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Field perturbations in general relativity and infinite
derivative gravity

Gerhard Harmsen

Abstract

In the first part of this thesis we will determine the Quasi Normal Modes (QNMs) as-
sociated to spin-3/2 fields near higher dimensional Reissner-Nodstrom black holes,
and Schwarzschild black holes which are in higher dimensional (Anti-) de Sitter
space times. In order to do this we will present the idea of QNMs, and then show
how effective potentials can be obtained for the spin-3/2 fields near the black holes.
Where the effective potentials will give us an indication of the fields behaviour near
the black hole. We then show that using the effective potential we obtain the numer-
ical values of the QNMs by using numerical approximations. This approach will
be used for each of the space times that we are interested in. We then determine
what the effects of the electrical charge and asymptotic curvature are on the emitted
QNMs. In the case of the electrically charge black hole we also investigate the ab-
sorption probabilities of the QNMs.

In the second part of this thesis we investigate how the theory of Infinite Derivative
Gravity (IDG) can be used to obtain linear metrics, which are singularity free. In this
case we provide a motivation for why we need a modified theory of gravity, such as
IDG, and then show how to obtain the action and propagator for this theory. From
the action of the IDG we are able to produce a metric for an electrically charged mas-
sive point source. After which we obtain the metric for a rotating object with mass.
We check that these metrics are indeed non-singular, by checking that the potentials
in the metric remain finite in the entire region of the space time. We also ensure that
the curvature scalars and tensors are non-singular in the entire region.
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Chapter 1

Introduction

General relativity (GR) is a geometrical theory of gravity formulated by Albert Ein-
stein in 1915 [1] and it is still considered the most accepted interpretation of gravity.
In this theory it is recognised that space time can be represented using the Lorentz
group, which encodes in it the idea of causality. This can only occur if there exists a
maximum limit to how fast information can propagate, a crucial idea in GR which
distinguishes it from Newtonian gravity. The action that describes the dynamics of
the theory are given by the Einstein-Hilbert action written as

S = / Vg [21KR + /:M] d*x, (1.1)

where ¢ = det(g,,), with g, the metric that describes the space time. In this thesis
we will work with metrics of a space like convention, that is they have a signature of
(—, +, +, +, ...). Ris aRicdi scalar, Ly, is the matter Lagrangian and x = 8tGe4,
with G the gravitational constant and c the speed of light.! Applying to this the
principal of least action we obtain the Einstein field equations, given as

Guv + Aguv = KTy, (1.2)

where Gy, is the Einstein tensor which has encoded in it the curvature of the space
time, A is the cosmological constant and 7, is the stress-energy tensor. What this
equation is stating is that the curvature experienced near an object is directly related
to the matter content of that object, in fact the more matter the object has the greater
the object will curve space and time [2]. One of the first experimental results which
showed that GR is an attractive alternative to Newtonian gravity, is that GR was
able to accurately explain the precession of the perihelion of the orbit of mercury;,
without the need for additional correcting factors, this is shown in Refs. [1, 3]. An-
other prediction of GR is that light should bend as it passes near massive objects.
This is due to light always travelling along a geodesic, which is the shortest path
between two points. In the case of Euclidean space this is simply a straight line con-
necting two points, in curved space this is not necessarily the case. As indicated in
Eq. (1.2), the space around a massive object is curved, and as such the light will
follow a curved path, as illustrated in Fig. 1.1. This bending of the light gives the
impression that the object that is producing the light is located at a different point in
space compared to where it actually is. In 1912 Einstein proposed that in the theory
of general relativity the magnitude of this bending of light is twice that as predicted
by von Soldner in 1804 [5, 6]. During the May 29 1919 solar eclipse Dyson et al. [7]
observed the bending of light as predicted by general relativity. This observation so-
lidified GRs position as a more acceptable interpretation of gravity. There are many

n this thesis we will set c = G = 1 unless otherwise stated.
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FIGURE 1.1: Image illustrating that light bends in the presence of a
massive object, and that this bending of light can make it seems as if
the source of light is at a different location Ref. [4].

more predictions and observations of the theory of GR, see Ref. [8] for a fuller list
of observed phenomena in GR. These predictions and observations of GR are all in
what is called the infrared (IR) limit of gravitational interactions, which is where the
distance between interactions is large enough that quantum effects do not need to
be considered.

There does, however, exist a problem with GR, and that is it cannot be incorporated
into the standard theory of particle physics. As such it is not clear how the force
mediator for gravity interacts with matter. This is contrary to how the other forces
of nature are seen to interact. These theories come from quantum mechanical ideas,
which are inherently probabilistic and do not necessarily consider large space time
symmetries. They are predominantly interested in the short range interactions, that
is at length scales where we need to consider the quantum nature of the interac-
tion. These types of interactions occur at much higher energies as compared to the
interaction occurring in the IR. As such, we say that these interactions occur in the
Ultraviolet (UV) regime.

Due to the quantum mechanical nature of these theories, applying them to the mat-
ter part of the Einstein field equations suggests that there needs to be a quantisation
of the space time part. This, however, leads to a non-renormalisable theory, mean-
ing that there are infinities which we cannot control [9]. This non-renormalisability
is indicative that the theory is only valid in the IR regime, and therefore cannot nec-
essarily be trusted all the way up to the quantum level.

Another problem in GR is if it is applied to cosmology. In this context the theory
predicts the necessary existence of singularities in any expanding universe that is
spatially homogeneous and isotropic [10, 11]. This can be understood by consider-
ing an ever expanding universe with a constant matter content. If in the case of this
universe we were to run the clocks backwards we would observe an ever increas-
ingly dense universe, which would eventually become so dense as to be considered
infinitely dense. Again, this would only occur in the small timescale interactions, or
very early universe. This singularity is colloquially called the big bang singularity.
Our final motivation for considering theories beyond standard GR is that the Schwar-
zschild, Reissner-Nordstrom and Kerr metrics contain with in them at least one
singularity. Notably there is a singularity in these metrics that cannot be removed
through a coordinate transformation. As an example we consider the radial form of
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the Schwarzschild metric, which describes a non-rotating electrically neutral object
[12],

1
f(r)
where f(r) = 1 —2M/r, with m the mass. Note that in the above we have used
natural units, c = G = 1. We see that the two singular solutions are at f(r) = 0
and at r = 0. The singularity at f(r) = 0 occurs at r = 2M and is located at the
Schwarzschild radius, its existence suggests that there are two distinct regions in the
space time. The coordinate singularity that occurs at this point can be removed be
a reparameterisations of coordinates, however a check of the Killing vectors shows
that there still exists two distinct regions of space [13]. The singularity located at
r = 0, cannot be removed by a change of coordinates and this singularity is pre-
dicted to exist in every black hole. The consequences of this singularity might be
that the predictability of physics and many other tools of physics would not work
here. Fortunately, in 1969, Roger Penrose proved, within standard GR, the cosmic
censorship conjecture, which states that in GR this singularity is always hidden by
the event horizon, and as such cannot be observed in the physical universe [14]. This
resolves the issue of predictability from a physical point of view, but does not resolve
the issue in the theoretical framework of GR, since they still remain unresolved. It
should be noted that this conjecture only applies to the singularities found in black
holes and does not include the cosmological singularity.

The UV completeness problems of GR have plagued scientists for many years, and
as such there have been numerous approaches to solving this problem see Refs. [15-
18] for some of the ideas proposed to solve the problems in GR.

One of the proposed solutions is supersymmetric gravity, usually called super grav-
ity (SUGRA). These theories propose that there exists a supersymmetric partner to
the the graviton, which in the standard model is a spin-2 gauge boson, called the
gravitino, which has a 3/2 spin. A full review on the topic is given by van Nieuwen-
huizen et al. in Ref. [19]. > Some of these SUGRA theories take inspiration from
string theory and require more than four dimensions to ensure that the theory is
renormalisable. Some like the 11 dimensional SUGRA are still challenging to incor-
porate into the standard model [19]. However the study of higher dimensions is still
a topic of interest, even in non-SUGRA models of gravity, since it can give us insight
into which features are unique to four dimensional gravity [22]. In this thesis we
explore these higher dimensions with this motivation in mind, rather than motivat-
ing the need for the existence of higher dimensional models of gravity in order to
resolve issues in the theory.

Finally, the types of modified gravity that we will explore in this thesis are those
containing higher order derivatives in their field equations. These theories modify
the Einstein-Hilbert action by including higher orders of the curvature scalar, and
in the hopes of obtaining a non-singular theory of gravity.> One such theory is that
of fourth order derivative gravity which, has shown that the theory can be renor-
malised, at the expense of introducing ghosts into the theory [23]. In Sec. 1.3 we
motivate these types of theories and briefly introduce the theory of Infinite Deriva-
tive Gravity (IDG), which is ghost free.

Before looking at the modified theories of GR we will look at a prediction of GR that
has only recently been detected, namely gravitational waves. These were predicted

ds? = — f(r)df: + ——dr® + r*d0? + r*sin0dg?, (1.3)

2Note that to date the LHC has not detected any supersymmetric particles [20, 21]
3n obtaining the non-singular gravity it is hoped that the issue of renormalisablity can be resolved,
although this has not yet been done.
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FIGURE 1.2: Diagram representing the setup of a Michealson-Morley
inferometer experiment.

shortly after Einstein proposed his theory of GR, but have taken nearly a century to
be observed directly [24].

1.1 Gravitational waves

Eq. (1.2) describes how the space time around an object curves due to the local en-
ergy and momentum [13]. Most importantly it ensures that the the conservation of
momentum and energy are observed in GR [25]. If the object is accelerating, then
these curvatures of the space time can propagate away from the object. Analogous
to how an object moving through water creates a wake behind it. These propagat-
ing curvatures are called gravitational waves, and move away at the speed of light.
Furthermore, the amplitude of these waves is a measure of how much they have
stretched or contracted the space time as compared to the unperturbed space time.
As they propagate away from the object they do carry with them some gravitational
energy [26]. In fact their existence was inferred by observing the orbital decay of
a binary pulsar system in 1982, since as the two objects orbited one another they
slowly lost energy and thereby reduced the distance between each other, in the pro-
cess increasing their orbital velocities [27].

Even though gravitational waves had long been predicted by GR they have only re-
cently been discovered by the Laser Interferometer Gravitational-Wave Observatory
(LIGO) research collaboration [28]. The first detection was on the 15th September
2015, with at least eight more detections since then. The experiment is very similar
to the Michelson-Morley experiment which was used to prove that there exists no
“aether” through which photons propagate, even though it was setup to try and de-
tect this “aether” [29]. The Michealson-Morley experiment is setup as shown in Fig.
1.2, where a light source, in the case of LIGO a powerful laser, fires a light beam at
a beam splitter, which sends two beams of light in perpendicular directions to each
other towards two mirrors, in the case of LIGO these mirrors are 4km away from
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FIGURE 1.3: Gravitational wave event GW150914 detected by the
LIGO Hanford, left column, and the LIGO Livingston, right column,
detectors. [24]

the beam splitter. The light reflects off the mirrors and returns to the beam splitter,
where the two laser beams are recombined and sent towards the detector. In re-
combining the two light beams interfere with each other, where in the case of LIGO
the mirrors are placed such that the light beams interfere destructively, so that no
photons are detected when the system is not detecting any gravitational waves. If a
gravitational wave were to move through the LIGO detector, then it will cause the
arms of the detector to either lengthen or contract by very small amounts. Since the
arms are no longer the same length, the two light beams return to the beam split-
ter slightly out of phase. As such, they will no longer interact in such a way as to
be completely destructively interfering with each other, i.e. the detector measures
some non-zero intensity of light. The intensity of the light is directly related to the
amplitude of the gravitational wave that passed through the detector.

Due to the weak nature of gravity, and a 1/r fall off in strength due to propaga-
tion, the gravitational waves detected had an extremely small amplitude, making
them very difficult to detect. In fact, the detection by the LIGO team on the 15th
of September was the detection of two black holes orbiting each other and then col-
liding, where the mass of one of the black holes had a mass of 35'3M¢, and the
other had a mass of 30fiM@ [30]. The event resulted in the lengths of the arms in
the LIGO detector to change by less than the diameter of a proton [30]. Fig. 1.3
shows the gravitational wave that the LIGO team detected. Looking at the left most
image in Fig. 1.3 we have labelled three regions of interest. Region I is where the
two black holes are orbiting each other and are spiralling towards each other, this
is called the pre-merger stage. The frequency of the gravitational wave is propor-
tional to the orbital velocity of the two black holes. So moving from region I to II
we see that the frequency increases since the two black holes are falling in towards
each other and therefore increasing their orbital velocity. In region II we see that the
frequency has increased drastically and the amplitude of the gravitational waves
has increased. This region of the graph shows the merger phase of the two black
hole systems. Here the two black holes are colliding with each other resulting in a
highly perturbed black hole. Due to this highly perturbed state the new black hole
will be emitting large amounts of energy as it tries to return to an almost spheri-
cal space. Note that due to rotations the black hole will be slightly elongated at its
equator. This phase of large energy emission and return to a more spherical space is
called the ring down phase and occurs in the region III. This ring down phase has
the same form as we would see from a Quasi Normal Mode (QNM). These QNMs
are of interest as they can reveal a deeper insight into black holes and GR. In fact the
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first studies of QNMs were done in the 1950’s by Regge and Wheeler in Ref. [31] on
the QNMs on the surface of a black hole after it had been perturbed. Where they
wanted to probe the stability of Schwarzschild black holes by studying the QNMs.
In the 1970s Vishveshwara pointed out that these oscillations would be emitted into
the surrounding space time and propagate away as gravitational waves [32], which
was confirmed by the LIGO detector.

1.2 QNMs

In general terms a QNM is a normal mode with some dampening term. They occur
when some object is perturbed in some way, and then emits the energy of the pertur-
bation away from itself. For instance the tapping of a knife on a wine glass will create
QNMs as at the surface of the glass resonates and emits sound waves. Extending on
this thought, the allowed frequencies and the dampening terms are determined by
the composition of the glass and the contents within the glass. Such that glasses of
wine with different amounts of wine ring at different frequencies, and for differing
lengths of time. This means that in theory if we were to measure the frequency of
the ringing we could determine the amount of wine in the glass. There are a variety
of ways of perturbing, or creating perturbed black holes. For instance the creation
of a black hole from a collapsing star or the collision of two black holes would cre-
ate these highly perturbed systems. But we need not use such massive objects to
create the perturbations, which could also be created by a single field, as Regge and
Wheeler suggested [31]. In all of these cases the black hole would emit QNMs as
it radiated away energy to return to a none perturbed state, with the perturbation
caused by a single field, possibly giving us an insight into that fields gravitational
interaction. As in the case of the of the wine glass, there are certain parameters of
the black hole that determine the allowed values of the emitted QNMs. Fortunately
black holes are parameterised by only a few properties namely the mass of the black
hole, its electric charge and the rotational speed of the black hole.

Research has been done on the allowed QNMs for spin-1/2, spin-1 and spin-2 fields
[33, 34]. However there is a gap in the literature as spin-3/2 fields have not been
studied to a large extent. In Ref. [35] the QNMs for spin-3/2 fields are investi-
gated for Schwarzschild black holes. We note that in this paper we have used the
results of a paper by R. Camporesi and A. Higuchi [36] where they have studied the
eigenfunctions of a Dirac operator on an N dimensional sphere. Using their results
we could easily expand our analysis to any arbitrary number of spatial dimensions.
This means we were able to determine the effective potential for a D dimensional
Schwarzschild black hole. Giving us an opportunity to not only test the limits of the
numerical methods we used to obtain the QNMs, but also to check if there are any
unique features in 4 dimensional gravity.

We chose to use two methods to determine the allowed QNMs, one being the well
established Wentzel-Kramers—Brillouin (WKB) method, and the other being the im-
proved Asymptotic Iterative Method (AIM). We chose these two methods since the
WKB method is a well established method for determining QNMs, which has been
extended to 6th order by R. Konoplya to increase the accuracy of the method [37-39].
However, obtaining this 6th order result is quite complicated, and can be computa-
tionally expensive. We therefore have used the AIM as an alternative method for
calculating the numerical values of the QNMs. This method is easier to implement
and it is hoped that it is computationally less expensive. It has been shown by H.
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Cho et al. that this method can be used as an alternative for calculating the allowed
ONDMs of black holes [40-42]. In the case of the D dimensional black hole we noticed
that for dimensions D > 8 our numerical methods began to breakdown. It would
therefore be of interest to establish if these methods still work in the higher dimen-
sional cases with electrically charged black holes and those that are in AdS spaces.
As such the purpose of the first part of this thesis will be to determine the effective
potentials and allowed QNMs in higher dimensional Reissner-Nordstém and Anti-
de Sitter (AdS) space times.

1.3 Higher order derivative theories of gravity

As stated in the opening paragraphs, of this thesis GR is a very successful theory
in the IR range, but breaks down for short distances and small time scales, i.e. in
the UV regime. As such, any new theory of gravity will need to only modify the
UV interactions and return to the limit of GR in long range interactions. There are
many theories that attempt to do exactly this, such as string theory, [43], loop quan-
tum gravity [44, 45], causal set dynamics [46, 47], emergent gravity [48], and infinite
derivative gravity [49-52].4

In this thesis, we will mainly focus on a class of theories known as IDG. The simplest
modifications will lead to quadratic in curvature, but infinite derivative, corrections
to the Ricci scalar, Ricci tensor and the Riemann tensor [50, 51]. ° In 1962 R. Utiyama
and B. De Witt showed that in order to ensure that gravity would be renormalisable
we would need to consider higher order derivative terms in the action [59], and in
1977 K. Stelle showed that these higher order derivative theories are indeed renor-
malisable [23]. Most importantly, however, it was expected that the theories could
be constructed in such away that they would introduce a new scale to the theory of
gravity which would correct the gravitational behaviour in the UV, but return to GR
in length scales larger than the newly introduced scale. This could then solve early
universe and interior black hole singularities, while still leaving weak gravitational
interactions unchanged [49]. As such the interest in these theories as possible solu-
tions to the problems in GR has only increased, a review on the subject is given by
Claus Kiefer in Refs. [44, 45].°

We shall briefly introduce some of the ideas in these theories, before stating why we
look at the special case of IDG. One of the simplest ways of generalising the action
of gravity is to consider actions of the form

5= % /d‘lx\/fgf(R) + Ly (1.4)

The simplest choice of f(R) is setting it equal to R, thereby obtaining the standard
Einstein-Hilbert action of GR, given in Eq. (1.1). Using the principal of least action
will then give us the standard Einstein field equations as written in Eq. (1.2). These
field equations have at most second order derivatives in them [62-64]. K. Stelle

4Note that there has been an increase in the interest in IDG [53-55].

5Indeed the simplest generalisation will be to include only corrections which are invariant under
Ricci scalar, known as f(R) theories of gravity [56]. These are not necessarily new theories, in fact they
were first experimented with in 1918, however this was done more as a curiosity in determining what
effects would appear when looking at higher order derivative theories of gravity [57, 58].

6Further reviews on the topic are given in Refs. [60, 61]
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improved on this action by considering actions of the form [23],

S = /d4x, /=g (xR + BR* + YR"R,,), (1.5)

where he showed for appropriate values of «, p and <y the theory can be renor-
malised. However for these values of the coefficients the theory has a negative
energy propagating degree of freedom. This results in vacuum instabilities in the
Minkowski space time as well as prevents unitary in the quantum regime. By look-
ing at the spin-2 component of the propagator in this theory we see the signature of
a Weyl ghost [23, 51]. The presence of a this Weyl ghost violates the conditions for
stability and unitarity.
In fact any theory that introduces any finite number of higher derivatives (more than
2) of scalars, vectors and tensors will always end up having kinetic operators with
extra poles, which could be ghost like. 7 However in 1989 Kuz'min [66] and in 1997
Tomboulis [67] showed that by considering an infinite series of higher derivatives
gauge theories and gravitational theories can be made renormalisable. Using these
ideas Biswas, Mazumdar and Siegel suggested that the only way to ensure a ghost
free non-singular theory of gravity was to consider an action which contained within
it an infinite number of derivative terms [49]. Furthermore, in Ref. [49] the authors
showed that such a theory of gravity could be applied to cosmology, and provided
a viable solution to the cosmological singularity problem. Where they consider a
cosmological bounce scenario instead of a Big Bang singularity. The authors have
argued that this theory can be made asymptotically free in the UV regime without
violating fundamental idea of physics such as unitary [50]. The Lagrangian that the
authors have considered in this case is of the form

f=R+ Ry By OiﬁlvmlﬁlRmvwzm’ (1.6)

21202 B2

where Oﬁ;gxg; is a differential operator which contains within it covariant deriva-

tives and g, the metric of interest.

