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Abstract This article is a status report on the anholo-
nomic frame and connection deformation method, AFCDM,
for constructing generic off-diagonal exact and paramet-
ric solutions in general relativity, GR, relativistic geomet-
ric flows and modified gravity theories, MGTs. Such models
can be generalized to nonassociative and noncommutative
star products on phase spaces and modelled equivalently
as nonassociative Finsler–Lagrange–Hamilton geometries.
Our approach involves a nonholonomic geometric reformu-
lation of classical models of gravitational and matter fields
described by Lagrange and Hamilton densities on relativis-
tic phase spaces. Using nonholonomic dyadic variables, the
Einstein equations in GR and MGTs can formulated as
systems of nonlinear partial differential equations, PDEs,
which can be decoupled and integrated in some general off-
diagonal forms. In this approach, the Lagrange and Hamil-
ton dynamics and related models of classical and quantum
evolution, are equivalently described in terms of generalized
Finsler-like or canonical metrics and (nonlinear) connection
structures on deformed phase spaces defined by solutions
of modified Einstein equations. New classes of exact and
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parametric solutions in (nonassociative) MGTs are formu-
lated in terms of generating and integration functions and
generating effective/matter sources. The physical interpreta-
tion of respective classes of solutions depends on the type
of (non) linear symmetries, prescribed boundary/asymptotic
conditions or posed Cauchy problems. We consider possi-
ble applications of the AFCDM with explicit examples of
off-diagonal deformations of black holes, cylindrical metrics
and wormholes, black ellipsoids and torus configurations. In
general, such solutions encode nonassociative and/or with
geometric flow variables. For another types of generic off-
diagonal (nonassociative) solutions, we study models with
nonholonomic cosmological solitonic and spheroid defor-
mations involving vertices and solitonic vacua for voids. We
emphasize that such new classes of generic off-diagonal solu-
tions can not be considered, in general, in the framework of
the Bekenstein–Hawking entropy paradigm. This motivates
relativistic/nonassociative phase space extensions of the G.
Perelman thermodynamic approach to geometric flows and
MGTs defined by nonholonomic Ricci solitons. In Appendix,
Tables 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, summa-
rize the AFCDM for various classes of quasi-stationary and
cosmological solutions in MGTs with 4-d and 10-d space-
times and (nonassociative) phase space variables on (co) tan-
gent bundles.
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1 Introduction, historical remarks and preliminaries

It is well known that exact solutions play a very important role
in gravity theories. For Einstein’s gravity, there are important
textbooks [1–4] summarizing most important physical solu-
tions and the methods for constructing such solutions which
typically are defined by certain diagonalizable ansatz for met-
rics with certain prescribed global and local symmetries. In
this work, we review and provide a series of new results on
geometric and analytic methods for constructing exact and
parametric generic off-diagonal solutions in general relativ-
ity, GR, and modified gravity theories, MGTs. We note that
a metric is generic off-diagonal if it can’t be diagonalized by
coordinate transforms in finite spacetime/phase space region.
Such extra dimension (super) gravity, string gravity or nonas-
sociative and noncommutative theories can be elaborated
as effective ones defined on pseudo-Riemannian or metric-
affine (with independent metric and linear connection struc-
tures) spaces of dimensions 4–11 and on relativistic eight-
dimensional, 8-d, phase spaces. A spacetime in GR is mod-
elled as a four-dimensional, 4-d, Lorentz spacetime manifold
enabled with a symmetric metric field signature (+,+,+,−)

which must be a solution of the Einstein equations. MGTs can
be formulated in abstract and adapted frame forms, in gen-
eral, on higher dimension Lorentz manifolds and/or on (co)
tangent Lorentz bundles. They may involve nonholonomic
metric-affine structures with general nonsymmetric metrics
and nonlinear connections, N-connections, characterized by
nontrivial torsion and nonmetricity fields. For reviews of
such results and methods, we cite [5–8]. Respective geo-
metric constructions can be performed in coordinate free (or
in some special coordinates which allow us to find solutions
in explicit forms) for various low and high dimensions when
physical theories are defined on phase spaces enabled with
conventional velocity/momentum coordinates.

In this work, a geometric formalism with nonholonomic
distributions defining N-connections structures and associ-
ated nonholonomic (co) frames defining conventional dyadic
decompositions, i.e. (2+2)-splitting is outlined. Here we note
that in mathematical and physical literature, there are used
equivalent terms like anholonomic, i.e. non-integrable, vari-
ables/coordinates. In the first part of this paper, the most
important results are formulated in abstract geometric form
when necessary details and dyadic frame formulas are pro-
vided for 4-d spacetimes and (modified) gravity theories. In
the second part of the paper and in appendix, we also explain
how using abstract geometric/symbolic constructions, the
approach can be extended for extra dimensions and/or on
(co) tangent Lorentz bundles. In all cases, respective classes
of off-diagonal solutions are generated for oriented shells
of dyadic decompositions of type (2 + 2 + 2 + · · · ). For
our approach to nonassociative and noncommutative phase
space theories, the geometric constructions are defined by

star product R-flux deformations in string theory. To char-
acterize the physical properties of new classes of solutions
of physically important systems of nonlinear partial differen-
tial equations, PDEs, on such nonholonomic spacetime mani-
folds and phase spaces the geometric constructions have to be
extended for theories of nonholonomic geometric flows on a
real (temperature-like) parameter and corresponding statisti-
cal and geometric thermodynamic models. There are defined
nonholonomic frame transforms and canonical deformations
of linear connections for geometric constructions adapted to
an N-connection splitting. In such nonholonomic variables,
various physically important systems of nonlinear PDEs (for
instance, modified Einstein and geometric flow equations)
can be decoupled and integrated, i.e. solved, in certain gen-
eral forms defining exact or parametric solutions determined
by generic off-diagonal metrics and generalized connections.
The Levi–Civita, LC, configurations with zero torsion can be
extracted by imposing additional nonholonomic constraints.
The coefficients of nonholonomic geometric objects con-
structed for such classes of generic off-diagonal solutions
depend, in general, on all spacetime coordinates. During the
last 25 years, in a series of tenths of our and co-authors’
works, such a geometric technique was concluded as the
anholonomic frame and connection method, AFCDM, for
constructing solutions in geometric flow and gravity theo-
ries.

We note that the AFCDM [6–10] is very different from
the other well-known geometric, analytic and numeric meth-
ods on constructing exact solutions in gravity outlined, for
instance, in [1–4]. Usually, the books on GR and higher
dimension gravity theories summarize the methods and phys-
ically important results developed for some diagonal ansatz
of metrics when the Einstein equations are transformed into
some systems of nonlinear ordinary differential equations,
ODEs. In our approach, we elaborated on more general
geometric and analytic methods for generating directly (not
reducing to ODEs) off-diagonal solutions of nonlinear PDEs
encoding general classes of nonholonomic deformations of
gravitational and matter field equations in GR and MGTs.
The main goal of this status report is to outline the AFCDM
and related constructions for 4-d (modified) Einstein grav-
ity and analyze a series of new and physically important
examples of generic off-diagonal exact and parametric solu-
tions. We also show how the approach can be extended in
abstract geometric form to higher dimensions and on (co)
tangent Lorentz bundles, for more general MGTs when gen-
erating functions and effective sources may encode nonas-
sociative and noncommutative data for nonholonomic geo-
metric flows and generalized Finsler variables. Such con-
structions are outlined in Tables 1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16 in the Appendix. The data from such
tables can be generalized for other classes of effective sources
(they may encode quantum deformations; supersymmetric or
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spinor variables; functional dependencies; thermodynamic
variables; other type nonlinear and algebraic or group struc-
tures etc.) we can generate off-diagonal solutions for corre-
sponding physically important systems of nonlinear PDEs.
Additionally to the bibliography presented in reviews [5–8],
we cite a series of works published during the last 30 years by
authors from Eastern Europe. Such results and methods are
less known in Western Countries and we include and sum-
marize them in this status report (that why almost a half of
citations are related to our contributions and collaborations).
For nonassociative phase space theories and related canoni-
cal Finsler–Lagrange–Hamilton variables, we shall cite only
the works (by other authors), which are closely related to
applications and developments of the AFCDM.

Following only standard Lagrange or Hamilton formula-
tions (for instance, using the Wheeler–DeWitt, or Ashtekar
formulations) to construct in explicit form certain off-
diagonal solutions of nonlinear PDEs and consider quantum
deformations of such systems are not possible. In canonical
dyadic and Finsler like variables, we can formulate new geo-
metric and analytic methods of finding solutions of nonlinear
classical and quantum functional physically important sys-
tems of nonlinear PDEs. The AFCDM provides a new geo-
metric technique for constructing general forms of various
classes of solutions of nonlinear systems PDEs for (nonas-
sociative) geometric flows and MGTs. This approach uses
not only special diagonal ansatz for metrics transforming
PDEs into ordinary differential equations, ODEs, but also
uses various off-diagonal ansatz for metrics and auxiliary
connections, allowing direct integration of physically impor-
tant systems. The geometric constructions are performed in
abstract and adapted frame forms for 4-d and higher dimen-
sion Lorentz manifolds and their (co) tangent bundles. Such
spacetimes and generalized (star product deformed) phase
spaces can be endowed with conventional nonholonomic dis-
tributions defining dyadic splitting of type 2 + 2 + 2 + · · ·
of the total phase space and spacetime dimensions. The
main idea is to define and use for such a splitting an aux-
iliary canonical distinguished connection, d-connection, and
respective nonholonomic frames which allow us to decouple
and integrate (modified) Einstein equations in general forms.
Off-diagonal Levi–Civita, LC, configurations with zero tor-
sion can be also extracted by imposing additional nonholo-
nomic constraints on some more general classes of solutions.

1.1 Diagonal ansatz reducing (modified) Einstein equations
to nonlinear ODEs

The most important geometric and analytic methods for con-
structing exact solutions (and/or with some decompositions
on constant parameters) in GR are summarized and discussed
in standard monographs, for instance, [1–4]. In [2], the Ein-
stein equations are formulated in abstract geometric form,

En = Ric − 1

2
cgRsc +�g = 8πG

c4 T m, (1)

with a cosmological constant � and an energy–momentum
tensor T m. In 4-d, this consists a system of nonlinear
PDEs for six independent components of the metric ten-
sor g = gαβ(uγ )eα ⊗ eβ . In Eq. (1), the metric compati-
ble and zero torsion Levi–Civita, LC, connection, ∇[g], is
used. We follow such conventions (see details in next sec-
tions): The systems of coordinates and indices are labeled
as uγ = (u1, u2, u3, u4 = t). For higher dimensions,
we can write u5, u6, . . . considering metrics of different
signatures etc. We shall use also uγ = (xi , u5, u6), for
i = 1, 2, 3, 4; or u = (x, u5, u6). Usually we state that
the light velocity constant c = 1 excepting some formulas
when it will be physically important to write c. Various types
(not) primed, underlined etc. indices may run values of type
α, β, . . . , α′, β ′, . . . = 1, 2, 3, 4. The Einstein convention
on up-low indices is used. Frame transforms are defined as

eα = eα
α′(u

γ ′)duα′ and eβ = e β ′
β (uγ ′)∂β ′ , for ∂β ′ = ∂/∂uβ ′

and eα
α′e

α′
β = δαβ , where δαβ is the Kronecker symbol. From

10 components of a symmetric tensor gαβ(uγ ), there are 6
independent ones because 4 of them can transformed in zero
using coordinate transforms as consequence of the Bianchi
identities for (pseudo) Riemannian spaces. The coefficients
of the Ricci tensor for∇ are Ric = Rαβeα⊗eβ, the curvature
scalar Rsc := gαβ Rαβ, and T m = {Tαβ} is the symmetric
energy-momentum tensor for matter (with G being the grav-
itational/Newton constant). Usually, we shall use abstract
index, or abstract not index, formulas as in [2]. Neverthe-
less certain necessary coordinate and abstract index formulas
for general and N-adapted frames will be used when certain
special types of indices/coordinates are important for con-
structing explicit classes of solutions. The bulk of known
and physically important exact solutions of (1) were con-
structed for diagonal ansatz of metrics, motivated by certain
assumptions on symmetries of gravitational and matter field
interactions, when corresponding systems of nonlinear PDEs
are transformed into systems of nonlinear ordinary differen-
tial equations, ODEs. Such equations can be integrated (i.e.
solved) in certain general forms depending on respective inte-
gration constants and physical parameters. The integration
constants can be related to certain physical constants using
respective boundary/asymptotic conditions, some prescribed
data for Cauchy systems etc. Physically important solutions
are selected to define some well-defined and verifiable phys-
ical models. For instance, such constructions must be with
relativistic causality, to satisfy some positive entropy condi-
tions and allow to define thermodynamic variables. Typical
models are elaborated, for instance, for some positive energy
conditions, with the goal to avoid singularities at least in
some observable regions, etc.

As the most important example of a solution generated
by a diagonal ansatz and ODEs in GR, we can consider the
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Schwarzschild black hole, BH, metric. It is for the vacuum
Einstein spaces, when (1) transforms into Ric = 0. Using
spherical coordinates uα = (r, θ, ϕ, t), such a diagonal static
solution can be written as

gαβ = diag

[
g1(r) =

(
1− rs

r

)−1

, g2(r, θ) = r2, g3(u
γ )

= r2 sin2 θ, g4(u
γ ) = − f (r) = −

(
1− rs

r

)]
, (2)

for the quadratic line element

ds2
Sch = gα(u

γ )[duα]2 = g1dr2 + g2dθ2 + g3dϕ2 + g4dt2.

In (2), the Schwarzschild (horizon) radius rs = 2Gm/c2 is
determined by the condition that for r � rs such a met-
ric defined the Newton gravitational potentials for a point
mass m. We emphasize that in corresponding chosen coor-
dinate bases the coefficients of the Schwarzschild metric do
not depend on the time coordinate t, i.e. it posses a Killing
symmetry on time like vector ∂4 = ∂t .

Another important example of a diagonal ansatz used for
constructing homogeneous and isotropic cosmological mod-
els in GR and MGTs is that for the Friedman–Lemaître–
Robertson–Walker, FLRW, spaces,

gαβ = diag[g1(r, t) = a2(t)/(1− εr2),

g2(r, t) = a2(t)r2,

g3(r, θ, t) = a2(t)r2 sin2 θ, g4 = −1. (3)

In this quadratic line element, the constant ε represents the
curvature of the space (it can be taken 0,±1) and the “scale
factor” a(t) should be, for instance, a solution of the Einstein
equations (1), when the energy–momentum tensor is taken
in a form

Tαβ = diag[P, P, P, ρ] (4)

for a fluid type matter with pressure P and energy density ρ.

In higher dimension gravity theories, the diagonal ansatz
(2) and/or (3) were correspondingly generalized for extra
dimension coordinates (spherical, cylindrical and other
higher symmetry ones) but keeping the property to be diag-

onalizable by certain coordinate transforms. That allowed to
construct a number of BH, wormhole (WH) and cosmolog-
ical solutions in (super) string and MGTs and exploited, for
instance, in modern cosmology and astrophysics.

It is very difficult to construct in explicit forms exact or
parametric off-diagonal solutions of systems of coupled non-
linear PDEs of type (1) and their higher dimension general-
izations, or in MGTs. The parametric solutions may be also
exact for a fixed value and order of a physical parameter (like
the Planck and string constants, or other ones with possible
polarizations; in this work, we consider only classical mod-
els even certain nonassociative contributions may be deter-
mined by star products involving the imaginary unity). The
main property of ansatz of types (2) and/or (3) is that they
reduce the gravitational field equations to some systems of
nonlinear ODEs, which can be integrated in certain general
or approximate forms determined by integration constants.
Their physical interpretation depends on the types of assump-
tions on symmetries, boundary/asymptotic conditions and/or
how a corresponding Cauchy problem is solved (all such
conditions are stated following certain geometric/physical
considerations). The cosmological constant and the data for
an energy momentum tensor can be considered respectively
as effective/matter generating sources. Usually, this type of
solutions in GR involve certain singularities and horizons.

The constructions can be generalized to spaces of higher
dimension and for various modifications of gravity and mat-
ter field theories, with possible quantum corrections, addi-
tional terms with supersymmetric and superstring contri-
butions, nonassociative/noncommutative generalizations etc.
Such solutions were found, generalized, and studied inten-
sively in GR and MGTs during the last 100 years. There were
formulated a series of geometric and physically important
theorems on BH singularities, cosmic censorships, condi-
tions of stability, scenarios of evolution/inflation/acceleration
etc. In this approach, the basic ideas and principles for con-
structing off-diagonal solutions of (modified) Einstein equa-
tions can be stated in this form:

Principles 1 (reducing PDEs toODEs and constructing diagonal solutions) :[
system of nonlinear PDEs,
(modified) Einstein eqs. (1)

]

⇒
⎡
⎣ frame/coordinate transforms and symmetries:

spherical/cylindrical, Killing, Lie algebras,
diagonal ansatz gα(uγ )

⎤
⎦ ⇒

[
integrable systemsof

nonlinear ODEs

]

⇓⎡
⎢⎢⎣

special generating functions f (r), or a(t),
non-structure vacuum, or special generating sources : �, diag[P, P, P, ρ];

integration constants determined by boundary/asymptotic conditions, Cauchy problems,
horizons, singularities, BH theorems, hyper-surface thermodynamics, cosmic censorship etc.

⎤
⎥⎥⎦ .
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Such methods allow us to elaborate on nonlinear phys-
ical models for gravitational and matter fields interactions
determined by solutions of some classes of ODEs, when
from six independent components of metrics there are cho-
sen only a few diagonal components (maximum 4, for a
4-d spacetime) of “diagonalizable metrics”. For instance,
such a metric is defined by a function f (r), or a(t), when
the presence of other coordinates is motivated by choos-
ing certain spherical/cylindrical/ellipsoidal/toroid systems of
coordinates and/or considering some frame/coordinate trans-
forms. We emphasize that prescribing such an ansatz, we
“cut” other possibilities to find more general classes of solu-
tions depending, for instance, on all spacetime coordinates
and when the metrics contain generic off-diagonal terms (for
instance, with 6 independent coefficients). In GR, any met-
ric can be diagonalized in a point, or along a geodesics,
and represented as a standard diagonal Minkowski metric,
ηαβ = diag[1, 1, 1,−1]. A general pseudo-Riemannian
metric can be represented in a diagonal form with coeffi-
cients depending on spacetime coordinated with respect to
certain nonholonomic frames. Some such generalized ansatz,
for instance, with necessary 2 + 2 decompositions can be
convenient for constructing new classes of diagonal and off-
diagonal solutions. This is the price we should pay in order to
solve systems of nonlinear PDEs by reducing them to more
simple systems of nonlinear ODEs. Nevertheless, even in
such cases, there were elaborated a number of on physically
important gravitational models with applications in mod-
ern astrophysics and cosmology. The bulk of experimental
and observational verifications, theoretical constructions and
applications in modern gravity/particle physics/cosmology
were performed using systems of (non) linear wave/oscillator
equations, respective BH and cosmological ODEs, and their
(superpositions of) solutions. Modern approaches to acceler-
ating cosmology, dark matter and energy physics and related
plethora of MGTs request more advanced geometric, ana-
lytic and numeric methods for generating exact and para-
metric solutions in physically important nonlinear systems
of PDEs not constraining the “geometric optics and method-
ology” only via ODEs.

1.2 Physical and geometric motivations for constructing
off-diagonal solutions

In GR and MGTs, there were found more general classes
of solutions with geometric and physical properties which
are different than those stated above. For instance, the
Kerr solution for rotating BHs contains odd-diagonal terms
and ellipsoidal ergo-spheres, which are induced in rota-
tion frames. There were found examples of solutions for
black rotoids/toroids, wormholes etc. with various types of
broken/nonlinear symmetries describing locally anisotropic
matter interactions and respective inhomogeneous/anisotropic

cosmological models (a number of examples are reviewed in
monograph [1]). We cite [2–4] for the main concepts, meth-
ods, interpretations and discussions of most physical impor-
tant solutions and models. In such monographs, there are
provided certain examples of solutions for gravitational non-
linear waves and solitons when the coefficients of metrics
depend on 2 or 3 spacetime coordinates, with parametric
dependencies, and may involve certain off-diagonal terms.
They were constructed using some special methods for gen-
erating solutions of nonlinear PDEs, for instance, with so-
called LA symmetries and solitonic hierarchies, see details
in [11–14] and references therein.

Nevertheless, during many years of research on mathe-
matics and physics of gravitational field equations, it was not
formulated a general geometric and analytic method for con-
structing generic off-diagonal solutions with dependence on
all spacetime coordinates in GR and MGTs. The solutions
with maximal, or with many, degrees of freedom (for 4-d
gravity theories, being considered 6 independent components
of metrics) are of crucial importance if we try to explore and
solve a series of fundamental problems in nonlinear physics
and elaborate quasi-classical models of gravity an quantum
gravity, QG. For such models, generic off-diagonal interac-
tions and nonholonomic constraints are important in the non-
perturbative and nonlinear regimes which should test QG and
higher dimension theories. Off-diagonal symmetric and non-
symmetric metrics and generalized (non) linear connections
are used for elaborating realistic and modified gravity mod-
els for inhomogeneous/ anisotropic/acceleration cosmology;
to construct dark energy and dark matter theories with quasi-
periodic structure and pattern forming, filaments, vortices,
solitons etc. In such cases, we can’t work only with “simpli-
fied” diagonal ansatz reducing gravitational and matter field
equations to certain systems of nonlinear ODEs. We have
to elaborate new methods which allow to construct generic
off-diagonal solutions, with constraints and generating func-
tions and sources, solving in direct form respective systems
of nonlinear PDEs.

A series of our works were devoted to constructing new
classes of exact solutions in GR and MGTs of 4-d, 5-d space-
times and 8-d phase spaces with warped dimensions, and
further nonassociative/supersymmetric generalizations for
string and generalized Finsler geometry [5–10,15–30]. Con-
sidering nonholonomic 2(3)+2+2+· · · splitting of dimen-
sions by a so-called nonlinear connection, N-connection,
structure, N, we defined an auxiliary connection, called as
the canonical distinguished, d, connection,

D̂[g] = ∇[g] + Ẑ[g], (5)

with the canonical distortion d-tensor, Ẑ, when all three geo-
metric objects are determined by the same metric structure
g. For geometric objects adapted to a N-connection, we use
bold face symbols. In next section, we provide all necessary
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definitions and abstract/index formulas. With respect to so-
called nonholonomic N-adapted frames, we can decouple in
some general forms the modified Einstein equations,

Ên[g, D̂] = R̂ic − 1

2
g R̂sc = Ŷ [g, D̂]. (6)

The geometric objects in such a nonlinear system of PDEs
with nonholonomic variables and respective constraints,
and canonical distortion (6) of the LC-connection ∇, are
determined by geometric data [g, D̂]. The canonical effec-
tive source Ŷ encodes possible deformations of the stan-
dard energy momentum tensor in (1), terms like −�g
and distortions of the Einstein tensor determined by (5).
For MGTs, there are included contributions from gener-
alized gravitational and matter fields Lagrangians, higher
dimension corrections, (non) associative/(non) commuta-
tive/supersymmetric contributions from string/M-theory, in
Finsler–Lagrange–Hamilton gravity etc.

Having decoupled in a general form the system of nonlin-
ear and nonholonomic PDEs (6), it is possible to solve it in
certain exact or parametric forms. This way, we can construct
generic off-diagonal solutions g determined by correspond-
ing classes of generating and integration functions, effective
generating sources Ŷ , and corresponding N-connection, N,

splitting. It should be noted that such solutions involve a
canonical d-torsion structure, T̂s, which is determined by
nonzero anholonomy coefficients if N are nontrivial, and
related off-diagonal terms. Such nonholonomic torsions are
different from the torsion fields, for instance, in the Einstein-
Cartan and/or string gravity. We can extract, in general,
off-diagonal solutions g for the LC-connection ∇[g] if we
impose additional constraints on generating and integration
functions which result in zero distortion d-tensors Ẑ[g] in
(5),

Ẑ = 0, which is equivalent to D̂|T̂ s=0 = ∇. (7)

The basic ideas and principles are stated as

Principles 2−AFCDM : off−diagonal solutions, generalized connections&LC− connections[
system of nonlinear PDEs,
distorted Einstein eqs. (6)

]

⇒
⎡
⎣ frame/coordinate transforms, N-adapted D̂[g] (5)

nonlinear and Killing symmetries, effective sources
off-diagonal ansatz gαβ(uγ )

⎤
⎦⇒

[
decoupling and integrable
systems of nonlinear PDEs

]

⇓⎡
⎢⎢⎣

generating and integration functions depending on spacetime coordinates
nontrivial vacuum, generating sources, effective cosmologial constants;

integration functions determined by boundary/asymptotic conditions, Cauchy problems,
horizons, singularities, G. Perelman thermodynamics, stability and flow evolution, etc.

⎤
⎥⎥⎦

⇓ nonholonomic sLC-conditions (7)[
system of nonlinear PDEs,

Einstein eqs. (1)

]
.

The first general goal of this article is to show how Prin-
ciples 2–AFCDM can be performed in explicit form for 4-
d Lorentz manifolds with nonholonomic 2+2 splitting and
canonical distortion of the LC-connection. A correspond-
ing new methodology of constructing generic off-diagonal
solutions analyzing their possible physical implications in
(modified) gravity will be outlined. We shall provide and dis-
cuss a series of important physical solutions related to BH
physics and modern cosmology. Then, the second general
goal is to outline in brief (using abstract geometric meth-
ods) that the AFCDM can be extended to higher dimen-
sions using nonholonomic 2+2+2+ splitting. In the case of
phase space theories, the geometric constructions involve
additional velocity/momentum variables which is similar to
Finsler–Lagrange–Hamilton geometry. Here, we emphasize
that if we restrict our research only with “pure” Lagrange or
Hamilton phase space theories (which are very important for
quantization) we are not able to unify the spacetime and phase
space geometry and physics and describe the constructions in
terms of off-diagonal solutions of (modified) Einstein equa-
tions. In canonical nonholonomic variables, our approach
can be generalized for nonassociative and noncommutative
gravity and geometric flow theories.

We review an unified geometric abstract formalism for 4-
d gravity theories in the Part 1 and extend the methods in
abstract geometric forms for 8-d phase spaces with nonas-
sociative geometric flows and Finsler–Hamilton–Lagrange
variables in Part II. Finally, we outline and summarize in
Tables 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16 from
the Appendix how the AFCDM can be applied for generat-
ing off-diagonal solutions in higher dimension theories and
for (nonassociative) phase space models, with correspond-
ing formulas for 8-d and 10-d quasi-stationary and locally
anisotropic cosmological configurations.
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1.3 Nonassociative (co) tangent Lorentz bundles and
Finsler–Lagrange–Hamilton geometry

The 4-d nonholonomic geometric constructions and the
AFCDM can be extended to nonassociative and noncom-
mutative theories defined on generalized spacetime and/or
phase space models. We cite here a series of (related to our
purposes) works on nonassociative gauge/membrane theory
and double field theory constructed in the framework of string
theory [31–39]. Such nonassociative structures also arise in
the world volume of a D-brane, for open strings, and for the
models with flux compactification for closed strings.

Our research program [5,6,9,10,40,41] on nonassocia-
tive geometry, physics and quantum information theory is
based on the approach to nonassociative gravity formulated
for �-product (i.e. star-product) deformations determined
by R-flux backgrounds in string gravity [38,39]. In a self-
consistent form, such nonassociative and noncommutative
theories are modelled on a conventional phase space �M.
To include the general relativity (GR) as a particular case we
use model star deformed phase spaces on cotangent bun-
dle, �M = T ∗V, on spacetime Lorentz manifold, V .
In our works, the phase space dimension is dim M = 8,
with total phase space local coordinates labelled in the form
�uαs = (xis , � pas ), where � on the left indicates a phase

space with spacetime coordinates, x js = (x j , t), and com-
plex momentum coordinates, � pas = i pas = (i pa, i E), with
i2 = −1. Alternatively, we can consider also real momen-
tum coordinates with � pas = pas = (pa, E) as intro-
duced in [39] which we modified for nonholonomic con-
figurations with corresponding labels and boldface symbols.
For classical models, we can study only real deformations
of the geometric and physical objects which are nontrivial
even, in general form, the star product structure involves
the complex unity. The phase space will be denoted �M
if the momentum-like coordinates are real ones and labelled
in the form �uαs = (xis , � pas ) (in brief, �u = (x, p)).
In original form, the nonassociative, vacuum, gravitational
equations, � Ric�[ �∇�] = 0, were postulated as phase
space �-deformations of the standard Ricci tensor Ric in
GR. Here we note that well-defined nonassociative Ricci
tensors allow us to formulate corresponding models of geo-
metric flows as in [9,10,40,41]. For a prescribed star prod-
uct (see definitions in next sections), the nonassociative ten-
sor � Ric� can be constructed for a unique nonassociative
Levi-Civita (LC) connection, �∇�, which is torsionless and
metric compatible with the respective �-deformed symmet-
ric, �

�g, and nonsymmetric, �

�q, metric structures. Using
real phase space variables, we can write in the symbolic

form � Ric�( �u) = � Ric�(x, p) for
(

�

�g( �u), �

�q( �u)
)

and
�∇�( �u), when the geometric objects depend additionally on
momentum-like coordinates �uαs = (xis , pas ). Such depen-

dencies on velocity or momentum like coordinated are con-
sidered in Finsler–Lagrange–Hamilton geometry and grav-
ity [30,42,43] (when the generating functions and respec-
tive nonlinear and linear connections are subjected to certain
homogeneity and nonholonomic conditions on M or �M
and even on V with a corresponding nonholonomic). In this
work, we use and abstract geometric formalism when those
constructions can be extended by respective star products on
M� or �M�.

Nonassociative and noncommutative modified MGTs
were formulated as a type of bimetric gravity theory [44,45].
We cite [46,47], for commutative bimetric theories, and [48–
51], for constructions when the second metric structure can
be nonsymmetric. Further developments for commutative
and nonassociative gravity were performed in [5,52]; when
the geometric constructions on phase spaces M� or �M�

enabled with �-product structure. Such theories may involve
also nonassociative generalizations of relativistic and super-
symmetric/(non) commutative Finsler–Lagrange–Hamilton
spaces [30,42,43]. In this paper, we consider Finsler-like
geometric objects and variables and generalize in nonassocia-
tive and noncommutative form such geometric models with
but re-define the formulas for nonlinear quadratic elements
in a form so that nonassociative phase space BH solutions
can be generated as real configurations coming from star R-
flux deformations. We also compute nontrivial phase space
components of the nonsymmetric parts of the metric which
can occur in nonassociative gravity.

The works [5,6,10,38,39] raised three important ques-
tions in nonassociative gravity:

1. How to formulate and understand the physical properties
of generic off-diagonal solutions for 4-d (1) and non-
holonomic (6) and their nonassociative phase space 8-
d generalizations involving � Ric�(x, p) and respective
� R̂ic�(x, p) (in general, phase space systems of nonlin-
ear PDEs may encode nontrivial nonassociative sources
� J�(x, p))?

2. How to construct in explicit form classes of exact, phys-
ically important solutions in nonassociative gravity and
determine the physical meaning of such solutions? Here
we note that such exact or parametric solutions, in gen-
eral, are generic off-diagonal and when certain nontriv-
ial effective sources � J�(x, p) contain terms defined by
nonassociative star product and R-flux data and, via non-
linear symmetries, relate various classes of generating
functions and generating sources to certain effective cos-
mological constants ��.

3. In [6,10,40,41], we proved that the AFCDM can gen-
eralized for nonassociative gravity but new classes of
solutions are generic off-diagonal with nonassociative

geometric objects of type
(

�

�g(x, p), �

�q(x, p)
)

and
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� D̂
�
(x, p) with generic dependence on extra-dimension

and/or momentum like variables. Such solutions can’t be
interpreted in the framework of the Bekenstein–Hawking
paradigm [53–56] because, in general, they do not involve
certain hypersurface, duality, or holographic properties.
To characterize the thermodynamic and informational
properties of such nonassociative solutions we must gen-
eralize the approach for nonassociative and quantum
information flows and study generalized models of G.
Perelman thermodynamics for Ricci flows [57].

1.4 Motivations and the main hypothesis on
Finsler–Lagrange–Hamilton phase space geometries

Various types of phase space gravity theories have been elab-
orated with the aim of quantizing gravity and formulating
quantum field theories, QGTs, on curved spaces using cer-
tain classical and quantum Lagrange and/or Hamilton for-
mulations. Here we note the Arnowit-Deser-Misner, ADM,
approach with 3+1 spacetime splitting (for an abstract geo-
metric formulation see [2,58]) used in canonical quan-
tum gravity and further developments [59–62]. There are
quite different geometric and quantum theoretic formalisms
involving corresponding Lagrange density, L(x, v), and/or
Hamilton density, H(x, p), on respective phase spaces. Such
constructions can be related via Legendre transforms, re-
defined for Poisson/almost symplectic structures etc. which
was applied with certain success in formulating canonical,
string, loop, gauge-like and other types of approaches to QG,
geometric quantization and deformation quantization (DQ)
etc. Nevertheless, even in the semi-classical limits, such theo-
ries involve certain variants of modified Lagrange, Hamilton,
Hamilton–Jacoby, Wheeler–De Witt, WDW, gauge gravity
and other type of nonlinear equations. It is not possible to
decouple and solve in certain general forms such as nonlinear
and/or quantum systems of (functional) PDEs. For instance,
the WDW equation is a very sophisticated functional equa-
tion in the space of metrics, which has deep consequences
of the arrow of time problem in quantum cosmology. A.
Ashtekar introduced new variables by analogy to quantum
electrodynamics for certain connections like gravitational
potentials which was exploited in loop gravity and related
theories. The existing methods do not convert, or connect, the
above mentioned approaches with conventional phase space
Lagrangians and Hamiltonians to the problem of construct-
ing generic off-diagonal solutions of gravitational field equa-
tions in GR, or MGTs, formulated on phase spaces in certain
analogous forms to the Einstein equations. For construct-
ing models of QG, it is important to consider also quantum
deformations and respective nonlinear functional equations,
which in Finsler–Lagrange–Hamilton variables can be per-

formed in explicit form as exact and parametric solutions of
certain systems of nonlinear classical or quantum PDEs.

In a series of works [7,8,24,28,29,29,30,63], we proved
that GR can be extended in off-diagonal integrable forms
on phase spaces using nonholonomic dyadic variables with
2(3) + 2 + · · · decompositions and auxiliary connections.
The auxiliary connections are adapted to a N-connection
structure as in modified Finsler geometry on (co) tangent
Lorentz bundles, and defined as distortions of the so-called
Cartan/Berwald/Chern or other connections in Finsler geom-
etry, and can be nonholonomically constrained to the Levi–
Civita, LC, connection. The main point is that we can con-
sider toy models with nonholonomic 2 + 2 splitting with
N-connection and certain canonical connections defined by
pseudo-Riemannian metrics in GR, but with distorted LC
connections to nonholonomic data which allow construc-
tion of off-diagonal solutions in very general forms. Having
defined a general class of solutions in “distorted GR”, we can
impose additional nonholonomic constraints and extract LC
configurations for the standard GR. The approach works also
for theories of higher dimension and for various models on
phase spaces, including nonassociative star product deforma-
tions to M� or �M�. For all such MGTs and generalizations
to (non) associative geometric flow evolution models, we
can introduce canonical type dyadic variables and, equiv-
alently, Finsler–Lagrange–Hamilton variables. If we work
directly only with the Lagrange or Hamilton phase space
configurations, we are not able to derive standard geometric
metric and connection structures as in the (pseudo) Rieman-
nian or metric-affine geometry described by corresponding
Ricci, torsion, nonmetricity etc. tensors. Nevertheless, if we
introduce the Hessians of L(x, v) and or H(x, p) as cor-
responding (co) vertical metrics, and corresponding Sasaki
lifts to total metrics on M or �M, we preserve the priorities
of phase space constructions in the Lagrange and Hamilton
mechanics (with extensions to classical and quantum field
theories) and the possibility to work with metrics, adapted
frames, connections, curvatures etc. as in higher dimension
gravity, which may have certain extra dimension coordinates
as generalized velocity/momentum ones.

We explain the details of our alternative geometrization of
mechanics and field theories and nonassociative star product
deformation in Sect. 5. Here we emphasize that our geomet-
ric formalism involves modified Finsler connections (using
canonical “hat” d-connections) which allow to apply the
AFCDM and integrate in general form physically impor-
tant systems of nonlinear PDEs. Working only with L-
and/or H -models on phase spaces, without a definition of
N-connections and related canonically deformed Finsler-like
connections, we are not able to apply the AFCDM for find-
ing off-diagonal solutions in GR and MGTs. Theories with
conventional L- and/or H , and correspondingly related Pois-
son/almost symplectic formalisms are efficient for elaborat-
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ing various methods of quantization when the quantum field
theory (QFT) was developed using corresponding methods
of linear functional analysis. From a rigorous mathematical
viewpoint, such approaches do not work for QG because
a general theory of nonlinear functional analysis has not
been formulated yet and the existing methods have not been
applied directly to physically important systems of PDEs
like (modified) Einstein equations and geometric flow mod-
els. We note that QG has the property of asymptotic safety
(also referred to as nonperturbative renormalizability) related
to the modern Wilsonian viewpoint on QFT involving func-
tional renormalization group equations [64]. Nevertheless,
even in this approach, there are not used in direct form cer-
tain exact and parametric solutions for metric and connection
variables; the flow equations of such a QG are the results of
a higher-derivative Einstein–Hilbert truncation.

In this work, we follow the idea that Lagrangians and/or
Hamiltonians can be used on phase spaces for defining new
type geometric objects such as the N-connection structures
(via corresponding semi-spray, i.e. nonlinear geodesic equa-
tions, which are equivalent to the Euler–Lagrange, or Hamil-
ton equations) and certain total phase space s-metrics and
canonical s-connections. Such a Finsler–Lagrange–Hamilton
phase space gravity, with generalized Ricci s-tensors and
scalar curvatures, can be formulated as a nonholonomic extra
dimension generalization of the Einstein gravity (we can add
also nonassociative star product deformations), which can be
integrated in certain off-diagonal forms. Using correspond-
ing classes of off-diagonal parametric solutions of (nonas-
sociative) geometric flow and phase-modified gravitational
equations, we can apply various methods of quantization
which can be selected to be parametric renormalizable for
a respective family of metric-affine configurations. This is
not possible if we work only with some effective Lagrangians
and Hamiltonians for quantizing undefined classes of metrics
and connections, or for certain WDW functional equations,
or the Ashtekar variables.

The main Hypothesis in this work on 4-d nonholo-
nomic Einstein gravity and generalizations on 8-d co-tangent
Lorentz bundle (phase space) for nonassociative and non-
commutative gravity and geometric flow theories is that such
models can be formulated in nonholonomic canonical vari-
ables and, equivalently, in Finsler–Hamilton variables. The
corresponding N-connection structures can be defined from
respective nonlinear geodesic equations which are equiva-
lent to the Hamilton equations on a phase space, but there
are derived also Ricci s-tensors for nonholonomic metric-
affine phase spaces. In the so-called canonical form (with
“hat” variables), physically important systems of nonlinear
PDEs (for instance, modified geometric flow and Ricci soli-
ton equations) possess general decoupling and integrability
properties. This allows us to construct and study the physical
properties of various classes of exact and parametric solu-

tions defined by off-diagonal symmetric and nonsymmetric
metrics. The corresponding AFCDM works for general con-
nections (nonlinear and adapted ones, encoding Finsler-like
and nonassociative and noncommutative distortions), when
LC-configurations can be extracted for additional nonholo-
nomic constraints which can be solved in explicit form. We
argue (and we shall provide explicit examples in respective
sections) that explicit criteria can be formulated when such
solutions define 4-d , 8-d and 10-d nonholonomic Lorentz
spacetime models and (nonassociative and/or noncommuta-
tive) black hole/ellipsoid, wormhole, toroid, and cosmolog-
ical configurations described by modified dispersion rela-
tions, MDRs, and encoding nonholonomic Finsler–Hamilton
structures, in general, in nonassociative forms.

1.5 The objectives and structure of the paper

This paper provides a status report on the AFCDM and appli-
cations with geometric computation examples on 4-d and
extra dimension gravity theories (including 8-d nonassocia-
tive phase space models with geometric evolution). Details
of the proofs are provided in Part I for nonholonomic (2+2)
decompositions when the constructions for higher dimen-
sions, in Part II, are derived in abstract geometric form to
higher dimensions including and phase space models. The
most important formulas and physically important systems
of nonlinear PDEs can be modelled equivalently in canon-
ical and/or Finsler–Hamilton variables; and for nonassocia-
tive theories of geometric and information flows and gravity,
see related results and methods in [5,6,9,10,29,30,40,41]. In
Appendix, we summarize the approach and provide abstract
and N-adapted formulas for higher dimensions and (co) tan-
gent Lorentz bundles which may encode Finsler–Lagrange–
Hamilton structure and/or nonassociative data.

The main objectives are stated for respective parts of the
article. For the Part I, there are three objectives:

Thefirst objective, Obj1, is to review in Sect. 2 the geome-
try of N-connections defining (dyadic) nonholonomic (2+2)-
splitting, and related adapted frames and distinguished con-
nection, d-connection, structures. There are defined canoni-
cal d-connection and LC-connection determined by the same
metric structure with a N-connection splitting and corre-
sponding curvature and torsion d-tensors, Ricci and Einstein
d-tensors. The (modified) gravitational equations are formu-
lated in canonical nonholonomic variables. We show how
to compute in explicit forms the N-adapted formulas for the
canonical d-connections and derive the coefficient formu-
las for the canonical torsion and Ricci d-tensors, canonical
distortion of the scalar curvature. There are considered nec-
essary parametrizations in N-adapted forms of the effective
and energy-momentum tensors.
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We prove the general decoupling and integration proper-
ties of the Einstein equations for the canonical d-connection
in Sect. 3 (this consists of the second objective, Obj2, of
our work. For simplicity, the general formulas for generic
off-diagonal solutions are derived for nonholonomic space-
times with Killing d-vector symmetry. Corresponding N-
adapted coefficients are expressed in terms of generating
and integration functions and generating sources. We show
that such classes of solutions possess nonlinear symmetries
which allow to re-define the generating functions and intro-
duce effective cosmological constants. There are provided
the quadratic linear elements for off-diagonal solutions in
using geometric data with (1) generating functions and gener-
ating sources; (2) re-defined generating functions and effec-
tive cosmological constants; (3) nonlinearly related to “origi-
nal” generating functions and effective sources/cosmological
constants. We also study deformations of prime d-metrics by
so-called (4) gravitational polarization functions (which can
be also considered as generating functions) into target d-
metrics defining off-diagonal solutions of the Einstein equa-
tions. For (5) small parametric deformations of the polar-
ization functions, we consider parametric deformations of
the d-metrics and respective solutions. We consider a toy
2+2 model with effective momentum variables which allow
a straightforward geometric generalizations for (co) tangent
phase space models with conventional (2+2)+(2+2) splitting
considered in Tables 7, 8, 9, 10, 11, 12, 13, 14, 15, 16 from the
Appendix. There are analyzed the conditions, and the pos-
sibility to solve such nonholonomic constraints, which are
necessary for extracting LC-configurations.

The third objective, Obj3, stated for Sect. 4, is to provide
and study explicit examples of new classes of exact/ paramet-
ric generic off-diagonal solutions constructed by using the
AFCDM. For the first class of such quasi-stationary solu-
tions, we consider examples of new Kerr de Sitter solu-
tion and their nonholonomic deformations to spheroidal
configurations. Then the procedure of nonholonomic off-
diagonal deformations of cylindrical systems in GR is for-
mulated. Such constructions are applied for generating solu-
tions describing locally anisotropic wormholes. We also pro-
vide new classes of generic off-diagonal solutions describing
locally anisotropic black torus, BT, and black ellipsoid, BE,
configurations. There are analyzed solutions involving both
BT and BE nonholonomically deformed geometric objects.
Then, we construct and analyze new classes of nonholonomic
cosmological solitonic and spheroid deformations involving
2-d vertices and elaborate on models with small parametric
off-diagonal cosmological deformations with solitonic vacua
for voids.

For the Part II devoted to (nonassociative) canonical
and Finsler–Hamilton phase space generalizations the main
objectives are:

The forth objective, Obj4, is to outline in Sect. 5 the
nonassociative geometric flow theory in canonical nonholo-
nomic variables. Such models are determined by star product
R-flux deformations in string theory which, in our approach,
are formulated in canonical nonholonomic variables with
dyadic (shell) splitting. This allows us to prove general
decoupling and integrability properties of such theories
using abstract geometric methods. We explain why “pure”
Lagrange and/or Hamilton phase space models can’t be used
for generating integrable MGTs when equivalent formula-
tions in terms of generalized Finsler–Lagrange–Hamilton
phase space models, with N-connections and canonical s-
connections, allow to construct off-diagonal solutions of
(modified) Einstein equations.

The nonassociative Finsler–Lagrange–Hamilton geomet-
ric flow theories are formulated and studied in Sect. 6. This
consists the fifth objective, Obj5, which aims to characterize
such geometries using G. Perelman’s F- and W-functionals
(with respective generalizations and nonholonomic modi-
fications) and derived statistical and geometric thermody-
namic models encoding nonassociative and/or nonholonomic
Finsler–Hamilton like data. The sixth objective, Obj6, in the
same section, is to formulate the theory of nonassociative
Finsler–Lagrange–Hamilton geometric flows. We define star
product R-flux versions of such nonassociatie generalized
Finsler geometries and postulate nonassociative versions of
geometric evolution equations. Another very important sev-
enth objective, Obj7, also in Sect. 6, is to formulate nonas-
sociative Finsler like generalizations of G. Perelman thermo-
dynamics for geometric flows which is important for future
developments of thermofield and quantum gravity theories
encoding nonassociative and modified dispersion data.

In Sect. 8, we show how the AFCDM for nonassociative
geometric flows and gravity can be applied (using respective
distortions of adapted Finsler–Lagrange–Hamilton struc-
tures and nonlinear transforms) to decouple and solve physi-
cally important systems of nonlinear PDEs for such mod-
els and physical theories. This consists the eights objec-
tive, Obj8, of this work. We distinguish two general classes
of nonassociative Finsler like quasi-stationary solutions and
locally anisotropic cosmological solutions. Respective non-
linear symmetries encoding nonassociative and noncommu-
tative modified Finsler–Hamilton data are analyzed. In the
same section, there is the ninths objective, Obj9, to con-
struct and analyze explicit examples of physically impor-
tant nonassociative and Finsler–Hamilton configurations. We
provide exact parametric solutions describing nonassociative
Finsler–Hamilton black ellipsoids and compute respective
Bekenstein–Hawking entropy and G. Perelman thermody-
namic variables.
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We discuss and conclude the results and methods in Sect.
8. Here we also note that the tenth objective, Obj10, is stated
for the Appendix. It aims a summary of the AFCDM (from
4-d GR till 10-d and nonassociative phase spaces of 8-d)
stated as Tables 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
15, 16. Such tables can be used for generating exact and
parametric solutions in various types of gravity theories by
prescribing physically important generating and integration
functions and effective and matter field sources. They outline
respective geometric ideas, typical off-diagonal ansatz, and
the main results on decoupling of respective modified Ein-
stein equations and classifications into quasi-stationary and
locally anisotropic cosmological solutions for gravity theo-
ries on 4-d Lorentz manifolds (see Tables 1, 2, 3). Then the
results are extended for 10-d Lorentz manifolds in Tables
4, 5, 6. There are also considered geometric summaries of
the AFCDM for phase space models elaborated on (co) tan-
gent Lorentz bundles of total dimension 8-d and for a 4-d
Lorentz base spacetime manifold. The formulas are provided
for (effective) sources which, in general, encode nonasso-
ciative Finsler–Lagrange–Hamilton data which allow us to
construct exact/parametric solutions using canonical vari-
ables. The Tables 7, 8, 9, 10, 11 classify and outline possible
versions for solutions determined by generic off-diagonal
metrics and generalized connections depending both on base
spacetime and velocity type coordinates.

In the final subsection of the Appendix, we summarize the
results on solutions for gravity like models elaborated on non-
holonomic cotangent Lorentz bundles encoding momentum
like variables which may be with a fixed energy like param-
eter or depend like a “rainbow” on an energy type coordi-
nate. Such solutions can be formulated both for commutative
and nonassociative models, in general, with nonassociative
Finsler–Lagrange–Hamilton geometric flow dependence.
Projections of such nonholonomic phase space solutions on
the base Lorentz spacetime manifolds may model quasi-
stationary and/or locally anisotropic cosmological solutions.
Such generic off-diagonal phase space solutions may encode
various types of nonassociative/noncommutative/supersym-
metric/nonmetric/nonsymmetric data/quasi-classical contri-
butions computed (or introduced phenomenologically) for
different models of modified geometric and information flow
theories, superstring/M-theory and other MGTs.

1.6 Remarks on abbreviations and notations

In this review work, we use many abbreviations and notations
which are standard for certain researchers in some direc-
tions on geometry and physics but unknown for others work-
ing in particle physics, cosmology and other directions. The
principles and main formulas of abstract geometric and N-
adapted coefficient calculus are outlined in respective sub-
sections with explanations of Tables 1, 2, 3, 4, 5, 6, 7, 8, 9,

10, 11, 12, 13, 14, 15, 16 from the Appendix. We have to dub
some terms and symbols in certain sections containing inter-
disciplinary methods. For instance, the abbreviations intro-
duced new geometric methods of constructing parametric
solutions are dubbed and explained again for applications in
modern cosmology or nonassociative geometric flow thermo-
dynamics. For convenience, we present here a list of abbrevi-
ations mentioning them in the order as they were introduced
in a respective paragraph of a (sub) section.

