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Six Dimensional Spacetime with extra time dimensions:
Casimir Effect, 6D Cosmology, and Experiments

Brett Teeple, Jode Himann, David Hobill

Department of Physics, University of Calgary, Calgary AB, 2500 University Drive, T2N 1N4,
Canada

E-mail: bjteeple@gmail.com

ABSTRACT: I describe methods of treating six dimensional spacetimes with extra time dimen-
sions, specifically the 6D space M33 ~ R33 with three time dimensions. Compactification
of such space along timelike dimensions will be discussed, and criticisms of extra timelike
dimensions will be given. Much of mathematical fields, and effective string theories can re-
sult in multiple time dimensions with great applications. Problems dealing with ghosts and
tachyons will be addressed.

I calculate Casimir forces in this spacetime will be revealed, and noting that infrared cutoffs
are done for timelike compact direction as familiar ultraviolet cutoffs are done in regularizing
the quantum spatial vacuum.This represents a T-duality for each torus cycle of UV becomes
IR, as spacelike cycles become timelike, and vice-versa. Furthermore, applications to 6D
cosmological and the cosmological constant problem will be shown to arrive at solutions for
unresolved physics problems. Other applications of such split-time space, its algebraic repre-
sentations, and applications in other fields of physics and beyond.
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1 Introduction and outline

1.1 Introduction

String theory and M-theory effective theories have been studied down to simpler, and quite
interesting and hopeful results to understanding the universal landscape of physics and the
universe, in a simpler, lower dimensional effective field theory [|. Furthermore, many dualities
arise in quantum field theory, particle theory, and topological string theory [], [], as well as
facilitating complex calculations in any of the above fields, knowing a simpler or even solved
problem is dual to a very complicated and not understood model. Mathematicians also
are adamant that the universe is spinorial, 6D with three time dimensions []. Duality in
physics is more than symmetry ’a friend’ - it is much more intimate and powerful and even



incomprehensible! We will use use some dualities here, especially when it comes to T-duality
of compactified field theories from 6D:

™ M M

where the 2-torus degrees of freedom are either projected out, integrated out, and heavy
Kaluza-Klein modes removed for low-energy effective theory, and restricting gauge fields to
the Cartan subalgebra of the gauge group, etc. Further simplifications can be made at low T’
as well, and perturbative expansions done, and compared to effective realistic QED particle
theory.

The research we present here involves a few different cases, which we find are all dual to six
dimensional compactifications to Minkowski space M31. This not only yields effective QED,
as we will show, but has several applications in finance, sociophysics, biology, astrophysics
and cosmological applications. Several unsolved problems can become more tractable as well,
with help resolving the cosmological constant problem, for one [|, and has a landscape that
is more easily navigated, and with a plethora of dualities.

1.2 Motivation for 6D and extra time dimensions.

-Effective string theory interest [5].

-Mathematician’s presentation and insistence on a signature (3,3) as a three time uni-
verse [3].

-Usefulness and current studies of 6D QFTs and topological field or string theories in
understanding 3 and 4 dimensional field theories in general, and not to mention helpful du-
alities! [7].

-Dimensional reduction and compactification to 4D, yielding effective QED and QCD.

-Studies from 6D allow for methods of detecting extra dimensions, and evidence of time-

like dimensions.

-Applications beyond physics, possibilities of resolving unsolved physics problems, plus
to economics, sociodynamics, biology, and even universal psychology!

-Further evidence from current experiments on time crystals [|, and the existence of 3D
quasicrystals, being projections from regular 6D lattices (and generation of fractals, and al-
gorithmic botany, it goes on....!

The usefulness of having a compact dimension to analytically study gauge theories in a
theoretically-controlled manner at weak coupling for any gauge group has successfully been



done recently for super Yang-Mills on R? x S}J X Sé with a mass for the gaugino. This is
called deformed SYM (SYM*) studied in [4] and the deconfinement phase transition has been
found at a critical gaugino mass (depending on the theta angle of the theory) to be first
order for all gauge groups other than SU(2) where it is second order [1]. It is conjectured
that this zero temperature quantum phase transition is continuously related, as a function of
gaugino mass m, to the thermal deconfinement transition of pure Yang-Mills as m — oo at
some critical deconfinement temperature T.. Much supports this conjecture, including lattice
studies where qualitative agreement to the zero temperature phase transition has been shown
such as the order of the transition, its universality class of centre-symmetry breaking, and
dependence on theta-angle [17].

This work considers a finite temperature study of A' = 1 super Yang-Mills (SYM) by hav-
ing an additional compact direction along the time direction of size the inverse temperature
of the theory g = 1/T. Having finite temperature breaks the supersymmetry of the theory
if we take the (adjoint) fermions in the theory, the gluinos, to have anti-periodic boundary
conditions along the thermal circle, and periodic ones for the gluons. This gives us then a
full playground in which to study semi-classically a theory in lesser dimensions at finite tem-
perature and with supersymmetry breaking, and eases the study of the deconfinement phase
transition.

1.3 A motivational picture of 6D reality

One way to picture 6D dynamics from our our 4D perspective can be viewed as follows.

1.4 Outline and summary

The purpose of this paper is to motivate the pragmatism of 6D theories, especially with
extra time dimensions, and find their effectiveness in providing effective 4D field theories
from compactification of the extra dimensions. This includes modifications that can resolve
several unresolved problems in field theory, particle theory and cosmology. Motivation for a
6D universe has been given as better more effective theories from string theory, with several
applications to topological field theory as well. Mathematicians, such as Sparling, also insist
on three time dimensions in a spinorial universe []. Experimental approaches to the detection
of such extra dimensions will be mentioned briefly.

The paper proceeds as follows: in Section 2 I review the methods of evaluating the
Casimir effect in spacetimes with extra dimensions, first at zero temperature, then at finite
temperature. Dealing with extra timelike dimensions will be discussed in Section 4, as well as
how resolving the cosmological constant problem can result. Casimir force calculations with
extra time dimensions will be continued there.



Section 3 is devoted to a review of cases where the Casimir effect has moving boundary
conditions in the compact directions, This is the so-called dynamical Casimir effect (DCE)
and results in a low energy effective QED with photon modes coupling to oscillation modes
of the boundaries, Experimental verification of the model in extra dimensions, spacelike or
timelike, can result from these effective compactified theories. Resolutions also of criticisms
of extra time dimensions (tachyons, unitarity, causality, and ghosts) will be explained.

Section 4 contains details of how to achieve effective field theories from compactifications
with extra time dimensions. Casimir effect calculations in this case will be performed, and
low energy effective 4D theories obtained will be compared to reality and methods of detect-
ing differences from extra spatial dimensions will be noted, as well as how to detect them.
Motivation will also be given with a discussion on how extra timelike dimensions lead to a
positive semi-definite action required for the effective theory’s validity.

Section 5 presents an electroweak unification that results from compactification from 6D
to 4D, with extra spacelike or timelike dimensions. Further, an effective realistic QED is
shown next to result from a vortex geometry in 6D, with gravity, and leading to realistic
fermionic and bosonic states (W bosons etc.) and a resulting gauge-gravity unification, with
charged fermions interactiong with photons and gravitons.

Section 6 shows how chirality issues can be resolved through 6D compectifications, as
well as a supersymmetric enhancement from N = 1 SUSY in 6D producing N’ = 2 in the
effective 4D theory. Later, I discuss how non-Abelian anomalies in 4D can be fixed to Abelian
ones from the 6D framework.

Section 7 gives 6D cosmological models with extra space or time dimensions, and how
the dynamics of the 6D metric can resolve questions about the past, present, and future of
our Universe, including dark energy and dark matter, and their alternatives.

Section 8 reviews the role of non-perturbative objects, such as vortices or monopoles in
6D to 4D dynamics, particle theory, and field theories. Further investigations into higher
rank gauge groups will be investigated, so as to achieve results of effective QCD-like theories,
and their modifications in 4D.

Section 9 discusses possible past, present and future experimental methods for discov-
ering extra dimensions, with emphasis on extra timelike dimensions, through measuring the
Casimir effect and the dynamical Casimir effect. Proposals for future experiments will be
detailed.

Section 10 summarizes the paper with important conclusions, and future work, still un-
resolved details, will be listed with suggestions.



The Appendix begins with part A reviewing Lie groups and Lie algebras in general, sets up
the notation and definitions and explains the necessary concepts. Part B contains a complete
derivation of the finite-temperature perturbative effective potential on M?>3 with more specific
details on their zeta function regularizations at zero temperature and finite temperatures.
Part C reviews monopole solutions (BPS and KK) for all gauge groups, including vortices
that arise in some 6D compactifications.

2 M?33, 6D Lorentz transformations, and mathematical properties to the
Casimir effect.

In this section I examine

2.1 6D Lorentz transformations in M?33

Before going further, let us review the basics of transformations in R>3 preserving the 6-
spacetime metric, that is Lorentz transformations of SO(3, 3), after a review of the basics.

2.2 SO(3)

SO(3) is the group of rotations in 3d space and is a subgroup of the Lorentz group SO(1, 3). It
is defined as the group of transformations which preserves the norm of vectors, or analogously
which preserves the metric d;; (in R? the metric is the identity matrix whose components are
given by the Kronecker delta)

R € SO(3),Yv e R® = |Rv|* = |v]* = R;"R?vivjémn = 0075y

, (2.1)
— R:nR;Z(Smn :51']' — R ]IR:]I,

where we used Einstein notation (repeated indices imply a sum, e.g. 5ijvj => j 5¢jvj ).
In order to obtain the generators of the group we consider an infinitesimal transformation

R'R=1= (I+0R")I+6R)=1 = SR+RT =0, (2.2)
which gives
0 a b
R=|-a 0 ¢ . (2.3)
—b —cO0

Consequently the generators of rotations turn out to be

010 001 000
Xi=|-100| Xo=|000| Xs=]00 1], (2.4)
000 ~100 0-10

and the Lie algebra is given by
[Xi, X]] = _Eiijk . (25)



To obtain the expression for a finite transformation from the infinitesimal generators we
use the exponential map

i 1 .
R(0',6%,0%) = X =" = (0'X;)", (2.6)

where (0',602,60%) are the angles of rotation around the three axes. If for simplicity we set
6?2 =0, #% = 0 and only #' # 0, we obtain

REY) = 37 (00" =4 01X (60 4+ (6 K0 4 (01X o (6K
! (2.7)
Observe that (X7)? = —I;, where
100
L={010], (2.8)
000

which allows us to rewrite Eq. (2.7) as

R(6") =T1+1, (—;(01)2 -+ i(elﬁ + ... ) + X (91 — 6(91)3 -+ 170(91)5 +> . (2.9)

Observing moreover that

cos(0)) = 1 — ~(61) + ()4 + ...,
2 2 (2.10)
in(e!) — o' — = (1)3 1 1
sin(6) = 0"~ £(6)°+ o5 (61 + ..
we obtain finally
cos(#') sin(0') 0
R(0Y) = | —sin(8') cos(8') 0 | . (2.11)

0 0 1
At the same way, in the general case 0! # 0, 62 # 0, 62 # 0, we have
1

01 92 03 0'X =1 92 2n+2
R(0",6%,6°) = +Z +Z—2n

I (0°X;)* . (2.12)

Observing that
(0°X;)? = —6%(0'X;), (2.13)

we can simplify the above summations as
1 (="
H’LX 2n+1 __ HZX 02n+1
5 O = ) 5 e

Z #(6@ )2n+2 (éin)Q Z ﬂe%ﬂ (2.14)



where 6 is the versor of the vector § and 6 is its norm (6 = {6,602, 63}, 6 = 6/|6], 6 = |6]) .

—

The general transformation R(f) represents a rotation of an angle 6 around the axis 6
and can be rewritten as

—

R(0) =T+ (0"X;)*(1 — cos 0) + (0 X;) sin b, (2.15)
or explicitly in matrix notation

cosf + 02(1 — cos 6) 05sin 0 + 0105(1 — cos ) —0sin b + 6,05(1 — cos 6)
R= | —03sin60 + 020, (1 — cos#)  cos + 63(1 — cos ) 01 sin 0 + 0505(1 — cos ) | . (2.16)
0y sin 0 + 03601 (1 — cos @) —6; sin 6 + 0305(1 — cosf)  cosd + H3(1 — cosh)

2.3 S0O(3,3)
SO(3,3) is the special orthogonal group in 6d space R® with metric 7
n =diag(—1,-1,-1,1,1,1). (2.17)
It is defined as the group of transformations which preserves the metric
A€ S0(3,3) = AA)Npe = Ny = ATnpA =1, (2.18)
In order to obtain the generators of the group, we consider an infinitesimal transformation
Af, =68 + AL, (2.19)

where 6/, is the Kronecker delta and §Af, represents an infinitesimal perturbation. Substituting
this expression into Eq. (2.18) gives

(68 4+ 6AL) (07 + 0AT)Npe = Ny == SAIMp + 0AT e, = 0. (2.20)
The solution of this equation, in matrix form, is

0 rtl rt2 b% b% b‘i’
—rtl 0 r;? b% b% b%
—rf —r;? 0 b3 b3 b3
b% b% bil), 0 ri 2|
B3 b —rl
b:{’ bg bg —r? —rg’ 0

SA = (2.21)

where we used the notation 7! to indicate the infinitesimal rotations in the time subspace,
rg to indicate the rotations in the spatial subspace, and b, to indicate a boost concerning
the temporal axis m and the spatial axis n. Following this classification, the generators of
SO(3,3) are



e Generators of rotations in time subspace

010000 001000 00 000O0
-100000 000000 00 1000
2 | 0o00000| 45 [-100000] .5 [0-10000
TEr =14 00000 7%= 0 00000| "= ]0 0 0000 (222)
0 00000 0 000O0O0 000000
000000 0 00000 00 000O0
e Generators of rotations in spatial subspace
000 0 0O 000 0 0O 0000 0 O
000 0 0O 000 0 0O 0000 O O
2 000 000| 45 000000 . |0000 00
Tis = 1000 0 10| {0000 01| "= 0000 0 0 (2:23)
000-100 000 0 0O 0000 0 1
000 0 0O 000-100 0000-10
e Generators of boosts along the first time coordinate
000100 000010 000001
000000 000000 000000
11 000000O0 12 000000 13 000000
= = = 2424
b 100000] 72 000000/ 7% 000000 (224)
000000 100000 000000
000000O0 000000 100000
e Generators of boosts along the second time coordinate
000000 000000 000000
000100 000010 000001
o1 000000 22 000000 23 000000
= = = 2.2
o 010000]| 7" 000000 7% 000000 (225)
000000 010000 000000
000000 000000 010000
e Generators of boosts along the third time coordinate
000000 000000 000000
000000 000000 000000
31 000100 32 000010 33 000001
= = = 2.2
b 001000 7" 000000 7" 000000 (2.26)
000000 001000 000000
000000 000000 001000

The finite transformations along each generator are easily obtained using the exponential
map. For example, the finite rotation along the first generator J}%QT of the temporal rotations,
which represents a rotation around the third temporal axis, is given by

1

1 N 1 1 1
RiF(0) =Y —(0Tk7)" =W +0T 5+ 5 (0T5) + 5 (0k7)° + 5 (0750 + 1o

n

OTFF)°+. ...