Outline

This thesis is split into two parts. Part one of this thesis will investigate the allowed
QNMs for spin-3/2 fields near GR metrics describing electrically charged black holes
and black holes in a universe with a none zero cosmological constant. Part 1 is set
out as follows, in Ch. 2 we provide the background information necessary to con-
struct the effective potential describing our spin-3/2 fields in the relevant black hole
backgrounds. We also provide the tools necessary to calculate the allowed QNMs
using the effective potentials. In Ch. 3 we obtain the effective potential for the spin-
3/2 fields in a D dimensional space-time with an electrically charged black hole.
Using this potential we calculate and present the numerical values for the QNMs
for various dimensions and electrical charges of the black hole. Finally we present
the absorption probabilities associated with the QNMs, before concluding and be-
ginning our investigation of black holes in (A)dS in Ch. 4. Again we will investigate
the effect of dimension and in this case curvature on the allowed QNMs.

In part 2 of the thesis we investigate the modified theory of gravity called IDG. In

"Note also that Ostrogradsky showed that any non-degenerate Lagrangian dependent on time
derivatives higher than the second order corresponds to a linearly unstable Hamiltonian [65].
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Ch. 5 we provide the necessary background material for understanding IDG, as
well as show that it is in fact a ghost free theory of gravity by constructing the fields
equations and the propagator using a modified Einstein-Hilbert action. Then in Ch.
6 we construct and test the metric for an electrically charged object in the theory of
IDG. Finally we construct the rotational metric for IDG. In Ch. 7 we show that this
metric is indeed singularity free and can be reduced to the GR rotational metric in
the appropriate limit.

In Ch. 8 we present our final concluding statements remarking on both the works
from part 1 and part 2.
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Part1

Quasi normal modes in black hole
backgrounds
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Chapter 2

Introduction to QNMs

In this chapter we will introduce the ideas and tools necessary to study the QNMs
of black holes due to spin-3/2 perturbations. We begin by introducing a more math-
ematical definition of QNMs, and what the general procedure is for obtaining the
numerical values of QNMs. We then introduce spin-3/2 fields, by giving the appro-
priate equation of motion describing these types of fields, note that due to the space
times we wish to study we will need to modify our covariant derivative. Finally, we
provide an overview of the numerical methods we shall use to calculate our QNMs.

2.1 A Mathematical description of QNMs

To build on the intuitive picture described in Ch. 1, we will use a more mathemati-
cal formalism to describe QNMs. We begin by considering the formula for standing
waves, since as stated previously, QNMs are damped standing waves which, cru-
cially, obey the boundary conditions given in Ref. [38]. We can represent standing
waves in one dimension as [32]

d? d?
ﬁ‘I’(r,t) - ﬁ‘{’(r,t) —V(r)¥(r,t)=0, (2.1)
with ¥ describing some wavelike function, where r and ¢ denote space and time
coordinates respectively, and V is some r-dependent potential. We can solve this

equation by assuming the form of the standing wave as [68]
Y(r,t) =e “tp(r). (2.2)

In the case of an undamped wave w has a purely real value, in the case of a damped
wave, however, the parameter w complex values, where the real part represents
frequency and the imaginary part represents the damping that the wave experiences.
Plugging Eq. (2.2) into our wave equation we get

2
di,(zr) B <w2 + V(r))qb(r) —-0. (2.3)

This is the general form of the equations that we will be using to determine the
numerical values of our QN frequencies. Note that we will be solving for the QN
frequencies. In the chapters that follow our task will be to take an appropriate equa-
tion of motion and obtain the above equation. Once we have this we need to impose
the appropriate boundary conditions to ensure that we obtain the complex value for
w. The boundary conditions that we would need to place on the equation is that the
QNMs are purely ingoing at the event horizon, and purely outgoing at spacial infin-
ity. As such the appropriate boundary conditions for the asymptotically flat case are
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[38]
p(r) ~ e 1, — Foo, (2.4)

where 7, is the tortoise coordinate and is determined as follows
(2.5)

where f(7) is a function specified by the metric of interest [38]. In order to determine
the effective potential such that we obtain the wave equation, we must first deter-
mine the equation of motion that defines our field. As we are interested in spin-3/2
fields, we will derive their appropriate equation of motion by firstly considering
their Lagrangian.

2.2 Spin-3/2 fields

Before we introduce the spin-3/2 field, we will briefly go over some points on nota-
tion. In principal we can use the SU(2) x SU(2) Lorentz group to represent different
spin fields. Below is a brief overview of this:

¢ (0, 0) - Represents the spin-0 field.

e (1,0)® (0, ) - Represents the spin-1/2 fields or spinor fields.
e (3, 3) - Represents the spin-1 or vector fields.

e (1,1) ® (0, 0) - Represents the spin-2 or tensor field.

Where in the above “@®” is the tensor summation operator, later we also use the
tensor product denoted as “®”. Spin-3/2 fields are considered to be a combination
of the spinor and vector fields, so are naively called spinor-vector fields. This means
they require components from both the spinor and vector fields. The representation
of these fields in the Lorentz group representation would be [69]

1 1 11 1 11 1 11
(29)2(02)2(22)=|G)=(3)]=|(02)= (3 3)]
(2.6)
Further decomposition of the field yields that the field can be described as follows
in the representation

((1,;) o (o,é)) o <(;,1) o (;,0)) | @)

So this field contains both a spin-1/2 component and a spin-3/2 component, given
by (1,3). We require a spinor representation to show these types of fields, as this
makes the notation easier. We will be using a notation first given by Rarita and
Schwinger [70] where spinors are represented as Y,. Note that spinors are consid-
ered to be the simplest mathematical objects that can represent Lorentz transforma-
tions, such as boosts or rotations [71]. This makes them ideal for describing fields
with spin, especially fields with half integer spin. Weinberg has shown that we can
isolate the spin-3/2 component of the fields description by requiring that [69]

i, =0, (2.8)
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where 7" is the Dirac gamma matrix and ¥, is a Majorana type spinor representing
the field, and y is a spatial index running from 0 to one minus the total number of
space time dimensions. Spinors can be thought of as vectors which can provide a
linear representation of the rotation group of dimension n. With each spinor having
2Y components, with n = 2v + 1 or n = 2v for the case of n odd or even respectively
[72]. This makes them useful in physics, as they naturally encode within them spin
(meaning they are occasionally used interchangeably when referring to fermionic
particles). In physics there are three main types of spinors, the Dirac, Majorana and
Weyl spinors. Majorana spinors were introduced to solve the Majorana equation,
written as

YHoupe +myp =0, (2.9)

where 1. = iyp* is the charge conjugate of the field . However, since the field
and its charge conjugate appear in the equation, this equation cannot contain fields
that have electric charge, since the charge conjugate would be negative. This means
when we construct the spin-3/2 field we must assume it has no electric charge. Due
to rotational invariance, Eq. (2.8) tells us that a field of momentum g = 0 and spin s
in the z-component will satisfy the conditions

(O]o(0)|s) =0, (2.10)
and
3/2
L OO 014:0)19)° = er) (58 [si-3mm]- ew

It then follows that the propagator of the spin-3/2 field should be [69]

o _ __P"(9)

qZTé—ie' (2.12)

where P""(g) is a Lorentz-covariant polynomial of the four vector g. From the con-
dition that for 4 = 0 and ¢° = mg, where my is the mass of the spin-3/2 field, we

have . .
P = (2 ‘B> [51‘]' - 3%‘%} / (2.13)

with P? = P% = p% = (. The unique covariant function that can describe this
behaviour is given as [69]

_ q"q" . 1 gt . q"
P (q) = (17’“’+m§) (—ig +myg) 3 WV—Zm*g (ig + my) VV_lmfg -
(2.14)
As such, a Lagrangian that can correctly describe this type of field must have the

form .
L=-3 (¢ Dy (—i0)y"), (2.15)

where
PY()Dala) = 5. @16

Weinberg has shown that the relationship in Eq. (2.16) implies that [69]

1
Dur(4) = —€uur 757" — 5y [«y”,ﬂ . 2.17)
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As such the Lagrangian for the massive spin-3/2 field is written as [69]

L= —%iev” M (Pursrudcta) + img (lﬁv [%ﬂ 1/)/\> : (2.18)

In this thesis we work with only the massless form of the fields, in which case we
can simplify the Lagrangian to its massless form,

1, ]
L= =i (§uy570c2) - (2.19)

It can be shown straight forwardly, using the gamma matrix identities, that this La-
grangian can be rewritten as

L= §r"acpy, (2.20)

where YV = Vo 4 gVt — 4V ol 4% ol is the anti-symmetric gamma matrix
relation. Using the principal of least action to determine the equations of motion,
the result of varying the above Lagrangian gives

6L = 5Py dipyr — 3Py A5y, (2.21)
as shown in Ref. [69] using the “Majorana-flip property” this can be simplified to
6L = 260,70y, (2.22)
which by the principal of least action, £ = 0, implies that
YAy = 0. (2.23)

This is the Rarita-Schwinger equation, as given by Rarita and Schwinger in Ref. [70].
This form of the equation of motion, however, is not necessarily gauge invariant in
all space times. If we perform the following gauge transformation

Py =Pa+ Vg, (2.24)
where ¢ is some spinor, and plug this into Eq. (B.10) and then require that
YV Ve =0, (2.25)

then our Lagrangian is invariant [73]. In the purely gravitational case this equation
can be written as

1
YV Vag = 59" [V, Val g

1 (2.26)
= 37" Rureo 7779
Using the Bianchi identity we can show that
Y'Y Y Ryrpe = =279 Ryo, (2.27)
furthermore y*" 7" Rypr = —2R. Using these identities we have that
1 1
YV = 7" Rune? 1T = (2’YARK - ’Y”R) P. (2.28)

The expression on the far right is only zero if we are working in Ricci flat space times,
such as the Schwarzschild space time [74]. This is not the case when introducing
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charge or when introducing asymptotic curvature to the space time (as in the case
of AdS space times). So for both the AdS space time and the Reissner-Nordstom
black hole we will need to modify this equation. We therefore need to modify the
derivative function such that it is applicable in the cases that we are interested in.
In the next section we show how we have constructed a so called “super covariant
derivative”, since it is a modified covariant derivative for spin-3/2 fields.

2.3 Super covariant derivative

In constructing the “super covariant derivative” we need to ensure that
M Dy, D] ¢ =0 2.29
7 [Dy,Dy] ¢ =0, (2.29)

as alluded to in Eq. (2.26), where here we have used the “super covariant deriva-
tive” D, instead of the ordinary covariant derivative. This new covariant derivative
takes into account the electrical charge and the curvature, due to the cosmological
constant. The most general derivative we can construct is of the form

where 1]5,1 =V, —ieA,, with A, the D dimensional form of the four potential, F,,
is the stress tensor and A is the cosmological constant. We are then left to determine
the values of 4, b and c. Plugging this into Eq. (2.29) we have

0 =yAuv []f),,, lf)v} ¢+ 20y [lf)y, ’Yvap} ¢+ 2cy MY []f)y, 'yvpaFP‘T} ¢
+ @A [, 1] @ + 200V AP [, 1 B + 286V A [, 1upo F] @

+ b2')’)\yv [')’D‘Pyzxr 'Yvap} ¢+ 2bC’Y/\HV [')’IXFWU 'vaUFpa] + CZ')’AHV [’)’ya‘BF“‘Bz '}’VpUFpU} @
(2.31)
We first look at the commutation relation of the differential operator,

1 .
7 Dy, D] @ = =27 (R [va, 16]) @ — i€ Fug

1 .
= =27 R (Yo — 8w)) @ — ier ™ Fug (232)

=1"G,l' ¢ —iey"" Fug,

Where GM)L is the Einstein tensor. Next consider the commutation relation between
the differential operator and the F,, operator,

,)/\yv [Dy,’)/vap] ¢ = ’)’/\VV’YPID]AFVPQD

= (’M”v”w" — g + Mg P — M

7p> Dy Fup ¢

(2.33)
But vV, F,, = 0 by the Bianchi identities. Furthermore ¢"*V ,F,, = ¢"'V,F, =0
since V, F ’; = 0. Next g"’V,F,, = 0 since the tensor F,, is antisymmetric. Finally
by using the Bianchi identities we can show that

VyFua 4 VioFay + VeFu =0,

’)/HV(VVFya + VVFIX‘ZI + v“Fyy) - O, (2.34)
Z,YHV(VFFVQ) — ’Yﬂvv“Fyy.
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This result implies that
1
v [Dy,v"Fyp) @ = vV DuFlyp — 57" D Fug. (2.35)

In App. A we continue in this fashion, deriving all the commutation relations as
seen in Eq. (2.31), where we also provide a brief overview of the gamma matrices.
Using the relations obtained above and those in App. A, we can solve for 4, b and c
in Eq. (2.30).

Beginning with simplest case D = 4, Eq. (2.31) reduces to

8¢V, F' e
+ ot (GQ —12a>Ag); + 8a(b + 2¢)V'AF, — 4(b* + 4¢*)F, F"*F,, F"* — 2b2g;FngP”) )
+ 9" (b+20) (28} VE = VB ) ¢

e (_ieggppg — 4abV/Ag) For + 4(0? — 4P Fo f;‘) ¢ =0.
(2.36)
In order to ensure that the y*" term is zero we set b 4+ 2c = 0. This simplifies the
equation as

8V, FFh g + o (G{; — 128 Ag} — 322 F, FA — 8c2g;PPUPP”]> ¢

(2.37)
+ 17 (—iegﬁFpg + 8acx/Kg;‘Fpg) ¢ =0.
This implies that V, F*¥ = 0, in which case
Gy — 12a°Ag), — 32¢°F F** — 8¢ For FP7 = 0, (2.38)
and that
— ieg) Fpo + 8acV/Ag)Fpy = 0. (2.39)

Eq. (2.38) contains the Einstein tensor, and this implies that we need to take 124> =

—% and ¢? = —61—4, implying that b? = —%.

Next for 5 dimensions Eq. (2.31) reduces to
12¢ (V') g + 9" |Gyt — 2402 Ag) + 120 (b + 4c) VAF) — 4 (1 +8c%) Fu P
H IZ Z Z W
— 2 (b* —4c%) gﬁFpaFW} ¢+ [(b +4¢) <2gﬁVaF{," — VAFW)] @

+ yHPe [_jeg;}FpU — 8a (b + C) \/Xgﬁppa +4 <b + 4C> (b - C> FPUF}:\] ¢
+ M7 [=2 (b — 4c®)] FuFpop = 0.

(2.40)
Taking b + 4c = 0 we simplify the above to

12¢ (VF') g+ 97 |Gl — 2402 Ag) — 962, P — 2428 Foo P |

+ yHP7 {—iegQFpg + 24aC\/Kg£FpU} 7 (241)

+ M7 [—24¢] FyyFoop = 0.
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From the 7# term we get the Einstein equation
Gy — 24a° g, — 96¢°F F** — 24c? g Fou FP7 = 0, (2.42)

and geta = 2%/5 and c = ﬁ, implying b = —ﬁ.
For the general case we assume b = —2(D — 3)c, then Eq. (2.31) can be rewritten as

4c(D —2)V,F''e
+AF [GQ —2a*A(D —1)(D —2)g; +16(D — 2)(D — 3)c* (PWPM — ig;PpUFW)] )

o gl + 40D 20— el

7107 (~26)(D — 1)(D — 2)Ey Fprg = 0.
(2.43)
The first term gives the electromagnetic field equation of motion

V,F' = 0. (2.44)

From the ¥ term we get

G, —2a*A(D —1)(D —2)g), + 16(D — 2)(D — 3)c (P,WFAV — ngFpUFPU> =0

(2.45)

%, and matching terms in the above equations we

w
20°A(D —1)(D —2) = —1,

16(D —2)(D —3) = _%_ (2.46)

By expanding the Einstein tensor G
find that

. . . o i _ i .
This implies that a = N TV and c = TR So the supercovariant

derivative is determined to be

ivA D-3

1
D, =V, — ieA, + R e
S P RD-1)D-2 " 2\ 2D-2)"
i

(2.47)

+ Fro

4/2(D—2)(D_3) "
This is the most general form of the super covariant derivative that we will use to
determine our effective potential for the cases we will investigate in this thesis.

2.4 Eigenvalues on the N-Sphere

For the QNMs investigation we restrict ourselves to studying spherically symmet-
rical space times. As such we will need to determine the eigenvalues and eigen-
functions of our spinors and spinor-vectors on the N-sphere, SV. In this regard we
use results obtained by Camporesi and Higuchi who in Ref. [36] have shown how
to obtain these eigenfunctions and values for both the SN and for hyperbolic sur-
faces. This approach to using the spherical symmetric space time has the advantage
that going to higher dimensions is made much simpler when compared to using the
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Newman-Penrose formalism as has been used in Ref. [75-77].

2.4.1 Eigenmodes of spinors on SV

The line element of the SV is given as [36]
dQ3%; = sin? Ond O3, + do%, (2.48)

where dQy_1 is the metric of the SN~1, all tilde terms will represent quantities from
the SN~1. The Dirac covariant derivative on this space is given as

VVupr = (Oupa + wupr) (2.49)

where w, is the spin connection, and ¥, is a spinor. The spin connection is defined
as
1 ab
wy = EWWW , (2.50)

with % = 1 [7%,7"] and wy,qp is defined as
Wyap = €5 (Ipear — Thatop) - (2.51)

In the above equation e is an n-bein and I',, are the Christoffel symbols on a sphere
with the non-zero components given as

N _ : s . i o _ T
re;f)]- = — sin Oy cos QNggigl. ; rf?f@N = cot 9N89,- ; ngej = r9i9]-' (2.52)

Before moving on we will better define what an n-bein is. The elements in an n-bein
allow us to more easily convert between a curved space and an orthonormal space.
They follow the following set of relations

S = € ebé“b e eZ Ouby eﬁeg = Oy (2.53)

Note that Greek letters represent our curved space indices, and the Latin letters rep-
resent our orthonormal indices. For the SN the n-beins are

. 1
0 0; __ 59i
ey =1,¢' = sinGl-ei . (2.54)
By using Egs. (2.52) and (2.53) it can be easily shown that 7% = SmgN ; &yl and

9 = 4N, where the orthonormal gamma matrices respect the ordinary Clifford
algebra. If we write the spinors as

(1) i
_ () = ( AA("NV/’A) 2,55
n=(oh) - (i) @
where if we let the spinors on the S N-1have the following eigenvalues

A,y =0; A =+ (l + Nz_1> , (2.56)
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then using the Jacobi polynomial we can relate A, to B, and show that the eigenval-
ues of our spinors on the SN can be written as

N
A= =+i (n + 2> ,n=0,1,23, .. (2.57)

2.4.2 FEigenmodes of spinor-vectors on SV

We construct spinors on SN as ¢, = (g, Ys,, Yo,, .-, Yo, ). Then starting from the S
we can construct two orthogonal spinors which can be written as the linear combini-
ation of the basis 7,9\ and V. These two spinors are called the “non-Transverse
and Traceless modes” (non-TT modes). In the S? these spinors form the complete set
of eigenmodes. In higher dimensions, however we must construct more spinors in
order to form the complete set of eigenmodes. For the S¥ we construct the spinors
using linear combinations of those that form the set of spinors on the S¥~1.

