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Abstract: We have employed the exp(-¢(&))-expansion
method to derive traveling waves solutions of breaking so-
lition (BS), Zakharov-Kuznetsov-Burgers (ZKB), Ablowitz-
Kaup-Newell-Segur (AKNS) water wave, Unstable nonlin-
ear Schrédinger (UNLS) and Dodd-Bullough-Mikhailov
(DBM) equations. These models have valuable applica-
tions in mathematical physics. The results of the con-
structed model, along with some graphical representa-
tions provide the basic knowlegde about these models.
The derived results have various applications in applied
science.
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1 Introduction

Partial differential equations (PDEs) have been measured
with great significance due to its variety of applications
in physics, applied mathematics and engineering. PDEs
can be used to describe a wide variety of phenomena such
as sound, heat, electrostatics, electrodynamics, fluids dy-
namics, elasticity and quantum mechanics. These seem-
ingly distinct physical phenomena can be formalized sim-
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ilarly in terms of PDEs. Due to its broad/various applica-
tions and important mathematical properties, many meth-
ods have been presented to study in different aspects re-
lated with the solutions and physical phenomena of non-
linear wave equations. Hence, penetrating and construct-
ing exact traveling wave solutions for nonlinear differen-
tial equations is a modern research area. Numerous effec-
tive methods were discussed to obtain solutions of nonlin-
ear wave system of equations in different aspects [1-10].

Recently, many new powerful methods have been
proposed for finding the exact traveling waves solution
of nonlinear evolution equations such as: the inverse
scattering transform method , the homogeneous balance
method, modified simple equation method, modified ex-
tended direct algebraic method, the tanhsech method
and the extended tanhcoth method, the soliton ansatz
method [11-20] and many more [21-40]. In previous stud-
ies the authors [23-29] applied, auxiliary equation, ex-
tended mapping, modified simple equation, modified ex-
tended and g expansion methods on breaking soli-
tion (BS), Zakharov-Kuznetsov-Burgers (ZKB), Ablowitz-
Kaup-Newell-Segur (AKNS) water wave, unstable non-
linear Schrédinger (UNLS) and Dodd-Bullough-Mikhailov
(DBM) equations, respectively. But here our aim is to inves-
tigate the novel exact and solitary wave solutions of these
models by employing exp(-¢(&))-expansion method.

The description of method is given in Section 2. In
section 3, we apply the present method on selective mod-
els. Results and discussion are presented in Section 4. Fi-
nally, the Conclusions are given in Section 5.

2 Description of the method

Consider PDE in the form
)=0, )

G (v, Ve, Vx, Vy, Vzs Vxxs Vyys Vzzy o o«

where G is a polynomial function in v(x, y, z, t).
Suppose,

vix,y,z, ) =V(§), &=x+y+z-wt, 2
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Put (2) in (1),
Q(v,v,v",v”,...)=0,

where Q is a polynomial in V

Let (3) solution,
V = Am(exp(-@()™ + ..., Am #0,
where ¢(¢) gratifies,
9'(§) = exp(-¢(8)) + u1 exp(p(8)) + A1,

Case1. A2 - 4u; > 0, u; # O then (5) has solution,

~\/A2 - 4y, tanh (7%“‘“1(5 + §O)> -

=1In
4 2)1

Case2. A? - 4uy >0, ;=0 then (5) has solution,

o o)
exp(A1(§ + o)) - 1
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+as (Vxxxy + Vxxxz) = 0,

3) Suppose the transformations,

Case3. A -4y, =0, yuy #0, A1 #0, (5) has solution, Casel. Af —4u; >0, py #0

o 2ME &) +2)
""1“( R(E+ &) )

Case 4. A7 —4p; =0, pp =0, A; =0, (5) has solution,

¢ =1n (& +4o)
Case 5. A} - 4y, < 0, (5) has the following solution
@(§)
\/4M1 - A2 tan (7M(5+ 50)) -
=1In

2y

vix,y,z,) = V(), E=x+y+z-wt, (12)
Put (12) in (11), after integrating,
4 / ’ 22
“) —wV +(a;+a)(V)? +2a3V =0 (13)
Let (13) has solution,
5)
V =Ao+ A exp(-¢(£)) (14)
Substituting (14) with (5) in (13), we attained several equa-
tions
(6) 12a3 2
Ag=A40, A1=—"">—, w=02A1-8u)a 15
0=40 R (211 - 8uy)az  (15)
Then (14) becomes,
a3
V=Ap+ —_exp(- 1
@) Ot lar v ay) exp(-¢($)) (16)
® Vi=4o 17)
N 240311

9)
Case2. A -4y, >0, py =0,
1 12a3A4 )
Vy=A4p+
(10) 270 (g +ap) (expml(& &) -1

Case3. A2 -4, =0, u; #0, Ay #0,

! 6a3A%(s+fo))
Vizho- v ay) ((Al(f £ &)+ 2)

Substituting (4) with (5) in (3), adjusting coefficients of X
exp(-mg(£)), m=0,1,2,3,... equal to zero, we achieve nu- Case 4. A7 —4u; =0, u; =0,A; =0,
merous equations that can be solved with use of Mathe- 12a;

matica.

