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Abstract In this paper, we revisit the kinematical state of
our Universe via the cosmographic approach by using Gaus-
sian process, where the minimum assumption is the cosmo-
logical principle, i.e. the Friedmann—Lemaitre—Robertson—
Walker metric. A obviously distinguished feature is that these
cosmography parameters are free of any gravity theories and
cosmological models. And Gaussian process is independent
of any specific parameterized forms of function. Thus by
transformations these generic cosmography parameters can
be used to constrain a cosmological model and dark energy
model directly at the kinematics level of our Universe. As a
result, a series of cosmography parameters up to the fifth oder,
i.e. the Hubble parameter H (z), the deceleration parameter
q(z), the jerk parameter j (z), the snap parameter s(z) and the
lerk parameter /(z), evolve with respect to the redshift z are
reconstructed from the cosmic observations which include
the recently released Pantheon+ SN Ia samples and the obser-
vational Hubble data H (z), also dubbed as cosmic chronome-
ters. The result shows the transition redshift from a deceler-
ated expansion to an accelerated expansion z; = 0.652J_r8:845“3‘
which is consistent with the previous results.

1 Introduction

In 1929 E. Hubble observed the galaxies are moving away
from the Earth at speeds proportional to their distance [1].
This finding is the famous Hubble law, now also dubbed as
Hubble-Lemaitre law with memory of Lemaitre [2]. From
then on, the Hubble constant Hy as a fundamental physi-
cal constant in cosmology is under measuring lasting about
100 years [3]. But the measured value of the Hubble con-
stant Hy varies from the first Hy = 500 kms™! Mpc’] to
the present around Hy &~ 70kms~! Mpc™!, a precise and
consistent measurement still vanishes till to now. Eventu-
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ally there is about 5o discrepancy of Hp values between
the direct and model-independent local measurement Hy =
73.04 + 1.04kms™! Mpc_1 [4] from the recent release of
the largest supernovae (SN) Ia sample called Pantheon+
[5,6] and Hy = 67.4 &+ 0.5kms~' Mpc~! the Cosmic
Microwave Background (CMB) measurement from Planck
satellite (PLC18) [7] in the ACDM cosmology.

As a supplementary parameter, the deceleration parame-
ter ¢ = —d/aH?, was introduced to describe the expansion
state of our Universe, where a is the scale factor, H = a/a
is the Hubble parameter and the over dot denotes the deriva-
tive with respect to the cosmic time ¢. The minus sign in the
definition of the deceleration parameter is added to have a
positive dimensionless number to describe the possible slow-
ing down expansion of our Universe due to attractive forces
of matter and radiation. But two teams’ observation of type
Ia supernovae reveals that our Universe is undergoing accel-
erated expansion [8,9]. This unexpected finding demands a
modification of general relativity (GR) at large scale or an
addition of an extra exotic energy component dubbed as dark
energy, see the monograph [10] and references therein, where
specific modification to GR and parameterized dark energy
models are proposed to match the cosmic observations, such
as SN Ia and CMB etc, at the background and perturbation
levels.

Instead of a specific modified gravity theory and param-
eterized dark energy model, investigating the kinematics of
our Universe in a model-independent way is interesting and
useful due to its potential ability to distinguish cosmological
models. This is the main idea of the so-called cosmography.
That is simple as a Taylor expansion of the scale factor a(¢) in
terms of the cosmic time ¢, a series of dimensionless param-
eters, such as ¢, j, s, / and so on, named the deceleration,
jerk, snap and lerk parameters are defined respectively, for
the detailed forms please see Eqs. (6,7, 8,9, 10) (see also Egs.
(18,19, 20, 21, 22) in terms of the comoving distance and its
derivatives) in the Sect. 2. For instance, the Hubble parameter
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H describes the expansion rate of our Universe, and a neg-
ative value of ¢ means an accelerated expansion Universe.
These cosmography parameters, which can be determined
by the cosmic observations, describe the kinematics of Our
universe. In the last few years, this kinematics approach has
been studied extensively although in different names, for cos-
mography [11-17], cosmokinetics [18, 19], or Friedmannless
cosmology [20,21]. For recent progress, please see Refs. [22—
28] for examples, but not for a complete list.

