Eur. Phys. J. C (2025) 85:1282
https://doi.org/10.1140/epjc/s10052-025-15016-w

THE EUROPEAN ()]
PHYSICAL JOURNAL C e

updates

Regular Article - Theoretical Physics

Quantum spacetime imprints: the 24-cell, Standard Model

symmetry and its flavor mixing

Ahmed Farag Ali>*

I Essex County College, 303 University Ave, Newark, NJ 07102, USA

2 Department of Physics, Faculty of Science, Benha University, 13518 Benha, Egypt

Received: 12 June 2025 / Accepted: 31 October 2025
© The Author(s) 2025

Abstract In our previous work (Ali, Fortsch. Phys. 72(4),
2200210 (2024)), We outline an exploratory framework in
which in which the 24-cell acts both as the quantum of space-
time and as a geometric representation of elementary parti-
cles. In this paper, we provide comprehensive mathematical
and phenomenological evidence that deepens and refines this
primary model. The remarkable symmetry of the 24-cell nat-
urally yields a unified hypercharge functional that reproduces
the observed Standard Model hypercharge assignments while
ensuring anomaly cancellation. By projecting the 24-cell’s
vertices onto a three-dimensional flavor subspace using a
Minimal Distortion Principle, an emergent tetrahedral struc-
ture is revealed that gives rise to an effective A4 symmetry in
the neutrino sector. Moreover, extending this discrete sym-
metry to its binary double cover T’ supplies the spinorial
representations and intrinsic complex phases necessary for
generating realistic quark Yukawa textures. Guided by the
fundamental tenet that spacetime and matter are inextricably
linked, our analysis shows that the intricate flavor mixing of
the Standard Model may well be a residual imprint of the
underlying quantum-geometric nature of spacetime.
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1 Introduction

Does the discrete symmetry observed in neutrino and quark
mixing emerge from the quantum fabric of spacetime? In
the spirit of John Wheeler’s dictum “it from bit,” [2] one is
compelled to ask whether the exotic flavor symmetries of the
Standard Model are not arbitrarily imposed but instead arise
naturally from an underlying quantum geometric structure.
The combinatorial and algebraic richness of discrete symme-
tries such as A4 and T’ may thus be fundamental properties
of quantum spacetime rather than merely phenomenological
tools. In our previous work [1], we proposed that the 24-cell
— an exceptional, self-dual four-dimensional polytope with
24 vertices — naturally constitutes the fundamental quanta
of spacetime and offers a geometric framework for encoding
Standard Model particles. The symmetry group of the 24-cell
is the Weyl/Coxeter group of Fy4 [3]. The 48 root vectors of
F4 represent the vertices of the 24-cell in two dual configura-
tions. Fy is one of five exceptional simple Lie groups that are
non-abelian and do not have nontrivial connected normal sub-
groups. Its remarkable importance has been recently realized
[4] to explain the gauge symmetry of the Standard Model. In
particular, it is shown that F4 possesses two stabilizer groups,
Hy = (SU@B) x SU(3))/Z3 and H, = Spin(9); their inter-
section, H| N H,, generates the Standard Model gauge sym-
metry (SU3) x SU(2) x U(1))/Ze. Further details and
implications can be found in [5—17]. This supports our pos-
tulate of identifying the spacetime quanta as the 24-cell. In
addition, a geometric connection between the 24-cell and
Calabi—Yau threefolds with Hodge numbers (1,1) has been
established in [18], which proved useful in determining the
mass spectrum of type-1IB flux vacua [19]. In what follows,
“24-cell — Calabi—Yau” refers to the toric reflexive—poly-
tope construction in the sense of Batyrev—Borisov: the 24-
cell enters as the Newton polytope defining a smooth K3
hypersurface in a toric ambient space. No discrete 24-cell
is a smooth fibre.. This approach is further supported by
related studies. For example, Aschheim [20] explored spin
foam models in which the 24-cell appears as the underlying
structure for topologically encoded tetrads on trivalent spin
networks, suggesting that its combinatorial properties can
capture gravitational degrees of freedom without extra field
data. Clawson et al. [21] investigated the Fibonacci Icosagrid
quasicrystal, demonstrating that the 24-cell’s symmetry is
intimately connected to the Eg root lattice, thereby providing
a bridge between aperiodic order and high-dimensional sym-
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metry. Finally, recent work on electroweak quantum num-
bers in the root system [22] employs the 24-cell as a natu-
ral geometric representation. Together, these investigations
indicate that the intricate flavor structure of the Standard
Model may emerge as a relic of quantum spacetime geome-
try. The remarkable regularity of the 24-cell, together with its
highly symmetric partitioning into lower-dimensional poly-
topes, suggests that it may encode not only the existence of
fundamental matter fields but also the intricate mixing pat-
terns of neutrinos and quarks. The need for a fundamental
unit of spacetime is further motivated by Snyder’s minimal
measurable length in noncommutative geometry [23], where
spacetime coordinates satisfy modified commutation rela-
tions,

L (ktpr\?
[xpu, xv] :lh< e ) Juv, (1)
K lpr\>
[x;u pvl=ih (nuv + (7) de’v) , M,v=0,1,2,3.
2

where £ p; denotes the Planck length, « is a dimensionless
parameter setting the scale of the minimal measurable length,
and n,, = diag(—1, 1, 1, 1) is the Minkowski metric. Equa-
tion (1) introduces non-commutative geometry, while Equa-
tion (2) gives rise to a generalized uncertainty principle. Both
relations are invariant under Lorentz transformations [23].
This framework ultimately leads to the existence of a mini-
mal length and an intrinsic mass gap for spacetime quanta.

A
klpic

m, =

The presence of a fundamental mass scale suggests that
spacetime is quantized at the Planck length, motivating the
search for an elementary four-dimensional geometric unit.
Among all regular convex four-dimensional polytopes, the
24-cell stands out due to its self-duality, high degree of
symmetry, and suitability for encoding fundamental parti-
cle interactions. Its 24 vertices naturally correspond to the
12 fermions, electroweak gauge bosons, eight gluons of
QCD, and the Higgs boson of the Standard Model. More-
over, its decomposition into distinct lower-dimensional poly-
topes aligns with the structure of quantum field interac-
tions: the 16-cell subset can be associated with the eight
gluons, while the complementary tesseract (8-cell) accom-
modates the remaining twelve fermions, electroweak gauge
bosons, and the Higgs field. This organization provides a nat-
ural geometric origin for the fundamental interactions of the
Standard Model. Furthermore, although the 24-cell exists in
four-dimensional Euclidean space, it remains consistent with
Minkowski spacetime by treating time as an imaginary spa-
tial coordinate, a well-established approach in quantum field
theory and Euclidean quantum gravity [24,25]. Together,
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these features offer a compelling case that the flavor struc-
ture observed in the Standard Model may indeed be a residual
imprint of the underlying quantum geometry of spacetime.

Bird’s-eye overview. (1) A matter 24-cell provides a Planck-
scale kinematic label space for fields; it is a bookkeeping
scaffold rather than a dynamical lattice. (2) The two dual
24-cells comprising the F4 root system furnish the dynamic
gauge scaffold that acts on this label space. (3) Regular tetra-
hedral substructures induce effective flavour symmetries A4
and its spinorial lift 7”. (4) Together these layers yield qual-
itative SM phenomenology (hypercharges, mixing patterns)
in an exploratory, geometry-led framework.

