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Recent years have seen enormous progress in understanding foundations of the S-
matrix theory from different points of view, ranging from their analytic properties
and infrared divergences, through applications to gravitational-wave observables
and cosmological correlators, all the way to lattice simulations and the phenomenol-
ogy of strongly coupled QCD. All these approaches are converging into a unified
picture for understanding particle interactions. They were discussed during the
S-Matrix Marathon: a workshop hosted at the Institute for Advanced Study in
Princeton on 11-22 March 2024. These lecture notes are the records from the
marathon. Their purpose is to provide a pedagogical introduction to the unfolding
ideas surrounding the S-matrix theory and to shed light on the emerging directions.



You are reading the records from the S-Matrix Marathon, a workshop held at
the Institute for Advanced Study in Princeton, New Jersey, during 11-22 March
2024. Motivation for organizing this workshop was many-fold. Recent years have
seen an outburst of activity in studying the analytic properties of the S-matrix
and related objects from different angles. In particular, the historically challenging
multi-particle case has seen a lot of progress. Moreover, the field has gradually
started establishing far-reaching connections between scattering amplitudes and
observables in curved spaces, on time-folded contours, or using non-perturbative
techniques to understand experimental data or lattice simulations. Seeing more of
such connections on the horizon, three of us decided to host a workshop designed
to learn the techniques used across different approaches to scattering and foster new
collaborations.

The aim of this workshop was to prioritize depth rather than breadth of the topics
covered. For this reason, we gave each speaker an entirely free hand at organizing
one full day of activities. In the invitation email, we emphasized that they can do
whatever they see fit: invite supporting speakers, give 10 hours of lectures, moderate
informal discussions, or go to the beach. Alas, no one chose the last option, though
some floated it. In the end, we had a true marathon of lectures. After hours, the
participants joined in on some of the many events organized at the Institute at the
same time, including a music performance by the Ensemble 132 and a public talk
by David Kaiser on the science and history of the Global Positioning System.

We were particularly impressed by the pedagogy of the marathon lecturers, which
prompted us to record their content as lecture notes. You are reading them now.
We believe they will be an important resource for the community. Most of the
records were written almost entirely by us, the undersigned editors. They were later
sent to the speakers for improvements and corrections. All blame for errors and
typographical mistakes rests on us. We are also guilty of all marathon-related puns
included in this text, for which we apologize in advance.

Let us give an outline of the topics covered throughout this workshop and
Records. The subject largely evolves around understanding the analytic properties
of the S-matrix, so it seems natural to start by reviewing some facts from complex
analysis in several complex variables. Sean Curry and Jifi Lebl started off the
marathon by presenting some of the “tasty bits” of this subject in Part 1. The topic

Vii
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of computing domains of holomorphy resonates particularly well with some of the
later lectures.

One of the main challenges in the S-matrix theory is extracting non-perturbative
information. A rare window on this problem is provided by lattice field theory,
which—Ilargely thanks to understanding analyticity properties of the amplitudes—
has matured enough to be able to compute 3 — 3 matrix elements of pions. Max
Hansen provided a pedagogical introduction to this topic, which is summarized in
Part 2. It reviews the use of the Bethe—Salpeter equation in this setup, which later
reappears in the context of gravitational scattering.

Dispersion relations provide sharp statements encoding the analytic properties of
scattering amplitudes and decay rates. They can be used to extract and constrain the
information from experimental data. During the workshop, Emilie Passemar gave
an outline of this fascinating subject connecting theory and practice. Dispersion
relations also appear later on in the context of the S-matrix bootstrap.

One of the exciting aspects of quantum field theory is that it allows us to play
around with the concept of time. As it turns out, in certain situations it pays off
to think about it as not just running forwards but instead twisting and bending
back and forth. The theory behind these observables is the Schwinger—Keldysh
formalism. Felix Haehl and Mukund Rangamani gave a pedagogical introduction
to this branch of physics. Their tour de force exposition, starting from thermal
physics and ending on the relations to chaos and gravitational path integrals, is
given in Part3. The Schwinger—Keldysh formalism reappears in later lectures on
cosmological observables and gravitational waveforms.

Rigorous foundations for scattering theory, at least in the mass-gapped case,
have been developed in the last century. In view of the applications to the S-
matrix bootstrap, it is important to revisit such constructions and start asking what
could be some alternative starting points for the rigorous definition of the S-matrix.
During the workshop, Aditya Hebbar and Balt van Rees reviewed the Haag—
Ruelle scattering theory, gave a summary of the proposals for defining scattering
amplitudes using the AdS/CFT dictionary, and finally showcased some applications
of the S-matrix bootstrap to constraining observables in gauge theories.

Another approach to curved backgrounds is to study observables in cosmological
backgrounds and their connection to the flat-space S-matrix. The second week
of the marathon started with Paolo Benincasa and Francisco Vazdo, who gave a
lucid introduction to this much-studied topic, summarized in Part4. They explain
what is known about the connections between the cosmological wave function and
scattering amplitudes, as well as how tools translate from one topic to another.

One way in which causality is encoded in the S-matrix is through the property
called crossing, which relates scattering amplitudes to their result after analytic
continuation from positive to negative energies and vice versa. In Part5, Simon
Caron-Huot and Mathieu Giroux review new advances in this subject and explain
how crossing relates time-ordered scattering amplitudes to a zoo of other observ-
ables where the time ordering is relaxed. One application is to the computation of
expectation values of operators.
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Another connection to analytically continuing time, this time in cosmology,
has been presented by Gordon Lee and Enrico Pajer and recorded in Part 6. After
reviewing aspects of cosmological correlators, their analytic properties and cutting
rules, they discuss new computational tools for practical calculations.

Recent years have seen an outburst of activity in studying the emergence
of classical physics from scattering amplitudes, in particular with the view of
applications to gravitational-wave physics. The penultimate day of the marathon
was a medley of results on this topic. Miguel Correia and Giulia Isabella gave a
pedagogical introduction to the eikonal approximation and showed how some of the
classic results in Quantum Electrodynamics and General Relativity can be recovered
using the diagrammatic approach. Three short talks on the related topics brought us
through the finish line: Zihan Zhou talked about some astrophysical application of
worldline effective field theory, Hofie Hannesdottir explained the role of radiation
in gravitational observables, and Anna Wolz showed results on the 3-body problem
in General Relativity.

The last day of the workshop featured sprint talks by some of the participants
who volunteered to speak: Carolina Figueiredo, Alessandro Podo, Andrzej Pokraka,
Francesco Serra, and Cristian Vergu. We also had a trip to Albert Einstein’s house
and a visit to the Institute’s rare book collection and the archives, where the
marathon participants had a chance to view the first printed edition of Euclid’s
Elements and try on Einstein’s stylish glasses.

Princeton, NJ, USA Nima Arkani-Hamed
Montreal, QC, Canada Mathieu Giroux
Princeton, NJ, USA Holmfridur Sigridar Hannesdottir
Princeton, NJ, USA Sebastian Mizera

Montreal, QC, Canada Celina Pasiecznik
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Sean Curry and Jiii Lebl

Abstract

We will cover the basics of several complex variables in 4 lectures: Basic proper-
ties of holomorphic functions in several variables, the notion of pseudoconvexity,
CR functions and CR geometry, and the d-problem. The main underlying idea
is to connect various characterizations of domains of holomorphy, that is, the
natural domains of definition for holomorphic functions. In the process we
will connect the function theory on the domain to geometric properties of the
boundary, and discuss the relationship between the boundary values and the
functions themselves and extension of holomorphic functions from subspaces.

These lecture notes roughly correspond to the first 4 chapters of the book of
the same name (J. Lebl [1], Tasty bits of several complex variables Independently
published: https://www.jirka.org/scv/, (2023)).

S. Curry - J. Lebl (B<) .
Departemento pri Matematiko, Oklahoma Stata Universitato, Stillwater, OK, USA
e-mail: lebl@okstate.edu; lebl @okstate.edu

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 1
N. Arkani-Hamed et al. (eds.), Records from the S-Matrix Marathon,
Lecture Notes in Physics 1041, https://doi.org/10.1007/978-3-031-90352-6_1
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2 S. Curry and J. Lebl

1.1 Holomorphic Functions in Several Variables

Jif{ Lebl

1.1.1 Onto Several Variables

These lecture notes roughly correspond to the first 4 chapters of the book [1] of the
same name.

Let C”" be the complex Euclidean space with coordinates z = (z1, 22, ..., 2n) €
C™ and it will be useful to treat it as two copies of the real space, C* = R" x R" =
R?" with

z=x+1iy, Z=x—1iy, x,y € R", i=+—1. (1.1.1)

We call z the holomorphic coordinates and 7 antiholomorphic coordinates. Let us
define a polydisc A,(a) with polyradius p = (p1, p2, ..., pn) and center a € C"
as

Ap@) E{zeC o —axl < prfork =1,2,...,n}. (1.1.2)

(If p is a number, we mean pr = p for all k.) In two variables, a polydisc is
sometimes called a bidisc. In particular, the unit polydisc is given by is

D"=DxDx---xD=A(0). (1.1.3)

We will use the following notation for the Euclidean inner product on C” and the
standard Euclidean norm on C":

(Z,w)=z-w, llzll = v/{z, 2). (1.1.4)

Then we define B/, (a) to be the ball in the metric |-||. For example, B, = B;(0) is
the unit ball.

Example 1.1.1 In more than one complex dimension, it is difficult to draw pictures
because we lack dimensions on our paper. We instead draw pictures by plotting
against the modulus of the variables. For example, the unit polydisc D? and unit ball
B, in n = 2 complex dimensions can be visualized as follows:
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|2/ |22]

oD? 0B,

ID)Q
B,

=[] 21| (1.1.5)

Not every domain (by domain we mean an open connected set) can be drawn like
this. If it can, it is called a Reinherdt domain.

The function f: U C C" — C is called holomorphic if f is complex
differentiable in each variable separately, that is, if

ze > f(z1,...,2¢0,...,2n) 1s complex differentiable for every £ . (1.1.6)

Let us write O(U) to denote the set of holomorphic functions on U. Here, the letter
O is used to recognize the fundamental contribution to several complex variables by
Kiyoshi Oka.

From now on we will benefit from using the language of differential forms.
Exterior derivative leads to 1-forms

dze = dxg +idye,  dZ, = dx, — i dy. (1.1.7)

As in one variable, we define the Wirtinger operators:

d 1 d d d 1 0 0
9 def 1 _i2), B T (1.1.8)
azp 2 \ dxy dye d07¢ 2 \ 0xy aye

These are determined by being the dual bases of dz and dz

9 . 5 (9 (9 .
d _— =4 . d —_— =0, d b =0, d — =4y .
o (3215) ¢ o (326) Zk <3Zz> . <3Zz> ¢

(1.1.9)

Alternatively, we might have said that f is holomorphic if it satisfies the Cauchy—
Riemann (CR) equations:
af
— =0 fort=1,2,...,n. (1.1.10)
0Z¢
If f is holomorphic, then its derivatives can be obtained by taking limits
af S+ z) — @)
— ()= lim .
0Zk £eC—0 £

(1.1.11)

From now on, we will write a smooth function f: U C C" — C simply as f(z, 2).
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Example 1.1.2 If f is a polynomial (in x and y), write

z2+z 72—z
= , = , 1.1.12
T YT (1112

and it really does become a polynomial in z and Z. E.g.,
2x1+ 2y + 4y§ =(1-dDzu+1+Dz1 — Z% + 2222 — Z%. (1.1.13)

f is holomorphic if it does not depend on Z.

The derivatives satisfy the chain rule. Suppose f: U ¢ C" — V c C™",
g: V — C and that the variables are 7 € C" and w € C™. Then

9 [ dg fi 08 'k)
— Jgo f]l= —2 254 =), 1.1.14
9z¢ g o /] ]; (Bwk 9z¢ k 0Z¢ ( )

9 dg 9 f
G5 8o 1= Z 8 f" 98976 _ (1.1.15)

oWy 9Z¢
provided that g and f are holomorphic.

Theorem 1.1.1 (Cauchy Integral Formula) Ler A C C" be a polydisc. Suppose
f: A — Cis a continuous function, holomorphic in A, and thatT" = 0A| X - -- X
A, is oriented appropriately (each d Ay oriented positively). Then for 7z € A

1 f(§17§27"'7§n)
= d d - ANdE,.
r@ (27‘[1')"/1“(§1—Zl)(§2—22)"'(§n—zn) Gadnn fl o

Here, we stated a general result where f is only continuous on A and holomorphic
on A. We are going to cheat and use the short-hand notation:

1 def 1

= ) (1.1.17)
{—z  G—z)@2—z2) (G —2n)
together with
def
de =dgiAdip A AdEg,. (1.1.18)
This allows us to write the Cauchy integral formula in a concise way:
1
f@)= A de. (1.1.19)

Qri)" Jr¢—z
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The Cauchy integral formula shows an important and subtle point about the
holomorphic functions in several variables: The function f(z) for z € A is
determined in terms of its values on the set I', which is much smaller than the
boundary of the polydisc dA. In fact, I' (a torus) is of real dimension n, while the
boundary has real dimension 2n — 1. This is the first big difference compared to 1D.
We call T the distinguished boundary. Let us draw the unit bidisc:

A /—F:(')]D)XGD

2|

oD?
]D)Q

= |z (1.1.20)

In this case, the set I" is a 2-dimensional torus, like the surface of a donut. On the
other hand, the set 0D? = (0D x ﬁ) U (ﬁ x 0DD) is the union of two filled donuts,
or more precisely, it is both the inside and the outside of the donut put together, and
these two things meet on the surface of the donut. So, the set I' is quite small in
comparison to the entire bounary 9D

1.1.2 Power Series Representation
Writing expressions out in all the components can be a pain. For o € Njj (where

Np = N U {0}), we will cheat some more and use the multi-index notation to deal
with the more complicated formulas:

] o] [65] n
def oy _a 0 9% ger 0% 0 0
Za = Z11222 "'Zg ) Bz"‘ = aZ(]Jll azgz azf{n’ (1121)
ot!défon!oczln-an!, ot—i-ldéf(al+1,062~|-1,--'06n+1)- (1.1.22)

Let A be a polydisc with distinguished boundary I', centered at a, of polyradius
p. Suppose f is continuous on A, holomorphic on A. We will now differentiate
under the integral in the Cauchy integral formula. This implies that f is infinitely
C-differentiable and

e
o7 f 1 / LA N (1.1.23)
r

0z D= iy ¢ — )t
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From this, we get the Cauchy estimates, which are bounds on the growth of
derivatives of f:

alll flir _ a!supcrlf(2)]
- :

Fra o (1.1.24)

dz%

o]
=

<
In particular, the coefficients of the power series depend only on the derivatives of
f at a and not the specific polydisc A used above.

Corollary 1.1.1 The “correct” topology on O(U) is uniform convergence on
compacts (normal convergence). If f, € O(U) and f, — f uniformly on compacts,

then f € O(U) and fn(l) — O uniformly on compacts.

As in one variable, we can introduce the geometric series in several variables.
For z € D" (unit polydisc):

1 _ 1 _ . k . kY. .. . k
Iz (- -z2) (12 _<,;“>(,§ZZ) (QZ)

(1.1.25)

o o o0
= Z Z Z (21%12,%2 - 2,%) = Zza. (1.1.26)
a1=0ar=0 o, =0

o

Power series ), co(z —a)* converges absolutely uniformly on compact subsets of
its domain of convergence (interior of the set where it converges).

Example 1.1.3 In C2, the power series

o
>z, (1.1.27)
k=0
converges absolutely on the set
[zeCijnl<1}u{zeC:z =0}, (1.1.28)

and nowhere else. This set is not a polydisc. It is neither an open set nor a closed
set. Its closure is not the closure of the domain of convergence, which is the set
{z eC?: |z < 1}.

Example 1.1.4 The power series

o
> 2, (1.1.29)
k=0



1 Tasty Bits of Several Complex Variables 7
converges absolutely exactly on the set

[zeC?:|z1z0] < 1}. (1.1.30)
The picture of this domain is more complicated than that of a polydisc:

lzo| :

|21 (1.1.31)

_LetA=Ap(a) C C" be a polydisc and f is holomorphic in a neighborhood of
A, let T be the distinguished boundary of A. In the Cauchy integral formula,

1 f )
Qri)" Jr¢—z

f@)= de, (1.1.32)

let us expand the Cauchy kernel as

1 1 1 1 z—a\”
() ) e

Here, we make sure to interpret the formulas correctly as é = m
and so on. The multivariable geometric series is a product of geometric series in one
variable, and geometric series in one variable are uniformly absolutely convergent

on compact subsets of the unit disc. This allows us to prove the following theorem.

Theorem 1.1.2 Forz € A,

f@)= an(z —a)*, where ¢y

o

Loy 1 / f©)

~ oo T e e @ — o) a.
(1.1.34)

Conversely, if f is defined by a power series, then it is holomorphic.

The proof of the first statement is a simple computation and application of the Fubini
theorem or uniform convergence just as in one variable. The converse statement
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can be proven in different ways. For example, it follows by applying the Cauchy—
Riemann equations to the series termwise.

This is in fact the first place where the theory of several complex variables
becomes annoying.

Theorem 1.1.3 (Identity) Ler U C C" be a domain (connected open set) and let
f: U — C be holomorphic. If f|n = 0 for a nonempty open subset N C U, then

f=0.

Here we encounter a difference from the 1D cases: The zero set of a holomorphic
function in 2 or more complex variables is always large (it always has limit points).
The above theorem is often used to show that if two holomorphic functions f and g
are equal on a small open set, then f = g.

Theorem 1.1.4 (Maximum Principle) Let U C C" be a domain. Let f: U — C
be holomorphic and suppose that | f (z)| attains a local maximum at some a € U.

Then f = f(a).

Here, the argument goes back to 1D. The proof involves using the maximum
principle on every 1D subspace.

1.1.3 Inequivalence of Ball and Polydisc

We say that f: U — V is a biholomorphism (and U and V are biholomorphic) if
f is bijective, holomorphic, and f~! is holomorphic. One of the main questions in
complex analysis is to classify domains up to biholomorphic transformations.

In one variable, there is the rather striking theorem due to Riemann: If U € C is
a nonempty simply connected domain such that U # C, then U is biholomorphic to
D. So essentially, in 1D a topological property on U is enough to classify a whole
class of domains. It is one of the reasons why studying the disc is so important
in one variable and why many theorems are stated for the disc only. There is no
Riemann Mapping Theorem in several dimensions! In fact, it is not difficult to find
2D domains that are not biholomorphic.

Theorem 1.1.5 (Poincaré, 1907) B, and D? are not biholomorphic.

The first complete proof was given by Henri Cartan in 1931, though popularly the
theorem is attributed to Poincaré. Note that both domains are simply connected
(have no holes) and they are the two most obvious generalizations of the disc to two
variables. They are homeomorphic, that is, topology does not see any difference.
We need to introduce some constructions before attempting a proof of the
above theorem. A nonconstant holomorphic mapping ¢: D — C”" is called
an analytic disc. It plays an important role in the geometry of several complex
variables. Essentially, it allows us to apply one-variable results in several variables.
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It is especially important in understanding the boundary behavior of holomorphic
functions and features prominently in complex geometry. Often, we call the image
A = ¢(D) the analytic disc rather than the mapping.

Proposition 1.1.1 The unit sphere S>"~! = 8B, C C" contains no analytic discs.
Proof Suppose there is a holomorphic function g: D — §?"~1 c C":
811 +1g2@F + - + g @P =1, (1.1.35)

for all z € . Without loss of generality (after composing with a unitary matrix)
suppose that g(0) = (1,0, ---,0). Notice that g1(0) = 1 and |g1(2)| < 1. The
maximum principle says that g attains its maximum for all 7 € D which implies
that gj(z) = Oforall j = 2,...,nonall z € D. Hence g has to be a constant
function and not an analytic disc. O

The fact that the sphere contains no analytic discs is the most important geometric
distinction between the boundary of the polydisc and the sphere.

Let us now sketch the proof of the Poincaré theorem using pictures. We will use
proof by contradiction. To this end, suppose f : D> — By is a biholomorphism. Let
us pick a disc for fixed z; = ¢ and a sequence wy — e'?. It looks like this:

|2 4 (¢,e”)
$(C W)
.(vaz) ¢
.(<7 wl)

~|z] (1.1.36)

The idea is to show that (after passing to a subsequence via Montel) { — f (¢, wg)
converges to a holomorphic map to the sphere. Therefore, it has to be a constant.
More precisely, the derivative of ¢ — f (¢, wi) goes to zero for every ¢/’ and every
{wg}. This implies that % = 0 and by symmetry also % = 0. Therefore f has to
be a constant and we run into a contradiction.

The proof says that the reason why there is not even a proper mapping is the fact
that the boundary of the polydisc contains analytic discs, whereas the sphere does
not. The proof extends easily to higher dimensions, as well. The key takeaway is
that in several complex variables, the geometry of the boundary makes a difference
if one wants to determine if two domains are equivalent. The domain topology is
not enough.
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1.1.4 Cartan’s Uniqueness Theorem

Where did Schwarz’s lemma go? The following theorem is its analogue for several
variables.

Theorem 1.1.6 (Cartan) Suppose U C C" is a bounded domain,a € U, f: U —
U is a holomorphic mapping, f(a) = a, and Df (a) is the identity. Then f(z) = z
forallz € U.

Here, we bolded the word “bounded” which is crucial. Counterexamples can be
found if U is unbounded.

The argument is to use Cauchy estimates on the first nonzero nonlinear term of
the series of f¢ = fo fo---o f. The result can be used to compute automorphism
groups just as in 1D. Every automorphism of D" is of the form

o, 41 — 21 io, 42 — 22 io, dn — 2
7 P (e = el S el ) (1.1.37)
1— ary 1— anzyn 1— anin

where 0 € R", a € D", and P is a permutation matrix. On the other hand, every
automorphism of B,, is of the form

—Pz—s,(I— P
s pd T Pt =8l = Pz (1.1.38)
1 —(z,a)

where a € B,,, U is a unitary matrix, s, = /1 — |la||, and P,z = géZia

1.1.5 Riemann Extension Theorem, Zero Sets, and Injective Maps

In 1D, if a function is holomorphic in U \ {p} and locally bounded in U (for every
q € U there is a neighborhood W of g such that f is bounded on WN (U \{p})), then
the function extends holomorphically to U. In several variables, the same theorem
holds, and the analogue of a single point is the zero set of a holomorphic function.

Theorem 1.1.7 (Riemann Extension Theorem) Let U C C" be a domain, g €
OW), g £ 0,and N = g~1(0). If f € OU \ N) is locally bounded in U, then
there exists a unique F € O(U) such that Fly\n = f.

Its proof involves cutting N “transversely” by complex lines, applying the 1D
Riemann mapping theorem and using the Cauchy formula as glue.

The set of zeros of a holomorphic function has a nice structure at most points, as
codified in the following theorem.
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Theorem 1.1.8 Let U C C" be a domain, f € OU), f # 0, and N = f~1(0).
Then there exists an open and dense Ny, C N such that at each p € Nyg, after
possibly reordering variables, N can be locally written as

2 =81, ..., Zn-1) (1.1.39)
for a holomorphic function g.

The proof is to consider all possible derivatives of f. One of them must be nonzero
somewhere on N (by analyticity). Then one applies the implicit function theorem.
For holomorphic f: U C C" — C”, let us write the holomorphic Jacobian as

Df = [%} . (1.1.40)
ke

0z¢
Note that |det Df|> = det Dg f, where Dg f is the real Jacobian matrix.

Theorem 1.1.9 Suppose U C C" is open and f: U — C" is holomorphic and
one-to-one. Then det Df is never zero on U.

In 1D, every holomorphic function f can, in the proper local holomorphic coordi-
nates, be written as z¢ for d = 0, 1,2, ..., up to a constant. Such a simple result
does not hold in several complex variables in general, but if the mapping is locally
one-to-one, the present theorem says that such a mapping can be locally written as
the identity. The proof of this theorem essentially reduces to the 1D statement, but
not trivially.

Therefore, if a holomorphic map f: U — V is bijective for two open sets
U,V C C", then f is biholomorphic.

Example 1.1.5 The theorem does not hold in different dimensions. f: C — C2

given by z > (z2, Z°) is one-to-one and onto the cusp (z? — z% = 0), but f'(0) = 0.

1.2  Convexity and Pseudoconvexity

Sean Curry

1.2.1 Pseudoconvexity

The motivating question of this lecture is: Which domains can be domains of
maximal analytic continuation of a holomorphic function?
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A central concept which will be introduced is pseudoconvexity. It will answer the
above question. In fact, we will distinguish between three different notions:

e Convexity (linear convexity in the usual sense),
¢ (C-linear convexity,
* Pseudoconvexity.!

For example, a bean shape is not convex but it may be pseudoconvex. We will
elaborate on these notions in what follows.

In this talk, we will focus on domains rather than functions. It turns out that not
every domain in C” is a natural domain for holomorphic functions.>

Definition 1.2.1 Let/ € C”" be a domain (a connected open set). The set U is
called a domain of holomorphy if there do not exist nonempty open sets V and W
of C"withV CUNW,W & U, and W connected, such that for every function
f € O(U) there exists an F € O(W) with Fly = f|y.

The idea here is that if a domain U is not a domain of holomorphy and both V, W
exist as in the definition above, then f “extends across the boundary” somewhere.
This is illustrated with the following picture, where V acts as “glue” between the
other two domains:

(1.2.1)

!'In a tangential direction, Sean started by mentioning some places where the topics of Cauchy-
Riemann geometry and (strong) pseudoconvexity arise in connection with physics (“tasty bits” that
unfortunately go beyond the scope of these introductory lectures). The work of Fefferman [2—4]
in the 1970s on strongly pseudoconvex domains inspired the work Fefferman and Graham [5] (cf.
[6]) on conformal invariants, where they developed the boundary expansions for the asymptotically
AdS metrics that are used in the AdS/CFT correspondence; Fefferman’s result [2] also showed that
the biholomorphically invariant geometry of a bounded strongly pseudoconvex domain in C" is
equivalent to the Cauchy-Riemann geometry of the boundary, a prototypical example of a “bulk-
boundary correspondence” with strong connections to AdS/CFT. Cauchy-Riemann geometry also
arises in various ways in twistor theory and in the antecedent work of Robinson, Trautman and
others, where Cauchy-Riemann structures arise from shear-free null geodesic congruences in
spacetimes (which are “twisting” if the Cauchy-Riemann structure is strongly pseudoconvex).
In this setting a connection was found between Maxwell’s equations and the tangential Cauchy-
Riemann equations and then between Einstein’s equations and the tangential Cauchy-Riemann
equations. This played an important role in the discovery and study of algebraically special
spacetimes such as the Kerr black hole solution [7-10].

2 Sean is using the notation C to mean the same as Jifi’s C. Both symbols denote a subset that
does not need to be proper.
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Note that we also can have non-trivial monodromy as follows:

D
K ——
3

Here in principle the domain W can wrap around a branch cut, in which case the
function “locally extends” around it. A function F defined on W is said to extend
the function f on U if F|y = f|y (for some open set V. C U N W); the functions
F and f may differ on other parts of U N W, i.e. the extension may give rise to a
multivalued function. For example, the principal branch of the logarithm function
on the cut plane is extendable across the branch cut away from the origin.

(1.2.2)

Remark 1.2.1 One can show (see, e.g., [11, Thm. 2.5.5]) that if Q is a domain
of holomorphy, then there exists a function f € O(£2) that cannot be analytically
continued past 2. However, any individual f € O(£2) might admit an analytic
continuation outside of 2.

Example 1.2.1 The unit disc D is a domain of holomorphy since we can always
construct functions with singularities on any point of dID. For example if {1} e W,
then — 1 - does not extend beyond z = 1. Similarly, if e ew, then 77— does not

extend beyond z=¢elf.

Example 1.2.2 Alternatively, one can ask what functions have D as the maximal
domain? We can construct such functions, with a dense set of singularities on the
boundary 9D, by defining

f=3 o  f@o=) . (1.2.3)

w1th a € Z,a > 2. Consider the first one. By pluggmg inz =e”" i for any fraction
P
7 P e get that for any k > ¢ in the sum, (ezm 4) = 1, so the series defining f(z)

diverges at any z = e iq and from the sparsity of the coefficients we can conclude
that f(z) tends to infinity as z tends to any such boundary point. These points form a
dense set of singularities on 9D, so that f(z) cannot be analytically continued across
any boundary point. Functions with such an obstruction to analytic continuations are
called lacunary functions.
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Remark 1.2.2 The argument from Example 1.2.1 showing that D) is a domain of
holomorphy can be applied to any domain U C C. Thus, any domain U C C is a
domain of holomorphy, since we can place poles at any point on the boundary of U.

Now we want to understand how domains of holomorphy can look like in several
complex variables. Let us first consider an example.

Example 1.2.3 The unit ball B* € C" is a domain of holomorphy.

Proof 1f (1,0, ...,0) € W, then the function f(z) = 1+ does not extend across

B B
- (1.2.4)

By symmetry, other points can be handled by composing the function f(z) with a
rotation, giving a function of the form (affine Tmean) with a pole on a complex affine
subspace of C" that passes through the chosen point on dB” (and is tangent to dB"
at that point).

Affine linear = 0

o o
sits inside 7,,5%" !
\

(1.2.5)

Remark 1.2.3 The same construction clearly apples to any convex domain (recall
that, for simplicity, we are restricting to domains with smooth boundary). In
particular, any convex (or C-linearly convex) domain U < C" is a domain
of holomorphy. (Here, C-linearly convex means convex in complex tangential
directions.)

The key point is that, in order to have a domain of holomorphy in C”*, we need room
to “fit” the singularities which now lie on hypervarieties. Note that the ball B” is
convex and is in fact a domain of holomorphy. As noted in the preceding remark,
this observation works more generally.

Theorem 1.2.1 Any convex domain U € C" is a domain of holomorphy.

The question now becomes whether convexity is actually needed.
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1.2.2 Non-convex Domain of Holomorphy

Domains of holomorphy are often not geometrically convex, so classical convexity
is not the correct notion but it is in the right direction. Before giving an example
of a non-convex domain of holomorphy, we show that by a biholomorphic change
of coordinates the unit ball in C" (which is strongly convex) can be realized as an
unbounded domain that is convex but not strongly convex.

Im(w)

bihol™ ®

‘ A linear fractional transformation:

' Re(w)

o Gz (Im@) > )

(strongly convex) (weakly convex)

(1.2.6)

In the figure above, we map a ball by a biholomorphic linear fractional transfor-
mation® to the “Siegel upper half-space” ; this map (or its inverse) is known
as the (generalized) Cayley transform as it generalizes the well-known Cayley
map from the disc to the upper half-plane in one complex variable. Explicitly, the
biholomorphism @ : C" \ {z, = —1} — C" is defined by

.6p— 2
d(z) =1
() 1+Zn
11—z .
where e, = (0,...,0, 1). (In the n = 1 case the map becomes z ll , which
z

is the inverse of the map z — 1 that takes the upper half plane to the disc.)

I +z
Note that the domain on the left-hand side (the ball) is strongly convex, whereas the

3 Geometrically, the map @ can be seen as a change of affine chart for CP". This is what is indicated
in the figure under the arrow in (1.2.6) above. We think of the copy of C" containing the ball on
the left hand side of the biholomorphism above as the standard affine chart for complex projective
space (the horizontal “plane” drawn in red in the figure below the arrow) so that B” is identified
with a subset of CPP" (a quadric, corresponding to the lines inside the cone in the picture below the
arrow). The map @ then simply amounts to viewing the ball B” € CP” in a different affine chart
for CPP" (corresponding to the “plane” drawn in blue that makes a 45° angle to the first, which we
think of as the copy of C" on the right hand side of the biholomorphism arrow that contains $2p).
Note that & sends one point on §21=1 = 3B" to infinity, namely the point (0, ..., 0, —1); this
corresponds to the fact that the blue affine chart (the one drawn at 45°) cuts every line in the cone
except the one corresponding to that point. The cone slicing picture very succinctly describes the
generalized Cayley transform and shows the “parabolic” nature of the domain ¢ (slicing a cone
at 45° gives a parabola). Unfortunately, however, we cannot draw in high enough dimensions to
show how the flat direction in 82 arises from slicing the “cone” in C"*+1.
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domain on the right-hand side (£2) is only convex. If we perturb B” slightly, it will
remain strongly convex, but if we perturb ¢ slightly, it may become non-convex.

If we bend the “Siegel Upper Half Space” Qo = {Imw > ||z||2} as described
above slightly to a domain 2 described by Imw > ¢(z, zZ, Re w) where the function
@ is defined by ¢(z,z, Rew) = lzlI*> = e(Re w)? for points near the origin (with
€ > 0 small) and is smoothly extended so that ¢(z,z, Rew) = ||z||2 for points
far from the origin, it remains a domain of holomorphy (assuming that the first and
second derivatives of ¢ behave mildly on the interpolating region, which can easily
be ensured). It stays convex in the directions zy, z2, ..., Z5, but not in the Re w
direction:

(1.2.7)

This is a non-convex example of a domain of holomorphy. Although it is not
convex, one can still find complex hypervariety tangent to each point of 92 that
otherwise lies on the outside. For example, we can use the Cayley transformation
to view this as a perturbation of B"” (which is convex) and then carry the singular
functions over to handle the domain 2.

The above discussion means that what we really want is some kind of a notion
of convexity “in the complex tangent directions.” But only roughly: this would lead
us to the notion of C-linear convexity which is stronger than what we really want.
We also want a notion of “convexity” that is invariant under (local) biholomorphic
changes of coordinates. Before we come to the appropriate definition we will first
consider some non-domains of holomorphy. A domain fails to be convex if there
are two points in the domain such that the line segment between these two points
contains points outside of the domain. We will see that a domain fails to be a domain
of holomorphy if there is a complex disc (or more generally the image of a closed
analytic disc ¢ : D — C") whose boundary lies inside the domain but whose
interior contains points outside the domain, provided this disc can be obtained as a
member of a continuous family of discs where one of the (closed) discs in the family
is completely contained in the domain.

1.2.3 Non-domains of Holomorphy

Now that we have encountered a number of domains of holomorphy, it is time to ask
when does a domain fail to be one? As a concrete example, consider the following
Hartogs figure H € C? (with0 < a, b < 1):
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[wl ) In diagrams, the Hartogs figure

is often drawn as:

— =

a c 1 (1.2.8)

In drawing the diagram on the right, we have to imagine that H revolves around
in (z, w) space with the radii given by the left picture. In particular, the “arms”
of the “H” are connected to each other and contain circles that surround the white
space between the arms. These circles bound a family of discs that cover all the
points corresponding to the white space between the arms, and this is the key to the
following theorem.

Theorem 1.2.2 (Hartogs, 1906) Every f € O(H) extends to F € O(D x D).

Proof For every f € O(H), we can use Cauchy’s integral formula in 7 to extend it
to F € O(D x D) using the analytic dependence of boundary values on w.

Hence, H is not a domain of holomorphy. For example, if we tried to put a pole
somewhere in the middle, it would always poke out through the H. Hence, a
pole contained in D x D \ H cannot exist. If we hypothetically had an isolated
singularity, we could avoid H. Hence, a holomorphic function F cannot have
isolated singularities.

There are higher-dimensional versions of the above figure with w =
(wy,...,wg)and z = (z1, - .., 2»). Moreover, we can dilate and rotate this example
using unitary transformations to “fit” it near the boundaries of other domains. For
example, one can use it to show that C> \ R? is not a domain of holomorphy, but
C2\ (C x {0}) is. In another special case, we have the following result on removable
singularities.

Corollary 1.2.1 Forn > 1, every f € O(C" \ {0}) extends to F € O(C").

Audience Question 1.2.1 If we have U that is a domain of holomorphy but not
convex, can we make a biholomorphic mapping to find a convex domain?

Answer: Not in general. It is a very hard problem. We’ll see that domains of
holomorphy are characterized by pseudoconvexity (meaning that the Levi form,
which will be defined below, is nonnegative at every point). It is easy to show that
a domain that is strongly pseudoconvex (meaning that the Levi form is everywhere
positive definite) can be locally made strongly convex by a biholomorphic change
of coordinates, but this can not always be done globally. On the other hand, even
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locally not every pseudoconvex domain can be made convex by a biholomorphic
change of coordinates, see [12, 13].

The key idea behind the Hartogs extension phenomenon described above is
that one has a family of discs whose boundaries stay in the domain U but whose
interiors sweep out the region to which one is trying to extend. The next theorem,
the Kontinuitdtssatz, is essentially saying that to establish the local holomorphic
extension of functions f € O(U) accross a boundary point p € dU it is enough to
find a family of holomorphic discs that remain inside U (and whose boundaries stay
“well inside”) tending to a limiting disc that contains p in its interior.

Theorem 1.2.3 (Kontinuitétssatz, Version 1) Suppose that U € C" is open and
there exists a sequence of closed analytic discs i : D — C" converging (pointwise)
to a closed analytic disc ¢ : D — C", such that g (D) C U for all k and ¢(dD) C
U. Then there exists a polyradius s > 0 such that for every f € O(U) and every
p € (D), thereisan F € O(As(p)) with F = f on some open subset of UNAg(p).

.——’._’,_;//__.——0 ©r(D)

——
= |

p (1.2.9)

In the above figure the theorem gives us a fixed neighborhood As(p) of the point p
such that every holomorphic function f in U extends to As(p).

The idea behind the proof is as follows. The boundary points of the discs stay
bounded away from oaU and the Cauchy estimates at/near the boundary points
propagate to the interior of the discs by the maximum principle. Thus, uniform
lower bounds for the “polyradii” of convergence are obtained, giving the result.

Now, we want to find out what is the right condition on dU (assuming that it is
smooth) to avoid the presence of the above discs. This question can be studied with
the Cauchy—Riemann (CR) structure of the boundary.

1.2.4 The CR Geometry of the Boundary

Consider a local biholomorphism @ from M to some M’. Which part of the
geometry is preserved?

local bihol™ ®

(1.2.10)
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The derivative D® is a C-linear isomorphism at each point. It preserves the
maximal complex subspace H, C T, M and the complex structure J, : H, — H)p,
the restriction of the ambient complex structure J, : 7,C" — T,C" to H, =
T,MNJ,T,M. Since J?, = —Id on T,,C", JI% = —Id on Hj,. Vectors not lying in
H), get rotated out of the tangent space T, M when acted on by J :

(1.2.11)

So the part of the geometry that is preserved is the CR structure: (M, H, J).
Although J;, allows us to think of the real 2(n — 1) dimensional vector space H), as
a complex vector space (defining the multiplication by i by i X = J, X for X € H))
it is customary and in the end much more convenient to think of H), as being a real
vector space. Since the operator J, : H, — H) squares to minus the identity, it
has eigenvalues = i; hence, if we complexify H, to CH, = C Qr H, we may

decompose CH), into i and — i eigenspaces as CH), = TISI’O)M @ TISO’I)M. Here,
TISI’O)M is the (n — 1)-dimensional complex vector space {X — iJ,X | X € Hp}
and TIEO’I)M is the conjugate vector space {X + iJ,X|X € H,}. Equivalently,

T[}’OM = TISI’O)(C” NCT,M = ker 0r|, where r is a local defining function for M
and

0
T(]’O)Cn -]
p 971

0
B

) } . (1.2.12)
p P

Knowing TISI’O)M is equivalent to knowing H, and J,, so this gives an alternative
way to define the CR structure. For convenience we will write d = n — 1 for the
complex dimension of T,ﬁl’O)M , which is known as the CR dimension of M. The

space T,Sl’O)M is known as the holomorphic tangent space to M at p. Typically

Tlgl’O)M is described by giving an explicit frame, see, e.g., Examples 1.4.1 and 1.4.2
in Lecture 4.

The key point is this. If we pick a complementary direction 7' (a vector field
tangent to M) to H, € T, M, then the direct sum decomposition

oM = H, ® RT,, (1.2.13)
complexifies to
1,0 0,1
CTM=T""MaT""M&CT,. (1.2.14)
The final decomposition can be written as £ @ £% @ £° in Penrose-style notation.

If r is a local defining function for M = 9U (meaning that r < Oin U whiler =0
on dU and dr # 0 on aU), we can write the corresponding decomposition of the
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tangential part of its Hessian using Penrose abstract index notation as:

Tap Ty Tl
Hess(r)|TpM = | rap rap rao | - (1.2.15)
rop rOE ro0

Here, o~ and rgg are conjugates, as are ryg and I&8- In this notation, convexity
means that this Hessian is positive (in the tangential directions):

Hess(r)|TpM >0 forallpe M. (1.2.16)

On the other hand, pseudoconvexity means that only
ra320 forall p e M. (1.2.17)

Remark 1.2.4 The Penrose-style notation is meant to be interpreted as expressing
the abstract block decomposition of Hess(r)|Tp y corresponding to the decom-
position (1.2.14) of the (complexified) tangent space. But, of course, if one
were to introduce a basis (Zy,..., Zy) for TISI’O)M and set Zz; = Zg, then
(Z1,...,24, 24, ...,Z; T) would be a basis of CTp M that respects the decompo-
sition (1.2.14) and (1.2.15) could then be interpreted as giving the (2d+1) x (2d+1)
matrix for Hess(r) |T,, > in this case we can interpret ryg as Hess(r)(Zy, Z 3) and

condition (1.2.17) is the condition that the matrix (”aﬁ) is positive semidefinite.
Finally, let us wrap up this lecture with a precise definition.

Definition 1.2.2 (Levi Pseudoconvexity) Supposel/ € C” is an open set with
smooth boundary, and r is a defining function for U at p with r < O in U. Then U
is said to be pseudoconvex at p € M = dU if

n

(1,0)
€T,"M .
P

n
d
>0 forall X, = a;—
p b Z '/BZJ'
j=1

p

_\n . or
Xpr=3"j-14j5;

(1.2.18)

The hermitian form on Tlgl’O)M defined by the left hand side of the above display is
called the Levi form of M = dU at p. So, a domain is said to be pseudoconvex at
p € dU if and only if the Levi form of dU is positive semidefinite at p.

This is the biholomorphically invariant part of the convexity condition. Given
a point p € M (using dr, # 0) one can find a local biholomorphic change
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of coordinates so that in the new coordinates ¢ we have 5~— { = % = 0. On the

3r

other hand, the complex Hessian 505 transforms as a tensor under change of

coordinates: if &, = fin (21, ..., 20), m = 1, ..., n,is alocal biholomorphic change

of variables and f = (f1, ..., fin) then from the chain rule and the fact that ?T”_‘ =0
J
one can easily show that

Prof) <~ 9 3fedfm

— = — — (1.2.19)
0C;08k ol 02¢0Zm 0 ALk

3% (rof)
0808k
from the explicit expression one can see that at a point p where dr # 0 one can find
92(rof)
0808k
What is the significance in restricting the complex Hessian appearing in (1.2.18)

to holomorphic tangent vectors X, € T,SI’O)M to M (rather than considering all
X, € T,gl’o)(C")? The key point here is that 3}, a;dx azaj;arzk

(the corresponding formula for involves the second derivatives of f and

a change of coordinates map f such that is zero at p).

only behaves
P

nicely under a change in the defining function r when X, = Z’}_l aj % €
J

75" M (equivalently, when X,r = Y" im1aja5|, = 0 If F = eVr is another
J

defining function (where Y is an arbitrary smooth real valued function) then, since
r(p) =0,

i _ % T2”:<_<’92r+ar or .o ar)
ajap——— | =¢ ajaj——(—— T4 —ay_— T4 — Ak
oyt 9202k | oyt 0707k dz; 0% dz; 0z /) |,
(1.2.20)
(1,0) .. .
When X, € T, M this simplifies to
n 32~
- oT
aj; 1.2.21
Z szazk Z az,E)Zk ( :

jk=1

and hence the condition (1.2.18) in Definition 1.2.2 does not depend on the choice
of defininig function . Moreover, the Levi form of M = 9U at p is well defined
(independent of the choice of the defining function) up to multiplication by a
positive constant.

Remark 1.2.5 Some of the material covered at the start of Lecture 4 (Sect. 1.4) was
meant to be covered before Jif{’s lecture on CR functions (Sect. 1.3), but there was
not enough time. The reader may find it helpful to look at these parts of Lecture 4
(Sects. 1.4.1 and 1.4.2) before reading Sect. 1.3.



22 S. Curry and J. Lebl

1.3 CR Functions

Jif{ Lebl

1.3.1 Real Analytic Functions and Complexification

Let us recall a simple result, which is a traditional way of interpreting complexifi-
cation.

IfU c C"isadomain, UNR" £ @, f,g € O(U),and f = gon U NR",
then f = g. The result goes the other way as well: If V. C R”, f: V — Ris real-
analytic (that is, locally given by real power series), then there exists an open domain
U c C" such that V C U and a unique holomorphic function F € O(U) such that
F|y = f. The proof is essentially that given real power series Y, c,(x — p)", we
can insert complex numbers and obtain ), c,(z — p)".

There is usually a better way to complexify real-analytic functions in C”.
Suppose U € C" =R and f: U — C is real-analytic. Write (at 0 for simplicity)

FaN = fn@y) =Y fu (Z;Z,Z;Z). (13.1)
m=0

m=0

The polynomial f,, becomes a homogeneous polynomial of degree m in the
variables z and z, which means the series is a power series in z and z. Hence, at
any point, the function f equals

Y apz—a)*G—a)P, (13.2)
op

in multinomial notation. We will simply write it as f(z, 7). A holomorphic function
is real-analytic, but not vice versa. A holomorphic function is a real-analytic
function that does not depend on Z.

Before further discussion, we will need the following result. Let U C C* x C"
be a domain and f, g € O(U) such that f = g on the diagonal

UND=UN{(z¢)eC"xC":¢ =2z} (1.3.3)

Then f = g on all of U. The result also goes the other way: If f: V ¢ D — C
is real-analytic, then f extends to a neighborhood of V in C**. We identify C" and
D c C" x C" with 1(z) = (g, 2).

Example 1.3.1 In one dimension, the function

1 1

= , 1.34
+1z)2 142zzZ ( )

f(z,Z)=1
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is real-analytic in C, but is not a restriction on the diagonal of a holomorphic
function in all of C2. The problem is that the complexified function

fz o) = , (1.3.5)

1+z¢
is holomorphic in C? \ {z¢ = —1}, i.e., it is undefined on the set where z{ = —1.

Example 1.3.2 If u(z, z) is a (pluri)harmonic function, then u(z,z) = Re f(2).
How can we recover f from u in this case? First, notice that we have

u(z,z) = w (1.3.6)
Without loss of generality, we can set f(0) = 0. This implies
f (@) =2u(z,0). (1.3.7)

The idea of treating z as a separate variable is very powerful, and as we have just
seen, it is completely natural when speaking about real-analytic functions.* This is
one of the reasons why real-analytic functions play a special role in several complex
variables.

Remark 1.3.1 There is no good control over the neighborhood to which f extends.
This is true even in 1D: Given any interval (a, b) and any neighborhood U of (a, b),
there is a function F € O(U) that does not extend beyond any boundary point of U.
So f = F|,p) also cannot extend further. If we want any additional estimates to
hold, we need to know something more about the function.

1.3.2 CRFunctions

So far we have talked about the submanifold R*  C". What can we say about more
complicated submanifolds?

Suppose M C C" is a hypersurface, then a function f: M — Cis a CR function
if

X,f =0, (1.3.8)

for all vectors X, € TISO’l)M for all points p € M. Moreover, if M C U C C" and
F € O(U), then F|j; is a CR function.

4 Jif{ recalls a story of asking his advisor if there is a typo in the formula (1.3.7) because it looks
too good to be true.
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The question is whether the reverse statement holds. In fact, it is not always true:
If M is real-analytic, then also F|j; is real-analytic, so no smooth-only CR function
f on M is such a restriction.

Theorem 1.3.1 (Severi) If M and f are real-analytic and f CR, then f extends
holomorphically to a neighborhood.

Proof The proof feels like cheating, so let us do it. Suppose without loss of generality
that 0 € M and M is real-analytic. Then, there is a holomorphic function ®(z, ¢, w)
in a neighborhood of 0 in C*~! x C"~! x C, such that M is

w=d(z,7z, w), (1.3.9)
and P, %, % vanish at 0 and w = CB({, z, (z, ¢, w)). A basis for TOD s s
given by
0 0od 0 0 ad 9
—_t = =—+t——=, k=1,...,n—1. (1.3.10)
0Zxy 0z ow dZxy 0 dw

We therefore conclude that M is w = ®(z, Z, w), TODpf s given by % + %%.

Define the complexification M C C** by w = ®(z,¢, w). Moreover, let us

complexify f(z, w,z, w) to f(z, w, ¢, w).
Now comes the trick: Let us define

F(z,w, ) = f(z,w, ¢, Pz, ¢, w)). (1.3.11)

9

Because f is a CR function, it is killed by a‘% + % 35 on M. Hence

OF 9P IF _OF

ofr L 0%of _ 9% 13.12
0k 04k do 0Ly ( )

This is true everywhere by complexification. So F is a function of z and w only.
Therefore, F is a holomorphic function on C" (on some neighborhood of M ). O

Example 1.3.3 Consider M C C? given by
Imw = |z]*. (1.3.13)

That is, “’2;[“7 = zZ, or in other words, M is given by w = —2iz¢ + w, and the CR
vector field by a% —2i z%.

The most important place where we find CR functions that are not necessarily
real-analytic is as boundary values of holomorphic functions.
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Proposition 1.3.1 Suppose U C C" is open with smooth boundary and f: U — C
is smooth and holomorphic on U. Then f|yy is a smooth CR function.

Proof Each X, € TP(O’D8U is a limit of TV C" vectors from the inside. O

The boundary values of a holomorphic function define the function uniquely.
That is, if two holomorphic functions continuous up to the (smooth) boundary are
equal on an open set of the boundary, then they are equal in the domain. This
statement is made precise in the following proposition.

Proposition 1.3.2 Suppose U C C" is a domain with smooth boundary and

f: U — C is smooth, holomorphic on U and f|sy is zero on a nonempty open
subset. Then f = 0.

Proof Take p € 0U such that f = 0 on a neighborhood of p in dU. Consider a
small neighborhood A of p such that f is zero on dU N A. Define g : A — C by
setting g(z) = f(z) if z € U and g(z) = 0 otherwise.

(1.3.14)
It is not hard to see that g is continuous, and it is clearly holomorphic where is not
zero. Use Radé’s theorem (see below) to extend g as O outside, then use the identity

theorem.

Theorem 1.3.2 (Rado) If U C C" is open and g: U — C continuous and
holomorphic on

U'={zeU:g()#0} (1.3.15)
Then g € O(U).

This is Jiti’s favorite theorem.

1.3.3 Approximation of CR Functions

A problem we tackle next is trying to extend a smooth CR function from the
boundary of a domain to a holomorphic function inside of it. This is essentially a
PDE problem where the PDE are the Cauchy—Riemann equations, and the function
on the boundary sets the boundary conditions. But notice that Cauchy—Riemann
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equations are overdetermined, that is, there are too many equations. It means that
not every boundary data gives a solution. The two propositions above say that,
respectively, the boundary data being CR is a necessary condition for a solution
(it is not sufficient in general) and that a solution is unique if it exists.

Let us give examples of functions that are not boundary values of holomorphic
functions.

Example 1.3.4 Suppose M = R C C. Let us define the following function
f:M—C:

2.
flx) = {e ifx#0. (13.16)
0 ifx =0.

Then f is CR (trivially), but is not a restriction nor a boundary value (from
either side) of a holomorphic function continuous up to 0. We can come up with
generalizations of this example to several variables by working on M = R x C.

Example 1.3.5 Define the function f € B> — C by

fz1,22) =

{e]/\/11+1 if 71 #_1’ (L3.17)

ifz1 =—1.

Then f is smooth on Ez, holomorphic on B;, but near (—1, 0) it is not a restriction
of a holomorphic function (it is only a one sided extension).

A neat technique for extension is to approximate functions by polynomials. The
following theorem holds in much more generality, but here we state its simplest
version.

Theorem 1.3.3 (Baouendi-Treves) Suppose M C C" is a smooth real hypersur-
face, p € M. Then there exists a compact neighborhood K C M of p, such that
for every CR function f: M — C, there exists a sequence {p;} of polynomials in z
such that

pe(z) = f(2) uniformly in K. (1.3.18)

A key point is that K cannot be chosen arbitrarily, as it depends on p and M.
On the other hand, it does not depend on f. Given M and p € M, there is a K
such that every CR function on M is approximated uniformly on K by holomorphic
polynomials.

Example 1.3.6 The K depends only on M, but can not always be all of M: For
example, M = S! and f=z
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The proof is based on the standard proof of Weierstrall theorem: If f: [0, 1] —
R is continuous, then it is approximated on [0, 1] by the entire functions

1
fi(z) = / coe tC’ Fnydr (1.3.19)
0

for properly chosen c;. The proof involves taking partial sums of the power series.
Baouendi-Treves uses the same idea on a totally real subset of M and a slightly
modified version of the above argument.

1.3.4 Extension of CR Functions

The following is called the Lewy extension theorem, but goes back to Helmut
Knesser in 1936.

Theorem 1.3.4 Suppose M C C" is a smooth real hypersurface and p € M. There
exists a neighborhood U of p with the following property. Suppose r: U — Ris a
smooth defining function for M N U, denote by U_ C U the set where r is negative
and Uy C U the set where r is positive. Let f: M — R be a smooth CR function.
Then:

(i) If the Levi form with respect to r has a positive eigenvalue at p, then f extends
to a holomorphic function on U_ continuous up to M.
(ii) If the Levi form with respect to r has a negative eigenvalue at p, then f extends
to a holomorphic function on UL continuous up to M.
(iii) If the Levi form with respect to r has eigenvalues of both signs at p, then f
extends to a holomorphic function on U.

So, if the Levi-form has eigenvalues of both signs, then every CR function is a
restriction of a holomorphic function.

Let us provide a quick sketch of the proof of (i). First, suppose p = 0 and write
M in the neighborhood of the origin as

n—1

Imw = |21+ Y elal’* + E@zi, 7, 21,7, Rew), (1.3.20)
k=2

where 7/ = (z2,...,2u—1), €& = —1,0, 1, and E is O(3). Next, apply Bauoendi—
Treves theorem to find a compact neighborhood K of the origin of the theorem. The

map

21+ |z + E(21,0,71,0,0), (1.3.21)
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has a strict minimum at the origin, and so does

n
21 |z +Z€k|2k|2+ E(z1,7,71,Z,Rew) —Imw for small z’, w.

k=2
(1.3.22)

We find an analytic disc A “attached” to K C M (i.e., d0A C K):

(1.3.23)

One can fill a one-sided neighborhood by such discs.

The next step is to apply Baouendi-Treves to find p, that approximate f
uniformly on K. The sequence {p} is (uniformly) Cauchy on d A for each disc. By
the maximum principle, {p,} is (uniformly) Cauchy on A. This implies that {p,} is
(uniformly) Cauchy on U_ U K, and it follows that {p,} converges to a holomorphic
function on U_ continuous up to the boundary. To see (iii), extend to one side, then
use the Tomato can principle or Kontinuititssatz to extend to the other side.

Example 1.3.7 Every CR function on Imw = |z;|> — |z2|? extends to an entire
holomorphic function on C* and hence must be real-analytic.

Example 1.3.8 Every CR function on Imw = |z 112 4 |z2/% extends to the set
Imw > |z1]? + |z2/2, but not necessarily below.

Example 1.3.9 There exist CR functions on Im w = 0 that extend to neither side.

Remark 1.3.2 These ideas led Lewy to find an example of an unsolvable PDE.
Another application is a special case of the following theorem.

Theorem 1.3.5 (Hartogs—Bochner) Suppose U C C", n > 2, is a bounded open

set with a smooth boundary, and f: 09U — C is a CR function. Then there exists a

continuous F: U — C holomorphic in U such that F|yy = f.

The special case is if we have at least one positive Levi eigenvalue at each point

and if we can extend through compacts. This is something we will study in the next
lecture.
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Remark 1.3.3 Neither Hartogs nor Bochner proved this; it was proved by Mar-
tinelli.

Example 1.3.10 E\Ey CR function on S2*~! c C", n > 2, is the boundary value
of a continuous F': B, — C that is holomorphic in B,,.

Example 1.3.11 The function 7 on ' < C is not the boundary value of a
holomorphic function on the disc; it would have a pole.

Example 1.3.12 Similarly, this is not true in general if U is unbounded. If U =
D x C C C2, then Z; is a CR function but does not extend inside for the same
reason.

1.4 The 3-Problem

Sean Curry

1.4.1 Levi Form

Let us return to the notions of pseudoconvexity that we started to explore in Sec. 1.2.

Recall that in the previous lectures we considered domains of C" that can be
written as U = {r < 0}, where r = 0 on the boundary M = dU. We considered the
complexification of the tangent bundle, which takes the form

CTM=T"9%oT®YMaCT, (1.4.1)

where TIEI’O)M & TIEO’I)M is the natural decomposition of CH), into i and — i
egenspaces of J at each p € M and T is a choice of real tangent vector field that
spans a complementary subspace’® to H at each point. This decomposition of the
complexified tangent space leads to a range of possible conditions on the Hessian of
a defining function. As previously, let us write the Hessian along the tangent bundle
as

Yap Ty Tal
Hess(r)| .y, = | rap rap rao | - (1.4.2)
r()ﬂ rOB r()o

5 This is sometimes referred to as “the bad direction.” Note, however, that the article “the” is not
totally justified in that, except for in certain cases of domains with special symmetry, there is no
biholomorphically invariant way to choose this complementary subspace.
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Then different the levels of convexity mentioned previously can be stated, infor-
mally, as follows:

Convexity: Hess(r)|7m =0, (1.4.3)

C-linear convexity: Top Tap >0, (1.4.9)
r&ﬂ V&B

Pseudoconvexity: - >0. (1.4.5)

More precisely, by (1.4.3) we mean that the Hessian of r is positive semidefinite
as a quadratic form at each point p € M when restricted to real tangent vectors to
M, by (1.4.4) we mean that the Hessian of r is positive semidefinite as a quadratic
form at each point p € M when restricted to H, € T, M (strictly speaking, since
7190 @ 7OV = CH, the notation in (1.4.4) translates to “Hess(r)|cgy = 0,
but what we really mean is that Hess(r)|g > 0, i.e., the corresponding real quadratic
form is positive semidefinite), and by (1.4.5) we mean that the Hessian of r defines
a positive semidefinite Hermitian form on T,SI’O)M for each p € M, that is, at each
point p we have Hess(r) (X, X_p) = 0forall X, € TISI‘O)M.

Let us focus on pseudoconvexity, which is the weakest requirement (and the only
one that is biholomorphically invariant). In practice, it amounts to checking that

Za,

J.k=1

n
5
>0  forall x,,:Zaja—r 7M. (146
— b4

Bz, 3Zk

The Hermitian quadratic form on the left-hand side is called the Levi form of r (or
of M = dU):

Levi(r)|p(Xp. ¥p) = Hess()|p(Xp. ¥p)  for X, Y, e TSMOM.  (1.4.7)

Pseudoconvexity just says that Levi(r) > 0 as a Hermitian form. The signature of
the Levi form is invariant and well-defined (it is independent of the choice of defin-
ing function and is invariant under local biholomorphic changes of coordinates).
This is a consequence of the fact that the Levi form is actually invariant as a line
bundle-valued Hermitian form on 710 7.

Example 1.4.1 Consider C? with complex Cartesian coordinates (z1, z2, w). The
domain defined by Im w > |z{|*> + |z2|* has boundary M defined by Im w =
|z1]> + |z2/*. A natural choice of defining function for our domain is r = |z1|> +
|z2]> — Im w. A frame for the holomorphic tangent bundle T-? M is given by

ad ad ad a
Zy = — +2i7— Zp = — +2iZ— 1.4.8
1 921 lZl8 2 922 lZZa ( )
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To see this it suffices to note that Z; and Z; are pointwise linearly independent,
lie in the span of the holomorphic vector fields Bz , 3z and 57~ on C3 and satisfy
Zor = 0 for @ = 1, 2 (these vector fields happen to be deﬁned and satisfy these
conditions on C3 but we really only need these > things to be satisfied on M). A
frame for 710 M is given by Z; = Z1, Z5 = Z». We wish to compute the Levi
form components Hess(r)(Z«, Zg). Note that for general (real or complex) tangent

vector fields X and Y on C3, computing Hess(r) (X, 7) is not the same as computing
X (Yr)or Y (Xr) since Hess(r)(X, Y) is tensorial in X and Y whereas the expression
X (Yr) involves the X derivatives of the coefficients of Y and Y (Xr) involves the X
derivatives of the coefficients of Y; the correct formula, for arbitrary vector fields X
and Y, is

Hess(r)(X,Y) =Y (Xr) — (Vy X)r, (1.4.9)

where Vy X is the vector field obtained from X by differentiating its components in
the direction of Y and all vector fields on the right hand side of the above display
are acting on the functions to their right as directional derivative operators. Using
the above displayed formula it is straightforward to compute that the Levi form of r
has components

Hess(r)(Zo Zg) = 28,5 (14.10)

at any point p € M (in more general examples the components of the Levi form
expressed in a general frame will be functions rather than constants; but, if the Levi
form is positive definite at some point, then by Gram-Schmidt it is possible to find a
frame in a neighborhood of that point such that the Levi form has components 4, 3,
or 28,5 if preferred, at all points in that neighborhood).

Example 1.4.2 Again, consider C> with coordinates (zi, z2, w). The domain
defined by Im w > |z1|> — |z2|? has boundary M defined by Im w = |z;]* — |z2|*.
A frame for the holomorphic tangent bundle 719 M is given by

a a a d
Z1=— +2i71— Zy=— —2i7p— 1.4.11
1 o + lZ]a 2 923 lZzaw ( )

and a frame for T'9M is given by Z; = Z;, Z; = Z,. Computing as in the
previous example, the Levi form of the defining function r = |z1|> — |z2|*> — Im w
is represented in the frame Z1, Z; by the matrix diag{2, —2}.

Example 1.4.3 Consider C" with the coordinates (z, w) = (z1, ..., Zn—1, w). The
domain defined by Im w > 0 has boundary M defined by Im w = 0. A frame
for the holomorphic tangent bundle 79 M is glven by the vector fields Z, = %
fora = 1,...,n — 1. The defining function r = —Im w is linear, meaning that
Hess(r) =0, and hence the Levi form of this domain is identically zero; we say that
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its boundary is Levi flat . Note that the boundaryM = C"~! x R, being Levi flat,
is pseudoconvex from both sides (meaning that both Im w > 0 and Im w < 0 are
pseudoconvex domains).

The hypersurfaces Im w = ellz1> + -+ €n_1]za_1|%, where ¢ € {1, —1,0},
are local models for general hypersurfaces (when viewed up to local biholomor-
phism) in the following sense (Lem. 2.3.9 in [1]):

Proposition 1.4.1 Let M C C" be a smooth real hypersurface and p € M. Then
there exists a local biholomorphic change of coordinates taking p to 0 and M to the
hypersurface given by

o a+p
Imw =" "|zl* = Y %l + E@ 2, Rew), (14.12)
k=1 k=a+1

where E is O(3) at the origin. Here « is the number of positive eigenvalues of the
Levi form at p, B is the number of negative eigenvalues and ¢ + B <n — 1.

By constructing a suitable Hartogs figure (or “tomato can”) it is easy to show that
holomorphic functions on Im w > |z1|? — |z2|? can be extended to a neighborhood
of the origin (in fact, to all of C3, but we focus here on local extendability).
Combining this observation (and its natural generalization to higher dimensions)
with Proposition 1.4.1 one readily obtains the following theorem (Thm. 2.3.11 in

[1]):

Theorem 1.4.1 (Tomato Can Principle) Suppose U C C" is an open set with
smooth boundary and the Levi form has a negative eigenvalue at p € 0U. Then
every holomorphic function on U extends to a neighborhood of p. In particulay, U
is not a domain of holomorphy.

The following figure illustrates the idea behind the proof, where here we have
applied Proposition 1.4.1 and permuted the z; variables so that z; is a direction
in which the Levi form is negative at p.

w
U l | Hartog’s figure

21

m
p
(1.4.13)

From the above theorem it follows that a domain of holomorphy must be pseudocon-
vex (since this is equivalent to the eigenvalues of the Levi form being nonnegative
at every point).
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1.4.2 Equivalences

We conclude our discussion of domains of holomorphy in C* with the following
theorem, giving a characterization of such domains in terms of pseudoconvexity
(and some final examples). At this point we allow for domains with non-smooth
boundary, with the caveat that we must then work with a different notion of
pseudoconvexity (due to Hartogs) that makes sense when the boundary is not
smooth and is equivalent to the (Levi) definition we have been using in the case
of smooth boundary. A longer list of conditions equivalent to being a domain of
holomorphy can be found in [1] (see also [11]).

Theorem 1.4.2 Let U C C" be a domain. Then the following are equivalent:

(i) U is a domain of holomorphy;
(ii) U is Levi pseudoconvex (provided oU is smooth);
(iii) U is Hartogs pseudoconvex, i.e., there is a continuous exhaustion function that
is plurisubharmonic.

Here, an exhaustion function is one that goes to infinity at the boundary. Plurisub-
harmonic means subharmonic on each complex line (i.e., on each one dimensional
complex affine subspace of C"). It is essentially a positivity condition on the
complex Hessian; morally it means “82 f/dz j0zxk = 07 (it means precisely this
if f is twice continuously differentiable, but the condition still makes sense if f is
merely continuous).

We have only proved that (i) implies (ii) in the case where dU is smooth. That
the notions of Levi pseudoconvexity and Hartogs pseudoconvexity are equivalent
when dU is smooth is proved, e.g., in [1, Thm. 2.5.8]. (This equivalence allows
us to say that a domain is pseudoconvex without needing to specify which of the
two definitions we are using.) That (i) implies (iii) is typically seen by showing that
the domains of holomorphy are “holomorphically convex” (see [1, Thm. 2.6.3] or
[11, Thm. 2.5.4 & 2.5.5]) and hence that minus the logarithm of the distance to the
boundary is purisubharmonic (see [11, pp. 44-45]). Proving that a pseudoconvex
domain is a domain of holomorphy is known as the Levi problem (as it was posed,
at least for the smooth boundary case, by Levi in 1911) and was solved in the early
1950s due, principally, to the work of K. Oka. This problem played an important
role in the development of analysis in several complex variables. Today, the solution
to the Levi problem is most commonly presented using the techniques for the -
problem developed by Kohn, Héormander and Andreotti-Vesentini (and others) in
the mid 1960s; see [11].