GR – general relativity – Sect. 1, paragraph 1
MGTs – modified gravity theories – Sect. 1, paragraph 1
2-d, 4-d, or 8-d etc. – two, four, or eight etc. dimenisonal/
dimensions – Sect. 1, paragraph 1
N-connection(s) – nonlinear connection(s) – Sect. 1,
paragraph 1
2+2+2+· · · – dyadic decompostions/splitting of phase
space or spacetime dimensions – Sect. 1, paragraph 2
PDEs – partial differential equations – Sect. 1, paragraph
2
LC configuration/connection – Levi–Civita configura-
tion/connection – Sect. 1, paragraph 2
AFCDM – the anholonomic frame and connection defor-
mation method (of constructing off-diagonal solutions in
geometric flow and gravity theories) – Sect. 1, paragraph
2
ODEs – ordinary differential equations – Sect. 1, para-
graph 3
BH – black hole – Sect. 1.1, paragraph 2
FLRW – Friedman–Lemaître–Robertson–Walker (cos-
mology) – section 1.1, paragraph 3, formulas (3)
WH – wormhole - Sect. 1.1, paragraph 4
LA – LA symmetries (a standard term in the theory of
solitons) – Sect. 1.2, paragraph 2
QG – quantum gravity – Sect. 1.2, paragraph 3
�-product/-deformation – star product/deformation –
Sect. 1.3, paragraph 1
D-brane – Dirichlet brane (a standard term in string/M-
theory) – Sect. 1.3, paragraph 1
R-flux – a standard term in string/M-theory (explained
in paragraphs related to formulas (155) – (157)) – Sect.
1.3, paragraph 2
ADM – Arnowit–Deser–Misner (a method with 3+1
splitting in GR and MGTs) – Sect. 1.4, paragraph 1
WDW – Wheeler de Wit (an important equation in GR
and QG) – Sect. 1.4, paragraph 1
QFT – quantum field theory – Sect. 1.4, paragraph 3
Obj1 – objective 1 (of this work) – Sect. 1.5, paragraph 1
d-connection, d-tensor, d-object – geometric objects
adapted to a N-connection structure – Sect. 1.5, para-
graph 3
BT – black torus – Sect. 1.5, paragraph 6
BE – black ellipsoid – Sect. 1.5, paragraph 6
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F- and W-functionals – introduced by G. Perelman
together with the concept of W-entropy (in his geometric
flow thermodynamics) – Sect. 1.5, paragraph 8, related
to Obj5, see details in Sect. 6.3
MDR – modified dispersion relations – Part II, para-
graph 1

To avoid ambiguities certain abbreviations and abstract
symbols are repeated, if necessary, in different parts/sections
of the paper.

Part I Nonholonomic variables in Einstein gravity &
MGTs

2 The geometry of GR & MGTs with nonholonomic
(2+2)-splitting

We review the main ideas and proofs for a nonholonomic
geometric formulation of the Einstein gravity (general rel-
ativity, GR) and modified gravity theories, MGTs, on 4-d
metric-affine manifolds, which in canonical nonholonomic
variables will allow us to prove in next section certain gen-
eral decoupling and integrations properties of gravitational
field equations.

2.1 Geometric and physical objects in nonholonomic 2+2
variables

2.1.1 Nonlinear connections and distinguished metrics

We shall work on a Lorentz spacetime enabled with stan-
dard geometric data (V, g), where V is a 4-d pseudo-
Riemannian manifold of necessary smooth (differentiabil-
ity) class, defined by a symmetric metric tensor of signature
(+++−),

g = gα′β ′(u)e
α′ ⊗ eβ

′
. (8)

In this formula, we consider general co-frames eα
′

which
are dual to frame bases eα′ . On a coordinate neighbor-
hood U ⊂ V, we can always define local coordinates
u = {uα = (xi , ya)} involving a conventional 2+2 splitting
into h-coordinates, x = (xi ), and v-coordinates, y = (ya),

for indices j, k, . . . = 1, 2 and a, b, c, . . . = 3, 4, when
α, β, . . . = 1, 2, 3, 4. A local coordinate basis and a co-
base are written respectively as eα = ∂α = ∂/∂uβ and
eβ = duβ. Transforms to arbitrary frames (tetrads/ vier-
beinds) are defined as eα′ = eα

α′(u)eα and eα
′ = e α′

α (u)eα.

Such (co) bases are orthonormal if e α′
α eβ

α′ = δ
β
α , where δ

β
α

is the Kronecker symbol.
In coordinate free form, a 2+2 decomposition can be intro-

duced as a conventional nonlinear connection structure (N-
connection), when for the tangent bundle T V := ⋃

u Tu V

it is prescribed a non–integrable (equivalently, nonholo-
nomic/anholonomic) conventional horizontal and vertical
splitting, in brief, h- and v–decomposition into respective
2-d and 2-d subspaces, hV and vV . This is equivalent to the
condition that a Whitney sum

N : T V = hV ⊕ vV (9)

is globally defined for V and T V . For instance, in Finsler
geometry [7,29,30], the N-connections are defined by split-
ting of type T T V = hT V ⊕ vT V, involving the second
tangent bundle T T V, or (in some equivalent forms) using
nonholonomic distributions and splitting in exact sequences.
On Lorentz manifolds, a N-connection (9) consist an example
of nonholonomic distribution defining a fibered 2+2 struc-
ture. We can use the term nonholonomic Lorentz/pseudo-
Riemannian manifold when a conventional h-v-splitting of
some classes of local bases is defined at least on a neighbour-
hood U ⊂ V, eα′ = (ei ′ , ea′) and eβ

′ = (ei ′ , ea′). Hereafter,
we shall omit priming/underlying/overlying etc. of indices if
that will not result in ambiguities. We also note that in our
works we use “boldface” symbols in order to emphasize that
certain spaces/geometric objects are enabled/adapted with/to
a N-connection structures. In local coordinate form, a N-
connection is defined by a nonholonomic distribution stated
by a set of coefficients N a

i (u) when N = N a
i (x, y)dxi ⊗

∂/∂ya .

Using N-connection coefficients N = {N a
i } (9), we can

define N-elongated (equivalently, N-adapted) local bases
(partial derivatives), eν, and co-bases (differentials), eμ,
when

eν = (ei , ea) = (ei = ∂/∂xi − N a
i (u)∂/∂ya,

ea = ∂a = ∂/∂ya), and (10)

eμ = (ei , ea) = (ei = dxi , ea = dya + N a
i (u)dxi ), (11)

are linear on N a
i . For instance, a N-elongated basis (10) sat-

isfies the nonholonomy relations

[eα, eβ ] = eαeβ − eβeα = W γ
αβeγ , (12)

with (antisymmetric) nontrivial anholonomy coefficients

W b
ia = ∂a N b

i , W a
ji = �a

i j = e j
(
N a

i

)− ei (N a
j ), (13)

where �a
i j define the coefficients of N-connection curvature.

If all anholonomic coefficients (13) are zero for a eα, such a
N-adapted base is holonomic and we can write it as a partial
derivative ∂α, with zero N-connection coefficients for corre-
sponding coordinate transforms. In curved coordinates, for
holonomic bases, the coefficients N a

j may be non-zero even

all W γ
αβ = 0.

The geometric objects on a nonholonomic manifold V
enabled with a N-connection structure N (and on extensions
to tangent, T V, and cotangent, T ∗V , bundles; and their ten-
sor products, for instance, T V ⊗ T ∗V ) are called distin-
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guished (in brief, d-objects, d-vectors, d-tensors etc) if they
are adapted to the N-connection structure via corresponding
decompositions with respect to frames of type (10) and (11).
For instance, we write a d-vector as X = (h X, vX).

Any spacetime metric g (8) can be represented equiva-
lently as a d-metric g = (hg, vg), when

g = gi j (x, y) ei ⊗ e j

+ gab(x, y) ea ⊗ eb, in N-adapted form; (14)

= g
αβ

(u)duα ⊗ duβ,

using tensor products of dual coordinate bases. (15)

In above formulas hg = { gi j } and vg = {gab}. Introducing
coefficients of (11) into (14) and regrouping with respect
to the coordinate dual basis, we obtain the formulas for the
coefficients in ( 15),

g
αβ
=
[

gi j + N a
i N b

j gab N e
j gae

N e
i gbe gab

]
(16)

for any prescribed set of coefficients N a
i . A metric g = {g

αβ
}

(16) is generic off-diagonal if the anholonomy coefficients
W γ

αβ are not identical to zero (in 4-d, such a matrix can not be
diagonalized via coordinate transforms, but we can consider
such diagonalizations for 2-d and 3-d subspaces). Parame-
terizations of type (16) are used (1) in Kaluza–Klein theories
when N e

j = Ae
j are identified as certain gauge fields after

compactification on y-coordinates (usually, there are consid-
ered higher dimension spacetimes); (2) in Finsler like theo-
ries, when N e

j are defined in certain forms which are used in
respective Finsler–Lagrange–Hamilton theories, see details
in [7,8,24]; and in GR when N-coefficients are treated as
off-diagonal terms and used for N-adapted geometric con-
structions.

In this work, we prefer to work with d-metrics (14), d-
tensors, d-connections etc., because in certain N-adapted
forms for d-objects it is possible to prove the decoupling
and integration properties of (modified) Einstein equations.
In coordinate bases, the constructions are very cumbersome
and a general decoupling is not possible if we use the LC-
connection ∇. Finally, we note that the components of the
inverse metric gαβ (in general, with off-diagonal terms) are
computed for nondegenerated metric structures following
formulas gαβg

γβ
= δαβ . In similar forms, there are defined

and computed the inverse d-metrics and their h- and v-
coefficients, gαβ = (gi j , gab).

2.1.2 N-adapted connections, the canonical d-connection
and fundamental geometric objects

Linear connection structures on a nonholonomic V can be
defined in N-adapted or in a general form, which may be not

N-adapted, for instance, in the case of the LC-connection
∇).

A d-connection D = (h D, vD) is a linear connection
preserving under parallelism the N-connection splitting (9).
It defines a covariant N-adapted derivative DXY of a d-vector
field Y in the direction of a d-vector X . With respect to N-
adapted frames (10) and (11), any DXY can be computed as
in GR and/or metric affine gravity but with the coefficients
decomposed defined by h- and v-indices,

D = {�γ
αβ = (Li

jk, Ĺa
bk; Ći

jc,Ca
bc)}, where

h D = (Li
jk, Ĺa

bk) and vD = (Ći
jc,Ca

bc). (17)

By definition, any d-connection is characterized by three
fundamental geometric d-objects, which (by definition in
abstract forms) are:

T (X,Y) := DXY − DY X − [X,Y ],
torsion d-tensor, d-torsion;

R(X,Y) := DX DY − DY DX − D[X,Y ],
curvature d-tensor, d-curvature;

Q(X) := DX g,nonmetricity d-fiels, d-nonmetricity.(18)

The N-adapted coefficients of such geometric d-objects are
computed by introducing X = eα and Y = eβ, defined by
(10), and considering h-v-splitting (17) for D = {�γ

αβ} into
above formulas, see details in [7,8,24],

T = {Tγ
αβ =

(
T i

jk, T i
ja, T a

ji , T a
bi , T a

bc

)
};

R = {Rα
βγ δ =

(
Ri

hjk,Ra
bjk,Ri

hja,Rc
bja,Ri

hba, Rc
bea

)
};

Q = {Qγ
αβ = Dγ gαβ = (Qk

i j , Qc
i j , Qk

ab, Qc
ab)}.

We say that any geometric data (V , N, g, D) define a N-
adapted metric-affine structure (equivalently, metric-affine
d-structure) determined by a d-metric and a d-connection
stated independently, but both in N-adapted form V .

Using a d-metric g (14), we can define two important
linear connection structures (the Levi–Civita, LC, connection
and the canonical d-connection):

(g, N)→
⎧⎨
⎩

∇ : ∇g = 0; ∇T = 0, LC–connection ;
D̂ : Q̂ = 0; hT̂ = 0, vT̂ = 0,
h T̂ �= 0, the canonical d-connection

(19)

In our work, “hat” labels are used for geometric d-objects
written in such a canonical form. For any D̂, we can define
and compute the canonical fundamental geometric objects
(18), R̂ = {R̂α

βγ δ} etc. In a similar form, we can compute the
fundamental geometric objects defined by ∇, for instance,

∇R = { ∇ Rα
βγ δ} (in such cases, boldface indices are not

used). Considering the canonical distortion relation for lin-
ear connections (5), we can compute respective canonical
distortions of fundamental geometric d-objects (18). Such
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formulas relate, for instance, two different curvature tensors,

∇R = { ∇ Rα
βγ δ} and R̂ = {R̂α

βγ δ} etc.

2.1.3 The canonical Ricci and Einstein d-tensors; the
canonical d-torsion and LC-conditions

We can define the canonical Ricci d-tensor as the contraction
on the 1st and 4th indices of the canonical curvature d-tensor,

R̂ic = {R̂ βγ := R̂
α
βγα}. (20)

It should be noted that this d-tensor, in general, is not sym-
metric, i.e. R̂ βγ �= R̂ γβ . This is typical for nonholonomic
geometric objects. The canonical scalar curvature is intro-
duced as

R̂sc := gαβ R̂ αβ.

These formulas allow to define the canonical (nonholonomic)
Einstein d-tensor,

Ên := R̂ic − 1

2
g R̂sc = {R̂ βγ − 1

2
g βγ R̂sc}. (21)

Adapting for D̂ the geometric abstract principles for deriving
gravitational filed equations provided in [2] for ∇, and con-
sidering a nontrivial cosmological constant �, we can derive
the canonical Einstein d-equations (6) using the canonical d-
tensor (21). Such equations can be proved also in N-adapted
variational form if we introduce conventional gravitational
and matter fields Lagrange densities, g L(R̂ic) (as in GR
with g L(R)) and postulating a m L(ϕA, gβγ ). In N-adapted
form, the stress-energy d-tensor of matter fields ϕA (labeled
by a general index A) is defined and computed

Tαβ = − 2√|gμν |
δ( m L

√|gμν |)
δgαβ

. (22)

For such sources, we can define the trace T := gαβTαβ

and the effective source Ŷ [g, D̂] � {Tαβ}. In various
physical theories, one consider more general m L , for
instance, depending on some covariant/spinor derivatives,
and/or g L( f (T, R)) determined by a functional f (R, T )

in MGTs. There are considered various nonsymmetric effec-
tive source, for instance, in massive gravity. For simplicity,
in this work we omit such considerations (see details and
review of results generalized with N-connection structures,
in [7,8,24,27] and references therein).

In this work, we consider (effective) sources Ŷ [g, D̂] =
{ϒβ

δ} parameterized with respect to N-adapted frames (10)
and (11) in such forms (this can be done for very general
classes of energy-momentum tensors using by respective
frame/coordinate transforms):

ϒ̂
β
δ = diag[ϒα : ϒ1

1 = ϒ2
2 = hϒ(xk);

ϒ3
3 = ϒ4

4 = vϒ(xk, ya)]. (23)

This assumption means that we shall work with such classes
of nonholonomic transforms and constraints when the effec-
tive sources are determined by two generating sources
hϒ(xk) and vϒ(xk, ya). It imposes certain nonholonomic

constraints on Tαβ , cosmological constant � and possible
splitting of such constants into h- and v-components; as well
on distortion d-tensors Ẑ[g] (5) and other values included in
Ŷ . To decouple and integrate in general explicit forms some
physically important systems of PDEs (for geometric flows
and gravitational and matter field equations) is possible if
we consider that Ŷ [g, D̂, κ] contains a small parameter κ ,
or if the gravitational and matter field dynamics is subjected
to certain convenient classes of constraints. In such cases,
the solutions can be constructed exactly and/or recurrently
using power decompositions κ0, κ1, κ2, . . . (for instance, κ
can be a string constant, or other parameter for constructing
ellipsoid deformations etc. We say that the corresponding
classes of solutions are exact/parametric, for instance, for
linear dependencies on κ0 and κ1.

With respect to N-adapted frames (10) and (11), we can
re-write equivalently the Einstein equations (1) for ∇ using
the canonical d-connection D̂,

R̂
α
β = ϒ̂

α

β, (24)

T̂
γ
αβ = 0, (25)

where generating sources ϒ̂
α

β = [ hϒδi
j ,

vϒδa
b] (23)

and the equations (25) are equivalent to ( 7), when T̂ =
{T̂γ

αβ [g, N, D̂]} is defined in abstract form as in (18). Here

we note that, in general, D̂
β
Ê

α
β �= 0 and D̂

β
ϒ̂

α

β �= 0,
which is typical for nonholonomic systems. For instance,
in nonholonomic mechanics, the conservation laws are not
standard ones. We have to introduce the so-called Lagrange
multiples associated to certain classes of nonholonomic
constraints. Solving the constraint equations, it is possible
to re-define the variables, then to introduce new effective
Lagrangians and, finally, to define standard conservation
laws. This can be performed in explicit general forms only for
some “toy” models. Using distortions of connections (5), we
can rewrite (24) in terms of∇, when∇β Eα

β = ∇βT α
β = 0.

So, there are not conceptual problems with the definition of
conservation laws for matter fields using two different linear
connections (19) defined by the same metric structure g. This
is different, for instance, from the Einstein–Cartan and string
theory with torsion fields when the second connection may
be not defined by the same metric structures but for certain
additional or effective gauge fields etc.

We conclude that all geometric constructions and physical
theories derived for the geometric data (g,∇) can be equiv-
alently modeled by the canonical geometric data (g, N, D̂)

if we use canonical distortion relations (5), or we consider
nonholonomic constraints of type (25), equivalently (7). The
main result of the AFCDM (to be proven in next section) is
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that we can decouple in general forms the canonical nonholo-
nomic Einstein equations (24) with (g, N, D̂) and for certain
generic off-diagonal ansatz (16), re-written in adapted form
as a d-metric (14). For such ansatz, we cannot decouple the
standard Einstein equations (1) written in terms of geomet-
ric data (g,∇). The main geometric and analytic idea of the
AFCDM is that we should search for certain classes of gen-
eral solutions of gravitational field equations written for D̂.

After some classes of off-diagonal metrics are constructed in
terms of generated and integration functions, we can extract
LC-configurations for ∇ imposing additional nonholonomic
constraints (25), equivalently (7). To solve such nonholo-
nomic equations we have to restrict the classes of generating
and integration functions as we shall prove in next section.

2.2 Coefficient formulas for the canonical d-connection
and Ricci d-tensors

In this subsection, we provide some coefficient formulas
which are important for proofs of decoupling (modified)
gravitational field equations and generating solutions follow-
ing the AFCDM, see details and proofs in [7,8,24,27].

With respect to N-adapted frames (10) and (11) for a h-v-
splitting (17) of a d-connection D, the fundamental d-objects
(18) are defined by such coefficient formulas:

d-curvature,R = {Rα
βγ δ = (Ri

hjk , Ra
bjk , Pi

hja , Pc
bja , Si

hba , Sc
bea)},

for Ri
hjk = ek Li

h j − e j Li
hk + Lm

hj Li
mk − Lm

hk Li
mj − Ci

ha�
a
k j ,

Ra
bjk = ek Ĺa

bj − e j Ĺa
bk + Ĺc

bj Ĺa
ck − Ĺc

bk Ĺa
cj − Ca

bc�
c
k j , (26)

Pi
jka = ea Li

jk − DkĆi
ja + Ć i

jbT b
ka ,

Pc
bka = ea Ĺc

bk − DkCc
ba + Cc

bd T c
ka ,

Si
jbc = ecĆi

jb − ebĆi
jc + Ćh

jbĆ i
hc − Ćh

jcĆ i
hb, Sa

bcd

= ed Ca
bc − ecCa

bd + Ce
bcCa

ed − Ce
bd Ca

ec;
d-torsion,T = {Tγ

αβ = (T i
jk , T i

ja , T a
ji , T a

bi , T a
bc)},

for T i
jk = Li

jk − Li
k j , T i

jb = Ci
jb, T a

ji = −�a
ji ,

T c
aj = Lc

aj − ea(N c
j ), T a

bc = Ca
bc − Ca

cb; (27)
d-nonmetricity,Q = {Qγαβ =

(
Qki j , Qkab, Qci j , Qcab

)},
for Qki j = Dk gi j , Qkab = Dk gab, Qci j = Dcgi j , Qcab = Dcgab. (28)

The h-v-coefficients of the Ricci d-tensor, Ric = {R βγ :=
Rα

βγα}, split into four groups of coefficient, respectively
defined by contacting respective indices in (26),

Rαβ = {Ri j := Rk
i jk, Ria := −Rk

ika,

Rai := Rb
aib, Rab := Rc

abc}. (29)

Using the inverse d-tensor of a d-metric (14), we can compute
the scalar curvature s R̂ of D̂ is by definition

Rsc := gαβ R αβ = gi j Ri j + gab Rab. (30)

A canonical d-connection (19) is defined by N-adapted
coefficients D̂ = {�̂γ

αβ = (L̂i
jk, L̂a

bk, Ĉi
jc, Ĉa

bc)}, for

L̂i
jk =

1

2
gir (ek g jr + e j gkr − er g jk),

L̂a
bk = eb(N a

k )+
1

2
gac(ek gbc − gdc eb N d

k − gdb ec N d
k ),

Ĉi
jc =

1

2
gikecg jk, Ĉa

bc =
1

2
gad(ecgbd + ebgcd − ed gbc),

(31)

are computed for a d-metric g = [gi j , gab] (14) using N-
elongated partial derivatives (10). In a similar form, we can
compute the coefficients of a LC-connection ∇ = {�γ

αβ},
see general coefficient and/or N-adapted formulas in [2,24].
We note that symbols �

γ
αβ are not boldface because ∇ is

not a d-connection, i.e. it do not preserve a h- and v-splitting
under parallelism. The N-adapted coefficients of the canoni-
cal distortion d-tensor in (5) can be found following formulas
Ẑ = {Ẑγ

αβ = �̂
γ
αβ − �

γ
αβ}.

Finally, we note that introducing the formulas �̂
γ
αβ (31)

in (26)–(30) (instead of the coefficients of a general d-
connection �̂

γ
αβ)), we can compute the N-adapted coef-

ficients of canonical fundamental d-objects, for instance,
R̂ = {R̂α

βγ δ = (R̂i
h jk, R̂a

bjk, . . .)}, T̂ = {T̂γ
αβ =

(T̂ i
jk, T̂ i

ja, . . .)}, for Q̂ = { Q̂γαβ = (Q̂ki j = 0, Q̂kab =
0) = 0, and similarly for R̂αβ = {R̂i j := R̂k

i jk, . . .} and

R̂sc := gαβ R̂ αβ = gi j R̂i j + gab R̂ab. Such formulas will
be used in next section to prove decoupling properties of
(modified) Einstein equations.

3 Decoupling and integration of (modified) Einstein
equations

In this section we show how the canonical distorted Einstein
equations (24) can be decoupled and integrated in general
forms. We provide necessary N-adapted coefficient formulas,
study respective nonlinear and dual symmetries and discuss
most important and general variants for parameterising such
solutions. The conditions of extracting LC-configurations
and off-diagonal solutions in GR, i.e. for standard Einstein
equations (1), are stated in explicit form.

3.1 Decoupling property

We prove that for very general classes of off-diagonal ansatz
for d-metrics, the system of nonlinear PDEs (24) with gen-
erating sources (23) can be decoupled in general N-adapted
form.
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3.1.1 Off-diagonal ansatz with a Killing vector

Let us consider a quasi-stationary d-metric of type (14), when

ĝ = gi (x
k)dxi ⊗ dxi + h3(x

k, y3)e3 ⊗ e3

+h4(x
k, y3)e4 ⊗ e4,

e3 = dy3 + wi (x
k, y3)dxi , e4 = dy4 + ni (x

k, y3)dxi ,

(32)

with Killing symmetry on the time like coordinate ∂4 =
∂t . For such ansatz, the N-connection coefficients N̂ 3

i =
wi (xk, y3) and N̂ 4

i = ni (xk, y3) and N-adapted coefficients
of d-metric ĝαβ = [̂gi j (xκ), ĝab(xκ , y3)] are functions of
necessary smooth class. With respect to coordinate frames,
the d-metric (32) transforms into an off-diagonal ansatz (16),
when the coefficients of metrics do not depend on y4 = t,
but depend in certain general forms on space coordinates
(xi , y3). We can prove decoupling properties for more gen-
eral ansatz for d-metrics, when

g = gi (x
k)dxi ⊗ dxi

+ω2(xk, ya)[h3(x
k, y4)h3(x

k, y3)e3 ⊗ e3

+h4(x
k, y3)h4(x

k, y4)] e4 ⊗ e4,

e3 = dy3 + [wi (x
k, y3)+ ni (x

k, y4)]dxi ,

e4 = dy4 + [ni (x
k, y3)+ wi (x

k, y4)]dxi ,

does not have explicit Killing symmetries but may involve
vertical co-space conformal transforms with factorω(xk , ya),

see examples in [24,27]. Such an ansatz results in more
cumbersome formulas and additional technical difficulties
for generating exact/parametric solutions. For simplicity, we
do not provide such constructions in this work. We label
a d-metric ĝ with a “hat” in order to emphasize that it is
of type (32) with Killing symmetry on ∂t . It is supposed
that such a parametrization can be obtained under some
frame/coordinate transforms even, in general, such ĝ(u) may
depend on all spacetime coordinates.

We can consider a different ansatz for locally anisotropic
cosmological d-metrics,

g = gi (x
k)dxi ⊗ dxi + h3(x

k , t)e3 ⊗ e3 + h4(x
k , t)e4 ⊗ e4,

e3 = dy3 + ni (x
k , t)dxi , e4 = dy4 + wi (x

k , t)dxi , (33)

with Killing symmetry on the space like coordinate ∂3. Cor-
respondingly, we parameterize the N-connection coefficients
N 3

i = ni (x
k, t) and N 4

i = wi (x
k, t) and the coefficients of a

d-metric g
αβ
= [gi j (xκ ), g

ab
(xκ , t)], all such values being

functions of necessary smooth class. With respect to coordi-
nate frames, the d-metric (33) transforms into a different type
off-diagonal ansatz (16), when the coefficients of metrics do
not depend on y3, but depend in certain general forms on
spacetime coordinates (xi , y4 = t).

For simplicity, we shall sketch proofs of general decou-
pling and integration properties for quasi-stationary d-
metrics (32). To generate solutions for locally anisotropic
d-metrics we can change in formal symbolic forms, respec-
tively, h3(xk, y3) → h4(x

k, t), h4(xk, y3) → h3(x
k, t)

and wi (xk, y3) → ni (x
k, t), ni (xk, y3) → wi (x

k, t). Such
“dual” symmetries can be prescribed only for generic off-
diagonal solutions with respective Killing symmetries on
∂4, or ∂3. Nevertheless, this allow to study main geometric
and physical properties of generic off-diagonal metrics with
possible nonholonomic constraints and deformations con-
structed as solutions of systems of nonlinear PDEs, depend-
ing, in principle, on 3 from 4 spacetime/space coordinates,
not reducing the problem to finding solutions of systems of
nonlinear ODEs.

3.1.2 N-adapted coefficients of quasi-stationary canonical
d-connections

To simplify computations we use brief notations of partial
derivatives, for instance, ∂1q(uα) = q•, ∂2q(uα) = q ′,
∂3q(uα) = q∗ and ∂4q(uα) = q
.

There are such nontrivial coefficients of �̂
γ
αβ (31) com-

puted for quasi-stationary d-metrics (32),

L̂1
11 =

g•1
2g1

, L̂1
12 =

g′1
2g1

, L̂1
22 = − g•2

2g1
,

L̂2
11 =

−g′1
2g2

, L̂2
12 =

g•2
2g2

, L̂2
22 =

g′2
2g2

,

L̂4
4k =

∂k(h4)

2h4
− wkh∗4

2h4
, L̂3

3k =
∂kh3

2h3
− wkh∗3

2h3
,

L̂3
4k = − h4

2h3
n∗k ,

L̂4
3k =

1

2
n∗k , Ĉ3

33 =
h∗3

2h3
, Ĉ3

44 = −h∗4
h3

, Ĉ4
33 = 0,

Ĉ4
34 =

h∗4
2h4

, Ĉ4
44 = 0. (34)

We shall need also the values

Ĉ3 = Ĉ3
33 + Ĉ4

34 =
h∗3

2h3
+ h∗4

2h4
, Ĉ4 = Ĉ3

43 + Ĉ4
44 = 0.

(35)

The formulas (34) and (35) are important for computing
in explicit form the N-adapted coefficients of the canonical
d-torsion and canonical Ricci and Einstein d-tensors.

3.1.3 Coefficients of the N-connection curvature, canonical
d-torsion, and LC-conditions

For the N-connection coefficients in (32), the coefficients of
the N-connection curvature �̂a

i j = ê j
(
N̂ a

i

) − êi (N̂ a
j ) used

in (13) are computed
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�̂a
i j = ∂ j

(
N̂ a

i

)− ∂i (N̂ a
j )− wi (N̂ a

j )
∗ + w j (N̂ a

i )
∗.

We find such nontrivial values

�̂3
12 = −�̂3

21 = ∂2w1 − ∂1w2 − w1w
∗
2 + w2w

∗
1

= w′1 − w•2 − w1w2
∗ + w2w

∗
1;

�̂4
12 = −�̂4

21 = ∂2n1 − ∂1n2 − w1n∗2 + w2n∗1
= n′1 − n•2 − w1n∗2 + w2n∗1. (36)

As a result, we can compute the nontrivial coefficients of
the canonical d-torsion using formulas (27). We have T̂ a

ji =
−�a

ji , with nontrivial coefficients (36), and T̂ c
a j = L̂c

a j −
ea(N̂ c

j ). For other types of coefficients, we express

T̂ i
jk = L̂i

jk − L̂i
k j = 0, T̂ i

ja = Ĉi
jb = 0, T̂ a

bc = Ĉa
bc − Ĉa

cb = 0,

T̂ 3
3k = L̂3

3k − e3(N̂ 3
k ) =

∂kh3

2h3
− wk

h∗3
2h3

− w∗k ,

T̂ 3
4k = L̂3

4k − e4(N̂ 3
k ) = − h4

2h3
n∗k ,

T̂ 4
3k = L̂4

3k − e3(N̂ 4
k ) =

1

2
n∗k − n∗k

= −1

2
n∗k , T̂ 4

4k = L̂4
4k − e4(N 4

k ) =
∂kh4

2h4
− wk

h∗4
2h4

,

−T̂ 3
12 = w′1 − w•2 − w1w

∗
2 + w2w

∗
1 ,

−T̂ 4
12 = n′1 − n•2 − w1n∗2 + w2n∗1. (37)

The LC-conditions (25) for zero canonical d-torsions, are
satisfied if

L̂c
a j = ea(N̂ c

j ), Ĉi
jb = 0, �̂a

ji = 0, (38)

when in N-adapted frames �̂
γ
αβ = �

γ
αβ even, in general,

D̂ �= ∇. This is possible because two different linear connec-
tions have different transformation laws under general frame/
coordinate transforms (such values are not (d) tensor objects).
In the LC-cases, all values (37) must vanish. We obtain non-
trivial off-diagonal solutions with h∗4 �= 0 and w∗k �= 0 but
n∗k = 0, for wk = ∂kh4/h∗4. We can search for other types of
LC-configurations with n∗k �= 0 and/or h∗3 �= 0 but it is diffi-
cult to obtain explicit formulas for such classes of solutions
(they may be also off-diagonal). Finally, it should be noted
that conditions of type (38) can be imposed after a general
class of quasi-stationary off-diagonal metrics is constructed
in a general off-diagonal form involving a nonholonomic tor-
sion. It should be noted that it is not possible to decouple in
a general form the Einstein equations working from the very
beginning with ∇ defined by a generic off-diagonal ansatz
with coefficients depending on 2-4 coordinates.

3.1.4 N-adapted coefficients of the canonical Ricci
d–tensor

The h-coefficients of a canonical variant of Ricci d-tensor
(29) are computed for contractions of indices in (26), when

R̂i j = R̂k
i jk , for

R̂i
h jk = ek L̂i

.h j − e j L̂ i
hk + L̂m

hj L̂i
mk − L̂m

hk L̂i
m j − Ĉi

ha�̂
a
jk

= ∂k L̂i
.h j − ∂ j L̂ i

hk + L̂m
hj L̂i

mk − L̂m
hk L̂i

m j . (39)

We note that these formulas are for and quasi-stationary
ansatz (32) and respectively computed values (34) when
Ĉi

ha = 0 and

ek L̂i
h j = ∂k L̂i

h j + N a
k ∂a L̂i

h j

= ∂k L̂i
h j + wk(L̂i

h j )
∗ + nk(L̂i

h j )

 = ∂k L̂i

h j

because L̂i
h j depend only in h-coordinates. Taking derivatives

of (34), we obtain

∂1 L̂1
11 = (

g•1
2g1

)• = g••1

2g1
−
(
g•1
)2

2 (g1)
2 ,

∂1 L̂1
12 = (

g′1
2g1

)• = g′•1
2g1

− g•1 g′1
2 (g1)

2 ,

∂1 L̂1
22 = (− g•2

2g1
)• = − g••2

2g1
+ g•1 g•2

2 (g1)
2 ,

∂1 L̂2
11 = (− g′1

2g2
)• = − g′•1

2g2
+ g•1 g′2

2 (g2)
2 ,

∂1 L̂2
12 = (

g•2
2g2

)• = g••2

2g2
−
(
g•2
)2

2 (g2)
2 ,

∂1 L̂2
22 = (

g′2
2g2

)• = g′•2
2g2

− g•2 g′2
2 (g2)

2 ,

∂2 L̂1
11 = (

g•1
2g1

)′ = g•′1

2g1
− g•1 g′1

2 (g1)
2 ,

∂2 L̂1
12 = (

g′1
2g1

)′ = g′′1
2g1

−
(
g′1
)2

2 (g1)
2 ,

∂2 L̂1
22 = (− g•2

2g1
)′ = − g•′2

2g1
+ g•2 g

′
1

2 (g1)
2 ,

∂2 L̂2
11 = (− g′1

2g2
)′ = − g′′1

2g2
+ g•1g′1

2 (g2)
2 ,

∂2 L̂2
12 = (

g•2
2g2

)′ = g•′2

2g2
− g•2 g′2

2 (g2)
2 ,

∂2 L̂2
22 = (

g′2
2g2

)′ = g′′2
2g2

−
(
g′2
)2

2 (g2)
2 .

Introducing these values in (39), we obtain two types of non-
trivial components:

R̂1
212 =

g••2

2g1
− g•1 g•2

4 (g1)
2 −

(
g•2
)2

4g1g2
+ g′′1

2g1
− g′1g′2

4g1g2
−
(
g′1
)2

4 (g1)
2 ,

R̂2
112 = − g••2

2g2
+ g•1 g•2

4g1g2
+
(
g•2
)2

4(g2)2 −
g′′1
2g2

+ g′1g′2
4(g2)2 +

(
g′1
)2

4g1g2
.

Considering that R̂11 = −R̂2
112 and R̂22 = R̂1

212, for

gi = 1/gi and R̂ j
j = g j R̂ j j (in these formulas, there is
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no summarizing on repeating indices), we compute

R̂1
1 = R̂2

2 = − 1

2g1g2[
g••2 − g•1g•2

2g1
−
(
g•2
)2

2g2
+ g′′1 −

g′1g′2
2g2

− (g′1)2

2g1

]
. (40)

At the next step, we compute N-adapted coefficients with
mixed h- and v-indices of the canonical Ricci d-tensor. We
consider the third formula in (26),

R̂c
bka =

∂ L̂c
bk

∂ya
− Ĉc

ba|k + Ĉc
bd T̂ d

ka =
∂ L̂c

bk

∂ya

−
(
∂Ĉc

ba

∂xk
+ L̂c

dkĈd
ba − L̂d

bkĈc
da − L̂d

akĈc
bd

)
+ Ĉc

bd T̂ d
ka .

Contracting respectively the indices, we obtain

R̂bk = R̂a
bka =

∂La
bk

∂ya
− Ĉa

ba|k + Ĉa
bd T̂ d

ka,

where for Ĉb := Ĉc
ba (35),

Ĉb|k = ekĈb − L̂d
bkĈd

= ∂kĈb − N e
k ∂eĈb − L̂d

bkĈd

= ∂kĈb − wkĈ∗
b − nkĈ


b − L̂d
bkĈd .

We consider a conventional splitting R̂bk = [1]Rbk+[2]Rbk+
[3]Rbk, where

[1]Rbk = (L̂3
bk)

∗ + (L̂4
bk)


, [2]Rbk

= −∂kĈb + wkĈ∗
b + nkĈ


b + L̂d
bkĈd ,

[3]Rbk = Ĉa
bd T̂ d

ka = Ĉ3
b3T̂ 3

k3 + Ĉ3
b4T̂ 4

k3 + Ĉ4
b3T̂ 3

k4 + Ĉ4
b4T̂ 4

k4.

Using formulas (34), (37) and (35), we compute

[1]R3k =
(

L̂3
3k

)∗ + (L̂4
3k

)
 =
(

∂kh3

2h3
− wk

h∗3
2h3

)∗

= −w∗k
h∗3

2h3
− wk

(
h∗3

2h3

)∗
+ 1

2

(
∂kh3

h3

)∗
,

[2]R3k = −∂kĈ3 + wkĈ∗
3 + nkĈ


3 + L̂3
3kĈ3 + L̂4

3kĈ4 =
= wk

[
h∗∗3

2h3
− 3

4

(h∗3)2

(h3)2 +
h∗∗4

2h4
− 1

2

(h∗4)2

(h4)2 −
1

4

h∗3
h3

h∗4
h4

]

+∂kh3

2h3

(
h∗3
2h3

+ h∗4
2h4

)
− 1

2
∂k

(
h∗3
h3
+ h∗4

h4

)
,

[3]R3k = Ĉ3
33T̂ 3

k3 + Ĉ3
34T̂ 4

k3 + Ĉ4
33T̂ 3

k4 + Ĉ4
34T̂ 4

k4

= wk

(
(h∗3)2

4(h3)2 +
(h∗4)2

4(h4)2

)
+ w∗k

h∗3
2h3

− h∗3
2h3

∂kh3

2h3
− h∗4

2h4

∂kh4

2h4
.

Putting together above formulas (originally such computa-
tions were provided in [26]), we find that

R̂3k = wk

[
h∗∗4

2h4
− 1

4

(h∗4)2

(h4)2 −
1

4

h∗3
h3

h∗4
h4

]
+ h∗4

2h4

∂kh3

2h3

−1

2

∂kh∗4
h4

+ 1

4

h∗4∂kh4

(h4)2

= wk

2h4

[
h∗∗4 − (h∗4)2

2h4
− h∗3h∗4

2h3

]
+ h∗4

4h4
(
∂kh3

h3
+ ∂kh∗4

h4
)

−1

2

∂kh∗4
h4

. (41)

The N-adapted coefficients R̂4k = [1]R4k + [2]R4k +
[3]R4k, are defined by

[1]R4k = (L̂3
4k)

∗ + (L̂4
4k)


, [2]R4k = −∂kĈ4 + wkĈ∗
4

+nkĈ

4 + L̂3

4kĈ3 + L̂4
4kĈ4,

[3]R4k = Ĉa
4d T̂ d

ka = Ĉ3
43T̂ 3

k3 + Ĉ3
44T̂ 4

k3 + Ĉ4
43T̂ 3

k4 + Ĉ4
44T̂ 4

k4.

Introducing in these formulas L̂3
4k and L̂4

4k from (34), we
compute

[1]R4k = (L̂3
4k)

∗ + (L̂4
4k)


 =
(
− h4

2h3
n∗k
)∗

= −n∗∗k
h4

2h3
− n∗k

h∗4h3 − h4h∗3
2(h3)2 .

The second term follows from Ĉ3 and Ĉ4, see ( 35), and for
L̂3

4k and L̂4
4k, ( 34),

[2]R4k = −∂kĈ4 + wkĈ∗
4 + nkĈ


4 + L̂3
4kĈ3 + L̂4

4k

Ĉ4 = −n∗k
h4

2h3

(
h∗3

2h3
+ h∗4

2h4

)
.

Then we use Ĉ3
43, Ĉ3

44, Ĉ4
43, Ĉ4

44 from (34) and T̂ 3
k3, T̂ 4

k3, T̂ 3
k4,

T̂ 4
k4 from (37) to compute the third term,

[3]R4k = Ĉ3
43T̂ 3

k3 + Ĉ3
44T̂ 4

k3 + Ĉ4
43T̂ 3

k4 + Ĉ4
44T̂ 4

k4 = 0.

Summarizing above three terms,

R̂4k = −n∗∗k
h4

2h3
+ n∗k

×
(
− h∗4

2h3
+ h∗4h∗3

2(h3)∗
− h∗4h∗3

4(h3)∗
− h∗4

4h3

)
. (42)

For the N-adapted coefficients

R̂i
jka =

∂ L̂i
jk

∂yk

−
(
∂Ĉi

ja

∂xk
+ L̂i

lk Ĉl
ja − L̂l

jk Ĉ i
la − L̂c

akĈi
jc

)
+ Ĉi

jb T̂ b
ka

from (26), we obtain zero values because Ĉi
jb = 0 and L̂i

jk

do not depend on yk . So, we have R̂ ja = R̂i
j ia = 0.

Contracting the indices in R̂a
bcd from (26), we compute

the Ricci v-coefficients,

R̂bc = ∂Ĉd
bc

∂yd
− ∂Ĉd

bd

∂yc
+ Ĉe

bcĈe − Ĉe
bdĈd

ec.

123



Eur. Phys. J. C          (2025) 85:1046 Page 21 of 94  1046 

Summarizing on indices, we express

R̂bc = (Ĉ3
bc)

∗ + (Ĉ4
bc)


 − ∂cĈb + Ĉ3
bcĈ3 + Ĉ4

bcĈ4

−Ĉ3
b3Ĉ3

3c − Ĉ3
b4Ĉ4

3c − Ĉ4
b3Ĉ3

4c − Ĉ4
b4Ĉ4

4c.

There are nontrivial values,

R̂33 =
(

Ĉ3
33

)∗ + (Ĉ4
33

)
 − Ĉ∗
3 + Ĉ3

33Ĉ3

+Ĉ4
33Ĉ4 − Ĉ3

33Ĉ3
33 − 2Ĉ3

34Ĉ4
33 − Ĉ4

34Ĉ4
43

= −1

2

h∗∗4

h4
+ 1

4

(h∗4)2

(h4)2 +
1

4

h∗3
h3

h∗4
h4

,

R̂44 =
(

Ĉ3
44

)∗ + (Ĉ4
44

)
 − ∂4Ĉ4 + Ĉ3
44Ĉ3

+Ĉ4
44Ĉ4 − Ĉ3

43Ĉ3
34 − 2Ĉ3

44Ĉ4
34 − Ĉ4

44Ĉ4
44

= −1

2

h∗∗4

h3
+ 1

4

h∗3h∗4
(h3)2 +

1

4

h∗4
h3

h∗4
h4

.

These formulas can be rewritten in the form

R̂3
3 =

1

h3
R̂33 = 1

2h3h4

(
− h∗∗4 + (h∗4)2

2h4
+ h∗3h∗4

2h3

)
,

R̂4
4 =

1

h4
R̂44 = 1

2h3h4

(
− h∗∗4 + (h∗4)2

2h4
+ h∗3h∗4

2h3

)
. (43)

A quasi-stationary d-metric ansatz (32) is characterized
by nontrivial N-adapted coefficients of the canonical d-
connection R̂1

1 = R̂2
2 (40), R̂3k (41), R̂4k (42) and R̂3

3 = R̂4
4

(43). Here we note that for such ansatz other classes of coef-
ficients are trivial in N-adapted frames, i.e. R̂ka ≡ 0 for any
k = 1, 2 and a = 3, 4. Such values may be not zero in other
systems of reference/coordinates.

The canonical Ricci d-scalar is computed using above N-
adapted nontrivial coefficients of the canonical Ricci d-tensor
for formulas (30),

R̂sc := ĝαβ R̂ αβ = ĝi j R̂i j + ĝab R̂ab

= R̂i
i + R̂a

a = 2(R̂2
2 + R̂4

4),

for nontrivial (40) and (43). As a result we can com-
pute the nontrivial components of the canonical Einstein d-
tensor (21),

Ên := {R̂β
γ −

1

2
δβγ R̂sc}

= {−R̂4
4,−R̂4

4; R̂ak; R̂ka ≡ 0;−R̂2
2,−R̂2

2}.

So, in N-adapted form, the canonical Ricci and Einstein
d-tensors for quasi-stationary d-metrics posses similar but
inverted symmetries for the h- and v-components.

3.1.5 Explicit decoupling of the modified Einstein
equations for canonical d-connections

Let us define such N-adapted canonical parameterizations of
the effective sources (23) for quasi-stationary configurations

ϒ̂
α

β = [ hϒδi
j ,

vϒδa
b]

= [ hϒ = − 1ϒ̂(xk), vϒ = − 2ϒ̂(xk, y3)]. (44)

As a result, the canonical distorted Einstein equations (24)
for the ansatz (32) (using formulas (40), (41), (42) and (43)
and can be written in the form

R̂1
1 = R̂2

2 =
1

2g1g2
[g
•
1g•2

2g1
+ (g•2)2

2g2
− g••2

+g′1g′2
2g2

+
(
g′1
)2

2g1
− g′′1 ] = − 1ϒ̂,

R̂3
3 = R̂4

4 =
1

2h3h4

[(
h∗4
)2

2h4
+ h∗3h∗4

2h3
− h∗∗4

]
= − 2ϒ̂,

R̂3k = wk

2h4

[
h∗∗4 −

(
h∗4
)2

2h4
− (h∗3)(h∗4)

2h3

]

+ h∗4
4h4

(
∂kh3

h3
+ ∂kh4

h4

)
− ∂k(h∗3)

2h3
= 0;

R̂4k = h4

2h3
n∗∗k +

(
3

2
h∗4 −

h4

h3
h∗3
)

n∗k
2h3

= 0. (45)

Expressing gi = eψ(xk ); introducing coefficients

αi = h∗4∂i (�), β = h∗4(�)∗ and γ = (ln
|h4|3/2

|h3| )∗, (46)

for � = ln |h∗4/
√|h3h4|; and considering � = exp(�) as

a generating function, we simplify the system of nonlinear
PDEs (45) in the form:

ψ•• + ψ ′′ = 2 1ϒ̂, (47)

(�)∗h∗4 = 2h3h4 2ϒ̂, (48)

βw j − α j = 0, (49)

n∗∗k + γ n∗k = 0. (50)

Any solution of this system of nonlinear equations is a solu-
tion of (24) parameterized a respective quasi-stationary d-
metric ansatz (32) for a canonically parameterized effective
source (44), where 1ϒ̂(xk) and 2ϒ̂(xk, y3) are generating
sources.

Let us explain the general decoupling property of above
systems of equations for quasi-stationary configurations. The
Eq. (47) is a standard 2-d Poisson equation with source 2 1ϒ̂.

We note that instead of a nonholonomic 2+2 splitting, we
can consider a 5-d spacetime of signature (+ + + + −)

with nonholonomic 3+2 splitting. In such a case, following
tedious computations which similar to above 4-d nonholo-
nomic geometric constructions, we obtain (47) as a standard

123



 1046 Page 22 of 94 Eur. Phys. J. C          (2025) 85:1046 

2-d Poisson equation. We omit such considerations in this
work. If we prescribe any data (h3,2 ϒ̂), we can search h4

as a solution of a second order (on derivative ∂3) nonlinear
PDE (48). We can consider an inverse problem with pre-
scribed data (h4,2 ϒ̂) when h3 as a solution of a first order
nonlinear PDE. Introducing a generating function �, such
equation can be integrated in explicit form (we shall prove
in next subsection). Having defined in some general forms
h3(xk, y3) and h4(xk, y3), we can compute respective coef-
ficients αi and β for (49), which are linear equations for
w j (xk, y3). This mean that such equations and respective
unknown functions decoupled from the rest of the system of
nonlinear PDEs. Respectively, we have (50) as a decoupled
system of PDEs which allows to find nk(xk, y3) (after two
general integrations on y3) for any γ (xk, y3) determined by
h3(xk, y3) and h4(xk, y3) as in above formulas. This way
we proved that the (modified) Einstein equations written in
certain canonical d-connection variables can be decoupled in
general forms for quasi-stationary generic off-diagonal met-
ric ansatz determined by d-metric ansatz (32) and respective
generating sources ( 1ϒ̂, 2ϒ̂) (44).

3.2 General solutions for quasi-stationary configurations

3.2.1 Integrating decoupled nonholonomic gravitational
field equations

Let us show how the system of nonlinear PDEs (47)–(50)
can be integrated step by step in certain general forms:

The coefficients gi = eψ(xk ) for the h-components of d-
metric (32) are defined by solutions of the corresponding
2-d Poisson equation (47) for any given source 1ϒ̂(xk).