Va=do+ (a1 + az)(f +&o)

Putting all values of parameters with solution of (5) in (4), we  Case 5. If A2 - 4, < 0,

obtain solution of (1).

3 Applications

3.1 (3+1)-dimensional BS equation

Consider general form of BS equation in [23]

Vit + @1 Vx(Vxy + Vxz) + aVix(vy + vz)

Vs = Ao
240511

(a1 + a2) (—Mtanh (@({+ .{0)) —/\1>

(18)

(19)

(20)

(21)

+
(a1 +a2) (Mtan (@(é@ 50)) _,11>

(11)
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(b)

Figure 1: Solitary waves of solutions (17), (21) on (a), (b) with: Ag = 1.5, A1 = 2, u; = 0.7, a1 = a = 1.0, a3 = -1.0, € = 0.5 and A = 1.6,

A1 =2,u1=2,a1 =ay = 1.1, a3 = -3, € = .6 respectively.

3.2 (3+1)-dimensional ZKB equation

The general form of three-dimensional Zakharov-
Kuznetsov-Burgers equation [24, 25],

Ve + B1vvx + BaVix + B3 (Vyyx + Vazx) + Bavax = 0, (22)
Let the transformations,
vix,t) = V(&), &=kx+ly+mz-wt, (23)
Put (23) in (22),

— V' +B1kVV' + Bk V" (24)
+ B2k + B3kI? + Bskm*)V'" = 0.

Let (24) has solution form of (14). Substituting (14) with (5)
into Eq.(24), after solving we have,

2 _J2
e 2 BB o

Thus (14) can be written as:

ﬂ4A1k2 + W 2ﬁ4k
V= +
B1k B

Casel. A7 -4u; >0,u; #0

4o=F

exp(-¢(¢)) (26)

_ ﬂ4A1k2 + W

Ve=""pk

@7
4kBaps

+ B (_mtanh (@(“{0)) _A1> :

k>1, B3>0, B,<O0.

Case2. A -4p; >0,u; =0,

Vo = ,84/111(2 +w + < 2’(ﬂ4A1 )
! Bk Bilexp(A1(E+ &) -1))°

k>1, ﬁ3>0, ﬂ2<0.

Case3. A —4u;, =0,u; #0,A1 #0,

Ve — Bilak’ +w < kBaAi (€ + &) >
° Bik P1ME+E)+2))”
k>1, B3>0, B,<0.

Case 4. A7 —4p; =0,u; =0,A; =0,

4A1k2 + W + Zkﬁq
Bk B1(& + &)’
k>1l, B3>0, B,<0.

ve=P

Case5. A -4y, <0,

o Bk 4w
10 Blk

. 4kBap

(28)

(29)

(30)

€3)

By (\/4141 -2 tan (“‘W(& fo)) —Al)

k>1, ﬁ3>0, Bz<0.
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(@

(b)

Figure 2: Exact solitary wave solutions (30) on (a), (31) at (b) with: 8; = 0.7, 8> = -1.0, 83 = 1.4, B4 = -3,k = 1.00, 1 = -0.5, w = 0.6 and
Bi=4,B=-1,B3=3,B4=3,A1 =-1,k=-5.1,u1 = 2,1 = 0.5, w = -0.5, € = 0.5 respectively.

3.3 (2+1)-dimensional AKNS equation

Let the generalized form in [26, 27]

AVyt + Vixxt + 8VxVxy + 4VxxVy — yVxx = 0, (32)
Consider,
vix,y,t)=V, E=x+y+kt, (33)
Putting (33) in (32), we obtaine
Gk-V +6V" +kV" =0 G4)
Let (34) has solution form (14), after solving we have:
Ao = Ao, A1=A§—47;41+4’ k=)l§+4w—4yl G5)
Hence, (14) becomes as:
V=Ao+ m exp(-p(£)) (36)
Casel. A2 - 4u; >0,u; #0
Vi1 = Ao (37)

2y

-+ (- (V526 ) )

Case2. A - 4u, >0, =0,

+

1 YA
(A2 = 4y +4) (exp(/h(s'+ $0)) - 1> 08

V12 =A0 +

Case3. A1%2 —4u, =0, u; #0,A1 #0,

1 YA€ + o) )
(A - 4u1 +4) ((2/\1(5 +80) +2) 9

Vi3 =40 -

Case 4. A3 —4u; =0, =0,1; =0,

_ Y
ST Rl + A E+ &) (40)