Although the prototypical example of a pseudoconvex domain in C" would be
either the unit ball or the unit polydisc (both are convex, and hence pseudoconvex),
in physics-related problems it seems that one might more commonly encounter
domains with Levi flat boundaries, such as in the following example.
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Example 1.4.4 An example that one might see in the physics literature is the
domain U = C" \ (Rgo x C"~1) C C" (imagine having a holomorphic function
f(z1,22...,2z,) that is entire in each of the variables z3, ..., z, but has a natural
boundary along the negative real axis in the z; variable). Note that the boundary is
then M = R¢p x C"~!, which (up to a permutation of the coordinates) is a part of
the boundary considered in Example 1.4.3 and so its interior R¢g x C"!is Levi flat
(pseudoconvex from both sides). That the domain U is pseudoconvex can be seen as
coming from the fact that all domains in C are pseudoconvex, since U is the product
of the cut plane C \ R¢o with C"~! and the product of pseudoconvex domains is
pseudoconvex (i.e., a domain of holomorphy).

(Cn—l
Levi flat /__ I~
X s ) VA
Natural boundary pseudoconvex on both sides

(1.4.14)

We have talked a lot about CR manifolds embedded as hypersurfaces in complex
Euclidean space, but (just as we can abstract the notion of a surface in Euclidean
space to get the notion of an abstract Riemannian manifold) one can also talk about
abstract CR manifolds. These are 2n 4 1 dimensional real smooth manifolds M
equipped with a complex rank n subbundle 79 M of the complexified tangent
bundle CT M with the property that T;I‘O)M N T,S‘*‘”M ={0} S CT,M forall p €
M and such that for any two vector fields X, ¥ € I'(T 19 M) the Lie bracket [X, Y]
also lies in 7(1:9 M. The CR structure 79 M of any smooth real hypersurface in
C"*! satisfies these conditions.® Here is an example of an abstractly defined CR
manifold (which will turn out to be equivalent to a familiar hypersurface in C**1):

Example 1.4.5 Consider the abstract Heisenberg CR structure on H, = C" x R

(not viewed as a subset of C”H) with coordinates (z1, ..., zx, t). We have
T'OH, = span{Z1, Za, ..., Zu}, (1.4.15)
where
v4 9 +iz 9 (1.4.16)
= —4izi—. 4.
TR FT

6 Some people prefer to talk about hypersurfaces in C"*! rather than in C” so that the dimension
of the hypersurface is 2n 41 rather than 2n — 1 and the CR dimension is » rather than n — 1. Sean is
doing this locally (by force of habit) for this example. There is no other significance in this change
of convention.
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Let us write Z ;= Z_] and T = % Then, one can show that
(T,Z;]1=0, [Z;,Zx] =0, [Zj,Zk]z—ZiSj,;T. (1.4.17)

Here, 26 jk are the abstract Levi form components (the Levi form can be defined
abstractly as i[X,Y] mod 79 @ 710 for sections X and ¥ of 719 this
expression is easily checked to be tensorial in X and Y and gives a well-defined
line bundle valued Hermitian form on 719 where the line bundle is the complex
tangent bundle mod 709 @ T(-9; one needs to trivialize this line bundle to
get an ordinary Hermitian form on 719 and this is done using the choice of T
which is analogous to the choice of defining function r in the embedded case).
The Heisenberg CR structure gets its name from these commutation relations
and the (corresponding) fact that there is a natural Heisenberg group structure on

H,, = C" x R with respect to which the frame Z1, Z», ..., Z, is left invariant.
The map
@1z ) @1 znn 2] (1.4.18)
|
w

embeds the abstract CR manifold (H,,, 7(-9H,,) as the boundary M of Qo =
{Imw > |z||?}; this map is a CR embedding in the sense that it identifies the abstract
CR structure (H,, T"9H,,) with the embedded one (M, T1-9 M), meaning that
the map is a smooth embedding with image M and the differential of the embedding
at each point p € H, induces an isomorphism between TISI’O)H,, and TISI’O)M LA
smooth embedding is a CR embedding if and only if its component functions satisfy
the tangential Cauchy-Riemann equations, meaning that the functions are in the
kernel of some, equivalently any, local frame Zi, ..., Z; for the antiholomorphic
tangent bundle of the abstract CR manifold in a neighborhood of each point. In
the case of our example it is easy to check that the components zj, ..., Z,, w =
t+i|z||? of the map (1.4.18) satisfy the tangential Cauchy-Riemann equations (i.e.,
lie in the kernel of the operators Z3, ..., Z;) and this is the quickest way to see that
the map is a CR embedding.

Im(w)

/ (1.4.19)



36 S. Curry and J. Lebl

Note that in this example, the abstract holomorphic tangent vector fields Z1, ..., Z,
defined in (1.4.16) are pushed forward by the diffeomorphism H, — M < C"*! to
the vector fields

9 +2iz 9 9 +2iz 9 (1.4.20)
— iZi—, ... iZn—, 4.
971 Zlaw 0Zn Z”aw
defined along M, where in this last display zi, ...z, are the first n coordinates

on C"*! whereas in (1.4.16) the 7, . .. z, are coordinates for the C" factor of the

abstract manifold H,, = C" x R (so “637” does not mean the same thing in (1.4.16)
J

as it does in (1.4.20); it might have been wise to use (¢, ..., ¢y, w) rather than

(z1,...,2n, w) to denote the coordinates on C" but we phose not to). To see

this, let # = Rew and v = Imw and note that % = % (% — lad_v) Clearly the

vector field % on Hj, is pushed forward to the vector field % on M. On the other

hand, since w also depends on z, the vector field % on H, is pushed forward to
the vector field 337,- + iZj% - iZj% = a‘% + Zjaiu (a quick way to check this
is to use (1, ..., {n, w) instead of (z1, ..., z,, w) for the coordinates on C*t!, so
that {; = zjand w =1 +1i |zl|%, and then use the chain rule to relate the various
partial derivative operators, where one thinks of the map H, — M C C"*! asa
parametrization of M by (z, t)). Combining these observations establishes our claim
(since iZ; 2 + 2,2 = 2iz;52).

Finally, note that r = ||z||> — Im w is a natural choice of defining function for 2
and (as in Example 1.4.1) one can easily verify that the Levi form of r in this frame
has components 2§ ik In particular, the Levi form is positive definite at every point.

1.4.3 Introduction to the 9-Equation

First of all, we need to understand what is the d-equation (9 is pronounced “dee
bar”). Let us introduce the notation

df = (ﬂ af> = f5,dZ1 + ...+ f5,dZ, . (1.4.21)

971" 9z

It will be the most convenient to think of 3 f as a (0, 1)-form, as on the right-hand
side. We assume some familiarity with forms, though it will not be essential. On
U C C", the 3 operator on functions described above extends to a family of maps
between the spaces A0k of (0, k)-forms:

F) F] P
0.0 01 5 025 5 A0, (1.4.22)

3
AT = A
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The space A%”, for example, is spanned by forms proportional to dzj A - - - A dZ,.

. . a .
We will focus our attention on the first operator A0 5 A0 deﬁned as in (1.4.21),

though this necessitates some consideration of the next operator A1 5 N02,
For a (0, 1)-form g, we write g = g1dz; + ... + g,dz,. Then
dg =0 & 3z, 85 = 05,85 forall j, k. (1.4.23)

Finally, it is straightforward to show that since the second partial derivatives
commute we have

3’ =0. (1.4.24)

We are now ready to state the d-problem (in the lowest degree case): Given
a (0, 1)-form g satisfying the obvious necessary condition (1.4.23), can we solve
af =g?

A sharper question is: can we find a solution operator? Alternatively, can we
“solve with estimates”? The last class of problems has for a long time been one of
the most active areas of research in several complex variables, tracing its roots back
to the work of Kohn, Hérmander and others in the 1960s. Being able to “solve with
estimates” is very useful. Suppose that we are trying to construct a holomorphic
function F (or some other “holomorphic” object) with certain desired properties,
and we know that we can construct such a function that is smooth and close to
being holomorphic (in an appropriate sense). Then we can take our approximately
holomorphic function Fypprox and set g = E_)Fapprox, which measures the failure
of our approximate solution to be holomorphic and should be “small” (and will
satisfy dg = 0 since 8> = 0). Then, if we are able to solve the d-problem with
estimates, this gives a solution f to df = g with f “small” (in some norm it
should be bounded by some other norm of g, which is small). In particular, the
smallness of f should force f to be different from, and relatively small compared
to Fapprox (both solve the é-equation with g as the right-hand side, but remember
that the space of solutions to this equation is very large since holomorphic functions
lie in the kernel of 9); this is done by choosing appropriate function spaces/norms.
Our desired holomorphic function F is then Fapprox — f, and the “smallness” of f
ensures that F retains the desired characteristics that Fypprox had by construction.

As a simple example of this (where the only “estimates” we need are the local
boundedness of the solution f) suppose that we are supposed to find a meromorphic

function F on C with prescribed poles at a finite number of points py, ..., p, and
with F having prescribed principal part of its Laurent expansion (the part involving
negative powers) at each of these poles. Picking discs A, (p1),..., Ar, (Pm)

around these points whose closures are disjoint, we may define Fypprox in each
punctured disc A;;(pj) \ {p;} to be equal to the polynomial in Z_]p_ that is
prescribed as the principal part of the Laurent expansion of F. We may then

smoothly extend Fapprox to all of C with compact support (meaning that Fypprox
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is zero outside of a large enough ball).

make Fyppox equal to the
prescribed Laurent expansion
around each of the sings. (1.4.25)

Note that g = E_)Fappmx will be zero inside each of the punctured discs, and hence
can be extended by zero across the points pi, ..., pn, so as to be defined on all of C.
Thus, we have a compactly supported smooth (0, 1)-form g (that trivially satisfies
dg = 0) and if we know that there is a locally bounded solution f to 8 f = g,
then F = Fypprox — f will be holomorphic on C \ {p1, ..., px} and (due to the
boundedness of f near each point p;) will have the prescribed polynomial in #
as the principle part of its Laurent expansion at each of the p;. We will see in the
discussion that follows how to find such a function f.

1.4.4 The Generalized Cauchy Integral Formula

Before we get into the d-problem, let us state a more general version of Cauchy’s
formula using Stokes’ theorem (really, Green’s theorem). This version is called the
Cauchy—Pompeiu integral formula. We only need the theorem for smooth functions,
but, as it is often applied in less regular contexts and is just an application of Stokes’
theorem, let us state it more generally. In applications, the boundary is often only
piecewise smooth, and again that is all we need for Stokes.

Theorem 1.4.3 In one complex variable, we have the Cauchy—Pompeiu formula:

af
=(0)
Fo) = 1 f(;“)dthr 1 PY:

S 2mi Jyy c—z 2mi Jy ¢t —z

dc ndc . (1.4.26)
N —
—2idxNdy

for z € U with piecewise C' boundary U and f : U — C continuous with
bounded partial derivatives in U.

The proof involves excising a small disk A,(z) from U and applying Stokes’

theorem on U \ A, (2).
@/Ar(z)

(1.4.27)
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The basic idea for several complex variables is to recycle the above 1D problem
but also use dg = 0, which means that the derivatives are not independent of each
other and hence allows us to tie different 1D problems together.

1.4.5 Compactly Supported 3-Problem

Let us now consider U = C" with n > 2. Most of what we say below will also work
forn =1.

Theorem 1.4.4 Suppose g is a (0, 1)-form on C" with n > 2, which is smooth,
compactly supported, and satisfies the integrability condition 3g = 0 ( 0z;8k =
0z, 8;j for all j, k) on C". Then there exists a unique compactly supported smooth
Sfunction ¥ : C" — C such that

oy =g, (1.4.28)
ie,dY/dzj=gjforall j=1,2,...,n

Proof We are motivated by the Cauchy—Pompeiu formula with g; replaced by
oy /dz1 and U a “large” ball. We will define i by

V(z) = Mdg AdE . (1.4.29)
277.' { — 21

The aim is to differentiate the above formula and check that it satisfies (1.4.28). The
non-trivial task is going to be to establish that the result is compactly supported. We
first change the variables ¢ — ¢ + z1, which give

1 ) st kN =
V() = —/ g1 202, 20) g g7 (1.4.30)
2ri Jo e

This eliminates z; from the denominator, so we can take the derivative d/9z; under
the integral. Hence

1// 1 3zk(§+Z1,zz,-..,zn)

() dz Adz . (1.4.31)

2711 C ¢

On the other hand, the Cauchy—Pompeiu formula applied to g; (on |z| < R for
large R) gives

1 311 (; 22y -5 2n)

5 — de AdZ . (1.4.32)

gk(@) =
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We can now use the integrability condition dg/0z; = 0gx/dZ1 to write

1/;() 1 321(§+21,22,...,z,,)

7 ). ; de AdE . (1.4.33)

Finally, making the change of variables { — ¢ — z1, we find

d¢ AdC = gi(2), (1.4.34)

_w() 1 /321(§ ZZ,...,zn)
2711 C . —z1

by the previous formula (1.4.31).
So far, the proof works for n > 1. It remains to establish that ¢ has a compact
support, which requires n > 2. Consider the picture:

Z9,. .., 2y large so Y =0 o =0
29y ...y 2n
o =0
21

Z9, ..., 2, large so ¥ =0 oY =0
(1.4.35)
From the formula for v, ¥ = 0 in the regions where at least one of z2, ..., z,
is large. However, by the identity theorem, this forces ¥ = 0 in the unbounded
component of C" \ supp(g). Thus, ¥ has compact support. O

1.4.6 The General Hartogs Phenomenon

We can now prove the general Hartogs phenomenon as an application of the solution
of the compactly supported inhomogeneous d-problem. We proved special versions
of this phenomenon using Hartogs figures before.

Theorem 1.4.5 (Hartogs Phenomenon) Let U C C" be a domain withn > 2, and
let K C U be a relatively compact subset of U such that U \ K is connected. Then
every holomorphic function f € O(U \ K) extends holomorphically to all of U.
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(1.4.36)

The idea behind the proof is as follows. First, extend f € O(U \ K) smoothly
to get the (not necessarily holomorphic) function f on U, with 3 f supported in K
(one may need to enlarge K slightly here if it is not a nice set with smooth boundary
as in the picture, but this is not a problem). Then, solve 3y = 3 f with ¥y compactly

supported in K. Finally, set f = f — Yy on U.

We can finally add yet another equivalence statement to the list in Thm. 1.4.2:
(iv) The d-problem (3 f = g) is solvable on (0, ¢)-forms for 1 < g < n — 1.

This discussion illustrates the general idea of how one uses the solvability of
the d-problem. There are a whole myriad of other setups where we can solve the

d-problem. For example, it is solvable on polydiscs, balls, and more generally
on domains of holomorphy, and so in these cases one is naturally lead to ask
about “solvability with estimates” (the classic references are [11, 14], more recent
references include [15-17]). Solvability of the d-problem also plays a key role in
complex geometry; see, e.g., [18]. However, for the purposes of these lectures, we
will stop here.
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Maxwell T. Hansen

Abstract

Lattice regularization of quantum field theories (lattice QFT) is a powerful tool
for understanding such theories when analytic methods are not applicable. How-
ever, the utility of numerical results can be affected by two issues: (i) calculations
are necessarily performed in a finite-volume spacetime, and (ii) imaginary-time
correlation functions are estimated. Both aspects play a particularly important
role for multiparticle observables, including scattering and decay amplitudes.

In these lectures we will give an overview, together with various detailed
examples, on the topic of extracting scattering amplitudes using numerical lattice
field theory. We will focus on the strategy of using the finite volume as a tool
rather than an unwanted artifact, and of applying generic field-theoretic relations
between finite-volume quantities and infinite-volume amplitudes. Specific topics
include the challenges of two-to-three and three-to-three amplitudes and the
role of anomalous thresholds. The lectures will include an overview of how
the relations are derived and their limitations, as well as a small (and biased)
selection of numerical results.

2.1 Introduction and Exponentially Suppressed Finite-Volume
Effects

Maxwell T. Hansen
We have overwhelming evidence for quantum chromodynamics (QCD) describ-
ing strong interactions over a broad range of energy scales. A recipe for strong-force

M. T. Hansen (D<)
School of Physics and Astronomy, University of Edinburgh, Edinburgh, UK
e-mail: maxwell.hansen@ed.ac.uk

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 43
N. Arkani-Hamed et al. (eds.), Records from the S-Matrix Marathon,
Lecture Notes in Physics 1041, https://doi.org/10.1007/978-3-031-90352-6_2


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-90352-6protect T1	extunderscore 2&domain=pdf

 885 56780 a 885 56780 a
 
mailto:maxwell.hansen@ed.ac.uk
mailto:maxwell.hansen@ed.ac.uk
mailto:maxwell.hansen@ed.ac.uk
mailto:maxwell.hansen@ed.ac.uk
https://doi.org/10.1007/978-3-031-90352-6_2
https://doi.org/10.1007/978-3-031-90352-6_2
https://doi.org/10.1007/978-3-031-90352-6_2
https://doi.org/10.1007/978-3-031-90352-6_2
https://doi.org/10.1007/978-3-031-90352-6_2
https://doi.org/10.1007/978-3-031-90352-6_2
https://doi.org/10.1007/978-3-031-90352-6_2
https://doi.org/10.1007/978-3-031-90352-6_2
https://doi.org/10.1007/978-3-031-90352-6_2
https://doi.org/10.1007/978-3-031-90352-6_2
https://doi.org/10.1007/978-3-031-90352-6_2

44 M. T. Hansen

predictions can be summarized as follows: We start with the Lagrangian defining
QCD,

_ . 1
Locp =Y Wy —mp)Wy — G GL" 2.1.1)
I

where f runs over the quark flavors, Wy are the quark fields, m s are the quark
masses, G, are the gluon field strengths, and ) = D,y" where D, is the
covariant derivative. We then add to this a specific calculational machinery, such
as perturbation theory, effective field theory, or in the focus of this work: numerical
lattice QFT. The method of lattice QFT, which when applied to QCD is known as
lattice QCD, is the only known systematically improvable non-perturbative method
for quantum field theories that admit no analytic solution. In practice this means that
in the low energy regime, where quarks and gluons are no longer the relevant degrees
of freedom, it is the only available tool for making precise and reliable predictions.
As a final step in the setup, we must sacrifice a small set of experimental inputs,
such as the masses of the pion, kaon and the omega baryon, in order to set the free
parameters of the calculation.

Having made these choices we can then, in principle, make a wide range of
precision pre- or post-dictions, for example for the masses of other hadrons (the
name collectively given to the low-energy degrees of freedom, bound states of
quarks and anti-quarks), hadronic decay constants and form factors, the anomalous
magnetic moment of the muon, and the value of quark masses and the strong
coupling constant «; defined in a given renormalization scheme at a given scale.

By now the field of lattice QCD is very advanced. This is well-captured in the
reports of the Flavor Lattice Averaging Group (FLAG) [1] which summarize and
average the most reliable calculations, providing precise and reliable values of many
relevant experimentally relevant parameters. In addition to providing overwhelming
evidence for QCD as the theory of the strong force, lattice QCD can provide a tool
for new physics searches in the form of Standard Model precision tests.

Taking a step back, lattice QFT is a non-perturbative regularization of a QFT,
using a definition that is well-suited to numerical evaluation. A schematic of how it
fits in the broader context of QFTs is shown in Fig. 2.1. The key idea is to render the
quantum path-integral finite dimensional, and then evaluate it using Monte Carlo
importance sampling or potentially more advanced algorithms.

This program comes with are some clear limitations. Schematically, we can write
the desired path integral as

observable = / D¢ exp |:i / d4xﬁ[¢(x)]] X [interpolator for observable] ,
(2.1.2)
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Non-perturbative quantum field theory (QFT)

Lattice QF T
Lattice QCD
Finite-volume QFT

Numerical lattice QCD

Imaginary time

Fig. 2.1 Overview of the interplay of lattice quantum field theory and lattice QCD with finite
volume and imaginary time

and the lattice path integral as

L/a,T/a

observable? = /quS exp |: - Z Leuc [¢ (an)]]

X [interpolator for observable] . (2.1.3)

The second line is meant to indicate that we have to make three modifications to
our quantum field theory: (i) introduce a non-zero lattice spacing a, (ii) work in a
finite spatial volume with length L and a finite temporal extent 7', (iii) take time to
be imaginary, i.e. we work in Euclidean signature:

non-zero lattice spacing a
—_—
Im E.

finite volume L (2 1 4)

The last point is important to avoid highly oscillatory integrals, that would make
numerical evaluation intractable. It is also common to take some quark masses (set
by meson masses like the pion and the kaon) to be higher in lattice simulations
to improve the numerics (€.g2., My latice > Mo our universe), although working at
physical mass values is becoming increasingly common.
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2.1.1 Processes with QCD-Stable Hadrons
It is useful to identify three types of processes with QCD-stable hadrons:

1. Decay constants. These correspond to matrix elements of the form (0] 7|1),
where (0] represents the vacuum, J a local current (in practice constructed via
a quark-anti-quark bilinear), and |1) represents a single-hadron state. Examples
include the pion ( f;), kaon (fx) or B-meson ( fp) decay constants.

2. Form factors. These correspond to matrix elements of the form (1'|7|1). Exam-
ples include the form factor between a kaon and pion at a scale ¢2: f f 0n” (g?).

3. Mixing parameters, corresponding to matrix elements like (1|H2F=2|1), e.g. the
mixing parameter of a neutral kaon and its anti-particle. In contrast to the previous
case, the key different here is the nature of the local operator HAF=2 which now
consists of two quarks and two anti-quarks.

Each of these types of processes and corresponding observables are well under
control in modern lattice QCD calculations and the latest FLAG report provides
a summary as well as details of methods [1].

Focusing on the decay constants (item number 1), we now give a high level
summary of how a lattice QCD calculation proceeds, favoring the basic idea over
technical details and targeting someone working on aspects of quantum field theory
or the S-matrix from a very different perspective.

The first step is to identify a Euclidean correlation function that will give access
to the target observable. In the case of f; this can be achieved by combining the
axial vector current, denoted Albj‘re(O) (where bare indicates that renormalization is
needed), with an operator 7p(—7), that has the quantum numbers of a pion with a
given momentum p and a given value of Euclidean time — t.

One then uses the path-integral formalism to numerically evaluate the QCD vac-
uum expectation value of Aﬁare (0)7rp(—7), subject to the modifications mentioned
above. This numerical sampling can be represented by a cartoon as follows:

<Azam(0)ﬂ'p(77—)>T.L4,m(,,a — % + % + .-

The right-hand side reflects the fact that we have a finite set of gauge field configu-
rations from Monte Carlo importance sampling and evaluating AZaIe(O)JTp(—‘L') on
each and summing gives the expectation value. The subscripts on the left-hand side
remind us that the result depends on the quark masses (m,), the spacetime volume,
and the lattice spacing.

The bare current requires renormalization. We will not concern ourselves with the
details but only note this is understood. We can thus relate our correlator estimate to
the physical decay constant f; by the relation

(2.1.5)

ZI AR 0) 51 (— D) Ly = (A (O p(0)), (2.1.6)
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=) (AR O) ) BT (n|mp(0))  (2.1.7)

7 —EzT T L .
T>>f—>>55ﬂ> n® ipufr(T,L,my,a)
(2.1.8)

On the second line we have inserted a complete set of states with the relevant
quantum numbers. (This really is a discrete sum over gapped states due to the finite
volume L.) The third line is a statement of the asymptotic behavior of the correlation
function at large Euclidean time. The exponential suppression of excited states is a
key feature of the Euclidean time formalism. The decay constant f is then extracted
by fitting the large-time behavior of the correlation function to the expected form. It
is essential to emphasize that, in this case the Euclidean time is not a disadvantage
and also that the matrix element defining f; has no memory of the metric signature
we started with.

The next important observation is that the physical decay constant is only recov-
ered from f (T, L, my, a) by removing all unwanted effects of the modifications
indicated by the four arguments: finite temporal and spatial extent, non-zero lattice
spacing, and unphysical quark masses. The procedure is well understood and can be
summarized as:

lim _lim fo (T, L,m2™ a) = 2" 2.1.9)
—

T,.L—>c0a

If we started with unphysical quark masses, we have here assumed that we can also
extrapolate the decay constants to the physical quark masses. A summary of decay
constants for D and B mesons is shown in Fig. 2.2.

Audience Question 2.1.1. How can you take the infinite time and volume limit?

FIAG2024 fz [MeV] FAG2024  fp fo,
< [ our average for Ny=2+1+1 our average for Ny=2+1+1
T - FNAL/MILC 17 -
M H HPQCD 17A * ETM 21
I3 e ETM 168 ¥ FNAL/MILC 17
= W+ ETM 13€ i FNAL/MILC 14A
=1n HPQCD 13 z ETM 14E
- —0| ETM 13F
il ou::ave:fe‘furN =241 FNAUMILC 13
L RBC/UKQCD 14 1
- —r——— RBC/UKQCD 14 2 FNALMILC 128
& = RBC/UKQCD 14A
[ L RBC/UKQCD 13A (stat. err. only) our average for Ny=2+1
Z — HPQCD 12
HlH HPQCD 12/ 11A RQCD/ALPHA 24
f—+--— FNAL/MILC 11 ALPHA 23
{1 HPQCD 09 -~ £QCD 20A
¥
—=— our average for N=2 o RBC/UKQCD 17
! 2QCD 14 ™~
= ALPHA 14 = HPQCD 12A
———h ALPHA 13 b 1
5 —— ETM 138, 13¢ FNAL/MILC 11
E3 —H—— ALPHA 12A —{J—+PACS-CS 11 HH
ETM 128 HPQCD 10A
AR é%;“ﬁ}\l 1 HPQCD/UKQCD 07 o
— ETM 09D ——i— FNAL/MILC 05
160 175 190 205 220 235 250 180 200 220 240 230 250 270 Mev

Fig. 2.2 A summary of decay constants. Reprinted with permission from [1]. © 2024, The
Author(s). All rights reserved. Data from [2-18]
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Answer: To take the limit, one can fit known large L and large T expansions to
the data. Such expansions are generally of the form O(L,T) = O(oo, 00) +
AO(L, T) where O (oo, 00) is a fit parameter and AO (L, T') depends on additional
parameters. So the extrapolation to 7, L — oo really amounts to taking the value
of O(oo, 00), provided one can get a reliable fit. There is a lot of formal work
in understanding if there could be surprises beyond the sampled data, both for the
L, T — oo limit and the ¢ — 0 limit.

2.1.2 Exponentially Suppressed Finite-Volume Effects

Motivated by the preceding sketch of a lattice QCD calculation and by the question
concerning L, T — 00, we now turn to the topic of finite-volume effects. This is
important as an analytic description of the T', L dependence is needed to estimate the
limit from numerical data. More importantly, this will set the stage for the following
sections, in which finite-L effects become a tool rather than an unwanted artifact in
order to extract scattering amplitudes from lattice QCD calculations.

We begin with a stable particle, like the pion in QCD. The setup here is a
continuous (not discretized — no lattice) spacetime compactified to Tz x R,
where we assume periodicity in L leading to the torus T5. In this setup the spatial
momentum components are restricted to take values that are integer three-vector
multiples of ey p <€ 2T”Z3. The time direction is taken to be infinite and the lattice
spacing set to zero as we assume these effects are either small or have been removed
from the numerical data before the results derived here are applied.

As a first example we consider finite-volume effects on a spin-zero particle in
next-to-leading-order A¢* theory. The relevant relation is

ML =M+ () +00, (2.1.10)

where M (L) is the mass of the particle in a finite volume, M is the bare mass and
the one-loop correction is given by

0 _—7/\1/dk°1 1
2 2w L3 4= —(k0)? + k2 + M? —ie’

dks 1
N / 2%L52k2+M?’

where in the second line we have Wick rotated to Euclidean space without changing
the value of the integral.

2.1.11)

(2.1.12)

' More precisely, the Monte Carlo importance sampling implies that data generated in lattice QCD
calculations have statistical uncertainties and the data can be viewed as continuum, infinite-7",
provided the effects of the lattice spacing and temporal extent are smaller than the statistical
uncertainties.
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We can next introduce a Schwinger parameter « and apply the Poisson summa-
tion formula to write

A / Ak ik /°° (k22
() _ 2 eiln dace o +]\I)7
2 zn: (2m)4 0

(2.1.13)

where the sum runs over all integer three-vectors n. (Note that these are not in direct
correspondence with the momentum components Kk as they are instead the Poisson
modes.) We can next evaluate the integral over k and then split the expression into
its L — oo limit and a remainder:

)\ > 1 1rar272n02
— ]WQ i _O‘_E[]\[ L*n?/4] .
0 -9 gy e

(2.1.14)

Note that for non-zero n the integral is convergent. By contrast the n = 0 term is
divergent near o = 0, corresponding to the momentum space ultraviolet divergence
of the original expression. Regardless of how this divergence is regulated, when we
combine the integrated loop with the bare mass, we recover the physical (pole) mass
to the order we are working. Thus we reach

2 a2
M(L) Mphys _ A Z © ie—a_é[M2L2n2/4] + O()\‘Z) (2 1 15)
#070 o? ’ h

2 - 2
Mphys 32 n

where we have also used the M2 multiplying the integral can be replaced by Mghys
to the order we are working.
The final step is to evaluate the integral

M(L)? — M? A Ki(ML
=Y IA(“ mD 4 062, (2.1.16)
Mphys T n#£0 In|

where K is a modified Bessel function of the second kind. The asymptotic behavior
of this function is Ki(x) ~ /%e’x for x > 1. This gives the exponential

suppression of finite-volume effects and in particular

2 _ a2
M(L) MPhYS_ 66 1 w1 g 2 —V2ML —ML ;15/2
= e + OO, e ,€e /L) .

M2 22 MLY 2 VML

phys
(2.1.17)

This concludes our first example of finite-volume effects in a quantum field theory.
We identify two key take-home messages of the result: (i) the effects are calculable
order by order in perturbation theory, and are exponentially suppressed in the
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volume, and (ii) the coefficient of the leading exponential depends on the coupling
constant 1. This second point is the first hint that finite-volume effects can be used
as a tool to extract information about the underlying theory, in particular quantities
related to scattering. In fact if M (L)? is a well defined and non-perturbative quantity,
the same must be true for the coefficient of the leading exponential. So as we work
to higher orders this will not be some scheme dependent coupling constant, but a
more universal observable. This was worked out explicitly by Liischer in [19] in
the context of masses. We will now turn to some related results for the anomalous
magnetic moment of the muon.

At this stage it is useful to identify three categories of results: fixed-order
perturbative results, all-orders perturbative results, and non-perturbative results. The
above example falls into the first category and most of the work presented in these
lectures falls in the second. But it is possible to give one example of an almost
completely non-perturbative derivation, for the anomalous magnetic moment of the
muon

g = 87 2.1.18)
2
where the g-factor, g/, is a number that describes how the muon’s magnetic moment
relates to its spin, and should be close to 2 as predicted by Dirac’s theory for spin-
half leptons.

This is based on work with Agostino Patella [20, 21] taking great inspiration
from [19].

At the time of the lectures, the experimental value and Standard Model prediction
were given by Aoyama et al. [22]

af}pe“me“‘ =0.001 16592059(22) , FNAL 2023, World average
(2.1.19)

afpndardmodel — 0,001 165918 10(43) 2020 White paper (2.1.20)
The theory uncertainty is dominated by the uncertainty from a QCD contribution
called the hadronic vacuum polarization (HVP). This quantity can also be computed
in lattice QCD, via [23]

HVP,LO 2a? [T/ =
a PO, L) = — A dx4 K(mux)Gr.1(x4) (2.1.21)
N

where m,, is the muon mass,  ~ 1/137 is the fine-structure constant and Kisa
continuous kernel function. The function G 1 (x4) is the Euclidean time-ordered
electromagnetic current-current correlator in a finite volume L and temporal extent
T.
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‘We can write the correlator as [20,21]

1
Gr.o(x) =—3 /3 X (xa, X) e O 7.1 (2.1.22)
L
1 ) L Tr [ef(Lfﬁ)ﬁjM()?)e*”ﬁju(O)]
=—-/ d xL/ dxs i L 123)
3L, 0 Tr [efLH]

The second line here already represents the essential non-perturbative idea. By
taking advantage of the equivalence of the four Euclidean directions, we can
quantize along the 3 direction with a hamiltonian H whose eigenstates satisfy the
L x L x T boundary conditions.

The next step is to extend to a more general finite-volume, represented by the
matrix I = diag(L1, L2, L3, L4) and then take the limit L, Ly, L4 — 00 to obtain
G3,1,(x4). The finite-volume effects of this single compactified direction are then
given by AG3 1,(x4) = G3,1,(x4) — G3,00(x4). In addition, one can apply a cheat
by asserting the plausible relation that

AGL(x4) = 3AG3 1 (xs) + O(e™Y?MrLy, (2.1.24)

where AGp(x4) = limr_00 Gr,L(x4) — lim7 100 Gr,1(x4). In words, this
relation asserts that the finite-volume effects in the full L3 volume are equal, at
leading order, to three times the finite-volume effects of a theory with a single
compactified direction of length L. This can be proven to all orders in a generic
perturbative expansion but we are not aware of a non-perturbative proof.

Carefully applying the L, Ly, L4 — oo limits in the above expression (see [20,
21] for details), we can then write

1 dp3e_
AG3(xulL) = —= gpse =~ °
3swll) = =3 2 f2n 4rL

dk
x / 2—300$(k3X4) Re T, (—k2, —k3p3) . (2.1.25)
I

The function T is the forward Compton amplitude 7y — my for a pion with

charge ¢,
k
e
T,(k* k-p) = lim > ( j
p'—p ;
pP.q p.q (2.1.26)

This is now the second example of how finite-volume effects are dictated by
scattering amplitudes.
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This relation, as well as higher order corrections, can alternatively be derived
by switching now to the all orders diagrammatic expansion of the correlator or of
a}fVP’LO(T, L). For asymptotically large T and L, we expect the correlator to have
the following general structure:

alI:IVP,LO(T7 L)— aEVP,LO _ O(e—MnL)+O(e—ﬂMnL)+O(e—J§MnL)
1O V2H3MRLy

FO@E M Ty O@Ee M Ty . (2.1.27)
FO@e MV THLEy L

+ O Mrlyy .

The leading-order term, i.e. O(e M7L) was computed in [20]. See Table 2.1. The
next subleading ones at O(e~V2MxL), O(e=V3MxL) a5 well as O(e~M=T) were
computed in [21].

The all-orders diagrammatic expansion is represented schematically by

O W oS o oo
RS R = ""‘@’“ A (2.1.28)

where the external wavy lines represent the two-vector currents defining G, 1. (x4)
and the internal lines are the pion propagators. The key idea is that we think in terms
of a generic low-energy effective field theory, where the pion is the lightest degree
of freedom. We make no reference to the details of the theory, e.g. the values of
couplings, but simply use the diagrams to keep track of singularities that dictate the
leading L and T dependence.

Focusing here on finite-L, note as above that the loop momenta are summed and
this can be written using the Poisson summation formula

1 d3k iLn-k
5 Z — Z/ @ . (2.1.29)
k n

au<L)

The vector n = (ny, ny,n;) can be interpreted as counting how pions wrap the
torus. There are some subtleties in assigning the Poisson modes, for example,

: n; = (0,0,1) n, = (0,0,0)
M"@’W n, = (0,0,1) ng = (0,0,1)’

3 o (2.1.30)
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are equivalent and should not be counted separately. This can be understood as a
gauge redundancy, and a gauge fixing allows one to correctly catalog effects [19,21].
The leading contributions come from only one pion wrapping the torus,

Aay(L) = /000 dxo k(o) |: + %

+ 0(6—1.9M,,L) ,

(2.1.31)

where the shaded blobs represent one-particle irreducible vertices, defined by
their external legs. The neglected expontial has a coefficient of v/2 + /3 ~ 1.9
associated with the leading effect of two-pions wrapping the torus [21].

All the L dependence is inside the modified propagator

_._Z

an~p

PP+ ME+ 2(p?) (2.1.32)

Naively it looks like there might be an oscillatory L dependence but this integrates
to exponential decay as can be seem by deforning the integration contour. The
dominant scaling comes from the nearest singularity which is at p? = —M72r, along
the imaginary axis for a Euclidean theory. The countour is defored as

4

:ﬁ
l (2.1.33)
and the integral is dominated by the pole at p?> = —MJ%. This gives another

perspective on why leading L dependence is dictated by scattering amplitudes. The
key points in this context are (i) the leading finite-volume effects can be expressed in
terms of irreducible vertex functions and an L-dependent modified pion propagator
and (ii) the leading L dependence is dictated by the nearest singularity in the
modified propagator, and identifying this contribution sets the L-dependent pion
on its mass shell.

The result is that the sum of all single winding terms give

—In|L\/M2+p3

dp3 .
M nzo 0
dk
x f 2—300s(x0k3)Re T(—k3, —k3p3) + O(eV2Maly (2.1.35)
T

where T is the Compton amplitude defined above, summed over the pion charges.
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Fig. 2.3 Plot of the event count as a function of mass difference AM in BT — J/yK+tntn~
decays. Black points represent data from LHCb. Total, signal, and background fits for the X (3872)
signal are plotted in blue, red, and green respectively. Reprinted under CC-BY-3.0 license from
[25]. © 2015, The Author(s)

2.2 Two-Particle Scattering

Maxwell T. Hansen

In the previous section, we have seen examples of single-hadron observables that
can be reliably calculated to %-level precision using lattice QCD. We have focused
on how the effect of the finite volume can be quantified and removed and have also
emphasized that the leading L-dependence is related to scattering amplitudes. This
gives a hint of a more general structure, to be explored in this section in the context
of two-to-two scattering, with a focus on scattering low-energy degrees of freedom
in QCD, i.e. hadrons.

2.2.1 Multi-Hadron Observables

We begin by motivating the study of multi-hadron observables more generally.
One reason why we might care about such observables is that they are relevant
for understanding the plethora of largely unexpected bumps seen recently in
experimental cross-section data. At least some of these are expected to correspond
to exotic QCD resonances, collectively referred to as XYZ states, and some are
also tetra- and penta-quark candidates.” As an example, Fig.2.3 shows an exotic
meson candidate, X (3872), in experimental data from the LHCb collaboration [25].
Detection of such states was not entirely expected, but it should not be viewed as a
major surprise. In short, we understand QCD too poorly in this regime to have any
real basis for expectations.

Multi-hadron observables are additionally relevant for more completely under-
standing the weak interactions. For example, by analyzing D — mm and KK
decays, LHCb recently reported CP asymmetry through a parameter called AAcp

2 See e.g. [24] for a recent review.
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with the value AAcp = (—15.4 + 2.9) x 10~* resolved to be significantly
different from zero for the first time in this channel [26]. Such discoveries could
have connections to new physics beyond the Standard Model, e.g. in the context of
explaining matter-antimatter asymmetry. However, we cannot say anything concrete
until we have a reliable Standard Model prediction for AAcp. This issue is also
related to resonances. For example, it has been suggested that a nearby resonance
called the fy(1710) could provide a significant Standard Model enhancement to
AAcp [27]. To make a quantitative statement, we need a method that treats this
messy physics rigorously from first principles.

We have stated that peaks in cross-sections correspond to resonances, but without
defining what resonances are. It is easy to reach misconceptions, for example when
we say “states” a notation like this comes to mind:

1X), o), 1fo). (2.2.1)

This is imprecise as these are not really defined in the QCD Fock space.
Instead the meaningful “states” are asymptotic multi-hadron states. At low
energies, QCD consists of hadronic degrees of freedom such as

m~ud, K~su, p~uud. (2.2.2)

A two-pion state, for example, can then be defined by asymptotically seperating two
pions with definite momenta at early times. The construction is connected to the
Lehmann—Symanzik—Zimmermann reduction formula or more rigorously to Haag—
Ruelle scattering theory. The S-matrix is then defined as an overlap between multi-
hadron asymptotic states.

In general the S-matrix depends on the center-of-mass-frame (CMF) energy E¢p,
angular variables, and (in the case of more than two incoming or outgoing particles)
on invariant masses of subsystems. But if we focus on two-to-two scattering,
e.g. mm — mnm, the degrees of freedom reduce to the CMF energy and a single
angular variable, that can be used to define angular momentum. Moreover, the
S-matrix is diagonal in the angular momentum space and is unitary. Thus, for
E.m < 4M;, the S-matrix is just populated with phases:

|77, in)
@ .%c .%o
c2iso| () 0

S(s) = (nm, out| '%' 0 2w 0

o% 0 0 2o
’ (2.2.3)

where we have introduced the Mandelstam variable s = E2_.
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There is a distinction between the S-matrix and scattering amplitudes, where we
subtract the identity corresponding to disconnected contributions:

M (s) o X8 1 (2.2.4)

We note that, in general the QCD S-matrix represents an enormous space of
information. As we raise the energy the matrix will incorporate overlaps of
increasingly complicated multi-hadron states, e.g. |77, in), |K K, in), etc.

Let us now come back to QCD resonances. Roughly speaking, they are detected
as a bump in the scattering rate which is proportional to the magnitude of the
amplitude squared:

IM(s))? o [e28) — 1% o sin® 8¢ (s) . (2.2.5)

As an illustration, here is a plot for the 77 — mm with angular-momentum and
parity satisfying J¥ = 17, exhibiting a peak associated with the p resonance [28]:

60 0.6 0.8 1
e, 19T =110
—10 o P e,
o @ P~ ¢ °, -
320 - e ® "ragy
0 0.6 0.8 1
E (GeV) (2.2.6)
The maximum value reached here corresponds to the phase shift §; = /2

maximising the sin’ 8 function.

We reach our final definition of a resonance by considering | M,|? in the complex
plane. This is analytic in regions of the complex plane so that a continuation can be
defined. A resonance is then a pole of the amplitude, represented schematically as:

A

O
4

®

Ep = ]\[B
Ep = Mg +iTg/2
\ 2.2.7)

Note that the difference between a bound state and a resonance is that the former
is on the real axis, but the latter has a non-zero imaginary part. Our aim will be to
understand the amplitude on the real axis and rigorously continue it into the complex
plane.
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Audience Question 2.2.1. Can you treat scattering of pions with QED corrections
where pions are not stable?

Answer: So I suppose you mean neutral pions that decay into two photons. (Note
that we cannot form a p resonance only from neutral pions.) If we wanted to be
particuarly pedantic then we could study this in a QCD+QED theory by constructing
the four-photon scattering amplitude (yyyy — yyyy). We would then find
that the amplitude contains neutral pion poles as a function of both incoming
and outgoing two-photon invariant masses. These have a small imaginary part
but we can still continue to the pole and perform an amputation analogous to the
Lehmann-Symanzik-Zimmermann reduction formula. This would give us the pion-
pion scattering amplitude that fully includes the QED corrections and the non-stable
nature of the pions. More practically we take advantage of the very different time
scales and we can treat pions as stable to a very good approximation in studying the
QCD scattering amplitudes.

2.2.2 Bethe-Salpeter Equation and /C-Matrix

When it comes to analyzing analyticity properties, it is standard to think about the
amplitude M, (s) instead of the absolute value. In other words, we will analytically
continue the amplitude itself. In the pion case, it can have two-, four-, six-particle
thresholds and so on. We will confine ourselves to the energies such that we are
above the two-particle production but below four:

2m)? <s < (4m)2 (2.2.8)

and ask about the analytic structure in this region. Here we use m in place of M
for the mass, to emphasize that these are general features of two-particle scattering.
There are different ways to think about this. First, the optical theorem tells us

P()IMe(9)]> =Tm M(s), (2.2.9)

where

(2.2.10)

is the two-particle phase space factor. The unique solution to this constraint is

1

MO = T e

(2.2.11)

The first factor in the denominator Xy is called the K-matrix and it governs the
short-distance physics. The second factor p(s) is the phase-space branch cut and it
tells us about the long-distance behavior. The /C-matrix is analytic across s = 4m?,
so the only non-analyticity is captured by the p(s). This is the key message: the
amplitude has a square-root branch cut starting at the two-particle threshold.
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Example 2.2.1. As an example, let us consider A¢* theory in four dimensions.
First, we do this example in infinite volume. The 2 — 2 scattering amplitude admits
the usual perturbative expansion using Feynman rules:

iM =Y = XX+ Q)+ X+ 0. oo

To leading orders, we have the contact diagrams, as well as the s-, ¢-, and u-channel
bubbles.

Let us focus on the s-channel bubble specifically, which is the only one
possessing the cut starting at s = 4m?:

7

(=02 (1N d'k 1 1
XX= <> /(27T)4(kO)Q—kz—m?‘*‘%(E—kO)Z—(P—k)z—m2+is’
(2.2.13)

where the total incoming energy and momenta are called E and P, respectively.
We are going to take a slightly non-standard approach to this diagram, which is to
upset the Lorentz invariance. By integrating out the k°, we are left with a three-
dimensional integral:

A? Pk [ 1 1 1
MXOX = —i— ¢ — .
2 (27‘1’)3 kaEfwarwp,kEfwkpr,kJrze
1 1 1
2wp_p E+wp_ —wp B+ wp_j,+wi ]’ (2.2.14)
where

or = VK2 +m?. (2.2.15)

This decomposition correspond to the so-called old-fashioned (or time-ordered)
perturbation theory. Notice that the ie is kept only in the first term because this
is the only place where a pole appears on the integration contour.

We are interested in the imaginary part of this diagram (after dividing by the
pesky i up front). The only place where the imaginary part appears is precisely
in the ie term. We can use the famous trick that converts the imaginary part of a
propagator into a delta function:

_ _ 2, (e
2 | T iy, B = k) = A0(s). (2.2.16)

N [Pk 1
1

tn | 1] -
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We ended up with the integral which is just the two-pion on-shell phase space. This
equation is consistent with the general expansion i M = i M+i Mpi M+-. ... As we
work to higher orders, we find that imaginary parts at a given order are constrained
by the real parts at lower orders.

The preceding example is also intended to motivate a skeleton expansion:

M(s) = 0+ DG+ i W+ (2.2.17)

Each solid line represents a fully dressed pion propagator and each blue circle
represents a Bethe—Salpeter kernel that consists of all diagrams that do not have
a two-particle cut, for example:

> >@< I = /[real, analytic] (2.2.18)

These diagrams have the property of being real and analytic in the elastic region
2m)? < s < (4m)2.

This reorganization is useful because only the two-particle loop can contribute
a non-zero imaginary part. In a similar fashion to the one-loop example above, one
can show that this imaginary part can be expressed in terms of p(s). We can isolate
it out using the following cutting rule:

O - XX K

(2.2.19)

Here, the dashed line correspond to putting the particle on-shell (cutting) and PV
denotes the principal value prescription on the propagators.

An essential point is that the imaginary part of the diagram produces a Dirac
delta function in the CMF energy, as above and the momenta flowing in the kernels
are constrained by the delta function. As a result the legs are set on-shell and the
only remaining freedom is the direction of momentum. When this is decomposed in
terms of partial waves, then the second term can be written as a product

OB = B i0(5)5000 G| B 5o
pls) Lm0 (2.2.20)

where B(s) is the Bethe—Salpeter kernel and repeated indices are summed over.
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Now we can break up the infinite series (2.2.17) and reorganize it by the number
of time the p(s) function appears:

M(s) = [+ e+ | + [)(++---](;[)(++---}

1

= Kls) + R(Yip()k(s) +- = i =57

(2.2.21)

This sums up to the form we have seen above. Hence, the term in the first bracket
defines thdC-matrix. Our goal in the following section will be to write an analogous
formula in the finite-volume context.

Note that the channel opening up at s = 4m?, and in fact every two-particle
channel, generates a square-root branch cut. This effectively doubles the number of
Riemann sheets. The two sheets are called physical (first) and unphysical (second).
Their analytic structure in the complex s-plane can be represented as:

Sp = (MR°+ iTr/2)*

‘ physical sheet s = ECZm ‘ unphysical sheet
&

&

.Y
A T i
‘:j) y L)
‘a%,
S0<o
resonance poles only on 2nd sheet

(2.2.22)

Poles on the first sheet have the interpretation of bound states. Poles on the second
correspond to resonances and they are typically displaced into the complex plane
as sg = (Mg + iFR/Z)Z, where Mg and I'g are the mass and the width of the
resonance respectively. Poles in the upper half-plane on the first sheet would violate
causality.

We have already learned that details of analyticity are important for quantitative
understanding of the physics involved in the scattering processes. The important
lesson we have learned is that it is possible to separate: (i) long-distance kinematic
singularities, and (ii) short-distance/microscopic physics that depends on interaction
details.

2.2.3 Finite Volume as a Tool

As discussed above, numerical lattice QCD calculations are performed with
Euclidean signature (imaginary time), and the resulting correlators do not have
an obvious relation to scattering processes that take place in a spacetime with
Minkowski signature (real time) [29]. We also cannot use the normal LSZ
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procedure, for which we need to be able to access the on-shell kinematics
pi = —(p? + m?), which is not possible because we only have p; € R.?

Another problem is that working with finite volume destroys modifies the ana-
Iytic properties discussed above. Finite volume discretizes the spectrum, eliminates
branch cuts and extra sheets, as well as hides the resonance poles. The picture we
obtain is as follows:

Finite-volume analytic structure Infinite-volume analytic structure

Sheet T

O &
\°4 )\ oid
Sheet I1

In a nutshell, the aim now will be to overcome these difficulties and learn how to
use the finite volume as a tool for extracting scattering observables. The formalism
presented here is based on pioneering work by Liischer [35,36], together with many
subsequent extensions [37-50].

Once again, we are going to use spatial volume with extent L. The momenta are

&
\ &

S (2.2.23)

periodic: p = 2T”n for n € Z3. We assume that L is large enough so that we can
neglect e =L corrections. The effects of the time directions will also be negligible.

The scattering of particles at vanishingly small momentum is described by a
single number called the scattering length and denoted by ag. The scattering length
appears in two quantities. The first one is the £ = 0 scattering amplitude evaluated
on the threshold:

Mi—o(d4m?) = =327 may . (2.2.24)
The second quantity is the finite-volume ground state energy [51]

4mag

5+ O(1/L%Y). (2.2.25)

Eo(L) = 2m +

Because of this universality, if we know the latter, we also know the former.

Example 2.2.2. Let us revisit Example2.2.1, but now including finite-volume
effects. We are going to look at the diagrammatic expansion of a function i M :

My = X = X500 Q + QX+ o) (2.2.26)

It no longer has a direct physical meaning as an amplitude, but it is useful because
it contains poles in E at the finite-volume energis. Essentially, we will get the same

3 For ideas more along the lines of analytic continuation, see for example [30-34].
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loop integrand, except now the integral becomes a sum over a discrete set of modes,
which means it only has discrete isolated poles. Focusing on the bubble contribution,
we get

a1 1 1
2m L3 4~ (K0)?—k*—m?+ie (E—k")*—(P—k)*—m?+ic

2
LLZ{ 1 1
2 L3 - 2w B —w, +wp_p B —wp —wp_y, +ic
1 1 1
2wp_ E +wp_ —wp B+ wp_i +wy

(2.2.27)

Recall that wy = v/k2 4+ m?2.

To find the ground-state pole we consider what happens as we tune the energy
very close to 2m plus a small deviation,

E=2m+5$, (2.2.28)

where we treat § as an O (1) parameter. After plugging it in and expanding in §, the
second term is finite as § — 0. However, the first one has a 1/§ pole. We get

XX =159 @ s ' (2.2.29)

This is precisely the same term that before gave us a square-root branch cut. In the
finite-volume world it is just a 6 pole. We can also write

XX = (iMyro)ifL(iMio) + O(8°) (2.2.30)

where M o is the tree-level (leading order) contribution and

I 1

= —— 2.2.31
h=ars; ( )
plays the same role as p(s) in infinite volume. The pole means that the perturbative
expansion breaks down when § is a small parameter so we only get a meaningful

result by summing such contributions to all orders:

iM = ><+>o<+>oo<+>ooo<+0<x5>

i
= Z./VlLo fLMLo) ey E—
; Mo+ fu (2.2.32)
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It looks a bit like the Bethe—Salpeter series we have seen before.
The pole in the resulting expression satisfies

1 1 1

-1
- _ B 2.2.33
fu==Mwo = T =an5s (2233)
Combined with (2.2.25) and (2.2.28), it allows us to relate the spectrum to the

scattering length

Eo(L) = 2m + —>— + O(G%) = 2m + in (1 + O(ap/L)) . (2.2.34)

Sm Q273 L3
In principle, we would have to study this relationship order by order, but one can
show that higher orders do not spoil the result above.

2.2.4 General Relation

Having in mind the above example, we can proceed to the all-order diagrammatic
version of the general result [35-50]. We consider a generic theory with the lightest
particle of mass m # 0. We are going to write down an equation diagrammatically
similar to (2.2.17), but physically very different:

Xﬂ.ﬁ”

/L (2.2.35)

As before, the blue blob denotes the Bethe—Salpeter kernel and solid lines cor-
respond to propagating pions. The dashed box denotes the sum over the discrete
momentum modes.

We can now copy what we have done previously in infinite volume. We
decompose the on-shell sum into the principal value component and the rest, which
we call F:

S TS

¥ (2.2.36)

Here, F (P, L) is a matrix of known geometric functions. Hence, once again, we can
reorganize the infinite series and define the finite-volume analogue of the K-matrix:

— [x+@+} + [X+@+]::[X+@+}
1
~Ks) T+ F(PL)
(2.2.37)
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Therefore, the quantization condition becomes
det[K~'(s) + F(P,L)] =0. (2.2.38)

Recall that the Eq. (2.2.38) holds only for two-particle energies, i.e., s < (4m)?,
and the matrices are labeled by the angular momenta. There, /C is a diagonal
matrix, but F is off-diagonal. It means that in general we don not expect perfect
conservation of angular momentum, as the off-diagonal terms will introduce mixing.
There are multiple generalizations of (2.2.38) to the cases with non-degenerate
masses, multiple channels, spinning particles, etc.

2.2.5 Lattice Results

The only way to make progress is to truncate the /C-matrix by shutting off
components above some cut-off angular momentum. For example, we can study
pion scattering in the single-channel case. The equation we get is

K(sp)~' = pcotd(sy) = —F(E,,P, L), (2.2.39)

where F is known. One can then read off the phase shift § as a function of energy, see
Fig.2.4. It provides a piece of non-perturbative information about QCD: presence of
the p resonance. Each data point in Fig. 2.4 is obtained from a specific momentum
configuration P and lattice spacing L = 16, 20, 24. Different momenta really
change the CMF energy at which we probe the system, which is why we get a

180 -

& O R
jaaceesy —
150+ e el
e
120+
5 o P =10,0,0]
= 90 o Lja,=16 P =10,0.1]
w FoH =
o Lja, =20 P=100,1,1]
60 = o Ljag—24 P=[11.1
o
30 o
o
o
0 O
T - T T T T T
0.14 0.15 0.16 0.17 0.18 0.19 ¢ Eem

Fig. 2.4 The p-wave elastic phase shift §; (in degrees) for w7 scattering as a function of the CMF
energy Ecn in lattice units. Each data point is obtained from a different momentum configuration
P and lattice spacing L. The step function in the data is a signal of the p resonance. We refer to
[52] for more details. Reprinted with permission from [52]. © 2013, American Physical Society.
All rights reserved
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Fig. 2.5 Phase shifts for 7
scattering obtained for
different pion masses. Top:
reprinted with permission
from [53] (Ny =2,

M, =226 MeV). © 2016,
American Physical Society.
All rights reserved. Middle:
reprinted with permission
from [54] (Ny =2 +1,

My =316 MeV). © 2017,
American Physical Society.
All rights reserved. Bottom:
Reprinted under CC-BY-4.0
license from [55]

(Nyp=2+1,
M, =220 MeV). © 2019,
The Author(s)
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spread of data points. The error bars come from statistical uncertainties (not the L
extrapolation). This is likely a good approximation, though the results are obtained
for pions with roughly three times their physical mass, M; = 391 MeV. Many
collaborations repeated the same analysis for different values of the pion mass, see
Fig.2.5. These results extrapolate nicely to 5—10% for the ratio of the rho to pion

mass.

Similar techniques can be applied to kaon-pion scattering, but this time with a
new resonance called K* [56]. This leads us to the most beautiful way to think about
these resonances. The idea is to drive their mass so high that they become stable
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*
m = Rey/so/MeV K
880 900 920 940 960
T T : O——— - T
VS0 = 934(2) MeV
L] /
210 + V50 = (914(2) — £6(1)) MeV

V5o = (909(4) — £13(2)) MeV
-20 )
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& V50 = 893(1) — 56(2)

Fig. 2.6 Position of the complex pole associated with the K* resonance in the complex energy
+/s0-plane, for different values of the pion mass: M, = 391 MeV (teal), M; = 327 MeV (green),
M, = 284 MeV (orange), M; = 239 MeV (red), and extrapolation to M, = 140 MeV (black).
Reprinted under CC-BY-4.0 license from [56]. © 2019, The Author(s)

states. You can then see how the pole in the complex plane moves from the real
energy axis to right below the cut where it reaches its physical value. An example
of this flow for the K* resonance is shown in Fig. 2.6.

Audience Question 2.2.2. Can you reconstruct the tetraquark in the same way?
Answer: Yes, but the details may be different. An interesting example is the T,
tetraquark candidate, which can be investigated in D D* scattering, where the D* is
a stable particle in calculations where the pion mass is slightly heavier than at the
physical point. For this channel a left-hand branchcut arises and when energies are
extracted on the branchcut, an alternative formalism is needed. This is a very active
area of research, see e.g. refs. [57-59].

Pretty much everything you can imagine to play with, people are already
studying. For example, we can consider the D-meson scattering with a pion, which
is a more complicated variation on the same underlying story. See [60] for the details
of this case.

We now turn briefly to the complication of coupled channels. As mentioned
before, putting the system in a box mixed different angular momenta. In practice, it
means that the matrix F' is fully populated. For example, for K — K scattering
with P # 0, we have to solve the system

K=t o F, F.
det s TP =0, 2.2.40
1\ o K +<Fps F) (2240

where we have truncated the system to include only the s- and p-waves for the sake
of illustration.
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Similar issue happens when we have different flavor channels, except it is the K-
matrix that has the mixing terms. For example, if we denote ¢ = wmw and b = KK,
then the equation reads

-1
Kasa Ica—>b> (Fa O)
det + =0. (2.2.41)
|:<’Ch—>a Kb—b 0 Fp

The goal is to make sure that the final result is as unbiased as possible by such
issues. The workflow includes the following steps. First, consider correlators with
a large operator basis, (O, (r)(’)g (0)). Then, reliably extract finite-volume energies
according to (€2, (T)Q,L ) ~ e EmL)T By varying L and P, we can recover a
dense set of energies. On the other hand, we can identify a broad list of C-matrix
parametrizations: polynomials with poles, EFT-based ansatze, or dispersion-based

approaches. All this can be used to make global fits to the finite-volume spectrum.
The literature of this field is vast and growing. Even restricting to numerical

calculations in the past five years we find a huge number of papers [60-102]. The
field is very active and there are many exciting results to come.

2.3  More Complicated Amplitudes

Maxwell T. Hansen

In the previous section, we have learned that observables computed on the lattice
have a characteristic exponentially suppressed term. We used this suppression along
with the finite lattice volume as a computational tool to extract 2 — 2 scattering
amplitudes. In practice, we used a parametrization for the infinite-volume amplitude
M in terms of the KC-matrix and fit the lattice data to it. The goal of this section is
to move on to more aggressive applications in multi-particle observables.

We start by deriving a slightly modified version of the finite-volume correlator,
using an ie prescription instead of a principal-valued one. We keep working in the
regime of two-particle energies between 2m)? < s < (4m)?. The starting point is
the same formula as before for the finite-volume amplitude:

Mu(P) = X +++...

C—mL

Nz (2.3.1)
Recall that each dotted box contains a two-particle state of propagating pions in a
finite-volume setup, and the blue blobs are the Bethe-Salpeter kernels from (2.2.18),
which contain all contributions that are free of two-particle cuts. To get back the
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infinite-volume amplitude, we break up each finite-volume loop into the infinite-
volume one, plus a remainder F'¢, defined by the equation

MR = W MK

(2.3.2)

We can compare this with (2.2.36), where we broke the finite-volume loop into one
with a principal-valued prescription instead of the i e, and a remainder. Analogously
to before, the dashed cut projects the loop to on-shell energies, and F¢ is a matrix
of known geometric functions. Expanding out the series from (2.3.1) using (2.3.2)
defines the finite-volume scattering amplitude in terms of the infinite-volume one,

My(P) = [+ M+ ] + [x+@+u.]:?[x+@+...}

1
M(s) L+ Fe(P L)

(2.3.3)

Recall that the poles of M (P) give the finite-volume spectrum, and that the ie
loop can be related to the sum over La. Since a sum cannot have branch cuts, the
expression M has multiple poles that accumulate into a branch cut as L — oo.

Comparing with the previous subsection, we have now written the finite volume
amplitude directly in terms of the infinite-volume one, M(s), instead of using
the K-matrix in intermediate steps. Although the two representations differ by a
p term, they are completely equivalent: When we sum over the geometric series
we get a result for M (P) that’s independent of which representation we used
in intermediate steps. The formulation with M((s) from (2.3.3) will be useful in
what follows and provides a first step for using finite volume as a tool for more
complicated amplitudes.

231 1+ -2

We first look at the process 1 4+ .7 — 2, where J is a current. An example of such a
process is the photo-production of a two-pion state from a single pion (1y — 7 w)
or the analogous process for a kaon (Ky — Km). The approach will be to use an
expression analagous to (2.3.3) to relate such amplitudes to finite-volume matrix
elements.

As a warm-up, note that one can rewrite (2.3.3) as

Mp(P) = M(s) — M(s)

. — M(s). (2.3.4)
M(s) +[Fe(P, L)]
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This serves as inspiration for a similar decomposition of an alternative finite-volume
correlator, denoted by Cr (P) and defined schematically as

CL(P)=(H|JJIH)L. (2.3.5)

Here H stands for hadron and refers to a generic single-particle state. 7 indicates a
generic local current, for example the electromagnetic current in the case of photo-
production.

The idea is that the ket [J|H ) and the bra ; (H|J correspond to creation and
annihilation operators, respectively, that differ from those used to define M (P).
However, the operators have the same internal quantum numbers, and thus this
difference only modifies the leftmost and rightmost parts of the skeleton expansion,
leaving the geometric series in the middle unchanged. Looking to (2.3.4) this means
that the first term on the right-hand side will change, as will the outermost factors in
the second term.

The full expression for C;, was derived in [41, 103, 104] and related work was
also presented in [40,41,46,47,104—111]. The result can be summarized as follows:

CL(P)=(H|JJ|H)p (2.3.6)
~ [e-0-0 e0E00 |
“[eroeraion [ ome 0iere | 4 (237)
— O (s) — A (s Agu(s)
oo( ) m( )M(S) + [FiE(P, L)]_l OU( ) (238)

In these diagrams, the blue circles are again the Bethe—Salpeter kernels and the red
diamonds are the vertex functions from the new creation and annihilation operators.
In the diagrammatic line we have split sums over two-particle loops into integrals,
labeled ie and sum-integral differences, labeled F i€ as before. We have also
grouped terms by the number of F¢ factors. This is a useful representation for Cy,
because Aig and Af)‘f]t are directly the physical infinite-volume amplitudes: A{g”a =
(H|J|a, in) and Aéﬁu,,a = (o, out|J|H), where o denotes all other quantum
numbers of the two-particle state including angular momentum and flavour. (This
follows diagramatically. Looking at the factor appearing to the ) In (2.3.6) this index
is contracted with the matrix appearing between the amplitudes, which is the same
as the one appearing in (2.3.4).

Equation (2.3.6) has the same poles as Eq. (2.3.4) and therefore reveals nothing
new about the relation between the finite-volume energies and the infinite-volume
scattering amplitude. We do, however, uncover a new result by studying the residues
at the poles. Focusing first on the left-hand side we note that

lim [E — E,(L)]CL(P) = N(L)|(n|J1H)LI*, (2.3.9)
E—E,(L)
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where N (L) is a known normalization factor whose value depends on the details
of the conventions used, see [103, 104]. The second quantity on the right-hand side
is the squared magnitude of (n|J|H)r, a finite-volume matrix element that can be
computed on the lattice, where 7 (n| is a finite-volume excited state with the same
quantum numbers as J |H ).

This same limit can be applied on the right-hand side of Eq. (2.3.6). Here we
note that the pole does not appear in CLE, so the residue is given by the residue of
the second term. To express this it is useful to define

. E—E,(L)
R(P,L)=— lim A — - (2.3.10)
E—E,(L) M(s) + [F’E(P, L)]
Then, combining with Eq. (2.3.6), we find
N@D)|(n|TH)L|* = AE(S)R(P, L) Ak, (5) . (2.3.11)

s=P2=(E,(L),P)?

The key idea is that the finite-volume matrix element on the left-hand side can be
determined from numerical lattice QCD, and used to constrain the infinite-volume
amplitudes Air‘f (s) and Affm (s) on the right-hand side.

One can additionally show that, once one projects to a given row of a given
finite-volume irreducible representation, the matrix R is rank one. In particular,
we can identify w(E) as the eigenvalue of M(s) + [Fi¢(P, L)]~" that vanishes at
E,(L) and v as the corresponding normalized eigenvector. This allows us to write

the residue as

_ o7
R(P.L) = sy, (2.3.12)

an effective relation on states can be written as

1
Nl TH) > = 75 <Z<H|j|a/,in>v§,> (Zva(a, out|J|H)) :

a/

(2.3.13)

In addition, in certain cases it is possible to use the scattering matrix to rewrite the
matrix element with the instate in terms of the matrix element with the outstate.
Then, up to a phase ambiguity that must be treated with care [103, 104], (2.3.13)
can be written as

(n|TIH)1 oY Ve, out|J|H) . (2.3.14)

This gives a physical interpretation of the finite-volume matrix element in terms
of linear combination of infinite-volume amplitudes, with relevant weights set by
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Fig. 2.7 The cross-section,
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the eigenvector of the rank-one matrix R. It is important to stress that not only the
proportionality but indeed the full relation is known.