Without assuming a specific parameterized form, Gaus-
sian process can reconstruct the function f(x) from data
points f(x;) & o; via a point-to-point Gaussian distribution
[29]. The Gaussian process was used extensively in cosmol-
ogy study in the last few years [30-43], where the cosmog-
raphy parameters, equation of state of dark energy are recon-
structed by using the cosmic observational data points. In
the Gaussian process method, the expected value  and the
variance o2 of the function f (x) are given by

N
() =Y kG, xi) (MY f (x)), (1
i,j=1
N
o2 (x) = k(x,x) = Y ke, x)(M™1)ijk(x;, x), )
i,j=I1

where N is the number of data points. And M;; = k(x;, x;)+
C;; is the covariance matrix, where C;; is the covariance
matrix of the data points, and k(x, X) is the covariance func-
tion or kernel between the points x and x, which is usually
taken as the squared exponential covariance function in the
form

2

k(x,x) = 0]% exp |:— T

where the ‘hyper-parameters’ oy characterizes the ‘bumpi-
ness’ of the function i.e. the typical change in the y-direction,
and the length scale ¢ characterizes the distance traveling in
x-direction to get a significant change in a function. These
two ‘hyper-parameters’ oy and £ can be determined in Gaus-
sian process by maximizing the logarithmic marginalized
likelihood function

| & .
e =—> ,»,Z=1 F (M) f)

1 1
——~In|M| - =N In2x, )
2 2

where | M| is the determinant of M;;. Fortunately, the above
mentioned aspects were already realized in the GaPP code'
[30].

! https://github.com/carlosandrepaes/GaPP.
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Recently, the largest Supernovae Ia samples was released,
dubbed as Pantheon+, which consists of 1701 light curves
of 1550 spectroscopically confirmed SN Ia coming from 18
different sky surveys ranging in redshifts from z = 0.00122
to 2.26137 [5,6]. By using these SN Ia data points, one can
reconstruct the distances and their derivatives at different
orders with respect to the redshift, say the luminosity, comov-
ing and physical distance, via Gaussian process. Meanwhile,
the observed Hubble parameters at different redshifts, also
named as cosmic chronometers, can reconstruct the first and
higher order derivatives of the distances with respect to the
redshift. Thus joining these two observations, one can obtain
the ever acute reconstruction of distances and their deriva-
tives with respect to the redshift, and by products the cos-
mography parameters. This is main purpose of this work.

This paper is organized as follows. In the next Sect. 2, we
present the main cosmography parameters. The observational
data points and main results are given in Sect. 3. In the Sect. 4,
we present the conclusion.

2 Cosmography parameters

Assuming the cosmological principle, the geometry of
our Universe is described by the Friedmann-Lemaitre—
Robertson—Walker (FLRW) metric

2
ds* = —c*dt* + a*(1) [ 5 +r(d6” + sin29d¢>2)] :

1 —kr
5

where c is the speed of light, a() is the scale factor which is
normalized to agp = 1 at present, 7 is the cosmic time, r is the
comoving coordinate and 6 and ¢ are the polar and azimuthal
angles in spherical coordinates, the parameter k = 1,0, —1
denotes three dimensional spatial curvature for closed, flat
and open geometries respectively. In this work, we only con-
sider the spatially flat case k = 0.

In order to describe the kinematical state of our Uni-
verse, one defines the kinematics parameters or cosmography
parameters as follows (named as Hubble, deceleration, jerk,
snap and lerk parameters, respectively),

_da(®) 1 a@)

H="—"=_""° (6)
dt a(t) a()
1 d%a@r) 1 1 d@)
T=THITAR a) - HaG) @
1 d?a@r) 1 1 a®@)
=W an aw " H at) ®)
1 d*a(@) 1 1 a®()
= ar A = T e )
- 1 da@) 1 1 a® () (10)
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Interm of the redshift z = 1/a(¢) — 1, by using the relation

dt 1
—_— = (11)
dz (I1+2)H(2)
the cosmography parameters can be rewritten as
H/
qgz)=—-1+01 +Z)ﬁ’ (12)
H' 21_1/2 2H//
i(z) =1-2(1 — 1 — 1 — 1
Jj (@) A+ + U+ 7 +d+7- (13)
H’ 2H/2 3 3
s(z) = 1—3(1+z)ﬁ+3(1+z) F—(l-kz)‘ TE
I gl H H(3)
—4(1+2)3 1+2)2 = —(1+2°——, (14
(42— 5+ 0+ 07 — (427, (14)
H 2H/2 3H/3
l(z) =1 —4(1+z)ﬁ+6(1+2) 72 —4(1+2) 03
4 4 3 377 4 ! g
+(1+2) m—(l—i—z) 0 +7(1+72) 78

12 g1 " 72

20+ 202 faa o
H3 H

3H(3) 4H(4)
1 —_— 1 —_—
ta+2"——+ 0+ —

111+ 2)*

H?2

(15)

where the prime ’ denotes the derivative with respect to the
redshift z, and the £ denotes the i-th derivative of function
f (z) with respect to the redshift z.