The paper is organized as follows. In Sect. 2, we
develop the two-tier construction (kinematic matter 24-cell
vs. dynamic F4 root system) and present our geometric
decomposition of the 24-cell, showing how, at a qualita-
tive level, its symmetry can support the Standard Model’s
interactions. In Sect. 3, we constructively obtain the effec-
tive A4 symmetry and its binary double cover T’ from tetra-
hedral substructures of the 24-cell, providing a geometric
origin for discrete flavour symmetries. In Sect. 4, we build
an exploratory neutrino-mixing model in which the ideal
tribimaximal pattern is perturbed by small geometric distor-
tions to yield a nonzero reactor angle 613 and realistic mass
splittings. In Sect. 6, we apply the same machinery to the
quark sector by lifting A4 to T’ C SU(2), obtaining illus-
trative Yukawa textures consistent with the CKM hierarchy.
Finally, in Sect. 7, we discuss scope, limitations, and open
problems, including potential links to quantum gravity, and
outline future directions for research.

2 The geometric Standard Model: structural
decomposition and insights into the 24-cell

Two-tier architecture. Throughout this paper the phrase
“the 24-cell” is used in two logically distinct senses:

(i) Matter scaffold V2“4‘a“: a single, fixed 24-cell whose 24
vertices act purely as kinematic labels — sixteen for one
SM fermion generation (including right-handed states)
and eight placeholders for colour.

(ii) Gauge scaffold AE: the two dual 24-cells that together

form the 48 roots of the exceptional algebra Fy.!

Kinematic layer: the vertex set of V;3*" provides a
bookkeeping device for particle assignments.

! The 48 roots constitute the adjoint of Fjy; they generate the gauge
dynamics and must not be conflated with the matter 24-cell Vzni“‘" on
which they act.

Dynamic layer: the full F4 root system, introduced
later, acts on those vertices; no vertex-root re-identification
occurs.

In what follows, we propose a unification of Standard-Model
(SM) physics with the geometry of the 24-cell via the excep-
tional Lie algebra Fy. The 24-cell is the unique, self-dual
regular 4-polytope whose symmetry is governed by the Weyl
group W (Fy) (order 1152) [26]; it contains 24 vertices, 96
edges, 96 triangular faces and 24 octahedral cells. Our frame-
work establishes (i) a complete group decomposition, (ii)
explicit particle assignments on V32", and (iii) a triality-
breaking mechanism that naturally yields three fermion gen-
erations. Moreover, the model interfaces smoothly with ultra-
violet (UV) completions via Calabi—Yau compactification
and spinfoam dynamics [4,8,12,27]. The remainder of this
section develops the requisite geometric and algebraic struc-
tures step by step.

2.1 Geometric decomposition of the 24-cell

We begin by embedding the 24-cell in R* by partitioning its
vertices into two disjoint sets:

Vog = ViUV,

as part of the kinematic matter scaffold VJ3*" (the gauge
dynamics will be supplied separately by the F4 root system
AT).

4

Vi = {%e;} (8vertices)

corresponds to the short roots +e; > (used here only as colour
placeholders within the matter scaffold), and

Vy = {%(il,il,il,il)} (16 vertices)

serves as kinematic labels for the SM fermions (both left- and
right-handed). The convex hull of V4 reproduces the 24-cell
exactly. Remark. The 24 long roots te; £ e; withi < j
form a D4 root system inside F4 and are not vertices of the
24-cell; they enter later as part of the F4 gauge scaffold AE.
A schematic 2D layout of these vertices is shown in Fig. 1.
The colour coding anticipates the kinematic/dynamic split
outlined just above: the plotted vertices belong to the matter
scaffold V3", while the dual 24-cells of Aﬁ (not drawn
here) generate the gauge dynamics acting on them.

2 These eight short roots are colour placeholders within V3% and must
not be conflated with the 8, weight space appearing in the Dy triality
discussion; the latter is built from the long roots t-e; £ ¢;. Likewise, the
eight gluon gauge fields belong to the adjoint of the F4 gauge scaffold
(the full root system Ai), not to these matter vertices.

@ Springer



1282 Page 4 of 18

Eur. Phys. J. C (2025) 85:1282

g3

g4 T 92

Fio @ ° @ Fi;
U6 Fiy Fiy gs
Fio Fi3
e o
gr
..

Fig. 1 Outer ring (blue): eight short-root colour placeholders on the
matter scaffold; these are distinct from the SO (8) triality 8, used later
for generation counting and are inert under triality. The inner ring (red)
with 16 vertices V, serves as kinematic labels for the SM fermions.
Dashed edges indicate that, in the full 4D embedding, the distance
between a vertex in Vi and one in V; is 1 (i.e., |a.| = 1, so the corre-
sponding spinfoam spin label is j, = %

All combinatorial statements so far use the Euclidean
metric on R*. Physical Lorentz symmetry is recov-
ered in two steps: (i) a Wick rotation x° + i ¢ pro-
motes the stabiliser of a spatial hyperplane to the
Lorentz group SO(3, 1); (ii) in the spinfoam lan-
guage the resulting Spin(4)-labelled two-complex
is mapped to an SL(2, C)-labelled complex via the
standard EPRL y-map, exactly as in the Barrett—
Crane— EPRL transition.

2.2 Branching of Fy4 into SM representations

Dynamic layer only. In this subsection the matter vertices
V3" introduced in §2.1 remain passive kinematic labels;
the full Fy4 root system Ai supplies the gauge generators
that act on them. No identification of matter vertices with
gauge bosons is made.

We consider the Lie algebra Fy4 (dimension 52) and its
embedding of the SM gauge subalgebra SU (3)c x SU (2) w X
U(1)y C fa.Under this embedding, the adjoint of F4 decom-
poses schematically as

52— B 1Do @ (1,3)0 & (1, 1)o & Reoset: 3)

@ Springer

with dim R¢oget = 40. The three displayed summands fur-
nish the SM gauge bosons, while Rcset contains additional
vectors that must acquire large masses once Fy is broken
down to the SM.

e (8, 1)q: the eight gluons of SU(3)¢; here 8 denotes the
SU (3) adjoint, not the SO (8) triality 8,,.

e (1, 3)o: the weak gauge bosons of SU(2)w ; only the
left-handed weak factor SU (2), is gauged in our setup
—no SU(2)g is introduced.

e (1,1): the hypercharge direction U (1)y, realized as a
Cartan generator along a chosen vector hy in f4 (hy is
the same vector that enters the hypercharge functional
acting on the matter scaffold introduced in Sect. 2).

e Rcoser: non-SM gauge directions that are rendered heavy
by symmetry breaking (e.g. heavy Z’-like states).

Clarification. The eight short roots {+£e;} shown earlier
as colour placeholders on the matter scaffold V;3*" should
not be conflated with the eight gluon gauge bosons here:
the latter live in the adjoint of the dynamic F4 layer and arise
from the decomposition (3), independent of the matter-vertex
bookkeeping. Likewise, the Dy triality (8,, 85, 8.) concerns
the long-root subsystem inside F4 and does not modify the
gauge adjoint branching.

Figure 2 illustrates the decomposition of the F4 adjoint
into SM gauge factors and the coset. It is important to note
that the SM fermions do not sit in the adjoint; they arise from
other F4 representations (e.g. the 26), while (3) describes the
gauge sector only.

2.3 Mathematical resolutions for consistency

To ensure that our model reproduces the SM structure, we
now detail several mathematical resolutions that link the 24-
cell geometry to the particle content.