Introducing explicit values of coefficients (46) in (48)–
(50), we obtain such a nonlinear system:

�∗h∗4 = 2h3h4 2ϒ̂�, (51)√|h3h4|� = h∗4, (52)

�∗wi − ∂i� = 0, (53)

n∗∗i +
(

ln
|h4|3/2

|h3|
)∗

n∗i = 0. (54)

Prescribing a generating function, �, and a generating
source, ϒ̂, we can integrate recurrently these equations if
h∗4 �= 0 and 2ϒ̂ �= 0. If such conditions are not satisfied,
there are necessary more special analytic methods consid-
ered, for instance, in Sect. 5.5 of [29] and references therein.
We introduce

ρ2 := −h3h4 (55)

and re-write (51) and (52), respectively, in the form

�∗h∗4 = −2ρ2
2ϒ̂ � and h∗4 = ρ �. (56)

Substituting the value of h∗4 from the second equation into
the first equation, we express

ρ = −�∗/2 2ϒ̂. (57)

Then we introduce this ρ into the second equation in (56)
and integrate on y3,

h4 = h[0]4 (xk)−
∫

dy3[�2]∗/4( 2ϒ̂). (58)

Using this coefficient and formulas in (55) and (57), we com-
pute

h3 = − 1

4h4

(
�∗

2ϒ̂

)2

= −
(

�∗

2 2ϒ̂

)2 (
h[0]4 (xk)−

∫
dy3 [�2]∗

4 2ϒ̂

)−1

. (59)

At the next step, we define the N-connection coefficients.
Using h3 ( 59) and h4 (58), we can integrate two times on y3

and find general solutions of the equation (54):

nk(x
k, y3) = 1nk + 2nk

∫
dy3 h3

| h4|3/2

= 1nk + 2nk

∫
dy3

(
�∗

2 2ϒ̂

)2

| h4|−5/2

= 1nk + 2nk

∫
dy3

(
�∗

2 2ϒ̂

)2

×
∣∣∣∣h[0]4 (xk)−

∫
dy3[�2]∗/4( 2ϒ̂)

∣∣∣∣
−5/2

.

(60)

In these formulas, there are considered two integration func-
tions 1nk = 1nk(xi ) and (we may re-define by introducing
certain coefficients) 2nk = 2nk(xi ). Finally, solving the
algebraic system (53) for wi , we find

wi = ∂i �/(�)∗. (61)

Putting together above values for the coefficients of the
d-metric and N-connection, we define general solutions of
the Einstein equations in canonical nonholonomic variables.

3.2.2 Quadratic elements for quasi-stationary off-diagonal
solutions

Using N-adapted h-coefficients gi = eψ(xk ), determined by
solutions of 2-d Poisson equations (47); v-coefficients h3

(59) and h4 (58); and N-connection coefficients wi (61) and
nk (60), for a quasi-stationary d-metric (32), we construct a
quasi-stationary nonlinear quadratic element,

ds2 = eψ(xk )[(dx1)2 + (dx2)2]
+ [�∗]2

4( 2ϒ̂)2{g[0]4 − ∫ dy3[�2]∗/4( 2ϒ̂)}
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×(dy3 + ∂i�

�∗ dxi )2 + {g[0]4

−
∫

dy3 [�2]∗
4( 2ϒ̂)

}{dt + [ 1nk + 2nk

×
∫

dy3 [(�)2]∗
4( 2ϒ̂)2|g[0]4 − ∫ dy3[�2]∗/4( 2ϒ̂)|5/2

]dxk}. (62)

With respect to coordinate dual frames, such a quadratic
element can be represented equivalently in the form (15),
ĝ = ĝ

αβ
(u)duα ⊗ duβ, with

ĝ
αβ
=

⎡
⎢⎢⎢⎢⎣

g1 + (N 3
1 )

2h3 + (N 4
1 )

2h4 N 3
1 N 3

2 h3 + N 4
1 N 4

2 h4 N 3
1 h3 N 4

1 h4

N 3
2 N 3

1 h3 + N 4
2 N 4

1 h4 g2 + (N 3
2 )

2h3 + (N 4
2 )

2h4 N 3
2 h3 N 4

2 h4

N 3
1 h3 N 3

2 h3 h3 0

N 4
1 h4 N 4

2 h4 0 h4

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

eψ + (w1)
2h3 + (n1)

2h4 w1w2h3 + n1n2h4 w1h3 n1h4

w1w2h3 + n1n2h4 eψ + (w2)
2h3 + (n2)

2h4 w2h3 n2h4

w1h3 w2h3 h3 0

n1h4 n2h4 0 h4

⎤
⎥⎥⎥⎥⎦ , (63)

when the coefficients are respective functions as stated by
formulas gi = eψ(xk ) and (59)–(60), and/or (62). Such a met-
ric/solution is generic off-diagonal if there are some non-zero
anholonomy coefficients (13). In general, it is also charac-
terized by a nontrivial nonholonomically induced canonical
d-torsion (37) if additional LC-conditions (38) are not satis-
fied.

Above generic off-diagonal quasi-stationary solutions are
general in the sense that they are determined by a generating
function�(xk, y3), two generating effective sources 1ϒ̂(xk)

and 2ϒ̂(xk, y3), and integration functions 1nk(xk), 2nk(xk)

and h[0]4 (xk). Such values have to be found from certain
boundary/asymptotic conditions and other physical con-
siderations (for instance, additional linear and nonlinear
symmetry conditions, causality problems, generating quasi-
periodic structure, avoiding singularities etc.). We shall ana-
lyze explicit physically important examples in Sect. 4. Such
quasi-stationary solutions are different from the former ones
considered in [1–4]. In the case of diagonal metric ansatz,
for instance, for generating BHs (2) and LC-configurations,
we obtain certain systems of nonlinear second order ODE
when the solutions are determined by two integration con-
stants. One of the constants is stated to be zero in order to
get at asymptotic the Minkowski spacetime and the second
integration constant is identified with the BH mass. For quasi-
stationary solutions (62), equivalently (63), we have (in gen-
eral) six independent coefficients for the off-diagonal metric
(four of them transforms into N-connection coefficients in
N-adapted frame) which describes more “rich” gravitational
configurations.

3.2.3 Nonlinear symmetries of quasi-stationary
off-diagonal solutions

The solutions (62) posses important nonlinear shell sym-
metries which allow to transform generating functions and
effective sources into other types of generating functions and
effective cosmological constants. We change the generating
data, (�, 2ϒ̂)↔ (�, 2� = const �= 0), following formu-
las

[�2]∗
2ϒ̂

= [�2]∗
2�

, which can be integrated as (64)

�2 = 2�

∫
dy3( 2ϒ̂)−1[�2]∗ and/or

�2 = ( 2�)−1
∫

dy3( 2ϒ̂)[�2]∗. (65)

Using (64), we can simplify the formula (58) and write h4 =
h[0]4 − �2

4 2�
. To express formulas ( 59) and (60) in terms of

new generating data, we have to write (�)∗/ 2ϒ̂ in terms of
such (�, 2�). We re-write (64) and the second equation in
(65) as

�( �)∗

2ϒ̂
= (�2)∗

2( 2�)
and

� = | 2�|−1/2

√
|
∫

dy3
2ϒ̂ (�2)∗|.

Introducing � from the second equation in the first equation,
we re-define �∗ in terms of generating data ( 2ϒ̂,�, 2�),

when

�∗

2ϒ̂
= [�2]∗

2
√
| 2�

∫
dy3( 2ϒ̂)[�2]∗|

. (66)

So, the solutions of nonlinear equations (48) determined by
(59) and (58) can be written in two equivalent functional
forms,

h3[�] = − [�∗]2
4( 2ϒ̂)2h4[�] = h3[�]
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= − 1

h4[�]
�2[�∗]2

| 2�
∫

dy3
2ϒ̂[�2]∗| , where

h4[�] = h[0]4 −
∫

dy3 [�2]∗
4 2ϒ̂

= h4[�] = g[0]4 − �2

4 2�
.

In similar forms, the N-connection coefficients can be re-
defined for data (�, 2�) using respectively the nonlinear
transforms ,

wi (x
k1 , y3) = ∂i�

�∗ = ∂i [�2]
[�2]∗ = ∂i

∫
dy3

2ϒ̂ [�2]∗
2ϒ̂ [�2]∗ ; and

nk(x
k1 , y3) = 1nk + 2nk

∫
dy3 h3[�]

| h4[�]|3/2

= 1nk + 2nk

∫
dy3

(
�∗

2 2ϒ̂

)2

×
∣∣∣∣h[0]4 (xk)−

∫
dy3 [�2]∗

4 2ϒ̂

∣∣∣∣
−5/2

= 1nk + 2nk

∫
dy3 �2[�∗]2

| 2�
∫

dy3
2ϒ̂[�2]∗|

×
∣∣∣∣h[0]4 − �2

4 2�

∣∣∣∣
−5/2

.

We conclude that any quasi-stationary solution (62) pos-
sess important nonlinear symmetries of type (64) and (65). As
a result, the nonlinear quadratic element for quasi-stationary
solutions (62) can be written in the form

ds2 = gαsβs (x
k , y3,�,2 �)duαduβ = eψ(xk )[(dx1)2 + (dx2)2]

− �2[�∗]2
| 2�

∫
dy3

2ϒ̂[�2]∗|[h[0]4 −�2/4 2�]

×{dy3 + ∂i
∫

dy3
2ϒ̂ [�2]∗

2ϒ̂ [( �

2�)2]∗ dxi }2

−{h[0]4 − �2

4 2�
}{dt + [ 1nk + 2nk

∫
dy3

× �2[�∗]2
| 2�

∫
dy3

2ϒ̂[�2]∗|[h[0]4 −�2/4 2�]5/2
]}, (67)

for indices: i, j, k, . . . = 1, 2; a, b, c, . . . = 3, 4; generating
functions ψ(xk) and �(xk1 y3); generating sources 1ϒ̂(xk)

and 2ϒ̂(xk1 , y3); effective cosmological constants 1� and

2�; and integration functions 1nk(x j ), 2nk(x j ) and g[0]4 (xk).

3.2.4 Using d-metric coefficients as generating functions

Taking the partial derivative on y3 of formula (58), we obtain
h∗4 = −[�2]∗/4 2ϒ̂. If we prescribe h4 and 2ϒ̂, we
can compute up to certain integration functions a � using
[�2]∗ = ∫ dy3

2ϒ̂h∗4. This allows us to consider a generat-
ing data (h4, 2ϒ̂) and re-write the quasi-stationary d-metric
(62) in equivalent form,

dŝ2 = ĝαβ(x
k , y3; h4, 2ϒ̂)duαduβ

= eψ(xk )[(dx1)2 + (dx2)2]

− (h∗4)2

| ∫ dy3[ 2ϒ̂h4]∗| h4

{
dy3 +

∂i

[ ∫
dy3( 2ϒ̂) h∗4

]

2ϒ̂ h∗4
dxi
}2

+h4{dt +
[

1nk + 2nk

∫
dy3 (h∗4)2

| ∫ dy3

[
2ϒ̂h4]∗| (h4)5/2

]
dxk}.

(68)

The nonlinear symmetries (64) and (65) allow to perform
similar computations and express �2 = −4 2�h4. We can
eliminate � from the nonlinear quadratic element in (67) and
obtain a solution of type (68) determined by the generating
data (h4; 2�, 2ϒ̂).

3.2.5 Gravitational polarizations

Nonholonomic frame and connection deformations and non-
linear symmetries allow to perform another types of geo-
metric constructions:

• We can consider deformations of a prime d-metric (it
can be an arbitrary one)

g̊ = [g̊α, N̊ a
i ] (69)

into a target d-metric g, for instance, being a quasi-
stationary solutions of type (32), when

g̊ → g = [gα = ηα g̊α, N a
i = ηa

i N̊ a
i ], (70)

for ηα(xk, y3) and ηa
i (x

k, y3) called gravitational polar-
ization (η-polarization) functions.

• For a target metric g defined as a solution of type (62),
equivalently (67), we can consider nonholonomic defor-
mations with respective generating functions/sources and
effective cosmological constants when

(�, 2ϒ̂) ↔ (g, 2ϒ̂)↔ (ηα g̊α ∼ (ζα(1+ κχα)g̊α, 2ϒ̂)↔
(�, 2�) ↔ (g, 2�)↔ (ηα g̊α ∼ (ζα(1+ κχα)g̊α, 2�),

where 2� is an effective cosmological constant in the v-
subspace, κ is a small parameter 0 ≤ κ < 1, with some
ζα(xk, y3) and χα(xk, y3).

Using above η- and/orχ -polarizations, the nonlinear sym-
metries ( 65) are written in the form:

∂3[�2] = −
∫

dy3
2ϒ̂∂3h4 � −

∫
dy3

2ϒ̂∂3(η4 g̊4)

� −
∫

dy3
2ϒ̂∂3[ζ4(1+ κ χ4) g̊4],

�2 = −4 2�h4 � −4 2�η4 g̊4 � −4 2� ζ4(1+ κχ4) g̊4. (71)
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Off-diagonal η-transforms of type (70) can be parameter-
ized for η-polarizations,

ψ � ψ(κ; xk), η4 � η4(x
k, y3), (72)

when the quasi-stationary nonlinear quadratic element (68)
can be written in the form

dŝ2 = ĝαβ(x
k, y3; g̊α;ψ, η4; 2�, 2ϒ̂)duαduβ

= eψ [(dx1)2 + (dx2)2]
− [∂3(η4 g̊4)]2
| ∫ dy3

2ϒ̂∂3(η4 g̊4)| η4g̊4

×{dy3 + ∂i [
∫

dy3
2ϒ̂ ∂3(η4g̊4)]

2ϒ̂∂3(η4g̊4)
dxi }2

+η4g̊4{dt + [ 1nk + 2nk

∫
dy3

× [∂3(η4g̊4)]2
| ∫ dy3

2ϒ̂∂3(η4g̊4)| (η4g̊4)5/2
]dxk}2. (73)

For �2 = −4 2�h4, we can transform (67 ) in a variant of
(73) with η-polarizations determined by the generating data
(h4; 2�, 2ϒ̂).

3.2.6 Generating solutions with small parametric
off-diagonal decompositions

Considering κ-linear functions for η-polarizations in (73),
we can define small nonholonomic deformations of a prime
d-metric g̊ into so-called κ-parametric solutions with ζ - and
χ -coefficients,

ψ � ψ(xk) � ψ0(x
k)(1+ κ ψχ(xk)), for

η2 � η2(x
k1 ) � ζ2(x

k)(1+ κχ2(x
k)), we can consider η2 = η1;

η4 � η4(x
k , y3) � ζ4(x

k , y3)(1+ κχ4(x
k , y3)), (74)

where ψ and η2 = η1 are such way chosen to be related
to the solutions of the 2-d Poisson equation ∂2

11ψ + ∂2
22ψ =

2 1ϒ̂(xk), see (47 ). For other type signatures of d-metrics,
it can be a 2-d wave equation with respective source.

Using (74), we can compute κ-parametric deformations
to quasi-stationary d-metrics with χ -generating functions:

d ŝ2 = ĝαβ(x
k , y3;ψ, g4;2 ϒ̂)duαduβ = eψ0 (1+ κ ψχ)[(dx1)2 + (dx2)2] −

{
4[∂3(|ζ4 g̊4|1/2)]2

g̊3|
∫

dy3{ 2ϒ̂∂3(ζ4 g̊4)}| − κ[ ∂3(χ4|ζ4 g̊4|1/2)

4∂3(|ζ4 g̊4|1/2)

−
∫

dy3{ 2ϒ̂∂3[(ζ4 g̊4)χ4]}∫
dy3{ 2ϒ̂∂3(ζ4 g̊4)} ]

}
g̊3{dy3 +

[
∂i
∫

dy3
2ϒ̂ ∂3ζ4

(N̊ 3
i ) 2ϒ̂∂3ζ4

+ κ(
∂i [
∫

dy3
2ϒ̂ ∂3(ζ4χ4)]

∂i [
∫

dy3
2ϒ̂∂3ζ4] − ∂3(ζ4χ4)

∂3ζ4
)

]
N̊ 3

i dxi }2

+ζ4(1+ κ χ4) g̊4{dt +
[
(N̊ 4

k )
−1
[

1nk + 16 2nk

[ ∫
dy3

(
∂3

[
(ζ4 g̊4)

−1/4
])2

| ∫ dy3∂3

[
2ϒ̂(ζ4 g̊4)

]
|

]

+κ
16 2nk

∫
dy3

(
∂3[(ζ4 g̊4)

−1/4])2
| ∫ dy3∂3[ 2ϒ̂(ζ4 g̊4)]| (

∂3[(ζ4 g̊4)
−1/4χ4)]

2∂3[(ζ4 g̊4)−1/4] +
∫

dy3∂3[ 2ϒ̂(ζ4χ4 g̊4)]∫
dy3∂3[ 2ϒ̂(ζ4 g̊4)] )

1nk + 16 2nk [
∫

dy3 (∂3[(ζ4 g̊4)−1/4])2

| ∫ dy3∂3[ 2ϒ̂(ζ4 g̊4)]| ]
]N̊ 4

k dxk}2. (75)

Such off-diagonal parametric solutions allow to define,
for instance, ellipsoidal deformations of BH metrics into BE
ones.

3.3 Space and time duality of generic off-diagonal solutions

We can repeat all computations presented for quasi-stationary
metrics (32) with nontrivial partial derivatives ∂3 presented
above in this section for locally anisotropic cosmological
solutions (33) with nontrivial partial derivatives ∂4 = ∂t .
In abstract symbolic form, we can formulate a principle
of space and time duality of such different generic off-
diagonal configurations:

y3 ←→ y4 = t, h3(x
k, y3)←→ h4(x

k, t),

h4(x
k, y3)←→ h3(x

k, t),

N 3
i = wi (x

k, y3)←→ N 4
i = ni (x

k, t),

N 4
i = ni (x

k, y3)←→ N 3
i = wi (x

k, t).

Such duality conditions are considered also for prime d-
metrics and respective generating functions/sources and
gravitational polarization functions, when
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ϒ3
3 = ϒ4

4 = vϒ(xk, y3) = 2ϒ̂ ←→ ϒ4
4 = ϒ3

3 = vϒ(xk, t) = 2ϒ̂, see (44);
(�, 2ϒ̂)↔ (g, 2ϒ̂)↔

(ηα g̊α ∼ (ζα(1+ κχα)g̊α, 2ϒ̂)↔ ⇐⇒ (�, 2ϒ̂)↔ (g, 2ϒ̂)↔
(η

α
g̊
α
∼ (ζ

α
(1+ κχ

α
)g̊

α
, 2ϒ̂)↔

(�, 2�)↔ (g, 2�)↔
(ηα g̊α ∼ (ζα(1+ κχα)g̊α, 2�),

⇐⇒ (�, 2�)↔ (g, 2�)↔
(η

α
g̊
α
∼ (ζ

α
(1+ κχ

α
)g̊

α
, 2�),

and

�∗h∗4 = 2h3h4 2ϒ̂�, ←→ √|h3h4|� = h
3,√|h3h4|� = h∗4, ←→ �
h
3 = 2h3h4 2ϒ̂�,

�∗wi−∂i�= 0, ←→ n

i +
(

ln |h3|3/2

|h4|
)


n
i =0,

n∗∗i +
(

ln |h4|3/2

|h3|
)∗

n∗i = 0 ←→ �
wi − ∂i� = 0,

see (51)−(54). (76)

For locally anisotropic cosmological configurations, the
nonlinear symmetries (64) and (65) are written in respective
dual forms,

[�2]

2ϒ̂

= [�2]

2�

, which can be integrated as

�2 = 2�

∫
dt ( 2ϒ̂)−1[�2]
 and/or

�2 = ( 2�)−1
∫

dt ( 2ϒ̂)[�2]
.
As a result, there are similar duality properties of solu-
tions determined by quasi-stationary d-metrics (62), (67),
(68), (73) and (75) and their locally anisotropic cosmologi-
cal analogs. For instance, the d-metric (62) transforms into

ds2 = eψ(xk )[(dx1)2 + (dx2)2]

+
{

g[0]3 −
∫

dt
[�2]

4( 2ϒ̂)

}
{dy3

+
[

1nk + 2nk

∫
dt

[(�)2]

4( 2ϒ̂)2|g[0]3 − ∫ dt[�2]
/4( 2ϒ̂)|5/2

]
dxk }

+ [�
]2
4( 2ϒ̂)2{g[0]3 − ∫ dt[�2]
/4( 2ϒ̂)}

(
dt + ∂i�

�
 dxi
)2

. (77)

Other d-metrics can be also derived in abstract dual form
changing corresponding indices 3 into 4, 4 into 3, underlying
the respective generating functions/effective sources/gravita-
tional polarizations for dependencies on (xi , t) and changing
v-partial derivatives, ∗ → 
, i.e. ∂3 → ∂4.

3.4 A toy 2+2 model with effective momentum variables

The geometric method for decoupling and integrating grav-
itational field equations can be re-defined for 4-d nonholo-
nomic “phase” space �V gravitational equations with con-
ventional 2+2 splitting. Such constructions are considered in
so-called Hamilton–Finsler–Cartan geometry [7–10,29,30]
when nonholonomic co-fibered structures on �V, dim �V =

4, and such a pseudo-Riemanian manifold is enabled with a
metric �g with signature (+−+−) and the geometric objects
are adapted to certain “dual” fibration structures. A simi-
lar geometric formulation is possible for cotangent bundles
T ∗V (2) = hT ∗V (2)⊕v T ∗V (2), dim V (2) = 2, and the met-
rics on V (2) are of signature (+−). In relativistic forms, such
constructions and respective classes of off-diagonal solutions
are performed on T ∗V, with dim T ∗V = 8. In this paper, we
outline only the main ideas and methods for 4-d total phase
spaces when the nonholonomic geometry with conventional
2+2 splitting is similar and dual as for T V (2) and T ∗V (2).

Let us explain the notations for this subsection, when the left
abstract label “ �” states that additionally to (9) it is considered
a dual nonholonomic distribution

�N : T ∗V = hV ⊕ cV, (78)

where cV is stated as a conventional 2-d subspace which
is dual to vV . Locally, we can consider on cV certain sys-
tems of coordinates pb(xi , ya). For the models of Lagrange–
Hamilton mechanics on T V and, respectively, T ∗V, we
can consider ya = va and pb as certain velocity and
momentum like variables related via Legendre transforms
etc. But for the purposes of this work, it is enough to see
� p = p = (p3, p4 = E) as a part of �u = (x, p) = {xi , pa}
defined as local coordinates on �V .

In local dual coordinate form, a N-connection (78) can
be written as �N = �Nia(x, p)dxi ⊗ ∂/∂pa, when the
N-elongated (equivalently, N-adapted) local bases (partial
derivatives), �eν, and co-bases (differentials), �eμ, (com-
pare, respectively, to (10) and (11)) are defined

�eν = ( �ei ,
�ea) = ( �ei = ∂/∂xi − �Nib(

�u)∂/∂pb,

�ea = �∂a = ∂/∂pa), and (79)
�eμ = (ei , �ea) = (ei = dxi ,

�ea = dpa + �Nia(
�u)dxi ), (80)

Any phase space metric �g on �V can be represented equiv-
alently as a d-metric �g = (h �g, c �g), when

�g = �gi j (x, p) ei ⊗ e j + �gab(x, p) �ea ⊗ �eb,

= �g
αβ

( �u)d �uα ⊗ d �uβ, (81)

where h �g = { �gi j } and c �g = { �gab}.
In abstract geometric form, we can define on �V a d-

connection structure �D = (h � D, c � D) is a linear connec-
tion preserving under parallelism the N-connection splitting
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(78),

�D = { ��
γ
αβ = ( �Li

jk,
� Ĺ b

a k; �Ći c
j , �C bc

a )}, where

h � D = ( �Li
jk,

� Ĺ b
a k) and v � D = ( �Ći c

j , �C bc
a ). (82)

So, the c-indices in such N-adapted formulas are inverse to
v-indices in N-adapted formulas for V .Using d-operator �D,

we can define respective fundamental geometric d-objects as
we considered on V, but with abstract symbolic definitions
on �V :
�T ( �X, �Y) := �D �X

�Y − �D �Y
�X − [ �X, �Y ],

torsion d-tensor, d-torsion;
�R( �X, �Y) := �D �X

�D �Y − �D �Y
�D �X − �D[ �X, �Y ],

curvature d-tensor, d-curvature;
�Q( �X) := �D �X

�g,

nonmetricity d-fields, d-nonmetricity,

where d-vectors �X and �Y, and their duals as 1-forms, can
be decomposed respectively to N-linear frames (79) and (80).

Using geometric objects and formulas (78)–(82), we can
re-define all geometric constructions and formulas for non-
holonomic manifolds V and tangent bundles T V on �V
and T �V. In general abstract and N-adapted form, corre-
sponding geometric, gravity and geometric flow models for
(non) associative/commutative phase spaces are studies in
[7–10,29,30], where various applications in MGTs and geo-
metric and quantum information flow theories are elaborated.

The nonholonomic Einstein equations on 4-d phase spaces
can be defined and proven using sympolic re-definitions of
variables and geometric d-objects in (24) and (25),

� R̂
α
β = �ϒ̂

α

β, (83)
�T̂

γ
αβ = 0, (84)

with effective generating sources �ϒ̂
α

β = [ �

1ϒδi
j ,

�

2ϒδa
b].

The equations (83) and (84) can be solved by generic iff-
diagonal ansatz with a Killing vector. For instance, the phase
space analog of a quasi-stationary d-metric of type (14) is
parameterized

� ĝ = gi (x
k)dxi ⊗ dxi + �h3(xk, p3)

�e3 ⊗ �e3

+ �h4(xk, p3)
�e4 ⊗ �e4,

�e3 = dp3 + �wi (x
k, p3)dxi , �

e4 = d E + �ni (x
k, p3)dxi , (85)

with Killing symmetry on the time like coordinate �∂4 =
∂E . For such ansatz, the N-connection coefficients � N̂ 3

i =
�wi (xk, p3) and � N̂ 4

i = �ni (xk, p3) and N-adapted coeffi-
cients of d-metric � ĝαβ = [̂gi j (xκ), �ĝab(xκ , p3)] are func-
tions of necessary smooth class.

The phase space analog of locally anisotropic cosmolog-
ical d-metrics (33) is stated by formulas,

�g = gi (x
k)dxi ⊗ dxi + �h3(xk, E) �e3 ⊗ �e3

+ �h4(xk, E) �e4 ⊗ �e4,

�e3 = dp3 + �ni (x
k, E)dxi , �

e4 = d E + �wi (x
k, E)dxi , (86)

with Killing symmetry on the time like coordinate �∂3.
For such a d-metric, the N-connection coefficients �N i3 =
�ni (x

k, E) and �N i4 = �wi (x
k, E) and the N-adapted coeffi-

cients of d-metrics are of type �g
αβ
= [gi j (xκ), �gab(xκ , E)].

In this subsection, we consider toy 2+2 phase space model
with momentum like variables in order to show how the
AFCDM can be extended on such spaces when in abstract
geometric form we can generate exact and parametric solu-
tions. For instance, the quasi-stationary solution (62) for a
nonholonomic phase space can be represented in a form (85),

d �s2 = eψ(xk )[(dx1)2 + (dx2)2]
+ [ �∂3 ��]2

4( �

2ϒ̂)2{ �g4[0] −
∫

dp3
�∂3[�2]/4( 2ϒ̂)}

×
(

dy3 + ∂i
��

�∂3 ��
dxi
)2

+{ �g4[0] −
∫

dp3

�∂3[ ��2]
4( �

2ϒ̂)
}{d E + [ 1nk + 2nk

×
∫

dp3

�∂3[( ��)2]
4( �

2ϒ̂)2| �g4[0] −
∫

dp3
�∂3[ ��2]/4( �

2ϒ̂)|5/2
]dxk}2.

(87)

Such a d-metric is a phase space quasi-stationary one if we
perform an pseudo-Euclidean rotation from 4-metrics of sig-
nature (+-+-) to (+++-).

For toy 2+2 phase space models, we can generate so-called
“rainbow” d-metrics, see reviews in which are of type (86)
and can be also of cosmological type if we fix, for instance,
x2 = t. In abstract symbolic form, we can formulate a prin-
ciple of phase space, time, momentum and energy duality
of such different generic off-diagonal configurations:

p3 ←→ p4 = E, �h3(xk, p3)←→ �h4(xk, E),

�h4(xk, p3) ←→ �h3(xk, E),

�Ni3 = �wi (x
k, p3)←→ �Ni4 = �ni (x

k, E),

�Ni4 = �ni (x
k, p3)←→ �Ni3 = �wi (x

k, E).

We can also formulate duality conditions for phase prime
d-metrics and respective generating functions/sources and
gravitational polarization functions, when

123



 1046 Page 28 of 94 Eur. Phys. J. C          (2025) 85:1046 

�ϒ3
3 = �ϒ4

4 = c
�
ϒ(xk, p3) = �

2ϒ̂ ←→ �ϒ4
4 = �ϒ3

3 = c
�
ϒ(xk, E) = �

2ϒ̂, see (44);
( ��,

�

2ϒ̂)↔ ( �g, �

2ϒ̂)↔
( �ηα

�g̊α ∼ ( �ζα(1+ �κ �χα)g̊α,
�

2ϒ̂)↔ ⇐⇒ ( ��,
�

2ϒ̂)↔ ( �g, �

2ϒ̂)↔
( �η

α
�g̊

α
∼ ( �ζ

α
(1+ �κχ

α
) �g̊

α
,

�

2ϒ̂)↔
( ��,

�

2�)↔ (g, �

2�)↔
( �ηα

�g̊α ∼ ( �ζα(1+ �κ �χα)
�g̊α,

�

2�),
⇐⇒ (�,

�

2�)↔ (g, �

2�)↔
( �η

α
�g̊

α
∼ ( �ζ

α
(1+ �κ �χ

α
) �g̊

α
,

�

2�).

For locally anisotropic E-depending phase configurations,
the nonlinear symmetries (64) and (65) are written in respec-
tive dual forms,
�∂4[ ��2]

�

2ϒ̂
=

�∂4[ ��2]
�

2�
, which can be integrated as

��2 = 2�

∫
d E(

�

2ϒ̂)−1 �∂4[ ��2] and/or

��2 = (
�

2�)−1
∫

d E(
�

2ϒ̂) �∂4[ ��2]. (88)

In a similar form, we can derive respective phase space for-
mulas with labels “ �” for solutions determined by quasi-
stationary d-metrics (62), (67), (68), (73) and (75) and their
locally anisotropic cosmological analogs. For instance, the
phase space analog of the locally anisotropic d-metric (77)
transforms into

d �s2 = eψ(xk )[(dx1)2 + (dx2)2]

+
{

�g3[0] −
∫

d E
�∂4[ ��2]
4( �

2ϒ̂)

}
{dp3 +

[
1nk + 2nk

×
∫

d E
�∂4[( ��)2]

4( �

2ϒ̂)2|g3[0] −
∫

d E �∂4[ ��2]/4( �

2ϒ̂)|5/2
]dxk }

+
[ �∂4 ��

]2

4( �

2ϒ̂)2{ �g3[0] −
∫

d E �∂4[ ��2]/4( �

2ϒ̂)}

×
(

d E + ∂i
��

�∂4 ��
dxi

)2

. (89)

Other classes of phase space d-metrics with different types of
generating functions, generating sources and effective cos-
mological constants can be also derived in abstract dual form
changing corresponding indices 3 into 4, 4 into 3, under-
lying the respective generating functions/effective sources
/gravitational polarizations for dependencies on (xi , E) and
changing v-partial derivatives �∂3 → �∂4.

3.5 Extracting LC-configurations

The generic off-diagonal solutions constructed in previous
subsections are constructed for a canonical d-connection D̂
or corresponding phase space variants � D̂. In general, such
solutions are characterized by nonholonomically induced d-
torsion coefficients T̂

γ
αβ (27) completely defined by the N-

connection and d-metric structures. We can extract zero

torsion LC-configurations if we impose additionally the con-
ditions (38). By straightforward computations for quasi-
stationary configurations, we can verify that all d-torsion
coefficients vanish if the coefficients of N-adapted frames
and v-components of d-metrics are subjected to respective
conditions,

w∗i = ei ln
√| h3|, ei ln

√| h4| = 0,

∂iw j = ∂ jwi and n∗i = 0;
nk(x

i ) = 0 and ∂i n j (x
k) = ∂ j ni (x

k). (90)

The solutions for necessary type of w- and n-functions
depend on the class of vacuum or non-vacuum metrics which
we attempt to construct. Such classes of generating functions
and generating sources and N-connection coefficients can be
constructed following such steps of finding solutions (90):

Prescribing a generating function � = �̌(xi1 , y3), for
which [∂i ( 2�̌)]∗ = ∂i ( 2�̌)∗,we solve the equations for w j

from (90 ) in explicit form if 2ϒ̂ = const, or if such an effec-
tive source can be expressed as a functional 2ϒ̂(xi , y3) =
2ϒ̂[ 2�̌]. Then, the third conditions ∂iw j = ∂ jwi , are solved
by any generating function Ǎ = Ǎ(xk, y3) for which

wi = w̌i = ∂i �̌/(�̌)∗ = ∂i Ǎ.

The equations for n-functions in (90) are solved for any ni =
∂i [ 2n(xk)].

Putting together above formulas for respective classes of
generating functions in , we construct a nonlinear quadratic
element for quasi-stationary solutions with zero canonical
d-torsions, (62),

dš2 = ǧαβ(x
k, y3)duαduβ

= eψ(xk )[(dx1)2 + (dx2)2]
+ [�̌∗]2

4( 2ϒ̂[�̌])2{h[0]4 − ∫ dy3[�̌]∗/4 2ϒ̂[�̌]}
{dy3 + [∂i ( Ǎ)]dxi }2

+
{

h[0]4 −
∫

dy3 [�̌2]∗
4( 2ϒ̂[�̌])

}
{dt+∂i [ 2n(xk)]dxi }2.

(91)

In a similar form, we can extract LC-configurations for all
classes of quasi-stationary, locally anisotropic cosmologic
and toy phase space solutions considered in this section. This
is always possible for generically off-diagonal metrics with
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nontrivial canonical d-torsion if we impose respective condi-
tions for generating data of type (�̌(xi1 , y3), 2ϒ̂[ 2�̌], Ǎ).

4 Examples of off-diagonal quasi-stationary or
cosmological solutions

We show how choosing respective classes of generating and
integration functions we can construct certain physically
important examples of quasi-stationary generic off-diagonal
solutions. They describe BHs, nonholonomic cylindrical sys-
tems, WHs, BT and BE configurations in MGTs modelled
on 4-d Lorentz manifolds by effective sources determined by
nonholonomic distortions of d-connections and off-diagonal
deformations of metrics. In some dual on-the-time coordi-
nates forms, the AFCDM allows us to construct off-diagonal
cosmological solutions describing nonholonomic cosmolog-
ical solitonic evolution scenarios and spheroid deformations
involving 2-d vertices. Constraining the generating and inte-
gration functions to some subclasses of coefficients result-
ing in zero nonholonomic torsions, such generic off-diagonal
solutions can be generated in the framework of GR theory.

4.1 New Kerr de Sitter solutions and nonholonomic
deformations to spheroidal configurations

Nonholonomic off-diagonal deformations of the Kerr and
Schwarzschild – (a) de Sitter, K(a)dS, and other types BH
metrics determined by (effective) (non) associative/commuta-
tive sources in string theory, MGTs and geometric informa-
tion flow were studied in a series of works [7,9,10,14,16,21–
23,25,28,30,65]. For spherical rotating configurations of
KdS, such metrics can be described by various families of
rotating diagonal metrics involving, or not warping effects
of curvature, see details in [66]. In this subsection, we anal-
yse how rotating BHs can be nonholonomically deformed to
parametric quasi-stationary d-metrics of type (75). There are
also computed in explicit form spheroidal rotoid deforma-
tions.

4.1.1 Prime d-metrics as off-diagonal new KdS solutions

We consider a prime quadratic line element of type (69)
for spherical coordinates parameterized in the form x1 =
r, x2 = ϕ, y3 = θ, y4 = t, when

ds̆2 = ğα(r, ϕ, θ)(ĕ
α)2, (92)

with such nontrivial coefficients of the d-metric and N-
connection:

ğ1 = ρ̆2

��

, ğ2 = sin2 θ

ρ̆2

[
�� − (r2 + a2 −��)2

a2 sin2 θ −��

]
,

ğ3 = ρ̆2, ğ4 = a2 sin2 θ −��

ρ̆2 , and

N̆ 4
2 = n̆2 = −a sin θ

r2 + a2 −��

a2 sin2 θ −��

.

If the functions and parameters are chosen in the form

�� = (r2 + a2)2 −��a2 sin2 θ,

�� = r2 − 2Mr + a2 − �0

3
r4,

ρ̆2 = r2 + a2 cos2 θ, for constants a = J/M = const,

where J is the angular momentum and M is the total mass
of the system, and the cosmological constant �0 > 0, the
d-metric (92) define a new KdS solution reported in [66]
(see also relevant details and references in that work). We
note that in this paper we use a different system of notations
stated for another signature of the metrics. It is different from
the standard KdS metrics, called also �-vacuum solutions,
because the scalar curvature

R(r, θ) = 4�̃(r, θ) = 4�0
r2

ρ̆2 �= 4�0.

Such a new KdS solution posses a warped effect when the cur-
vature is warped every were excepting the equatorial plane.
The effective polarization of the cosmological constant also
shows a rotational effect on the vacuum energy. Mentioned
effect disappear for r � a. A d-metric (92) can be con-
sidered as a rotating version of the Schwarzschild de Sitter
metric and represents a new solution describing the exterior
of a BH with cosmological constant. It contains certain bonds
for M(a,�0) for existence of a BH solution. In explicit form,
the respective upper, Mmax := M+ and lower, Mmin := M,

bounds, when

18�0 M2± = 1+ 12�0a2 ± (1− 4�0a2)3/2. (93)

Such a d-metric defines a LC-configuration for the standard
Einstein equations (1) with fluid type energy momentum ten-
sor (4), when

T̆αβ(r, θ) = diag[pr , pϕ = pθ , pθ = ρ − 2�0r2/ρ̊2,

ρ = −pr = �̃2/�0]. (94)

So, we have two possibilities to interpret that such primary
d-metrics: the first one is to consider that they are defined as
solutions of some vacuum locally anisotropic polarizations
on (r, θ) of the cosmological constant, �0 → �̃(r, θ), or to
consider that they consist a result of some locally anisotropic
tensors of type T̆αβ(r, θ), or more general (effective) sources.

4.1.2 Nonholonomic quasi-stationary gravitational
polarizations of KdS configurations

The goal of this subsection is to study more general off-
diagonal deformations of the standard Kerr solution when
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there are involved vacuum polarizations both of effective
cosmological constants and d-metric coefficients depend-
ing on all space coordinates (r, ϕ, θ) not only on (r, θ) as
we considered for above prime d-metrics. Such new classes
of quasi-stationary nonholonomic spacetimes posses nonlin-
ear symmetries of type (64) and (65), defined by respective
classes of nonholonomic quasi-stationary deformations and
constraints. This class of target solutions of type (32), when
ĝ(r, ϕ, θ) is defined equivalently by respective generating
sources of type (44)

ϒ̆
α

β(r, ϕ, θ) = [ hϒδi
j ,

vϒδa
b] = [ hϒ = − 1ϒ̆(r, ϕ),

vϒ = − 2ϒ̆(r, ϕ, θ)].
Let us first consider solutions with η-polarization functions
for d-metrics in the form (73) when

dŝ2 = ĝαβ(x
k, y3; ğα;ψ, η4;

2� = �̃, 2ϒ̆)duαduβ

= eψ(r,ϕ)[(dx1(r, ϕ))2 + (dx2(r, ϕ))2]
− [∂θ (η4 ğ4)]2
| ∫ dθ 2ϒ̆∂θ (η4 ğ4)| η4ğ4

×{dy3 + ∂i [
∫

dθ 2ϒ̆ ∂3(η4ğ4)]
2ϒ̆∂θ (η4ğ4)

dxi }2

+η4ğ4{dt + [ 1nk(r, ϕ)+ 2nk(r, ϕ)
∫

dθ

× [∂θ (η4ğ4)]2
| ∫ dθ 2ϒ̆∂3(η4ğ4)| (η4ğ4)5/2

]dxk}2 (95)

is determined by a generating function η4 = η4(r, ϕ, θ) and
respective integration functions like 1nk(r, ϕ) and 2nk(r, ϕ).
The locally anisotropic vacuum effects in such a d-metric
with anisotropic vertical coordinate θ is very complex and it
is difficult to state conditions when it defines, for instance,
BH configurations. Nevertheless, a quasi-stationary d-metric
(95) can be characterized by nonlinear symmetries of type
(71),

∂θ [�2] = −
∫

dθ 2ϒ̆∂θh4 � −
∫

dθ 2ϒ̆∂θ (η4 ğ4)

� −
∫

dθ 2ϒ̆∂θ [ζ4(1+ κ χ4) ğ4],

� = | �̃|−1/2

√
|
∫

dθ 2ϒ̆ (�2)∗|,�2

= −4 �̃h4 � −4 2�η4ğ4

� −4 �̃ ζ4(1+ κχ4) ğ4. (96)

We note that in a series of our former works [9,14,21–
23,25,28,30] we constructed and studied physical properties
of d-metrics when K(a)dS and other type BH solutions are
nonholonomically deformed for y3 = ϕ, when respective
effective sources 2ϒ̂ are generated by certain extra dimen-
sion (super) string contributions, nonassociative and/or non-
commutative terms, generalized Finsler and modified disper-
sion deformations, or other type MGTs. There were stated
explicit conditions when off-diagonal ϕ-deformations may
result in black ellipsoid, BE, configurations which can be
quasi-stationary and for solutions which are different from
the Kerr–Newmann-(a)dS configurations. It was proven that
such locally anisotropic configurations can be stable, or
stabilized by imposing corresponding nonholonomic con-
straints. In a similar form, we can construct gravitational η-
polarizations when y3 = θ, which results in different classes
of solutions constructed for other types of effective sources
and, related via nonlinear symmetries, polarized or fixed val-
ues of some prescribed cosmological constants.

4.1.3 Off-diagonal quasi-stationary small parametric
deformations of new KdS d-metrics

We can search for more clear physical interpretation of
nonholonomic deformations of the class of prime metrics
(95) and any class of similar BH ones if we consider small
parametric decompositions with κ -linear terms as we con-
sidered in (74). To avoid possible singular off-diagonal
frame/coordinate deformations we consider a new system
of coordinates when there are nontrivial terms N̆ a

i both for
a = 3, with some N̆ 3

i = w̆i (r, ϕ, θ), which can be zero in
certain rotation frames, and, for a = 4, N̆ 4

i = n̆i (r, ϕ, θ)
which may be with a nontrivial n̆2 = −a sin θ(r2 + a2 −
��)/(a2 sin2 θ−��) as we considered above. Applying the
AFCDM, we construct a d-metric of type (75) determined by
χ -generating functions:
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d ŝ2 = ĝαβ(r, ϕ, θ;ψ, g4; 2ϒ̆)duαduβ = eψ0(1+ κ ψχ)[(dx1(r, ϕ))2 + (dx2(r, ϕ))2] −
{

4[∂θ (|ζ4ğ4|1/2)]2
ğ3|
∫

dθ [ 2ϒ̆∂3(ζ4ğ4)]|

−κ

[
∂θ (χ4|ζ4ğ4|1/2)

4∂θ (|ζ4ğ4|1/2)
−
∫

dθ{ 2ϒ̆∂θ [(ζ4ğ4)χ4]}∫
dθ [ 2ϒ̆∂θ (ζ4ğ4)]

]}
ğ3

{
dθ + [∂i

∫
dθ 2ϒ̆ ∂θ ζ4

(N̆ 3
i ) 2ϒ̆∂θ ζ4

+ κ(
∂i [
∫

dθ 2ϒ̆ ∂θ (ζ4χ4)]
∂i [
∫

dθ 2ϒ̆∂θ ζ4]

−∂θ (ζ4χ4)

∂θ ζ4
)]N̆ 3

i dxi
}2

+ ζ4(1+ κ χ4) ğ4{dt + [(N̆ 4
k )
−1[ 1nk + 16 2nk

[ ∫
dθ

(
∂θ [(ζ4ğ4)

−1/4])2
| ∫ dθ∂θ [ 2ϒ̆(ζ4ğ4)]|

]

+κ

16 2nk
∫

dθ
(
∂θ [(ζ4 ğ4)

−1/4])2
| ∫ dθ∂θ [ 2ϒ̆(ζ4 ğ4)]| (

∂θ [(ζ4 ğ4)
−1/4χ4)]

2∂θ [(ζ4 ğ4)−1/4] +
∫

dθ∂θ [ 2ϒ̆(ζ4χ4 ğ4)]∫
dθ∂θ [ 2ϒ̆(ζ4 ğ4)] )

1nk + 16 2nk

[ ∫
dθ (∂θ [(ζ4 ğ4)−1/4])2

| ∫ dθ∂θ [ 2ϒ̆(ζ4 ğ4)]| ]

]
N̆ 4

k dxk}2. (97)

We note that polarization functions ζ4(r, ϕ, θ) andχ4(r, ϕ, θ)
in this d-metric can be prescribed to be a necessary smooth
class form, when χ4 is a generating function. The h-
coordinates and generating h-function can be chosen in such
a way that there are not introduced additional singularities.
The d-metric (97) describes small κ-parametric deformations
of the of new KdS d-metric (95) when the coefficients get
additional anisotropy on ϕ-coordinate.

Solutions of type (97) can be generated with additional
ellipsoidal deformations on θ if we chose

χ4(r, ϕ, θ) = χ(r, ϕ) sin(ω0θ + θ0), (98)

where χ(r, ϕ) is a smooth function and ω0 and θ0 are some
constants. Really, for such generating polarizacion functions
and ζ4(r, ϕ, θ) �= 0, we obtain that

(1+ κ χ4) ğ4 � a2 sin2 θ −�� + κ χ4 = 0

For small a and �0
3 , we can approximate

r = 2M/(1+ κ χ4),

which is the parametric equation defining a rotoid configura-
tion with κ being the eccentricity parameter and generating
function (98).

In general, we can consider polarization functions when
KdS BH are embedded into a nontrivial nonholonomic quasi-
stationary background. The nonholonomic conditions can
be imposed such way that the BH configuration is pre-
served as conventional h- and-distributions. For small ellip-
soidal deformations of type (98), we model black ellipsoid,
BE, objects. They can be stable [21–23] for certain classes
of nonholonomic constraints. Imposing respective classes
of generating and integration functions of type (90), we
extract LC-configurations, when the scalar curvature is of
type R(r, ϕ, θ) � �(r, ϕ, θ), which is determined by non-
linear symmetries (96). This modifies on κ the boundary
conditions (93) for the effective mass M and cosmological
constant �0, when such values are with local anisotropic
polarization because of vacuum gravitational background.

The phenomenon of warped curvature described in [66] can
be preserved for some subclasses of nonholonomic defor-
mations but the gravitational vacuum became more complex
and effective matter tensor (94) became of type Yαβ(r, θ, ϕ).

4.2 Nonholonomic deformations of cylindrical systems in
GR

The AFCDM can be applied for constructing exact/parametric
solutions of (modified) Einstein equations describing off-
diagonal deformations of cylindrical configurations. In this
subsection, we study such an example when the solutions
involve a nontrivial cosmological constant � > 0 and/or
certain generating sources for (effective) matter.

4.2.1 Prime d-metrics for cylindrical systems

As a prime metric ansatz, we consider the cylindrical metric
used for generating Linet–Tian (LT) families of solutions
[67–69], for review of results see [70],

ds̊2 = dr2 + [Q1(r)]2(8σ 2−4σ−1)/3ς [Q2(r)]2/3dz2

+ [Q2(r)]2/3

(c0)2[Q1(r)]4(8σ 2−4σ−1)/3ς
dϕ2

− [Q2(r)]2/3

(c0)2[Q1(r)]2(8σ 2−4σ−1)/3ς
dt2. (99)

In this diagonal metric, there are considered cylindrical coor-
dinates uα = (r, z, ϕ, t), when ς = 4σ 2 − 2σ + 1 = const,
for 0 < σ < 1/2; c0 is an integration constant, which
can be fixed to be positive, and the functions Q1(r) =

2√
3�

tan(
√

3�
2 r) and Q2(r) = 1√

3�
sin(

√
3�r) are defined

in such form that this metric define a solution of (1) with
T m = 0.

To avoid off-diagonal deformations with coordinate and
frame coefficient singularities, we can consider frame trans-
forms to a parametrization with trivial N-connection coeffi-
cients N̊ a

i = N̊ a
i (u

α(r, z, ϕ, t)) and g̊β(u j (r, z, ϕ), u3(r, z, ϕ)).
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For instance, introducing new coordinates u1 = x1 =
r, u2 = z, and u3 = y3 = ϕ + 3 B(r, z), u4 = y4 =
t + 4 B(r, z), when

e̊3 = dϕ = du3 + N̊ 3
i (r, z)dxi

= du3 + N̊ 3
1 (r, z)dr + N̊ 3

2 (r, z)dz,

e̊4 = dt = du4 + N̊ 4
i (r, z)dxi

= du4 + N̊ 4
1 (r, z)dr + N̊ 4

2 (r, z)dz,

for N̊ 3
i = −∂ 3 B/∂xi and N̊ 4

i = −∂ 4 B/∂xi . We transform
(99) into

ds̊2 = ğα(r)[e̊α(r, z)]2
= dr2 + [Q1(r)]2(8σ 2−4σ−1)/3ς [Q2(r)]2/3dz2

+ [Q2(r)]2/3

(c0)2[Q1(r)]4(8σ 2−4σ−1)/3ς
(dy3 + N̊ 3

i dxi )2

− [Q2(r)]2/3

(c0)2[Q1(r)]2(8σ 2−4σ−1)/3ς
(dy4 + N̊ 4

i dxi )2.

(100)

Such a prime d-metric can be used for generating new
classes of quasi-stationary solutions for corresponding types
of η-polarization and/or χ -polarization functions of type
(73) and/or ( 75). The explicit formulas for the target d-
metrics depend on the type of coordinate transforms there
are considered. We may keep a system of coordinates when
u3(r, z, ϕ) � ϕ and generate such quasi-stationary solutions
with nontrivial derivatives on ∂3 = ∂ϕ when the coefficients
do not depend on y4 � t. To compute such target d-metrics,
we can consider 2ϒ̂(xi , y3) = �, or to study any nontriv-
ial (effective) matter field contributions encoded in a general

2ϒ̂(r, z, ϕ) = cyϒ. Such a generating source is stated in
cylindric coordinates but may involve other type symmetries
and contributions for various types of classical and quantum
deformations, string symmetries etc.