To reconstruct cosmography parameters, or investigate the
kinematics of our Universe from cosmic observations, the
comoving distances along the line of sight is needed

2 d7
o H@)

Dc(z) =c¢ (16)

and the luminosity distance Dy (z), for a spatially flat Uni-
verse, is given as

z dz/
Dp(z) =c(l +z)/0 HE) ~ (1 +2)Dc(2). )

Thus, in terms of D¢ (z), the cosmography parameters can
be rewritten as

Cc
De
D¢
C](Z)E—l—(l-i-Z)D—,, (19)
C
7) = —D , 20
Jj @) D), Dy I+2) c (20)
sy =14 4FDDE A+ 22Dg
9= D, D;
C C
3(1+2)Dg 1001+ 2)* D' DY,
D, D}

10+ ’DF 51 +2°DP

2
3 2
D¢ D¢
(1+2*D¢  (142°Dg’
lz)=1+ ; ;
DC DC
23 "
+2(1 +2)°D¢ 41 +z) DY,
D¢ D¢
4 3)2
701+ 2*DP D) 41+ 2)* D’
2 2
D¢ D¢
(1 +2°pPD¢ (1 +2)* Dy
2 4
D¢ D¢
40 +2°DE 110+ 29D DE
3 3
D¢ D¢
6(1 +2)*D?
+TC' (22)
C

It is clear that once the comoving distance and its deriva-
tives are reconstructed via Gaussian process, the cosmogra-
phy parameters and their uncertainties can be obtained conse-
quently. Here, we would like warning the reader that the Hub-
ble parameter H (z) obviously depends on the present Hubble
parameter value Hy, but the other cosmography parameters
q(2), j(2), s(z) and [(z) are dimensionless and H free.

3 Reconstructed cosmography parameters via the
Gaussian process

For a standard candle such as SN Ia, the luminosity distance
Dy (z) is related to the distance modulus u = m — M =
Slog o D (Mpc) + 25, where M is the absolute magnitude
of SN Ia. Thus Dy = (1 4 z) D¢ can be expressed in terms
of 1 as

Dr = (1+2)De = 105 Mpe, (23)

where w is the distance modulus of a SN Ia, and the absolute
magnitude has been determined by the SHOES Cepheid host
distances for Pantheon+ samples [5,6]. It corresponds to set
Hy=73.6+1.1kms™! Mpc~!.

In order to reconstruct D¢ and its derivatives by using the
Gaussian process code GaPP? [30], the covariance matrix
for the new observable D¢ = Dy /(1 + z), which can be
derived by error propagation equation

. . ;

w_ | Di Y In 10D} -, In 10D}

i (I+z)2 | Y T 5(1+z) Y 50+2z)
(24)

2 https://github.com/carlosandrepaes/GaPP.
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Fig. 1 The reconstructed cosmography parameters D¢ (z), D-(2), D}(z), DY (2), D?) (z) and D?) (2) (with 1o error region) with the jointed
CC+BAO and Pantheon+ SN Ia samples from the upper left panel to the lower right panel respectively

where z; and Di are the redshift and the observed luminosity
distance of the i-th SN Ia respectively, and o, is the 1o error
for z;. And §;; is the standard Kronecker symbol. C l‘;’t in the
last term is total distance covariance matrix for Pantheon+
SN Ia sarnples3 [5,6], and there is no Einstein’s summation
convention. This variance C lt;" will be added to the covariance
matrix

y~N(n, KX, X)+C"), (25)

where [K (X, X)];; = k(x;, x;) is the covariance matrix for a
setof input points X = {x;}. Similarly, in order to reconstruct
D’C from the observed Hubble data, the following covariance
matrix is needed

2

H_|_ ¢ 2 o
G = H_,2 O,0ij- (26)

In this paper, we will take the squared exponential covari-
ance function Eq. (3) as the covariance function, which

is infinitely differentiable and useful for reconstructing the

3 The data points are available online https:/github.com/Pantheon
PlusSHOES/DataRelease.
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derivative of a function.* Meanwhile, in order to reconstruct
1(z), we have modified the GaPP code to calculate the fifth
order derivative of Dés ),

The recent release of the Pantheon+ samples contains
SN Ia ranging in redshifts from z = 0.00122 to 2.26137,
which consists of 1701 light curves of 1550 spectroscopically
confirmed SN Ia coming from 18 different sky surveys. As
pointed as in our previous study [17], due to the degeneracy
between Hj and the absolute magnitude M, the SN Ia cannot