This result has been applied in numerical lattice QCD calculations in various
cases in which only a single channel is present [40,41,46,47,104—111]. The first
calculation involving an energy-infjecting current was for the amplitude 1y — nm,
with the final state in the channel of the p resonance, performed by the HadSpec
collaboration in [112]. In this case the sum over infinite-volume matrix elements
reduces to a single entry

(rm,out|J,|m) = p<::: (2.3.15)

The results for the 7y cross-section extracted in this work are shown in Fig. 2.7.

2.3.2 GeneralRemarkson2+ 7 — 2,2 > 3,and3 —> 3

We now turn to more complicated amplitudes involving three-particle states, either
in the form of three asymptotic particles in an in or out state, or in the form of an
external current that injects energy into a two-to-two system and mimics some of
the features of a three-body amplitude.

There are multiple applications of three-hadron formalism in QCD, such as a
systematic determination of pole positions, quantum numbers, and couplings, for
resonances with a significant branching fraction to three particles. A few concrete
examples include w(782) — nam, a;(1420) — waom and, X (3872) — J/ynm.
A long term goal is to reliably extract the properties of such resonances via
lattice QCD, for various quark masses. Related applications include calculations
of electroweak decay and transition amplitudes, three-body nuclear forces and
structure observables, such as gluon content.
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Focusing first on 2 — 3 and 3 — 3, the general goal is to have a finite-volume
formalism, that also takes all constraints from S-matrix unitarity into account, for
generic two- and three-particle systems, schematically represented by

v e  J (2.3.16)

where the colors represent different species of particles. One generally aims to
include any number of channels, identical and non-identical, and potentially non-
degenerate particles, as well as particles with intrinsic spin. In fact by now these
extensions have largely been accomplished [113-147].

The extension of the 2 — 2 formalism is not straightforward, mainly due to two
key complications:

The first is that in higher-point processes, we have many more degrees of
freedom than for 2 — 2. Concretely, a 2 — 2 scattering amplitude for spin-
zero particles has 12 momentum components arising from four three-momenta
where we intially ignore momentum conservation as well as rotational and Lorentz
invariance. Ignoring these symmetries over counts by the 10 Poincaré generators
(the four translations enforce energy and momentum conservation and additional
redundances are removed by the three rotations and the three boosts). So, subtracting
these we are left with 12 — 10 = 2 degrees of freedom, which are the Mandelstam
invariants s and ¢, or equivalently the CMF energy and the angle between incoming
and outgoing particles in the CMF. Applying this logic to a 3 — 3 process of spin-
zero particles, we start with 18 momentum components, and after subtracting the
10 Poincaré generators we still have 8 degrees of freedom. Similarly, a 2 — 3 of
spin-zero particles process has 5 degrees of freedom.

The second complication comes from new possibilities of having classical on-
shell propagating states. These configurations can cause singularities of the quantum
field theory amplitude at the points where classical processes are kinematically
allowed. Such singularities at classical kinematic configurations are called Landau
singularities.

As a first step, we now consider the 24 7 — 2 process. This is related to 2 — 3
but is defined with an external current (e.g. representing a photon) added to the
initial or final state of a two-to-two amplitude. The target observable is the matrix

element
P

%
(r ot n) = <

(2.3.17)

where the cartoon indicates the external legs.

As with the 2 — 2 and 1 + J — 2 processes described above, the basic
aprroach is to identify a finite-volume correlation function whose residues depend
on finite-volume matrix elements related to (7, out| 7, |7, in). The details of this
are presented in [148—152] and for the present work we will only focus on one aspect
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of this. Both the finite-volume correlator representing the 2 + J — 2 process and
the infinite-volume matrix element (7, out|J, |7, in) depend triangle diagrams
of the form

o . (2.3.18)

That is, in the process 2 + J — 2, we can have pairwise scattering for classical
momenta of all the particles in the triangle diagram, including the internal ones.
This causes an enhancement of the quantum amplitude at the corresponding phase
space point; see Fig.2.8 for a realization of a triangle singularity ina2 + J — 2
process. In general, it is difficult to disentangle Landau singularities, which cause
an enhancement of the scattering amplitudes due to classical configurations, from
enhancements coming from resonances.

In general, 3 — 3 scattering processes can also have Landau singularities due
to the possibility of classical pairwise scatterings. In fact, we can solve for the
classical-scattering configurations that are kinematically allowed, and thus count
how many time such pairwise scatterings can occur. For example, if all particles
in the scattering process have an equal mass, m; = my = m3, then we can work
out that only up to three classical binary collisions are possible. Diagrammatically,
this leads to two types of allowed pairwise scatterings (up to permutations), the first
being a pole in a configuration of two binary collisions,

(2.3.19)

EN
2.0 Ef =2.05m -/‘
X v = 5
< P, — [000] =
5 P, = 001]
= mL =6
o
2 0.0
2.0 2.02 2.04 2.06 2.08
~ 15
S
X 5.0
<
9
=25
0.0 . — — — ‘
2.0 2.02 2.04 2.06 2.08
Ef/m

Fig. 2.8 The amplitude for 2 + 7 — 2, here m7 — Jmm, can be split into a part that can be
evaluated analytically, Z4, and a remainder that can be evaluated numerically. One can then deduce
the Landau singularities of Z4 by computing the relevant Feynman integrals. Top: The real part of
T4, which is discontinuous due to the triangle Landau singularity. Bottom: The imaginary part of
T4, which is singular due to the triangle Landau singularity. Reprinted under CC-BY-4.0 license
from [149]. © 2019, The Author(s)
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while the second is a triangle-diagram configuration:

[ 1]
[ 1]

®e

(2.3.20)

If the masses are not equal, we open up further possibilities for allowed pairwise
scatterings. If at least one of the masses is lower than the other two, e.g. if the
masses satisfy m| = mo = m3 — €, then 4 collisions are possible. This would be
the case, for example, in tm K — mw K scattering. The general result from [153]
is that if we define the mass ratio

p — (it m3)(my + m3) , (2.3.21)

mima

then 2n + 1 collisions or more are disallowed, where n satisfies
b —1) > 1. (2.3.22)

This shows that at most 3 binary collisions are possible for equal masses, and when
b < 2, which is e.g. the case in 7 K K scattering, only up to 5 binary collisions are
possible.

Audience Question 2.3.1. Was this relation not only for non-relativistic scattering?
Answer: Yes, but we are in the non-relativistic regime here.

There are two key implementations we use to incorporate Landau singularities
into the lattice formalism. The first one is to define a modified IC-matrix obtained
by subtracting the singular contributions,

K __ fully connected diagrams % 4 O? cecece
df,3 = with PV pole prescription )

(2.3.23)

We have added the subscript “df” to emphasize that this new C-matrix is “diver-
gence free”. In fact, it’s a smooth, real-valued function. Note that we generally
include all connected diagrams in the brackets, anticipating arbitrary masses. The
second one is to use that Cgyr 3 has a systematic low-energy expansion,

Kat3(p3, p2, p1: k3, ko, k1) = /Ciffgo + KfffélA +..., (2.3.24)

s—(3m)>
(3m)?
and gives a handle on many degrees of freedom, which enter order by order.

where A = . This expansion is analogous to an effective range expansion
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We can now derive general relations between energies and two-and-three scalar
scattering [114—116]. If there is no 2 — 3 scattering, we can directly use the
divergence-free kernel for 2 — 2 and 3 — 3 processes,

o~ L
P K, 2
:'}'[5" finite volume L e unitarity L ®
e E (L) < N ,Q < N ’Q
Eo(L) o >e o >
o e o e (2.3.25)

However, if 2 — 3 is an allowed process in our theory, we are forced to include the
2 — 3 divergence-free kernel, even if we are only interested in amplitudes of the
form 2 — 2 or 3 — 3. This is because the sub-channel always appears between
intermediate states,

D
S ® o —omn-,% “on e
» b 2 o4 0%
Es(L) - - >
) @ o, e ® '8 g - gl
EL) v S v ® ® o ®
B o ~% L v.‘ o
e ol N, o @,,I g_@,.,
e A - A

(2.3.26)

Including sub-channel resonances, different isospins and assuming non-degenerate
configurations, we can, for example, get a twwr — mmw process of the type

AT — PT — W —> PT — AT . (2.3.27)

Note that the discussion in this subsection focused on the region 2m)? < s <
(4m)?, and, so far, computations have only been performed for those kinematics.

2.3.3 3-Particle Derivation

We now turn to 3 — 3 scattering. It turns out that the methods for treating 2 — 2
scattering generalize to 3 — 3 processes. We start with studying the 3-body
correlator in an all-orders skeleton expansion [114],

HO==0l0== =0l0= = = =0
fo===ole- = =—=ollo= ==—oI¥

ﬁﬁ@ﬂL@”ﬂ“ D+
CP‘EC):Q 0:@‘20 (2.3.28)
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where the circles denote kernels for 2 — 2 and 3 — 3 processes; diagrammatically,

Y
o

1]
4y
+
o

(2.3.29)

We have dropped the L dependence of the kernels which scales as e, and the
solid lines denote fully dressed hadrons as before. We distinguish two types of cuts,
as represented diagrammatically by the following red and blue shadings:

CL 3@%@%@*“
+O et O+C 8 e @D+ 5

(2.3.30)

The blue cuts will be denoted below by F and the red ones are denoted with G.
Note that this is not quite the final answer for Cr; we’re missing the short-distance
contributions from off-shellness and smooth terms represented by the divergence-
free kernels. To fix this, we include the short-distance-parts and summation as

(2.3.31)

Here, the orange shading denotes contributions to Kgr3 and the green denotes
contributions to Kj. In analogy to the 2 — 2 case, we can now write a relation
between finite-volume correlator and the infinite-volume one,

1

CL—Cx = AgF33A3 +A%F33de’3F33A3+. L= A/3—1—
F;i + Kt

Ay, (2332
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with

1 1
F33 = -F + FK,

——F F. 2.3.33
3 1 - F+GK; ( )

This last equation incorporates all the different contributions, from both long and
short distance.
The poles in Cr, correspond to the finite-volume energies. These occur whenever

det K3y + Fa3| =0. (2.3.34)

This relation holds for three-particle energies, but neglects terms of order e L. See
Refs. [114,115,121,154-157] for more details, and [158] for a review.

2.3.4 Examples

Now that we have developed the relevant tools, we can start applying this formalism
to different examples.

As a warm-up example, let’s derive an energy spectrum for non-interacting
energies, i.e.

e nr® L
=0 =0 :
oy e [ 5
o o > e o ——
o[-0 =0 Q»MLQ =0 o
e e LA (2.3.35)

which gives an energy spectrum as a function of mL,

[PPA205) x L*/(2m)* = [nangns]

x

022]

3.5 o11]

Eo(L) = 3m + O(e™™) [000]

4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0

mL (2.3.36)



2 Scattering on Periodic Lattices 79

Next, let’s add interactions only, but assume that the divergence-free 3 — 3 kernel
vanishes,

*ron® S 16my/s
o e T —16m/sa o e -—l/a—ip e
o« o e _ o — > ‘()
Eo(L)
JFe=0 ARy Oe
() D) @ o
(2.3.37)

This construction leads to a different energy spectrum, for example for ma = 0.6

we have

E,(L)/m

3.0 \

4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0

mL (2338)

In general, these toy examples are useful for isolating how different terms and
contributions affect the energy spectrum [122].

Next, let us move onto physical processes such as 7 "7 ™7+t — 777t The
workflow starts with determining the finite-volume energy spectrum. Next, we use a
fit to constrain the two- and three-body K-matrices, since they can be related to the
energies through the finite-volume formalism. The technical strategy is to fit both
two and three-body /C to various polynomials, and put a cut on the CMF energy in
the fits. Note that Cgr 3 is scheme dependent, but this dependence is drops out in
the amplitude. The final step is to use unitarity to solve integral equations to extract
3 — 3 scattering. Some of the different ingredients entering the computation are
shown in Fig. 2.9.

These results can now be combined into computing the three-particle amplitude,
with some results shown in Fig. 2.10.

24 Conclusions

Lattice QCD is in the era of rigorous resonance spectroscopy. In these lectures,
we have seen how finite volume is a useful tool for precision extractions of QCD
observables, with examples ranging from two-point functions to 3 — 3 scattering
processes.

There are many directions on which further progress is currently being made.
First, although the ground work has been set on the formal analysis side, further
analysis of physical scattering processes is still ongoing. Second, progress has been
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Fig. 2.9 The energy
spectrum for 7 7+ (Ist
panel) and 7 Tzt 7+ (2nd
panel), and examples of fits
to the K matrix. The two final
panels show the lattice QCD
data as black points. The
orange curves show a single
parameter fit to the data. The
right panel shows the
K-matrices resulting from
these fits. The points in the
two final panels show the
result of directly mapping a
given finite-volume energy to
a value of K at a given
energy. Reprinted under
CC-BY-4.0 license from [64].
© 2021, The Author(s)
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Fig. 2.10 The three-particle 5
: 4
amplitude m_; |./\/l.3| for - -
7Tt scattering. The
CMF energy is /s3 = 3.7m, 65
and the kinematics are fixed o 60 5% 10°
to certain values. Reprinted im
. o3 55
under CC-BY-4.0 license g 3 10°
from [64]. © 2021, The 50
Author(s) 5
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made recently on advanced algorithms that enables high precision for the excited
states, which is important to incorporate for precision scattering on a lattice. Third,
using physical masses on the lattice are now becoming increasingly tractable, while
previous calculations have often used unphysical quark masses. More generally,
varying the masses probes the resonance structure of the theory.

Some of the next steps forward in this field are to complete the 3-particle
formalism and extend it to an N-particle one. We would also like to extend the
studies involving an external current to higher points, and push more channels
into the precision regime. In summary, the field is active with many more results
expected in the near future.
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Abstract

These notes provide an overview of real-time techniques in quantum field theo-
ries and holography. We outline the general rationale and principles underlying
the Schwinger-Keldysh formalism and its out-of-time-order generalizations. To
illustrate its broad utility we frame our discussion in the language of open
quantum dynamics. As a specific application we describe how such real-time
observables help in understanding scrambling dynamics. We also describe the
holographic prescription for computing thermal Schwinger-Keldysh observables.

3.1 Invitation to the Schwinger-Keldysh Path Integral

Mukund Rangamani

The Schwinger-Keldysh formalism is broadly aimed at facilitating the compu-
tation of real-time observables in quantum systems. In the following, we give a
broad physical motivation for it, before diving into the details. The discussion below
largely follows the presentation in [1] and is also reviewed in [2].
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Let us consider computing in a QFT the two-point Green’s function for some
(generically complex) Heisenberg operator O(x) in some pure state

G(x,x") = —i (QIT O(x) O(x"|Q) , (3.1.1)

where 7T is the standard time ordering, and x = (¢, x) is the spacetime coordinate.
We will distinguish the temporal direction (coordinatized by #) when necessary. The
state |€2) is the ground state of the full interacting theory. In perturbation theory,
working in the interaction picture, the non-trivial part of the evolution operator

t
Ul(tg,t) =T exp [—i/ dr’ Him(t/):| , (3.1.2)
fo

defines temporal evolution of the interaction picture states. Using this expansion,
one then finds an expression for the two-point Green’s function:

o c e . (OITTS O@) O (x)1(0)
Gx,x")Y=—=i0|S"TOX)O'(x") S|0) = —i 01510)

(3.1.3)

We arrive at this equation by introducing the S-matrix S = U(—o00, 00) and
obtaining the interacting ground state by evolving the non-interacting ground state
|0) of the free Hamiltonian Hy. We usually use the final expression in (3.1.3) as the
starting point for perturbation theory.

In writing the second equality, we have expressed the instantaneous late time
ground state in terms of the early time state, assuming an adiabatic evolution of
the system expressed as a property of the S-matrix. Namely, the phase picked up
by acting on the final state with 7 is the same as the one accumulated during the
evolution, i.e., (0] ST = (0]e™™® and (0|S]|0) = e'*, for some phase «. Thus, we
assume that the physical content of the ground state remains unchanged during the
evolution, up to a phase rotation. This fails in non-equilibrium situations, where
adiabatic evolution is not justified.

The Schwinger—Keldysh (SK) formalism deals with non-equilibrium dynamics
by only ever making reference to the initial state,’ which may be taken without loss
of generality to be an equilibrium configuration, the instantaneous vacuum state
of Hy at t = —oo. As we evolve the system, we want to ensure that we make
no assumption about where (or what state) it would end up at late times. To this
end, rather than continuing to evolve forward, we should revert, after allowing the
interactions to influence the system, to the initial state. In a path integral, this can
be done systematically by introducing a SK-evolution operator, which evolves the
system in a complex time contour. Let C be a contour in the complex time plane
that starts out at t = —o0 + i, follows the real axis, and then retraces its trajectory

! Hence, the Schwinger—Keldysh formalism is sometimes also referred to as in-in formalism.
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Fig. 3.1 An illustration of the generic Schwinger—Keldysh complex time contour. Every operator
O in the original theory has two representations in the Schwinger—Keldysh path integral, viz., Og
and Oy . The labels help distinguish which part of the contour the operator is inserted on. There is
a natural contour ordering prescription wherein right operators are time-ordered and left operators
are anti-time ordered

back with a small imaginary displacement by — 2i¢, cf. Fig.3.1. We have chosen
to orient the contour so that the direction of traversal is clockwise (about the origin,
say). We will also find it useful to label the forward leg of the contour as the right
(R) part and the backward leg the left (L) part.

Given such a contour, we can work with operators which live in this complexified
domain, and define the Schwinger—Keldysh S-matrix by working with contour-
ordering prescription, to wit,

Uc ="T¢ exp [—i / df/Hint(f/)i| : (3.1.4)
C

There is a sensible time-ordering prescription inherited from this contour-ordering.
It is often, however, useful not to work with a single contour, but rather, work
with fields and operators labeled by which part of the contour they appear on. This
perspective is best served by doubling of the degrees of freedom and using it to
obtain physical results. We have left and right fields indexed by their position on
the Schwinger—Keldysh contour C. Furthermore, as illustrated, the operators on the
right/forward leg are time-ordered, those on the left/backward leg are anti-time-
ordered, and the right operators precede those on the left leg of the contour.

If we have complete knowledge of the state (which we can take in general to
be a density matrix) of the system at some finite time #y, then we do not need to
follow the contour all the way from + = —oo to + oo and back. It suffices to
focus solely on the part of the contour from fy to max(¢, '), which corresponds to
the future-most operator insertion, before retracing back to the initial configuration,
cf. Fig. 3.2. Intuitively, all this is saying is that the knowledge of the density matrix
can be treated as initial conditions for the subsequent evolution. Furthermore, for
finite time computations, details of how the system evolves to the future of all
operator insertions (or measurements) are inessential.
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Fig. 3.2 SK time contour in the case where the initial state at time 7y is known and the latest
operator insertion happens at time ¢. The indicated operator insertions correspond to a real-time
correlator G _ (x, x7)

3.1.1 The Schwinger-Keldysh Path Integral

Based on the discussion above, we can motivate the general Schwinger—Keldysh
path integral,

Zsk[Jr, JL 1 =Tr [U[JR] £0 UT[JL]] , (3.1.5)

where R and L refer to the evolution of the ket and bra part of the density matrix.
This computes SK-path ordered correlators, which consist of a product of time-
ordered operator insertions followed by a product of anti-time-ordered ones. We
denote an operator inserted on contour segment / € {R, L} as O;. A typical SK
correlator is of the form?

(Tc Or(t1) -+ - Ort)OL (tks1) - - OL(tw))

3.1.6

T [(T O - O ) (T OG- Ow) o]

where T¢, T, T denote contour ordering, time ordering, and anti-time ordering,

respectively. The R operators, which correspond to the ket part of p, are time-

ordered, while the L operators, which correspond to the bra part, are anti-time-
ordered.

As presaged, the original motivation for the Schwinger—Keldysh formalism is to
describe systems interacting with an environment. In this context, it is natural to
work with variables that evolve classically, and those that are subject to quantum
fluctuations from the environment. This is achieved by switching to the aver-
age/difference basis, where difference fields (quantum) parametrize fluctuations:

O = w . Our=0x—0L. (3.17)

2 Of course, the operator insertions do not all have to be the same. We have adopted a succinct
notation, suppressing additional labels which would serve to distinguish operators.
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In this basis, the so-called largest time equation is
(Te Ouit(t ) Or (1) - - - Op,(t2)) =0 (tr>t,..., 1), (3.1.8)

where Oy, are arbitrary operator combinations on the contours (l; = R, L or I; =
{av, dif} label the contour segments), and 7¢ denotes Schwinger—Keldysh contour
ordering. These constraints follow from unitarity: U f[JIU[J] = 1 when Jg =
Ji = J since Oyy is sourced by this J. Pictorially:

Im(t) Im(t)
Ok(t1) Or(ts) [—p Orlty) Okg(t1) Orltz) | _p
- "o I=L ) Re(® - "o I=L ) Re()
® ® @
Op(ts) Op(ts) Ow(ty)

Generally, the coupling between sources and operators is JR Or — JL Op =
Jav Ouit + Jait Oay.

Largest Time Sum Rule The natural objects on the Schwinger—Keldysh contour
are the contour-ordered correlators. Consider first the Schwinger—Keldysh two-point
function matrix Gy (x, x') = (T¢ OI(X)OS (x")), where I, J € {R, L}. These can
be assembled into a matrix

Gr.x') = (iGF(x,x’) iG>(x,x/)> _ ((TO(x)OT(x/)) (OTHOW)) )
’ iG-(x,x") iGp(x,x") (OX)OT (X)) (TOEOT(xN))
(3.1.9)
In our earlier language,
Gr(x,x') = =i (QIT O(x) O(x")|Q) ,
Gg(x,x") = —i (QIT O(x) O(x")|Q) , (3.1.10)
Go(x,x") = —i (QIOX") O)|Q) ,
G- (x,x) = =i (QO(x) O .
These satisfy the sum rule
Gr+Gp—G-—G.=0. (3.1.11)

This sum rule encapsulates once again the unitarity and causality constraints. It is
the simplest example of a more general statement. Consider all contour-ordered n-
point functions; one can readily check the following identity:3

3 Here, I; = 1,2 correspond to labels R, L.
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Z (=DItFh (T O (x1) - O, (1)) = 0. (3.1.12)
Iy 1y €{1,2)

The cancellation in this sum occurs pairwise: assume without loss of generality that
t| > ta,..., ;. Then for every choice of I, ..., I, there are two different choices
for 1. The difference between these two choices is zero thanks to the largest time
Eq. (3.1.8). We will refer to (3.1.12) as the largest time sum rule.

Given the SK generating function (3.1.5), one can compute all contour-ordered
correlators by varying with respect to the sources Jg and Jr. Note that this is
a highly redundant picture since there are a priori 2" contour ordered n-point
functions, which is greater than the number of Wightman functions (which number
n!). Some of these redundancies are accounted for by the largest time equations. In
fact, a useful way to encode this is to invoke a BRST symmetry of the Schwinger-
Keldysh construction, see the Appendix for a brief sketch of this idea. Before
we turn to finding a simple algorithm to map the contour-ordered observables to
physical ones, it is useful to consider a generalization.

3.1.2 The OTO Contours

Consider a generic n-point function of Heisenberg operators, O)(z;), that is, the
Wightman correlation functions (O (1)) 0@ (t) --- O™(1,)), without prescribed
temporal ordering. Writing out this correlation function in terms of Schrédinger
operators, O (1), using O(1) = U (19, t)" O(t9) U (19, t), we obtain

G, ) = (0D 1) 0P (@) -+ 0P 1)
(3.1.13)
= (U0, ) 0V ) Utto, 1) -+ U (10, 1) O™ (10) U to, 1)) .

The temporal evolution of the system between the operator insertions involves a
series of forward and backward evolutions by U (#y, ;) and U T(to, t j), respectively.
This is an inevitable consequence of the lack of any temporal ordering. One can
represent such an evolution by a path integral contour, which involves a series of
temporal switchbacks; see Fig. 3.3.

We will refer to such contours as the timefold or out-of-time-order (OTO)
contours. It is useful to decorate the latter with a depth label, k, with a k-OTO
contour specifying a contour, with k forward and k backward evolutions. The
Schwinger—Keldysh contour is then a special case, being the 1-OTO contour.

The generating function for the k-OTO contour can be computed with sources J
for the operators O, and encoded in the evolution operator U[J]

t t
UlJ]=T exp [—i/ dtH[J]] , WD =T exp [lf dtH[J]i| .
f " (371.14)
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Fig. 3.3 The k-OTO contour, computing the out-of-time-ordered correlation functions encoded
in the generating functional (3.1.15). As in Figs. 3.1 and 3.2 the physical time runs from left to
right, and the vertical excursions are infinitesimal (i&). We also show insertion points required to
compute the correlator with temporal ordering t| > 12,1, < 13, and 13 > 4

The k-OTO generating function is then defined to be

Zi—otolJ1] = Tr[- - ULBIWULLD UL pi (ULJ) U= 11U =) - 1.
(3.1.15)

The contour prescription with the decorated labels I = 1, ..., 2k is useful, but
highly redundant. There are several useful bases that are adapted to obtain physical
results more directly [3]. We describe them below, with fixed time order, | > #; >

- > ty, for definiteness:

*  Wightman basis: This comprises the n! physical correlators
Go(ti, 12, -+ s ty) = <o<"1>(9<02> (9<f’n>> ,  OES,, (3.1.16)

where S,, denotes the group of permutations of n objects.

* Nested correlators: Another useful set uses nested commutators and anti-
commutators of the n operators O). These are constructed in terms of the
elementary building blocks, which are commutators [-, -] and anti-commutators
{-, -} of the operators. We can consider nesting a sequence of graded commutator,
anti-commutators; for example,

[{[0(1)70(2)],0(3)}’...]’ (3.1.17)

which illustrates the general idea. This set is spanned by 2"~ 2n! correlators.
These objects, together with appropriate time-ordering step functions, form
the basis of time-ordered response functions [1] (also see [2]). This statement
should be familiar for 2-point functions, since the complete information of the
propagator is contained in the commutator and anti-commutator. The reason for
their importance can be traced to the fact that Lorentzian causal ordering ensures
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that the commutator of operators will vanish when the insertions are spacelike
separated.

e The LR correlators: The space of correlation functions derived from the k-OTO
contour forms another basis. There are a total of (2k)" correlation functions,
since O(t;) can be inserted in any one of the 2k legs of the contour. This vast over-
determination can be collapsed to something simpler, for instance, by switching
off or aligning some sources, we can collapse some timefolds using unitarity.

* The Av-Dif correlators: A closely related basis involves rotating the LR-basis
into the average-difference operator basis. This is done by a natural extension
of the Keldysh basis used in the usual Schwinger—Keldysh formalism Oy ) =
% (O20—1 + Oy¢) and Oyitey = O2¢—1 — Og¢, where £ =1, ..., k.

Note that in situations where the state is analytic, we may use an i& prescription
to recover the Wightman function from the Euclidean Schwinger functions, via

(80y > ... > &g,) -

(3.1.18)

G(T(h? I, -, t}’l) = 811111)10GE(T1’ T2, 0, tn)“[,-:l’ tite;

This can be implemented directly in 2d CFTs thanks to the convergence of the OPE.
A nice discussion of higher-dimensional CFTs can be found in [4].
Let us record some general results about these OTO contours:

¢ The computation of n-point Wightman functions can be done on a k-OTO
contour with £ < L%J. This can be seen by noting that the worst-case scenario
is an ordering in which we first act with O(t), then by O(z,), followed by
O(t2),and then acting with O(#,_1) and so on, involving switching back between
forward and backward evolutions.

* One can trivially embed an n-point function on a k > L%J—OTO contour.
This will involve some redundancies, but it is useful to derive relations between
correlators.

¢ For completeness, let us record that all two-point functions can be computed on a
SK/1-OTO contour. Of the 6 three-point functions, 4 are computed on the 1-OTO
contour, but two others (O(t1) O(t3) O(t2)), and (O(r2) O(t3) O(t1)) require the
use of a 2-OTO contour. Similarly, only 8 of the 24 four-point functions can be
computed on the 1-OTO contour; the remaining 16 require a 2-OTO contour.

The redundancies on the k-OTO contour can be understood pictorially by
thinking of the contour as a wireframe of an abacus, with the operators as beads. The
operators can slide up and down to occupy their temporal spot on any of the legs, as
long as other operators do not obstruct them. The basic reason for this is again the
analog of the largest time equation, which originates from the normalization of the
time-ordering step function. We define

Ouped-- = Oap Ope Ocg -+ -, Ouw =1, ifty > 1. (3.1.19)
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From here it follows that,

> O30, = 1. (3.1.20)

oES,

As noted above, this implies that difference operators cannot be future most. This
observation can be used to give a simple mapping between the different bases
described above using the Keldysh bracket. We will illustrate it below for the 1-
OTO case, and refer to [3] for the k-OTO generalization.

The Keldysh bracket is defined as an operation that takes as input a physical
single copy (non-Schwinger—Keldysh) operator as its first entry, a Schwinger-
Keldysh operator as the second entry, and outputs a product of the single copy
operators as the result. Letting / be the identity operator, one defines

(AvBR)SKEABa (A,BL)SKEBA,
(A, Bay)gx = {A. B}, (A, Baing = [A, B] , (3.1.21)
(I’ BaV)SK =B ’ (Ia Bdif)SK = 0 )

A Schwinger—Keldysh correlator can be expressed as a nested Keldysh bracket
acting on the identity operator and then applying Schwinger—Keldysh time-ordering.
The time-ordering is a particular choice of the step functions. One simply sums over
all possible orderings of operators inside the nested Keldysh brackets and dresses
each of them with the appropriate causal step function. Specifically,

(Tsk 0302 .0

= Y Opoyo, (- (L, O, Oy, Oy,

time
orderings

(3.1.22)

where 0107 - - -0, is a permutation of the p indices. This expression can be used to
bring any correlation function to a standard form involving commutators and anti-
commutators. For instance, one can check that

(7TS'KAav Bav> = ®AB (((Ia Aav)SK’ Bav)SK) + ®BA (((17 Bav)s](s Aav)SK>

= Oag ((A, Bu)g) + Opa ((B, Aw)g) = {A. B}) .
(3.1.23)

Similarly, we may further deduce that

(Tsk Aay Bait) = Oap ([A, B])
(Tsk Aav Bait Cait) = ©Oapc ([[A, B],Cl) + ©Ocap ([[C, Al, B]) .

(3.1.24)
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Let us take stock: the space of n-point correlation functions is, in general,
spanned by n! distinct Wightman functions. These can be represented on OTO
contours in many equivalent ways. To classify them, we can denote as g, , the
number of proper g-OTO n-point functions, i.e., those which require at least a g-
OTO path integral to be representable. A proper g-OTO n-point function can be
represented on a k-OTO contour (with £ > ¢g) in some number of ways, hflq,)c This
leads to a decomposition of the number of n-point functions into equivalence classes
under unitarity rules:

24 |25

nl=> gug. Q= gnghl), (3.1.25)
g=1 qg=1

where we recall that (2k)” is the (vastly redundant) total number of n-point functions
representable on the k-OTO contour: each of the n operators can be inserted on
any of the 2k contour segments. The unitarity rules translate into a combinatorial
counting problem, which allows us to compute the integers g, 4, and i ,(1‘1,){ recursively.

We refer to [3] for details and results.

3.2 Schwinger-Keldysh and Cutkosky Cutting Rules

Mukund Rangamani

We will now briefly recall the cutting rules and perturbative unitarity, showing
that this formalism is isomorphic to the Schwinger—Keldysh approach described
above, cf. [5] for the original discussion.

For concreteness, consider Feynman diagrams built out of propagators

Gr(x) = OG- (x) + O(—x)G(x),

4k ' 32.1)
Pee 8(k* —m?) ©(£k%) e

Gz(x) =

Here G > (x) are the two Wightman functions and refer to the positive and negative
frequency parts of the Feynman propagator. Decomposing Feynman diagrams into
positive and negative frequency components leads to an efficient way of tracking
causality constraints. One introduces a notation where every vertex in a diagram is
either circled (black) or uncircled (white) with the following rules for propagators
connecting the various vertex combinations:

o—o =Gz —12),
oo =Gp(z—12),
o—e =Gs(z—2),
oo =G (v—2).

(3.22)
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In addition, every circled vertex receives a minus sign. Physically, positive energy is
always transferred from uncircled to circled vertices. Clearly, the effective doubling
of degrees of freedom (by means of doubling every vertex) is very much analogous
to the Schwinger—Keldysh approach. Let us discuss this in more detail.

The largest time sum rule is now the statement that the sum over all circlings of
a given diagram vanishes. For example:

(3.2.3)

The cancellation again happens in pairs: any given diagram cancels against its
‘largest time partner’ diagram, i.e., the diagram obtained by changing the circle
on the future-most vertex.

Note that generally many diagrams vanish because of the condition that energy
can only flow into circled vertices. For instance, an isolated circled vertex that is not
connected to any external legs must give a vanishing contribution as energy cannot
flow to it from anywhere:

(3.2.4)

This constraint is obvious in momentum space, where the diagram is proportional
to a vanishing product of @(:I:k?j). This makes it less transparent in Schwinger—
Keldysh formalism.

We can obtain a more transparent statement by considering again the sum over
all circlings in frequency space. Every choice of circlings can be associated with
a cut that separates the diagram into a shaded (circled) and sunny (uncircled) part.
Energy flows from the unshaded region into the shaded region, and both regions
must be connected to external legs in a way that is consistent with this (otherwise
the diagram vanishes). For instance:

N
(3.2.5)
with the understanding that we put all cut internal propagators on-shell,
— §(k*> —m?), (3.2.6)

k2_m2
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thus turning the cut diagram into a product of amplitudes. The Cutkosky cutting rule
is precisely the largest time sum rule written as a sum over cuts:

Fkyoooo k) + Flk, k) = =Y Feulkr. . k). (327)

cuts

where F is a (momentum space) diagram with all vertices uncircled, F is the
corresponding diagram with all vertices circled, and F, are the various cut versions
of the same diagram.

We conclude this discussion by making the connection with the S-matrix
manifest. Recall that unitarity of S = 1 + {7 implies

T—-T =iT'T. (3.2.8)

The cutting rule (3.2.7) looks precisely like the contribution of a given diagram F to
this unitarity condition, where T accounts for sunny amplitudes and 77 for shaded
ones. This is a little too fast, but it does lead us in the right direction: in particular,
in order for (3.2.7) to really encode (3.2.8), we need that the Lagrangian (which
defines the Feynman rules for F) satisfies £ = £'. This will then ensure that the
Feynman rules used to build a diagram F do indeed correspond to those associated
with ST (or TT).

3.3 The Open Quantum System Paradigm

Mukund Rangamani

As described above, the Schwinger—Keldysh formalism and its k-OTO gener-
alization provide a framework for computing real-time observables in QFT. One
concrete application of these ideas is in the context of non-equilibrium dynamics.
We will frame this application in terms of the open quantum system paradigm,
wherein some quantum degrees of freedom are traced over.

Consider a QFT with some degrees of freedom encoded in local fields W (x, ¢),
which is the physical system of interest. We will imagine this system coupled to
an environment, which itself is another field theory, perhaps with many degrees of
freedom X;. The unitary microscopic theory is of the form:

S[W, Xi] = Ss[W]+ SelXil + Ss— [V, Xi]. (3.3.1)

The combined system and environment is initialized in some initial state, which
could even be a factorized state p; ® p.. This factorized form will fail to hold
under evolution, which is generated by the joint system-environment Hamiltonian
obtained from the above action.

If we integrate out the environment degrees of freedom X;, we will end up with
a density operator for the system. This system density operator will itself undergo
a non-unitary evolution. The paradigm for such open system dynamics was laid
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out in [6]. A key observation in this work was that the natural way to describe the
evolution of the system is in terms of a Schwinger—Keldysh path integral, with a
non-trivial interaction between the L and R degrees of freedom, which is referred to
as the influence function.

/ [DWRIDW,] / [DX; pI[DX; p]e! STYmXorl = ST Xi]
(3.3.2)
_ /[Dq,R][D\I,L]ei SIWRI—i SIL 14+ Sip[WRVL]

The influence functional is clearly induced onto the system owing to the coupling
with the environment.

This paradigm has broad relevance, ranging from the analysis of environment-
induced effects, cosmology, and thermal systems. An approach that is usually
taken in these contexts is to assume that the environment’s dynamics is suitably
Markovian. By this, one means that the system-environment interactions are such
that any information exchanged between them is rapidly dissipated or “forgotten” by
the environment. In other words, the environment has no long-term memory. This
implies that the system density matrix will evolve by a trace-preserving positive
map (a quantum channel). In quantum mechanics, one can, with these assumptions,
write down a master equation for the evolution, generalizing the standard unitary
evolution. This takes the form

. dp , i1y [
la:[H,p]%—l;}:Fab<prLa—§Lapr—szaLb . (3.3.3)

Here, L, and L, are positive operators indexed by a, b, and I',; are effective
couplings. The evolution can be seen to be trace-preserving.

In general, the Markovianity assumption can fail, especially in situations where
the environment has some long-lived modes dominating its late-time dynamics.
Integrating these out will clearly lead to some non-local effects. In such situations,
the influence functional is more directly useful.

Note that in the absence of the influence functional, the dynamics of the system
is factorized between the ket and bra (R and L). All non-trivial correlations in this
case are all captured by the initial density matrix. The factorization fails when we
have influence functionals. However, these cannot be completely arbitrary, since that
would violate the microscopic unitarity (before integrating out the environment).
The influence functional is constrained by the largest time equation, which leads
to a set of Lindblad conditions in the case of Markovian dynamics; cf. [7] for an
analysis in the context of renormalization of an open QFT.

An arena that is well suited to develop the structural aspects of open effective
field theories (open EFTs) is holography [8,9]. We imagine the environment to be a
large N holographic field theory, which is strongly coupled. A class of such theories
has a simple dual description in terms of gravitational dynamics in an asymptotically
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AdS spacetime. The prototype example of this is the four-dimensional N' = 4
SYM theory with gauge group SU(N). In the large N limit, the theory has a planar
diagram expansion with ’t Hooft coupling A = glz, N The dual gravitational theory
lives on an AdS spacetime with curvature length scale €5gs which is hierarchically
larger than the string and Planck scales, £; and £ p, respectively. The parameters are

related through,
faas \* fags \*
A~ (RS N2 () (3.3.4)
2 ‘p

We will describe below the general setup (cf. Sect. 3.5) for computing Schwinger—
Keldysh correlators in such holographic field theories. These enter as the effective
couplings of the open quantum system coupled to a holographic environment.

34 Thermal States and Advanced/Retarded Basis

Mukund Rangamani

An interesting and important class of examples is the behavior of systems cou-
pled to thermal environments. To understand these, we can specialize to considering
the initial state to be a thermal density operator

pp=e P (3.4.1)

3.4.1 The KMS Condition

Since the thermal density operator involves an evolution in the Euclidean time
direction (by an amount ), we can define a useful notion of conjugating operators
through the density operator, and inserting them at imaginary time values:

Ot —ip) = pgl Ot) pg . (3.4.2)

If we view the conjugation operation as passing an operator through the density
matrix, then the motion is counterclockwise along the contour. In fact, viewing the
density operator itself as an evolution in imaginary time, the conjugation pictorially
can be visualized by sliding the smallest-time operator across the initial state:

Im(%) Im(t)

r Re(t) Og(t1) ORﬁz) [ =R Re(t)

®

- -
Or(t;) O (ts) A Op(ts3)

Or(t;
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As before, we define the one-sided thermal SK (‘1-OTO’) path integral as

28Uk, JL] = Te(ULIR] pp (ULILDT) . (343)

This path integral is subject to a KMS condition and unitarity constraints. To

describe these, one typically works with the following (advanced/retarded) basis
of operators:

OQuv=0r -0,
1 8o (3.4.4)
Oret = (@) —3 coth (1/32 t) (Or — Op) .

This choice makes manifest the following constraints:
* The largest-time equations discussed earlier continue to hold in the form
(Te Ouav(ty) Op (1) -+ Oy, (tn))ﬁ =0 (tr>n,...ta). (3.4.5)

e In addition, by virtue of the conjugation property (3.4.2) one has another
constraint, the thermal smallest time equation, or equivalently the KMS condition

(Te O (1) O (1) -+ Op (@) =0 (1 <11,...1n). (3.4.6)

This follows from pg O(t;) = O(1; — i) ps = e P4 O1;) pg.

For illustration, consider two-point functions. The matrix of all possible SK two-
point functions in this basis is

Glg (t l‘/) = ( (727 Oret(t)oret(t/» (72' Oret(t)oadv(t/» )
' <7Z3 Oadv(t)oret(t/» (76 Oadv(t)oadv(t/»

(3.4.7)
_ 0 iGR(t —1')
“\iGAt -1) 0 ’

where

iGR(1) = @) ([0), O]
(3.4.8)
iGA(1) = —O(=){[O), O)])p .
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We should note that the KMS sliding rule directly leads to the fluctuation-
dissipation relation, for

Tr(pp B(0) A(1)) = Tr(pp A(t — i B)B(0))
B wi (3.4.9)
= ({A(w1), Blw)})g = Coth(T) ([A(w1), B(w2)])g -

At higher points the fluctuation dissipation relations will mix the correlators from
across OTO contours differing by one timefold. Generically, all the n! correlators
can be broken up into KMS orbits of length n. The number of independent thermal
n-point function is therefore (n — 1)!. It is rather non-trivial combinatorial problem
to decompose (n — 1)! into equivalence classes under both unitarity and KMS rules,
analogous to (3.1.25). This was done in [10].

To give just one example, we noticed that the set of three-point Wightman
functions involved both 1-OTO and 2-OTO observables. However, all the 2-OTO
correlators can be related in this case to 1-OTO correlators using the KMS condition.
The first independent set of correlators whose KMS orbits are confined to 2-OTO
contours occur for four-point functions. The chaos correlator, which we discuss
below, is the paradigmatic example of this.

3.4.2 One-Sided Thermal Basis

Define the one-sided thermal k-OTO path integral as

ane-sided[fla coy Jorl =Tr |:U+[-12k]U[-]2k—l] - UTRIULN] Pﬁ] -
(3.4.10)

This path integral is subject to a single KMS condition and 2k — 1 unitarity condi-
tions. To describe these, we work with the following generalized retarded/advanced
basis:

Outvity = Ops1 — O (£=1,...,2k—1),

@ O 1 180, (3.4.11)
Oret = (%) - ECOth <l'32 t) (O — Oy) ,

We refer to Oaayr)y as the set of 2k — 1 advanced combinations and O, as
the retarded combination. This basis again diagonalizes the unitarity and KMS
condition for the one-sided path integral; that is, we have the following constraints:

* There are k largest-time equations of the form

(Te Ouavitmom—1)(tp) O (t1) -+ Oy, (ln)>/3 =0 (tr>t,...ta),
(3.4.12)
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wherem = 1, ..., k and Oy, are arbitrary operator combinations on the contours,
and 7¢ denotes k-OTO contour ordering. These constraints follow from unitarity:
UT[J(+1]U[.]¢] = 1 when Jy41 = Jp since Qgﬁ)v is sourced by %(JH] + Jp).
Note that, strictly speaking, Oagye)(ff) does not need to be to the future of
all other operators, but only to the future of those operators that have a leg on
contour segments £ or £ 4 1. In other words, the largest time equation can be read
as a ‘sliding rule’, which moves operators around a future turning point of the
contour. For example:

Im(t) 4 Im(¢t)

Ou(ts) L) — O4(ts)
. @

|~ I~ |~ I~

]
1
05(02) 3 O 0s(t2)
I
I
1

e There are k — 1 smallest-time equations,
(Te Ouavie=om) (1) Or (1) - - O, (tn))ﬁ =0 (Gi<n,...tn), (3413

where m = 1, ...,k — 1. These follow again from unitarity as above. Again,
t; only needs to be the smallest time among those insertions that have legs on
contour segments £ or £+ 1. Pictorially, this is a ‘sliding rule’ that takes operators
around a past turning point of the contour.

¢ There is one KMS condition,

(Te Oreat) On (@) - Op )y =0 (1 <11,...1n). (3.4.14)

This follows the same way as in the 1-OTO case. Inside a k-OTO path ordered
expectation value, we can also write the relevant condition as: O (#;) = O (t; —
i), assuming #; is smaller than any other time of operator insertions with legs on
contour segments 1 or 2k.

3.4.3 Spectral Representation

There is a natural basis for thermal correlators that takes into account the KMS
constraints and expresses the correlators in each KMS orbit in terms of a spectral
function. From our earlier discussion, this should imply that there is a single spectral
function for two- and three-point functions, and a pair of spectral functions for four-
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point functions. The construction is achieved by extracting the statistical factors
(Bose-Einstein/Fermi-Dirac) from the correlators. This construction is explained
in [11] for generic k-OTOs. We will compile some essential features that we will
use in our discussion later.

Since thermal two-point functions are fixed by a single spectral function,
introduce

®p i p-(x1—x2)
/ anp e = ([0, O(x2))g - (3.4.15)

Using this we can represent the contour-ordered two-point functions as
(Tc O(x1) O(x2)) = ©12 M(x1, x3) + permutations , (3.4.16)

where M (x1, x») is the matrix of Wightman correlators. It can be reconstructed from
the spectral function as

d®p;dP —1\ i, -
M(x1,x2) = / _(5;)215—2 o(p1 — p2) (_1) el @ (1 iBn(;U(zj)z)) et P
(3.4.17)

where n g is the Bose-Einstein statistical factor

1

ng(w) = eﬂ"’—

—- (3.4.18)

Similar expressions can be obtained at higher points. For three-point functions, the
spectral function is

s dDPi .3
/ [H (ZH)D} 0(p1, p2. p3) €’ Timt it = ([[O(x1), O(x2)], O(x3)])g -
i=1
(3.4.19)
For four-point functions we have
-4 b -
i piy 47 Pi
/ Hel P ’# e1(p1, p2, p3, p4)
Li=1 i
= ([[[O(x1), O(x2)], O(x3)], O(xa)])
-4 _ (3.4.20)
o dPpy
/ []e” ’ﬁ 02(p1, p2, p3, P4)
Li=1 .

= ([O(x1), O(x2)] [O(x3), O(xa)])g -

Finally, we introduce another basis closely related to the advanced/retarded
basis mentioned earlier, but with the salubrious feature of diagonalizing the KMS
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constraints. We define the future and past combinations of sources to be
JF=—((1+4+np)Jgr —npJr), Jp=—np(Jg—JL). (3.4.21)

The operators can likewise be rotated in a similar fashion.

3.5 Schwinger-Keldysh Contours in Gravity: grSK

Mukund Rangamani

We now turn to the question of how to implement the Schwinger—Keldysh
path integral contour in holographic settings, as indicated in our discussion of the
open QFT paradigm. For this discussion, we will focus primarily on the thermal
state of the holographic theory. Furthermore, we will focus exclusively on the
Schwinger-Keldysh contour, for which there is now a well understood gravitational
prescription.

We first recall that the thermal state can be prepared by a Euclidean path integral,
where the CFT is placed on a geometry with a compact time coordinate. As in our
previous discussion, one opens up the contour around g = 0 to allow for the real-
time timefolded evolution.

The Schwinger—Keldysh contour of the field theory maps in the gravitational
setting to a boundary condition for the semiclassical quantum gravity path integral.
The natural question involves identifying the corresponding bulk geometry, which
we recall has to be a saddle point of the gravitational path integral. We will follow
the prescription of [12], as explained in [8]. We should note important previous work
on the subject [13, 14] and in particular [15].

The thermal state preparation is achieved by a non-trivial saddle of the gravita-
tional path integral. The geometry is the Euclidean black hole spacetime, with the
time circle fixed (in an appropriate conformal frame) at the AdS boundary. This
circle shrinks to zero in the interior of the spacetime, with the locus of zero proper
size corresponding to the bifurcation surface of the event horizon in the Lorentzian
continuation. The spacetime has the topology of a disc (often referred to as the cigar
geometry). We open up this geometry in the vicinity of £z = 0 and patch in two
copies of the Lorentzian spacetime, which are glued together along their respective
future horizons, see Fig. 3.4.

It is useful to write an explicit set of coordinates and present this solution as a
complex two-sheeted geometry. To do so, consider the metric in ingoing Eddington-
Finkelstein coordinates

D
ds? = —r? f(r)dv® + 2dvdr + r2 dx?, fry=1- r—+D . (3.5.1)
r

The coordinate v is identified with the time coordinate ¢ on the boundary of
the spacetime r — oo, and follows the Schwinger—Keldysh contour. The radial
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Fig. 3.4 The two-sheeted complex grSK geometry shown from two different perspectives. On
the top left we display the boundary thermal SK contour, which is filled in the Euclidean portion
by the Euclidean black hole geometry (the cigar) and in the Lorentzian section by two copies of
the domain of outer communication of the Lorentzian black hole spacetime. The top right panel
displays the bulk perspective to emphasize the smooth join of the two sheets of the Lorentzian
section. On the bottom panel, we illustrate the Lorentzian sections of the geometry on the
Schwarzschild-AdSp41 Penrose diagram. with the regions pertaining to the L and R sheets of
the grSK spacetime shaded. Reprinted under CC-BY-4.0 license from [8]. © 2020, The Author(s)

coordinate in the bulk will be complexified, and we will give a contour prescription
to choose a codimension-1 slice.

Operationally, we, in fact, upgrade the radial tortoise coordinate to a complex
variable, which we refer to as the mock tortoise coordinate, ¢. We define this
coordinate by the differential relation:

d ip

2
E == rf(r), (35.2)
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Re(¢) =0 '
< 7. + 1€ Im(r)
(AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVA VAV AV VIR
T'h ' L) Re(r)
> o7, — i€
Re(¢) =1

Fig. 3.5 The complex r plane with the locations of the two boundaries and the horizon marked.
The grSK contour is a codimension-1 surface in this plane (drawn at fixed v). The direction of the
contour is indicated counterclockwise, circling the branch point at the horizon

where 8 = S;’Jr is the inverse temperature of the black hole. While we have

indicated the explicit expressions for the case of a Schwarzschild-AdSp4; black
hole, the construction straightforwardly generalizes to any non-extremal black hole,
see [9].

By convention, we choose one of the sheets to have a vanishing real part and the
other to have a unit real part. This fixes the normalization used to define ¢.

lim ¢(r+ie)=0, lim ¢(r—ie)=1. (3.5.3)
F—> 00 F—> 00

A section of geometry in the mock tortoise complex plane is illustrated in Fig. 3.5.
The complexified metric defining the grSK geometry is

D
ds?> = —r2 f(r)dv® +i Br? f(r) dvde +r2 dx?, fr)y=1- r—+D (3.5.4)
r

One can now give a simple algorithm for computing real-time observables in the
holographic CFT using Witten diagrams on the grSK geometry.

* To begin with one places the gravitational theory on the grSK contour, writing
for the bulk action a contour integral

Shulk = ;ﬁ d¢ / d°x /=g Llgap, ®]. (3.5.5)

Here, @ denotes the set of bulk fields associated to the CFT operator O, and g4 p
the bulk metric is dual to the CFT stress tensor.

* The main task is to determine the propagators for the linearized fluctuations of
the fields ® (and metric) around the grSK saddle. To this end, consider the linear
wave equation in the original black hole spacetime in ingoing coordinates (3.5.1).
Working in Fourier domain with frequencies and momenta denoted w and Kk,
one solves the wave equation. The boundary conditions to be used are ingoing
boundary conditions at the horizon (which ensure regularity) and requiring the
field to asymptote to an appropriate source at the conformal boundary. We will
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refer to this as the ingoing boundary to bulk propagator Gi,

dG;
21 =o. (3.5.6)
dr

I+

lim Gj, =1,
F—> 00

e The ingoing boundary to bulk propagator, being regular at the horizon, does
not see the branch cut inherent in the definition of ¢. Therefore, one can
immediately write down the ingoing grSK propagator Gi, (w, K, ¢) with suitable
replacements.

* The second propagator that we need is the outgoing propagator. To this end we
exploit the time-reversal involution of the grSK geometry and deduces that it
is given by frequency reversing the ingoing propagator and multiplying with a
radial Boltzmann factor

Gou(@, K, §) = Gin(—w, k, £) e P8 (3.5.7)

* The solution to the field & with L and R Schwinger-Keldysh sources on
the respective boundaries then can be written solely in terms of the ingoing
propagator. We have

CI)(é" , k) = Gin(a)’ kr é‘) <(1 +nw) JR — Ny JL)

— Gin(~w,k, ) P10 p,, (JR _ JL> , (3.5.8)

= —Gin(¢, 0, K) Jp + Gin(—w, k, £) P10 jp .

e The final ingredient is the bulk-bulk propagator, which can be obtained using
the variation of parameters trick. One takes advantage of the solutions of the
homogeneous wave equation to construct the solutions to the inhomogeneous
one. This can be efficiently expressed in terms of a linear combination of
boundary-bulk Green’s functions that are normalizable at one or the other
boundary of the grSK geometry. Denoting these as Gg(¢, w, k) and G (¢, k),
respectively, we have (setting k = (w, K) for simplicity)

Gr(£. k) =P np(@) (Gin(¢. k) — Gou(Z. k) ,

(3.5.9)
GL(( k) = —np() (Gin(Z, k) — & Gou(, ).

The function G has a source on the right boundary ({ = 1), while G, has a
source on the left boundary (¢ = 0), and they are respectively normalizable at
the other end viz.,

lim {Gg, GL} = {0, 1}, lim {Gr, G} ={1,0}. (3.5.10)
—0 —1
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The bulk-bulk propagator can be seen to be given by

Gouk (¢, L5 k) = N(k) eﬂwﬁ’[mc NG, k)Gr(&' k)
(3.5.11)
+ 0 -G k) Gr(g, k)] .

Here ©(¢ — ¢’) is a contour-ordered step function along the contour depicted in
Fig.3.5. The prefactor can be obtained from the Wronskian of the two linearly
independent solutions to the homogeneous equation, which we have taken to be
the left- and right-normalizable boundary-bulk propagators.

Armed with these propagators, one simply writes down Witten diagrams for the
boundary correlators with the prescribed sources. Each diagram will have a set of
ingoing and outgoing propagators and bulk-to-bulk propagators sewn together at
the vertices. This defines the integrand of the Witten diagram, and the integration
is over the grSK contour sketched in Fig.3.5. As demonstrated in [8, 9, 16] each
such diagram can be expressed as an integral over a single copy of the black hole
exterior, along the real contour running from r1 to oo of an integrand, which is a
sum of (multiple) discontinuities of the contour integrand.*

3.6 Applications of k-OTO Path Integrals

Felix Haehl

We will now discuss some concrete applications of k-OTO path integrals,
focusing in particular on k > 2. The goal is to understand some related physical
phenomena, which are often of an information-theoretic nature.

3.6.1 OTOCs in Thermal States

We begin with a review of out-of-time-order correlation functions and their relation
to quantum chaos. The basic ideas were first discussed in [17-20].

3.6.1.1 Quantum Butterfly Effect
We would like to consider the two states

) = V(=T,0)W(0,2)|8) = e TV (0,0)e W (0,2)|8) = —.
@) = W(0,2)V(=T,0)|8) = W(0,2)e™ TV(0,0)eT|3) = o] (3.6.1)

4 This is assuming that the vertex functions are simple — in certain cases there are also localized
contributions at the horizons which originate from derivative interactions. See the aforementioned
references for more details.
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where |8) = e #H/2|0) is the square root of the thermal density matrix such that
(BIC---)IB) = Tr[(---)pgl. We expect that the two states are generically very
similar when the time separation T <« B. However, if H is a suitably chaotic
Hamiltonian, then the overlap becomes small for large time separations. By the
overlap, we mean the following 2-OTO correlation function:

(W) = Tr [VI(=T,0)W(0,2)V(=T,0)W(0,z) ps] = é

~ (W) (V1Y) [1 = 20T + O(N2)]

=0 (T'—o0) (362)

where « is the Lyapunov exponent. In general, the Lyapunov exponent depends on
the spatial separation between V and W. Specifically, it is expected to be a function
of the ‘velocity’ v = x/T, or equivalently of the relative spatial momentum. We
will suppress this spatial dependence for now and get back to it later.

Let us now be more precise about the meaning of the above. We canonically
purify the system by doubling the Hilbert space X — Hp ® Hgr. We use a
convention where the time in the R-Hilbert space is aligned with global time, tg = t,
and the time in the L-Hilbert space runs in the opposite direction, r; = —t. The
purification of the thermal density matrix corresponds to a state |TFD) € H; @ Hg.
Let us discuss three closely related correlation functions in the doubled system (see,
for example, [21]), which make different features of our discussion manifest (square
brackets).

1. One-Sided Correlator [OTO Path Integral] The states we compare can be
chosen in various ways; a conveninent choice is to represent all operators in the
R-Hilbert space:

[W1) = VR(=T)Wg(0)|TFD), [W2) = Wr(0)Vr(=T)|TED) , (3.6.3)
such that their overlap reads as
(U, W) = (TFD|V;, W} Vg Wg [TFD) = Tr [VTWTVWp,g] . (3.6.4)

Written in this way, the overlap (W,|W;) is a thermal 4-point 2-OTO correlation
function of the type discussed in previous sections. It compares the effect of acting
with W (0) first followed by V (T'), versus acting in the opposite order. In a large N
system and for ‘simple’ operators V, W, the difference between these two states is
initially negligible, but can become large as T grows. This is the basic feature of the
quantum butterfly effect.

2. Overlap of ‘in’ and ‘out’ States [Scattering Experiment] The one-sided
OTOC is closely related to the overlap of an ‘in’ state on the time slice at an early
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global time and an ‘out” state at late time:’

| m> H/L( ) ( |TFD
|Wout) = VL(T)Wg(0)|TED) =

L]

(3.6.5)

such that

) —
Uoue| Ui = (TED|VI W, WLVR|ITFD) = Tr [WVi 2 Wwivpl/? | = |
L R B8 8 :L

(3.6.6)

The labels ‘in’ and ‘out’ refer to whether the states are created in the past or future
with respect to global time. This version of the OTOC is most easily interpreted as
a scattering problem. The ‘in’ and ‘out’ states are defined on time slices, i.e., they
each involve two spacelike separated operator insertions. We can then describe their
difference in terms of a 2-to-2 scattering phase; see, e.g., [22].

3. Two-Point Function in a Perturbed State [Probing a Shockwave State]
Finally, consider the state

|®v) = Vr(0)|TFD), (3.6.7)
and write the left-right two-point function of W':
(Oy|W, (=T)Wg(T)|®y) = (TFD|W, V Wx Vg |TFD) (3.6.8)

- Tr[WT 1/2 VTWVpl/Z] .

This analytic continuation of the OTOC cannot be written as the overlap of an ‘in’
and ‘out’ state. It should be thought of as a two-point probe correlator evaluated in
the state that corresponds to a thermal state perturbation by V.

It is instructive to compute OTOCs using holography. Doing so properly should
involve a generalization of the setup described in Sect.3.5 to geometries with
boundary conditions appropriate for the OTO path integral (‘grOTO geometry’).
This has not yet been studied for the correlators described here. However, the
calculation is easy in a certain approximation. For instance, the state (3.6.7) evolved
to a sufficiently late time slice can be approximated by an eternal black hole
geometry perturbed by a null shockwave that travels from the right boundary

SRecall t; = —t, which means V(11 = T) corresponds to an insertion at global time — 7.
Contour pictures are drawn in the complex ‘global’ z-plane.
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towards the black hole. That is, the gravitational backreaction (graviton exchanges
on the grOTO geometry) is effectively reorganized into a gravitational shockwave.
The OTOC (3.6.8) is then computed by a late-time left-right correlator in an eternal
black hole geometry perturbed by a shockwave [17].

3.6.1.2 Six-Point OTOCs and Shockwave Collisions
Higher-point OTOCs play a natural role when one tries to measure detailed
properties of states that are perturbed with respect to some reference state.

A 3-OTO application can be motivated as follows [23-25]. Consider the per-
turbed thermofield double state:

|®yw) = Wr(—twr) Vr(—tyr)|TFD) . (3.6.9)

This state has an interesting interpretation in holography: for large #,g and t,,
it corresponds approximately to the eternal AdS black hole perturbed by two
shockwaves traveling from the left and right boundaries, respectively, in almost null
directions (see figures below). The two shocks may scatter behind the black hole
horizon. We can try to characterize this scattering process and how it affects the
post-collision geometry. A natural probe would be a left-right two-point function on
a late time slice tg > ty1, tyr:

(Pyw|OL(10)Og (t0) | Py w)

=Tr[ W (u) O W (tur) o/ VI (=) OtV (1) 0]
(3.6.10)

where we translated the two-sided correlator into a trace (3-OTO path integral) over
a single Hilbert space. On the contour, it looks schematically as follows:

¢ ‘—‘_‘
—

Due to the isometries of the eternal black hole geometry, the result of this calculation
should depend on the total separation At = t,,; + f,g. One finds that for small
At the six-point function cluster-decomposes into two-point functions to a good
approximation. However, when both V and W each had enough time to scramble,
the correlator will deviate significantly from the factorized result. One finds [24]:

]

. 1 2A0
P Dy )V f
(PvwlOL(10)Or o) | Pyw)=(V' V) (W W)g(OO0)g [1+a GPAyAw eA’}

(3.6.11)
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with some theory- and dimension-dependent number « and the Newton constant
G. Importantly, this result deviates from the product of two-point functions by a
large amount after rwo scrambling times, i.e., when At ~ t,w + t,y with t,0 =
log(y/aGAp).° This deviation indicates that the gravitational interaction between
the two shockwaves is very disruptive. Indeed, the decorrelation of the left-right
two-point function can be interpreted as the disappearance of spacetime connecting
the two sides. A more detailed gravitational analysis indicates that the total
spacetime volume within the causal future of the collision point rapidly decreases
to an exponentially small value because of the strong non-linear gravitational
backreaction. The two situations can be pictured as follows:’

1%} /4‘17/‘3 L)

Vr(—twr)

Wr(—twr) Vr(~twr)
(At < t.w, t*v) (At > taw + t*v)

Can we understand this process using a more conventional language appro-
priate to describe the 2-to-2 scattering process? An immediate obstacle is the
ill-definedness of asymptotic out states due to the spacetime singularity. Initially
(for small Ar) this might not be a serious issue because the singularity is far from
the collision point; but for large At, the singularity “bends down” exponentially
close to the collision point. Characterizing the collision in terms of an S-matrix now
seems quite problematic. It is no coincidence that the six-point OTOC considered
above is not naturally written as the overlap of an in- and an out-state. Relatedly,
the four-point OTOC (which can be written as such an overlap, see (3.6.6)) is not
sensitive to the change of behavior at two scrambling times. It is an interesting
question to investigate how to better understand this process in the language of the
S-matrix.

3.6.2 The Effective Theory of Chaos and Eikonal Scattering

In chaotic systems, it seems to be the case that the SK (or OTO) path integral
computing out-of-time order correlators is dominated by few collective modes,
which we will refer to as “scramblons”. We will now define these modes and

% For tg < tyg, twr, the six-point OTOC provides a different refined measure of scrambling, see
[26,27].

7TWe are glossing over some details here: initially, as we increase f,,g and t,,; from zero, the
gray spacetime region grows (roughly linearly). After one scrambling time, the gravitational
backreaction becomes strong and the singularity “bends down” in such that the grey region begins
to shrink. After two scrambling times, it has shrunk to an exponentially small value, as shown on
the right [25].
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their effective description, illustrating how their dynamics gives rise to the butterfly
effect. It is interesting to note that scramblons live inherently on the real-time
contour [28-32].

3.6.2.1 Generalities
For concreteness, let us consider the following OTOC:

Tr[V7(0,00W (T, x)V(0, )W (T, x) pg]

T T =
oTOC, 1 Te[VTVos] Tr [WTWpp]

(3.6.12)

To compute this, we parameterize the thermal 2-OTO contour using a contour time
coordinate s € [0,4T + B] such that the usual complex time 7 takes the following
values along the contour:

s O0<s<T),
2T —s (T <s <2T),
t(s)=|s—2T (T <s<37T), (3.6.13)

4T — s (BT <5 <47T),
—i(s —4T) (4T <5 <AT + ),

where I =1, ..., 5 labels the five segments of the contour (I = 5 is Euclidean):
Im(t)
-1 T R(L(/)
s=0 _I=2 3 '
X" = t3=1t4 =T
/1 = /2 =0 =4 X
I=5
Y s=4T+p3

Conceptually, it can be useful to “unwrap” this contour, which makes the flow of
contour time more manifest:

Consider now a (schematic) path integral along this contour:

Z[J/] =/[D¢1] exp (i S[¢1, J11—iSlg2, J21+iSl¢p3, J3]1—iSl@4, Jal—SElds, Js} ,
(3.6.14)
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where, for example, S[¢1, Ji] = fOT ds [dP~1x (L[¢1] + J1¢1), and so on.

In the above path integrals, ¢; is a stand-in for the various fields we need to
integrate over. Consider the saddle point solution ¢, relevant for the thermal state.
In the rest of this section we will illustrate the following picture:

Effective Description of Scrambling Assume that the theory has many degrees of
freedom and exhibits fast scrambling. Consider the saddle point corresponding to
the thermal state. Then the OTO path integral computing (3.6.12) is dominated
by the exchange of soft mode fluctuations d¢; defined on the thermal OTO
contour, which grow or decay exponentially in time. Their quadratic action becomes
parametrically small around the scrambling time #, ~ log N.

Specifically, the fluctuations described above are of the form

8+1(tr, p) = XT(p)e ™ P 5 ¢ty p) = X (p)e<P @1
(3.6.15)

where « is the quantum Lyapunov exponent and X *(p) parametrize the strength of
the fluctuation as a function of spatial momentum. These fluctuations individually
have a vanishing quadratic action, but their interaction leads to an effective ‘eikonal’
action that is proportional to XX~ and exponentially small at late times:

iSek[XT, X7 ] = N/dp ctc)e T T Xt ()X~ (—p). (3.6.16)

The exponential suppression e *7 means that the large N saddle point approxima-

tion breaks down for the contribution of these modes to the OTO path integral. We
will account for this by performing the path integral over the modes X* fully. The

phase factor ¢ 2 in the eikonal action is a universal feature when « # 1 and a
manifestation of the KMS condition [30,31].