2.3.1 Embedding of entire SU(2)w doublets per 24-cell
vertex

For SM left-handed doublets (e.g., (vr, ey, ) with hypercharge
Y = —%), each doublet is embedded into a single vertex
a € V,. For example, by assigning

1
0te=§(1,1,1,1) <« (vL,eL),

both components naturally share the hypercharge Y (oy) =
—%. The difference in electric charge is provided solely by
the SU (2)w generator T3 (with T3(vy) = +% and T3(er) =

_%).
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Fig. 2 Branching of the Fy4
adjoint (52) under the SM gauge
group. This diagram represents
only the gauge sector; fermions
reside in other representations
(e.g., the 26). The coset
dimension (28 or 40) depends
on the specific hypercharge
embedding

(87 1)0
Gluons

2.3.2 A unified hypercharge functional for all Fermion
generations using the 24-cell

To construct a hypercharge generator that reproduces the SM
hypercharges for all fermions across three generations, we
leverage the geometric properties of the 24-cell. For gen-
eration g (where g = 1, 2, 3), we define the hypercharge
functional by

Ye(@) = kg (. i) + <),
where:

e « is a vertex coordinate of the form %(a, b, c,d) with

a,b,c,d = =1,

h(g) (h(g) h(g) h(g) h(g)) is the generation-specific

hypercharge vector,

o (a, h§§)) = alhgg) +a2h§g) —|—O{3hgg) +a4hf‘g) is the inner
product,

® K, is a generation-specific normalization constant,

e ¢, isageneration-specific offset, interpreted as a curvature-
induced strain (detailed below),

e The vertices are normalized so that || ||2 = 1 (since each
component is :I:%).

Because the SM hypercharge values for corresponding

fermion types are identical in each generation (see Table 1),

this functional is required to yield the following target values:
Below we detail the explicit vertex assignments, hyper-

charge vectors, offsets, and verification calculations for each

generation.

Generation 1: Vertex assignments and verification Vertex

assignments:

o

o Left-handed lepton doublet (v;,er): oy’ = 1

(1, 1, 1, D.

e Left-handed quark doublet (ur,dp): oe;l) = %(1,
1,—1,-1).

e Right-handed charged lepton eg: o, = %(—1, -1,
-1, —1).

e Right-handed up quark wupg: o, = %(l,—l,
1, —-1).

e Right-handed down quark dg: ag, = %(1,
-1, -1, 1).

(11 3)0
U(2)w Bosons

52
(Adjoint of Fy)

(1 ) 1)0
Hypercharge

(’ c )coset
Heavy Z’ States

Hypercharge functional:

Yi@) = k1 (o, 1)) + €1),

(3 1 1 s
Y T\ 2«1> 3k’ 6k1° 6k1)°

—_~

61=—%.
Checks:
R R e S F e N (TR
@ =5(G-E s R)E = A ne =4
e B = (4 E—E D) = M =,
(aukvhg)> = %(%"'%"_%4'%)% = 1521’ Y1 (ug) :+%’
) =33 +3- - = N =-1

Generation 2: Vertex assignments and verification Vertex
assignments:

o (Vur, fo): a@) =31, 1,1, 1)
o (cros)ad =1a,1,-1,1).
. ,uR:aukz%( 1,-1,1,1).

o cria, = 5(1,—1,1, 1.

o sgiag, = 5(—1,1,1,1).

Hypercharge functional:

Ya(e) = ka(fe, b)) + €2),

2 _ 2 7 11 . 4
1 = (5 i o as) 2= 5
Checks (sample):

2 @ 1 1) 1
@ n =3(3+3+3-4)L L

11 3
13+3-1+9)L =5

and similarly for ug, cr, sg.
Generation 3: Vertex assignments and verification Vertex
assignments:

2
o N =-}

2
(. hy) = @) =+,

—1,—1).
—1,—1).

o (ver )iy =11, —1,
o (tr,br): a@ =3(=1,1,

@ Springer
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Table 1 Standard Model hypercharge values for fermions across three generations

Particle type Gen 1 Gen 2 Gen 3 Hypercharge (Y)
Left-handed lepton doublet (vr,er) (vurL, L) (ver, TL) —%

Left-handed quark doublet (ur,dr) (cL,sL) (tL, br) +é
Right-handed charged lepton eR LR TR —1
Right-handed up-type quark UR CR tR +%
Right-handed down-type quark dr SR br f%

o TRiag, = 3(—1,—1,—1,1).
o tRiay, = S(—1,1,1,—1).
o briop, = 3(—1,—1,1,-1).

Hypercharge functional (no offset):

Y3(@) = i3 (@, hY)),

— _(L 1 1 1
€3 =0, hY - (3K3’ K3 2K3° 6K3)'

Checks:

) = (3, -1 -1, =1, 1) = ~ 1,

Vi) = +1. V(o) =—1. Yalay) =+3. Yalap) =—1.
All three generations now yield exactly the Standard-

Model hypercharges.
Geometric derivation of €g

We embed the 24-cell in the three-sphere 53 (Rg) C R*
of radius Ry; all 24 vertices then lie at geodesic distance R,
from the origin. Two neighbouring vertices «, § that were
unit-separated in the flat metric now have geodesic distance
dg(a, B) = Rg arccos( (e, B)). Expanding cos dg /R, to sec-
ond order one finds the curved inner product

1
(. By =l B) — sola— B[+ ORSY.
8

so that the fractional distortion is

(for | — B> = 1).

T2 R2
(2.20)

In agreement with this local expansion one can compute
the same factor from the Ricci scalar of the embedding
S3(Rg): R = 6/R§. Because each vertex is shared by 12
edges we divide the curvature by 12, obtaining exactly the
same €, = 1/(2R§).

@ Springer

For comparison we quote a second, combinatorial esti-
mate obtained from the dihedral angle of an octahedral
cell inside the 24-cell. The angle deficit per vertex is § =
2r — 6 arccos(—%). Normalising by 27 and by the 12 inci-
dent edges gives

8 1 6
€ = = —(1 ——arccos(—%)) ~ 0.021,
12 27 12 T
2.21)

numerically close to the curvature estimate for Ry >~ 5.
Equations (2.20)—(2.21) justify the order-of-magnitude
value €, ~ 0.02 used later in the hypercharge matching.

2.3.3 Gauge kinetic term: inclusion of all 48 roots

To preserve the full F4 gauge symmetry, we construct the
gauge kinetic term by summing over all roots & € Ap,:

[fgauge =

&1

4
1 1 " 2
Uy o by ()
i=1

OIEAF4

This prescription ensures that all 48 roots (plus the 4 Cartan
generators) contribute to the gauge dynamics.

2.3.4 Spinfoam edge length
Another consistency check comes from the spinfoam formu-

lation. In the standard 24-cell embedding, adjacent vertices
differ by vectors of unit length. For example,

1 1
1,0,0,0) — =(1,1,1,1) = =(1, -1, —1, —1),
( ) 2( ) 2( )
and
1(1 I,-1,-D| =1
;U =h=1 =1.

Thus, the corresponding spinfoam edge label is given by

. |etel
Je = =

1
2 2
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8s
Gen 2
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Fig. 3 Triality breaking in the D4 subalgebra of Fy. A 28 Higgs
acquires a nonzero VEV (¢) # 0, breaking the Z3 symmetry that
permutes 8y, 8, and 8.. Each 8-dimensional representation then corre-
sponds to one SM generation, with right-handed states embedded via
conjugation

2.3.5 Triality breaking via a D4 adjoint (28)

Triality layer. The Z3 triality relevant here acts on the Dy
long-root system, i.e. the 24 vectors e; &e; (i < j),cycling
the SO (8) representations 8,, 8, 8.. By contrast, the eight
short roots +e; previously used as colour placeholders on
the matter scaffold are inert under triality and must not be
conflated with the SU (3)¢ gluon octet.