4.2.2 Nonholonomic quasi-stationary gravitational
polarizations of cylindrical configurations

Using η-polarization functions, we derived such target quasi-
stationary metrics encoding primary d-metrics’ data (100),

dŝ2 = ĝαβ(r, z, ϕ;ψ, η4; 2� = �, cyϒ,

g̊4 = cy g(r))duαduβ

= eψ(r,z)[(dx1(r, z))2 + (dx2(r, z))2]
− [∂ϕ(η4

cy g4)]2
| ∫ dϕ cyϒ∂ϕ(η4 ğ4)| η4

cy g

×
{

dy3 + ∂i [
∫

dϕ cyϒ ∂ϕ(η4
cy g)]

cyϒ∂ϕ(η4
cy g)

dxi
}2

+ η4ğ4

×
{

dt + [ 1nk(r, z)+ 2nk(r, z)
∫

dϕ

× [∂ϕ(η4
cy g)]2

| ∫ dϕ cyϒ∂ϕ(η4
cy g)| (η4

cy g)5/2
]dxk

}
(101)

In these formulas g̊4 = cy g(r) = −[Q2(r)]2/3/(c0)
2

[Q1(r)]2(8σ 2−4σ−1)/3ς , when the families of solutions are
determined by respective generating functionη4 = η4(r, z, ϕ)
and integration functions 1nk(r, z) and 2nk(r, z). The func-
tion ψ(r, z) is a solution of 2-d Poisson equation ∂2

11ψ +
∂2

22ψ = 2 1ϒ̂(r, z), when

eψ(r,z)[(dx1(r, z))2 + (dx2(r, z))2] = η1(r, z)dr2

+η2(r, z)[Q1(r)]2(8σ 2−4σ−1)/3ς [Q2(r)]2/3dz2.

The locally anisotropic vacuum effects described by a d-
metric (101) with anisotropic vertical coordinate ϕ are very
complex and it is difficult to state in general form explicit con-
ditions when it defines, for instance, BH configurations, or
result some generalized wormholes (to be studied in next sub-
section) etc. Any such quasi-stationary off-diagonal solution
can be characterized by corresponding nonlinear symmetries
of type (71),

∂ϕ[�2(r, z, ϕ)] = −
∫

dϕ cyϒ∂ϕg4

� −
∫

dϕ cyϒ(r, z, ϕ)∂ϕ[η4(r, z, ϕ) cy g(r)]

� −
∫

dϕ cyϒ(r, z, ϕ)∂ϕ[ζ4(r, z, ϕ)

×(1+ κ χ4(r, z, ϕ)) cy g(r)],

�(r, z, ϕ) = | �|−1/2

√
|
∫

dϕ cyϒ(r, z, ϕ) ∂ϕ(�2)|,

×(�(r, z, ϕ))2 = −4 �g4(r, z, ϕ)

� −4 2�η4(r, z, ϕ) cy g(r)

� −4� ζ4(r, z, ϕ)(1+ κχ4(r, z, ϕ)) cy g(r).

We can consider that above class of nonholonomic deforma-
tions transform a cylindrical d-metric into a “spagetti” quasi-
stationary configuration (with different sections, curved and
waved, possible interruptions etc.) embedded into locally
anisotropic gravitational vacuum media. The geometry of
such objects is determined by prescribed generating func-
tions and sources and integration functions.

4.2.3 Small parametric off-diagonal quasi-stationary
deformations of cylindrical d-metrics

We can provide a more explicit physical interpretation for
small parametric quasi-stationary deformation of cylindrical
systems. In terms of χ -polarization functions, respective d-
metrics can be written in the form
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d ŝ2 = ĝαβ(r, z, ϕ;ψ, cyϒ)duαduβ = eψ0(r,z)[1+ κ ψ(r,z)χ(r, z)][(dx1(r, z))2 + (dx2(r, z))2]

−
{

4[∂ϕ(|ζ4
cy g|1/2)]2

ğ3|
∫

dϕ{ cyϒ∂ϕ(ζ4
cy g)}| − κ

[
∂ϕ(χ4|ζ4

cy g|1/2)

4∂ϕ(|ζ4
cy g|1/2)

−
∫

dϕ{ cyϒ∂ϕ[(ζ4
cy g)χ4

]
}

∫
dϕ{ cyϒ∂ϕ(ζ4

cy g)} ]} cy g3

{
dϕ

+
[
∂i
∫

dϕ cyϒ ∂ϕζ4

(N̊ 3
i )

cyϒ∂ϕζ4
+ κ

(
∂i [
∫

dϕ cyϒ ∂ϕ(ζ4χ4)]
∂i [
∫

dϕ cyϒ∂ϕζ4] − ∂ϕ(ζ4χ4)

∂ϕζ4

)]
N̊ 3

i dxi
}2

+ζ4(1+ κ χ4)
cy g{dt + [(N̊ 4

k )
−1[ 1nk + 16 2nk

[ ∫
dϕ

(
∂ϕ[(ζ4

cy g)−1/4])2
| ∫ dϕ∂ϕ[ cyϒ(ζ4

cy g)]|
]

+κ
16 2nk

∫
dϕ

(
∂ϕ [(ζ4

cy g)−1/4])2
| ∫ dϕ∂ϕ [ cyϒ(ζ4

cy g)]| (
∂ϕ [(ζ4

cy g)−1/4χ4)]
2∂ϕ [(ζ4

cy g)−1/4] +
∫

dϕ∂ϕ [ cyϒ(ζ4χ4
cy g)]∫

dϕ∂ϕ [ cyϒ(ζ4
cy g)] )

1nk + 16 2nk[
∫

dϕ (∂ϕ [(ζ4
cy g)−1/4])2

| ∫ dϕ∂ϕ [ cyϒ(ζ4
cy g)]| ]

]N̊ 4
k dxk}2. (102)

We note that the polarization functions ζ4(r, z, ϕ) and
χ4(r, z, ϕ) in this d-metric can be prescribed to be a necessary
smooth class form, whenχ4 is a generating function. The triv-
ial prime N-connection coefficients N̊ a

i are taken from (100),

when cy g3 = [Q2(r)]2/3/(c0)
2[Q1(r)]4(8σ 2−4σ−1)/3ς .

Quasi-stationary off-diagonal deformations of the metric
(99) defines �-vacuum cylindrical models imbedded self-
consistently in non-trivial off-diagonal gravitational vacuum.
If such solutions are prescribed with certain deformed hyper-
surface/horizon configurations, they are different from radial
cylindrical ones. We can generate, for instance, cylindrical
configurations with certain elliptic deformations constructed
as d-metrics of type (102) if we chose a generating function
of type

χ4(r, z, ϕ) = χ(r, z) sin(ω0ϕ + ϕ0)

as in (98) but on a different angular coordinate. LC-
configurations can be extracted by imposing additional non-
holonomic constraints of type (90). Respective nonlinear
symmetries (71) are defined in cylindrical coordinates and
allow to introduce effective nontrivial sources cyϒ(r, z, ϕ).
In equivalent form, such solutions are characterized by polar-
izations of the cosmological constant with curvature scalar
R(r, z, ϕ) � �(r, z, ϕ) which reflects a cylindrical type
polarization of gravitational vacuum, in general, with local
anisotropy and more degrees of freedom.

4.3 Locally anisotropic wormholes

Nonholonomic deformations of wormhole solutions to locally
anisotropic were studied in [71,72]. Let us revise those con-
structions and generate new classes of off-diagonal quasi-
stationary solutions derived for primary wormhole metrics.

4.3.1 Prime metrics as Morris–Thorne and generalized
Ellis–Bronnikov wormholes

The generic Morris–Thorne wormhole solution [73] is
defined by a quadratic line element

ds̊2 = (1− b(r)

r
)−1dr2 + r2dθ2 + r2 sin2 θdϕ2 − e2�(r)dt2,

where e2�(r) is a red-shift function and b(r) is the shape
function defined in spherically polar coordinates uα =
(r, θ, ϕ, t). The usual Ellis–Bronnikov, EB, wormholes are
defined for �(r) = 0 and b(r) = 0b2/r characterizing a
zero tidal wormhole with 0b the throat radius. We cite [74–
76] for details and a recent review of results and approaches.
A generalized EB is characterized additionally by even inte-
gers 2k (with k = 1, 2, . . .) when r(l) = (l2k+ 0b2k)1/2k is a
proper radial distance coordinate (tortoise) and the cylindri-
cal angular coordinate φ ∈ [0, 2π) is called parallel. In such
coordinates,−∞ < l <∞which is diferent from the cylin-
drical radial coordinate ρ, when 0 ≤ ρ <∞. This allows us
to define a prime metric

ds̊2 = dl2 + r2(l)dθ2 + r2(l) sin2 θdϕ2 − dt2,

when

dl2 =
(

1− b(r)

r

)−1

dr2 and

b(r) = r − r3(1−k)(r2k − 0b2k)(2−1/k)).

We can avoid off-diagonal deformations with coor-
dinate and frame coefficient singularities, we can con-
sider frame transforms to a parametrization with trivial
N-connection coefficients Ň a

i = Ň a
i (u

α(l, θ, ϕ, t)) and
ǧβ(u j (l, θ, ϕ), u3(l, θ, ϕ)). For instance, introducing new
coordinates u1 = x1 = l, u2 = θ, and u3 = y3 =
ϕ + 3 B(l, θ), u4 = y4 = t + 4 B(l, θ), when
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ě3 = dϕ = du3 + Ň 3
i (l, θ)dxi

= du3 + Ň 3
1 (l, θ)dl + Ň 3

2 (l, θ)dθ,

ě4 = dt = du4 + Ň 4
i (l, θ)dxi

= du4 + Ň 4
1 (l, θ)dl + Ň 4

2 (l, θ)dθ,

for N̊ 3
i = −∂ 3 B/∂xi and N̊ 4

i = −∂ 4 B/∂xi . Using
such nonlinear coordinates, the quadratic elements for above
wormhole solutions can be parameterized as a prime d-
metric,

ds̊2 = ǧα(l, θ, ϕ)[ěα(l, θ, ϕ)]2, (103)

where ǧ1 = 1, ǧ2 = r2(l), ǧ3 = r2(l) sin2 θ and ǧ4 = −1.

4.3.2 Nonholonomic quasi-stationary gravitational
polarizations of wormholes

Off-diagonal quasi-stationary deformations of wormhole
(103) are generated by introducing nontrivial sources 1ϒ̂(l, θ)
and 2ϒ̂(l, θ, ϕ) = whϒ related to nonlinear symmetries
of type (71) to a nonzero (effective) cosmological constant
�. Using η -polarization functions, we derived such target
quasi-stationary metrics

dŝ2 = ĝαβ(l, θ, ϕ;ψ, η4; 2� = �, whϒ, ǧα)duαduβ

= eψl,θ)[(dx1(l, θ))2 + (dx2(l, θ))2]
− [∂ϕ(η4 ǧ4)]2
| ∫ dϕ whϒ∂ϕ(η4 ğ4)| η4 ǧ4

×
{

dy3 + ∂i [
∫

dϕ whϒ ∂ϕ(η4 ǧ4)]
whϒ∂ϕ(η4 ǧ)

dxi
}2

+ η4ğ4

×
{

dt + [ 1nk(r, z)+ 2nk(r, z)
∫

dϕ

× [∂ϕ(η4 ğ4)]2
| ∫ dϕ whϒ∂ϕ(η4 ğ4)| (η4 ğ4)5/2

]dxk
}
. (104)

This class of solutions are determined by respective gen-
erating function η4 = η4(l, θ, ϕ) and integration functions

1nk(l, θ) and 2nk(l, θ). The function ψ(l, θ) is a solution
of 2-d Poisson equation ∂2

11ψ + ∂2
22ψ = 2 1ϒ̂(l, θ).

The target d-metrics (104) do not describe wormhole like
locally anisotropic object for general classes of generating
and integrating data.

4.3.3 Small parametric off-diagonal quasi-stationary
deformations of wormhole d-metrics

We can define locally anisotropic wormholes if we consider
for small parametric quasi-stationary deformation of prime
metrics of type (103). In terms of χ -polarization functions,
the quadratic linear elements are computed

d ŝ2 = ĝαβ(l, θ, ϕ;ψ, η4; 2� = �, whϒ, ǧα)duαduβ = eψ0(l,θ)[1+ κ ψ(l,θ)χ(l, θ)][(dx1(l, θ))2 + (dx2(l, θ))2]
−
{

4[∂ϕ(|ζ4 ğ4|1/2)]2
ğ3|
∫

dϕ{ whϒ∂ϕ(ζ4 ğ4)}| − κ

[
∂ϕ(χ4|ζ4ğ4|1/2)

4∂ϕ(|ζ4 ğ4|1/2)
−
∫

dϕ{ whϒ∂ϕ[(ζ4 ğ4)χ4]}∫
dϕ{ whϒ∂ϕ(ζ4 ğ4)}

]}
ğ3

×
{

dϕ +
[
∂i
∫

dϕ whϒ ∂ϕζ4

(Ň 3
i )

whϒ∂ϕζ4
+ κ(

∂i [
∫

dϕ whϒ ∂ϕ(ζ4χ4)]
∂i [
∫

dϕ whϒ∂ϕζ4] − ∂ϕ(ζ4χ4)

∂ϕζ4
)

]
Ň 3

i dxi
}2

+ ζ4(1+ κ χ4) ğ4

×{dt + [(Ň 4
k )
−1[ 1nk + 16 2nk

[ ∫
dϕ

(
∂ϕ[(ζ4 ğ4)

−1/4])2
| ∫ dϕ∂ϕ[ whϒ(ζ4 ğ4)]|

]

+κ
16 2nk

∫
dϕ

(
∂ϕ [(ζ4 ğ4)

−1/4])2
| ∫ dϕ∂ϕ [ whϒ(ζ4 ğ4)]| (

∂ϕ [(ζ4 ğ4)
−1/4χ4)]

2∂ϕ [(ζ4
cy g)−1/4] +

∫
dϕ∂ϕ [ whϒ(ζ4χ4 ğ4)]∫

dϕ∂ϕ [ whϒ(ζ4 ğ4)] )

1nk + 16 2nk[
∫

dϕ (∂ϕ [(ζ4 ğ4)−1/4])2

| ∫ dϕ∂ϕ [ whϒ(ζ4 ğ4)]| ]
]Ň 4

k dxk}2. (105)

We can can model elliptic deformations as a particular case
of d-metrics of type (105) if we chose a generating function
of type

χ4(l, θ, ϕ) = χ(l, θ) sin(ω0ϕ + ϕ0)

as for cylindric configurations with ϕ-anisotropic deforma-
tions. Here we note that a different family of solutions of type
(104) and/or (105) can be constructed if we change the order
of angular coordinates in the primary and target d-metrics,
θ ↔ ϕ. We omit details on such applications of the AFCDM.

4.4 Nonholonomic toroid configurations and black torus,
BT

Nonholonomic deformations of toroidal BHs were studied
in [20,77]. They provided examples of generic off-diagonal
deformations of black torus, BT, and black ring generaliza-
tions in GR and MGTs [78–81], see [82] for a recent review
of results. Such different classes of new solutions can be
generated for various types of nonholonomic distributions
and nonlinear transforms. In this subsection, we study an
example when the AFCDM is applied for generating quasi-
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stationary locally anisotropic solutions using prime BT met-
rics analyzed in [82]. For simplicity, we shall consider only
small parametric deformations when the physical interpreta-
tion of new classes of solutions is very similar to the holo-
nomic/diagonalizable metric ansatz.

4.4.1 Prime metrics for AdS BH with toroidal horizon

Let us consider a quadratic line element (see details in section
3.1 of [82])

ds̃2 = f −1(r̃)dr̃2 + r̃2(k̃2
1dx2 + k̃2

2dy2)− f (r̃)dt̃2

= g̃α(x̃
1)(dũα)2, for f (r̃) = −ε2b2 − μ̃/r̃ −�r̃2/3.

(106)

The coordinates in this metric g̃ = {g̃α} are are related via
rescaling parameter ε to standard toroidal “normalized” coor-
dinates, when r is a radial coordinate, with θ = 2πk1x and
ϕ = 2πk2 y (when x, y ∈ [0, 1]) and rescaling

k1 = εk̃1, k2 = εk̃2, μ→ μ

(2π)3 = μ̃/ε3;

r → r

2π
= r̃/ε, t → 2π t = εr̃ .

In above formulas, the parameter b is a coupling constant for
the energy momentum tensor for the nonlinear SU(2) sigma
model, which is parameterized

Tμν = b2ε2

8πGr̃2

[
f (r̃)δ4

μδ
4
ν − f −1(r̃)δ1

μδ
1
ν

]
, (107)

and μ being an integration constant which can be fixed as
a mass parameter. The value ε = 0 allows to recover in a
formal way certain toroidal vacuum solution, for instance,
from [78,79]. The toroidal metric (106) is an exact static
solution of the Einstein equations (1) for the LC-connection
and energy-momentum tensor (107). It define an AdS BH
with a toroidal horizon in 4-d Einstein gravity and nonlinear
σ -model.

We consider frame transforms to an off-diagonal parametriza-
tion of (106) to a form with trivial N-connection coefficients
Ñ a

i = Ñ a
i (u

α(r̃ , x, y, t)) and g̃αβ(u j (r̃ , x, y), u3(r̃ , x, y))
which are defined an any form which do not involve sin-
gular frame transforms and off-diagonal deformations. Let
us introduce new coordinates u1 = x1 = r̃ , u2 = x, and
u3 = y3 = y + 3 B(r̃ , x), u4 = y4 = t + 4 B(r̃ , x), when

ẽ3 = dy = du3 + Ñ 3
i (r̃ , x)dxi

= du3 + Ñ 3
1 (r̃ , x)dr + Ñ 3

2 (r̃ , x)dz,

ẽ4 = dt = du4 + Ñ 4
i (r̃ , x)dxi

= du4 + Ñ 4
1 (r̃ , x)dr + Ñ 4

2 (r̃ , x)dz,

for Ñ 3
i = −∂ 3 B/∂xi and Ñ 4

i = −∂ 4 B/∂xi . In such
nonlinear coordinates, the diagonal metric (106) transforms
into a toroidal d-metric

ds̃2 = g̃α(r̃ , x, y)[ẽα(r̃ , x, y)]2, (108)

where g̃1 = f −1(x1), g̃2 = (x1)2k̃2
1, g̃3 = (x2)2k̃2

2 and
g̃4 = f (x1).

4.4.2 Small parametric off-diagonal quasi-stationary
deformations of toroidal d-metrics

We can study locally anisotropic toroidal configurations if we
construct small parametric quasi-stationary deformations of
prime metrics of type (108) defined by an effective source
torY [g, D̂] � {−�gαβ + Tαβ}, for (107), see also (22).

The left label “tor” will be used for toroidal configurations.
Respective generating sources (44) are parameterized where
tor
1 ϒ(r̃ , x) and tar

2 ϒ(r̃ , x, y).
Any quasi-stationary off-diagonal deformation (108) to a

class of solutions of type of (62), (67), (68), (73) or (75) can
be characterized by corresponding nonlinear symmetries of
type (71),

∂y [�2(r̃ , x, y)] = −
∫

dy torϒ∂y g4

� −
∫

dy torϒ(r̃ , x, y)∂y [η4(r̃ , x, y) g̃4(r̃)]

� −
∫

dy torϒ(r̃ , x, y)∂y [ζ4(r̃ , x, y)

×(1+ κ χ4(r̃ , x, y)) g̃4(r̃)],
�(r̃ , x, y) = | �+ tor�|−1/2

×
√
|
∫

dy torϒ(r̃ , x, y) ∂y(�2)|, (�(r̃ , x, y))2

= −4 �g̃4(r̃ , x, y)

� −4 ( �+ tor�)η4(r̃ , x, y)

g̃4(r̃) � −4( �+ tor�) ζ4(r̃ , x, y)(1+ κχ4(r̃ , x, y)) g̃4(r̃).

(109)

In these formulas, we use tor� as an effective cosmological
constant to which the energy-momentum tensor (107) encod-
ing nonlinear sigma interactions can be related via nonlinear
symmetries. In general, such a tor� is different from a pre-
scribed cosmological constant associated to other types of
gravitational and matter interactions. It is possible to elabo-
rate on models with nonlinear functionals �̃(�, tor�), with
in this subsection is approximated to a as �̃ = �+ tor�.

For parametric deformations in terms of χ -polarization
functions, the quadratic linear elements for nonholonomic
toroidal solutions are computed
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d ŝ2 = ĝαβ(r̃ , x, y;ψ, η4; 2� = �+ tor�, torϒ, g̃α)duαduβ = eψ0(r̃ ,x)[1+ κ ψ(r̃ ,x)χ(r̃ , x)][(dx1(r̃ , x))2 + (dx2(r̃ , x))2]

−
{

4[∂y(|ζ4 g̃4|1/2)]2
g̃3|
∫

dy{ torϒ∂y(ζ4 g̃4)}| − κ

[
∂y(χ4|ζ4 g̃4|1/2)

4∂y(|ζ4 g̃4|1/2)
−
∫

dy{ torϒ∂y[(ζ4 g̃4)χ4]}∫
dy{ torϒ∂y(ζ4 g̃4)} ]

}
g̃3{dy +

[
∂i
∫

dy torϒ ∂yζ4

(Ñ 3
i )

torϒ∂yζ4

+κ(
∂i [
∫

dy torϒ ∂y(ζ4χ4)]
∂i [
∫

dy torϒ∂yζ4] − ∂y(ζ4χ4)

∂yζ4
)

]
Ñ 3

i dxi
}2

+ ζ4(1+ κ χ4) g̃4

×
{

dt + [(Ñ 4
k )
−1[ 1nk + 16 2nk

[ ∫
dy

(
∂y[(ζ4 g̃4)

−1/4])2
| ∫ dy∂y[ torϒ(ζ4 g̃4)]|

]

+κ
16 2nk

∫
dy

(
∂y [(ζ4 g̃4)

−1/4])2
| ∫ dy∂y [ tor ϒ(ζ4 g̃4)]| (

∂y [(ζ4 g̃4)
−1/4χ4)]

2∂y [(ζ4 g̃4)−1/4] +
∫

dy∂y [ torϒ(ζ4χ4 g̃4)]∫
dy∂y [ tor ϒ(ζ4 g̃4)] )

1nk + 16 2nk [
∫

dy (∂y [(ζ4 g̃4)−1/4])2

| ∫ dy∂y [ tor ϒ(ζ4 g̃4)]| ]
]Ñ 4

k dxk
}2

. (110)

We can use this formula in order to model elliptic defor-
mations if we chose a generating function of type

χ4(r̃ , x, y) = χ(r̃ , x) sin(ω0 y + y0).

This defines a family of toroid configurations with ellip-
soidal deformations on y coordinate. Above formulas can
be re-defined for a different family of quasi-stationary solu-
tions with off-diagonal deformations on x -coordinate if we
change the order of coordinates x ↔ y. In such cases, the
formulas of type (109) and (110) involve derivatives and inte-
grals on x, with a different order of spacetime coordinates,
uα(r̃ , y, x, t), when y is considered as a h-coordinate and x
as a v-coordinates.

Applying the AFCDM to (108) we can construct more
general classes of off-diagonal quasi-stationary deformations
of the prime toroid configurations, which are determined
by certain η-deformations and d-metrics of type (73). For
instance, we can consider a generating function η4(r̃ , x, y)
and take instead of nonlinear sigma energy-momentum ten-
sor (107) more general types of effective matter sources

1ϒ(r̃ , x) and 2ϒ(r̃ , x, y) parameterized in toroid coor-
dinates. The physical interpretation of such more general
classes of generic off-diagonal solutions depend of the type
of generating functions and generating sources we consider.
Nevertheless, they are always characterized by nonlinear
symmetries of type ( 109).

Finally, we note that we can consider that various classes
of nonholonomic deformations transform a toroid prime d-
metric into “spagetti” quasi-stationary configurations (with
different sections, curved and waved, possible interruptions,
singularities etc.) embedded into locally anisotropic gravi-
tational vacuum media. The geometry of such d-objects is
determined by respective prime metrics and prescribed gen-
erating functions and sources and integration functions and
assumptions on nonlinear symmetries of off-diagonal gravi-
tational and matter field interactions. The physical meaning
of such models should be determined/analyzed for corre-
sponding types of geometric data and boundary/asymptotic
conditions we state for a corresponding family of solutions.

4.5 Nonholonomic BT and BE configurations

Using the AFCDM, generic off-diagonal quasi-stationary
solutions describing systems of black torus, BT, and black
ellipsoid, BE, configurations we constructed in 2001 [83].
Similar classes of solutions constructed by different methods
and describing so-called “Black Saturn” were constructed
beginning 2006 [84–86]. The goal of this subsection is to
show how the toroidal d-metric (110) can be generalized
in such a form that for well defined conditions describes
families of BT-BE configurations derived from a primary
d-metric stating a Schwarzschild – (anti) de Sitter, A(d)S,
metric imbedded into interior of a BT.

4.5.1 Prime metrics for systems of AdS BH with toroidal
horizon & Schwarzschild – (a)dS BH

Let us consider a primary metric

ds̀2 = f̀ −1(r̃)dr̃2 + r̃2(k̃2
1dx2 + k̃2

2dy2)− f̀ (r̃)dt̃2

= g̀α(x̃
1)(dũα)2, for f̀ (r̃)

= 1− μ̃s/r̃ − ε2b2 − μ̃/r̃ −�r̃2/3, (111)

where the local coordinates a labeled as in the toroidal metric
(106). In this formula, f̀ (r̃) is different from f (r̃) because
it contains an additional term, 1 − μ̃s/r̃ , when μ̃s < μ̃

is chosen in such a form that 1 − μ̃s/r̃ = 0 describes a
conventional horizon in the interior of a torus configura-
tions when both the spherical and toroidal objects have the
same planar and axial symmetry. In principle, a metric (111)
may be not a solution of Einstein equations in GR but we
shall search for quasi-stationary off-diagonal deformations,
g̀α(x̃1) → gαβ(uγ (ũδ)), which are exact/parametric solu-
tions of modified gravitational equations (47)–(50).

We re-write (111) in curved coordinates in a form with
trivial N-connection coefficients
Ǹ a

i = Ǹ a
i (u

α(r̃ , x, y, t)) and g̃αβ(u j (r̃ , x, y), u3(r̃ , x, y))
which are defined an any form which do not involve singular
frame transforms and off-diagonal deformations. Such new
coordinates are defined u1 = x1 = r̃ , u2 = x, and u3 =
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y3 = y + 3 B(r̃ , x), u4 = y4 = t + 4 B(r̃ , x), when

è3 = dy = du3 + Ǹ 3
i (r̃ , x)dxi

= du3 + Ǹ 3
1 (r̃ , x)dr + Ǹ 3

2 (r̃ , x)dz,

è4 = dt = du4 + Ǹ 4
i (r̃ , x)dxi

= du4 + Ǹ 4
1 (r̃ , x)dr + Ǹ 4

2 (r̃ , x)dz,

for Ǹ 3
i = −∂ 3 B/∂xi and Ǹ 4

i = −∂ 4 B/∂xi . In such non-
linear coordinates, we obtain an off-diagonal toroid-spheroid
type metric, equivalently a respective d-metric,

ds̀2 = g̀α(r̃ , x, y)[èα(r̃ , x, y)]2, (112)

where g̀1 = f̀ −1(x1), g̀2 = (x1)2k̃2
1, g̀3 = (x2)2k̃2

2 and
g̀4 = f̀ (x1).

4.5.2 Small parametric off-diagonal quasi-stationary
deformations of toroidal-rotoid d-metrics

We show how to generate locally anisotropic toroid -
rotoid configurations if we construct small parametric quasi-
stationary deformations of a prime d-metric (108) defined by
an effective source torY [g, D̂] � {−�gαβ + Tαβ}. The left
label “tor” will be used for toroidal configurations of (effec-
tive) matter, when, for simplicity, the constant� is associated
to Schwarzschild - (a) dS BH. Respective generating sources
(44) are parameterized as in previous subsection, tor

1 ϒ(r̃ , x)
and tar

2 ϒ(r̃ , x, y).
For quasi-stationary off-diagonal deformations of (112),

we search for solutions described by nonlinear symmetries
of type (71 ),

∂y[�2(r̃ , x, y)] = −
∫

dy torϒ∂y g4

� −
∫

dy torϒ(r̃ , x, y)∂y [η4(r̃ , x, y) g̀4(r̃)]

� −
∫

dy torϒ(r̃ , x, y)∂y [ζ4(r̃ , x, y)

×(1+ κ χ4(r̃ , x, y)) g̀4(r̃)],

�(r̃ , x, y) = | �+ tor�|−1/2

×
√
|
∫

dy torϒ(r̃ , x, y) ∂y(�2)|,

×(�(r̃ , x, y))2 = −4 �g̀4(r̃ , x, y)

� −4 ( �+ tor�)η4(r̃ , x, y) g̃4(r̃)

� −4( �+ tor�) ζ4(r̃ , x, y)

×(1+ κχ4(r̃ , x, y)) g̀4(r̃). (113)

These formulas are similar to (109) but with different prime
metrics which means that g̀4(r̃) is different from g̃4(r̃).

New classes of quasi-stationary off-diagonal toroid- rotoid
solutions can be generated by χ -polarization functions when
the quadratic linear elements are computed

d ŝ2 = ĝαβ(r̃ , x, y;ψ, η4; 2� = �+ tor�, torϒ, g̀α)duαduβ = eψ0(r̃ ,x)[1+ κ ψ(r̃ ,x)χ(r̃ , x)][(dx1(r̃ , x))2 + (dx2(r̃ , x))2]

−
{

4[∂y(|ζ4 g̀4|1/2)]2
g̀3|
∫

dy{ torϒ∂y(ζ4 g̀4)}| − κ

[
∂y(χ4|ζ4 g̀4|1/2)

4∂y(|ζ4 g̀4|1/2)
−
∫

dy{ torϒ∂y[(ζ4 g̀4)χ4]}∫
dy{ torϒ∂y(ζ4 g̃4)}

]}
g̀3

×{dy +
[
∂i
∫

dy torϒ ∂yζ4

(Ǹ 3
i )

torϒ∂yζ4
+ κ

(
∂i [
∫

dy torϒ ∂y(ζ4χ4)]
∂i [
∫

dy torϒ∂yζ4] − ∂y(ζ4χ4)

∂yζ4

)]
Ǹ 3

i dxi }2 + ζ4(1+ κ χ4) g̀4

×{dt + [(Ǹ 4
k )
−1[ 1nk + 16 2nk [

∫
dy

(
∂y[(ζ4 g̀4)

−1/4])2
| ∫ dy∂y[ torϒ(ζ4 g̀4)]| ]

+κ
16 2nk

∫
dy

(
∂y [(ζ4 g̀4)

−1/4])2
| ∫ dy∂y [ tor ϒ(ζ4 g̀4)]| (

∂y [(ζ4 g̀4)
−1/4χ4)]

2∂y [(ζ4 g̀4)−1/4] +
∫

dy∂y [ torϒ(ζ4χ4 g̀4)]∫
dy∂y [ tor ϒ(ζ4 g̀4)] )

1nk + 16 2nk [
∫

dy (∂y [(ζ4 g̀4)−1/4])2

| ∫ dy∂y [ tor ϒ(ζ4 g̀4)]| ]
]Ǹ 4

k dxk}2. (114)

These formulas are similar to (110) but involve an addi-
tional spheroid configuration centered inside a toroid one. In
general, they are with local anisotropic and deformed from
the “perfect” torus-spherical structure. We can use (114) in
order to model different types of elliptic deformations. For
instance, if we chose a generating function of type

χ4(r̃ , x, y) = χ(r̃ , x) sin(ω0 y + y0)

when it performs rotoid deformations for the torus part.
Another one, with other type effective constants and χ can
be used rotoid deformations of the Schwarzschild – (a) dS
BH. For more sophisticate constructions, we can generate
prolate/oblate deformations etc. It depends on the type of
generating and integration functions we prescribe. We can
construct exact/parametric solutions with rotoid deforma-
tions on y coordinate, and another type of deformations on
x coordinate.

4.6 Nonholonomic cosmological solitonic and spheroid
deformations involving 2-d vertices

In this subsection, we provide some explicit examples of
locally anisotropic cosmological solutions (77) and their
equivalents with gravitationalη- andχ -polarizations depend-
ing on a time like coordinate. Such solutions can be generic
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off-diagonal and characterized by respective nonlinear sym-
metries.

4.6.1 Prime cosmological models with spheroidal
symmetry and voids

The Minkowski spacetime can be written inprolate spheroidal
coordinates uα = (r, θ, φ, t),when the usual Cartezian coor-
dinates uα = (x, y, z, t) are defined

x = r sin θ cosφ, y = r sin θ sin φ, z =
√

r2 + r2
♦ cos θ,

where the constant parameter r♦ has the meaning of the dis-
tance of the foci from the origin of the coordinate system. For
any fixed r = 0r, such coordinates define a prolate spheroid
(rotoid/ellipsoid) with the foci along the z-axis, when

x2 + y2

( 0r)2 + z2

( 0r)2 + r2
♦
= 1,

where 0r correspond to the length of its minor radius and the

size of its major radius is
√
( 0r)2 + r2

♦. The flat Minkowski
spacetime metric can be written in such prolate coordinates:

ds2 = (r2 + r2
♦ sin2 θ)

(
dr2

r2 + r2
♦
+ dθ2

)

+r2 sin2 θdφ − dt2.

In a similar form, we can introduce oblate coordinates,
when

x =
√

r2 + r2
♦ sin θ cosφ,

y =
√

r2 + r2
♦ sin θ sin φ,

z = r cos θ,

which for fixed r = 0r, there is defined an oblate spheroid
with a z symmetric axis

x2 + y2

( 0r)2 + r2
♦
+ z2

( 0r)2 = 1.

In this hypersurface formula, the value
√

r2 + r2
♦ corre-

sponds to the major radius and 0r is the minor one. In oblate
coordinates, the flat Minkowski spacetime metric is written

ds2 = (r2 + r2
♦ cos2 θ)

(
dr2

r2 + r2
♦
+ dθ2

)

+r2 sin2 θdφ − dt2.

In [87], it was proposed that the cosmology of voids in
4-d gravity theories can be described by such quadratic line
elements (we underline certain symbols and follow our sys-
tem of notations in order to emphasize that we study locally

anisotropic cosmological configurations):

ds2 = a2(t)

[1+ ς
4 (r

2 + r2
♦ cos2 θ)]2

[
(r2 + r2

♦ sin2 θ)

(
dr2

r2 − M(r)
r (r2 + r2

♦ sin2 θ)+ r2
♦
+ dθ2

)

+r2 sin2 θdφ

]
− B(r)dt2,

with prolate spheroidal symmetry;
ds2 = a2(t)

[1+ ς
4 (r

2 + r2
♦ sin2 θ)]2

[
(r2 + r2

♦ sin2 θ)

(
dr2

r2 − M(r)
r (r2 + r2

♦ cos2 θ)+ r2
♦
+ dθ2

)

+(r2 + r2
♦) sin2 θdφ

]
− B(r)dt2,

with oblate spheroidal symmetry. (115)

For B(r) = 1 and M(r) = 0, these formulas define FLRW
cosmological quadratic line elements (in respective pro-
late/oblate coordinates), where ς = 1, 0,−1 refer respec-
tively to a positive curved, flat, hyperbolic spacial geometry.
We discussed some details with respect to formulas (3) and
(4).

The mass profile function M(r) from (115) can be speci-
fied as in [88] (in a simple choice, one states B(r) = 1),

M(r) =
⎧⎨
⎩

4π
3 ρint r3, for r < vr;

M( vr)+ 4π
3 ρbor (r3 − vr3), for vr ≤ r < vr + wr;

0 for vr + wr ≤ r.

In these formulas, vr is associated with the radius of the
void, and the parameter wr is related to the size of wall. For
spherical symmetry, such a profile is modelled in a form that
the border compensates for the amount missing in the void
(i.e. it models a compensated void). The respective internal
density of the matter, ρint , and border density of matter, ρbor ,

are related to the mean density outside the void, ρ0, using
formulas

ρint = −ρ0ξ and ρbor = ρ0ξ/[(1+ wr/ vr)3 − 1], (116)

for a constant parameter ξ < 1. A cosmological metric (115)
is a solution of the Einstein equations in GR if a(t) is a
solution of the Friedman equations

3

a2(t)

[
da

dt
+ ς

]
= 8πρ0.

To describe the characteristic phenomenology observed in
astrophysical systems with dark matter [89], the function
B(r) can be parameterized in the form

B(r) = B0

[
B1 + ln

(
r

r♦

)]2

,
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for some constants B0 and B1. The value of B1 can be
fixed in a form that the component T r

r = T 1
1 of the energy

momentum tensor remains of the same order as ρ0 (they fix
B1 = 107). Other phenomenological parameters are typi-
cally stated wr = 0.3 vr, ξ = 0.1, r♦ = 0.1 vr when a
radius vr corresponds to a physical size of 22 Mpc.

To apply the AFCDM we have to re-write (115) in curved
coordinates in a form with trivial N-connection coefficients
N̊

a
i = N̊

a
i (u

α(r, θ, φ, t)) and g̊
αβ

(u j (r, θ, φ, t), u4(r, θ, φ, t))

which are defined an any form which do not involve singu-
lar frame transforms and off-diagonal deformations. Such
new coordinates are defined u1 = x1 = r, u2 = θ, and
u3 = y3 = y3(r, θ, φ) and u4 = y4 = t + 4 B(r, θ), when

e̊3 = du3 + N̊
3
i (r, θ)dxi

= du3 + N̊
3
1(r, θ)dr + N̊

3
2(r, θ)dθ,

e̊4 = du4 + N̊
4
i (r, θ)dxi

= du4 + N̊
4
1(r, θ)dr + N̊

4
2(r, θ)dz,

for N̊
3
i = −∂ y3/∂xi and N̊

4
i = −∂ 4 B/∂xi . In such non-

linear coordinates, we obtain an off-diagonal spheroid type
cosmological metric parameterized as a d-metric,

ds̊2 = g̊
α
(r, θ, t)[e̊α(r, θ, t)]2, where for

{
prolate :
oblate :

g̊
1
(r, θ, t) =

⎧⎪⎪⎨
⎪⎪⎩

a2(t)(r2+r2
♦ sin2 θ)

[1+ ς
4 (r2+r2

♦ cos2 θ)]2[r2− M(r)
r (r2+r2

♦ sin2 θ)+r2
♦]

a2(t)(r2+r2
♦ sin2 θ)

[1+ ς
4 (r2+r2

♦ sin2 θ)]2[r2− M(r)
r (r2+r2

♦ cos2 θ)+r2
♦]

,

g̊
2
(r, θ, t) =

⎧⎪⎨
⎪⎩

a2(t)
[1+ ς

4 (r2+r2
♦ cos2 θ)]2

a2(t)
[1+ ς

4 (r2+r2
♦ sin2 θ)]2

,

g̊
3
(r, θ, t) =

⎧⎪⎨
⎪⎩

a2(t)r2 sin2 θ

[1+ ς
4 (r2+r2

♦ cos2 θ)]2
a2(t)(r2+r2

♦) sin2 θ

[1+ ς
4 (r2+r2

♦ sin2 θ)]2
, g̊

4
(r) = −B(r). (117)

Such a prime cosmological metric can be nonholonomi-
cally deformed using gravitational η-polarization functions
in order to generate other classes of exact and paramet-
ric solutions of nonholonomic Einstein equations (24) con-
structed as locally anisotropic cosmological d-metrics (33).

4.6.2 Off-diagonal cosmological solitonic evolution
encoding 2-d vertices

We consider nonholonomic deformations of data

(g̊
α
, N̊

a
i )→ (g

α
= η

α
g̊
α
, N a

i = ηa
i

N̊
a
i ),

where η
i
(r, θ, t) = a−2(t)ηi (r, θ),

η
3
(r, θ, t) = a−2(t)η(r, θ, t) and η

4
(r, θ, t) will be pre-

scribed/computed in such forms that

g = (gi , gb, N 3
i = ni , N 4

i = wi )

= gi (r, θ)dxi ⊗ dxi + h3(r, θ, t)e3 ⊗ e3

+h4(r, θ, t)e4 ⊗ e4,

e3 = dφ + ni (r, θ, t)dxi , e4 = dt + wi (r, θ, t)dxi , (118)

with Killing symmetry on the angular coordinate ϕ, when
∂ϕ transforms into zero the N-adapted coefficients of such a
d-metric.

In terms of η-polarization functions, a (24) can be written
in a t-dual form to (73) as we explain in section 3.3, when

dŝ2 = ĝαβ(r, θ, t; g̊
α
;ψ, η3; 2�, 2ϒ)duαduβ

= eψ [(dx1)2 + (dx2)2]
+(ηg̊

3
)

{
dφ + [ 1nk + 2nk

∫
dt

× [∂t (ηg̊
3
)]2

| ∫ dt 2ϒ∂t (ηg̊
3
)| (ηg̊

3
)5/2

]dxk
}2

− [∂t (η g̊
3
)]2

| ∫ dt 2ϒ∂t (ηg̊
3
)| ηg̊3

{
dt + ∂i [

∫
dt 2ϒ ∂t (ηg̊

3
)]

2ϒ∂t (ηg̊
3
)

dxi
}2

.

(119)

For �2 = −4 2�g
4
, we can transform (119) in a variant

of (77) with η-polarizations determined by the generating
data (g

4
; 2�, 2ϒ). The effective cosmological constant 2�

is chosen as effective ones which correspond via nonlinear
symmetries (88) to a energy-momentum tensor (116) in a
fluid type form (4) (when respective data ( 1ϒ, 2ϒ) are
related to a Tαβ via respective frame/coordinate transforms).
We can model certain locally anisotropic cosmological sce-
narios which can evolve from a primary void configuration
(117) being determined by generating polarization function,

ψ � ψ(xk) and η � η(xk, t).

In explicit form, we consider such a variant:
The h-part of the d-metric (119) may be prescribed to sat-

isfy instead of 2-d Poisson equation the generalized Taubes
equation for vortices on a curved background 2-d surface,

h∇2ψ = �0(C0 − C1e2ψ), (120)

where the position-dependent confromal factor�0 and effec-
tive source (C0−C1e2ψ) are prescribed as respective gener-
ating h-function and generating h-source 1ϒ(xk). By rescal-
ing, both constants C0 and C1 take standard values−1, 0, or
1, but there are only five combinations of these values allow
vortex solutions ψ[vortex] without singularities [90].
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The v-part of (119) can be constructed if, for instance,

η �

⎧⎪⎪⎨
⎪⎪⎩

sol
r η(r, t) as a solution of the modified KdV equation

∂η

∂t − 6η2 ∂η

∂r +
∂3η

∂r3 = 0, for radial solitons;
sol
θ η(θ, t) as a solution of the modified KdV equation,

∂η

∂θ
− 6η2 ∂η

∂θ
+ ∂3η

∂ 3 = 0 for angular solitons.

(121)

We cite [91] and reference therein on such types of solitonic
wave equations.

Generic off-diagonal and locally anistoropic metrics of
type (119) describe cosmological evolution scenarios with
nontrivial nonholonomic structure with conventional h- and
v-splitting. Under geometric evolution with gravitational
polarizations and for respective generating sources, a pri-
mary metric with prolate/oblate rotoid void transforms into a
vertex h-configuration (120) and, the v-part, into solitonic
wave evolution of type (121), which results also in soli-
tonic configurations for the N-connection coefficients. Such
solitonic waves on t -variable can be with a radial space
variable, r, or with an angular variable, θ. In a series of
our and co-authors works, there were constructed more gen-
eral classes of generic off-diagonal cosmological and quasi-
stationary solutions with 3-d solitonic waves and solitoninc
hierarchies in GR and MGTs [11–13,16,17,19,20] and with
quasi-periodic and pattern forming structures [14,28], see a
review of results in appendix B to [7].

4.6.3 Small parametric off-diagonal cosmological
deformations with solitonic vacua for voids

Using t-symmetries defined in Sect. 3.3, we can construct
locally anisotropic cosmological solutions with off-diagonal
small κ-parametric deformations of (117). In terms of χ -
polarization functions, respective d-metrics can be written in
the form

d ŝ2 = ĝαβ(r, θ, t;ψ, 2�, 2ϒ)duαduβ = eψ0(r,θ)[1+ κ ψχ(r, θ)][(dx1(r, θ))2 + (dx2(r, θ))2]

+ζ3(1+ κ χ)g̊
3
{dφ + [(N̊

3
k)
−1[ 1nk + 16 2nk

[ ∫
dt

(
∂t [(ζ 3

g̊
3
)−1/4]

)2

| ∫ dϕ∂ϕ[ 2ϒ(ζ4
cy g)]|

]

+κ

16 2nk
∫

dt

(
∂t [(ζ 3

g̊
3
)−1/4]

)2

| ∫ dt∂t [ 2ϒ(ζ
3

g̊
3
)]| (

∂t [(ζ 3
g̊

3
)−1/4χ)]

2∂t [(ζ 3
g̊

3
)−1/4] +

∫
dt∂t [ 2ϒ(ζ

3
χ g̊

3
)]∫

dt∂t [ 2ϒ(ζ
3

g̊
3
)] )

1nk + 16 2nk [
∫

dt

(
∂t [(ζ 3

g̊
3
)−1/4]

)2

| ∫ dt∂t [ 2ϒ(ζ
3

g̊
3
)]| ]

]N̊ 3
kdxk}2.−

{ 4[∂t (|ζ 3
g̊

3
|1/2)]2

g̊
4
| ∫ dt{ 2ϒ∂t (ζ 3

g̊
3
)}|

−κ

[
∂t (χ |ζ 3

g̊
3
|1/2)

4∂t (|ζ 3
g̊

3
|1/2)

−
∫

dt{ 2ϒ∂t [(ζ 3
g̊

3
)χ

]}
∫

dt{ 2ϒ∂t (ζ 3
g̊

3
)} ]} g̊

4

{
dt +

[
∂i
∫

dt 2ϒ ∂tζ 3

(N̊
3
i ) 2ϒ∂tζ 3

+κ

(
∂i [
∫

dt 2ϒ ∂t (ζ 3
g̊

3
)]

∂i [
∫

dt 2ϒ∂tζ4] − ∂t (ζ 3
g̊

3
)

∂tζ 3

)]
N̊

4
i dxi

}2

(122)

In above formulas, ψ0(r, θ) and ψχ(r, θ) are chosen in
such a form that they define solutions of 2-d Poisson equa-
tions, or certain κ-parametric solutions of (120) with some
small parametric generated vortices. The generating function
χ = χ

3
(r, θ, t) can be taken as a solution of solitonic wave

equation (121), η ←→χ, when ζ
3
(r, θ, t) is also prescribed

in a form for κ0. Such d-metrics define a v-solitonic gravita-
tional structure of voids with κ-parametric and t-evolution.
For certain explicit configurations, such parametric gravi-
tational void vacuum posses a nontrivial solitonic energy.
The solutions can be characterized by nonlinear symmetries
relating the effective generating source 2ϒ to a respective
cosmological constant 2�

The vertex-solitonic wave locally anisotropic cosmolog-
ical d-metrics with respective prime prolate/oblate symme-
try encode a nonholonomic vacuum structure with nontrivial
canonical d-torsion. Imposing additional constraints, we can
extract LC-configuration cosmological models if we follow
the procedure described in Sect. 3.5.

Part IINonassociativephase spaceandFinsler–Lagrange–
Hamilton MGTs

In this part, we show how the AFCDM can be general-
ized for 8-d phase spaces modelled on (co) tangent Lorentz
bundles and study explicit examples of quasi-stationary solu-
tions. Such phase spaces present natural geometric arenas for
nonassociative gravity theories determined by star products
deformations and elaborating relativistic physically
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important models of Finsler–Lagrange–Hamilton geome-
tries and theories of nonholonomic geometric flows of non-
holonomic geometric objects depending on spacetime and
velocity/momentum coordinates and on temperature like τ -
parameter [7,8,29,29,30,63]. There are four important moti-
vations to study such theories:

1. Modified dispersion relations, MDRs, result in nonholo-
nomic generalized Finsler structures on phase spaces
[92–98]. Star product R-flux deformations can be also
characterized by MDRs encoding nonassociative and
noncommutative data.

2. Non-geometric star product R-flux deformations in string
theory [10,40,41] can be geometrized in nonassociative
and nonholonomic forms on 8-d phase spaces involv-
ing complex or real momentum variables [5,6,38,39].
To prove general decoupling and integration properties
of physically important systems of nonlinear PDEs in
such theories, we have to consider nonholonomic dyadic
decompositions and certain classes of generalized met-
rics and linear connections adapted to N-connection
structures.

3. In (nonassociative) MGTs, we can define N-connection
structure determined by semi-spray equations, i.e. non-
linear geodesic equations, which are equivalent to the
Euler–Lagrange and/or Hamilton equations. This pro-
vides new ideas and methods for formulating gener-
ally integrable classical and quantum gravity theories
when nonperturbative quantization methods are related
to generic off-diagonal exact and parametric solutions in
phase space gravity theories. Such geometric and quan-
tum information formalisms can’t be developed in the
framework of the well-known approaches [59–62].

