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Abstract Theembedding of a curved spacetime in a higher-
dimensional flat spacetime has continued to be a topic of
interest in the general theory of relativity, as exemplified by
the induced-matter theory. This paper deals with spacetimes
of embedding class one, i.e., spacetimes that can be embed-
ded in a five-dimensional flat spacetime. Einstein’s theory
allows the fifth dimension to be either spacelike or timelike.
By assuming the latter, this paper addresses two fundamen-
tal issues concerning Morris—Thorne wormbholes, the origin
of exotic matter and the frequently inexplicable enormous
radial tension at the throat.

1 Introduction

Wormholes are handles or tunnels in spacetime connecting
widely separated regions of our Universe or different uni-
verses in a multiverse. Apart from some forerunners, macro-
scopic traversable wormholes were first studied in detail by
Morris and Thorne [1] in 1988. They had proposed the fol-
lowing static and spherically symmetric line element for a
wormhole spacetime:

ds* = —e""dr* + & Vdr? + r2(do* +sin*0 dg?), (1)

where

! 2

r
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(We are using units in which ¢ = G = 1; the only exceptions
are Eqgs. (8) and (9) since these involve numerical calcula-
tions.) Here v = v(r) is called the redshift function, which
must be everywhere finite to prevent an event horizon. The
function b = b(r) is called the shape function since it deter-
mines the spatial shape of the wormhole when viewed, for

4 e-mail: kuhfitti@msoe.edu (corresponding author)

Published online: 30 August 2021

example, in an embedding diagram [1]. The spherical sur-
face r = rg is called the throat of the wormhole, where
b(rg) = ro. The shape function must also meet the follow-
ing requirements: b’ (rg) < 1, called the flare-out condition,
and b(r) < r for r > rg. A final requirement is asymptotic
flatness: lim; 5oV (r) = 0 and lim, _, o b(r) /7 = O.

The flare-out condition can only be met by violating the
null energy condition (NEC), Taﬁk"‘kﬂ > (), for all null vec-
tors k%, where Ty is the energy-momentum tensor. Matter
that violates the NEC is called “exotic” in Ref. [1]. For the
outgoing null vector (1, 1, 0, 0), the violation becomes

Tupk®k’ = p + p; < 0. 3)

Here T/ = —p is the energy density, 7} = p, is the radial
pressure, and 70 = qu = p; is the lateral (transverse) pres-
sure.

Before continuing, let us list the Einstein field equations:

L1701
8np=e . + por )
LIl v/ 1
8pr =e ’34‘7 - (5)
and

1 1 1 1
8np, = Eef)‘ |:§(v/)2 +v" - EA/U/ + ;(v/ — )»/)j| . (6)

In this paper, we are going to look at two particular aspects
of wormhole physics, the origin of exotic matter and the
enormous radial tension at any throat of moderate size.

First we need to recall that exotic matter by itself does
not pose a conceptual problem, as illustrated by the Casimir
effect [1]: exotic matter could be made in the laboratory. The
question is whether there could ever be enough exotic matter
to sustain a macroscopic traversable wormhole. In fact, some
researchers consider any such wormhole solutions unphysi-
cal. It should also be emphasized that Hochberg and Visser
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have demonstrated that the wormhole throat generically vio-
lates the NEC [2]. This is an important observation since
in f(R) modified gravity, the throat of a wormhole can be
threaded with ordinary (nonexotic) matter, while the viola-
tion of the NEC can be attributed to the higher-order curva-
ture terms [3]. The amount of exotic matter required has also
been considered, first by Visser et al. [4] and then extended
by Nandi et al. [5]:

2r  pm oo
Q= /0 /0 / (p+ pr)v/—g drdfdg. (7
ro

Turning to our second problem, the high radial tension, we
first need to recall that the radial tension 7 () is the negative
of the radial pressure p,(r). It is noted in Ref. [1] that the
Einstein field equations can be rearranged to yield t: rein-
troducing ¢ and G for now, this is given by

_b(r)/r =[r =b)V'(r)
a 87 Ge—4r? '

T(r) (8)
From this condition it follows that the radial tension at the
throat is

dyn /10m\?>
(ro) = ~ 5 x 10N 22 (—m) . ©)