For instance, on the S% we use the two non-TT modes of the 5% and then using a linear
combination of these two spinors we construct a third spinor. This new spinor, how-
ever, does not satisfy the non-TT mode condition and is a “Transverse and Traceless
eigenmode”, specifically this is the TT mode I.

For spheres with N>3 we need to introduce another type of TT mode, which we call
the TT mode II. In general, to describe a sphere of N>3 we need one non-TT mode,
one TT mode Iand N — 3 TT mode II's.

2.5 Numerical methods

Once we have the effective potential, V(r), from an equation of the form

d

() +V()¥(r) = w?. (2.58)

We will use known methods for solving the equations of this form, such as the WKB
method. Note that this is the same form of the equation that we would have for the
quantum wave equation.

2,51 WKB Approximation

Note that the WKB method can be used to determine the approximate solution to
any second order differential equations of the Schrodinger form, and so is typically
employed when solving the Schrodinger wave equation [78]. In Ref. [79] we have
given an example of how we use the WKB method to solve second order differential
equations, which we present in the example below. To start with we have a general
second order equation

d2
&5 = Q). (2.59)

where € < 1 and Q(x) is some function dependent on x. We can solve this equation
by assuming the following solution

y(x,€) = A(x,e)e™¥)/e (2.60)
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Taking the first and second derivatives of this function we see that

y(x,€) = A(x, e)e"“(")/€ ,

€

_ (A//+2A,iu’(x) +A(iu”(x) B (u’ x)>2> piux)/e
€

(2.61)
Plugging Eq. (2.61) into Eq. (2.59) we get

&2 <A//+2A/iM/EX) +A(iu’/(x) . (M/(X)>2> _ Q(x)A(x,e) —0. (2.62)

€ €

Then since € is very small, we can perform a series expansion of A around the point
€=0;

X, € )
A'(x,€) = Ap(x) + e (x) + A5 (x)
A (x,€) = AY(x) + e (x) + 2A5 (x)
so that Eq. (2.62) becomes

+ o
+ . (2.63)
+ ..

0 —¢2 ((Ag(x) +eA] (x) + A (x) +...) +2 (Ah(x) + €Al (x) + 2 A5 (x) + ...) iu/e(x)>

il / 2
+ 62( (Ao(x) + €A1 (x) + €2 Ar(x) + ...) (zu e(x) — <u x)>
—Q(x) (Ao(x) +eA1(x) +€*Ax(x) + )) :
(2.64)

Grouping in terms of powers of € we can solve for u(x).
This method of obtaining QNMs for black holes has been employed for many years,
where it had previously been used up to 3rd order in the approximation [80]. How-
ever, Konoplya has extended the method up to 6th order [37]. This extension to
the 6th order has resulted in more stable and accurate solutions for the WKB when
applied to black holes, at the expense of computational time. This increase in com-
putational time is due to the increased complexity in the functions used to solve for
the QNMs, see Ref. [37] for the full form of these functions. As such we wish to use
a method which could give us the same level of accuracy as the WKB to 6th order
without the large computation time. In this respect we have chosen the improved
AIM [39-41]. This method is hoped to produce similar results using less computa-
tional power, as compared to the WKB 6th order method. In Ch. 3 we show the
comparison of results between the two methods.
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2.5.2 Improved AIM

We begin by showing how the AIM can be used to solve for QNMs, as shown in Ref.
[81]. We then show how this method was improved by Cho et al. in Ref. [42]. Just
as for the WKB, the AIM is useful in solving second order differential equations of
the form

y" = Ao(x)y +s0(x)y, (2.65)

where Ay and sg are elements of Ce(a,b) [81], and y is some function of x, with ’
denoting derivatives in terms of x. Taking n derivatives of this equation we obtain
the following result

Y2 = Ay 4 sy, (2.66)

where A, = A/, | 45,1+ AoAy—1 and s, = s/, | + soA,_1. We then divide the n + 2
iteration with the n 4- 1 iteration to get the following ratio

y 2 g An(y' + 32y)

| (n+1)y — ) )
YD) dx (™) M1 (Y + 2y) (2.67)

The objective of this method is to use values of n such that

Sn ~ Sn-—1

0= — . 2.68
An /\nfl ( )
So that we can rewrite Eq. (2.67) as
d A
sl (n+1)y — 21
I In(y ) FE (2.69)
This has the solution
X
y ) = CiA, g exp /oc + Aodt|, (2.70)

where C; is some integration constant. Plugging this into Eq. (2.66) we obtain the

first order equation
X

v +ay = Crexp {/(x + /\odt} , (2.71)

which yields the solution

y(x) = exp (— / ' zxdt) [Cz—i—Cl / " exp < / e +20c(T))dT> dt} . @72

where C; is another integration constant. In our case this gives the solution of the
wavefunction. By using the boundary conditions we are able to obtain the allowed
QNMs.

In the case of QNMs we need to know « to a very high precision, and so in order
to satisfy the condition given in Eq. (2.68) we would need to use large values of n.
Taking this iterative approach would result in large computation time. Instead we
use the approach given by Cho et al. in Ref. [42], where they have used a Taylor
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expansion to determine the values of A,, and s, as follows:
= Ychx—g)
i=0
=L e =gy
n

(2.73)
where ¢ is value around which the AIM is performed and ¢}, and d/, are our Taylor

coefficients. Plugging these into the previous expressions for A, and s, we have the
following recursion relation:

= (i+ 1)t - di 1+Zc’5c§1 *,

k=0 (2.74)

di, = (i+1)d}"Y + ngc; *.

We calculate the values of our QNMs by solving d¢% | —d% ;% = 0, where n rep-
resents the number of iterations we wish to perform. This approach of using the
Taylor expansion considerably speeds up the computation time. As we do not need
to keep the full derivative of the function each time, instead keeping only the coeffi-
cients of the Taylor series. Where as stated previously this is advantageous since in
order to accurately compute the QNMs we need to consider a very high number of

iterations, in fact we use 200 iterations in the following work.

2.6 Absorption probabilities of a black hole

In 1974 Steven Hawking proposed that by applying quantum effects to a black hole
one could show that the black hole would evaporate over time [82]. His argument
was that due to the quantum fluctuations on the surface of the black hole we could
expect the black hole to emit particles in the same way that a hot object radiates
heat. This radiation of particles from the surface of the black hole would lead to
the black hole losing mass over time, and hence would have a finite lifetime, as it
would eventually evaporate away all of its mass. Furthermore Hawking showed
that a black hole would have a lifetime of the order 107! (M, / M)f3 s, where Mg
is the solar mass and M is the mass of the black hole. So a black hole with a mass
of the sun would exist for a very long time indeed. However, for very small black
holes the life time could be much shorter. So we may be able to put astrophysical
constraints on the evaporation of these types of black holes. Unruh pointed out that
an important parameter for determining the likely hood of the quantum evaporation
of these small black hole is to know what the absorption probability associated to the
black hole is for the various possible fields that it could emit [83]. In our case we wish
to calculate the absorption probabilities as this allows us to determine the likelihood
of a field with a particular quantum state being formed at the surface of the black
hole, and this would give us an indication of the likely QNMs we would detect from
the black hole. In Unruh’s paper he provides a methodology for calculating the
absorption probabilities associated with scalar fields near Schwarzschild black holes
[83]. This method is only valid in the low energy regime. Instead, in this thesis, we
use a method developed by Iyer and Will to obtain absorption probabilities for more
general cases [80].
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For the Iyer and Will approach to finding the absorption probabilities we start from
Eq. (2.58) and perform a change of variables, namely x = wr, this is purely for
convenience. Such that we have the following second order differential equation

( dd22 1 Q> (2.75)

where Q(x) = —w? — V(x). The absorption probability is then determined to be [84]

|Aj(w)[* = exp [2/dx\/Q(x)] , (2.76)

where x7 and x; are turning points in Q, namely Q(x12) = 0 for the given energy w.
This method, however, is only valid for w? < V. In the case of w? ~ V the exponen-
tial will go to infinity and so the method is not valid. However, Iyer and Will have
shown that by taking the third order WKB approximation we can obtain solutions
that are valid for all energy regimes [80]. In this case the absorption probabilities are
given as

‘Aj(w)|2 _ H:W’ (2.77)
with
S(w) = k! Bz% (éibg 136b4) ]
4 k2 Béi:b‘l ;égb%lm + 128b4 43 babS - ?;521’6} 2 278)
+ k12 [13619 - 674b§] |
B Bgig}# iﬁzbg’u * 18258b4 * 5b3b5 - ggl%] %

Note that z3, by and k are determined by the Taylor expansion of Q around its peak
xo, and they are determined as follows [80]

1 dr
Q:QO‘FEQO +Zn'( Q) z"

dxm
(2.79)
=k [zz—z%+ anz”] ,
n=3
and
z=1x—2X0; Z5= ZQS
Qo
(2.80)

_ _( 2 d"Q
=30 0= (i) (%),

Note that in the above equations the subscript zero denotes maximal values obtained
when plugging in xo The notations and techniques developed in this chapter shall
now be applied to obtain the QNMs for Reissner-Nordstrom type black holes in
Ch.3, and the AdS space time in Ch. 4.
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Chapter 3

Electrically charged black holes

We begin our investigation into QNMs for spin-3/2 fields by looking at the electri-
cally charged space-time of a higher dimensional Reissner-Nordstrom black hole.
Where our interest is in determining the effect that the electric charge has on the al-
lowed QNMs as compared to the Schwarzschild cases as determined in Ref. [73].
The Reissner-Nordstrdom space time is a solution to the EFE for massive objects
which are non-rotating and have a non-zero electric charge. The line element for
this type of black hole is given as [85],

1
f(r)

where f =1 — r%—% +-2 _and D = N +2. The term dQy denotes the metric of

7(2D=6)/

ds® = — f(r)dt* + ——dr® 4 r*dQ3,, 3.1)

the SV, and throughout the first part of the thesis we will use terms with over bars
to denote terms coming from this metric. We also need to define the electromagnetic
tensor F,,, with D dimensional equivalent of the four potential [86],

_ 9 _ 19
A = (D —3)03 = Fy = D27 (3.2)
where Q> = %. Although the Schwarzschild metric and the Reissner-

Nordstrém metric are very similar, the existence of two horizons, the event horizon
and the Cauchy horizon, is a crucial difference between the two metrics [87]. As
usual these horizons are located where the radial component of our metric diverges,
thatis f(r) = 0, and it can be easily shown that the result is

ry = (M + /M2 — Q2> o3 (3.3)

In the extremal case, Q = M, these two horizons are degenerate. Furthermore this
result shows that it is not physical to have an object that has Q > M as this would
mean there exist no physical horizon to shield the singularity [88].

In the next section we will obtain the effective potential and radial equations for the
spin-3/2 fields near the electrically charged black holes. To do so we use the super
covariant derivative obtained in Eq. (2.47) and plug it into the Rarita-Schwinger
equation as given in Eq. (B.10).

3.1 Potential function

For convenience we rewrite the Rarita-Schwinger equation as

,)/yva ﬁvlpa =0, (3.4)
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where D, is the supercovariant derivative in Eq. (2.47), with A = 0 such that we
have

_ i | D-3 i
= —_ R 0o
Dy =V —ieAy — 5 2D 2)')’1’1:;1+4\/2(D—2)(D_3)'Yyng . (35)

We must solve for both the case of the non-TT eigenfunctions and the TT eigenfunc-
tions, where we shall begin with the non-TT eigenfunctions.

3.1.1 Non-TT eigenfunctions

We can represent the spin-3/2 fields using spinor representation, where ¢;, ¢;, cp(gl)

and gbéz) represent the two-spinors of the radial, temporal and angular parts respec-
tively. However, these two-spinors need to be projected onto the SV. In order to do
this we use the eigenspinor of the SV, with N = D — 2, represented as P [36,74] A
The eigenvalues, iA, of the eigenspinor lf( y are givenas A = (j 4 (D —3)/2), where
j=3/2,5/2,7/2, ...[74]. In the case of the non-TT eigenfunctions we can write the
radial, ¢,, and temporal, ¢y, wave functions as [74]

Pr=¢r @Y1y and Pr = P @ Pp). (3.6)
Our angular wave function is written as

Vo= 90" @ Voo + 957 & To b, (37)
where cpél), (péz) are functions of r and ¢, and behave like 2-spinors. We will use the

Weyl gauge, such that ¢; = 0, and then introduce a gauge invariant variable in order
to determine the gauge invariant equations of motion using this variable.

Equations of motion

We begin by looking at the case of = t in Eq. (3.4), and obtain the following result

2rb-=3

0=— <17\+(D—2)\£7i03+(D—2) iQ )4»

+ (ma, _10=2)(D=3),5 p_ 3)3)@” (3.8)

4 r\/7

+QD—2@+@—@fﬁvﬂfD_”w_@>%”

\/]71 2r

LA detailed explanation of how this is done is given in Refs. [36, 74]. In particular see Ref. [74]
where we have explained this approach.
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Next we consider p = r to get the second equation of motion as

0 [ i 9+ 1/\f/ (D—3)(D_2)0,2_|_(D_3)i/_\2\1’/f0'1]¢é1)

P

_ /
R = L L I 3>f 1]4»
VF 4/ f
Finally we consider the case of i = 6; where

0= <8t — ]Zal + i}_\\(az — (D - 3);7(71) ¢r

+ (7’\};7(73818_1.141’{//70' —zA\ﬁ 0?0, — (D_sir(zD_él)al—i}\(D 4)\[ ?

—A(D-2) zrDQ_l(Tl)(P(gl)

_|_

(3.9)

+(-f&}§’iaﬁat—<n—s>4ff (-3, + (0 -4

—(D-3)(D - )ﬂaz +(D—-3)(D-2) 2:[)_101) o\,

22
(3.10)

0=- \[ o+ <“1/]7i038t+4r<,/70 + \{f %9, + (D — 4)\/£7

D—-14
SR WS

72

(3.11)

Here we obtain two equations of motion. However it can be shown that these four
equations of motion are not linearly independent, and one can be obtained through
a combination of the other three. As such we will only use Egs. (3.8), (3.9) and (3.11)
in the following.

Effective potential

We can now introduce the gauge invariant variable, where the method is described
in Ref. [74] and is repeated here for clarity. We begin by considering the transforma-
tion of ¢ = ¢ ® P, then the radial and temporal parts of our field would transform
as

f

V1= Y+ 0 — /a ¢ and ¢, = ¢, + v (3.12)
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The gauge transformation of the angular part however is more complicated

1/1(,91. = lpeipei @,
— (qbél) ® Vo, + ¢ ®’)’9>

((cpé +4>) ® Vg, +< (za +55- )q)) ®79i> Py, (313)

=0 =05 +9 97 = +< (i )¢+2j§_3>¢-

Considering these gauge transformations we can construct a gauge invariant com-
bination, where a simple choice would be

®=— (\2[1'0 2;DQ3> ol + 2. (3.14)

Plugging this into Eq. (3.8), Eq. (3.9) and Eq. (3.11) we obtain the equation of motion
for the gauge invariant variable @,

((D —z)\éf7 4 <7\+ (D—2) ngs) a3>

_D-2 ' (D=3)A (D-2)(D-3)| .
e o9, + (D — 2)4f 77 3+ = ]q>_

((D —2)\?? _ <1+ (D—2) 23_3) 03>

oy M s, 2D=7)(D-2) V(D42
(D —2)o, r\/jﬁ - 5 +(D-2)(D 4)2rD_2\/J70’3 o
(3.15)
We can then rewrite ® as
4716 iwt
<(P2€_wt> (3.16)

where ¢; and ¢, are purely radially dependent terms. Furthermore we set

(P52)%f — (A+C)* (252 f - (A-0)*.

¢ = o s ¢ and ¢, = pREr P2, (3.17)
where
A= EWJF (A+C); B= ?ﬁ— (A+C) and C=(D-2) 27%_3,
(3.18)

Applying Eq. (3.16) and Eq. (3.17) to Eq. (3.15) we get the following set of coupled
equations

(for = W) ¢ = iwo; (for + W) o = iy, (3.19)
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(A) Potential function with D = 4 and

Q=0forj=3/2toj=13/2. Q=1forj=3/2toj=13/2.

FIGURE 3.1: In the above plots we have shown the effective potential

function, in Eq. (3.22), for the non-TT eigenspinors in 4 dimensions

for Q = 0, 0.1, 0.5,1,and have set M = 1. Furthermore, note that

the red dashed line indicated the radial location of the event horizon.
These figures are taken from [89].

where

2
D-2

(D=3)\/f
W="—"Z5

D—-4

r(D—2)

(A+0C)

VA+0).

Decoupling these two equations we obtain the following radial equations

2

ds . . . az . - -
- ﬁq)l + Vi1 = 602471; _d7¢2 + Voo = a)24>2,

—L_dr, and

where 7, is the tortoise coordinate with the definition dr, = )

dw

W2,
dr *

Vip = £f(r)

10

(B) Potential function with D = 4 and

(3.20)

(3.21)

(3.22)

Setting Q = 0 in Egs. (3.21) we recover the Schwarzschild potential as given in

Ref. [74].
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(A) Potential function with D = 9 and (B) Potential function with D = 9 and
Q=0forj=3/2toj=13/2. Q=1forj=3/2toj=13/2.

FIGURE 3.2: In the above plots we have shown the effective potential

function, in Eq. (3.22), for the non-TT eigenspinors in 9 dimensions

for Q = 0, 0.1, 0.5,1,and have set M = 1. Furthermore, note that

the red dashed line indicated the radial location of the event horizon.
These figures are taken from [89].

In Fig. 3.1, panel A is the case of the Schwarzschild metric, and its values match
those of Ref. [73, 74]. In Fig. 3.2 it is clear that as the value of the potential maxi-
mum is directly related to the electric charge of the black hole. This would suggest
that for larger values of the electric charge we would expect to see larger frequen-
cies for the QNM, since large potential barriers would reflect more energetic fields.
As is the case with the ordinary Schwarzschild black hole the larger the value of
j the larger the potential maximum, similarly the potential maximum is connected
to the number of dimensions we are investigating. Note that in the extremal case,
that is Q = M, we see a second local maximum appear inside the radial location of
the event horizon. This double maximum can be seen in Ref. [89]. Although these
maximums are inside the event horizon they do have an effect on the numerical cal-
culations in determining the allowed QNMs, as discussed in Sec. 3.2. We would also
like to note that the event horizon in Fig. 3.1 and 3.2 is in a different location this is
due to the exponential reliance on the number of dimensions in the metric. Next we
look at the effective potential for the TT eigenfunctions.

3.1.2 TT eigenfunctions
Equations of motion

The ¢, and 1; components are set to be the same as in the “non-TT eigenfunctions”
case given in Eq. (3.6), however in this case ¢, = ¢ = 0 [74]. The angular part is
now given as

Yo, = Po @ Pe,, (3.23)

where 1y, is the TT mode eigenspinor-vector which includes the “TT mode I” and
“TT mode I1”, as described in Ref. [74]. Following the same procedure as that of the
“non-TT eigenfunctions” we obtain four equations of motion. In this case, however,
we only have one non-zero solution given as

(Wzasat—k\/fza +4]:,/72+(D 4);CUZ+ — (D - 2)2Q ><P0—0

(3.24)
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It is not necessary for us to determine the gauge invariant variable in this case as ¢
is already gauge invariant. We therefore move straight into determining the effective
potential.