(2.27)



Observing that (J}%QT)2 = 12 where K1? = diag(1,1,0,0,0,0), we can rewrite Eq. (2.27)
as

1 1 1 1
RY(0) = K 4 K32 <—202 + ﬂe‘l +... > + Ji (9 - 693 + @95 + .. > . (2.28)

Observing moreover that

cos(@)zl—%ﬁ—i—i@‘l—i—...,
| oA (2.29)
sm(&)z@—gﬁ +ﬁ9 +...,

we obtain finally
cos(f) sin(f) 0000
—sin(#) cos(#) 0000
0 0 1000
Ri(0) = 2.30
() 0 0 0100 (2:30)
0 0 0010
0 0 0001
Similarly the finite boost along the generator J5' (concerning the first time coordinate
and the first spatial coordinate) is given by

BUE) = D L EH) = T GO G g I e

(2.31)
where ¢ is the rapidity (hyperbolic angle). Observing that (J3)? = KL where KL =
diag(1,0,0,1,0,0), we can rewrite Eq. (2.31) as

1 1 1 1
B &) =W + Y <+2§2 + ﬂf‘* ... > + I <£+ 653 + 1—2055 +> . (2.32)

Observing moreover that

1 1
cosh({):1+§§2+ﬂ§4+...,

: h (2.33)
inh(§) = —B 4 .
Sinh(€) =€+ 5€ + 1€+
we obtain finally
cosh(€) 0 0 sinh(§) 00
0 10 0 00
1
g | 0 01 0 00 2.34)

sinh(&) 0 0 cosh(§) 0 0
0 00 0 10
0 00 0 01



In order to show the relation between rapidity and velocity, assume to have two reference
frames. We can consider the first to be fixed while the second is moving along the first time
coordinate t; (but not the other temporal coordinates) and along the first spatial coordinate
x1 respect to the first frame. Then, we can restrict the 6-dimensional spacetime to the 2-
dimensional subspace (t1,x1) and the relation between the two frames is given by (in Planck

units c =G =h=1)
th\ _ [cosh(€) sinh(§) t
<$/1> N (Sinh(f) cosh(g)) (371) : (2.35)

The velocity v’ in the second frame is obtained differentiating the coordinates

, da’  O'dt+ Oya’dx (sinh(€) + cosh(§)v)dt + (cosh(£) + sinh(&)v™t)dw
VT Opt'dt + Oxt'dx — (cosh(€) + sinh(&)v)dt + (sinh(€) + cosh(&)v—1)dz’

(2.36)

where v = dz/dt is the velocity measured in the first frame. By setting v = 0 (which implies
dx =0), Eq. (2.36) reduces to

v = sinh(e) _ tanh(&) . (2.37)

Observe that v = 0 measures the velocity of the first reference frame respect to itself. Conse-
quently, v is the velocity of the first frame measured from the second frame, i.e. it represents
the relative velocity between the two frame. Hence, Eq. (2.37) gives the relation between the
relative velocity v’ between the reference frames and the rapidity .

For completeness, we list the finite transformations along all generators of SO(3, 3)

e Rotations along the generators in time subspace

cos(f) sin(6) 000 0 cos(f) 0 sin(d) 000 1 0 0 000
—sin(@) cos(d) 0 0 0 0 0 1 0 000 0 cos(f) sin(f) 000
0 0 1000 —sin(f) 0 cos(6) 0 0 0 0 —sin(f) cos(d) 0 0 0
12 13 __ 23 __
Ry = 0 0 o100l fT= 0o 0o o 100 =]0 o 0 100 (2.38)
0 0 0010 0 0 0 010 0 0 0 010
0 0 0001 0 0 0 001 0 0 0 001
e Rotations along the generators in spatial subspace
100 0 0 0 100 0 0 0 1000 0 0
010 0 0 0 010 0 0 O 0100 0 0
001 0 0 0 001 0 0 O 0010 0 0
12 13 _ 23 _
B =1o00o0 cos(9) sin(0) 0 B =100 0 cos(0) 0 sin(6) RS =10001 0 0 (2:39)
0 00 —sin(@) cos(d) 0 000 0 1 0 0000 cos(9) sin(9)
000 0 0 1 000 —sin(d) 0 cos(d) 0000 —sin(f) cos(h)
e Boosts along the first time coordinate
cosh(€) 0 0 sinh(§) 00 cosh(€) 0 0 0 sinh(¢) 0 cosh(§) 0 0 0 0 sinh(§)
0 10 0 00 0 100 0 0 0 1000 O
0 01 0 00 0 010 0 0 0 0100 O
11 12 13
= B = B3 = . 2.40
sinh(€) 0 0 cosh(¢) 0 0|’ 0 001 0 o0}’ 0 0010 O (2.40)
0 00 0 10 sinh(€) 0 0 0 cosh(€) 0 0 0001 0
0 00 0 01 0 000 0 1 sinh(€) 0 0 0 0 cosh(¢)
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Figure 1. Two extra compact dimensions as a torus bundle on spacetime. Donuts everywhere!

e Boosts along the second time coordinate

1 0 0 0 00 1 0 00 0 0 1 0 000 0
0 cosh(€) 0 sinh(§) 0 0 0 cosh(€) 0 0 sinh(§) 0 0 cosh(€) 0 0 0 sinh(&)
21 0 0 1 0 00 2 |0 0 10 0 o0 s |0 0 100 0

B =1y sinh(¢) 0 cosh(¢) 0 0 BT=10 0 01 o0 of'P 7|0 o o010 o (2.41)
0 0 0 0 10 0 sinh(¢) 0 0 cosh(€) 0 0 0 001 O
0 0 0 0 01 0 0 00 o0 1 0 sinh(¢) 0 0 0 cosh(¢)
e Boosts along the third time coordinate
10 0 0 00 10 0 0 0 0 10 0 00 0
01 0 0 00 01 0 0 0 0 01 0 00 0

B3l _ 0 0 cosh(§) sinh(§) 0 0 B32 _ 0 0 cosh(¢) 0 sinh(§) 0 B33 _ 0 0 cosh(¢) 0 0 sinh(§) (2.42)

"] 0 0 sinh(¢) cosh(¢) 00|’ “loo o 1 o0 o]’ ~“]Joo o0 10 O ’ ’

00 0 0 10 0 0 sinh(€) 0 cosh(€) 0 00 0 01 O
00 0 0 01 00 0 0 0 1 0 0 sinh(€) 0 0 cosh(¢)

2.4 T = 0 Casimir dynamics and forces in different boundary conditions and
geometries.

Let us look at the Casimir effect in the case of spacelike extra dimensions d, beginning with
our case of 6D — 4D with a toric configuration M ~ M(3,1) x T2. A general case will also
be presented, beyond []. The case of timelike extra dimensions will be described later, and
how the results are modified. Figure 1 shows what a torus compactified space looks, if we
lived in ’flatland’ with 2 dimensions. Donuts everywhere!
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The contribution from the extra dimensional Casimir effect is simply the sum over KK
modes, with some regularization techniques employed:

1 | o P
V—§ Z ln(k +an)__2( Z): 68|S 0( ) (k +an> )

19 1 0 s
- _32?%“:_2@ Z(an) ’

m,n

where M2, = n?/R? +m?/R} give the KK modes, and the T has dimensions R; x Rs. The
sum excludes the case where n and m are not both zero.

By performing the summation on the right, we get, using general zeta function regural-
ization techniques (more details in general cases are given later, in [], ], and in an Appendix):

I'(s—3%) Ry

5 (M)t = RPl20(2s) + 2y (s - )
(m,n)#0
87T4 Rl n S—% &mn
S Y (k)

(m,n)ENﬁ_
The I'-function in the denominator is our friend: upon taking derivatives with respect to s, we
get a finite result, which for the case of periodic (bosonic) boundary conditions, is calculated
to be:

1 3 8 R1 16 R1 R
S 5/2 5/2K 2
v om0 (R, 2 (R mzl nzl —5/2(27 g )
Here, we have used, in taking the s-derivatives:
3 I'(-2) 5 8 15
(—4) =~ =-2, T(-3)=-= '(=5) = ——<((6) = —1/252.
¢(=4) = 5605, NEDE : (=3) 15ﬁr ¢'(=5) = = 5¢(6) /25

We can further use

Koapale) = 57 3272 4320,

we can obtain:

1 3 8r Ry

[Z5605) + g

)5+8L3(T) Ry 9
64m2 R}

L1 (7) 12L4(7’) R1 6L5(7’>]
Ry 72 “Rs ™ Ry 7

V++ —

where 7 is the aspect ratio 7 = R/ Ry and! the L,-functions can be written in terms of series
—27T.

of polylogarithms (with ¢ = e

o o
, 1 coth(mrn)
_ 2 —
= Z m”Lig(q™) = ZZ'—’
m=1 n=1

— n2sinh?®(77rn)

The area, A = 472 Ry Ry, is called the K ahler modulus, while in general (for a flat torus as a parallelogram
of acute angle 0) 7 = ele/Rg is the modular parameter.
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oo

Ly(7) = Z mLig(q™) = %Z !
m=1

n4sinh?(rrn)’

n=1
Ls(r) = ) Lis(q™) =Y 1/n°(&™™ ~ 1).
m=1 n=1

Upon direct computation, one finds a value for the Casimir energy (for 7 = 1):

1 83 1204 3¢(5) 4 6L5(7)
++ _ - 2r 3
ViT= 4A2[945T +8La(r) + T + w212 )

~ —0.1502385/A2,

and we note that it is attractive. It also has extreme values at the self-dual points 6 €
{r/2,27/3}, T = 1.

Let’s now one of the directions be fermionic (anti-periodic boundary conditions), as a
kind of thermal variation or N' = 1 supersymmetric case (the massive KK-modes before we
can call W-bosons, and so in the SUSY case the KK modes we can call 'winos’). The result
for the Casimir energy can be found similarly, with half-integers along the aperiodic direction

(M =n?/RE + (m+ 3)*/R3):

I'(s— 1% 1
S (M) == RPRCs) + 2vm o D (g g, Ly
0 I'(s) "Ry 5
(m,n)#£0
87‘(4 Ry 1_g n o1 Ry 1
+@(R72)2 ( Z)EIN%(W) 2K375(277R*2(m+§)n)]

where the Hurwitz zeta function is used, and note ¢(2n — 1, 1) = (25 — 1)((s).
from which V*~ can be evaluated, using the L-functions:

~ 00 100

1oy, ., 1 coth(rrmn) + 1
m+ =)?Lig(¢2T") = = Y
Zm:1< 2) a@>™) 8 z:l n3 sinh®(7w7n)

- 1 1 <=~ coth(nrn)
Ly(7) = m+ =)Lig(g" TV = =N ——
1) = D (m+ )Lislg™ ) = 757 5 gz —
m=1 n=1
- > 1 1
Ls(r) = Y Lis(q"*?) = 5 ) 1/n’sinhwrn.
m=1 n=1
After evaluating exactly (7 = 1 again), we find a different result:
_ 1 —317® " 1204  6Ls(7)
Vit =3 5+ 8L
sy T T8 T T T

~ +0.0139727/A%,
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and we find the force to be attractive now!?

We also note that interchanging the compact directions, in the 'SUSY’ case, we find a
T-duality VT~ = V=T (R; <= Rs), so 7 = 1/7, and the results are the same in the cases
above at 7 = 1.

For completion we give the result for V™7

1 —3173 . 12L, 6L
TS 4 8hy(r) 4 2L 6Ls(T)

Vo=
4A2[ 3780 T w272

B

where, as in [],

. 2 (=)™ 1, . 1-
Ly(r)=2_ > ( n3) (m+ 5)2e 72T = —Ly(r) + Ly (27),

n=1m=0

4 SR -1 [ mrn(m T 1=
Ear) = 30 30 E g ezt - _Ey )+ Len),
n=1m=0

- 1 -
e—27r7n(m+1/2) — _L5(7‘) + T6L5(27—)'

M8

=33 S

m=0

I
—_

n

The method of zeta function regularization is given in Appendix A.

We, combining these different boundary conditions, find a minimum in (A, 7)-space, and
adding the vacuum energy:

Evae = / d2VGA = A / d*zA,

a SUSY vacuum can produce the correct (nearly) vanishing cosmological constant! This is not
so likely, but, as we will find, extra time dimensions help, especially the odd numbered ones.
We can consider three time dimensions mostly. This will be discussed in later Sections as well.

