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Abstract

We theoretically study the tunneling time by investigating a wave packet of Bose-condensed atoms
passing through a square barrier. We find that the tunneling time exhibits different scaling laws in
different energy regimes. For negative incident energy of the wave packet, counterintuitively, the
tunneling time decreases very rapidly with decreasing incident velocity. In contrast, for positive
incident energy smaller than the barrier height, the tunneling time increases slowly and then
reaches a maximum, which is in agreement with the Larmor clock experiments. The effect of the
barrier width related to the uncertainty principle on the maximum tunneling time is also
addressed. Our work provides a general scenario of tunneling time that can be used to understand
and explain the controversy over tunneling time.

1. Introduction

Tunneling is an important quantum mechanical effect, which describes one microcosmic particle having a
finite probability of crossing an energy barrier when the particle’s energy is less than the barrier.
Continuous research on quantum tunneling stems from both the incomplete understanding of the
tunneling process itself and its extensive applications in many fields. The tunneling time describing the
specific process of tunneling events, which is closely related to the uncertainty principle, has always been
controversial. The first attempt to calculate tunneling time can be traced back to MacColl’s work in 1932
[1]. Since then, great efforts have been made to define [2—4] and measure [5-9] tunneling times. Recently,
based on the attoclock [10], the tunneling time defined as the time that the tunneling electron of an atom
spends under a barrier formed by a strong laser field and atomic Coulomb potential has been detected in
strong-field ionization experiments [11-15]. However, there are controversies over theoretical explanations
for the experimental results [13, 16—19]. One reason is that in this case, it is difficult to clearly define the
tunneling time due to the time-dependent laser-Coulomb-formed barrier. Another reason is that such
attosecond-scale tunneling time is deduced from experimental observable (i.e., photoelectron momentum
distribution) via strong-field theory models and cannot be measured directly.

On the other hand, ultracold atoms, especially Bose—Einstein condensates (BECs), as macroscopic
quantum matter, provide unprecedented opportunities and ideal platforms for the experimental detection
of tunneling time. In the most recent study [20], Ramos et al directly measured the tunneling time of
Bose-condensed 8’ Rb atoms based on Larmor clock technology for the first time [21]. A Larmor clock uses
an auxiliary degree of freedom (i.e., spin precession) of the tunneling atoms to measure the dwell time
inside the barrier. Furthermore, they observed a slow decrease in the Larmor tunneling time with lower
incident energy [22]. However, these studies limited the incident energy to a range greater than zero, while
the intriguing quantum region where the incident energy is less than zero remains unsolved.

In this paper, we study the tunneling time for a wider energy range, especially for negative energies,
which allows us to give a general description and to obtain a complete picture of the quantum tunneling
time. To directly define the tunneling time without borrowing the auxiliary degrees of freedom of tunneling
atoms, we consider a single-component BEC passing through a square barrier. We use the time difference
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Figure 1. Schematic of the quantification of tunneling time. We use f;;, and t,,, to mark the specific moments when particles
enter and exit the barrier, respectively. The two moments correspond to the maximum probability of finding particles at the left
and right boundaries of the barrier. The difference between them characterizes the tunneling time.

between two moments when the probabilities of finding atoms at two boundaries are maximized to
characterize the tunneling time. We explore the dependence of the tunneling time on the incident velocity
(or energy) of the wave packet and find that the tunneling time exhibits different scaling laws in different
energy regimes. Particularly, for negative incident energy, we see a counterintuitive phenomenon in which
the tunneling time decreases rapidly with decreasing incident velocity and find that the tunneling time is
maximal at a particular incident velocity when the incident energy is positive. We further investigate the
effect of barrier width on the maximum tunneling time and find a critical barrier width that can be used to
mark the boundary between classical and quantum regimes. The physical mechanism behind the results and
their connection to wave—particle duality and uncertainty relation are discussed as well. Our results are
qualitatively consistent with previous experimental measurements based on the Larmor clock and can be
used to understand and explain the controversy over tunneling time in the field of strong-field ionization.