8w Ge4r] cm o

In particular, for ro = 3 km, 7(r) has the same magnitude
as the pressure at the center of a massive neutron star [1].
Attributing this outcome to exotic matter makes little sense,
given that exotic matter was introduced to ensure a violation
of the NEC. For example, dark matter can in principle support
traversable wormholes due to the NEC violation [6,7], but
the extremely low energy density cannot account for the large
radial tension. The same can be said for wormholes supported
by phantom dark energy [8,9]. (Equation (8) implies that
7(rp) can only be small for extremely large throat sizes.)
These issues will be addressed by means of the embedding
theory, discussed below.

This paper is organized as follows: Sect. 2 briefly reviews
the theory of embedding, including the possibility of an
extra timelike dimension. Section 3 continues with the worm-
hole solution after introducing the coordinate transformation
needed in the embedding. Section 3.3 discusses the origin
of exotic matter; the amount needed can be minimized by
fine-tuning two of the parameters. The flare-out condition
and asymptotic flatness are discussed in Sect. 3.4. In Sect. 4,
we conclude.

2 Embedding in a five-dimensional spacetime

Embedding theorems have a long history in the general the-
ory of relativity, aided in large part by Campbell’s theorem
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[10]. According to Ref. [11], the field equations in terms
of the Ricci tensor are Rap = 0, A, B = 0,1,2,3,4.
The resulting five-dimensional theory explains the origin
of matter. More precisely, the vacuum field equations in
five dimensions yield the usual Einstein field equations with
matter, called the induced-matter theory [12,13]. The main
motivation for introducing a fifth dimension is unification;
our understanding of physics in four dimensions is greatly
improved. Another important factor is that the extra dimen-
sion can be either spacelike or timelike. As a result, the
particle-wave duality can in principle be solved because five-
dimensional dynamics has two modes, depending on whether
the extra dimension is spacelike or timelike [14]. So the five-
dimensional relativity theory could ultimately lead to a uni-
fication of general relativity and quantum field theory.

The above discussion has shown that the embedding the-
ory based on Campbell’s theorem is an effective mathemat-
ical model. Before applying this model to wormholes, we
need to introduce a refinement. The induced-matter theory is
actually a non-compactified Kaluza—Klein theory of gravity.
Matter is induced by a mechanism that locally embeds the
four-dimensional spacetime in a Ricci-flat five-dimensional
manifold [15]. This process requires only one extra dimen-
sion. Going beyond a single extra dimension requires the
concept of embedding class: recall that an n-dimensional
Riemannian space is said to be of embedding class m if
m + n is the lowest dimension of the flat space in which
the given space can be embedded. It is well known that the
interior Schwarzschild solution and the Friedmann universe
are of class one, while the exterior Schwarzschild solution is
a Riemannian metric of class two. Because of the similarity,
we can assume that a wormhole spacetime is also of class
two and can therefore be embedded in a six-dimensional flat
spacetime. It turns out, however, that a line element of class
two can be reduced to a line element of class one, thereby
making the analysis tractable. This mathematical model has
proved to be extremely useful in the study of compact stellar
objects [16-21]. Referring to line element (1), it is shown
in Ref. [16] that a metric of class two can be reduced to a
metric of class one and can therefore be embedded in the
five-dimensional flat spacetime

ds* = —(dz")? + (d2*)* + (d2*)* + (dzH* + (d2°)* (10)

by using the coordinate transformation z! = /K /2 sinh\/Lf ,
72 =K e"? coshﬁ,f = rsiné cos ¢, z* = rsin@ sin ¢,
and z° = r cos 6. In this paper, we are going to be more inter-
ested in an embedding space with an extra timelike dimen-
sion, discussed below.
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3 Wormbholes of embedding class one

As noted earlier, in this paper we are primarily interested in
an embedding space with an extra timelike dimension. The
resulting spacetime is usually referred to as an anti-de Sit-
ter space and is characterized by a negative cosmological
constant. This is another important mathematical model that
has been used in the study of many aspects of nuclear and
condensed-matter physics, in particular the AdS/CFT corre-
spondence (anti-de Sitter/comformal field theory correspon-
dence) [22]. This theory has found its way into the study of
entanglement, conjectured to be equivalent to the existence
of another type of wormhole, the Einstein—Rosen bridge.

