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Abstract

The beta-function is investigated on the lattice in SU(2) gluody-
namics. It is determined within a scaling hypothesis while a lattice
size fixed to be taken into account. The functions calculated are
compared with the ones obtained in the continuum limit. Graph-
ics processing units (GPU) are used as a computing platform that
allows gathering a huge amount of statistical data. Numerous beta-
functions are analyzed for various lattices. The coincidence of the
lattice beta-function and the analytical expression in the region of
the phase transition is shown. New method for estimating a critical
coupling value is proposed.

1 Introduction

The beta-function is one of the main objects in quantum field theory. It
defines scaling properties of the theory in different regions of dynamic
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variables. It is defined as

B(g.) = u%'if)) W

where ((g,) — beta-function, g, = g(u?) - effective coupling constant, u
- normalizing momentum.

For the case of the Monte-Carlo (MC) calculations in SU(N) lattice
gluodynamics the beta-function has the form

rlg) = a2, 2

where a replaces the parameter p?, a - is lattice spacing. Lattice spacing
is a free parameter of the theory. In particular, calculation of 84(g) is one
of the ways to define a.

In analytical approach, the beta-function described by an expansion
as power series of coupling constant. In the cases of quantum chromody-
namics or SU(N) lattice gluodynamics, a non-perturbative beta-function
attracts the most interest.

In ref. [6] a new special method was developed. Namely, the effects
connected with the final sizes of a lattice were taken into account, and
scaling near the critical point of SU(N) lattice gauge theories has been
considered without attempt to reach a continuum limit.

The goal of the present paper is the detailed investigation and devel-
opment of this approach. In SU(2) gluodinamics, we calculate the beta-
functions on different lattices and compare their values with those obtained
in a continuum limit.

2 Analytical expression
The beta-function describes the dependence of the lattice spacing a on a
coupling constant g

B1(e) = ~a%2. Q

Our calculations are based on the special form of the definition of the
beta-function [6]. Let us consider a transformation

a—a =ba=(1+Ab)a. (4)
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Under this transformation the definition (3) becomes

e <QM> - _tl)ig}% = Bs(g)- (5)

da b—1 ba —a

The singular part of the free energy density can be described by the
universal finite-size scaling function [9]

snom = () o (o(3) "0 (3)7) @

where ,,v are the critical indexes of the theory. Due to the finite size
scaling hypothesis, these indexes coincide with the critical indexes of 3-d
Ising model The scaling function @y depends on the reduced temperature
t= —Q and the external field strength A through thermal and magnetic
scallng fields

g = cit(l+bet), (7
gn = Chh(1+bht)

with non-universal coefficients ¢, ¢, by, by, still carrying a possible N,.
The existence of the scaling function @ [7], [8] allows developing a
procedure to renormalize the coupling constant g~2 by using two different
lattice sizes N,, N, and N, N! (N, - number of lattice nods in spatial
directions, N, - number of lattice nods in time direction). Let us fix

x: = Eﬂ = b and make a scale transformation
a = a =ba, (8)

N, = N, = %,

N, —» N.= ]\:

Then the phenomenological renormalization is defined by the following
equation

Qe N M) =Q ()% 32, ) ©)

It means that the scaling function @ remains unchanged if the lattice size
is rescaled by a factor b and the inverse coupling g2 is shifted to (g')~2
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simultaneously. Taking the derivative with respect to the scale parameter
b of the both sides of (9) and using (5) we obtain the expression

- 3Q(g‘2,Na,NT) 6Q(9_2:N01N-r)
dg ? _ BlnN, + BinN, (10)
e 0Q(g2,Ny,N;) :
8g—2

Fourth derivative of f in h taken at h = 0 and divided by x*(3#)? is
called the Binder cumulant [10]

a4
gs = 7@5
x> (72)°

(11)

h=0

It identically coincides with the scale function [10]

6= Qs (gt (NN—)) . (12)