2. Tunneling time in different energy regimes

A paradigmatic model for discussing the macroscopic tunneling dynamics of ultracold atoms is the
one-dimensional Gross—Pitaevskii (GP) equation. For convenience, we adopt the dimensionless form,
which reads
OP(x,t) 0?
! ot | 20x

where V(x) denotes a square potential barrier centered on x = 0 with height g and width w. The left and

right boundaries of the barrier are located at x;,r = &7 . The atomic interaction constant u is defined by

u = 4mnyl2, with ny being the maximum density in the initial distribution of the atomic condensates. The
position x, time #, and macroscopic wave function v are, respectively in units of /[y = 1 pm, ml(% /h,

and ,/ng, with m being the atom mass and 7 being the reduced Planck constant. Initially, we assume that

the matter—wave packet takes the following normalized form:

+ V(%) = ulp(x, 0)]* | 9(x, 1), (1)

Y(x, t=0) = % sech(x + xp)e™. 2)
This expression approximates a matter—wave solution comprising one bright soliton with three parameters:
as, ws, and v, which denote the amplitude (i.e., 1/\/5), width (i.e., 2 sech™ % ~ 2.634), and velocity,
respectively. The matter—wave soliton brings a good opportunity to investigate the wave—particle duality on
a macroscopic scale [23] due to its particle-like qualities, such as localization, nondispersion [24], and
center-of-mass trajectories [25—27]. Soliton tunneling [28—31] associated with the nonlinear dynamics of a
wave packet colliding with a potential can be used to illustrate the link between classical and quantum
mechanics [23, 32]. Initially, we set xyp = —15 (i.e., the initial position of the wave packet) to ensure that the
wave packet is far enough away from the barrier. We take u = 2 to keep the shape of the wave packet
unchanged as it travels freely. In the calculations, we numerically solve the time-dependent GP equation via
the time-splitting spectral method for the barrier height ¢ = 2. By comparing the incident velocity
(or energy) of the wave packet with the barrier height, we can differentiate whether the motion of particles
is in the classical regime or in the quantum regime.

Generally, to quantify a tunneling process, one must employ local quantities to clearly identify the start

and end of tunneling events. A classical particle has a deterministic trajectory, and the time it takes to
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tunnel is uniquely determined as long as the position and momentum of the particle at the beginning and
end are determined. A quantum particle is governed by the principle of uncertainty, and the position and
momentum cannot be determined simultaneously. The motion of a quantum particle has no deterministic
trajectory that can be traced; thus, there is no universal definition of the beginning and end of tunneling
events. In our model (1), the microscopic state of a large number of condensed atoms is described by a
macroscopic quantum local wave packet (2), and the trajectory of the collective motion of particles can be
characterized by the center of mass. However, considering the deformation of the quantum wave packet
when it collides with the barrier, we use the maximum probability at the barrier boundary to mark the
beginning or the end of the tunneling event, as illustrated in figure 1. To obtain the tunneling time, we
denote the start and end moments of the tunneling process by #, and f,y, respectively. These two moments
are determined by the relations

|w(xL) tin)|2 = ma—X(W(XL, t)‘z)) |w(xR) tout)|2 = maX(W(XR, t)‘z) (3)
The difference between t,,, and f;, gives the tunneling time, namely, At,
At = tout — tins (4)

which characterizes the time spent by the atoms inside the barrier.

The main point of this work is to study the tunneling time in different energy regimes and to determine
the distinctive behaviors. Indeed, our system has two energy scales: the initial energy of the incident wave
packet, i.e., Ey = [(5] % > — %|1|*)dx, and the energy corresponding to the barrier height, i.e., g. The
initial energy includes two parts: the kinetic energy, i.e., Ey, and the potential energy, i.e., E,. The kinetic
energy consists of the intrinsic kinetic energy determined by the shape of the initial wave packet, i.e.,

Exs = Exs(as, ws), and the incident kinetic energy determined by v, i.e., Exy = Ei(v) = %vz. For a given
wave packet, the initial energy is a function of both the incident velocity of the wave packet and the strength
of the interaction between atoms, i.e., Ey = Eo(v, u). For equation (2), we have Ey(v, u) = é(l — u+ 3v?),
which contains Exs = ¢, Ey = ;0% and E, = —%. When u = 2, E is simply a function of the incident
velocity, i.e., Ey(v) = %vz - é or v(Ey) = /2Ey + 1/3. Subsequently, we study the dependence of the
tunneling time on the initial energy (or the incident velocity) of the wave packet, and the main results are
shown in figure 2. Comparing E, with g, we discuss the following three regimes separately.

(a) IfEp(v) < 0 (see figure 2(b)) or v(Ey) < v(Ey = 0), we find
At ~ Alog,,(v) + B, (5)

where the fitting constants A and B are determined by the width of the barrier. For w = 1.0, we obtain
A ~ 0.66 and B >~ 0.55 (see figure 2(a)). In this region, the initial energy of the wave packet is negative.
One can regard the wave packet as a quasibound state. The De Broglie wavelength is Ap = 27 /v(E)),
and its minimum value (i.e., 27 /v(Ey = 0) = 2/37 ~ 10.883) is larger than the width of the wave
packet, i.e., A\p > ws. As a result, the deformation of the wave packet is very small when interacting
with the barrier, and the tunneling probability is also very small (see figure 2(b)). However, the
tunneling time in this region increases very rapidly with increasing incidence velocity.

