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Abstract. At present many laboratories in the field of nuclear physics study on the Super-Heavy 

Nuclei (SHN) because the successful synthesizing of super-heavy elements (SHE) in lab has stimulated 

the research. This speeds up the researches on SHN theoretically. There are some theoretical studies on 

the Super-Heavy Nuclei based on the self-consistent mean field models. In this study, the structures of the 

Super-Heavy Hs nuclei for a wide range of neutron numbers were investigated using the deformed 

relativistic mean field (RMF) theory with new Lagrangian parameters set. Binding energy, quadrupole 

moment, deformation parameter, neutron radii, proton radii, two-neutron separation energy, α-decay 

energy and α-decay half-lives of Hs isotopes were calculated. The results were compared with available 

experimental data and predictions of some nuclear models. The results show that RMF theory with newly 

revised NL3* parameters set yields successful description for ground-state properties of isotopic chains of 

super-heavy Hs nuclei. 
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INTRODUCTION 

Investigation of several super-heavy isotopes beyond Fermium (Z=100) has received much 

attention because of the success of syntheses of Super-Heavy Nuclei (SHN) in lab [1-11]. The 

investigations of the properties of these nuclei are very important for good understanding some features 

of nuclear structure such as deformations, binding energy, α-decay energy, α-halflives in super-heavy 

region. There are some theoretical studies on SHN on the macroscopic-microscopic mass models or 

self-consistent mean field models [12-22]. Hassium (Hs, Z=108) considered here was first synthesized 

in     
        

        
      reaction in 1984 by a German research group in Darmstadt. After this 

discovery, in chronological order 
264

Hs, 
267

Hs, 
269

Hs, 
266

Hs,
 275

Hs, 
270

Hs, 
271

Hs, 
263

Hs and 
268

Hs were 

discovered in various reactions. In this study, we investigated ground-state properties of some even-

even Hs nuclei (from A=250 to A=276) within the axially deformed Relativistic Mean Field (RMF) 

theory with newly revised NL3* parameters set because RMF models with 9 parameters have reached a 

high degree of accuracy in the description of nuclear ground-state observables [23-24].  

RELATIVISTIC MEAN FIELD THEORY 

In the RMF theory, nucleons are described as Dirac particles moving in meson fields. These 

nucleons interact with each other via the exchange of the scalar mesons σ, iso-vector mesons ρ and 

vector mesons ω, and also the photons (A). The starting point of RMF theory is an effective Lagrangian 

density includes these interactions is given as  
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where Dirac spinor   denotes the nucleon with mass M. The isoscalar scalar σ-meson and isoscalar 

vector ω-meson yields medium-range attractive and short-range repulsive interactions, respectively. The 

isovector vector ρ-meson provides the isospin asymmetry. Masses of these mesons are denoted by   , 

   and   .   ,    and    correspond to the nucleon-meson coupling constants.       term includes 

nonlinear isoscalar scalar terms need to be introduced for a quantitative description of nuclei and 

nuclear matter and its explicit form is       
 

 
  

    
 

 
   

  
 

 
   

 .   is the isospin of the 

nucleon and    is its third component. The field tensors of the vector mesons and electromagnetic field 

take the forms: 
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             , 

                                                                                   ,                                                              (2) 

             . 

The classical variational principle gives the equations of motion. At this stage, fields are taken 

as the c-number or classical fields. This results into a set of coupled equations namely the Dirac 

equation with potential terms for the nucleons and the Klein-Gordon equations with sources for the 

mesons and the photon. Dirac equation for the nucleon is 

 

                                                                                                             (3) 

where V(r) denotes the vector potential:                         
    

 
      and S(r) is the 

scalar potential:             the latter contributes to the effective mass as:          . 

 The Klein-Gordon equations for the meson and electromagnetic fields with the nucleon 

densities as sources are  
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The corresponding source terms for the mesons and photons are 
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Here the summations are taken over the valence nucleons only, i.e., no-sea approximation is adopted. 

The coupled equations (3) and (4) can be self-consistently solved by iteration using the mean field 

approximation. The occupation number    is introduced to account for pairing which is important for 
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open shell nuclei. In the presence of pairing the partial occupancies    are obtained in the constant gap 

approximation (BCS) through the well known expression: 

 

                                                                      
 

 
   

    

           
                                                         (6) 

where    and   is the single-particle energy for the state   and chemical potential for protons or neutrons, 

respectively. Details can be found in Ref. [25].   