We can do further approximations, say for the case R; < Ro, where we can identify
Ry = (8 as an inverse temperature for a thermal direction, and achieve a simple effective 4D
potential after several approximations, that yields a QED, and later on, a QCD-like theory,
as if from nothing in the more plain 6D. This was done in [], and my thesis, for the case of
4D — 2D instead. We attempt to do this now.

2Though it becomes repulsive for small 7 < 1, which is a UV /higher temperature regime, we can find a
phase transition as in confinement [|, though this leads to signature change of the metric as well.
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2.5 Low energy vs. high energy approximate actions from the 6D Casimir effect.

As done in [], and my thesis [], we can look at high and low temperature expansions of the
Casimir energy formulae obtained in the previous Section. This is the case for R; < Ry,
where Ry = [ is a thermal direction, with § = 1/T. In the next subsection we will see
directly the finite temperature corrections to the Casimir effect, and show how these results
compare, as well as to the case extra time dimensions.

We begin by

In the next subsection we look at finite temperature corrections to the Casimir effect,
looking at the thermal photon modes as well. Later, we will look at oscillating boundaries
(dynamical Casimir effect) as well, and find how 6D, can lead to an effective QED we observe
today, plus measurable corrections and richer fields that may soon be detectable.

2.6 Finite temperature corrections to Casimir dynamics and forces in different
dimensions.

We now investigate finite temperature considerations and corrections to Casimir forces cal-
culated above. We begin with the basics from [] and [], and then apply to extra dimensions,
geometries, and (later on) metrics. We recall the zero temperature result of the Casimir force:

_ m2he
© 24004

and is an attractive force. The Casimir force has been difficult to measure, as the contribution
is only ~ 1.3 mPa ~ 108 atm, but certainly easier to measure than other quantum field
phenomena, that have been measured to dozens of decimal places of accuracy.

Lifschitz in ’55 [] calculated the result for the temperature dependent Casimir force,
between two non-magnetic plates of dielectrix constant e. It gets slightly more complicated

k:bT Ape2a0 Bpe~%a@
B Z / 1 — Ape—2aa Tz Bme—2qa]’

are the Matsubara frequencies, as seen above, have aperiodic/thermal/timelike

in general,

where ¢, = QTm;ka

boundary conditions (so we take wy,, = i(;,), and hence the summation above having an IR
lower bound. In the above formula, A, = (£-2)? and B,, = (52)2, with s2 = ¢ — 1 + p?,

ep+s p+s
and p = qc¢/(p. The A, and By, are the reflection coefficients TM (transverse magnetic) and

TE (transverse electric) cases, where in either case either the electric field or the magnetic
field are parallel to the plates.

We can look at the pure ideal metal plate case.
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3 Moving boundary conditions: the dynamical Casimir effect and effective
QED from six dimensions.

We now first consider the simple Casimir-parallel-plate example we started with, and now
allow for moving boundaries (either forced/driven, or as a reaction to quantum field theory
effects and finite temperature oscillations, on top of the Casimir force).

This is called the dynamical Casimir effect (DCE), and we propose it’s more observ-
able connection to effective QED from toroidal compactification from six dimensions. Second
quantization of both QED vacuum excitations (photon and fermion modes), couple to the
oscillation modes of the boundary walls®. We then describe this as an effective QED from
6D, and later mention the benefits of the DCE in experimental detection of Casimir effects
and extra dimensional effects,

A difference from previous works, where you can peruse [|, [|, [], for the current status of
the dynamical Casimir effect, is that we posit the possibility of extra timelike dimensions, as
is motivated for various reasons in the Introduction section.

We summarize relevant methods in simple cases first, then move to extra dimensions,
spacelike and timelike. More on the latter will be after the next section when methods for
dealing with extra compact time dimensions is treated. Along the way, we will see many
similarities and applications to brane cosmology, and with timelike bulk dimensions as well,
with its own advantages. But let’s begin with a simple case.

3.1 Wave equation and canonical quantization on a time dependent interval

Let us begin with a simple case of a scalar field ¥(¢, ¥) and a time dependent interval I(t) =
[0, £(t)] with Dirichlet boundary conditions ®(t,0) = 0 = ®(t, £(t)) for all t. The wave equation
is (072 — 92)®(t, z) = 0 for one dimension. We can take a set (complete and orthonormal) of
eigenfunctions {¢,} of the spatial Laplacian —02 for a static interval [0, ], with eigenvalues
k2 = n%n2/03, as well as ’instantaneous’ eigenfunctions ¢, (t,z) = /2/£(t)sin k,(t)r with
kn(t) = nm/l(t). By completeness and orthonormality, we can decompose ® in terms of
the eigenmodes: ®(t,x) = > 2| ¢ — n(t)pn(t, ), with the g, the canonical variables. If we
substitute this into the wave equation, multiply by ¢,,(¢, ) and integrate over I(t), we get
their equations of motion:

(jn + k%(t)Qn - 2 Z Mnm(t)Qn + Z[an(t) - Nnm(t)]Qn - 07

for coupling matrices
o) / N
Mun(t) = [ dadnonm = (-1

2nm

/ mg_n27m7én7 0, m=mn,

3What exactly we mean by 'wall’, is more abstract than you think in general cases, as you'll see later.
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ey
Nnm(t) = / dx(bn¢m = Z Mnkak7
0 k
noting that M is anti-symmetric and N is symmetric.

For even simple £(t), the differential cannot be solved exactly, but using conformal invari-
ance of DCE, we can gain some useful knowledge of the solutions. Note also that the k,(t)
and the My, (t) give rise to the creation of particles (through the so called ’squeezing effect’
and the ’acceleration effect’, respectively. I’ll mention later how this particle creation by the
DCE differs from that of the creation of particles in an isotropic, homogeneous, expanding
Universe, or heating/reheating in inflation models, or from time dependent electromagnetic
fields, although many similarities will be mentioned (cosmological similarities can be seen from
the cosmological-like parameter ¢/¢ in M, (t) already:), and even similarities and differences
to the Hawking radiation and the Unruh effect. By using the aforementioned conformal
invariance, Moore gives a solution

¢n(t, :E) _ e—inﬂR(t—l-m) _ e—i'er(t—a:)’
with
R(t+£(t)) — R(t —£(t) = 2.

We take ¢ = i = 1 here. We can note that the ebergy released from radiation/particles is
& = [(t)*dt, so no radiation is produced for a mirror in uniform motion.

Let’s now turn to the canonical formalism and quantization for a massive real scalar field
case.

/ d%%[(@@ﬁ — (0.0)2 — m20?,

and we get the same results as above with k2 replaced by Q2 (t) = k2(t) + m?]. The Euler-
Lagrange equations give the same equation for the canonical variables g, previously in the
massless case, with possibly different boundary conditions. Now for the Hamiltonian formu-
lation, the canonical momentum variables are

oL .
Pn = 87 =qn + ZQman(t)a
n —

giving the time dependent Hamiltonian

H(t) = Z Cjn(t)pn(t) - L(t) = Hyse + Hint = %Z[pi + QQ(t)qg] = Z Z Mnm(t)anm~

n
Hamilton’s equations then are

oH _

gn = apn

Pn — Z anQm-
m
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OH

Dn = _a = _[QiQn - ZMnmpm]

Varying the action, gives

T o) T
0S = —/ dt/ d.’L’(D(Q) + m2<I>)<5¢> - / dt[(v@t + 833)‘1))(5@’((75) - (89;@)6(1)]0,
_ 0 0

where the boundary terms must banish for the wave equation to be satisfied. This restricts the
boundary conditions to Dirichlet ones,or Neumann ones with (vd; + 9,)® = 0 at the bound-
ary £(t), and note that follows from a Lorentz transformation, as we note that boosts in the
x-direction are preserved as above. Dirichlet boundary conditions at the moving boundary
with Neumann ones at 0 are also allowed generally, but not vice-versa always.

We can find energy and momentum from the stress-energy tensor, whose non zero com-
ponents are

1. .
Too = 5[<1>2 + (0, @)% + m*®?],

and with oL
(t,z) = o= = &= "pu(t)pn(t,x),

showing momentum modes can be expanded in the same eigenfunction basis. The energy is
then

1
E = Toodz = - 2+ Q2(t)q%] = Hose # H,
[, inde = 5 I + 020 = o #

and so the energy does not equal the Hamiltonian, which has interaction terms. We can can
also find the rate of change of energy

E= / dzd, [0z + m2)® + (8,) |6 + vToo[t, £(8)] = (Tor + vToo) [t, £(2)],
I(t)
for Dirichlet or Neumann BCs at x = 0.

Quantization is simple, and done in Heisenberg picture, as we have time dependent
operators replacing the canonical variables. The usual commutation relations are

(t,2), B(t,2')] = [t ), (t,0)] = 0, [B(t,2),[1(t,2)] = id(x - 2'),
where it follows
[(jna ij] = [ﬁmﬁm] = 07 [‘jna]an] = iémn Vt.

The Hamiltonian H is the same as above, replacing the canonical variables with their opera-
tors. Since they are time dependent, the Heisenberg picture is well suited, with

N

O =i[H,0) +80/dt,
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for some explicit time dependence, in general in 3D time coming up. The states are what do
not change in time in this picture, so |¥(¢)) = |¥(¢g)), V¢. The Hamiltonian, as in classical
mechanics, can be diagonalized into infinitely many independent harmonic oscillators, in an
appropriate eigenbasis, so long as they are countable and so can have discrete eigenenergies,
under quantization.

A The vacuum will be defined by two times t;,, tout Where the moving mirror is at rest, as
Qil”/ Om(t < tin,t > tour)] = const # 0, not necessarily equal?, with vanishing M,,, = 0 for ¢
outside of [ti, tout]. The hamiltonian is diagonalized by

(jn(t) =

Pn (t) =

and annihilation and creation operators (with usual commutation relations

[an, Gn) = [af, 4] =0, [an,al,] = Spn,

give rise to multiple particle states, spanning two Hilbert spaces H;,, Hout by repeated ap-
plication of creation operators to their respective vacua |0,in/out), both normalized. The
particle number per state (degeneracy) is

Nén/out _ &L,in/out&%n/out’ f{in/out _ Z Qiln/out [N;'Ln/out + %]’

n

where the vacuum energy is observed. Note that these vacuum states are only well defined
if they have countably many states. As we will see later, extra time dimensions gives the
vacuum a finite number of states, depending on the mass scale.

We can write the @ in terms of the a2* by Bogoliubov transformations

&;)zm = Z[-Amn (tout)&m + B:’m (tout)&Ii in]’
m
and so we find the number of produced particles as
N7 = (0,in|Ng*0,in) = Y | Bun (tour) [, N7 = N
m n

if finite, like the case of extra time dimensions below. The energy output is then

out __ out p rout
gt =3 " Qo N,
n

Note A = 1 again, and also that discontinuous wall motion can create large numbers of har-
monics, and so this may not converge at the time endpoints, but with extra time dimensions,

4For both or either QS/Out = 0, the same quantization is as in bosonic string theory.
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there is no worry. We define from now on the ’instantaneous vacuum’ |0, ), such as is anni-
hilated by all a,(t) at its time t. The position and momentum modes are expressed in terms
of the annihilation/creation operators as usual,

R B 1 a at A — Qu(t) at P
an(t) = 7\/m[ n(t) +an ()], pa(?) 5 Lan(t) = an(t)]

Altogether, we get the Hamiltonian operator,

®)

A = ZQk(t)[&L(t)&k(t)nL%] - %z 3 %’ZMkm(t)[ajn(t)ak(t)—ag(t)am(t)_am(t)a;(m
k k.m

(t)
where the first term is the oscillator part and the second is the interaction term. We also get
~ 1 ~
: _ p - = + T
an(t) = —ida(t)an(t) - 5 D A (t) + Al (B ai ()],

m

where the AX  can be written in terms of the Bogoliubov coefficients [].

Let us now go to higher (brane) dimensions, and then to extra bulk dimensions. Begin
with a D = d+ 1 dimensional Minkowski spacetime, with a massive real scalar field, satisfying
the Klein-Gordon equation

(Do) +m?® =0,

with a solution set of plane waves:

1 I
’U,E(t, f) — ezk-xflﬂ,;t’

20 (2m)d

which are eigenfunctions of 9; with eigenvalues —i{);,

We now define an important inner product on the Hilbert space H, mentioned above as those

states obtained from the vacuum by repeated applications of creation operators a%, as

(ug.ug) = =i [ do'fu(@”) = @uyu)
which satisfies
(UE, UE/) = 6]2]_5/7 (u;';'> uz’/) = _5];;];;/7 (UE7 UZ"/) =0,

and the solution ® can then be written as a sum over these orthonormal, complete set of
modes

o = /ECALEUE + h.c.

with a;|0) = 0, Vk. The Hamiltonian and momentum can be found from the non-zero
components of the stress-energy tensor,

~ A 1 ot 1
H= /Toodda: = §ZQE(aJ’%aE+ 5),
k
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We can now pass to curved spacetimes, with a metric (easily generalized for extra bulk
time dimensions, as we’ll see later),

ds® = goodt® — gizjdxidxj ,

on a Cauchy surface 3 with spacetime manifold M = R; x %. If ggg = 1, the metric is called
ultrastatic. The action is

S— /M de%\/g[(a@)(aﬂq)) — m?a).

