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In this paper we investigate the differential geometry of 1-lightlike submanifolds in
anti-de Sitter n-space as an application of the theory of Legendrian singularities.
Based on some theory of lightlike submanifolds, we also introduce the notion of
1-lightlike horospherical Gauss curvature, which is important for us to study the
singularities of 1-lightlike horospherical hypersurfaces. Moreover, we discuss the
related geometric property of 1-lightlike horospherical hypersurfaces in anti-de Sitter
n-space.

1. Introduction

Anti-de Sitter n-space, denoted by AdSn, is a maximally symmetric semi-Riemann-
ian manifold with constant negative scalar curvature. It is best known for its role
in the anti-de Sitter/conformal field theory correspondence. In the theory of rel-
ativity, anti-de Sitter space is a vacuum solution of Einstein’s field equation with
a negative cosmological constant. It is well known that there exist spacelike sub-
manifolds, timelike submanifolds and lightlike submanifolds in semi-Riemannian
space. Lightlike submanifolds appear in many physics papers. For example, the
lightlike submanifolds are of interest because they provide models of different hori-
zon types such as event horizons of Kerr black holes, isolated horizons, Cauchy
horizons, Kruskal horizons and Killing horizons [2, 6, 14,15,22,28–30,32]. Lightlike
submanifolds are also studied in the theory of electromagnetism (see, for exam-
ple, [7, 31]).

During the last four decades, singularity theory has enjoyed rapid development.
French mathematician R. Thom (Fields medallist) first put forward the philosoph-
ical idea of applying singularity theory to the study of differential geometry. The
natural connection between geometry and singularities relies on the basic fact that
the contacts of a submanifold with the models (invariant under the action of a
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suitable transformation group) of the ambient space can be described by means
of the analysis of the singularities of appropriate families of contact functions or,
equivalently, of their associated Lagrangian and/or Legendrian maps [1, 26]. Por-
teous applied the thoughts of Thom to the study of Euclidean geometry [27]. On
this basis, Bruce and Giblin have systematically discussed the classification of sin-
gularities, singularities’ stability and the relationship between the singularities and
the geometry invariants of submanifolds in Euclidean space and obtained a num-
ber of good results [4]. The first attempts to apply the singularity theory to non-
Euclidean geometry were undertaken in 1996 by the second author and Izumiya.
The singularities of spacelike and timelike submanifolds in Minkowski space have
been studied extensively by, among others, the second author and by Izumiya et
al . [16–21]. However, to the best of the authors’ knowledge, there are not many
results on submanifolds immersed in anti-de Sitter space, in particular from the
view point of singularity theory, and there is even less literature regarding the sin-
gularities of lightlike submanifolds. The only paper regarding the singularities of
lightlike submanifolds in anti-de Sitter space, by the second and the third author
et al ., considered lightlike surfaces generated by spacelike curves [5]. Because the
research methods regarding the lightlike submanifolds are limited by the degener-
acy of the lightlike submanifolds, the studies of many more general lightlike sub-
manifolds, regarding the singularities, have not been considered in the literature.
In fact, for non-degenerate submanifolds (spacelike and timelike submanifolds) in
semi-Riemannian space, many of the classical results from Riemannian geometry
have semi-Riemannian counterparts. Non-degenerate submanifolds can be studied
using approaches similar to those taken in positive definite Riemannian geometry.
However, lightlike submanifolds have many properties that are very different from
spacelike and timelike submanifolds. In other words, lightlike submanifold theory
has many results with no Riemannian analogues. In the geometry of lightlike sub-
manifolds, difficulties arise because the arc length vanishes, making it impossible
to normalize the tangent vector and to define the induced geometric objects (such
as linear connection, second fundamental form, Gauss and Weingarten equations)
on the lightlike submanifolds as done in non-degenerate submanifolds. This is why
the singularities of lightlike submanifolds cannot be widely studied.

In the study of the differential geometry of lightlike submanifolds, several authors
have devoted their work to the research of properties of lightlike submanifolds and
have successfully solved some difficult problems [3,8–12]. Thus, we use these funda-
mental results of differential geometry as our basic tools in researching the geometry
of lightlike submanifolds. We first considered null Cartan curves, one-dimensional
isotropic submanifolds, being one of the four types of lightlike submanifolds [34,35].
In [34], we investigated the singularities of ruled null surfaces of the principal normal
indicatrix to a null Cartan curve in de Sitter 3-space; we classified the singularities
of ruled null surfaces by using Bruce’s singularity theory. As an extension of our pre-
vious work [34,35], the current study focuses on the 1-lightlike submanifolds of the
higher dimension and codimension in AdSn. Compared with the lightlike surfaces
mentioned in [5], lightlike submanifolds dealt with in this paper are more general. In
fact, because the lightlike surface is generated by a spacelike curve presented in [5],
and the spacelike curve is a 1-dimensional non-degenerate submanifold, they still
used approaches similar to those taken in positive definite Riemannian geometry to
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deal with the lightlike surface. But this approach is ineffective in dealing with gen-
eral lightlike submanifolds. With the help of differential geometry theory of lightlike
submanifolds, we have also found an approach that can be applied to the study of
more general lightlike submanifolds. We apply the theory of Legendrian singularities
to investigate the differential geometry of m-dimensional 1-lightlike submanifolds
in AdSn. We introduce the notion of the 1-lightlike horospherical hypersurfaces of
1-lightlike submanifolds by using spacelike unit normal vector fields. In particular,
we define the 1-lightlike horospherical Gauss curvature, through which singularities
of the 1-lightlike horospherical hypersurface correspond to the points at which the
1-lightlike horospherical Gauss curvature vanishes. It is quite different from the
definition of the Gauss–Kronecker curvature adapted for non-degenerate submani-
folds in [19,20]. The definition of the 1-lightlike horospherical Gauss curvature also
induces a new definition of umbilical points for a 1-lightlike submanifold. We call the
singular point of the 1-lightlike horospherical hypersurface a 1-lightlike horospheri-
cal parabolic point, and the 1-lightlike submanifold is tangent to a hyperhorosphere
at the 1-lightlike horospherical parabolic point. If we assume a hypothesis of the-
orem 5.6, then a contact type of a hyperhorosphere and a 1-lightlike submanifold
corresponds to a singular type of 1-lightlike horospherical hypersurface, that is, the
singularity of the 1-lightlike horospherical hypersurface of a 1-lightlike submanifold
can describe the contact of the submanifold with a hyperhorosphere.

This paper has the following structure. We begin in § 2 with the differential geom-
etry of anti-de Sitter spaces and semi-Euclidean spaces. In § 3, we consider general
1-lightlike submanifolds in AdSn and study their basic properties. We define the
1-lightlike horospherical height function (family) on a 1-lightlike submanifold and
show that the discriminant set is a 1-lightlike horospherical hypersurface (see propo-
sition 3.1). In § 4, we further show that the 1-lightlike horospherical height function
of a 1-lightlike submanifold is a Morse family (see proposition 4.1). Therefore, the
1-lightlike horospherical hypersurface of a 1-lightlike submanifold is the wavefront
set of a Legendrian submanifold. In § 5, we study the contact of submanifolds with
hyperhorospheres as an application of the theory of Legendrian singularities and
discuss geometric properties of singularities of horospherical hypersurfaces. We con-
sider generic properties of lightlike submanifolds in § 6. Throughout the paper, all
maps and manifolds are C∞ unless otherwise stated; similarly, submanifolds of
semi-Euclidean spaces are always assumed to be semi-Riemannian.

2. Preliminaries

Let R
n+1
2 denote the (n + 1)-dimensional semi-Euclidean space with index 2, that

is to say, the manifold Rn+1 with a flat semi-Euclidean metric 〈·, ·〉 such that, for
any two vectors x = (x1, x2, . . . , xn+1) and y = (y1, y2, . . . , yn+1) in Rn+1,

〈x,y〉 = −x1y1 − x2y2 + x3y3 + · · · + xn+1yn+1.

We say that a vector x ∈ R
n+1
2 \{0} is spacelike, null (lightlike) or timelike if 〈x,x〉

is positive, zero or negative, respectively. For a vector v ∈ R
n+1
2 and a real number

c, we define the hyperplane with pseudo-normal vector v by

HP (v, c) = {x ∈ R
n+1
2 : 〈x,v〉 = c}.
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We call HP (v, c) a Lorentz hyperplane, a semi-Euclidean hyperplane with index 2
or a null hyperplane if v is timelike, spacelike or null, respectively.