(b) If0 < Ey(v) < qorv(Ey =0) < v(Ey) < v(Ey = q), we find
At ~ av + 5, (6)

where the fitting constants « and 3 are determined by the width of the barrier. For w = 1.0, we obtain
o =~ 0.045 and 5 ~ 0.404 (see figure 2(a)). In this region, the initial energy of the wave packet is
positive but less than the height of the barrier. The De Broglie wavelength is between

21 /v(Ey = q) = 27/+/2q + 1/3 ~ 3.078 and 27 /v(Ey = 0) = 2+/37 and is comparable to the wave
packet width, i.e., A\p ~ w;. Before the wave packet arrives at the left boundary of the barrier, we find
that the deformation of the packet is remarkable and that the tunneling probability significantly
increases (see figure 2(b)). However, the tunneling time in this region is proportional to the incidence
velocity and changes very slowly. In particular, we find that the tunneling time is remarkably shorter
than that predicted by semiclassical theory, i.e., w/+/2(q — E).

(c) If Eg(v) > q (see figure 2(b)) or v(Ey) > v(Ey = q), we find

Yiarg — (7)
v V/2(Eo — q)

In this regime, the tunneling time is more than the classical time w /v but less than the semiclassical
time w/+/2(Ey — q) (see figure 2(a)). The De Broglie wavelength is less than
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Figure 2. (a) Tunneling times as functions of the incident velocity of the wave packet. The barrier width w = 1.0 was used. The
numerical data (hollow circle markers) along with the classical (solid line, w/v) and semiclassical (dashed lines, w/+/2|q — Eo|)
results are shown. The fits are illustrated by the dash-dotted and dotted lines, and their fitting parameters are reported in the text.
The left vertical line represents the position where the initial energy of the wave packet equals zero (i.e., Ey(v) = 0, red solid circle
in (b)), and the right vertical line denotes the position where the initial energy matches the barrier height (i.e., Ey(v) = g, green
solid circle in (b)). (b) Initial energies (left axis) and tunneling probabilities (right axis) as functions of the incident velocity.

27 /v(Ey = q) = 2w/+/2q + 1/3, which quickly decreases and is shorter than the width of the wave
packet, i.e., A\p < w;. It is noted that the tunneling probability in this region is greater than 50%

(see figure 2(b)). When v? >> g or Ey >> g, the difference between the classical and semiclassical times
disappears, and our numerical results tend to the theoretical predictions (see figure 2(a)).

From the perspective of wave—particle duality, the above three regions show the situations where waves
are dominant, waves and particles are comparable, and particles are dominant, respectively. Thus, we can
naturally regard (a) as the quantum regime, (b) as the semiclassical regime, and (c) as the classical regime
(see figure 2). It is clear that our theoretical calculation of tunneling time is qualitatively consistent with the
recent experimental results of Larmor tunneling times in the semiclassical and classical regimes [20, 22]. A
maximum tunneling time Aty at v =~ 1/2q, where the total kinetic energy of the wave packet matches the
barrier height, is also found. Surprisingly, our new results in the quantum regime seem counterintuitive but
do support some of the findings in strong-field tunneling ionization [18]. That is, in the quantum
limit v — 0, the tunneling of microscopic particles seems instantaneous.

The above results for fixed barrier height and barrier width are dimensionless. In practical
measurements, one should pay more attention to the dimensional maximum tunneling time. For example,
one can use ’Li atomic condensate to generate the wave packet [33]. For the barrier with height g = 2 ym
and width w = 1 um, when the incident velocity of the wave packet is v = 0.017 mm s~ !, our theoretical
prediction for the maximum tunneling time is Aty.x = 0.053 ms. If one uses ¥ Rb atoms, when the
incident velocity of the wave packet is v = 1.382 mm s !, our prediction becomes At = 0.656 ms, which
is of the same order as the experimental result (i.e., 0.61(7) ms, we have marked this point with an asterisk
in figure 3) based on the Larmor clock [20]. The difference between the two results is mainly caused by the
difference in both the shape of the barrier and the incident velocity. Actually, both the maximum tunneling
time and the corresponding wave packet incidence velocity depend on the barrier parameters and the shape
of the incident wave packet, i.e., Atmax = Afmax (¢, w; as, ws) and v,,(q, w; as, ws). For our given wave
packet, they are functions of the width and height of the barrier, i.e., Atmay = Atmax (g, W)
and vy, = V(g w).