Varying the action with respect to the metric gives the Klein-Gordon equation with D’ Alambertian

1 1 y
Oip) = —=0u(V/39"0,) = §"0] + —=0:(V 9%679;),

G Vo=

where the metric on ¥ is that induced from that on M. The inner product introduced earlier

also becomes

(u,u9) = —i /Z s (By3) — (B )ud] v/ g=dEH,

with ’'surface’ element normal d¥* = n*dY, for a n* pointing in the time direction, normal
to the spacelike manifold, such as n* = (1/,/qo ,0). By Gauss’ theorem, the integration
measure is Y-invariant.

The energy-momentum tensor can be found from varying the action:

1 1 4 9
uy = %ngﬁ = 8M(I)8V(I) - ig,wap@a“@ + §m g/wCI) ,

giving a local conservation law

1
2 \/g

where the second term shows energy exchange between the scalar field and the gravity tensor

1
Ou(VgT}') — iTp“&,ng,

field. If the manifold has Killing vectors &* (like dyg,, = 0), the energy can be written

E = / A, TH¢,,
by

which allows us to extend the DCE to curved spacetimes.

I mentioned previously how there are similarities and differences between the DCE and
the Unruh effect, from the viewpoint of an accelerating detector (not the same as moving
mirrors). This has a Killing field

0r = k(a0 + t0y),
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in Rindler coordinates
t = psinhkr, x =pcoshkr, — ds*> = k?p2dr? — dp?,

for (p,7) € RT x R, and & is called the ’surface gravity’. The solutions to the equations of
motion in these coordinates are (1D here)

0l ) = e,

If we consider the orbit with gog = n¥n, =1 = p*k?, we find p = 1/k and so indeed x gives
the proper acceleration.

The difference between the Minkowski vacuum previously |0)y; and the one on M [0) o is
given by Bogoliubov transformations like before, for the Rindler coordinate operators &kR, &kRT
in terms of the previous ones. After some work [|, one gets

(Ol Tag|0)aq o< 1/ (™M — 1),

which shows, by comparison to the Bose-Einstein distribution for thermal photons, that an
accelerated observer indeed experiences a Minkowski vacuum at temperature T = x/27!°

Let’s now go back to the DCE and warm up with an original example from Moore [|: a
uniformly moving mirror. So for ¢(t) = ¢y + vt, Moore’s equation () can be exactly solved:

1 A
=——In(z+ —),
tanh™! v ( v)

R(z)

with eigenmodes

nm

nm 50
tanh~ v

A
t,x) = exp|—1 In(t+z+ —)] —exp|-t———— In(t —x + .
nlt, ) = expl (t+ 2+ 0] — exploi T Int — o+ -0)
In this case, it is found that N, diverges logarithmically, as from the Bogoliubov coefficients

we find N2 « v?/n, for n > 6 and v < 1(= ¢).

Now let’s do the oscillating mirror case: £(t) = £o[1+e€sinwegpt], € < 1 a small dimension-
less amplitude. We will find that for a resonance weq, = 2Q§”, the particle number increases
quadratically for both very short timescales and very long ones. There is also resonant cou-
pling for weqy = |7 £ Q4"|. Since the 2, ~ nw/{y are equidistant there are infinitely many
coupled modes. It turns out only odd modes are coupled and the even modes are not excited,
so we have even multiples 2Q%" = |QI" + Qin].

For the main resonance weq, = 204", we can find the particle numbers exactly:

Ni(t) = B (R) — 5, Nialt) = 5[0 = 55K () — B()K (s)],

o2 2’

®Note this gives the Unruh temperature putting back in ¢, G, and %, which are =1 here.
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where £ = /1 — exp(—87) with a 'slow time’ 7 = £eQi"t = met/2(y, and E and K are the
complete elliptic integrals.

It is found that for 7 < 1, that N(7),Ni(7) o 72. For very long times 7 > 1, we get
N(1) < 72, Ni(T) x 7.

For the other (odd) resonant modes, it is found that

4
AN, () /dt = ——, = Nior o 1,
nm

if er > 1 and 7 > 1,but also works for medium times 7 = % For all these resonances, the

energy is also calculated. For the main resonance
1 N iaTn 2
E(r) = 1 sinh” 27,
and for the higher resonances weq, = 29%" =2nm/ly, T K 1:
2 1
Ni(r)=2n—k)kt*, k<n, n€ iN’
so that
2n—1

Ny =3 @n—k)kr? = %(4712 — 1)

k=1

It is also quadratic for 7 > 1, as it is found N (1) = 87%37'2. In either case, the energy grows
exponentially,

4n? —1
= 7 sinh?(2n7).

&(r)

We can also look at detuning, for weq, = wres + A, where A = 27dn /¢y small, and define
~v = dn/ne. We look at the following cases:

-For v < 1: the energy increases exponentially in 7,

4n? —1 sinh®(2nar)
E(T) - 12 ™ CL2 )

-For v = 1: the energy increases quadratically in 7, using L’Hopital’s rule,

_4n? -1
-3

m(nT)?.

&(r)

-For v > 1: the cavity will no longer produce increasing energy, but it oscillates in simple

harmonic motion,
4n? — 1 sin®(2nar)
5 p—
(7) 12 " &

) a 72_17
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with period T, (dn,€) = 1/nea.

We now turn to a 3D resonant cavity with electromagnetic (vector) fields, and get on to
photon and particle creation in the DCE. Recalling Maxwell’s equations in vacuum with no
charges or currents,

V.-E=0=V-B, VxE=-8,B, VxB=3§E,

with boundary conditions in a 3D cavity with one moving mirror (ideal so infinite conductivity
o — 00) in the Z-direction given by

Ej=0 <= &xE=0, B =0 < i -B=0.

We can split the modes into transverse electric (TE) and transverse magnetic (TM) compo-
nents, defined from the vector field ff, so that:

E:—é?t/TTE+V><ATM, E:VXATE+8tATM.

The 4-vector A* = (ff, ¢), in Coulomb gauge V - ATE/TM — 0, solves the 4D wave equation,

without charge or current sources, D(4)/TTE/TM(t, ) = 0. Note that now ATE 3 =0 =

ATM . Z, so that it is invariant under Lorentz boosts in the Z-direction:

x =~z +vt') +Ll(ty), t=n~{ +va')+to, :fH:fﬁ,

thus for in the instantaneous reference frame of the mirror, with & x E'|0 = 0 = & - B|0 at
the origin/ fixed mirror, at the moving mirror implies

0= (0 +v9) A Pto, 2 = Llto), 7)) — ATPto,x = l(ty), ) = const. =0,
as to is arbitrary, and the derivative factor is a total derivative d/dt. Also,
0 = (08 + 8,) AT Mty = (to), 7)),
is satisfied.
In 3D, we have the same results for one moving wall in the z-direction, = = £(t) + ¢y, and
y =4y, z=1, fixed. Then
D(4)<I>(t, Z) =0, s.t. Plu waus =0 (TE—modes), (U8t+ax)q)|x:g(t) = 0, P|static waits = 0 (TM —modes).

The transverse dimensions can be generalized to any number of dimensions, and can be brane
or extra dimensional (bulk) compact spacelike or timelike extra dimensions (the timelike case
is dealt with in a section below).

For TE-modes, we get an eigenmode decomposition

@(tvf) = Z Qﬁ(t)qbﬁ(t’f))

nezs
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with eigenfunctions

2 Ny TL 4 | nymy . n.mz
L(t.F) = L Y
oi(t, T) o) sin ww \ o sin 0 sin 0

and eigenvalues

with transverse components defining a mass, like a waveguide cutoff frequency, k| = m =
M/{y, for a dimensionless mass, M = \/§n||7r /¢. The canonical variables satisfy the familiar
euquations of motion as in the 1D case

G (1) + QE(ga(t) +2 Y Maa(t)gn(t) + D [Mama(t) — Naw()]gam(t) =0,

meN3 meN3
with
£(t) Ly
/ dx/ dy/ Az (t, T)dpp (t, T)
2n,m
= N 1)t tme 2 T Mym 571 m
K(t)( ) m2 —n2 VTR

for ng, # mg, and 0 elsewhere, and Ngzz = ZE MM ;- as before. One notes for a small-
amplitude oscillating mirror, we have produced mode numbers

Ni(t) = sinh?(7i - Yzet), w/ Fz= LWQ
n - n I n - ;. Y
207112

and has Q" = (3 + k:)Q%’” and other similar resonant coupling modes as found before. Note
again the ’cosmological’ factor %, in the coupling matrix.
For TM-modes, we use Neumann BCs with new variables (x,t) — (n¢), with 9¢®|s,)) = 0,

giving a cosine factor in the eigenfunctions’ z/{-component. The same analysis applies as in
the TE-modes.

Let us now extend this to the FLRW metric (and others like RSI and RSII later),

dr?

2 _ 2 2
dS ——dT +a (T)m‘k

r2(d6* + sin® pdep?,
and define a physical radius, and conformal time as

dr’

Vi = Uphys(T)/H(T),

ronue(1) = () [
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(r is the comoving distance), and

n= [ dr'fa(r)

so that ds? = a?(n)[—dn? + d¢?].

We can write Einstein’s equations now as:
Guv + Mgy = 64Ty, w/ ki = 87r/M]23l =81Gy = 1/MZ,

with Einstein tensor G, = R, — %Rg,w.

For vacuum, Ay = 0 = T}, we get the Einstein-Hilbert action Spy = ﬁ J v/—gRd*z, where
the Einstein equations above result from varying with respect to the metric g, .
Friedmann’s equations give the energy-momentum tensor,

Ty = puyuy + p(g/w + uuuy),

which in a local frame w* = (1,0), gives T} = diag(—p,p, p,p), which is easily generalized
to extra dimensions, as we do in the cosmology section later, and will mention some details

now.

In extra compact dimensions, we have periodic boundary conditions for scalar and boson
fields, while antiperiodic ones for fermionic modes: ®(z#,y?) = £®(z*,y* + 27R,) and
satifying the Klein-Gordon equation

Oy — m?|@(a#,y*) =0, w/ Oy =—0} + Az £ 0% =[Oy — mZ]oa(zh),
where the negative sign is used for the extra timelike dimensions, and the effective mass on

myz = \/m? 7 -1/R?

for mixed timelike and spacelike extra dimensions (more on this in the next Section). The

the brane is

solutions can be expanded into the eigenmodes above:
®(z", ) = Z ba(zM)e i/ R
neND—4

These are generalized ADD braneworlds in D = 3+ 1+ n dimensions, with n ’large’ compact
extra dimensions, and ds? = napderidz? = Nuvdxtdz” £ Sapdy®dy®. We note that the maxi-
mum size for one extra dimensions is R"-L ~ 107 m, yet only ~ 10 um for gravity!

We can look at a warped geometry with one extra dimension for now, with *warp factor’
a?(z), and ds? = a®(2)ndatde” £+ dz*. We get

Gap + Asgap = ksTap, w/ ks =61°Gs=1/M2,
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which = 0 in the bulk. For the brane at y = 0, Tap = —7 6"46%n,,6(2), where T is the brane
tension. For Tap = 0 in the bulk, we get (9,a/a)? = —As5/6, which implies a negative bulk
cosmological constant As < 0!

We have solutions a(z) = e**/L, for T < 0 and > 0, respectively, and 1/L = Fr57 /6 gives
the AdS curvature scale, from A5 = —6/L?. Now using

“+e
G = 30:(a0.a)nu, — dz[Gy + a277/w] = =T K5Nuw,

—€

for 1> € > 0. This gives a jump of 3ad,a|™¢ = —k5T, crossing the brane.
Also, in Poincaré coordinates y = Le?/”, with the brane now at y = L, leads to the confor-
mally flat metric ds? = (%)Q[Uuydx“dx” + dif?).

Also in Randall-Sundrum models, RST and RSII, we have conformal time dn = /1 — (dy,/dt)? =
dt/~, for the brane at 7,. We write the total energy-momentum tensor 7', = T, — T4y,

leads to
2L0,H

Ks(p+p) = ——
5(p+ D) AT
ey =1/v1—-v2=+1+ L2H?2, for a relativistic moving brane. This implies

2

/<;572 1
= = —3Ha(p+ p).

6 7k Onp 3Ha(p + p)

w/ H=0ya/a®=—yv/L,

P

o7

2 /'i%

This then gives Agprane = k2T2/6 — 3/L? = 0, by the fine-tuning condition, and so the
4D Friedmann equations are recovered if k4 = k27 /6, and also L = 6/r57, which means
k4 = k5/L, as expected. Hubble’s parameter then has the dependence H? = 221+ ).
From current observations, the brane tension 7 > (1 MeV)* and M5 > 10* GeV. The so-
lution has a o 72/4 for early times and high energies, while a o 71/2 for later times at lower
energies.

One can also observe graviton production in this framework from the dynamical Casimir ef-
fect, as in [], but I'll leave this for another paper.

In a similar, but different, method, we can look at coupled modes between the piston’s
or mirror’s vibrations due to the particle or photon field modes produced by their motions.
This will involve other annihilation/creation operators for the piston’s motion IA)n,lAJIL, with
Hamiltonian the sum of the a’s and b’s oscillation terms and an interaction term between
them arises. We look at this here, as another way to emerge an effective 4D QED from
6D, with and without extra time dimensions, with the advantages of extra time dimensions
pointed out.

3.2 Resolving issues of extra time dimensions: maintaining causality, non-locality,
ghosts and tachyons

Here
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4 Casimir effect with extra time dimensions.

Following methods in [1], we describe techniques for regularizing Casimir energies in both
spacelike and timelike dimensions.