We now introduce a typical semi-Riemannian manifold. We set

AdSn = {x ∈ R
n+1
2 : 〈x,x〉 = −1}.

It is well known that AdSn is a complete semi-Riemannian manifold with constant
sectional curvature −1. We call AdSn the anti-de Sitter n-space.

We also define a unit pseudo n-sphere with index 2 by

Sn
2 = {x ∈ R

n+1
2 : 〈x,x〉 = 1},

an n-dimensional (open) nullcone with vertex a by

Λn
a = {x = (x1, . . . , xn+1) ∈ R

n+1
2 : 〈x − a,x − a〉 = 0} \ {a};

when a = 0, we simply denote Λn
0 by Λn. Let x : U → AdSn be an m-dimensional

regular submanifold of AdSn (i.e. an embedding), where U ⊂ Rm is an open
subset and m � 2, n � m + 2. We identify M = x(U) with U through the
embedding x. If 〈·, ·〉 is degenerate on the tangent bundle TM of M , we say
that M is a lightlike submanifold of AdSn. Next, we introduce some basic notions
about lightlike submanifolds (see [3,8–12]). Denote by F(M) the algebra of smooth
functions on M and by Γ (E) the F(M) module of smooth sections of a vector
bundle E (same notation for any other vector bundle) over M . For a degener-
ate tensor field 〈·, ·〉 on M , there exists locally a vector field ξ ∈ Γ (TM) such
that 〈ξ, X〉 = 0 for any X ∈ Γ (TM). Then, for each tangent space TpM , we
have that TpM

⊥ = {u ∈ TpAdSn : 〈u,v〉 = 0 ∀v ∈ TpM}, which is a degener-
ate n-dimensional subspace of TpAdSn. The radical subspace of TpM (denoted as
Rad TpM) is defined by RadTpM = {ξp ∈ TpM : 〈ξp, X〉 = 0 ∀X ∈ TpM}. The
dimension of RadTP M = TpM ∩ TP M⊥ depends on p ∈ M . The submanifold M
of AdSn is said to be an r-lightlike submanifold if the mapping

Rad TM : M → TM

p �→ Rad TpM

defines a smooth distribution of rank r on M . RadTM is called the radical distri-
bution.

In this paper, we study the 1-lightlike submanifold M of AdSn. Consider a com-
plementary distribution S(TM) of RadTM in TM . Clearly, S(TM) is orthogo-
nal to RadTM and non-degenerate with respect to 〈·, ·〉. Let a complementary
vector subbundle to RadTM in TM⊥ be denoted by S(TM⊥). We call S(TM)
and S(TM⊥) a screen distribution and a screen transversal vector bundle of M ,
respectively. We suppose that S(TM⊥) is of constant index 1 on M . Similarly,
let tr TM and ltrTM be complementary (but not orthogonal) vector bundles to
TM in TR

n+1
2 |M and to RadTM in S(TM⊥)⊥, respectively. We call ltrTM and

trTM a lightlike transversal vector bundle and a transversal vector bundle of M ,
respectively. For the 1-lightlike submanifold M of AdSn, we have the fact that there
exists a unique vector subbundle ltrTM of S(TM⊥)⊥ of rank 1 such that, for any
ξ ∈ Γ (RadTM), ξ 	= 0 on M , there exists a unique η ∈ (ltrTM) of S(TM⊥)⊥
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satisfying (see [11, p. 144, theorem 1.2])

〈ξ,η〉 = 1, 〈η,η〉 = 0.

We obtain that

trTM = ltrTM ⊥ S(TM⊥),

TR
n+1
2 |M = TM ⊕ trTM

= S(TM) ⊥ S(TM⊥) ⊥ (RadTM ⊕ ltrTM). (2.1)

Consider the following local field of frames of R
n+1
2 along M :

{xu1 , . . . ,xum ,η,w1, . . . ,wn−m}, (2.2)

where xui = ∂x/∂ui, {xu1 = ξ} is a lightlike basis of Γ (RadTM), {xu2 , . . . ,xum}
is a basis of Γ (S(TM)), {η} is a lightlike basis of Γ (ltrTM) and {w1, . . . ,wn−m}
is a basis of Γ (S(TM⊥)). We can also choose wn−m = x as a normal vector;
then (2.2) becomes

{x, ξ,xu2 , . . . ,xum
,η,w1, . . . ,wn−m−1}.

The following ranges of the indices are used in this paper (unless otherwise stated):
i, j ∈ {2, . . . , m} and r, r′ ∈ {1, . . . , n − m − 1}.

The local field of frames satisfies

〈η,η〉 = 〈η,x〉 = 〈η,wr〉 = 〈η,xui
〉 = 〈xui

,x〉 = 〈xui
,wr〉 = 〈x,wr〉 = 0, (2.3)

〈ξ, ξ〉 = 〈ξ,x〉 = 〈ξ,wr〉 = 〈ξ,xui
〉 = 0, 〈ξ,η〉 = 1, (2.4)

〈x,x〉 = −1, 〈wr,wr′〉 = δrr′ , (2.5)
〈xui

,xui〉 > 0,

where δrr′ is the Kronecker function. According to (2.1) we have the Gauss formulae
and the Weingarten formulae for the 1-lightlike submanifold M of AdSn:

∇̄XY = ∇XY + h�(X, Y ) + hs(X, Y ), (2.6)

∇̄XV = −A(V, X) + D�
XV + Ds

XV (2.7)

for any X, Y ∈ Γ (TM), V ∈ Γ (tr(TM)), where ∇XY , A(V, X) belongs to Γ (TM),
{h�, D�

X} is the Γ (ltr(TM))-value and {hs, Ds
X} is the Γ (S(TM⊥))-value.

We now introduce the pseudo-Riemannian metric

ds2 =
m∑

i,j=1

gij dui duj

on M = X(U), where gij(u) = 〈xui(u),xuj (u)〉 for any u ∈ U . We denote the local
lightlike second fundamental forms and the local screen second fundamental forms
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of M on U by {h�
ik} and {hs

α}, respectively. From (2.6), (2.7), we derive

∇̄xui
xuk

= ∇xui
xuk

+ h�
ik(xui

,xuk
)η +

n−m−1∑
α=1

hs
α(xui

,xuk
)wα, (2.8)

∇̄xui
η = −

m∑
j=1

τ j
i (xui ,w)xuj − θ�

i (xui ,η)η +
n−m−1∑

α=1

ρα
i (xui ,η)wα, (2.9)

∇̄xui
w = −

m∑
j=1

σj
i (xui ,w)xuj − ν�

i (xui ,w)η +
n−m−1∑

α=1

µα
i (xui ,w)wα (2.10)

for any w ∈ TpM
⊥, where h�

k1(xuk
,xu1) = 0 (see [11, p. 157, proposition 2.2]).

Let TpM
⊥ = RadTpM ⊥ S(TpM

⊥) be the normal space of M at p = x(u) in
R

n+1
2 ; we define Np(M) = TpM

⊥ ∩ TpAdSn and TpM = S(TpM) ⊥ ltrTpM . We
call TpM the corrected tangent space of M at p = x(u). We arbitrarily choose a
normal section w(u) ∈ Np(M). By (2.1), we have wui

(u) ∈ TpM ⊕ TpM
⊥.

Consider the projections

πs� : TpM ⊕ TpM
⊥ → TpM

and

πN : TpM ⊕ TpM
⊥ → TpM

⊥.

Let dwu : TuU → TpM ⊕TpM
⊥ be the derivative of w. We define that dws�

u = πs� ◦
dwu and dwN

u = πN ◦ dwu. For any w ∈ Np0(M), we call the linear transformation

Sw
p0

= dws�
u0

: Tp0M → Tp0M

the 1-lightlike w-shape operator of M = x(U) at p0 = x(u0). For a spacelike unit
vector w ∈ Np0(M), we define

Sx+w
p0

= dxu0 + dws�
u0

;

we call Sx+w
p0

the 1-lightlike horospherical w-shape operator of M = x(U) at p0 =
x(u0). For a given basis {ξ} of RadTp0M and {η} of ltrTp0M satisfying 〈ξ,η〉 = 1,
we define an isomorphic mapping

Ap0 : Tp0M → Tp0M

such that, for any
∑m

i=2λixui + τη ∈ Tp0M ,

Ap0

( m∑
i=2

λixui + τη

)
=

m∑
i=2

λixui + τξ.