Within the D4 subalgebra of Fjy, this triality symmetry
cyclically permutes 8, 8;, 8.. To obtain three distinct SM
generations, we break this symmetry by introducing a 28-
dimensional Higgs field ¢ in the adjoint of D4 with the poten-
tial

V@) = 1(192 — v3) +x fise o' dl g .

A nonzero vacuum expectation value (¢) # 0 selects a direc-
tion in the long-root space and breaks the Z3 triality, thereby
splitting the orbit into three inequivalent families and assign-
ing each of 8,, 8, 8. to one SM generation (right-handed
states obtained by conjugation). Figure 3 schematically illus-
trates this mechanism.

2.4 UV completion: flux stabilization, anomalies, and
Gaussian Yukawas

We now extend our framework to the ultraviolet regime,
thereby connecting the low-energy SM structure to higher-
dimensional physics.

2.4.1 Flux stabilization

Following the Batyrev—Borisov toric construction, we con-
struct a reflexive Calabi—Yau threefold & that is a foric K3
fibration over P!, whose generic K3 fibre has Newton poly-
tope equal to the 24-cell.3 A flux quantization condition

fFAFAw:n, nea,
X

stabilizes the moduli of X’ and fixes the ratio

R\2
b= (3)
in the resulting four-dimensional effective theory. Because
the 24-cell enters only through toric (Newton-polytope) data,
X is smooth; the discrete 24-cell picture of Sect. 2 is a kine-
matic scaffold and is recovered, if at all, only in a deep-UV

limit where Kéhler parameters approach the Planck scale —
not as literal geometric fibres of X

2.4.2 Anomaly cancellation in the SM hypercharge sector

Anomaly cancellation is essential for the consistency of
gauge theories. In the SM, cancellation of the U (1)y hyper-
charge anomaly requires that the trace of the hypercharge
operator over all fermions in each generation vanishes:

Tr(Y,) = >

fermions in generation g

(multiplicity) x ¥ = 0.

Each generation comprises the following fermions with their
associated hypercharges and multiplicities:

3 Here “fibre” refers to the toric K3 hypersurface determined by the 24-
cell’s Newton polytope in the ambient toric variety; no discrete 24-cell
is embedded as a smooth submanifold.

@ Springer
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Fermion type Hypercharge Y Multiplicity Contribution
Left-handed lepton doublet —% 2 2 x (—%) =1
Left-handed quark doublet +5 6 (2 components x 3 colors) 6 x (+€) =41
Right-handed charged lepton -1 1 —

Right-handed up-type quark +% 3 3 x (—l—%) =42
Right-handed down-type quark —3 3 3x(—3)=-

Summing these contributions yields:
TrYy) =D+ HD+ (=D +(+2)+(=1) =0.

Thus, the hypercharge anomaly cancels in every generation,
ensuring the quantum consistency of the model.

2.4.3 Gaussian Yukawa hierarchies

Realistic fermion mass hierarchies are achieved by localizing
fermion wavefunctions at the vertices of the 24-cell. Each
fermion wavefunction is assumed to have a Gaussian profile:

ey 9 o exp( X0,

202

with the Higgs field localized at ay. The Yukawa coupling
between two fermions is then given by the overlap integral:

Yij o / Ve, (X) Yo, (X) Yy (%) d¥x

~ exp(— oy — o + ot —06H|2)
402 '

By tuning the parameter § = (R/{,)? (typically in the
range 103-10°), the observed SM mass hierarchies can be
reproduced. To summarize, the unified framework developed
above demonstrates that the 24-cell geometry and the excep-
tional Lie algebra F4 naturally accommodate the full struc-
ture of the Standard Model. The continuous embedding of
SU(2)w doublets at individual vertices, the unified hyper-
charge functional with its geometrically derived offset, the
comprehensive gauge sector arising from the 52 of Fy, the
spinfoam consistency via unit edge lengths, and the triality
breaking through a D4 adjoint — all combined with UV com-
pletion via flux stabilization and Gaussian Yukawas — yield
a model that is both mathematically robust and phenomeno-
logically promising. For additional details, see [28-31].

Chirality mechanism. In our construction the Standard
Model’s left-right asymmetry is enforced at the flavour stage.
We gauge only the usual weak factor SU(2);, while the
binary tetrahedral group 7’ C SU(2) acts as a horizon-
tal (family) symmetry. The three inequivalent 7’ doublets
2,2/,2" are used to host the three left-handed SU(2); dou-
blets (for quarks and leptons), whereas all right-handed
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fermions transform as 7' singlets (1,1’,1”). Thus, weak
interactions remain chiral (via the usual Weyl projectors), no
SU(2)r is gauged, and no mirror sector is introduced. Since
T' is discrete and horizontal, SM gauge and mixed anomalies
are unchanged; T’ only constrains the flavour textures of the
Yukawa sector.

3 Derivation of A4 and T’ symmetries from the 24-cell

In this section we present a rigorous derivation of the tetrahe-
dral symmetry group A4 and its binary double cover T’ from
the geometry of the 24-cell. Detailed calculations — includ-
ing explicit examples for the Gram—Schmidt process and the
structure of the Hurwitz quaternions — are provided. In addi-
tion, we expand on group — theoretic aspects (generators,
relations, and cohomology) of T’ and discuss concrete phe-
nomenological examples in neutrino and quark flavor mod-
els. Visual aids are included to enhance clarity.

3.1 Regular tetrahedron extraction and uniqueness

The 24-cell is a four-dimensional regular polytope whose
vertex set is given by

Vos = {(il,:l:l,O, 0), (£1,0,+£1,0), (£1,0,0,£1),
0, £1, £1,0), (0,=£1,0, 1), (0,0, 1, j:l)}.
Any four vertices {v1, vz, v3, v4} satisfying
llvi —vjl|I> =4 foralli # j,
define a regular tetrahedron. For example, take

v =(1,1,0,0),
v3=1(0,0,1,1),

V2 = (17 _130’ O)’
va = (0,0,1,—1).

A straightforward calculation shows that
vi—v2=(0,2,0,0) and [l —va* = 4.

It is known (see, e.g., [26]) that there are exactly 576 such
tetrahedra in the 24-cell and that they are all equivalent under
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the full F4 symmetry. This symmetry justifies our choice of
{v1, v2, v3, v4} as a representative example.

3.2 Precise projection to R3

To study the tetrahedron in three dimensions, we project it
from R* onto its unique three-dimensional affine subspace.

Centering and translation

First, compute the centroid:

1 1 1
sz(vl+U2+U3+U4)=<§, O, E, 0)

Then translate each vertex:

w;=v;—c, i=1,2,3,4.

Since
w; +wy + w3 +wyg =0,

the vectors w; lie in the affine hull of the tetrahedron — a
three-dimensional subspace of R*.

Constructing an orthonormal basis via Gram—Schmidt

Choose three linearly independent vectors (e.g., wi, wa,
w3) and apply the Gram—Schmidt process. For instance, set

wq

lwill
Then, define

wy — {(wy, e1)e;

62 = 9
lwz — (wo2, e1)erll
and
o w3 — (w3, e1)e; — (w3, e2)ez

lws — (w3, e1)er — (w3, e2)ea |

Numerical example (optional): Suppose

w; =(1,0,0,0), w2=(0,1,0,0), w3=(0,0,1,0).
Then ¢; = (1,0,0,0), e2 = (0,1,0,0), and e3 =

(0,0, 1,0) form an orthonormal basis of the subspace. (In

our actual case, the w; have more complicated coordinates,
but the process remains analogous.)