4. New classes of generic off-diagonal solutions in such
(nonassociative) phase spaces are characterized by G.
Perelman statistical and geometric thermodynamic mod-
els which are generalized for nonassociative Finsler–
Lagrange–Hamilton geometric flow and nonholonomic
Ricci soliton theories. In Part II, we show how such the-
ories can be described equivalently in canonical dyadic
variables (to derive important decoupling and integrat-
ing properties) and in generalized Finsler–Hamilton vari-
ables which can be used in our future works for elaborat-
ing quantum models encoding nonassociative geometric
data and elaborating on new methods of quantization of
gravity and matter field theories.

5 N-connections and Finsler–Lagrange–Hamilton phase
space geometry

A series of important works on nonassociative geometry
and physics [32–39] are based on the concept of nonasso-

ciative star product with R-flux considered in string the-
ory. Such twisted algebraic and geometric structures result
in nonassociative modifications of GR to nonholonomic
geometries involving extra-dimension coordinates consid-
ered as momentum-like variables. This is similar and, for
some well-defined conditions, equivalent to certain versions
of nonassociative and noncommutative Finsler–Lagrange–
Hamilton, FLH, geometries studied in details our former
works [7,8,24,29,30,42]. So, in Part II of this review, nonas-
sociative FLH gravitational theories are defined as minimal
nonholonomic modifications of GR because of the nonasso-
ciative star product used in [38,39].

In a series of our partner works [5,6,9,10,40,41,151–
154], we elaborated on new nonholonomic geometric meth-
ods of constructing exact and parametric solutions in nonas-
sociative gravity. To decouple and solve in some general
forms certain nonassociative generalizations of the Einstein
equations using only the formalism elaborated in [37–39]
was not possible. So, we had to perform a new research
program on constructing off-diagonal solutions in MGTs by
applying and developing our former results on (noncommu-
tative/supersymmetric/string) generalized Finsler geometry
[7,8,14,16,24,43,44] as a generalization of the AFCDM in
GR (reviewed in Part I).

In this section, we summarize the necessary definitions
and methods from the nonholonomic geometry of associa-
tive and commutative phase space geometry and relativistic
models of Finsler–Lagrange–Hamilton geometry. Such geo-
metric and physical models are elaborated on an 8-d phase
space modelled as a cotangent Lorentz bundle �M = T ∗V
on a spacetime manifold V of signature (+ + +−); such a
phase space is dual to M = T V . In this approach, the GR
theory on V is generalized on total phase spaces with conven-
tional extra dimension velocity/momentum type coordinates.

5.1 Nonlinear connections and canonical nonholonomic
(2+2)+(2+2) splitting

A nonlinear connection, N-connection, structure defining a
4+4 splitting is by definition a Whitney sum

�N : TT∗V = hT ∗V ⊕ cT ∗V, which is dual to

N : TTV = hT V ⊕ vT V . (123)

These nonholonomic distributions provide a phase space
extension of formulas (9), and related formulas and derived
geometric and physical equations, when �N = { �N ia(

�u)},
for �u = ( x, p) = { �uα = (xi , pa)}; and, respectively,
N = {N a

i (u)}, for u = (x, y = v) = {uα = (xi , ya = va)}.
The 8-d indices split into 4+4 ones when, for instance,
α, β, . . . = 1, 2, . . . 8; i, j, . . . = 1, 2, 3, 4 and a, b, . . . =
5, 6, 7, 8.
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To generalize and apply the AFCDM we have to con-
sider conventional (2+2)+(2+2) splitting on respective phase
spaces stated as a nonholonomic (equivalently, anholonomic-
/non-integrable) dyadic, 2-d, decomposition into four ori-
ented shells s = 1, 2, 3, 4. In brief, we shall say that this
is a s-decomposition and use respective s-labels in abstract
form, or for indices and coordinates when it will be neces-
sary. The nonholonomic s-splitting is defined by respective
N-connection (equivalently, s-connection), structure:

�

sN : s TT∗V = 1hT ∗V ⊕ 2vT ∗V

⊕ 3cT ∗V ⊕ 4cT ∗V, which is dual to

sN : s TTV = 1hT V ⊕ 2vT V

⊕ 3vT V ⊕ 4vT V, for s = 1, 2, 3, 4.(124)

In these formulas, we write use 1h for a conventional 2-d
shell (dyadic) splitting on (co) tangent bundle, with xi1 local
coordinates and 2v for a 2-d vertical like splitting with ya2

coordinates on the shell s = 2. On the (co) fiber shell s = 3,
the splitting is conventional (co) vertical, when we write 3v

(or 3c) and use local coordinates va3 (or pa3). Similarly, on
the 4th shell s = 4, the respective symbols are 4v and va4 (or
4c and pa4). Hereafter, we shall write typically the formulas
of s-geometric objects on �M = T ∗V, when the formulas
for similar ones on M = T V can be formulated to encode
velocity type coordinates with necessary shell indices.

Using a set of N-connection coefficients, we can con-
struct N-elongated bases (N-/s-adapted bases) as linear N-
operators:

�eαs [ �N isas ] =
(

�eis =
∂

∂xis
− �N isas

∂

∂pas

, �ebs

= ∂

∂pbs

)
on s TT∗

�
V,

�eα[ �N ia] =
(

�ei = ∂

∂xis
− �N ia

∂

∂pa
, �eb

= ∂

∂pb

)
on TT∗

�
V, (125)

and, dual s-adapted bases, s-cobases,

�eαs [ �N isas ] =
(

�eis = dxis , �eas

= d pas + �N isas dxis

)
on s T ∗T∗

�
V,

�eα[ �N ia] =
(

�ei = dxi , �ea

= d pa + �N iadxi
)

on T ∗T∗
�
V. (126)

Such s-frames are not integrable, i.e. nonholonomic (equiva-
lently, anholonomic) because, in general, they satisfy certain

anholonomy conditions,

�eβs
�eγs − �eγs

�eβs = �w
τs
βsγs

�eτs , (127)

see details in [5–8].
The geometric s-objects and respective formulas (9)–(126

) can be generalized for additional running on a geomet-
ric flow evolution parameter τ, which is used in geomet-
ric flow theories, see details and references in [10,40,41].
In our works, τ can be considered as a temperature like
parameter (as in G. Perelman’s geometric flow thermody-
namics [57]). In such cases, we write, for instance, �N(τ ) �
�N(τ, �u) = { �N ia(τ ) � �N ia(τ, x j , pb)} and, respec-
tively, �eαs (τ ),

�eαs (τ ), etc., which will be used in next sec-
tions. For τ -running of geometric/physical objects, we shall
write only the τ -dependence if that will not result in ambigu-
ities. Here, we note that in a similar form we can introduce
and write formulas for geometric objects on s TTV, i.e.
when the total space coordinates are of spacetime-velocity
type. In such case, we omit the labels “ �” and write, for
instance, eαs (τ ) and eαs (τ ). In general, the local coordinates
are not just dual like fiber and co-fiber ones but may include
certain Legendre transforms and symplectomorphisms [30].
We work on nonassociative phase spaces as in [38,39] and
[5,6,9,10,40,41] using labels “ �” in order to follow an unified
system of notations which will allow in next section works
to elaborate on nonassociative models of Finsler–Lagrange
spaces, which are important in quantum information theory.

A metric field in a phase space �M is a second rank sym-
metric tensor �g = { �gαβ} ∈ T T ∗V ⊗T T ∗V of local signa-
ture (+,+,+,−;+,+,+,−). It can be written in equiva-
lent form as a s-metric �

s g = { �gαsβs
} for �

sM which is a 8-d
phase space generalization of (14). For τ -families of phase
space metrics (d-metrics for 4+4 splitting) and s-metrics, we
shall use notations of type �g(τ ) = { �gαβ(τ )} and, respec-
tively, �

s g(τ ) = { �gαsβs
(τ )}.

Another important geometric concept is that of s-connection
with a (2+2)+(2+2) splitting (the term distinguished connec-
tion, d-connection, is considered for a (4+4)-splitting). Such
linear connections preserve respective shell or h-c structures
under parallel transports a corresponding s-/N-connection
splitting (124), or (123):

�

s D = (h1
�D, v2

�D, c3
�D, c4

�D) = { ��
αs
βsγs

}, or
�D = (h �D, c �D) = { ��α

βγ }. (128)

Hereafter we shall provide only s-adapted or N-adapted for-
mula not dubbing them using typical s-labels if that will not
result in ambiguities.

Using standard definitions from differential geometry, we
can introduce in abstract form and compute the coefficient
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formulas for any s-connection �

s D and for such fundamental
geometric s-objects:

�

sT = { �Tαs
βsγs

}, the s-torsion ; �

sR = { �Rαs
βsγsδs

},

the Riemannian s-curvature ;
�

sRic = { �R βsγs := �Rαs
βsγsαs

�= �R γsβs }, the Ricci s-tensor;
�

sRsc = { �gβsγs �R βsγs }, the Riemannian scalar . (129)

Geometric data ( �

s g, �

s D) enable a sMwith a dyadic metric-
affine s-structure which is a s-adapted phase space version
of metric-affine geometry [1,2,7,8]. In general, such non-
holonomic phase spaces are characterized by a respective
nonmetricity s-tensor, �

sQ = { � Qγsαsβs
= �Dγs

�gαsβs
}.

In Appendix, we provide additional abstract and s-adapted
formulas (A.8)–(A.12) explaining how such values can be
computed in explicit form.

Using a s-metric �g = �

s g, we can define and com-
pute in abstract and component forms 8-d generalizations of
the formulas (19) for two important linear connection struc-
tures (the Levi–Civita, LC, connection and the canonical s-
connection):

( �

s g, �

sN)→
⎧⎨
⎩

� ∇ : �∇ �

s g = 0; �

∇T = 0, LC–connection ;
�

s D̂ :
�

s Q̂ = 0; h1
�T̂ = 0, v2

�T̂ = 0, c3
�T̂ = 0, c4

�T̂ = 0,
h1v2

�T̂ �= 0, h1cs
�T̂ �= 0, v2cs

�T̂ �= 0, c3c4
�T̂ �= 0,

canonical
s-connection .

(130)

So, for higher dimensions, we can also use “hat” labels for
geometric s-objects written in canonical form, for instance,
�

s D̂, �

sR̂ = { � R̂
αs
βsγsδs

} etc. In similar forms we can define
and computed the canonical distortion relations for linear
connections (of type �

s D̂ = �∇ + �

s Ẑ, with a distortions
s-tensor �

s Ẑ defined by N-coefficients) which allow to com-
pute canonical distortions of fundamental geometric objects
(129). For instance, we can consider distortions of curvature
tensors and s-tensors, for instance, �

∇R = { �

∇ Rαs
βsγsδs

} and
�

sR̂ = { � R̂
αs
βsγsδs

}; �

∇Ric and �

sR̂ic etc. For τ -families such

formulas can written, for instance, �∇(τ ), �

s D̂(τ ), �

sR̂(τ ) =
{ � R̂

αs
βsγsδs

(τ )}, �

∇Ric(τ ) , etc.
The modified Einstein equations for �

s D̂ (130) can be
derived in abstract geometric form as in GR [2] but on phase
space sM and following respective conventions on s-adapted
indices,

� R̂icαsβs = �ϒαsβs . (131)

In such formulas, the s-tensor for effective and/or matter field
sources �ϒαsβs can be postulated (or derived following a con-
ventional s-variational calculus extending the constructions
in GR or certain MGTs) in the forms

�ϒβsγs
=

⎧⎪⎪⎨
⎪⎪⎩

�

s�0
�gαsβs

= 1
2

�gαsβs
�

s R̂sc + �

sλ
�gαsβs

, vacuum with shell cosmological constants �

s�0 or �

sλ;
�

s�(τ, �u) �gαsβs
, for polarized constants from geometric flow/string/quantum theories;

�Y βsγs
, from variational/geometric principles of interactions on sM;

�K βsγs
�h̄, κs�, for effective parametric star R-flux corrections, in this work and [6,9,10] .

(132)

The phase space gravitational field equations (131) can
be written in terms of the LC-connection �∇α if we con-
sider distortion relations. Imposing additional zero s-torsion
conditions,

�

s Ẑ = 0, which is equivalent to �

s D̂| �

s T̂=0 = �∇, (133)

we can extract LC-configurations from canonical nonholo-
nomic classes of solutions. Here we note that various con-
servation laws can be formulated by extending in s-adapted
form the formulas from GR using �∇ on M, for instance,
�∇(

�

∇Ricαsβs− 1
2

�gαsβs
�

∇ Rsc) = 0, but such laws are writ-
ten in more cumbersome forms if we distort the geometrical
objects and this equations in terms of �

s D̂. This is a typical
property of nonholonomic systems in geometric mechanics
and gravity theories. Here we note that notations for non-
holonomic constraints of type �

s D̂| �

s T̂=0 (7).

5.2 Modified dispersion relations and phase space
Finsler–Lagrange–Hamilton geometry

For semi-classical commutative MGTs and nonassocia-
tive/noncommutative models and in QG, modified dispersion
relations, MDRs, can be parameterized locally in the form

c2−→p 2 − E2 + c4m2 = �(E,
−→p ,m; "P , κ, . . .). (134)

An indicator �(...) encodes in a functional form possi-
ble contributions of MGTs which, in general, can be with
local Lorentz symmetry violation etc. Such MDRs can be
extended to dependencies on 4-d spacetime coordinates
xi = (x1, x2, x3, x4 = ct) and extended to higher dimen-
sions and for various phase space models. In explicit form,
certain classes of �(...) are prescribed following theoret-
ical/ phenomenological/arguments, or determined experi-
mentally. We can compute such values in the framework
of certain classical/quantum theories of gravity and mat-
ter field interactions. If � = 0, the Eq. (134) transforms
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into a standard quadratic dispersion relation for a relativis-
tic point particle with mass m, energy E, and momentum
pı́ (for ı́ = 1, 2, 3), when such a particle propagates in
a 4-d, flat Minkowski spacetime. A � (134) may involve
dependencies on a conventional energy-momentum pa =
(pı́ , p4 = E),

−→p = {pı́ }, (for a = 1, 2, 3, 4), at the Planck
scale "p :=

√
h̄G/c3 ∼ 10−33cm and κ := "3

s/6h̄ being a
string constant, were "s is a length parameter. In this work,
the light velocity is fixed c = 1 for a respective system of
physical units. Different types of � are considered in various
approaches to QG and (non) commutative MGTs, supergrav-
ity and (super) string models etc. Here we note that MGTs
with MDRs are studied also as candidates for explaining
acceleration cosmology and dark energy, DE, and dark mat-
ter, DM, physics, see [92–97,99–103] and references therein.

We follow the Assumption 2.1 from [7,8] that the standard
gravity and particle physics theories based on the special
relativity and Einstein gravity principles and axioms can be
generalized from a 4-d Lorentz spacetime manifold V on
phase spaces T V or T ∗V for total phase space metrics with
signature (+++−;+ ++−),

ds2 = gαβ(x
k)duαduβ

= gi j (x
k)dxi dx j + ηabdyadyb,

for ya ∼ dxa/dζ ; and/or (135)

d �s2 = �gαβ(x
k)d �uαd �uβ

= gi j (x
k)dxi dx j + ηabdpadpb,

for pa ∼ dxa/dζ, (136)

when certain curves xa(ζ ) on V are parameterized by a pos-
itive parameter ζ. A pseudo-Riemannian spacetime metric
g = {gi j (x)} can be a solution of the Einstein equations for
the Levi–Civita connection ∇ as we considered in Part I. In
diagonal form, the vertical metric ηab and its dual ηab are
standard Minkowski metrics, ηab = diag[1, 1, 1,−1]. The
geometric and physical phase space models are elaborated for
general frame/coordinate transforms on the base spacetime
and in total spaces when the metric structures can be param-
eterized equivalently by the same h-components of gαβ(xk)

and �gαβ(xk) = gαβ(xk), respectively, in quadratic elements
(135) and (136).

We suppose that the M-theory and string gravity related
MGTs, and quasi-classical limits of QG, can be character-
ized by MDRs (134) can be modelled with (small) values
of and indicator � are described by basic Lorentzian and
non-Riemannian total phase space geometries determined
by nonlinear quadratic line elements for Lagrange–Hamilton
spaces:

ds2
L = L(x, y), for models on T V ; (137)

d �s2
H = H(x, p), for models on T ∗V . (138)

For localized � = 0, the nonlinear quadratic line ele-
ments (137) and (138) transform correspondingly into linear
quadratic elements ( 135) and (136). For any MDR (134), we
can model a Hamilton space H3,1 with an Hamilton function
H(p) := E = ±(c2−→p 2 + c4m2 − �(E,

−→p ,m; "P ))
1/2.

Changing the system of frames/coordinates on total space,
we obtain generating functions H(x, p) depending also on
spacetime coordinates. We can use for phase space geomet-
ric modeling certain general generating functions H(x, p)
on T ∗V (for simplicity, we can work with regular config-
urations for nonzero Hessians of H ). Here, we note that
there are Legendre transforms L → H, with H(x, p) :=
pa ya−L(x, y) and ya determining solutions of the equations
pa = ∂L(x, y)/∂ya . In a similar manner, the inverse Legen-
dre transforms can be introduced, H → L , for L(x, y) :=
pa ya − H(x, p) and pa determining solutions of the equa-
tions ya = ∂H(x, p)/∂pa . For regular configurations, we
can work equivalently both with Lagrange and/or Hamilton
spaces. In this section, we provide the formulas for Hamilton
type models on phase spaces which admit straightforward
generalizations to nonassociative geometry determined by
star products and R-flux deformations.

A relativistic 4-d model of Lagrange space L3,1 =
(T V, L(x, y)) on a 8-d phase space with velocity type con-
ventional coordinates y ≈ v is defined by a fundamental
function (equivalently, generating function) T V � (x, y)→
L(x, y) ∈ R, which is a real valued function, differentiable
on T̃ V := T V/{0}, for {0} being the null section of T V,

and continuous on the null section of π : T V → V . Such a
model is regular if the Hessian (v-metric)

g̃ab(x, y) := 1

2

∂2L

∂ya∂yb
(139)

is non-degenerate, i.e. det |̃gab| �= 0, and of constant signa-
ture.

In a similar form, a 4-d relativistic model of Hamilton
space H3,1 = (T ∗V, H(x, p)) can be constructed for a fun-
damental function (equivalently, generating Hamilton func-
tion) on a Lorentz manifold V ; when T ∗V � (x, p) →
H(x, p) ∈ R is defines by a real valued function being
differentiable on T̃ ∗V := T ∗V/{0∗}, for {0∗} being the
null section of T ∗V, and continuous on the null section of
π∗ : T ∗V → V . We say that such a model is regular if the
Hessian (cv-metric)

�g̃ab(x, p) := 1

2

∂2 H

∂pa∂pb
(140)

is non-degenerate, i.e. det | �g̃ab| �= 0, and of constant sig-
nature.

The v-metric g̃ab and c-metric �g̃ab are labeled by tilde
“ ˜ ” in order to emphasize that such conventional v-metrics
are defined canonically by respective Lagrange and Hamil-
ton generating functions. In general, such functions encode
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various types of MDRs and contributions for MGTs on phase
spaces. General frame/coordinate transforms on T V and/or
T ∗V allow us to express any “tilde” Hessian in a general
quadratic form, respectively as a vertical metric (v-metric),
gab(x, y), and/or co-vertical metric (cv-metric), �gab(x, p).
We can works also with inverse transforms by prescribing
any v-metric (cv-metric). In general, a gab is different from
the inverse of �gab, i.e. from �gab. Lagrange and/or Hamilton
models on corresponding M and/or �M can be always con-
structed by prescribing certain generating functions L(x, y)
and/or H(x, p). We shall omit tildes on geometrical/physical
objects if certain formulas hold in general (not only canoni-
cal) forms and that will not result in ambiguities.

Let us consider an important geometric example: a rela-
tivistic 4-d model of Finsler space is defined as a particular
case of Lagrange space when a regular L = F2 is defined
by a fundamental (generating) Finsler function subjected to
such three conditions: (1) a generating F is a real positive val-
ued function which is differential on T̃ V and continuous on
the null section of the projection π : T V → V ; (2) it satis-
fies also the homogeneity condition F(x, λy) = |λ|F(x, y),
for a nonzero real value λ; and (3) for such a fundamen-
tal function, the Hessian (139) is defined by F2 in such a
form that in any point (x(0), y(0)) the v-metric is of signature
(+ + +−). In a similar form, we can define relativistic 4-d
Cartan spaces C3,1 = (V,C(x, p)), when H = C2(x, p)
is 1-homogeneous on co-fiber coordinates pa . This is a 4-d
Finsler space but with momentum like variables. Here we
note that general MDRs encoding data for certain general
MGTs do not involve certain homogeneity conditions. For
the purposes of this work, we shall not use standard exam-
ples of Lagrange–Finsler spaces but elaborate on generalized
Finsler like models with generating functions H(x, p) which
transform (for general nonholonomic frame transforms and
distortions of connections) into certain metric-affine theories
on �M.

On a Hamiltonian phase space H̃ , we can define canon-
ical symplectic structure θ := dpi ∧ dxi and a unique vec-
tor filed X̃ H := ∂ H̃

∂pi

∂
∂xi − ∂ H̃

∂xi
∂

∂pi
determined by the equa-

tion i X̃ H
θ = −d H̃ . In these formulas, ∧ is the antisym-

metric product and i X̃ H
denotes the interior produce defined

by X̃ H . This allows to formulate explicit Hamilton calcu-
lus for any functions 1 f (x, p) and 2 f (x, p) and respec-
tive canonical Poisson structure { 1 f, 2 f } := θ(X̃1 f , X̃2 f ).

Let us consider how such a structure is related to respective
Hamilton–Jacobi configurations. Any regular curve c(ζ ),
when c : ζ ∈ [0, 1] → xi (ζ ) ⊂ U ⊂ V, for a real parameter
ζ, can be lifted to π−1(U ) ⊂ T̃ V defining a curve in the total
space, when c̃(ζ ) : ζ ∈ [0, 1] → (

xi (ζ ), yi (ζ ) = dxi/dζ
)

with a non-vanishing v-vector field dxi/dζ. For any effec-
tive Hamilton phase space model, one holds the canonical

Hamilton–Jacobi equations,

dxi

dζ
= {H̃ , xi } and

dpa

dζ
= {H̃ , pa}.

Equivalent Lagrange and Hamilton models of relativistic
phase spaces can be formulated as L-dual effective phase
spaces H̃3,1 and L̃3,1 described by fundamental generating
functions H̃ and L̃ which satisfy respectively: the Hamilton–
Jacobi equations written equivalently as

dxi

dζ
= ∂ H̃

∂pi
and

dpi

dζ
= −∂ H̃

∂xi
,

or as the Euler–Lagrange equations,

d

dζ

∂ L̃

∂yi
− ∂ L̃

∂xi
= 0.

The last system of equations, in their turn, are equivalent to
the nonlinear geodesic (semi-spray) equations

d2xi

dζ 2 + 2G̃i (x, p) = 0, for G̃i = 1

2
g̃i j (

∂2 L̃

∂yi
yk − ∂ L̃

∂xi
),

(141)

with g̃i j being inverse to g̃i j (139). These equations state that
point like probing particles move not along usual geodesics
as on Lorentz manifolds but follow some nonlinear geodesic
equations.

Using (141), we can define a canonical N-connection in
L-dual form following formulas

� Ñ =
{

� Ñi j := 1

2

[
{ � g̃i j , H̃} − ∂2 H̃

∂pk∂xi
� g̃ jk − ∂2 H̃

∂pk∂x j
� g̃ik

]}

and Ñ =
{

Ñ a
i :=

∂G̃

∂yi

}
. (142)

For general frame transforms on �M, � Ñ → �N (123) and
for dyadic constructions, � Ñ → �

sN (124). Any “tilde” N-
connection allows to define respective systems of N–adapted
(co) frames of type (126), when

� ẽα =
(

� ẽi = ∂

∂xi
− � Ñia(x, p)

∂

∂pa
, �eb = ∂

∂pb

)
, on T ∗V ;

� ẽα =
(

�ei = dxi , �ea = dpa + � Ñia(x, p)dxi
)

on (T ∗V )∗. (143)

There are canonical d-metric structures (d-metrics) g̃ and
� g̃ completely determined by respective data (L̃, Ñ; ẽα, ẽα;
g̃ jk, g̃ jk) and/or (H̃ , � Ñ; � ẽα, � ẽα; �g̃ab, �g̃ab),

g̃ = g̃αβ(x, y)̃eα ⊗ ẽβ = g̃i j (x, y)ei ⊗ e j

+g̃ab(x, y)̃ea ⊗ ẽa and/or (144)
� g̃ = � g̃αβ(x, p) � ẽα ⊗ � ẽβ = �g̃i j (x, p)ei ⊗ e j

+ �g̃ab(x, p) � ẽa ⊗ � ẽb. (145)

Using frame transforms, the d-metric structures [with
tildes] (144) and (145) can be written, respectively, in general
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d-metric forms without tildes. General vierbein transforms
can be parameterized respectively as eα = e

α
α(u)∂/∂uα

and eβ = eββ(u)duβ , where the local coordinate indices

are underlined in order to distinguish them from arbitrary
abstract ones. In such formulas, the matrix eββ is inverse to e

α
α

for orthonormalized bases. For Hamilton like configurations,
one writes �eα = �e

α
α(

�u)∂/∂ �uα and �eβ = �eββ(
�u)d �uβ.

It should be noted that there are not used boldface symbols for
such transforms because we can consider arbitrary decompo-
sitions. In particular, we can consider diadic 2+2+2+2 split-
ting which is important for decoupling of nonlinear systems
of physically important PDEs. With respect to local coor-
dinate frames, any d–metric structures on TV and/or T∗V
(in particular, we can consider Lagrange and/or Hamilton
models) can be written in the form

g = gαβ(x, y)eα⊗eβ = gαβ(x, y)duα ⊗ duβ and/or

�g = �gαβ(x, p) �eα⊗ �e
β = �gαβ(x, p)d �uα ⊗ d �uβ,

when for respective frame transforms, gαβ = e
α
αe

β

βgαβ and

�gαβ = �e
α
α

�e
β

β
�gαβ, there are obtained corresponding

off-diagonal forms:

gαβ =
[

gi j (x)+ gab(x, y)N a
i (x, y)N b

j (x, y) gae(x, y)N e
j (x, y)

gbe(x, y)N e
i (x, y) gab(x, y)

]
and/or

�gαβ =
[

�gi j (x)+ �gab(x, p) � Nia(x, p) � N jb(x, p) �gae � N je(x, p)
�gbe � Nie(x, p) �gab(x, p)

]
.

(146)

Such formulas get respective labels s for the abstract geo-
metric objects or indices if we work in s-adapted variables.
Parameterizations of type (146) are considered, for instance,
in the Kaluza–Klein theory and various string theories with
extra dimension coordinates. Such metrics are generic off-
diagonal if the corresponding N-adapted structure is not inte-
grable, see (127).

The formulas (146) can be written in “tilde” nonholo-
nomic variables which allows us to define, for instance, �g̃αβ

as off-diagonal coefficients of (145) with respective Hessian
(140) and semi-spray N-connection (142) on �M̃. We can

consider arbitrary frame transforms, � g̃αβ = �e
α
α

�e
β

β
�g̃αβ

and/or s-adapted ones, � g̃αsβs
= �e

α
αs

�e
β

βs
�g̃αβ, and elabo-

rate a Finsler–Hamilton model of phase space with geomet-
ric data ( �M̃ : � g̃, � Ñ), which corresponding versions
of generalized Einstein–Finsler–Hamilton equations can be
integrated in general forms for corresponding nonholonomic
dyadic configurations ( �

sM̃ : �

s g̃,
�

s Ñ). In the next sections,
we shall define corresponding canonical s-connections and
related Cartan–Finsler–Hamilton connections in next sec-
tions.

5.3 Almost Kähler Lagrange–Hamilton structures on phase
spaces

Spacetime models encoding MDRs and formulated as almost
Kähler geometries for relativistic phase space Lagrange–
Hamilton configurations were reviewed and studied in [7,
8,24]. In those works, further developments for almost sym-
plectic (algebroid, commutative and noncommutative) mod-
els of deformation and geometric quantization and various
geometric flow theories are reviewed. Originally, the main
ideas on almost Kähler realisation of Finsler and Lagrange
geometry were proposed in [104–106]. We cite [107] for a
review of standard approaches to modern geometric mechan-
ics. In our approach, fundamental (generating) Lagrange–
Hamilton functions and MDRs determine canonical models
of almost Kähler geometry. Such nonholonomic variables
can be introduced in classical and quantum MGTs on (co)
tangent bundles.

Let us explain how MDRs (134) and related canonical N-
connections Ñ and � Ñ define respectively canonical almost
complex structures J̃, on TV , and � J̃, on T∗V . We intro-
duce the linear operator J̃ acting on ẽα = (̃ei , eb) in the
form: J̃(ei ) = −̃en+i and J̃(en+i ) = ẽi . This defines glob-
ally an almost complex structure ( J̃◦˜J = −I for I being
the unity matrix) on TV completely determined by a gener-
ating function L̃(x, y). Similarly, on T∗V, we can consider
a linear operator � J̃ acting on �eα = ( �ei ,

�eb) (143) when
� J̃( �ei ) = − �en+i and � J̃( �en+i ) = �ei . Such a � J̃ defines
globally an almost complex structure ( � J̃ ◦ � J̃ = − � I for
� I being the unity matrix) on T∗V completely determined
by a H̃(x, p). We note that J̃ and � J̃ are standard almost
complex structures only for the Euclidean signatures, respec-
tively, on TV and T∗V . For the pseudo-Euclidean signature,
we define such operators in abstract geometric forms which
needs additional assumptions and results in a different type of
relativistic classical and quantum models. Considering arbi-
trary frame/coordinate transforms, we write J and � J.

The canonical Neijenhuis tensor fields determined by
MDRs and respective Lagrange and Hamilton phase space
structures and canonical almost complex structures J̃ on TV
and/or � J̃ on T∗V , are considered as curvatures of respective
N-connections:

�̃(X̃, Ỹ) := −[˜X,˜Y ] + [˜J ˜X, ˜J ˜Y ] − ˜J[˜J ˜X, ˜Y ] − ˜J[˜X, ˜J ˜Y ] and/or
��̃( � X̃, �Ỹ) := −[ �

˜X, �
˜Y ] + [ �

˜J �
˜X, �

˜J �
˜Y ] − �

˜J[ �
˜J �

˜X, �
˜Y ]

− � J̃[ � X̃, � J̃ �Ỹ ],
(147)

for any d-vectors X, Y and �X, �Y. In general frame/coordi-
nates, the curvatures (147) can be written in general form
without tilde values and/or in index form:

�a
i j =

∂N a
i

∂x j
− ∂N a

j

∂xi
+ N b

i

∂N a
j

∂yb
− N b

j
∂N a

i

∂yb
, or
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��i ja = ∂ �Nia

∂x j
− ∂ �N ja

∂xi
+ �Nib

∂ �N ja

∂pb
− �N jb

∂ �Nia

∂pb
.

We obtain almost complex structures J and � J transform
into standard complex structures for Euclidean signatures if
� = 0 and/or �� = 0.

The priority of the Lagrange–Hamilton models is that they
allow certain equivalent descriptions as almost symplectic
geometries which can be used, for instance, for performing
deformation quantization. Almost symplectic structures on
TV and T∗V are defined by respective nondegenerate N-
adapted 2-forms

θ = 1

2
θαβ(u) eα ∧ eβ and �θ = 1

2
�θαβ(

�u) �eα ∧ �eβ.

For instance, in h-c components,

�θ = 1

2
�θi j (

�u)ei ∧ e j + 1

2
�θab( �u) �ea ∧ �eb. (148)

We emphasize that a N-connection �N defines a unique
decomposition of a d-vector � X = Xh + � Xcv on T ∗V ,

for Xh = h �X and � Xcv = cv �X. Respective projectors
h and cv are related to a dual distribution �N on V, when
the properties h + cv = I, h2 = h, (cv)2 = cv, h ◦ cv =
cv ◦h = 0 are satisfied. The almost product operator � P :=
I − 2cv = 2 h − I acting on �eα = ( �ei ,

�eb) is defined by
formulas

�P( �ei ) = �ei and �P( �eb) = − �eb.

In a similar form, a N-connection N induces an almost prod-
uct structure P on T V .

Another important d-geometric operators are the almost
tangent (co) ones constructed to satisfy the conditions

J(ei ) = e4+i and J (ea) = 0, or J = ∂

∂yi
⊗ dxi ;

�
J( �ei ) = �gib

�eb and �
J

(
�eb
)
= 0, or

�
J = �gia

∂

∂pa
⊗ dxi .

Above introduced d-operators �P, � J and �
J are respectively

L-dual to P, J and J if and only if �N and N are L-dual
and there are constructed respective (co) frame transforms to
canonical values [ � P̃, � J̃, �̃

J] and [ P̃, J̃ ,̃J]. We can verify
by straightforward computations that there are satisfied for
pairs of L-dual N-connections

(
N, �N

)
the properties:

J = −δa
i ea ⊗ ei + δi

aei ⊗ ea,

� J = − �gia
�ea ⊗ �ei + �gia �ei ⊗ �ea

correspond to a L-dual pair of almost complex structures(
J, � J

) ;
P = ei ⊗ ei − ea ⊗ ea, �P = �ei ⊗ �ei − �ea ⊗ �ea

correspond to a L-dual pair of almost product structures(
P, �P

)
, and respective almost symplectic structures

θ = gaj (x, y)ea ∧ ei and �θ = δa
i

�ea ∧ �ei (149)

Such operators can be re-written in canonical form by con-
sidering canonical N-adapted bases with tilde, for instance,
we can write (149) (using frame transforms) as θ̃ =
g̃a j (x, y)̃ea ∧ ei and �θ̃ = δa

i
� ẽa ∧ �ei . For instance, a

N-connection � Ñ and/or �

s Ñ can be used to N-elongate
corresponding frames and define tilde data

(
� J̃, �̃

J, � P̃,� θ̃
)

and re-define them for nonholonomic dyadic splitting of type(
�

s J̃,
�

s J̃,
�

s P̃,�s θ̃
)
.

For modeling of (co) tangent bundle N-connection and
almost symplectic geometries on (co) tangent bundles of
total dimension 8, we can formulate the phase space non-
holonomic geometry as an almost Hermitian model of a
tangent Lorentz bundle T V equipped with a N-connection
structure N is defined by a triple H8 = (T V , θ, J), where
θ(X,Y) := g (JX,Y) . On a cotangent Lorentz bundle
T ∗V with a (or �N), we can define a triple �H8 =
(T ∗V , �θ, � J), where �θ( �X, �Y) := �g

(
� J �X, �Y

)
).

A space H8 (or �H8) is almost Kähler and denoted K 8 if
d θ = 0 (or �K 8 if d �θ = 0). In tilde variables with 1-forms,
respectively, defined by a regular Lagrangian L and Hamilto-
nian H (related by a Legendre transform), we have ω̃ = ∂L

∂yi ei

and �ω̃ = pi dxi , for which θ̃ = dω̃ and �θ̃ = d �ω̃. As a
result, we get that d θ̃ = 0 and d �θ̃ = 0. If such conditions
are satisfied, for instance, for � Ñ, we can consider arbitrary
or nonholonomic dyadic structures with �

s Ñ and d s θ̃ = 0
and d �

s θ̃ = 0. But such properties do not hold true for arbi-
trary �N and �θ, when, in general, d �θ �= 0. We have to
introduce a special distribution � Ñ determined by a H̃ . Such
geometric and physical objects may have certain geometric
or physical motivation but can be also prescribed to define a
subclass of N-elongated frames � ẽα = ( � ẽi ,

�eb).

5.4 Canonical and Lagrange–Hamilton connections and
curvatures

We are not able to motivate and elaborate on self-consistent
phase space generalizations of the Einstein gravity if we
work only with Finsler like metrics determined by non-
linear quadratic forms L(x, y) (137) and/or H(x, p) (138)
(or with arbitrary nonholonomic fibered 4+4 structures) and
(co) vector/tangent bundles. Viable Lagrange–Hamilton the-
ories encoding (134) can be formulated on TV and T∗V
for additional assumptions on choosing certain types of N-
connection and d-connection structures. This is different
from the geometry of a (pseudo) Riemannian spacetime
(V, {gi j (x)}), which is completely determined by its met-
ric structure {gis}; and when the Levi–Civita (LC) connec-
tion,∇, is uniquely defined by {gis}. In non-relativistic form,
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there were developed certain approaches related to Finsler
geometry and semi-spray configurations [108,109], where
the priority was given to the Chern–Rund connection for
Finsler spaces. In another class of Finsler gravity models,
the priority was given to the Berwald connection in Finsler
geometry [110–112]. Such a d-connection is not compatible
with the metric structure on the total bundle. This creates
a number of ambiguities related to elaborating metric non-
compatible Finsler gravity theories (including definition of
spinors, definition of compatible motion equations and con-
servation laws), see explicit results, critics and discussions
in Refs. [5–8,24].

5.4.1 N-adapted distortions of s-connections, and
s-curvatures

On phase spaces, we can elaborate on geometric models with
affine (linear) connections and respective covariant deriva-
tives in certain forms which are, or not, adapted to a chosen
N-connection structure. Such constructions can be defined
for a general nonholonomic 4+4 splitting.

A distinguished connection (d-connection) can be defined
as a linear connection D on TV (or �D on T∗V ) which
is compatible with the almost product structure DP = 0
(or �D �P = 0). In equivalent form, such a d-connection
can be defined to preserve under parallelism a respective N-
connection splitting (123), which can be prescribed to be a
more special N-connection � Ñ and then related to a non-
holonomic dyadic decomposition (124).

For instance, the coefficients of d-connection �D can be
defined with respect to N-adapted frames (126) using equa-
tions

�D �ek
�e j := �Li

jk
�ei ,

�Dek
�

eb := − � Ĺ b
a k

�ea, �D �ec
�

e j := �Ći c
j

�ei ,
�D �ec

�eb := − �C bc
a

�ea .

Using respective labeling of h- and v-indices, such equa-
tions can be considered for D. In brief, the N-adapted coef-
ficients of d-connections on a cotangent Lorentz bundles can
be respectively parameterized
�α

βγ = {Li
jk, Ĺa

bk, Ći
jc,Ca

bc} and
��α

βγ = { �Li
jk,

� Ĺ b
a k,

�Ći c
j , �C bc

a }, (150)

which allows to define h- and c-splitting of covariant deriva-

tives �D =
(

�

h D, �

vD
)
, where h D = {Li

jk, Ĺa
bk}, and

�

c D = { �Ći c
j , �C bc

a }. For dyadic decompositions, the sym-
bols of geometric objects and/or indices of such objects
are labelled additionally with a shell label, for instance,
�

cs D = { �Ćis cs
js

, �C bs cs
as }, when, for instance, j2 = 1, 2, 3, 4

and a3 = 5, 6. In such case, we use the terms s-connection
instead of d-connection (respectively, s-tensor instead of d-
tensor). In result, we formulate 8-d s-adapted phase space
variants of (4-d) formulas (17), (18) and, respectively, (26),
(27) and (28). All higher dimension formulas on M and/or
�M can be proven in abstract geometric and s-adapted forms.
We omit such details in this work.

5.4.2 Physically important Filsler–Lagrange–Hamilton
and canonical d-connections

For elaborating classical and quantum MGTs, and alternative
geometrization of mechanics and nonholonomic geometric
flow theories [24], we can consider more specials classes
of d-connections which can be defined completely by a d-
metric/almost symplectic structure determined by a respec-
tive Lagrange–Finsler and/or Hamilton–Cartan fundamental
form.

The almost Kähler–Lagrange and/or almost Kähler–
Hamilton phase spaces (determined, or not, by respective
MDRs (134) and a possible L-duality) are characterized
respectively by such geometric and physically important lin-
ear connections and canonical/almost symplectic connec-
tions:

[g, N] � [̃g, Ñ] � [ θ̃ := g̃( J̃ ·, ·), P̃, J̃ ,̃J] "⇒
⎧⎨
⎩
∇ : ∇ g = 0; T [∇] = 0, Lagrange LC-connection;
D̂ : D̂ g = 0; hT̂ = 0, vT̂ = 0. canonical Lagrange d-connection;
D̃ : D̃θ̃ = 0, D̃θ̃ = 0 almost symplectic Lagrange d-connection.;

(151)

and/or

[ �g, �N] � [ � g̃, � Ñ] � [ �θ̃ := � g̃( � J̃ ·, ·), � P̃, � J̃, �̃
J] "⇒

⎧⎨
⎩

�∇ : �∇ �g = 0; �T [ �∇] = 0, Hamilton LC-connection;
� D̂ : � D̂ g = 0; h � T̂ = 0, cv � T̂ = 0. canonical Hamilton d-connection;
� D̃ : � D̃ �θ̃ = 0, � D̃ �θ̃ = 0 almost symplectic Hamilton d-connection.

(152)
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The formulas (151) and (152) consist 8-d Lagrange–
Hamilton analogs of the 4-d canonical d-connection and
LC-connection structure (19). We can use different “tilde,
hat, shell, duality” and other type labels for corresponding
s-connections � D̃, � D̂, or �∇. Respective fundamental s-
tensor objects are labeled with respective “tilde, hat,...”, for
instance ∇R = { ∇ Rα

βγ δ}, �R̂ = { � R̂
α
βγ δ}, �R̃ = { � R̃

α
βγ δ}

etc. Such s-tensors can be related via distortion relations
and nonholonomic frame transforms. To derive exact and
parametric solutions in certain geometric flow and MGTs is
important to transform, for instance, a Ricci tensor ∇ R βγ ,

or d-tensor � R̃ βγ , into a � R̂ βγ . The priority of the canon-
ical d-connection � D̂ is that it can be written in s-form as
a �

s D̂ when � R̂ βγ → � R̂ βsγs . In dyadic form, correspond-
ing physically important equations can be decoupled for cer-
tain general off-diagonal metrics (quasi-stationary, or locally
anisotropic ones). Details on such transforms are provided in
(nonassociative) Finsler–Lagrange–Hamilton forms in Refs.
[5–8,24] for respective generalizations of the Finsler geom-
etry (in relativistic Lagrange–Hamilton forms and dropping
the condition of homogeneity used in Finsler geometry).

It is well-known Chern’s definition [113,114] that Finsler
geometry is an example of geometry when the assump-
tion on quadratic linear elements is dropped. But this is
not enough for constructing physically viable Finser gen-
eralizations of the Einstein gravity theory. We need certain
additional assumptions for elaborating self-consistent geo-
metric constructions determined by nonlinear quadratic line
elements. Here we note that the first self-consistent model of
Finsler geometry (with local geometric constructions with
generalized metric, N-connection and d-connection struc-
tures, and associated N-frames) was elaborated by E.Cartan
[115], see and citations therein. In those works, there were
defined thee coordinate transforms of nonlinear and lin-
ear connections. The original constructions with nonlinear

quadratic elements were elaborated in the famous habilita-
tion thesis of B. Riemann [116], but E. Cartan introduced
the term of Finsler geometry using the original work [117]
and completing the Finsler geometry with the concepts of
N-connection and Cartan d-connection. Conventionally, that
model of Finsler–Cartan geometry, which is metric compat-
ible, can be described on tangent bundles (or on manifolds
with fibred structure) by a triple of fundamental geometric
structures (F : g̃, Ñ, D̃).

Such constructions can be performed in relativistic forms
on a phase space M̃ and re-defined in equivalent dual form
on �M̃ if we use momentum like coordinates. J. Kern [106]
defined the Lagrange geometry as a model Finsler geome-
try without homogeneity conditions, which also can be re-
defined (using more sophisticate geometric constructions) on
�M as respective Hamilton and Cartan (phase) spaces.

5.4.3 Distortion s-tensors and curvature and Ricci
s-tensors

There are unique distortion relations for any type of pre-
scribed canonical d-connection, or the Cartan d-connection,
and LC-connection:

D̂ = ∇ + Ẑ, D̃ = ∇ + Z̃, and D̂ = D̃ + Z, determined by (g, N);
and s D̂ = D̃ + s Z, determined by ( s g, s N);

� D̂ = �∇ + � Ẑ, � D̃ = �∇ + � Z̃, and � D̂ = � D̃ + �Z,

determined by ( �g, �N);
and �

s D̂ = � D̃ + �

s Z, determined by ( �

s g,
�

s N), (153)

for distortion s- and d-tensors Ẑ, Z̃, and Z; and � Ẑ, � Z̃, and
�Z etc. For such formulas, we can associate some MDRs
(134) (this is important for elaborating physical models, but
not obligatory for geometric constructions) are characterized
by respective canonical and/or almost symplectic distortion
d-tensors Ẑ[̃g, Ñ], Z̃[̃g, Ñ], and Z[̃g, Ñ], for (almost sym-
plectic) Lagrange models, and � Ẑ[ � g̃, � Ñ], � Z̃[ � g̃, � Ñ],
and �Z[ � g̃, � Ñ], for (almost symplectic) Hamilton models.

Using distortions relations (153), the phase space geom-
etry can be described in different equivalent forms (up to
respective nonholonomic deformations of the linear connec-
tion and s-connection structures and nonholonomic frame
transforms) by such data

MDRs ↗ (g, N, D̂) � (L : g̃,Ñ, D̃) ↔ (θ̃ , P̃, J̃, J̃, D̃) ↔ [(g[N ],∇)], on TV
indicator � $ possible L-duality & symplectomorphisms $ not N-adapted

see (134) ↘ ( �g, �N, � D̂) � (H : � g̃, � Ñ, � D̃) ↔ ( �θ̃ , � P̃, � J̃, �̃
J, � D̃) ↔ [( �g[ �N ], �∇)], onT∗V .

(154)

We can prove in abstract and N-adapted forms that there
are canonical distortion relations for respective Lagrange–
Finsler nonholonomic variables:

R̂[g, D̂ = ∇ + Ẑ] = R[g,∇] + Ẑ[g, Ẑ],
�R̂[ �g, � D̂ = �∇ + � Ẑ] = �R[ �g, �∇] + �Ẑ[ �g, � Ẑ],

R̂ic[g, D̂ = ∇ + Ẑ] = Ric[g,∇] + Ẑ ic[g, Ẑ],
� R̂ic[ �g, � D̂ = �∇ + � Ẑ] = � Ric[ �g, �∇] + � Ẑ ic[ �g, � Ẑ],

�

s R̂[g, D̂ = ∇ + Ẑ] = R[g,∇] + s Ẑ [g, Ẑ],
�

s R̂[ �g, � D̂ = �∇ + � Ẑ] = �

s R[ �g, �∇] + �

s Ẑ [ �g, � Ẑ],

123



 1046 Page 50 of 94 Eur. Phys. J. C          (2025) 85:1046 

Such distortion formulas can be considered for the almost
symplectic Lagrange, or Finsler, d-connections,

R̃[̃g � θ̃ , D̃ = ∇ + Z̃] = R[̃g � θ̃ ,∇] + Z̃ [̃g � θ̃ , Z̃],
�R̃[ � g̃ � �θ̃ , � D̃ = �∇ + � Z̃]

= �R[ � g̃ � �θ̃ , �∇] + �Z̃[ �g � �θ̃ , � Z̃],
and any geometric d-objects with “tilde” symbols.

Finally, we note that similar distortions can be defined
and computed, for instance, for the Chern d-connection,
Berwald d-connection (which are not metric compatible) and
any d-connection structure considered in Finsler geometry
[113,114] and can be introduced via corresponding nonholo-
nomic deformations of 4-d Lorentz manifold [24]. The phys-
ical importance of such d- and s-connections is not clear (for
instance, to it is an unsolved problem how to define in a
unique and self-consistent form the Dirac equations on non-
metric curved spaces [7,8]) and how to solve respective geo-
metric flow and modified Chern–/Berwald–Einstein equa-
tions is a very difficult technical problem. Re-defining the
construction in nonholonomic canonical variables with “hat”
distortions, we can prove the decoupling property of modi-
fied/generalized Einstein equations on TV and T∗V.

6 Nonassociative star product deformed
Finsler–Hamilton phase space geometric flows

The goal of this section is to extend definition of nonas-
sociative star product introduced in [118,119] for nonasso-
ciative phase spaces enabled with canonical nonholonomic
and/or Finsler–Lagrange–Hamilton variables. We follow the
approach with s-adapted frames [5,6] modifying for non-
trivial N-connection structures the constructions from Sect.
2 of [38] and Sect. 2 of [39]. Such constructions provide
also nonassociative generalizations of the models of non-
commutative gauge gravity and generalized Finsler geometry
and their deformation quantization (using N-adapted Moyal–
Weyl star products) were considered in [43,120–122].

6.1 Nonassociative star products and nonsymmetric metrics

6.1.1 Definition of star products with Finsler–Hamilton
and dyadic N-adapted frames

Using the canonical frame structure � ẽα = ( � ẽi ,
�eb) (143),

we can define a nonassociative star product �̃ on the phase
space M modelled as Hamilton space

f �̃q := ·[exp(−1

2
i h̄( � ẽi ⊗ �ei − �ei ⊗ � ẽi )

+ i"4

12h̄
R̃i ja(pa

� ẽi ⊗ � ẽ j − � ẽ j ⊗ pa
� ẽi ))] f ⊗ q

= f · q − i

2
h̄[( � ẽi f )( �ei q)− ( �ei f )( � ẽi q)]

+ i"4

6h̄
Ri ja pa(

� ẽi f )( � ẽ j q)+ · · · , (155)

and/or, for � ẽα → �eα = eβα(
�u)� ẽβ,

f � q := ·[exp(−1

2
i h̄( �ei ⊗ �ei − �ei ⊗ �ei )

+ i"4

12h̄
Ri ja(pa

�ei ⊗ �e j − �e j ⊗ pa
�ei ))] f ⊗ q

= f · q − i

2
h̄[( �ei f )( �ei q)− ( �ei f )( �ei q)]

+ i"4

6h̄
Ri ja pa(

� ẽi f )( � ẽ j q)+ · · · , (156)

where f (x, p) and q(x, p) are functions on phase space
coordinates; the constant " characterizes the R-flux contribu-
tions determined by an antisymmetric R̃i ja, or Ri ja, back-
ground in string theory; where ⊗ is the tensor product. For
small parametric decompositions on h̄ and κ = "3

s/6h̄, the
tensor products turn into usual multiplications as in the sec-
ond line (155).