For any unit spacelike normal vector w ∈ Np0(M), we define the linear operators

LTw
p0

= Ap0 ◦ Sw
p0

: Tp0M → Tp0M

and

LTx+w
p0

= Ap0 ◦ Sx+w
p0

: Tp0M → Tp0M.
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The 1-lightlike horospherical Gauss curvature with respect to w at p0 = x(u0) is
defined to be

K�(w)(p0) = det(Sx+w
p0

).

It is clear that

det(Sx+w
p0

) = det(A−1
p0

◦ LTx+w
p0

) = det(A−1
p0

) det(LTx+w
p0

) = det(LTx+w
p0

).

We denote the eigenvalues of LTw
p0

and LTx+w
p0

by kw
�,i(p0) and k̄w

�,i(p0), which we
respectively call a 1-lightlike w-principal curvature and a 1-lightlike horospherical
w-principal curvature at p0 with respect to w. We say that a point p0 = x(u0)
is a 1-lightlike horospherical w-umbilic point if LTx+w

p0
= k̄w

� (p0)idTp0
M , where

k̄w
� (p0) = k̄w

�,i(p0) for all i ∈ {1, . . . , m}. We say that M = x(U) is totally 1-
lightlike horospherical w-umbilic if all points on M are 1-lightlike horospherical
w-umbilic. We say that the unit normal vector field w is 1-lightlike parallel at p0
if −wu1(u0) = ξ(u0) and −wui(u0) ∈ S(Tp0M) for any i ∈ {2, . . . , m}. We simply
say that w is 1-lightlike parallel if it is 1-lightlike parallel at all points of M .

Considering the hypersurface defined by HP (v, c)∩AdSn, we say that HP (v, c)∩
AdSn is an elliptic hyperquadric or a hyperbolic hyperquadric if HP (v, c) is a Lorentz
hyperplane or a semi-Euclidean hyperplane with index 2, respectively. We say that
HP (v, c) ∩ AdSn is a hyperhorosphere if HP (v, c) is null hyperplane.

Proposition 2.1. Let M = x(U) be a 1-lightlike submanifold of AdSn of dimen-
sion m. Then the following assertions hold.

(1) Suppose that M is 1-lightlike horospherical w-umbilic at p0 = x(u0) and that
ξ and xui are eigenvectors for LTw

p0
with respect to the eigenvalues kw

�,1(u0)
and kw

�,i(u0), respectively. Then, k̄w
� (u0) = kw

�,1(u0) = kw
�,i(u0) − 1 for every

i ∈ {2, . . . , m}.

(2) Suppose that M = x(U) is 1-lightlike horospherical w-umbilic and that the
spacelike unit normal vector field w ∈ Np(M) satisfies −wu1(u0) = ξ(u0)
and −wui(u0) ∈ S(Tp0M) for any i ∈ {2, . . . , m}. Then, k̄w

� (u) is constant,
k = 0 and there exists a vector v ∈ AdSn such that M is a part of the
hyperhorosphere HP (v,−1) ∩ AdSn.

Proof.

(1) As M is 1-lightlike horospherical w-umbilic at p0 = x(u0), we derive that

−Ap ◦ πs� ◦ (x + w)u1 = −Ap ◦ πs� ◦ xu1 − Ap ◦ πs� ◦ wu1

= −Ap ◦ πs� ◦ wu1

= kw
�,1(u0)ξ

and

−Ap ◦ πs� ◦ (x + w)ui
= −Ap ◦ πs� ◦ xui − Ap ◦ πs� ◦ wui

= −xui + kw
�,i(u0)xui

= (kw
�,i(u0) − 1)xui .

It is easy to check that k̄w
� (u0) = kw

�,1(u0) = kw
�,i(u0) − 1 for every i ∈ {2, . . . , m}.
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(2) Since w is a 1-lightlike parallel spacelike unit normal vector field along M , we
have that

−Ap ◦ πs� ◦ (x + w)u1 = 0 = −ξ − wu1

and

−Ap ◦ πs� ◦ (x + w)ui
= −(x + w)ui

= −xui
− wui

.

By the assumption, we have that −ξ − wu1 = k̄w
� (u)ξ = 0, −xui − wui =

k̄w
� (u)xui = 0, so we have that x + w is a constant vector v and k̄w

� (u) = 0.
Moreover, we have that 〈x,v〉 = −1. Since v is a lightlike vector, this means that
M is contained in a hyperhorosphere.

Proposition 2.2. Under the above notation, the 1-lightlike horospherical Gauss
curvature with respect to any spacelike unit normal vector

w = µξ +
m∑

i=2

λixui
+

n−m−1∑
r=1

ωrwr ∈ Np(M)

is given by

K�(w)(p) =
det(h̄ij(w))

det(gαβ)
, (2.11)

where λi, ωr are real numbers and

gαβ =

{
1, α = β = 1,

〈xuα ,xuβ
〉, α 	= 1 or β 	= 1,

h̄ij(w) = 〈−∇̄xui
x + w,xuj 〉.

Proof. Using (2.3), (2.4) and (2.10), we obtain that

〈−∇̄xui
x + w,xu1〉 = 〈ν�

i (xui ,x + w)η,xu1〉 +
〈 m∑

α=2

σα
i (xui ,x + w)xuα ,xu1

〉

= ν�
i (xui ,x + w)g11 +

m∑
α=2

σα
i (xui ,x + w)gα1,

where g11 = 〈η,xu1〉 = 1, gα1 = 〈xα,xu1〉. Similarly, we have that

〈−∇̄xui
x + w,xuβ

〉 =
〈 m∑

α=2

σα
i (xui

,x + w)xuα
,xuβ

〉

=
m∑

α=2

σα
i (xui ,w)gαβ ,

where gαβ = 〈xα,xuβ
〉. Moreover, we have that

ν�
i (xui ,x + w) = 〈−∇̄xui

x + w,xu1〉g11,

σj
i (xui ,x + w) =

m∑
β=2

〈−∇̄xui
x + w,xuβ

〉gβj ,
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where (gβj) = (gβj)−1. We define that ς1
i = ν�

i (xui ,x+w) and ςj
i = σj

i (xui ,x+w)
for i = 1, . . . , m, j = 2, . . . , m. We can then check that

K�(w)(p) = det(Sx+w
p ) = det(ςj

i ) = det((h̄iβ(w))(gβj)) =
det(h̄ij(w))

det(gαβ)
,

which clearly proves our assertion.

We let K�(w0)(u0) denote the 1-lightlike horospherical Gauss curvature at p0 =
x(u0) with respect to w0 = w(u0). We say that p = x(u0) is a 1-lightlike horospher-
ical parabolic point (or, more briefly, a 1-LH(w0)-parabolic point) of M = x(U) if
K�(w0)(u0) = 0. We also say that p = x(u0) is a 1-lightlike horospherical flat point
(or, more briefly, a 1-LH(w0)-flat point) of M = x(U) if p = x(u0) is a 1-lightlike
horospherical umbilic point and K�(w0)(u0) = 0.

3. A 1-lightlike horospherical hypersurface of 1-lightlike submanifolds
in AdSn

In this section we define a 1-lightlike horospherical hypersurface from the 1-lightlike
submanifold in AdSn, and we introduce the 1-lightlike height function in order to
study the singularities of 1-lightlike horospherical hypersurfaces.

Let x : U → AdSn be a 1-lightlike submanifold of codimension n − m in anti-de
Sitter space and let p = x(u); we choose orthonormal sections {ξ(u),w1(u), . . . ,
wn−m−1(u)} of Np(M), where ξ(u) is a lightlike vector and wr(u) are spacelike
unit vectors for r ∈ {1, . . . , n−m− 1}. We define a map ρ : U ×R×Sn−m−2 → Sn

2
by

ρ(u, ω) = µξ(u) +
n−m−1∑

r=1

ωrwr(u),

where ω = (µ, ω1, . . . , ωn−m−1) ∈ R × Sn−m−2 with
∑n−m−1

r=1 ω2
r = 1.

Let x : U → AdSn be a 1-lightlike submanifold of codimension n − m. We define
a family of functions H : U × Λn → R by H(u, v) = 〈x(u),v〉 + 1, where v =
(v0, v1, . . . , vn) ∈ Λn. We call H the 1-lightlike horospherical height function on
M = x(U). Using the notation hv0 = H(u, v0) for any v0 ∈ Λn, we have the
following proposition.