Projection and normalization

Project each w; onto R3 by defining

w; = ((w,-,en, (wi, e2), (wi,€3))-

Visual aid: The diagram below illustrates the projection pro-
cess:

Projection

wi€R4 ﬁJﬁ)iGR3

Before normalization, the edge lengths among the w; pre-
serve the tetrahedron’s structure (up to the isometry induced
by the basis change). To focus on the directional (angular)
information, we normalize:

. W

Wi

ll; |

Thus, each 1; is a unit vector on the sphere in R3. A brief
computation using

I =y =2(1 = (x. )

shows that for i # j,

~ N R 1 8
lwi —w;ill =4/2 —2(w;, w;) = 2—2(—5): 3
implying

< A A ) 17 i = j’
Wi, Wj) = L
- % y 75 J-
This confirms that all six pairwise inner products equal —%,

the signature of a regular tetrahedron with mutual angles
arccos(—1/3) =~ 109.47°.

3.3 Ay as the rotational symmetry group

The proper (orientation-preserving) rotations of a regular
tetrahedron in R3 form a group isomorphic to A4. Each
rotation corresponds bijectively to an even permutation of
the tetrahedron’s four vertices. Specifically, the 12 rotations
decompose into one identity rotation, eight rotations by 120°
(associated with 3-cycles), and three rotations by 180° (asso-
ciated with double transpositions). For further group — the-
oretic details — including explicit generators, relations, and
discussions of the relevant cohomology — see Armstrong’s
Groups and Symmetry.
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3.4 Exact sequence and the structure of T’
Since SU(2) double-covers SO(3), every subgroup of SO(3) inclusion

lifts to a subgroup of SU(2). In particular, the tetrahedral
symmetry Ay lifts to the binary tetrahedral group 7’, which
satisfies the exact sequence

1—>Zz—>T/i>A4—>17
with Z, = {£1I} and 7 the restriction of the universal cov-

ering map SU(2) — SO(3). One may show that 7’ can be
generated by elements x and y satisfying

The uniqueness of this central extension follows from the
cohomological result

H?(A4, o) = 1,

(see, e.g., [32]). The 24 elements of T’ include, for example,
. 1 , . .

+I, =ioj, E(il +io; tiop :|:lO'3>,

with o; denoting the Pauli matrices.

3.5 Hurwitz quaternions and the embedding into Fy

A consistent interpretation arises by identifying R* with the

quaternion algebra H. Under this identification, the group

of unit quaternions is isomorphic to SU(2). The 24 Hurwitz
quaternions are explicitly given by

1
(L i, ).k, SEEiEjER),

which form a maximal order in H and, when normalized,
coincide with the vertices of the 24-cell on the unit 3-sphere.
Their multiplicative unit group is exactly T’. While T’ encap-
sulates the rotational (spinorial) symmetries, the full sym-
metry group of the 24-cell is the Coxeter group Fy (of order
1152), which also incorporates reflections and other auto-
morphisms (such as sign flips and coordinate permutations).
We summarize the subgroup relation as

Fs DT > A4 with ker(w) = Z,.
Figure 4 illustrates this subgroup relation.
3.6 Phenomenological implications for flavor physics

The rigorous derivation above provides a robust framework
for understanding the emergence of A4 (the tetrahedral sym-
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projection

Fig. 4 Subgroup relations: Fy contains T’, which projects onto A4
with kernel Z,

metry group) and 7" (its binary double cover) from the 24-
cell. In neutrino models such as [33], the three families of
neutrinos can transform as a triplet under Ay4; the real (or
pseudo-real) representations of A4 naturally accommodate
the observed large mixing angles, with the tetrahedral geome-
try (characterized by mutual inner products of — %) serving as
an intuitive geometric foundation. In contrast, the quark sec-
tor, which exhibits small mixing angles, hierarchical masses,
and CP-violating phases, benefits from the richer represen-
tation structure of 7’. The additional spinorial representa-
tions in 7" facilitate the incorporation of complex phases, a
key requirement for CP violation, as demonstrated in models
discussed in [34]. We will use the framework developed here
to understand deeply geometric structure of the neutrino and
quark mixing in the Standard Model.

4 A4 symmetry and neutrino mixing from the 24-cell: a
geometric construction

In this section, we construct a geometric framework wherein
the discrete symmetry A4 — the rotational symmetry of a reg-
ular tetrahedron — originates from a tetrahedral substructure
of the 24-cell. We then exploit a Minimal Distortion Principle
(MDP) to generate deviations from the tribimaximal pattern,
naturally yielding a nonzero reactor angle 6;3. Finally, we
assign the Higgs and left-handed neutrino fields to particu-
lar vertices of the 24-cell to demonstrate how geometry can
directly inform the neutrino mass matrix.

4.1 Definition of the minimal distortion principle (MDP)

When projecting points {v;} C R* into R?, some distortion
of inter-vertex distances is unavoidable. The Minimal Distor-
tion Principle posits that Nature selects the projection that
minimizes the total distance discrepancy. Concretely, if

m: R* — R3,
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we define a distortion functional

D = Y[ M) — M@l — v — vyl

i<j
The “optimal” projection ITqp satisfies
[opt = arg mingg D(IT).
Once Ilgy is determined, we denote
v = Hopt(vi),

and normalize to

. v;
Vi = ———,
lli
so that [|9;|| = 1. For an ideal tetrahedron in R, we would

have (3;, 0;) = —% foralli # j.

Strain variables and mean distortion. Define small devia-
tions:

eij = (0. D) + 3.

so that ¢;; = 0 in the perfect tetrahedron limit. A mean
distortion parameter

1
=% Z|€i.i|

i<j

quantifies how close the projected tetrahedron is to the ideal
one. Numerical MDP algorithms for the 24-cell typically
yield n ~ 0.02-0.03 [26].

4.2 Geometric setup and projection
We focus on one tetrahedral subset {v; }?:1 of the 24-cell:

{Ul = (]1 17 01 0)7 v = (17 _11 05 O)’ v3 = (03 Os 17 1)3
v =(0,0,1,-D}.

All edges satisfy |jv; — v j||2 = 4, consistent with a reg-

ular tetrahedron in R*. Although the 24-cell hosts 576 such

tetrahedra [26], we choose this coordinate — aligned instance
for definiteness. Defining the centroid

_1 _ (1 1
C_Z(v1+v2+v3+v4)_(§9 07 29 0)7

we translate each vertex by ¢ via w; = v; — c. One checks
> iw; = 0, so {w;} spans a unique 3D affine subspace in
R*. Applying Gram—Schmidt to three independent vectors

€11

d

Fig. 5 Schematic 2D analogy of the tetrahedron’s MDP projection.
Residual strains €;; deviate from —%

among {w;} yields an orthonormal basis {ej, e;, e3} for that
subspace. We then project each w; onto R3:

N . Wi
wi = ((wi, e1), (wi,e2), (wj,e3)), W = Tl
1

An MDP refinement further optimizes D(IT). In practice,
typical solutions give n & 0.022 (Fig. 5).

4.3 Chirality and its geometric origin

Chirality distinguishes left- and right-handed fermions and
is central to the weak interactions of the Standard Model. In
this geometric framework, the structure of the 24-cell — when
restricted to proper rotations — naturally gives rise to chiral
representations. In particular, the binary double cover 7" C
SU (2) provides the spinor representations that correspond to
left-handed fermions. The projection process used to map the
24-cell into three dimensions produces normalized spinors,
which are then assigned to left-handed quarks and leptons.
In this way, left-handed fermions transform as non-trivial
representations (e.g., forming tetrahedral orbits under T'),
while right-handed fermions are treated as singlets. Thus, the
observed chiral asymmetry of the Standard Model is reflected
in this model as a natural consequence of the underlying
geometric structure.

