are
non-compact.

Finally, we should still comment on the extra constraint (C.67) for » = 1. In the mathematics
literature [187] the extra constraint is that the quaternionic structure annihilates the curvature
tensor, which is the vanishing of

J% " Ryywz + Iy Rxvwz + Iz Rxywv + J*w" Rxyvz
&P (Rur’ Ty, + Rew Ty ). (C.75)

(J* - R)xywz

where the second expression is obtained using once more (C.48). We have proven that (C.67)
was sufficient extra input to have RY, proportional to J§, implying J - R = 0. Vice versa:
multiplying (C.75) with £%¢J¢y; leads to (C.67) if J* - R = 0. Thus indeed the vanishing
of (C.75) is an equivalent condition that can be imposed for r = 1 and that is automatically
satisfied for r > 1.

C.5 Symmetries

Symmetries of manifolds are most known as isometries for Riemannian manifolds (i.e. when
there is a metric). They are transformations §g* = kX(¢)A’, where A’ are infinitesimal parame-
ters. They are determined by the Killing equation®

Dixkyy =0, kxi = gxvk's . (C.76)

6See also ‘conformal Killing vectors’ in section 5.1.
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This definition can only be used when there is a metric. However, there is a weaker equation that
can be used for defining symmetries also in the absence of a metric, but when parallel transport
is defined. Indeed, the Killing equation implies that

—Ryzx" kwi = DyDzkx; — Dz Dykxs = DyDzkxs + Dz Dxky; - (C.77)
Using the cyclicity condition on the left-hand side to write
Ryzx" =1 (RYZXW —Rzxy" - RXYZW) , (C.78)

we obtain
DxDyks = Rywy“k] . (C.79)

This equation does not need a metric any more. We will use it as definition of symmetries when
there is no metric available. We will see that it leads to the group structure that is known from
the Riemannian case.

Of course, we will require also that the symmetries respect the quaternionic structure. This
is the statement that the vector k;( normalizes the quaternionic structure:

L Jx" = K070 + (0xk) 7" = 1057 (02k) ) = byP PPy (C.80)

for some functions bfﬂ (9). This by is antisymmetric, as can be seen by multiplying the equation
with J7 ¥,

Thus we define symmetries in quaternionic-like manifolds as those 6q* = k;( (@)A!, such that
the vectors kY satisfy (C.79) and (C.80).

We first consider (C.80). One can add an affine torsionless connection to the derivatives,
because they cancel. As a total covariant derivative on J vanishes, we add in case of quaternionic
manifolds the SU(2) connection to the first derivative. This addition is of the form of the right-
hand side. Thus defining P} by b(;ﬁ — 2" wxk} = 2&°PYvP}, the remaining statement is that
there is a P{(g) (possibly zero) such that”

Jox* (Dzk) ) - (Dxkf) 172" = 267 Py vPY . (C.81)

The equation now takes on the form of (C.11) in lemma C.2.1. Thus, using this lemma, as well
as lemma C.2.2, we have
Dxk] = vI%%" P} + Ly" s Bt15" . (C.82)

t;5" is the matrix that we saw in the fermion gauge transformation law (6.49). The rule (C.12)
gives an expression for P{, which is called the moment map:

4rv Py = -J%" (Drk)). (C.83)
Using the second equation, (C.79) we now find

Rzwx"k) = D70k} =vJx" (DzP) + Ly a® (Dz115"). (C.84)

THere we introduce in fact vP. The factor v is included for agreement with other papers and allows a smooth limit
v = 0 to the hypercomplex or hyperkéhler case. In fact, we have seen in (6.55) that supersymmetry in the setting of
hypercomplex manifolds demands that the right-hand side of (C.80) is zero. We will see below that this is unavoidable
for hypercomplex manifolds even outside the context of supersymmetry.
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Using the curvature decomposition (C.39) and projecting onto the complex structures and L, we
find two equations
Row'k) = —vDPY,  Raws'k) = Dytip”. (C.85)

The algebra that the vectors k;( define is
2k, Dyk), + fiXkg =0, (C.86)

where f;,X are structure constants. Multiplying this relation with J?x?*®,, and using (C.79),
and (C.83) gives