Proposition 3.1.

(1) H(u, v) = 0 if and only if there exist real numbers µ, τ, λi ∈ R and ωr ∈ R

such that v = x(u)+µξ(u)+λ2xu2(u)+ · · ·+λmxum
(u)+τη(u)+ω1w1(u)+

· · · + ωn−m−1wn−m−1(u).

(2) H(u, v) = ∂H/∂ui(u, v) = 0 if and only if

v = x(u) + µξ(u) +
n−m−1∑

r=1

ωrwr(u).

Proof. (1) Consider the following local field of frames of TpR
n+1
2 along M :

{x(u),xu1(u) = ξ(u),xu2(u), . . . ,xum(u),η(u),w1(u), . . . ,wn−m−1(u)},
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where p = x(u) and there exist real numbers λ2, . . . , λm, µ, τ , ω0, ω1, . . . , ωn−m−1
such that

v = ω0x(u) + µξ(u) +
m∑

i=2

λixu2(u) + τη(u) +
n−m−1∑

r=1

ωrwr(u).

Therefore, H(u, v) = 0 if and only if 1 = −〈x(u),v〉 = −ω0〈x(u),x(u)〉 = ω0.

(2) Because ∂H/∂ui(u, v) = 〈xui(u),v〉, we obtain that

τ〈ξ(u),η(u)〉 = τ = 0

and
m∑

i=2

λi〈xui
(u),xuj (u)〉 =

m∑
i=2

λigij = 0

for j ∈ {2, . . . , m}. Since (gij) is non-degenerate for i, j ∈ {2, . . . , m}, we have
that λi = 0 for i ∈ {2, . . . , m}. Because v ∈ Λn, the condition that H(u, v) =
∂H/∂ui(u, v) = 0 holds if and only if

v = x(u) + µξ(u) +
n−m−1∑

r=1

ωrwr(u) with
n−m−1∑

r=1

ω2
r = 1.

This completes the proof.

It follows that the discriminant set of H is

DH = {x(u) + ρ(u, ω) | (u, ω) ∈ U × R × Sn−m−2}.

For the 1-lightlike horospherical height function H, we have the set

Σ∗(H) = {(u, v) : H(u, v) = ∂H(u, v)/∂ui = 0}.

We define a mapping
LH1

x : U × R × Sn−m−2 → Λn

by LH1
x(u, ω) = x(u)+ρ(u, ω). Calling LH1

x the 1-lightlike horospherical hypersur-
face of M , we remark that LH1

x depends on the choice of the pseudo-orthonormal
frames of TpM

⊥ = RadTpM ⊥ S(TpM
⊥).

Let
{x(u), ξ(u),xu2(u), . . . ,xum(u),η,w1(u), . . . ,wn−m−1(u)}

and
{x(u), ξ′(u),x′

u2
(u), . . . ,x′

um
(u),η′,w′

1(u), . . . ,w′
n−m−1(u)}

be two frames of TpRn
2 . Consider the two pseudo-orthonormal frames of TpM

⊥,

{x(u), ξ(u),w1(u), . . . ,wn−m−1(u)}

and
{x(u), ξ′(u),w′

1(u), . . . ,w′
n−m−1(u)}.
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Because dim Rad TpM = 1 and {wi(u)} and {w′
i(u)} are the two bases of S(TpM

⊥),
we have that ξ(u) = ζξ′(u) and

wi(u) =
n−m−1∑

j=1

ϑj
iw

′
j(u) (i = 1, . . . , n − m − 1),

where
ζ = 〈ξ(u),η′(u)〉, ϑj

i = 〈wi(u),w′
j(u)〉.

Define a diffeomorphism Φ : U × R × Sn−m−2 → U × R × Sn−m−2 by

Φ(u, ω) =
(

u,

(
ζµ,

n−m−1∑
j=1

ϑ1
jωj , . . . ,

n−m−1∑
j=1

ϑn−m−1
j ωj

))
,

where ω = (µ, ω1, . . . , ωn−m−1); we also define that

ρ′(u, ω) = µξ′(u) +
n−m−1∑

r=1

ωrw
′
r(u).

It is easy to check that ρ(u, ω) = ρ′ ◦ Φ(u, ω). Therefore, we have that

LH1
x(u, ω) = L̂H1

x ◦ Φ(u, ω),

where L̂H1
x = x(u)+ρ′(u, ω). This means that L̂H1

x defines the same hypersurface
as LH1

x(U × R × Sn−m−2), with a different parametrization.
Since we are interested in the singularity of LH1

x(U ×R×Sn−m−2), we arbitrarily
fix a pseudo-orthonormal frame

{x(u), ξ(u),w1(u), . . . ,wn−m−1(u)}

of TpM
⊥ = RadTpM ⊥ S(TpM

⊥) throughout the remainder of this paper. We can
prove the following assertion.

Proposition 3.2. Let x : U → AdSn be an m-dimensional 1-lightlike submanifold.
Then, LH1

x(u, ω) is a constant map for some map ψ : U → R×Sn−m−2 if and only
if M = x(U) is a part of the hyperhorosphere HP (v,−1) ∩ AdSn.

Proof. Suppose that v0 = x(u) + ρ(u, ω) is a constant lightlike vector. Because
ρ(u, ω) is a normal vector of M for any u ∈ U , we have that 〈v0,x(u)〉 = −1
for any u ∈ U . This means that M ⊂ HP (v0,−1). On the other hand, if M ⊂
HP (v0,−1) ∩ AdSn for some lightlike vector v0, then 〈v0,x〉 = −1. It follows
that we have that 〈v0 − x(u),x(u)〉 = 0 for any u ∈ U . Moreover, we have that
〈v0,xui(u)〉 = 0. Therefore, v0 −x(u) is a normal vector of M . We define a smooth
mapping ω : U → R × Sn−m−2 by

ω(u) = 〈v0 − x(u),η(u)〉ξ(u) +
n−m−1∑

r=1

〈v0 − x(u),wr(u)〉wr(u).

We then have that v0 − x(u) = ρ(u, ω). This completes the proof.
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We have the following proposition.

Remark 3.3. By proposition 2.1, the condition of proposition 3.2 is equivalent to
the condition that M is totally 1-lightlike horospherical ρ(u, ω)-umbilic, the normal
vector field ρ(u, ω) is 1-lightlike parallel and K�(ρ(u, ω))(u) = 0.

Proposition 3.4. The singular set of LH1
x is given by

Σ(LH1
x) = {(u, ω) ∈ U × R × Sn−m−2 : K�(ρ(u, ω))(u) = 0}.

Proof. Let hv(u) be a 1-lightlike horospherical height function, with v ∈ Λn.
By straightforward calculation, the Hessian matrix of the 1-lightlike horospheri-
cal height function hv at p = x(u) is given by (〈∇̄xui

xuj
(u),v〉), where v is a

normal vector of M at p. Because (u, v) ∈ Σ∗(H), we have that v = x(u)+ρ(u, ω)
for some ω ∈ R × Sn−m−2. By proposition 2.2, we know that

K�(ρ(u, ω))(u) =
det(h̄ij(w))

det(gαβ)

=
det(−〈∇̄xui

x(u) + ρ(u, ω),xuj
(u)〉)

det(gαβ)
.

As 〈x(u) + ρ(u, ω),x(u) + ρ(u, ω)〉 = 0, it follows that

det(−〈∇̄xui
x(u) + ρ(u, ω),xuj

(u)〉) = det(〈∇̄xui
xuj

(u),x(u) + ρ(u, ω)〉)
= det Hess hv(u).

Therefore, det Hess hv(u) = 0 if and only if K�(ρ(u, ω))(u) = 0. This completes the
proof.

As a consequence of proposition 3.4, we state the following.

Proposition 3.5. For any 1-lightlike submanifold x : U → AdSn and v0 = x(u0)+
ρ(u0,ω0), we have the following.

(1) p = x(u0) is a 1-LH(ρ(u, ω))-parabolic point if and only if

det Hess hv0(u0) = 0.

(2) p = x(u0) is a 1-LH(ρ(u, ω))-flat point if and only if the rank of Hess hv0(u0)
is 0.

Here Hess hv0(u0) is the Hessian matrix of hv0(u) = H(u, v0) at u0.