A phase Hamilton space M̃ enabled with a star product
(156) transforms into a nonassociative Hamilton one M̃� (a
star label can be used any form “up/low and or left/right”, for
instance, �M̃). We can re-define �̃ in s-adapted form con-
sidering frame transforms � ẽα → �eαs = eβαs (

�

su) � ẽβ for
an s-adapted basis �eαs (125) used instead of �eα, with �̃→
�s, which allows to work with a s-adapted star product �s on
�
sM as in [5,6]. For coordinate frames, �eα = �∂α, such star
products transform into that considered in [38,39]. The pri-
ority of �s is that such a dyadic star product structure allows
to decouple and solve in general forms physically important
systems of nonlinear PDEs. Nonassociative deformations �̃

can be used for elaborating nonassociative generalizations of
almost Kaehler–Hamilton geometry (154). To elaborate on
models of geometric flows on a (temperature like) parameter
τ we can consider families of s-frames � ẽis (τ ) and/or � ẽi (τ ),
we obtain define respective flow families s-adapted star prod-
ucts (with respective �̃(τ ), �(τ ), �s(τ )( even the functions f
and q may not depend on evolution parameter. Similar τ -
dependencies of geometric/physical s-objects and structures
have to be defined for evolution on nonassociative and asso-
ciative geometric models.

In s-adapted form, the star product is written

f �s q := ·
[

exp

(
− 1

2
i h̄( �eis ⊗ �eis − �eis ⊗ �eis )

+ i"4
s

12h̄
Ris js as (pas

�eis ⊗ �e ja − �e js ⊗ pas
�eis )

)]
f ⊗ q

= f · q − i

2
h̄[( �eis f )( �eis q)− ( �eis f )( �eis q)]

+ i"4
s

6h̄
Ris js as pas (

�eis f )( �e js q)+ · · · . (157)
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Such R-flux deformations are computed in s-adapted from
and allow to us develop nonassociative versions of the
AFCDM [6,10,40,41]. Using corresponding adapted frame
transforms, we can define equivalent nonassociative star
product operations (structures) of type (155), (156) and
(157), when �̃ ≈ � ≈ �s . We shall use tilde and/or s-
labels to emphasize that we work with canonical Lagrange-
Hamilton structures and/or shell configurations (which can
be defined as double geometric structures with corresponding
purposes).

6.1.2 Nonassociative star product symmetric and
nonsymmetric d-metrics

For M̃→ M̃�, a �̃-structure transforms a symmetric metric
� g̃ (145) into a nonsymmetric one with respective symmet-
ric, �

� g̃, and nonsymmetric, �

�g̃, components. We can use
labels � instead of � because such nonassociative Finsler–
Hamilton metrics may contain complex terms. Nevertheless,
the nonholonomic s-structure can be always prescribed in
such a form which allow to work with real terms and with
quasi-Hopf s-structure determined by a nonassociative alge-
bra A�

s (generalizing the constructions from [39,123]). Such
nonassociative d-objects can be represented in the forms

�

� g̃ = �

� g̃αβ �̃(
� ẽα ⊗ � ẽβ), where

�

� g̃(
� ẽα, � ẽβ) = �

� g̃αβ = �

� g̃βα ∈ A�
s

�

�g̃αβ = �

� g̃αβ − κRτξ
α

� ẽξ �

� g̃βτ

= �

�g̃
[0]
αβ + �

�g̃
[1]
αβ(κ) = �

�̃ǧαβ + �

�̃aαβ.

In these formulas, we consider that �

�̃ǧαβ (we use a inverse
hat and tilde labels to emphasize that we encoded certain
Finsler–Hamilton structures and symmetrization after R-flux
deformation) is the symmetric part and �

�̃aαβ is the anti-
symmetric part computed respectively:

�

�̃ǧαβ :=
1

2
( �

�̃gαβ + �

�̃gβα)

= �

� g̃αβ −
κ

2

(
Rτξ

β
� ẽξ �

� g̃τα +Rτξ
α

� ẽξ �

� g̃βτ

)
(158)

= �

�̃ǧ
[0]
αβ + �

�̃ǧ
[1]
αβ(κ),

for �

�̃ǧ
[0]
αβ = �

� g̃αβ and

�

�̃ǧ
[1]
αβ(κ) = −κ

2

(
Rτξ

β
� ẽξ �

� g̃τα +Rτξ
α

� ẽξ �

� g̃βτ

)
;

�

�̃aαβ :=
1

2
( �

�̃gαβ − �

�̃gβα)

= κ

2

(
Rτξ

β
� ẽξ �

� g̃τα −Rτξ
α

� ẽξ �

� g̃βτ

)

= �

�̃a
[1]
αβ(κ) =

1

2
( �

�̃g
[1]
αβ(κ)− �

�̃g
[1]
βα(κ)). (159)

We emphasize that choosing a primary nonholonomic dis-

tribution when �

�̃ǧ
[0]
αβ = � g̃αβ (145), we can work on effec-

tive nonassociative spaces with symmetric s- and d-metrics,
when the nonsymmetric coefficients are induced (and can
be recurrently computed on higher orders of κ) by data
(Rτξ

β,ξ , � ẽξ , � g̃τα) (159). Here we note also that nonsym-
metric inverse d-metrics can be parameterized in the form
�

�̃g
αβ = �

�̃ǧ
αβ + �

�̃a
αβ , but in nonassociative geometry

the procedure of computing inverse matrices and metrics is
more sophisticate than in the commutative and noncommu-
tative cases, see details in [5,6,38,39]. For nonassociative

constructions, �

�̃ǧ
αβ

is not the inverse to �

�ǧαβ and �

�a
αβ

is not inverse to �

�aαβ. To model nonassociative geometric
flow evolution of symmetric and nonsymmetric components
of star product deformed Finsler–Hamilton d-metrics, we
have to consider respective families of d-objects and their
d-adapted components which can be written, for instance,
�

� g̃(τ ),
�

� g̃βα(τ ),
�

�̃gαβ(τ ) = �

�̃ǧαβ(τ )+ �

�̃aαsβs (τ ) etc.

6.2 Star product deformations of geometric s-objects on
Finsler–Hamilton phase spaces

In [5,6,10,41], we used the Convention 2 for nonassocia-
tive star product deformations of geometric objects on �M
into respective s-objects on �

sM�. In this subsection, the
Convention 2 is generalized in such forms when nonasso-
ciative s-objects and be generated by star product deforma-
tions of d-objects for Finsler–Hamilton phase spaces (for
Finsler–Lagrange configurations the constructions are dual).
All such nonassociative and nonholonomic geometric con-
structions can be performed in abstract geometric form when
coefficient formulas are derived with respective d- and/or s-
adapted frames.

6.2.1 Canonical and Finsler–Hamilton d-connections and
LC-configurations

Using corresponding nonassociative star product (155), (156)
and (157) and d-metric (145) , any linear/d-connection/s-
connection structure from (153) can be deformed into nonas-
sociative d-/s-geometric objects:

� D̃ = �∇ + � Z̃ → � D̃
� = �∇� + � Z̃

�
, �

D̂ = � D̃ + � Z → � D̂
� = � D̃

� + �Z� and
�

s D̂ = � D̃ + �

s Z → �

s
̂D

� = �
˜D

� + �

s Z
�. (160)

We write conventionally �

s D̃ = �

s
̂̃D (to avoid using dou-

ble hat and tilde labels if that will not result in ambiguities).
Here we note that, in principle, we can re-define the geomet-
ric constructions in any convenient “tilde” or “hat” variables,
considering that � D̃ can be transformed into s-adapted con-
figurations for some nonholonomic s-adapted frame trans-
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forms when ( �

s g,
�

sN) ≈ ( � g, �N) ≈ ( � ˜g, � ˜ ).N Such
constructions are important if we want to generate nonasso-
ciative Lagrange–Hamilton phase configurations subjected
to the conditions that certain models may elaborated for some
classes of exact/ parametric solutions.

With respect to N-/s-adapted bases, � ẽα, �eα or �eαs , we
can compute corresponding coefficient formulas for (160).
For instance, we can write in coefficient forms

� D̃ = { ��̃
α
βγ (

�u)} → � D̃
� = { ��̃

α
� βγ (

�u)}, after
� ẽα → �eαs = eβαs

( �

su)� ẽβ,
�

s D̃ = { ��̃
αs
βsγs

( �

su)} → �

s D̃
� = { ��̃

αs
� βsγs

( �

su)},
see details in [5,6] redefined for Finsler–Hamilton configu-
rations in [7,8,24].

The N- and s-adapted metric affine data on phase spaces
are transformed under star product transforms as

( � Ñ, � g̃, � D̃) ≈ ( �

s Ñ, �

s g̃, �

s D̃)→ ( �

s Ñ, �

�̃g = ( �

�̃ǧ,
�

�̃a),
� D̃

�
)

≈ ( �

s Ñ, �

s g̃
� = ( �

s
˜̌g�, �

s ã
�), �

s D̃
�
).

Such relations define respective nonholonomic and nonas-
sociative Finsler–Hamilton spaces depending on the type
of generating functions and star product deformations.
For any �

s D̃ and �

s D̃
�
, we can define and compute in

abstract/coefficient forms the corresponding star deforma-
tions of torsion s-tensors, �

s T̃ → �

s T̂ �, and Riemann
curvature s-tensors, �

sR̃ → �

sR̂�. Originally, such com-
putations in coordinate frames were performed in [38,39]
there were considered star product deformations without N-
connection structure and for (pseudo) Riemannian data. Cor-
responding nonassociative geometric objects were defined
for ( �g, �∇)→ (

�

�g = (
�

�ǧ,
�

�a),
�∇�), where �∇ and �∇�

are respective Levi–Civita, LC, connections. Unfortunately,
it is not possible to decouple nonholonomic and nonassocia-
tive (modified) Einstein equations using �∇, �∇�, and (for
Finsler–Hamilton gravity theories) for � D̃, or � D̃

�
.

In [43], there were studied noncommutative black hole
solutions for the Cartan–Finsler d-connection but those
classes of solutions can’t be generalized in a direct form
for nonassociative models because R-flux terms induce addi-

tional coupling. The main result of [6] consisted in a proof
that we can decouple and integrate such important systems
of nonlinear PDEs if we use the canonical s-connections,
�

s D̂ and �

s D̂
�
. The main idea of the Part II is that we con-

sider certain classes of nonholonomic distributions and frame
transforms when � D̃

� → �

s D̂
�
, which allows us to con-

struct more general classes of generic off-diagonal solutions.
Then we can impose additional nonholonomic constraints
on distortion s-tensors �

s Z̃, when �

s D̂| �

s Z̃=0 = � D̃
�
, and

extract Finsler–Hamilton configurations. Typically, general
Finsler geometries are characterized by certain Finsler d-
connection structures which involve nontrivial d-torsion and
nonmetricity d-tensor fields. LC-configurations are not con-
sidered for such models even they can be extracted by con-
straining respective distortion d-tensors. Star product defor-
mations preserve such properties.

For any nonassociative geometric data which include cor-
responding frame transforms (we write ≈) when
( � Ñ ≈ �

sN, � g̃� ≈ �

s g
�, �

s D̃
� = �

s D̂
�+ �

s Z̃
�
), we can define

such canonical s-connection, Cartan–Finsler–Hamilton d-
connection, and LC-connection structures,

�

s D̂
� = (h1

� D̂
�
, v2

� D̂
�
, c3

� D̂
�
, c4

� D̂
�
)

= �∇� + �

s Ẑ
� = �

s D̃
� − �

s Z̃
�
, � D̃

� = �∇̃� + � Z̃
�
,

(161)

where the canonical distortion s-tensors �

s Ẑ
�[ �

s T̂ �[ �

sN, �

s g
�]]

is an algebraic functional of the canonical s-torsion �

s T̂ �,

and this involves additional distortion relations with � Z̃
�

and
�T̃ �. The corresponding linear connections are defined by the
conditions

( � g̃�, � Ñ)

$
( �

s g
�, �

sN)

→

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

�

� ∇ : �∇� � g̃� = 0; �

∇T � = 0 star LC-connection;
� D̃

� :
� D̃

�
� g̃� = 0; h �T̃ � = 0, c �T̃ � = 0, hc �T̃ � �= 0
Cartan–Finsler–Hamilton d-connection;

�

s D̂
� :

�

s D̂
�

�

s g
� = 0; h1

�T̂ � = 0, v2
�T̂ � = 0, c3

�T̂ � = 0, c4
�T̂ � = 0,

h1v2
�T̂ � �= 0, h1cs

�T̂ � �= 0, v2cs
�T̂ � �= 0, c3c4

�T̂ � �= 0,
can. s-connect.

(162)

We note that in the definition of linear connections
�

�∇, � D̃
�

and �

s D̂
�

we use the s-tensor � g̃� ≈ �

s g�. The coef-
ficient s-adapted formulas are provided in [5,6]. For defin-
ing linear connections (162), we can use also a nonsym-
metric metric �

�gαsβs which can be nonholonomically trans-
formed and constrained to a � g̃� but such a choice results in
a more strong coupling of tensor s-objects which does not
allow decoupling of physically important systems of nonlin-
ear PDEs.
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6.2.2 Convention 2 for Finsler–Hamilton structures

To define and compute geometric and physical objects on a
nonassociative phase space �

sM we formulated the Conven-
tion 2 (see details in [5,6,10,41]). Here we reformulate that
convention in a form including “tilde” variables.

Convention 2FH (for Finsler–Hamiton variables) : The
commutative and nonassociative geometric data derived for
corresponding star products (155), (156) and (157), when
�̃ ≈ � ≈ �s can be expressed in such abstract/symbolic s-
adapted forms:

( �̃, Ã�, � g̃�, �g̃�, �Ñ, � ẽα, �D̃�)

$
(�, A�, �g�, �g

�
, �N, �eα, �D̂�))

⇔
( �̃s , Ã�,

�

s g̃�,
�

s g̃�,
�

s Ñ, � ẽαs ,
�

s D̃�)

$
(�s , A�

s ,
�

sg�,
�

sg
�,

�

sN, �eαs ,
�

s D̂�)

⇑
( Ã, �g̃, �g̃, �Ñ, � ẽα, �D̃)

$
(A, �g, �g, �N, �eα, �D̂)

⇔
( Ã�,

�

s g̃,
�

s g̃,
�

s Ñ, � ẽαs ,
�

s D̃)

$
( A�

s ,
�

sg,
�

sg,
�

sN, �eαs ,
�

s D̂)

(163)

for certain canonical distortions (161).
Following the Convention 2FH, we can define and com-

pute star product deformations of fundamental geometric s-
objects,

�

sT → �

s T̂ � = { �T̂αs
�βsγs

} and �

s T̃ → �

s T̃ � = { �T̃αs
�βsγs

},
nonassociative canonical s-torsion ;

�

sR → �

sR̂� = { �R̂�αs
βsγsδs

} and ,

nonassociative canonical Riemannian s-curvature ;
�

sRic → �

sR̂ic� = { �R̂�
βsγs

:= �R̂�αs
βsγsαs

�= �R̂�
γsβs

} and

�

sR̃ic → �

sR̃ic� = { �R̃�
βsγs

:= �R̃�αs
βsγsαs

�= �R̃�
γsβs

},
nonassociative canonical Ricci s-tensor;

�

sRsc → �

sR̂sc� = { �gβsγs �R̂�
βsγs

} and

�

sR̃sc → �

sR̃sc� = { �gβsγs �R̃�
βsγs

}
nonassociative canonical Riemannian scalar ;

�

sQ → �

sQ� = { �Q̂�
γsαsβs

= �D̂�
γs

�g�αsβs
} and

�

sQ̃ = 0 → �

sQ̃� = { �Q̃�
γsαsβs

= �D̃�
γs

�g̃�αsβs
} = 0

zero nonassociative canonical nonmetricity s-tensor .

(164)

For instance, the nonassociative Riemann s-tensor for Finsler–
Hamilton phase geometry �

s(̃� = { �(̃�μs
αsβsγs

} from (164)

can be defined and computed for the data ( �

sg
�= { �g�αsβs}, �

s

D̃� = { ��̃
γs
�αsβs

}) and written in a form with κ-linear decom-
position,

�R̃�μs
αsβsγs

= �

1R̃
�μs

αsβsγs
+ �

2R̃
�μs

αsβsγs
, where

�

1 R̃
�μs

αsβsγs
= �eγs

��̃
μs
�αsβs

− �eβs
��̃

μ
�αsγs

+ ��̃
μs
�νsτs �s (δτs

γs
��̃

νs
�αsβs

− δ
τs
βs

��̃νs
�αsγs

)

+ �w
τs
βsγs

�s
��̃

μs
�αsτs ,

�

2R̃
�μs

αsβsγs
= iκ ��̃

μs
�νsτs �s (Rτsξs

γs
�eξs

��̃
νs
�αsβs

−Rτsξs
βs

�eξs
��̃νs

�αsγs
). (165)

Such formulas are provided in abstract from for LC-
configurations in [38,39] and generalized for nonholonomic
canonical s-connections in [5,6,10,40,41]. The abstract and
s-adapted formulas from those papers can be redefined for
“tilde” s-objects and when there is dependence on a geomet-
ric/ information flow τ -parameter.

6.2.3 Parametric decomposition of fundamental d-objects
on Finsler–Hamilton phase spaces

Hereafter, for simplicity, we shall omit s-labels and s-indices
for the geometric objects with tilde considering that s-adapted
constructions can be always performed using corresponding
s-frames and canonical distortions. In this subsection, we
explain how κ-parametric decompositions of fundamental
geometric d-objects in Finsler–Hamilton phase space geom-
etry can be derived from respective decompositions of d-
metrics and canonical d-connections.

We can consider a parametric decomposition of the star
Cartan–Hamilton d-connection �D̃� (152)

��̃
γ
�αβ = �

[0]�̃
γ
�αβ + iκ �

[1]�̃
γ
�αβ = �

[00]�̃
γ
�αβ + �

[01]�̃
γ
�αβ(h̄)

+ �

[10]�̃
γ
�αβ(κ)+ �

[11]�̃
γ
�αβ(h̄κ)+ O(h̄2, κ2...).

Introducing such parametric d-coefficients in (165), we can
compute respective parametric decompositions of the nonas-
sociative tilde curvature tensor,

�R̃μ
�αβγ = �

[00]R̃
μ
�αβγ + �

[01]R̃
μ
�αβγ (h̄)

+ �

[10]R̃
μ
�αβγ (κ)+ �

[11]R̃
μ
�αβγ (h̄κ)

+O(h̄2, κ2, ...). (166)

Contracting the first and forth indices in (166), we define
the nonassociative canonical Ricci s-tensor,

�(̃ic� = �R̃ic�αβ �̃(
�ẽαs ⊗ �ẽβs ), where

�R̃ic�αβ := �(̃ic�( �ẽα, �ẽβ)

= 〈 �R̃ic�μν �̃(
�ẽμ ⊗ �ẽν), �ẽα⊗ �ẽβ 〉̃�,

when the coefficients can be computed in parametric form:

�R̃ic�αβ := �(̃μ
�αβμ = �

[00]R̃ic�αβ + �

[01]R̃ic�αβ(h̄)

+ �

[10]R̃ic�αβ(κ)

+ �

[11]R̃ic�αβ(h̄κ)+ O(h̄2, κ2, ...),

where �

[00]R̃ic�αβ

= �

[00]
�(̃μ

�αβμ
�

[01]R̃ic�αβ = �

[01]
�(̃μ

�αβμ,

�

[10]R̃ic�αβ = �

[10](̃�μ
αβμ,

�

[11]R̃ic�αβ = �

[11](̃�μ
αβμ. (167)

Such Ricci d-tensors for are not symmetric for general nonas-
sociative cases even for terms proportional to h̄0 and/or κ0.
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This is a typical property of nonholonomic configurations
and deformations even in GR.

6.2.4 Nonassociative Finsler–Hamilton generalization of
the Einstein equations

Considering the inverse d-metric �

�̃g
μν (it is tedious proce-

dure similar to that first introduced in [39], see also s-adapted
formulas in [5,6]) we can contact the indices with �R̃ic�αβ
(167) to define and compute the nonassociative Finsler–
Hamilton Ricci scalar curvature:

�R̃sc� := �

�̃g
μν �R̃ic�μν =

(
�

�ǧ
μν + �

�̃a
μν
)

×
(

�R̃ic�(μν) + �R̃ic�[μν]
)
= �R̃ss� + �R̃sa�,

where �R̃ss� =: �

�ǧ
μν �R̃ic�(μν) and �R̃sa�

:= �

�̃a
μν �R̃ic�[μν], (168)

where respective symmetric (...) and anti-symmetric [...]
operators are defined using the multiple 1/2. For instance,
we define and compute �R̃ic�μν = �R̃ic�(μν) + �R̃ic�[μν].

We can follow abstract geometric principles formulated
in [2] but generalizing the constructions for nonholonomic
phase spaces. A. Einstein postulated his gravitational field
equations in a similar geometric form on pseudo-Riemannian
spaces. This allows us to postulate for the Finsler–Cartan–
Hamilton phase space data ( �M̃,

�

�̃g,
�D̃�) the nonassocia-

tive and noncommutative modified vacuum Einstein equa-
tions,

�R̃ic�αβ −
1

2
�

�̃gαβ
�R̃sc� = �λ �

�̃gαβ. (169)

Such systems of nonlinear of PDEs can’t be decoupled and
integrated in certain general off-diagonal forms with 4+4
splitting for nonassociative star product deformations. In
[43], we constructed nonassociative Finsler BH solutions
for the Cartan d-connection. R-flux modifications introduce
additional coupling into modified Einstein equations which
makes more cumbersome the procedure of finding exact and
parametric solutions. Here we note that (169) allows a for-
mulation in (nonassociative and noncommutative) almost
Kaehler variables which can be used for deformation quanti-
zation of such phase space theories, see [122] and references
therein.

We can generate solutions of (169) if we introduce addi-
tional dyadic decompositions ( �ẽα → �eαs = eβαs (

�

su)�ẽβ
with �

�̃gαβ → �

�̃gαsβs ) and canonical s-distortions, �D̃� →
�

sD̂
�.For such nonholonomic transforms, distortions of d- and

s-connections (160) result in distortion relations for respec-
tive nonassociative Ricci tensors/d-tensors/s-tensor, which in
abstract index form can be expressed as

�R̃ic�αsβs
= �̂̃Ric�αsβs

[ �D̃�, �

sZ
�, �

�̃gαβ ]
+ �Z̃ic�αsβs

[ �D̃�, �

sZ
�, �

�̃gαβ ],

where [...] are used to emphasize that such value are deter-
mined as functionals of certain geometric d- and/or s-objects.
Both the hat and tilde labels are kept in order to emphasize
that we shall use a canonical Ricci s-tensor generated from
a Finsler–Hamilton structure. As a result, we can re-write
(169) in an equivalent form:

�̂̃Ric�αsβs
= �ϒ̃�

αsβs
, where

�ϒ̃�
αsβs

= �λ �

�̃gαsβs +
1

2
�

�̃gαβ
�R̃sc� − �Z̃ic�αsβs

(170)

where the effective sources �ϒ̃�
αsβs

involves a star - scalar

functional �R̃sc�[ �D̃�, �

sZ
�,

�

�̃gαβ ]. We do not provide
explicit formulas for �ϒ̃�

αsβs
because we prove in section 7.1.3

that such s-tensors are related via certain nonlinear symme-
tries to certain effective cosmological constants, s�̃, when
�ϒ̃�

αsβs
→ s�̃

�g̃αsβs .
The system of nonlinear PDEs (170) can be generalized

for nonassociative geometric flows and decoupled and inte-
grated in general parametric form using the AFCDM as it
was proven in nonassociative form in [5,6,10,40,41], where
we considered a different type of effective and matter field
sources. The main assumptions to get explicit off-diagonals
decoupling are that the nonholonomic s-adapted frame struc-
ture is chosen in such a form that

�

�ǧ
[0]
αsβs

= �

�̃gαsβs = �g̃αsβs ; �

�ǧ
[1]
βsγs

(κ) = 0, �

�̃a
[0]
αsβs

= 0,

�

�̃a
[1]
αsβs

= iκRτsξs
[αs

�ẽ|ξs
�g̃τs |βs ], and

�ϒ̃
αs
� βs

= [ �

1ϒ̃(h̄, κ, xk1)δ
j1
i1
,

�

2ϒ̃(h̄, κ, xk1 , x3)δ
a2
b2
,

�

3

ϒ̃(h̄, κ, xk2 , � p6)δ
b3
a3
,

�

4ϒ̃(h̄, κ, xk3 , � p8)δ
b4
a4
].
(171)

The effective s-sources �

sϒ̃ can be prescribed as generating
sources for some classes of off-diagonal solutions or consid-
ered in recurrent form for effective parametric sources with
coefficients proportional to h̄, κ and h̄κ, when �ϒ̃βsγs

=
�

[0]ϒ̃βsγs
+ �

[1]ϒ̃βsγs
�h̄, κ� as in [39]. General frame transforms

on �

sM̃� transforms (171) into off-diagonal sources encoding
nonassociative Finsler–Hamilton data which also are con-
tained in nontrivial N-connection coefficients and respective
coefficients of s-metrics.

The system of nonassociative modified Einstein equations
on phase spaces does not have a variational proof for gen-
eral twist product (this problem exists in nonassociative and
noncommutative theories when we do not fix a unique dif-
ferential and integral calculus). In parametric form, we can
fix a N-adapted or s-adapted variational calculus on �

sM̃�

and then perform a star product deformation procedure (for
h̄, κ and h̄κ R-flux deformations). The general decoupling
and integration properties of parametric (170) with effective
sources of type (171) can be proven for 8-d phase spaces
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with nonholonomic canonical 2+2+2+2 decompositions as
we considered in Sect. 3 for nonholonomic 2+2 splitting on
Lorentz spacetime manifolds. In abstract geometric form,
such nonassociative and Finsler–Hamilton parametric con-
structions and generation of higher dimension classes of solu-
tion can be performed by geometric analogy and extending
with momentum shell variable the dependence of generating
and integration function and sources.

6.3 Nonassociative Finsler–Lagrange–Hamilton geometric
flows

The theory of nonassociative geometric flows on phase
spaces �M� and �

sM� was elaborated in off-diagonally inte-
grable form using canonical s-variables in [10,40,41]. The
goal of this subsection is to study models of nonassociative
Finsler–Cartan–Hamilton flows in tilde variables for �

sM̃�.

Such a formulation is important for connecting the AFCDM
to theories of deformation quantization and other models of
quantum phase space. In tilde variables, the nonassociative
Finsler–Hamilton flow theory allows an equivalent formula-
tion in almost symplectic variables (149) when exists defor-
mation quantization procedure outlined in [122]. We show
how the abstract geometric and N-adapted formalism can be
applied to define cotangent Lorentz bundle generalizations of
the Hamilton [124] and Friedan [125]) geometric flow equa-
tions and G. Perelman [57] thermodynamics for Ricci flows.
Comprehensive mathematical reviews of results on geomet-
ric flows of Riemannian and Kahler metrics and related issues
on Thurston–Poincaré conjecture (i.e. theorem, after Perel-
man’s proof) are presented in [126–128]. For applications in
modern mathematical particle physics, cosmology and quan-
tum information flows, we cite [129–138].

6.3.1 Finsler variables for Perelman’s functionals and
nonassociative geometric flows

Let us consider a nonassociative star product R-flux deformed
phase space �M̃� enabled with d-objects [ �g̃�, �D̃�] for a
star product � structure (155) N-adapted to a nonholonomic
(4+4) decomposition which can be also associated to a nec-
essary nonholonomic shell (2+2)+(2+2) decomposition. We
follow the Convention 2FH (163) with a κ-linear paramet-
ric decomposition of nonholonomic structures and geometric
d-objects when �

�ǧ
[0]
αβ = �

�̃gαβ = �g̃αβ as in (171).
Nonassociative Finsler–Cartan–Hamilton will be mod-

elled for as flows on temperature like parameter τ (when
0 ≤ τ ≤ τ0) of d-objects on �M̃� when in the [0]-
approximation, i.e. zero power on κ, are defined flows of
volume elements

d �Ṽol(τ ) =
√
| �g̃αβ (τ )| δ̃8 �uγs (τ ). (172)

Such a value is computed using N-elongated s-differentials
δ̃8 �uγs (τ ) which are linear on � Ñ isas (τ ) as in �ẽi (τ ). The
nonassociative geometric flow constructions from [10,40,41]
can be reformulated for the geometric data [ �g̃�(τ ), �D̃�(τ )],
when the Perelman type functionals are postulated:

�F̃�(τ ) =
∫

�#̃

( �R̃sc� + | �D̃� � f̃ |2)̃�e− � f̃ d �Ṽol(τ ), and

(173)

�W̃�(τ ) =
∫

�#̃

(4πτ)−4 [τ( �R̃sc�

+
∑

s
| �D̃��̃ � f̃ |)2 + � f̃ − 8]̃�e− � f̃ d �Ṽol(τ ).

(174)

The 8-d hypersurface integrals for such F- and W-functionals
are determined by a volume element (172) and the h-c-
normalizing functions � f̃ (τ, �u) can be stated to satisfy the
condition∫

�#̃

�ν̃ d �Ṽol(τ ) :=
∫ t2

t1

∫
#̃t

∫
�#̃E

�ν̃ d �Ṽol(τ ) = 1.

(175)

In these formulas, where the integration measures �ν̃ =
(4πτ)−4 e− � f̃ are parameterized for the h- and c-components,
with shell further parameterizations if necessary. For gen-
eral topological considerations, such conditions may be not
considered. We can consider also star-deformations of the
volume form when

e− � f̃ d �Ṽol(τ ) → e−
�

s f̂ d �Vol(τ )→ e−
�

s f̂ d �Vol�(τ )

= e−
�

s f̂
√
| �

�gαsβs (τ )|δ �uγs (τ )

→ e−
�

s f̂ d �Vol�(τ )

= e− � f̃
√
| �

�̃gαsβs (τ )|̃δ �uγs (τ ).

Other types of adapted integration measures and nonholo-
nomic s-shells, for instance, involving �

sg
� ≈ �g̃�. Such

transforms can be encoded into respective normalizing func-
tions and adapted to a respective separation of nonsymmetric
components of s-metrics for κ-linear parameterizations. .

The nonassociative geometric flow evolution equation of
the Finsler–Hamilton data [ �g̃�(τ ), �D̃�(τ ), � f̃ (τ )] are pos-
tulated in the form

∂τ
�g̃�αβ(τ ) = −2 �R̃�

αβ(τ ),

∂τ
� f̃ (τ ) = �R̃sc�(τ )− ��̃(τ )̃� � f̃ (τ )

+( �D̃�(τ )̃� � f̃ (τ ))2. (176)

In (176), ��̃(τ ) = [ �D̃�(τ )]2 are families of the Laplace
d-operators and the nonsymmetric components of �

�̃gαsβs (τ )

are computed using κ-linear parameterizations (158)–(159).
In commutative versions, this system of such nonlinear PDEs
can be derived in variational forms from the F- and W-
potentials, respectively, (173) and (174) generalizing the
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proofs provided in [57], see details in monographs [126–
128] and, for various nonassociative, nonholonomic non-
Riemannian generalizations, [10,40,41]. Applying abstract
geometric methods, we can derive (176) as a generalization
of the relativistic canonical evolution equations following the
Convention 2FH (163). Here we note that for κ-linear para-
metric decompositions such nonlinear geometric evolution
equations can be derived in a variational form from κ-linear
parameterizations of (173) and (174). Nonassociative geo-
metric flow equations can be also motivated as star product
R-flux deformations of a two-dimensional sigma model with
beta functions and dilaton field as it was stated by Eqs. (79)
and (80) in [134]. Nevertheless, variational proofs are not
possible for general twist products as we discussed in details
in [10,40]. when abstract geometric and N-adapted methods
became very important.

Nonassociative Ricci solitons for the Finsler–Hamilton d-
connection �D̃� are defined as self-similar configurations of
gradient geometric flows (176) for a fixed parameter τ0. On
�M̃�, the Ricci soliton d-equations are of type

�R̃�
αβ + �D̃�

α
�D̃�

β
�

s�̃ ( �u) = �

sλ
�

�̃gαβ. (177)

where �

s�̃ is a smooth potential function on every shell
s = 1, 2 and λ = const. The the nonassociative Finsler–
Hamilton modified Einstein equations (169) consist an exam-
ple of nonassociative Ricci soliton ones (177).

We emphasize that the nonlinear systems of PDEs (176)
and (177) can be decoupled and integrated in general form,
applying a generalized AFCDM, after introducing a double
nonholonomic splitting, with N-connections and nonholo-
nomic dyadic structures, writing, for instance,

∂τ
�g̃�αsβs

(τ ) = −2 �R̃�
αsβs

(τ ),

∂τ
� f̂ (τ ) = �

sR̃sc�(τ )− �
s�̃(τ )̃� � f̂ (τ )

+( �

sD̃
�(τ )̃� � f̂ (τ ))2. (178)

with re-definition of normalizing functions for s-shells,
� f̃ (τ )→ � f̂ (τ ).

6.3.2 Thermodynamic models for nonassociative
Finsler–Hamilton flow thermodynamics

Let us consider such geometric data: a family of d-metrics
�g̃αβ (τ ) used for nonassociative star product deformations;
a closed hypersurface �#̃ in the nonassociative phase space
�M̃� ⊂ �M̃�; and the volume form d �Ṽol(τ ) (172). We can
introduce the partition function for nonassociative Finsler–
Hamilton phase spaces of dimension n = 8,

�Z̃�(τ ) = exp[
∫

�#̃

[− � f̃ + 4] (4πτ)−4 e− � f̃ d �Ṽol(τ ),

(179)

for which using standard statistical and geometric mechanics
computations [10,40,41,57] we can define and compute such
thermodynamic variables:

average energy , �Ẽ�(τ ) = −τ 2
∫

�#̃

(4πτ)−4

(
�R̃sc� + | �D̃� � f̃ |2 − 4

τ

)
�̃e− � f̃ d �Ṽol(τ );

entropy , �S̃�(τ ) = −
∫

�#̃

(4πτ)−4

(
τ( �R̃sc� + | �D̃� � f̃ |2)+ � f̃ − 8

)
�̃e− � f̃ d �Ṽol(τ );

fluctuation , �

s σ̂
�(τ ) = 2 τ 4

∫
�#̃

(4πτ)−4 | �R̃�
αβ

+ �D̃�
α

�D̃�
β

� f̃ − 1

2τ
�g̃�αβ |2̃�e− � f̃ d �Ṽol(τ ). (180)

These formulas can be derived generalizing in s-adapted
form the commutative variational procedure with further
twisted product deformations [57,126–128] using �W̃�(τ ) =
− �S̃�(τ ) (174) and �Z̃�(τ ) (179).

For applications in modern physics, we can consider κ-
linear parametric decompositions of nonassociative geomet-
ric thermodynamic variables (180). Corresponding formulas
can be derived in variational or abstract geometric form using
the F- and W-functionals (173) and (174),

�F̃�
κ (τ ) =

∫
�#̃

( �R̃sc + �K̃sc + | �D̃ � f̃ |2)e− � f̃ d �Ṽol(τ ), and

�W̃�
κ (τ ) =

∫
�#̃

(4πτ)−4 [τ( �R̃sc + �K̃sc + | �D̃ � f̃ |2 )2

+ � f̃ − 8]e− � f̃ d �Ṽol(τ ). (181)

In (181), the tilde Ricci scalar splits into two components,
�R̃sc� = �R̃sc + �K̃sc, where �K̃sc := �

�̃g
μν �K̃ βγ �h̄, κ�

contains the coefficients proportional to h̄ and κ. The nor-
malizing function � f̃ is re-defined to include �h̄, κ�-terms
from �D̃� → �D̃ and other terms including κ-parametric
decompositions.

Using (181), we derive such phase geometric flow equa-
tions with κ-terms encoding star product R-flux deforma-
tions,

∂τ
�g̃αβ(τ ) = −2( �R̃ αβ(τ )+ �K̃ αβ(τ, �h̄, κ�)),

∂τ
� f̃ (τ ) = �R̃sc(τ )+ �K̃sc(τ )− �̃(τ ) � f̃ (τ )

+( �D̃(τ ) � f̃ (τ ))2(τ ), (182)

where the Laplace operator �̃ is constructed from the canon-
ical s-connection �D̃. For self-similar configurations with
τ = τ0, the parametric Finsler–Hamilton equations (182)
transform into a system of nonlinear PDEs for κ-parametric
generalized Finsler–Ricci solitons.

Let us express the parametric Finsler–Hamilton flow equa-
tions as a τ -family which similar to modified Einstein
equations. We introduce τ -depending sources �,̃�

αβ(τ ) =
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−( �K̃αsβs (τ )+ 1
2∂τ

�g̃αβ(τ )) and write (182) in the form

�R̃icαβ(τ ) = �,̃�
αβ(τ ), (183)

which are similar to the modified Einstein equations (169).
Using frame transforms �,̃�

α′β ′ = eαs
α′e

βs
β ′

�,̃�
αsβs

, the effec-
tive sources can be parameterized in the form

�,̃αs
� βs

(τ, �uγs ) = [ �

1,̃�(κ, τ, xk1)δ
j1
i1
,

�

2,̃�(κ, τ, xk1 , yc2)

δ
a2
b2
,

�

3,̃�(κ, τ, xk2 , pc3)δ
b3
a3
,

�

4,̃�(κ, τ, �xk3 , pc4)δ
b4
a4
],
(184)

i.e. �,̃�
βsγs

(τ ) = diag{ �

s ,̃�(τ )}. Prescribed values �

s ,̃� (τ, �

uγs ) imposes a s-shell nonholonomic constraint for τ -
derivatives of the metrics s-coefficients ∂τ

�g̃αsβs (τ ). For a
fixed τ0 , the system of nonlinear PDEs transform into a non-
holonomic Ricci solution equation (177).

For small parametric deformations and a fixed τ0, such
constraints can be solved in explicit general forms, or allow
recurrent parametric computations of the coefficients of s-
metrics and s-connection for a corresponding class of solu-
tions. Using effective sources (184), the κ-linear parametric
geometric flow equations (183) can be written equivalently
as a τ -family of R-flux deformed Einstein equations written
in canonical s-variables,

�R̃βs
γs
(τ ) = δβs

γs
�

s ,̃�(τ ). (185)

The data �

s ,̃(τ )� are considered as generating sources for
certain re-defined effective sources including distortions ,
�

sD̃
� = �

sD̂
� + �

sZ̃
� when the system (185) can be decou-

pled and integrated in certain off-diagonal forms using the
AFCDM. For 4-d configurations, the proofs were provided in
details in the Part I when the constructions can be extended in
abstract geometric form on nonassociative 8-d phase spaces.

7 General off-diagonal solutions for nonassociative
Finsler–Hamilton flows and examples

The AFCDM allows us to construct general classes of off-
diagonal solutions with dependencies on all spacetime and
phase space coordinates in various geometric flow and MGTs
(which nonassociative, generalized Finsler and other types).
Most general the formulas became very cumbersome and we
omit such considerations in this work. If a Killing symmetry
exists, the procedure of generating exact/parametric solutions
became more simple when the extensions of formulas to 8-d
phase spaces and 10-d spacetimes consist abstract geometric
and s-adapted generalizations of the 4-d proofs and solutions
presented in the Part I. The main geometric constructions and
formulas are summarized in Tables 1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16 the Appendix.

In this section, we provide the necessary off-diagonal
ansatz which allow to generate parametric solutions of nonas-

sociative geometric flow equations (185). We analyze the a
class of nonlinear symmetries of such τ -families of nonasso-
ciative Finsler–Hamilton phase spaces. Then we study three
physically important examples showing how the solutions
from when the off-diagonal solutions from [10,40,41] can
be modified to encode nonassociative Finsler like geometric
data. Such off-diagonal metrics describe respective nonas-
sociative Finsler–Hamilton black ellipsoids, BEs; nonasso-
ciative generalized WHs; or locally anisotropic cosmologi-
cal solutions for τ -evolution and modified Finsler configura-
tions.

7.1 Off-diagonal ansatz and nonlinear symmetries of
nonassociative generalized Finsler flows

Technically, it is not possible to decouple in general form
the nonassociative Finsler–Hamilton flows (183) with non-
holonomic 4+4 splitting. Introducing an additional 2+2+2+2
splitting, when �g̃α′β ′ = eαs

α′e
βs
β ′

�g̃αsβs , and the distortions
�

sZ̃
� from �

sD̃
� = �

sD̂
� + �

sZ̃
� are encoded into �,̃�

αβ being

parameterized in a form diag{ �

s ,̃�(τ )} (184), we transform
the system of nonlinear PDEs in a form (185). This allows
us to integrate such equations for respective ansatz with one
Killing symmetry.

7.1.1 Off-diagonal ansatz with one Killing symmetry

Quasi-stationary solutions can be constructed using such a
s-adapted ansatz

d �s̃2(τ ) = g̃i1(τ, xk1)(dxi1)2 + g̃a2(τ, xi1 , y3)(̃ea2(τ ))2

+ �g̃a3(τ, xi2 , p6)(
�ẽa3(τ ))

2

+ �g̃a4(τ, �xi3 , p7)(
�ẽa4(τ ))

2,where

ẽa2(τ ) = dya2 + Ñ a2
k1

(τ, xi1 , y3)dxk1 ,

�ẽa3(τ ) = dpa3 + � Ña3k2(τ, xi2 , p6)dxk2 ,

�ẽa4(τ ) = dpa4 + � Ña4k3(τ,
�xi3 , p7)d

�xk3 . (186)

Such a s-metric �g̃αsβs redefined in a coordinate base can’t
be diagonalized in a finite phase space region by coordinate
frame transforms and posses symmetry on a time like Killing
vector, i.e. on ∂4 = ∂t , at least on the shells s = 1 and 2.
We can prescribe a nonholonomic frame structure, when the
coefficients for respective s-metric and d-metrics, �g̃αβ ≈
�g̃αsβs , and N-connections do not depend on y4 = t. The
s-metric (186) contains certain shell Killing symmetries: on
∂4 for the shell s = 2; on ∂5 for the shell s = 3; and on ∂8

for the shell s = 4.
Fixing τ0 and chosing self-similar configurations, we can

generate parametric solutions for nonassociative Finsler–
Hamilton modified Einstein equations (169) or nonassocia-
tive Ricci soliton equations (177). We can generate vari-
ous classes of type (186) quasi-stationary, or their time dual
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locally anisotropic cosmological solutions, so-called rain-
bow metrics with Killing symmetry on ∂7 and explicit depen-
dence on an energy type coordinate p8 = E .

A general ansatz for generating off-diagonal solutions of
(185) with a phase space Killing symmetry on a �∂a4 , for
a4 = 7, or 8; and a spacetime Killing symmetry on ∂a2 , for
a2 = 3, or 4, (we distinguish two classes depending on a
Killing symmetry on ∂4 = ∂t , or ∂3, at least on the shells
s = 1 and 2) can be written in the form

ds̃2(τ ) = g̃i1(τ )(dxi1)2 + g̃a2(τ )(̃e
a2(τ ))2 + �g̃a3(τ )

( �ẽa3(τ ))
2 + �g̃a4(τ )( �ẽa4(τ ))

2,where

ẽa2(τ ) = dya2 + Ñ a2
k1

(τ )dxk1 ,

�ẽa3(τ ) = dpa3 + � Ña3k2(τ )dxk2 ,

�ẽa4(τ ) = dpa4 + � Ña4k3(τ )d
�xk3 , (187)

where s-metric and N-connection coefficients (related to tilde
Finsler–Hamilton variables) are parameterized in the form

g̃i1 (τ, xk1 )

= eψ̃(h̄,κ;τ,xk1 )

g̃a2 (τ, xi1 , y3)

Ñ
a2
k1

(τ, xi1 , y3)
quasi-

stationary

g̃a2 (τ, xi1 , t)

Ñ
a2
k1

(τ, xi1 , t)
locally anisotropic

cosmology

� g̃a3 (τ, xi2 , p5)
� Ña3k2 (τ, xi2 , p5)

� g̃a3 (τ, xi2 , p6)
� Ña3k2 (τ, xi2 , p6)

� g̃a4 (τ, �xi3 , p7)
� Ña4k3 (τ, �xi3 , p7)

fixed
p8 = E0

τ -flows of 2-d
Poisson eqs

∂2
11ψ̃+∂2

22ψ̃=
2 1,̃�(h̄, κ; τ, xk1 )

g̃a2 (τ, xi1 , y3)

Ñ
a2
k1

(τ, xi1 , y3)
quasi-

stationary

g̃a2 (τ, xi1 , t)

Ñ
a2
k1

(τ, xi1 , t)
locally anisotropic

cosmology

� g̃a3 (τ, xi2 , p5)
� Ña3k2 (τ, xi2 , p5)

� g̃a3 (τ, xi2 , p6)
� Ña3k2 (τ, xi2 , p6)

� g̃a4 (τ, �xi3 , E)
� Ña4k3 (τ, �xi3 , E)

rainbow
s-metrics
variable
p8 = E

The AFCDM method for ansat of type (187) on commu-
tative phase spaces is summarized in Tabels 13, 14, 15, 16
from Appendix. Those formulas are extended on nonassocia-
tive Finsler–Hamilton phase spaces by introducing respective
nonassociative sources,

�

s ,̃(τ ) ≈ �

sϒ(τ )→ �

s ,̃�(τ ).

For various general classes and explicit examples of nonasso-
ciative 4d-8d phase space solutions, s-adapted frame proofs
are provided in [6,9,10,40,41]. In abstract geometric form,
we can consider s-adapted generalizations of all 4-d for-
mulas proven in Sects. 3 and 4. Because in this Part II
we work on �M̃�, the nonholonomic structures must be
adapted to certain τ -running nonassociative geometric data
( �Ñ ≈ �

sN, �g̃� ≈ �

sg
�, �

sD̃
� = �

sD̂
� + �

sZ̃
�) even for con-

structing solutions we introduce canonical s-variables (with
hat labels and re-defined effective sources).

7.1.2 Nonassociative quasi-stationary Finsler–Hamilton
evolution

One of the main purposes of Part II of this paper is to elab-
orate on geometric methods on finding physically important

solutions (black holes, BH; wormholes, WH; cosmological
solutions) in nonassociative gravity and string theory. Vari-
ous nonassociative and noncommutative can be encoded into
generic off-diagonal terms of metrics and modified nonlin-
ear and linear connection structures. Such methods of find-
ing solutions were developed Finsler-like MGTs and in our
works on off-diagonal solutions in 4-d GR and MGTs (mas-
sive, quadratic, nonmetric etc, see [11–13,16–18,21–23,25–
28] and Part I of this paper.

We extend the 4-d quasi-stationary quadratic elements
(62) in abstract geometric form to quasi-stationary 8-d phase
space configurations under nonassociative τ -evolution if

sϒ̂(xis , yas ) (for s = 1, 2) are respectively shell by shell
substituted by �

s ,̃�(τ, xi1 , y3, pa3 , pa4), (for s = 1, 2, 3, 4),
in (184) as κ-parametric geometric flow off-diagonal solu-
tions (187) if

ds̃2(τ ) = �g̃�αβ(τ )̃e
α(τ )̃eβ(τ)

= �g̃�αsβs
(τ )̃eαs (τ )̃eβs (τ )

= g̃�1(τ )(dx1)2 + g̃�2(τ )(dx2)2 + g̃�3(τ )(̃e
3(τ ))2

+g̃�4(τ )(̃e4(τ ))2 + �g̃5
�(τ )(̃e5(τ ))

2

+ �g̃6
�(τ )(̃e6(τ ))

2

+ �g̃7
�(τ )(̃e5(τ ))

2 + �g̃8
�(τ )(̃e6(τ ))

2

= eψ(h̄,κ;τ,xk1 )[(dx1)2 + (dx2)2]
+ [∂3( 2�̃(τ ))]2

4( �

2,̃�(τ ))2{g[0]4 (τ )− ∫ dy3 ∂3[( 2�̃(τ ))2]
4( �

2,̃�(τ ))
}

×(̃e3(τ ))2 + (g[0]4 (τ )−
∫

dy3 ∂3[( 2�̃(τ ))2]
4( �

2,̃�(τ ))
)(̃e4(τ ))2

+ [ �∂5( �

3�̃(τ ))]2

4( �

3,̃�)2{ �g6[0](τ )−
∫

dp5
�∂6[( �

3�̃(τ ))2]
4( �

3,̃�(τ ))
}

×( �ẽ5(τ ))
2 + ( �g6[0](τ )−

∫
dp5

�∂5[( �

3�̃(τ ))2]
4( �

3,̃�)
)( �ẽ6(τ ))

2

+ [ �∂7( �

4�̃(τ ))]2

4( �

4,̃�(τ ))2{ �g8[0](τ )−
∫

dp7
�∂7[( �

4�̃(τ ))2]
4( �

4,(τ ))
}
( �ẽ7(τ ))

2

+( �g8[0](τ )−
∫

dp7

�∂7[( �

4�̃(τ ))2]
4( �

4,̃�(τ ))
)( �ẽ8(τ ))

2, (188)
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where g̃�1(τ ) = g̃�2(τ ) = eψ̃(h̄,κ;τ,xk1 ),

g̃�3(τ ) = [∂3( 2�̃(τ ))]2
4( �

2,̃�(τ ))2{g[0]4 (τ )−∫ dy3 ∂3[( 2�̃(τ ))2]
4( �

2,̃�(τ ))
}
, . . . , as above.