207Dk DykS) + 20 %7 Rywy kK, — 4rv i, * Py = 0. (C.87)

The trace that appears in the first term can be evaluated by using (C.81) and once more (C.83),
while in the second term we can use the cyclicity condition of the curvature and (C.49) to obtain

2P PIPY + Ry ki k) —vfi,SP% = 0. (C.88)

We thus found that the moment maps, defined in (C.83) satisfy (C.85) and (C.88). The first of
these shows that we can take v = 0 for the hypercomplex or hyperkidhler manifolds. Both these
two relations vanish identically in this case. However, for quaternionic-Kéhler and hyperkéhler
manifolds, we can use (C.71), and dividing by v leads to

Jzwk)

—2ve P PIPY + Lk KY — 1,5 P

—-2DzP7, (C.89)
0. (C.90)

These equations are thus equivalent to the previous ones for v # 0 if there is a metric. This is thus
the quaternionic-Kihler case, for which these relations appear already in [188]. But we did not
derive these equations for the v = 0 (hyperkihler) case. Rather, the first one is taken as the def-
inition of P for this case. This equation also follows from supersymmetry requirements, where
the moment map P} is an object that is needed to define the action, see (6.95). The moment
map is then determined up to constants. As we saw in section 6.3, the constants are fixed when
conformal symmetry is imposed. Similarly, the second equation appears in supersymmetry as a
requirement, see (6.100). For a conformal invariant theory, the constants in P{ are determined
and the moment map again satisfies (C.90) automatically due to a similar calculation as the one
that we did above for v # 0. Note, however, that for the quaternionic manifolds that are not
quaternionic-Kihler, we can only use (C.85) and (C.88), as (C.89) and (C.90) need a metric.
For hypercomplex manifolds, on the other hand, the moment maps are not defined.
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Samenvatting

Sinds de geboorte van de deeltjesfysica, na de ontdekking van het elektron door Thomson in
1897, is er enorme vooruitgang geboekt in de beschrijving van waarneembare processen in de
natuur. Om het gedrag van deeltjes te kunnen verklaren op (sub)atomaire schaal, werd om-
streeks 1920 de quantummechanica ontwikkeld. Men realiseerde zich, afgaand op de uitkom-
sten van experimenten, dat alle deeltjes een fundamentele eigenschap bezitten: genaamd ‘spin’.
De waarde hiervan splitst de deeltjes in twee klassen: bosonen en fermionen, elk met zeer spe-
cifieke eigenschappen. Enige tijd daarvoor, in 1905, revolutioneerde Einstein ons denken over
ruimte en tijd met zijn speciale relativiteitstheorie. Deze theorie liet zien hoe de concepten ruim-
te en tijd zijn verweven en niet apart kunnen worden beschouwd. Een combinatie van deze twee
theorieén leidde omstreeks 1970 uiteindelijk tot het Standaard Model, dat perfect in staat bleek
om de wisselwerkingen te beschrijven tussen de elementaire deeltjes die de bouwstenen vormen
van alle observeerbare materie in het universum. Het Standaard Model beschrijft drie soor-
ten fundamentele interacties: de elektromagnetische, de zwakke en de sterke wisselwerking.
Het begrip ijksymmetrie speelt hierbij een belangrijke rol. Door het lokaal maken van deze
symmetrie, dat wil zeggen het invoeren van een codrdinaatafhankelijke transformatieparameter,
worden spin-1-ijkdeeltjes ingevoerd die krachten kunnen overbrengen tussen twee deeltjes. Het
bekendste voorbeeld is het foton, dat het elektromagnetisch veld tussen twee geladen deeltjes
veroorzaakt, waardoor deze deeltjes elkaar aantrekken of afstoten afhankelijk van hun ladingen.
Op vergelijkbare wijze worden de overige fundamentele krachten ‘gedragen’ door respectieve-
lijk de W/Z-bosonen en de gluonen. Alhoewel het Standaard Model met zeer grote precisie
experimenteel bevestigd is, is er een aantal discrepanties. Zo is het Higgs-deeltje, dat nodig is
om massa’s te geven aan de andere elementaire deeltjes, nog niet gevonden.® Een ander bezwaar
is de noodzaak voor 19 ad-hocparameters — onder andere de massa’s van de elementaire deel-
tjes — die niet theoretisch kunnen worden bepaald, terwijl in een fundamentele theorie alles uit
basisprincipes zou moeten volgen.