Effective potential

We can rewrite ¢y as
) Y, efiwt
go=0 (%;eiwt) : (3.25)
Substituting Eq.(3.25) into Eq. (3.24) we get the following set of coupled equations

(fa f/ (D —4) i — (é_'\r/? — (D Q\/7>> ‘Fgl = iw‘Ijgz;

2r 2
/ (3.26)
(fa A z (g\f (D—2) ZQﬁ>> ¥y, = i ¥,.
Setting
ng f4‘P91 and ‘sz = 7" f4‘f[92 (3.27)
we can simplify the equations in Eq. (3.26), and get the following
(f0r = W) ¥, = ¥y, (3.28)
(far —+ W) Yo, = iw¥Yy,
where N /7
i QVf 3.29
W =222 —(D-2) 55 (3.29)
We now decouple the equations in Eq. (3.28) and obtain the radial equations
d » d?
P 2T91 +Vi=w \Fgl and — ir 2‘1192 —|—W2T92 =w ng, (3.30)
where
==+f(r )— + W? (3.31)

and our eigenvalue { is given as { = j+ (D —3)/2 with j = 3/2,5/2,7/2,.... As
noted in Ref. [74] the Schwarzschild case of this potential is the same as for Dirac
particles in a general dimensional Schwarzschild black hole [90], this however is
not true for the Reissner-Nordstrom case. For the spin-3/2 field one needs to use
the supercovariant derivative in the charged black hole space-time. Whereas for the
Dirac field one would still use the ordinary covariant derivative. The extra terms in
the supercovariant derivative would render the effective potential of the spin-3/2
field in the TT mode to be different from that of the Dirac field in the same space-
time.
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0, 0.1, 0.5,1,and have set M = 1. Furthermore, note that the red

dashed line indicated the radial location of the event horizon. These
figures are taken from [89].
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In Fig. 3.4 we see the same behaviour of the potential function as we did for the
non-TT eigenfunction case. As such we expect the same behaviour from our QNMs.

3.2 QNMs

In order to obtain the QNMs we have chosen to use the WKB, to 3rd and 6th order,
and the AIM methods in order to determine them. Our interest in generating the
numerical values of the allowed QNMs is that we would like to see how the electric
charge, Q, changes the values of the QNMs. A particularly interesting case of the
Reissner-Nordstrom black hole would be the extremal case with Q = M. We will
present the results for the allowed QNMs in the casesof Q = 0.1, Q = 0.5,and Q =1
for both “non-TT eigenfunction related" and “TT eigenfunction related" potentials
fromD =4toD =7.

3.2.1 non-TT eigenfunctions related QNMs

The potentials V; and V; in Eq. (3.21) are isospectral and so we need choose only one
and generate the QNMs as described by the procedure given in Ch. 2, we shall use
V1 to generate our results. In Fig. 3.6 we have plotted the values for the allowed
QNMs for the spin-3/2 fields for varying values of the dimension D, as well as for
varying values of the electric charge Q. Note that in obtaining these values we have
set M = 1, as was done for the case of the Schwarzschild black hole in Ref. [74]. We
note that as the value of n increases, for fixed values of I and D, the real part of the
QNM decreases and the magnitude of the imaginary part increases, this is the same
result as we have seen for the Schwarzschild black hole. This result suggests that the
lower modes are easier to detect compared to the higher less energetic modes, plus
they decay the slowest. We also note that an increase in the number of dimensions
results in the QNM being emitted more energetically. This can be understood by
considering the change in the potentials as the dimension is increased, as shown
in Fig. 3.2. From D = 4 to D = 7 the maximum value of the potential increases
as D is increased. Hence, the real part of the QNM frequency would also increase.
Lastly, when the charge Q is increased, the real part of the frequency for the same
mode increases while the magnitude of the imaginary part also increases. This is
consistent with the change of the effective potentials as Q is increased as shown in
Fig. 3.2. As Q is increased from 0 to 1 (in units of M), the maximum value of the
potential increases, hence the real part of the QNM frequency increases. On the
other hand, the potential tends to sharpen as Q is increased, this implies that the
field can decay faster, giving a large decay constant or a large absolute value of the
imaginary part of the frequency.

In the figures below we have omitted certain values for the QNMs, this is due to
the values being physically inconsistent. We can see from Fig. 3.2 that we obtain
spurious results for our potential functions inside of the event horizon as the black
holes space time dimensions is 9 and when the charge of the black hole has a charge
of Q = 1. This is a case where the mass is equal to the charge and so we are at the
limits of what is allowed in GR.

We also find that there is a strong disagreement for the WKB methods in the cases of
Q = M, with the dimension higher than 7. The reason of the disagreement is two-
folds. The first one is again the problem with the WKB series expansion mentioned
above. The second one is due to the peculiar behaviour of the effective potential.
As shown in Fig.3.2, it is clear that for the j = 3/2 potentials in the cases D > 7,
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M = 1. The values of | and # are the angular and principal quantum

number respectively. Note that in the higher dimensions some of the

labels have been removed to make the figures easier to read. These
figures are taken from [89].

a second local maximum will develop. This happens not just for the j = 3/2 cases
but also for potentials with other j values. For larger values of j, the dimension at
which the potential will have this behaviour gets higher. The presence of a second
maximum renders the WKB approximation and the AIM to be not reliable so we
have only listed the results up to D = 7.

3.2.2 TT eigenfunctions related QNMs

For the “TT eigenfunction related" cases, both WKB and AIM present reasonable
results. We have to note that there is no “TT eigenfunction related" case in the 4-
dimensional Reissner-Nordstrom spacetime because of the absent of the TT eigen-
modes on 2-sphere. In Fig. 3.8, we present the TT QNMs for Q = 0.1, Q = 0.5,
and Q = 1from D = 5to D = 7. The change in QNM frequencies is similar to
that for non-TT cases when either n or D is changed. The result indicates that when
Q gets larger, the real part decreases and the absolute value of imaginary part also
increases. This is consistent with the change of the TT potential with Q, which is
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plotted in Fig. 3.4. We can see that when Q is increased, the maximum value of the
potential decreases. This implies that the real part of the QNM frequency decreases
accordingly. In addition to this the potential broadens when Q is increased so the
mode decays slower which implies that the absolute value of the imaginary part of
the frequency becomes smaller. Note that this trend is just the opposite to that for
the non-TT cases for D < 7.
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The values of [ and # are the angular and principal quantum number
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have been removed to make the figures easier to read. These figures
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3.3 Absorption probabilities

Finally we investigate the absorption probabilities associated with the spin-3/2 fields
near the Reissner-Nordstrom black hole. We use the method as described in Ch. 2.

3.3.1 Non-TT eigenmodes related absorption probabilities

In Figs. 3.9 and 3.10 we see that for specific values of Q and D, the behaviour of the
absorption probability shifts from lower energy to higher energy as j increases, and
this trend is similar to the Schwarzschild case. For fixed j and Q, we can compare
the scale of each subplot and realise a lower energy to higher energy shift as D in-
crease. For a fixed j and D, the absorption probability also shifts from left to right as
Q increases. This is because the maximum value of the corresponding potential in-
creases as Q increases, as shown in Fig. 3.4 for the case D = 5, j = 5/2. An exception
isin j = 3/2, D = 7, where the curve shifts to the left instead. This is because the
maximum value of the potential decreases instead of increasing as Q is increased.
Moreover, we have left out the absorption probability in the case of j = 3/2,D =7,
and Q = 1. We could not obtain a satisfactory curve for this case and we believe this
is due to the fact that the effective potential has two local maxima rather than one in
this case, thus rendering the WKB approximation inapplicable.

A(w)|?

0.2

0.0

(A)D =4 (B)D =5

FIGURE 3.9: Spin-3/2 field absorption probabilities with various di-
mensions and j = 3/2 (left most) to j = 7/2 (right most). These
figures are taken from [89].
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FIGURE 3.10: Spin-3/2 field absorption probabilities with various di-
mensions and j = 3/2 (left most) to j = 7/2 (right most). These
figures are taken from [89].

3.3.2 TT eigenmodes related

The absorption probabilities associated with the “TT eigenmodes" are present in
Fig.3.11. Itis clear that the absorption probabilities shift from lower energy to higher
energy when we increase j (with fixed Q and D), and when we increase D (with
tixed Q and j). However, when Q is increased but with fixed D and j, the absorption
probabilities shift from higher energy to lower energy, This is because the maximum
value of effective potential decreases when Q increases, as shown in Fig. 3.4 with the
typical caseof D =5, =5/2.

To briefly conclude this chapter we have shown that we an use the idea of eigen-
values on a sphere to obtain the effective potential for spin-3/2 fields near electrically
charged black holes in 4 or more dimensions. We have also shown that in the ap-
propriate limits this reduces to the non-charged case and produces results consistent
with the results shown in Ref. [74]. In terms of the charge we see that as the charge of
the black hole is increased so does the frequency of the emitted QNMs. Furthermore
as is consistent with the non-charged case higher dimensional black holes emit more
energetic QNMs, but these QNMs also experience larger dampening terms. As such
we would be unlikely to detect these modes due to their short existence. We now
move onto the case of non-asymptotically flat space times.
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0.0 0.5

25 0 1
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FIGURE 3.11: Spin-3/2 field absorption probabilities with various di-
mensions and j = 3/2 (left most) to j = 7/2 (right most). This figure
is taken from [89].
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Black holes in (A)dS space

QNMs in asymptotically flat space times have been studied for many years, as the
boundary conditions are rather simple. In this case the perturbations can only fall
into the black hole or propagate outwards to infinity. Motivated by the study of
inflation there has been an increased interest in studying QNMs in dS space, and in
this space the boundary conditions are very similar to those of the asymptotically
flat case [91-93]. In fact the asymptotically flat case can be thought of as a limit of
the dS space time [94].

The case of the AdS space, however, is vastly different since the space acts almost as
a potential box confining the QNMs. As such in the case of no black hole the QNMs
take on a purely real value, as they can’t leave the system [91]. Introducing the black
hole to the system allows for the dampening of the QNMs as it acts almost like a
drain for the QNMs. In order to obtain the different space time we introduce to the
metric a constant curvature term called the cosmological constant. The line element
for the (A)dS space time is given then given as

1
f(r)
where f(r) =1— r%—l‘ffz - #2(%73), and A is the cosmological constant. The case of
A = 0 gives the Minkowski metric, A > 0 is the dS space time and A < 0 is the AdS
space. Recall that d()3; is the metric of the SV, and is given in Eq. (2.48).

ds?> = — f(r)dt? + ——dr* + r?d0%, (4.1)

4.1 The effective potential

Using the metric in Eq. (4.1) and the same convention of using over bars to denote
terms from the SV as we have in the previous chapter we will derive the effective
potential below. Note that the “non-TT eigenmodes” and “TT eigenmodes” on SV
are constructed in the same manner as in the previous chapter. Furthermore in the
following derivation we make no assumptions on the size of the cosmological con-
stant. We will determine the most general form of the potential function and then
study black holes of varying size in the dS space time.

4.1.1 Potential function for the non-TT eigenfunctions

We use the same definition of the radial and temporal wave functions as we have
used in the previous chapter, and simply rewrite them here for convenience,

Y=g @ Py and Pr = P @ Py, (42)
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where 1) is an eigenspinor on S N, with eigenvalues iA. As before the angular wave
functions are defined to be

o, = o5 @ Vo by + 8y ® To b (4.3)

where cpél) and 4)(52) are functions of r and t that behave like 2-spinors. The eigen-
value A are given in the previous chapter. Working in the Weyl gauge we will first
develop the non-gauge invariant form of the equations of motion and then add a
gauge invariant variable just before we construct the potential function.

Equations of motion

As before we derive our equations of motion from the Rarita-Schwinger equation,
rewritten here for convenience,

YDy, = 0. (4.4)

In this case
i\/K
\/2 )(D —2)

We obtain the first equation of motion by settmg u = tin Eq. (4.4) we obtain the first
of our equations of motion

o:(ﬂar (D — 3)ﬂ—(D_2)(D_3)ia A A(D_z) )4;9

2r 41/\/7 \[ D

+((D—2>ay+(D 8) i (D_ZgiD_?))*(D‘z);f 2((1?__12))”2>¢§2)

- D=2 - . [A(D-2)
_<1A—|—2\/f1(73—|—17 2(D—Ul> o

Dy = V- (4.5)

1)
(4.6)
The second equation of motion is obtained by setting 1 = r, and is written as

<_%at+(D 3mrfgl ;A}' <D—zi§D—3>Uz_§ir A(D~2) 3>¢<1>

+< D-2. (D-3)(D-2)

o +

RV A

—(D _2) A(D_2)03>¢

Vot + (D - 2)f/ +(D—3)%02

RV

(4.7)
Finally by setting u = 6 we obtain the third and fourth equations of motion. As in
the case of the Reissner-Nordstom black hole these four equations are not linearly
independent as such we work with only the simpler of the two equations obtained
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when setting y = 0

! 1 D—-2
rf ar/f 212 2 (4.8)
D—4, 2 \[ 2
— }"2 g ¢9 — TU— (Pr =0.
Effective potential

We now need to perform the transformation to a gauge invariant variable. We use
the same approach as we have used in the Ch. 3, and have that the simplest form of
the gauge invariant variable is

. ] A(D -2
®=- (g“ﬁ’ t o 2((D = 1)) ”l> 05 + 5. (49)

Applying this variable to Egs. (4.6), (4.7) and (4.8) and then simplifying we obtain
the following gauge invariant form of the equations of motion

(id + 7D2_2\/]7i03 —ir 7A(D__ 2)(71) [alat _(D=3)f ;r?))f — JZ

_D—3\/7i/'\1,03_1. Af(D—Z)Uz]cD
D-2 r 2(D —1)

(i/_\—¥\/ﬁa3—ir /2\(D_—2) )[fa +Z(Af 5. (2D —-7)f

2i  [Af(D-2)
D-2\ 2(D-1)

+ (72} d.

If we take ¥ = b2, /fio® — )) )® then we can rewrite the equations
as

for¥ + (A+Bio® + Do) ¥ = o'y ¥ (4.11)

_ 1 o f  D-4 (D-2)* (3, D—4
A_—}\2+(D‘2>2f+r2/2‘(<§‘12))[ A (4+ 2r f>+ r Y Ty

2r

- 1 <(D—2)(D—3)M)
3 D—2)2 A(D-2 D-3 /

—4 (D—3)(D-2) M
2

3 D-2)? A(D—2) yD-3
a2 4 ! . ) f+r22((D—l)) r

483405

4.12)
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By setting ¥ — K(r) = ¥, and where K (r) satisfies the partial equation

oK (r)
Ik

+A=0, (4.13)
we can remove the A term and rewrite Eq. (4.11) as

fo,¥ + (Bio® + Do) ¥ = 0, ¥. (4.14)
Finally we can separate the spinor ¥ into its components, the choice we make is

G (i (0 0 iwt [ P1
Y = (sm <2) 03 + cos (2> (72> et ((Pz) (4.15)

where ¢ ; are functions of the radial coordinate only, and

6 = tan ! <l§> ) (4.16)

Plugging this into Eq. (4.14) and simplifying we get

(v 23 ()] (55 vom) () =i ().

(4.17)

Which can be expanded to give

(for, + W) ¢1 = iwep,
(for, = W) ¢ = iwen,

where dr, = f(r)dr is the tortoise coordinate and

\/M[Hf(“))( 5 )]1 (4.19)

2w \ oriBB B2 — D2

(4.18)

W

Then decoupling the equations in Eq. (4.18) we obtain the following

(f22 — Vigp,) 1 = —w?¢py,

4.20
(207, = Vegp) 2 = —w’ ¢, (420

where IW
Ve = £f - = W? (4.21)

is the effective potential. There is a notable difference here for the effective potential,
in that the potential does have some reliance on the QNM value w. In our previous
works we have only had to work with potentials reliant on the radial coordinate
only [73, 74]. It is possible to remove this reliance on the QNM value by looking at
the limit where A is very small, however this is simply the Schwarzschild limit and
tells us nothing new about the cosmological constants. As such we will avoid such
cases as this makes the solutions trivial extensions of the work in Ref. [74].

In the above we have made no assumption on the value of A, however as stated in
the introduction to this chapter the cases of A > 0 or A < 0 are vastly different from
each other. As such we investigate the potentials in each case separately below.
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I =0to5with A =0.0001, M =1 I=0to5withA=0.01,M=1
and D = 5. and D =7.

FIGURE 4.1: In the above we have plotted the effective potential func-
tions, in Eq. (4.21), for the effective potential for the case of the dS
space time. Comparing how the change in modes affects the values of
the potential function. Note that in the above we have chosen w = 1.

101 ; .
— A=0.0001
8, 4
A=0.001
T 6
=
> 4
2,
0 L
0
r r
(A) Effective potential function for (B) Effective potential function for
A =0.0001, 0.001, 0.01,0.1 A =0.0001, 0.001, 0.01,0.1
forl] =0,M =1and D =5. foril=3, M=1and D =7.

FIGURE 4.2: In the above we have plotted the effective potential func-

tions, in Eq. (4.21), for the effective potential for the case of the dS

space time. Comparing how the value of A affects the value of the
potential function. Note that in the above we have chosen w = 1.

The dS space time potentials

In Figs. 4.1 and 4.2 we have plotted the effective potential to show how the values
of I and A affect the effective potential.

From Figs. 4.1 and 4.2 we can see that the potential still behaves similarly as it
did in the previous cases, in that increasing the number of dimensions and the value
of I both results in increasing the maximum value of the potential function. As was
seen in the Schwarzschild case in Ref. [74] we see that the potential goes to zero at
the event horizon. From the plots it would appear that the potential functions also
go to zero as r — co. This however does not actually happen, by testing the potential
in this limit we find that for dimensions greater than 4 the potential diverges in this
limit. For the 4 dimensional case the potential does not blow up but instead tends
to some non-zero finite value. This suggests that the 4 dimensional case is a special
case of the the dS space.
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FIGURE 4.3: In the above we have plotted the potential functions for

the effective potential, in Eq.(4.21), for the case of the AdS space time.

In the above the black, blue, green and orange lines represent the D =
5,6,7,8 case respectively.

AdS space time potentials

In the case of the AdS space time the potential is very different to that of the flat
case or the dS case. As can be seen in Fig. 4.3 the potential function in the AdS case
does not act as a potential barrier. In the case of the AdS space we can relate the
cosmological constant A to some curvature radius R 445 as [91]

(D—-1)(D-2)

2R}

A=—

(4.22)

This gives us a different approach to investigating the relationship between the
QNMs, and effective potential, and the cosmological constant. Since we can we
can compare the radius of the black hole r with that of the AdS radius R,45. Fol-
lowing the procedure of Ref.[91] we set R44s = 1 and change the radial location of
the event horizon, by choosing different masses as done in Fig. 4.3. Note that for
r+ > Rygs we would be investigating large black hole, and for . < R445 we would
be studying the equivalent of very small black holes [91]. Note that in the higher
dimensional cases shown above the potential tends to infinity as » — co. In the 4
dimensional case this is not true however and as such requires a different approach
to solving for the QNMs.

4.1.2 TT eigenspinor potential functions

We set ¢, and ¢; in the same manner as we did for the “non-TT eigenfunctions”.
Our angular component changes and is now written as

o, = Po @ Po,, (4.23)

where 1y, is the TT mode eigenspnionr-vector which includes the “TT mode I” and
“TT mode 11”7, as described in Ref. [74], and ¢y behaves like a 2-spinor. We again
use the Weyl gauge, for the TT case this means ¢, = ¢; = 0 [73]. Our only non-zero
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equation of motion is

L .3 \f 2 foa Vf 2 ivVA
1070 + 8+70+—D—40—|— a—i— = 0.
<r\f ! 4r\/f 272 ( ) r2 2(D ) Pe
(4.24)
In this case the function ¢y is already gauge invariant. We set
—_ 0—2 71(,(}15 <4)1> , 425
Po =0"e . (4.25)

and apply it to Eq. (4.24) to obtain
/ 4 . _
farfefo-09- i /A7 B [+
. _ 1 4
L e A R A

Redefining

) =0. (4.26)

4)1 =7 2 f (l)1 and 4)2 =71 2 f4¢2, (427)

we obtain two coupled equations

(10 oo (755 -
- 8o (o

Decoupling the equations and refining the wave functions as ¢; » — H®; » we obtain
the following

(4.28)

22 o » (iw — B)' (iw B)_ / 2 2 2 _
[fa,HJr[ e +ff}aH+<flw A AL B ) @ =0
(4.29)
Setting H = v/iw — B and converting to toroise coordinates we have
Y14 [ Vepr + ] ¥1 =0 (4.30)
where
a4V
r
B, AMD=2) 4.31)
2(D-1)
H" (iw—B)' H' (zw B)

/
ngf:—fzﬁ‘FfZWH ffi—f A+fA/+A2—B2
We again have the same issue as with the non-TT eigenspinor solution, in that we
have a reliance on the w value of the QNMs. So we cannot guarantee that the
potential is real at all parts in all cases of the A value. However looking at the
Schwarzschild limit, i.e A — 0, we can ensure that the potential is always real.
Therefore in order to obtain the QNMs for black holes in this space time we would
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need to use some other method to obtain their numerical values.