To gain insight into the connection between At and v,,, we discuss the influence of w and for a fixed
barrier height g. Figure 3 shows the variation of both Aty,.x and v,, with w for 8Rb atoms. We mark the
width where v, changes most dramatically as w. which approximately equals 0.889 m. When w < w,, we
find that Aty increases slowly with w as Aty >~ (0.15w + 0.44) ms. When w > w,, we see that Aty
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Figure 3. The maximum tunneling time (left axis, black solid squares) and the corresponding incident velocity of the wave
packet (right axis, red solid circles) as functions of the barrier width. The pink asterisk marks the experimental result given in
reference [20]. Two horizontal lines mark the velocities, which are determined by Ey(v) = q (vg, blue dash-dotted line) and

102 = q (v, olive dotted line). The vertical gray dotted line represents the critical barrier width w., which denotes the boundary
between the quantum and classical regions.

increases rapidly with w as At >~ (1.06w — 0.44) ms. It is clear that these two different kinds of changes
in Afmax follow good linear rules. Unlike the gradual change in the maximum tunneling time (see solid
squares in figure 3), the corresponding incident velocity dramatically increases near the critical barrier
width and then reaches a saturation value (see solid circles in figure 3). It should be mentioned that the
saturation velocity is less than the critical velocity vg (i.e., Eg(v) = g, horizontal blue dash-dotted line)
which indicates the boundary between the semiclassical and classical regions and is approximately equal to
the velocity v, (i.e., v = /2¢, horizontal olive dotted line). The critical barrier width w. corresponds to the
position (At~ 0.594 ms, v}, ~ 1.068 mm s~') where the wave packet kinetic energy changes most
dramatically. In other words, one can use the property that v,, is sensitive to w to identify w..

We can analyze the above results by using the uncertain relation between energy and time. With the help
of vg = \/2q+ 1/3 ~ 1.546 mm s!, we have the maximum energy difference AEpo = sm(vi — v2).
When w < we, AEpay - Atiax > AEL, - Ath, =~ 2 with AE;, = im[v} — (v},)?]. In this regime, the
uncertainty relation is satisfied, and thus, the tunneling particles have pure quantum properties.

When w > we, ABmax - Atmax < AE% - At~ . In this region, the uncertainty relation is broken
down, and therefore, the tunneling particles have obvious classical properties. We can also analyze the above
results by using the uncertain relation between momentum and space. We use Ap, . and Axpay to record
the maximum uncertainty ranges of momentum and position, respectively, which can be expressed

as Ap . = m(vg — vy) and Axy.e = w with v, ~ 1.486 mm s~ L. Similarly, we find that when w < w,, the
uncertain relation Apmay - AxXmax > Aphay - AXhay ™ % holds with Ap? . = m(v, — v;,) and Ax},, = w..
When w > w,, the uncertain relation Apmax + AXmax > % is violated. This implies that when discussing
quantum tunneling, both energy requirements (i.e., Ey < q or Ey < 0) and barrier width constraints

(e, w < w, = m) should be considered, because they together determine the boundary between
quantum and classical regimes.

3. Discussion and conclusion

Before concluding, let us make two comments. First, although our definition of the tunneling time is based
on a square barrier, the definition can also apply to a Gaussian barrier which is often used in experiment
[20, 22]. The reason is that for the Gaussian barrier, one can employ the full width at half maximum to
determine the left and right boundaries of the barrier. For other types of barriers, it is difficult to apply our
definition because the entry and exit points cannot be uniquely determined. Second, one can use ’Li [33] or
87Rb [20, 22] atomic condensate to test our theoretical results experimentally. According to our results
(see figure 2), it is easy to build a good mapping between the tunneling probability and the tunneling time.
Therefore, one only needs to measure the final tunneling probability of the atomic wave packet at the far
side of the barrier.

In summary, we have presented a general and detailed study of the tunneling time by investigating the
collisions between a macroscopic quantum wave packet and a square barrier. We explore the dependence of
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the tunneling time on the incident energy of the wave packet and find three different time scales in different
energy regimes. In particular, the counterintuitive behavior that the tunneling time increases rapidly with
the incidence velocity is shown in the negative incident energy regime, where the tunneling probability is
very small. We also investigate the effect of the barrier width on the maximum tunneling time and find a
critical barrier width, which together with the incident energy requirement determines the boundary
between the quantum and classical regimes. We demonstrate the important role of both wave—particle
duality and the uncertainty principle in the study of tunneling time. Our results are not only qualitatively
consistent with the Larmor clock experiments but also support the claim of instantaneous tunneling in the
study of strong-field ionization. Our study shows a comprehensive physical picture for understanding and
studying the tunneling time and provides a new perspective to resolve the controversy over the tunneling
time in strong-field ionization.
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