The motivation for extra time dimensions, as explained above, will be not only in a
possible resolution of the cosmological constant problem, but also many other Problems of
Physics, along with its symmetry and simplicity, and mathematical and physical applications
as well. I announce again, that those who refute extra time dimensions assume too much:
time and space need not be treated in the same way. For example, basic constraints that
are intuitive are that brane-world lines remain the same, just can follow curves with tangent
vector taken as velocity, etc, and so no dimensional increase occurs. Secondly, extra time
dimensions, just like spacelike ones if they exist, are small and only accessible by energies
of order of the mass of the lightest Kuluza-Klein particle’s mass, Mgy 1 ~ w/L, where L
is the size of the extra dimension. Problems of non-locally, causality, and unitarity can be
prevented and rid of by the methods we present here.  Here, mostly, we take compactified
extra dimensions of size L, or T of whatever space or timelike dimension, with periodic
boundary conditions for bosons, and antiperiodic ones for fermionic modes, respectively,

(M, 1) = B(aH, T+ QWE),

(2, 1) = —W(a" ¥+ 273)

where 2t € M3, and t belongs to the torus bundle T2M3!, for periodic extra time dimen-
sions of sizes 3 = (p1, B2), and similarly for spatial dimensions and extra time dimensions.
The time/thermal modes are the Matsubara frequencies, w; = 2wn//3;, for the nth mode. This
extra dimensional model can be pictured in Figure 1, if viewed in two spatial dimensions.

Periodic time is not a strange idea: temperature itself is an extra timelike variable, just
inverse imaginary (compare Schrodinger’s equation to the heat equation, or waves in space
turn to thermal distributions from the partition function instead of the Fourier spectrum...).
Indeed I wrote above /3 for the inverse temperature, as a (complex in general) time dimension
size or scale

I will call light KK modes "W bosons’ as they have periodic boundary conditions, and
acquire integer charge related to its coupling to electromagnetic fields (chromodynamic in
general) in QED or Yang-Mills theory, with (including winos) or without supersymmetry (no
gluinos either). Higher massive W’s have mass nMy = 2mn/L. We can always take L — oo
so it has nothing to do with size, it’s just a smaller scale for the extra dimensions.

51 also have to emphasize that small extra dimensions does not mean bounded! On the small scale of higher
and higher energy the dimensions are unbounded like for us, beyond locally. Do not confuse ’size’ with ’scale’!.
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Let’s start with a simple case of a 5D space with an extra dimension of either signa-
ture ¢ = +1 (taking the convention of — for timelike and + for spacelike), with metric
gMN = (n".¢€), where " ~ (1,1,1,—1) is flat enough for now. I'll use uppercase Latin
letters M, N, ... for the bulk and Greek indices j, v/, ... for the brane (M33). Lowercase Latin
indices 1, j, ... will be used for the extra dimensions. The spatial dimension in general will be

d, while that of the bulk, D > d, leading to D — d extra dimensions.

Now add a scalar field ¢ of mass m. It satisfies the Klein-Gordon equation (the equation
of motion for the 5D action of the scalar field):

(Op —m?)p =0, (4.1)

where, in general, Op = gMNaNaM =n*"0,0, + €- Vz, for the case of more than one extra
dimension. In this case the last term is just 68;. The scalar field has periodic boundary
conditions in the extra dimension, and so can be written as a Fourier series:

$(at,y) =D dulah)e™/",

nez

which makes (1) become
[O— (m?* + en®/L?)]pn(a*) = 0, (4.2)

where [ is the standard 4D D’Alembertian from n*”. One notes a spectrum of KK masses

m?2 =m? + en?/L?
, which are quite massive for small extra spacelike dimensions. Note though the KK masses
decrease and become imaginary (tachyonic) for any Matsubara mode higher than k € Z :
k%/3% > m?2. This isn’t to worry, as we can integrate them out, or just throw them away [1]:
they aren’t observable, they don’t cause any divergences like in QFT’s estimate of the ‘'mass’
of the vacuum being 120 orders of magnitude higher than observed from the cosmological
constant. In a moment, we will see how this ’cosmological constant problem’ can be resolved,
possibly, using extra time dimensions. This is opposite the case of extra spatial dimensions
magnifying even worse the discrepancy from theory to experiment.

Note the shift in energy just to note for later:

2
_, n
En—p2—m2—eﬁ:0,
and the fear of tachyons can be resolved just by taking them as excitations of non-tachyonic
modes: Eg = E2 + n?/L2%. Furthermore, we find that tachyonic modes decay quickly:
Say a tachyonic mode ¢p(z) x exp(im,t) and € = —1, and |n| > Lm as above. Then for
such a tachyonic mode ¢, (t) oc exp(—+/n2/L% —m?2t), has |(t)|> — 0 decays into the vac-

uum and pure nothingness everywhere in time scale 7, ~ L/v/n? — L?m?2. And if taking the

— 929 —



"tachyonless’ perspective, the modes remain unitary and ¢, o exp(im,t) certainly is unitary
|¢n(t)]?> = 1, and probability is conserved.

As [1] discusses, this reproduces 4D from the 5D Poisson equation (for potentials in both
electromagnetism and gravity) (V2 + 663)1/(3:“ ,y) = 4mwp(x,y), yields the modified photon
propagator:

Dy = —iny/(p* — en? /L +i07),

where p? = E? — p? is the four-momentum. Unphysical poles exist for e = —1 for p = +in/L,
and imaginary parts to gravity can result in dark energy or similarly ’antigravity’. The self
action becomes non-static, but in 3 + 1 dimensions Newton’s laws still hold, V2¢(z*) =
4mp(zt). T won’t discuss this further and refer the reader to [1]. The idea of the ’tachyonless’
approach, we get the usual propagator

D}, = =i/ (p*™ +07),

for p2 = E*2 — p? and E*? = E?2 — en?/L?. 1 summarize the difference between extra space
and extra time dimensions in this approach as:

Extra space dimensions <= infinite tower of massive KK modes.

Extra time dimensions <= excited states of the same particle, and a finite number of
Matsubara modes.

In computing vacuum energies in pure spatial dimensions, a UV cutoff A ~ Mp of the
order of the Planck mass is introduced as one method of regularization. For 3D+1 extra

(space or time dimension):

A g3
d
(pv) = g (2%)_3/ TP\/p2 +m2 +en2/L2 ~ A /1672 = 2 x 10"' GeV*,
nez 0

where the n = 0 term was taken to be dominant for a spatial extra dimension, giving the
quantum field theoretic value of the vacuum energy, and assuming A >> m. Zeta function
regularization techniques can give the result for the summation over all modes, as in [2], [3],
but these only make the cosmological constant problem worse. We are tempted, under the
unitary, causal, tachyonless approach of extra time dimensions, we take L. — oo and replace
the sum to an integral: L [ d€, where n/L — £. For d extra multiple time dimensions, of
sizes L;, we get d & < n;/L;. We choose a different cutoff for the &;, A, so as to keep (p,)
real. Hence it is instead an IR cutoff, giving a torus T-duality of space — time cycles, giving
a UV-IR duality. And so the vacuum density in d extra time dimensions becomes

) = G /OAdsp/OAdd€ o2 m2 2,

where \? = Zle 2.
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Looking at the case of one extra time dimension, we perform the £-integral to obtain:

L Adsp A
) = N2+ m2 = N2+ (P2 mP)sin (—2 )
i) = o || F IV @ ) s ()

where A < /p?2+m2. The integral can be evaluated exactly shortly, but in the regime
A~ m << A, the integral can be approximated as

Lx (A
(2)3 /0 d’p\/p? + m? ~ LAN* /872,

which can help resolve the cosmological constant problem for

d
NAT] Li = 10715,
i=1
So for small enough extra time dimensions L;, and small enough A << A, more than one time
dimension seems to be supported.

In order to find the effective 4D dynamics from compactification from the 34+d+1 theory,
zeta function regularization can be used to find new properties, at higher energies, for extra
spatial dimensions [] and special results for extra time dimensions. Doing the full regulariza-
tion can give great insight into effective QED and QCD for any non-Abelian gauge group (see
[| for dealing with Lie groups in general, and treating them in determining effective theories
from compactification).

We begin with an example simple model to show the zeta function regularization method
for extra spatial dimensions, and then extend to more exact results with extra timelike di-
mensions.

Let us begin with a toy model calculation or two for dynamics in M?33.

4.1 Mechanics and Dynamics in M?33 and new results

In classical mechanics with multiple time dimensions, multiple '"Hamiltonians’ appear accord-
ing to the canonical quantization and dual parameters (for each spatial coordinate ¢; there is
a dual momentum p; that may be conserved possibly, and for each time coordinate there is
an energy that may be conserved). We have in the case of 6D SO(3, 3):
dgi _ 0H; dpi
dtj N Gpi ’ dtj

= —{Hj,pi}pp = —V;Hj,

where the bracket is the Poisson bracket and follows from the same Liouville theory argument
in phase space density p evolution in any spacetime:

dp

- = Hi7 .
ar, {Hi, p}
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Now let’s look at some examples:

Here we take a six dimensional spacetime coordinate vector &+ = (Z, cf}T“, with indices
lowered with the SO(3,3) metric with spatial indices negative. This is more consistent from
a relativistic viewpoint with a symmetrization of space and time coordinates. The fact also
that we perceive one time dimensions is the fact that the universe surrounding us locally all
observed macroscopic bodies move along parallel time trajectories, and thus only one scalar
parameter, say a length along these trajectories is enough to describe physical processes
and evolutions in our world. However, for objects far apart and due to peculiarities of our
Universe’s evolution, it is possible that mutual correlation of times in objects can be lost and
that they can have their own time directions on the large scale. We will look here at some
examples of relativistic and gravitational phenomena in multitime space, so first, let us find
the equations of motion of particles in multitime space via the least action principle

58 = /6£(:%, G, t)dt =0, 4 =di/ds = e (T, e7) =4V /e,

where as usual v = 1/4/1 — v2/c2 and the parameter ds = cdt/v, and 72 = 3. (dt; /dt)* = 1
in this parametrization, with scalar time ¢ read along the trajectory of the particle ¢ = f(t)
Performing the variation of the Lagrangian leads to the Euler-Lagrange equation of motion
in multitime space:

oL _d oL
oz ds ou’
where %(t) to each other. The equations of motion are then

— —

d(m _’)/dt = qc_lﬁ(f)x, d(mT)/dt = qc_lg- E@)7, dm/dt= qc_lg- E(Z)x,

where 5: ¥/c and E=-V¢.
Multiplying these expressions respectively by E and 7', gives a symmetric equation:

B-d(vB)/dt = xd(yx)/dt, — dF*/(1— ) =dx*/(1-x?),

where the relation dvy/dt = v35d§ /dt is used. Integrating this, we get

1-x2=a(l-5) P?=%301-x3)/1-x,

taking the integration constant o and the values of the variables at Zp = 0, o = v3(1 — x3).
Thus, if xg = 1, and the time trajectories of the field and particle are initially aligned, they
will stay that way, whether we are in one or three dimensional time. As the particle speeds
up B — 1, the particle’s time vector cosine y — 1 and the electric field time vector forces the
particle to align its time vector with its 7!

-,

Now substituting the equation for x (/) into the equation of motion, we get:

dx qF dx

(1 —x2)3/2 T me? (1—x2)1/2’
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with solution

W (=31 —x2) =wa + C,
where w = gE/mc?, and the integration constant C' = xo/+/1 — x2. Thus,

X(@) = (xo +wx)/ /1 + we(wz + 2x0)-

We can also write in terms of ~,
70
72 :73[1 + wz(wz + 2x0)], X = ;(wx—}—Xo),
and the non-relativistic approximation:

Y~ Yo + Xowx, X*Xo-l—wx(l—xg)a

or the ultra relativistic approximation wzx > 1:
2 2,2
VR ywr,  x & (1= xg)/ 2wt

Again, as yo — 1, the results of the one-time theory are obtained. Again, the expressions in
three-time theory differ only by a decrease in effective charge ¢ — gxo.

The time dependence z(t) can be found from the relation dz/dt = c\/v(z)? — 1/v(z),
implying an integral equation implicit for x(t):

ctl. ) = /0 ()7 @R~ da,

with the last expression At/t(1,z) = [t(x,x) — t(1,x)]/t(1,z) showing the delay of the ac-
celerated particle at point z in comparison with a one-time theory to be compared to an
experiment, becomes significant for large deviations of time vectors (y <~ 0.5), but also for
larger electric fields and less massive particles, as the expressions for y have distances occur-
ring in the combination Ex/m. For example, in a proton beam the scale of distances x must
be up to two thousand times and a significant delay can be observed up to several hundred
meters.

For the case of a massive particle in a central field, say that for the Sun with a mass M
and Sun time vector 7,
E = sM7# /2.
One can show that ||

=20+ Q(r), Q)= ke 2M(1/r — ——) ~ ke M (1/r = 1/ro),
Y YoTo
where xo and vy are taken at the perihelion 79. We then determine x(r) and ~(r) as in the
electric field case but with ww — Q(r) and a deviation of the planet’s time trajectory from
that of the Sun’s results with an additional perihelion precession Af ~ 1 — X%- With the

experimental value of Af, we then know that yg ~ 1.
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5 Electroweak unification on M?33

6D theories, with or without extra compact time dimensions lead to a beautiful symmetric
unification in electrodynamics (with magnetic monopoles treated on a dual setting) with use-
ful generalities. From [| we can find how this works elegantly, and the consequences of extra
dimensional fields present, and how extra time dimensions change these results (which remain
the same up to a field redefinitions, complexifications, etc. Following [], we then extend this
to full electroweak symmetry breaking from a 6D unifies theory, with or without Higgsing.
The next Section 6 deals with supersymmetric unification in 6D, with it’s usefulness in solving
chirality problems, and reduction to 4D enhances the number of supersymmetries by at least
one. This gives a predictive model for gauginos and gluinos, and their mass generation or
prediction in terms of the ectra compact dimensions.

We begin with an SO(3,3) unification of electrodynamics, in general and discuss the
results in special cases, first turning to another method of effective QED from 6D models with
non-perturbative objects (such as vortices) yielding the standard 4D model and modifications
for experimental detection of extra dimensions.