4.2 QNMs

4.2.1 QNMs for the non-TT spinors

Due to the reliance on the w in the potential function we cannot use directly the
numerical methods to solve for the QNMs. Instead we need to perform an expan-
sion on the potential function to obtain the QNMs. Horowitz and Hubeny in Ref.
[91] have developed a method that allows for determining the QNMs of of AdS
Schwarzschild black holes. We will use their method to obtain the allowed QNMs
for our case. In order to use their method we convert back the radial equations to
radial coordinate form, Eq. (4.20) given below as

2 w? Vv,
f;z—i—(f/_ziw);/— (4}ff>

Note that here we have dropped the subscript of the effective potential as both give
the same results. We need to perform this conversion as the Horowitz-Hubeny
method works by taking a Taylor expansion at the event horizon of the black hole
and then imposing that the field should vanish at infinity. So we would want to
map the entire region of space into some finite parameter range, a simple choice is
r = 1/x, then x is the location of the event horizon and x = 0 is infinity. Then
due to the radius of convergence of our expansion our solution will be valid for the
entire region of x = 0 — x = x4, as so we would be able to ensure the QNMs
obey the requirement of vanishing at infinity. Next the mass of the black hole can be

®(r) = 0. (4.32)

redefined to be M = § [ﬁ} . The radial equation then becomes
X
d? tH(x) d u(x)
- - d(x) =0, 4.33
S04 G e e O —
with [91]
2 +1 2 +1 1 1
S(x):x+D—i__1 xD+"'+x+:_ x4+—2x3—|——x2,
XL Xy X7 X4
t(x) = (D — 1)r(?_3xD —2x% — 2x%iw (4.34)

f(x)

We can take a series expansion of these functions such that for instance s(x) =

u(x) = (x—x.) (‘”fo> |

d

Y su(x — x4 )", similarly for u(x) and t(x). To determine the behaviour of the so-
n—=
lutions near the horizon we assume that the wave function is satisfied by ¢(x) =

(x — x4 )*. This can be plugged into Eq. (4.33) such that to leading order we have
a(e —1)so + aty = 0. (4.35)

This implies that « = 0 and &« = —(tp + s0)/(so) are both solutions, however the
solution of « = 0 corresponds to the case of in going QNMs at the horizon. Since
these are the modes we would actually be able to detect we focus on this solution.
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Which it turns out means we are looking for a solution of the form [91]

P(x) =Y an(x —xy)", (4.36)
n=0

Plugging this into the Eq. (4.33) gives us that the a,, can be obtained by the following
recursion relation [91]

1 n—1
ap =5 Y [k(k = 1)sy g +kty i + g i) 2y (4.37)
Pu (5
with
P, = n(n—1)sp + nty. (4.38)

Note for n > D s, = t, = 0 therefore the a, terms are determined by fewer and
fewer parameters for higher iterations. Once we have the expressions for a,, we sim-
ply solve for i(x) = 0.

Using the method developed by Horowitz and Hubeny we are able to determine
the numerical values of the allowed QNMs. The relationship we would be most
interested in is the allowed value for the QNMs in relation to the radius of cur-
vature. In the plots below we have done exactly this and considered the cases of
r = 0.1, 0.8333, 10, 40, 100. Note that in the plots below the r values represent the
location of the event horizon. So the larger the value of r the bigger the black holes
is.

In Fig. 4.4 we have plotted the real and imaginary values of the QNMs of a
Schwarzschild black hole in a dS space time. The values were obtained by using the
Horowitz and Hubeny method to an iteration depth of 24 iterations as most values
to this level of iteration converge to a stable result. Higher order iterations will pro-
vide more precise results but the computational time increases very rapidly, and as
such the small corrections obtain in these cases does not justify the increased compu-
tation time. The r values given is not the radial location but instead the radial value
of the event horizon. So larger values of r represent larger black holes. As has been
shown in Ref. [91] the QNMs associated with black holes scale with the value of the
radial value of the event horizon. We see the same behaviour in our results, these
results are also seen in Ref. [34]. For values of r = 10 and smaller we see that there
are some divergences from the linear trend seen for results from larger values of r,
this may be down to the the method not converging to a stable solution fast enough
in these cases. It should be noted that in these cases the asymptotic curvature will
play a bigger role as its value as compared to the mass will become more significant.
In these case it would be worth looking at higher order iterations. This results in
QNMs modes that are far larger than the ones we have previously seen in the case
of the Schwarzschild and Reissner-Nordstrém black holes. Note that this choice of
values of M much larger than those chosen in the previous cases is the fact that here
we have set the radius of curvature to one and are showing values for when the
black holes would be very large compared to this curvature, in staying with the pro-
cedure taken by Horowitz and Hubeny. We note that the higher dimensional black
holes produce more energetic QNMs, but that these QNMs are also less likely to be
detected since they decay very quickly. This is the same behaviour that we have
seen in the previous cases and as such is not of much note other than suggesting
that the behaviour of the QNMs does not change drastically by adding the asymp-
totic curvature. We also see that fields with larger /| modes are more energetic, this
is the same as for the results that we see when considering the QNMs of the purely
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FIGURE 4.4: In the above figures we have plotted both the real and
imaginary values for the QNMs obtained for selected values of . The
dimensions for the results are also given.
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Schwarzschild black holes.

To briefly conclude we have shown that the approach of using the eigenvalues of
the SN can be used to derive the effective potential for spin-3/2 fields near higher
dimensional (A)dS Schwarzschild black holes. We also note that this effective po-
tential is directly affected by the QNMs of the spin-3/2 fields as they are functions
of these values. We can also use the method developed by Horowitz and Hubeny in
Ref. [91] to determine the numerical values of the allowed QNMs.
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Chapter 5

Infinite derivative gravity

In this chapter we develop the theoretical idea behind IDG. In this process we will
show how to obtain the propagator for IDG as well as derive the field equations
that we will use later in this thesis to derive the modified metrics that describe space
times in the theory of IDG. In order to do this we begin by considering a modified
version of the Einstein-Hilbert action, one which considers all orders of the curva-
tures, which allows us to construct the Lagrangian and propagator for quadratic
gravity. We then show that by a careful choice of parameters we can obtain a theory
that is singularity free and ghost free.

5.1 The linearised action

We wish to produce some flat space propagator that we can then modify in some
way to create a singularity free theory of gravitational interactions. As such the best
approach would be to study the Minkowski space with some small perturbation
applied to it. A metric of this type would be written as

Suv = My + h;w, (5.1)

where 177, is the flat Minkowski space, with signature (-1, 1, 1, 1), and h,,, is some
small perturbation. Such that the values of h,, < 17,,, allowing higher order terms
of hy,, to be ignored. As these fluctuations are very small we need only concern
ourselves with curvature terms that are at most quadratic in h,, in the action [51].
The Minkowski metric will contribute no curvature terms, that is Ry, = 0 for the
Minkowski metric, the only contributions will come from the perturbation h. To
recollect the most general action we can use is the one given in Ch. 1 and rewritten
here for convenience [50, 52, 95, 96], !

S =Srg+ /d4x /_g {Rmvl)\ltﬁOZ;K;Q;Z;RHZVMNZ} , (5.2)

where Sgp is the Einstein-Hilbert action and O is a differential operator containing
all the operators allowed by the diffeomorphism invariance and the the d’Alembertian,
givenas L1 = ¢""'V,V,.

!Note that we can consider higher order curvature terms in the action but for this thesis we limit
ourselves to the case of the quadratic curvature terms.
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5.2 The linearised field equations

By expanding the O term to include all possible curvature terms, then applying the
Bianchi identities the action in Eq. (5.2) can be rewritten as [49, 50]

5— /d4x\/§ [5 + RE(O)R + Ry E(O)R™ + Ry B (O)RMF| . (5.3)

The action has now been reduced to three arbitrary functions of F; ? plus the Einstein-
Hilbert action. Our next step is to write the action in terms of the perturbation #,,,
and so we need to determine the values of the Ricci scalar and the Riemann tensor
in the case of the linearised metric. By applying the definitions of these quantities to
the perturbed Minkowski metric we can show that

1
Ryv?ur :E (ava/\hpuf + ayaahw\ - aaavh;m - aya/\hva) ;
1

5.4
R =3 (9p0vhy + 0yt — 0Dyl — Dy ) 5 o

R :ayaah“ﬂ - Dh~
4 1 1 v
1 v
+ G (—1 +5R(O)d+ 2F3(D>D) g

4 %h (1 + 2R ()0 + ;PZ(D)EI> 3,3, (5.5)

+ %hD (—2F1(D)D _ %FZ(D)D _ 1) n

+ %Wé (—2F(0)0 - K(O)O - 25(0)0) aaaAayaM]

This can be rewritten as [50, 96]

S=— / d*x Ehwa(D)DhW + k5 b(0)0, 9,k + he()a,,9, A" + %hd(D)Dh

+ ;hwfg)aaa@yavhﬂ (5.6)
where we have defined [50, 51]
a(d) =1- %Fz(D)D —2F;(0)0
b(O) = -1+ %Fz(D)D +2F(0)0
¢(0) =1+ 2R(0)0 + LB(O)0 (5.7)

2

d(0) = =1 —2F,(0)0 — %Fz)(D)D

£(O) = —2F(0)0 — K(D)0 - 25(0)0.

%In the functions F]s there is a scale terms Mj that we have suppressed for the time being. We will
reintroduce this scale variable when we have obtained the action for the IDG. At which point we will
explain the significance of this scale.
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At this stage we make no assumptions of the functions a((J), b(0O), ¢(O), d(0) and
f(0), but we will later see that some specific choices of the functions are necessary
to ensure consistency in our theories, and show that using the right choice of these
functions allows us to obtain a renormalizable theory of gravity, which is called IDG.
We only note at this stage that these definitions imply that

a(0) +b(0) =
c(d) +d(0) = (5.8)
b(O) +c(0) +f( ) =

We now have the action in its simplest form and can derive the field equations that
result from varying the above action. By the principal of action we have

4
5S = / Ay ( 5hw> Sy, (5.9)

where L is the Lagrangian inside given as

£ =S ua(O)TH + (D)3, + he(D)2,a,h"

. f0) (5.10)
+ ~hd(O)Oh + W 0070, 9y hH".
2 O
The derivative of the Lagrangian is given as follows
oL I o oo
Sy (O + b(O) (8018 + 3,5 ) + c(D) (1juPpdehi*” + 3,3h) o

+ 1d (O)Oh + J((DD)aUaAayath.

By the principle of least action we have that S = 0, which implies that % =0,
giving us that in the case of a vacuum we have that

0 =a(00) Dy + b(D)2 (91 + 0,1 ) + (D) (10D + 3,0,) + 1y (O)

+ £(3)0O 19,0,0,0, 1.
(5.12)
By adding a Lagrangian for the matter part, £, to the action, we obtain the follow-
ing equation of motion

a(0) Oy, + (D), (avhg n ayhg) +¢(0) (@9 h®” + 3,duh) + 1,0d (0)Oh+

F(O)O 950,00, h" = —kTy,

(5.13)
where x = 1/ M3, M, is the Planck mass and 7, is the stress energy tensor [51].
Our next step is to obtain the function that describes the gravitational propagator.
Using this function we can show that the propagator in quadratic gravity is not
necessarily ghost free, but rather that a specific choice of a((J), b(0O0), ¢(O), d(OJ) and
f(O) can ensure that we obtain a theory that guarantees ghost free behaviour from
the propagator.
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5.3 The modified gravitational propagator

In obtaining the propagator we will follow the approach as taken in Ref. [51], where
we first express the field equations in the form of

L e = KTy, (5.14)

where H;,}/\‘T is the inverse propagator, and is expressed using six spin operators, P;.
This is done such that the inverse propagator takes the form

6
mt=ycp, (5.15)
i=1

where the C;’s in momentum space are scalars purely dependent on k?, the momen-
tum vector. Van Nieuwenhuizen has shown in Ref. [97-99] that the action written
in Eq. (5.12) when converted to k-space can be written in terms of six projection

operators
1

1
P? = 5 (Oupbuo + Ouebip) — 36,000

1
P = 2 (Oupwvo + Burwp + BypWye + Ourtwyp)

: (5.16)
P = 16080, P2 = i

1 1

Psow = 759}!1/“)90/ P = %W;wepm

k. k kuky .
where 0,y = 11,y — ~7- and wy,y = ~5-. These have been chosen since they have the

following simple orthogonality relations

73;77{; = ol 5ab77jr P;bpgd = ‘Sij‘sbfpid’ (5.17)
PiP]. = 6164 Pl, PiyPl = 816,Pl, |

and are complete:
P2+ Pr+ PP+ P)=1and Py + Pl =1. (5.18)

We can understand these operators by understanding what they represent, which
are the six degrees of freedom for our field. P? and P! represent the transverse
and traceless spin-2 and spin-1 degrees of freedom [51]. Furthermore P? and P9,
represent the scalar multiplet. Finally, we have the P, and PJ, projection operators
which, are able to mix the two scalar multiplets.

Egs. (5.15) and (5.18) imply that Eq. (5.14) can be rewritten as

6
Y CiPh =« (P2 4Py POy Pg,) T, (5.19)
i

In order to solve for the projection operators we apply the operators to the actions
that we have developed in Eq. (5.12). By then multiplying through by a specific
projection operator, and using the orthogonality relations between each of the pro-
jectors, we will obtain solutions for each of the projection operator.
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5.4 The quadratic propagator

Before we are able to represent the field equations in terms of the projection opera-
tors, we need to rewrite the field equations in Eq. (5.12) in terms of the momentum
space. Using a Fourier transform we can rewrite the field equations in Eq. (5.12) into
momentum space as [51, 96]

12
a(—k)hyy + b(—K2) <kykah§ + kak i) + lt kzk ) (nwkakﬁh"‘ﬁ + kykvh)
A=), | f(R) : 20
=g+ kgkakyk,h*F = K%.

So now we need to rewrite these terms in terms of the projection operators. We begin
with [51, 96]
a(—R)hy = a(=k2) [P+ P+ PP+ PY| Iy, (5.21)

b(_kZ) (k‘uklxhﬁ -+ kakyh?l) = b(—kz)kz [wwmp + ClJm/T]yp] h~e

k2
=b(- kz) [wtw’?vp + Waplvy + Warlup + wyv’?ap] h*®
- b(—kz)kz P! +2P5

(5.22)
c(—k? N .
(kz ) (vaklxkﬁh ﬁ +kykyh) = C(—kz) [W;lvwzxﬁ _{_wyvna’g] h ﬁ
= C(—kz) [Gﬂywaﬁ + w]/“/wpg' + wyyealB —|— wluvwa’g} hﬂ(:B
- C(_kz) [27)2; + \@ (Psow + P@?}s)} hyv/
(5.23)
d(—k? d(—k?
( K2 ))’Mth = (kz ) (B0 + W) (Bap + wup) P
d(—k?
= (kZ ) [0,0000p + 010 Wap + Wy bup + Wywap] B P (5.24)
d(—k?
= (kz ) (3P0 + Pl + V3 (P, + Py |
k2
f(k4 gk = f(~R)eopucop i (5.25)

= f(=k)Pohuy-

Using these relations we can rewrite the field equations as

a(—k2) [P2+ P+ PO+ PG| i+ b(—k?) [P +2PG |

+c(—K2) |2PG + V3 (PE, + Ph,) | h+ 4l kzk ) 3P0 + P+ V3 (P, +Ph) |
+ f(—R)Poh =« (P*+ P + P+ P)) kL‘z

(5.26)
Our next step is to act on this action with each of the spin projection operators, which
will give us the decoupled field equations for the different spin multiplets. We begin
by multiplying Eq. (5.26) by P? and using the orthogonality relations given in Eq.
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(5.17)

2
a(—k*)P?h = xP?’1 = P*h = e P (5.27)

(R
Next, if we act with P! on Eq. (5.26) we obtain

1
a(=k)PL+b(—K*)Ph = Kplklz = (a(—K*) +b(—k*)) P'h = K%T, (5.28)

but by Eq. (5.8) we know that a + b = 0. This implies that there are no vector degrees
of freedom, and as a consequence there are no vector parts in our stress-tensor

Plr =o. (5.29)

Next we look at the scalar multiplets P? and PY) by applying each respectively we
then obtain

(a(—K2) +3d(—I2)) POh + (c(—k2) + d(—k2)) VEPLh = x (P?) 2,

kT/
(a(—K2) 4 2b(—K2) + 2c(—K2) + d(—K2) + f(—K2)) Poh + <c(—k2) (5.30)
+d(—k) ) V3P = x (PY) %

The above two equations would suggest that the scalars are coupled in some way.
However, from Eq. (5.8) we know that ¢ +-d = 0 and so we have two decoupled
equations for the scalar modes as follows

(a(—K%) —3e(—k) Pl = x (PY) -

Tuv ‘

(a(=K?) +2b(=k?) + 2¢(=k*) +d(=k*) + f(=K*)) Poh = x (Py) 17

In the above equation it can be shown that Pt = 0, by using the relations in Eq.
(5.8). Finally, it is easy to see that

P?

Pl = K () = e (o)) T

(5.32)

Therefore, by using Eq. (5.15) and the results of the propagator component relations,
we can easily show that the propagator is written as [50]

P? P2
- . 5.33
H T (a —3c) k? (5:33)
Note that if we wish to recover GR then we must have that [51]
a(0) = ¢(0) = —b(0) = —d(0) = 1. (5.34)
This ensures that we have only the physical gravitational propagator
. P2 PY

where we should note that there is a negative residue for the P component as k? = 0
[97]. In Ref. [51] the authors show that various choices of a((J), b(J), ¢(O0), d(OJ)



5.4. The quadratic propagator 61

and f(0) provide the propagator for different gravitational theories and discuss
these theories and possible pathologies in these theories.