 For axially deformed nuclei, it is useful to work with cylindrical coordinates:          

         and  . The Dirac spinor    is characterized by the quantum numbers    (the eigenvalue of 

the angular momentum operator   ),    (parity) and    (isospin) and it has the form 
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The densities can be represented as  

 

                                                          
       

         
       

                                        (8) 

 

and, in a similar way,    and    because the contributions to the densities of the time reversal states,   

and   , are identical for nuclei with time reversal symmetry. The sum here runs over only states with 

positive   . For solutions of the equations (3) and (4), the spinors   
        and   

        can be 

expanded in terms of the eigenfunctions of a deformed axially symmetric oscillator potential and the 

solution of the problem is transformed into a diagonalization of a Hermitian matrix. Details can be 

found in Ref. [26].  

 The total energy of the system is: 

 

                                                                                                  (9) 

 

where    is the sum of the energy for nucleon   ,   ,   ,    are the contributions of the meson fields, 

  ,    ,      ,      and AM is the contributions of the Coulomb field, center of mass correction, 

pairing, non-linear part and total mass, respectively. 

DETAILS OF CALCULATIONS 

 The Hs isotopes considered in this study were even-mass nuclei with mass number A = 250 up 

to 276. Equation of motions of both nucleons and mesons in the expansion method with the axially 

deformed harmonic-oscillator basis were solved. In order to get a better computational result, the 
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numbers of shells taken into account were 20 for both the fermionic and bosonic expansion.  Pairing 

was considered by the constant gap approximation (BCS). The pairing gap for neutron and proton were 

chosen as                for an even number of nucleons. The basis parameters    used for the 

calculations was taken to be        . The convergence of the numerical calculation on binding energy 

and deformation was very good. For all nuclei calculated in this work, initial deformation parameter    

was chosen as 0.3 which is reliable for these calculations. Well known, different choices of      are not 

effect on convergence of deformations. It leads to different iteration numbers of the self-consistent 

calculation and different computational time. But physical quantities such as the binding energy and the 

deformation change very little. There are many parameters sets for RMF calculations which provide 

nearly equal quality of description for stable nuclei. In this study we used newly revised NL3* [27] 

parameters set for all calculations. Also, for comparison of binding energies NL-SH [28] parameters set 

was used. NL3* and NL-SH parameters sets were listed in Table 1. 

 

Table 1: NL3* and NLSH parameters sets for RMF calculations 

Parameter                      NLSH                   NL3* 

M (MeV)                     939.000                939.000 

mσ (MeV)                    526.059                502.574 

mω (MeV)                    783.000                782.600 

mρ (MeV)                    763.000                 763.000     

gσ                                  10.4440                10.0944 

gω                                 12.9450                12.8065 

gρ                                   4.3830                 4.5748 

g2 (fm
-1

)                       -6.9093                -10.8093 

g3                                 -15.8337               -30.1486 

 

RESULTS AND DISCUSSION 

 The calculated and experimental total binding energies of Hs isotopes with mass number are 

given in Fig. 1. We calculated total binding energy for Z=108 isotopes in RMF theory with NL3* [27] 

and NLSH [28] parameters sets. Also, Fig. 1, presents the experimental data taken from [29] and 

predictions of Finite Range Droplet Model (FRDM) taken from [30] for comparison. As can be seen in 

Fig. 1, the predictions of RMF theory with NL3* parameters set and predictions of FRDM are in good 

agreement with experimental data. Although the general trend of the curve of the RMF theory with 

NLSH force is compatible with the experimental data, as seen in Fig. 1 the predictions of RMF theory 

with NL3* force more reliable. Because of this reason we used NL3* parameters set for calculation of 
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other ground state properties of Hs isotopes. Maximum deviation of binding energy of Hs isotopes 

between RMF with NL3* and experimental data at 268 mass number and its value 12.328 MeV.    

 

                                             Figure 1: Comparison of theoretical and experimental 

                                             total binding energies for the Hs isotopic chain.  

 

 

 The calculated ground-state quadrupole deformation parameters β2 in this study and the 

deformations calculated with both FRDM and Extended Thomas Fermi Model with Strutinski Integral 

(ETF-SI) taken from Ref. [30] and [31], respectively are shown in Fig. 2. As can be seen in Fig. 2, Hs 

isotopes calculated with RMF-NL3* are well deformed, and with adding neutron the ground state shape 

has no sudden change. The deformation magnitudes and tendency, except N=166 and 168, are in 

coincidence with the predictions of the FRDM and ETF-SI. The curve of RMF calculation showed the 

descent of the deformation from N=162 as we expected, β2=0.26, this shows deformed sub-closure. 

Deformations of Hs isotopes could be extended N>168 region for Hs isotopes.  