4 In fact, as pointed out in the previous studies [41,42], other choice
of the kernel function, for instance the so-called Matérn (v = 9/2)
covariance function [29,30]

~ _ 3lx—A = =
ky(x,x) = U%e T X [1 + L"l el + 727(7);2 £)
18x—%P | 27(x—)*
T T T ] ) 27

with oy and [ the hyper-parameters can produce the similar results with
the squared exponential covariance function Eq. (3). As comparisons,
repeating the the analysis of the present work using this alternative
kernel, we summarize the corresponding results in the Appendix A.
Indeed, the similar results but having larger uncertainties at sparse data
points regions are shown. Therefore, we take the squared exponential
covariance function into account.
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Fig. 2 The reconstructed Hubble parameter H (z) (with 1 — 3o error regions) with the jointed CC+BAO and Pantheon+ SN Ia samples, where the
Hubble parameter predicted from a spatially flat ACDM model is also plotted as for comparison

give any prediction of Hp value without calibration. There-
fore, in this work, we use Hy from SHOES to reconstruct
H (z). In using the measurement of Hy from SHOES, and
making it consistent and free of redundancy, some Pantheon+
SN Ia data points (marked as USED_IN_SHOES_HF=1) are
removed where they were already used in the Hubble flow
dataset [4].

The observational Hubble data used in this work comes
from the cosmic chronometers (CC) and from clustering mea-
surements (BAO), see Tables A2 and A3 in Ref. [44] and
references therein for examples, where the redshift ranges in
z € [0.070, 2.360].

Implementing Gaussian process as described in the Sect.
1, the comoving distance and its derivatives up to the fifth
oder with respect to the redshift are reconstructed as shown
in Fig. 1, where 1o errors are also plotted in shadow regions.
It is seen that the error becomes larger with the increase
of the oder of derivative with respect to the redshift z. On
the contrary, the addition of CC+BAO data points gives an
extra constraint to the first order derivative of D¢ (z), thus a
relative narrow error region for the reconstructed functions
can be obtained. Meanwhile, a large error is shown at high
redshift due to the sparse data points at where.

With the jointed CC+BAO and Pantheon+ SN Ia samples,
the reconstructed Hubble parameter H (z) is shown in Fig.2

including 1 — 30 error curves, where the Hubble parame-
ter H(z) predicted from a spatially flat ACDM cosmology,
ie. H2(z) = HJ[Qmo(l + 2)° + Qa0] with Q0 = 0.334
(a0 = 1 — Qp0) from SHOES [4] is also plotted as for
comparison. The apparent bumps of error curves for H(z)
at the redshift range z ~ 1.0 — 2.0 are mainly due to the
sparse and large error bars of the data sets. If one takes the
SHOES ACDM cosmology as a benchmark, one can see that
the reconstructed values of Hy are larger (and lower) than that
predicted by the ACDM cosmology at lower z < 0.1 (and
higher z > 1.5) redshift ranges. And due to the luminosity
distance is an integration in the whole redshift ranges, thus
the see-saw like H (z) cancels out the losses and gains at the
higher and lower redshifts respectively for a same luminosity
distance.

The reconstructed cosmography parameters q(z), j(z),
s(z) and I(z) are plotted in Fig.3, where the correspond-
ing cosmography parameters predicted from the spatially
flat ACDM cosmology are also plotted as for comparison.
The corresponding error is obtained by the error propaga-
tion equation, say for a function looks like f = g™ /h", the
errors, after omitting the cross correlation between g and 4,
can be calculated as

2 m—112
2 ng" 2 mg 2
op = [W} o + [ o :| P (28)
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Fig. 3 The reconstructed cosmography parameters g(z), j(z), s(z)
and [(z) (with 1 — 3o error curves) with the joint CC+BAO and Pan-
theon+ SN Ia samples from the upper left panel to the lower right panel
respectively, where the corresponding cosmography parameters pre-
dicted from a spatially flat ACDM model are also plotted as for com-