5.1 Einstein-Maxwell theory in 6D (with vortex scenario) leads to effective 4D
QED.

We consider Einstein-Maxwell gravity in 6D with a complex scaler field ®, of cherge e, and

two chiral fermions 14Ty 1-Ty

2 2
with U(1) charges e; and e in general, and to be determined later. These come from the 4
and 4_ representations of SO(1,5) or SO(3,3), and I'y is the 6D chirality matrix. We then
get a general action with Yukawa interactions in 6D:

vy

Uy, P

lI’la

11 - _
S = /dﬁz\/—G[lizR—4FMNFMN—(DM<I>)TDM<I>—U(<I>)+Z U TAENV U490, Uy +h.c,
1,2

with a sechsbein E% , a 6D Newton’s constant x, and the usual covariant derivative Djy; =
Opm + iteApr on scalars, but Vi, = Oy — Qur + ie; Ay for the fermions W¥; respectively.

»4B is the spin connection ¥ € so(1,5) or so(3,3), for so(n,m) =

Here Qy; = %QM[AB]
Lie(SO(n,m)) etc., with generators Y45 = i[FA,FB], for six 8 x 8 curved-space Dirac ma-

trices [] with anticommutation relations: {I'4,I'p} = 2nap, and I'y = diag(14, —14).

For an anomaly-free gauge theory, free from any combinations of gauge and gravitational

anomalies, we require [] €2 = e2. We take here (as in the case of matter-antimatter) e; = —es.”
Now the Yukawa coupling (real here) is non-zero only if e; —ea =e¢ — €] =¢€/2 = —eo,

and we obtain fractional charges for the fermions, in terms of the (quantized, as can be shown)

Te1 = ey is the same case really, so extra time dimensions case is similar here, as 4, ~ 47,
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scalar field charge e.

We can add gauge-invariant mass terms for the fermions as
Ly, = mUSWs + h.c.,

where ¥¢ = CUT, for charge conjugation operator C. But if we wish for fermion number
conservation (as must hold in the absence of magnetic monopoles or other non-perturbative

objects), we need rather

L —m\ilcl_r7
=

U+ h.c.,

where we have unified the spinors into one 8-component spinor ¥ = ¥y & WUy, which has a
well defined charge <= e; = ez, and so the true Dirac spinor must have charge conjugation
and Up = ¥; @ UG, and the fermion mass term is

L, = m\I/D\IID + h.c.

Now let’s look at a vortex solution in 6D, which we can localize on the 4D brane, whose
bosonic solutions give the Nielsen-Olesen (NO) vortex solutions with metric

ds? = eA(r)nw,dx“daz” + dr? + eBMa?d?0,
for a cylindrical bulk, of radius a for 6 € [0, 2x], and fields taking solutions
® = f(r)e™, aeAg = (P(r) —n)do,

with n is the vortex number (winding number), and the functions f(r) and P(r) satisfy the

boundary conditions®:

f(0)=0, f(oo)=fo#0, P(0) =n, P(o0) =0,

where fj is (the modulus) of the minimum of U(®), which is approached as r — oco. Further-
more, in the metric,
r
A(0)=1, A(r — o0) = B(r — oo) = —2cr, B(r - 0)=2In—,
a
for a constant ¢ > 0, which accompanied with a, depend on Newton’s constant x, the 6D
cosmological constant ~ U (V,,;, = fo), and Abelian-Higgs parameters (such as Higgs vacua).
More details of 6D cosmology will be covered in a later Section. We note here that r — 0 is
a flat space with a vortex core = a, and gets curved as r increases away, and as r — oo the

bulk becomes anti-de-Sitter, AdS. From [] it is shown that gravity fluctuations are localized

8 As before, Greek indices i, v, ... are 4D spacetime indices.
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on the 4D brane at the vortex core.

We can now look at the fields localized on the 4D brane:

1
VH = %P(T)WM(ZE#’T)’ h,ue = eB(T)WH(xﬂar)v

with the latter a KK-vector field. We can insert these into the spin-1 part of the action to
get the action for the W-field ("photon’ field):

a’e?

a’e” B / A2 [(0,,)? + A0 (9, 1,)?].

K2

1 27ma

L 2ma [ B2 p2
202 & ) dre (P=(r) +

SW] =
For r-independent W's, we can write S[W] = —ﬁ [ d*z(8,W,)?, for the 4D gauge coupling

constant 5 o
1 2ma [ B(r/2/ 12 a‘e” g,
S | AR+ ),

and the Maxwell and KK-fields are localized to r ~ maz{1/c,1/My,1/Mg}, where My, and

M are the bulk vector and scalar masses without gravity. Note also \/ P2(r) + “2—5263 MW, (z") —
W, (z") for » — 0, and vanishes as r — co. More details can be found in ].

e2

We now turn to the 4D fermionic sector. For g # 0 and e; = —ey = ¢/2, the fermionic
equations of motion on the brane give the Dirac equation of the form

1-T 14T,
U
5 YT

1
[ 42149, + e PIPTY (=9 + isTr Ao + g U = 0.

Note that also the sechsbein transformations ensure aperiodicity of the fermion in the 6-
direction: ¥(#) = —U(# + 27), and we can give the 4D I'-matrices in terms of the classic
Dirac matrices v, with v5 = diag(12, —12):

Fy=w®o, TIi=y30, Tj=12®o0.
We now propose a solution W7 = (¢1,1) (now periodic in 0) that satisfies
v =
and substituting into the Dirac equation, for 4D zero-modes v*0,1; = 0, gives
¢ (0, +inse P20 [a)ir + g®sihr = 0

e~ (9, — iyse~B20g Ja)ipy + g 51 = 0.

The same result holds for chiral ¥; = (¥, F)T, where we get
(9, — ie B20g fa)pl + g®ysd = 0

e (0, +ie B2y Ja)k + gd* Y =0,
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and similarly for the right chirality,
e 0y —ie”PP20p /a)yit — g5y’ = 0

(0, +ie B2y Ja)plt — gd*ylt = 0.

Now we get the 4D fermionic action:
S[U] = /dr/dG\/GZ\I!iFAEi‘([VM\IJi =
1,2

or

- / dr / 0> [NL(r)YI A O] + Nr(r)gfiy" o,
1,2

where

Nuny(r) = expl=A(r)/2+ [ dpe P10+ (“)edo(p),
which — 7 as r — 0, and Npg)(r — o0) — exp(er + #e“).

Now pulling out the 8 dependence, we can factor the fields into phases, radial wave
functions, and the usual 2-component Weyl spinors XTLn’R(x“) of SO(1,3), with various 4D
charges ¢, = (m — (n —1)/2)¢:

Ut = Ol () (@)

L(R) (. L(R)

g = O L )

where the radial wave functions u,Ln(R)(r) and v ®) (r), and more details are found in [].

We can summarize the results obtained by compactification in this vortex geometry, be-
yond the localization of gravity, and possible charges one gets, some other details. We find an
anomaly free 6D gauge theory yields 4D electrodynamics of charged particles interacting with
photons and gravitons. Localized charged massless fermions and massive Majorana fermions
interact with photons near the NO-vortex core. Later, we will extend this for 6D SYM (su-
persymmetric Yang-Mills) theory. But first, let us look to higher gauge group, and see how
non-Abelian anomaly cancellation occurs from 6D to 4D compactification.

We now turn to a hopeful 6D approach to non-Abelian anomaly cancellation, leaving
Abelian, mangeable, anomalies in 4D, before going to the 6D Einstein Maxwell theory, with
non-perturbative objects, specifically vortices, and how an effective QED can result in 4D.
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5.2 Non-Abelian anomaly cancellation in 6D — 4D and consequences of com-
pactification.

Here, in general, we investigate an even dimensional spacetime of dimension m = 2¢, and add
the point at infinity to look at even dimensional spheres, as in []: R™ U {oo} ~ S%, with a
semisimple gauge group G that is simply connected (as is SU(N) and most Lie groups), so
m1(G) =~ 1 like m1(SU(N)) ~ 1. We then take a one-parameter family of gauge transforma-
tions, periodic such that Vg € G : g(0,z) = g(2m, z) = e, which can be generalized WLOG to
any basepoint zo € S™ with g(0, x¢9) = e by rotations.

g here is now a map g : S' x S™ — G. These maps are characterized by the funda-
mental group m,,+1(G) (giving the mapping classes). We have, also via the smash product
SIAS™ ~ St x §™ /81 §™ ~ §™+L wwhere the algebraic quotient is S'#S™, as a connected
sum at general point (zo,v0), ~ ({zo} x Y) U (X x {yo}). The angle § € S can be thought
just by rotating an S™ about (zg,%o), as can be visualized as an S™*1  as easily seen from
rotating a growing and shrinking circle an angle 6 about (xo, yo).

See Figure (),

5.3 Maxwell in 6D: Electrodynamics over SO(3,3) where electric and magnetic
matter in 4D are free fields in 6D!

We turn to a simpler case: let us derive a form of Maxwell’s equations in 6D with particularly
simple pure (vacuum) dynamics, that reduce to Maxwell’s equations in 4D with matter of
electric and magnetic charge sources. This follows [210]. In vacuum the field equations of
Maxwell come straight from Lie theory (Bianchi identity) and cohomology (closedness for no
sources):

OnF"™ =0, OpFpmn+ OmFpp + OnFpm =0,

where roman indices indicate indices over R*3. 4D spacetime indices will be Greek letters
as usual p, and the metric is ¢ = diag(—1,—1,—1,1,1,1) as stated in the Introduction,
spatial indices first. The 6D Maxwell electromagnetic field tensor, contains the usuall 4D
Maxwell field tensor, but has additional components: a 4-vector S*, a 4-pseudovector T%,
and a 4-pseudoscalar n in the language of geometric algebra. It is given in the Figure below
component-wise in matrix form. Using the notation of the Introduction, these equations in

-B, 0 B, -E, -5, -T, 5
1 1 1 Fred _ Qu _To
mn B, _Ba: 0 _Ez _Sz _Tz S
F — Yy = S’j O —n
- E, E, 0 -0  —T T8 ) 0
Sa Sy S a 0 =1 ?
| T T, T. T n 0 |

— 38 —



terms of 4D components read
FIY = 0,8" +0,T" = J¥, Sf; = Oun, T’lj = —0un,
which gives 6 equations, whereas the 6D Bianchi identity leads to 20 equations:
O Fly +0uFye + 0, F,, =0,
Oty = 0uS, — 0,8y, OulFy, = 0,1, — 0,1,
oun = 0,1, — 0SS, = K.

These 26 equations seem to overdetermine our only 15 field variables, however, some of these
equations can be interpreted as initial conditions on the fields. For example, take u = z°,
and notice that the number of equations that don’t involve derivatives with respect to it are
14 (%1) = 11. One from the first set, and 10 from the second since we have only 5 indices
not =5 to choose 3 out of in the Bianchi identity. 26-11=15 field variables and we are happy

just by giving initial u conditions!

We wish also to keep proper transformations of time, and so time reversal must be ac-
companied by a u- or a v-reversal to keep the determinant of the transformation =1. Thus,
if u were a pseudoscalar, then v would be a scalar. Why not keep this convention so the
‘sources’ JH and K* are 4-vectors, and 4-pseudovectors respectively, and thus 7 is in fact a
4-pseudoscalar. Geometric algebra is going to help us out a lot here! Notice what happens
here is that from these time transformations, we have now a law of matter and antimatter
on the same footing! Their sum is conserved and we have a zero energy vacuum always as
opposed to Dirac’s infinite energy vacuum ’sea’!

The total antisymmetry of the Bianchi identity implies that F},,, must be antisymmetric
and derivable from a 6-potential: F,,,, = 0, Ay — OmA,. We can assume a (Lorentz) gauge
condition on the underdetermined potential, such as

OmnA™ =0, and write A,, = (/_f, b, X, ).
In terms of these components we can write the general 3+1-D Maxwell’s equations!
B=VxAd FE=-vp—A
S=-Vx—-0,A o=x—0u¢
T=-Vy—0,A 1=9—0¢
N = 0w — Oyx.

From the 6D vacuum Maxwell equations it is simple to derive the ultrahyperbolic wave
equation for the potential A:

O} +0i+0;— 02— 0, —02=V;—Vi)A=0.
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The currents J and K can also be written in terms of the potential,
JH = —(0% 4 07) A" + 9" (Oux + O) =

= (87 = V2)AH — (V- A + §)
KH = 3”(3u¢ - a’UX)')

and when the other time dimensions and scalar components are removed we get the usual full
Maxwell wave equation with sources in 4D:

JH=0OAH

in Lorentz gauge 0,4, = 0! This was the result presented using geometric algebra an classical
field theory in the previous Sections. Notice how in 6D we have a total vacuum and now we
have in 4D all the sources we need from both electric and magnetic matter in general!!! This
is a beautiful aspect of 6D simplicity and predictive power for 4D physics we experience and
measure!

Maxwell’s energy-momentum tensor can be derived from the symmetric and conserved
6-tensor

1
Tmn FmpF;z + ngnFabFaby anTmn — 0’

stating 6D energy-momentum conservation! 7" is not traceless, however, as Tr(T) = T"™"™ =
%F 2. This allows us to derive the nonhomogeneous Maxwell energy-momentum equation
where fields are driven by currents, by repeated application of the field equations:

0T = F* (0,5, + 0,T,) = F**.], |

This shows that the extra time dimensions are in fact physically real, as they provide the
source for matter in 4D and its interactions with the fields!