Een andere grootse prestatie in de 20e eeuw was Einsteins algemene relativiteitstheorie, die
de vierde fundamentele kracht voor zijn rekening neemt: zwaartekracht. Deze theorie werd ge-
construeerd in 1914 in een poging de grondbeginselen van de speciale relativiteit te implemen-
teren in Newtons zwaartekrachttheorie en vergrootte ons begrip van de samenhang van ruimte
en tijd. Enkele successen waren bijvoorbeeld de voorspellingen van kleine afwijkingen van pla-
neetbanen en de buiging van licht langs massieve objecten. Van meer speculatieve aard zijn de
voorspellingen van zwarte gaten en zwaartekrachtsgolven, die beide slechts indirect zijn geveri-

8Men hoopt dat de nieuwe LHC-versneller hier in 2006 uitsluitsel over zal kunnen geven.
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kracht ijkdeeltje werkt op bereik relatieve
sterkte

sterke nucleaire kracht gluon quarks nucleaire afstanden | 20

elektromagnetisme foton geladen deeltjes oneindig 1

zwakke nucleaire kracht | W- of Z-boson | quarks en leptonen | nucleaire afstanden | 1077

zwaartekracht graviton? massieve deeltjes oneindig 1073

Tabel C.2: De vier fundamentele krachten. De relatieve sterktes zijn gebaseerd op twee wissel-
werkende up-quarks, op een afstand van 1078 m van elkaar [1].

fieerd. Tevens konden voorspellingen worden gedaan over de evolutie van ons heelal. Alhoewel
de theorie de interacties tussen massieve objecten perfect kan verklaren op relatief grote leng-
teschaal, gaat er iets mis wanneer men probeert algemene relativiteit te beschrijven in het ge-
bied waar de quantummechanica heerst. Aangezien de zwaartekrachtseffecten op kleine schaal
verwaarloosbaar zijn ten opzichte van de andere drie fundamentele krachten, zie tabel C.2, is
het niet verwonderlijk dat de algemene relativiteitstheorie slechts is getest tot een afstand van
ongeveer 1 millimeter. Een poging om zwaartekracht te beschrijven met de standaard quantisa-
tiemethoden, die ook werden gebruikt voor het Standaard Model, faalde. De theorie kampte met
oneindigheden vanwege een niet-dimensieloze koppelingsconstante k = 87G/c*, waardoor de
theorie ongeschikt is om storingsrekening op toe te passen. De typische lengteschaal waar onze
klassieke ideeén over zwaartekracht en de ruimte-tijd hun geldigheid verliezen wordt gegeven
door de Planck-lengte:

tp = }i—f ~4.1-10 m, (C.91)
waarbij & de constante van Planck is, G Newtons zwaartekrachtsconstante en ¢ de lichtsnelheid.

Samenvattend, aan beide uiteinden van het schaalspectrum hebben we twee succesvolle the-
orieén die niet verenigbaar lijken te zijn. De oplossing zou gegeven moeten worden door een the-
orie van ‘quantumzwaartekracht’, die alle vier de fundamentele krachten omvat. De zoektocht
naar deze geunificeerde theorie is het hoofddoel geweest van de hoge-energiefysica gedurende
de laatste twintig jaar.

Een gedeeltelijk succes werd bereikt in 1976 door de ontdekking van superzwaartekracht;
een uitbreiding van de algemene relativiteitstheorie die zich beter gedroeg bij hoge energieén,
vanwege een gedeeltelijk tegen elkaar wegvallen van oneindigheden. Het cruciale ingrediént
hierbij was supersymmetrie, een symmetrie tussen bosonen en fermionen die voorspelt dat voor
iedere boson in de natuur een corresponderend fermionisch deeltje bestaat, en visa versa. De
ijktheorie van supersymmetrie wordt gegeven door superzwaartekracht. Het spin-2-ijkdeeltje dat
verantwoordelijk is voor het overdragen van de zwaartekracht wordt het graviton genoemd. Zijn
supersymmetrische partner is het zogenaamde gravitino. Om deze deeltjes te meten zijn echter
energieén nodig die ver buiten het bereik liggen van hedendaagse (en toekomstige) versnellers.