3.6.2.2 A Toy Model
Although we would ultimately like to understand the physics discussed here in
theories such as N = 4 SYM (let alone QCD), we will discuss a toy model instead,
which exhibits some of the crucial features.

The Sachdev—Ye—Kitaev (SYK) model describes disordered interactions between
N Majorana fermions [33, 34]. After disorder averaging, the large N model can be
solved in terms of a collective variable G (71, 12) that is bilocal in time. It gives the
mean-field value of the two-point functions averaged over all species of fermions
and it satisfies the following Schwinger-Dyson equation:

é( _ 1 ) AN ) nNg—1
wp) =——""—>5——, (t,7) =JG(t, 1)) , (3.6.17)
iwy + X(wy)
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where the self-energy X(r,7") = ), e (=% (w,) and ®, = % + in.
Pictorially:

@ _

Since G (1, 1) is the full two-point function, we can use it to build higher-point
functions. For example, a four-point turns out to take the following form:

—O— ©), ©), O~—0—0
VO
—O— © ©) O~4—0—<0

At large J2, the iw, can be neglected and the equations become invariant under
time reparametrizations:

T = f(7),
G, 7)) [f’(f)f’(t’)]é G(f(v), f(r"), (3.6.18)
T(r, ) [f/(f)f/(f/)]l_é S(f(r), f(T)).

It is interesting to perform perturbation theory in 1/(8J) around the strict conformal
limit. The 1/(BJ) fluctuations lift the degeneracy and lead to a small action
cost associated with any given reparametrization f (7). The action is the simplest
expression that preserves an SL(2, R) symmetry of the conformal saddle:

N
S:—Cfdr {f(v), 7}, Co—. (3.6.19)

BJ
This is vaguely similar to what happens in AdS/CFT: while the bulk theory at
small G is approximated by classical gravity, there are some fluctuations around

classical saddles that are enhanced, namely the massless stringy modes controlled
by £s/€ads-
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Scrambling in the Schwarzian Theory.
The Schwarzian theory (3.6.19) arises in the strong coupling limit of the SYK
model, among other nearly conformal (0 4 1)-dimensional chaotic spin systems
[34]. The Schwarzian path integral is over time reparametrizations t — f(¢).

Let us now work on the thermal 2-OTO contour appropriate for computing the
OTOC (following [31]). The saddle point corresponding to the thermal state is:

11 (s)

fi(s) = tanh( ) I=1,...,5). (3.6.20)

The quadratic action of fluctuations #; (s) — #7(s) + €7 (t1(s)) is

iC [4T+P  dr
iSquad = = fo ds =+ €1(t15)) (9 = 97 ) €1 (01(5)) (3.6.21)

From this action we can read off the real-time propagators of the Schwarzian mode
along the contour. The contour-ordered propagators can all be expressed in terms of
Schwarzian Green’s functions [35]:

. 1 . 1
le(t) =0@)([e(®), eO)])g = el O(t) (t —sinht) ~ ~%c e e,

, 1 . 1 _

sz(t): — O(—1) ([e(1), e(O)])ﬁ:—E ®(—t) (t—sinht) ~ ~%c O(—t)e .
(3.6.22)

The Schwarzian mode couples to external operators universally via time

reparametrizations. This defines natural bilocal operators, which replace pairwise
operator insertions:

4 / A
S £y ) ] , (3.6.23)

f A
OO — By t) = | -
At1)O(ty) 170, 17) [ (f1(tr) — fr(t))?

which we can linearize as

By 1. 1)=(0a ) Os (1)) | 1+A[ef ey e - LN oy |
tanh (“45%)
(3.6.24)

In the OTOC, we consider these bilocal operators for the case where the two
operators are inserted at the same time, only separated by a small imaginary



120 F. Haehl and M. Rangamani

regulator that distinguishes the contours. In the above equations, this means J =
I +2andt; =t,t; =t — 2ie. The linearized bilocal becomes

(142 (dr€uwir, 42 (- 5120 ) 102 |

(2sing)2a ’
(3.6.25)

Bp o (t, t=2ie) =

where we use a basis of the form

€1(t) + € (1)
€av(1,0)(1) = — edif(1,0)(t) = €1(t) —€5(1). (3.6.26)
In the ¢ — 0 regularization, the contribution due to the difference operator
dominates. We can say that the external operator insertions act as sources for
€dif(1,1+2)- This means, for example, that the leading connected contribution to the

OTOC is approximately

Ay A
OTOC(T) = (VV)5(WW)g [1 = =5 (Te eairr 3y (T) €air. ) ) + - }

sin“ &
(3.6.27)

Note that despite having two difference operators, they are obstructing each other in
such a way along the contour that their two-point function does not vanish. Indeed,
one finds:

1
(Te €dit,3)(T) €t )y = —([(T), €O ~ 55 e (3.6.28)
for large T.
Let us explain the above argument in a different way (see [28]). The action
(3.6.21) has soft modes that depend exponentially on time:®

Sper=Xte ™YW, s =—X"e"OT. (3.6.29)

Along each segment I, these modes have vanishing action. This is related to the
unbroken SL(2, R) symmetry of the Schwarzian action. However, the way these
modes contribute to the path integral is slightly more subtle: we can think of W (T')
as creating an ‘advanced’ perturbation §e€;, which grows towards the past; this
excitation is small, of order e~7 . However, once sourced on contour segments [ = 2
and I = 3, the effect of this mode will be felt by the early-time operator V (0) on
segment I = 3 (see figure above). At ¢t = 0, the mode §€; has grown to O(1) and
can therefore have a large effect. Similarly, the operator V (0) acts as a source for

8 We choose convenient (but arbitrary) normalizations such that ;e ~ X at time #; = 0 and
S_e~—X"andt; =T.
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the ‘retarded’ perturbation §_e, which grows large O(1) as it propagates along the
contour to t = T'. At any point along segment / = 3 the interaction between the two
modes is O(1). We summarize this configuration of scramblon modes appropriate
for the OTOC computation as follows:

8€7" = (xr2 4 x13) 8€1 + (13 + x14) 5—€;1 , (3.6.30)

where x;; = 1 and x;+; = 0 with 1, J labelling contour segments. We can interpret
the first term as capturing the effect of the difference field egif(1,3)(T") and the second
term as capturing €gif(2,4)(0), which appears in (3.6.27). This is illustrated in the
figures above. The reason why the action is not zero can be found in the boundary
conditions at the contour turning points, where § e?mc exhibits discontinuities.

We can derive an action, which describes the effective interaction between these
modes along the contour (in particular on the segment / = 3). Evaluating the

quadratic action of Schwarzian fluctuations on 8¢9 yields:

i Squad[8€™°°] = 2iCe™ T XTX ™. (3.6.31)

The coefficient of this ‘eikonal’ action, Ce~7, is O(1) at times of order the
scrambling time. The path integral over X* must then be performed without
resorting to the saddle point approximation.

Evaluating the bilocal operator (3.6.24) on the configuration (3.6.30) yields

Ay Awy

_1 AyAw  r
B sin? &

B 2iC sin?e
(3.6.32)

(B2 (. 1) B} 0.0)) (XX ")p =1

Of course, there are other modes contributing to the OTO path integral. Our claim
is merely that 8€?t00 gives the largest contribution for a large time separation 7.
Other ‘gravitational’ (Schwarzian) contributions will be exponentially suppressed

attimest ~ t, =log N.

3.6.2.3 Gravity and Strings

In preparation for our discussion of scramblons for non-maximal chaos, we briefly
review some aspects of the eikonal phase in holography and in string theory. We
closely follow [21].

Consider now a more generic case (allowing for higher dimensions) and assume
that the theory in question has a semiclassical gravity dual. The thermofield double
state corresponds to an eternal black hole geometry and the OTOC (3.6.6) can be
represented geometrically as the overlap of two states:
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1Y)

‘\Ijin> ‘\Ilout>

The effect of each of the four operator insertions is approximated by a gravitational
null shockwave [19, 36, 37]. On the initial and final time slices we write the
corresponding bulk field excitations as wave packets dressed to the boundary via
bulk-to-boundary propagators:

|Win) = WL VR|TFD) = /dpé'dpz Va(p) V3 (p3) |P3s P4din s
(3.6.33)

[Wou) = VL Wr|TFD) = /dPTdP§ U1 (pDY2(p) 1Py P3)out -

In Einstein gravity, the wave packets are constructed from bulk-to-boundary propa-
gators, for example:

Vv (pf) = / dv X1 Gy (0, v 1), Gpou, v 1) = (v (w, V)V(D)).
(3.6.34)
If the time separation between boundary insertions is large, and hence the relative

boost i.s large, we can apprgximate Py ~ 23 ?nd p3 = pj. In this approximation,
assuming the 2-to-2 scattering process is elastic, we furthermore have

121 PY)ow = €?CP Pt phyin, s =4pipy, b=l —xl. (3635
The OTOC can now be computed as the overlap
OTOC = (Wou| Win) = / dp*dp® Y1 (P )3 (p") Y2(p*)Ya(p?) €0
(3.6.36)
In Einstein gravity, the scattering process is dominated by graviton ladder diagrams.
The eikonal phase 5(s, b) is proportional to the 2-to-2 scattering amplitude involv-
ing a single graviton exchange. It exponentiates in the high energy limit as shown

above, and takes the schematic form

8grav(5, b) x Gy s eT_Mb s (3.6.37)
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where p is a parameter characterizing the black hole.

We can now use the effective description of scrambling to make an aspect of
holography quite manifest. In fact, the gravitational expression (3.6.36) is related to
the boundary description derived from the Schwarzian action by a Fourier transform
of wave packets with aligned momenta:

2A
dpu u u —ip" X+ —1 '
P Yiv(pysvip)e <17 iyt ’

2o ™~ (3.6.38)
dp? , b e 1
f pv Yo.w (P Ve w (p?) e P X [f] )
p 1- 2sine X

The expressions on the right are precisely the two-point functions of V and W in
the presence of sources for the scramblon modes excited by the respective other
operator. Indeed, these expressions coincide with (3.6.23) when f; and f; are
suitable non-linear transformations corresponding to the soft modes d1€;.

Stringy Effects Corrections to the eikonal phase due to the exchange of a string
were studied in [21]. They found that the phase (3.6.37) is replaced by an expression
of the following form:

elPX12

——(—ia' se
P2+M2

SStringy x Gy /dD_IP ' T)J(p)—l , (3.6.39)

with

k> + u?

J(p)=2—-0d
(p) 22

(3.6.40)

Here, J(p) < 2 should be understood as the Regge trajectory of the string
parameterized by transverse momentum. The momentum integral is dominated by
the graviton pole p> = —u> when the impact parameter b = |x1| is large. In this
case we have the simplification

Ostringy (D > T) ~ dgray - (3.6.41)

On the other hand, for small impact parameter, stringy effects are important and the
integral is no longer dominated by the gravitational contribution. Instead, the saddle
point involving J(p) dominates and yields

1—a’u?/2r2
ne/ 0 %

Ssuringy (b < T) ~ Gy (— i seT 71P) (3.6.42)



124 F. Haehl and M. Rangamani

This result was obtained by working to first order in o’. More generally, at finite
string length, further modifications might be expected in the bulk computation of
the OTOC, (3.6.36): first, the wave functions (bulk-boundary propagators) ¥; may
be modified from their conformally invariant ‘gravitational’ form. Second, it might
be possible that there is an amplitude for multi-string exchanges [31]; here, we do
not mean the exponentiation of single-string exchanges (which the eikonal phase
already captures), but rather the exchange of multiple strings from a single vertex.
These effects have not been studied in the bulk theory, but we will see that they
appear to play a role indeed in certain boundary models that capture finite coupling
effects beyond the Schwarzian approximation.

3.6.2.4 Seeing Strings from Chaos

The effective description of scramblons living and interacting on the OTO contour
applies qualitatively almost unchanged in models with non-maximal chaos. We will
review below that finite coupling effects in a spatially extended chaotic system
can lead to an OTOC that strikingly resembles and generalizes the string theory
prediction discussed above.

We will still discuss the example of the SYK model. However, we shall now
be interested in the operator spectrum beyond the Schwarzian mode. At finite 8 J,
the Schwarzian action is no longer parametrically separated, and other modes will
contribute to four-point functions.

In order to also discuss spatial dependence, consider a chain of SYK models
with nearest-neighbor interactions along the chain. The disorder averaged model
turns out to be described by a chain of coupled Liouville-like theories [38]:”

C M—1 aT427 dry dity
S = Z dS]dS2 d_d_
= Jo 51 ds2
1 1
% [Zatlgllyx 3, 81rx — j()2 e8llx _ jfez(g1./.x+g11,,r+1)i| ,
(3.6.43)
where g;; x(t7,ty) is bilocal field with a discrete spatial label x € {0,..., M —

1} indicating a distance along the chain. The coupling j02 measures an on-site
interaction, while j]Z parametrizes the interactions between neighboring sites. Two
important parameters of the model are 0 < v < 1 and 1 < h(p) < 2, defined by

) v h(h — 1)
 4cos? ()’ 2

— 1+ % [cos(p) — 11, (3.6.44)

9 The parameter C = & is large, i.e., | <« ¢g? <« N. It arises from the microscopic description

where each site has N Majorana fermions, coupled through Gaufian random variables with ¢
indices.
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where p is the spatial momentum along the chain and y = j12 / (jo2 + J, 12). The
Lyapunov exponent will turn out to be « (p) = v(h(p) — 1) with k(0) = v.
The thermal saddle point (for 8 = 27) is translation invariant and takes the form

cos ()

e817.p(trty) — )
cos? (§ (r —i(t1 — 1))

(3.6.45)

Note that in this model there is no obvious SL(2, R) symmetry that governs the
dynamics. Nevertheless, studying the quadratic action of fluctuations around the
above saddle point reveals the existence of zero modes 6+g,,,, with exponential
time dependence. As before, there is a retarded and an advanced mode, which
are excited by the past and future operator insertions, respectively. The OTOC is
computed by the following combination:

5g§’5‘,’§3(n, t)=X%(p) 81810 p(tr, 1) + X" (p)S-gp(tr 1)), (3.6.46)
where
eEV((AFDT—11—17)/2 h(p)-1
8+81s,p(t1, 1) = A+ 1,(p) |:cos (3 —iG — tf)))j| ; (3.6.47)

where A+ 17(p) = A+, j1(p) are given by

[T (1)) =@, 1), 3, 1),

(]
Ar(p)= | e 5P (1, ]) = (4,2),(5.2), 4.3),(5.3),
| 0 otherwise , (3.6.48)
— T (1) = (3D, (4D, (3,2, 42,
A_1y(p)=| =P (1, 1)=(573),(5,4),
_0 otherwise .

These normalization factors are ‘locally’ arbitrary on each contour segment, but
must be chosen in such a way along the contour turning points that 6+ g;;, »(s1, 52)
satisfy the KMS conditions

g5.1,p(4T + 27[! S2) = gl],p(ov SZ) ) ng,p(Sl» 4T + 277:) = gll,p(slv O) .
(3.6.49)
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As in the Schwarzian theory, one finds an effective action for the soft modes
X*(p):1°

T d T in
i Squaal 50 | = —iC / Pk () cos (1) 5T X paxp).

_g 27
(3.6.50)

We have highlighted the most important factors, which determine the properties of
the propagator (X (p) X~ (—p))gs.

The above formulas are sufficient to compute the OTOC to order 1/C, which is
given by

dp .
/ L 6P (A 81.812,9(0,0) (M 5-g31,-p(T. 1)) (X* (1)X~(=p)

iDx _im
elp,\+f(( 2+T>

_ _AvhAy [dp )
-7 ¢ /277 K (%) cos (%) [COS(”TU)} |

We refer to [31] for details, but only repeat the following points, which are com-
pletely analogous to the mechanism that applied for the stringy eikonal scattering
phase (3.6.39):

(3.6.51)

* For # is sufficiently small the integral is dominated by a saddle point that

extremizes the exponential. The Lyapunov exponent in this case turns out to be
v and the OTOC decays exponentially in all spatial directions.

* On the other hand, if # is large, then the integral is dominated by the pole at
k = 1; this pole can be interpreted as due to a “stress tensor” exchange. The
resulting Lyapunov exponent is maximal.

In conclusion, the theory of scramblons in the large ¢ SYK chain has a close
structural similarity with eikonal scattering in perturbative string theory. In this
sense, we see the emergence of a stringy bulk description from the effective theory
of chaos. We also point out that there appear to be two competing effects leading to
a sub-maximal chaos exponent: on the one hand, the genuinely stringy effects that
control the momentum-dependent integral (3.6.51), on the other hand the presence
of the v parameter, which “stretches” the thermal circle (e.g., in (3.6.45)). It would
be interesting to understand how general this distinction is and if the latter effect has
an interpretation in terms of the bulk S-matrix.

10 For completeness [31]: K(x) = ﬁ cos(mx) T (x+ DT (% - x).
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Appendix: Schwinger-Keldysh Supersymmetry

It turns out to be rather useful to formulate Schwinger—Keldysh unitarity as a
symmetry statement. Clearly, the doubled theory has a topological flavor to it, where
the difference operators are sensitive only to ‘global’ properties. More precisely,
we can introduce a Schwinger—Keldysh BRST cohomology where the difference
operators are BRST-exact under CPT-conjugate charges Qsx and Qgx. For every
(say, bosonic) operator O we introduce a quadruplet consisting of the bosonic
operators O,y and Ogif, as well as a ghost Og and an anti-ghost Og. We collect
these into a superfield

O =04 +60s+6 06 + 66 O, (3.6.52)

such that translation invariance in the Grassmann-odd directions implements the SK
BRST cohomology. For example, Ogir = 9y 8@(5 is BRST-exact. This is as desired,
but it is a little too naive: the topological nature of Ogyir should manifest itself if the
operator is future-most within a correlation function. To implement this, we need to
fix the behavior of the initial and final states with respect to the BRST charges. One
finds that the following rules lead to a consistent picture:

(1) The final state (future turning point) is super-translation invariant, i.e., it is
annihilated by both BRST charges. This is motivated by the fact that the future
turning point in the SK path integral projects onto a maximally entangled state
(without any ghosts).

(ii) The initial state, being an arbitrary density matrix, generically carries some
ghost zero modes. These can, without loss of generality, be parameterized as
a background superfield

Oo =1+ 60 8o + b0 g0 + fobo do , (3.6.53)

which accompanies the initial density matrix in any correlation function, i.e., we
effectively replace pg — 0o = Oy po.

These conditions can be conveniently formulated in the quadrupled Hilbert space
with ghost components: H=H QM @Hs ® Hg. All operators (including
the density matrix) get uplifted to quadruplets in this Hilbert space, and the future
turning point is associated with a final state | f ) € . The conditions above then
amount to demanding:

(i)  Qsklf)=0Osklf) =0,
. (3.6.54)
(i) Qsklpo) = golpo), Qsklpo) = golpo) -

Showing consistency of this ansatz amounts to showing that every newly introduced
correlator can be consistently fixed in terms of the standard real-time correlators
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present in the original SK path integral. This will ensure that there is no net new
information and the largest time equation remains upheld. The newly introduced
correlators include: (i) those involving any of the SK ghosts, and (ii) those
involving the background field Op. It was shown in [2] that super-translation
invariance fixes these consistently will all constraints.
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Abstract

Observables in expanding universes are crucial to understand the physics of
the early universe. In these lectures, we review some recent progress in under-
standing their mathematical structure and extract the physics encoded in them.
After discussing the most salient features of an expanding background and their
consequences for defining an observable, we focus on the so-called Bunch—
Davies wavefunctional. We analyze its analytic properties on general grounds
and introduce an integral representation for it in perturbation theory for a special
class of scalar toy models. We discuss both the diagrammatics associated to the
usual Feynman rules and combinatorial rules on the graphs, which generate a
representation free of spurious poles. Such combinatorial rules find their origin
in the combinatorics of the cosmological polytopes of which we provide a gentle
introduction to its definition and its main features. Finally, the combinatorics of
the cosmological polytopes turns out to determine the combinatorics of a special
class of nestohedra that encode the asymptotic behaviour of the cosmological
integrals. We provide a general description of such structures and behaviour,
which is of crucial importance to understand the infrared divergences which
plague observables in an expanding background.
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Some references include those by D. Anninos [1], P. Benincasa [2, 3], P. Benincasa
and F. Vazio [4].

4.1 Generalities and Perturbation Theory

Paolo Benincasa

4.1.1 Motivation

The S-matrix has proven to be well suited to shed light on physics in various setups
at appropriate energy scales, and the principles underlying it. In particle-collider
experiments, for example, scattering amplitudes between “in” and “out” states
provide a good approximation to experimental results. An essential assumption in
the theoretical calculations is that the spacetime can be considered approximately
flat for distances and times significantly greater than those characteristic of the
scattering experiment. However, one of the most striking discoveries of the twentieth
century is that our universe is currently undergoing a phase of accelerated expansion,
so our spacetime is actually not asymptotically flat. In addition, the universe
supposedly had a previous phase of inflation—an exponential expansion—during
its infancy. Inflation set the seeds for the subsequent evolution and encoded the
cosmological structures we observe nowadays, such as temperature fluctuations
in the cosmic microwave background. Said differently, the patterns that can be
observed in the distribution of galaxies or in the temperature fluctuations in the
cosmic microwave background can be traced back to observables at the end of
inflation, which essentially provide the initial conditions for the post-inflationary
era. Decoding such observables serves two purposes: understanding how the
imprints of inflation manifest in structures today, and study the physics of inflation
itself. Refer to Fig. 4.1.

One reason for postulating an inflationary phase in the early universe is the need
to address the horizon problem, i.e., the question of why regions of space that are
not causally connected are nevertheless observed to exhibit homogeneity. But yet—
and despite its elegance in solving the horizon problem—inflation remains to be
better understood: the physics during inflation will not only unveil the phenomena
that occurred in the very early universe, but more broadly provide a window into the
physics at “ultra high” energies. Given that the Hubble parameter during inflation is
estimated to be as large as 10'* GeV, it provides an opportunity to explore physics
at energy scales that are much higher than those typical of colliders: 10-11 orders of
magnitude greater than the energy that can be reached at the Large Hadron Collider
at CERN and 5 orders of magnitude smaller than the Planck scale.
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Fig. 4.1 Sketch of the T T T T T T T T - - Today
evolution of our universe, (E ~ 107" GeV)
where its snapshots relevant
to our discussion are
emphasised and the related
energy scales. The infra-red
physics of the large scale
structure formation and the
cosmic microwave
background has its seeds in
the initial conditions that
result from the inflationary
epoque

Structure Formation
(E ~ 10712 GeV)

Cosmic Microwave
Background Visible
(E ~ 1071° GeV)

End of Inflation/
Beginning of Hot Big Bang

} Inflation (E < 10 GeV)

Both the current and the inflationary expansions can be described in terms of an
asymptotically quasi de Sitter (dS) spacetime, with a metric in the conformal global
coordinates given by

¢ \? .
ds%+d=<cosT> [—dT? + d6? + sin® 0dQ23_,], (4.1.1)

where T € [—m/2,7/2],0 € [0, =] and d is the number of the spatial dimensions.!
In order to understand the properties of this metric it is useful to draw its Penrose
diagram that depicts an observer in an expanding universe surrounded by a cosmic
horizon,

s J*
23 N
6] [0}
. !
Observer T it i
6] [0}
L L
_zk E
2
= _
S 0
Cosmic horizon
Causal access (4.1.2)

In this diagram, each point is a (d—1)-dimensional sphere at a fixed value of the
coordinate 6, except at the points & = 0 and & = m (referred to as the north and
south pole, respectively), where the sphere shrinks to a point. A light signal travels
at 45° which means that an observer at the south pole, for example, can receive
signals from another observer at J~ (the infinite past) and can send signals to a future
observer at J* (the infinite future). But that implies that the south-pole observer only

! Here, we denote the number of spatial dimensions with d, which is different from the total number
of space-time dimensions, D = d + 1, used in other chapters.
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has full causal access to the shaded southern causal diamond, i.e., they can send and
receive signals only to points within the shaded region in the diagram.

An observer in an expanding universe is thus surrounded by a cosmic horizon:
the boundary of the region of spacetime to which they have full causal access.
Importantly, the cosmic horizon is observer dependent, so there is not a universal
notion of a boundary where our observer can be placed to make observations. In
general, the data outside the cosmic horizon do not have a clear physical meaning.
In a theory of gravity it is not possible to define local observables, as concentrating
too much energy in a finite-sized region of spacetime can cause gravitational
backreaction and eventually the formation of black holes, obstructing the ability
to perform arbitrarily precise measurements. One can be tempted to consider data
at the boundary of the spacetime, as we do in flat space, where we can define an
S-matrix. However, this is not possible in a cosmological space-time as, in this case,
such data lie outside the observer’s horizon.

What partially saves us is that inflation ends at a certain time. Let us consider a
constant time-slice in the Poincaré patch, which covers half of dS and is the patch
relevant for cosmology. Its metric is

ds? = —dr? + */*[r?d6? + sin? 0dQ]_,]
= (—¢/n)*[—dn? + dx?], (4.1.3)

where t € R is the physical time and n € R_ is the conformal time. This patch
corresponds to the upper triangle in the de Sitter Penrose diagram,

T+
0 7
To :(‘/OO
/’/“ \\\\
J- 4.1.4)

At a given time, n = 19, an observer can have access to a region determined by
no, while if they wait long enough, i.e., take no — 07, all that data becomes data
at J*. This implies that an observer has access to a finite amount of data, and the
precision of the measurements are constrained by the size of the data set. Hence, the
measurements carried out by a de Sitter observer at any finite time have a classical
uncertainty, and, as a consequence, there is a difficulty in measuring a classical
quantity even in principle. The key point is:

Any measurement has a classical uncertainty. (4.1.5)

In other words, one cannot make arbitrarily precise measurements in a de Sitter
spacetime.
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Audience Question 4.1.1. How does the error on classical uncertainty scale?
Answer: One can, e.g., measure a massive scalar two-point function (¢p¢) ~ nOA.
Then, the uncertainty on A can be quantified as roughly +/N where N is the number
of modes one has access to. For example, if one takes a wavelength of the size of
the universe, there will be a very large uncertainty since we can only make one
measurement, but with smaller wavelengths one can make more measurements.

However, assuming that the universe at late enough time becomes infinitely
large and flat, then it is possible to define equal-time correlation functions on such
spacelike (late time) surfaces,

t ~ 1010 yrs
t ~ 10° yrs

t~107%s

(4.1.6)

That is, we use this approximation for certain types of modes for which the late
slice can be approximated as being at future infinity. One can look for patterns in,
for example, the density distribution of galaxies in the temperature fluctuations in
the cosmic microwave background. These correlations are the result of the evolution
from the initial conditions, which are set by inflation. In other words, the inflationary
evolution process encoded in the correlations (®®---) at the end of inflation
serves as initial conditions for the temperature fluctuation correlations (6767 - - -)
in the cosmic microwave background and the galaxy distributions, {5040 - - - ). The
focus of the following discussion will be on the correlations at the end of inflation
(DD ---) since

(i) as already mentioned, they are the initial conditions that led to the actual
observables,
(ii) they are the result of the inflationary evolution and thus they should encode
inflationary physics,
(iii) their full-fledged determination might allow us to make precise a notion of
holography and, thus, have a formulation of the microscopic theory.
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4.1.2 Observables: Correlators, Probability Distributions,
Wavefunctions

A general definition of an equal-time correlation function is given as an integral over
a certain probability distribution,

(@(p1) - - - P(pn)) =/D<I>P[<I>]<D(p1)~-~<l>(l)n), (4.1.7)

where P[®] is a probability distribution satisfying [ D®P[P] = 1. We choose
to consider the operator ®(p1) - - - (py,), but (4.1.7) holds for any quantity f[P]
modulo the replacement @ (py) - - - ®(p,) — f[P] on both sides.

If we assume that the full system can be described via a wavefunctional W[®],
then

|w[®]|?

P[®] = ,
/ch|x11[<1>]|2

(4.1.8)

where the wavefunctional is nothing but the transition amplitudes from a vacuum
state at past infinity and a state & at the quasi-dS space-like future boundary located
atn — 07

W[d] = (®|U(0, —00)|0), (4.1.9)

with the evolution operator U (0, —o0) defined as

0

U0, —00) = fexp{—i/ dn H(n)}. (4.1.10)

As the correlations are computed on a fixed time-slice—either future infinity at n =
0 or, in case inflation ends before getting to the future boundary, at some small but
finite n = 7, —, they can pictorially be represented as:

2

n— —00

4.1.11)

So far, the definition is pretty general, with the vacuum state yet to be specified.
Importantly, the evolution operator is taken to be unitary (and hence H (1) to be
Hermitian).
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Note that expressing the probability distribution in terms of the wavefunctional
W[®], the correlator acquires the usual Schwinger—Keldysh form,

(D D) =N/D<I> (O[U (0, —00)]T| @)D - - - D(P|U(0, —00)[0) . (4.1.12)

Interestingly, such a formula hints to the fact that the correlation function must
inherit some properties of the wavefunctional as well as (at least) a subset of its
properties derived from the properties of the wavefunctional. As any average can be
computed from a probability distribution expressed in terms of the wavefunctional,
the wavefunctional can be considered as a more primitive object. It will be the focus
of most of our discussion.

It can be expressed in the more useful form of a path integral,

$(0)=0 _
U[d] =N D¢ e'S1e] (4.1.13)
$(—00)=0

where S[¢] is an action expressed in therms of the collection of the bulk fields
¢ (n, x), with boundary conditions taken to be the vacuum in the infinite past, and
d(x) atJt.

The usual choice for a vacuum is the Bunch—Davies vacuum, i.e., the one that is
exponentially suppressed as n — —oo while selecting positive-frequency solutions
only,

1% —— fe™, (4.1.14)

with £ = |p| and f is a function which depends on the background (i.e., encodes
the cosmology). The factor ¢/£”7 shows positive frequencies only and decays
exponentially upon suitable regularization; e.g., n — n(l —ie) or E — E —ig,
with ¢ > 0.

4.1.3 A Commenton thei¢ Prescription

The usual prescription for regulating the wavefunctional as early times are
approached is to deform the integration contour around — oo,

0

U— U€=Texp{—i/ dnH(n)} . (4.1.15)
—oo(l—ie)

However, notice that such a deformation breaks unitarity as 0; £ U 1A way

to obtain convergence while preserving unitarity is via deforming the Hamiltonian

rather than the integration contour, while preserving its Hermiticity [5]:

H(n) — eTH(n). (4.1.16)
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More generally, one can give a small negative imaginary part to the energies. One
can take different a ¢ for each energy, E; — E; —igj, ¢; > 0 [6]. The above
deformation of the Hamiltonian is just a special case of such a deformation.

Audience Question 4.1.2. What happens in the limit as ¢ — 07?

Answer: Unitarity is restored in the strict limit ¢ — 0. Nevertheless, the prescription
above is important for manifestly recovering the flat-space limit of the cosmological
cutting rules, as well as non-perturbatively.

4.1.4 Perturbative Rules for the Bunch-Davies Wavefunction
The path integral formulation of the wavefunctional allows us to easily derive the

Feynman rules in perturbation theory. In particular, if we split ¢ into a classical free
part ¢ and its fluctuations ¢,

> date, 4.1.17)
then,
pO=0 , $(0)=0 ,
VO] = N D eiSI9] — iSalal \7 / Dy eiS21¢)¢iSimlder.g]
$(~00)=0 9(~00)=0
(4.1.18)

where S» indicates the free action—the part that is evaluated at the classical
solution while the integral is just over the fluctuations. The factors A" and N are
normalizations. Importantly, the boundary condition of the fluctuations made them
vanish both at the infinite past and at J*. This is easy to understand since

p=0=d = Pan=0=0, @(r=0=0, (4119

$01—> —00) =0 = guln—>—00)=0, (- —00)=0,
(4.1.20)

expanding in powers of Siy, the path-integral expression can be organized as

2 d
d .
V[d] = exp{ — l—[ |:f ﬁ‘b(m)} 1ﬁz(l)hpz)}
=1
{1+Zfl—[[(2 T (pk)} wn(pl,..,pn)},

n>0
4.121)
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with the “wavefunction coefficients” v, (p1, ..., pn), Which can be expressed in
terms of Feynman graphs:

(1) ¥ appearing in the factorized exponential is just the free two-point wavefunc-
tion and arises from the boundary term of the free on-shell action. Notice that
the Feynman graphs are characterized by having their external states ending on
a horizontal line that represents the future spacelike boundary J* at n = 0; the
two-point wavefunction, for example, has support on 8 (p; + p»).

e

n — —00

(4.1.22)

i) ¥, (p1,...,Ppn) are the n-point wavefunction coefficients, which show both
connected and disconnected components, and that receive contributions—in
principle—at all loops:

w=2[

L>0

L[ dl
TT‘/T-——41*v<@<p1,...,pn,e1,...,eL)} : (4.1.23)

o Qm)d

‘ n=20
wwwhuwmxhuwanmmmm:&wmrw“+pnTZ§§§§

0
=5(d)(p1+...+pn)/ [Tdnsvno | [Too—Ejne) | [TG0es nensy)
P 5ey jES =
(4.1.24)

where V is the set of sites of the graph, while £ is the set of edges. Furthermore,
e V(n,) is the vertex function at the site s, which can depend on the warp factor

of the metric—here and in what follows we consider processes that occur in
conformally flat backgrounds,

dsi,y = a*()[ — dn* + dx?], neR_. (4.1.25)
The vertex function can further depend on scalar products of momenta (in the

case of derivative interactions—for simplicity we will restrict to the case of
polynomial interactions, unless otherwise specified).
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*  ¢o(—E|n;) is the classical solution stripped out of the boundary value ®(p), e.g.,

¢a1(p, m) = P(P)Po(—Ejns). (4.1.26)

Hence, ¢o(—Ejny) is taken to normalize to 1, that is, ¢o(—E;n = 0) = 1.
o G(Ye; ns,» T)sg,) is the propagator that connects two sites s, and s,,, with momen-
tum p, flowing through it, and y, = |pe]|.

Because the fluctuations have to vanish at the boundary n = 0, the propagator has
a three-term structure: two of them are the usual retarded and advanced contributions
while the third one is purely a boundary term that manifestly breaks time-translation
invariance:

G (Yes N, Ms) Bo(—yens,)Po(—yens ) O, —n5)  (4.1.27)

_ ! [
 2Re {¥n(ye)}
+ ¢0(—Yens, )Po(—yens,) O (ns, — ns,)

— Bo(=vens )bo(—vens)) .

where Re {W)(y)} is the real part of the free two-point wavefunction.

4.1.5 The Wavefunction and Its Analytic Properties

Despite the fact that so far the discussion has been very general, it is nevertheless
possible to extract important information on the expected analytic structure of the
wavefunction.

First, consider a graph G that contributes to w,ﬁ‘). Following the Feynman rules
discussed earlier, its contribution g can be written as

0
Vg = / H[dﬁsV(Us)]H@O(_Ejns)HG(ye§nsea776é)
J =00 sy jEs ec& (4128)

P1 P2 Pn

"

(4.1.29)

Let n = n1 + ...+ n,, be the “center of mass” time (with ny, = dim{V}) and
Nsesl, = %(nse - 775;)-

Then, as 7 — —o0, ¢o(—E jns) — f(ns)e'Ei s because of the Bunch-Davies
condition, while G (y.; Nses Nse) = GF(Yes nses’e) = Gr(ye; nsesé)"f'GA(ye; nses(’,)
where Gr, Gg, and G4 correspond to the Feynman, retarded, and advanced
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propagators, respectively. That is, the propagator reduces to the Feynman propagator
in this limit. Hence,

oo
- X7 = [ n (E_n.
Vg — f dij V (ij)e! 1t Eni f [ [dns.se e T Gr(yes mss) -
—0oQ

X et ec&

(4.1.30)

Note that at a generic point in kinematic space, the integral is exponentially
suppressed by e/ (F1+--+E)1 yupon regularization. However, for Ey + ... + E, =0
the integral becomes singular with the type of singularity which depends on the
function V() and its coefficient given by the remaining integral which, for states
that have a flat-space counterpart, is given by the high-energy limit of the graph
contribution to the flat-space amplitude. Importantly, the locus E; 4+ ...+ E, =0
can be non-trivially reached if the energies are analytically continued such that a
subset of them becomes negative—such an analytic continuation maps these states
to become “out” states. Furthermore, as 7 — —oo, the spacelike boundary becomes
effectively infinitely far away, which can be seen from the fact that the propagator G
reduces to the Feynman propagator. This creates the setup for a flat-space scattering,
with Eyot = E1+...4+ E, = 0 only having support on the total energy-conservation
pole.

Note that the behavior just described is generic and does not depend on whether
the states are massless or not: in all cases the mode functions reduce to the same
exponential as a consequence of the Bunch—Davies condition in the far past. For
example, in de Sitter space, massive states belong to its principal series and are
characterized by a mode function given by a Hankel function with imaginary order
parameter:

¢o(—En) = —EnH (—En). 4.1.31)

However, as — En — 00, we get
do(—En) — &'Fn. (4.1.32)

In this sense, one obtains the high energy limit of a flat-space amplitude.

As a final comment, for states that do not have a flat-space counterpart, the
analysis holds, with the important difference that now its coefficient no longer can
be interpreted as the flat-space amplitude.

In summary, the Bunch-Davies wavefunction is singular on the locus Eg =
E1 + ...+ E, = 0 that lives outside the physical region and thus can be reached
just upon analytic continuation.
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The very same analysis can be carried out by considering the center-of-mass time
associated to a given sub-process, identified by a subgraph g:

\
N

—00 ¢ (4.1.33)

In this case the singularity is located at

Eg=)Y Y Ej+ Y =0, (4.1.34)

s€Vy jes ceEH

where Vg is the set of sites in g, while 5;’“ is the set of edges departing from g. On
this hyperplane, the wavefunction coefficient factorizes into a lower-point scattering
amplitude and a linear combination of lower point wavefunctions:

~ Eq—0
vg —

A — W (¢ ,R), 4.1.35
* 2 Re ] O @139

where Ag is the contribution to the flat-space amplitude associated to the subgraph
g, while W5(&, R) is the wavefunction associated with § whose external energies
contain the energies of the edges & which connect it to g each of which is taken
with the sign oy. This can be understood thinking that in this limit just one of the
time-ordered terms in the propagator g survives, e.g.,

G (g sy Ny) = Gra—Gy = ¢ (—yny,) [o(—yms,)—o(—yns,)] .

(4.1.36)

2Re {W2(yp)}

giving rise to the sum in the right-hand side of (4.1.35).

In summary, the wavefunction shows singularities in correspondence with the
vanishing loci of the energies associated to its sub-processes, {E; = 0, g C G}.
The coefficient of each of these singularities is the factorization into a lower-point
amplitude and a linear combination of lower-point wavefunctions.

Hence, given a graph G, there is a one-to-one correspondence between the
singularities of g and the subgraphs {g € G}.

4.1.6 Cosmological Integrals

Let us consider a large class of scalar toy models consisting of polynomial
interactions with time-dependent couplings:
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0 I ()
S[p]l = —/_OO dn/d"x §(8¢’)2 -y | . (4.1.37)

k!
k>3

This class contains as a special case conformally-coupled scalars in FRW-
cosmologies, provided that A () is identified to be

A 1= Afa(p 2 (4.1.38)

where a (1) is the warp factor of the FRW metric ds*> = a?(n)[—dn? + dx*].

Furthermore, the conformally-coupled scalar can be mapped to other states via a
differential operator. Then, given a graph G, the wavefunction coefficient associated
to it is given by

0
Yg =i" f [ [ dnskmoe™ ™ T Gves s nye) (4.1.39)
X5y ec€
where X = ) jes Ej is the total energy of the states in the graph G, and n; is the

number of external states in G. The mode functions are simple exponentials, and
thus the propagators are,

1
2Ye

G (Yei Msor Ny'e) = [ef"v"(”‘fnsé)@(nsg — ny) + eVl T (g, — 1y,)

_ eiye(nseJrnSé)] )

(4.1.40)

Finally, the spatial momentum-conserving delta function has been stripped off.

In order to perform the time integrals over 7, it naively seems to be necessary
to specify A(n) at this stage, which encodes the details of the cosmology. However,
we can still extract more information while staying agnostic to the details of the
cosmology. To that end, we consider the following integral expression for A(n):

A(n) :=i/oo dz e (z) :/oodzel’w}\(z), (4.1.41)

—00 0

with the second equality coming from the fact that A () has support only on ®(—n)
as n € R_. Hence,

00 0
wg - / 1_[ dzs )\(Zs)ins f l—[ dT]q el(Xj-+Zj-)nS 1_[ G(ye’ Ns, s nYé)
0 o0

seV T seVy ecE
(4.1.42)
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oo 0
= 1_[ dxs AMxs — X)i" / 1_[ dnselxsm l_[ G(ye; Nse» n‘vé)

seV ~®sev ec&
(4.1.43)
= ]‘[/ docg i (xy — X)¥g(x, y), (4.1.44)
seV

where the second line comes from the simple change of variables x; = X + z;.
Furthermore, recall that

0
vote ) =" [ TTane™ []G 0w ey, (4.1.45)
X ey eeE
is nothing but the flat-space wavefunction, with x = {x;};cp and {Ve}ees

parametrising the flat-space kinematic space.
Hence, the formula

X, =[] / s 3ty — XYg (6, ) (4.1.46)
seV

can be seen as a map between the flat-space wavefunction and the FRW one, with
the details of the cosmology encoded in the integration measure ):(xs — Xj). This
formula makes explicit that part of the structure of &g (X, y) is determined by
Y¥g(x, y)—in particular the loci where a subset of energies vanishes, {E4(x, y) =
0, g € G}, are mapped into the loci {E4(X, y) = 0, g € G}. The full singularity
structure of 1/~/g is further constrained by the way in which the measure of integration
X, the integrand ¥g(x, y), and the integration contour over x; relate to each other.

For power-law cosmologies with a() = (— %)V (Re(y) > 0), the map is simply
a Mellin transform

Vg (X, y) / dxs (x5 — X)) g (x, y) (4.1.47)

l"(ot)

r(a) / ]_[ —x“ Yo(x + X, y). (4.1.48)

As is customary in the literature on scattering amplitudes, it is possible to study the
integrand g (x, y) and later extend the information on the integrated function. We
stress once more that the integrand is the same for each cosmology: its structure will
affect the one of &g(X , ¥) for any cosmology.

First, note that the wavefunction coefficient g (x, y) associated with a graph G
depends only on the labels associated with the sites of G, {x;, s € V}, and on its
edges {y., e € £}. Hence, rather than considering the full graph, it is possible to
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define a reduced graph that associates a weight to each site, e.g.,

E\E, Es EiEs

Y12 Ya3
T T2 I3

Yiz  Yo3 (4.1.49)

with Ej = |p;|, y12 = |p1+p2| and y23 = |p2+p3]. The reduced graph on the right-
hand side is simply obtained by suppressing the external legs and instead weighting
each site s with the external energies x; = ) jes IPs|. In particular, the weighted
reduced graph on the right-hand side of (4.1.49) has x; = E| + E», x = E3 and
x3 = E4+ Es. The integration over {x,, s € V} then maps the flat-space kinematics
onto the FRW one. Then, the reduced weighted graph represents the time integration
in flat space. Direct integration returns an expression with 3"¢ terms (n, = dim{&})
with spurious poles at {y, = 0, e € £} because of the 3-term structure of G, e.g.,

0 0
Y12 2
—— o ! dnpye" ™ dnae™™ G (y12; M1, 72)
T ) J —o0 J—o0
1 n 1 1
2y12(z1 + x9) (e + y12)  2y12(z1 + 22) (@1 + v12)  2y12(@1 + yi2) (Y12 + 22)
L J L J L |
retarded contribution advanced contribution boundary term
1

(z1 +x2) (21 + Y)Y+ 72)
(4.1.50)

The last line explicitly shows that
(i) y12 = 0 1is a spurious pole,

(ii) the graph has only singularities corresponding to subgraphs, as predicted by
the general argument discussed earlier

Y12 91 Yy Y12 92
€y ) X X9 T X9
Eyg=FEg =1+ Ey—gy = Egy = 31+ Y12 Ey—g, = By, = Y12 + 22 (4~1-51)

with the general formula £y = Do ey, Xs T > ecg Yes where Vs is the set of
sites in g, while 5;“ is the set of edges departing from g,

(iii) the expression obtained via Feynman rules is redundant and can be simplified
in one which contains just physical singularities.

A general question is whether such a formula can be obtained, bypassing the
Feynman rules, and whether there is a mathematical structure behind it.
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Let us consider a general graph G and the time integral associated to it
O .
Vo = i / I [dnsezms] []GGe: e s - (4.1.52)
X5V ec€

Now let us consider the very same integral but with the total time translation
generator acting on the full integrand—this integral is zero because of the boundary
conditions:

0
0= zf []1dns1A !1‘[ e [T G0es ms, mé)} , (4.1.53)

P 5ey seV eef

with A = —i > sep Oy, . However, we can make A act on the external states e*s"ls
and then on the propagators G (ye; 7, 77sg,),

0
o=i" [ TTunaa[ [T [T 60 m. ) (4.1.54)

T seV seV ec€
0 . A~
w [ ][] A[[T60annp] @159
TP sev ec&
= ( 3 xs>wg > Vo9, (4.1.56)
seVxy eeE

where G \ {e} represents the graph obtained by deleting the edge, while xs(e) = X5+

> {eInE, Yes &, being the set of edges departing from s. The relation above provides
a recursion relation. Note that G \ {e} can be either disconnected or connected.
Separating these two classes of contributions then results in

Ts,+Ye
_ o s, +Ye Ty +Ye
(T a)i=-X O 0 +X G
Ts, TYe
s€EVxs ecf / ecf
disconnected terms connected terms 4.1.57)

with the dashed line indicating the deleted edge. Note that the term
(X-sey X5)¥g(x, y) has been obtained because

ATTem = (sz> [Tem. (4.1.58)

seV seV seV
the term ), ¢ Iﬂg\{e}(xj.e), y) instead uses the relation AG = —e'¥¢{"e s,
The resulting recursion relation can be translated into simple graphical rules,
by iteratively considering all possible subgraphs and summing all possible ways
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in which subgraphs can be obtained by erasing one edge, while associated to each
subgraph the inverse of its total energy 1/Eg, Eg := Zsevg X+ D e e Ye-

Example 4.1.1. We first look at the simplest example with only two sites. The first
subgraph is simply the graph itself:

Y12

— s —
x T there is just one
1 2 the first subgraph 1 way in which one 1 1 1
is the graph itself Z1+za can generate a subgraph 71 +a2 71 +y12 Y12+32
erasing an edge (4. 1 .59)

Example 4.1.2. Next, we look at an example with three sites. The first encircling
is the one of all the sites:

Y12 Yas3
° ° ° > @
x x €T 1
1 2 3 Fap—— (4.1.60)

There are now two different ways of generating subgraphs by deleting an edge. In
both cases, there is only one way to generate further subgraphs by deleting one edge.
The first possibility is,

—— > o —— G

1 1 1
z1+zo+z3 z1+z2+ya3 va3tag

T1+22+T3 T1+x2+3 T1+T2+Y23 Y23+T3 x—2t 1
z1+v12 vi2te2+y23

(4.1.61)

while the second one is

e S e e i = >
1 r .. 1 . 1

1 1 i
z1+ea+T3 T1+y12 yi2+ee+a3

z1+z2+T3 z1+w2+23 T1+Y12 Y12-+T2+T3 x— 1 1
y12+e2+y23 y23+c3
(4.1.62)
The final result is the sum of such contributions:
Y12 Y23 1

r—o—0 —

x To 25 (21 + @9 + x3) (21 + Y12) (Y12 + T2 + Y13) (Y3 + 3)

1 1

+
T1+To+ Y23 Y12+ Ta+ T3
(4.1.63)
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Example 4.1.3. As a last example, let us consider the 2-site one-loop graph,

Y12

T T2

Y2 (4.1.64)

Again, we have two different ways of deleting edges. The first possibility is

L ) I L— —1 .. 1 _

1 1
z1+T2 z1+x2 T1+T2+2Y12 z1+z2 71+z2+2012

1 1
X S Fvia a1 TaFva1 i (4 1 65)

and the second one is

@ —) ‘ o
1 1 1

S T
z1+2 z1+@2 T1+T2+2y21 #1183 WItmatIvaL

X zl+y112+y21 12+y211+!/12 (4 1 66)

The final result for the one-loop graph is therefore the sum of these two contribu-
tions:
Y12
1

T Ty =
(@1 + x2) (@1 4+ Y12 + Y1) (T2 + Y12 + y21)

Y21

1 1
. { . |
L1+ To+ 212 o+ To + 2y (4.1.67)

4.2 Wavefunction from Combinatorics

Paolo Benincasa

4.2.1 From Graphs to Polytopes

One of the main messages from Sect. 4.1 is the one-to-one correspondence between
subgraphs of a given graph G and singularities of ¥g. In addition, the existence of
a recursion relation based on iteratively constructing subgraphs is combinatorial
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in nature. So, it becomes legitimate to ask whether there is some mathematical
structure which determines it. Let us begin with the simplest example, the two-site
tree graph, and let us consider the subgraph (and hence the singularities) associated
to it,

—— ntm=0
Y12
*———0 —_— ©o—0 1+ y12=0
Ty T2
—@® yYyntz2=0 “4.2.1)

Note that the loci of the singularities are all homogeneous linear equations in
(X1, 12, X2). This implies that taking this triple as a local coordinate system in P2
, these three equations determine three lines. Choosing an orientation, the positive
half-planes that they identify, i.e., taking x1 +x2 > 0, x; +y12 = 0, yj2 +x2 > 0—
overlap on a triangle (the shaded area):

T+ 20 =0
2 3Tt

Y12+ a2 =0 1+ Y12 =0 4.2.2)

Interestingly given a triangle Pg whose sides are identified by Pg N WO _w©)
being the normal covector to the line containing one of its sides—there exists a
unique (up to normalization) differential form associated to it such that it has only
logarithmic singularities and such logarithmic singularities are associated to its
boundaries (i.e., sides and vertices):

(123)2(yd*Y)

@79 = 51532331

(4.2.3)

where Y := (x1, y12,X2) € P2 is a generic point in P2, (yd2y> is the canonical
measure in P2, (yi(i + 1)) = e”KylZé)Z(IfH), {Z(’i), i = 1,2,3} being the
set of vertices of the triangle and Wz = €y KZé)Z(Ii( 41 being the covector that
identifies the line passing through the two vertices Z(;y and Z(;11). The numerator
is, in this simple case, just determined by projectivity: the canonical form has to be
invariant under GL(1) rescaling Y — AV, {Zy) — AZp), i =1,2,3, 1 € Ry.
The coefficient of the canonical form—named canonical function—is nothing but
the wavefunction coefficient associated to the two-site tree graph:

oY, Pg) = QQ, Pg)(Yd*Y), (4.2.4)
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with
QY,Pg) =v¥g(x,y). (4.2.5)

The general statement is that given a (reduced) weighted graph G, it is in one-to-one
correspondence with a cosmological polytope, whose canonical function encodes
the wavefunction coefficient associated to G. Going back to the two-site example,
we can naturally associate a triangle to it by

(i) considering the local coordinates Y = (x1, y12, x2) € P2 constructed out of its
weights;

(i) in this system of local coordinate, considering the canonical basis for R3, x; =
(1,0,0),y12=(0,1,0),x2 = (0,0, 1).

Then, the triple (X1, y12,X») defines a triangle whose sides are characterized by
(X1, ¥12, X2) as midpoints. The vertices of such a triangle are then given by

Z Zi=X1 —Yyi2t+X,
T/ NP2 Zy =X1+ Y12 — Xa,
Zy Ge s Z3 = =X +y12 + X2, 4.2.6)
and the associated canonical form is given by
123)2(Yd>y
0, Pg) = (123)~( )
(V12)(Y23)(Y31)
_ 1 dx; Adyia Adxp 4.2.7)
B G+ ) +y)Oi2 +x2) - Vol{GL(D}
Vg (x.y)

4.2.2 Cosmological Polytopes

It is useful—and perhaps more intuitive—to keep the graphs as our starting point.
A first observation is that any weighted graph can be obtained from a collection of
two-site graphs by identifying some sites. For example, let us consider a collection
of two two-site tree graphs:

Y12 Yia
*—=0
£ T2 Tll .7}; (4 2 8)
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It is possible to obtain from them new graphs from all the inequivalent ways of
identifying one or more sites:

Y12 ‘
1-site identification: o—o?io/
T X9 = ZL'2 ZL‘l (429)
Y12
2-site identification: .’L‘lzl"l LL‘2::L'/2
!
Y12 (4.2.10)

As in each 2-site tree graph there is a triangle associated to it; given two 2-site
graphs, it is possible to embed the associated triangles in the same space P>, where
they are still disconnected. The identification of a pair of sites belonging to different
2-site tree graphs, say x = x), corresponds geometrically to the identification of
the vertices X = X). In terms of the vertices of the triangles, this implies a linear
relation among two pairs of them, i.e., the pair having as a midpoint x; and the one
having as a midpoint x),

Zy+ 71~ Zh+ 7). 4.2.11)

Such a relation identifies a 2-plane—there are as many of such 2-planes as shared
sites in a graph. If the 2-site graphs have the following triple associated to them,

Y12

— o {X1 — y12 + X2, X1 + Y12 — X2, —X1 + Y12 + X2},
] Ty (4.2.12)
y,12 / / / / / / / ! /
/  {X3 — Y12 T X5, X + Y12 — X, X3 + Y12 + Xa}
T} @, (4.2.13)

then the two graph topologies that can be constructed out of these 2-site graphs,
have each associated a cosmological polytope with 6 vertices given by

Y12 Yo

T 7
2 oy {Xy — Y12 + X2, X1 + Y12 — X2, —X1 + Y12 + X2,

(a1
/
Ty = Ty

/ / -1 -/ / / 4

X] — Yiz +Xa, 1 ¥ 1Y~ X2, —X; + Y2 + X2} C P,

(4.2.14)
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Y12
Z1 T2 {xy —y12 +X2,X1 + Y12 — X2, —X1 + Y12 + X2,

?Jiz
X1 =Yg + X2, X1 + Yip — X2, —X1 + Yyp + X2} C P,
(4.2.15)

More generally, given an ordinary, connected, graph G with n; sites and n, edges,
the associated cosmological polytope lives in P"s 7%« ~! with local coordinates given
by all the weights of the graph YV := ({x5}5eV, {Ve}eeg, and is the convex hull of 37
vertices:

{Xs, — ¥Ye + Xy }eee - (4.2.16)

The correspondence between graphs and cosmological polytopes allows keeping
track of the vertex structure of all its boundaries. This can be obtained by introducing
a marking that identifies those vertices which are not on the facet—a facet is the
codimension-1 face of the cosmological polyotope identified by an equation which
corresponds to one of the poles of the wavefunction and which are associated to a
subgraph.

The marking is given by
Ye Ye Ye
*——0 O——0 o———%@
Ts, T, Ts, T, Ts, T,
Welromyerxg) >0 Welntvox) >0 W (o) 20 (4017

A vertex Z is on a facet identified by a covector W if Z/W; = 0. If it is not on
the facet, then Z/W; > 0. This implies that to know which vertex is on a facet, one
would have to check whether Z/)V; = 0. A graphical rule in the marking allows us
to find the answer immediately.

The facet of Pg identified by the subgraph g € § is given by marking all the
internal edges in the middle, and all the edges that depart from this subgraph on the
side close to g:

x5 o 24 Ty T3 Ty Ty T3 o
Ir 9 r
[ Bt T5 [ IR
D| [
L 7 s Y Ty vy e Ty 7 T
9=y gcg 9cg

Due to the one-to-one mapping between subgraphs and facets, the latter can be
classified or listed using the former. The canonical functions of a cosmological
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polytope can generally be written as follows:

ns())
[1a

9cg

(Y, Pg) = (Yd"strey)y, (4.2.18)

where g3 = V- W@ and ng()) is a polynomial of degree 8, with § fixed by
GL(1) invariance to be § = v — ny — n, (v = number of facets). It turns out
that also the polynomial ns())) has a geometrical interpretation: it is the locus of
the intersections of the hyperplanes containing the facet of Pg outside Pg—in the
mathematical literature ns()) = 0 defines the adjoint surface.

A toy example can be given by a square in P?:

(4.2.19)

The square is the convex hull of the vertices 1, 2, 3,4 and is characterized by the
following canonical form

(V) (V)
s = . 4.2.20
o P) = 5y (23 (V34 (a1 (42.20)

Because of GL(1) invariance, the numerator ought to be a polynomial of degree § =
1. If higher codimension faces are defined as intersections of lower-codimension
ones, and hence manifest themselves in terms of non-vanishing multiple residue
of the canonical form—there are further intersections which do not define a
higher codimension face (like the points A and B for the quadrilateral above):
the sequential residue of the canonical form has to vanish. This implies that these
intersections define subspaces of the adjoint. The numerator can be computed
knowing these intersections. In the case of the quadrilateral above,

Zh = TRWIDWED ozl — 1IR3y G 4.2.21)

where Wyj ) identifies the line through the vertices Z (Ii) and Z (I o and
(V) =Vexzizy . (4.2.22)
The knowledge of these intersections determine also compatibility conditions for
the facets. While for the simple example of the square is trivial, determining all

the compatibility conditions of all codimension is not an easy task. In the case
of the cosmological polytopes, the correspondence between graphs and polytopes,
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together with the markings, allow unveiling all this structure. From a physics
perspective, these conditions imply which sequential discontinuities are non-zero.
In codimension-two, they allowed to determine the analog for the wavefunction of
the Steinmann relations [7]. The higher-codimension one allows for novel ways of
representing the wavefunction without introducing spurious poles [8]. In order to fix
the ideas, let us go back to the example of the quadrilateral. Rather than fixing the
numerator, one could determine the canonical form from a triangulation,

oV, P) =0, Pi24) + @V, Ps3) = 0V, P123) + 0V, P341) . (4.2.23)

3 3
1&4 1&4 (4224)

Note that in these triangulations, one makes use of a new codimension-1 boundary
(the segments 24 and 13).

From the perspective of the canonical forms as well as the codimension-1
boundary correspond to a singularity, the presence of (24) and (13) introduce a
spurious singularity in each of the two representations.

In order to avoid the introduction of spurious boundaries/singularities, one should
use only triangulations via the actual facets of the polytope of interest. In the case
of the quadrilateral,

oY, P) =0V, Pras) + (Y, P3a2) = (Y, Pi2p) + @Y, Pp3a), (4.2.25)

1 1B (4.2.26)

PS

i.e., one of the triangulations via one of the subspaces of the endpoint. In the case
of the cosmological polytope, both the knowledge of the subspaces and of the
compatibility conditions, is made possible by the markings, allowing to classify
all these representations. The structure can be understood via the simple example
above,

1 1 1
—+—. (4.2.27)
q12934 | 423 441
1

The prefactor T determines the subspace through which the triangulation is
performed, and one then sums over all the compatible boundaries, as represented
by the terms in the square bracket.

oV, P) =0, Pras) + 0 (Y, P3a2) =
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4.3  Asymptotic Structure of Cosmological Integrals

Francisco Vazdo

The goal of this lecture is to extract IR divergences for any cosmological integral
in FRW cosmology. We will describe in detail the integrals that arise in cosmology
before providing an example of how to compute them. We will be able to show
how to do it for a general tree-level integral, and describe an example of a one-loop
integral before concluding.

4.3.1 Infrared Effects in FRW

As a simple example of how infrared effects in FRW come about, we take a
massless scalar with potential V(¢) = A¢” in four spacetime dimensions in de
Sitter spacetime, i.e., in dS3. The equal-time two-point function behaves roughly
like

2

H
(e )™ ~ [1 +log () log (kHa(n)L2)] SRCERY

_k
Ha(n)

where L is the infrared cutoff, a(n) ~ nLH is the warp factor in de Sitter, & is the
magnitude of momentum of the fields and H is the Hubble constant. There are two
sources of infrared divergences in this expression. The first one is called a secular
logarithm: it is an effect of putting QFT in an expanding spacetime, causing an
accumulation of long wavelength modes in the future, as 7 — 07. In this limit, the
second term also goes to infinity. In addition, we have an IR divergence that comes
from integrating the loop momentum over low energies, just like in flat space, which
will occur upon an integration over k.

In examples like this one where infrared divergences are present, one of three
things might happen: one cannot do perturbation theory, infrared divergences could
cancel between different contributions, or one can resum an infinite set of diagrams
to produce a sensible answer. So, some of the questions we want to answer here
are:

(i) Which conditions do the IR divergences have to satisfy in order to admit a
resummation?
(ii)) What are the completely IR finite observables in a general FRW cosmology?

In Starobinsky’s stochastic inflation, the Focker-Planck equation tells us that the
probability distribution function reaches equilibrium, and it has been shown that
the leading logarithm matches the solution given by Starobinsky [9, 10]. There
are still some questions, however, e.g., what happens in general FRW cosmology
and how to resum subleading logarithms. The goal of this lecture is to understand
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these questions in a more general setting, without restricting ourselves to a specific
cosmology.

Audience Question 4.3.1. There has already been a lot of work on this in de Sitter,
so how does this talk relate to prevoius work?

Answer: The physical picture is that we are not starting in the free vacuum. There
have already been many papers on this in de Sitter, showing that stochastic inflation
resums logarithms and the system has a fixed point. We need to choose the correct
state in the past, which we take to be the Bunch—Davies vacuum. How do we input
the state? It is a fixed point (dynamical), so there is no simple pure state to input.

4.3.2 Cosmological Integrals
We take the warp factor of FRW to be a(n) = ULJ, where y = 1 corresponds to de

Sitter but here we take y to be generic. Then, an integral corresponding to a graph
G in perturbation theory takes the generic form

Igla, B; X] ZR[S]_[[dxv }/ l—[ [dye ﬁe]

ecEWL)
| HaQye: )T 52, X) . 432)
I1 [qg(z, X
9@

Here, wg is the loop integration measure in d spatial dimensions, which is
polynomial in the loop integration variables y, and also depends on the external
kinematics X. The parameters ¢y depend on cosmology and coupling as follows:

e ) +3e. (43.3)

where s are the sites of G and V is the set of all sites in G. The S8, depend on
which wavefunction we are computing. n; is the total number of sites in G, and g
is a subgraph of G. The numerator n; is a polynomial of degree §. We have labeled
with z = (x, y) the vector that contains the integration variables x = (xg)scy
and y = (Ye),cew). Note that EW@D) is the set of edges of G that have at least one
loop momentum running through it. I' is an integration contour that is given by the
condition pg = 0.

These types of integrals appeared in the previous subsections of this chapter, and
our goal in this section is to analyze their infrared divergences.
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Example 4.3.1. The integration measure for the bubble integral is

0111

bub ™~ ’ ’ :Vl .
HMbut 1y20p2 o -
Ly;p* 0

4.3.4)

4.3.3 The Two-Site Chain

In this section, we go through an example of how to derive the IR divergences of the
two-site chain,

Y12
T T 4.3.5)

The integral is given by

% dy % 4y 1
0] = / =1 / B (4.3.6)
0 0

X1 x; 2 4999,499,
with
qg =x1 +x2+ X1+ X2, (4.3.7)
qg, =x1 +y+ X1, (4.3.8)
qg, =X2+y+ X3. 4.3.9)

We use the Newton Polytope to analyze the different ways in which the
denominator factors can go to zero. Recall that X| and X, are external energies,
but x| and x, are integrated over. We therefore form the Newton polytope of the
polynomial

qg = xllxg + x?le + x?xg(Xl + X»7), (4.3.10)

as the polytope with vertices at the powers of each monomial that appears:

(0,1)

(0,0) (1,0) 4.3.11)
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To find the Newton polytope of a product of polynomials, such as the product
qg4qg,4g, appearing in the denominator of (4.3.6), we can either multiply out all
the factors or simply take the Minkowski sum of the polytopes that we found for
each polynomial. That is, we sum their vertices. For the bubble example, we get,

N(qgdq,) = N(gg) ® N(gg,) = l 4.3.12)

and

N(4g49:90:) = N(qg & N(qq,) & N(g,) =

(4.3.13)

The integral Z will converge when the point (&, «) is inside the Newton polytope.
Next, we find the vectors normal to the facets of this Newton polytope, which we
label with w;:

w2
0,2) T (1,2
W12
(2.1)
Wy < > W1
0,00 1 (2,0)
W (4.3.14)

This pentagon is a nestohedron with five different directions that could possibly be
divergent, each direction given a w.

We can now use the Newton polytope to understand the divergences of the
integral (4.3.6). We embed the Newton polytope N in P? by putting Z; = ( ’}i )
We also introduce the covectors

b I b
W}l = elflfzzalzbz = <wab> , (4.3.15)

with A%’ = (o, @) - @ — max, (p - @). The purpose of adding 178 to the covectors is
that & > O indicates that the integral Z will diverge. The covectors for the two-site
example are explicitly given by,

w = (3001‘) W — (_o”), (4.3.16)

W _ (“(1)—2), W _ (‘?2), w2 (2‘”]‘3> , (4.3.17)
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We can therefore read off the first entries that the integral Z will be divergent if
20—3 20, —a > 0or o —2 > 0. An equal sign denotes a logarithmic divergence,
while a strict inequality signals a power-law divergence.

Let us take 2o —3 — 0, which corresponds to a logarithmic divergence of (4.3.6).
From the covectors in (4.3.17), we see that the only divergent direction is that of
W2 since the first entry of the other covectors is always negative for this choice.
In this case, the integral receives contributions from two divergent regions, which
share the covector W2 but differ by including W or W@,

Next, we use sector decomposition to compute the infrared divergences of the
integral. In the first sector, labeled by W% and W) we change integration
variables to

—¢jwi2  —ejw]

xXj =1, e , forj=1,2, (4.3.18)

where ¢; is a unit vector in the direction of w;. The integral from (4.3.6) can then
be rewritten as

.oy = /ldﬁ—dcu

AR 0o &1 fi2

A 02
4 12

Mo+ X+ X200 [+ O+ XD2na ] [1+0+X2)0n] |
(4.3.19)

with A0? = 20 — 3 and AV = o — 2. The divergence when 1(!? — 0 comes

from the integration region where {2 — 0. Thus, when computing the leading

divergence of Z , 1), the change of variables in (4.3.18) allows us to drop subleading
IR

terms in ¢17. The divergent part is therefore simply given by

. 1 ld 2
'y = —Tay / g1 _& ) (4.3.20)
AR A2 oo (1+81)
where we have evaluated the coefficient of the pole in (12 at A2 = 0, resulting in
A 32—9 = —1/2. The remaining integral is straightforward to evaluate, and we
obtain
div _ T

The divergent contribution can be rewritten by restoring projective invariance as

. 1 dx; d 1 1
I = ——x / 2R e ye , (4.3.22)
AR 2212 R X1 X2 Vol{GL(1)} x1 + x2
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with @ = 3/2, which we can interpret as an integral corresponding to a graph with
a single site of weight x; + x».