The nonholonomic s-frames in (188) are computed as

ẽ3(τ ) = dy3 + w̃k1 (h̄, κ, τ, xi1 , y3)dxk1

= dy3 + ∂k1 ( 2�̃(τ ))

∂3( 2�(τ))
dxk1 ,

ẽ4(τ ) = dt + ñk1 (h̄, κ, τ, xi1 , y3)dxk1

= dy4 + ( 1ñk1 (τ )+ 2ñk1 (τ )

×
∫

dy3 ∂3[( 2�̃(τ ))2]
4( �

2,̃�(τ ))2 |̃g[0]4 (τ )− ∫ dy3 ∂3[( 2�̃(τ ))2]
4( �

2,̃�(τ ))
|5/2

)dxk1 ,

� ẽ5(τ ) = dp5 + �w̃k2 (h̄, κ, τ, xi2 , p5)dxk2

= dp5 + ∂k2 (
�

3�̃(τ ))

�∂5(
�

3�̃(τ ))
dxk2 ,

� ẽ6(τ ) = dp6 + �ñk2 (h̄, κ, τ, xi2 , p5)dxk2

= dp6 + (
�

1ñk2 (τ )+ �

2ñk2 (τ )

×
∫

dp5

�∂5[( �

3�̃(τ ))2]
4( �

3,̃�(τ ))2| � g̃6[0](τ )−
∫

dp5
�∂5[( �

3�̃(τ ))2]
4( �

3,̃�(τ ))
|5/2

)dxk2 ,

� ẽ7(τ ) = dp7 + �w̃k3 (h̄, κ, τ, xi2 , p5, p7)d
�xk3

= dp7 +
�∂k3 (

�

4�̃(τ ))

�∂7(
�

4�̃(τ ))
d �xk3 ,

� ẽ8(τ ) = dp8 + �ñk3 (h̄, κ, τ, xi2 , p5, p7)d
�xk3

= dp8 + (
�

1ñk3 (τ )+ �

2ñk3 (τ )

×
∫

dp7

�∂7[( �

4�̃(τ ))2]
4( �

4,̃�(τ ))2| � g̃8[0](τ )−
∫

dp7
�∂7[( �

4�̃(τ ))2]
4( �

4,̃�(τ ))
|5/2

) d �xk3 .

(189)

Such values are similar to those studied in Sect. 4 of [40]
but for different generating sources when the nonholonomic
frame transforms are constrained to relate certain tilde geo-
metric data with 4+4 splitting to canonical data with s-shells.
In (188) and (189), there are considered:

generating functions: ψ̃(τ ) � ψ̃(h̄, κ; τ, xk1 ); 2�̃(τ )

� 2�̃(h̄, κ; τ, xk1 , y3); �

3�̃(τ )

� �

3�̃(h̄, κ; τ, xk2 , p5); �

4�̃(τ )

� �

4�̃(h̄, κ; τ, �xk3 , p7);
generating sources: �

1,̃�(τ ) � �

1,̃�(h̄, κ; τ, xk1 ); �

2,̃�(τ )

� �

2,̃�(h̄, κ; τ, xk1 , y3); �

3,̃�(τ )

� �

3,̃�(h̄, κ; τ, xk2 , p5); �

4,̃�(τ )

� �

4,̃�(h̄, κ; τ, �xk3 , p7);
integrating functions: g̃[0]4 (τ )

� g̃[0]4 (h̄, κ; τ, xk1 ), 1ñk1 (τ )

� 1ñk1 (h̄, κ; τ, x j1 ), 2ñk1 (τ ) � 2ñk1 (h̄, κ; τ, x j1 ); � g̃6[0]τ)
� � g̃6[0](h̄, κ; τ, xk2 ), 1ñk2 (τ )

� 1ñk2 (h̄, κ; τ, x j2 ), 2ñk2 (τ ) � 2ñk2 (h̄, κ; τ, x j2 ); � g̃8[0](τ )
� � g̃8[0](h̄, κ; τ, �x j3 ), 1ñk3 (τ )

� �

1ñk3 (h̄, κ; τ, �x j3 ), 2ñk3 (τ ) � �

2ñk3 (h̄, κ; τ, �x j3 ). (190)

The functions ψ̃(τ ) are solutions of a respective family of
2-d Poisson equations,

∂2
11ψ̃(h̄, κ; τ, xk1)+ ∂2

22ψ̃(h̄, κ; τ, xk1) = 2 1,̃�(h̄, κ; τ, xk1).

Nonassociative geometric parametric evolution of quasi-
stationary Finsler–Hamilton configurations defined above
are characterized by four types of additional geometric and
thermodynamic flow variables:

1. The nonassociative geometric evolution of nonsymmetric
metrics �

�̃aαsβs (τ ) = �

�̃aαsβs (h̄, κ; τ, �uγs ) induced by
Finsler–Hamilton configurations is computed in explicit
form by introducing in (159) using the coefficients of the
s-metric and the N-connection, respectively, (188) and
(189).

2. Above classes of such solutions are with nontrivial geo-
metric flows of nonholonomic torsion which is not zero
for tilde variables. We can define certain classes of non-
holonomic frame transforms and distortions to canonical
s-variables when the nonassociative geometric evoution
is described by families of LC-connections �

s∇̃�(τ )

and �

s∇̃(τ ).

3. We can compute necessary thermodynamic variables
(180) associated to nonassociative quasi-stationary solu-
tions, or their time dual ones defined as nonassocia-
tive locally anisotropic cosmological solutions with addi-
tional cosmological flow. In next subsections, we shall
provide such examples for nonassociative BH and WH
configurations.

4. The solutions for nonassociative Finsler–Lagrange–Ricci
soliton equations (177) consist self-similar configura-
tions of (188) and (189) with. τ = τ0. We can con-
struct such quasi-stationary solutions directly or after a
class of generic off-diagonal solutions has be constructed
for nonassociative geometric evolution flows. Such Ricci
soliton configurations can be generated equivalently by
solutions constructed using the AFCDM as it is outlined
in Appendix B to [40].

5. Finally, we note that τ -families of nonassociative quasi-
stationary can be generated using Tables 13 and 14 (see
respectively ansatz (A.17) and (A.19)) when the s- and N-
coefficients are considered with additional τ -dependence
and the generating sources are correspondingly redefined
for nonassociative Finsler–Hamilton distortions, �

sϒ̂ →
�

s ,̃�.

7.1.3 Nonlinear symmetries and space and time duality
encoding nonassociative generalized Finsler data

Nonassociative quasi-stationary solutions encoding Finsler–
Hamilton configurations very important nonlinear symme-
tries. We study nonholonomic geometric flow deformations
of some families of prime s-metrics �

s g̊(τ ). They can be
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arbitrary ones, i.e. not solutions of some (modified) Einstein
equations, but for understanding nonlinear off-diagonal inter-
action and evolution models we can subject them to be certain
trivial phase space extensions of some physically important
solutions in GR. A corresponding family of target s-metrics
�

sg(τ ) defining a nonassociative Finsler–Hamilton flow evo-
lution scenarios of quasi-stationary metrics on �

sM̃ can be
modelled by R-flux deformations

�

s g̊(τ )→ �

s g̃(τ ) = [ �g̃αs (τ ) = �η̃αs (τ )
�g̊αs (τ ),

� Ñ as
is−1

(τ )

= �η̃
as
is−1

(τ ) � N̊ as
is−1

(τ )], (191)

with phase space gravitational η-polarizations generalized
for τ -dependencies of respective s-and N-coefficients in
(188) and (189). Such constructions consist 8-d phase space
generalizations of formulas related to (69). Correspondingly,
the generating functions and effective sources can be related
to certain effective shell τ -running cosmological constants,

( s�̃(τ ), �

s ,̃�(τ )) ↔ ( �

s g̃(τ ),
�

s ,̃�(τ ))↔ ( �

s η̃(τ )
� g̊αs (τ )

∼ ( �ζ̃αs (τ )(1+ κ �χ̃αs (τ ))
� g̊αs (τ ),

�

s ,̃�(τ ))↔
( s�̃(τ ), �

s�̃(τ )) ↔ ( �

s g̃,
�

s�̃(τ ))↔ ( �

s η̃(τ )
� g̊αs (τ )

∼ ( �ζ̃αs (τ )(1+ κ �χ̃αs (τ ))
� g̊αs (τ ),

�

s�̃(τ )),

(192)

where �

s�̃0 = �

s�̃(τ0) = const for deriving nonassociative
Ricci soliton symmetries.

In explicit form, the nonlinear symmetries of quasi-
stationary solutions (188) and (189) are defined by formulas

∂3[( 2�̃(τ ))2] = −
∫

dy3( �

2,̃�(τ ))∂3 g̃4(τ )

� −
∫

dy3( �

2,̃�(τ ))∂3(
�η̃4(τ ) g̊4(τ ))

� −
∫

dy3( �

2,̃�(τ ))

∂3[ �ζ̃4(τ )(1+ κ �χ̃4(τ )) g̊4(τ )],
( 2�̃(τ ))2 = −4 2�̃(τ )g̃4(τ ) � −4 2�̃(τ ) �η̃4(τ ) g̊4(τ )

� −4 2�̃(τ ) �ζ̃4(τ )(1+ κ �χ̃4(τ )) g̊4(τ );
�∂5[( �

3�̃(τ ))2] = −
∫

dp5(
�

3,̃�(τ )) �∂5 � g̃6(τ )

� −
∫

dp5(
�

3,̃�(τ )) �∂5( �η̃6(τ ) � g̊6(τ ))

� −
∫

dp5(
�

3,̃�(τ )) �∂5[ �ζ̃ 6(τ )(1+ κ �χ̃6(τ )) g̊6(τ )],

(
�

3�̃(τ ))2 = −4 �

3�̃(τ ) � g̃6(τ )

� −4 �

3�̃(τ ) �η̃6(τ ) � g̊6(τ )

� −4 �

3�̃(τ ) �ζ̃ 6(τ )(1+ κ �χ̃6(τ )) � g̊6(τ );
�∂7[( �

4�̃(τ ))2] = −
∫

dp7(
�

4,̃�(τ )) �∂7 � g̃8(τ )

� −
∫

dp7(
�

4,̃�(τ )) �∂7( �η̃8(τ ) � g̊8(τ ))

� −
∫

dp7(
�

4,̃�(τ )) �∂7[ �ζ̃ 8(τ )(1+ κ �χ̃8(τ )) g̊8(τ )],

(
�

4�̃(τ ))2 = −4 �

4�̃(τ ) � g̃8(τ )

� −4 �

4�̃(τ ) �η̃8(τ ) � g̊8(τ )

� −4 �

4�̃(τ ) �ζ̃ 8(τ )(1+ κ �χ̃8(τ )) � g̊8(τ ). (193)

For instance, nonlinear transforms (193), when

�

s g̃[h̄, κ, τ, ψ(τ), s�̃(τ ), �

s ,̃�(τ )]
→ �

s g̃[h̄, κ, τ, ψ(τ), s�̃(τ ), �

s�̃(τ )],

transform (185) into an equivalent system of nonlinear PDEs
with effective τ -running cosmological constants,

�R̃βs
γs
(τ, s�̃(τ ), �

s ,̃�(τ )) = δβs
γs

�

s�̃(τ ). (194)

The solutions of such equations, in various η- and χ -
variables, are presented in Sects. 4.3, 4.4, and 4.5 of [40].
For the Part II of this work, those proofs and formulas can
be redefined in abstract geometric form for tilde variables
encoding Finsler–Hamilton structures.

On shells s = 1, 2, the quasi-stationary solutions (185)
and (194) can be transformed into local anisotropic cosmo-
logical solutions as we explained in Sect. 3.3 for formu-
las (77) with underlined s- and N-coefficients to emphasize
dependencies on a time like variable y4 = 0. The co-fiber
variables pas can be added in different forms which generates
different classes of off-diagonal cosmological solutions with
τ -dependence. For a toy 2+2 model, the main ideas and solu-
tions were provided in section (87 ). In another turn, possible
classes of nonassociative geometric flow equations (quasi-
stationary or locally anisotropic ones) can be generated in
abstract geometric form using Tables 12, 13, 14, 15, 16 from
Appendix A.4.

7.2 Nonassociative Finsler–Hamilton evolution of phase
space black holes

In this subsection, we study explicit examples how using
the AFCDM we can construct nonassociative BH solu-
tions and study their Finsler–Hamilton flow evolution and
respective geometric thermodynamics properties. We refor-
mulate in modified Finsler variables the constructions from
Sect. 5.3 of [40] for nonassociative flows of phase space
Reisner–Nordström-anti-de Sitter (in brief, RN AdS) BHs.
The priority of the Finsler–Hamilton configurations is that we
can extend naturally the approach to quantum deformations
(which may include, or not, nonassociative data). We gener-
ate and study physical properties of nonassociative general-
ized Finsler flow deformations of RN BHs, when the effective
cosmological constants are determined by negative cosmo-
logical constants and respective prime metric configurations.
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7.2.1 Prime metrics for defining commutative phase spaces
and RN-AdS BHs

We consider a set of prime metric coefficients ğ1 =
f̆ (r̆)−1, �ğ2 = �ğ3 = �ğ5 = r̆2, ğ4 = − f̆ (r̆), �ğ6 =
�ğ7 = − �ğ8 = 1 and �ğas

is−1
(r̆ , t, x̂2, x̂3, x̂5, p6, p7, E) = 0

for a quadratic line element

d s̆2[5+3] = �ğαs (
�uγs )(ĕαs )2

= dr̆2

f̆ (r̆)
− f̆ (r̆)dt2 + r̆2[(d2 x̂2)2 + (dx̂3)2

+(dp5)
5] + (dp6)

2 + (dp7)
2 − d E2. (195)

The coordinates are defined in natural units x̂1 = r̆ =√
(x1)2 + (x2)2 + (x3)2 + (p5)2 and x̂2 = x̂2(x2, x3, p5),

x̂3 = x̂3(x2, x3, p5) and x̂5 = x̂5(x2, x3, p5) chosen as
coordinates for a diagonal metric on an effective 3-d Einstein
phase space V[3] of constant scalar curvature (let say, 6k̂, for

k̂ = 1). The metric function f̆ (r̆) = 1 − m̂
r̆2 + r̆2

l2[5]
+ q̂2

r̆4

in (195) is defined by integration constant m̂ determined
by the mass of a BH, M̂ = 3ω[3]m̂/16πG[5], for ω[3]
denoting the volume of V[3]; and the parameter q̂ is related
to the physical charge Q̂ of the RN-AdS BH via formula
q̂ = 4πG[5] Q̂/

√
3ω[3], see [139,140]. In such a model a

negative constant �[5] = −6/ l2[5] is related to the AdS radius
l[5] which can be naturally viewed as an effective trunca-
tion of the IIB supergravity on a 5-d sphere, S

5. The 5-
d part of the 8-d metric (195) can be uplifted to 10-d. In
such a case, it can be viewed as a near horizon geometry of
Ň rotating black D3-branes in type IIB supergravity when
l4[10] = 2Ň"4

p/π
2 ≡ α2 Ň , where "p is the 10-d Planck

length.
To apply the AFCDM is convenient to consider certain

nontrivial nonlinear coordinates when ĕαs are N-elongated
by certain nontrivial N̆ 3

i1
( �uγs ) and � N̆5i2(

�uγs ), see formulas
below. This allow to construct off-diagonal nonassociative
Finsler–Hamilton deformations in explicit form and without
coordinate singularities.

7.2.2 Nonassociative Finsler–Hamilton κ-linear evolution
of phase space RN-AdS BHs

We consider nonassociative generic off-diagonal general-
izations of s-metric �ğαs (195) to certain quasi-stationary
�g̃αs under κ-linear geometric flow evolution with fixed 8-d

phases space cosmological constant s�̃(τ0) = �̃[5] < 0, for
s = 1, 2, 3, 4, when �̃[5] can be different from �[5] as a
result of τ -evolution. The s-coefficients �ğαs are taken for
a prime s-metric (instead of �

s g̊(τ ) in (191)) for respective
effective sources �

s ,̃�(τ ) related via nonlinear symmetries
(193) to �̃[5] extended on all phase space. Applying the
AFCDM we generate a τ -family of quasi-stationary solutions

of nonassociative Finsler–Hamilton flow equations (185),
�ğαs → �

s g̊(τ ),

ds̃2(τ ) = eψ̃(h̄,κ;τ,r̆ ,x̂2,�̃[5])[(dr̆)2 + (dx̂2)2]
− 1

g̃[0]4 (τ )− ( 2�̃(τ ))2

4 �̃[5]

( 2�̃(τ ))2[∂3( 2�̃(τ ))]2
| �̃[5]

∫
dy3( �

2,̃�(τ ))[∂3( 2�̃(τ ))2]|

×(̃e3(τ ))2 +
(

g̃[0]4 (τ )− ( 2�̃(τ ))2

4 �̃[5]

)
(̃e4(τ ))2

− 1

� g̃6[0](τ )−
(

�

3�̃(τ ))2

4 �̃[5]

(
�

3�̃(τ ))2[ �∂5( �

3�̃(τ ))]2
| �̃[5]

∫
dp5(

�

3,̃�(τ )) �∂5[( �

3�(τ))2]|

×( �ẽ5(τ ))
2 +

(
� g̃6[0](τ )−

(
�

3�̃(τ ))2

4 �̃[5]

)
( �ẽ6(τ ))

2

− 1

� g̃8[0](τ )−
(

�

4�̃(τ ))2

4 �̃[5]

(
�

4�̃(τ ))2[ �∂7( �

4�̃(τ ))]2
| �̃[5]

∫
dp7(

�

4,̃�) �∂7[( �

4�̃(τ ))2]|

×( �ẽ7(τ ))
2 +

(
� g̃8[0](τ )−

(
�

4�̃(τ ))2

4 �̃[5]

)
( �ẽ8(τ ))

2.

(196)

In (196), there local coordinates are defined as �uγs =
(r̆ , t, x̂2, x̂3, x̂5, p6, p7, E) and the s-adapted frames are
computed:

ẽ3(τ ) = dx̂3 + ∂k1

∫
dx̂3(

�

2,̃�(τ ))∂̂3[( 2�̃(τ ))2]
(

�

2,̃�(τ )) ∂̂3[( 2�̃(τ ))2] dxk1 ,

ẽ4(τ ) = dt + ( 1ñk1(τ )+ 2ñk1(τ )

×
∫

dx̂3 ( 2�̃(τ ))2[ ∂̂3( 2�̃(τ ))]2
| �5(τ )

∫
dx̂3(

�

2,̃�(τ ))[ ∂̂3( 2�̃(τ ))2]|∣∣∣̃g[0]4 (τ )− ( 2�̃(τ ))2

4 �̃5(τ )

∣∣∣5/2
)dxk1 ,

�ẽ5(τ ) = dx̂5 + ∂k2

∫
dx̂5(

�

3,̃�(τ )) ∂̂[( �

3�̃(τ ))2]
(

�

3,̃�(τ )) ∂̂5[( �

3�̃(τ ))2] dxk2 ,

�ẽ6(τ ) = dp6 + (
�

1ñk2(τ )+ �

2ñk2(τ )

×
∫

dp5
(

�

3�̃(τ ))2[ �∂5(
�

3�̃(τ ))]2
| �[5]

∫
dp5(

�

3,̃�(τ ))[ �∂5(
�

3�̃(τ ))2]|∣∣∣∣ �g̃6[0](τ )− (
�

3�̃(τ ))2

4�̃[5]

∣∣∣∣
5/2

)dxk2 ,

�ẽ7(τ ) = dp7 + ∂k3

∫
dp7(

�

4,̃�(τ )) �∂7[( �

4�̃(τ ))2]
(

�

4,̃�(τ )) �∂7[( �

4�̃(τ ))2] d �xk3 ,

�ẽ8(τ ) = d E + (
�

1ñk3(τ )+ �

2ñk3(τ )

×
∫

dp7
(

�

4�̃(τ ))2[ �∂7(
�

4�̃(τ ))]2
| �̃[5]

∫
dp7(

�

4,̃�(τ ))[ �∂7(
�

4�̃(τ ))2]|∣∣∣∣ �g̃8[0](τ )− (
�

4�̃(τ ))2

4 �̃[5]

∣∣∣∣
5/2

)d �xk3 .

The integration functions from the formulas above are certain
parametric functions

g̃[0]4 (h̄, κ, τ, r̆ , x̂2), 1ñk1(h̄, κ, τ, r̆ , x̂2), 2ñk1(h̄, κ, τ, r̆ , x̂2);
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�g̃5[0](h̄, κ, τ, r̆ , x̂2, x̂3, x̂5),

1ñk2(h̄, κ, τ, r̆ , x̂2, x̂3, x̂5),

2ñk2(h̄, κ, τ, r̆ , x̂2, x̂3, x̂5);
�g̃7[0](h̄, κ, τ, r̆ , x̂2, x̂3, x̂5, p7),

�

1ñk3(h̄, κ, τ, r̆ , x̂2, x̂3, x̂5, p7),

�

2ñk3(h̄, κ, τ, r̆ , x̂2, x̂3, x̂5, p7).

Using nonlinear symmetries (193), the quasi-stationary
solutions (196) can be written in terms of of different other
type generating functions and η-/χ -polarization functions,
when

2�̃(τ ) = 2
√
| �̃[5] g̃4(τ )| = 2

√
| �̃[5] η̃4(τ )ğ4)|

� 2
√
| �̃[5] ζ̃4(τ )ğ4|[1− κ

2
χ̃4(τ )],

�

3�̃(τ ) = 2
√
| �̃[5] �g̃6(τ )| = 2

√
| �̃[5] �η̃6(τ ) �ğ6|

� 2
√
| �̃[5] �̃ζ 6(τ ) �ğ6|[1− κ

2
�χ̃6(τ )],

�

4�̃(τ ) = 2
√
| �̃[5] �g̃8(τ )| = 2

√
| �̃[5] �η̃8(τ ) �ğ8|

� 2
√
| �̃[5] �̃ζ 8(τ ) �ğ8|[1− κ

2
�χ̃8(τ )]. (197)

For a subclass of solutions, the generating and integration
functions are written in κ-linearized form as in (191),

ψ̃(τ ) � ψ̃(h̄, κ; τ, r̆ , x̂2)

� ψ̃0(h̄, τ, r̆ , x̂2)(1+ κ ψχ̃(h̄, τ, r̆ , x̂2)), for

η̃2(τ ) � η̃2(h̄, κ; τ, r̆ , x̂2)

� ζ̃2(h̄, τ, r̆ , x̂2)(1+ κχ̃2(h̄, τ, r̆ , x̂2)),

we can consider η̃2(τ ) = η̃1(τ );
η̃4(τ ) � η̃4(h̄, κ; τ, r̆ , x̂2, x̂3) � ζ̃4(h̄, τ, r̆ , x̂2, x̂3)

×(1+ κ χ̃4(h̄, τ, r̆ , x̂2, x̂3)),

�η̃6(τ ) � �η̃6(h̄, κ; τ, r̆ , x̂2, x̂3, x̂5)

� �ζ̃ 6(h̄, κ; τ, r̆ , x̂2, x̂3, x̂5)

×(1+ κ �χ̃6(h̄, κ; τ, r̆ , x̂2, x̂3, x̂5)),

�η̃8(τ ) � �η̃8(h̄, κ; τ, r̆ , x̂2, x̂3, x̂5, p7)

� �ζ̃ 8(h̄, κ; τ, r̆ , x̂2, x̂3, x̂5, p7)

×(1+ κ �χ̃8(h̄, κ; τ, r̆ , x̂2, x̂3, x̂5, p7)).

Using formulas (197), we can define solutions with dif-
ferent type configurations. For instance, we can extract solu-
tions with rotoid spacetime configurations determined by
nonassociative star product R-flux deformation (considering
χ -polarizations), or to compute volume forms (172) for η-
polarizations defined by tilde variables.

7.2.3 The Bekenstein–Hawking entropy of τ -running
Finsler Hamilton phase space RN-AdS BEs
configurations

The nonholonomic configurations, the s-metrics (196) define
higher dimension BH and/or BE configurations with conven-
tional horizons which can be used for formulating models
of generalized Bekenstein–Hawking thermodynamics [53–
56]. For simplicity, we generate a family of solutions for 6-d
τ -running quasi-stationary configurations evolving in a 8-d
phase space when �

1ñks = 0 and �

2ñks = 0. Such s-metrics
are parameterized in the form:

d χ
�

s̃2[6⊂8d](τ ) = eψ̃0(1+ κ ψ̃(τ) �χ̃ (τ ))

×[ ğ1(r̆)dr̆2 + ğ2(r̆)(dx̂2)]
−{ 4[∂̂3(|̃ζ4(τ )ğ4(r̆)|1/2)]2

ğ4(r̆)|
∫

dx̂3{ �

2,̃�(τ )∂̂3(̃ζ4(τ ) ğ4(r̆))}|

−κ[ ∂̂3(χ̃4(τ )|̃ζ4(τ ) ğ4(r̆)|1/2)

4∂̂3(|̃ζ4(τ ) ğ4(r̆)|1/2)

−
∫

dx̂3{ �

2,̃�(τ )∂̂3[(̃ζ4(τ ) ğ4(r̆))χ̃4(τ )]}∫
dx̂3{ �

2,̃�(τ )∂̂3(̃ζ4(τ ) ğ4(r̆))}
]}ğ3(e3(τ ))2

+ ζ̃4(τ )(1+ κ χ̃4(τ ))ğ4(r̆)dt2

−{ 4[∂̂5(| �̃ζ 6(τ ) ğ6|1/2)]2
ğ5(r̆)|

∫
dx̂5{ �

3,̃�(τ ) �∂7( �̃ζ 6(τ ) ğ6)}|

−κ[ ∂̂5(
�χ̃6(τ )| �̃ζ 6(τ ) ğ6|1/2)

4∂̂5(| �̃ζ 6(τ ) ğ6|1/2)

−
∫

dx̂5{ �

3,̃�(τ ) ∂̂5[( �̃ζ 6(τ )ğ6) �χ̃8(τ )]}∫
dx̂5{ �

3,̃�(τ ) ∂̂5[( �̃ζ 6(τ )ğ6)]} ]}

ğ5(r̆)(
�ẽ5(τ ))2

+ �ζ̃ 6(τ ) (1+ κ �χ̃6(τ ))(dp6)
2 + (dp7)

2 − d E2, (198)

where

e3(τ ) = dx̂3 + [ ∂̂i1

∫
dx̂3 �

2,̃�(τ ) ∂̂3ζ̃4(τ )

N̆ 3
i1

�

2,̃�(τ )∂̂3ζ̃4(τ )

+κ(
∂̂i1[
∫

dx̂3 �

2,̃�(τ )∂̂3(̃ζ4(τ )χ̃4(τ ))]
∂̂i1 [

∫
dx̂3 �

2,̃�(τ )∂̂3ζ̃4(τ )]

− ∂̂3(̃ζ4(τ )χ̃4(τ ))

∂̂3ζ̃4(τ )
)] N̆ 3

i1
dxi1 ,

�e5(τ ) = dx̂5 + [ ∂̂i2

∫
dx̂5 �

3,̃�(τ ) ∂̂5(
�̃ζ 6(τ ))

� N̆ 5
i2

�

3,̃�(τ ) ∂̂5( �̃ζ 6(τ ))

+κ(
∂̂i2 [
∫

dx̂5 �

3,̃�(τ ) ∂̂5(
�̃ζ 6(τ ) ğ6)]

∂̂i2 [
∫

dx̂5 �

3,̃�(τ ) ∂̂5( �̃ζ 6(τ ))]

− ∂̂5(
�̃ζ 6(τ ) ğ6)

∂̂5( �̃ζ 6(τ ))
)] � N̆5i2 d �xi2 .
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The Finsler–Hamilton s-metrics (198) generate τ -families
of rotoid configurations in coordinates (r̆ , x̂2, x̂3) (as non-
holonomic deformations of the phase BH solution (195)) if
we chose such generating functions:

χ̃4(τ ) = χ̃4(τ, r̆ , x̂2, x̂3) = 2χ(τ, r̆ , x̂2) sin(ω0 x̂3 + x̂3
0),

(199)

where χ(τ, r̆ , x̂2) are smooth functions (which can be

approximated to some constants) and (ω0, x̂3
0) is a couple

of constants. In a conventional 5-d phase space on the shells
s = 1, 2, 3, trivially imbedded into a 8-d phase space, such
a solution posses a distinct ellipsoidal type horizon with
respective eccentricity κ stated by the equations

ζ̃4(τ )(1+ κ χ̃4(τ ))ğ4(r̆) = 0 i.e. (1+ κ χ̃4) f̆ (r̆)

=
(

1− m̂

r̆2 −
�̃[5]

6
r̆2 + q̂2

r̆4 + κ χ̃4

)
= 0,

for ζ̃4 �= 0. For small parametric deformations and config-

urations with −�[5]
6 r̆2 + q̂2

r̆4 ≈ 0, we can approximate for a

fixed τ0, r̆ � m̂1/2/(1 − κ
2 χ̃4). Such parametric formulas

define for a rotoid horizon encoding data for small gravita-
tional R-flux polarizations and Finsler–Hamilton configura-
tions. In the limits of zero eccentricity, such e BE configura-
tions transform into a 5-d BH embedded into nonassociative
8-d phase space.

Extending the concept of Bekenstein–Hawking entropy
for phase spaces determined by quadratic linear elements
(195), we can define such thermodynamic values (compu-
tations are similar to those for formulas (8)–(15) in [140]
but with different constants and using notations for Finsler–
Hamilton spaces):

0 S̆ =
0 Ă

4G[5]
= ω[3]r̆h

4G[5]
and

0T̆ = 1

2π r̆h
(ε + 2

r̆2
h

l2[5]
)− 2G2[10] Q̂2

3π9l8[5]r̆5
h

, for

M̂ = 3ω[3]m̂
16πG[5]

(εr̆2
h +

r̆4
h

l2[5]
+ 4G[5] Q̂2l2[5]

3π2r̆2
h

), (200)

where r̆h and 0 Ă are, respectively the horizon and area of
horizon of 5-d BH, G[5] = G[10]/(π3l5[5]) and G[10] = "8

p.

Such formulas can be generalized for rotoid deformations
r̆h → m̂1/2/(1− κ

2 χ̃4) and 0 Ă → rot Ă, with a tilde χ̃4(τ )

(199), when we compute for respective BE configurations:

S̆(τ ) = 0 S̆(1+ κ

2
χ̃4(τ )) and T̆ (τ ) = 0T̆ + κ

×
(
− ε

4π r̆h
+ r̆h

2πl2[5]
− 5G2[10] Q̂2

3π9l8[5]r̆5
h

)
χ̃4(τ ). (201)

As in section 5.3.3 of [40] (see formulas (97) and (98) in
that work), the modified Hawking temperatures T̆ (τ ) and 0T̆

are stated by requiring the absence of the potential conical
singularity of the Euclidean BH at the horizon in the phase
space. Such conditions can be imposed on Finsler–Hamilton
configurations possessing certain phase space horizons.

7.2.4 G. Perelman thermodynamics of nonassociative flows
of Finsler–Hamilton phase RN-AdS BHs

The Bekenstein–Hawking thermodynamic paradigm does
not allow to characterize and study physical properties of
general classes of quasi-stationary solutions (196) or (198) if
there are not imposed special conditions for nonassociative
deformations, for instance, when there are generated BE con-
figurations of type (199). In our partner works [10,40,41] we
generalized in nonassociative form the G. Perelman approach
for the geometric flows. This allows also to define and com-
pute statistical thermodynamic variables (180) for Finsler–
Hamilton configurations.

We explain how to compute such values for any data �ğαs

(195), and �

s ,̃�(τ ) which are via nonlinear symmetries (193)
to �̃[5], and

| �̃[5] η̃4(τ )ğ4)| = | �̃[5] ζ̃4(τ )ğ4|(1− κχ̃4(τ )), |
�̃[5] �η̃6(τ ) �ğ6| = | �̃[5] �ζ̃ 6(τ ) �ğ6|(1− κ �χ̃6(τ ))

defining a a subclass of s-metrics (198). We obtain such ther-
modynamic functionals:

�

sW̃�
κ (τ ) =

∫ τ

τ ′
dτ

32(πτ)4

2τ�̃2[5] − 1

�̃2[5]
�

ηV̆(τ ),

�

sZ̃�
κ (τ ) = exp

[∫ τ

τ ′
dτ

(2πτ)4

1

�̃2[5]
�

ηV̆(τ )

]
,

�

s Ẽ�
κ (τ ) = −

∫ τ

τ ′
dτ

64π4τ 3

τ�̃[5] − 1

�̃2[5]
�

ηV̆(τ ),

�

s S̃�
κ(τ ) = −

∫ τ

τ ′
dτ

64(πτ)4

τ�̃[5] − 2

�̃2[5]
�

ηV̆(τ ),

for a running Finsler–Hamilton phase space volume func-
tional

�

ηV̆(τ ) =
∫

�

s#̂

�δ �

ηṼ( �

s ,̃�(τ ), �ğαs ), for s = 1, 2, 3.

The thermodynamic properties of such nonassociative geo-
metric flow systems are studied in details in Sect. 5.3.4 of
[40]. In this subsection, we use the tilde variables for Finsler–
Hamilton configurations. They characterize different classes
of nonassociative BH solutions and their τ -evolution.

8 Conclusions and perspectives

This is a status report on the anholonomic frames and con-
nection deformation method, AFCDM, and some important
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results for constructing generic off-diagonal solutions in 4-d
gravity theories and higher dimension generalizations. The
approach includes new methods and original solutions for
nonassociative star product deformed gravity and related 8-
d Finsler–Lagrange–Hamilton phase space structures when
an abstract geometric and s-adapted formalism for MGTs
and nonassociative and nonholonomic flows is summarized
in Tables 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16
from Appendix. We reviewed and presented new classes of
exact/parametric solutions constructed by using the AFCDM
for constructing exact and parametric solutions in general rel-
ativity, GR, and modified gravity theories, MGTs [6–10,15–
18,25–29,40,41].

The main results solving the objectives of this work are as
follow:

The first objective, Obj1, was to outline the geometry of
nonholonomic Lorentz manifolds with conventional (2+2)-
splitting and distortion of connections. In such an approach,
the fundamental geometric distinguished objects, d-objects,
(for instance, the curvature and Ricci d-tensors) are derived as
distorted from the Levi–Civita, LC, connection to a canonical
distinguished connection, d-connection, structure and when
the geometric constructions are adapted to a prescribed non-
linear connection, N-connection, structure. The difference
between our nonholonomic dyadic formulation and other
geometric and analytic methods involving dyadic variables
(in most general forms, there are considered complex dyads,
for instance, the Newman–Penrose formalism, outlined in
[2–4]) is that we define and work with N-adapted distor-
tions and canonical d-connections. Such canonical nonholo-
nomic variables are important for proving general decou-
pling and integration properties of (modified) Einstein equa-
tions (which was the Obj2). Such proof is impossible for
other dyadic/tetradic formalisms involving only the LC-
connection structure if canonical d-connections are not con-
sidered.

In Sect. 4, we provided and studied explicit examples
of new classes of generic off-diagonal solutions in GR and
MGTs constructed following the AFCDM (stated by Obj3).
We analyzed, in brief the physical, properties of new Kerr de
Sitter solutions and their deformations to spheroidal config-
urations. Then, the geometric formalism was developed for
nonholonomic off-diagonal deformations of cylindrical sys-
tems and applied for generating solutions describing locally
anisotropic wormholes, black torus and black ellipsoid sys-
tems. We proved that corresponding types of nonlinear sym-
metries and time-space duality properties allow the use of
AFCDM and formulas for quasi-stationary off-diagonal con-
figurations to construct and analyze new classes of locally
anisotropic cosmological solitonic and spheroidal deforma-
tions, study vacuum gravitational 2-d vertices and solitonic

vacua for voids. Here we note that all examples of 16 classes
of generic off-diagonal solutions constructed in explicit geo-
metric and analytic forms in this article are different from
similar ones (derived by more special parameterizations and
AFCDM) in previous works [16,17,19,20,24,71,72,77,83].

The nonassociative geometric flow theory on 8-d phase
spaces can be formulated in an equivalent form in non-
holonomic canonical (hat) variables and in Finsler–Hamilton
variables as we defined in 5 for Obj4. The first type of for-
mulation allows to decouple and integrate in general off-
diagonal form such systems of nonlinear PDEs when a gen-
eralized Finsler approach involve metric and affine struc-
tures derived from Lagrange and Hamilton generating func-
tions. This provides a possibility to connect in future research
the methods of generating off-diagonal solutions in MGTs
to general quantum deformations (of gravitational and mat-
ter field interactions and geometric evolution scenarios, in
general including nonassociative and noncommutative data)
determined by conventional Lagrangians or Hamiltonians.

The Obj5 was achieved by considering canonical distor-
tion relations between hat and tilde connections and defining
F- and W-functionals for nonassociative Finsler–Hamilton
variables. This allowed to define in abstract geometric form
the nonassociative Finsler–Hamilton geometric flow equa-
tions which consisted a solution of Obj6 (for parametric
solutions, it is possible also a N-adapted variational proofs
using F- and W-functionals). Then, formulating the gen-
eralized G. Perelman thermodynamics for nonassociative
Finsler–Hamilton geometric flows, provide a solutions of the
Obj7. Such a statistical and geometric thermodynamics is
very important because it allows to characterize very general
classes of off-diagonal solutions in MGTs and nonassocia-
tive geometric flows which can’t be considered in the frame-
work of the Bekenstein–Hawking thermodynamic paradigm
(which can be applied only for some subclasses of solutions
involving hypersurface horizons, duality and holographic
conditions).

TheObj8, for providing explicit examples of constructing
quasi-stationary solutions encoding 8-d Finsler–Hamilton
data as nonassociative geometric flows of higher dimen-
sion generalized solutions from Part 1, was solved by apply-
ing abstract geometric methods and re-defining the effec-
tive sources (to encode nonassociative data) from Tables 12,
13, 14 from Appendix. Correspondingly, that allowed us
to define and use corresponding linear symmetries to con-
struct an example of temperature-like evolution of nonasso-
ciative black holes and black ellipsoids and respective off-
diagonal deformations, i.e. to solve the Obj9. We character-
ize such off-diagonal solutions in different forms by comput-
ing respective Bekenstein-Hawking and G. Perelman ther-
modynamic variables.

123



Eur. Phys. J. C          (2025) 85:1046 Page 65 of 94  1046 

Recent progress in elaborating (non) associative/commutative
geometric and quantum flow theories [29,98,131–133] with
applications in modern MGTs, accelerating cosmology and
dark matter and dark energy physics [13,24,63,141,143–
146] is reviewed in a series of works [7,8,28,65,147]. Such
constructions are performed on nonholonomic Lorentz man-
ifolds of 4–10 dimensions and (co) tangent Lorentz bundles
(i.e. phase spaces with respective velocity and/or momentum-
like coordinates). Even detailed proofs and solutions are pro-
vided in the main part of this article only for 4-d nonholo-
nomic dyadic geometries, our methods, main formulas and
exact/parametric solutions can be extended in straightfor-
ward forms using a corresponding abstract geometric for-
malism to higher dimension spacetimes and phase spaces
with conventional (2+ 2)+ (2+ 2)+ 2+ · · · splitting. For
pedagogical purposes (to propose to interested researchers
a complete classification and summary of most important,
general, and typical solutions), all such constructions for
higher dimensions are summarized in Tables 1, 2, 3, 4, 5,
6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16 provided in Appendix
(a solution of Obj10). Those tables and related typi-
cal ansatz for generic off-diagonal quasi-stationary/locally
anisotropic/velocity/momentum phase space solutions pro-
vide a general solution for the Obj4 of this work. Neverthe-
less, we emphasize here that for constructing explicit exam-
ples of exact and parametric solutions of nonlinear systems of
PDEs describing geometric and information flows and with
applications of the AFCDM in modern cosmology and astro-
physics one should elaborate other original papers and status
reports.

This review covers the Obj1–Obj4 as they were stated for
SV’s Fulbright scholar program (2022–2023, USA) and the
Obj5–Obj10 for his CAS LMU “scholar at risk” fellowship
in Munich, Germany (2024). A part of those programs con-
sisted in elaborating on a series of lectures and supplemen-
tary material (as this status report) for a summary of results
elaborated by his research groups during the last 25 years
in Eastern Europe and collaboration with researchers from
Western Countries, Romania and Turkey. To outline such
original and new methods and results is necessary to cite and
discuss certain tenths of works related to the AFCDM, fur-
ther developments, and applications. Papers by other authors
are cited and discussed only if they contain relevant former
and important results.

As we proved in Sect. 4, the AFCDM can be applied for
constructing and investigating nonholonomic off-diagonal
deformations of black hole, BH, solutions into other types
of quasi-stationary and/or locally anisotropic cosmological
solutions in GR and MGTs. It is well known that there are
fundamental and rigorous proofs of mathematical theorems
on the uniqueness of smooth BH theorems in vacuum (for
instance, for the Kerr solution), rigidity of stationary BHs,
on the stability of the Minkowski space and various BH solu-

tions, on the formation of trapped surfaces, cosmic censor-
ship theorems etc. Such results are outlined in many mono-
graphs containing hundreds of pages with tedious mathemat-
ical proofs (see [148–150] and references therein). It is not
clear if and how those rigorous mathematical theorems have
connections to MGTs, quantum gravity models, and modern
accelerating cosmology. This is a task for a new generation of
mathematicians and theoretical physics and quantum infor-
mation theory researchers.

The AFCDM can be considered not only as a general geo-
metric method for decoupling nonlinear systems of PDEs in
mathematical relativity, MGTs, and certain geometric flow
evolution equations related to gravity and geometric ther-
modynamics; when such a general nonlinear decoupling
allows formal explicit integrations and generating/ finding
off-diagonal solutions for PDEs not reducing them to ODEs
by some special diagonal ansatz. In principle, the AFCDM
provides a new methodology for constructing different types
of new classes of exact/parametric solutions using symbolic
and formal geometric techniques, when the rigorous mathe-
matical and physical properties of generated solutions have
to be stated by further assumptions. We can model nonsin-
gular and physically viable (at least for certain small param-
eters) off-diagonal solutions for necessary smooth classes
of generating functions and generating sources, choosing
specific types of integration functions/constants. They can
define quasi-stationary gravitational and (effective) matter
field configurations, or describe certain locally anisotropic
cosmological scenarios. For certain types of (cosmological)
evolution problems, we can put and solve respective Cauchy
problems etc., analyze stability properties etc. (for instance,
in [21–23] we studied if black ellipsoids, BE, can be stable
in GR and (non) commutative MGTs).

In general, the new classes of constructed and studied in
our works solutions, involving generic off-diagonal metrics
and modified LC-connections, are not subjected to the condi-
tions of theorems proven in mathematical relativity for space-
times with higher symmetries and metrics with coefficients
to be of some required smooth class of functions. It took
more than 50 years till physicists and mathematicians under-
stood the fundamental properties of the Schwarzschild and
Kerr solutions in 4-d gravity. The approach with transforms
of systems of nonlinear PDEs into nonlinear ODEs under
various special assumptions on symmetries of interactions,
smooth classes of solutions, asymptotic/boundary conditions
etc. had in the past a strong motivation being used less exact
observations in cosmology and astrophysics. The Universe
was considered as an almost spherical one being isotropic and
homogeneous; and BH solutions were found also for spheri-
cal configurations, with certain observed stability and asymp-
totic conditions. The “high symmetry” paradigm, including
certain “fluctuations” with quantum anisotropies and struc-
ture formation, was changed in modern accelerating cosmol-
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ogy and related dark matter and dark energy physics. The
Einstein gravity seems to be modified and new classes of
solutions may be generic off-diagonal, with coefficients of
metrics depending on all spacetime and possible phase space
coordinates. Such solutions provide more rich opportunities
to elaborate on global and local quasi-periodic structure for-
mation scenarios, local anisotropic configurations, and pro-
vide new types of geometric evolution of nonholonomic grav-
itational systems and characterized by respective geomet-
ric thermodynamic models studied in [13,24,29,63,98,131–
133,141,143–146]. Another important property is that such
solutions can be generated in such forms when they define
realistic, viable and important physical models even if they
can be unstable, with singularities, nontrivial nonlinear
anisotropic cosmology, encoding quantum and extra dimen-
sion contributions etc. In explicit form, this is possible by
selecting respective classes of generating and integration
functions and making certain assumptions on the type of
effective sources, variation of physical constants and their
polarization etc.

Finally, we note that the AFCDM and solutions reviewed
and/or constructed in this work provide a commutative and
associative background for developing a research program
on nonassociative geometric methods and exact/parametric
solutions applied in mathematical particle physics, string and
M-theory, quantum information and gravity [5,6,9,10,40,
41].
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A Tables 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16
for the AFCDM and 4–10-d spacetime or 8-d phase
space solutions

In this Appendix, we summarize the results on the AFCDM
for constructing exact/parametric solutions for various 4-
d and extra dimensions, and/or with additional veloc-
ity/momentum type coordinates in respective GR and MGTs.
In respective subsections, we provide some basic formulas
and main references on rigorous geometric proofs and exist-
ing applications published in modern literature on mathemat-
ics and physics.

The main steps on certain general decoupling and inte-
grating of generalized Einstein equations with generic off-
diagonal quasi-stationary and locally anisotropic cosmolog-
ical metrics in 4-d gravity theories outlined below in Tables
1, 2, 3. The geometric proofs on finding solutions and various
examples for Lorentz manifoldsV, dimV = 4 with nonholo-
nomic 2+2 splitting and canonical deformation of the LC-
connection were sketched in previous sections. We use geo-
metric data (g,N, D̂[g,N] = ∇[g]+ Ẑ[g,N]) stated for a N-
connection structureN, when the canonical d-connection D̂ is
defined in such a way that corresponding modified Einstein
equations can be decoupled and integrated in general off-
diagonal form for a metrics g[u], with coefficients depend-
ing on all spacetime coordinates uα = (xi , ya). The new
classes of solutions are determined by respective generating
and integration functions and generating (effective) sources
Ŷ, all related via nonlinear symmetries to some effective
cosmological constants � = ( 1�, 2�). We can extract LC-
configurations by imposing additional nonholonomic con-
straints when D̂|T̂→0 = ∇ and the related canonical both dis-

tortion, Ẑ, and torsion, T̂ , d-tensors vanish. The generating
source Ŷ = ( 1ϒ, 2ϒ) encodes respectively the information
on energy–momentum tensors for matter fields and various
possible contributions from other classical and/or quantum
gravity and matter field interactions. Geometric constructions
and detailed proofs are provided in [25–28] and review [7].

In abstract geometric and N-adapted coordinate forms,
the AFCDM can be generalized for constructing solutions in
various higher dimension gravity theories. Such extensions
and modifications can be performed in a formal abstract geo-
metric form, for instance, for dim V = 5, 6, . . . , 10, 11, . . .
(which is applicable in (super) string/gravity theories), with
a nonholonomic diadic splitting determined by a conven-
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tional 2+ 2+ 2+ · · · splitting of dimensions for some 2-d
shells s = 1, 2, 3, 4 etc. The local signature of such met-
rics sg is chosen to be (+ + + − + + + · · · +) on higher
dimension Lorentz manifolds (this in order to simplify the
geometric formulas). For a corresponding set of geomet-
ric and physical data ( sg, sN, sD̂[ sg, sN] = ∇[ sg] +
sẐ[ sg, sN], sϒ, s�), the gravitational field equations
can be decoupled and integrated in very general forms for
generic off-diagonal metrics depending on all higher dimen-
sion spacetime coordinates uαs = (xi1 , ya2 , ya3 , ya4 , . . .),

when i1 = 1, 2; a2 = 3, 4; a3 = 5, 6; a4 = 7, 8; ... A
respective nonholonomic dyadic shell decomposition struc-
ture can be defined for all necessary geometric and physical
objects and computed in general off-diagonal form for coor-
dinate frames. The solutions may involve nontrivial torsion
and/or nonmetricity fields structures, and various contribu-
tions of extra-dimensions, for instance, from string and M-
theory theories, gauge gravity models, noncommutative and
nonassociative models with data encoded into certain non-
trivial effective sources sϒ. For detailed proofs and vari-
ous examples and applications, we cite [6,9,10,12–14,17–
20,23,24,65,71,72,77,83], see a recent review of results in
Appendix B and references to [7].

Various relativistic phase space theories can be elabo-
rated on tangent bundle, TV, and contangent bundle, T ∗V,

where V is a Lorentz manifold [7,8,24,29,30]. Here we
study models with dim V = 4, when dim TV = 8 and
dim T ∗V = 8. Theories on TV are relativistic general-
izations of the so-called Finsler–Lagrange geometry when
the total space metrics (and the coefficients of fundamen-
tal geometric objects, like the (non) linear connections, cur-
vature/torsion/Ricci etc. tensors) depend both on spacetime
coordinates xi and on velocity type coordinates, ua = va,

for u = (x, v) = {uα = (xi , va)}, where i = 1, 2, 3, 4 on
the base manifold V and a = 5, 6, 7, 8 for a typical fiber in
the phase space. The nonholonomic geometric constructions
can be performed in shell dyadic form with conventional
(2+2)+(2+2) splitting of dimensions and local coordinates
uαs = (xi1 , ya2 , va3 , va4), when the canonical geometric
data are defined by distortions

( sg(x, v),s N(x, v),s D̂[ sg, sN]
= ∇[ sg] + sẐ[ sg, sN], sϒ, s�).