De meest veelbelovende kandidaat tot op heden is de supersnarentheorie. Snarentheorie ver-
onderstelt dat alle deeltjes gerepresenteerd worden door trillingstoestanden van een snaar met
een typische lengte {5 in de orde van de Planck lengte £p. Eén van de trillings toestanden bleek
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een massaloos spin-2-deeltje te beschrijven dat zich gedraagt als een graviton. Vervolgens werd
gevonden dat de lage-energielimiet van supersnarentheorie wordt gegeven door superzwaarte-
kracht. Alhoewel deze laatste niet vrij van oneindigheden was gebleken, is er een intuitieve
reden waarom supersnarentheorie dat vermoedelijk wel is. Deze oneindigheden treden namelijk
meestal op in singuliere punten. Echter, een snaartje dat beweegt in de ruimte-tijd bestrijkt een
tweedimensionaal oppervlak, in tegenstelling tot een lijn voor een puntdeeltje. Precies dit feit
zorgt ervoor dat de interacties tussen snaren niet in één singulier punt plaatsvinden, maar ver-
spreid zijn over een kleine ruimte. Helaas heeft ook deze theorie haar nadelen. Snarentheorie
is alleen perturbatief gedefinieerd, met andere woorden: verstrooiingsamplitudes worden uitge-
drukt als een oneindige reeks in machten van de snarenkoppelingsconstante g, die geassocieerd
wordt met de ‘Feynman diagrammen’ van snarentheorie. De grootste tegenslag was het bestaan
van maar liefst vijf supersnarentheorieén, terwijl men hoopte op één unieke theorie van quan-
tumzwaartekracht. Enkele jaren geleden veranderde dit, door de ontdekking van dualiteiten, die
verschillende energieregimes van verschillende theorieén met elkaar relateerden. Een belang-
rijke rol was hierbij weggelegd voor zogenaamde braanoplossingen van snarentheorie. Dit zijn
solitonische membraanachtige oplossingen die kunnen worden gezien als hogerdimensionale
generalisaties van snaren. De vijf op het eerste gezicht verschillende theorieén en hun braan-
oplossingen bleken hierdoor gerelateerd door een web van dualiteiten. Dit suggereerde echter
dat de vijf supersnarentheorieén allemaal een andere limiet vormden van één fundamentele the-
orie, genaamd ‘M-theorie’. Veel is helaas nog niet bekend over deze theorie. Echter, door de
lage-energielimieten van M-theorie en de vele dualiteiten hiertussen te bestuderen, komen we
hopelijk steeds een stapje dichter bij een geunificeerde theorie.

We zullen nu een korte beschrijving geven van de onderwerpen die in dit proefschrift aan bod ko-
men. In hoofdstuk 1 beschrijven we het raamwerk van snarentheorie en superzwaartekracht, om
de in dit proefschrift behandelde onderwerpen in een context te kunnen plaatsen. Hoofdstuk 2
bevat de motivatie voor het onderzoek dat in het resterend deel van deze dissertatie wordt behan-
deld. De hoofdmotivatie is het concept ‘braanwerelden’, waarbij ervan wordt uitgegaan dat ons
vierdimensionaal universum kan worden gerepresenteerd als een vierdimensionale braanoplos-
sing in vijf ruimte-tijddimensies. Dit type modellen werd gebruikt om verscheidene problemen
in de kosmologie op te lossen; bijvoorbeeld het kosmologische-constanteprobleem en het hiérar-
chieprobleem. De branen die in dergelijke modellen worden gebruikt splitsen de ruimte-tijd in
twee gebieden en worden domeinvlakken genoemd. Een supersymmetrische versie is echter niet
gemakkelijk te construeren; de domeinvlakken moeten aan bepaalde voorwaarden voldoen om
de juiste vacuiimstructuur van de vijfdimensionale ruimte-tijd te kunnen beschrijven. Het bepa-
len van alle mogelijke domeinvlakkandidaten vereist een goede kennis van materiekoppelingen
in de vijfdimensionale superzwaartekrachttheorie. De scalarvelden die in dergelijke theorieén
voorkomen, blijken te kunnen worden opgevat als codrdinaten van een manifold. De potentiéle
energie van deze deeltjes wordt gegeven door de scalaire potentiaal, welke een functie is van
alle scalairen van de manifold. De vacuiimstructuur van de vijfdimensionale ruimte-tijd wordt
bepaald door de minima van de scalaire potentiaal en de geometrische eigenschappen van de
scalaire manifold.