Without loss of generality we can set f = 0 and then using the relations shown in
Eq. (5.8) we can show that a = —b = ¢ = —d [51]. This leaves us with only one free
function a(0J). We can the rewrite the propagator in the terms of only this function

as
M — 1 P2 _ PN _ 1 1
a(—k?)k? ( 2 ) a(—k2) Ck (5:36)

So we now need to place a set of conditions on the value of a(0J). Firstly as we wish
to recover GR we need 4(0) = 1, secondly a([J) must have no zeros as this would
result in the introduction of Weyl ghosts to the theory, so 2(0J) must be some entire
function [51]. Now if we choose a([J) to be some polynomial we would obtain a
theory which is finitely differential, and as seen in the case of fourth order deriva-
tive gravity this would lead to pathologies somewhere in the theory. In order to
ensure that the theory is UV safe we need to choose some function that is infinitely
differential. The authors in Ref. [100] have investigated whether exponential of en-
tire functions will indeed satisfy the required conditions of the modified propagator.
They have done this by looking at the form of the propagator as we have in Eq.
(5.36) and then determining what the Newtonian like potentials would look like if
a(0) is an exponential entire function. Where indeed they have shown that these
potentials in the case of IDG do not diverge to infinity for small values of » but do
indeed return to the GR potential for large values of r. They note that the simplest
choice one could make about the function is that [50]

a(d) =e ™, (5.37)

where M; is the mass scale and represents the scale of non-locality. The exponential
entire function introduces no new poles to the theory. Therefore there are no new
dynamical degrees of freedom other than those of GRi.e. the transverse and traceless
degrees of freedom. It should be noted that this is the simplest choice we could
have made and that others such as Frolov et al. have shown in the Ref. [101, 102]
that higher order derivatives can be used in the exponential. So as stated in the
introduction our aim of this theory is to have some way of weakening the strength
of the gravitational propagator as they interact at very short ranges, such that the
potential, and therefore forces, between the two propagators remains finite. In this
theory the radial values of M; represents exactly the location where the interactions
between two gravitational propagators weakens, at the expense of local interactions.
The authors in Ref. [100] note that the limits on the value of M; would have to be
determined experimentally, where testing the deviations from GR would give us
clues as to what value M; would most likely take. Current experiments have that
the bounds on the value of M; would be between 0.004¢V and the Plank length [103].
It should be noted that through the choices made above the action can be rewritten.
Firstly we have set a((J) = ¢([J) such that we have the following relation between
Fi(O), K(O) and F(0), Eq. (5.7) that

K(D)0 = —2 [R(0)0+ E(O)O]. (5.38)
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Without a loss of generality we can set F3((J) = 0, this means that F,(0J) = —2F; (O).
Furthermore the choice made in Eq. (5.37) implies that

]

1 1—e¢ M

SB(O) = ——, (5.39)
this further implies that
I:J

e M —1
Q) =—fF— (5.40)

So we are left with an action that can be written as

D _ 0
4 L—e M

S—/dx\f R+RE———~ - R+2RWTR . (5.41)

5.5 Metric of a point particle in IDG

Using the action in Eq. (5.2) we can derive the metric for a static mass point source
as is done in Ref. [50]. The metric in this case will have the general form of [50]

ds?> = — (142®(r)) dt* + (1 — 2% (r)) dx?, (5.42)

where ®(r) and ¥(r) are the two potentials, whose magnitude must be less than
one to ensure that the linear approximation holds. Our task then is to determine the
values of ®(r) and ¥(r). The field equations can then be written as

a(0) [ Oy — 3o (3l + 3,5 ) + 1u@odoh™ + 3 dh — 1u 0| = k7 (5.49)

Next we take the trace and the 00 components of the field equations, setting 7,,, =
m53(r)(5258, to obtain [50]

4a(V?)V?Y = 4a(V?)V2® = xmd>(r). (5.44)

In the static limit and to avoid ghosts we take a(00) such that it is an infinitely dif-
ferentialable and an entire function. The simplest choice that meets this criteria is
e~0/M2 [50, 51].% Furthermore note that we take x = 871G. Then we need to take the
Fourier transform of Eq. (5.44), doing so we obtain the following

47'(Gm / dk smkr (5.45)

Then transforming back into the spacial coordinates we obtain the following result
for the potential [50]

d(r) = 47[Gm/smkre Mg,

Gm Mg
= — —E f .

31f we instead take a(0J) = ¢7/M:, we wouldn’t recover the Newtonian 1/r law [104].

(5.46)
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It has been shown in Ref. [50] that this potential will produce a non-singular metric
if mM; < Mf,. It is also shown that the new metric is the same as that obtained in
GR when the value of r is large and that the metric is only modified when » — 0. The
aim of this part of the thesis is to obtain similar potential functions for an electrically
charged object, and then for an object that is rotating.
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Chapter 6

Electrically charged black holes in
modified gravity

A simple non-trivial extension to the Schwarzschild like metric, already developed,
is the electrically charged non-rotating Reissner-Nordstrom type space time. The
non-triviality comes from the new horizon that will be introduced due to the electric
charge, called the Cauchy horizon. However before we introduce the metric for the
new theory we will briefly derive the metric for the linearised Reissner-Nordstrém
black hole space time. This will make it easier to see how the solution of the new
theory differs from that of GR.

6.1 Reissner-Nordstrom metric in Einstein’s GR

We begin with the Einstein field equations, which are given as [105]
1
Ryy — EgWR = 8GTyy- (6.1)

We then plug in the values for the linear Riemann tensor and Ricci scalar, as given
in Eq. (5.4), and obtain the linearised field equation to be [25]

Ohyy + (1uv0p00h*” + 0,0, 1) 62)

_ag(ayhz —'I_ a”hg) - 17;“/|:|h — _167TGT]/[1/. '
In the case of the electrically charged space time the stress energy tensor is given
as[13]

1 1
Tw = - (17va o PP — 177141/1: oo F pa) / (6.3)
where F,, = 9,A, — 9y A, is the electro magnetic field strength, and A, is the 4-
potential. For non-rotating spherically symmetric space times Fip = —Fn = E,,

with E, = %, and all other terms are zero. Finally, we know that the metric will have

the form
ds? = — (14 2®¢r)dt + (1 — 2¥ ) (dr? + r2dOP?), (6.4)

where 7 is the isotropic radial coordinate. We therefore need to solve for the radial
two potential functions ;g and ¥ sr. By looking at the 00-component and the trace
of the linearised field equations in Eq. (5.12), we obtain the following coupled equa-
tions -

V2h00 - aia]'hl] +V2h = —167tGTy,

—2V?h 4 20,0;h7 = —167Gr. (65)
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Using h = 2(® — 3Y¥), hpo = —2P and h;; = —2Y, we obtain two differential equa-
tions for the two gravitational fields ® and ¥:

V2o = 47'(G(T + 2’[’00),

VZT = 47TGT00. (66)

Due to the anti-symmetric property of the electro magnetic tensor, the traceless com-
ponent of the energy-momentum tensor is traceless, T = 0, and the 00-component is
given as o0 = Q?/87rt. We can now solve the two differential equations in Eq. (6.6).
Note that the potential function should not change when 6 or ¢ are varied and so the
derivative is purely a second order derivative of the isotropic radial coordinate. This
greatly simplifies the integral that we need to use. Furthermore, in the derivation of
the electrically neutral non-rotating case in Ref. [50], the authors have used a Fourier
transform to solve of the potentials. In this case we cannot use this trick, as the ab-
sence of the the Dirac delta means that our integrals do not converge. Instead we
solve the equations as non-homogeneous second order derivative equations. The
solution would therefore have to have the form of

C1 | GQ?
d(r)= ——L+ (22 + G,

z 562 (6.7)
¥(r)= ——+ =5 +C,

where C; and C; are two integration constants whose value can be fixed by imposing
suitable boundary conditions. We need to ensure that the potential function vanishes
as v — oo, this implies that C; = 0. Secondly, we wish to ensure that in the limit that
Q goes to zero we have the Schwarzschild potential functions which is guaranteed
if C; = Gm. As such that the potential functions are

Gm GQ?
CD(T’) = — 4 7,
dn & (6.8)

Note that in this case the two potentials are different, in contrast to the case of the
Schwarzschild solution given in Ref. [50], where both potentials are the same. As
we are working the linear regime we should note that this solution is only valid if
2|®| < 1and 2|¥| < 1, so the metric breaks down when we are very close to the
event horizon, which is located at r+ = —Gm £ \/G?m? — GQ?. Furthermore, note
the solution for the event horizon implies that Q < v/ Gm2. 1

6.2 Linearised metric solution for an electrically charged source
in IDG

Next we construct the metric for an electrically charged mass in the theory of IDG.
Starting with the field equations derived in Ch. 5 see Eq. (5.13),

a(0) [ Oy — (9400hE + 3,0H5 ) + (10DeDph™ + 3,9,h) = 100 = —xT,
(6.9)

! This is one example of the weak formulation of the cosmic censorship conjecture; see Refs. [106-108]
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and using a metric of the same form as given in Eq. (6.4), we take the trace and then
the the 00-components of the field equations to obtain

e—VZ/Mf {Vzhoo _ aia].hif + V2| = —16tGTYo,

iy (6.10)
e"VM |22 4 209 = 167G,
We decouple these two equations by noting that h = 2(® — 3¥), hgp = —2P and
hi = —2¥. Thus we obtain two differential equations in terms of the two metric
potentials ® and ¥

e VIIMIG2P = 47G(T + 2T00),

6.11
e~ VMY — 471G ( )

Recall that the electrically charged stress energy tensor is traceless, T = 0, while the
00-component is given by 190 = Q?/87rt. So the equations in Eq. (6.11) can be
rewritten as

2
~V2/M:2F GQ
¢ Ve = Gréz' (6.12)
-VI/Mig2w _
e VY o
By simply redefining the fields as
Hi=e VIMP, .= V/My, (6.13)
the equations in Eq. (6.12) become
2
VZQ_D(V) — G? s
. GrQZ (6.14)

These equations are exactly of the same form as we had for the Reissner-Nordstrém
case in the previous section in Eq. (6.6), so we will have the same form of the solu-
tions,

- G GQ?
b= -2+ ¢,
ro 2r (6.15)
Y(r) = G + Si% +C
r 412 z
We impose the same boundary conditions as before, and obtain
00— —cmewe (1) 6L e (1Y,
r 2 r2 (6.16)
¥(r)= —GmeV /M ! + S0 VM 1 .
r 4 r?

However, this does not necessarily reduce to the potentials obtained for the non-
rotating electrically neutral case as given in Ref. [50]. This is because we have not
fully accounted for the effects that the e~V?/M: terms have on the 1/r and 1/ terms.
Note that we can use the fact that we need to reduce to the electrically neutral case
to give us to what these potentials should look like. For the 1/r case we use the
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procedure as shown in Ref. [50] and obtain the following

vz (1Y evz/Mg/ &k AT i
r) (27)3 k2

Pk 4n K2/ M2 ik T
(27)% K 6.17)

_ E /oo dk Sin <kr> e_kZ/Mg
T Jo kr

1_ (M
— “Erf

where we have used the fact that 471/k? is the Fourier transform of 1/7. So in the
case of Q — 0 we reduce to the case of the neutral metric. Using this procedure we
can calculate the contribution of the 1/7%, where we note that the Fourier transform
for 1/12 is 2—;fzsign(k). We then have the following solution;

oV M2 <12> _ /(d3k Egign(k)e*kz/weih
r

— / (;:;3 2k7TZ ; (k)e—kz/Mfe—Znikr cos @
Y A sin (kr)e—kZ/Mg
0 r

M Mgr
- rF<z>'

where F(M;r/2) is the Dawson function [109]. Which behaves in a similar way to
the error function when its arguments are very small, in that the function becomes
linear. Furthermore as the arguments in the function become very large the Dawson
function asymptotically approaches zero. Thus, by using Eqs. (6.17, 6.18), we can
now obtain the expressions for the two metric potentials in Eq. (6.16) as

(6.18)

2
o(r) = _GmErf Mgr +GQ MSF Mgr ’
r 2 2r 2 6.19)
_ Gm M;r GQ*M; _ [ Mr :
¥(r) = rErf<2>—|— o F<2>

Note that ® # V¥, as also happened in the GR case, see Sec. 6.1. In the case of
Q = 0 we recover the linearised IDG metric for a static neutral point-source derived
in Ref. [50], as expected. Next we need to ensure that the potential functions reduce
to those of the linear Reissner-Nordstrom in the IR regime, that is in the region of
space where M;r > 2. For the Gm /r (Erf(M,r/2)) terms this is trivially true, since
as the argument in the error function becomes large it tends towards 1. The case of
the Dawson function is not so easy to see, however, by looking at the expansion of

the Dawson function , , ,

Note this is for when the argument x is large. We easily see that the potential func-
tion in the IDG case rapidly approaches that of the linear Reissner-Nordstrom case.
This is shown in Fig. 6.1.

Finally, in the non-local region of space, M;r < 2, the potentials remain small and
so the metric does not break down as we approach the event horizon, as occurred

with the potentials of the linear Reissner-Nordstrom metric. More importantly, as
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FIGURE 6.1: In the above we have shown the comparison between

the potential ® in the case of the Reissner-Nordstrom metric and the

metric obtain from the action of IDG. We have chosen the values G =

1,m = 1 and Ms = 0.5 and take Q = 0.5. This figure is taken from
[110]

we approach r = 0 the potentials approach the following constants

lim ®(r) = _GmM,
Msr—0 7T

lim ¥(r) = _ GmMs
M;r—0 VT

because for x < 1 one has Erf(x) ~ 2x/+/7t and F(x) ~ x. This is also shown in
the Fig. 6.1, where we have chosen G = 1,m = 1, M; = 0.5 and Q = 0.5. Before

we move onto checking the restrictions that we must impose on our metric to ensure
that it is an accurate approximation of the full metric we briefly note that the force,

1
+ 1GQZMSZ,
(6.21)

1
+ gGQ2M§,

. aacp ) _GQ2MSP2 (A;) N GQ2M?2 (1 — 'M,F (A;)) N GmErf2<’A;s)
v 2r 4r r (6.22)

1262
GmMge~ 3" Ms

Vr ’

goes to zero linearly as r goes to zero. This vanishing force is a classical aspect of the
asymptotic freedom in IDG [50].

In order for this metric to be valid we need to ensure that 2|®| < 1 and 2|¥| < 1.
We will work with only the ® potential, as both potentials are essentially the same
apart from a factor of a half in the electrically charged part of the potential. So by
satisfying ® we automatically satisfy Y. Firstly we need to ensure that in the case of
Q = 0 we have that the potential remains less than one. So we have that

2Gm Mgr
r 2

= GmM; < 1. (6.23)
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Note that we know this is only a problem when r is small, so we have used the ap-
proximations for the error function when its arguments are small. The above equa-
tion implies that mM; < Mf,, where we have used that G = 1/ Mf, and M, is the
Planck mass. Note also that this is the same condition as required in Ref. [50]. Next
we can satisfy the weak-field inequality when the charge term is non-zero. Mathe-
matically it is sufficient to say that in this, case as long as the sum of the two terms in
less than one we are able to satisfy the weak field limit. However, in physical terms
it is more correct to require that both the terms are always less than one. In fact, not
having this condition in place means that it is possible for the GR action to dominate
the quadratic action. That is we would lose the non singular nature of the metric at
its origin [111]. As such we require that

<1 (6.24)

GQZMSF M\ _ GQ?M; M,r
2r 2 )T 2 2

where in the above we have used that F(x) ~ x when x is small. The above equation
implies that |Q|Ms < M,.

6.2.1 Comparing the IDG and the GR metrics

Recall that in the GR case we required that the condition |Q| < +/Gm, or in terms
of the Planck mass |Q| < Mﬂp be satisfied, otherwise we would produce an extremal

black hole, as it would have a naked singularity. In the IDG case we do not need
this restriction, as there exists no singularity, and as such we would never violate
the cosmic censorship conjecture. This limitation in GR means that we are unable
to describe the gravitational effect of objects which have a charge mass ratio that
violates this condition. As an example of where this may be an issue is that the
electron has a charge to mass ratio that violates this condition. However, in IDG
both inequalities in are allowed and provides us with two scenarios the first being

m Mp

< — < .
Q< 3 < 3

(6.25)

Which is the same as the GR case, and so is not as interesting as the second scenario
which is M
m 4
— < < —.
Ql < 37

W, (6.26)

This scenario suggests that in the theory of IDG we are able to describe the gravita-
tional effect of objects which have a charge larger than its mass in Planck units, as in
the case of the electron. It should be noted that for objects the size of an electron the
Compton wavelength is much larger than the Schwarzschild radius of the object, so
a classical description of the their gravitational pull is not sufficient. In fact a quan-
tum description would have to be employed to adequately describe this particle.
Finally, for the IDG metric it is possible to have a scenario where Q*M; > m. This
has a rather peculiar result in that it is in the region of non-locality, » < 2/M;, and
it is possible to have a force that is repulsive. This repulsive force, however, occurs
only within the region of non-locality and becomes attractive once again when we
are outside the region of non-locality.

We now have the limits that ensure that the metric we have is guaranteed to remain
linear, and have shown that the potentials return to the case of GR in the IR region



6.3. Curvature tensors 71

but remain non-singular all the way to r = 0. This does not prove that the metricis in
fact non-singular, to prove that the metric is non-singular in the next section we look
at the curvature terms of the metric and derive the expression for the Kretschmann
scalar.

6.3 Curvature tensors

In the following we have computed the curvature tensors and invariants for the
metric in Eq. (6.19). In this section however we only show the curvatures up to first
order in G, since in the linear we have that 1, ~ G. We direct the reader to App. B
for the full expressions for the curvatures and the invariant quantities. The emphasis
of this section will be to show that all the curvatures do in fact remain finite as » — 0
for the metric given in Eq. (6.19), and that since the curvatures all remain finite, the
invariants, such as the Kretschmann scalar, also remain finite. Therefore, we limit
our analysis to the region of non-locality namely r < 2/ M.

We begin our analysis with the Riemann tensor. In this case most of the components
go to zero as r tends to zero. The only component that does not got to zero is

R ~ 15GME (22— @2, ). ©27)
As an aside we note that in the case where Q = 0 we recover the same Riemann
tensor limit as for the non-rotating electrically neutral case given in Refs. [50, 112],
furthermore, for the linear Reissner-Nordstrom metric all the non-zero Riemann ten-
sor components tend to infinite in this limit. Using the Riemann tensor we can obtain
the Ricci tensor, then checking the same limit we find that the only non-zero compo-
nents are:

Roo ~ icmg (2’” - Q2M5> )
] yr (6.28)
~ 3 (Y "2

Again in the appropriate limit these results are consistent with the electrically neu-
tral case. The Ricci scalar is determined to be

GmM?3

v
Finally, we can notice that all components of the Weyl tensor tend to zero in the
non-local region, as we take M;r — 0:

R ~

(6.29)

C;wpa ~ 0, (6.30)

which implies that the static metric of a charged source becomes conformally-flat in
the UV regime, r < 2/M;. In fact, in the short distance regime, the metric in Eq.
(6.19) can be approximated to

_2GmM; GQ>M?

2 2 2GmMs  GQ*MZ.\ .5 | o,
ds” ~ —(1 NG 5 )dt= + (1+ r 1 )(dr= 4+ r=dQ)*),
6.31)
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FIGURE 6.2: Here we have plotted the 0101 Weyl tensor component

for both the linearised Reissner-Nordstrom metric and the charged

metric obtained from the action of IDG. We have set M, =1, m =1,

M; = 0.5 and Q = 0.5. In these units the Schwarzschild radius is
7seh = 2. This figure is taken from [110].

which can be put in a conformally-flat form by introducing a conformal time, T,
through the following coordinate transformation

1 2GmM, | GQ*Mz

_ NL 2 )
T\ 15 2w oo (6.32)
NG 4

such that the metric in the non-local region reads

ds? = (14 2CmMe _ %) [—d72 + dr? + r2d0)?]

ey NG (6.33)

242
ZG\’/”EMS — GQ4MS > 0 is the conformal

factor. In Fig. 6.2 we have plotted the component Cyjp; of the Weyl tensor for both
the charged case in ghost-free IDG and Reissner-Nordstrom in GR.

Fig. 6.2 shows that unlike in GR where the linearised approximation would break

down for r < 2, in the case of ghost-free IDG we smoothly approach r = 0, provided
mM; < Mlzg and |Q|M; < M,,.
Finally we have computed all the curvature invariants squared. Their full expres-
sions are shown in App. B, while in this section we will present their values in
the non-local region. In the non-local regime, r < 2/M;, the Kretschmann scalar
K = Ruype RFP? tends to the following finite constant value:

where 7 is the Minkowski metric and F> = 1 +

. G2M? (10m? — 6\/6%:Q2Ms + TQ*M3) ' (6.34)

In Fig. 6.3 we have plotted the Kreschmann scalar for both the IDG theory, the
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FIGURE 6.3: In the above plot we have used Mp =1, m=1,M; =0.5

and Q = 0.5. The plot shows that in the case of IDG the Kretschmann

scalar does indeed remain finite as r tends to zero. This figure is taken
from [110].

expression is given in App. B Eq. (B.8), and the linearised Reissner-Nordstrém
metric.