Example 3.6. Suppose that M is a regular 1-lightlike surface of AdS5 given by
x : U → AdS5, u = (x1, x2) �→ (x1, x2, x3, . . . , x6), i.e. an embedding, where

x3 = sin
(

ln
∣∣∣x1 +

√
x2

1 + 1
∣∣∣), x4 = cos

(
ln

∣∣∣x1 +
√

x2
1 + 1

∣∣∣),

x5 =
1√
2

(√
x2

1 + 1 +
√

x2
2 − 3

)
, x6 =

1√
2

(√
x2

1 + 1 −
√

x2
2 − 3

)
.
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where x2 >
√

3. Let θ = ln |x1 +
√

x2
1 + 1| and derive that

TM = span
{

xu1 = ξ =
∂

∂x1
+

1√
x2

1 + 1
cos θ

∂

∂x3
− 1√

x2
1 + 1

sin θ
∂

∂x4

+
x1√

2(x2
1 + 1)

∂

∂x5
+

x1√
2(x2

1 + 1)
∂

∂x6
,

xu2 =
∂

∂x2
+

1√
2

x2√
x2

2 − 3
∂

∂x5
− 1√

2
x2√

x2
2 − 3

∂

∂x6

}

and

TM⊥

= span
{

ξ,x,w1 =
1√

2(
√

(x2
1 + 1)(x2

2 − 3) + 3
2 )2 + 3

2

×
[

− x2
∂

∂x2
+ ((−3 −

√
(x2

1 + 1)(x2
2 − 3)) sin θ

− x1

√
x2

2 − 3 cos θ)
∂

∂x3

+ ((−3 −
√

(x2
1 + 1)(x2

2 − 3)) cos θ

+ x1

√
x2

2 − 3 sin θ)
∂

∂x4

+
√

2(x2
2 − 3)

∂

∂x6

]
,

w2 =

√
(
√

(x2
1 + 1)(x2

2 − 3) + 3
2 )2 + 3

4

6(x2
1 + 1)(x2

2 − 3)

×
[
x2

(
1 +

(x2
1 + 1)(x2

2 − 3) − 3
(
√

(x2
1 + 1)(x2

2 − 3) + 3
2 )2 + 3

4

)
∂

∂x2

+

3(((x2
1 + 1)(x2

2 − 3) +
√

(x2
1 + 1)(x2

2 − 3)) sin θ

−x1
√

x2
2 − 3(2 +

√
(x2

1 + 1)(x2
2 − 3)) cos θ)

(
√

(x2
1 + 1)(x2

2 − 3) + 3
2 )2 + 3

4

∂

∂x3

+

3(((x2
1 + 1)(x2

2 − 3) +
√

(x2
1 + 1)(x2

2 − 3)) cos θ

+x1
√

x2
2 − 3(2 +

√
(x2

1 + 1)(x2
2 − 3)) sin θ)

(
√

(x2
1 + 1)(x2

2 − 3) + 3
2 )2 + 3

4

∂

∂x4

+
√

2(x2
2 − 3)

∂

∂x5
−

√
2(x2

2 − 3)((x2
1 + 1)(x2

2 − 3) − 3)
(
√

(x2
1 + 1)(x2

2 − 3) + 3
2 )2 + 3

4

∂

∂x6

]}
,

where ξ(u) and wi(u) (i = 1, 2) are lightlike and unit spacelike vectors, respectively,
for each u = (x1, x2) ∈ U . It follows that RadTM = span{ξ} = TM ∩ TM⊥, that
is, M is a 1-lightlike surface of AdS5. We obtain the lightlike transversal vector
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bundle

ltr(TM) = span
{

η =
1
2

(
− ∂

∂x1
+

1√
x2

1 + 1
cos θ

∂

∂x3
− 1√

x2
1 + 1

sin θ
∂

∂x4

+
x1√

2(x2
1 + 1)

∂

∂x5
+

x1√
2(x2

1 + 1)
∂

∂x6

)}
.

We can consider the 1-lightlike horospherical Gauss curvature of the 1-lightlike
surface with respect to any normal vector field ρ. Note that any unit spacelike
normal vector ρ ∈ TM⊥ = RadTM ⊥ S(TM⊥) is expressed as

ρ = µξ + ω1w1 + ω2w2,

where µ, ω1, ω2 are real numbers and ω2
1 + ω2

2 = 1. We give the 1-lightlike horo-
spherical Gauss curvature of the 1-lightlike surface with respect to ρ at p = x(u)
by

K�(ρ)(p) = detSx+ρ
p

=
det(−〈∇̄xui

(x + ρ),xuj 〉)
det(gαβ)

=
∣∣∣∣−〈∇̄xu1

(x + ρ),xu1〉 −〈∇̄xu1
(x + ρ),xu2〉

−〈∇̄xu2
(x + ρ),xu1〉 −〈∇̄xu2

(x + ρ),xu2〉

∣∣∣∣
∣∣∣∣1 0
0 3/(x2

2 − 3)

∣∣∣∣
−1

= 1
3 (x2

2 − 3)
∣∣∣∣A 0
0 B

∣∣∣∣
= 1

3 (x2
2 − 3)AB,

where

A = −〈∇̄xu1
(x + ρ),xu1〉

=
3
√

x2
1 + 1 + 2

√
x2

2 − 3

(x2
1 + 1)3/2

√
(2

√
(x2

1 + 1)(x2
2 − 3) + 3

2 )2 + 3
2

ω1

− 3√
6(x2

1 + 1)(x2
2 − 3)

×
(

(2x2
1 + 1)(x2

2 − 3)
√

x2
1 + 1 + (3x2

1 + 1)
√

x2
2 − 3

(x2
1 + 1)3/2

√
(
√

(x2
1 + 1)(x2

2 − 3) + 3
2 )2 + 3

4

)
ω2,

B = −〈∇̄xu2
(x + ρ),xu2〉

=
3

x2
2 − 3

(
− 1 + ω1 −

(
1 +

√
(x2

1 + 1)(x2
2 − 3) − 3

(
√

(x2
1 + 1)(x2

2 − 3) + 3
2 )2 + 3

4

)
ω2

)
.

The singular set of the 1-lightlike horospherical hypersurface LH1
x = x + ρ is given

by
Σ(LH1

x) = {(u, ω) ∈ U × R × S1 : AB = 0}.
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4. 1-lightlike horospherical hypersurfaces as wavefronts

In this section we naturally interpret the 1-lightlike horospherical hypersurfaces
of M in Λn as a wavefront set in the framework of contact geometry. This is an
analogous way to the differential geometry of hypersurfaces in hyperbolic space [20].

Let π : PT ∗(Λn) → Λn be the projective cotangent bundles with the canonical
contact structures. Consider the tangent bundle τ : TPT ∗(Λn) → PT ∗(Λn) and
the differential map dπ : TPT ∗(Λn) → T (Λn) of π. For any X ∈ TPT ∗(Λn), there
exists an element α ∈ T ∗(Λn) such that τ(X) = [α]. For an element V ∈ Tx(Λn),
the property α(V ) = 0 does not depend on the choice of representative of the class
[α]. Thus, we can define the canonical contact structure on PT ∗(Λn) by

K = {X ∈ TPT ∗(Λn) | τ(X)(dπ(X)) = 0}.

On the other hand, we consider a point v = (v0, v1, . . . , vn) ∈ Λn; we have the
relation

v0 = ±

√√√√−v2
1 +

n∑
j=2

v2
j .

So we adopt the coordinate system (v1, . . . , vn) of Λn. We then have the trivializa-
tion PT ∗(Λn) ≡ Λn × PRn−1, and call ((v1, . . . , vn), [ξ1 : · · · : ξn]) homogeneous
coordinates of PT ∗(Λn), where [ξ1 : · · · : ξn] are the homogeneous coordinates of
the dual projective space P (Rn−1)∗. It is easy to show that X ∈ K(x,[ξ]) if and only
if

∑n
i=1µiξi = 0, where dπ(X) =

∑n
i=1µi(∂/∂vi). An immersion i : L → PT ∗(Λn)

is said to be a Legendrian immersion if dimL = n − 1 and diq(TqL) ⊂ Ki(q)
for any q ∈ L. The map π ◦ i is also called the Legendrian map and the image
W (i) = image(π ◦ i) is called the wavefront of i. Moreover, i (or the image of i) is
called the Legendrian lift of W (i).