De vijfdimensionale materiegekoppelde superzwaartekrachttheorie is een speciaal geval van
een geijkte superzwaartekrachttheorie, dat wil zeggen een superzwaartekrachttheorie waar één
of meer globale symmetrieén lokaal zijn gemaakt. Eén manier om dergelijke theorieén te con-
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strueren, is door middel van dimensionele reductie. Men begint hiertoe met een hogerdimen-
sionale superzwaartekrachttheorie en ‘rolt’ enkele extra dimensies op om effectief te eindigen
met een superzwaartekrachttheorie in een lagere ruimte-tijddimensie. Een uitbreiding van deze
methode wordt ‘algemene dimensionele reductie’ genoemd; hierbij benut men een symmetrie
van een theorie om massa’s te verkrijgen in lagere dimensies. In dit geval zal de gebruikte
symmetrie verschijnen als een geijkte symmetrie van de gereduceerde theorie. Wanneer deze
techniek wordt toegepast op superzwaartekrachttheorie, kan men geijkte superzwaartekracht-
theorie€n construeren. Een algemene inleiding tot het onderwerp dimensionele reductie wordt
gegeven in hoofdstuk 3, waarna deze techniek in hoofdstuk 4 zal worden toegepast op super-
zwaartekracht in tien en elf dimensies.

De overige hoofdstukken 5, 6 en 7 geven een tweede manier om geijkte superzwaarte-
kracht te verkrijgen: het drie-stappen superconforme programma. We gebruikten dit programma
voor de constructie van een algemenere materiegekoppelde vijfdimensionale Poincaré-super-
zwaartekrachttheorie dan momenteel bekend in de literatuur. De ruimte-tijdsymmetrieén van
Poincaré-superzwaartekracht worden gegeven door translaties en rotaties, die deel uitmaken van
de super-Poincaré-groep. Het conforme programma breidt deze groep uit tot de grootste groep
van ruimte-tijdsymmetrieén, namelijk de superconforme groep. Door het invoeren van extra
symmetrieén bevat de corresponderende superzwaartekrachttheorie meer structuur en is derhal-
ve gemakkelijker te analyseren.

De eerste stap van het programma wordt behandeld in hoofdstuk 5, waar de constructie en
ijking van de vijfdimensionale superconforme algebra wordt beschreven. Dit resulteert in het
zogenaamd ‘Standaard Weyl-multiplet’; dit is de minimale representatie van de superconforme
algebra die het graviton bevat. De superconforme achtergrondvelden worden gegeven door de
velden in dit Weyl-multiplet.

De tweede stap is het onderwerp van hoofdstuk 6, waar we verscheidene materiemultiplet-
representaties van de superconforme algebra construeren, inclusief hun acties en supersymme-
trietransformatieregels in de achtergrond van de Weyl-multipletvelden. Het betreft hier voor-
namelijk vector-tensormultipletten en hypermultipletten. Beide bevatten scalaire deeltjes die
aanleiding geven tot interessante geometrie op de bijbehorende scalaire manifolds.

De laatste stap wordt gegeven in hoofdstuk 7. Hier wordt de superconforme algebra weer
teruggebracht naar de super-Poincaré-algebra door het kiezen van geschikte ijkkeuzes voor de
niet-Poincaré-symmetrieén. Door het kiezen van de juiste ijk vinden we vijfdimensionale ma-
teriegekoppelde Poincaré-superzwaartekracht die in tal van toepassingen kan worden gebruikt,
zoals beschreven in hoofdstuk 2. Ten slotte geven we in appendices A—C onze conventies en
enige extra informatie over de eigenschappen van de scalaire manifolds die gegenereerd worden
door de hypermultipletkoppelingen.
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