When adding the two divergent sectors, we can therefore write the total divergent
contribution as

Idiv + Idiv 1 / d.X] dxz xtlx x‘ZX Q( X O X 0)
= T T T T X1, X2, =V, = s
A A 2(12) R;r X1 x2 Vol{GL()} 1, A2 1 2

(4.3.23)

with o = 3/2.
Note that we can bypass the steps above if we instead form a graph associahedron
for the tree graphs. For example, the associahedron for the two-site chain is:

—_—

*—o —o —0 ——) ——o
e—s>

g — (4.3.24)
Comparing this diagram with (4.3.14) shows that we have recovered the Newton
Polytope for the graph.
4.3.4 General Tree Graphs

We would now like to generalize the construction in the previous section to any tree
graph. A generic tree graph is given by the expression,

400
Igee[a’ T, X] = / H [dﬁx?&} LX) (4.3.25)
X [] lgex. 0]

9SG

0 seV

where we have used the same definitions as around (4.3.2).
Note that the Newton polytope corresponding to each denominator factor NV'(g4)
is a simplex. Thus, we can form their Minkowski sum as

Ng = @Re{rg}z[g]. (4.3.26)

9cg

Schematically, it can be realized by taking the highest-dimensional simplex and
truncating it with the lower-dimensional ones. Then, for all the facets that do not
identify with the coordinate planes, one can associate a nested tubing consisting
of all tubings which contribute in the normal direction to the facet (as illustrated
in (4.3.28)). With the Newton polytope for the graph at our disposal, we can write
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down the co-vectors, which are given by

w

~ag — (# number of nested tubings
) (Z“ o ¢ )) , (4.3.27)

e
J1 m/nﬁg)

where ¢, ; @ is a vector with 1 in the entries j; ...jn(g) and zero in all other
n 5

entries. Thus, we have found a diagrammatic starting point for using Sector
decomposition.

Example 4.3.2. The Newton polytope of the three-site chain is formed as follows:

e (4.3.28)

4.3.5 Loop Diagrams

In this section, we look at an example of a one loop two-site diagram, which we
refer to as bubble diagram. Its expression is

bubble __
Igu ¢ —_— [_.x }/ 1_[
seV *s

ecE

d=3
2

[dye ﬂ} —u(y szZ)] Gy XY
P

(4.3.29)

where we use the same definitions as around (4.3.2) and the integration measure was
given in (4.3.4). The denominator factors are explicitly given by

n(S

Qx,y; X) = , (4.3.30)

g
dg thz qsh ‘191 ‘192

with
qg, =X1+x2+2y,+X1+X2, qg, =x1+x2+2yp+X1+Xo,

qg, = X1+Yat+yo+X1, qg, = X2+Yat+yp+X2 qg = x1+x2+X1+X2.
(4.3.31)
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The integration contour is
T={7:n0? =0, (4.3.32)
which from (4.3.4) gives the following region of integration:

Yb

P (4.3.33)

It is clear from the integration region that whenever we set one of the edge variables
to zero the other is set to P. This can also be seen from the perspective of the
integration measure, which is the squared volume of a simplex. For the bubble we
have a triangle, by setting one edge to zero the other two edges collapse into each
other. For higher site graphs a similar behavior is seen, setting one edge to zero
leads all others to some finite value which is a function of the external kinematics.
On the other end, if we take the value of one edge variable to infinity, then all others
are forced to go to infinity. This essentially fixes all the singularities of the loop
integration for our bubble integral, they are {y, — 0, y, — P}, {ys — P, yp — 0}
and {y, — 00, yp — 00}. For each of these points we can analyze their neighbor
region, with a suitable change of variables, and perform sector decomposition
(together with the site integration) to extract the divergences.
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Abstract

These lectures introduce the notion of asymptotic observables, which are classes
of measurable quantities predicted by quantum field theory. In gapped theories
with trivial infrared dynamics, these include scattering amplitudes, expectation
values of operators approaching infinity, inclusive cross sections, etc. We argue
for a unified picture in which various asymptotic observables are related by
analytic continuation embodying new versions of crossing symmetry. As an
application, we discuss the exponentiation of infrared divergences for inclusive
observables in Quantum Electrodynamics using time-folded contours. Finally,
we outline prospects for a systematic study of analyticity properties of asymptotic
observables using the Fourier-Bros-Iagolnitzer transform.

5.1 Asymptotic Observables and Crossing

Simon Caron-Huot

In this first lecture, we introduce a minimal set of axioms that allow us to enumerate
asymptotic observables of a given multiplicity. We will then explain why these
are, remarkably, interconnected through crossing symmetry. The main references
on which these lectures are based are [2, 3].
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5.1.1 Summary of Conventions

First, we spell out here the conventions assumed in this chapter, which follow
[3]. Unless specified otherwise, we work in D spacetime dimensions and take the
momentum components of p* to be

pt=epl P, (5.1.1)
=p

We work in mostly-plus signature such that p> = —(p®)2 + (pH)2 + ...+ (pP~1)?
and all-outgoing conventions, in which p? < 0 for the incoming particles and p? >
0 for the outgoing ones. When using lightcone coordinates, we define

pE=p0 4+ P pt= (. PP, (5.12)

such that p2 = —pt p~ + (p1)2. Furthermore, we use the notation pl.”jwk = p;‘ +

Py 4 p and sijp = —p,.zj__.k for Mandelstam invariants.
In what follows, the connected interacting part T of the S-matrix is obtained in
the usual way:

S=14+iT+..., (5.1.3)

where “...” include disconnected products of 7’s and are only present for multi-
plicities greater than 2 < 2. The interacting part of the scattering amplitude, M,
is defined as the matrix element of 7" with the overall momentum-conserving delta
function stripped out:

Myei = (FITIHEMP (D pt). (5.1.4)

When drawing diagrams, we will follow the operator ordering in bra-ket notation
(see, e.g., Egs. (5.1.23), (5.1.25a), (5.1.25b) below). This means (thanks Dirac!) that
time flows toward the left in scattering amplitudes S or M, and toward the right in
conjugated amplitudes ST or M factors.

Finally, “in” scattering states are denoted without explicit labels: (...| =i, (.. .|
and |...) = [...);,. In contrast, the “out” states will remain labeled: oy (...| and

- Dout-

5.1.2 Asymptotic Observables

The discussion that follows is motivated by the observation that, in local quantum
field theory, causality admits a precise statement in terms of microcausality. It



5 Asymptotic Observables: The Analytic S-Matrix Revisited 165

asserts that operators corresponding to observables at spacelike separated points
must commute:

[O(x),0(»N]=0 (spacelike) , (5.1.5)

ensuring that it is impossible to send signals faster than light.

Vacuum matrix elements of such relations, (0|[®(y), ®T(x)]110) = 0 are well
known to imply that any particle must have an antiparticle of the same mass and
spin. That is, the two terms in the commutator can only cancel out if the amplitude
for a @ particle to move from x to y (which is nonvanishing spacelike) coincides
with that of a corresponding antiparticle to go from y to x:

anti-particle

particle

> X

The question we wish to explore below is the following: What are the impli-
cations of (5.1.5) inside a general scattering state? As we shall see, this will
relate the amplitudes of particles and those of antiparticles: crossing symmetry, but
the answer will also reveal new and non-trivial relations among out-of-time-order
(OTO) observables. The OTO nature of crossing can already be anticipated, since
commutators alter the ordering of the operators.

In time-ordered perturbation theory, the relation (5.1.5) (and the analogous anti-
commutation relation for fermions) ensures Lorentz invariance of T-products [4].
Here we will directly use (5.1.5), which seems to buy us more mileage at the end of
the day.

Next, let us outline the assumptions used to make this discussion more precise
and to derive the results below.

(5.1.6)

5.1.2.1 S-matrix Axioms

The idealized setup that epitomizes the idea of the S-matrix is a quantum field theory
(QFT) with trivial infrared dynamics (e.g., pion scattering in D = 4, QED and QCD
in dimensional regularization, etc.). In this setup, it makes sense to assume that any
finite energy excitation decays at late times into a finite set of stable particles. These
particles then separate from each other and effectively become free as they cease to
overlap. This assumption and its consequences are encoded in the following set of
axioms [3] (similar sets of axioms have a long history [5]):
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(i) The algebra of asymptotic measurements in the far past is generated by
creation and annihilation operators of stable particles, satisfying the canonical
relation:

lai, ]l =8 ; 2p) 2m)°~ '8P~ (p; —p)) and [a;, a;] = [a],a]]=0.
(5.1.7)

Here, p? is the (positive) energy of the ith particle and §; ; denotes a Kronecker
delta in the flavor and spin indices.

(i’) There is an equivalent algebra of “out” measurements in the far future, which
we denote by b and bT’s. Translated to textbook conventions, the above creation
and annihilation operators correspond to

a;=a" and b; =a™ (5.1.8)

i .

(ii) These operators act on equivalent Hilbert spaces and are related by a unitary
evolution operator S:

bi = STa;S, bl =S'a]s. (5.1.9)
It follows from (5.1.9) that [a, b] can be a complicated object. This is expected
because measurements in the past affect the future in a complicated way.
(iii) There exists a time-invariant vacuum, |0), that does not contain particles:
ai|0) = b;|10) =0, S|0y = 10) . (5.1.10)
(iv) One-particle states evolve trivially, which means that they are stable
bi10) = STal10) = a]0). (5.1.11)
This also implies Sale) = a;' |0) from the unitarity condition S f§=1.
Given these axioms and the algebra of measurements, we can now ask: what can
be measured asymptotically? We organize the discussion by multiplicity, starting at

four-point.

5.1.2.2 Enumerating Observables: Four-Point
The possible four-point measurements are of the form

0|...]0) where “...” is any length-four string of @, a’, b, b' . (5.1.12)
y leng g

Naturally, numerous of these combinatioQ§ result in trivial observables. This is
because a |0) = b|0) = 0, and both aia} |0) and bib; |0) are proportional to a
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delta function, which vanishes for non-forward momenta (and in any rate is a c-
number times |0) according to (5.1.7): an uninteresting state!). Therefore, only two
non-trivial states can be generated by acting with two asymptotic operators on the
vacuum:

alal|0) =1ij) and b/al|0) = b]bII0) = ij)oy - (5.1.13)
These are the only two options! Multiplying by the analogous classification on
the left, we conclude that the possible observables are therefore the conventional

(causal) scattering amplitude

(Olbabsala]|0) = (OlagasSajal|0) = (34] S112) = o (34/12134/12) ,

(5.1.14)
the Hermitian conjugated (anti-causal) scattering amplitude
(Olagasbib!10) = (OlasasSTajal|0) = (341 ST 112) , (5.1.15)
and the forwards terms
(Olasazayal|0) = (34 1[12) = 812,34 = (0lb4b3bib!|0) . (5.1.16)

Restricting two non-forward kinematics, we find only fwo four-point observables:
(5.1.14) and (5.1.15). Given the age of this subject, it is reassuring that we did not
discover anything new at four points. The fact that there are two observables and
not just a single one is significant. As we will elaborate on later, crossing symmetry
relates these two objects—amplitudes to their Hermitian conjugate, and vice versa!

ls.

M. Mig 34
1324 -, (5.1.17)

Before moving on, let us stress that crossing is not simply a matter of “flipping
the sign of energies in formulas”. Consider for example the integrated expression
for an s-channel massless bubble integral in minimal subtraction:

log =5 s <0
Bub(s) W : (5.1.18)
log ﬁ —irs>0

To go from one expression to the other, we have to follow a precise continuation
path. The arc in the upper-half s-plane tells us exactly the correct branch choice.
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5.1.2.3 Enumerating Observables: Five-Point

As should now be clear, the task of cataloging all possible observables is a
combinatorial exercise. Hence, as the number of points increases, we should
encounter increasingly non-trivial possibilities, leading to more exotic observables
beyond the conventional scattering amplitudes. This becomes manifest already for
five points. For example, while we still have the 3 <« 2 scattering amplitudes

(Olbsbabyalal|0) = (345] S (12) (5.1.19)
we also have observables of the form
(Olasashzalal|0) = (45| b3 [12) = (45 STa3S(12) . (5.1.20)

As the writing makes manifest, (5.1.20) computes an expectation value for observ-
ing particle 3 in a particular in state that contains two particles, and is totally agnostic
as to what happens to these particles after particle 3 is emitted. (Both the bra and
ket are in states: no future boundary conditions are imposed.) We can make (5.1.20)
look more like a conventional quantum-mechanical expectation value by integrating
the on-shell momenta pp, p, against a wavepacket:

[¥)in = Y (p1, p2) [12)
prp (5.1.21)
= n(¥lb3 Yy = / U (pa, ps)V (p1, p2) (45 b3 [12) .
P1,P2,P4,P5

Note that (5.1.21) is not measuring the type 3 particle number; such an observable
would be quadratic in field 3. Instead, (5.1.21) measures the linear (leading order)
response of the scattering background in field 3. In which realistic situations
could this arise? For example, (5.1.21) could represent (1) the expectation value
of the electromagnetic field associated with radiation after the collision of two
charged particles (further discussed in Sect.5.2.3), or (2) the expectation value of
the graviton field (gravitational wave signal) generated by the scattering of two
massive objects (e.g., black holes), which is further discussed in Sect.5.1.3. Both
are examples of radiative waveforms. In this context, the wavefunction i sets the
initial energy and impact parameter of the colliding bodies (see [6]).

Let us reiterate a basic but important point: the signal observed at a detector such
as LIGO/VIRGO/KAGRA is linear in metric perturbations. Linear measurements of
electric fields, while not necessarily important nor natural at colliders, are familiar
in low-energy physics: this is what a voltmeter measures. Although the definition
(5.1.21) makes no reference to coherence effects, such linear measurements are
typically only practical when the final state contains a coherent state of many
photons or gravitons that makes the expectation value (5.1.21) large.

That said, it may not yet be clear from (5.1.21) how the observable should be
computed in practice (e.g., using perturbation theory). To get started, it is useful to
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insert in (5.1.20) a complete basis of on-shell states

1— I X (X[ = I X )outout (X - (5.1.22)
X X

as follows:

(Olasasbsabal0) = yf (45| ST ) (X3] S |12)
X

v
= A

(5.1.23)

To be clear, (5.1.22) is a sum over the complete basis of states |X) (X| integrated
over the on-shell phase space

Im (X| = /(2 =i ) 7

D

1
p;  |p1p2){p1p2l
/]_[ L 12’E o ... (5.1.24)

Now, from (5.1.23), one way to practically compute the waveform observable
becomes apparent: it is the product of S-matrix elements (each computable sepa-
rately using e.g. Feynman diagrams) connected by an on-shell phase-space integral.
Note that this calculation is completely inclusive in the final state X: as far as we
care, the colliding bodies could annihilate each other and we would still get a non-
trivial waveform!

All other observables at five-point are either forward or obtained by Hermitian
conjugation or time reversal of those listed above. Thus, we move on to six-point.

5.1.2.4 Enumerating Observables: Six-Point

Similar to the previous instances, conventional six-point scattering amplitudes
(i.e., (3456|S[12), (456|S[123), relevant for scattering of one parton against
two partons and their Hermitian conjugates) remain. More intriguingly, we have
observables of the form

ot
—_

(0]agasblbsalal|0) = 6 X

3 (5.1.25)
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4
N3

In the forward limit (6, 5,4 — 1, 2, 3), the observable (5.1.25) is well known: it
is the inclusive cross-section measuring the number of particles of type 3 produced
in the scattering of particles 1 and 2: (O|a6a5blb3a§a1f|0) — (12| N3 |12), with
N3 = b;bg, quadratic in the field.

The same observable (5.1.25) also appears in more exotic situations. For center-
of-mass energies well above the Planck mass ,/s12 >> M, one could imagine
(5.1.25) as measuring the “square” of the following process:

BH :: 1
2
3
where particles 1 and 2 collide and form a black hole, which eventually fully
evaporates by emitting Hawking radiation. In a strict S-matrix approach, the
exact final state is a complicated combination of O(S) quanta where S is the
entropy of the intermediate black hole, with matrix elements that are typically
exponentially small ~e~5/2 by general statistical considerations. The calculation
of this quantum state remains an unsolved task, even in principle (although there
was notable recent progress in understanding its statistical properties using replica
wormbholes). However, (5.1.25) is a much simpler object because it is agnostic about
the complicated cloud of on-shell final states and only cares about the particular
Hawking quantum labeled 3 in the figure. (By making the momenta p3 and p4
slightly non-forward and performing a Wigner transform, the observable is also
sensitive to the arrival time of the measured radiation.) Viewing (5.1.25) as a
two-point function in a black hole geometry also makes it clear that it can be
reliably calculated without knowing the exact final state—in fact this is exactly how
Hawking [7] calculated it!

Let us finally comment on (5.1.26), which is at face value a “maximal scram-
bling” of a’s and b’s. It is useful to consider particles 1 and 6 as defining a
background state and to interpret this observable as a four-point OTOC (commutator
squared) in this background. By transforming to the time domain and applying a
large time translation to b;f and bs, this process potentially probes the Lyapunov

(5.1.26)

(5.1.26)

exponent characterizing the chaotic growth of small perturbation b; (see [1] for
more references). For a more complete list of six-point observables, see [2].
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5.1.3 (Some) Crossing Moves

We now sketch how crossing symmetry bridges some of the above observables
through analytic continuations in the kinematic space. The basic object (further
discussed in Sect. 5.2.1) is the retarded product of currents j o (—8% +m?)e,

R(pa2, p3) = / dPxydPxse (P22t Pss) | (B| Ry(j3 ) 1A) (5.1.27)

where R3(j3j2) = [J3, jz]é(xg>x(2)) denotes the retarded product. The current j
amputates the external propagators and following the logic of the LSZ reduction
formula one can show that for real on-shell momenta:

(B|[b3,aj11A)  pY <0, p§>0,

(on-shell) (5.1.28)
— (Bl a2, b}114) p9 >0, p§ <0

R(p2, p3) = [

The challenge of crossing is to parameterize a continuous path of analytic
continuation that (1) is wholly supported on the mass shell and (2) connects the
two preceding real configurations (5.1.28):

R(p2. P:z)

— (Blla2,0)]4)  §  (Bl[saf]|A)
| ’ (5.1.29)

In the case of gapped (and infrared-trivial) quantum field theories, such a path is
guaranteed to exist for 2 «<— 2 and 3 <« 2 scattering thanks to the work of Bros,
Epstein and Glaser initiated in the 1960s [8—11]. In gapless theories and at higher
multiplicities, the existence of such a path remains conjectural to this day, although
recent progress in this direction has been made [3,12]. The z-path we will consider is
simply a complex boost applied to two of the external momenta; see [3] for details.

To develop some intuition about why the mass gap plays an important role
without going into the technical details of [8—11], we can consider the following
example.

Example 5.1.1 (Intuition for Analyticity) Under the change of variables x3 +—
x2 + Ax, (5.1.27) becomes

dP Ay e=ipAs / Prze PP (B Ry(jajn) |A) -
(5.1.30)

R(p2, p3) = /

AxeV+
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The Fourier transform converges provided that (1) Re(—ip3 - Ax) < 0 VAx and
2) (p2 + p3)* € R!3. Since the retarded product is supported in the (closure
of) the forward lightcone Ax € V*, we conclude that the integral is analytic for
Im pg € V' since then the Fourier transform converges exponentially. This is the
basic reason why we expect analyticity in some upper-half plane.

The difficulty is that a timelike imaginary part for pg‘ is incompatible with the
mass-shell condition p% + m? = 0. Consider for example the on-shell momentum

pg=E(1,v,0,0)+i8(v,1,0,0) O<wv<lreal, E>»¢e>0). (5131

The imaginary part is spacelike and point (1) is only satisfied if Ax! < vAt, where
At = (x3 —x2)? > 0and Ax! = (x3 —x2)!. Thus, we have a decaying exponential
only for displacements Ax inside the shaded region:

At vAL
i Az (5.1.32)

We see that while we obtain analyticity in VT just from the causal support |Ax!| <
At of the retarded product, analyticity on-shell will only hold if the retarded product
is supported within the smaller shaded region |Ax!'| < vAt. Physically, this is a
constraint on the velocity of the intermediate particles produced.

This naive analysis suggests that analyticity is safe for sufficiently boosted
external momenta in gapped theories, but can fail in gapless theories whenever
external particles move more slowly than internal ones.

‘We hope that this intuition can be formalized in the near future using the concept
of essential support, described in Sect.5.3 below. For now, it remains unproven
whether the domain of analyticity of (5.1.27) intersects with the mass shell, in
general. We will proceed under the assumption that it does.

Example 5.1.2 (Five-Point Tree-Level with Massive Resonances) We now bor-
row a five-point example from [3] to illustrate how the inclusive observable (5.1.23)
(equivalent to a product of conventional (time-ordered) amplitudes) is related to
a five-point scattering amplitude through analytical continuation. Here, we work
at tree level, which is (perhaps surprisingly) sufficient to highlight the non-trivial
conceptual aspects of this exercise without the unnecessary complications arising
from branch cuts.
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Consider a cubic theory where the following tree-level process involving a heavy
intermediate particle of mass M is possible

5 2 .
Z-Mstart — ) — _Zgg
34512 4 , ) (_545 + M2 — i&)(—81;3 4 sz) .

Note that the ie only matters if it is kinematically possible to produce M, in which
case it is necessarily unstable (“if it can be produced, it can decay”). The tree-
level diagrams here should be understood as a narrow-width approximation to this
resonance.

In (5.1.33) we dropped the i¢e prescription for 513 since this invariant is spacelike
(s13 < 0) in the kinematics under consideration and therefore its propagator cannot
go on shell. Nevertheless, the i¢ must be retained for the timelike Mandelstam
invariant s45. We proceed now to analytically continue to the kinematic region where
the energies of particles 2 and 3 flip signs. The invariant s13, initially negative,
rotates in the counterclockwise direction, ending its journey below the positive real
axis, while the invariant s45 remains unchanged:

(5.1.33)

(5.1.34)

The result of this analytic continuation is written as

—ig3

(—s45 + M? —ie)(—s13+ M?> +ie)’

[iM3a512) rs)3 = (5.1.35)

where now s;3 > 0 and its — ie prescription matters. Observe that the second
propagator acquires the “wrong” ie prescription. This detail is important because
after the crossing we are now in 245 <« 13 kinematics where this pole is accessible.
The fact that 513 is on the “wrong side” of its cut mirrors what happens for 2 < 2
scattering, where the large arc (see (5.1.29)) lands us on the wrong side of the u-
channel cut. However, here the s45 pole remained on the correct side, preventing
identifying the right-hand side with a complex conjugated amplitude. I¢ is a different
object!

Our claim now is that the blob pattern in (5.1.23) is a shortcut to produce the
same result as the analytic continuation we just went through. To see this, substitute
ST =1—iTTand S = 1 +iT — iT into (5.1.23); for S we could drop the 1
part since 1 and 2 must interact in order that 3 be emitted, but for ST we have both
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a disconnected and connected term. They give respectively the complex-conjugated
five-point amplitude, plus a non-linear term where the heavy particle M is produced:

. 7. . .
[1M345<712]\_]‘sl3 = 1M245(_13 + [iMasm] 2w 8(—s45 + M2) [IM;/Q(_B]

(5.1.36a)
_ —ig’ 278 (—s45 + M?)g?
© (—s45+ M2 +ie)(—si3 + M? +is) —s13+ M? +ie
(5.1.36b)
_io3
=————— 4 27i8(—su5 + M?) I S
—s45 + M2 +ic —s13+ M2 +ig’
(5.1.36¢)
Using the identity ilig = PV% Find(x), the result manifestly agrees with (5.1.35)!

Diagrammatically, we can summarize the discussion as follows:

5 2 52 52
3 UL s 1 1

(5.1.37)

Similar computations at loop level are discussed in [3], where a general
diagrammatic statement of (5.1.29) is also given. In particular, we found that the
type of computation described above worked for purely massless scattering (without
a mass gap). However, we also point out counterexamples in cases where external
particles move slower than internal particles, verifying the intuition developed below
(5.1.32).

In the next lecture, we will show how the observables introduced above follow
from the reduction of (O)TO products of on-shell currents.

5.2  Analyticity and IR Properties of Timefolded Observables

Mathieu Giroux

The purpose of this lecture is to revisit the application of reduction formulae
for observables with unconventional time ordering through explicit examples. As
motivation, we quickly revisit the so-called Lehmann—-Symanzik—Zimmermann
(LSZ) reduction formula [13]—which relates conventional time-ordered scattering
amplitudes to time-ordered correlators—from a modern perspective. Later on,
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we generalize this concept to out-of-time order correlators, which reduce to the
aforementioned out-of-time order (OTO) observables.

5.2.1 LSZReduction Revisited

The idea behind the LSZ reduction formula is simple: it makes precise the idea that
time-ordered products of fields encode more information than is needed to describe
in-out particle collisions characterized by scattering amplitudes, namely

n
in(GHD . onl ST ) = [Hidexk e =92 ] |
k=1

O T(¢12-..90)10). (5.2.1)

Indeed, because [—8)% +m2]¢(x) = 0 for asymptotic (free) fields, the physical
content of (5.2.1) is that the S-matrix projects out (or “amputates”) such fields
from the time-ordered product. This means that only terms with a pole of the form
p* + m? = 0 in momentum space ultimately contribute to the scattering amplitude.
For what follows, it is useful to revisit why (5.2.1) holds from a modern perspective.

The first thing we do is to express the right-hand side of (5.2.1) in terms of the
currents defined by

T(j(x)~--)Ei(—&%—{—mz)T(q&(x)-n). (5.2.2)

Given this definition, the right-hand side of (5.2.1) reduces to the Fourier trans-
formed (momentum space) time-ordered correlator of currents

RHS of (5.2.1) = []‘[/dek e"'!’k*k]<0| TGija. .. jn) 10)
k=1 (5.2.3)

=0T (pDJ(p2) ... j(Pn))10).

From there, the key observation is that the on-shell limit of the currents is a total
derivative. In fact, an elementary computation shows that

on-shell:
. 22 9 .
i(p) = dex e iP j () L2 /dea—M [e_’p"‘ (—idk + p“)¢(x)] .
X
(5.2.4)
Now, we observe that the Fourier phase e 7% oscillates rapidly as x — oo,

except possibly along the direction of the external particles: x* o +p*. Along
such directions, particles are eventually detected by a detector infinitely far in the
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future (or past), which is only possible if constructive interference occurs between
the rapidly oscillatory Fourier phase and the phase of the field

lim e P*¢ = non — oscillatory quantity along x* o #p* . (5.2.5)
t—+oo
In other words, (5.2.5) is the minimal condition that ensures non-zero asymptotic
measurements (j(p) # 0). Thus, the on-shell current in (5.2.4) reduces to non-
trivial surface terms (which defines for us the a, b, a’ and b introduced earlier) only
along the trajectory of the particle. This is schematically summarized as follows:

b (outgoing)

lim =g
t—+00 | s .
b"  (incoming)

t b—a, 0>0,
L N T

p2——m?’ at —0of, p°<0.

. i a (outgoing)
Jim e o { ) i

a'  (incoming) (5.2.6)

The cartoon on the left illustrates the asymptotic measurements made in the far
past and future (a, a’ and b, b, respectively) and emphasizes that they follow from
constructive interference (see (5.2.5)) at late times along the direction of particles;
along other directions, destructive interference occurs and no measurement is made.
(The dotted lines show light-cone axes centered around the collision region at finite
time.) The sign of p° determines which case in (5.2.6) is applicable.

The LSZ reduction formula of a time-ordered correlator easily follows: apply
(5.2.6) to each current then follow the T-ordering instruction to bring all » and b'
to the left of the @ and a' (assuming here that p? < Ofori < j)

(I TGr(p1)j2(p2) - - ju(pa)) 10) = (0 T(a] - - .aijjH —e by) |0) (5.2.7)
= {01 bj+1 -~~bnaI . .aj. 0)

=in<(.j+1)-~-’1|s|1--~j>in'

Here we have also used the fact that a|0) = 0 = (0| ' to eliminate all terms with
an a or b' in (5.2.6). Note that this argument (and the LSZ reduction formula itself,
as far as we understand) requires non-forward kinematics: (p; + p;)* # O for each
pair.

For out-of-time-ordered observables (which we study next), we must generally
keep all the terms in (5.2.6). This leads to generalized LSZ reduction formulae!
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5.2.2 Generalized Reduction Formulae

As reviewed above, reduction formulae connect scattering amplitudes with the on-
shell limit of amputated Green functions. Below, we illustrate how generalized
reduction formulae can be used to reveal non-trivial abstract features of either
time-ordered or out-of-time-ordered (OTO) observables (such as analyticity). In this
chapter, we examine how applying LSZ-like reductions to generic OTO correlators
(OTOC) reveals a wide range of asymptotic observables. We do so from two
perspectives: from an algebraic point of view (involving formal manipulations
of various time ordering operators) and visually using the Schwinger—Keldysh
formalism.

5.2.2.1 OTOC: Definitions and Generalities

The type of correlators we wish to reduce will always be expressible in terms of
products of time-ordered products of the following form (introduced in the 1960s
by Ruelle and Araki—-Burgoyne [14, 15])

OIT (1. i )T (Diy41---biy) .. T(Piy_y41---i,)[0) (5.2.8)

where ¢, = ¢ (x,) is a local operator (field)! and T (¢ ... ¢,) is the conventional
time-ordered product of n local operators

T(pr...¢n) =D 0G24 > 200 > > X2 ))E@) P2 - - - bo(n)

oeS,
n—1
= Z [ l_[ 9(X2(m> > xg(m+1))]€(0)¢a(l)¢a(2) ce ¢a(n) ,

oeS, m=l1

(5.2.9)
where S,, denotes the symmetric group of degree n and
(o) = 1. bosoplc.operators . (5.2.10)
sign(o’) fermionic operators

For example, for the bosonic two-point function, we get the familiar expression

T(p162) = p1¢0(x) > x9) + $2p16(x) > x}). (5.2.11)

Interestingly, linear combinations of products of 7"’s span other useful and physical
objects such as anti-time-ordered products T(...), retarded products R;(...) and
advanced products A;(...). At n-point, the former is simply defined by reversing

I Note that the notation is abused here; the fields are allowed to be of different nature, which is not
apparent as we suppressed this label.
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the inequalities in (5.2.9), while the second and third are defined as follows

Ro(¢o@i ... dn) = Z 9(X(())>x2(1)>- : '>x2(n))

o€eS,

[[- - [[¢0: bo )] bo2]. - - -] $oim] - (5.2.12a)

| I
(n—1)-fold

Ao(podt . pw) = D OGS <y <. <xl)

o€eS,

[boi: [+ [$e@: [doy. d0]]---]] (5.2.12b)

[E——
(n—1)-fold

with the special case Ry(¢o) = ¢o. The A-product is like the R product with
commutators nested in the second entry rather than in the first one, and with the
inequalities in the 6-functions reversed.

Importantly, the R-product (as well as the A-product) is symmetric in
{1,2,...,n}, but one field ¢ is singled out as the one with the latest time; it is
pinned in the future of everyone. That is,

Ro(odr...¢n) =0 ifx) < max(x),x3,....x7). (5.2.13)
Example 5.2.1 To digest these definitions, let us look at some low-n examples:

Ro(d21) = Ro($190) = [ho, 9110 (x) > V),

R3(p3¢261) = Ra(p1¢203) = [[¢3, 2], ¢110(x) > xS > x9) + (1 < 2).
(5.2.14)

Note that both (5.2.9) and (5.2.12a) involve the sum over (n — 1)! terms. Above, we
indicated that both the time reversal of (5.2.9) and (5.2.12a) can be expressed solely
in terms of standard time-ordered products. This extends to any number of fields, as
we can show by a f-functions bookkeeping. Examining the simple case of n = 2 is
sufficient to understand why. Indeed, introducing the shorthand notation

0ij = 0(x) > x9), (5.2.15)
we have

T(¢192) = P1¢2621 + 21612
= ¢192(021 + 012) — 192012 + P21 (012 + 021) — P21621
= 192 — P1$2012 + P21 — 21621

=T(@DT(p2) + T($)T (1) — T(192) ,
(5.2.16)
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and

R1(¢192) = [¢1, $21012 = 126012 — h2016012
= ¢12012 — P21 (612 + 621) + P2p1621 (5.2.17)
=T($1¢2) — T(2)T (¢1) .

We emphasize once more that such relations generalize to any number of points and
are invertible. Consequently, replacing 7 by T or R in (5.2.8) would generate the
same linear span of correlators.

In the following, we revisit the Schwinger—Keldysh formalism, as described
in the contribution [16]. This formalism provides a useful visual approach to
understanding OTOCs.

5.2.2.2 Schwinger-Keldysh Formalism
In order to better understand OTOCSs and their evaluation in many situations, it is
useful to turn to a path-integral representation. This is precisely what Schwinger—
Keldysh formalism (SK) provides. The idea behind this formalism is quite simple:
This approach allows us to write down any combination of anti- and time-ordered
products by linking the corresponding Lorentzian (real) time axes by infinitesimal
Euclidean (imaginary) time shifts. Ultimately, this results in a path integral that
features numerous time-folds that oscillate between the past and the future.

Example 5.2.2 To illustrate this in the context of correlators, we can consider the
following seven-field correlator represented by a path integral over a Schwinger—
Keldysh contour with three timefolds (I, I, and III):

(0| T(FG) T(CDE) T(AB) |0) = (0|c(A'B'C" D" E" FII G o)
‘ fold III a fold II a fold 1 ‘

B A |
c_ D E

I
= 1
mlG

(5.2.18)

The contour-ordering symbol C exemplified here is a natural generalization of the
time-ordering symbol. The superscript on an operator labels on which timefold it is
inserted. The total action includes the contribution from past directed branches with
a minus sign (in our convention, the even ones: II, IV, ...) since df < 0, such that
eiSe — is'=is!+isT—iSV+... The path integral measure is simply a product of the
usual one: [ D¢ = [ D! [ D!l .. ..
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Example 5.2.3 (Path Integral for Retarded Products) Let us consider what kind
of formula we might expect for retarded functions by considering the simplest case
of n =2:

(01 R2(192)10) = (Oll¢2, $1102110) = (0[(p2¢1 — ¢1¢2)62110) . (5.2.19)

If we were to represent the two terms in parentheses, ignoring the 6-function, one
would obtain the following pictures

I 2 L | and I 1 2 |
(5.2.20)
However, it is clear that the second contour cannot accurately describe (5.2.19)
precisely due to the presence of the 6 function, which requires that 1 is in the past

of 2. A straightforward and correct solution to this problem is to superpose both
contours and to fold them as follows

2 1

|
(0 Ra(¢162)[0)= ] | |:<0|C(@‘2(¢>£— )0)
C 1
= (0[C(¢201)[0) ,
(5.2.21)
where ¢,‘3iff(x) = ¢,I((x) — ¢,I€I(x). Note that the minus sign comes from the

commutator and that the role of the C-operation is simply to bring any ¢! to the
left of ¢l

At n-point, we replace the commutator in (5.2.19) by the nested commutator in
(5.2.12a) and repeat the same exercise to get the n-point retarded product in terms
of the n-point correlators of field differences, namely

Ro(¢odr -+ dn1) = C(pt - - - M)
! it |

I : :
11 ' ' |

(5.2.22)

Note that the relative positions of the fields 1, ..., n — 1 with respect to each other
on the timefolds are arbitrary; the key point is that ¢9 has to be the farthest in the
future; otherwise we get zero. For advanced products, ¢ is simply positioned in the
past relative to all other fields.

Let us now illustrate how Cutkosky-like cutting rules arise from the Schwinger—
Keldysh formalism.
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Example 5.2.4 The largest time equation [17]

DD YT Ty bot)T Dottty - o) =0, (5.2.23)
k=0

o€P(k,n—k)

(where P (k, n—k) denotes the set of partitions of n labels into two sets of size k and
n — k) which reflects the fact that unitarity cuts are not independent of each other,
takes a very simple form in the SK formalism

(0] C(pSTTHJIT ... pdifly 10) = 0. (5.2.24)
This equation is manifestly true thanks to the boundary condition

lim - =0, (5.2.25)

XV —>00

where the timefolds meet. It is not difficult to check that (5.2.24) is equivalent to
(5.2.23). This is particularly easy to check explicitly on low n cases, e.g., forn = 2

(5.2.23) ~ (=1)>T(¢12)+(—=1)>T (¢12)
+ (=D T@)T @) +(-1)! =0,
(5.2.24) ~ (01 $1dr =0 &) — '¢s + b1} 10) = 0. (5.2.26)

We conclude our discussion of the Schwinger—Keldysh formalism’s generalities
by presenting some illustrative examples of how various products of 7, T and R-
products can be realized on multifold contours.

Example 5.2.5 Various types of time-ordering products discussed in the literature
and their relations to Schwinger—Keldysh time-folds. For illustrative purposes, each
panel only shows a three-time-fold contour, with the generalization to an arbitrary
number of time-folds following the same obvious patterns:

T{FGH}T{ }T{AB} T{FGHIYT{DEYT{ABC}

I

|
I i

Y
VI

V
VI I

J J
] ]
vt | I\jt |
| | (5.2.27)

T{KMYT{HIJYT{FGYT{CDEYT{AB} Rp{FG}Rc{ DEYRA{AB}

i ' i : l
II 1 11 |

v L | 1wl : : |

V [ ¥
e | VI ' |
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On the top left, we have a product of time-ordered products 7, while on the top
right, we have a product of anti-time-ordered products 7. The cartoon on the bottom
left represents a mixed product of time- and anti-time-ordered products, while the
cartoon on the bottom right represents a product of retarded products R. As before,
time goes from right to left in each panel.

The takeaway point here is that the set of operators spanned by multi-timefold
Schwinger—Keldysh correlators such as (5.2.27) is, after 6-functions bookkeeping,
in 1-1 correspondence with the set identified in (5.2.8). Next, we will extend the
familiar LSZ reduction formula revisited earlier to the OTOC we just introduced.

5.2.2.3 Making Manifest Analyticity Properties

In what follows, we consider a few examples of interesting reduction formulae. As
a warm-up, we consider once more conventional time-ordered amplitudes with the
aim of establishing the so-called optical theorem/discontinuity/unitarity formula for
2 < 2 amplitudes. Later, applications at higher multiplicity will be discussed.

Example 5.2.6 (Four-Point Amplitudes and Discontinuities) In order to achieve
our first goal, let us recall a useful implication of the stability condition

Sa™ 10y =a'10) =" 0) = SHT|0) , (5.2.28)
following from the axioms introduced earlier, namely that
bial |0) = bla) |0) = b]b5 |0) . (5.2.29)

Using these, we can prove a useful intermediate result: in 34 <— 12 kinematics, we
have

T(j1j2)10) = T((a] — b})(a] — b))[0)
= T(ala} — alb} — blal + bTb])10)
= (aja) — bla] —bla) + b]b})|0) (5.2.30)
= (aja) — b]b})|0)
=112) — S*alals)0)
=(1-S5H2).

We see from this simple calculation that 7'(j; j»)|0) simply picks up the interacting
part of S (it vanishes when the particles do not interact)! This identity can, of course,
be applied to any state. For example, one can obtain the fully connected part of the
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amplitude as follows
out(34] T (j1.72)10) = in(34] S(1 — §7) 12)
= in(34| (S — 1) [12) (5.2.31)

=iM3zs12

More interestingly, we can consider the correlator (0|7 (j3j4)T j1 j2|0). On the one
hand, we can insert a complete basis of asymptotic states via the resolution of
identity

1- I X (X[ = I X outont (X - (52.32)
X X

according to

(OIT (j3ja)Tj1j210) = Y (OIT (j3ja) 1X)oucout (X1 T 1 j210) (5.2.33a)

(34] (1 = $) 1X) gurou (X1 (1 = ST [12)  (5.2.33b)

B4 (1 — ST IX)iin (X1 ST — ST [12)  (5.2.33¢)

<P, <P, <P, P4,

M, Mxcra. (5.2.33d)

On the other hand, we can directly compute (0|T(j3j4)Tj1j2|0) using (5.2.30)
twice:

(01T (j3j)Tj1j210) = ({OIT (j3ja))(Tj1j210))

, (5.2.34)
= ((0l(a3as — b3bs))((a]aj — b]b})|0)).
Dropping the forward terms and using
(Macp)* = (AIS|B)* = (B|ST|A) = M, _,, (5.2.35)
we are left with
(OIT (j3j4) T j1210) = —(Olazash|b}|0) — (0lbsbsa;a]|0)
= —((0lb1b2ajal[0))" — (0lb3baa]al|0) (5.2.36)

gt .
= iMl, = iMsacra.

Comparing both sides of (5.2.33) and (5.2.36) gives the optical theorem.
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Example 5.2.7 (The Role of R-products in Axiomatic Field Theory) Let us first
illustrate why R-products are useful, again, with conventional time-ordered 2 <— 2
scattering amplitudes. A first useful identity can be derived from the decomposition
of the 2-point R-product in terms of T -products where both p; and p; have negative
energies:

Ry(j1j2) =Tjijo—TjiTj
= T((a] —b))(a) — b)) — (a] — b)) (a] — b))

= (i} — bla] — bid] + b)) — (@i} — a]b] — bid] + biF)

= —[b}, a]].
(5.2.37)

Note that physically, the terms involving bj were expected to cancel because jj
must be in the past lightcone of j, and therefore it cannot be an “out” measurement.
Consequently, particle 1 cannot reach future infinity (it returns to past infinity). From
there, an elementary computation using (5.2.29) shows that

out{34| R2(j1j2)10) = —ou(341 [b5, al110)

= —ou(341b5a10) + ou34 a] b} 10)

= — ou(34| bIbT10) +ou(34] alal|0) (5.2.38)
S —

Forward!

= oul34l @] a}|0) = (34| S[12) .

Thus, the conventional time-ordered scattering amplitude is also equal to the on-
shell limit of some R products. What is interesting is that the R-product is supported

over xg > x?. This guarantees that its Fourier transform

R(p1, p2) = f dPox;dPxpe I PRI L (34] Ry () 72)10) (5.2.39)

is analytic/converges in a certain domain, in which equal positive timelike imaginary
parts are added to pé‘ and — pi‘. Indeed, under the relabeling x; = x; + y, we have

R(p1, p2) = / dPyeP1y f dPxpe ™ (P1FP22 (341 Ry (1 72)10)

(5.2.40)

Aea) = V0= <0= yev™. (5.2.41)

Now, because x(z) > x?, we must have yO = x?—xg < 0 and we conclude that y is

in the past lightcone V ~ (past pointing). This means that the Fourier transform only
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converges provided that the first exponential decays, while the second oscillates.
This happens precisely when

Re(—iy-p1) =y -Im(p;) <0 while pj+ pr e R, (5.2.42)

Since we work in mostly-plus signature, asking y and Im(pp) to be timelike
separated (implying that Im(p;) € V™) is equivalent to the first condition above.
Thus, (5.2.38) indicates that the amplitude is at least analytic provided that equal
and opposite timelike imaginary parts are added to pi‘ and pg .

Of course, one could also represent the amplitude using the advanced product

As(j1j2) = L1, 21612 = =LJj2, j11612 = —L[j2, j1]1 + Ra(j1 j2) - (5.2.43)

Indeed, since it differs from the retarded product only by a commutator (which
actually vanishes in this kinematic) involving no #-function, we have

out{34] A2(j12)10) = ou(34] R2(j1/2)10) — ou(34| [/2, j1110) = (5.2.38).
=0
(5.2.44)

Therefore, taking the Fourier transform of ou¢(34| A2(j1j2)|0), one would obtain a
similar set of conditions to that in (5.2.42), but with the inequality sign reversed.
By “edge-of-the-wedge” type arguments, the equality of retarded and advanced
representations suggests that the amplitude is analytic in a larger domain where
equal and opposite imaginary parts are indeed added to pf and pg , but with the
timelike requirement relaxed—as required to be on-shell.

The existence of multiple reduction formulae for the same quantity has signif-
icant implications. In particular, they are often central in axiomatic proofs that
scattering amplitudes are analytic, for example, in a neighborhood of the mass
shell [8,9, 18]. The argument also generalizes to m <— n scattering and has been
used to demonstrate that amplitudes near the mass shell are essentially a finite sum
of analytic functions [10], with a single function sufficing for 2 <« 2 scattering.
Moreover, while there exist only two distinct asymptotic observables at four points,
namely M and M, these can be written in terms of a significantly greater number
of correlation functions which enjoy distinct analyticity properties. We expect that
a solid understanding of these correlation functions will add fruitful insight into the
analytic properties of amplitudes.

Another reduction formula can be obtained similarly to (5.2.38) by inserting
a retarded product between one in and out single-particle states. For example,
focusing again on 34 < 12 kinematics, inserting

Ri{j3jo} =Tj3j2—TjhTjs
= T(b3—a3)(ay—b})—(a—b}) (b3—a3) (5.2.45)

= [b3, a}1,
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we get (after using stability once more)
(4IR3{j3/2}11) = (4lbsaj|1) = (4lazSaj|l) = (34]S]12). (5.2.46)

This formula is relevant to analyticity at fixed-¢ and crossing symmetry through the
upper-half s-plane [9]. When the energies of particles 2 and 3 are flipped

R3{j3j2} = Tj3ja — TjaT)3
= T(aj — b)) (br — a2) — (br — ax)(a] — b}) (5.2.47)
= [bT, az],
for the same correlator, we get

(4| R3{j3j2} 1) = —(4lazbl|1) = —(4laxSTal|1) = — (42157 (13). (5.2.48)

Thus, it reduces to M instead of M. This is essentially the 2 — 2 case of crossing
symmetry in (5.1.28) (see (5.1.17))! The general case of (5.1.28) is obtained in a
similar way by not using the stability condition.

We now describe for the first time a higher point application of retarded products.

Example 5.2.8 (Higher point discontinuities and Steinmann relations) In
234 <« 12 kinematics, consider the on-shell limit:

—(0|Rs(js j) Ra(j3jo)aj10) = ? (5.2.49)

Its reduction in terms of familiar time-ordered objects combines (5.2.37) (but
without daggers) and (5.2.45). Indeed, using stability (Ola = (0| b once again,
we have

— (0IRs5(js ja) R3(jaj2)al10) = —(0|(=[bs, as])([b3, ail)al|0)

= (Olasasbzaja;|0) — (Olbabsbsayal|0)
(5.2.50)

= (OlasasSTazSala]|0) — (OlagasazSala]|0) .

Now, we can make the following replacements: S™ = 1 — i7" and § + iT. The
asymmetry between S and ST has a simple interpretation: R3(j3j2) requires particle
3 to be in the future lightcone of particle 2; thus particles 1 and 2 must interact
together before particle 3 is emitted, since all particles are stable and cannot freely
radiate. Putting everything together, dropping the forward terms, and inserting a
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complete basis of asymptotic states X, we have

—(0|R5(js71) Rs(jsja)al|0) = i(—i O|(Lr(L4TT(13Ta (L1|0>

Z: (0lasas T X) (X | asTalal|0)
X

4

5

= Cut4555 .
(5.2.51)

Thus, the correlator (5.2.49) is just a particular way of writing a unitarity cut. It turns
out that this representation has a very interesting feature. To see it, let us examine a
bit its Fourier transform

f dPxsdPxydP s dPoye ™ P rstPe PSR (01 R (s ja) R3 (3 j2)af10)
(5.2.52)

and perform, say, the constant timelike shifts x3 > x3 + & and x4 > x4 + £. Now,
physically, if particles 3 and 4 are measured by a detector asymptotically far in the
future (¢ — 00), we expect some s34-channel non-analyticity in the momentum
space representation (5.2.52).

However, because of the explicit dependence of the integrand on R5(js5j4) and
R3(j3j2), the £-range is constrained as follows:

R3(jzj2) and Rs(jsja) ~
(5.2.53)
In other words, the integrand has support only for
00> x5 — x5 >0k £F > x3 —xf > —oo0, (5.2.54a)
00> xF —xf >0 002 xF —xf > &%, (5.2.54b)
such that
00> xF —xf>Er > xF —xf > —00. (5.2.55)

Furthermore, since £ is timelike, we have a constraint on & |

= —ETE 48] <0 = —VETE < |E | <VETE . (5.2.56)
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Conditions (5.2.55) and (5.2.56) put together prohibit past and future infinite
timelike translations (i.e., limits |£| — o0). This indicates that we should not expect
any s34-channel singularity. In other words, we just argued that

Discy,, Cutys = 0. (5.2.57)

This is an example of the so-called Steinmann relations. Of course, going through a
similar reduction argument on the correlator (0| R4(js5j4) R3(j3 jg)aI|0), one could
similarly argue that

Discg,Cutys = 0. (5.2.58)

As before, this discussion suggests that the existence of multiple reduction formulae
is central in revealing the full analytic properties of amplitudes.

In the last few examples we examined, the Schwinger—Keldysh framework was
not used. To demonstrate how it can be used to extract quantitative details about
OTOCs, we next apply it to analyze the infrared (IR) divergences of the five-point
in-in observable in (5.1.23).

5.2.3 Infrared Divergences of In-In QED Observables from the
Timefold

The purpose of this section is to analyze how the Schwinger—Keldysh picture
introduced above can be used to understand the infrared (IR) properties of out-
of-time-ordered observables. To do so, we will focus on a particular in-in QED
observable, namely the inclusive measurement (“waveform”) of a photon in the
background of two electrically charged particles (which we will take to be elec-
trons); the analogous calculation in gravity is discussed in [2] (see also [19, Sec. 4]).
Using the blob pictures introduced earlier, this observable is represented as

v

spacetime

1. e~ 1.e™ embedding
> ,€ it -N
, X

2 e 2,e

(5.2.59)
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Here, the spacelike surface X is arbitrary and need only to be in the causal past of
photon measurement; in the Schwinger—Keldysh picture (right panel above), it plays
the role of the “turning point” from fold I to II.

Our goal now is to extract the IR divergence of this observable from the
Schwinger—Keldysh formalism. However, before we go into the quantitative details,
let us spell out the physical expectation. Physically, we expect the IR divergences to
arise from asymptotic regions where the electrons follow eikonal lines and interact
weakly via soft-photon exchanges. More precisely, these regions are associated to
the 2 4+ 2 = 4 Feynman diagrams that describe the long-range photon exchanged
between the electrons on the same timefold and those on different timefolds

NQ: Qs

where X’ is the complete set of states, apart from the photons that cross the cut at
.

Note that self-energy diagrams, which account for particles moving in their own
fields, are not included. This will be explained in more detail later on. Moreover,
soft interactions involving the X’ states do not need to be considered since these
cancel out upon inclusively summing over X'—note that X’ never even appears in
the Schwinger—Keldysh calculation if we place the timefold X' early enough—this
is the essence of the celebrated Bloch—Nordsieck theorem [20].

Now, a canonical way to extract the IR divergence is therefore to compute these
one-loop Feynman diagrams, sum them up, and use QED exponentiation identities
to get the all-order result. We can check that this procedure leads to the same result
as the one we are about to derive by considering Wilson lines in the Schwinger—
Keldysh formalism (see (5.2.73) below).

As hinted above, what we need to compute is the vacuum expectation value of
the electrically charged eikonal lines on the Schwinger—Keldysh contour C:

(5.2.60)

ie
B’ = 0cep[s Y [awfauen]o
jell.2.1,2))

—ocen[l X [ A - iaurm]o.
j€{l 2
(5.2.61)

Above, e and p'’ are the electrons’ charge and momenta (respectively), A . denotes
the gauge field of the soft radiation, while 7 parameterizes the electrons’ straight
line trajectories (x;‘ = rp;‘ ). We will see later how the four Feynman diagrams
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mentioned above (see (5.2.60)) arise in the leading-order term in the eikonal regime
(which we will refer to below as the “classical part”) in the Schwinger—Keldysh
picture.

We will focus here on the “classical regime” where p; — p; = O(h) (physically
related to the width of wavepackets in (5.1.21)); this approximation could be relaxed
if desired.

Thus, we first extract the classical part of the integrand in (5.2.61). To do so, it is
convenient to introduce the following kinematics

Pi=pn—-4%pm=m+%
k=q +q

Py=D2— % pp=p2+%
’ ’ ? (5.2.62)

In the classical regime, the momentum transfer is small, meaning that ¢; = O(%).
Similarly, the difference in gauge fields is correspondingly small

AdT() = Al (0) — Al = 0. (5.2.63)

Note that by momentum conservation, the barred momenta are orthogonal to the
respective momentum transfer: g; - p; = 0.
Using the above results, an elementary Taylor expansion around q}‘ = 0 gives

d : _
Auep)) = pliAuepy) = P A (tp)) +q; - 5 PiALE ) +ORY),

L |

O(h)

(5.2.64)

where we introduce the average of fields szg x) = %(AL(x) + Ag(x)). Plugging
this back into (5.2.61), we have (up to effects suppressed in %)

Exp 0|Cexp — Z/ d‘L’ ~Adlff(TP])+CIj
16{12}

FALEep)) | 10).

(5.2.65)

8'

Now, since both terms in the integrand are of O(#), it is clear that the exponential
argument is purely classical. Consequently, from now on we set i = 1.

From there we proceed by making the following observation: in the IR, the gauge
fields are GauBian and thus fully characterized by their two-point functions. This
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means that the average of the exponential is equal to the exponential of half the
“variance”

ExpC —exp[— 3 f drde’ (01CA;(0)4;()10) |. (5.2.66)
je{1,2}

where we introduce the shorthand A (t) = ﬁ?AfLiff(rﬁj) +q;- Bp pj HAS g(tp,)
This is the usual mechanism underlying the exponentiation of infrared divergences
in QED and here we are simply applying it to the waveform.

Next, expanding (0]CA;(r)A (') |0) leads to 16 terms, many of which (14)
vanish. For some terms, the vanishing is mathematically obvious. For example, from
the largest time equation in (5.2.24), we have

(01 CAST(x)AGT(y) [0) =0, (5.2.67)

while the A*™8A?® terms come with two powers of ¢ which makes them sub-
classical compared to the terms to be considered shortly. For the remaining A% A2v2
terms, a calculation is needed. Two of them involve “fields moving in their own
fields” which vanish in dimensional regularization as they give scaleless integrals,
as will be made explicit shortly. Thus the calculation reduces to

2 .
Expczexp[ > g5 —ﬁ“p“f drdt’ (01 CARE(x p) AV (' p5) |0>],
jel1,2} -
(5.2.68)

where j € {1,2}\ j and the factor of % is cancelled by the factors of 2 in the
surviving cross-terms. Let us point out that expanding the bracket in the I-II basis
would return a total of 242 = 4 terms, which are in one-to-one correspondence with
the four physically relevant Feynman diagrams anticipated earlier in (5.2.60). Using
retarded propagators reduces the number of diagrams that need to be considered in
the classical limit.

Next, in order to perform the t integrals in (5.2.68), we need to evaluate the
leftover retarded propagators (defined earlier in (5.2.21)) in, e.g., the Feynman
gauge

dPp —ie P

&P T 7 withr=x—3y.
Q)P p? —igp? Y

(5.2.69)

(01 CALE () AT (1) 10) = Ny

A useful observation to perform this integral is to note that the result is Lorentz
invariant. Assuming that r is timelike, we can therefore boost in a frame where r =
0, perform the integral in p® using the residue theorem, use spherical coordinates to
perform the remaining spatial integrations and then boost the answer back to r # 0.
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Setting D = 4 at the very end of this procedure gives
. )
OICALE 0 AT (1) 0) = =228 = 7). (5.2.70)

Now using this expression, the (divergent) t integrals can be performed, leading to

C —i62
Exp =exp[4n IR ap]\/i dlogf (5.2.71)

Je(1.2}

where we have used p; = m;v; as well as y = —v; - vp. To regulate the
logarithmically divergent integral, we introduce a cutoff by replacing the lower
bound with the spatial separation between the incoming states (Axi’f1 = TminAp")
at the moment when they are shot into the bulk, while the upper bound is replaced
by the impact parameter (b* = tmax Ap*). This leads to

2
c_ —1e 0 y Tmax
Exp _exp[ 1 E qj - —— ———log ] - (5.2.72)

T jell2) apj v/ y2 —1 Tmin

Finally, computing the derivatives yields the logarithmically divergent time shift

e? k- (p p 1
Exp _exp[—l— ({71 :FPZ) — log fmax Eexp[—iAtAE] ,
47 mimy (y2 —1)3/2 Tmin

(5.2.73)

where in the rest frame AE = k". We see that if we shot the initial states from
infinitely far in the past at fixed energy, the in-in observable experiences a large
logarithmic time delay (for a positron-electron pair, it would be a time advance).
This is due to the repulsive o e?/r? between them, which delays the moment of
collision relative to the straight-line trajectories of non-interacting particles which
would be sent with identical initial conditions. We point out that the conventional
(time-ordered) amplitude M,- .-, ..~ does not experience this time delay; this is
because the phase in (5.2.73) is exactly canceled by that from interactions between
the out states (which comes with an opposite sign by momentum conservation).
Instead, the time-ordered amplitude would exhibit a large real exponent e 2Ny
that represents the probability of not emitting any photon. We see that infrared
divergences for the inclusive waveform and exclusive 5-point amplitude describe
vastly different physics. A similar setup in gravity is discussed in the contribution
[19, Sec. 4].
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5.3  The FBI Local Transform and Analyticity of Multi-Point
Scattering Amplitudes

Simon Caron-Huot

The purpose of this final lecture is to provide a rough overview of [10,21] and
to discuss the implications of causality on the analyticity of m < n scattering
amplitudes.

One of the main historical hurdles in this program is the fact that conventional
Fourier transforms of position-space correlators do not show clear convergence
on the mass shell (this was pointed out earlier in Sect.5.2.2). The challenge,
therefore, involves devising a variant of the traditional Fourier transform that not
only converges on the mass shell but also possesses convergence properties robust
enough to study analyticity deep in the complex kinematic space.

To date, a clear and practical understanding of how to realize such a construction
remains blurry. However, we believe that a key tool in achieving this goal is the so-
called Fourier—Bros—lagolnitzer (FBI) transform, or local Fourier transform [21].

Below, we sketch a (very!) brief yet comprehensive overview of this intricate
topic, which we believe could be useful for anyone targeting this goal. See also [3,
App. A].

5.3.1 Why (and When) Are Amplitudes Analytic?

The story begins with the conventional Fourier transform of the (initially off-shell)
position-space correlator:

n
G(p1,..., pn) = /(O|T(j1 . 10) T dPxie= P (5.3.1)
i=1

We assume that the first singularity of the two-point functions of currents j; is at
some mass m > m which is strictly separated from the mass shell, i.e., that the
two-point function of unamputated fields looks like:

| ) (5.32)

To streamline the discussion, we first set n = 4 and focus on 34 < 12 kinematics.
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Example 5.3.1 (Four-Point) Under this assumption, stability ensures, for example

G1 = (01T (j2j3j) T (j1)|0) = I O1 T (j2j3J0) | X) (X T(j1)10) =0.

X
(5.3.3)

Therefore, near the mass shell (5.3.1) can also be written as

4
G(p1p2p3ps) = f (OIT (1 j2j3j)10) = G [ [dPxie % = G1. (5.34)

i=1
The interesting thing about (5.3.4) is that its support is smaller because the right-
hand side manifestly vanishes unless 1 is in the future of either 2, 3, 4:

supp(G1) = {x : x1 = x2 VX3 V x4}. (5.3.5)

Now, we could write (5.3.1) in various other ways that have different threshold
properties, by subtracting different products that vanish below the threshold. There
are in total eight terms similar to (5.3.3), namely

4 4
Gicica = OIT(J [T GI0) and  Gscics = OITGHTC [ i0l0).

k=1 k=1
ki k#i—4

(5.3.6)

In 34 <« 12 kinematics, we further have

Go = (01T (j13)T (j2js)10) =0, (5.3.7a)
Gio = (OIT (j2jo) T (j1j3)10) =0, (5.3.7b)
G = (0IT (j1j)T (j2j3)10) =0, (5.3.7¢)
G2 = (0IT (j2j3)T (j1ja)10) = 0, (5.3.7d)
G13 = (0IT (j1j2)T (j3j4)10) =0 (5.3.7¢)

Note that G4 = (0|7 (j3j4)T (j1j2)|0) # O in these kinematics. Let us emphasize
once more that

4
Gi = / (01T (1 j2j3ja)10) — Gi) [ | dPxie= P (5.3.8)
i=1

all define different functions and they only agree for real momenta which happen to
be below certain thresholds.
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What comes next relies on picking a point p in 34 < 12 kinematics. Define
the essential support near p as the intersection of the support of all representations
which agree near p:

13
ES), = () supp(Gi(x)) . (5.3.9)

i=1

The amazing claim is that the analyticity properties of G in a complex neighborhood
of p are the same as those of a Fourier transform of a function supported in ES,.

The calculation of such intersections is an interesting exercise in Boolean
mathematics (try it!). Some G; force certain points to be in the future of others,
and some other G;’s impose the opposite constraint. The result is that we need:
X1 = Xx2; x3 = x4; and a certain causality relation between these two points:

3 2
ESsqc12 = {2 @y X 23 = 21 X 22} >—<—<
4 1 (5.3.10)

The physical interpretation of (5.3.10) is that near any point p in 34 < 12 kine-
matics, G(p1 p2p3p4) has the same analyticity properties as the Fourier transform
of the shown tree-level s-channel Feynman diagram, in which the internal state is
allowed to propagate in any direction inside the light cone.

To see the implied analyticity properties, write y < x3 < x4 and x =< x1 < x2
such that

G(p1pap3ps) =~ / dPx dDy e—i(P3+P4)'(y—X)(. ). (5.3.11)
YFEx

The integral converges exponentially provided Re(—i(p3 + p3) - (y — x)) < O
throughout, which is guaranteed if Im(p3 + p3)* € V. In 34 <« 12 kinematics,
this only amounts to a constraint on s:

Im(s) = Im(—(p3 + pa)?)
= —2}m(P3 + p4)J-Be(P3 + P4)} >0.

ev+t ev+t

(5.3.12)

Since the amplitude is a function of Mandelstam invariants, this means that (5.3.11)
converges, provided that we have s + i¢, but we can have either ¢ £ ie. This is a
statement about a small complex neighborhood of an arbitrary real point p.

Note that the integrand (---) in (5.3.11) is not quite the same as the original
correlator, however it will be constructed explicitly below as part of the proof.

Of course, a similar story persists at higher multiplicities. By automating the
intersection calculus, we find the following essential supports:
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Example 5.3.2 (Five-Point) Repeating this exercise for n = 5, we find that the
essential support of (345|S5]12|345|S|12) is contained within

3 4 5
4 : 5 : 2 3 : 5 : 2 3 : 5 : 2
5 1 V 5 1 Y 4 1
Ty XT5=T3=01 =T T3 X X5 =Ty =01 <X To T3 XLy =T5=T1 =T

(5.3.13)

Each contribution is analytic in some complex cone around real momenta. When
the intersection of these three cones and the mass shell is nonempty, the amplitude
is analytic; otherwise, it is a priori just the sum of three functions which are each
analytic in different cones; this example is further discussed in [10].

We notice that once again the essential support diagrams are tree-level diagrams.
The situation changes at six-point.

Example 5.3.3 (Six-Point) Repeating this exercise for n = 6 is a more challenging
combinatorial exercise. We find that the essential support of (3456|5|12|3456|5|12)
contains loop-like diagrams, e.g.,

Ty=XT57T3,67L1 =T

(5.3.14)

The physical significance of such diagrams remains unclear.

5.3.2 TheFBI Transform

How can we obtain Fourier representations like (5.3.11) that converge on the
mass shell? The FBI (Fourier—Bros—Iagolnitzer) transform gives a nice constructive
procedure [21] that is essentially a judicious application of Stoke’s theorem. The
procedure has been used by [10] to prove analyticity in the vicinity of a real point p
but we suspect that it may also be a good tool to study physics deep into the complex
plane.

The construction uses the following ingredients. Let

R = an open set in real momentum space,

< 1 inside R =1cé,

@ (p) = alocalizing function such that Re(® (p))
=1ondR,

{Gi(p)} = a set of functions that agree on R (see, e.g., (5.3.8)).
(5.3.15)
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Denote ESg the intersection of the supports of all G;(x). Then, for any t > 0, the
FBI transform is defined by:

_ [ 9O o,
For(x) _/ e Gi(p)b(p € R). (5.3.16)

There are a few important comments to make about this definition:

1. The transform F¢ . (x) does not depend on the index i; this is because of the
explicit step function, which is only non-zero on the region R where all the G;’s
agree. For instance, for the four-point example discussed in Sect. 5.3.1, we would
take O(p € R) = 0(p} +m)O(p3 +m3) ...

2. Naively, we might think that ¢ r—o(x) enjoys the support properties of each
G, (x); that is, that Fe =0(x) = 0 for x ¢ ESg. The only obstruction to this is
that 6(p € R) is not an analytic function near the boundary of R: this prevents
Fo,r(x) from decaying exponentially in any direction.

3. Technically, it is straightforward to replace 0 (p € R) by a smooth approximation
to a step function, so as to avoid ill-defined products of distributions. However, no
amount of smoothness will grant us exponential decay in directions outside ESg.
The key will be to use 7. Only by increasing 7 proportionally to the distance
from ESg can we suppress the contributions from the sharp transition of the step
function at the boundary o R:

(p)

(5.3.17)
The boundary contributions are then manifestly suppressed by
e PP g =€, (5.3.18)

4. This will turn into get exponential decay outside of ESg by choosing suitable
T(x) o« |x|.

Physically, for Gaulian @ (p), 7(x) o |x| means roughly that we convolve the
correlator against wavepackets whose width in x-space grows like +/]x|. This
exponentially suppresses unwanted contributions from d R because these oscillate at
the “wrong frequency” (compared with frequencies p € R which we are interested
in).