 Well known, there exist many experimental indications showing that atomic nuclei possess a 

shell-structure and that they can be constructed, like atoms, by filling successive shells of an effective 

potential well. In order to get further information on shell effects, the two-neutron separation energies 

by RMF with NL3* parameters set for Hs isotopes were plotted as a function of neutron number. Also 

experimental data [29] and predictions of FRDM [30] are shown for comparison. The two-neutron 

separation energies S2n were derived from the binding energies of the two neighboring even isotopes 

using S2n = B(Z,N) − B(Z,N − 2) equation. It can be seen in Fig. 3, the two-neutron separation energies 

calculated in our study are good agreement with available experimental data rather than predictions of 

FRDM. A king in the S2n values is visible at N=162.  This reveals the sub closure shell.  
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                                            Figure 2: The ground-state quadrupole deformation 

                                            parameter β2.   

    

                                              Figure 3: The two-neutron separation energies for  

                                              Hs isotopes  

 

 In Fig. 4a, calculated α-decay energies (Qα) of Hs isotopes are shown. The Qα energy is 

obtained from the relation Qα(N,Z) = BE(N,Z) − BE(N − 2,Z − 2) − BE(2,2). Here, BE(N,Z) is the 

binding energy of the parent nucleus with neutron number N and proton number Z, BE(2,2) is the 

binding energy of the α particle chosen as 28.296 MeV and BE(N − 2,Z − 2) is the binding energy of the 
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daughter nucleus after the emission of an α particle. The binding energies of the parent (Hs) and 

daughter nuclei (Sg) are obtained by using the RMF formalisms. It can be seen in Fig. 4, the result of 

our calculations are agreement with experimental data. Also, log10Tα(s) values corresponding to 

halflives of Hs isotopes were estimated using phenomenological Viola and Seaborg [32] formula: 

           
    

   
       , where Z is the atomic number of the parent nucleus, a=1.661175, 

b=8.5166, c=0.20228 and d=33.9069. The calculated log10Tα(s) in our study for Hs isotopes as a 

function of neutron number are shown in Fig. 4b. Also the estimates of log10Tα(s) for Hs isotopes 

derived from experimental data using Viola and Seaborg formula are shown for comparison. The 

calculated Tα values, the other calculated ground state properties which are total binding energy, 

neutron radii, proton radii, total quadrupole moments and α-decay energies were listed in Table. 2.   

 

                Table 2: The calculated some ground-state properties of Hs isotopes. 

Nuclei    BE [MeV]        Rn [fm]       Rp [fm]        QT [barn]    Qα (theor.) [MeV]      Qα (exp.) [MeV]      Tα [theor.]          
250

Hs       1814.750        6.093       5.992        905.759           11.428                                         6.554 μs 

252
Hs       1833.552        6.116       6.002        920.067           10.982                                       68.104 μs 

254
Hs       1852.168        6.144       6.019        969.703           10.225                                         5.113 ms 

256
Hs       1869.568        6.171       6.033       1008.142          10.206                                         5.733 ms       

258
Hs       1886.238        6.194       6.044       1025.268          10.528                                         0.855 ms    

260
Hs       1902.160        6.215       6.054       1026.594          10.612                                         0.531 ms         

262
Hs       1917.578        6.235       6.062        999.957           10.623                                         0.498 ms 

264
Hs       1932.216        6.258       6.074       1004.403          10.364                10.59                2.233 ms 

266
Hs       1946.322        6.284       6.087       1020.093          10.106                11.00              10.532 ms 

268
Hs       1960.152        6.308       6.099       1029.195            9.713                  9.90            125.783 ms

 

270
Hs       1973.160        6.330       6.108       1024.508            9.645                  9.30            196.176 ms  

272
Hs       1984.512        6.352       6.118       1009.632          10.244                10.10                4.561 ms       

274
Hs       1995.268        6.358       6.115         858.360            9.695                  9.50            141.423 ms        

276
Hs       2005.692        6.376       6.122         803.945            8.678                  8.80            189.920 ms       

BE, total binding energy; Rn, neutron radii; Rp, proton radii; QT, total quadrupole moment; Qα, α-decay energy; Tα, α-decay 

half-life    
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  Figure 4: The α-decay energies (a) and log10T(s) (b) for Hs isotopes as a function of neutron number.   

 

CONCLUSIONS 

The ground state nuclear properties of even-even Hs isotopes which has 108 protons were 

investigated using Relativistic Mean Field (RMF) Theory with NL3* parameters set. The NL3* 

parameters set revised last year provides good description for binding energies of Hs isotopes rather 

than NLSH parameters set. Our calculation on two-neutron separation energies and α-decay energies for 

even-even Hs isotopes were in good agreement with available experimental data. Also, the log10Tα(s) 

values of Hs isotopes were estimated using the results of the RMF theory in Viola and Seaborg formula. 

Almost the results were in agreement with available experimental results. Beside these, neutron radii, 

proton radii and total quadrupole moments of Hs isotopes were calculated for further information. All of 

these reasons mention above it can be concluded that RMF theory with NL3* parameters set provides 

successful description of ground-state nuclear properties of Hs isotopes.  
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