4.4 A4 symmetry and the ideal neutrino mass matrix

The group of orientation — preserving symmetries of a regular
tetrahedron is isomorphic to A4. In neutrino models, the three
left-handed lepton doublets often form an A4 triplet, while
the Higgs is an A4 singlet. One can then write a dimension
— 5 Weinberg operator
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£, =2 wHyLn).

A
with contractions guided by (9;, ¥;).
4.4.1 Matrix in the ideal limit
In the ideal tetrahedron case, we have
(0i. D) =—% G #). ol =1

The corresponding mass matrix takes the form

MO = Yo Vi c -
v = = [I +nc], 4)
where
11
1 —3 —§
J=1- I —3

1
-1
Atn = 0, one recovers J alone, which is well known to yield
the tribimaximal (TBM) structure.

Interpretation of C. The matrix C is a real, symmetric,
and traceless perturbation capturing small asymmetric strains
from the 24-cell projection. One might write:

a cpp  c3
C=|cnn b €23 ,
c13 ¢23 —(a + b)

where the off-diagonal elements ¢;; relate to €;;. Setting n =
0 recovers the perfect geometry with (0;, 0;) = —%.

Eigenvalues and eigenvectors of J : derivation of TBM

Focusing on the n = 0 limit (J alone), each row of J sums
to

()4 ()=t

Hence (1, 1, 1)T is an eigenvector with eigenvalue % Vectors
orthogonal to (1, 1, 1) form a 2D degenerate subspace with
eigenvalue %‘. A convenient orthonormal choice is:

1 1
m=7ﬁuﬂq=—@ﬂw,

V3 V2

](11 T
e3=—=(1,1,-2)".
T e

Then {e], e, e3} diagonalize J with eigenvalues {%, %, %‘}.
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Steps to obtain the tribimaximal mixing matrix
‘We now show, in detail, how to reorder and combine these
eigenvectors to get the standard tribimaximal (TBM) matrix:

2 1
3 7 0
_ 1 i _ 1
6 3 2

1. Identify the middle column (v;): The second column of
UrsMm 18 % (1,1, l)T. This exactly matches ej. So we place
e1 in the second column.

2. Forming the first column: In tribimaximal mixing, the
first column is

V3 Vi V"

Because e, and e3 span the degenerate subspace (with eigen-
value %), any normalized vector in that subspace can serve
as an eigenvector. We try a linear combination:

2
3
aey + bes3=|— %
_ /1
6
Recall
— L - L _nT
er=J5(1, =1, 07, e3=—(1, 1, 2.
Then
a b 2
N :
S R 1
aey+bey = ATl = _\/;
0 — 2
)\
6

From the first component,

a b _ 2 51 a 4 12 _ /2
Srh=Vh o= = %=}

1L a
NG 0.2041. Hence 7

0.2041 = 0.6124. Then a ~ 0.8660 (i.e. \/g). Checking

Numerically, 0.8165 —

2
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the second component confirms consistency. Therefore,

2
Vi
(first column) =aey +bey = | — é

1

6

3. Constructing the third column: We now choose the third
column orthonormal to the first two. It must lie in the same
degenerate subspace. For tribimaximal mixing, we want the

top entry zero, the second entry {g , and the third entry — f
Indeed, up to an overall sign, that vector is orthonormal to
the first two columns:

O 5 =)'

This completes the tribimaximal matrix. Hence, by placing

aey)+bes, el , (orthonormal combination),
— ~——
first column second column third column

we arrive at

e
realizing the standard tribimaximal angles {613 = 0, 61 ~
35.3°, 63 = 45°}.

Ursm =

5 Extended neutrino fit from tetrahedral distortions

In our geometric framework the ideal tetrahedral substructure
of the 24-cell naturally yields a tribimaximal (TBM) neutrino
mass matrix with mixing angles 612 &~ 35.3°, 653 = 45°, and
013 = 0. However, experimental data require 613 ~ 8.5°
and nonzero mass splittings among the neutrino eigenstates.
In this section, we show how small geometric distortions
— arising from the Minimal Distortion Principle (MDP) in
the 4D- to -3D projection — modify the TBM structure and
generate a full neutrino-oscillation fit.

5.1 Distortions: n and the perturbation matrix C

In the ideal tetrahedron obtained from the 24-cell, the nor-
malized vertex vectors {0;} satisfy

@ # ).

A 1
(i, vj) =73

In practice, however, the MDP projection from R* to R3
introduces small deviations. We define these deviations as

A 1
€j = (Ui, vj) + 3

and quantify the overall distortion by the functional

DA = Y |IMw) — M@l = v = vjll].

i<j

The optimal projection I, minimizes D(IT), and the nor-
malized projected vectors are given by

A Hopt(vi)
S I epe

As a result, the ideal Gram matrix

is modified to
J— J+nC,

where 7 is a small dimensionless parameter (typically n ~
0.02) and C is a real, symmetric, traceless matrix capturing
the small strains (including off-diagonal asymmetries) in the
tetrahedron. At n = 0, the mass matrix reverts to the perfect
TBM form J; for n # 0 the eigenvalues and mixing angles
are shifted.

5.2 Generating 613 from an off-diagonal strain

Pure TBM mixing yields 613 = 0, while experimentally
013 ~ 8.5°. To generate a nonzero reactor angle, we con-
sider a small off-diagonal distortion in the (1, 3) block of the
neutrino mass matrix. Suppose the (1, 3) element of 1 C is
parameterized by €13; that is,

M C)13 x €13.

Geometrically, €13 quantifies the asymmetry between ver-
tices 01 and 93 in the projected tetrahedron. In the tribimax-
imal basis UtpM, such an off-diagonal entry shifts the (1,3)
element by approximately

€13

7
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Using first-order Rayleigh—Schrodinger perturbation theory,
the induced reactor angle is estimated as

_IM(1L3) e
3«/5177

where the mass splitting |m3 —m 1] is controlled by the overall
distortion 5. For example, if & 0.022 and we require 613 ~
8.5°, then one obtains €13 ~ 0.017. Thus, even a modest
distortion of about 2% in the (1, 3) block can produce the
correct reactor angle.

13~
|m3 — m|

5.3 Perturbative framework for the full neutrino fit

While the off-diagonal strain described above specifically
generates 013 # 0, the full neutrino-oscillation data require
the correct mass-squared differences and mixing angles. We
therefore write the full neutrino mass matrix as

M,=aJ+nC, 5)
where:

e « sets the overall neutrino mass scale (absorbing factors
such as %).

e Jis the ideal tetrahedral mass matrix given above, which
yields TBM mixing with eigenvalues {%a, %a, ‘3—‘01}.

e 1) C is the distortion matrix (with n &~ 2%) that captures
both diagonal and off-diagonal deviations from the ideal
case.

Degenerate perturbation theory. Since J has one eigen-
value | = %a (with eigenvector

1
uy = —(1,1, )7
V3

) and a two-fold degenerate eigenvalue A, = Az = %a, we
treat the correction 1 C as a small perturbation. Let {u>, u3} be
an orthonormal basis for the degenerate subspace; for exam-
ple,

1 L1 —oyr
V2 N '

We compute the perturbation matrix elements

uy = —(1,-1,007, u3=

Sij=ul MCuj, i,j=1,2,3.