The second step in the construction is to find an inverse transform for a non-
constant 7 (x).

Thanks to standard Fourier inversion theorems, G (p) for p € R can be recovered
by integrating (5.3.16) along any constant-t slice, and then multiplying the result
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by e?®(®):
G(p) = / dPx e PP £y (x) (r=constant). (5.3.19)

This does not yet grant us any analyticity in p, because Fg ; (x) decays with t but
not with x.

Remarkably, the inverse transform (5.3.19) can now be deformed to a general
surface t(x). The construction is surprisingly simple and amounts to turning the
integrand into the pullback of a closed n-form on (t, x) € RP*! space:

D
G(p) = / e TPITTP) (faf(x)(x)de + Zfé,m)(x)drdD—lxi) :
T=1(x)

i=1
L ]
(any admissible 7(x))

(5.3.20)

We invite the reader to look at [21] for details on the construction of }“é,‘ . (x)(x)
ensuring that the parenthesis is a closed form. By Stokes’ theorem, the integral is
then independent of the surface t(x)

(5.3.21)

and therefore equal to G(p) by the above comments, provided that the surface is
homologous to a constant-t slice.

This is a practical result because it implies that we have the freedom to select
the optimal T (x)—i.e., that which produces the strongest exponential decay with
x—to make the analyticity properties of G (p) manifest in possibly large (complex)
domains in p. Below, we will illustrate how the choice of @ (p) can greatly influence
the size of the analyticity domains.

Example 5.3.4 (GauBlian @ and Edge-Of-The-Wedge Theorem) As a simple
application, to be continued below, consider two functions Gi(pi, p2) and
G>(p1, p2) of two complex variables (G; : C? — (©), which coincide in a real
region R which we take to be the unit ball:

Re(p2)

Re(pl)

(5.3.22)
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For R the unit ball, we can choose @ to be a Gaullian @ (p1, p2) = p% + p%,

such that ®(dR) = 1 and 0 < 45(103) < 1. The FBI transform and its inverse read
explicitly

Fr(xi, x2) = / Me"m““m“*@fﬂbfci(pl, P2), (5.3.23a)
pr+pa<l (2m)?
G(p1, p2) = / dxydxy e~ PIRI= PR (PTPDT ¥ () o) (5.3.23b)
where
2 dr 0
F*(x1,x2) = 1+;dx—j<ipj —E) Fe(x1, x2) et (5.3.24)

The dr/dx; term originates from the correction term in (5.3.20) and ensures
invariance under small deformation of the surface 7(x, x3). (One should set 7
7(x) in F only after taking the partial derivative.)

We will now use the FBI transform and its inverse to give a proof of the
celebrated edge-of-the-wedge theorem. For this we will suppose, moreover, that
the conventional Fourier transforms of G{(p1, p2) and G,(p1, p2) are supported,
respectively, on the first and third quadrants in x-space (and thus analytic in
corresponding quadrants of Im p):

Z2 Im py
{ Gi(z1,22) )l\ G4 analytic

Go(w1,2) G analytic

» Im py

(5.3.25)

The basic edge-of-the-wedge question is: what analyticity near R does the agree-
ment between G1(p1, p2) and G, (p1, p2) for real p grants us?

Since the intersection of the x-supports is a single point ESg = {0}, the logic of
the essential support suggests that the function should enjoy near R the analytic
properties of a Fourier integral supported on a point, i.e., be analytic in a full
complex neighborhood of R. This is a non-trivial extension of the analyticity domain
in the right panel of (5.3.25), where we add some small disk around the origin. This
is exactly the content of the edge-of-the-wedge theorem, which we will now explain
from the FBI perspective.

The key question to ask is: how small can we make e **1*2) outside the first
quadrant, if we take the transform (5.3.23a) of G1? And how small can we make
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e~ T(1:%2) gutside the third quadrant if we use the transform with G,? Since the two
transforms agree, our estimate of F; will be the best of both.

Consider the transform starting with G1(p1, p2) in (5.3.23a) and suppose x; < O.
Because G is analytic in the third quadrant of Im p, the factor e’”1*! can be made
smaller by deforming the contour into the lower-half p;-plane, where the integrand
is analytic. As usual with Fourier integrals, we estimate that it is “as small as we can
make it by deforming the contour.”

Since the contour is pinned to the real boundary of 0 R where @ (dR) = 1, the
optimal decay we can hope to achieve is e~ *. Thus, the useful complex integration
contours are contours of uniform suppression:

Re(—ipx +td(p) =rt. (5.3.26)

Following [21], we restrict attention to contours where the imaginary part of p is
along a single direction g, such that p; = p; +itA(p;)q;, where p;, q; and X are
all real (and we always keep x’s and t real). The relation (5.3.26) becomes

,\(ﬁ)g +Re®(jp+igh(p)) = 1. (5.3.27)

- gx . . .
We can eliminate = by rescaling A and setting ¢ = ¢_=, to characterize the

. q-x’
constant-suppression contours as:

Fpg=1{p=p+it(p)d: p R and A(p) = 1 — Red(p +iGr(p))}.
(5.3.28)

We say that I'y 5 is admissible if it is a sensible contour (i.e., A real and positive
everywhere) and is a deformation of the original one with A = 0 in (5.3.23a).
Contours with small enough g are, of course, always admissible. With increasing
magnitude of ¢ we may need to stop at a singularity of G;(p) or if A becomes
complex. This is summarized in the following cartoon:

(i)

A~

(5.3.29)
Finally, for a given x, we find the optimal decay ¢~ " by scanning over admissible g:

Tmax(*) = max ¢-x. (5.3.30)

g admissible
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In the case of Gauflian @, the contours in (5.3.28) can be found analytically and

are sensible provided that 1/z}l2 + 622 < % In order to be admissible for the G
version of (5.3.23a), the vector ¢ must also lie within the third quadrant; for the
G, version, it must lie in the first quadrant. Since the two versions agree, the set of
admissible contours is the union:

1
T ; is admissible < /G? + G5 < 5 and G1G2 > 0. (5.3.31)

The optimal decay in (5.3.30) is then e~ ™= = e~CIl where C is an O(1)
constant depending on the direction of x. Crucially, C > 0 in all directions.

Let us reiterate how that happened. If we only knew about the function
G1(x1, x2), which is supported within the first x-quadrant, we could use the contours
(5.3.28) to conclude that T can be turned on to make F¢ r(x)(x1, x2) decay in all
directions outside the first quadrant. We would not deduce any decay within the first
quadrant.

Similarly, if we only knew about G2 (x1, x2), we could prove exponential decay
of Fp ¢(x)(x1, x2) for suitable 7 in any direction outside the third quadrant:

JIQ,IA .T)Q,l\
> L1 > L1

The magic of the argument is that since the two functions Gi(pi, p2) and
Ga(p1, p2) agree on R, the two functions Fg ¢ (x1, x2) defined by (5.3.23a) are
in fact the same, which hence must decay in every direction!

The final step is to evaluate the inverse transform (5.3.23b) and determine for
which complex (pi, p2) it converges. The main claim is that it does so for any
sensible p which lies on a contour I'p ; where g is in the convex hull of the
admissible set (i.e., (5.3.31)) [21]. This region can be plotted and looks like a slightly
distorted four-ball with |p| < 1.

In comparison with other approaches to the edge-of-the-wedge theorem, an
advantage of this method (stressed in [21]) is that the original functions G;(p1, p2)
need not be analytic in any open cone, and isolated directions suffice. (For example,
if we have a representation G3(x1, x7) that vanishes for x; > 0, then G3(p1, p2) is
not necessarily an analytic function of two variables, we only know that it is analytic
in p;.) This feature is essential for combining the representations which appear in
(5.3.8). Also, the fact that we have to replace the set of admissible g by its convex
hull means that the FBI also generalizes the so-called “tube theorems”. This is quite
impressive for a method which amounts to Stokes’ theorem combined with single-
variable contour deformations!

(5.3.32)
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An intriguing feature is that the deduced domain of analyticity depends on the

initial choice of @ (p). This seems to be relatively unexplored. Although Gauflians
suffice to prove local statements, the regions which arise in physics tend to be large
regions defined by inequalities of the type — p% < m% One wonders if judicious
choices of @ (p) could grant us access to deeper regions of the complex plane, for
example simplifying proofs of crossing and its generalizations.
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Abstract

By directly probing the initial conditions of our universe, cosmological surveys
offer us a unique observational handle on quantum field theory in curved
spacetime with dynamical gravity and might even allow us to glean information
about a full theory of quantum gravity. Here we report on recent progress to study
the natural observables in the problem, namely cosmological correlators. After
setting the stage, we review results from three different approaches. First, we
present the in-out formalism as an interesting alternative to the well-known in-in
formalism and stress some of its advantages, such as the derivation of recursion
relations, correlators cutting rules and a proposal for a de Sitter scattering
matrix. Second, we tackle the important open problem of constructing effective
theories in curved spacetime, which generally requires an open quantum system
approach. Third, we provide an executive summary of general properties of the
field-theoretic wavefunction that follow from symmetries, unitarity, causality and
locality. We describe how these properties can be leveraged to bootstrap all tree-
level results and we discuss loop contributions.
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6.1 Five Things All High-Energy Physicists Should Know About
Cosmology

Enrico Pajer

In the following, we outline five facts about cosmology that all high-energy
theorists should know about. These facts highlight the key role that early-universe
cosmology plays in the quest to further our understanding of fundamental physics.
We believe that these observations provide a strong motivation for high-energy
theorists to care about cosmology.

6.1.1 Fact 1: All Cosmological Perturbations Are Primordial

One fact about our Universe is that perturbations in the distribution of everything
that we observe on cosmological scale are primordial in origin. They can be causally
generated only before the hot big bang. !

It is an experimental fact that the density of the Universe is slightly inhomoge-
neous at very early times. We see the consequences of this in the distribution of
baryonic and dark matter and in the distribution of photons, the Cosmic Microwave
Background (CMB). There are in fact several effects that link the inhomogeneities
of the matter distribution to the CMB anisotropies. Figure 6.1 shows the correlation
between temperature and polarization of the CMB, very roughly corresponding to
density and velocity of the plasma respectively. On very large scales, at [ < 50,
we notice a clear detection of an anti-correlation. This is direct evidence that
cosmological perturbations are coherent on those scales [1]. If one assumes the
standard hot big bang, these scales are found to be out of causal contact with each
other at the time the CMB was released. This shows that a causal explanation of
initial conditions must be “primordial”, i.e. pertaining to before the universe became
filled with a hot thermal bath of particles.

6.1.2 Fact 2: Primordial Perturbation Are Adiabatic

On large scales primordial perturbations are all proportional to a single function of
the spatial position x:

bty = —Pa&D ) va, 6.1.1)

Pa(t) + pa(t)

1By hot big bang we mean the phase during which the Universe is filled with a hot bath of
relativistic standard model particles.
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Fig. 6.1 The plot shows the cross-correlation (DZ-E) between temperature and polarization
anisotropies of the CMB as a function of ¢, the multiple moment, as measured by the Planck
satellite [2]. The multiple / is related to the angular scale in the sky by 6 = lgl—oo. High ¢
values correspond to smaller angular scales (fine details) and vice versa. The curve shows how
the cross correlation varies with this scale. The red dots with blue error bars represent the actual
measurements, whereas the solid line is the theoretical prediction based on the best-fit cosmological
model. The anti-correlation around / < 50 is evidence that cosmological perturbations can
be causally generated only before the hot big bang. The residuals (bottom plot) show that the
differences between the observed data and the theoretical model are small at reasonably large
distances. Reprinted under CC-BY-4.0 license from [2]. © 2016, The Author(s)

where p, denotes the density and p, the pressure (barred quantity denotes spatial
average) of particles of kind a. Here, a accounts for everything® (baryon, dark
matter, neutrinos, photons, etc.). For initial cosmological conditions, (6.1.1) is
experimentally true to the percent (1%) accuracy level, as demonstrated by the tight
bounds on isocurvature perturbations [3]. At face value, this suggests that the early
Universe is not that messy.

This observation gives rise to one of the biggest open questions in cosmology:
Why is this so simple? There are essentially two paradigms: (i) single-field inflation,
which guarantees everything follows this a single “clock”, and (ii) multifield
inflation followed by a thermalization epoch that makes the many degrees of
freedom decay into a single one.

2 Incidentally, also the velocities du, of all these fluids are observed to be linearly proportional
to ¢, as demonstrated by the tight bounds on “velocity” isocurvature perturbations. The precise
expression on superHubble scales during radiation domination is §,(k,?) = k22¢ (k) /a2 =
—98u(k, 1)/(21).
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In a sense it is not just a distribution of all forms of matter to be the same, but
also the distribution of space-time itself that is determined by the same function (in
the comoving gauge)

gij = a’e®*™s;;  suchthat 8g;; = 6a%¢(x), (6.1.2)

where a(t) is the FLRW scale factor, whose dynamics is dictated by the Einstein’s
equations. Hence, to talk about cosmology we have to talk about quantizing the
metric, at least perturbatively.

6.1.3 Fact 3: ¢ Is GauBlian and Scale Invariant

Based on the previous paragraph, we better understand ¢ as best as we can. The
perturbations ¢ (x) are statistically Gauflian to an accuracy better than 0.01% (this
is one of the most precise results in cosmology [4]). This means that the relevant
physics is characterized by its two-point function

-9

(()E () ~ ipio or in Fourier space (£ (K)E (K))=(2m) 8 (k+K) =

(6.1.3)

where ng at the exponent is a the so-called spectral tilt, for which the current
best measurement gives n; = 0.9649 4 0.0042 [5]. The fact that the two-point
function depends only very weakly on distance in position space, or equivalently
that the power spectrum scales approximately as (¢(K)) ~ k=3 is known as the
(approximate) scale invariance of primordial perturbations.

Scale invariance gives us a hint about what the spacetime looked like during the
generation of primordial perturbations. The idea is that scale invariance emerged
from a spacetime isometry. The deal is that if we want a homogeneous and isotropic
spacetime and on top we demand for this extra “scale invariance” symmetry, we
get a maximally symmetric spacetime called de Sitter spacetime with isometry
group SO(4,1), corresponding to the conformal group in 3 Euclidean dimension.
So in 143 space-time dimensions, the geometry of the primordial universe was well
approximated by the de Sitter spacetime (in flat slicing):

—dn? + dx?
ds? = —dr? 4+ 2H1dx? = W ) (6.1.4)
where n = —e #'/H, — 00 < n < 0, and where H is the unknown value of

the Hubble parameter during inflation. In fact, it is “unknown” by some 37 orders
of magnitude! The upper bound comes from the non-observation of primordial
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gravitational waves and the lower bound from demanding that the universe reheats
at a temperature above that of big bang nucleosynthesis,

103 GeV > H > 107 GeV. (6.1.5)

This is perhaps the second most unknown quantity in physics.

6.1.4 Fact 4: Large Scale Evolution Is Linear

Consider the distribution p(x) of some substance and decompose it into a homoge-
neous background p(#) and some perturbations §(¢, x) = (p — p)/p. Here § could
represent perturbations in the distribution of atoms, dark matter, photons, neutrinos,
and so on. Then, on large scales we have

sk, 1) = TPk, 1)¢(k), (6.1.6)

where T® denotes the so-called transfer functions for the perturbations 8. In
general, T©® depends on the substance we are looking at and on the choice of
cosmology. The transfer functions are well known for the A-Cold Dark Matter
(ACDM) model and can be computed numerically in a fraction of a second using a
Boltzmann code such as CAMB.

6.1.5 Fact 5: Cosmological Observations Probe QFT in Curved
Spacetime

We are finally coming to the punchline. On large scales, cosmological surveys
measure QFT correlators of metric fluctuations

n

< l_[ 5(ky, t)> = [ﬁ T(‘S)(ka, t)] <ﬁ {(ka)> + non-linearities . (6.1.7)
L a=l a=1 O@r+h

a=1
L ] I ]
from observations known QFT in de Sitter

The central goal of primordial cosmology is to understand QFT and quantum gravity
(if there is such a thing) asymptotically in de Sitter. So far we only have access
to experimental data for n = 2, namely the primordial power spectrum (see e.g.,
Planck data [5]). The hope is that within the next 500 years we will have access
to n = 3, 4 and, why not, maybe even higher. The prospects for detecting (¢3) are
not so bad because it has a known lower limit [6], which is coming from the fact
that gravity is a non-linear theory [7]. A recent discussion of future observational
prospects can be found in [8].
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If there is one formula to remember, (6.1.7) is the one.” It tells us why we
should care about cosmology as field theorists and why we should consider anything
beyond QFT. This represents the path forward.

6.2 TheIns and Outs of Cosmological Correlators

Enrico Pajer

The big picture is that we want to think about QFT in de Sitter because that allows
us to compute the correlators in (6.1.7), and many different approaches to this central
problem have been taken so far. In the last four or five years, many groups worldwide
(recent work on the field theoretic wavefunction can be found, e.g., in [9-41])
have been exploring this problem from the perspective of the wavefunction of the
Universe and its properties, and much of the progress in the field of the cosmological
bootstrap has had the wavefunction itself as the main object of investigation. This
is because the wavefunction is somehow a simpler and more primitive object: if we
know the wavefunction of the Universe, we can compute whatever we want.

There is another approach, which is perhaps the oldest one: not computing
the wavefunction but just computing the correlators. After all, these are the real
observables. People have found that the computation of correlators is somewhat
more involved for technical reasons, which we shall explain below.

6.2.1 TheIn-In Formalism

6.2.1.1 Setting Up the Stage
The system we are considering is that of a large semi-classical gravitational
spacetime background that is very close to de Sitter space (and, in fact, for most
of this section, we will work in exactly de Sitter space, although small perturbations
can be described in perturbation theory). Later, we will allow quantum perturbations
on top of it, so that the framework is that of quantum field theory on curved
spacetime, which has a conformal diagram depicted as a square in Fig. 6.2.

The part of the square that is relevant for cosmology is the upper triangle and it
is called the Poincaré patch. It is charted by the Poincaré coordinates

ds? = —dr? + a’dx® = a?(—dn +dx?) | (6.2.1)
1 e —
FLRW coordinates  conformal coordinates

where a = efl' = —1/(nH) with constant Hubble parameter H.

3 The non expert may simply neglect the non-linearities and assumed the transfer functions are
known in the standard model, however it should be mentioned that a large research effort in the
cosmology community is devoted to better understand and model non-linearities and to predict the
transfer functions for more general models beyond ACDM.
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Fig. 6.2 Displayed is the complete Penrose diagram for de Sitter space-time, where each point
represents a 2-sphere. The Poincaré patch labeled with ABD is described by the conformal chart
(n, 7,0, ¢). Line AB represents future infinity (J7), and lines BD (past null infinity where the
Bunch-Davies vacuum is defined) and AE denote the cosmological horizon of a static observer
at the south pole (r = 0). The diagram illustrates two constant-n spacelike hypersurfaces with
n2 > 11, and two constant r, timelike hypersurfaces with r, > r{. Dotted lines inclined at 45°
show paths of gravitational waves emitted at n = 71, 12 on the worldline at r = 0, emanating from
the source. The source is active during the time interval (171, n2), emitting rapidly enough to fall
within detectable frequencies. The AED region is static. Reprinted with permission from [42]. ©
2016, American Physical Society. All rights reserved

In principle, if we knew everything about the Universe, we could find a full
wavefunction that describes all degrees of freedom, including the metric. Provided
we knew the initial conditions at the beginning of inflation in the infinite past (BD
line in Fig. 6.2), and understood the theory of the Universe, we would be able to
evolve it in time to find predictions on the AB line of the same figure. The AB line
represents what, for de Sitter, is the future conformal® boundary and, in the context
of inflation, represents the reheating surface where inflation transitions into the hot
Big Bang. Let us emphasize once more that if we know the wavefunction on the
AB line, then we essentially know everything about the Universe and can directly
compute correlators on that future conformal boundary.

In this section, we will assume that the initial state is the Bunch—-Davies vacuum.
This state satisfies two important properties: (i) it is de Sitter invariant, and (ii)
it asymptotes the Minkowski vacuum on very short scales. In principle, we could
have started with a different initial condition, since at the level of QFT in curved

4 The word “conformal” here is just a reminder that this “boundary” line can only be reached from
a bulk point in an infinite proper time.
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0n)

Ut(n, foo)l TU(n., —00)

Fig. 6.3 On the bottom, we start with both a bra and a ket, which we evolve from minus infinity,
where they are initially the Bunch—Davies states. After some time, we insert the operator that we
want to use for a measurement. This is called an in-in observable because both the bra and the ket
are prepared from the past. The arrows represent some vector in the Hilbert space and U denotes
unitary evolution, which is geometrically just a rotation of the vectors

spacetime, other states in the Hilbert space are also allowed, albeit less motivated
initial states.

6.2.1.2 Correlators

While the wavefunction describes the entire system, what we actually measure, as
mentioned earlier, are correlators. By correlators, we mean the expectation value of
the product of local operators O on the state of the Universe €2 (presumably a vector
in some Hilbert space of the QFT of everything), which, in momentum space, reads
as

]}i_I)I}J(QI [TJoke. mi) = (@I ] Oka)IQ) = (0. (6.2.2)

a=1 a=1

Here, n denotes a time variable. Most of the time, cosmologists are interested in
equal-time products, and usually the time is taken to be the asymptotic future, n —
0, because it is assumed that what we measure is the end result of inflation, since
none of us was present during inflation to measure unequal-time correlators at finite
n.

In practice, we know how to compute (6.2.2) in perturbation theory. The
framework that makes this possible is known as the in-in formalism, in which we
imagine evolving from the infinite past by turning on interactions adiabatically.
More concretely, we start from the vacuum of the free theory and turn on the
interaction slowly enough with an i¢ rotation of the time integral contour, and then
evolve in time until some point (this generates the ket) where we insert an operator
O1(n), and then evolve back to generate the bra. This is summarized in Fig. 6.3 or
in the following expression:

5 An example would be the Bogliubov initial state, a set of states related to the Bunch-Davies
vacuum by Bogliubov transformations [43,44]. See [35,45,46] for recent development.
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(O@) = (0|[7_'ei S sotsie) d'?/Him(ﬂ/):IOI(n)[Te—i S soti—ie) dn/Him(n’)]m) ,
(6.2.3)

in the interaction picture, which is computed order-by-order via Feynman diagrams
(note that (6.2.3) is not an amplitude). This strategy was introduced about twenty
years ago by Maldacena and then Weinberg, and has since been used by a variety of
people to make calculations in a variety of models and to study formal properties of
de Sitter. There are straightforward diagrammatic rules for calculations, which are
reviewed in many references, for example [47,48]. Here is an explicit example to
illustrate what a typical calculation would require.

Example 6.2.1 We consider a contact diagram with one vertex Hin ~ q53 . To
leading order in the coupling constant of this interaction, there are two diagrams to
compute; one where the perturbations interact once on the bra and the other where
the perturbation interacts on the ket. In this simple case, the two diagrams are just
the complex conjugate of each other and so the sum can be written as a real part:

klkl kn k1k2 kn, 0 1 3
s ) d ;
W \V = QRC[_ i\ / (HZ)“(—HU)&HG;(UJ%)}
-0 a=1
— 2Re]iA ’ LUN | (RLEEIE sica]
! H7] - 2 /& s"all
MH o
_ 2R Cs d 2 iE7pn
[ Skykoks /, e }
 MHE
© Qkeikoks B3

(6.2.4)

G; denotes the time derivative of the mode functions for a generic mass, which are
Hankel functions. To go from the first to the second line, we assumed that m = 0
and used the massless mode functions for which

2

G(n, k) = (1 — ikn)en . (6.2.5)

2¢,k3

It is crucial to add both of these diagrams (according to (6.2.3), there are two
Hamiltonians to keep track of, one inside an anti-time order and one inside a time
ordering) to obtain a real correlator, which is necessary to ensure that the expectation
value of a Hermitian operators is real. The three-point correlator computed above
is typically what people search for in the sky in the form of non-GauBianities in
galaxy correlations, for example the so-called equilateral and orthogonal bispectrum
templates (see [4] for recent bounds).
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Although we know how to perform the above calculation given a Lagrangian,
things get more complicated. (In this chapter, the notation of energies E and » will
be used interchangeably. Unless specified otherwise, both symbols mean the same
thing.)

Example 6.2.2 For example, the next-to-the-simplest diagram involves a particle
exchange. There are four diagrams, corresponding to picking two interactions Hip
from left-left (B(), left-right (B"), right-left (B"?) and right-right (B"") in
(6.2.3). Since diagrams that differ from each other by exchanging all left and
right vertices are complex conjugates of each other, we just need to compute two

contributions
G\ \G, G.|/G, G\\G, G |/G
G,-r Grl
(6.2.6)

This example already gets algebraically involved in de Sitter so we discuss it in
Minkowski, where the mode functions are simply

eiEz
G(t, k) = S (6.2.7)

with E = vk2 + m?2. The correlator is then found to be
By = (=ix)? / di1d6 G (1, k1) G (t1, k2) Grr (11, 1oy Es)Gr(t2, k3)Gr (t2, k) |

By =52 f dt1d6r G, (t1, k)G (t1, k2)Gre(t1, ta, Es)Ge(ta, k3)Gel(ta, ka) ,

2(Er + E5)A?

ELERETE,[[}(2E.)’
(6.2.8)

Bag=B{ 7+ B+ BYD+ BV =2Re| B+ B |=

where the partial energies are Er = E3 + E4 + Egand Ef, = E| + E» + E;. We
emphasize that the number of integrals to perform for a single tree-level diagram
increases exponentially in the number of vertices: for a process involving V vertices,
there are 2V labeling of the diagram to consider, and each of them correspond to
a different nested time integral over Hankel functions already at tree-level. Each
diagram describes one way in which the interactions change the bra and/or the ket
through time evolution. The increase in combinatorial complexity emerges from the
need to keep track of both the right and left vertices in (6.2.3). Thus, the calculation
quickly becomes intractable for a large enough V even though the integrated result
is manifestly simple. In particular, the singularity structure of By s is physical while

the individual B( *) contributions have spurious poles that cancel in the sum. This
indicates that d01ng the calculation in this way is probably not optimal.
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The formalism outlined above was not originally developed for cosmology, but was
instead developed for entirely different reasons by Schwinger, and later by Keldysh,
then by Feynman and Vernon, to calculate out-of-equilibrium quantum field theories
or quantum field theories of open systems (e.g., Brownian motion of particles)
rather than closed ones. This is known as the Schwinger—Keldysh formalism, where
schematically for equal time correlators one encounters a path integral over a closed
time contour where each field in the theory has been doubled,

] ¢ )
(") = / dg ¢" / DO, / DO _ ! S@H)=S@)F+F (@4, @) (6.2.9)
£0 £0

In cosmology, we use this formalism for closed systems (i.e., there are no fluc-
tuations, no dissipation, no Feynman—Vernon influence F(®4, ®_) = 0 and one
assumes a pure state of a closed system)® in which we are trying to describe
the whole Universe (all the degrees of freedom), so we never really allow this
description to be applied to an open system. In the presence of an open quantum
system, we further need to couple the two branches with F (P4, ®_) # 0 of the
path integral, and the situation becomes much more interesting. For the rest of this
section we assume a close system and no interaction between the branches of the
path integral (6.2.9), i.e. F' = 0. The open system case will be discussed in Sect. 6.3.
Many different advances in the study of correlators have been made on various
fronts, and we will describe some exciting progress below, starting with [48]. Before
providing the full details, let us summarize the three main takeaway points:

* Cosmological correlators in de Sitter (and Minkowski) spaces can be
computed using the in-in formalism (see Examples 6.2.1 and 6.2.2). We
propose that there is a simpler method for such computations using the in-
out formalism—namely, using only the familiar time-ordered (Feynman)
propagators:

in-in in-out

Gr G
Gy

G'X/f Gy

H Ty v.’h oo 400
;ilJ Hdy ;1:] Hdy ,,J Hdn ,,] Hn

(6.2.10)

(Reprinted under CC-BY-4.0 license from [48]. © 2024, The Author(s).)
This method of computation is convenient because it eliminates the need
to sum over vertices from the right and left time-evolution operators,

6 This last assumption is an essential one for in-in = in-out.
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EAdS ‘l

out

Fig. 6.4 The complex n (conformal time) plane with — oo < 1 < 0 and the traditional path
integral describe the theory as being performed over the yellow and green lines; these are the in-in
contours of the path integral. These contours prepare the two indices of the density matrix of the
system, allowing for the computation of any correlator. Reprinted under CC-BY-4.0 license from
[48]. © 2024, The Author(s)

as it involves only one time-evolution operator. From the perspective of
the integral, the only change is that the range of integration in n now
extends from — oo to co. Because this approach leads to significant
technical simplifications, we will use it in the context of cosmology to
derive formal results that were previously far-fetched. One of our main
goals, for example, will be to make the general consequences of unitarity,
locality, and causality more manifest.

For the equality in (6.2.10) to hold, some technical assumptions need
to be made. One is that the interactions are IR finite. This is the case,
for example, for single-field inflation, where interactions always have a
sufficient number of derivatives’ so that they become very soft in the future
and thus go to zero as n — 0, which is the future. We also assume that
the evolution is unitary (a closed system in the Bunch-Davies vacuum).
Moreover, we notice that the equality holds for any number of fields,
regardless of their spin and mass.

Finally, the in-out formalism leads to significant simplifications prac-
tically (many applications: new recursion relations, cutting rules, pole
bagging) and conceptually (S-matrix technology, de Sitter S-matrix, non-
perturbative optical theorem).

At this stage, let us note that there are different ways to interpret the above messages:

The in-in time-evolution contour (green and yellow in Fig. 6.4), which
lives exclusively at n < 0, can be deformed into an in-out contour (green)

7 Non-derivative interactions such as ¢> do appear for the inflaton, but not for the relevant quantity

C.
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Fig. 6.5

Minkowski de Sitter
t=+o00 n=+o0o
=0 n=0 X
X x
X
t=—00 nNn=—-

Comparison between Minkowski (left) and de Sitter (right). On the right, the lower square

is where the operators (red crosses) are inserted, and we aim to compute their expectation value.
Typically, we prepare both the bra and the ket from the infinite past. Here, we highlight that the
bra can be prepared from the infinite future of another copy of de Sitter (bra = blue region and ket
= green region). As long as the bra is prepared to be the correct Bunch—Davies evolved, the in-in
or in-out calculation yields the same result. The advantage of preparing the bra from the future is
that it allows a single time ordering from — oo to oo, resulting in a single (Feynman) propagator,
which simplifies the technical process of obtaining the result. Reprinted under CC-BY-4.0 license
from [48]. © 2024, The Author(s)

by adding a second spacetime (contracting Poincaré patch, where > 0)
that prepares the bra from the future and the ket from the past. Thus, in
this picture, we have two different Poincaré patched of de Sitter spaces
(—o00 <n < 0and0 < n < oo) that are merged together; one is an
expanding de Sitter patch (on the left) and the other is a contracting de
Sitter patch associated with positive conformal time instead of negative.
The end result is a straight contour (green), just like in Euclidean anti de
Sitter (vertical line) and in Minkowski amplitudes.

There is an conceptual advantage in the in-out formalism, as depicted in Fig. 6.5:

Conceptually, the in-out formalism leads to a natural proposal for a de
Sitter S-matrix, from a null past (null boundary of the green region) to
a null future (null boundary of the blue region). This is also the case for
massive particles.

Unitarity-time evolution is imprinted in the de Sitter S-matrix via the
standard optical theorem (both perturbative and non-perturbatively).

We now get to some more technical details.
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6.2.2 In-In =In-Out

Let us slightly generalize the definition of an in-in correlator allowing for unequal
time operators inside a time ordering®

10

B — (o|7_'[ei Joooigie 4 Him(’)] 6.2.11)

in-in
. IO .
[0, x1) . O, xp)e ™ Fst-io 4 Hin® o)1,

where the prime removes the Dirac delta of momentum conservation. If we set 1| =
... =1, = t, then we recover (6.2.3). We will refer to (6.2.11) as an in-in correlator.
In this case, the i ¢ rotation of the contour selects the Fock vacuum as the initial state
(Bunch—Davies state) in the infinite past by adiabatically turning off interactions.
Furthermore, 7y is any time after all operator insertions.

Now, let us define an a priory different object, which we call an in-out correlator
in de Sitter or Minkowski space:

. roo(l—ie) :
(n) <OIT[O(t1 X1) - Oty xp)e s & Hlm(t)] 10

B S , (6.2.12)
in-out <O|T|:eii ffo(ol(l—i)s) dr Him(f)] |0y

where we assume that the operators are inserted at negative conformal time (the
standard expanding de Sitter patch). The denominator removes the vacuum-to-
vacuum bubbles such that (1)ip.out = 1.

Now, there is a single time ordering that goes from — oo < 1 < 0o, which
includes the standard expanding Poincaré patch ( — co < n < 0) and an extra
contracting Poincaré patch (0 < n < 00). Furthermore, we note that the i e rotation
of the contour turns off the interactions adiabatically at the past and future null
boundaries (notice the different signs of the ie’s).

The claim now is that, for all IR-finite interactions, for which the time integral
converges around n = 0, we have

62.11) =B = B! = (6.2.12) (6.2.13)
This is a known fact in Minkowski (see e.g. [49]). Here we claim that it applies to
de Sitter too (and probably to any accelerated FLRW but we have not checked yet).
We next provide a formal argument and some explicit checks.

8 When discussing general results we use 7 and ¢ interchangeably. Then, when we consider explicit
calculations and check we will use ¢ in Minkowski and 7 in de Sitter.
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6.2.2.1 A Formal Argument
A formal argument relies on the observation that infinite time evolution changes the
ground (Bunch—Davies) state only by a phase

U (400, —00) |0) = |0) (0]U (+00, —00)|0) . (6.2.14)

Consequently, an infinite amount of time evolution from minus infinity to plus
infinity does not result in a state excited with many particles, but rather returns us
to the Bunch-Davies vacuum. This can be explicitly verified by projecting the left-
hand side onto any n-point excited state and observing that the projection is zero for
physical momenta.

Thus, our claim can be verified at all orders in perturbation theory by projecting
onto any excited state. The result is a derivative of a delta function that enforces
energy conservation, and which has zero support on physical perturbations. Then

o|Ir [1‘[3: blt)e 2% Himdt] 0y

. oo
(0T [e" Joen Hi"“"] 10y’

Binout =

= (0|U" (004, —00)T |:l_[ ¢(l‘a)e_i I Hintdti| 0y
a=1
= (07 [e+i oy Himdt} ; [e_i . Himdt}
T |:1_[ ¢(ta) e_i fiooo_ Hintdt] |0>/
a=1

= (0T [e“ AN Himd’} U (400, tg)U (00, t9)

T |:l_[ ¢(ta) e_i fiooo_ Hintdt] |0>/
a=1

= Bin-in

(6.2.15)

where cox = 0o £ ie. In terms of path integral contours, this is simply illustrated
as follows:

cancels

n ——>out = =——=
= L, (6.2.16)




218 M. H. G. Lee and E. Pajer

Here, starting with the in-in contour, we consider adding an infinitely long contour
for free, because acting on the vacuum amounts to just a phase. Then, the red-shaded
parts of the contour cancel each other out, and we are left with the in-out contour,
which gives the same result as the in-in one, up to a phase.

So, clearly, the formal argument holds, but now we would like to see how it works
in practice.

6.2.2.2 Explicit Checks
There are many checks that we can perform. Here, we only go over a few of them
(for more, see [48]) just to see how it works in perturbation theory.

We examine a basic theory involving a scalar field with a cubic interaction

Hin (1) = /m F(nd;, ndy)¢" (), (6.2.17)
where F represents a generic set of space and time derivatives acting on any of
the fields, and ¢ can be any set of fields of any mass and spin. To simplify our
discussion, we will focus on a single massive scalar. We will compute the n-point
function to O()), with fields inserted at times 1, < 0 fora = 1,...,n. In the
context of the in-in formalism, and for simplicity setting H = 1, we find

+ B¢

1n in in-in

0 d’? n
—iA/ 7 F ] Grm nas ka)
oo(l—ig) 77

Bin-in =

a=1

0
~|—ik/ d—F ]_[G (1, as ka)* . (6.2.18)

co(l+ig) 77

As long as the total number of n factors from F and the propagators exceeds
four, the result converges at n = 0. This condition is met in scenarios like a
local interaction with over three conformally coupled scalars, or interactions among
massless scalars where 2n 9, T 1o = 4. In the in-out formalism, we find

+oo(1—ie) d
Bin-out = —ik/ — F ]_[ Gr(n, na: ka) . (6.2.19)
—oo(1—ie) n*

a=1

where G is the time-ordered propagator (the curved spacetime analog of the
Feynman propagator). To verify that this is equivalent to the in-in expression, we
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compute the difference. The portion of the in-out time integral from — oo to 0
precisely cancels out the right contribution of Bijy.in, leaving us with

+o0_ d n
Bin-out — Bin-in = _i)\/ _ZF |:1_[ fa(n)fa*(na)j|
0 n a1
0 d n
—ix / rTZF [1‘[ fa(n)f;(na)}
—00+ a=1

+oo(1— 15)

_ i ]‘[ £ () / L. (6.2.20)

oo(l+ie)

Here, the label a on the mode function corresponds to the various momenta kg ; it
can also denote different fields, each with distinct mass values.

Because of the ie deformations, the difference in (6.2.20) thus becomes an
integral that can be closed in the lower half of the complex plane, where the
integrand is analytic. According to Cauchy’s theorem, this integral is zero, and
we reach the desired conclusion. Higher-order diagrams are more complicated, but
follow similar logic.

6.2.3 Applications

Next we discuss why this mathematical observation between in-in and in-out is
useful in cosmology by considering a few concrete applications. These results are
based on [48].

6.2.3.1 Pole Bagging

As previously mentioned, one reason why the correspondence between in-in and
in-out is useful is because the in-out formalism involves the computation of fewer
diagrams. Another example in which it is manifestly useful is the idea of “pole
bagging.” Indeed, a major simplification of the in-out formalism is that there is a
single, time-ordered propagator, just like for amplitudes.

In Minkowski this is especially familiar in energy-momentum domain (E, p) =
pt, where Gp = 1/(p? + m? — ie) (recall that we use the mostly plus signature)
in which the time ordering is conveniently built in by the ie prescription. Thus, it is
clear that Bjp_oy are just the time-ordered correlators appearing in the LSZ reduction
formulae for scattering amplitudes, i.e., Bip-out are simply unamputated Feynman
diagrams.

In cosmology, we tend to work in time-momentum domain (¢, k). The reason
we do not Fourier transform time is that the background’s expansion breaks time
translation invariance and so different frequencies couple to each other already at
linear order and energy/frequency is not conserved. Therefore, in Minkowski, this
is simply a sum of poles, i.e., in-out correlators in Minkowski are computed by
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repeatedly using

o dow; | Qz/
e = —.  (6221)
—00 27 (wi - Q,’)((wi + wX)2 - Qj) 29 Qj (wX Qij)

where Q;; = Q; + Q; and Q2 = [k,|> + M2.

Example 6.2.3 (Pole Bagging in Minkowski) For example, we consider the sim-
plest case of a cubic polynomial interaction A¢> /3!, where F = % and n = 3. The
Fourier transform of equal-time correlators then yields

a dwidwydws ; o
Bt — /_OO G )a(zw) Dy x]_[

b lp,,—i-ls

_ f dwidwy A
T ) @12 (0] — 2 4 ie) (@] — QG +ie) (w1 + w)? — 23 +ie)
(6.2.22)

Here, the first line is just the product of three Feynman propagators in the frequency
domain, and we recall that the prime on the correlator (6.2.12) indicates that we
have omitted (277)%8@ (3" k).

The integrals can be evaluated using the residue theorem (see (6.2.21)), closing

the contour in the upper half-plane. The first integral has poles at w; = —2; and
w1 = —wy — 3. This results in
pllat _ _Mf@ §213
: 27 2Q1Q3(w2 — 22) (@2 + Q) (@2 + Qi3 (@2 — Q13)
(6.2.23)

where we have left the ie’s implicit. It should be noted that there is a cancellation
between two residues, which eliminates two of the zeros in the denominator
(namely, wr» = £(2; — 23)), retaining only the zeros at wy = £, and wy =
+(Q21 + 23). The ie prescription directs us to consider only the two poles on the
negative real axis, — 2, and — €213 (a strategy to maintain clarity in this calculation
is to omit the i es in the integrand and introduce a slight counterclockwise rotation of
the integration contours, ensuring that only the residues from poles on the negative
real axis are picked up), which yields

. A
Blat — _ ) (6.2.24)
4Q1Q2,23(R21 + 22 + 23)

This yields the anticipated results from the bulk time integral, characterized by the
simple ET pole and the appropriate normalization factor for each 1/£2,. This can of
course be done for any n-point function in Minkowski.

Below we illustrate how something very similar also holds in a de Sitter cosmology.
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Example 6.2.4 (Pole Bagging in de Sitter) A similar approach works also in de
Sitter for massless and conformally-coupled (c.c.) scalars using the above “dis-
persive” representation of the propagator. For example, we note that the Feynman
(time-ordered) propagator of a massless or conformally coupled scalar in de Sitter
can be written as

. 1 * - 2wfe(m) i)
Glesitier (s gy = (L f do = V] T 6.2.25
F (m.n )—(27”) 8 @ w2 —k2+ie ( )

Hence, a similar computation as in Minkowski yields
5

BSC — _ H6( 70 ) /~oo l_[ do; el @T M0 /OO dn ne—iwrn
3 i) ) \i 1 @? — K2 +ie —o0

i=1

5
dw; .
o () [ S
2mi _ Hw —k2+18 (@r)

i=1
= —2mH6< o )
2

i

y /°° dwdwydwsdws(no((wr — ws)* — k2)) — 2i(wr — ws))
- (H?:] (0f — &7 + is)) (01 — ws)? — k3 + i8)2

_ (H1o)°
(ki + ko + k3 + ka + ks)(16k  kakskaks)

(6.2.26)

(Note that now, there is no delta function in the @’s because energy is not conserved
in de Sitter.) One should be able to extend this to all masses in de Sitter, perhaps
using embedding space coordinates, for which the propagators are simpler.

Let us now move on to a second application.

6.2.3.2 Recursion Relations

So far, the recursion relations we discuss below are found to work only in
Minkowski. The key observation is that pole bagging has many similarities with
integrations by part, and we can exploit this as follows. We first introduce chains to
simplify correlators with many external lines, that is, we (schematically) write

m
m oo
H:—lx x chains . (6.2.27)

[Tiz1 2E;

correlator =
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Example 6.2.5 What we mean by (6.2.27) is, for example,

5 3

c 9 4 T X X
. ! 12 45
P Pk (6.2.28)

Here, the chains are computed by nested time integrals

Yn—1

=0

/ H Zdtv GF(tvvt(%xt)

T veB\{2}

></i(ltgGF(tg.,t(],.Tg)HGF(tvg,tUé.,yvg)]n({yi}7t2)7

eeBB
(6.2.29)
where B could be anything and with
< . 2yr
L({yi}, n) = idn Gr(tto.x) [[Grn.ta,y) = =111, 12) .
—0o0 i=1 Hi:l 2yl
(6.2.30)

The #; integral can be done and re-written by explicitly performing one time integral
we obtain the recursion relation as

Yn—1
2 1 T+ +x
AN i [5240) - 52 )
v Hi:l Yi 1 — Y TIT2 (4T 1) YTT2 (4 T 2)
y1

(6.2.31)

The last equation tells us how diagrams with V' vertices are related to those with
V — 1 vertices in a simple (rational) way. In practice, this tells us that what we need
to compute at the end of the day are one-vertex diagrams. For a straightforward
application, consider a one-loop exchange diagram.

Example 6.2.6 We have

_ Yot 1 ritry =1 Yty t -1
1 Ty 2YaYp $%_(ya+yb)2 2212 (21+22)% 2(Yatys) T2 (Yatypta2)?

. T1+ T2+ Yo+ Y
Az 9y yp (1 + o) (21 + Yo + U) (T2 + Yo + Ub)

(6.2.32)
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Let us mention that the recursions relations for correlators given above are very
similar to the wavefunction recursion relations of [13]. For the wavefunction this
relation becomes quite complicated at loop level, while it remains simple at the
correlator level.

We now move on to the last application that we want to discuss.

6.2.3.3 Correlator Cutting Rules

We understand that unitarity for amplitudes is embodied in the optical theorem,
which provides an explicit relationship between the imaginary part of the amplitude
and the total cross-section in the forward limit. For correlators, a similar argument
was not known until recently [48,50]. Here, we aim to demonstrate how representing
the correlator as an in-out object enables us to apply the same derivation of the
Cutkosky cutting rules to correlators, just as with scattering amplitudes. Along the
way, we will emphasize all the small technical modifications required.

Our starting point is the field identity

n

Z(—])r Z T[Og’(l)...@o‘(r)]T[(Oo'(r+1)...00'(n)] =0. (6.2.33)

r=0 oell(r,n—r)

which may be recognized as Veltman’s largest time equation [51] and it has already
been discussed many times so far (see the contributions [52] and [53]). With
I1(r,n — r), we refer to the set of partitions of {1, ..., n} into two subsets of sizes
r and n — r. Thus, the sum involves 2" terms. The fields O; = O;(;) represent
arbitrary products of operators at the same time point. Our primary focus will be on
scenarios where these operators are monomials in the fields of the theory and their
derivatives.

As we shall see, (6.2.33) leads to infinitely many propagator identities, which
in turn become correlator cutting rules. (These appear to be equivalent to the
wavefunction cutting rules of [13], the advantage is that one works directly with
observables, i.e. correlators, rather than with the more primitive wavefunction;
perhaps a more explicit relation can be established along the lines of [36]) These
identities are more easily derived when it is additionally assumed that all the
operators in (6.2.33) are Hermitian, and the resulting equation is real, which may
not be obvious from its original form. However, we can combine terms pairwise to
rewrite it as

n/2—1 r n
>y (—1)’2Re(0|7'|:1_[ og(a)}T[ I1 og(b)} |0)
r=0 oell(r,n—r) a=1 b=r+1
n/2 n
+ > EDPReOT [ [[9%w@ [T [] Yow |10)=0.
oell(n/2,n/2) a=1 b=n/2+1

(6.2.34)
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for n even and as

(n—1)/2 r n
o =y Im<0|T{1_[ oa@} T[ I1 oa@} 10) =0,
r=0 oell(r,n—r) a=1 b=r+1
(6.2.35)

for n odd.

Next, we use (6.2.33) to derive propagator identities. The initial step involves
expanding the time-evolution operator within an in-out correlator up to a certain
order in perturbation theory. We then consider the various powers of ¢ and Hiy as
the distinct operators featured in (6.2.33). This approach yields a set of identities.
To illustrate this process, we first consider diagrams containing a single vertex and
then those with two vertices.

Example 6.2.7 (Propagator Identities: Contact Diagrams) A diagram with one
vertex contains a single power of Hiy (i.e., there is only one interaction) and n
instances of the field ¢. As a simple example, consider the following choice

O1=9&1, 100", O2=¢x,10)"", 03=Hpnl). (6.2.36)

Here, 1y represents an arbitrary time. Since our analysis is confined to equal-time
correlators, we will disregard the time dependence from now on. Assuming the
operators in (6.2.36) are Hermitian, we can insert them into (6.2.35) to obtain the
following position space expression

m {(T[¢" Hin]) = (¢" T1¢" ™" Hine]) = (¢" " T 19" Hine])} = 0. (6.2.37)

Here, we have omitted the time-ordering or anti-time-ordering symbols when only
a single time is involved. We used ~0 to indicate that this identity is true only
after performing time integration, due to the omission of the term Hjn 7 [¢"]. This
simplification is allowed because any term where a Hamiltonian interaction does
not share the same time ordering as a field will integrate to zero. It would be nice to
understand this in simple physical terms.

Now, each objects in (6.2.37) can be rewritten as a correlator and the result can be
manipulated as follows after changing integration variables and using the properties
of the Feynman propagator

1
Bﬁ({Ef};':l>—§[B,i<{ )+ (D" By (—E L AEY )]

- . .
—E[B,i({ e + (D" By {ENL  A=E, )] =

(6.2.38)
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Terms involving two sets have been analytically continued from respective positive
to negative energies. Moreover, we observe that B, (E;}_,) cancels out and if we
subsequently invert the first m energies, we obtain

B,({Ei}j_) + (=1)"B,({=Ei};_)) =0. (6.2.39)

This is a necessary condition for this correlator to come from a unitary theory. It
provides a useful constraint from unitarity, which operates directly at the level of
observables. This is valuable from the standpoint of the cosmological bootstrap,
which attempts to define good correlators based on their general properties rather
than computing them from an explicit model.

There is a handy graphical notation for the cut identities correlators have to obey
if the theory is unitary, e.g.,

= 2 (BB + ()" B (- B (B} )]

(6.2.40)

The orange dashed line represents the energies that need to be analytically contin-
ued. The contact identity (6.2.37) thus becomes

By By BBt .- B,

where the diagram without a cut should be interpreted as having a cut extending
all the way to the right, or equivalently, to the left. It is important to note that this
relation holds for the loop integrand at all loop orders, but only when considering
a single vertex. In other words, we can contract any number of pairs of fields in
Hip, because they remain associated with the same time point in the largest time
equation.

This works for more complicated diagrams.

Example 6.2.8 (Propagator Identities: Exchange Diagrams) For example, we
can consider the exchange graph with melonic exchange
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Ey...Em Emy1...En Ey...Em Emy1...En Ey...Em Emy1...Ey Ey...Em Emy1...En

(6.2.42)
which reads, in formulae, as

B (EN_) + (=D"B (—EilZ))

_, / B (EN )8 B o (BN D))
Pi---PL+1

M- PO
(6.2.43)

We emphasize that we have not yet found a suitable combinatorial structure to
formulate the most general correlator cutting rule.

6.2.4 Scatteringin de Sitter

Scattering in de Sitter space is very exciting because it provides a non-perturbative
notion of unitarity in de Sitter space. We believe that this could be used to
derive positivity bounds for cosmology within the next few years, indicating which
effective field theories used in cosmology admit a consistent UV completion. The
discussion below is based on [48], but see also [54—56] for other discussions of a de
Sitter S-matrix. See also [57-64] for discussions of constraints on boost breaking
effective field theories.

The in-out formalism we have developed offers us a clear strategy to build a
scattering amplitude: take the in-out correlator and amputate its external legs with
an LSZ-like projection. The result of this procedure automatically makes us think of
an object similar to an S-matrix. Alternative, we can try to define a scattering matrix
independently of correlators, while still using the in-out formalism. More formally,
if we assume that we start with a state |n) in the infinite past (n = —oo) that has
n-particles

n
= ® |A(L7 kaa Sas Ua) )
a

In and out states are tensor
products of unitary de Sitter irreps (6244)

(classified by the first Casimir/scaling dimension, momentum and spin) then we
evolve for an infinite amount of time (from n = —oo to n = +00) and subsequently
project onto a state with n’ particles:

S = (1| U400, —00) In) = (/| Te™ /"= Himdn 1y (6.2.45)
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This is exactly what we would do in Minkowski, but in our formalism we can also
do it in de Sitter.

Of course, people have discussed amplitudes in de Sitter space for around 20
years (see, e.g., [54]), and there is a variety of criticism regarding the existence
of scattering amplitudes in de Sitter space. Let us address some of them from our
setup:

* IR divergences prevent a de Sitter S-matrix. Possibly this is an issue, but
we assume with a sufficient number of derivatives and/or in the presence
of massive field the IR divergences do not arise.

* Particles are unstable, so there are no asymptotic states. Our i e prescrip-
tion turns on/off interaction adiabatically at n» = oo. Therefore, at least
in perturbation theory we don’t observe any dramatic instability.

* Blue-shifted particles near null infinity (the “Big Bang”) lead to a large
backreaction. This is a coordinate artifact. In global coordinates, a particle
can cross the “Big Bang” null hypersurface that bounds the Poincaré patch
from the past.

e Particle creation prevents an out state at n = 0. Possibly, but we work at
n = %oo.

Now that we have defined an S-matrix, let us compute it and see if the results are
interesting. We define a (scalar) one-particle state in the relativistic normalization
using

A k) = ‘/2|k|ali |0) . (6.2.46)
We define the connected part of the amplitude to be
(flU(Ho0, —00) — 1]i) = i2m)*sD (ki — k) Air, (6.2.47)

where we do not factor out the “energy conserving” delta function because energy is
not conserved in de Sitter. Indeed as we will see A; j will turn out to be proportional
to derivatives of a delta function. An interesting property that the answers will
exhibit is a display of unitarity at the non-perturbative level, a fact which we check
below in perturbative examples.

Example 6.2.9 Let’s compute the simplest process: contact scattering of n confor-
mally coupled scalars (m> = 2H?) because they are very simple mode functions.
Then to linear order in A the result is

; S L — o n+n’—4
n >< n Ann )‘( ZHOET) 6(ET)' (6248)
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where ET represents the total energy, accounting for the opposite signs of incoming
and outgoing particles

n n'
Er == kil + ) [kl. (6.2.49)
a b

We found that the (n+n’—4)-th derivative of the energy Dirac delta (n + n’ = 4
would therefore correspond to a Minkowski amplitude, which is consistent with
the fact that ¢* is a conformal interaction). It is interesting to note that, at least
in perturbation theory, the S-matrix exhibits crossing symmetry. This allows us to
consider all particles as outgoing (as also noted in [55]), so that E7 is the usual
positive sum of norms.

As a more complex case, take the exchange diagram that enables the elastic
scattering of 3 4 r particles through the interaction A¢**" /(4 + r)!:

A3+r,3+r = 34r >—< 3+1r - (6250)

This diagram is infrared finite provided that » > 0, which explains the specific
definition of r. A direct computation yields an expression much more complicated
than (6.2.48):

WVHT b (kin — Ein)'"7" ' + (kin + Ein)' 7!

e = : 0"+ 5(Ein — Eouw) ,
o 2 1=0 2/’Cm(—Eizn + ki2n)1+r—1 in oul
(6.2.51)
where
3+r 6427
Ein=D el Eow= 3, Ik, (6.2.52a)
a=1 a—dir
3+r 6427 N
kin = Zka kout = Z ka bl = l_!'(_l)l ) (6252]:))
a=1 a—dir

In particular, this involves a sum of terms each reminiscent of a Feynman propagator
raised to some power with additional derivatives of a delta function.

The interesting claim now is that these de Sitter amplitudes obey the conventional
optical theorem familiar from Minkowski QFT:

Aisp— A5 =i Z / My 2m)*6® (kin — kx)Aix A%y | (6.2.53)
X
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where the summation is over all potential states, with the sole distinction from
Minkowski space being the retention of energy-conserving delta functions, thus
eliminating the need to explicitly add any on the right-hand side. A significant
implication of this theorem is that the right-hand side is clearly positive for forward
scattering thanks to our symmetric definition of in and out states, which non-
perturbatively restricts the imaginary part of A;;! The hope is to one day use this
as a way to obtain positivity bounds for de Sitter cosmology. The optical theorem is
satisfied in a somewhat non-trivial manner, yet this can be verified through explicit
examples.

Example 6.2.10 (An Explicit Check) We consider for example 4 — 4 scattering
(r = 1). We have

RHS of (6.2.53) = i / dky L(Zn)“a@)(km—kx)m“ﬂ (6.2.54a)
(27)3 2Ex ’

8'(Ein — ki

= 27iA?H?8 (Eoqu — Ein)M . (6.2.54b)
2Ein
and

)LZ 2 , 1
LHS of (6.2.53) = i 8'(Ein — EqupIm ——— . 6.2.55
of ( ) =i ki (Ein out) m(Ein—kin+ie)2 ( )

Admittedly, (6.2.54) and (6.2.55) appear quite different. However, integrating by
parts and using the standard ie prescription to shift the energy pole results in a
perfect match.

6.2.5 Outlook
In the near future, it would be interesting to:

» Use de Sitter amplitudes to derive positivity bounds. This requires under-
standing the analytic structure and asymptotics.

* Find an IR regulator that preserves in-in = in-out.

* Find a dispersive representation of the time-ordered propagator for any
mass in de Sitter space to then reduce the correlator integrals to Minkowski
amplitude integrals.

e Understand de Sitter amplitudes factorization.
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6.3  Open Effective Field Theories

Enrico Pajer

The goal of primordial cosmology is to understand QFT and quantum gravity
in (approximately, asymptotically) de Sitter spacetime. On large scales (>>Mpc)
cosmological surveys measure QFT correlators of metric fluctuations as (see (6.1.7))

<1‘[8(ka>> ~ []‘[ T® (k@} <ﬂ ¢ <ka>> - (6.3.1)
a=1 a=1 a=1

where the metric fluctuations § (k,) are linked to observables such as CMB
temperature fluctuations, density distribution of galaxies, dark matter, etc. and the
curvature perturbations ¢ (K,) are in de Sitter spacetime. In single-clock inflation
models, the gravitational floor of non-GauBianity in the primordial fluctuations
is ]f,qL > 1072 [6], which provides a fundamental prediction to test against
cosmological observations.

We have several aspirations regarding what fundamental physics we can learn
about from cosmology. For example, we would like to:

* learn about new degrees of freedom and their interactions since inflation requires
at least one degree of freedom and three energy scales beyond the standard
model,’

* learn about the laws of gravity at short distances/high energies by probing GR
and beyond at high energies,

» explore which QFTs are consistent in FLRW/de Sitter spacetime,

e and finally learn when QFT on curved space-time breaks down and quantum
gravity is needed.

Here we develop a non-standard point of view on the physics of the primordial
universe: we describe gravity plus the inflaton sector as an open system, remaining
agnostic about other constients of the universe. We begin with an invitation to the
relevant formalism, namely the Schwinger—Keldysh. Then we apply this description
to general open effective field theories during inflation.

6.3.1 Invitation to the Schwinger-Keldysh Formalism
Here, we present an invitation to open quantum systems for high-energy physicists.

Instead of a pure state, in a general open system, we have to deal with a density
matrix. This might seem unfamiliar or unnecessarily complicated; however, we find

9 These are: the energy scale of inflation, H, its first derivative, which is indirectly related to the
duration of inflation and its second derivatives, which in the simplest models is measured in the tilt
of the power spectrum.
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it necessary to describe standard high-energy calculations, as we will show in this
simply toy model. Consider the following Lagrangian for two scalars,'” one of
which is heavy x and the other light ¢

Lyv =—0¢)* — (0x)> —m*¢> — M*x*> — gM¢’x . (6.3.2)

As a classic example of EFT, we have

22 "
. (6.3.3)

Then we can expand in local unitary, interactions

Leit = (0¢)” —m*¢> — g*M* Y " ¢° (%) ¢* (6.3.4)

at tree level, which depends only on M?2. Hence, when computing amplitudes, there
is no need to use an open quantum system description.

What happens when we want to compute finite-time correlators? Let us consider
the equivalent four-point correlator

4
(gM)*  2(Br + Es)
B4 = = < G)(tvka» = 5
u Il Bs[loms Ba BLErEr (6.3.5)

where we have

Er=E\+E+ Es,
Er=E3+ Es+ Es,

Es =/ |k; +k2|2+M2, (6.3.6)

Now we want to find the low-energy expansion of this as M — oo,

lim BYY =

g [Mz —k2+ EnEy  EpEx
M—o0 Hi:l Ea

1/m*
ErM? M3 +oa/ )} ’

(6.3.7)

10 This Lagrangian appears often as a toy model of effective field theories. In this context, it was
considered recently to discuss the field theoretic wavefunction [32].
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where E;j = E; + E;. This object is not Lorentz invariant, but this should not
surprise us because we have chosen to look at a non-Lorentz invariant observable.
More interestingly, the above result cannot come from a unitary EFT. Why? We just
derived the cutting rules for correlators in the previous section. One of the rules was
that B4(E) + (—=1)*B4y(—E) = 0, see (6.2.39), but the above formula is even in
energy. This is related to the influence functional that we heard about in Ch. [52].

We can see by hand that the terms that are odd'! in M do not come from a
unitary EFT. The Lagrangian has to be a total derivative because otherwise it would
contribute to the amplitude. A total derivative can also be written as a boundary
term, and sees that the following would do the job,

Serr O A / Brd?s? = B = >< _ M Re(i)).
: Er Loz B (6.3.8)

However, to make this non-zero we need imaginary coupling A = iR which is
non-unitary.!”> Thus, we can construct an EFT but not a unitary EFT. While this
toy model does display some interesting features of full-fledged cosmological open
systems, it has also some shortcoming and subtleties. In particular, the non-unitary
terms are contact terms'? and so arguably they could well be missed by the EFT.
We nevertheless find it a useful example of how open system physics can show up
in very familiar settings.'*

The origin of the non-unitarity is that the quantum system is made of ¢ and
x but we are only observing the former. Since the two sectors are entangled in
the interacting theory, tracing over one, say y requires describing ¢ via the non-
Hamiltonian evolution of a density matrix. Indeed, the correlator we are computing
is schematically

(@") = Tryp x[pd"1 =Ty, > [pIx)(x16"] = Trolpread”]. (6.3.9)
X/

We had just a pure state, but after taking the trace over y, the entanglement between
¢ and x led to a mixed state. This situation in general requires to be studied with
the Schwinger-Keldysh formalism, as we discuss below.

Audience Question 6.3.1 If we use the LSZ reduction formula, it will turn the
correlator into the amplitude, for which we showed things worked well in a unitary
local EFT. What’s the deal?

' The original Lagrangian only depended on M? and so should the final result. In the above
formulae, we have written ~/M2 simply as M, assuming a real and positive mass.

12 More in detail one can show the Hamiltonian is not Hermitian.

13 E.P. thanks Alberto Nicolis for pointing this out.

14 E P. is in debt to Cliff Burgess, Alberto Nicolis, Thomas Colas and Santiago Agui Salcedo for
useful discussions on this example.
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Answer: Let us write the expression in Fourier space:

4
1 1

BV (p1, p2, p3, pa) = : 6.3.10

4 (P1. P2, P3, pa) H P2 tis (5= M) ( )

n

In and EFT we would expand the off-sheel propagator as s—]MZ ~ # > (#) .

This expansion however has a finite radius of convergence and so is valid only when
s < M?. When we take the Fourier transform to compute the correlator in the time-
wavenumber domain, namely

By(t, p1, P2, P3, P4) = fdp?dpgdpgdprfv(p?, 23, 03, Y. p1, P2, P3. Pa)
6.3.11)

we necessarily integrate outside of the radius of convergence of the above Taylor
expansion. Hence the result will not be correct if we expand before the Fourier
transformation. Thus, working at fixed time forces us to integrate over energies
outside of the radius of convergence of the EFT expansion, which here is s = M?.

6.3.2 Open Quantum Cosmology

In general, more complicated systems arise from assembling simpler building
blocks. In quantum mechanics, we build bigger Hilbert spaces Hy, from tensor
products of smaller Hilbert spaces, Hi,x = ®;J;. Open quantum systems arise
when we observe only parts of H,,,. For the Universe, this is always the case. When
studying the cosmology of the very early universe there are many parts of the system
that we do not observe: momenta conjugate of fields, spectator fields, gravitons,
massive particles, etc. Hence, as a first step, we should always start with an open-
system approach to cosmology, both at the quantum level and in the semi-classical
limit.

The defining characteristic of open systems is dissipation, which we use here
as a catch-all word for a series of phenomena including fluctuations, non-unitary
evolution, dispersion, etc. It is hard to give a general rule for when the presence
of an environment is important and leads to sizable dissipative effects. A rule of
thumb is the following: “Open systems are needed when there are many “excited”
degrees of freedom we do not observe or measure”. We can gives some examples
of cosmological scenarios that always or only sometimes require an open system
approach:

e Always: particle production out of vacuum due to time-dependent back-
ground. In de Sitter, we expect that the “vacuum”, as experienced by a
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comoving observer, is an environment with a thermal bath at the Hubble
temperature'> e~ E/T ~ e=2mm/H

* Sometimes: physical production of particles, warm inflation, non-adiabatic
kicks (features), etc. The size of the effect of the environment is model-
dependent and can be large.

* Sometimes: long-short mode coupling, stochastic inflation. Again, the size
of the effect is model dependent and can be large.

Let us look more closely at vacuum production in de Sitter that leads to curvature
perturbations. The cosmological collider story considers the three-point function
for the curvature perturbations ¢ in the squeezed limit which in position space
corresponds to two modes with a short separation distance kghort, and one mode
at a long separation distance kjong, depicted as [65]:

short long
¢ ¢ 4
o

% (6.3.12)

(Reprinted with permission from [65]. © 2015, The Author(s). All rights reserved.)
Here o corresponds to a massive field that can decay into two inflatons, and is
produced by the time-dependent background (de Sitter expansion) at a rate of H ~
2n Ty S. This corresponds to corrections to the inflaton 3-pt function. The leading-
order effects are captured by unitary evolution where there is no large dissipation.
Hence, low-energy EFT is unitary but non-local, leading to characteristic non-
analytic signals, as, for example, in the already mentioned squeeze limit of the
three-point function B3. This limit corresponds to small values of the ratio between
the short and long separation distances. Considering, for example, the squeeze limit
for a single particle with mass m > 3711 and spin s, we have [65, 60]

3 m2 9
Ai:iﬂzl,u, M= m—z, (6313)
(£¢¢)
<§§>shon <§§>long
k %+iﬂ k %71'/1
~ ee ()] | &P long feid(w (long P (cos )
kshort kshort '
(6.3.14)

15 The finite temperature comes about very explicitly when one restricts the description to the static
patch of a given observer.
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where A; are conformal dimensions and € is a slow roll parameter. This is a general
picture for studying the spectrum of particles during inflation.

From here, we can consider warm inflation, wherein we can build a mechanism to
continuously produce particles by draining energy from the background or inflaton.
For example, a scalar (axion) coupled to U(1) vector via («/f)¢pF F leads to
tachyonic production of A; particles, which back react on perturbations

2 . ag
<ﬁ + k- F 2aHk$) A+(t,k) =0, with &= 2f_H (6.3.15)
This induces, fluctuation, dissipation, and non-unitary evolution
. . dV
$+3Hp+ 2 ~ 2 E.B). (6.3.16)

¢ f

The low energy EFT is non-unitary. However, since most of the gauge fields are
produced around horizon crossing, the low-energy dynamics of the inflaton around
the Hubble scale is necessary non-local if we integrate out the gauge fields. This
theory does not have a small parameter to organize an EFT expansion in derivative
and hence it must be treated by assuming a concrete UV model.