Vig

Case5. A3 -4y, <0,

Vis = Ao (41)

291

(A2 - 4y + 4) (\/ﬂ tan (@(é E so)> —m)

+

3.4 Unstable nonlinear Schrodinger
equation

The general form of unstable Schrédinger equation[28],

iug + Uxx + 2|ul*u - 2yu = 0, (42)
Consider,
u(x, t) = V(f)ei‘s, &=kx+wt, §=ax+pt (43)
Put (43) in (42),
V"' (@ +B+2y)V+2nV> =0, w=-2ak (44)
Let (44) has solution form:
V= Ao + A exp(-p(9) + Az (exp(-p(§))*  (45)
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ag, a; and a, are constants, which can be determined lat-
ter. Substituting (45) with (5) in (44), after solving we ob-
tain:

az + B+ 2+ 2(az + B+ 27)
Ag=— |5 EZ20L = [SETRTSY (46
° 2n(A7 - 4u1) ! n(A? - 4uq) )

-2(a2 + B +27)

A, =0, w=2a
2 (A2 - 4py)

we have demonstrated possible solutions regarding to
(46).

Casel. A2 —4u;>0,u, #0

az+ B+ 2y,

Vig= - & EPT 207 47

N ( 2n(% = 4pu1) “n
_[2(a? + B +27)

n(A3 - 4uq)
2)1 oid
(—, /A2 — 44 tanh <7VA%2_4”1(§+ eo)) —/11>
Casell. A2 -4p; >0,u; =0,
[ a2 +B+29A

_[2(a?+B+2y) ( A ) ol
nA2 - 4pu)  \ (exp(A(§ +€9)) - 1)

Caselll. A2 - 4u, <0,
R a2+ B+29A  [2(a? +B+29)
b 2n(Af - 4pa) n(Af - 4p)

2 i6

(1 [4pq — A2 tan <7v41121—/1§(§+ eo)> —}ll)

3.5 DBM equation

(49)

General form in [29, 34],

Ve +ae +de? =0, (50)
Consider,
vix, t) =v(£), &=kx+ct, (51)
Put (51) in (50),
V' vae’+de® =0 (52)

DE GRUYTER

Let V = e substitute it and its derivatives in (52), we ob-
tained:

ckVV" —ckV'* +aV3 +d=0 (53)

Suppose (53) has solution form of (45), after solving we
have:

Ao _ _\s/a (A% + 2V1> Al __ 6\3/3/11 (54)
V() Va (1 - 4py)
A - 6vd oo 3aPVd
2= ’ =
va (A] - 4p1) k (A - 4p)
Casel. A —4u; >0, #0
2 1
V5o = _w (55)
a3 (A2 - 4pq)
_ 12/11]11[1%
a%(/\% - 4}11) (—UA% - 4}11 tanh ( A%Z_[Wl (f+ €0)> —/11>
242d3

= p}
a%(/\% - 44) (—\//@ - 4y, tanh ( v Alz i &+ eo)> —/\1)

Casell. A3 -4p; >0,u; =0,

Vyo = (56)

1

- £ (1 + 6 + 6 )
a3i (exp(A1(§ +€0)) - 1)  (exp(A1(& +€p)) - 1)?

Caselll. A -4y, <0,

_(/1% + 2,111)d%

Vor=-— (57)
a3 (Af - 4p1)
B 12/11)11(1%
/ _22
a%(/l% - 4p1) <\/ 4uq - A2 tan <4”21Al(5 + €0)> - /\1>
24y%d%

= 2
a%(/l% - 4)11) <, [ 4uy —/1% tan <V4N;A1(§+ eo)> —/11>

4 Discussion of the results

We attained that our result in (18) is likely similar to the
Egs. (3.14) and (3.24) in the [23]. It is conversant that our
result in (38) is approximately the same as the solution
(13) and (19) in [27]. Moreover, solution (47) is nearly equal
to solution (17) in [28] and solution (10) in [33]. Further-
more, our constructed solution (57) is likely the same as
the solution (3.9) in [34] and solution (3.26b) in [35] respec-
tively. our results are novel and have not been presented
in any literature.
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(@)

(b)

Figure 3: Graph of (49) at (a), (56) on (b) with: € = 0.5, 3 = 4,43 =-2,=-1,a=-1,y=0.5,n=1ande = -0.5,u3 =0,A; = 1l,a = -1,

d =1, k = 1respectively.

5 Conclusion

We have successfully employed the exp(-¢(&))-expansion
method to construct solutions of important selective waves
models. The investigated results have numerous applica-
tions in applied sciences and play a fruitful rule in nonlin-
ear sciences. Our technique is simple and straightforward,
which is useful for solving different evolutions equations
in mathematics and physics.
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