Thus the corresponding calculation for o, efc is quite easy,
but the mathematical expression is long and ugly, so it is not
shown in this paper. In the upper left g (z) panel of Fig. 3, the
horizon ¢(z) = 0 line is for showing the transition redshift
(at z; = 0.652”:(0):84561 ) from a decelerated expansion to an
accelerated expansion at the crossing point with the recon-
structed ¢ (z) red solid line. It can be seen that the recon-
structed cosmography parameters match the prediction ones
from the ACDM cosmology almost well, with the excep-
tion of g(z) at the lower redshifts. It reflects the fact that
the reconstructed ¢ (z) favors smaller value of €2,,0. Thus if
keeping a fixed Q2,12 = Q,,0 x (Hp/100)? value, a larger
value of Hy = 100+ is arrived. From the g (z) panel of Fig. 3,
one can also read another two accelerated phase transitions
at higher redshifts z = 1.694 and z = 2.260 with larger
errors. This comes from the fact that the reconstructed Hub-
ble parameter H(z) increases slowly in the redshift range
z ~ 1.3 — 2.0 as shown in Fig.2, where the data points
are really sparse and having larger error bars. Therefore,

@ Springer
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showing the transition redshift (at z; = O.652Jjgjgi§ ) from a deceler-

ated expansion to an accelerated expansion at the crossing point with
the reconstructed ¢ (z) red solid line

it is harder to give a promised prediction. This situation is
expected to be improved with the addition of high quality
and quantity redshift data sets in the future.

It would be useful to present the current values of the cos-
mography parameters as byproducts. Since we have already
reconstructed the evolutions of cosmography parameters
within 1 — 30 regions with respect to the redshift ranging
in z € [0, 2.26137], one can read them as derived quantities
from the reconstructed results with 1o uncertainty easily:
qo = —0.71+0.04, jo = 1.26£0.18, 5o = 0.04 £0.59 and
lp =2.13+1.14.

4 Conclusion

We present the reconstructed results for the cosmography
parameters up to the fifth order, or kinematical state of our
Universe from the Pantheon+ SN Ia samples after remov-
ing the data points used in SHOES via Gaussian process in
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Fig. 3. It is seen that the reconstructed cosmography parame-
ters match the prediction ones from the spatially flat ACDM
cosmology, i.e. H2(z) = HZ[Qmo(l + 2)* + Qao] with
Qmo = 0.334 (20 = 1 — Qo) from SHOES [4], almost
well, with the exception of the deceleration parameter g (z)
at the lower redshifts. It implies the reconstructed g (z) favors
smaller value of €2,,,0. As an effect for a fixed 2,42, a larger
value of Hy = 100k is expected. As a byproduct of the
reconstruction, the transition redshift z, = O.652J_r8:82§ from
a decelerated expansion to an accelerated expansion is also
obtained. This result is consistent with the previous studies.
However, one can also find another two accelerated phase
transitions at higher redshifts z = 1.694 and z = 2.260 with
larger errors in the g(z) panel of Fig.3. These extra accel-
erated phase transitions are not consistent with the spatially
flat ACDM cosmology prediction. But, the reader should not
worry this consistency excessively, actually the reconstructed
cosmography parameters cannot give a promised prediction
at high redshift due to the sparse and larger error bars data
points at where. And we expect the future high quality and
quantity redshift data sets will improve this situation.

Acknowledgements This work is supported in part by National Nat-
ural Science Foundation of China under Grant Nos. 12075042 and
11675032.

60007 Rec 1o

5000 9 — Rec

1000 4 & Pantheon+
5
5 3000 A

2000 A

1000 A

0

0.0 0.5 1.0 1.5 2.0
z
01 Rec 1o
— Rec
—500 1
S
% —1000 A
—1500
—2000 A
0.0 0.5 1.0 1.5 2.0
z
20000 A Rec 1o
—— Rec
10000 -
=
So i
) 0
—10000
0.0 0.5 1.0 1.5 2.0

z

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: There are no
external data associated with this manuscript.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Funded by SCOAP3. SCOAP? supports the goals of the International
Year of Basic Sciences for Sustainable Development.

Appendix A: Reconstructed results for the Matérn (v =
9/2) covariance function

Repeating the the analysis of the present work using this
alternative Matérn (v = 9/2) covariance function Eq. (27),
we present the corresponding results for comparisons in
Figs.4, 5 and 6, where similar results are shown but hav-
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Fig. 4 The same as Fig. 1 but with the Matérn (v = 9/2) covariance function Eq. (27)
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T T T T
0.0 0.5 1.0 1.5 2.0
z

Fig. 5 The same as Fig.2 but with the Matérn (v = 9/2) covariance function Eq. (27)

ing larger uncertainties at sparse data point regions with the  go = —0.67 = 0.07, jo = 1.30 £ 0.50, so = 1.55 £ 3.09,
squared exponential covariance function Eq. (3). With this lo = —0.58 £16.81,and z; = 0.66f8:82.
Matérn (v = 9/2) kernel, one has the derived quantities:
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Fig. 6 The same as Fig. 3 but with the Matérn (v = 9/2) covariance function Eq. (27)
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