Binder cumulant g4 is calculated through the Polyakov loops on a lattice
(10]

94 = %1%4))2 -3. (13)

We get the expression for the beta-function

-2 09a 994 094 99a
adg _ BinN, T 3N, _ laan, + BinN;

o 994_ - o
da = 4 =

3 Lattice observables

Let us calculate beta-function using (14). As the lattice size is discrete,
it is necessary to replace the derivatives in (14) by the finite differences
which are calculated on lattices with the closest N,, N (and corresponding

g4(Na': N‘r)):
894(,37N07NT) 94(,B: N;:N‘r) _g4(ﬁ’N0’ N"’)

oinN, B NN (15)
694(,B7NU7NT) s g4(/B)NU7N7/') _g4(ﬂ) NUaNT)
dlnN, ln(ﬂ: N-Ir/N'r) .
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Such replacement,

994 — é%, (16)
o8 Ap
leads to huge computing errors. Near the phase transition area, the dis-
persion is increased and the substitution (16) becomes not reasonable. For
different lattices investigated, the amount of data near the critical region

varies from 120 up to 600 points, but the error for (16) remains large.

Table 1. Tested fitting curves

Function Parameters
Ax—4)
A+ T 10(B0—81"p A17A271307p

A1—-A
;i—l(;’%_)%+A2 Al)A27IBO)p

H_—f(’ﬁjm + Ay | A1, Ag, Bo,p
Our the best fits (see Fig. 1, Tab. 2) are reached for the function
gs = Al + (A2 — A1)/(1 + 10(Fe=B)p), (17)
where A1, A2, By, p - fitting parameters.

Figure 1. Binder cumulants. Cumulants are re-
ceived on lattices with N, = 4, and N, = 8, 12, 16,
24, 28, 32. The higher number of nods in the lattice
corresponds with the sharper step. All curves inter-
sect each other in a local area and as it comes from
the theory these curves should intersect in one point
(the critical point).
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If one knows g4 in an analytical form, it is possible to calculate %95
straightforwardly. However, the result of g4 calculations is a set of points.
To reveal a functional dependence on this sequence, it is necessary to apply
some fitting procedure. For this procedure we chose the step functions,
since the critical area of g, is a steplike (see Tab. 1).

In Tab. 2 best fits for number of lattices are represented. We have
analyzed up to 600 points for some lattices and have reached small values
(down to 1073) of x? function.

Table 2. Fitting of Binder cumulants by A; + —43-4

1410080 —B)*p
Parameters F;_‘::gneg
Number
Lattice X2 Ay A2 Bo P of Bmin | Bmax
points

Ny =4,N, =8 0.009 —1.953 —0.0523 2.2705 —-12 126 1.7 2.95
Ny =4,N; =8 0.012 | —-1.957 —0.0507 | 2.2747 -11 26 1.7 2.95
N; =4,N; =12 0.025 —1.98 —0.1 2,286 -24 253 1.7 2.95
Ny =4,N; =12 0.011 -2 —0.04 2,289 -16 26 1.7 2.95
N;:=4,N, =16 0.029 —2.01 —0.066 2.287 -30.1 236 1.7 2.95
Ny =4,N; =16 0.013 —1.99 —-0.05 2.292 -30.9 26 1.7 2.95
Nr =4,Ns =20 0.055 -2 —0.065 2.291 —48 246 1.7 2.95
Ny =4,N, =24 0.1 —2.0098 0.044 2.296 —68 126 1.7 2.95
Nr=4,N, =24 0.006 —2.001 0.061 2.291 —27 26 1.7 2.95
N; =4,N, =28 0.089 —2.05 —0.13 2.29 —62 626 1.7 2.95
Nr =4,N; =28 0.012 —1.99 —8.107° 2.28 —21 26 1.7 2.95
Ny =4,N; =32 0.12 —1.984 —0.2 2.3 —84 626 1.7 2.95
N; =4,N; =32 0.01 —1.988 0.014 2.27 —28 26 1.7 2.95
Ny =4,N; =36 0.19 -2 —0.27 2.3 —105 600 228 2.31
Nr =16, N, =20 | 0.094 —-1.17 —0.017 2.68 -7 126 1.7 2.95
Nr=16,N, =24 | 0.054 -1.7 0.04 275 -6 26 1.7 2.95
Nr =16, N, =28 | 0.021 -1.6 -0.017 2.67 -17 26 1.7 2.95
Nr =16, N, =32 | 0.021 -1.7 0.03 2.69 -23 126 1.7 2.95