Let F : (Rk × Rn, 0) → (R, 0) be a function germ. We say that F is a Morse
family if the mapping

∆∗F =
(

F,
∂F

∂q1
, . . . ,

∂F

∂qk

)
: (Rk × Rn, 0) → (R × Rk, 0)

is non-singular, where (q,x) = (q1, . . . , qk, x1, . . . , xn) ∈ (Rk × Rn, 0). In this case
we have a smooth (n−1)-dimensional submanifold Σ∗(F ) = ∆∗F−1(0), and a map
germ ΦF : (Σ∗(F ), 0) → PT ∗Rn defined by

ΦF (q,x) =
(

x,

[
∂F

∂x1
(q,x), . . . ,

∂F

∂xn
(q,x)

])

is a Legendrian immersion. We then have the following fundamental theorem of the
theory of Legendrian singularities.

Proposition 4.1. The 1-lightlike horospherical height function H : U ×Λn → R is
a Morse family.

Proof. For any v = (v0, v1, . . . , vn) ∈ Λn, we have that

v0 = ±

√√√√−v2
1 +

n∑
j=2

v2
j ;
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we know that at least one of the vi(i = 0, 1) is not equal to zero. Without loss of
generality, we assume that v0 > 0, so

H(u, v) = 〈x(u),v〉 + 1 = −x0

√√√√−v2
1 +

n∑
j=2

v2
j − x1(u)v1 +

n∑
j=2

xj(u)vj + 1,

where x(u) = (x0(u), x1(u), . . . , xn(u)). We now prove that the mapping

∆∗H = (H, ∂H/∂u1, . . . , ∂H/∂um)

is non-singular at any point (u, v) ∈ Σ∗(H). The Jacobian matrix of ∆∗H is given
as

J∆∗H(u, v) =

⎛
⎜⎜⎜⎜⎜⎝

∂H

∂uj
(u, v)j=1,2,...,m

∂H

∂vj′
(u, v)j′=1,2,...,n

(
∂2H

∂ui∂uj
(u, v)

)
i=1,...,m
j=1,...,m

(
∂2H

∂ui′∂vj′
(u, v)

)
i′=1,...,m
j′=1,...,n

⎞
⎟⎟⎟⎟⎟⎠ .

We denote an (m + 1) × n matrix B by

J∆∗H(u, v) =

⎛
⎜⎜⎜⎜⎝

∂H

∂uj
(u, v)j=1,2,...,m

(
∂2H

∂ui∂uj
(u, v)

)
i=1,...,m
j=1,...,m

B

⎞
⎟⎟⎟⎟⎠ .

It is sufficient to show that rankB = m + 1 at (u, v) ∈ Σ∗(H). We also denote an
(m + 2) × (n + 1) matrix C by

C =

⎛
⎜⎜⎜⎜⎜⎝

−v0 −v1 v2 . . . vn

−x0 −x1 x2 . . . xn

−x0,u1 −x1,u1 x2,u1 . . . xn,u1

...
...

...
. . .

...
−x0,um −x1,um x2,um . . . xn,um

⎞
⎟⎟⎟⎟⎟⎠ .

First, we prove that the rank of the matrix C is equal to m + 2. Let

v̂ = (−v0,−v1, v2, . . . , vn),
x̂(u) = (−x0,−x1, x2, . . . , xn),

x̂ui(u) = (−x0,ui ,−x1,ui , x2,ui , . . . , xn,ui).

By using the elementary column transformations, the matrix

(v,x(u),xu1(u), . . . ,xum
(u))T

becomes the matrix
(v̂, x̂(u), x̂u1(u), . . . , x̂um(u))T.
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It follows that the rank of the matrix (v,x(u),xu1(u), . . . ,xum(u))T is equal to the
rank of the matrix (v̂, x̂(u), x̂u1(u), . . . , x̂um(u))T. Since v, x(u) and xui

(u) are
linearly independent for all (u, v) ∈ Σ∗(H), v̂, x̂(u) and x̂ui(u) are also linearly
independent; thus, we have rankC = m + 2.

Next, we prove that rankB = rankC −1. We subtract the first row multiplied by
x0/v0 from the second row of the matrix C, and subtract the first row multiplied
by x0,uk

/v0 from the (2 + k)th row for k = 1, . . . , m. We then have a matrix

C ′ =

⎛
⎜⎜⎜⎜⎜⎜⎝

−v0 −v1 v2 · · · vn

0
...

0

B

⎞
⎟⎟⎟⎟⎟⎟⎠

.

Therefore, we have rankB = rankC − 1 = rankC ′ − 1 = m+1. This completes the
proof.

By the above proposition, we can define the Legendrian lift of the 1-lightlike
horospherical hypersurface as follows. We define x(u) = (x0(u), . . . , xn(u)) and
LHx(u, ω) = (�̄0(u, ω), . . . , �̄n(u, ω)) as coordinate representations. Define a map

Lx : U × R × Sn−m−2 → PT ∗(Λn)

by
Lx(u, ω) = (LH1

x(u, ω), [�̄(u, ω)]),

where

[�̄(u, ω)] = [−�̄1(u, ω)x0(u) + �̄0(u, ω)x1(u) : · · · : −�̄n(u, ω)x0(u) + �̄0(u, ω)xn(u)].

We call F a generating family of ΦF . Therefore, the wavefront is

W (ΦF ) =
{

x ∈ Rn

∣∣∣∣ there exists q ∈ Rk

such that F (q,x) =
∂F

∂q1
(q,x) = · · · =

∂F

∂qk
(q,x) = 0

}
.

We define DF = W (ΦF ) and call it the discriminant set of F . Moreover, we have
the following corollary.

Corollary 4.2. For an m-dimensional embedding x : U → AdSn, Lx : U × R ×
Sn−m−2 → PT ∗(Λn) is a Legendrian immersion such that the 1-lightlike horo-
spherical height function H : U × Λn → R of x(U) = M is a generating family
of Lx.

5. Contact with hyperhorospheres

In this section we describe the contacts between the 1-lightlike submanifolds and
the hyperhorospheres by applying Montaldi’s theory [26].

Let Xi and Yi (i = 1, 2) be submanifolds of Rn with dimX1 = dimX2, dimY1 =
dim Y2 and yi ∈ Xi ∩ Yi for i = 1, 2. We say that the contact of X1 and Y1 at y1 is
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of the same type as the contact of X2 and Y2 at y2 if there exists a diffeomorphism
germ Φ : (Rn,y1) → (Rn,y2) such that Φ : ((X1,y1)) = (X2,y2) and Φ : ((Y1,y1)) =
(Y2,y2). In this case we write that K(X1, Y1; y1) = K(X2, Y2; y2). Two function
germs g1, g2 : (Rn, ai) → (R, 0) (i = 1, 2) are K-equivalent if there exist a diffeo-
morphism germ Φ : (Rn, a1) → (Rn, a2) and a function germ λ : (Rn, a1) → R with
λ(a1) 	= 0 such that f1 = λ ·(g2 ◦Φ). In [26] Montaldi showed the following theorem.

Theorem 5.1 (see [26]). Let Xi, Yi (i = 1, 2) be submanifolds of Rn with dim X1 =
dim X2 and dim Y1 = dimY2. Let gi : (Xi,xi) → (Rn,yi) be immersion germs and
let fi : (Rn,yi) → (Rp, 0) be submersion germs with (Yi,yi) = (f−1

i (0),yi). Then,
K(X1, Y1; y1) = K(X2, Y2; y2) if and only if f1 ◦ g1 and f2 ◦ g2 are K-equivalent.

Now consider the function H : AdSn × Λn → R defined by H(x,v) = 〈x,v〉 + 1.
Given v0 ∈ Λn, we define hv0(u) = H(x,v0), so we have that h−1

v0
(0) = HP (v0, 1)∩

AdSn = HSn−1(v0, 1). Let x : U → AdSn be an embedding of codimension n − m.
For any u0 ∈ U and ω0 ∈ Sn−m−2 we consider a lightlike vector v0 = x(u0) +
(u0,ω0) ∈ Λn; it then follows from proposition 3.1 that:

(1)
hv0 ◦ x(u0) = H ◦ (x × idΛn)(u0,v0) = H(u0,v0) = 0,

(2)
∂hv0 ◦ x

∂ui
(u0) =

∂H

∂ui
(u0,x(u0) + ρ(u0,ω0)) = 0

for i = 1, . . . , m.

