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Abstract. In this talk, we briefly review work which led to the numerical demonstration of
the existence of renormalons in four dimensional gauge theories with marginal operators.

1. INTRODUCTION
The perturbative weak coupling expansions of quantum field theories are expected to be
asymptotic [1]. Usually, the asymptotic behavior is identified using semiclassical methods
such as instantons. Asymptotically free theories with marginal operators constitute a special
case. Examples of such theories are four-dimensional non-Abelian gauge theories or the two-
dimensional O(N) model. For these, the structure of the operator product expansion (OPE)
is believed to give rise to a specific pattern of asymptotic divergence known as (infrared)
renormalon [2, 3] that cannot be obtained using standard semiclassical methods. In the two-
dimensional O(N) model, renormalon effects were found in the large N expansion in an explicit
calculation [4], albeit suppressed by factors of 1/N . For four-dimensional non-Abelian gauge
theories no such proof exists. On the contrary, the possibility that the renormalon either does
not exist or is very small was raised, see e.g. [5, 6].

Using Numerical Stochastic Perturbation Theory (NSPT) (see for instance [7, 8, 9]), the static
self-energy of SU(3) gauge theory was computed up to order α20 in [10, 11, 12]. Simulations on
a large set of different lattice volumes allow for a careful treatment of finite size effects. The
resulting infinite volume perturbative series of the static self-energy is in remarkable agreement
with the predicted asymptotic behaviour of high-order expansions, namely with a factorial
growth of perturbative coefficients known as renormalon. The motivation for this computation
is that this renormalon corresponds to the leading infrared renormalon of the heavy quark pole
mass: mOS. Its relation to the MS mass reads

mOS = mMS +
∞∑

n=0

rnα
n+1
s ,

and the renormalon (OPE) analysis predicts rn ∼ n! in a very particular way. For example,
the mass of a B meson fulfills the following expansion in powers of the heavy quark mass (and
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similarly for its analog in the adjoint representation):

MB = mOS + Λ̄B +O(1/mOS) , mG̃ = mg̃,OS + ΛH +O (1/mg̃,OS) .

MB is renormalon free. Therefore, the perturbative series

mOS = mMS + r0αs + r1α
2
s + · · ·

suffers from a renormalon (rn ∼ n!) that produces a ambiguity in the way one can sum the
perturbative series, which mixes with Λ̄B. In other words

δ(pert.)np mOS = δ(pert.)np (mMS + r0αs + r1α
2
s + · · ·) ∼ ΛQCD . (1)

This behavior can be studied in the Borel plane:

mOS = mMS +

∞∫

0

dt e−t/αs B[mOS](t) , B[mOS](t) ≡
∞∑

n=0

rn
tn

n!
. (2)

The behavior of the perturbative expansion at large orders is dictated by the closest singularity
to the origin of its Borel transform (u = β0t

4π ). It has the following form:

B[mOS](t) = Nmν
1

(1− 2u)1+b

(
1 + c1(1− 2u) + c2(1− 2u)2 + · · ·

)
+ (analytic term)

(where the next renormalon is located at u = 1), producing the following asymptotic behavior
of rn [13, 3, 14]:

rn
n→∞
= Nm ν

(
β0
2π

)n Γ(n+ 1 + b)

Γ(1 + b)

(
1 +

b

(n+ b)
c1 +

b(b− 1)

(n+ b)(n+ b− 1)
c2 + · · ·

)
.

b =
β1
2β2

0

, c1 =
1

4 bβ3
0

(
β2
1

β0
− β2

)
, · · ·

Over the years a lot of evidence in favour of the existence of the renormalon accumulated
from heavy quark physics. Two examples that we specially like:

• Static potential: 2m+ Vs is renormalon free. For details see [14], for instance.

• The other is to visualize how the ν-dependent logarithms that appear in perturbative
computations effectively become power-like:

rn
n→∞∼ mMS

(
β0
2π

)n

n!Nm

n∑

s=0

lns[ν/mMS]

s!
∼ ν .

This can be beautifully observed in Fig. 1.

Yet, these observations are based on few orders in perturbation theory (∼ 3, 4), where the
renormalon behavior was only starting to appear. We would like to have a proof (at the same
level of existing proofs of a linear potential at long distances), beyond any reasonable doubt, of
the existence of the renormalon in QCD. This is what was achieved in [10, 11, 12], which we
next briefly review.
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Figure 1. Plots of the exact (rexn ) and asymptotic (rasn ) value of rn(ν) at different orders in
perturbation theory as a function of ν/mMS. From [15].

2. POLYAKOV LOOP versus δm (and mOS)
The Polyakov loop on a lattice with NT sites in the temporal direction and NS sites in the space
directions reads

L(R)(NS , NT ) =
1

N3
S

∑

n

1

dR
tr



NT−1∏

n4=0

UR
4 (n)


 = e−aNTP (R,ρ)(NS ,NT ) , UR

µ (n) ≈ eiA
R
µ (n+1/2)a .

We implement triplet and octet representations R (dR = 3, 8).

P (R,ρ)(NS , NT ) =
∞∑

n=0

c(R,ρ)
n (NS , NT )α

n+1 , (3)

δm = lim
NS ,NT→∞

P (3,ρ)(NS , NT ) , δmg̃ = lim
NS ,NT→∞

P (8,ρ)(NS , NT ) , (4)

c(R,ρ)
n = lim

NS ,NT→∞
c(R,ρ)
n (NS , NT ) . (5)

δm =
1

a

∞∑

n=0

c(3,ρ)n αn+1(1/a) (fundamental), δmg̃ =
1

a

∞∑

n=0

c(8,ρ)n αn+1(1/a) (adjoint) .