We see from Fig. 6.3 that in the case of ghost-free IDG we can smoothly approach
r = 0, provided mMs < Mj and |Q|M;s < M. From these two plots it is obvious
that the presence of non-locality helps to avoid the curvature-singularities at the ori-
gin. Moreover, in the non-local region, the non-zero components of the Ricci scalar
squared and the Ricci tensor squared are given by the following finite constant val-
ues

2.2 A6

R2 ~ % (6.35)

S G*M? (12m? — 6/TmQ*M; + nQ4M§). (6.36)
”V 127

While the Weyl tensor squared vanishes for r < 2/M;
CuvprCHP7 ~ 0. (6.37)

For completeness, it can be checked that the squared curvatures satisfy the fol-
lowing identity [13]:

2
CVVPU'CVVPU — R? —_ ZRI/“/RVV + IC. (6.38)

Needless to say, all the curvature invariants for the case of a point-charge source in
ghost free IDG reduce to those of the uncharged case, Q = 0, as obtained in Ref. [112].
To sum up this chapter we make some brief concluding remarks. We note that we
are indeed able to produce a metric in a charged space time in IDG using the action
as given in Eq. (5.12) [50]. We are also able to ensure that this metric is accurate
in the linear limit given that the conditions mM; < M% and |Q|Ms < M, are met.
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More importantly we have shown that invariant functions such as the Kretschmann
scalar, are indeed singularity free, as none of these invariants become infinite in the
limit r — 0. Finally, we have also shown that the new metric, and all curvature and
invariant terms, reduce to the metric obtained for a non-rotating electrically neutral
object.
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Chapter 7

Rotating black holes in IDG

In this chapter we begin with the Kerr metric from GR. This is so that we can famil-
iarise ourselves with the important differences between the non-rotating case and
the Kerr case. These will be crucial for guiding us towards finding the equivalent
rotating metric in IDG. For the IDG metric we will begin with the field equations
given in Eq. (5.12), and as we have done previously, we will check the potential
functions for the rotating metric and the curvature tensors of the rotating metric, to
ensure that they are indeed non-singular.

7.1 The Kerr metric

In rational polynomial coordinates the Kerr metric is given as [113, 114]

2mr dmar (1 — x?) 2 4 a?x?
ds? = — (1— =" |dr - — 241 L\ —
; ( r2+a27(2> r2 +a?x? ¢+r2—2mr+a2 ’

Zma2r (1 _ X2)> d(Pz (71)

1—x r2 4 a2x2

2

+ (1,2 +‘12X2) dx -+ (1 —XZ) <r2+a2—|—
where x = cos 0 is a transformation parameter used to convert the metric back into
standard Boyer-Lindquist coordinates, while m is the mass and | = am is the an-
gular momentum, with a being the rotation parameter. In non-rotating black holes
we have two regions of interest. Firstly we have the region of space outside of the
black hole, or outside of the event horizon. Secondly we have the region of space
inside the event horizon. This is the region of space where it is no longer possible
for particle to escape the gravitational pull of the black hole. This is due to the the
fact that at the event horizon, all lightlike paths point towards the centre of the black
hole. This means that the only path a particle can take is towards the centre of the
black hole. In the case of the rotating black hole, however, we have more than two
regions of interest, so we briefly discuss them here as they will help in our derivation
of the rotating metric in IDG and will allow us to perform a better comparison be-
tween the rotating black holes in IDG and GR. The first two regions we will briefly
look at are the event horizons, namely the inner and outer event horizons. They
are described by the equations ry+ = m £ v/m? — a?, where r is the Boyer-Lindquist
radial coordinate, which transforms to the Cartesian coordinate system as follows
x = V12 +a%sinfcosp, y = Vr2+a’sinfsing and z = rcosf. So this region of
space is topologically spherical, however, geometrically the region is elongated at
its equator, which is due to the rotational parameter a, see Ref. [114] for a more in
depth discussion.
Next we consider a new region called the ergosurfaces, given by the equation rf =

m? — a2 cos? 0. The area enclosed by the outer ergosphere and the outer event
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horizon is called the ergoregion. This is the region of space where an observer could
still move radial away from the black hole, but cannot remain at the same angular
location, since the effects of the frame dragging are too great and the observer is
dragged along with the rotating black hole.

Finally, we will look a the singularity contained within the black hole. Unlike the
non-rotating case this singularity is not a central singular region in the the black
hole, instead it is a thin ring with the location given as [107]

x? + yz =a*and z = 0. (7.2)

Note that the ring is located perpendicularly to the rotation of the black hole. In
all the cases above it should be clear that as ¢ — 0 we return to the case of the
Schwarzschild black hole, as the event horizon returns to a geometrically spherical
surface, and the ring singularity becomes the central point singularity. Finally, it
should be noted that in the above we infer the restriction a < m, otherwise we have
none physical solutions to the locations of these important regions.

7.2 The linearised rotating metric in IDG

Before we show the general form of the metric we need to first determine what the
stress-tensor looks like. In the static cases of the stress-energy tensors we assumed
that the tensor was all zeros except the 10, which had a Dirac delta function é(r) so
that we had a singularity at the location r = 0. We keep this in mind for the case of
the rotating metric, but use the fact that the singularity is distributed about a ring
with radius a, and set the energy tensor components to be

52 11?2
Too = md(z) ( 7]1 ) , Toi = To00;- (7.3)

Note that the factor 77 in the denominator comes from the fact that 6(x,y) = 6(x)d(y) =
78(x? 4+ y?) [109], and v; is the tangential velocity whose magnitude can be ex-
pressed as v = wa. Assuming that the rotation happens around the z-axis, we have
Uy = —yw, vy = xw, v; = 0. Here w is the angular velocity. Note that this choice
of the stresss-energy tensor, in analogy with the static case, is compatible with the
fact that in order for the Einstein equations and the Kerr metric to be defined in the
entire spacetime we need a non-vanishing stress-energy tensor at the ring. In fact, by
using the theory of distribution [115], it was rigorously shown that the stress-energy
tensor for a Kerr metric has a structure similar to the one we have written in Eq.
(7.3). For example, the (00)-component of the Einstein tensor in the case of the Kerr
metric is Gog ~ md(z)5(x? + y? — a?) [115]. A general linearised metric, which can
describe the spacetime in the presence of a rotating source can be written in isotropic
coordinates, as

ds® = —(1+2®)dt> + 21 - dxdt + (1 — 2¥)dx?, (74)

where hyp = —2® < 1, h;; = —2¥4;; < 1 and hg; = h; < 1 to ensure that we are in
the the weak-field and the slow rotation regime. Note that the metric components
depend on the isotropic radius, 7, which should not be confused with the Boyer-
Lindquist radial coordinate used above. As before, we consider the 00-components
and the trace of the field equations given in Eq. (5.12), furthermore, we also consider
the Ox and the Oy-components of the stress energy tensor, so as to include the off
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diagonal terms. We then need to solve the following set of equations

a(0) [2V2hoo — 9,0,h7P] = —KTo0;
—2a(0) [V?h — 20,0,hF] = —«T;
a(0) [Vhoy — 0x9shg| = —KkTox;
a(0) [Vhoy — 9,0,h5] = —KToy.

(7.5)

In this case T = —md(z) W and i = 2(® — 3¥). Applying these relations and
simplifying we obtain the following;:

e VIMIN2D(7) = e VMR (7) = 4Gmd(2)5(x2 + 12 — a?),
e‘Vz/MiVZhOx(F) = —16Gmwys(2)6(x> +* —a?),  (7.6)
e VM2, (F) = 16Gmwxd(2)d(x* + y* — a?).

Note that we have used a(J) = e~V?/M: in the above. To solve the differential
equations in Eq. (7.6) we can go to the Fourier space and then anti-transform back
to coordinate space.

7.3 Smearing out the ring singularity at the linearised level

We begin by calculating the potential functions ® and ¥. To begin we first calculate
the Fourier transform of the ring singularity distribution as shown in Eq. (7.3):

Flo(2)6(x* +y* —a?)] = /dxclyalzé(z)&(x2 + 12 — a?)ekreikygikez, (7.7)

It can be computed by performing the integral in cylindrical coordinates: x = pcosg,
y = psing, z = z. Our integrals then transforms as follows,

o0 o0 21
]:[(S(Z>5(x2 =+ y2 - 512)] = / dZ5(Z)eikzZ /dpp(s(pZ — az) /d(Peikxpcoqueikypsin(p
oo 0 5

[ee] (o]

= / dch(z)eikzZ/dp,oé(p2 —a?)2mly < —p? (k% —kﬁ))
— 00 0

[ee] (oo}

= / dzé(z)e'*=* /dpzé(pz —a®)mly ( —p? (k% —k§>>
o 3

= 7ilo (ia\ /KR +K)
(7.8)

where I is a modified Bessel function, which is also defined in terms of the Bessel
function Ip(x) = Jo(ix). We then transform back to space-time coordinates. From
Eq. (7.5) we have that the transformation back to radial coordinates is as follows

3 —K2/ M2 . ) .
@(7) = ~4nGm [ éfpekzzo (in\ R+ 1) ebehwehs,  (79)

where d°k = dk.dk,dk, and k* = k3 + kj, + k2. In general it is not possible to solve
this integral, however, we can determine if the ring singularity is still present by
checking whether the potential functions diverge as they did in the case of the GR
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potentials. This simplifies the above integrals as we now restrict ourselves to the
case when z = 0, as this puts us in the plane in which the ring should be present.
Using cylindrical coordinates, that is ky = {cos¢, k = {sin¢ and k; = k;, we can
rewrite the integral in Eq. (7.9) as

@)

— —47'£Gm/d§/d(p/dk 3 k2+€2 (Zag) eigCOS(PXeiésin‘Pyeikzz

_ _G7m i i il cos @x ,i{ sin gy (7.10)
=~ O/dgo/dq)]o (al) Erfc <Ms> e e

= —Gm]odCfo (iag) Jo (i¢p) Erfc (Ai) /
0

where ] is the Bessel function and Erfc(x) is the complimentary error function [109].
Note that for large values of x the Erfc(x)function goes to zero, and as x — 0 the
Erfc(x) — 1 linearly. It is not possible to solve this integral analytically, however
numerically we can show that at the position x? + y> = a? the potential does not
diverge, see Fig. 7.1. We can recover the GR limit of this potential function if we
let the region of non-locality vanish, that is if we let M; — oo, then the potential
becomes

Per(p) = ~Gm [ dCo (iad) Jo (icp) (7.11)
0

A comparison between this potential and the potential for IDG is given in Fig. 7.1.
Notice also that the potential in the GR case diverges at the ring singularity as ex-
pected, whereas the potential for the IDG metric does not diverge, and its absolute
value remains less than one. This is what we have expected to be physically that is,
the IDG smears out a ring distribution very similarly to the case of a point source [49,
50, 112, 117]. We also note that the multipole expansion is a good approximation for
the potential function for p > a. In the figure above we can trust the linear approxi-
mation all the way up to p = 0, where to ensure that this is always the case we must
have that 2®(0) < 1. in this case we can analytically solve the integral, as it reduces
to

®(0) = —Gm/dgjo ial) Erfc( ¢ )

M
(7.12)
= —CiTmErf (Msa) .

2

In the case that Erf (Msa/2) < 1 we need that a > 2Gm in order to ensure that the
weak field approximation is always true. However, in the case that a < 2Gm, the
weak-field inequality is satisfied as long as

a< Mi (radius of the ring < scale of nonlocality) . (7.13)

S

This suggests that ghost-free IDG can indeed avoid the ring-type singularity.
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FIGURE 7.1: In the above we have shown the comparison for the ®

component in the GR case, shown in blue, the IDG case, shown in

orange and obtained by numerically integrating Eq. 7.25. Finally the

red dashed line represents the potential obtained by performing the

multipole expansion. In the above we haveset G =1,m =0.5,a =1
and M = 0.9. This figure is taken from [116].

7.3.1 Computing /) components for a rotating ring

This is not the full solution, as up to now we have only calculated the potential
function for a static ring. In order to introduce the rotation we must include the hy;.
We proceed as before, in that we first perform a Fourier transform on the functions
hoi, and then transform back into coordinate space. In general these transforms can
be written as

Fljo(z)o(x* +y* —a?)] = /dxdydz j6(2)0(x2 + y? — a?)exelkweizz - (7.14)

where j = x, y depending on whether we are investigating hg, or hox. As we have
done in Eq. (7.8), we perform the integration in cylindrical coordinates. For the ko,
component we have the following integration

) 0o 27
Flx 6(z)8(x*+y? —a?)] = / dz&(z)eikzz/dppzé(pz —a?) /dq)eikXPCOS(”eikVPSin"’cosqo
0 0
i 271k,
= [ dpp®s(p* — a*) | ——==1 (ip /K2 + K2
/ K+ K ( )

= \/m/d 0%)pd(0* —a*) I (zp,/kz—i—kz)
¥y 0
- k§+k2 (za,/kz—kkz)

(7.15)
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similarly for the /o, component where we obtain the following result

k
Flyd(2)d(x> 4+ v? — a?)] = ma——2—1, (ia /K2 + K2 ), (7.16)
NSRS ( y>

with I} being the modified Bessel function. We now transform back into coordinate
space where the components hy, are then integrated as follows:

. 2Gmwa [® 2 o om0/ M 7 o cosdr i7 sin
ho(7) = =57 [Tag [T dg [k o g"" (iag) ¢i(Ecos 9 it singy

A3k —k*/ M2 k. ‘ ‘ ‘
= 16Gma)u/ (27_[)3 ¢ 2 2] ; L (m\/m> elkxxezkyyelkzzl
Jeri

(7.17)
where j = x, y. Again, in general these integrals cannot be solved analytically, so as
we have done in Eq. (7.10) we set z = 0 and obtain the following for the cross terms,

hOx(?) = /dkzﬂukxll (Z‘llw /k% + ki) X
NSRS
Bk e R/M N
16Gmwa/ L1 (iay /K2 + k2 k¥ eikuy piksz
(27‘[)3 kZ /k% —|—k§ ( X y)

G oo 21 22 g (718)
— maw M2 ixgcosq)—&-iy@sinqbcoscp : R
82 /d@/e e 7 I (ia{)Erfc M.
= Gmaw /d@eM L (i¢p) L1 (ial ) Erfc <Z\€I >
For the case of hp, we obtain the result
_ s
hoy(x,y) = 4Gmwa d§11 (ial) I (igp)Erfc i (7.19)
S

where p = /x2 + 12 is the radial cylindrical coordinate in the plane z = 0. Since
0 = 7t/2, we have x = pcosg and y = psing thus all the radial dependence and the
singularity structure are taken into account by the integrals. Next we can show that
the GR limit is obtained when we let My — oo, since Erfc({/M;) goes to one, such
that the integral becomes

Her(p) := [ dgh(iad)h(icp) (7.20)
0

The integrals in Eq.(7.18), (7.19) and (7.20) cannot be solved analytically but, we can
numerically calculate them to show that there is no singularity in the IDG case. This
has been done in Fig. 7.2.

As we had in the case of the potential ® and ¥ in the GR limit for the hy; compo-
nents we see that we have a singularity forming at the location p = a, however in
the case of IDG this does not occur, and the values remains finite. In fact in the case
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FIGURE 7.2: In this plot we have shown the results of the numeri-
cal computation for the integrals in Eq. (7.20) and the behaviour of
the same function in the case of the multipole expansion in Eq.(7.24).
The blue line corresponds to the behaviour of the function Hgg, and
so of the cross-term in GR; the orange line to the behaviour of the
function H;pg, and so of the cross-term in IDG; while the dashed red
line represents the cross-term in the case of the multipole expansion.
For convenience we have chosen a = 1 and M = 1.5. We can notice
that the metric components hy; blow up in GR for p = a = 1, while
they are finite in IDG; moreover, the metric coming from the multi-
pole expansion is a very good approximation outside the source, i.e.
for p > a. This figure is taken from [116].

of IDG H remain finite everywhere, it is always less than 1, so we can trust our linear
approximation all the way up to p = 0. As in the case of the static metrics in the IDG
smears out the ring singularity. At the origin we note that the cross terms and the
metric approaches conformal-flatness as it becomes the solution of the static metric
[112].

In the IR regime, that is the case of p > a, we see that the rotational metric com-
ponents for both IDG and GR match very well. In fact at these large distances we
recover the Lense-Thirring metric, which is a weak field approximation of the Kerr
metric [118]

ds* = — <1 — 2?”) dt* + 4T(§](ydxdt — xdydt) + (1 + 2(im> (dr* + r?dO?).
(7.21)
To exactly recover the Lense-Thirring metric at large distances, we need to identify
] = ma*w, which is nothing but the relation | = Iw, where I = ma? is the mo-
ment of inertia of the delta-Dirac ring distribution. Note that the relation | = am
does not hold, but the angular momentum is related to the parameter a through the

momentum of inertia of the source.
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7.4 Rotating metric outside the source: multipole expansion
in IDG

We want to find a more general metric for the rotating metric in IDG, which is out-
side of the region of nonlocality and where we have not assumed the large distance
limit. In this limit the metric given in Eq. (7.4) is valid, the hoy and h;; components
will be the same as those obtained in the static case. Though for the off diagonal
terms we will need to use a multipole expansion for Erf (M,|7 —7|/2) /|7 — 7|,

1 MF—#|\ 1. (M
—_Erf
y?—mErf< 2 2

1 Mr M; M“ p
hon () ]

]:

(7.22)
which recovers the GR case in the large distance regime, Mr >> 2, as expected. This
expansion holds true for r > r’ ~ a, which would be regions outside of the source.
By using Eq. (7.22), we can now compute the hy; components

S Toi(7) M |7 —7|
. — 3.1 ~0i Ml — 1]
hoi () 4G/d r |?_7/|Erf< 5 >
o 1 Msr Ms MZZ =
=26 [rBErf< 2 ) N }( <D

We can move from Cartesian to isotropic coordinates, so that the dgdt component of
the metric will be given by:

(7.23)

2h-d¥dt = —4GJ [1Erf (Msr> _ M e—Mﬂ sin?0d dt, (7.24)
r 2 &

which in the regime Mr > 2 recovers the GR result, as expected. Moreover, by
expressing | = Iw = ma’w and imposing |ho;| ~ GmM2wa* < 1, we notice that
the slow rotation regime means w < 1/a, when we also require GmM; < 1 and
aM; < 1. Note that by recasting the cross-term in terms of the angular momentum
and imposing the linearised regime we obtain |ho;| ~ GM?] < 1, which also means;
] < (Mp / MS)Z. From the last inequality, since Ms < M), the angular momentum |
may also exceed one in IDG. The linearised spacetime metric in Eq. (7.4) outside the
source, ¥ > 4, in the case of IDG reads:

ds? = (1—2GmEf(N§r>>dt2+ 1+2GmEf< r))(dYZHZdQZ)

2
1 M;r M _m2]
—4GJ [rErf <2> — ﬁe i | sin“fd pdt.
(7.25)

From Fig. 7.1 and 7.2, it is clear that the metric constructed by using the multipole ex-
pansion is a very good approximation to describe the spacetime outside the source,
r > a; while in the regime Mr > 2, we recover the GR predictions, indeed Eq.
(7.25) reduces to the Lense-Thirring metric [118] in Eq. (7.21). Thus, in the case of
ghost-free IDG, for a rotating source we have found a hierarchy of scales: the radius
of the source a, the Schwarzschild radius rs, = 2Gm and the scale of non-locality
rnL ~ 2/M;, which have to satisfy the following set of inequalities to preserve the
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linearity:
2m

rNL ~ Ms > Tsch = ﬁ’% >a. (7.26)
As long as the inequality in Eq. (7.26) holds, the spacetime metric is valid all the way
from r = co up to r = 0, and it turns out to be free from any curvature singularity,
and also devoid of any horizons. Furthermore, since in our case, the /oo component
is always bounded below unity, there is no ergo-region, as first pointed out in [116].
As a brief conclusion to this chapter we have successfully obtained a metric that can
describe a rotating object in the theory of IDG by using the same technique as used
by Biswar et al. [50]. This being said the notable difference between our work and
that of Biswar et al., is that we have had to first determine the metric produced by a
delta ring singularity. We then determine that this metric is indeed non-singular at
all its points. Furthermore this metric (in the appropriate limit) matches that of the
GR metric, as shown in Fig. 7.1. Secondly, we have determined the metric as pro-
duced by a rotating delta-Dirac ring, and again shown that it satisfies the required
condition, as shown in Fig. 7.2. We have also shown that the linear limit of this
metric is correct, given that the conditions mM; < M% and a < 2/ M, are met. Note
that this last condition means that the ring singularity must be contained within the
region of non-locality.
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Chapter 8

Conclusions

8.1 QNDMs for spin-3/2 fields

We note that we have successfully obtained the effective potentials for spin-3/2
fields near a Reissner-Nordstrom black holes, as well as for a Schwarzschild black
hole in (A)dS space times. The results are given in Chs. 3 and 4 respectively. Where
we have obtained these potentials using the eigenvalues for spinors and spinor-
vectors on the SN. This makes obtaining the effective potentials for space times
of a dimension larger than 4 much simpler, when compared to using the Newman-
Penrose method. We note that the effective potential for the Reissner-Nordstrém
black hole is dependant purely on the radial coordinate, similar to the case of the
Schwarzschild black hole. However this is not true for the effective potential of the
(A)dS space time. In this case we are able to obtain a pure radial dependence only in
the limit that the cosmological constant A is very small. This is unsurprising since
we expect in this limit to recover the Schwarzschild potential function obtained in
Ref. [74]. Furthermore the dependence on the w term would suggest that the sce-
nario in the case of the (A)dS space time behaves like a potential box, this is similarly
noted in Ref. [91]. This is seen when taking the higher dimensional effective poten-
tials to radial infinity. Where it is observed that the function tends to infinity. The
exception to this is for the 4 dimensional case where the function tends to a non-zero
finite number in the radial limit of infinity.