Let us now look at the 6D Maxwell’s equations in their simple form, and see where
magnetic monopoles and magnetic charge come into play all of a sudden in 4D, not just
charge and mass! Recall the 6-tensor F™" above. Let us augment it to a dually-inclusive
anti-symmetric tensor C™"?, which satisfies the usual field equations from S = [ dSxC?:

3pC"™ =0, 3yCrpnp) = 0,

where the [ brackets indicate antisymmetric summation over all permutations (i.e. with
sign). The first set has (§) = 15 equations, while the second has (§) = 15 equations, totalling
30 equations in 20 unknowns. 10 are, as above, redundant, as in the case of the bivectorial
theory, we may ask how many equations do not involve one of the variables, say z* = ¢. In
the first set, to avoid t-derivatives, one free index must be 4, leaving 5 choices for the other
free index because of the total antisymmetry - while in the second set, to avoid t-derivatives,
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no free index can be 4, leaving (3) = 5 choices for the other free indices. We thus have 10
equations Let us derive a form of Maxwell’s equations in 6D with particularly simple pure
(vacuum) dynamics, that reduce to Maxwell’s equations in 4D with matter of electric and
magnetic charge sources. This follows [210]. In vacuum the field equations of Maxwell come
straight from Lie theory (Bianchi identity) and cohomology (closedness for no sources):

OnF"™ =0, OpFmn + OmEFnp + OnFpm =0,

where roman indices indicate indices over R*3. 4D spacetime indices will be Greek letters
as usual p, and the metric is ¢ = diag(—1,—1,—1,1,1,1) as stated in the Introduction,
spatial indices first. The 6D Maxwell electromagnetic field tensor, contains the usual 4D
Maxwell field tensor, but has additional components: a 4-vector S*, a 4-pseudovector T%,
and a 4-pseudoscalar n in the language of geometric algebra. It is given in the Figure below
component-wise in matrix form. Using the notation of the Introduction, these equations in

0 B. -B, —-E, —-S. -T.,]
—B. 0 B, -E, -5, —T, o « a
mn B'u _B.z, 0 _Ez —Sz —Tz B 3 =5 —T
F™ = ' = S/ 0 -1
E, E, E, 0 -0 -7 T8 , 0
S S, S. o 0 -y !
| T T, T, T n 0 |

terms of 4D components read
Py =0,8"+0,7" = J", S, =0m, T, =—0un,
which gives 6 equations, whereas the 6D Bianchi identity leads to 20 equations:
O by + 0, Fys + 0, F,, =0,

Oulyy = 0uSy — 0,8y, 0uF,, = 0,1, — 0,1,
oun = 0,1, — 0SSy, = K.

These 26 equations seem to overdetermine our only 15 field variables, however, some of these
equations can be interpreted as initial conditions on the fields. For example, take u = z°,
and notice that the number of equations that don’t involve derivatives with respect to it are
14 (%) = 11. One from the first set, and 10 from the second since we have only 5 indices
not =5 to choose 3 out of in the Bianchi identity. 26-11=15 field variables and we are happy

just by giving initial u conditions!
We wish also to keep proper transformations of time, and so time reversal must be ac-

companied by a u- or a v-reversal to keep the determinant of the transformation =1. Thus,
if u were a pseudoscalar, then v would be a scalar. Why not keep this convention so the
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'sources’ J* and K* are 4-vectors, and 4-pseudovectors respectively, and thus 7 is in fact a
4-pseudoscalar. Geometric algebra is going to help us out a lot here! Notice what happens
here is that from these time transformations, we have now a law of matter and antimatter
on the same footing! Their sum is conserved and we have a zero energy vacuum always as
opposed to Dirac’s infinite energy vacuum ’sea’!

The total antisymmetry of the Bianchi identity implies that F,,,, must be antisymmetric
and derivable from a 6-potential: F,,,, = 0, Ay — OmA,. We can assume a (Lorentz) gauge
condition on the underdetermined potential, such as

OmA™ =0, and write A,, = (/T, b, X, ).
In terms of these components we can write the general 3+1-D Maxwell’s equations!
B=VxAd F=-Vé—4A
S=-Vx—0A o=x-0u0
T=-Vi—0,A 1=1)—0yo

From the 6D vacuum Maxwell equations it is simple to derive the ultrahyperbolic wave
equation for the potential A:

(OF+02+0;—0;—0; —92=V; —Vi)A=0.
The currents J and K can also be written in terms of the potential,
JH = — (02 + 0F) AP + 9M(Dux + Out)) =
= (0f — V) A* —0"(V - A+ ¢)
Kt = 0"(0ut) — 0uX);

and when the other time dimensions and scalar components are removed we get the usual full
Maxwell wave equation with sources in 4D:

JH=0AH

in Lorentz gauge 0,4, = 0! This was the result presented using geometric algebra an classical
field theory in the previous Sections. Notice how in 6D we have a total vacuum and now we
have in 4D all the sources we need from both electric and magnetic matter in general!!! This
is a beautiful aspect of 6D simplicity and predictive power for 4D physics we experience and
measure!
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Maxwell’s energy-momentum tensor can be derived from the symmetric and conserved
6-tensor 1
MmN FmpFI? + ngnFabFab, anTmn — 0’

stating 6D energy-momentum conservation! 7' is not traceless, however, as Tr(T) = T™™ =
%FQ. This allows us to derive the inhomogeneous Maxwell energy-momentum equation where
fields are driven by currents, by repeated application of the field equations:

0, T" = F1(9,S, + 0,T,) = F'.J, |

This shows that the extra time dimensions are in fact physically real, as they provide the
source for matter in 4D and its interactions with the fields!

Let us now look at the 6D Maxwell’s equations in their simple form, and see where
magnetic monopoles and magnetic charge come into play all of a sudden in 4D, not just
charge and mass! Recall the 6-tensor F™" above. Let us augment it to a dually-inclusive
anti-symmetric tensor C""P  which satisfies the usual field equations from S = f dSxC?:

0,C"" =0, aCrprg) = 0,

where the [| brackets indicate antisymmetric summation over all permutations (i.e. with
sign). The first set has (§) = 15 equations, while the second has (§) = 15 equations, totalling
30 equations in 20 unknowns. 10 are, as above, redundant, as in the case of the bivectorial
theory, we may ask how many equations do not involve one of the variables, say z* = ¢. In
the first set, to avoid t-derivatives, one free index must be 4, leaving 5 choices for the other
free index because of the total antisymmetry - while in the second set, to avoid t-derivatives,
no free index can be 4, leaving (3) = 5 choices for the other free indices. We thus have 10
equations that do not involve t-derivatives. By manipulating the remaining 20 equations that
include t-derivatives, we may express those equations that do not involve t-derivatives in the
form 0;(expression not involving t derivatives) = 0, and so think of these 10 as initial-t condi-
tions. Thus among the 30 equations, 10 may be regarded as constraints, leaving 20 essential
equations for 20 unknowns. The system is thus well-determined.

Our new generalized field tensor has two 4-bivector components which are C*° = FHV,
the usual Maxwell field strength tensor, and C*6 = G** is the dual field tensor with
B— -Dand E —» H , and so it incorporates both induction and bare fields. What is new
here is that we have two new 4-pseudovectors (the second is dual, so is actually a trivector,
but I write its independent components as a 4-pseudovector):

—

OM8 = M* = [M, M, M, m] = [M,m],

and
CHP = PP N ~ [N, N, N, n] = [N, n].
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Writing out the field equations in component form yield Maxwell-like equations, where v and
v-derivative components represent electric and magnetic source terms when regarded in 4D!:

FM = 0,WH — QFAY 4 0¥ AP, GM = —Q,W*I 4+ p7Q
MH = —0lp+ 0,VF — 9 A", N¥ = 9,W*,

or in terms of the 3D fields, .
E=-V¢—A+0,P

B=VAA+0,0
D=-VAV-0,0
d=-Vy-V+0,P
M=Vp+8,V—-0,4

With the covariant gauge condition above, the potential can itself undergo a gauge trans-
formation, for a 6-vector w,, this can take up the six equations of the gauge condition to
reduce the number of degrees of freedom of the gauge potential to nine:

Wonn = Wi + Omwn — Onwm,.

These do not change the fields by cyclic differentiation. The six degrees of freedom in this
gauge vector w,,, we can remove the field vector N” = 0 and all the currents it generates.
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This leaves us with much simpler field equations, still with electric and magnetic sources in
4D, and with the more common

FH = 9" Al — 9P A,

and
G" = €e""70,V,, M!'=-0"p+0,V" — 0,A".

The field equations reduce to
O, FH = o, M*, 0,G™* = —0,M*,
OuMy) = 0 Fy — G, OvGu = 0uGl,, 9uM" =0,

with G and F™* conserved (zero divergence) as well.

This has isolated the electric and magnetic phenomena, and by taking derivatives of the
simplified gauge conditions we arrive at the general sources wave equations for both electric
and magnetic charge-currents in 4D! They are denoted J and K, sources from F and G
respectively:

JHh = —0H(V - A+ ¢) + (92 — V?)AH,

and
KM= —9MV -V 4+ x) + (82 = VH)VH,

as generalizations to electric and magnetic sources in any gauge to the usual J* = A",
Further gauge conditions can be imposed if desired. Note the V-potential then propagates
the magnetic current, while the usual photonic A-field propagates the electric sources. Note
also that this gives a new way of viewing magnetic charge, charge and current in general, and
even mass. In the next Section, after examining these wave equations, we will look at the
Dirac equation in 6D and into the origin of mass itself into 4D!!

Just another thought for the origin of charge and mass from higher dimensions. Think of
a waveguide in 6D, where two dimensions are compact of characteristic size R. The dispersion
relation of a wave solution of the ultrahyperbolic wave equation in 6D, [ d3@ [ d3 kexpi(k-Z—@-1),
perceived from someone living effectively in 4D at scales > R, will be E? = &2 = k2 + 8 /R2.
Comparing this to Einstein’s E? = k% 4+ m? shows that in 4D we get a mass from the extra
time dimensions depending on their scale, with M o« 1/R ! Furthermore, the 'charge wave’ as
it appears in 4D will move with speed less than ¢, as it must as it is massive, because it spends
its time ’bouncing’ around the extra dimensions as in a waveguide!!! By superposition of such
charge waves as in Fourier spectra, one can generate any charge and current distribution in
R311
Solutions of the ultra-hyperbolic wave equation are described in the next subsection. We
will also return to this waveguide extra dimensional approach to gravity later, and arrive at
intriguing results from simple 6D to our 4D apparitions!
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5.4 Electroweak SU(2) x U(1) unification from 6D

This section is an important one, stemming from the earlier research on 6D with three extra
time dimensions. Establishing electroweak unification, and beyond, from compactification to
4D has led to many amazing results. I summarize the results from [| here, giving a context
for this paper and new insights.

Let us discuss how 6D affine-Lorentz transformations act on different fields in M33. 1

V= (

use the notation x tz,ty,tz, @, Y, 2) so that the affine-Lorentz tranformations take the

form:
e M= AM2N +aM e SO(3,3) x R*?

where the 6D Lorentz transformation matrices A% were discussed at length in Section 2.3.

The way these Lorentz transformations act on scalars, vectors, and tensor fields are
described by U(A) as follows:

U(A) - ¢(z) = o(Ayz"),
U(A) - A¥(z) = AJA"(AjzY),
U(A) - F*(x) = NLAGFP (ALa).

I switched the notation to Greek indices, as in 4D, but the same holds for 6D capital Latin
indices.

I will introduce a 6D Clifford algebra, to be used in later sections, as
I = (§"_) = 0.(4") € GL(8),

where the v are the usual 4D Pauli spin matrices, with anti-commutation relations {v#,+"} =
29" 14x4. Also {04,0;} = 6;;, and I introduce as well I-matrices in the timelike dimensions
(I label as 01, 02, 03, and 1, 2, 3 for the spacelike dimensions),

%=, 4 =0u(la), T2 =, 0 =0,(11), T®=0.("),

and so {TM TN} = 2¢MN for gMN = diag(1,1,1, -1, —1, —1) where capital indices run over
6D coordinates as (01,02,03,1,2, 3).

The fermionic/matter content can now be written as 8D Dirac bi-spinors:

v =)~ (5):

and so on for the  and 7 families. We also write ¢ = 91Ty = (11, —1)2), where @1,2 = 1/11[7270.
The 6D fermionic part of the Lagrangian then can be written as

L(1p) = T MV ppah,
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where the 6D gradient is written, taking the ’observable time’ t =t¢,, as

Var = (Vi Vz) = (Vo = (o1, 002), 803 = 01, Vz).
We can then write the fermionic Lagrangian in component form, and see immediately how
mass and charge arise!

L() = i1y O + ihoy" Opipa+
+ith1 (81 — 1002)1b2 — i)2(Do1 + 1802)1a,

and we find the electron and neutrino mass immediately:
(Go1 — i002)2 = imetp1  (Oo1 + i002)Y1 = imy, Y1 = 0,

giving the mass terms. The latter assignment can be justified and VZ 15 = (93, + 02)2 =0
can be solved with appropriate boundary conditions [].

Before going into electroweak unification, I’ll mention the angular momentum generators
for SO(3,3), showing an SU(2) x U(1) invariance of the Lagrangian, and the emergence of
gauge fields from the M33 — M3 compactification.

A basic (infinitessimal) spin angular momentum transformation for fermions ¢’ — 9 +
%wWJ’“’, for antisymmetric w,, = —w,,, for angular momentum generators of SO(3,3),
JH = 7[T*,T¥]. The timelike angular momentum operators are related to the spacelike ones:

1 1 1
~o.(1), J02.03 _ 701 _ 5%(’}’0), JO3.01 _ 702 _ 7%(70)7

JoOL02 _ 703 _
2 2

and [J%, JY] = ieiijOk as angular momentum operators. For now & = 2(J%, J02, J03) we
have the operator rotating about direction n by angle 6,

6

i .
U=exp-0c-nb = cos§1 —|—2'E-ﬁsin§,
so that

11/1:1111 +in %¢1 +7/(nz _iny) g'YOwQ )
Yh=thy—inz Soti(na+iny) G40y’

W i s = (

0
2
giving the L-invariance of SU(2) x U(1):

0
Y = exp(ix + iiﬁ ).

The first term in the exponent gives the U(1)-invariance as time translation, while the SU(2)-
invariance comes from the SU(2) operator invariance of the Pauli matrix and angular mo-
mentum invariance.