Hence, the hyperhorosphere h−1
v0

(0) = HSn−1(v0, 1) is tangent to M = x(U) at
p = x(u0). In this case, we call HSn−1(v0, 1) the tangent hyperhorosphere of
M = x(U) at p0 = x(u0) with respect to x(u0) + ρ(u0,ω0), which we write as
HS(x, (u0,λ0,ω0)).

We briefly review some results on the generating family of Legendrian map
germs [19,36,37].

Let i : (L, p) ⊂ (PT ∗Rn, p) and i′ : (L′, p′) ⊂ (PT ∗Rn, p′) be Legendrian immer-
sion germs. We then say that i and i′ are Legendrian equivalent if there exists a
contact diffeomorphism germ H : (PT ∗Rn, p) → (PT ∗Rn, p′) such that H preserves
fibres of π and H(L) = L′. A Legendrian immersion germ into PT ∗Rn at a point is
said to be Legendrian stable if for every map with the given germ there exist a neigh-
bourhood in the space of Legendre immersions (in the Whitney C∞-topology) and
a neighbourhood of the original point such that each Legendrian immersion belong-
ing to the first neighbourhood has, in the second neighbourhood, a point at which
its germ is Legendrian equivalent to the original germ.

Because the Legendrian lift i : (L, p) ⊂ (PT ∗Rn, p) is uniquely determined on the
regular part of the wavefront W (i), we have the following simple but significant
property of Legendrian immersion germs.

Proposition 5.2 (see [37]). Let

i : (L, p) ⊂ (PT ∗Rn, p) and i′ : (L′, p′) ⊂ (PT ∗Rn, p′)
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be Legendrian immersion germs such that representatives of both map germs π ◦ i
and π ◦ i′ are proper and both regular sets are dense. Then, i, i′ are Legendrian
equivalent if and only if their wavefront sets W (i), W (i′) are diffeomorphic as set
germs.

The assumption in the above proposition is a generic condition for i, i′. In par-
ticular, if i, i′ are Legendrian stable, then they satisfy the assumption.

We can interpret the Legendrian equivalence by using the notion of generating
families. We denote En the local ring of function germs (Rn, 0) → R with the
unique maximal ideal Mn = {h ∈ En : h(0) = 0}. Let F, G : (Rk × Rn, 0) → (R, 0)
be function germs. We say that F and G are P − K-equivalent if there exists
a diffeomorphism germ Ψ : (Rk × Rn, 0) → (Rk × Rn, 0) of the form Ψ(x, u) =
(ψ1(q, x), ψ2(x)) for (q, x) ∈ (Rk × Rn, 0) such that Ψ∗(〈F 〉Ek+n

) = 〈G〉Ek+n
. Here,

Ψ∗ : Ek+n → Ek+n is the pullback R-algebra isomorphism defined by Ψ∗(h) = h ◦Ψ .
Let F : (Rk×Rn, 0) → (R, 0) be a function germ. We say that F is an infinitesimal

K-versal deformation of f = F |Rk×0 if

Ek = Te(K)(f) +
〈

∂F

∂x1

∣∣∣∣
Rk×{0}

, . . . ,
∂F

∂xn

∣∣∣∣
Rk×{0}

〉
R

,

where

Te(K)(f) =
〈

∂f

∂q1
, . . . ,

∂f

∂qk

〉
Ek

.

The main result in the theory of Legendrian singularities is the following.

Theorem 5.3 (see [36]). Let Fi : (Rki × Rn, 0) → (R, 0) (i = 1, 2) be Morse fami-
lies. Then the following results hold.

(1) ΦF1 and ΦF2 are Legendrian equivalent if and only if F1 and F2 are stably
P − K-equivalent.

(2) ΦF is Legendrian stable if and only if F is an infinitesimal K-versal defor-
mation of F |Rk×{0}.

We now consider the contact of M with tangent hyperhorospheres at p0 ∈ M as
an application of Legendrian singularity theory. Let fi : (Ni,xi) → (Pi,yi) (i = 1, 2)
be C∞ map germs. We say that f1, f2 are A-equivalent if there exist diffeomorphism
germs φ : (N1,x1) → (N2,x2) and ψ : (P1,y1) → (P2,y2) such that ψ ◦ f1 = f2 ◦ φ.

Let
LH1

xi
: (U × R × Sn−m−2, (ui,ωi)) → (Λn,vi) (i = 1, 2)

be 1-lightlike horospherical hypersurface germs of the 1-lightlike submanifold germs

xi : (U, ui) → (AdSn,xi(ui))

of codimension n − m. If the representatives of both map germs LH1
xi

are proper
and the corresponding regular sets are dense in (U × R × Sn−m−2, (ui,ωi)), it
follows from proposition 5.2 that LH1

x1
and LH1

x2
are A-equivalent if and only if

the corresponding Legendrian immersion germs

LH1
x1

: (U × R × Sn−m−2, (u1,ω1)) → (Λn,v1)
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and

LH1
x2

: (U × R × Sn−m−2, (u2,ω2)) → (Λn,v2)

are Legendrian equivalent. This condition is also equivalent to the condition that
two generating families H1 and H2 are P − K-equivalent by theorem 5.3. Here,
Hi : (U × Λn, (ui,vi)) → R is the 1-lightlike horospherical height function germ
of xi.

On the other hand, if we define that hi,vi(u) = Hi(u, vi), then we have that
hi,vi(u) = hvi ◦ xi(u). By theorem 5.1,

K(x1(U),HS(x1, (u1,ω1)),v1) = K(x2(U),HS(x2, (u2,ω2)),v2)

if and only if h1,v1 and h1,v2 are K-equivalent. Therefore, we can apply the above
arguments to our situation.

Theorem 5.4. Let xi : (U, ui) → (AdSn,xi(ui)) (i = 1, 2) be 1-lightlike submani-
fold germs of codimension n − m such that the representatives of both map germs
LH1

xi
are proper and the corresponding regular sets are dense in (U × R ×Sn−m−2,

(ui,ωi)). We then have the following assertions.

(A) The following conditions are equivalent:

(1) LH1
x1

and LH1
x2

are A-equivalent,

(2) LH1
x1

and LH1
x2

are Legendrian equivalent,

(3) H1 and H2 are P − K-equivalent.

(B) If one of the above conditions holds for xi (i = 1, 2), then

K(x1(U),HS(x1, (u1,ω1)),v1) = K(x2(U),HS(x2, (u2,ω2)),v2).

In this case, (x−1
1 (HS(x1, (u1,ω1))), u1) and (x−1

2 (HS(x2, (u2,ω2))), u2) are
diffeomorphic as set germs.

Proof.

(A) By the assumption, the corresponding Legendrian lifts Lxi
satisfy the hypoth-

esis of proposition 5.2. It follows from proposition 5.2 and theorem 5.3 that the
conditions (1), (2) and (3) are equivalent.

(B) Suppose that H1 and H2 are P − K-equivalent. Then, h1,v1 and h2,v2 are
K-equivalent. By theorem 5.1, we have that

K(x1(U),HS(x1, (u1,ω1)),v1) = K(x2(U),HS(x2, (u2,ω2)),v2).

On the other hand, we have that (x−1
i (HS(xi, (ui,ωi))), ui) = hi,vi(0). It follows

that (x−1
1 (HS(x1, (u1,ω1))), u1) and (x−1

2 (HS(x2, (u2,ω2))), u2) are diffeomorphic
as set germs because the K-equivalence preserves the zero level sets.

By the uniqueness result of the infinitesimal K-versal deformation of a function
germ, proposition 5.2 and theorem 5.3, we have the following classification result
of Legendrian stable germs. For any map germ f : (Rn, 0) → (Rp, 0), we define the
local ring of f by Q(f) = En/f∗(Mp)En.
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Proposition 5.5 (see [19]). Let Fi : (Rk×Rn, 0) → (R, 0) (i = 1, 2) be Morse fam-
ilies such that the corresponding ΦFi are Legendrian stable. The following conditions
are then equivalent.

(1) W (ΦF1 , 0) and W (ΦF2 , 0) are diffeomorphic as germs.

(2) ΦF1 and ΦF2 are Legendrian equivalent.

(3) Q(f1) and Q(f2) are isomorphic as R-algebras, where fi = Fi|Rk×{0}.

For a 1-lightlike submanifold germ

x : (U, u0) → (AdSn,x(u0)),

we call (x−1(HS(x, (u0,ω0))), u0) the tangent hyperhorospherical indicatrix germ
of x with respect to ρ(u0,ω0). By theorem 5.4, the diffeomorphism type of the
tangent hyperhorospherical indicatrix germ is an invariant of the A-classification
among the 1-lightlike horospherical hypersurface germs for generic submanifolds.