3.1 The coordinate transformation

Due to the extra timelike dimension, the embedding space
has the form

ds? = —(dz")? — (d2%)? + (d2*)? + (dz4? + (d2°)*. (11)
According to Kuhﬁttig and Gladney [23], the coordinate
transformation is z! =+/K e"/2 s1n— 22=+/K e"/? cosﬁ

2 = rsin6 cos ¢, 74 = rsind s1r1¢>, and z° = rcos6. To

see why, let us first list the differentials of these components:

t
dz! = \/fe”/z sin —dr + €% cos — dt, (12)
2 VK VK
t t
d> =VKe w2l cos—dr—e/zsin—dt, (13)
2 Jk VK
dz’ = sinf cos ¢ dr + rcosO cos¢pdf —rsinfsing deo,
(14)
dz* = sin6 singpdr + rcosfsing df + rsinf cospde,
(15)
and
dz’ = cosfdr — rsinf d6. (16)
We now find that
1
_(dzl)z _ (dZ2)2 — _evdtz _ ZKeV(v/)Zer
and

d2)? + dz2H? + @2 = dr? + r2(d6? + sin®0 de?).

Substituting in Eq. (11), we obtain the line element

1
ds? = —e"dt2+|:1—ZKe”(v’)2i| dr’+r*(d6?+sin’0 d¢?).

a7)

Metric (17) is equivalent to metric (1) if

1
& =1- Z1<e”(u’)2, (18)
where K > 0 is a free parameter. Equation (2) then yields
the shape function b = b(r).

3.2 The wormbhole solution

Our first step is to combine Eqs. (1) and (2) to form the more
familiar line element

ds? = —e 5+ r2(d6? + sin*6 d¢?), (19)

r

2
w02 g
11—

where b = b(r) is obtained from Eq. (18). By the assump-
tion of asymptotic flatness, we still have lim,_, v(r) = 0,
but we also have to show that lim, o0 (r)/r = 0. To that
end, we need to make one additional assumption: v(r) has
to be differentiable and negative, thereby approaching the
r-axis smoothly from below. So v'(r) > 0 for all r and
lim, ooV (r) = 0.

According to the Introduction, our primary concerns are
the violation of the NEC and the large radial tension at and
near the throat. So according to Eq. (3), we need to show that
8m(p + pr) < 0. First, from Eq. (18),

1

’_ 4

v,/ N2 2// 20
T ixemps IO+ (20)

and from the Einstein field equations,
1 v/

1—Ikevon2 r

X i[(])/)z + 2])//] + 1
1— 1Kev(v')? '
2D

1
87(p+pr) =€~/ +v) =

Now, from Egq. (5),

_ 1 1 N v/ 1 22)
B l—él‘l('e"(l/)2 r? r r2’

Recalling that 7 () is the negative of p, (r), we would like p,
to be negative. Since K is a free parameter, we can choose
K so that }t[(e”(v’)2 > 1, making 1 — }—‘Ke"(v’)2 negative.
(We are primarily interested in the region near the throat.)
For reasons that will become apparent later, we also wish to
assume that v'(r) is actually quite small. Referring to Eq. (9),
suppose we decide on a definite (very large) value for 7 (rp)
for physical reasons and suppose that v'(r) has also been
fixed at some small value; then the free parameter K can still

87 pr

@ Springer



778 Page 4 of 5

Eur. Phys. J. C (2021) 81:778

be chosen to satisfy the above conditions, while ensuring that
|l — T Ke"(v')?is as small as desired.

Now we can finally return to Eq. (21) to show that 87 (p +
pr) is indeed negative. First observe that (v')? 4 2v” can be
made arbitrarily small near the throat “by hand.” This is easier
to picture by means of a simple example: if v = —ae™",
a > 0, then (V)% + 2v”|r:r0 = a(a — 2¢"0)/e¥0 ~ 0 if
a =~ 2¢'0. It now follows at once that from Eq. (21) that

1 v/

87(p + py) X ————————
P 1—1Kev()2r

<0 (23)

since 1 — %Ke"(v’)2 < 0and v’ > 0. At the same time, from
Eq. (22), p,(r9) < 0; thus t(rg) is positive and as large as
required. Finally,

1 1 1
grp~y —— (—— )+ = >o0, 24
i 1—%KeV(u/)2< r2>+r2> &4

ensuring that the energy density is positive.