We can also note that the effective potential for the TT-eigenmodes is simpler than
that of the non-TT eigenmodes. This may explain the stability issues seen when
plotting the potential function and when obtaining the QNMs for each case. For the
Reissner-Nordstrom and the dS potential we notice that the maximum of the poten-
tial is directly related to the number of the dimensions in the space time. A similar
behaviour is seen for the effective potential of the higher dimensional Schwarzschild
metric obtained in Ref. [74]. This increase in the maximum of the potential would
suggest that the black holes with a larger number of dimensions will produce QNMs
with a higher frequency. It is further noted that in these two cases increasing the
value of the electrical charge, or increasing the value of cosmological constant, re-
sults in a potential function with larger maximal values.

However since the effective potential for the AdS space does not behave like a po-
tential barrier we do not see this behaviour. We observe that in this case the gradient
of the potential function decreases for an increase in the number of dimensions. Sug-
gesting that the field is approaching some sort of potential barrier as is moves away
from the black hole. The form of the potentials also suggests that in this case the
fields will always fall into the black hole and not propagate away to infinity.

For the Reissner-Nordstrom black hole we were able to obtain the QNMs associated
with the black hole using the well known WKB method and the improved AIM. The
results are given in Figs. 3.6 and 3.8 where we can see that the frequency of the
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QNMs is directly related to the number of dimensions in the space time. We also
observe that as the number of dimensions increases so to does the imaginary part
of the QNMs. This would imply that although QNMs coming from higher dimen-
sional black hole would be more energetic they would also be more difficult to ob-
serve as they would decay much quicker.The results suggest two relations between
the QNMs and the quantum numbers I and 7, firstly they show that changes in the
quantum number [ result in direct changes to the frequency of the QNMs. Secondly
they show that the quantum number # has a more pronounced effect on the QNMs
as it changes both the real and imaginary parts of the QNMs. With higher values
of n giving lower values for the real part and larger values for the imaginary part
of the QNM. So much so that fields with larger values of I and n may have QNMs
with a lower frequency and higher damping term than fields with smaller values of
both I and n. Finally we note that the electrical charge of the black hole has a direct
relation on the values of the QNMs. With QNMs produced from black hole with
larger values of Q being more energetic. While the imaginary part increases in this
case it does not increase as much as the real value does.

Fig. 3.6 shows that the AIM method agrees very strongly with the WKB method to
6th order. Both these methods however do not always agree with the WKB method
to third order, which appears to be more stable when obtaining QNMs for black
holes in the extremal limits of Q and for large values of the number of space time
dimensions. This can easily be seen in Fig. 3.6 for the case of 9 dimensions and
Q = 0.5. In this case the QNMs for the low values of | do not agree at all between
the WKB method to 3rd order and the WKB to 6th order and for the improved AIM.
The values obtained for the QNMs in this case suggested that the most trustworthy
method for the QNMs for the low valued [ mode fields would be the WKB method
to 3rd order.

In the case of the AdS space time we were unable to use the WKB method and AIM to
solve for the QNMs and instead we needed to use a method developed by Horowitz
and Hubeny in Ref. [91]. This method sets the AdS curvature radius to one and then
compares black holes of various sizes by changing the mass of the black holes. As
such the QNMs are much larger than those obtained for previous works, however
this is expected to be due to the change of scale. This does mean however that we
cannot comment on how the results compare to the Schwarzschild case in Ref. [74].
However we can note that as is expected QNMs from black holes with more mass
are more energetic, but also decay faster. In terms of comparing the number of di-
mensions to the QNMs we observe the same behaviour as in the previous results,
namely more energetic modes with higher damping terms. This is consistent with
the results obtained in Ref. [91].

So in conclusion in the first part of this thesis we have shown that using the eigen-
values of spinors and spinor-vectors on an SN we can obtain higher dimensional
effective potentials for spin-3/2 fields. Then using well established numerical meth-
ods we are able to obtain QNMs associate to the black holes for the spin-3/2 fields.
Where finally using the approach outlined by Unruh in Ref. [83] we can also obtain
the absorption probabilities associated to the QNM:s.

8.2 Metrics in IDG

We have shown that we can indeed obtain a metric for both electrically charged and
rotating objects in the theory of IDG. In the case of the electrically charged metric
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we can ensure that the metric does not have a 1/r divergence, as is seen in the case
of the metric from pure GR. The linearity condition that we impose in this case is
given in Eq. (6.23). Taking r — 0 implies that |Q| Ms; < M), to ensure the condition
is met. The other condition that must be ensured is that mM; < Mlzg S0 as to ensure
the metric remains linear in the limit that Q — 0 [50]. Given that this condition
is met we ensured that the metric remains finite all the way to r — 0, as is shown
in Fig. 6.1. Furthermore, as is shown in Figs. 6.2 and 6.3, when this condition is
met the Weyl and scalar curvature terms also remain finite for the entire metric. A
consequence of the lack of a singularity existing in the metric means that the we
are no longer required to ensure that Q < (m/M)p). In the case of the Reissner-
Nordstrom metric violating this condition would result in a naked singularity being
present in the space. Finally using the comparisons shown in Figs. 6.1, 6.2 and 6.3
we can see that in the IR limit this metric is exactly the same as its GR equivalent.
Where divergence between the GR and IDG metric only occurs in the UV regime.
As such we have a theory that indeed only alters the UV behaviour of gravity while
leaving the IR region unchanged from the GR predictions.

For the rotating metric in IDG we have shown that we can indeed remove the ring
singularity seen in the Kerr metric. As in the case of the non-rotating metric and the
electrically charged metric this is only guaranteed if the linearity conditions are met.
In the case of the rotating metric this is @ > 2Gm, however if this is not the case then
we must ensure that a < 2/M;. If these conditions are met then as is shown in Figs.
7.1 and 7.2 the metric can indeed be non-singular. Furthermore in the IR limit the
metric is once again indistinguishable from its GR equivalent. Showing again that
the theory of IDG only modifies the behaviour of gravity in the UV regime while
leaving the gravitational interactions in the IR limit unchanged from the observed
behaviour from GR.

As extensions to the work considered in this thesis one could look at the QNMs
for spin-3/2 fields near rotating black holes. As this would introduce a range of
new interesting phenomena that would have to be considered. As the rotation of
the black hole may greatly affect the energy of the emitted QNMs. Furthermore an
investigation of QNMs in the theory of IDG may provide some interesting results.
An initial investigation of these QNMs could provide some results on the stability
of the metrics that have been derived in the above. Any deviation of results in the
IDG theory could provide some interest in further investigating the theory of IDG
as a modified alternative to the standard theory of gravity.
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Appendix A

Gamma Matrices

During the derivation of the Super covariant derivative and subsequently the deriva-
tion of the radial equations we have used the Dirac gamma matrices some of their
identities. As such we will briefly go over these matrices and show some useful iden-
tities. The gamma matrices are a set of y;, wherei = 0,1,2,..., N — 1, N x N matrices
with a specific anti-commutation relation that ensures they generate the CJ; _;(R)
Clifford algerbra, where N represents the total number of space time dimensions.
That is they must obey the relation [119]

Py =2y . (A1)

Furthermore if N is even we can construct another matrix as follows[119]
N2 YT
w =i, (A2)
i=0

in some literature this is called the Hermitian chiral matrix.
For our work the identities we will need involve the anti-symmetric gamma matrix
relations given as follows

Yoot = 4 4 gt
R G S S o S o o
Pyt =y (e — gt 4 yighe) 4 (gl — Mg 4 yelget)
4 ( gab gcd — g gbd 4 gad gbc>

,ya,yb,)/c,)/d,ye — ,)/ubcde + (,Yubcgde _ ,)/abdgce + ,Yabegcd + ,Yacdgbe o ,yacegbd

+ ,)/adegbc . ,)/bcdgae + ,ybcegad . ,deegac + ,)/cdegab>
+ ( <gbcgde _ gbdgce + gbegcd> ,)/a _ (gcdgea _ gcegda + gcagde) ,)/b
+ <gdegab . gdageb + gdbgea) ,Yc . (geagbc . gebgac + gecgab) ,)/d
+ (gabgcd . gacgbd + gadgbc> 73)
(A3)
Using the above identities we can easily, although tedious, obtain the following re-

sults
Y'Y =D (A4)

Y Yap = (D = 1) 7 (A.5)
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Y Yabe = (D = 2)Ync (A.6)

71 = (D —1)9" (A7)

Y e = (D =2)7% + (D = 1)g", (A8)

Y Voed = (D = 3)7%y — (D = 2) (8% — 7ag") (A.9)
Yy = (D —2)9" (A.10)

T Ye = (D =3)7F + (D = 2)(v"g5 — 784) (A11)

Y Veer =(D — 4)7"; — (D - 3) (v“eg”f — %8 = N8+ vbfg“e)

. ) (A.12)

—(D—2)(8%8F —8%8%)-
y8fiy, = (D — 3)48f (A.13)
Y Loype = (D —4) ¥ + (D = 3) (13°g5 — 7588 +7"g?) (A.14)

P8 yper = (D —5) ¥,
— (D —4) (7% — v+ 1t g s st
—(D—3) (1 (s885 —gst) — 7 (g58f — i) +7° (s — 2i¢f) )
(A.15)

There are further relations we may need to consider which are nessecary for the
calculation of the super covariant derivative. We have given there results below.

YD, Yypo F7] = 2(D — 3) Y}V, F* — (D — 3) 7, VI F* 4+ 2(D — 2)V . FI*\,
')’AW[')’W'YW] = —-2(D-2)(D - 1)7/\-
T 9 ¥ Fopl = =2(D = 3)7y"Fyp +2(D — 2)7"F).
Y = —2(D - 4)(D = 3)7,F*" +4(D — 3)(D — 2)7,F"
Y [YPFuo, ¥ Fug) = =297 Fyy Fog — 4yyg FHPF"Y — 29 Foe FP7 — Ao F,, FY2
Y[ Fun, Yoo FP) = =2(D = 5)7 f Fuy FP + 6(D — 4)7/p FPUF,
Y Y0 FP, Yupo FPO) = — 2(D? — 11D + 26) 5 . F*PFP7 +8(D — 6)(D — 3) 0 F*P FO*

oo
+4(D — 4)(D — 3)y*F,o F*” — 16(D — 3)7,F*“F,.
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Appendix B

Full expressions of the curvature
tensors

In this appendix we show the full expressions for all curvature tensors and invari-
ants for the IDG linearized static metric for a charged point-source derived in Egs.
(6.19). Furthermore we recall that F(x) is the Dawson function and Erf(x) is the error
function.

The Ricci scalar is given by[110]:

_ GmMBemi” M
R= T (B.1)

the non-zero components of the Riemann tensor:

_12pm2
Loy () ame b 90 (O () )
Rowr = -G |M? + n /
8 NG .
16mErf | == 402 M2
Q% M5F< > ( ) Qr — ot
R0303 = Rozoz Sln
1 g 2Q2F rMs eI
= -Gsin?
N
4mErf( s
_Q27’M3F r];/lg) . AmEf(50) mEr +Q2M },
R1313 - R1212 sm ( )
2 Mg 19212
_ 1 2 Q F > 16me— " M; 5 3 s TMS
= EGsm (0) [Ms ( . + N + Qr’M;F <2>
lomEr(™s)  8mr2M3e— 1M Yy .
B r(2)+ J - Qr'M; —20°M
1,2a42
_ 1 in2 2 (T Ms 8mre 1" Ms 2o s (TM,
Razos = ZGrsm (0) !Ms <_2Q 1:< > > _ o _ QM MF "

+8mErf ( ];4 ) + Q%’M?] ;
(B.2)
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the non-zero components of the Ricci tensor:

2 (L2A12 rMs 1,232
1 3 Q (rMS—Z)F<2> Ame— 1" M 2
Roo = gGMs { . + NG —Q°Ms |,
M
Ru= lom. |m, (2mMe Q7Y @ (M +2)F ()
11 4 s s \/E 7’2 1’3 ’
2 (4714 rM; 1,23/2
1 Q* (r*M; +4)F (T) 8mrPMge "M o
R22 - EGMS |: r + MS \/E - Q r MS _2Q 7
2 (A fd M
1 Q (1’ Ms +4) F 2‘
Raz = EG sin?(6) M [ . ( )

+M <8m’2M~s~€4’2M‘g — Q*r?M? — 2Q2> ] |
S \/E S 4

(B.3)
the non-zero components of the Weyl tensor:

12sz)
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(B.4)
We will now show the expressions for the curvature invariants. The Ricci scalar
squared is given by:
_125p2
R2 GZmZM;ie 2" Ms; 5)
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the Ricci tensor squared:

G2M2

no—
RuwR 128776

[F (mzd> <3zﬁmQ2r7MSe1’zM? — 64/ QP Mle 1M

—6m Q" M] + 4 Q*r M — 24mQ*r’ M — 487 Q*r M

rM; 2
2
M (128m2r6e*%’2M? n 47'(Q4r4) — 32/ TmQO M2~ i M
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(B.6)
the Weyl tensor squared:

GZe,f%rzMs2
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and the Kretschmann invariant:
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(B.8)
In the case Q = 0, we would recover all curvature tensors and invariants for the
case of a neutral point-source obtained in Ref. [120], as expected.
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In dit proefschrift heb ik de toegestane quasi-normale modi (QNM’'s) van spin-3/2
velden in de buurt van de hogere dimensionale Reissner-Nordstrom en Schwarzschild
zwarte-gaten in de hogere dimensionale (anti-) de Sitter ((A) dS) ruimte onderzocht.
Verder onderzoek ik een theorie van de gemodificeerde zwaartekracht genaamd “in-
finite derivative gravity”, waar deze theorie hoopt een aantal van de pathologieén
op te lossen die in algemene relativiteit worden gezien.

Om te beginnen zal ik het gedeelte van mijn werk over QNM’s samenvatten. Dit
werk wordt behandeld in hoofdstukken 2, 3 en 4 van het proefschrift. Merk op dat
QNM’s een vorm van energiedissipatie zijn die weg van een verstoord object straalt
in de vorm van een gedempte golf. Ze kunnen worden beschouwd als normale modi
die in de loop van de tijd vervallen, zoals je zou zien met een gitaarsnaar die zijn am-
plitude in de loop van de tijd vermindert, nadat hij is getrapt. Ze kunnen worden
beschreven door de volgende vergelijking

Y(r,t) =e “p(r). (B.9)

Hier is w een complex getal waarbij het reéle deel de frequentie van de QNM beschri-
jft en het denkbeeldige deel de hoeveelheid demping die de QNM ervaart. Verder
beschrijft ¥ (7, t) de golffunctie van ons spin-3/2 velden. Om te begrijpen hoe ze zich
zullen gedragen terwijl ze zich vanuit het zwarte gat voortplanten, moeten we hun
bewegingsvergelijkingen kennen. De bewegingsvergelijkingen worden gegeven door
de Rarita-Schwinger-vergelijkingen geschreven als

YAV ¥, = 0. (B.10)

In de bovenstaande 7#** is de anti-symmetrische gamma-matrix, V, is een covari-
ante afgeleide en ¥, is onze golf-functie voor het veld spin-3/2. Met behulp van
deze bewegingsvergelijkingen kunnen we het effectieve potentieel bepalen voor de
spin-3/2-velden in de buurt van de zwarte gaten die we onderzoeken. Met be-
hulp van de benaderingen Wentzel-Kramers—Brillouin en de methode “Improved
Asymptotic Iterative Method” (AIM) zijn we in staat om de numerieke waarden
voor w te verkrijgen (B.9). In dit proefschrift beschouwen we hogere dimensionale
Reissner-Nordstrom zwarte gaten, dat wil zeggen elektrisch geladen, niet-roterende
zwarte gaten, die in dit proefschrift meer dan 4 ruimtetijddimensies kunnen hebben.
Zodra we de numerieke waarden hebben van de QNM'’s vergelijken we ze met die
verkregen voor het geval van de hogere dimensionale Schwarzschild (niet-roterende
elektrisch neutrale) zwarte gaten. Hierdoor kunnen we begrijpen wat het effect
van de elektrische lading op de uitgestoten QNM’s heeft. Op basis van de resul-
taten kunnen we om te bepalen dat zwarte gaten met grotere elektrische ladin-
gen meer energieke QNM'’s produceren, die ook meer gedempt zijn. Ten tweede
beschouwen we zwarte gaten met een hogere dimensionale Schwarzschild die zich
in AdS-ruimtetijden bevinden. Dit zijn ruimtetijden met een scalaire term die een
constante kromming beschrijft op al zijn punten, wat onafhankelijk is van de ho-
eveelheid massa die zich op dat punt bevindt. In dit geval merken we op welk effect
de (A)dS-kromming scalar heeft op de toegestane QNM’s. We hebben geconstateerd
dat de grotere De kromming van de ruimte hoe energieker de QNM'’s zijn, maar dat
ze ook last hebben van hogere dempende voorwaarden.

In het tweede deel van het proefschrift onderzoeken we de metrics verkregen met
behulp van de theorie van oneindige afgeleide zwaartekracht. Dit onderwerp wordt
behandeld in de hoofdstukken 5, 6 en 7. De algemene relativiteitstheorie is een
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uitstekende theorie voor het beschrijven van zwaartekrachtinteracties op lange af-
stand, zoals de banen van planeten, evenals het beschrijven van de kromming van
ruimtetijd nabij een zwart gat. De theorie heeft echter een paar pathologieén voor
interacties op zeer korte afstand. In dit geval kunnen de zwaartekrachten extreem
groot worden vanwege een 1/r potentiaalfunctie. In extreme gevallen, zoals die
bij de oerknal of in het midden van zwarte gaten, kunnen deze zwaartekrachten
oneindig worden. De theorie van oneindige afgeleide zwaartekracht probeert deze
pathologieén te verwijderen door de zwaartekrachttheorie aan te passen in de korte
interactielimiet. Het doet dit door hogere-orde kromtetermen te introduceren, waar-
van het cumulatieve effect is dat ze de zwaartekracht verminderen in de interacties
op korte afstand. Als zodanig worden de metrieken die de ruimtetijd in de buurt van
of in een zwart gat beschrijven gewijzigd om deze verzwakking van de kracht aan
te tonen. In zowel het geval van het elektrisch geladen object als het roterende object
hebben we metrieken verkregen die geen gebied bevatten dat tot in het oneindige
neigt. Wat nog belangrijker is, deze gewijzigde beschrijvingen van ruimtetijd rond
de objecten keren terug naar die voorspeld door algemene relativiteit in de grote
r-limiet.
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