The off-diagonal elements § 1 (withk = 2, 3) mix u| with the
degenerate subspace, thus generating a nonzero 613. Simul-
taneously, diagonalizing the 2 x 2 block in the {u2, u3} sub-
space lifts the degeneracy and produces the solar mass split-
ting Amgol; the difference between the perturbed eigenvalue
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of u1 and those of uy, us provides the atmospheric splitting
Amﬁtm.

Matching experimental data. Global fits yield
Am2 ~ 74 % 1075eV2, Am2. ~2.5x 1073 eV2.

We choose « so that

2

~ Amgtm’

4 1
o — o

3 3

thereby fixing the atmospheric scale. The subleading distor-
tion 1 C then induces the solar splitting and slightly modifies
the mixing angles from their TBM values to those observed
(e.g., 012 =~ 34°, 03 near 45°, and 013 ~ 8.5°). A numerical
scan over the elements of C can be performed to minimize a
x?2 function and fit all oscillation observables.

Extraction of mixing angles. After diagonalizing M, in
Eq. (5), the resulting unitary matrix U, is compared with
the standard PMNS parametrization to extract the mixing
angles 012, 013, 63, and (if C contains complex entries) the
CP-violating phase §cp.

By combining the ideal tetrahedral mass matrix  J (which
yields tribimaximal mixing) with a small distortion 1 C of
order a few percent, our framework naturally shifts the mix-
ing angles to realistic values. In particular, the off-diagonal
strain in the (1, 3) sector produces areactor angle 613 ~ 8.5°,
while the splitting in the degenerate subspace yields the solar
mass-squared difference Amfol. With appropriate choices of
o, 1, and the entries of C, the model can simultaneously repro-
duce Amsol, Amgtm, and the mixing angles 612, 03, and 653.
If complex phases are present in C, a nonzero CP-violating
phase §cp can also be generated. Future work will involve
detailed numerical analyses to refine these parameters and
achieve a complete fit to all neutrino oscillation data.

6 A geometric T’ approach to quark mixing: rigorous
group—-geometry—physics interface

This section presents a geometry-based framework for
quark (and lepton) mixing centered on the binary tetrahe-
dral group T’, the 24-cell polytope (symmetry Fj), spinor-
based Yukawa couplings, and a possible linkage to high-
energy/string theory. The construction emphasizes an explicit
embedding of T/ C Fj4 via roots in f4 (see also [26,35,36]),
a Higgs potential that breaks T’ — A4, a Minimal Distor-
tion Projection (MDP) mapping four-dimensional vertices
into three dimensions with small angular error, and a spinor-
overlap derivation for quark and lepton Yukawa couplings.
These ingredients together yield experimentally testable sig-
nals in the TeV range and can be related to both spin foam
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approaches to quantum gravity [37] and heterotic or G;
orbifold compactifications in string theory [38—41], thereby
offering conceptual rigor as well as phenomenological via-
bility.

6.1 Group-theoretic foundations and T’ < Fy4

The binary tetrahedral group T’ C SU(2) follows the exact
sequence

1l —- (-)=Z) — T — Ay — 1,

where —1 is the central element of order 2. This formula-
tion accommodates half-integer spin irreps frequently used
in discrete flavor models. The 24-cell, a four-dimensional
regular polytope, possesses full symmetry group Fj. One
selects a suitable long root « in f4, exponentiates the gen-
erators E4,, Hy at discrete angles (e.g. multiples of 27 /3),
and checks with computational tools (for instance, GAP) that
these discrete transformations correspond to permutations or
sign-flips of the 24-cell’s vertices, reproducing the central Z,
as —I. A concrete example might use ¢ = (1, 1, 0, 0) and
illustrate how exponentiating H,, creates a C3 rotation in four
dimensions, embedding T’ C Fy [26].

6.2 Symmetry breaking and Higgs potential

A Higgs field ¢, trivial under T'/(—1) = Ay, breaks T’ to
Ay. A typical Higgs potential is

Ao
V(g) = r(1p]> —v?)’ + AR

The quartic term enforces |¢| = v. The dimension-5 operator
% (¢"$)? can arise from integrating out heavy fields (e.g. the
52 adjoint of F34) or from instantons at scale A. This term
biases ¢ to a direction preserving a residual C3 rotation, such
as (1, 1, 0, 0). Minimizing V (¢) then selects that vertex as
the stable vacuum, akin to established A4/ T’ flavor models,
albeit now linked to the 24-cell geometry [42].

6.3 Minimal distortion projection (MDP): 4D to 3D

The 24-cell’s four-dimensional vertices {v;} C R* are pro-
jected into R3 by minimizing

D(I) = Z

i<j

M) = OHI*
llvi —vj?

1 b

which one typically solves via singular-value decomposition.
The optimal map I yields a small distortion n ~ 0.012
(about 1.2°). In practice, one considers a tetrahedral subset
suchas{(1, 1,0,0), (1, —1,0,0), (0,0, 1, 1), (0,0, 1, —1)},

which forms a perfect tetrahedron of edge length 2 in four
dimensions. This subset remains invariant under a specific
C3 C T’ rotation, clarifying its special role in flavor trans-
formations. Physically, these four projected points become
basis directions for quark (or lepton) flavor mixing in three
dimensions.

6.4 Spinor overlaps and Yukawa couplings

Having projected {v;} to {§;} C S2, each ?; is treated as a
spin—% coherent state v; (6, ¢). The Yukawa mismatch for
quarks then becomes

AYZ:’Cqﬂfszw,‘T(Q)wj(Q)dQ, kg ~ /2,

where a small rotation «;; ~ 71 |lv; — v;|| modifies spinor

overlaps by «;; \/g . This formulation ties the geometric dis-
tortion 7 directly to the Yukawa structure, establishing a cal-
culable link between group geometry and physical couplings
(see also Varshalovich et al. for spherical harmonic expan-
sions).

6.5 Detailed derivation of the Cabibbo angle

A significant result is the natural emergence of a Cabibbo
angle Oc ~ 13°. To see this in detail, consider two quark
states g1, g2 thatinitially lie on vertices {v1, v, } of the tetrahe-
dral subset. In the absence of distortion (i = 0), the projected
points 1, 07 yield vanishing mixing for those two quark gen-
erations. However, once n # 0, the projected vertices 0y, U2
shift by a mismatch angle @12 & n|lv; — v2||. Below is a
step-by-step derivation showing how this leads to ¢ ~ 13°.
First, assign the first two quark generations (g1, g2) to pro-
jected spinor states 1 (€21), ¥2(€22) € S2, each normalized
so that (¥, ¥;) = 1. In the ideal case (n = 0), 12 = 0.
When n > 0 shifts o1z by an amount A«, one obtains an
off-diagonal coupling:

AY]y ~ an/SZ U (@) v2(Q)dQ ~

Kgnap X kgnllvy — vzl

Because AY 1(]2 is the off-diagonal entry that couples
(91, q2), a two-generation mixing angle 6c emerges upon
diagonalizing the 2 x 2 block. Assuming the diagonal Yukawa
entries are of order unity (or suitably normalized), one obtains

q
AY[,

tan c ¥ ——=——
¢ (diagonal scale)

~ kg1 llvr — 2]l
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In the tetrahedral subset, [|v; — v2|| ~ 2, and k; ~ \/g . For
typical values n ~ 0.02-0.03, one finds

Oc ~ \/gx (0.02—0.03) x 2 =~ 0.22—0.26 ~ 12.6°—15°,

which encompasses the measured Cabibbo angle of about
13°. A full 3 x 3 diagonalization of the quark Yukawa
matrices refines this estimate, but this calculation already
shows how the universal distortion 7 can reliably generate
6¢ ~ 13°. Physically, the mismatch angles o;; = n [lv; —v; ||
systematically produce the hierarchical CKM structure.