Given the parameters K and v, this model requires consid-
erable fine-tuning, which raises some questions about the sta-
bility to small perturbations. Fortunately, a sufficiently small
value of V/(rg) not only results in low radial tidal forces, a
desirable condition for traversability, but, according to Ref.
[24], it also results in a wormbhole that is in stable equilib-
rium, based on the Tolman—Oppenheimer—Volkov equation,
while remaining compatible with quantum field theory

3.3 The total amount of exotic matter

Returning to the induced-matter theory, since the vacuum
field equations in five dimensions yield the Einstein field
equations with matter, one could argue that matter is geomet-
ric in origin: what we perceive as matter is the impingement
of the fifth dimension onto our spacetime; this would include
exotic matter. So the amount of exotic matter may seem irrel-
evant, even if the amount required is large. It has always
been understood, however, that the amount of exotic matter
required should be kept as small as possible. Now it becomes
apparent why v’ needs to be small: we can see from Eq. (23)
that for v’ sufficiently small, 87 (o + p,) can be reduced as
much as desired. The reason is that for any v'(rg), K can
be chosen to keep t(r9) (and hence 1 — %Ke”(’(’)[v’(ro)]2)
at the original value referred to after Eq. (22). So it follows
from Eq. (7) that the amount of exotic matter can be kept to
a minimum. As already noted, however, keeping the amount
of exotic matter low does require considerable fine-tuning.

3.4 Remaining conditions

Our next task is to check the flare-out condition at the throat.
Since the NEC has been violated, it ought to be true that

@ Springer

b'(ro) < 1, but we still need to check that this conclusion is
consistent with the other assumptions. Using Egs. (18) and
(2), we can obtain by inspection

1
b(r)=r | 1-— e :
1—1Ke"O[/ ()2 — 1K' (ro) 2

(25)

ensuring that b(rg) = ro. Since (v')> + 2v” can be made
arbitrarily small near the throat, it follows that

1

GO L) S ——
o) 1— TKev(v)2

(26)

due to the crucial assumption that v is sufficiently small.
Finally,

b(r) 1
- 27
r 1_%K‘ev(v/)2 @7)

since v'(r) — 0. So the spacetime is asymptotically flat.

4 Summary

Embedding theorems have continued to be a topic of inter-
est in the general theory of relativity, as exemplified by the
induced-matter theory. This paper deals with spacetimes of
embedding class one, i.e., spacetimes that can be embedded
in a five-dimensional flat spacetime. This model has proved
to be extremely useful in the study of compact stellar objects.
To address the issues in this paper, we assume that the fifth
dimension in the embedding space is timelike, a model that
is consistent with Einstein’s theory. It is shown that the prob-
lematical exotic matter needed to sustain a Morris—Thorne
wormhole originates in the higher-dimensional flat space-
time, thereby becoming part of the induced-matter theory. A
critical assumption is that the redshift function v(r) is neg-
ative with v'(r) > 0 near r = rg and sufficiently small,
thereby keeping the amount of exotic matter to a minimum.
Finally, thanks to the free parameter K and the properties of
v(r), the embedding theory can account for the other prob-
lematical issue, the enormous radial tension at the throat of
a Morris—Thorne wormhole.

The dependence on the parameters K and v has resulted
in the need for considerable fine-tuning, a problem not eas-
ily avoided. It is shown in Ref. [25] that a Morris—Thorne
wormhole held open by a small amount of exotic matter can
be made compatible with quantum field theory only through
extreme fine-tuning of the metric coefficients. This prob-
lem may be avoidable in f(R) modified gravity, but this
approach does not explain the large radial tension. That issue
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has been addressed in Ref. [26], however: it is shown that the
large radial tension can be accounted for via noncommutative
geometry, an offshoot of string theory, or by the existence of
a small extra spatial dimension. The latter complements the
conclusions in the present paper.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: This paper is
purely theoretical. (there are no experimental data.).]
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