Standard phase space models ale elaborated on cotan-
gent bundles M = T ∗V, when the geometric/physical
objects depend on spacetime and momentum like variables
�u = (x, p) = {xi , pa}, where � p = p = (p3, p4 = E)

are cofiber coordinates. Such dual coordinates can be related
to velocity type ones va using, for instance, Legendre trans-
forms, and subjected to additional conditions to define almost
symplectic systems. On M, we can construct various types
of phase space kinetic, geometric thermodynamic, or (non-

holonomic) gravitational models. The nonholonomic phase
space constructions can be performed in shell dyadic form
with conventional (2+2)+(2+2) splitting of dimensions and
local coordinates uαs = (xi1 , ya2 , pa3 , pa4). The canonical
geometric data are defined as

( �

sg(x, p),�s N(x, v), �

sD̂[ �

sg,
�

sN]
= �∇[ �

sg] + �

sẐ[ sg, �

sN], �

sϒ, �

s�),

which allows us to decouple and integrate in certain general
forms respective phase space modified gravitational equa-
tions. Generating sources �

sϒ may encode, for instance,
contributions from nonassociative/noncommutative terms in
string theory, various quasi-classical and quantum deforma-
tions etc. when certain momentum like variables are intro-
duced for respective geometric/physical models. It is pos-
sible to define certain nonholonomic variables when such
phase space geometries are models as Hamilton type rela-
tivistic spaces (which are dual to respective Lagrange–Finsler
geometries). Such geometric models can be generalized in
supersymmetric forms, for nonassociative and noncommu-
tative geometries; metric-affine theories with nonmetricity
fields and torsion; nonsymmetric metrics and generalized
connections; subjected to deformation quantization and gen-
eralized, for instance, to geometric and quantum information
flow theories [6–10,15,24,29,30].

All above mentioned MGTs can be formulated in abstract
form and in nonholonomic canonical variables which allow
to apply the AFCDM in order to prove general decoupling
and integration properties and construct exact and parametric
solutions defined by generic off-diagonal metrics and gener-
alized connections. If necessary, LC-configurations can be
extracted by imposing additional nonholonomic constraints.
Proofs of such properties and explicit generating of necessary
types of quasi-stationary and/or locally anisotropic cosmo-
logical solutions are formal geometric symbolic generaliza-
tions and with higher dimension extensions of the construc-
tions provided in the sections of the main part of the paper,
for 4-d Lorentz manifolds.

A.1 4-d off-diagonal quasi-stationary and cosmological
solutions, Tables 1, 2, 3

The first three tables summarize the main steps on how to
use 2+2 nonholonomic variables and corresponding ansatz
for metrics which allow us to construct quasi-stationary and,
for respective t-dual symmetries, locally anisotropic cosmo-
logical solutions.
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A.1.1 Metric ansatz and systems of nonlinear ODEs and
PDEs

Parameterizations of frames/coordinates for Lorentz man-
ifolds with N-connection h- and v-splitting of geometric
objects and generating of (effective) sources are provided
in Table 1. There are stated two types of generic off-diagonal
metric ansatz. The first one is for generating quasi-stationary
metrics with dependence only on space coordinates and the
second one, for so-called locally anisotropic cosmological
solutions, is with dependence on the time-like coordinate and
possible dependencies on two other space like coordinates.

General decoupling properties can be proven in explicit
form for generic off-diagonal ansatz with Killing symme-
try on ∂4, for quasi-stationary configurations, or on ∂3, for
locally anisotropic cosmological models, see respectively
(32) and (33 ). All formulas derived for (33) are certain t-
dual to those for quasi-stationary configurations, but with a
change of local signature. To emphasize this, we underline
respective symbols of geometric objects.

A.1.2 Decoupling and integration of (modified) Einstein
equations & quasi-stationary configurations

The key steps for applying the AFCDM for generating sta-
tionary off-diagonal exact solutions of (modified) Einstein
equations are outlined in Table 2. Such solutions are, in gen-
eral, with nontrivial nonholonomically induced torsion (27).
They can be re-defined equivalently in terms of generating
functions �(xk, y3) or �(xk, y3) using nonlinear symme-
tries (64) and (65), see also (71). Considering η–polarization
functions, respective d-metrics and N-connections can be
parameterized to describe nonholonomic deformations of a
primary (for instance, BH) d-metric g̊ into target generic off
diagonal stationary solutions ĝ (32) (see also (62)) as g̊ →
ĝ(xk, y3) = [gα(xk, y3) = ηα(xk, y3)g̊α, ηa

i (x
k, y3)N̊ a

i ].
Zero torsion LC-configurations in GR can be extracted for
additional nonholonomic constraints which are satisfied for
a more special class of “integrable” generating functions
(ȟ4(xk, y3), or �̌(xk, y3) and/or �̌(xk, y3)) for respective
sources 2ϒ̌(xk, y3) and 2� (90).

The main assumption on (effective) generating sources is
that in N-adapted form they can be parameterized in the form
ϒ̂α

β = [ hϒδi
j ,

vϒδa
b] (23), when certain relations to an

energy–momentum tensor for matter (22) can be established
in algebraic form (choosing respectively the coefficients of
frame transforms). This imposes some nonholonomic con-
straints on the h- and v-dynamics of matter fields, deter-
mined by respective distributions of matter fields, and related
effective cosmological constants. For such assumptions, we
can prove general decoupling and integration properties of
the nonholonomic canonical deformed Einstein equations

(24). For quasi-stationary configurations, we need additional
assumption on two generating sources, for instance, that
hϒ = 1ϒ̂(xi ) and vϒ = 2ϒ̂(xi , y3). If such conditions

are not satisfied, we can not integrate in explicit form the
gravitational field equations for a respectively chosen ansatz.
To construct generic off-diagonal solutions in explicit form,
we prescribe such generating sources and then show how to
decouple and find exact/parametric solutions for an ansatz
(32).

If a ϒ̂α
β involves certain small parameters encoding non-

holonomic deformations and distortions and contributions,
for instance, from some effective classical and/or quantum
interactions, extra dimension etc., we can formulate a a physi-
cal interpretation which is similar to “not-deformed” models.
In general, for different types of parameterizations of gener-
ating sources, it is not clear if a solutions may have impor-
tance for physical theories. Nevertheless, using the AFCDM
we are able to investigate off-diagonal nonlinear gravitational
and (effective) matter field interactions and construct respec-
tive classes of solutions in explicit form. This is more general
than in the case when the (modified) Einstein equations are
transformed in systems of nonlinear ODEs.

Different parameterizations of quasi-stationary metrics
involving respective generating functions, effective sources
and cosmological constants, and defining nonholonomic
deformations of certain prime d-metrics into target d-metrics
are stated by respective formulas (62), (67), (68), (73)
and (75). Examples of physically important quasi-stationary
solutions are given by explicit models of off-diagonal defor-
mations of new KdS metrics; for cylindrical systems and
their deformations; locally anisotropic black holes; BH and
BT deformed systems etc.

A.1.3 Decoupling and integration of gravitational PDEs
generating cosmological metrics

In Table 3, we summarize the main steps for generating off-
diagonal locally anisotropic solutions of (modified) Einstein
equations using the AFCDM.

Applying the nonholonomic deformation procedure (for
simplicity, we consider metrics determined by a generat-
ing function h4(x

k, t), we construct a class of generic off-
diagonal cosmological solutions with Killing symmetry on
∂3 determined by effective sources, 1ϒ and 2ϒ, and a non-
trivial cosmological constant, �,

ds2 = e ψ(xk ,1ϒ)[(dx1)2 + (dx2)2] + h3[dy3 + ( 1nk

+4 2nk

∫
dt

(h3

)2

| ∫ dt 2ϒh3

|(h3)

5/2
)dxk]

− (h3

)2

| ∫ dt 2ϒh3

| h3

[dt + ∂i (
∫

dt 2ϒ h3

])

2ϒ h3

 dxi ],

(A.1)
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Table 1 Diagonal and off-diagonal ansatz resulting in systems of nonlinear ODEs and PDEs applying the anholonomic frame and connection
deformation method, AFCDM, for constructing generic off-diagonal exact and parametric solutions

Such a d-metric is equivalent to (77) like (68) is equivalent
to (62). The d-metric (A.1) can be written in terms of gravi-
tational η-polarization and/or χ -polarization functions.

A.2 Off-diagonal higher dimension quasi-stationary and
cosmological solutions, Tables 4, 5, 6

The procedure of generating off-diagonal solutions and basic
formulas from Tables 1, 2, 3 can be extended in abstract geo-
metric form for higher dimension Lorentz manifolds. Such
examples and applications in modern cosmology and astro-
physics are provided in [14,65,142]. In explicit form, we can
consider 10-d spacetime models with 9 space coordinates,
which can be derived in the framework of string gravity the-
ories. The AFCDM is extend and applied in a geometric
abstract form using nonholonomic shell dyadic decompo-
sitions of dimensions. In this subsection, we consider five
shells labelled as s = 1, 2, 3, 4, 5, where the first two ones
are stated for 4-d Lorentz manifolds as we considered in the
main part of the paper and in the previous subsection of the
appendix. There are used nonholonomic 2 + 2 + 2 + 2 + 2
splitting of dimensions when the N-adapted coordinates and
indices of geometric objects are labeled to describe increas-
ing on order “anion” shells. We shall not provide in further
subsections of the appendix the equations and formulas defin-
ing higher dimension LC-configurations using 10-d variants
of zero torsion conditions (38). The constructions are incre-
mental when the higher dimension generating and integra-
tions functions are nonholonomically constrained for higher

dimensions. Such solutions can be found by a respective extra
dimension generalization of the system of Eq. (90) and cor-
responding d-metrics (91).

A.2.1 Diagonal and off-diagonal ansatz for higher
dimensions

In this subsection, we parameterize the higher dimension
coordinates in any form for a space like 9-d hypersurface
when the time like coordinate is stated as u4 = y4 = t. The
signature of the metrics is of type (+ + + − + + · · ·+).

In principle, the geometric constructions and the procedure
of generating solutions do not depend on signature. Adding,
or substituting certain dyadic shells, the main formulas and
solutions can be re-defined for higher/lower dimensions, for
instance, for 12-d, 8-d, or 6-d nonholonomic Lorentz mani-
folds with the same parameterizations for the first two shells
(used for describing the 4-d spacetimes).

In [14,65], we elaborated on string gravity models with
almost symplectic structures in higher dimensions and pro-
vided examples of explicit classes of generic off-diagonal
solutions. Such configurations can be with non-compactified
extra dimensions even decompositions on a string constant
parameter are necessary for deriving modified Einstein equa-
tions. The physical interpretation of solutions in such higher
dimension gravity theories is different from those defined on
(co) tangent bundles if the metrics are with different signa-
tures and the extra dimension coordinates are not considered
of velocity/momentum type.
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Table 2 Off-diagonal quasi-stationary configurations Exact solutions of R̂μν = ϒμν (24) transformed into a system of nonlinear PDEs (47)–(50)
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Table 3 Off-diagonal locally anisotropic cosmological models Exact solutions of R̂μν = ϒμν (24) transformed into a system of nonlinear PDEs
(76)

The formulas from Table 4 can be generalized for polar-
izations η- and χ -polarization functions extending on higher
dimensions formulas ( 70) and (75).

A.2.2 Quasi-stationary higher dimension solutions

The formulas for 4-d off-diagonal quasi-stationary solutions
defined by nonlinear quadratic elements (62), (67), (68), (73)
and (74) can be generalized in symbolic geometric form to
10-d spacetime Lorentz manifolds as we summarize in Table
5.

As an example of 10-d quasi-stationary quadratic element
extending the 4-d formulas (68), we provide

dŝ2[10d] = ĝαsβs (x
k, y3, y5, y7, y9; h4, h6, h8,h10;

sϒ̂; s�)duαs duβs

= eψ(xk , s ϒ̂)[(dx1)2 + (dx2)2]
− (h∗4)2

| ∫ dy3[ 2ϒ̂h4]∗| h4

×{dy3 + ∂i1 [
∫

dy3( 2ϒ̂) h∗4]
2ϒ̂ h∗4

dxi1}2

+h4{dt + [ 1nk1 + 2nk1

∫
dy3

× (h∗4)2

| ∫ dy3[ 2ϒ̂h4]∗| (h4)5/2
]dxk

1 }

+ (∂5h6)
2

| ∫ dy5∂5[ 3ϒ̂h6]| h6
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Table 4 Diagonal and off-diagonal ansatz for 10-d Lorentz manifolds and the anholonomic frame and connection deformation method, AFCDM,
for constructing generic off-diagonal exact and parametric solutions

×{dy5 + ∂i2 [
∫

dy5( 3ϒ̂) ∂5h6]
3ϒ̂ ∂5h6

dxi2}2

+h6{dy6 + [ 1nk2 + 2nk2

∫
dy5

× (∂5h6)
2

| ∫ dy5∂5[ 3ϒ̂h6]| (h6)5/2
]dxk2}

+ (∂7h8)
2

| ∫ dy7∂7[ 4ϒ̂h8]| h8

×{dy7 + ∂i3 [
∫

dy7( 4ϒ̂) ∂7h8]
4ϒ̂ ∂7h8

dxi3}2

+h8{dy8 + [ 1nk3 + 2nk3

∫
dy7

× (∂7h8)
2

| ∫ dy7∂7[ 4ϒ̂h8]| (h8)5/2
]dxk3}

+ (∂9h10)
2

| ∫ dy9∂9[ 5ϒ̂h10]| h10
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Table 5 Higher dimension off-diagonal quasi-stationary configurations exact solutions of R̂μν = ϒμν (24) transformed into a shall system of
nonlinear PDEs (47)–(50)
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×{dy9 + ∂i4 [
∫

dy9( 5ϒ̂) ∂9h10]
5ϒ̂ ∂9h10

dxi3}2

+h10{dy10 + [ 1nk4 + 2nk4

∫
dy10

× (∂9h10)
2

| ∫ dy9∂9[ 5ϒ̂h10]| (h10)5/2
]dxk4}. (A.2)

The nonlinear symmetries (64) and (65) allow to perform
similar computations and express shell by shell ( s�)2 =
−4 s�has . In similar forms, we can generate s-adapted solu-
tions of type (A.2) when, for instance, Killing symmetries
on ∂6 are changed into ∂5 (we can consider any permuta-
tions with Killing symmetries on ∂8 changed into ∂7 and/or
∂10 changed into ∂9). Using η- and/or χ -polarizations, above
classes of quasi-stationary higher dimension solutions can
be considered for transforming certain prime 10-d s-metrics
into respective nonholonomic deformed to target s-metrics
of the same or lower dimensions.

A.2.3 Locally anisotropic cosmological solutions with
extra dimensions

The formulas for 4-d locally anisotropic cosmological solu-
tions from Table 3 can be extended in geometric abstract
forms for 10-d nonholonomic Lorentz manifolds, see Table
6. Such construction and applications in modern cosmol-
ogy were provide in a series of our previous works [24,28]
when off-diagonal cosmological metrics are derived as dual
ones (for a time like coordinate) to quasi-stationary metrics.
In 4-d, we explain the geometric principles with respect to
generating the d-metric (77). A series of works [141–146]
is devoted to locally anisotropic cosmological scenarios for
MGTs with massive terms and/or contributions from string
theories; ekpyrotic scenarios with quasi-periodic and pattern
structure formation; cosmological accelerating and inflation-
ary space-time quasicrystal structure. A recent work [132] the
AFCDM is applied for generating solutions for the Kaluza–
Kelin gravity and cosmological models emerging from geo-
metric and quantum information flow generalizations of the
Einstein equations. For simplicity, we consider only canoni-
cal d-connections with Killing symmetry on ∂3 and ∂7 when
respective restrictions to shells s = 3 and/or s = 4, can
be considered, in similar forms, for Killing symmetries on
∂5, ∂6, ∂7 and ∂8.

Let us consider a 10-d generalization of 4-d locally anisor-
topic cosmological solutions (A.1), see also (77),

dŝ2[10d] = ĝαsβs (x
k, t, y5, y7, y9; h3, h6, h8,h10;

sϒ̂; s�)duαs duβs

= eψ(xk , s ϒ̂)[(dx1)2 + (dx2)2]
+h3[dy3 + ( 1nk1 + 4 2nk1

∫
dt

× (h3

)2

| ∫ dt 2ϒh3

|(h3)

5/2
)dxk1 ]

− (h3

)2

| ∫ dt 2ϒh3

| h3

[dt + ∂i (
∫

dt 2ϒ h3

])

2ϒ h3

 dxi ]

+ (∂5h6)
2

| ∫ dy5∂5[ 3ϒh6]|h6

×{dy5 + ∂i2 [
∫

dy5( 3ϒ) ∂5h6]
3ϒ ∂5h6

dxi2}2

+h6{dy6 + [ 1nk2 + 2nk2

∫
dy5

× (∂5h6)
2

| ∫ dy5∂5[ 3ϒh6]| (h6)
5/2
]dxk2}

+ (∂7h8)
2

| ∫ dy7∂7[ 4ϒh8]| h8
{dy7

+∂i3 [
∫

dy7( 4ϒ) ∂7h8]
4ϒ ∂7h8

dxi3}2

+h8{dy8 + [ 1nk3 + 2nk3

∫
dy7

(∂7h8)
2

| ∫ dy7∂7[ 4ϒh8]| (h8)
5/2
]dxk3}

+ (∂9h10)
2

| ∫ dy9∂9[ 5ϒh10]| h10
{dy9

+∂i4 [
∫

dy9( 5ϒ̂) ∂9h10]
5ϒ ∂9h10

dxi3}2

+h10{dy10 + [ 1nk4 + 2nk4

∫
dy10

× (∂9h10)
2

| ∫ dy9∂9[ 5ϒh10]| (h10)
5/2
]dxk4}. (A.3)

The s-metric (A.3) possess the same extra shell Killing sym-
metries on higher dimension coordinates. Such generic off-
diagonal extra dimension cosmological solutions are charac-
terized by nonlinear symmetries of type (64) and (65), when
(shell by shell) ( s�)2 = −4 s�has

. We can generate s-
adapted solutions of type (A.3) when, for instance, Killing
symmetries on ∂6 are changed into ∂5 and we can consider any
permutations with Killing symmetries on ∂8 changed into ∂7

and/or ∂10 changed into ∂9. Using η- and/or χ -polarizations
with generic dependence on a time like coordinate t , above
classes of locally anisortopic higher dimension solutions can
be considered for transforming certain prime cosmological
10-d s-metrics into respective nonholonomic deformed to
target s-metrics of the same or lower dimensions.

A.3 Off-diagonal velocity depending quasi-stationary/
cosmological solutions, Tables 7, 8, 9, 10, 11

Such geometries and MGTs are modelled on tangent bundle
TV to a nonholonomic Lorentz manifold V. They include
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Table 6 Higher dimension off-diagonal cosmological solutions exact solutions of R̂μν = ϒμν (24) transformed into a shall system of nonlinear
PDEs (47)–(50)
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as particular examples various relativistic generalizations of
Finsler–Lagrange geometry and theories with modified dis-
persion relations, MDR, with respective dual symmetries for
(co) fiber coordinates. The typical signature of total metrics
is of type (+ + +−;+ + +−) for a Lorentz base with sig-
nature (+++−). So, the dimension of geometric construc-
tions and signature on such velocity depending phase spaces
is dim T V = 8 is different from that considered above in 10-
d gravity. To apply the AFCDM we need four shells of dyads
(when s = 1, 2, 3, 4) with a corresponding (2+2)+(2+2) non-
holonomic splitting of the total dimension. The formulas are
quite similar to those provided in previous subsection when
yas = vas , for s = 3 and 4. Nevertheless, the physical inter-
pretation of such velocity phase space models and respective
exact/parametric is different from those considered for the
higher dimension gravity. This is because the signature of
metrics is different, when v8 is a time like coordinate on the
typical fiber, but y8 was a space like coordinate in the space
of velocities. If the phase space solutions are with Killing
symmetry on ∂8, we can fix v8 = v8[0], and elaborate on
phase space models with space like velocity hypersurfaces.
Another class of solutions can be with variable v8 but a fixed,
for instance, velocity v7 = v7[0], which provide examples of
“velocity-rainbow” metrics in phase gravity. Both types of s-
metrics with mentioned behaviour in the velocity typical fiber
may have a Killing symmetry on ∂4 (for locally anisotropic
cosmological solutions), or, for instance, on ∂3, for quasi-
stationary solutions. As results, we obtain 4 different types
of velocity-phase s-metrics with typical quadratic elements
and applications of the AFCDM stated in subsections below
and respective Tables 8, 9, 10, 11.

A.3.1 Diagonal and off-diagonal ansatz for velocity phase
spaces

The parametrization of local coordinates, N-connection and
canonical d-connection structures and s-metrics for velocity-
phase spaces are sated in Table 7.

Such parameterizations, with respective polarization func-
tions and generating sources can be considered for general-
ized relativistic Finsler spaces encoding data for nonassocia-
tive/noncommutative/ supersymmetric theories etc. The gen-
erating and integration functions can be restricted to define
LC-configurations.

A.3.2 Qusi-stationary solutions with fixed light velocity
parameter

Such quasi-stationary solutions are nonholonomic general-
izations and extensions on tangent Lorentz bundles with
v8 = const, when the velocity phase space involve space
like hypersurfaces.

As an example of 8-d quasi-stationary quadratic element
with v8 = const on TV, we provide

dŝ2[8d] = ĝαsβs (x
k, y3, y5, y7; h4, h6, h8,;

sϒ̂; s�)duαs duβs

= eψ(xk , s ϒ̂)[(dx1)2 + (dx2)2]
− (h∗4)2

| ∫ dy3[ 2ϒ̂h4]∗| h4

×{dy3 + ∂i1 [
∫

dy3( 2ϒ̂) h∗4]
2ϒ̂ h∗4

dxi1}2

+h4{dt + [ 1nk1 + 2nk1

∫
dy3

× (h∗4)2

| ∫ dy3[ 2ϒ̂h4]∗| (h4)5/2
]dxk

1 }

+ (∂5h6)
2

| ∫ dy5∂5[ 3ϒ̂h6]| h6

×{dv5 + ∂i2 [
∫

dy5( 3ϒ̂) ∂5h6]
3ϒ̂ ∂5h6

dxi2}2

+h6{dv5 + [ 1nk2 + 2nk2

∫
dv5

× (∂5h6)
2

| ∫ dy5∂5[ 3ϒ̂h6]| (h6)5/2
]dxk2}

+ (∂7h8)
2

| ∫ dv7∂7[ 4ϒ̂h8]| h8

×{dv7 + ∂i3 [
∫

dv7( 4ϒ̂) ∂7h8]
4ϒ̂ ∂7h8

dxi3}2

+h8{dv8 + [ 1nk3 + 2nk3

∫
dv7

× (∂7h8)
2

| ∫ dv7∂7[ 4ϒ̂h8]| (h8)5/2
]dxk3}. (A.4)

Such s-metrics possess nonlinear symmetries which allow to
re-define the generating functions and generating sources and
related them to conventions cosmological constants. Solu-
tions with gravitationalη- andχ -polarizations can be defined
for respective off-diagonal deformations of prime s-metrics
into target ones. All formulas can be proven using abstract
geometric methods and corresponding applications of the
AFCDM.

A.3.3 Quasi-stationary solutions with variable light
velocity parameter

Another class of quasi-stationary extensions of a Lorentz
manifold, V, metrics is for quadratic line elements with
v7 = const which provide examples of velocity rainbow
s-metrics on TV. Considering a v8 ↔ v7 changing of veloc-
ity phase coordinates in (A.4), we construct an example of
8-d quasi-stationary quadratic element with v7 = const on
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Table 7 Diagonal and off-diagonal ansatz for 8-d tangent Lorentz bundles and the anholonomic frame and connection deformation method,
AFCDM, for constructing generic off-diagonal exact and parametric solutions

TV defining an example of velocity rainbow s-metric,

dŝ2[8d] = ĝαsβs (x
k, y3, y5, y7; h4, h6, h8,;

sϒ̂; s�)duαs duβs

= eψ(xk , s ϒ̂)[(dx1)2 + (dx2)2]
− (h∗4)2

| ∫ dy3[ 2ϒ̂h4]∗| h4

×{dy3 + ∂i1 [
∫

dy3( 2ϒ̂) h∗4]
2ϒ̂ h∗4

dxi1}2

+h4{dt + [ 1nk1 + 2nk1

∫
dy3

× (h∗4)2

| ∫ dy3[ 2ϒ̂h4]∗| (h4)5/2
]dxk

1 }
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Table 8 Off-diagonal quasi-stationary spacetime and space velocity configurations exact solutions of R̂μsνs = ϒμsνs (24) on T V transformed into
a shall system of nonlinear PDEs (47)–(50)
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+ (∂5h6)
2

| ∫ dy5∂5[ 3ϒ̂h6]| h6
{dv5

+∂i2 [
∫

dy5( 3ϒ̂) ∂5h6]
3ϒ̂ ∂5h6

dxi2}2

+h6{dy6 + [ 1nk2 + 2nk2

∫
dv5

× (∂5h6)
2

| ∫ dv5∂5[ 3ϒ̂h6]| (h6)5/2
]dxk2}

+h7{dv7 + [ 1nk3 + 2nk3

∫
dv8

× (∂8h7)
2

| ∫ dv8∂8[ 4ϒ̂h7]| (h7)
5/2
]dxk3} +

× (∂8h7)
2

| ∫ dv8∂8[ 4ϒ̂h7]| h7

×{dv8 + ∂i3[
∫

dv8( 4ϒ̂) ∂8h7]
4ϒ̂ ∂8h7

dxi3}2. (A.5)

The principles of generating such quasi-stationary and rain-
bow solutions are summarized in Table 9.

Other types of quasi-stationary and velocity rainbow solu-
tions can be constructed using nonlinear transforms of gen-
erating functions, gravitational polarizations and constraints
to LC-configurations. All nonholonomic geometric construc-
tions involve respective abstract geometric proofs and mod-
ifications/generalizations of formulas.

A.3.4 Locally anisotropic cosmological solutions with
phase space velocity configurations

Such cosmological models are 8-d versions of (A.3) derived
following the AFCDM as in Table 6 but redefined on velocity
phase spaces. Respective classes of generic off-diagonal s-
metrics are constructed following the steps outlined below in
Table 10.

As an example of 8-d quasi-stationary quadratic element
with v8 = const on TV, we provide

dŝ2[8d] = ĝαsβs (x
k, t, y5, y7; h3, h6, h8,;

1ϒ̂, 2ϒ̂, 3ϒ̂,4 ϒ̂; 1�, 2�, 3�, 4�)duαs duβs

= eψ(xk , s ϒ̂)[(dx1)2 + (dx2)2]
+h3[dy3 + ( 1nk1 + 4 2nk1∫

dt
(h3


)2

| ∫ dt 2ϒh3

|(h3)

5/2
)dxk1 ]

− (h3

)2

| ∫ dt 2ϒh3

| h3

[dt + ∂i (
∫

dt 2ϒ h3

])

2ϒ h3

 dxi ]

+ (∂5h6)
2

| ∫ dy5∂5[ 3ϒ̂h6]| h6
{dv5

+∂i2 [
∫

dv5( 3ϒ̂) ∂5h6]
3ϒ̂ ∂5h6

dxi2}2

+h6{dv5 + [ 1nk2 + 2nk2

∫
dv5

× (∂5h6)
2

| ∫ dy5∂5[ 3ϒ̂h6]| (h6)5/2
]dxk2}

+ (∂7h8)
2

| ∫ dv7∂7[ 4ϒ̂h8]| h8

×{dv7 + ∂i3 [
∫

dv7( 4ϒ̂) ∂7h8]
4ϒ̂ ∂7h8

dxi3}2

+h8{dv8 + [ 1nk3 + 2nk3

∫
dv7

× (∂7h8)
2

| ∫ dv7∂7[ 4ϒ̂h8]| (h8)5/2
]dxk3}. (A.6)

Similar classes of locally cosmological phase velocity
space solutions can be derived for the same Killing sym-
metries on ∂3 and ∂8 using respective nonlinear symmetries
and generating and integration functions.

A.3.5 Locally anisotropic cosmological solutions with
phase space rainbow symmetries

The locally anisotropic cosmological models from previous
Table 10 can be re-defined by phase space rainbow symme-
tries with the shells s = 3, 4 part as in Table 9. The shells
s = 1, 2 parts are as in Table 6 when the AFCDM is redefined
on TV. The procedure of constructing such classes of solu-
tions with Killing symmetries on ∂3 and ∂7 is summarized
below in Table 11. As an example of 8-d locally anisotropic
cosmological quadratic element with v7 = const on TV,

and defining rainbow configurations as for s = 3, 4 in (A.5),
we provide

dŝ2[8d] = ĝαsβs (x
k, t, v5, v8; h3, h6, h7,;

1ϒ̂, 2ϒ̂, 3ϒ̂, 4ϒ̂; 1�, 2�, 3�, 4�)duαs duβs

= eψ(xk , s ϒ̂)[(dx1)2 + (dx2)2]
+h3[dy3 + ( 1nk1 + 4 2nk1∫

dt
(h3


)2

| ∫ dt 2ϒh3

|(h3)

5/2
)dxk1 ]

− (h3

)2

| ∫ dt 2ϒh3

| h3

[dt + ∂i (
∫

dt 2ϒ h3

])

2ϒ h3

 dxi ]

+ (∂5h6)
2

| ∫ dv5∂5[ 3ϒ̂h6]| h6
{dv5

+∂i2 [
∫

dv5( 3ϒ̂) ∂5h6]
3ϒ̂ ∂5h6

dxi2}2

+h6{dv5 + [ 1nk2 + 2nk2∫
dv5 (∂5h6)

2

| ∫ dv5∂5[ 3ϒ̂h6]| (h6)5/2
]dxk2}

+h7{dv7 + [ 1nk3 + 2nk3
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Table 9 Off-diagonal quasi-stationary spacetimes with velocity rainbows exact solutions of R̂μsνs = ϒμsνs (24) on T V transformed into a shall
system of nonlinear PDEs (47)–(50)
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Table 10 Off-diagonal cosmological spacetimes with space velocity configurations exact solutions of R̂μsνs = ϒμsνs (24) on T V transformed into
a shall system of nonlinear PDEs (47)-(50)
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∫
dv8 (∂8h7)

2

| ∫ dv8∂8[ 4ϒ̂h7]| (h7)
5/2
]dxk3}

+ (∂8h7)
2

| ∫ dv8∂8[ 4ϒ̂h7]| h7
{dv8

+∂i3 [
∫

dv8( 4ϒ̂) ∂8h7]
4ϒ̂ ∂8h7

dxi3}2. (A.7)

The AFCDM modifications for generating such solutions are
described as follow:

Velocity rainbow s-metrics (A.7) can be considered also
for Finsler–Lagrange spaces for respective generating func-
tions. We can impose homogeneity and other type conditions
in order to define more special classes of relativistic gener-
alized Finsler geometries. Such models can be redefined for
momentum variables on cotangent Lorentz bundles as in next
subsection.

A.4 Phase space momentum depending quasi-stationary
and cosmological solutions, Tables 12, 13, 14, 15, 16

A series of recent works on nonassociative geometric and
quantum information flows, nonassociative and noncommu-
tative gravity and Hamilton–Cartan geometry and gravity are
elaborated on nonholonomic phases spaces modeled on a
cotangent Lorentz bundle,M = T ∗V, see details and review
of results in [5–10,24,29,30]. In section (3.4), we studied a
2+2 toy model with conventional 2-d cofiber coordinates.
We generalize those constructions on 8-d phase spaces with
conventional dyadic splitting (2+2)+(2+2), when the locall
coordinates on shells s = 3 and s = 4 are momentum type pa

and the local coordinates on the total space are labeled �u =
(x, p) = { �uα = (xi , pa)} = { �uαs = (xi1 , ya2 , pa3 , pa4)}
for � p = p = (pa3 , p7, p8 = E), where E is an energy
type variable. For mechanical like models on cotangent bun-
dles, the momentum like variables (pa3, pa4) can be related
to velocity type variables (vb3, vb4), considered in previous
subsection, via certain Legendre transforms. Here it should
be noted that theories with momentum like variables admit a
respective almost symplectic formulation (in this work, we
omit such considerations which are important, for instance,
in deformation quantization).

The N-connection structure defining a nonholonomic
dyadic splitting on M is defined as dual nonholonomic dis-
tribution (extending the definition (78) from 4-d to 8-d)

�

sN : T ∗s V = 1hV ⊕ 2vV ⊕ 3cV ⊕ 4cV . (A.8)

In local dual 8-d coordinate form, a N-connection (A.8) can
be written as �

sN = �Nis−1as (
�

su)dxis−1 ⊗ ∂/∂pas . Such
N-coefficients define N-elongated (equivalently, N-adapted)
local bases (partial derivatives), �eνs , and co-bases (differ-
entials), �eμs , when

�eν = ( �ei ,
�ea) = ( �ei = ∂/∂xi − �Nib(

�u)∂/∂pb,

�ea = �∂a = ∂/∂pa), and (A.9)
�eμ = (ei , �ea) = (ei = dxi ,

�ea = dpa + �Nia(
�u)dxi ), (A.10)

Any phase space metric �g on �V can be represented equiv-
alently as a s-metric (s, from shell) �

sg = ( 1h g, 2v g, 3c �

g, 4c �g), when

�g = �gis−1 js−1(x, p) eis−1 ⊗ e js−1 + �gasbs (x, p) �eas

⊗ �ebs ,= �g
αsβs

( �

su)d �uαs ⊗ d �uβs , (A.11)

where 1h �g = { �gi1 j1}, 2v �g = { �ga2b2}, 3c �g = { �ga3b3}
and 4c �g = { �ga4b4}.

We can define on M a d-connection structure �

sD =
( s−1h � D, sc � D) is a linear connection preserving under
parallelism the N-connection splitting (A.8),

�

sD = { ��
γs
αsβs

= ( �Lis−1
js−1ks−1

, � Ĺ bs
as ks−1

;
�Ćis−1 cs

js−1
, �C bs cs

as
)}, where

s−1h � D = ( �Lis−1
js−1ks−1

, � Ĺ bs
as ks−1

)

and sc � D = ( �Ćis−1 cs
js−1

, �C bs cs
as

). (A.12)

Tthe c-indices in such N-adapted formulas are inverse to v-
indices in N-adapted formulas for TV considered for previ-
ous subsection. Using d-operator �

sD, we can define respec-
tive fundamental geometric s-objects as in higher dimen-
sion Lorentz manifolds, or on their tangent bundles but with
abstract definitions on T ∗s V :
�

sT ( �

sX, �

sY) := �

sD �

sX
�

sY− �

sD �

sY
�

sX− [ �

sX, �

sY],
torsion s-tensor, s-torsion;

�

sR( �

sX, �

sY) := �

sD �

sX
�D �

sY
− �

sD �

sY
�

sD �

sX
− �

sD[ �

sX,
�

sY],
curvature s-tensor, s-curvature;

�

sQ( �X) := �

sD �

sX
�

sg,

nonmetricity s-fields, s-nonmetricity,

where d-vectors �

sX and �

sY, and their duals as 1-forms, can
be decomposed respectively to N-linear frames (A.9) and
(A.10).

Considering geometric s-objects and formulas (A.8)–
(A.12), we can re-define all geometric constructions and
formulas for nonholonomic manifolds V and tangent bun-
dles TV on cotangent bundles T ∗s V, with shell dyadic struc-
ture. For details and applications in MGTs and geometric and
quantum information flow theories, we cite [7–10,29,30].

The nonholonomic canonical Einstein equations on 8-d
phase spaces with momentum variables can be defined and
proven using sympolic re-definitions of variables and geo-
metric d-objects in (24) and (25),

�R̂αs
βs
= �ϒ̂

αs
βs
, (A.13)

�T̂γs
αsβs

= 0, for effective geneating sources
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Table 11 Off-diagonal cosmological spacetimes with velocity rainbow symmetries exact solutions of R̂μsνs = ϒμsνs (24) on T V transformed into
a shall system of nonlinear PDEs (47)–(50)
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�ϒ̂
αs
βs
= [ �

1ϒδ
i1

j1
,

�

2ϒδ
a2

b2
,

�

3ϒδ
a3

b3
,

�

4ϒδ
a4

b4
]. (A.14)

The Eqs. (83) and (84) can be solved by generic off-
diagonal ansatz with a Killing vector on respective shells. For
instance, a phase space analog of a quasi-stationary s-metric
of type (A.4) but with momentum space like hypersurface
and fixed p8 = E0 is parameterized

�ĝ = gi1(x
k1)dxi1 ⊗ dxi1 + ga2(x

k1 , yb2)ea2 ⊗ ea2

+ �ha3(xk2 , pb3)
�ea3 ⊗ �ea3

+ �h7( �xk3 , p7)
�e7 ⊗ �e7

+ �h8( �xk3 , p7)
�e8 ⊗ �e8,

ea2 = dya2 + N a2
i1

(xk1 , yb2)dxi1 ,

�ea3 = dpa3 + �Ni2(
�xk2 , pb2)d

�xi2 ,

�e7 = dp7 + �wi3(
�xk3 , p7)dxi3 ,

�e8 = d E + �ni3(
�xk3 , p7)d

�xi3 , (A.15)

with Killing symmetry on coordinate vector �∂8 = ∂E .
The phase space analog of locally anisotropic cosmolog-

ical s-metrics (A.5) is stated by formulas,

�ĝ = gi1(x
k1)dxi1 ⊗ dxi1 + ga2(x

k1 , yb2)ea2 ⊗ ea2

+ �ha3(xk2 , pb3)
�ea3 ⊗ �ea3

+ �h7( �xk3 , p7)
�e7 ⊗ �e7

+ �h8( �xk3 , p7)
�e8 ⊗ �e8,

ea2 = dya2 + N a2
i1

(xk1 , yb2)dxi1 ,� ea3

= dpa3 + �Ni2(
�xk2 , pb2)d

�xi2 ,

�e7 = dp7 + �ni3(
�xk3 , E)d �xi3 ,� e8

= d E + �wi3(
�xk3 , E)dxi3 , (A.16)

with Killing symmetry on coordinate vector �∂7.

A.4.1 Diagonal and off-diagonal ansatz for momentum
phase spaces

The parametrization of local coordinates, N-connection and
canonical d-connection structures and s-metrics for velocity-
phase spaces are sated in Table 12.

Parameterizations of geometric s-objects on shells s =
2, 3 depend on the type of shell Killing symmetries we pre-
scribe for such nonholonomic phase spaces with momentum
like variables.

A.4.2 Quasi-stationary solutions with fixed energy
parameter

Such quasi-stationary solutions are nonholonomic momen-
tum type phase configurations modeled on cotangent Lorentz
bundles with p8 = E = const, when the momentum phase
space involves space like hypersurfaces (Table 13).

As a T ∗V analog of the nonlinear quadratic element (A.4),
with v8 = const, and data from Table 8 we provide example
of 8-d quasi-stationary quadratic element (A.15) with p8 =
E = constV,

dŝ2[8d] = ĝαsβs (x
k, y3, p5, p7; h4,

�h6, �h8; �

sϒ̂;
�

s�)d �uαs d �uβs

= eψ(xk , s ϒ̂)[(dx1)2 + (dx2)2]
− (h∗4)2

| ∫ dy3[ 2ϒ̂h4]∗| h4
{dy3

+∂i1 [
∫

dy3( 2ϒ̂) h∗4]
2ϒ̂ h∗4

dxi1}2

+h4{dt + [ 1nk1 + 2nk1

∫
dy3

× (h∗4)2

| ∫ dy3[ 2ϒ̂h4]∗| (h4)5/2
]dxk

1 }

+ ( �∂5 �h6)2

| ∫ dp5
�∂5[ �

3ϒ̂
�h6]| �h6

×{dp5 + ∂i2 [
∫

dp5(
�

3ϒ̂) �∂5 �h6]
�

3ϒ̂
�∂5 �h6

dxi2}2

+ �h6{dp5 + [ 1nk2 + 2nk2

∫

×dp5
( �∂5 �h6)2

| ∫ dp5
�∂5[ �

3ϒ̂
�h6]| ( �h6)5/2

]dxk2}

+ ( �∂7 �h8)2

| ∫ dp7
�∂7[ 4ϒ̂ �h8]| �h8

×{dp7 + ∂i3 [
∫

dp7( 4ϒ̂) �∂7 �h8]
�

4ϒ̂
�∂7 �h8

d �xi3}2

+ �h8{d E + [ �

1nk3 + �

2nk3

∫
dp7

× ( �∂7 �h8)2

| ∫ dp7
�∂7[ �

4ϒ̂
�h8]| ( �h8)5/2

]d �xk3}. (A.17)

Such s-metrics possess nonlinear symmetries in phase spaces
which allow to re-define the generating functions and gener-
ating sources and related them to conventions cosmological
constants �

s�.

A.4.3 Quasi-stationary and rainbow phase space solutions

Another class of quasi-stationary momentum phase space
solutions of type (A.15) can be generated if in the s-metric
(A.17) we change the Killing symmetry on �∂8 into �∂7

and introduce in the shell s = 4 dependencies on E-variable
(in literature called rainbow metrics). Corresponding coeffi-
cients of the geometric s-objects will be underlined. Respec-
tively, for such phase space configurations, the constructions
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Table 12 Diagonal and off-diagonal ansatz for 8-d cotangent Lorentz bundles and the anholonomic frame and connection deformation method,
AFCDM for constructing generic off-diagonal exact and parametric solutions
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Table 13 Off-diagonal quasi-stationary and pase space configurations with fixed energy exact solutions of �R̂μsνs = �ϒμsνs (A.13) on T ∗s V
transformed into a momentum version of nonlinear PDEs (47)–(50)
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stated by Table 9 and s-metric (A.5) transform via duality
transforms vas → pas into those for Table 14.

Chronologically, we note that rainbow s-metrics in gen-
eralized Finsler–Lagrange and dual Cartan–Hamilton forms
were constructed following different nonholonomic param-
eterizations in [24,25], see further developments and review
of results in [7,63,147]. The cosmological scenarios elabo-
rated in [141–146] can be re-defined on T ∗s V . They can be
exploited as some alternative models of dark matter and dark
energy theories when the structure formation and phase space
dynamics depend on certain E type variables/coordinates.

The rainbow type solutions (for toy models) (86), (87) and
(89) can be re-defined into quasi-stationary, or t-depending,
and/or E-depending s-metrics with effective shell cosmo-
logical constants, and related generating functions, or η- and
χ -polarization functions.

A typical quasi-stationary rainbow metric on T ∗V con-
structed for changing indices 7 ←→ 8 and respective depen-
dencies on coordinates and Killing symmetry on s = 4 in
(A.17 ) is defined by such a s-metric with explicit depen-
dence on E-variable:

dŝ2[8d] = ĝαsβs (x
k, y3, p5, E; h4,

�h6, �h7;
�

1ϒ̂,
�

2ϒ̂,
�

3ϒ̂,
�

4ϒ̂; �

1�,
�

2�,
�

3�,
�

4�)d �uαs d �uβs

= eψ(xk , s ϒ̂)[(dx1)2 + (dx2)2]
− (h∗4)2

| ∫ dy3[ 2ϒ̂h4]∗| h4
{dy3

+∂i1 [
∫

dy3( 2ϒ̂) h∗4]
2ϒ̂ h∗4

dxi1}2

+h4{dt + [ 1nk1 + 2nk1∫
dy3 (h∗4)2

| ∫ dy3[ 2ϒ̂h4]∗| (h4)5/2
]dxk

1 }

+ ( �∂5 �h6)2

| ∫ dp5
�∂5[ �

3ϒ̂
�h6]| �h6

{dp5

+∂i2 [
∫

dp5(
�

3ϒ̂) �∂5 �h6]
�

3ϒ̂
�∂5 �h6

dxi2}2

+ �h6{dp5 + [ 1nk2 + 2nk2

∫
dp5

× ( �∂5 �h6)2

| ∫ dp5
�∂5[ �

3ϒ̂
�h6]| ( �h6)5/2

]dxk2}

+ �h7{dp7 + [ �

1nk3
+ �

2nk3

∫
dp7

× ( �∂8 �h7)2

| ∫ d E �∂8[ �

4ϒ̂
�h7]| ( �h7)5/2

]d �xk3}

+ ( �∂8 �h7)2

| ∫ d E �∂8[ 4ϒ̂ �h7]| �h7

×{d E + ∂i3[
∫

d E( 4ϒ̂) �∂8 �h7]
�

4ϒ̂
�∂8 �h7

d �xi3}2. (A.18)

Such rainbow s-metrics can be re-parameterized for another
types of generating functions and/or with gravitational polar-
ization functions using respective nonlinear symmetries.

A.4.4 Locally anisotropic cosmological solutions with fixed
energy parameter

For dual fiber to cofiber transforms, the procedure for con-
structing locally anisotropic cosmological phase space solu-
tions described in Table 10 transforms into a method of
generating such solutions with off-diagonal dependence on
momentum like variables. Such generalizations and appli-
cations of the AFCDM are summarized in Table 15. As a
T ∗V analog of the nonlinear quadratic element (A.4), with
v8 = const, and data from Table 8 we provide exam-
ple of 8-d quasi-stationary quadratic element (A.15) with
p8 = E = constV,

dŝ2[8d] = ĝαsβs (x
k, t, p5, p7; h3,

�h6, �h8;
�

sϒ̂; 1�, 2�,
�

3�,
�

4�)d �uαs d �uβs

= eψ(xk , s ϒ̂)[(dx1)2 + (dx2)2]
+h3[dy3 + ( 1nk1 + 4 2nk1

∫
dt

× (h3

)2

| ∫ dt 2ϒh3

|(h3)

5/2
)dxk1 ]

− (h3

)2

| ∫ dt 2ϒh3

| h3

[dt + ∂i (
∫

dt 2ϒ h3

])

2ϒ h3

 dxi ]

+ ( �∂5 �h6)2

| ∫ dp5
�∂5[ �

3ϒ̂
�h6]| �h6

{dp5

+∂i2 [
∫

dp5(
�

3ϒ̂) �∂5 �h6]
�

3ϒ̂
�∂5 �h6

dxi2}2

+ �h6{dp5 + [ 1nk2 + 2nk2

∫
dp5

× ( �∂5 �h6)2

| ∫ dp5
�∂5[ �

3ϒ̂
�h6]| ( �h6)5/2

]dxk2}

+ ( �∂7 �h8)2

| ∫ dp7
�∂7[ 4ϒ̂ �h8]| �h8

×{dp7 + ∂i3 [
∫

dp7( 4ϒ̂) �∂7 �h8]
�

4ϒ̂
�∂7 �h8

d �xi3}2

+ �h8{d E + [ �

1nk3 + �

2nk3

∫
dp7

× ( �∂7 �h8)2

| ∫ dp7
�∂7[ �

4ϒ̂
�h8]| ( �h8)5/2

]d �xk3}. (A.19)

The procedure of generating such s-metrics is described as
follow:

The spacetime part in (A.19) is equivalent to the spacetime
part of (A.6) (in both cases, on shells s = 1, 2).
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Table 14 Off-diagonal quasi-stationary and pase space configurations with variable energy exact solutions of �R̂μsνs = �ϒμsνs (A.13) on T ∗s V
transformed into a momentum version of nonlinear PDEs (47)–(50)
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Table 15 Off-diagonal cosmological and pase space configurations with fixed energy exact solutions of �R̂μsνs = �ϒμsνs (A.13) on T ∗s V
transformed into a momentum version of nonlinear PDEs (47)–(50)
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Table 16 Off-diagonal cosmological and pase space configurations with variable energy exact solutions of �R̂μsνs = �ϒμsνs (A.13) on T ∗s V
transformed into a momentum version of nonlinear PDEs (47)–(50)
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A.4.5 Locally anisotropic cosmological solutions with
variable energy parameter

The Table 16 is a momentum phase version of the Table 11. In
this subsection, it is summarized the AFCDM for construct-
ing locally anisotropic cosmological rainbow solutions.

As an example of such s-metrics we provide below a cos-
mological rainbow metric with the s = 1, 2 part being equiv-
alent to

dŝ2[8d] = ĝαsβs (x
k, t, p5, E; h3,

�h6, �h7;
�

1ϒ̂,
�

2ϒ̂,
�

3ϒ̂,
�

4ϒ̂;
�

1�,
�

2�,
�

3�,
�

4�)d �uαs d �uβs

= eψ(xk , s ϒ̂)[(dx1)2 + (dx2)2] + h3[dy3

+( 1nk1 + 4 2nk1

∫
dt

(h3

)2

| ∫ dt 2ϒ̂h3

|(h3)

5/2
)dxk1 ]

+ (h3

)2

| ∫ dt 2ϒ̂h3

| h3

[dt + ∂i (
∫

dt 2ϒ h3

])

2ϒ̂ h3

 dxi ]

+ ( �∂5 �h6)2

| ∫ dp5
�∂5[ �

3ϒ̂
�h6]| �h6

{dp5

+∂i2 [
∫

dp5(
�

3ϒ̂) �∂5 �h6]
�

3ϒ̂
�∂5 �h6

dxi2}2

+ �h6{dp5 + [ 1nk2 + 2nk2

∫
dp5

× ( �∂5 �h6)2

| ∫ dp5
�∂5[ �

3ϒ̂
�h6]| ( �h6)5/2

]dxk2}

+ �h7{dp7 + [ �

1nk3
+ �

2nk3

∫
dp7

× ( �∂8 �h7)2

| ∫ d E �∂8[ �

4ϒ̂
�h7]| ( �h7)5/2

]d �xk3}

+ ( �∂8 �h7)2

| ∫ d E �∂8[ 4ϒ̂ �h7]| �h7

×{d E + ∂i3[
∫

d E( 4ϒ̂) �∂8 �h7]
�

4ϒ̂
�∂8 �h7

d �xi3}2. (A.20)

The locally anisotropic cosmological s-metric (A.20) is an
example of phase space rainbow s-metric (A.16) constructed
on T ∗V.
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