Now we turn to an interesting features of these fits. Parameters of the
curve, which based on 600 data points, are nearly the same as parameters
(especially Bp) of the curve, which based on 25 data points. The parameter
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Bo coincides (to within 2 up to 3 digits) with an inverse critical coupling
constant for a corresponding lattice (see Tab. 3, ref. (9], [12]).

Table 3. Values of the inverse coupling constant

N 2 4 6 8
B. | 1.875 | 2.301 | 2.422 | 2.508

It is common to use linear fits for finding of critical point on the lattice.
Because of the dispersion in critical region these fits need a lot of data to be
performed. Using both listed above properties one can estimate the inverse
critical coupling using just few points. For more precise calculations one
can use function (17) with data, which are from above and below critical
region. Dispersion for these data is much less than for data, which are
near critical area, so one need much less statistics than usually.

The expression for the beta-function in lattice variables reads:

1 94(B,N; N )—94(B,Ng,Nr) + 94(8:No,N;)—94(B,No . Nr)
In{N /N, In(N7/N-
Bi(B) = — - (NG /No) n(N7/N:) Cas)

- 53/2 994(8,Ng,Nr)
ap

It will be used below.

4 Calculation of the beta-function

We chose the heat-bath as working algorithm in MC procedure. We use
standard form of Wilson action of the SU(2) lattice gauge theory. In the
MC simulations, we use the hypercubic lattice L; x L3 with hypertorus
geometry.

We use the General Purpose computation on Graphics Processing Units
(GPGPU) technology allowing studying large lattices on personal comput-
ers. Performance analysis indicates that the GPU-based MC simulation
program shows better speed-up factors for big lattices in comparing with
the CPU-based one. For the majority lattice geometries the GPU vs. CPU
(single-thread CPU execution) speed-up factor is above 50 and for some
lattice sizes could overcome the factor 100.

The plots of dependencies of the beta-function on the inverse coupling
constant are shown below.
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Figure 3. Same as above. Dashed
lines with a point - the
beta-functions (18), N, = 4,
N,=12,20, AN, =N, - N, =2,
AN, = N — N, = 4. The Dashed
line with two points - the
beta-function is received in ref. [1].

Figure 2. The solid line represents
the beta-function in asymptotic
expansion. Dashed lines with a
point - the beta-functions (18),

N, =2 N, =8 16,20,
AN, = N. - N, =2,
AN, = N! — N, =4.

Standard deviation of the function (18) is smallest near critical point.
It comes from analysis of Binder cumulants. Cumulants decrease linearly
in the critical area and change little above and belove that area. Therefore
Qg“(ﬂ’ai;& in the bottom of (18) comes to 0 and leads (18) to infinity.
Beta-function values which are calculated near critical point are in good
agreement with known results [1].

5 Conclusions

We have performed high-statistics calculations of the beta-function in
SU(2) lattice gluodynamics. These calculations became possible due to
technology of GPU calculations.

The key point for our investigations is definition (5) [6].
possibility to analyze a finite size of the lattice.

We have constructed and analyzed the lattice beta-functions for a wide
range of different lattices.

Values of all beta-functions in critical region are the same for different
functions. In particular, the values of the beta-functions (18) in critical
region are almost the same as the values obtained in ref. [1]. The fast
method of determination of the inverse critical constant on a lattice based

on the formula (17) is proposed.

It gives a
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