6.6 Phenomenological consequences: quarks, neutrinos,
and collider signals

Partially breaking F4, — T’ at scale A ~ 1TeV introduces
gauge bosons X, in the 52 adjoint. Since C»(52) = 3 [36],
one obtains my = gx /3 A. For gx ~ land A = 1TeV,
a 3TeV resonance emerges in the ¢7 channel with cross-
section near 0.1 fb, providing a falsifiable signature at the
High-Luminosity LHC. If quarks are assigned to T’ repre-
sentations (Q; ~ 2, ug ~ 1, dg ~ 1) without T’ anoma-
lies, then the coupling £ D gx X, (Ey“ Q1) is consis-
tent. In the neutrino sector, one applies the same MDP to
a separate tetrahedron for leptons, allowing n =~ 0.012 to
shift lepton mixing angles by a few degrees. A simple model
might show how 6,3 ~ 45° changes by about ~ 1° or how
phases lead to §cp & 270° in line with T2K/NOvVA [43]. This
unified geometric distortion across quark and lepton sectors
underscores the breadth of the T’ approach. From a high-
energy viewpoint, heterotic Eg x Eg or G, orbifold com-
pactifications can embed the 24-cell as a fixed locus, where
twisted sectors realize T’ symmetries and edges/faces corre-
spond to 2-cycles that worldsheet instantons wrap, producing
O(1) Yukawas [38—41]. One could imagine a T’/T" orb-
ifold with G, holonomy and Fy-type singularities, enumer-
ating the 24-cell fixed points and matching them to discrete
flavor representations, thus merging Planck-scale geometry
with TeV-scale flavor physics in a coherent manner. Look-
ing ahead, one might combine quark and leptonic tetrahedral
subsets into a global CKM+PMNS fit, investigate 24-cell
discretizations in Lattice QFT to study geometric distortions
non-perturbatively, or construct more explicit G, orbifolds
demonstrating how Fj singularities arise. By clarifying how
the dimension-5 operator selects (1, 1, 0, 0), explaining the
MDP subset’s invariance under C3 C T”, detailing the small-

rotation derivation for x; = \/Z explicitly extracting the
Cabibbo angle from mismatch angles, and grounding the 24-
cell orbifold in stringy fixed points and 2-cycles, this geo-
metric 7’ approach to flavor becomes both consistent and
compelling, offering a unifying account of mixing phenom-
ena across quarks and leptons (Fig. 6).
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Flavor Mixing:
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Fig. 6 Schematic diagram of the geometric T’ approach. The 24-cell
in 4D provides the foundational geometry. Its tetrahedral substructure
naturally yields the discrete flavor groups A4 (for neutrinos) and 7" (for
quarks) via an f4 embedding. A Minimal Distortion Projection (MDP)
maps these vertices to 3D with a small distortion and the resulting spin- %
overlaps determine the Yukawa textures

7 Conclusion

We have assembled a coherent set of geometric observations
that suggest a route from 24-cell combinatorics to Standard-
Model flavour. Several links — most importantly the full
numerical flavour fit— remain conjectural and are listed below
as open problems.

We have developed a unified geometric framework that
interweaves the structure of the 24-cell with the symmetries
of the Standard Model through the exceptional Lie algebra
F4. The work begins by showing that the vertex set of the
24-cell naturally decomposes into two disjoint subsets: one
consisting of 8 vertices associated with the short roots (which
underlie the gluon sector) and another consisting of 16 ver-
tices used to embed the SM fermions. A schematic diagram
of this two-ring structure not only illustrates the spatial orga-
nization but also enforces the normalization condition (unit
inter-vertex distances) that plays a crucial role in deriving
spinfoam edge labels. Building on this geometric founda-
tion, the 52-dimensional adjoint of Fy is shown to branch
into representations corresponding to the SM gauge group
SUB)c x SUR)w x U(1)y. In this decomposition, 8§ of the
52 directions are identified with gluons, 3 with the weak
bosons, and 1 with the hypercharge generator, while the
remaining directions form a heavy coset. The hypercharge
sector is incorporated via a unified hypercharge functional

Ye(@) =g (. i) + € ),

which precisely reproduces the SM hypercharge assignments
for leptons and quarks. The offset €, emerges naturally from
the underlying geometry — either as a curvature-induced
strain when the 24-cell is embedded on a 4-sphere or through
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an angle deficit arising from its octahedral cells — thereby
ensuring anomaly cancellation and consistency with SM
quantum numbers. The tetrahedral substructure inherent in
the 24-cell is then exploited to derive the discrete symme-
try groups A4 and its binary double cover T'. By extracting
an ideal tetrahedron from the 24-cell and projecting from
R* to R3 via the Minimal Distortion Principle (MDP), one
obtains normalized vertex vectors with inner products of — %,
characteristic of a regular tetrahedron. This ideal structure
underpins the effective A4 symmetry in the neutrino sector,
while the quaternionic lifting to T’ provides the additional
structure needed for realistic quark mixing. The framework
is then applied to neutrino mixing by starting from an ideal
tribimaximal mass matrix derived from the tetrahedral geom-
etry. Small geometric distortions, parameterized by a mean
distortion 7, perturb the tribimaximal pattern. These pertur-
bations induce a nonzero reactor angle 613 &~ 8.5° and yield
the correct mass-squared differences, as verified through a
detailed perturbative analysis involving the eigenvalues and
eigenvectors of the mass matrix. Extending the analysis to
the quark sector, the binary tetrahedral group 7"’ is embedded
into F4 and linked to the 24-cell via the Hurwitz quaternions.
A Dy, adjoint Higgs field is introduced to break the inher-
ent Zj triality, thereby generating realistic Yukawa textures.
Detailed spinor overlap calculations and the application of
the MDP lead to a natural emergence of the Cabibbo angle,
estimated to be approximately 13°, in agreement with exper-
imental observations. Furthermore, the framework connects
to ultraviolet completions by fiber-ing the 24-cell over P!
to construct a Calabi—Yau threefold X'. A flux quantization
condition,

/FAF/\w:n, newz,
X

stabilizes the moduli and fixes the ratio 8 = (R/£;)? in the
effective four-dimensional theory. Spinfoam consistency is
maintained via the unit edge lengths between adjacent ver-
tices (yielding j, = %), while Gaussian overlap integrals
for Yukawa couplings reproduce the observed fermion mass
hierarchies. In summary, this geometric framework shows
that the 24-cell’s geometric structure, in conjunction with
the exceptional symmetry of Fy4, naturally accounts for the
full structure of the Standard Model. The partitioning of the
24-cell into vertices corresponding to gluons and fermions,
the emergence of discrete flavor symmetries A4 and 7”7, and
the derivation of a unified hypercharge functional that yields
the correct SM charges all indicate that the intricate flavor
structure — including the mixing matrices and mass hierar-
chies — may be a residual imprint of the underlying quantum-
geometric properties of spacetime. Future research will aim
to embed this framework within spinfoam and string com-
pactification models and perform comprehensive global fits

to CKM and PMNS data, thereby further elucidating the role
of geometry in organizing fundamental interactions.

Finally, we stress that the SM’s chirality emerges here
from the geometric separation of left-handed and right-
handed vertices in the tetrahedral subset, not from the 27-
dimensional representation of the exceptional Jordan algebra
that plagued earlier F4-based attempts.
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