δm and δmg̃ are the energies of static colour sources in the fundamental and adjoint
representation, respectively. δm shares the same infrared behavior as the pole mass. Therefore,
we have

lim
n→∞

c(3,ρ)n = rn(ν)/ν .

2.1. Perturbative OPE at finite volume
We then have to obtain the (NT , NS) → ∞ limit of these coefficients. The NT dependence is
weak. We then focus on the NS dependence.

δm(NS) ≡ lim
NT→∞

P (NS , NT ) and cn(NS) ≡ lim
NT→∞

cn(NS , NT ) .
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Figure 2. c
(3,0)
n (NS)/c

(3,0)
n −1 for n ∈ {0, 1, 2, 3, 4, 5, 7, 9, 11, 15} (top to bottom). For each value

of NS we have plotted the data point with the maximum value of NT . The curves represent the

global fit. −(1/NS)f
(3,0)
0,DLPT/c

(3,0)
0,DLPT is shown for n = 0. From [11].

For large NS , we write (using the “perturbative” OPE: 1
a ≫ 1

NSa
≫ ΛQCD)

δm(NS) =
1

a

∞∑

n=0

cnα
n+1
(
a−1

)
− 1

aNS

∞∑

n=0

fnα
n+1
(
(aNS)

−1
)
+O

(
1

N2
S

)
. (6)

We next Taylor expand α
(
(aNS)

−1
)
in powers of α

(
a−1

)
:

cn(NS) = cn − fn(NS)

NS
+O

(
1

N2
S

)
, fn(NS) =

n∑

i=0

f (i)
n lni(NS) , (7)

where f
(0)
n = fn and the coefficients f

(i)
n for i > 0 are determined by fm with m < n and βj with

j ≤ n− 1.

f1(NS) = f1 + f0
β0
2π

ln(NS) ,

f2(NS) = f2 +

[
2f1

β0
2π

+ f0
β1
8π2

]
ln(NS) + f0

(
β0
2π

)2
ln2(NS) ,

and so on. Eq. (7) gives us the functional form to fit to the lattice data at different volumes.
We show how the fits look in Fig. 2.

2.2. Physical interpretation
The second term in Eq. (6) can be interpreted as the interaction of the Polyakov loop with its
mirror image. See Fig. 3. This is a reflection of working in a finite volume, which acts as an
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Figure 3. Self-interactions with replicas producing 1/L = 1/(aNS) Coulomb terms.

infrared regulator. Therefore, the result can also be understood in this way, as one can see from
a simplified large-β0 computation:

P ∝
∫ 1/a

1/(aNS)
dk α(k) ∼ 1

a

∑

n

cnα
n+1

(
a−1

)
− 1

aNS

∑

n

cnα
n+1

(
(aNS)

−1
)
,

cn ≃ Nm

(
β0
2π

)n

n! , f (i)
n (NS) ≃ Nm

(
β0
2π

)n n!

i!
. (8)

2.3. Comparison with renormalons
Once we have the coefficients cn from the infinite volume extrapolation, we can compare them
with renormalon expectations. The following ratio is a pure prediction from renormalons:

c
(3,ρ)
n

c
(3,ρ)
n−1

1

n
=

c
(8,ρ)
n

c
(8,ρ)
n−1

1

n
=

β0
2π

{
1 +

b

n
− bs1

n2
+

1

n3

[
b2s21 + b(b− 1)(s1 − 2s2)

]
+O

(
1

n4

)}
,

which we compare in Fig. 4 with the analogous ratio using the cn obtained from the fits. We
observe a nice agreement for large n.

We can also determine the normalization of the renormalons using the following equalities:

cfittedn = Nm

(
β0
2π

)n Γ(n+ 1 + b)

Γ(1 + b)

(
1 +

b

(n+ b)
c1 +

b(b− 1)

(n+ b)(n+ b− 1)
c2 + · · ·

)
,

ffitted
n = Nm

(
β0
2π

)n Γ(n+ 1 + b)

Γ(1 + b)

(
1 +

b

(n+ b)
c1 +

b(b− 1)

(n+ b)(n+ b− 1)
c2 + · · ·

)
.

This is shown in Fig. 5.
Out of these results, we can see that the ambiguity of the pole mass, associated to the minimal

term, is of order ΛQCD, as stated in Eq. (1), see Fig. 6.

3. CONCLUSIONS
There was already rather appealing evidence for the existence of renormalons in heavy quark
physics from MS-like computations: Pole mass, static potential, hybrid potential, and other
quantities. What was missing was an indisputable prove of its existence. This is given by
the long string of coefficients complying with the renormalon hypothesis. These were obtained
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Figure 4. Ratios cn/(ncn−1) of the smeared (blue) and unsmeared (red) triplet static self-energy
coefficients cn in comparison to the theoretical prediction at different orders in the 1/n expansion.
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in Refs. [10, 11, 12]. For the first time, it was possible to follow the factorial growth of the
coefficients over many orders, from around α8 up to α20.
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Figure 6. Plot of the asymptotic behavior of rnα
n+1 from [11], using α = 0.057 and νcn = rn.

The minimal term is of order ΛQCD.

We have (numerically) proven, beyond any reasonable doubt (∼ 20 standard deviations), the
existence of the renormalon in QCD.
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