There are many other models of particle production. An interesting one con-
sidered in [67] (see Fig. 6.6) features the coupling between the inflaton ¢ and an
additional degree of freedom x, both minimally coupled to gravity,

1 1
s= [ @z [EMI%IR ~ @9 ~ V(@) ~10x? + M1’
- 1 (6.3.17)
gYa * k 2 2 *2
—lT(X3MX — X al‘x)—zm ()( + X )]

In this case y modes become tachyonic and are copiously produced. The big
difference is that most modes are produced with a wavelength that is parametrically
shorter than the Hubble radius. The x environment leads to fluctuations, dissipation,

Fig. 6.6 The blue line w?

depicts WKB frequency over A

time while the red line depicts

the mode function with an

amplitude that grows Instability band
exponentially during the
instability band. Reprinted
with permission from [67]. ©
2023, IOP Publishing Ltd and
Sissa Medialab. All rights
reserved. For further details,
see the original source
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etc. in the dynamics of ¢, but crucially this can be described from the bottom up in
terms of an open quantum system with a single degree of freedom and a /local action!
The corresponding linearized equation of motion in Fourier space takes the typical
form of a Langevin equation,

k2 m?
ok + GH + y)ox + (a_2 + V”) Ok = —78(95(k) , (6.3.18)

where y is the friction coefficient that causes dissipation and §Og are fluctuations.

As a last example, we briefly discuss stochastic inflation [68,69]. Sometimes the
environment is not a different field, as in H = H4 ® H, but different Fourier modes
of the same field as in H{ = ®kIH k. Then one ends up with a characteristic Langevin
equation of the form

d¢ v HT 6.3.19
— =- ——E(1). 3.
o sg T e 50 ( )

where the second time derivative term has been dropped and the last term gives
the fluctuations that short modes induce on long modes. This is typically treated
non-perturbatively but semi-classically. In this case, there is a local, semi-classical,
low-energy EFT.

We close this section by comparing bottom-up versus top-down approaches:

* Top-down pros: many explicit models exist which exhibit large open quantum
system, a.k.a. “environmental”, behavior.

* Top-down cons: calculations can be long and hard, it is difficult to find general
patterns or phenomena, and models are delicate. By delicate we mean that small
changes in the model can lead to intractable dynamics such as: non-locality in
time, non-Markovian quantum dynamics, a breakdown of perturbation theory,
instability, and large backreaction.

* Bottom-up pros: general features are visible, meaning that we can assume certain
rules, such as stability, locality, perturbativity, etc. and we do not need to check
the detailed implementation.

* Bottom-up cons: it is not clear whether one misses some constraints on the
low-energy effective couplings and, relatedly, whether the model can be UV-
completed.

Overall, our goal in what follows is to develop a systematic bottom-up approach to
open quantum dynamics during inflation.
6.3.3 An Open Effective Field Theory of Inflation

The main idea is to use the principles of Effective Field Theory (EFT) to build large
classes of bottom-up open quantum systems. The EFT rules are:
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. Name the low-energy degrees of freedom.

. Choose symmetries and principles (e.g., locality) and write down the most
generic symmetric action, which has infinitely many terms.

3. Choose a radiatively stable power counting and truncate the EFT to the desired

precision with a finite number of operators.

N —

We note that in the absence of locality in time and space, it is difficult to satisfy
number 3 above.'® The rest of this section follows closely [70] (see also [71] for a
summary), which built upon previous results and especially [72,73].

We begin with number 1 above and consider the degrees of freedom of an open
EFT. The simplest open EFT has a single degree of freedom, the Nambu—Goldstone
boson of the spontaneous breaking of time translation by the inflaton background,
as in the usual “unitarity” EFT of inflation. We use a close-time path integral, a.k.a.
in-in formalism, which prepares a density matrix, as depicted here:

to + t

S ——

(6.3.20)

This is equivalent to the master equation known in operator language and has
already been used for 20 years in inflation. However, hardly anyone has allowed for
dissipation. It is convenient to perform the Keldysh rotation of the doubled fields,
moving from the + and — contours of the path integral to the so-called retarded and
advanced fields!”

mo =52 and m, =y — T

6.3.21
my=m+% and 7y =7 — 5 ( )
We need to ensure our EFT satisfies several constraints, nicely summarise e.g.,
in [74,75]. We want our open QFT to come from a unitary “closed” UV theory with
a Hermitian time evolution, so we have to satisfy

Seff [7T+97T+] =07 Seff[nm”a =O] =01
Setf [T, m-] = — :ff [r—, 7], Sett [777, mq] = — :ff [y, =74l
Im Seft [74, 7-]1 2 0, Im Set [, 4] 2 0.

(6.3.22)

16 It is not impossible either: sometime one can Taylor expand in Fourier space around some fixed
but non-zero momentum, as for the Fermi surface of fermions.

17 These are also sometimes called “classical” and “quantum” fields. However the classical limit is
subtle and we prefer to avoid this nomenclature.
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These follow from conditions on a density matrix: normalisation requires Tr(p) =
1, hermiticity means p = ,oT, and positivity means p > 0. Further details on the
derivation of these constraints can be found in [70, 71].

Then we aim to write a general in-in functional, including a “unitary” part,
S, (r+), and a general “Feynman—Vernon” influence functional, F (7, 7_), as

Z [Ji] — / D7T+D7T_eis(n+’ﬂ7)+ijini

T T
:fd”f Dn+/ Do e[S =S (e )+ FGry m )+ Jums]

b4 0
ZJa., J;] =/d71/ Dnr/ D, &S0t atatJrr
(6.3.23)

In the Keldysh basis we see that 7, is non-dynamical because both its initial and
final conditions are fixed by the boundaries of the path integral. It is only 7, that
describes a dynamical field since its final condition is integrated over and hence
arbitrary.

Now we address number 2 of our EFT rules. We need to ensure that our open
QFT is consistent with general physical principles such as unitarity, locality, and
causality. Unitarity of the UV theory is encoded in the three conditions already
mentioned in the density matrix: Tr(p) = 1,p = p' and p > 0. We note that
locality is not necessary because the environment can mediate interactions at a
distance that are non-local in time (non-Markovianity). Nevertheless, we restrict
ourselves to EFTs that are local in time and space, and hence we assume a separation
of scales. These EFTs exist, as in the scalar warm inflation example. This is our
strongest assumption, which leads to major simplifications. Finally, causality and
analyticity are satisfied for the case we consider in the following, but additional
constraints are expected to emerge from demanding causality of the UV completion
as in amplitudes’ positivity bounds [76].

Furthermore, we study the symmetries of our EFT. As in the EFT considered
when addressing number 1, a general breaking of U,(1) time translations is
incompatible with scale invariance. We also need an internal shift symmetry Ujp (1)
and we require a diagonal18 is unbroken U;(1) x Ujy(1) — Ugcate (1). This is
depicted as

<1n| L ty
[in) €L =€ =€y

(6.3.24)

18 Additionally one must assume that the degree of freedom enjoying the shift symmetry also
evolves linearly, otherwise the low energy couplings depend on time, albeit in a fixed way [77].
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The coset-construction for in-in is still relatively under developed (however, see [78,
79] for recent progress). Under time translations the Goldstone boson 7, transforms
non-linearly, while the auxiliary advanced field 7, transforms linearly,

(¢, x) = (t, x) + 69 (147 x)]+ O [(69)2}
for € =€’ =g,
2
7, (t, x) = m,(t, x) + e?z’ra(t, x)+ 0O [(e?) ]
(6.3.25)

This tells us that 7, should not be interpreted as a Goldstone boson. Conversely, the
other linear combination of time translations, which would transform fields as

7, (t, x) — 7w/ (t,x)

62 . 0)?
=, x) + ?na(t, x)+ O (%)
for ef)r =—€_ =
7, (t,x) — 7, (t, x)

=ma(t, x) + €] [1 + 7,1, )]+ O [(62)2}
(6.3.26)

is explicitly broken by the presence of the environment and plays no role in the
following discussion. We will discuss non-linear boosts later in this section.

We now turn to the free theory. At quadratic order in perturbations and up to one
derivative per field we have

£P = (0] = 200) 7170 — 01070, 0' W0 — €070, T4
. ) ) 5 (6.3.27)
— 217ty + i [ﬂmq — (B2 — Ba) 1y + B2 (9i74) ] :

The first line of £® corresponds to unitarity dynamics'® and the second line
contains terms with dissipation y; and fluctuations B;. (Notice the imaginary unit
i in front of the square brackets.) Two point functions are given by the Keldysh
propagator G g and the retarded/advanced propagators G g 4 as

<(m(X)m(y)> <m<x>na(y>>> _ (iGK(x, ¥) —Grlx, y)) 63.25)
()7, () (ra@a) )~ \=Gayy 0 ) -

19 Unitary dynamics comes from S(r4) — S(;r_) and hence only generates terms that are odd in
.
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Note 7, does not propagate, as anticipated. Here G4 = G7} are the advanced
and retarded Green’s functions of the dissipative equations of motion, while G
describes the perturbations in the system induced by fluctuations in the environment.

Next, we look more closely at propagators for this free theory. We can look to
flat-space examples as illuminating warm ups:

1 1 1 1
Grialk; w) = — == B ’
r/A(k; @) w? tiyw — c2k? (- —wy) |:w—a) a)—w+]
2
wi:—i%:l:E}: and E{z‘/CEkZ—VT-
(6.3.29)

Here retarded/advanced propagators feel dissipation, which shifts poles in the com-
plex plane but are independent of fluctuations, since G 4 g are state independent.
Dissipation can be seen in the presence of a complex pole, leading to exponential
suppression in the power spectrum. This represents erasure of memory from the
distant past due to dissipation into the environment.

The Keldysh propagator instead probes fluctuations

B1 + Brw?* + B3k?
(0? — c?kz)2 + 202
(6.3.30)

G (k; w) = —Gr(k; ®) Dk (k; 0)G alk; 0) = —i

for which the final spectrum is largely specified by fluctuations

2, 2%, 2%

2

P, =
yc2k? y 2y

(6.3.31)

Next, we consider de Sitter propagators. The mode functions are still Hankel
functions, but now the index depends on dissipation. Indeed in de Sitter the Hubble
expansion leads to a characteristic dissipative term proportional to the number of
spatial dimensions. In the presence of dissipation due to an environment, y can be
thought of as a change in the number of dimensions. Indeed, the asymptotic time
dependence of fields is found to be

. >3 Y L0
1 =An? + —H , 6.3.32
ngr})mc(n) n?+ H %Jrﬁ(n) ( )
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where 7 ~ nA and A = (0, 34+ %) Here, massless scalars still freeze out (y > 0).
The propagators are pretty messy, especially Gx (G, and F), are combinations of
2 F3, see [70]). We find

a

T 3 (1)
GR (k;m,m) = —i—H* (mm)?2 (—)
4 2

Im [HS)V (—kn) H® (—knz)} O —m), (6333)
5+ tam

2H 2

22

P17
GX (kyni,m) = _if

3,7
3 (mmp)2t2m

Re {H?)y (—kn) H" |, (=kna) [Fy (22) —F, (00)]
3+t3m 3+3m

—H" , (—kn)H? , (=km) G, (Zz)} + (o m).
3+ 3t 7aT
(6.3.34)

Symmetries ensure P ~ 1/k>, so smoking-gun signals come from the bispectrum.
Now, we consider interactions for our open EFT. To cubic order in fluctuations,
the in-in action is organized in powers of 7.

LY = (das — 302) 7274 + a2 (37,)° ta + 207, 0;7,0' 74
+ (4yr — y1) 7tta + 11 B 7
£ =i [—ﬂy'nfranq + B30, Tt + 2Bute ] — 2,848in,8ina7%a] ,

LY =8173 + (85 — 82) 7270 + 82 (9i74)” 7 — 84 (3i7a)? Tra + (34 — 86) 77, -
(6.3.35)

The real power of the EFT comes from relating operators at different orders because
of the non-linearly realised boost, as noted early in the dissipative context in [72].
The inflaton background breaks both t-translation and boosts, where the former are
resurrected by a diagonal combination with shift symmetry, and the latter are non-
linearly realized (“broken’).

We consider non-linear symmetries in the EFT. In the flat-space decoupling, the
most general symmetry transformation is

o (t,x) = 7w (t, x) = 7, (A?ltx“, Ai,ﬁ“) + A?Mx“ —t,

| (6336)
7 (t,x) —> 7, (t,x) = 7,4 (A?x“, A’mx“) )
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Clearly 7, transforms non-linearly, hence relating £, to £3, as already pointed out
in [72,73]. Once again notice that 7, transforms as a spectator field and is hence
not a Goldstone boson. To proceed from here, we can write down all operators
and demand the above symmetry, or work with invariant combinations. Using
invariant combination we see the relation between quadratic and cubic orders in
the Lagrangian

0
Ly =L%O + Z Vn [_27:[;’ + (3//.777")2] TTa
"= (6.3.37)

o0
= Y an[2 4 (3m)*] (ot )
n=2

where we neglected higher-order terms with two or more derivatives per field.

We now turn to correlators. Correlators can be computed in perturbation theory
using the standard in-in rules, being careful about distinguishing between retarded
and Keldysh propagators. To build intuition, consider 3-point function in flat space
which are mostly of the form [70] (see Fig. 6.7)

Poly (E1, E, E3)

B; , , (6.3.38)
Sing,,
3. 3.
slngy:‘E{+E;’+E§+§iy —Ef+E2V+E3V+§iy
6.3.39
14 v v 3. 2 4 14 v 3. ( )
xEl—E2+E3+§zy E1+E2—E3+§zy ,
2
El = |c2k2 — % . (6.3.40)

The 3-point function in flat space peaks when k; &= k; &= k; = 0, namely for
folded triangles The folded divergence is regulated by dissipation y # 0, because
interactions can build only over a finite amount of time before being erased by
dissipation.

Cosmologists have used the in-in formalism for 20 years and yet the vast majority
of papers assumed unitarity and non-dissipative dynamics. Here we have developed
a systematic single-field open EFT for inflation, based on previous work by [72,
73]. Assuming locality in time and space, the resulting EFT is easy to write down
and can be studied in perturbation theory. The smoking gun signal are peaks in
the bispectrum near folded triangles. Our formalism is a starting point for studying
aspects of quantum information of inflation such as entanglement growth, purity,
decoherence, and more.
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Hy=1
[ly=0.025

[ly=5H
[ly=02H

1.0

Fig. 6.7 Shape function S(x7, x3) = (x2x3)2[B(ky, x2k1, x3ky1)/B(ky, k1, k1)] for the bispectrum
corresponding to Jrg in Minkowski (top) and in de Sitter (bottom). Reprinted under CC-BY-4.0
license from [70]. © 2024, The Author(s)

6.4 Bootstrapping the Analytic Wavefunction

Mang Hei Gordon Lee

The purpose of this section is to provide a quick overview on how to bootstrap
the cosmological wavefunction. We will introduce the off-shell wavefunction
coefficients and explain how they can be constrained by physical principles such as
unitarity, locality, and scale invariance. We will also illustrate this by bootstrapping
the three-point wavefunction of a single massless scalar. This discussion is based on
[18-21,32,80].
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6.4.1 Cosmological Wavefunctions

The story begins with the Bunch-Davies vacuum state, |BD), in the far past
projected onto a field basis at time ng (usually no — 0, i.e., at the end of inflation)

¢ (no)=¢o

W(go, nol = (¢, no|BD) = /B N D¢ ¢St (6.4.1)

where § denotes the action of the theory. From this we can determine the correlator
of n (scalar) fields:

(k) ...oKky)) = /D¢ (@) pk) ... oK) . (6.4.2)

To make the definition of the cosmological wavefunction in (6.4.1) more tractable,
we usually expand it as follows [18,81]

Dk n
) wn(kl,...,kn;no)l"[qs(ki)} :
i=1

Wg; nol = exp [— Z/l_[ (QN)D
e (6.4.3)

where n denotes the number of vertices with external legs attached. The on-shell
wavefunction coefficients v;’s, which are functions of external energies (wp =
~/K? + m?) and spatial momenta (k), are what we wish to bootstrap. What is meant
by “bootstrap” will be clarified soon. Moreover, wy, is the variable we will eventually
continue in to go off-shell.

Let us mention that at tree level, correlators contain the same information as the
wavefunctions, e.g., [18,81]

1
k k k3)) ~ 2R , 6.4.4
@ Rghs)) ~ 3 S Re)) (6.4.40)
1 Re(y3)Re(3)
k)¢ (k2)o (k3)p(Ka)) ~ 2R _— .
(@ (ki) (k) (k3)¢ (k) ng‘zlzke(xpz(ka»[ ) + o]
(6.4.4b)

Here Re(v,,) refers to the real part of the wavefunction coefficient. This is no longer
true at loop level, for instance, at one loop we have:

(@ (kD (ka)g (ka)p (ka)) ~— [2Re(y4")
[Tzt 2Re(2(ka)
(6.4.5)
+ de 1 wtree_i_ ]
(@m)P Re(o(p) ° L
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The wavefunction is a more fundamental object than the usual in-in correlators
since it contains more information than correlators of fields. It also knows about
correlators between fields and their conjugate momentum. If we want to compute
the correlator between the fields and its conjugate momentum 7 (k), we can obtain
this from the imaginary part of the wavefunction. For example [31]:

1
k)¢ (k) (kz)) ~ 21 . 6.4.6
(r (k)¢ (k2) (k3)) H2:12Re(1/f2(ka))[ m(y3)] (6.4.6)

Before we continue, let us review the Feynman rules in the context of cosmological
correlators.

6.4.2 Feynman Rules

Perturbatively, given a Feynman diagram, we have the following (schematic)
rules:

* To each external line is associated a bulk-to-boundary propagator K. The
form of K depends on the spacetime considered and whether the particle
propagating is massive. For example:

efen (flat space)
—_ ion ;
K, = (1 ;Zn)%) (de S?tter mass?ess) ’ 64.7)
(—=m)*/“H;;" (—wn) (de Sitter massive)
—i0,e' " (conformally coupled)

where H,E)z) denotes the Hankel function of the second kind of order w =

iv(D), where v(D) = /2 — m2.
e To each internal line is associated a bulk-to-bulk propagator G. This
propagator can generally be expressed in terms of K’s as follows

_ KXm)Ko@m)Om — m2)+m1 < m2)— Ko (11) Ko (12)

Go(n, 1) 2Re(Y)

(6.4.8)
* To each vertex are associated a factor F and a time integral from — co <
n < no. In particular, the associated wavefunction will depend only on

events happening in its past light cone, which is a signature of causality.

For a more detailed discussion of these rules, see [18,21,32,81].
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Example 6.4.1 For example, applying the above rules to the following graph (time
is going up) gives

da(fwr (k) = 1\ ? 31/4

S

70 70
= / dny, / Anp FLFR K, Ko, G K K, -

(6.4.9)

Here, “L” and “R” label the left and right vertices, respectively. Note that if the
exponentials in the K’s converge for negative 1, then we have analyticity in the
lower half @ planes for the associated wavefunction. We therefore treat {wy} as
separate variables in which we analytically continue wavefunctions off-shell.

We can say more about the analytic properties of the wavefunction than what
was said above. In particular, perturbatively, we can say that generally singularities
are localized at (partial) energy poles [32]. It is relatively easy to see that this
is at least true for flat-space wavefunctions. We also expect this to hold for
massless/conformally coupled scalars in de Sitter: their mode functions can be
written as derivatives of a plane wave, which means the wavefunction coefficients
can be written as the derivative of the flat-space wavefunction.

Example 6.4.2 When energy going into a subdiagram vanishes, there is a singular-
ity. Thus, given a Feynman diagram, we circle all subdiagrams and equate the energy
going in and out. For example, the following are singular loci of the associated
diagram

w1 + w2 + wg = 07

N E—

’ (6.4.102)
— (6.4.10b)

Note that all of the above equations have support outside the physical region where
w;j > 0 for all j. This is because there are no physical out states in this formalism,
but only in states with positive energy (by convention).

For loop diagrams, the internal energies also depend on the loop momentum p,
so we also need to minimize the energy with respect to p. For example, in (6.4.10b),
after minimization we obtain (for the flat-space wavefunction of a scalar with mass
m):

W) +wy +Vs?2+4m?=0, (6.4.11)
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(6.4.12)

Here s is the magnitude of the momentum k; + k3. Notice how the first singularity
can be rewritten as (] + @2)? — s% = 4m?.

Moreover, as we saw in [82], the amplitude A is the total energy pole of the
wavefunction, i.e.,

A
Zia)l"

At the location of the partial energy poles associated to a subdiagram y of the
original diagram I', the wavefunction instead factorizes on lower point amplitudes,
ie.,

(6.4.13)

Ay X ‘/71"\)/

(6.4.14)
[Ziey wi]#y

yr ~
6.4.3 Bootstrap Constraint 1: Unitarity

Quite like what we have for flat-space scattering amplitudes, we can write the
evolution operator [21] as

no
Ut =exp[ =i [ anHin)] (6.4.15)

where Hiy is the time-dependent interaction Hamiltonian of the system. As a
consequence of perturbative unitarity and of being in the Bunch-Davies vacuum,
the time evolution operator U is unitary:

Ulu=1. (6.4.16)
Decomposing U = 1 + §U, unitarity implies that

SU 48U = —sUsUT. (6.4.17)

So far, the discussion has been pretty much the same as the standard flat-space one
discussed in textbooks. Things differ when we insert bras and kets:

(n|8U10) + (n|sUT|0) = — Z (| SUIX)(X|8UT |0) . (6.4.18)
L | L |
@ 1) X (IT)

In perturbation theory (when U is small), it is clear that term (I) corresponds
to the wavefunction v, ({w}). What (II) corresponds to is not ;' ({w}), but rather
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Y¥({—w*}). This observation makes it rather manifest that we need analyticity in
the energies to define (II) in the first place! Finally, (IT) is clearly not v, (w) since
| X) generally differs from the Bunch-Davies vacuum (| X) # |0)).

At this stage, let us introduce the discontinuity operator in the energy w:

DiSCwS Wn(a)l, "‘7wS7 "'50)7!; {k}) = Wn(wl, "‘7wS7 "'50)7!; {k})

— Y (—of, ... o5 ..., —wn; {—k}).
(6.4.19)

Based on this definition, we ask what can we learn about the wavefunction
coefficients ¢; from this operator?

Example 6.4.3 Let us consider once more the four-point tree-level diagram in
(6.4.9). The discontinuity in wy is given by

10
DiSCwS Ya(wr, ..., w4, w5 {k}) = DiSwa / dnrdnr FLFR K(ul K(ug Gw\ Ka)g Ku)4 .
—00

(6.4.20)

Unitarity ensures that the couplings in Hijy are real, and so the associated vertex
factors satisfy F({k}) = F*({—k}), while the fact that we start with the Bunch—
Davies vacuum ensures K ({w}) = K*({—w™}). To see this, remember that the
Bunch-Davies vacuum implies K (w) ~ e!" in the far past, and it is clear that both
K (w) and K*(—w™) are the same. It turns out that under some mild assumptions
about the equations of motion, this property is preserved under time evolution (see
[21] for more details). As an example, for a massless scalar in de Sitter, we have:

K*(—0") = [(1 +io*'ne " = (1 — ion)e’®! = K (v) . (6.4.21)

Using this together with (6.4.8) gives

ImG o, (L, 1R) = Im(K, (nL)Im(K, (R)) , (6.4.22)

2Re(y2)

which gives
1 10
Disc e, w4, s 1K) = ——— dnLFLK,, K, Im(K,.
ws Ya(w) w4, wg; {K}) IRe(va) /_OO NLFLK oy, Koy Im(K, (171))

10
X / anFRKa)3 K{/)4Im(Kwy (771{)) .
-0

(6.4.23)
Diagrammatically, we have

Disc,, 1\ |2 o 4 = Disc,, W Disc,, Nl/s .
5 (6.4.24)

w
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Similar pictures also hold at loop-level. For example, if we take the discontinuity
in the loop of the diagram in (6.4.10b), we find [20]

Disc w = Disc \2/ Disc \%

+ Disc

+ Disc ) .
5 (6.4.25)

The pattern of discontinuities becomes manifest from these two examples: the
discontinuity is given by the sum over all ways of cutting the master diagram.

Unitarity already places significant constraints on the bootstrap of the wavefunction
coefficients. However, there are additional factors to consider. In the following, we
discuss two other constraining properties.

6.4.4 Bootstrap Constraint 2: Manifest Locality

For the rest of this section we will focus mainly on a massless scalar or spin-2 tensor
in de Sitter. Since these correspond to scalar curvature perturbations (which seed the
fluctuations we observe in the CMB) as well as primordial gravitational waves, these
are the most relevant observables in inflationary cosmology.

The bulk-to-boundary propagator for massless scalar in de Sitter looks like [19]

Ky, = (1 —iwn)e®n. (6.4.26)
Clearly, K, satisfies 9,K,|o=0 = 0. Therefore, if we assume that all the
interactions in Hjpy are built out of fields (and their derivatives) at the same spacetime
point, we have obtained a constraint on the wavefunction coefficients which we refer
to as the manifest locality test (MLT):

00, Yn({®w})|w,=0 = 0 for any external energy w, . (6.4.27)

Since a massless spin-2 tensor also shares the same bulk-to-boundary propagator,
MLT also holds for a massless spin-2 tensor.
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6.4.5 Bootstrap Constraint 3: Scale Invariance
Massless scalars and spin-2 tensors in dSq43 scale in the following way:
Y3~ o (6.4.28)

The reason is the following: in de Sitter, mass and scaling dimension are related
by

m?=AGB—A). (6.4.29)

Clearly, if m? = 0 this implies A = 0 or A = 3. Consequently a scalar near the
future conformal boundary behaves as:

¥3(%) ~ Oazo + 1’ On=3 - (6.4.30)
As 1 — 0 only the first term survives, and it is easy to see that this implies 3 ~ >
after a Fourier transform.

Since we are in de Sitter, one may wonder if we should impose the full de Sitter
isometry, the SO(4,1) group, as a constraint in our bootstrap. However, it can be
shown that correlators (and subsequently wavefunction coefficients) for the scalar
curvature perturbation are suppressed by the slow roll parameters if they respect
the full de Sitter isometry [83]1.2° This means that correlators that are relevant for
observations in the near future generally break some of the de Sitter isometry.
However, since we do observe a power spectrum which scales almost as k> (as
mentioned in Sect. 6.1) we still impose scale invariance as a constraint.

Unitarity, locality, and scale invariance are sufficient to strongly constrain
wavefunction coefficients. In the next section, we consider a simple example.

6.4.6 Bootstrapping ¥3; for a Single Scalar

Let us start by summarizing what we want /3 to satisfy:
« Scale invariance: ¥3 ~ w°.
e Locality: 9,¥3]|p=0 = 0.
e Symmetric under permutations of wj 2 3.

20 One could also the full de Sitter isometry in the cosmological bootstrap. Initially, the approach is
to write down Ward identities from the symmetry, which give rise to differential equations for the
wavefunction coefficients [14, 15,17, 84]. However differential equations have also been found for
more general cosmological spacetime [38,85-89], which leads to the concept of “kinematic flow”.
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Note that while we have not included unitarity in this list, it will be used in
the following section to construct more interesting wavefunction coefficients by
“gluing” simpler ones.

The simplest ansatz satisfying these properties is

peN
| B+p—-2m—3n) =0
( 3+p—2m—3n
1//31’) = " Z Cmn @7 P ey es where | wr = w1 + ) + w3
T m,n>0 ) = ww) + Wlw3 + WrwW3
€3 = W1worws3

(6.4.31)

This ansatz corresponds to the wavefunction coefficients for tree level diagrams. It is
written in w7, €3, e3 which is symmetric in external energies, and its overall scaling
is . Note that p is generally related to the number of derivatives in an interaction.

The only tree-level diagram for yr3 is the contact diagram, and so we expect
singularities only at total energy poles (as this is the only subdiagram for a contact
diagram). Therefore, in our ansatz we only consider the case where m,n > 0 and
only allow for total energy poles.

Let us consider some explicit examples.

Example 6.4.4 In de Sitter, let us try to fix (6.4.31) for p = 0. We start with the
ansatz

1/f3(0) = clw?} + cowrer + c3es . (6.4.32)
Imposing locality gives
90, ¥V y=0 =0 = ¢y = —3¢; and c3 = 3¢y , (6.4.33)
such that
¥ = c1(@} — 3wrer +3e3) . (6.4.34)

This is the result expected from the free theory (Hiy, = 0) after field redefinition
¢ ¢+ ¢

We can also modify the ansatz as follows:

P = ¢} +crorer +eses +log(—wrno) (G1w3 +Grwrer +3es) . (6.4.35)

Repeating the above exercise, we obtain the correct ¢> interaction tree-level
wavefunction coefficient.
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If we consider p = 3, we find only two polynomials which satisfy all the
bootstrap requirements:

e
Y= 2 (6.4.36a)
@r
1
W3EFT2 = —3(wg — Sw‘}ez + llw%@ — 4w%e§ —4dwrejres + 12e§) .

T
(6.4.36b)

Interestingly they correspond to the wavefunction coefficients computed from
¢> and ¢(V;$)? interactions respectively. Both interactions have exactly three
derivatives. This is a general feature: p tell us the number of derivatives on the
scalar fields [19].

From this example, we observe that all that we have obtained are tree-level
objects. Why is this the case? This is because the ansatz proposed was constructed
from simple polynomials. If we aim to derive objects that might emerge from a
loop diagram, the ansatz needs to be modified. One loop wavefunctions generally
include polylogarithmic or even elliptic functions [32], so we need to add those into
the ansatz while taking into account the different possible singularities. Similarly
to Feynman integrals [90], in very general cases, it is not even clear what class of
functions is needed for the ansatz.

6.4.7 Gluing Procedure

The purpose of this section is to explain how to “glue” tree-level wavefunction
coefficients together to create more interesting ones. Below, we illustrate this
procedure by gluing 13 with 4. The general approach is as follows.

Starting with (6.4.24), we have (schematically)

w4(w17 cee, 4, ws)_w:(_wla cee, T4, a)S)
= [Y3.L(01, w2, w5) — Y3 (—01, —02, ©5)]

X [Y3R(03, 014, 05) — Y3 p(~w3, —w4, 05)].
(6.4.37)

Denoting

wl+wy)+ws =E;, and w3+ w4+ w; = ER, (6.4.38)

as the energy flowing in the left and right vertices respectively and taking the residue
at Ey, = 0 on both sides of (6.4.37) gives
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Resg —oVa(@1, ..., w4, 05) = Y3 R(03, 04, 05) — V3 g (—w3, —w4, w;) .
(6.4.39)
Of course, a similar expression holds for the residue at ER = 0. Writing the

wavefunction coefficients as functions of Ey and Er, we can perform the shift
(EL, ER) = (EL + z, ER — 2) to write

dz
B = f ?W4 = Y4 +Res;—_p Vs +Res,—ppr ¥4 . (6.4.40)
Y

The contour integral simply picks up the partial energy poles, which are obtained
in (6.4.39). By demanding 4 to satisfy the locality test, B can be fixed, and
eventually this fixes ¥4 completely [19].

The takeaway point of this discussion is that, at tree level, unitarity and an
ansatz of the form (6.4.31) are sufficient to completely bootstrap the wavefunction
coefficients.

Example 6.4.5 As an example of how the gluing procedure works, let us glue two
contact ¥3 from ¢ interaction to obtain an exchange 4. Remember the contact /3
is given by:

1
W, W, w3) = ———. 6.4.41
¥3(w1, w2, @3) prTE——— ( )
First we compute the Disc, which is:
Discey, ¥3( ) ! ! (6.4.42)
isc w, W, W) = — — —————, 4.
o Y3(@1, @2, @) = o =
where E, Eg are defined in (6.4.38). Now we look at the following:
) B .
E= 2—DISCwS V3(w1, w2, ws)Discy, Y3 (w3, wa, ws), (6.4.43)
Ws

and shift the energies by (EL, ER) — (EL + z, ER — 7). As a result we obtain:

1 1 1 1 1
E=— [ — } [ - } . (64.44)
205 |EL+z Er+z—2ws||Er—z Er—27—2ws
Clearly the residue at z = —E is given by:
1
(6.4.45)

(ER + EL)(ER+ EL —2w;)’
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The residue at z = Ey is obtained similarly, and so we have:

1 1 1 1

— +— +B
Ep (ER+EL)(ER+EL —2w5) ER(ER+ EL)(ER+ Ep —2wy)

78

1
=——— + B, 6.4.46
wrErL ER + ( )

and we notice that B = 0 gives us the correct answer for the exchange 14 in flat
space.

Generically in de Sitter, & has higher order poles in E; and Eg, and B would
not be zero. See section 6 of [19] for more examples.

6.4.8 Cancellation of Singularities

There is an interesting story about the singularities of in-in correlators versus the
singularities of the wavefunction. As an example, consider the one-loop flat-space

wavefunction with a single vertex.
E g (6.4.47)

Y ~ log(wr) . (6.4.48)

The wavefunction is given by:

If we try to compute the correlator for the same graph, we find that it is given by:

dp 1

by (6.4.49)

(k1) ... ¢ka)) =

Crucially, no matter how we choose to regularize this integral, we can never
obtain a log(wr) term. If we write down the one-loop in-in correlator in terms of
wavefunction coefficients we obtain:

& 1

Py (6450)

(2m)° 2Reyr2(p)

(k1) ... (ka))1-Loop ~ ;-LOOP N

The integral over the tree-level ¥¢ cancels the logarithmic term from the one-loop
V4.

This is an important lesson on the analytic structure of the wavefunction
versus the analytic structure of in-in correlators. When we go to loop level, an
n-point correlator is no longer only given by v,, but also integrals of higher-
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point wavefunctions (with lower loop order). This can result in cancellation of
singularities: for instance, we find that any branch point in w7 from a wavefunction
coefficient is never present in an in-in correlator [91]. Interestingly, in flat space and
at one loop order, the remaining singularities can be mapped to singularities from
an amplitude with the same Feynman graph [92]. It would be interesting to better
understand this story, particularly in the context of de Sitter spacetime.?!
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7.1 Introduction

These lectures will focus on how to use the classical limit of quantum field
theory (QFT) to compute observables, in particular in electromagnetism and general
relativity (GR). In other contributions to [1], we have learned about the beautiful
analytic structure of the S-matrix in QFT. Here, we will examine to what extent
this structure survives in the classical limit, and what insight it offers for classical
physics.

The question of how to take the classical limit of QFT is very old, but it is
particularly relevant today. Since gravitational waves were detected at LIGO [2], the
application of scattering-amplitude techniques to the computation of gravitational
observables has become an active area of research. Indeed, people have realized that
perturbative techniques in QFT, developed over decades in the context of making
predictions for the Large Hadron Collider at CERN, can be directly applied to
compute quantities that are otherwise hard to obtain directly from General Relativity
(GR).

Interestingly, many physical observables in GR (scattering angle, perihelion
shifts, etc.) must be computed non-perturbatively, and thus provide an interesting
case study for resummation of perturbative expansions within QFT. A simple
dimensional-analysis argument shows why we need to go beyond perturbation
theory: since the gravitational constant Gy = 1/ Mlgl is dimensionful (where Mpj
is the Planck mass), it must be multiplied by some kinematic quantity, which can
be taken to be the center-of-mass energy, in order to become a dimensionless
perturbative coupling. The relevant coupling is therefore the center-of-mass energy
squared in units of the Planck mass: Eczm / Mfz,l. Since the Planck mass is of order
Mp ~ 1078 kg, this coupling constant becomes O(1) even for the scattering of
mosquitoes. Extracting classical observables thus requires a sufficiently thorough
understanding of scattering-amplitude techniques to make all-orders statements. In
these lectures, we will review some of the things that are known to hold at all orders
in perturbation theory.

Before going on, let us clarify what we mean by the classical limit. We have the
following kinematic scales in our problem (dynamics will come later):

* Compton wavelength, Ac = %, where m is the lightest mass participating in
the scattering event. This scale is associated with particle production and QFT
effects (precisely the ones we want to eliminate in a classical setup).

* De Broglie wavelength (for massive particles), Agg = %, associated with
quantum-mechanical effects, where the wave nature of the particle becomes
important.

* The impact parameter b, which is the typical separation length between the

scattered bodies.
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In order to get rid of all the particle production/QFT effects, we will always
consider

b>Ac. (7.1.1)

We can then distinguish between four interesting regimes:

Eikonal Regime Born Regime

(Point-particle description) (Wave description)
g
@
= N\ AN
é b> A, Ac b~1>
%)
% TN
- ==

(7.1.2)

The first one involves a massive body in a point-particle approximation (top left).
This corresponds to the regime b > Agp, Ac. Similarly, we can remain in the
point-particle setup, but consider a massless particle traveling along a null geodesic
(bottom left). The regime relevant to this event is b > X, Ac, where A is the
wavelength of the massless particle. There are also wave counterparts to both
regimes. If the de Broglie wavelength of a massive particle is comparable to the size
of the experiment (top right), we have b ~ Agg > Ac. Notice that this inequality
implies a non-relativistic setup where |p| < m. We will discuss this regime at
length later in the context of the non-relativistic hydrogen atom. Likewise, if the
wavelength of a massless particle is of a size comparable to the impact parameter
(bottom right), we are in the b ~ A >> Ac regime. In this case, this is a probe limit,
where the frequency of the wave is much smaller than any of the masses present in
the problem.

For our purpose of describing gravitational scattering, the most important
situations will be the first and the last: either massive scattering in a point-
particle approximation, or a massless wave scattering in the probe limit. Indeed, the
actual observable we measure in gravitational wave physics is a signal that looks
something like Fig.7.1. The signal can be divided into three different regions in
time. The first one is the inspiral phase, where two black holes or other heavy
objects orbit around each other and slowly coalesce. This phase corresponds to
the massive point-particle regime. The middle phase is the merger. It is a strongly



262 M. Correia et al.
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coupled regime where the two black holes collapse, and numerical GR techniques
are needed. The final phase is the ringdown, where the system settles into a single
black hole and can be thought of as a perturbation over the Schwarzschild metric. It
corresponds to the massless wave regime explained above.

The outline of this chapter is as follows. First, we will explore in detail the case
of the non-relativistic hydrogen atom. It turns out that QED in the non-relativistic
limit is a wonderful case study, which despite being computationally much simpler,
allows us to introduce all the main ingredients that will be needed later. Then, once
we have a solid understanding in QED, we will apply an analogous setup to gravity.
Finally, the latter sections focus on absorption effects, radiation, and the three-body
problem, hopefully offering a more complete and broad view on this active and
fascinating subject.

7.2  Feynman Diagrams, Hydrogen Atom, and Classical Limit

Giulia Isabella

Disclaimer: The first two sections of this chapter are the result of some work and
study of the literature over the last months. This is of course a huge and active
subject with thousands of papers, and the content of these sections will be a personal
biased view of the authors, but hopefully a coherent picture of the subject. The
references that we will mostly use are:

* “Quasipotential equation corresponding to the relativistic eikonal approxima-
tion” by Todorov [3].

e “Analyticity in the complex angular momentum plane of the coulomb scattering
amplitude” by Singh [4].
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e “From scattering amplitudes to classical potentials in the post-Minkowskian
expansion” by Cheung et al. [5].

* “Post-Minkowskian effective field theory for conservative binary dynamics” by
Kiélin and Porto [6].

e “Scalar QED as a toy model for higher-order effects in classical gravitational
scattering” by Bern et al. [7].

e “Classical vs quantum eikonal scattering and its causal structure” by Bellazzini
et al. [8].

e “The Born regime of gravitational amplitudes” by Correia and Isabella [9].

7.2.1 Classical Observables for the Hydrogen Atom

In this section, we will model the hydrogen atom from scattering amplitudes
and study its various kinematic limits. Our first goal is to show how to compute
observables in the limit of the top left corner of (7.1.2), which in momentum space
corresponds to taking the limit of transferred momentum to be smaller than the
masses and momenta for any individual particle. We could think of this regime as
throwing some macroscopic charged balls that pass next to each other, where the
electromagnetic attraction/repulsion will barely affect their trajectories.

The 2 — 2 scattering configuration that we have in mind in impact parameter
space is as follows:

P4

D2 (7.2.1)

Let us call the mass, momentum and charge of the particles m;, p; and Q;
respectively, for i = 1, 2. The kinematics can be described in terms of the scattering
angle 0, the center-of-mass energy squared s = p> = (p1 + p2)?> > 0, and the
momentum transfer squared t = —q? = (p1 + p3)? < 0. They satisfy the constraint

cos® =1—1/2p>. (7.2.2)

We use mostly-minus metric signature. Bold faced quantities denote 3-vectors, such
that p? = (p)? — p? = m?.

As mentioned earlier, the point particle regime we are interested in is given by
lq] < m;, |p|. Additionally, we are going to study this scattering process in the
simplest possible setup: non-relativistically, in the probe limit (m > m>), and

ignoring spin effects by considering scalar QED for simplicity.
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Let us start by drawing and computing diagrams for this process. At tree level,
we simply have the contribution from the photon exchange diagram, which in this

limit evaluates to
My = = —4myims Q12Q2 )
}: 4 (7.2.3)

Recall that in this notation q is the (spatial) momentum transfer. We are interested
in the amplitude in the b space, where the impact parameter b is the separation
between the two bodies in the plane transverse to the scattering as illustrated in
(7.2.1). It turns out that at small momentum transfer, the vector q is essentially two-
dimensional. So, the next step is to simply (2D) Fourier transform the above result
to the b space. The result is

FT[Mo] = — Q1 Q2logh/br - (7.2.4)

which is IR divergent and we have regularized it with a sharp IR cutoff br.

We will continue the computation at the one-loop level. It turns out that in
this limit the only diagram that contributes to leading order is the planar box. Its
contribution can be readily computed and gives

22,
M, = _ Q}nglmz log .
Q> \/2E /ms (7.2.5)

Here, E = |p|?/2ms is the non-relativistic kinetic energy of the probe particle. Its
Fourier transform is

_; (Q1Qslogh/bir)?

FT[M ] s

(7.2.6)

This pattern continues. If you perform a two-loop computation, you get a term
proportional to (logh)? from the double box, etc. Taking care of all the factors
of 2 and overall normalizations (we will fix them later), it is easy to see that the
computation using the diagrams

RN IR £ IR £ £ I

exponentiates to

. 200,
. —i logh/b1r
S(E, b) = ¥ED) — ¢ 2E/m

— ¢~ 2aclogh/br (7.2.8)
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in the impact parameter space. Note that we included the disconnected piece, which
gives the 1 in a small-¢, expansion of the exponential (the same 1 as the matrix
elementof 1in S =14 iT). Here

o — 010>
© V2E/my

is the effective QED coupling. We will refer to 6 (E, b) as the phase shift. Notice
that restoring the 7 gives you the phase shift §(E, b) = —%aelogb /b1r so the loop
diagrams are in fact more classical, i.e., more superleading to the tree diagrams as
i — 0. These contributions are usually referred to as superclassical. Later on, we
will see that an analogous exponentiation takes place for gravity: it is basically a
resummation of the Newtonian potential.

We are now interested in extracting some classical observables from this
expression. We know that the amplitude is a function of the transferred momentum
q and the energy of the probe particle E. We already saw that the transferred
momentum is conjugate to the impact parameter b. Since time translation acts on
the amplitude as a phase e/”/T, where H is the Hamiltonian, it is easy to see that the
energy is conjugate to some time delay. If we assume that we scatter wave packets
sharply peaked at a given energy, then the inverse transform (from b to q) will look
like!

(7.2.9)

de/dzbeZia<E,b)+iq-b+iTE’ (7.2.10)

where b = |b|. This is a highly-oscillatory integral. It is dominated by two saddle
points. One appearing when integrating over E, which leads to

29ReS(E, b —
7 = 2ReOED) Q0 0. (7.2.11)
IE 2y (E [m)32

and a second one emerging from the b integration

_ 2 0ReS(E,b) _ 010>

- 7.2.12
pl ab Eb ( )

lal

where we used 6 ~ ol

angle and time delay!

Notice that in order to develop a saddle point, we need a large oscillating phase
that only happens when we scatter objects with macroscopic charges. In Sect. 7.3,
we will do a similar analysis and discuss what regime gives measurable observables

. Hence, this calculation recovers the classical scattering

1 Note that we are using a slight abuse of notation between 2D and 3D vectors. For simplicity we
can think of b as a 3D vector with non-zero components only in the xy plane.
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for gravity (the same exercise for gravity leads to the Shapiro time delay and the
leading scattering angle R;/b).

7.2.2 Large Angular Momentum Limit of Partial Waves

Up to this point, everything worked rather nicely at the leading order, but we have
been somewhat heuristic. Let us try to do this computation more carefully.

When the impact parameter b is very large, the classical angular momentum J
also becomes large. Therefore, it is easy to imagine that we can access this regime
by projecting the amplitude in partial waves and taking the large J limit.

We can carry this construction out very explicitly for the hydrogen atom. It turns
out that the resummation can be performed directly in the q space for this simple
case. The result is

M (7.2.13)

Q10 T —iay) (=1
t T'(l+ia,) \ u? ’

where w is the scale from dimensional regularization that cuts off the IR diver-
gences. Notice the appearance of an infinite series of poles coming from the Gamma
function in the numerator. Of course, these are associated with the energy levels
of the hydrogen atom. One might wonder why we are observing energy levels,
which are quantum mechanical properties of the wave regime, in this classical point-
particle limit. This is a special feature of the hydrogen atom: in momentum space
(and non-relativistic limit), the amplitude is the same for both the wave and point
particle regime. This is an accident that does not hold in gravity.

It is more standard to see how this plays out in the J space. We can then compute
the partial waves which (up to an overall IR divergent phase) are

rA+J —ia,)

S;(E) = ,
J(E) TF(1+J +iae)

(7.2.14)

where once again we have included the disconnected piece. Let us now take the
large J limit of this expression. Using the Stirling approximation, it is easy to see
that the leading contribution is indeed

e 2idelog (7.2.15)

where J = |plb = +/2myEDb is the classical angular momentum and the IR
divergence is just the overall phase. This expression thus matches the naive Fourier
transform that we did earlier! It is clearly the right direction.

Of course, in general, we will not be able to access the full partial-waves solution.
Therefore, let us study this limit directly at the level of the transform.

For completeness, let us do this derivation with spinning external states. Partial
waves are representations of the little group in the center-of-mass frame that is
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SO(3). They can be computed as
A3A ! A3A
M) =N / deosd 3,00 O) MG (i) (7.2.16)

where N is a normalization factor, X; j = Ai — Aj, and the Wigner d-matrix is
dl,0) = (AJ1e 021000 . (7.2.17)

The bras and kets label the elements of the spherical basis of SO(3). Let us study
the large J limit of this Wigner d-matrix.

We will understand this limit at the group level. In particular, the raising and
lowering operator act on a state as

BIIA = AR, JelJN) =V T2 = a0 £ DJr £ 1), (7.2.18)

where J2 = J(J + 1) is the Casimir operator, and the tower contains 2.J + 1 states
within the irrep. In the limit A/J < 1, we get

JelJVy =TI £ 1)+ O0R/T), (7.2.19)
where we see that the raising and lowering operators now commute:
[Jy,J-]1=0, (7.2.20)

and the irreps become infinite dimensional. What we are observing is the contraction
of the little group SO(3) to ISO(2), which is a non-compact group and as such
admits only infinite dimensional irreps. Hence, at large angular momentum we
recover the “flat-earth limit”, where the isometries of a sphere reduce to those of
a plane:

J — o0

SO(3) Ny IS()(Q)
. Compact group: Non-compact group:
| finite dim. irrep continuous irrep
(Emergence of
' continuous J) (7.2.21)
Let us return to the Wigner d-matrix. It would be ideal to find a basis given by
the eigenstates of J and J_, which would drastically simplify the evaluation of the

Wigner d-matrix elements (7.2.17). It turns out that such a basis exists and is the
continuous-spin basis:

Jjxlp) =e¥¥)g) (7.2.22)
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where ¢ is an angle. The continuous-spin basis and the |1) basis are connected via
a Fourier series, namely

. 2w d(p .
lp) = Z e «—— M) =/ Z—e_’)“p|<p). (7.2.23)
Ae(half-)integers 0 T

In summary, in the large J limit, the |JA) states can be decomposed into a
suitable basis of ISO(2) irreducible representations for which J, matrix elements
are diagonal. This procedure allows us to recover the Wigner d-matrix d” (9) in the
large angular momentum limit, as follows:

J 6—0 n do iV =M i0T sing
d“(e) —_— —€ € =J_v(TJ0), (7.2.24)
J—o00 0 2

where J = +/J(J + 1) as before. This is just an integral representation of the
Bessel J, (x) function.

The Fourier transform emerges naturally from this picture. For example, the
integral over the angles 6 can be translated into that over q. The Wigner d-
matrix becomes the integral over ¢ as above. In the large J limit, the amplitude
exponentiates with the phase shift. More precisely, we have :

1
A3hg _ Ar—1 J Mg,
M'])\l)“z (S) - N / d0080 d)»]gk34 (0) M)\l)“z (pl) ) (7225)
T e—— Q W )
2oy ; 49 i (h12—234)¢ 6] sin
e : 1 ~j0°°dqq fhe 127234)9¢ @

This procedure gives a systematic way to extract the phase shift order by order
in 6. The regime of the eikonal approximation is

Qe
6 = 7 < 1. (7.2.26)

Up to (’)(af), it is a simple Fourier transform, but at subleading orders there will be
some corrections to this limit of the Wigner d-matrix, which is in principle known
to all orders. For example, if we wanted to extract the (’)(ag ) contribution from the
amplitude, we need to slightly modify the 2D Fourier transform to make it consistent
with the large J limit of the partial waves.

Notice that the saddle point is dominated by the scaling J8 ~ 1, so at large
angular momentum we are automatically in the small angle 8 ~ ¢ /s ~ «,/J regime.
This is the reason why people often directly expand the amplitude at small #/s and
refer to this as the “classical limit”. In gravity those a/J perturbative corrections
to logb are precisely the Post-Minkowskian (PM) corrections, as will be illustrated
in the next section.
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7.2.3 Resumming at &, ~ J and Bound Orbits

We can now ask what happens when the ratio o, /J becomes O(1). It is easy to see
that this will correspond to a larger scattering angle, which (spoiler alert) will lead
us to bound orbits.

Since in the case of the hydrogen atom we actually know the full solution, we
can study that limit explicitly. Recall from the introduction that we are interested in
the point-particle limit b > Agg = ﬁ, which implies J = |p|b > 1. Therefore,
this regime must have the following hierarchy: J ~ o, > 1 (alternatively, this can
be seen by taking the naive # — 0 limit).

We first observe that (up to a J independent phase), the amplitude (7.2.14)
exponentiates into the following object

Sy~ 2FIED (7.2.27)

with

1 J
I(E,J)=qa, |:—510g(J2 + ozf) +1—-— arctan(%)] . (7.2.28)

e

We wrote down explicitly the 7 dependence to highlight the fact that it becomes a
“classical action”. This is a fully classical object usually referred to as the radial
action.

It can be obtained by solving equations of motion for a point particle in an
effective potential. Here, we are in the probe limit, so the potential is literally the
Coulomb 1/7 potential generated by the heavy object, but it can be generalized away
from the probe limit by constructing an effective potential for one effective body
with reduced mass. In Sect. 7.3, we will see more details about this computation in
the gravitational case. We will return to the above effective potential and how it can
be extracted from the amplitude in a moment.

Before that, let us examine the analytic structure of the amplitude in partial waves
Sy (E) from (7.2.14), which looks as follows:

\E VefT\
‘ — T
It is clear that at negative energy the gamma functions develop some poles, which

are the energy levels of the hydrogen atom bound states. In the i — O limit, the
poles get closer and create a continuum:

(7.2.29)
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(7.2.30)

From the picture of the potential it is easy to see that this should correspond to
classical bound orbits. This effect can be seen in the radial action, which develops
an imaginary part at negative energies.

Now, let us try to do the analytic continuation explicitly. For this purpose, we
write

VE =iV-E, (7.2.31)

with Feynman i ¢ prescription, E — E +i07 to choose the correct branch. The real
part of the action is given by

<E<0). (1232

212
ReI(E,J)=|:jTQ1Q2 ”J}@(——leQ2

2J—2E/m T 2J2

This allows us to compute the orbital period and the angle swept after one orbit by
taking derivatives with respect to the real part. We find

- :28Re1 _ doe T Q10om!/?

= , 7.2.33
oE OE  2J2(—E)3/2 ( )
and
dRel
Ap =2 57 + 7 =2m. (7.2.34)

The extra factor of 7 is there in order to go from the deflection angle (that we were
interested about in the scattering problem) to the angle swept by the particle. Adding
subleading corrections can be done using this procedure. We will see later how to
derive the perihelion shift in gravity from such considerations.

Audience Question 7.2.1 Why is the time delay supposed to compute the period?
Answer: The statement is that the time delay and the period are analytic continua-
tions of each other. This should not have been obvious a priori. Understanding this
type of continuation, in general, remains an open problem.

A fascinating aspect of this derivation is the fact that from a purely classical
perspective there is no reason why the bound and unbound regimes are an analytic
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continuation of each other or why the choice of ¢ prescription is the correct one.
These features are purely derived from the underlying quantum theory.

7.2.4 Potential, Born Series, and Schrodinger Equation

We obviously do not always have the luxury of easily resumming the amplitudes in
momentum space, so how can we access the a, ~ J regime by computing only a
finite number of diagrams in perturbation theory? This section is going to be a bit
vague and is meant to give only a general idea behind this problem. This will be
made more precise in the following.

As mentioned earlier, the object we need is the potential V. It is already easy to
see that the 3D Fourier transform of the tree-level diagram gives

g = fm1m2/d3 WQlQQ,
(7.2.35)

where ¢ = |q|. Up to a normalization (which we will ignore right now), it is just the
Coulomb potential:

(7.2.36)

Let us now examine the form of the one-loop integrand in the probe non-relativistic
limit. The first step is to solve explicitly for the first component k¥ of the loop
momentum k = (k°, k). Then, expanding the result in the large mass limit, we only
get a contribution from the “matter pole” of the form

/dkooP 1 1
4 k—p1)2+i€(k—p3)2+i€
1

1
gy m? +ie (p1 + p2 — k)2 — m3 +ic

Nl/&@% L Qs
dmy ] 2m)* (p— k) —F —ic(p+q—k)?

ﬁ%h%w@mki%fmﬁkwh

2mo

(7.2.37)
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which is some sort of iteration of the potential V, confirming that in this limit all the
dynamics is hidden in the Coulomb potential. At two loops we get an extra iteration
of V, at three loops we get two extra iterations of V, etc.

What is the kernel that controls this iteration? By Fourier transforming the kernel
in position space we get

eiphi—’
Gi(x) ~

, (7.2.38)
lx — x|
which is the retarded Green’s function of the wave equation. This should not come
as a surprise since in the classical limit the scattering is only influenced by events
happening in the past lightcone.

The structure of the amplitude we are observing is nothing but a Born series,
which is a perturbative way of solving a wave equation in the small potential regime.
We are not going into details here, as this is standard quantum mechanics textbook
material (see, for instance, [10]). What is the wave equation whose solution is the
non-relativistic hydrogen atom? Obviously, the answer is the Schrodinger equation

VZ
(— + E) v =V, (7.2.39)
2my

with V(r) = 0102/r.

As a last exercise before moving on to gravity, we can ask how does the radial
action emerge from this formulation. Since the radial action is written in the angular
momentum space J, we start by rewriting the Schrédinger equation in spherical
harmonics:

1 d

JUJ+1)
2mor? dr

2mor?

d
(ﬂd—rw,(r)) = (—E + V) + )w,(r). (7.2.40)
What is the semi-classical limit of the Schrédinger equation? That is precisely the

regime of the WKB approximation ¥/; = e il ) Plu gging this into the Schrodinger
equation, taking the # — 0 limit, and solving for /; yields

2

I;(E) = /dr\/Zmz (E-=V(@)) — J—z, (7.2.41)
r

which is precisely the radial action that we constructed from the amplitude earlier.
At this stage, let us summarize this section with a graphic representing all the
connections we have established:
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Partia (7.2.42)

At the level of the wave regime (lower plane on the diagram) we are effectively
describing the non-relativistic hydrogen atom (neglecting corrections due to spin,
relativistic effects, finite size, etc.). We were able to resum all ladder diagrams
into a compact expression (7.2.13). By projecting into partial waves, we obtained
(7.2.14), whose poles at negative energies were identified as energy levels of the
hydrogen atom. This solution can be obtained directly by solving the Schrédinger
equation in spherical harmonics. The dynamics of this problem is fully fixed by the
Coulomb potential V = Q1 Q2 /r which can be readily extracted from the tree-level
amplitude. We saw that in fact ladder diagrams in this regime organise themselves
into a Born series of iterations of the Coulomb potential.

From this regime we can take the point particle limit (upper plane of the
diagram). At the level of the amplitude this is equivalent to taking the limit ¢ < |p|.
In this particular example, the form of the amplitude does not change (this is not
the case in gravity as we will see next). Similarly, the point particle limit of the
amplitude in angular momentum space is reached by taking J >> 1. In this limit
the amplitude naturally exponentiates into the radial action. From this object we
can extract classical observables (such as scattering angles and time delays) by
performing a saddle point analysis. Since in general we do not have access to
the full S;(E) solution, we studied how it can be extracted perturbatively from
amplitude calculations, by taking the J >> 1 limit directly at the level of the
transform, which up to (’)(ag) reduces to a 2D Fourier transform. The radial action
can be obtained alternatively from the Schrodinger equation by considering the
WKB approximation.

7.3  Gravity and Relativistic Born Series

Miguel Correia

In this section, we are going to generalize what we have seen before to the
case of gravity. Recall that we are interested in extracting classical observables
from scattering amplitudes. To illustrate how to do this, we are going to review the
appearance of some of the classical aspects of GR: bending of light, Shapiro time
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delay, precession of the perihelion of Mercury, the effects of horizon dissipation (in
Sect. 7.4), emission of gravitational waves (in Sect. 7.5), and non-linear three-body
dynamics (in Sect. 7.6). The purpose of this section is to cover the first three effects.

7.3.1 Gravitational Amplitudes
We want to compute scattering amplitudes in the presence of gravity. Let us start

with reviewing the basic setup for approaching this computation, as if we lived in
the 1950s. The first step is to write down the action, which we can split into:

S= Sgravity + Smatter + Sgauge fixing + Sghost . (7.3.1)

Let us consider the Einstein—Hilbert action for GR with two minimally coupled
scalars @ and @;:

1
Sgravity = m / d4x\/ —gR, (7.3.2)
and

1
Smatter = 5 / d4x\/ —8 I:glwaud)lavq)l - m%¢12 + guuallv¢>28v¢2 - m%¢>22:| :

(7.3.3)
To construct the Feynman rules, we expand the metric around flat space
8uv = N + V327G hy, (7.3.4)

and consider /,, to be the field we want to scatter. This procedure generates higher-
point interactions. Schematically, the action looks like

Sgravity = /d4x [(ah)z + \/532]’13 + O(G)] . (7.3.5)
and

St = [ % [(001)? + (00207 + VG (T 01] + T3] +0G))
(7.3.6)
The action has an infinite number of terms, which becomes quite cumbersome at

higher orders. This is where the on-shell revolution plays a big role. Essentially, we
have learned that we do not need any of this formalism.?

2 At this stage, Miguel crossed out all the above equations.
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We are going to follow the “bootstrap” philosophy and use general principles to
constrain the amplitudes instead. It will suffice to know that the graviton is a spin-2
massless particle and use a few of the modern tools such as:

* Unitarity and factorization on poles

* Spinor-helicity formalism

« Double copy relations (gravity ~ Yang — —Mills?)
¢ Generalized unitarity

* Integration by parts and differential equations

In this lecture we are not going to review any of the above methods, instead we are
mostly interested in how to extract physical observables from scattering amplitudes.

Analogously to the hydrogen atom case discussed previously, we start with tree-
level scattering of mmy — mmy in gravity, which reads:

N2 2,02 22069 2
iMy = % :mﬂﬁ%ﬁ’mf7mm”51mcﬂﬁ@%2—3,
’ (7.3.7)

in the small 7 limit. We define o = 21 r’;i The eikonal phase at the leading order in
G is then
3(s, D) = —ag(s)log(b/bir), (7.3.8)
with
2(p1 - p2)? —m2m3 G 20% — 1
wG(s) = G (p1-p2) imy _ Gmimy(20 ) ' (7.3.9)

Vspl o2 —1

In the non-relativistic limit (say one of the particles is very heavy,m; = M > m =
my) we have py - p» = Mm and /s = M. This gives us

2GMm?*  2GMm
aG = = ,
[p| V2E/m

(7.3.10)

2
where E = % coming from E = /s — M — m. Notice that structurally, this is the

same effective coupling we got before in (7.2.9) for QED.
Let us now consider a classical test of GR: bending of light. When one of the
particles is massless, we have /s = M + w and p; - p» = Mw. This yields

aG =2GMo . (7.3.11)
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The deflection angle is given by 6 = 235§‘ij), where b = J/w. This gives us

AGMw  4GM
- ©_7 (7.3.12)

0 b
J b

which is the classic deflection angle formula in GR. Notice that the deflection angle
does not depend on the frequency w, just on the impact parameter b.

Audience Question 7.3.1 Is the fact that @ cancels out a consequence of the
equivalence principle?

Answer: Yes, exactly. Higher orders including quantum corrections will give
dependence on the frequency.

We can also consider the Shapiro time delay. Recall that the time delay is given
by At = 2%\%’). In the case of a null geodesic, for which /s = w + M, we get
At = —4GMlog(b/br) > 0, (7.3.13)

which again is the correct answer in GR. As expected, gravity slows you down.

Let us now do something slightly more interesting and ask what would happen
as we go to higher orders in the expansion. The amplitude admits an expansion with
more and more loops:

iM:§+§§+E+g+Z’g+...

(7.3.14)

In the hydrogen atom, the tree-level diagram contains the Coulomb potential
and the ladder diagrams are iterations of it. However, in GR we have mixing
between different terms. To distinguish which terms contribute to the ‘potential’
and which terms are iterations, we will use the connection to an “effective-one-
body” Lippmann—Schwinger equation, which resums all such contributions. We will
follow the exposition of Todorov [3], who did his work in 1970 while at IAS (see
also [9] for a modern review).

7.3.2 Relativistic Born Series

In the center of mass frame we have the ingoing momenta

pl =(ELp), E\ =,/Ipl®>+m3, (7.3.15)
Py = (E2, —p), Ey =,/Ipl>+m3, (7.3.16)
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with the outgoing momenta given by
Py = (Er,p) = (E1,p+ ), (7.3.17)
Py =(E2.—p) = (E2.-p—0q). (7.3.18)

Here, q = p’ —p is the momentum exchange. Let T (s, t) be the scattering amplitude
for the scattering of two scalars of mass m and m, where the Mandelstam invariants
read

s=pi+p)? 1= (pi—-p) (7.3.19)
These relate to p and q in the center of mass frame via

[s — (m1 +m2)*][s — (m1 — m2)?]
4s

/

—pl* = —lq/*.
(7.3.20)

Ipl> = ,  t=—|p

The vectors p and q are further constrained by the condition p - q = —|q|?/2 that
stems from energy conservation |p| = |p’|. We will use the notation 7' (p, p’) where
it is understood that the dependence on s and ¢ is given in terms of p and p’ in
Eq. (7.3.20).

We define the potential V (p, q) in terms of the Lippmann—Schwinger equation:

T(p.p)=Vp.p) +/d3k T(p. WGP, KVkp), (7.3.21)

where G (p, k) is a Green’s function. It is not unique, but it will have to satisfy
some consistency conditions and we will fix it shortly. This equation is easier to
understand at the level of pictures:

N7 X_7 N~
n T 1%

T = Vv
VN N YV =Y

(7.3.22)

Note that in the last term, the momentum Kk is off-shell and we integrate over it.

The fact we chose this to be a 3D integral makes it connect directly to the
standard Lippmann—Schwinger equation of one-body quantum mechanics. In fact,
in the eikonal or WKB limit one finds a relation to the effective one-body formalism
by Buonanno and Damour [11,12].3

3 Miguel was not sure about the spelling of Alessandra Buonanno’s family name. The Italians in
the audience advised that it should contain three instances of the letter n.



278 M. Correia et al.

We now require the potential V(p, p’) = V (s, 1) to be a real function in the
scattering regime s > (m| + m2)?, ie.,

ImV (p, p) =0 for s > (my +mo)?. (7.3.23)

We will now also require consistency of the Lippmann—Schwinger equation with
elastic unitarity in order to fix the form of G(p, k). Elastic unitarity, which is the
optical theorem applied below the three-particle threshold, reads

1
Im7T (p,p) = = /d“k §T(k* — m?})8T((k — p1 — p2)* —m3)T(p, k) T*(k, p)

_ 3 2 o2 % /
= 16n2ﬁ/d kS(k|” = [p)TE. KT K, p), (7.3.24)

where k is the 4-momentum and 8T denote putting the corresponding particle on-
shell and imposing the positive-energy condition. In the second line, we recast it as
a 3D integral in order to resemble the Lippmann—Schwinger equation, by getting
rid of one of the delta functions. Since we imposed that V (p, q) is real across the
2-particle cut, the discontinuity of the amplitude should be captured by the Green’s
function G (p, k).

To arrive at the constraint on G as quickly as possible, it will pay off to work
with a short-hand notation. Schematically, the relativistic Born series can be written
as

1

T=V4+VGV+VGVGV +.-. =V———,
+ + + —Gv

(7.3.25)

where multiplication denotes integrating over the intermediate momentum, as
above, and we suppress all the constants and kinematic dependence. Imposing the
reality condition, V* = V, gives

1
T"=V—«—. (7.3.26)
1-G*V

In the same notation, Elastic unitarity takes the form
T-T*"=TT*. (7.3.27)
Using (7.3.25) and (7.3.26), the right-hand side can be written as

1 1
TT* =V 1% , (7.3.28)
1—-GV ' 1-G*V
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whereas the left-hand side is

1 1
T-T"=V - =V (G-GHYV——.
1-GV 1-G*V 1-GV 1 -G*V

(7.3.29)

Unitarity then fixes G — G* = 1, i.e., the imaginary part of the Green’s function is a
delta function. After carefully working out all the factors, in terms of equations this
constraint reads

ImG(p, k) = S(IKI* ~ IpI") . (7.3.30)
1672 /s
The simplest choice is to write the solution as
1 1
G(p.k) (7.3.31)

T )32 s KPP - pl e’

This solution is written up to analytic (real) terms which can be absorbed into the
potential.