In the case when the corresponding Legendrian immersion Lx is Legendrian sta-
ble, we have more detailed assertions. We now denote by Q(x, (u0,ω0)) the local
ring of the function germ hv0 : (U, u0) → R, where v0 = x(u0) + ρ(u0,ω0). We
remark that we can explicitly write the local ring as

Q(x, u0,ω0) = C∞
u0

(U)/〈〈x(u),x(u0) + ρ(u0,ω0)〉 + 1〉C∞
u0

(U),

where C∞
u0

(U) is the local ring of function germs at u0 with the unique maximal
ideal Mu0(U).

Theorem 5.6. Let xi : (U, ui) → (AdSn,xi(ui)) (i = 1, 2) be 1-lightlike submani-
fold germs of codimension n−m such that the corresponding Legendrian immersion
germs LH1

xi
: (U × R × Sn−m−2, (ui,ωi)) → (PT ∗(Λn),zi) are Legendrian stable.

The following conditions are then equivalent:

(1) 1-lightlike horospherical hypersurface germs LH1
x1

and LH1
x2

are A-equivalent,

(2) Lx1 and Lx2 are Legendrian equivalent,

(3) H1 and H2 are P − K-equivalent,

(4) h1,v1 and h2,v2 are K-equivalent,

(5) K(x1(U),HS(x1, u1),v1) = K(x2(U),HS(x2, u2),v2),

(6) Q(x1, u1; ω1) and Q(x2, u2; ω2) are isomorphic as R-algebras.

Proof. We remark that if Lxi is Legendrian stable, then the singular set Σ(LH1
xi

)
of the corresponding 1-lightlike horospherical hypersurface has no interior points
as a subspace of U × R × Sn−m−2. By theorem 5.4, the conditions (1), (2), (3)
are equivalent. It follows from theorem 5.3 and proposition 5.5 that the conditions
(2), (4) and (6) are equivalent. By theorem 5.1, the conditions (4) and (5) are
equivalent.
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We now consider the stratification of the �-jet space J�(Rk, R) such that the
discriminant set of K-versal deformations has the corresponding canonical stratifi-
cation. By theorem 5.6, such a stratification should be K-invariant, where we have
the K-action on J�(k, 1) [23,24]. For this reason, we use Mather’s canonical stratifi-
cation here [13,25]. Let A�(k, 1) be the canonical stratification of J�(k, 1)\W �(k, 1),
where

W �(k, 1) = {j�f(0) | dimR Ek/((TeK)(f) + M
�
k) � �}.

We now define the stratification A�
0(R

k, R) of J�(k, 1) \ W �(k, 1) by

Rk × (R \ 0) × (J�(k, 1) \ W �(k, 1)), Rk × {0} × A�(k, 1),

where W �(Rk, R) ≡ Rk × {0} × W �(k, 1). Wan showed that if j�
1F (0) 	∈ W �(k, 1)

and j�
1F is transversal to A�

0(R
k, R) [33], then πF : (F−1(0),0) → (Rn,0) is an

MT -stable map germ. Here, we call a map germ MT -stable if it is transversal to
the canonical stratification of a jet space, which is introduced in [23].

In the next section, we prove that the assumption of the theorem is generic in
the case when n � 6. For general dimensions, we need the topological theory.

Proposition 5.7 (see [20]). Let F, G : (Rk × Rn, 0) → (R, 0) be Morse families
such that πF and πG are MT -stable map germs. If Q(f) and Q(g) are isomorphic
as R-algebras, then πF and πG are topological equivalent. Moreover, in this case,
DF and DG are stratified equivalent.

As a direct result of proposition 5.7, we have the following theorem.

Theorem 5.8. Let xi : (U, ui) → (AdSn,xi(ui)) (i = 1, 2) be 1-lightlike submani-
fold germs of codimension n − m such that the map germ given by πHi : (H−1

i (vi),
(ui,vi)) → (Λn,vi) at any point ui ∈ U is an MT -stable map germ, where Hi is
the 1-lightlike horospherical height function of xi and vi = xi(ui) + ρ(ui,ωi). If
Q(x1, (u1,ω1)) and Q(x2, (u2,ω2)) are isomorphic as R-algebras, then LH1

x1
and

LH1
x2

are stratified equivalent as set germs.

By the above results, we can borrow some basic invariants from the singularity
theory on function germs. We need K-invariants for function germs. The local ring of
a function germ is a complete K-invariant for generic function germs. It is, however,
not a numerical invariant. The K-codimension (or Tyurina number) of a function
germ is a numerical K-invariant of function germs. We define that

H-ord(x, (u0,ω0)) = dim
C∞

u0
(U)

〈〈x(u),v0〉 + 1, 〈xui(u),v0〉〉C∞
u0

(U)
,

where C∞
u0

(U) = {g : (U, u0) → R, smooth} and v0 = x(u0) + ρ(u0,ω0).
Usually H-ord(x, (u0,ω0)) is called the K-codimension of hv0 . However, we call

it the order of contact with the tangent hyperhorosphere at x(u0) with respect to
ρ(u0,ω0). We also have the notion of corank of function germs:

H-corank(x, (u0,ω0)) = m − rank Hess(hv0(u0)).

By proposition 3.5, x(u0) is a 1-LH(ρ(u0,ω0))-parabolic point if and only if

H-corank(x, (u0,ω0)) � 1.
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Moreover, x(u0) is a 1-LH(ρ(u0,ω0))-flat point if and only if

H-corank(x, (u0,ω0)) = m.

On the other hand, a function germ f : (Rn−1,a) → R has the Ak-type singularity
if f is K-equivalent to the germ ±u2

1 ±· · ·±u2
n−2 ±uk+1

n−1. If H-corank(ρ(u0,ω0)) =
m − 1, the 1-lightlike horospherical height function hv0 has the Ak-type singularity
at u0 generically. In this case we have that H-ord(ρ(u0,ω0)) = k. This number
is equal to the order of contact. This is the reason why we call H-ord(ρ(u0,ω0))
the order of contact with the tangent hyperhorosphere with the polar vector v0 =
x(u0) + ρ(u0,ω0) at x(u0).

6. Generic properties

In this section, we consider generic properties of 1-lightlike submanifolds in AdSn.
The main tool is the transversality theorem. Let U be an open subset of Rm and
Emb(U,AdSn) be the space of embeddings x : U → AdSn equipped with Whitney
C∞-topology. We define a function H : AdSn × Λn → R by H(x,v) = 〈x,v〉 + 1,
and define hv(x) = H(x,v). Then, hv is a submersion for any v ∈ Λ∗. For any
x ∈ Emb(U,AdSn), we have that H = H ◦ (x × Λn). We also have the �-jet
extension

j�
1H : U × Λn → J�(U, R)

defined by j�
1H(u, v) = j�hv(u). We consider the trivialization J�(U, R) ≡ U × R ×

J(m, 1). For any submanifold Q ⊂ J(m, 1), we define that Q̃ = U × {0} × Q. We
then have the following proposition [34].

Proposition 6.1. Let Q be a submanifold of J(m, 1). Then, the set

TQ = {x ∈ Emb(U,AdSn) | j�
1H is transversal to Q̃}

is a residual subset of Emb(U,AdSn). If Q is a closed subset, then TQ is open.

On the other hand, we already have the canonical stratification A�
0(U, R) of

J�(Rm, R) \ W �(Rm, R). By the above proposition and arguments in § 5, we have
the following theorem.

Theorem 6.2. There exists an open dense subset O ∈ Emb(U,AdSn) such that
for any x ∈ O, the germ of the corresponding 1-lightlike horospherical hypersurface
LHx at each point is the critical part of an MT -stable map germ.

In the case when n � 6, for any x ∈ O, the germ of the Legendre lift Lx of the
1-lightlike horospherical hypersurface LH1

x at each point is Legendrian stable.

We remark that we can also prove the multi-jet version of proposition 6.1.
As an application of such a multi-jet transversality theorem, we can show that
the 1-lightlike horospherical hypersurface LH1

x is the critical part of a (global)
MT -stable map for a generic 1-lightlike submanifold x : U → AdSn. However, the
arguments are rather tedious and we only consider local phenomenon in this paper,
so we omit the proof.
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