Audience Question 7.3.2 So what exactly is the freedom in choosing G?

Answer: You can add any analytic function to the above solution, as long as it
is compatible with the constraint (7.3.30). Different choices will lead to other
effective potentials V differing by off-shell pieces. In coordinate space these choices
correspond to different coordinate systems [9]. We observe that the above choice
selects isotropic coordinates (see below).

Let us take the non-relativistic probe limit as a cross-check. This amounts to
setting:

2mM
JSs=M+m+E,  |pP=2uE=""_F, (1.3.32)
m+ M
where we made use of Eq. (7.3.20) and u = % is the reduced mass of the

system. In this limit, we get

1
G~ ————. (7.3.33)

K2 _ g
o E—ic¢

This is precisely the non-relativistic propagator from the Schrodinger equation, as
expected.
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Let us examine this Green’s function closer. The |k|2 dependence is the same in
the relativistic and non-relativistic cases. It means that after a Fourier transform,
we still get quadratic derivatives in the spatial directions. The difference is the
dependence on E, which is linear in the non-relativistic case. This is in contrast
to the relativistic case, in which we had

2o [s — (m1 4+ m2)?1[s — (m1 — m2)?]
4s

p , (7.3.34)

and the energy dependence is very non-linear. To summarize, we end up with an
effective Schrodinger equation with

Kk|> > —V?, Ipl> = f(E), (7.3.35)

for f(E) given by Eq. (7.3.34) where s = E2. This is called the relativistic effective
one-body Schrédinger equation:

FEW = (V2 +V)w. (7.3.36)

Similar manipulations can of course also be done for the hydrogen atom. By drawing
more and more complicated diagrams, one can compute things like the QED
corrections to the spectrum, vacuum polarization, anomalous magnetic moment of
the electron, positronium lifetime, etc. [3].

The summary so far is as follows. We first wrote down the Lippmann—Schwinger
equation. Then we found that the only way it can be consistent with elastic unitarity
with V being real is that G has the form given above. After this is done, we can use
a perturbative expansion in terms of Feynman diagrams to fix the potential V and
compute classical observables.

7.3.3 Potential at O(G?), Perihelion Precession, and Higher Orders

We may now go ahead and compute loop corrections to the potential by matching
the Feynman diagram expansion with the Born series of the Lippmann—Schwinger
equation in Eq. (7.3.21).

For example, at one-loop we have:

1 I S W .

In this case, the cross-box (second diagram) contributes at leading order in the
classical, (or small ¢g), limit and cancels part of the box (first diagram). This is
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a crucial difference between defining the potential via the Lippmann—Schwinger
equation (7.3.21). In the latter case only the box contributes as an “iteration”
while the crossed-box gets absorbed in the potential, which makes the potential
ill-defined.*

Performing the full computations at one-loop order gives use the O(G?) terms:

62G%(m14+m2)(5(p1-p2)>—m?m?3
My = 2)|(q|(” Lpay ) / KM (p, k)G (p, M (k. p)
(7.3.38)
where
87 G (m?m3 — 2(p1 - p2)?
M.k = - TG lmim) e P (7.3.39)
lql
is the tree-level amplitude.
Matching it to the Born series leads to the effective potential
87 G (mim3 — 2(p1 - pa)’*
V(p7 q) = - ( 1 2|q|2 )
(7.3.40)
_ 67°G*(my +mo)(mim3 —5(p1 - p2)*)

+ OG?).
lql

The Fourier transform to position space gives

G mim3 —=2(p1 - p2)*  G? 3mimi(my +mo)

Vi) = — 1—506%) +0O(GY),
()=~ NG > NG ( o)+ 0(GY)
(7.3.41)
where we remind that
o=21P2 (7.3.42)
mimj

We can then compute O(G?) corrections to the deflection angle. In fact, the state of
the art is currently O(G*), or equivalently 3 loops. For the purposes of this section,
we will be satisfied with O(G?).

4In his work [3], Todorov writes: “I wish to thank Professor F. Dyson for an enlightening
discussion prior to this work, and especially for his refusal to be satisfied with any two-particle
equation which does not lead [in the probe limit m; < m>] to the Klein—-Gordon (or Dirac)
equation in an external field.”
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Let us compute one more classical test of GR: the precession of the perihelion
of Mercury. It is reproduced by plugging the above potential into the radial action
(7.2.41) and taking its J derivative:

I (E) __,3wmim5(mi + my)

2 _
= YRGS (502 —1). (7.3.43)

AD =1 +

In the non-relativistic limit we have o — 1 and /s — m; + my. If in addition,
we use the probe limit m = m, <« m; = M and make use of the identity J> =
m>GM(1 — e?)a, we find the famous result of the Mercury perihelion shift

6mGM

A (pMercury =

Now, let us say some words about higher orders in this perturbative expansion in
G. What is exciting about this expansion is that there is some new physical effect
at every order. At O(G?) we have the perihelion precession just discussed. At order
O(G?) there are radiation effects. For radiative effects one can use the so-called
Kosower—-Maybee—O’Connell (KMOC) formalism [13]. The big open problem in
this area is how to analytically continue the result of the scattering problem to the
bound-state problem. The problem occurs at O(G*), where you get diagrams of this

These are responsible for the tail effects. The radiated graviton feels the attraction of
the two-body system it was emitted from (this does not happen in QED due to lack
of photon self-interactions). When trying to compute the effective potential with
these diagrams, we get terms of the form G*p(E), where p(E) is a distribution, not
a function, of the energy. It does not admit a good analytic continuation. The way to
deal with it is a big open problem.

7.3.4 Wave Regime and Regge-Wheeler Equation

Let us now consider the wave regime mentioned in Sect.7.2, as presented in the
bottom right corner of Eq. (7.1.2), which is the relevant regime for the ringdown. In
this case, we have one massless particle with frequency w scattering off a massive
particle with mass M. Hence, the energy is /s = M + w with o < M. We are
in the regime in which the impact parameter b ~ A ~ % > Ac, where Ac is the
Compton wavelength.
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In this case, we can compute the potential once again, but this time the triangle
diagram gives an extra contribution. After the dust settles, we get:

167GM?*w?  1572G*M30? G?*M?*7n2p-
Vip,q = ——2 = T >4 TR, (7346
lql lql 2 lql

The first term is the tree-level contribution. The second term is precisely what comes
from the triangle diagram. The third and later terms are subdominant in the point-
particle limit.

What does this potential give after the Fourier transform? The answer is

B9, + ... (7.3.47)

IMGw?* 15G*M?*w? G*M?
V() = + 5 +—=
r 2r 2r

Only the first two terms are relevant. The corresponding wave operator is
pI* — kI — o = V2, (7.3.48)
and the associated Schrodinger equation reads
(W =VHp=Vo. (7.3.49)
What is this equation? It turns out to be the Regge—Wheeler equation in isotropic
coordinates. Let us confirm this.

We are going to start with the action for a scalar field on a gravitational
background, which reads

S = /d4x4/_—g " 9,0 8,6 . (7.3.50)

The wave equation follows from

58S
% =0 e u(v/—g g dve) = 0. (7.3.51)
The Schwarzschild metric, in isotropic coordinates, is written as

guv = diag(A(r), —B(r), —r?B(r), —r? sin? 0 B(r)) (7.3.52)

or equivalently

ds? = A(r)de* — B(r)[dr? + r?d6? + r*sin’ 0 dp?] , (7.3.53)
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with
| — GM)2 GM~\4
A(r) = ﬁ B(r) = (1 + 7) . (7.3.54)
5

Noting that ,/—g = v/ AB3 r? sin 6, the wave equation on this background is given
by

1 1 1

<076 — =V — ——0, (VAB) 3,6 =0, 7.3.55
1 Y B ¢ NV r ( )

where V2 = '/ 3;d ; is the Euclidean Laplacian. Rearranging terms we obtain

B 9, (AB)

Vi = (97— = & ). 7.3.56
¢ ( 1% AR O ¢ ( )
Next, we write it in terms of the operators E = —ihd, and p = —ihd, and replace

A and B from (7.3.54). Lastly, by matching to the wave equation (7.3.49), we can
extract the potential at all orders in G

6
1+ 99 2 26°M>
=|—"— ————h"0,. 7.3.57
v ( el e sy Rt (7.3.57)
2r

Expanding the potential up to O(G?) we obtain

4MG  15G*M?*\ , G*M?
V= o+

129, + O(G>). (7.3.58)
r 2r2

73

The Fourier Transform of this expression precisely matches (7.3.46).

Notice that the first bracket dominates at high frequencies, which corresponds to
the Eikonal regime described earlier. We can indeed recognise the corrections up to
O(G?) to the light bending problem that enter in the relevant radial action and allow
one to extract the classical scattering angle 6 = ZGTM + 15”82#.

We may use this understanding to compute gravitational amplitudes for massless
particles scattering off black hole backgrounds via the Born series and Fourier
transforms, instead of standard Feynman integrals. We envision two possible

applications:

* Scattering off a Kerr black hole Current interest in the community is to
compute the tree-level O(G) scattering amplitude off the Kerr black hole in the
classical wave regime. We believe that this Kerr—Compton amplitude is simply
the Born amplitude, which can be computed by a Fourier transform of the Kerr
potential [9].
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¢ Black hole tidal Love numbers The next section will describe how to account
for dissipative and tidal effects in terms of Feynman diagrams. We envision
that the matching calculation between effective field theory (EFT) and the exact
solution from GR can be done at the level of the Born series more efficiently
than via the use of Feynman diagrams. We expect that tidal Love numbers are
encoded as ‘delta function’ contributions in the potential (https://inspirehep.net/
literature/2901479).

7.4  Worldline EFT, Astrophysics Applications, and
Gravitational Raman Scattering

Zihan Zhou

7.4.1 Worldline EFT and Astrophysics Applications

In the previous sections, we mostly calculated the scattering amplitude of binary
dynamics within the point particle approximation. While this is a good approxima-
tion when the two compact objects are far away, it often fails to accurately model
the internal structures such as the tidal response of neutron stars and black holes.
To address these limitations and incorporate more complex physical effects, we
turn to the worldline EFT, which utilizes a multipole expansion approach analogous
to that used in electromagnetism [14]. The multipole expansion in worldline EFT
is structured as a series where higher order terms capture more detailed angular
information about the system. The simplest term is the monopole, represented
by m. To account for the object’s structure more comprehensively, we introduce
higher-order terms: dipole P;, quadrupole Q;;, octupole Q;jx, and potentially higher
multipoles. These terms allow us to model the detailed structure of compact objects
beyond the basic point particle description.

Based on this decomposition, we can write down the effective action within a
given gravitational background [15-18]

spp=—/dr[m+QfEL+...]+(E—>B), (7.4.1)

where L = iyis - - - iy shows the multipole indices. Similar to what we have learned
in electromagnetism, in gravitational contexts E” and B’ represent the electric
and magnetic components of the tidal fields, respectively. Each component exhibits
distinct parity transformation properties. These fields are defined as follows:
L)@ if s=0,
Ep ={0u-1E; if s=1, Bp= {
oL—2) Eij if s=2.

8(L—I)Bi if s= l,
3(L_2)B,‘j if s= 2,

(7.42)
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where s denotes the spin of the external field. Let us use the notation (---) to
represent the symmetric-trace-free component of tensors. In our discussion on
gravitational interactions (spin-2 fields), we consider a point particle with its four-
velocity, u*, and tetrads el“ . The definitions of the electric and magnetic tidal fields
are given by

v (o2 v o
Eij = ue; upej Cuvps » Bij =u'e; upej * Clivp0 » (7.4.3)

where C,,,, is the Weyl tensor and * Cy,o stands for its dual. One can readily
verify that the effective action presented in Eq. (7.4.1) is both gauge-invariant and
re-parametrization invariant.

From the EFT perspective, we are going to treat Qf/ B as composite operators
that depend on some microscopic variables X

E/B ~E/B

Spp = Spp+/df£Q[QL (X), 077 (X)]. (7.4.4)

For a fluid star, the microscopic variable X corresponds to the Lagrangian displace-
ment & of the fluid element, X = & [19]. With this basic knowledge in mind, let us
try to apply this theoretical framework in some astrophysical context.

Audience Question 7.4.1 How much of an approximation is treating stars as fluid
stars? For example, is the Sun a fluid star?

Answer: It is typically a very good approximation. Our Sun can be treated as a fluid
star with polytropic index n = 3.

7.4.1.1 Application 1: Stellar Oscillation, Tidal Encounters and Tidal
Disruption Events

The first application is to use worldline EFT to model stellar oscillations, specif-
ically to analyze tidal encounters and tidal disruption events. For simplicity, we
will focus on the Newtonian limit and assume a linear tides approximation. Part
of the discussion in this section comes from ongoing work with J. Li, I. Martinez-
Rodriguez.

By varying the action in Eq. (7.4.4) with respect to the composite variable O f,
we can get the following Euler-Lagrangian equation that governs the evolution of
the multipole moments

d 0Lg Lo L
—(Z£2) - = —EL. 7.4.
dr <aQ§) I0E (7:45)

Although the equation presented above may seem quite abstract at this stage, we
can still employ the method of retarded Green’s functions

(QF (@) QE (et = 1{1QF (1), Q5. (Ot —1') =811 Fe(r—7'),  (1.4.6)
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to solve for the evolution of Q]Ls

T

(0F (1)) = —/ dt'Fo(x — T)EL(T) . (7.4.7)

—00

To better understand the structure of this retarded Green’s function, we will use
the spectral representation, which decomposes the full response function into a
summation of eigenmodes w, accompanied by their corresponding overlap integrals

(n|QL10)

2w
ReFi(w) = =) 1 (n1QLI0) PPV ———
n

n

(7.4.8)

where PV here stands for the principle value. Now, once we have determined the
eigenmode frequencies and the overlapping integral, we can obtain the evolution
of the quadrupole moments. However, the calculation of eigenmodes falls outside
the scope of the EFT; instead, these must be obtained through matching the EFT
with an UV theory. For our purposes, this UV theory is the stellar perturbation
theory. In Newtonian gravity, linear fluid perturbations are well-understood, and
the corresponding response function is given by Eq. (3.29) in [20].

Now, turning to astrophysical applications, let us examine the scenario of a star
and black-hole encounter. Consider a star on a parabolic orbit around a supermassive
black hole, with a pericenter distance r, much greater than the Schwarzschild radius
rs, allowing us to disregard relativistic effects. We want to ask the question: how
much energy does the star gain during this process? Based on our intuition from the
driven harmonic oscillators, the answer is just the work done by the external tidal
field

(Eo)(T) = — f dt'(Q7 () E"(r'). (74.9)

—00

We call £p the tidal energy resulting from the star and black-hole encounter. In
most cases, this tidal energy is less than the star’s binding energy, leading to the
star experiencing only minor oscillations after the encounter. However, there are
exceptions where, for some unlucky stars, the tidal energy during the encounter
greatly exceeds their binding energy U, i.e.

Eo > |UI. (7.4.10)
In this case, the star cannot be stable anymore, and will break apart in the end. This

is known as the tidal disruption event (TDE). Currently, we have observed around
100 such events [21-23].
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7.4.1.2 Application 2: Gravitational Wave Data Analysis

The second application is to put constraints on the tidal deformation and dissipation
coefficients from the current LIGO-Virgo—-KAGRA data. The candidates in the
current data catalog are mostly quasi-circular binary systems. During the inspiral
phase, the wavelength of the gravitational waves is significantly larger than the
radius of the black hole. This allows us to apply a low-frequency expansion to the
retarded response function. Specifically, we will concentrate on the non-spinning
quadrupole sector £ = 2:

(Qij Okt)ret(@) = —M(GM)* [A+i(GMa))Hw+(iGMa))2sz+ . ] 86yl -
(74.11)

20+1
In the above expansion, A is the static Love number ~ (%)5 (A~ (%)

for general multipole sectors). H,, is known as the dissipation number because it
relates to the time-reversal odd component of the response function. In astrophysical
literature, this is often referred to as tidal heating, as the orbital binding energy is
converted into heat within the star. A > is the dynamical Love number, reflecting
the frequency-dependent tidal response. While the impact of static Love numbers
on waveforms has been extensively studied for both black holes and neutron stars,
the aspect of dissipation has not received much attention. Here, we will briefly
summarize our latest results from [24].

At the level of gravitational waveforms, introducing dissipation leads to
dephasing effects. Specifically, as shown in Fig.7.2, we provide a direct
comparison between the standard IMRPhenomD waveform (which describes

Fig. 7.2 GW strains of the el ' ' ' ' T '
IMRPhenomD and '
IMRPhenomD+Dissipation 25

waveforms for a
GW191216_213338 event in .
the Hanford and Virgo data.

We choose the individual
dissipation parameters

Hy, = H>, = 10 to clearly
illustrate dephasing of the
waveform due to tidal
heating. Reprinted with
permission from [24]. ©
2024, The Author(s). All
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the inspiral-merger-ringdown waveform for aligned-spin, quasi-circular binary
black holes) and the IMRPhenomD waveform modified to include dissipation
(IMRPhenomD-+dissipation). While these two waveforms are synchronized at
the merger point, they begin to deviate from each other as we trace them back
to the earlier inspiral phase. After conducting a detailed Bayesian analysis,
we have established constraints on the mass-weighted dissipation number
Hy = # (m}H\, + m3Hy,) which range from —13 < Ho < 20 at 90%
confidence level (CL). Additionally, we have constrained the ratio of the energy
lost due to tidal dissipation AEq, to the radiative energy observed at infinity
AE, finding that —0.0026 < AER/AEs < 0.0025 at 90% CL. Our results
are consistent with GR predictions, which suggest that Ho = 2/45 for equal mass
binary black holes and AEg/AE~ =~ (1073, 107%).

7.4.2 Gravitational Raman Scattering

As discussed, worldline EFT proves highly valuable in studying tidal effects
within astrophysical contexts. Tidal Love numbers and dissipation numbers can, in
principle, be constrained using observational data. However, the analysis becomes
significantly more complicated for relativistic compact objects, as it involves
systematic consideration of relativistic corrections. To achieve a high precision
study of tidal effects and relativistic corrections, let us consider the following
massless wave scattering on the stellar background, which we call gravitational

Raman scattering [25]:

This type of scattering amplitude is particularly interesting because it allows for a
perturbative computation from the perspective of EFT, while from the UV side, the
amplitude is encoded in the solutions to the linear perturbations of stars. Specifically,
for 4D black holes, the perturbation equation, known as the Teukolsky equation
[26], can be solved quasi-exactly [27-30]. Solving this equation provides a way to
uncover various properties of black holes.

Essentially, there are two regimes in which one can study this problem. In the
eikonal limit where GM® > 1,wb > 1 as discussed in Sect. 7.3, the analysis
approximates null geodesics. However, this regime cannot probe the internal
structure of compact objects. Conversely, in the wave limit, where GMw < 1 the
finite size effects of the compact object will be important. We will focus on the

(7.4.12)
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latter regime. Moreover, the gravitational Raman amplitude can be separated into
two parts. The first part captures the scattering against the background metric

®.. ®
> ®---- .
+ & + ®.. + @---3 o
Q®---- o ‘
® ®

(7.4.13)

which is made up of scattering with various mass monopole insertions on the
worldline. The second part is the scattering against the star surface, which includes

the tidal response

|| + ||

‘\ " '\ N

(7.4.14)

We parametrize our tidal response function by performing the low-frequency
expansion

(O1,OLy)ret(@) = 8Ly),(Ly) (Ce,o +iwCe1 + (iw)*Con+ .. ) . (7.4.15)

Detailed calculations reveal that this amplitude exhibits both IR and UV diver-
gences. IR divergences arise from the long-range nature of the Newtonian potential
GM/r, analogous to Coulomb interactions discussed in Sect.7.2. These diver-
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gences will exponentiate when we resum all ladder-like diagrams as shown in
Eq. (7.2.7). Regarding the UV divergences, they lead to renormalization group (RG)
runnings in the tidal response function. Specifically focusing on scalar perturbations,
the first type of RG running is induced by tidal effects. At the two-loop level, we
derive the following RG equation:

d(QQ)e

—114+15¢(1 + ¢
— _QGMw)’ + 1500+ 6
dlogu

(=1 +20)(1 +20)(3 +20)

(QQ)@} , (7.4.16)

where p is the renormalization scale. As we can see this RG equation depends on
the specific form of the tidal response function. Remarkably, there is another type
of running which is independent of the nature of the compact object. For the £ = 0
sector, we find that

d(Q0)e=0

= (self-induced) — 471(2GM)3 . (7.4.17)
dlogu

The second term is universal for all types of compact objects as it depends solely on
their masses. For black holes, we can determine various coefficients in Eq. (7.4.15)
by matching our EFT amplitude to black hole perturbation theory using the MS
renormalization scheme.

Cy=0,0 =0, Ci=1,0=0, (7.4.18)
N 19

Cp—0,2 = —4mr] | —— +log(urs) + — +ve | - (7.4.19)
46U\/ 12

We find that the static tidal Love numbers for £ = 0 and ¢ = 1 vanish, and the
dynamical tidal Love numbers receive logarithmic corrections.

In summary, the worldline EFT offers a model-independent framework for
studying the tidal effects of astrophysical compact objects. Given the diverse
applications discussed in this section, the study of tidal effects is poised to enter
a new era of precision science.

7.5 Radiation in Gravitational Observables

Holmfridur Sigridar Hannesdottir

QFT provides the framework to compute many different observables in particle
physics and gravity. In previous sections, we have already discussed one such
observable, the scattering amplitude, which encodes the probability amplitude
for a set of “in” states to turn into a set of “out” states. In addition to the
applications mentioned in previous sections, scattering amplitudes form the basis for
computations in collider-physics experiments: we send in a pair of particles (such
as protons at the Large Hadron Collider), and measure the outgoing particles — at
least to the fullest extent possible with current technology.
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However, many other observables are relevant in high-energy physics. In
particular, recent years have seen the advent of measurements of gravitational
waves, for example in the LIGO-Virgo—Kagra experiments. The physical setup
in gravitational-wave measurements is different from the one in particle colliders.
First, the measured waves originate in events occurring far away from Earth, such
as black-hole merging, instead of a particle collision on Earth. Second, we only
have access to the signal in a small corner of the phase space, and have to sum
over unobserved configurations. This section is devoted to a discussion of the
gravitational waveform as measured after a scattering of two black holes and is
based on [31] °. For a more general discussion on different asymptotic observables
and their analytic continuations, see the contribution [32].

Before we go on, let us emphasize that this waveform is different from the ones
measured so far in the LIGO-Virgo—Kagra experiments. Current measurements
correspond to radiation after merging of two heavy objects, while here we are
computing the corresponding scattering events, that is, when the black holes do
not form a bound state but rather scatter off each other on a hyperbolic orbit.
When, and to which extent, future gravitational-wave experiments will be able to
measure the scattering waveforms is an open question. One of the challenges in
such measurements is that the scattering waveforms do not have the characteristic
periodic behavior of the bound waveforms: as discussed in Sect.7.2.3, the period
of the merging waveform gets traded for a time delay of the scattering waveform.
Nevertheless, it remains an open problem whether the bound-state waveforms can
generally be obtained as analytic continuations of the scattering ones, see the
discussion around (7.3.45) and Ref. [33].

7.5.1 The Gravitational Waveform

For a computation of the gravitational waveform, we model the black holes as
heavy scalars with masses m and m;, and assume that they scatter off each other.
Following the KMOC formalism [13], we write the incoming state as

2

W =1 [ f d<1><p,->ﬁ<pl-)el’”i'f’f/”] |p1p2) (7.5.1)

i=1

where b = b — b; is the impact parameter and the phase space is given by

dDPi 0 2 2
(zﬂ)DZn@(p Y8(p; —m;), (7.5.2)

do(pi) =

fori =1, 2.

5 Compared to [31] and the contribution [32], we here use mostly minus signature as in the previous
sections.
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The functions f(p;) correspond to wavepackets, and we assume they are sharply
peaked around the classical momenta of the black holes, as described in [13].
Following [34], we define the wavepackets as

op(p1, p2) = eP10VP202/R £ (b1 £ () (7.5.3)

We have labeled the state with the two black holes using their four-momenta p; and
P2, but we recall that they are on-shell external states, so pl.2 = ml2 We define the
state | p1 p2) as usual, with creation operators acting on the vacuum:

|p1p2) = ajaj|0). (754)
The expectation value of the curvature in gravity is given by

Ruvpo () = in (VISR 10po S1¥Din - (7.5.5)

Expanding R,y out in its Fourier modes gives [34,35]

Ruvpo () =xReY ] U dcb(p,-)}¢b(m,pz)¢z‘(m/,py) (7.5.6)

n oie(1,2,1,2)

X /dqb(k)k[ﬂeg] (k)k[peg](kxp/]P/2|bn(k)|p1p2)e*ik'x ,

with k = /327G, and by, (k) is the future annihilation operator for a graviton
with momentum k and helicity 1.° We will henceforth suppress helicity labels for
simplicity. The intuition behind this expression is that, since Ry, ,, depends linearly
on the asymptotic-future creation and annihilation operators b (k) and b(k), the
expectation value of b(k) emerges as the key dynamical quantity to compute. In this
subsection, we will focus on computing the momentum-space expectation value

Exp, = (p|p3lb(k)|p1p2) - (1.5.7)
The position-space waveform can then be obtained from (7.5.6), see [34,36-39].

As presented in [32, Sec. 1], the future operators in the Heisenberg picture are
related to the past operators via the S-matrix, which acts as an evolution operator:

bk) = STak)s, bi k) = STa"(h)s, (7.5.8)

6 The creation and annihilation operators are often referred to as aZut and aqy in the literature, but
we refer to them as b’s instead to avoid clutter, as in [32, Sec. 1]. Similarly, we simply write a and
a' for the past operators, instead of a;, and a;.
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where we assume that S is unitary, S f = 1. Then, Exp, becomes

Expy = (7, plSTa(0)SIp1 p2) = (P, pbIST I X)(XKISIpip),  (1.5.9)
X

where we have inserted a complete set of states, 1 = I x 1X){(X| and used that
(X|a(k) = (Xk|. We call this expectation value the waveshape to avoid confusion
with the position-space waveform. The waveshape is a product of an S-matrix for
p1p2 — kX, and a conjugated S-matrix for X — py/ py, summed and integrated
over all states X, which we denote pictorially as

(7.5.10)

The shaded X in this picture corresponds to an insertion of a complete set of on-shell
states with positive energy flowing across the dashed cut.

Using the definition of the amplitude M through S = 1 + i (27)PsP (3 pi)M,
we can rewrite the waveshape in terms of amplitudes and cut amplitudes,

Exp,, = + Cutyry .

(7.5.11)

Importantly, the first term on the left-hand side is called superclassical (or hyper-
classical), since it is proportional to a power of % in perturbation theory. As
discussed in previous subsections, it thus does not make sense to take a classical
limit # — O directly at the level of scattering amplitudes at a fixed order in
perturbation theory.

Nevertheless, this power counting in # is entirely expected from classical physics:
The exclusive amplitude in gravity is exponentially suppressed since the probability
to create some fixed state is exponentially small. The amplitude therefore behaves as

~ e!S/h where S is the action, and expanding out in Newton’s constant G results
in inverse powers of /. The waveshape, Exp,, is, on the other hand, a perfectly
sensible classical observable since it sums over unobserved configurations. At a
mathematical level, the cut term labeled Cut;/y in (7.5.11) precisely works to cancel
off the % dependence of the scattering amplitude term, rendering Exp; well defined
in the i — 0 limit. In addition to canceling the superclassical contribution, the cut
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term contributes to the infrared divergence and the finite part of Exp; as we discuss
below.

7.5.2 The Classical Limit

Our strategy will be to compute Exp;, in the classical limit of quantum field theory,
using the KMOC formalism [13]. The waveshape Exp, for measuring a graviton in
the background of black-hole scattering is a five-point process, which we label with

p=p+% pi=m—%

p=pnt+% ph=p-%
e e (7.5.12)

We define the barred masses as m; = 15!.2. The classical limit is obtained by taking
the masses m; of the black holes to be much larger than the Planck scale, and the
impact parameter to be much larger than the wavelength of the graviton,

my, my >> My, b>x. (7.5.13)

In the classification of (7.1.2), this condition corresponds to the Eikonal regime.
This limit enforces the graviton to be soft, so

q1~h, q2~h, k~nh. (7.5.14)

The coupling scales as k ~ L, so Newton’s constant scales as G ~ +.
7 7

Note that this power counting is very different from the one used when doing
computations purely within classical general relativity (GR), where % never makes
an appearance. In GR, the perturbation series often involves a low-velocity expan-
sion, in terms of powers of v2, referred to as the Post-Newtonian (PN) expansion.
When computing classical observables from QFT computations, the perturbation
series is instead organized as a series expansion in G, but is exact in v, called the
Post-Minkowskian (PM) expansion.

OPN | IPN |2PN |3PN
IPM | G V3G | v'G [ 0G
2PM | G?* [ v3G? | v*G?
3PM | o G3 v2G3

The OPM expansion corresponds to flat space (no gravity), and the OPN
expansion corresponds to Newton’s law of gravity.
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7.5.3 One-Loop Contributions to the Waveshape

We now move onto analyzing the causal properties of the one-loop contributions to
the waveshape. This subsection can be skipped if one wants to avoid the technical
details.

Using tensor reduction and integration by parts, we can reduce the set of
integrals needed for the one-loop computation in the eikonal limit into a basis of
16 master integrals, which are subtopologies of a pentagon diagram along with
the permutations of where the graviton legs attach. For illustration and simplicity,
we focus here on the pentagon topology. We refer to Refs. [31, 34, 36-38] for the
computation of all master integrals.

The four topologies we consider, which we label with A, B, C and D are

FX X2

D (7.5.15)

[N

Using the following momentum labeling for the internal edges

(+pr+ %
l+q
( [t+a
lf —q2
L +pa+ g
e (7.5.16)
the master integrals all belong to the following family of integrals,
dP¢ 1
Gs, =e* / i 7D/2 > = .
' inP/2 [€2191[2€- p1]2 [(E+q1) 193 [ (£—4q2)1% [ 2L- pa]%s
(7.5.17)
where S; = {a1, a2, a3, aa, as} labels a set of indices. For the pentagon diagram
itself, we take a; = 1 for all i. To write this integral family, we have used the

expansion of the propagators appearing in the diagram from (7.5.16) in the eikonal
limit, e.g.,
1 1 1 1 2-(€—qo)
[(—C+patig)? —m3]  ma[=2602] @3 26522

, (7.5.18)

where we defined the velocities v; = p;/m;. We deliberately used square brackets
to emphasize that the eikonal expansion holds for any i prescription, which can be
inserted into the brackets.
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To compute the waveshape Exp,, we have to sum over the contributions
corresponding to diagrams A, B, C and D from (7.5.15) (including the relevant
+ ig’s in all propagators), and, additionally, the cut of diagram D: A cut through
the massive particles in the D topology allows for the graviton to be emitted before
the cut, so this term must be included by (7.5.11). In the eikonal limit, the on-shell
delta function of the cut propagator in topology D admits the following expansion,

_ 5Q-5)  L(l—q2) ., . _
s[ierm—dar-md] = 2E 4 BBy 05y 4 0 ().
2

(7.5.19)

which is the analog of (7.5.18) for the propagators.
Looking at the contribution to the master integral (7.5.17) with a; = 1 for all i,

we get the following expansions corresponding to the pentagon-topology order in
1

my’

; 1 A G)
A_ é ? ~ _ L _tll-g)
= /d[(2€-51+i6)(—25-172+i5) [1 ma <*2€-fz+ie)}’

(7.5.20a)
B _ T 1 _1 (=g
"= E%:; N/d[(—2é-’61+i5)(—2€~@2+i5) [1 M2 (*25'77#775)]7
(7.5.20b)
c_ E Ei ~ - ! 1 t(t-qr)
= - /dl(2€~'ﬁl+i5)(215~’ﬁ2+7?5) [1 ma (2é‘-ag+z‘s)}’
(7.5.20¢)
D= ~ [ di ! _ 1 tlt-ge)
"= § EWN/ V4o @liprie) [1 iy (24-'vz+ie)}’
(7.5.20d)

Cutl? = FEW ~ 4 / A1 6(20- 1) [8(2¢ - 5) + @5'(25@)}
2

(7.5.20¢)
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where we have labelled S| = {1, 1, 1, 1, 1}, and used a short-hand notation for the
phase space and the graviton propagators,

/diz e / d>¢ (7.5.21)
Comymy ) inPR ) [(E4q1)2 1B [(E—g2)? 1% o

Using the distributional identity + Jii -5 711. - = —2mié(x), we see that when adding

these contributions (i.e. computing /4 + I8 4 1€ 4 1P 4 CutI?), the leading term
in n_%z cancels.

To analyze the subleading terms, let us take a step back and analyze more
generally different ways in which these diagrams could be added or subtracted
to contribute to the waveform. First, note that the topologies B, C and D are
permutations of A, obtained by taking p; — —p; in different ways. Generally,

we can write,

Bxpe = Y [er(Br. po) 14 + ci(—pr. ) IE

1

+ai(pr. —pI§ +ai(—pr.—po) (18 +Cut 1) |.
(7.5.22)

where each S; is a set of indices, and the sum is over all master integrals needed
to compute Exp, . The numerator factors ¢; are those obtained by tensor reductions
and integration by parts. Recall that the numerators come from vertices between the
heavy black holes and the gravitons,

g X \/@m? ,
(7.5.23)

so the leading term in the classical expansion of the numerator of the pentagon
diagrams will be of order rfz?ﬁlé. The first subleading order will come from
numerators that are proportional to either n"ﬁrh‘z‘ or nﬁ‘llrhg

The numerator terms that are proportional to ﬁz‘l‘rﬁ; are symmetric in p; — —p;
for i = 1, 2, meaning that, according to (7.5.22), the five terms from (7.5.20) must
be added up to form the waveshape. As noted before, we see that the first terms in the
square brackets all cancel each other, i.e., the term proportional to rﬁ‘fn'zg vanishes.
According to the power counting, these leading terms that cancel are precisely the
superclassical contributions that scale as % around D = 4 spacetime dimensions.

However, this symmetric contribution also contributes to the next order,

mtmg(IA+ 18 +1€+ 1P +Cut IP)
47i 0-(L = qo)

L 7.5.24
(=20 - 0y + ie)? ( )

= mtm3 / di 82 - oy)
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where the dots indicate the terms that are of (’)(n"z%nﬁ%) (recall the factors of m;

in dI), as well as the terms of higher orders in 1/m;, which are suppressed in the
classical expansion. Similarly, the subleading numerator factors of order m3m§ are
antisymmetric under p, — —p7, so topologies C and D get subtracted in their
contribution to Exp,. These terms, that have antisymmetric numerators, contribute

as

.
m3(IA+18—1€—1P+Cut 1) = 1m2/c115(2e ul)%Jﬁ..,

(7.5.25)

where, again, the dots indicate terms of O(nﬁ%nﬁ%) or higher orders in 1/m;.

As alast remark about this computation, note that the role of the cut contribution
Cut/? is not solely to cancel the classical term of Exp,, but also to change the causal
properties of the propagators in the diagrams. In particular, if we had computed
the corresponding amplitude contribution M, the propagators would have been
symmetric, principal-valued propagators, see [31,34,36-38]. However, after adding
Cut/?, we get retarded propagators instead, as indicated with the ie prescription
in (7.5.25) and (7.5.24). The physical interpretation is that these propagators enforce
the causal condition of the waveshape Exp,: the emitted graviton is in the future of
all other particles.

7.5.4 Infrared Divergence and Physical Interpretation

We have already seen two ways in which the cut term on the right-hand side
of (7.5.11) contributes to the waveshape. First, it eliminates the superclassical %
contribution, and second, it modifies the Feynman propagators to become retarded
propagators, thus enforcing that the graviton is in the future of the incoming black
holes. The cut term has yet another role, however; it enforces the infrared divergence
to match with the classical prediction for the Shapiro time delay of this process.

Let us first discuss what result we expect for the infrared divergence for the
scattering amplitude M and for the waveshape Exp,. It is well-known that the
infrared divergence of the scattering amplitude M is caused by the Shapiro time
delay for the graviton escaping the black hole potential, causing its wavelength to
getting redshifted. We denote this Shapiro time delay as Afqpg. Its value in classical
GR is

~ ¥
Atops = 2G k-(p1 + ﬁz)log"Tbs : (7.5.26)

where b is the impact parameter, rqpg is the distance between the observation point
and the black holes, and k is the unit vector in the direction of the graviton. Note that
this time delay is not present in electromagnetism, since photons do not get delayed
or redshifted in the presence of an electromagnetic potential. Since the time delay is
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logarithmically divergent as rqps — 00, we expect the avatar of this time delay to be
an infrared divergence in the perturbation theory computation, where the framework
enforces rops — oo from the outset. The infrared divergences can be computed
using Weinberg soft factors, resulting in the following one-loop divergence,

M(l—lOOp) = M(tree) x 2iG k(ﬁl + ﬁz)log_
IR div MIR

A

, (7.5.27)
I
where A ~ b~! is a physical momentum scale, and g is an infrared renormal-
ization scale. When including all-orders contributions, these infrared divergences
exponentiate to recover the classical time delay.

The waveshape Exp; contains an additional source of Shapiro time delay which
is not present in the exclusive amplitude M. Since the waveshape is an “in-in”
observable, see [40], there is an additional time delay or advance coming from fixing
the initial distance rj, between the two black holes. This contribution also has a
classical explanation: Imagine two black holes venturing into a scattering process
with momenta p; and p». If they are moving at non-relativistic speeds, they will start
attracting each other and scatter off each other at an earlier time than expected if they
had been moving on free trajectories. In fact, the time advance is logarithmic in the
initial separation between them, ri,. This attraction results in a time advance of the
scattering point compared with free motion. It turns out that relativistically, there is a
value of p;- p> at which the time advance turns into a time delay instead. In any case,
the effect can easily be computed in classical GR assuming black holes moving in a
Schwarzschild metric [31]: The time delay due to the fixed initial distance between
the two black holes is
2-352  rin

Atin = Gk-(p1 + p2) x —————log—,
; (1—§2i b

(7.5.28)

where y = v; - v3. Note that Afy, < O corresponds to a time advance.
Pictorially, we can represent the contributions from the two sources of time delay
for Exp,, in gravity as

Tobs

R
J/Hffl/iAtubs

Atin

(7.5.29)
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Adding the two time delays, from (7.5.26) and (7.5.28), we find that the correspond-
ing IR divergence of Exp; when computed at one loop in the QFT is

R 2—-3y72 A
Expl ™| = Bxp{"™ x iGk-(p1 + po) (2 + ——2— ) log—
div (1-y72)2 MIR
l (classical prediction) J
(7.5.30)

where, as before A ~ b~ !isa physical scale and pR is an infrared scale. This IR
divergence was computed in [31], and was later confirmed in explicit computations
of Expy, at one loop in [34,36,37,39,41-43].

Note that alternatively, we can compute the leading IR divergence using Wilson
lines, analogous to the QED computation in [32, Sec. 2.3]. The difference between
QED and gravity in this case is that here we will get an extra contribution
from (7.5.26), which corresponds to the time delay that the graviton experiences
when moving in the field of the two massive particles. The computation in gravity
was carried out in [31].

7.6  Hierarchical 3-Body Problem

Anna M. Wolz

In this section, we will complicate the already complicated story of 2-body
scattering by adding an extra body. So, we will have three compact massive objects
in total, interacting via gravity.

The 3-body problem is a notoriously difficult problem in astrophysics. It was
approached from a scattering amplitudes and EFT perspective in Ref. [44], whose
construction we will review in this section. Then, following [45], we will motivate a
version of the 3-body problem in which one of the massive objects is very far away
from the other two, called the hierarchical limit.

In this formalism, one can treat both bound and unbound states. For example, we
can consider the case in which a supermassive black hole interacts with two other
heavy bodies, out of which one falls in and the other flies out. This setup is relevant
to many astrophysical systems. If we assume that velocities of the black holes are
small compared with the speed of light, we can use the PN expansion in the bound
case. Otherwise, we need the PM expansion.

Of course, 3-body systems are extremely complicated even in Newtonian gravity.
Newtonian solutions to the equations of motion are unknown in most situations and
otherwise difficult to obtain. Within the framework of GR, it is difficult to even
explicitly write down all the interactions, since we have intrinsic N-body effects.
Due to this complexity in GR, we will instead approach the 3-body problem using
the tools from particle physics, similar to the ones used in the previous sections. We
will be able to make headway by using approximations and treating computations
perturbatively.
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As we mentioned above, the main tools at our disposal are the PN expansion,
which works well for bound systems that move slowly and where the bodies are far
apart (equivalently, we deal with weak fields so Newton’s constant G is small). In
this approximation, the expansion parameter is Gv2, where v denotes the velocities
of the bodies. On the other hand, PM is relevant to unbound encounters, where
the bodies move fast, though they are still far apart. Then, we expand in G alone.
Amplitudes are most naturally suited for the PM case where we have relativistic
high-energy scattering, and perturbation theory is already linked to the G-expansion.

The setup will be as follows. We consider 3 — 3 scattering of masses m;, whose
initial momenta are p; and the final momenta are p; — ¢g; fori = 1,2, 3:

DPi, ™y ::@: Pi — qi, ™y
(7.6.1)

The initial momentum of each body can be written as pl“ = (E;(pi), pi), and the
momentum transfer of each body is ql.“ = (q? , ;). We can go freely between the
positions of the objects r; and the spatial momentum transfers q; by performing a
Fourier transform

r g (7.6.2)

In this section, we will describe how to calculate the classical, conservative 3-body
potential V3 ({p, q}) (from now on, curly brackets denote the dependence on the
momenta p; and momentum transfers q; for all i = 1, 2, 3) in momentum space, as
done in [44]. The Fourier transform of this function into position space V® ({p, r})
in the hierarchical limit is described in [45].

The way we will calculate V3 ({p, q}) below is by taking the classical limit of
the amplitude in (7.6.1) with scalars minimally coupled to gravity. More precisely,
we will compute the amplitude from a low-energy EFT of particles interacting via
the potential V ({p, q}) and then formally match it onto the amplitude M using the
Lippmann—Schwinger equation.

Note that the 3-body problem necessarily involves potentials with two types of
terms:

v=3" vl.<jz> +v®, (7.6.3)
pairs
i,J

where the first piece encodes the 2-body interactions and the second one is
intrinsically 3-body and it depends on all three momenta p; and positions r;. Note
that we do not have the 3-body potential V® in Newtonian dynamics.

Here we are interested in the leading V® interaction. In this case, leading order
translates to O(Gz), i.e., the 2PM order.
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7.6.1 Lippmann-Schwinger Equation

The setup looks simple so let us get to it. We start with the Einstein—Hilbert action
minimally coupled to scalars:

/d4x¢_ (ﬁ +Z ((V,@,) — m2¢’ )) (7.6.4)

where ¢ is a real field. One could of course add higher-derivative corrections, but
here we are working in the simplest setup so we approximate black holes as point
particles. This approximation is valid when their Schwarzschild radii Rg are much
smaller than the distances |r; —r ;| between the black holes. If we wanted to include
finite-size effects, charge, etc., we could use exactly the same terms as in the 2-body
case.

In order to obtain the 3-body potential at 2PM, the necessary ingredients will be
the tree-level matrix elements

MG and M) (7.6.5)

for the 2 — 2 and 3 — 3 cases respectively. The subscript denotes the order in G at
which are working in. We need them computed in a general frame, which is a slight
complication compared to the usual 2-body case which are usually calculated in the
center-of-mass frame.

The classical limit for us means large impact parameter, or equivalently, small
momentum transfer ¢. For the 2 — 2 case, the leading scaling in ¢ will be O(q~2)
and for 3 — 3, it will be O(g~%).

Using Feynman rules, the two amplitudes at tree level are simply given by

MG = %
(7.6.6)
= % g_“ + g‘j + % g

(7.6.7)
We are keeping only the diagrams that contribute non-trivially at the orders we

require. We use the notation M™) to denote the N — N amplitude multiplied
by a normalization factor:

N
1

M =T] ™, 7.6.8

i1 2VE(P)Ei(pi — Qi)M 768
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Next, we will write down a low-energy EFT of relativistic particles. It is governed
by the Hamiltonian

3
H=Y \/p}+m}+V({p.r}. (7.6.9)
i=1

As mentioned above, the potential is related via a Fourier transform to V ({p, q}).
The Lippmann—Schwinger equation can formally be expressed as:

Vip,p—kh V{k, k—p+q}) n

3 ; (7.6.10)
i [Ei(p) — Ei(K)] +ie

nmabé—wmﬂn—ﬂ

In this equation, T denotes the scattering amplitudes, i.e. the matrix elements of the
interacting part of the S-matrix (as in S = 1 4 i7T). We have written the iteration
terms and stopped at the quadratic order in V since this will be sufficient for our

purposes. Note that = denotes that the potential is defined only up to terms that
vanish on-shell, which are the gauge/coordinate artifacts.

We are going to think of this equation in terms of scattering amplitudes. It is
actually valid for any N-body scattering, but here we will apply itonly to N =2, 3
specifically. The potentials V® and V' are like the Wilson coefficients in the EFT.
We will use Feynman diagrams to compute 7' and then match on to the right hand-
side of the above equation. Note that 7 contains the fully connected term, but also
partially disconnected pieces when N > 3.

7.6.2 Solving the 2-Body Potential

Let us first deal with the 2-body case, which we have already encountered in
Sect. 7.3. At O(G), we have the tree-level contribution

- (7.6.11)

The notation Véz) denotes the 2-body potential at O(G). This is simply the
Newtonian potential, computed with the 7-channel exchange of a graviton.

At the next order, O(Gz), we encounter the contribution from Feynman diagrams
of M at this order, but also the iteration of the V® terms we computed above:

The notation of two lines between Vg) in the last term represents the integration
over the appropriate phase space of the intermediate particles (as in the last term of
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(7.6.10)). This procedure allows us to determine Vézz) diagrammatically, which is all
we will need.

7.6.3 Solving the 3-Body Potential

Let us move on to the 3-body case. Now, the T-matrix contains contributions from
both 3 — 3 and 2 — 2 amplitudes. Diagrammatically, the expansion of (7.6.10)
looks as follows:

(=@F =@ )
- (Z@E -

< @.@ ' @ @ o (7.6.13)

The second line corresponds to the terms linear in V in the Lippmann—Schwinger
equation and the third line involves the quadratic terms. Our goal is to isolate the
piece ng). We plug in (7.6.12) for VC(;ZZ) with the spectator particle (in yellow). This

cancels with the M(Gzz) piece on the LHS and the “loop” iteration piece on the LHS

of the third line. All of the disconnected pieces therefore cancel. Solving for V((;32) ,
the final expression reads diagrammatically

We now have all the ingredients to compute the effective 3-body potential. After
the dust settles, the final answer is:

3 2 2
Ly < ME2 ik Vé}j(pi,pj;qi)Vé}j(pk,pj+qi;qk))

GZ o . .
Qjmes, » SFIEIE Ej+q —\/(pj +4)>+m]

where S3 is the set of distinct permutations of the particle labels (1, 2, 3) and M®
is the fully connected matrix element for the 3 — 3 scattering process.

Let us do some cross checks on this result. There are a couple of criteria that
a classical potential should satisfy. First, it should behave as O(g~—*). Naively, it
might appear from (7.6.15) that the three-body potential behaves as O (g ), which

(7.6.15)
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would lead to a superclassical ~1/# scaling. Second, the potential should have no
matter singularities, i.e., only the graviton poles should survive. Let us illustrate
these problems at the level of the individual diagram, say:

(7.6.16)

One can indeed show that it scales as (g ). Likewise, it contains an explicit
matter pole (associated to the blue propagator) of the form

1

- (7.6.17)
(pi +q)*—m?

After some work, one can show that these two problems go away once we sum
over all the diagrams and iteration terms. In other words, (7.6.15) goes as O(g -
and does not have any matter poles, although it is not manifest at the level of the
formula (7.6.15).

These cross-checks give us confidence that (7.6.15) is the correct 3-body
potential at the leading order. Note that it is supposed to be valid for both unbound

and bound orbits. The authors of [44] checked the result for Vg;) ({p, q}) with [46],

who computed the 3-body effective potential using other techniques.

References

1. N. Arkani-Hamed, P. Benincasa, S. Caron-Huot, M. Correia, S. Curry, M. Giroux, FEM.
Haehl, H.S. Hannesdottir, M.T. Hansen, G. Isabella, J. Lebl, M.H.G. Lee, S. Mizera, E. Pajer,
C. Pasiecznik, M. Rangamani, F. Vazdo, A.M. Wolz, Z. Zhou, Records from the S-Matrix
Marathon: Selected Topics on Scattering Amplitudes. Springer Lecture Notes in Physics (2025)

2. LIGO Scientific, Virgo Collaboration, B.P. Abbott et al., Observation of gravitational waves
from a binary black hole merger. Phys. Rev. Lett. 116, 061102 (2016) [1602.03837]

3. L.T. Todorov, Quasipotential equation corresponding to the relativistic Eikonal approximation.
Phys. Rev. D 3, 2351 (1971)

4. V. Singh, Analyticity in the complex angular momentum plane of the Coulomb scattering
amplitude. Phys. Rev. 127, 632 (1962)

5. C. Cheung, I.Z. Rothstein, M.P. Solon, From scattering amplitudes to classical potentials in the
post-Minkowskian expansion. Phys. Rev. Lett. 121, 251101 (2018) [1808.02489]

6. G. Kilin, R.A. Porto, Post-Minkowskian effective field theory for conservative binary dynam-
ics. J. High Energy Phys. 11, 106 (2020) [2006.01184]

7.Z. Bern, J.P. Gatica, E. Herrmann, A. Luna, M. Zeng, Scalar QED as a toy model for
higher-order effects in classical gravitational scattering. J. High Energy Phys. 08, 131 (2022)
[2112.12243]

8. B. Bellazzini, G. Isabella, M.M. Riva, Classical vs quantum eikonal scattering and its causal
structure. J. High Energy Phys. 04, 023 (2023) [2211.00085]

9. M. Correia, G. Isabella, The Born regime of gravitational amplitudes. 2406.13737



7 Gravitational Physics from Scattering Amplitudes 307

10.

11.

12.

13.

14.
15.

16.
17.
18.
19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

J.J. Sakurai, J. Napolitano, Modern Quantum Mechanics. Quantum Physics, Quantum Infor-
mation and Quantum Computation (Cambridge University Press, Cambridge, 2020). https://
doi.org/10.1017/9781108587280

A. Buonanno, T. Damour, Effective one-body approach to general relativistic two-body
dynamics. Phys. Rev. D 59, 084006 (1999) [gr-qc/9811091]

P.P. Fiziev, I.T. Todorov, Effective one-body approach to the relativistic two-body problem.
Phys. Rev. D 63, 104007 (2001) [gr-qc/0010104]

D.A. Kosower, B. Maybee, D. O’Connell, Amplitudes, observables, and classical scattering. J.
High Energy Phys. 02, 137 (2019) [1811.10950]

J.D. Jackson, Classical Electrodynamics (Wiley, New York, 1998)

W.D. Goldberger, I.Z. Rothstein, An effective field theory of gravity for extended objects. Phys.
Rev. D 73, 104029 (2006) [hep-th/0409156]

I.Z. Rothstein, Progress in effective field theory approach to the binary inspiral problem. Gen.
Rel. Grav. 46, 1726 (2014)

R.A. Porto, The effective field theorist’s approach to gravitational dynamics. Phys. Rep. 633,
1(2016) [1601.04914]

W.D. Goldberger, Effective Field Theory for Compact Binary Dynamics. 2212.06677

E. Poisson, C.M. Will, Gravity (2014). https://doi.org/10.1017/CB0O9781139507486

T. Pitre, E. Poisson, General relativistic dynamical tides in binary inspirals without modes.
Phys. Rev. D 109, 064004 (2024) [2311.04075]

S. Van Velzen, G.R. Farrar, S. Gezari, N. Morrell, D. Zaritsky, L. Ostman, M. Smith, J. Gelfand,
A.J. Drake, Optical discovery of probable stellar tidal disruption flares. Astrophys. J. 741, 73
(2011)

B. Mockler, J. Guillochon, E. Ramirez-Ruiz, Weighing Black Holes using tidal disruption
events. Astrophys. J. 872, 151 (2019) [1801.08221]

E. Hammerstein et al., The final season reimagined: 30 tidal disruption events from the ZTF-I
survey. Astrophys. J. 942, 9 (2023) [2203.01461]

H.S. Chia, Z. Zhou, M.M. Ivanov, Bring the Heat: Tidal Heating Constraints for Black Holes
and Exotic Compact Objects from the LIGO-Virgo-KAGRA Data. 2404.14641

M.M. Ivanov, Y.-Z. Li, J. Parra-Martinez, Z. Zhou, Gravitational Raman scattering in effec-
tive field theory: a scalar tidal matching at O(G3). Phys. Rev. Lett. 132, 131401 (2024)
[2401.08752]

S.A. Teukolsky, Perturbations of a rotating black hole. 1. Fundamental equations for gravita-
tional electromagnetic and neutrino field perturbations. Astrophys. J. 185, 635 (1973)

G. Aminov, A. Grassi, Y. Hatsuda, Black Hole quasinormal modes and Seiberg—Witten theory.
Ann. Henri Poincare 23, 1951 (2022) [2006.06111]

G. Bonelli, C. lossa, D.P. Lichtig, A. Tanzini, Exact solution of Kerr black hole perturbations
via CFT2 and instanton counting: Greybody factor, quasinormal modes, and Love numbers.
Phys. Rev. D 105, 044047 (2022) [2105.04483]

G. Bonelli, C. Iossa, D. Panea Lichtig, A. Tanzini, Irregular Liouville correlators and
connection formulae for Heun functions. Commun. Math. Phys. 397, 635 (2023) [2201.04491]
Y.F. Bautista, G. Bonelli, C. lossa, A. Tanzini, Z. Zhou, Black hole perturbation theory meets
CFT2: Kerr-Compton amplitudes from Nekrasov-Shatashvili functions. Phys. Rev. D 109,
084071 (2024) [2312.05965]

S. Caron-Huot, M. Giroux, H.S. Hannesdottir, S. Mizera, What can be measured asymptoti-
cally? J. High Energy Phys. 01, 139 (2024) [2308.02125]

S. Caron-Huot, M. Giroux, H.S. Hannesdottir, S. Mizera, C. Pasiecznik, Records from the
S-matrix marathon: asymptotic observables. [2502.13021]

T. Adamo, R. Gonzo, A. Ilderton, Gravitational Bound Waveforms from Amplitudes.
2402.00124

A. Elkhidir, D. O’Connell, M. Sergola, I.A. Vazquez-Holm, Radiation and Reaction at One
Loop. 2303.06211v1

A. Cristofoli, R. Gonzo, D.A. Kosower, D. O’Connell, Waveforms from amplitudes. Phys. Rev.
D 106, 056007 (2022) [2107.10193]


https://doi.org/10.1017/9781108587280
https://doi.org/10.1017/9781108587280
https://doi.org/10.1017/9781108587280
https://doi.org/10.1017/9781108587280
https://doi.org/10.1017/9781108587280
https://doi.org/10.1017/9781108587280
https://doi.org/10.1017/CBO9781139507486
https://doi.org/10.1017/CBO9781139507486
https://doi.org/10.1017/CBO9781139507486
https://doi.org/10.1017/CBO9781139507486
https://doi.org/10.1017/CBO9781139507486
https://doi.org/10.1017/CBO9781139507486

308

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.
46.

M. Correia et al.

A. Brandhuber, G.R. Brown, G. Chen, S. De Angelis, J. Gowdy, G. Travaglini, One-loop
Gravitational Bremsstrahlung and Waveforms from a Heavy-Mass Effective Field Theory.
2303.06111v3

A. Herderschee, R. Roiban, F. Teng, The Sub-Leading Scattering Waveform from Amplitudes.
2303.06112v2

A. Georgoudis, C. Heissenberg, 1. Vazquez-Holm, Inelastic Exponentiation and Classical
Gravitational Scattering at One Loop. 2303.07006v1

A. Georgoudis, C. Heissenberg, 1. Vazquez-Holm, Addendum to: Inelastic exponentiation
and classical gravitational scattering at one loop. J. High Energy Phys. 2024, 161 (2024)
[2312.14710]

EM. Haehl, M. Rangamani, Records from the S-Matrix Marathon: Schwinger-Keldysh
Formalism (2024) 2410.10602

L. Bohnenblust, H. Ita, M. Kraus, J. Schlenk, Gravitational Bremsstrahlung in black-hole
scattering at O (G3): linear-in-spin effects. J. High Energy Phys. 11, 109 (2024) [2312.14859]
D. Bini, T. Damour, A. Geralico, Comparing one-loop gravitational bremsstrahlung ampli-
tudes to the multipolar-post-Minkowskian waveform. Phys. Rev. D 108, 124052 (2023)
[2309.14925]

D. Bini, T. Damour, S. De Angelis, A. Geralico, A. Herderschee, R. Roiban, F. Teng,
Gravitational waveforms: a tale of two formalisms. Phys. Rev. D 109, 125008 (2024)
[2402.06604]

C.R.T. Jones, M. Solon, Scattering amplitudes and N-body post-Minkowskian Hamiltonians in
general relativity and beyond. J. High Energy Phys. 02, 105 (2023) [2208.02281]

M.P. Solon, A.M. Wolz, The Hierarchical Three-Body Problem at 0O(G?). 2408.08850

F. Loebbert, J. Plefka, C. Shi, T. Wang, Three-body effective potential in general relativity at
second post-Minkowskian order and resulting post-Newtonian contributions. Phys. Rev. D 103,
064010 (2021) [2012.14224]



	Abstract
	Preface
	Acknowledgments
	Contents
	1 Tasty Bits of Several Complex Variables
	1.1 Holomorphic Functions in Several Variables
	1.1.1 Onto Several Variables
	1.1.2 Power Series Representation
	1.1.3 Inequivalence of Ball and Polydisc
	1.1.4 Cartan's Uniqueness Theorem
	1.1.5 Riemann Extension Theorem, Zero Sets, and Injective Maps

	1.2 Convexity and Pseudoconvexity
	1.2.1 Pseudoconvexity
	1.2.2 Non-convex Domain of Holomorphy
	1.2.3 Non-domains of Holomorphy
	1.2.4 The CR Geometry of the Boundary

	1.3 CR Functions
	1.3.1 Real Analytic Functions and Complexification
	1.3.2 CR Functions
	1.3.3 Approximation of CR Functions
	1.3.4 Extension of CR Functions

	1.4 The Del-bar-Problem
	1.4.1 Levi Form
	1.4.2 Equivalences
	1.4.3 Introduction to the Del-bar-Equation
	1.4.4 The Generalized Cauchy Integral Formula
	1.4.5 Compactly Supported Del-bar-Problem
	1.4.6 The General Hartogs Phenomenon

	References

	2 Scattering on Periodic Lattices
	2.1 Introduction and Exponentially Suppressed Finite-Volume Effects
	2.1.1 Processes with QCD-Stable Hadrons
	2.1.2 Exponentially Suppressed Finite-Volume Effects

	2.2 Two-Particle Scattering
	2.2.1 Multi-Hadron Observables
	2.2.2 Bethe–Salpeter Equation and K-Matrix
	2.2.3 Finite Volume as a Tool
	2.2.4 General Relation
	2.2.5 Lattice Results

	2.3 More Complicated Amplitudes
	2.3.1 1+J →2
	2.3.2 General Remarks on 2+J →2, 2 →3, and 3 →3
	2.3.3 3-Particle Derivation
	2.3.4 Examples

	2.4 Conclusions
	References

	3 Schwinger–Keldysh Formalism
	3.1 Invitation to the Schwinger–Keldysh Path Integral
	3.1.1 The Schwinger–Keldysh Path Integral
	3.1.2 The OTO Contours

	3.2 Schwinger–Keldysh and Cutkosky Cutting Rules
	3.3 The Open Quantum System Paradigm
	3.4 Thermal States and Advanced/Retarded Basis
	3.4.1 The KMS Condition
	3.4.2 One-Sided Thermal Basis
	3.4.3 Spectral Representation

	3.5 Schwinger–Keldysh Contours in Gravity: grSK
	3.6 Applications of k-OTO Path Integrals
	3.6.1 OTOCs in Thermal States
	3.6.1.1 Quantum Butterfly Effect
	3.6.1.2 Six-Point OTOCs and Shockwave Collisions

	3.6.2 The Effective Theory of Chaos and Eikonal Scattering
	3.6.2.1 Generalities
	3.6.2.2 A Toy Model
	3.6.2.3 Gravity and Strings
	3.6.2.4 Seeing Strings from Chaos


	Appendix: Schwinger–Keldysh Supersymmetry
	References

	4 Observables in Expanding Universes
	4.1 Generalities and Perturbation Theory
	4.1.1 Motivation
	4.1.2 Observables: Correlators, Probability Distributions, Wavefunctions
	4.1.3 A Comment on the  Prescription
	4.1.4 Perturbative Rules for the Bunch–Davies Wavefunction
	4.1.5 The Wavefunction and Its Analytic Properties
	4.1.6 Cosmological Integrals

	4.2 Wavefunction from Combinatorics
	4.2.1 From Graphs to Polytopes
	4.2.2 Cosmological Polytopes

	4.3 Asymptotic Structure of Cosmological Integrals
	4.3.1 Infrared Effects in FRW
	4.3.2 Cosmological Integrals
	4.3.3 The Two-Site Chain
	4.3.4 General Tree Graphs
	4.3.5 Loop Diagrams

	References

	5 Asymptotic Observables: The Analytic S-Matrix Revisited
	5.1 Asymptotic Observables and Crossing
	5.1.1 Summary of Conventions
	5.1.2 Asymptotic Observables
	5.1.2.1 S-matrix Axioms
	5.1.2.2 Enumerating Observables: Four-Point
	5.1.2.3 Enumerating Observables: Five-Point
	5.1.2.4 Enumerating Observables: Six-Point

	5.1.3 (Some) Crossing Moves

	5.2 Analyticity and IR Properties of Timefolded Observables
	5.2.1 LSZ Reduction Revisited
	5.2.2 Generalized Reduction Formulae
	5.2.2.1 OTOC: Definitions and Generalities
	5.2.2.2 Schwinger–Keldysh Formalism
	5.2.2.3 Making Manifest Analyticity Properties

	5.2.3 Infrared Divergences of In-In QED Observables from the Timefold

	5.3 The FBI Local Transform and Analyticity of Multi-Point Scattering Amplitudes
	5.3.1 Why (and When) Are Amplitudes Analytic?
	5.3.2 The FBI Transform

	References

	6 A Timeless History of Time
	6.1 Five Things All High-Energy Physicists Should Know About Cosmology
	6.1.1 Fact 1: All Cosmological Perturbations Are Primordial
	6.1.2 Fact 2: Primordial Perturbation Are Adiabatic
	6.1.3 Fact 3: ζ Is Gaußian and Scale Invariant
	6.1.4 Fact 4: Large Scale Evolution Is Linear
	6.1.5 Fact 5: Cosmological Observations Probe QFT in Curved Spacetime

	6.2 The Ins and Outs of Cosmological Correlators
	6.2.1 The In-In Formalism
	6.2.1.1 Setting Up the Stage
	6.2.1.2 Correlators

	6.2.2 In-In = In-Out
	6.2.2.1 A Formal Argument
	6.2.2.2 Explicit Checks

	6.2.3 Applications
	6.2.3.1 Pole Bagging
	6.2.3.2 Recursion Relations
	6.2.3.3 Correlator Cutting Rules

	6.2.4 Scattering in de Sitter
	6.2.5 Outlook

	6.3 Open Effective Field Theories
	6.3.1 Invitation to the Schwinger–Keldysh Formalism
	6.3.2 Open Quantum Cosmology
	6.3.3 An Open Effective Field Theory of Inflation

	6.4 Bootstrapping the Analytic Wavefunction
	6.4.1 Cosmological Wavefunctions
	6.4.2 Feynman Rules
	6.4.3 Bootstrap Constraint 1: Unitarity
	6.4.4 Bootstrap Constraint 2: Manifest Locality
	6.4.5 Bootstrap Constraint 3: Scale Invariance
	6.4.6 Bootstrapping psi3 for a Single Scalar
	6.4.7 Gluing Procedure
	6.4.8 Cancellation of Singularities

	References

	7 Gravitational Physics from Scattering Amplitudes
	7.1 Introduction
	7.2 Feynman Diagrams, Hydrogen Atom, and Classical Limit
	7.2.1 Classical Observables for the Hydrogen Atom
	7.2.2 Large Angular Momentum Limit of Partial Waves
	7.2.3 Resumming at alphaeJ and Bound Orbits
	7.2.4 Potential, Born Series, and Schrödinger Equation

	7.3 Gravity and Relativistic Born Series
	7.3.1 Gravitational Amplitudes
	7.3.2 Relativistic Born Series
	7.3.3 Potential at OG2, Perihelion Precession, and Higher Orders
	7.3.4 Wave Regime and Regge–Wheeler Equation

	7.4 Worldline EFT, Astrophysics Applications, and Gravitational Raman Scattering
	7.4.1 Worldline EFT and Astrophysics Applications
	7.4.1.1 Stellar Oscillation, Tidal Encounters and Tidal Disruption Events
	7.4.1.2 Gravitational Wave Data Analysis

	7.4.2 Gravitational Raman Scattering

	7.5 Radiation in Gravitational Observables
	7.5.1 The Gravitational Waveform
	7.5.2 The Classical Limit
	7.5.3 One-Loop Contributions to the Waveshape
	7.5.4 Infrared Divergence and Physical Interpretation

	7.6 Hierarchical 3-Body Problem
	7.6.1 Lippmann–Schwinger Equation
	7.6.2 Solving the 2-Body Potential
	7.6.3 Solving the 3-Body Potential

	References