Now we turn the Lagrangian invariance under a local gauge choice:

D, =V, +igX, +ig'd W,
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in £ = MZJF“DMZ), giving interaction terms
Lint = (1, =02y K (1),
where

—(gXpu+gWg)  —g (WE—iWi)y°

Ky = (g’(W,eriWﬁ)vO 9Xu—g' Wi )=

which can be written in terms of the usual SU(2) gauge fields:
Zy = (9Xu—9gWi)/Vg*+ 972,
Ay =(9'Xu+9Wi)/Vg*+97%,

Wi =Wy FiWwy,

where the photon (U(1)) field A, only couples to the e*, and we get the mixing angle

sinfw = g/v/ 9> + g%

We then write the full electroweak unified Lagrangian (for ¢ = (¢1,12) = (e™, V), and
1 for the positron and neutrino):

g
sin Oy

- - - - 1.
L = iy yH0uh1 + ihoy" 0ptha — metp19h1 + Y1yH (cos(20w)Z,, — 5 sin(20w ) A, )1 —

9
sin HW

g
tan Gy

Yoy Zyiby — (D1 W yotha — bay" W yoth1),

as a Higgs-less achiral SU(2) x U(1) Lagrangian. The gauge field terms also result:

1 1 1 - - o -
72(Guv = [Dy, DVD2 = —1(8%411 - &,AM)2 - Z(auwv -0 Wi+ QIWM X WV)Z-

‘cgf = 4g

Again, the Greek indices run from 01, 02, 03, 1, 2, 3, and we find the photon A" is massless,
while the Z,, and let acquire the proper mass without Higgsing, with massless neutrinos and

+

massive e* correctly!

We will find later that the size of the extra dimensions can be determined from the mass
of the X boson: myx = 10mh/3Lsc as in the section on supersymmetric enhancement, giving
also a gravitino mass mg/y = mh/Lgc. We turn to this now.

5.5 Supersymmetric enhancement from 6D compactifications.

From an N = 1 supersymmetric theory in 6D, a N/ = 2 supersymmetric theory in 4D, as well
as a gauge-Higgs unification. This also resolves issues with chirality, extending results from [].
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Let us begin with a typical general N' = 2 supersymmetric SQCD Lagrangian, and see
how it develops from a simpler ' = 1 6D SUSY theory, giving mass to the two SUSY particles
depending on the size of the extra two dimensions. I write

Lip = Lo+ [S*e*VS + T*e 2V T + N*N]p + 4e[T*SN|p,

where the D and F-terms are separated. The superfields are V(V#, A(Majorana)), N({(Majorana),a,b),
S(Wr,¢") and T (YR, ¢’). Here a and b are the two extra dimensional components of V. The

Weyl gaugino is Ay = (Ar, —i€R), and the Weyl matter is ¢ = (g, v1), along with scalar

matter ¢, ©”.

Writing the 4D Lagrangian in the superfield components above, yields
Lap = [— v, v — Lo a0ma — Lo pomy — Lxgn - Lege+
VR 2t 2 M 2 2

=i DY — iedp(a — y5b)y] + [~ |Du”|? — |Dui! | — 2(a® + 1) (¢ T + o T+
+ieV2[(Pre” + Pre A + A Tor + ¢ TR))]+
[ 1" + @ T2

— — — ’ " 2
+ev2|(WLy’ +Pre)E + E(0 L + ¢ ) - 5

In contrast to [], we adopt the split (3,3) signature Clifford algebra of I" matrices as we
did in the previous Section. A simple change in sign, or rearranging of fields or chiralities
makes the results thus far invariant physically. What changes will be discussed next, while
examining the I' matrices’ actions on the Weyl fields. Doing this now, from a 6D perspec-
tive, we can arrive at a theory with chiral symmetry resolved, as well as a mechanism to give
SUSY sparticles mass in terms of the size of the extra dimension, as in the previous subsection.

Looking at the Lie algebra so(3,3), we have the I-matrices in the 8 dimensional repre-
sentation C GL(8) above, we have for a massive 6D Dirac spinor W:

[T4(0" + ieA™) + m]¥ =0,
[® U*, satisfies the above Dirac equation with

e — —e. It has the same chirality as ¥, unlike in 4D! (so Ay, A = [;}i& | both have positive

where its charge conjugate W¢ = ["T00* =
chirality, and similarly for their negative chirality counterparts.)
So let us look at the 6D Lagrangian in chiral decomposition:

Le = —ivfmvﬂﬁ — AL PNy — iy — |DpP—

] _ /- T e ", 1 " /
1Dp” |2 +ieV2((P_Arg’ + oV Apyp) + (PoASe” + o AGep)] — 56%* ¢+ TP,
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which is easily generalizable to any number of families of generators {15, ¢!/, ¢} of any charges
Q;, and for any gauge group (by inserting the Lie algebra generators 7'*), adding a 6D
potential

/
Vop(#), ) = |§+ZQz e(el ¢! + ol I + M+2ZQ¢6(¢I o).

We can now look at spontaneous symmetry breaking, and determine the massive particle
and sparticle mass spectrum, by adding an auxiliary FI term £D, and eliminating the auxiliary
field D by substituting in its equation of motion into the above 6D potential, and get (for
one generation here)

1
Vop = 516 + R P e 262|% o7?,

where (for e < 0, which is not a restriction!) we get a vanishing minimum for

(") =—v/V2, (¢)=0, w/ &+ %er =0.

Hence we have a single massive gauge multiplet with one massive vector, and 3 spin-0 Higgs
bosons, with mass terms

1 ’
L3) = —om?VaVP —im(p A% + AGw-) —m?(|Reg” P + o),
for m = ew, giving the usual 4D mass terms
1 .- < - = ’
30 = —5m* (V" + a® +0%) —im($rAr + Aptbr — ivnér +i€0vr) —m?([Reg” + o7'¢),
which leads to, in particular, a massive 6D spinor 1 + A = @S:\%)’ as two 4D massive

Dirac spinors from two 6D Dirac winos and a Dirac zino, which gives 4 Dirac winos, and 2
Dirac zinos, in 4D, for example.

Now, as promised, we can find the masses in EW symmetry breaking, in terms of the
sizes of the extra time dimensions. We take the masses myy and myz we got in 6D, where
(as in SU(5)), the X*4/3 is massless, and the Y*'/2 are degenerate with the W* (by the
unbroken SU(4) of 6D). We also take the two pairs of EW doublets in SU(2) x U(1) (or 2
pairs of quintuplets in the SU(5) example) as the two Dirac pairs in general obtained above,
and for any required number of generations i (2 here) and gauge group generators T, taken
as the 24 generators of SU(5) with normalization T7(T,T},) = $0a, the 6D potential is as
above

"
Vep = *g | Z T Topf — TTa‘Pz)+2g ‘ Z 90;[ Tap ‘/|2a
1=1,2 1=1.2

with vanishing minimum for, eg,. (©9") = (©9') = v/v/2. Here v is arbitrary until the U(1)
is gauged, so SU(5) — SU(4) is broken, giving Poincaré invariant W* and Z masses in 6D.
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Returning to units in terms of A and ¢, we get the masses

_ 107h _ Lh
N 3L5C7 m3/2 N L@C7

mx

the latter being a gravitino mass, and as promised!

6 Applications of 6D to cosmological models from Big Bang to the future
of the universe.

In this Section, we look at cosmology with two extra dimensions, including when they are
timelike. Many interesting consequences result, including stabilization of the extra dimen-
sions during the evolution of the Universe, resolutions to the cosmological constant problem,
as well getting deeper into our cosmology from the Big Bang to where it will end up.

We begin with a simple 6D geometry with three time dimensions, and look at the results
for 4D, and then move on to showing how extra time dimensions do lead to a positive semi-
definite action in a simple 4 + N = d dimensional universe.

6.1 Modelling a 6D general relativity.

Let us begin with a simple case of 6D general relativity: 3+3 FLRW Cosmology.

Assumptions:
1: A 6D spatially homogeneous and isotropic spacetime with flat vacuum 3D temporal space.
2: (a) spatial isotropy = spherically symmetric coordinates (r, 6, ¢),

(b) flat temporal coordinate (t, u, v)
3: homogeneity = spatially conformal metric component independent of spatial coordinates
4: The 6D (3+3) FLRW line element is written in the form (with a reduced-circumference

r):

2

ds® = R(t S
S ( ,U,U) (1 —k’f’Q)

+ r2d6? + r? sin?(0)dp? | — dt? — du® — dv?

where k € {—1,0,41} measures spatial curvature

Compute Christoffel symbols of the second kind I‘I/)V = % 9 (049w + OvGup — Opdun]

N . _ RR ; _ RR, ¢  RR,
W= U= 2 U1 ke U
R, R R
1‘\2 :F3 — . Fl I Fl _ u -, Fl _ (%
12 13 ’ 14 R’ 15 R7 16 Ra

Ty =r(kr® —1); T =RRyw?* TS =RR,s* T =RRr%
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3 cosf

23 —

sinf’

Ry R R
F%“:E; 1“35:?"; F%G—EU;
I3y = r(kr® — 1)sin®6; 2, = — cos fsin 6;

'3 = RRyr? sin? 6;

3 _
I‘34_

By,
R’

Ry

F§5 = ﬁ;

'35 = RR,r?sin? 6,

3 _
F36_

I'S; = RR,r*sin? 6

R,

R

The mixed form of the Einstein equations (with ¢ = G = 1) are :

where p and p are mass density and pressure respectively and contribute to 4D T}

Gl =8nTV

[GL 0 0 0 0 07 [p 000007
0G20 0 0 0 0p0000O
3
i |0 0G0 00 qu_ |00p000
v 0 0 0 G{G;GS v 000p00
0 0 0 G:G2GS 000000
L0 0 0 G§ G} GS ] (000000 |
More explicitly the field equations can be written as:
NS WS RS, B ST T VO N L A
L= "= =y R R RTRTRTR b
3Ry, 3Rw 3R? 3R? 3R 3k
Gi: ¢ Y Y = 8mp
R R R2 ' R2 ' R2 R?
o _ 3Bu  3Rw 3R 3Ry 3Ry 3k _ 0
> R R R2 " R? ' R?2 ' R?
6 3Rtt+3Ruu 3R 3Ry 3Ry 3k _ 0
67 R R R2 " R? ' R?2 ' R?
3Rtu
G =G = 7 =0
3Rtv
Ge=aS 7 =0
. 3R
Ge=GS=""=0
6 5 R

,52,



4

I. The off-diagonal equations eqns(5-7) lead to an additive separation of variables of the form:
R(t,u,v) =T(t) + U(u) + V(v)
I1. The equation (6)-(7) or G2 — G& = 0 leads to:
Ry = Ryy

Since the LHS is a function of v and the RHS a function of v in order for them to be equal
both must equal the same constant, x, therefore

1 1
U(u) = §mu2+a1u+ao Vi(v) = §m)2+ﬁlv+ﬁ0

These quadratic dependencies can make the scale factor finite at t = u = v = 0.
III. the equation (2)-(3) or G§ — G2 = 87p leads to:

8w
Ryw — Ry = ?,OR
IV. the equation (2)-(4) or G — G% = 87p leads to:

va - Rtt = %PR

and these two equations are consistent with R, = Ry
V. the equation (2) - 3x (1) or G} — 3G} = 87 (p + 3p)

6Rtt + 3Ruu + 3va
R R R

replacing Ry, and Ry, from (III) and (IV) this becomes:

= —8m(p + 3p)

4Ry 16w 8
s, 2 3
7 T3 P="3(+3p)
or
T ar(p+p) Q
Aside: for n extra time dimensions this equation can be generalized to:
R 8
(n+2)7 =~ [n+ Do+ 3p]

so the extra time dimensions adds to the mass density. A form of dark matter? When n =0
this is the same as the standard FLRW field equations.

The divergence of the energy momentum tensor must vanish V,T}' = 0 and this gives
the time dependence of p and p
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A A
VTY = 9,T + T T — T, T}

forv=1
VI = ot + T8, T — T, TY
= O\T} + T T + 5T + T3T + DT — T T — D3T3 + D3T3 4+ T4, T
=0
Since T = T3 =T§ =p and I'}, =T, = r~1. For v =2, 3, V, T}’ = 0 identically as well.
for v =4
wo_ 4 e al" A p
= 04T + Ty T + T Ty + DTy + T4 T = Ty T = T T3 + Tis T3 + T T
R R
= Op + 3§tp + 3§tp multiply by R?
= 0i(pR*) + p(O:R*) = 0
This is exactly the same as that for 4D FLRW equations.

Since TP = T¢ = 0 the cases v = 5, 6 lead to the same result.

forv=>5
VY =TTy
R
= Ty Ti —T5T5 —T3,T5 = —3§up =0
- " R,
similarly for v = 6 V.1 = —3§p =0

These last two equations present problems unless the matter content is dust: p = 0 which
is ok for the current epoch.

For the current epoch, assume p = 0 then a first integral of eq (1) can be found.

After multiplying eq (1) by R? write it in the form:

2RyR + R? + k= 2R, R — 2R,,R — R?2 — R?
now multiply this by R;
2Ry R.R+ R} + kR, = —4kRR, — (R?> + R*)R,

Since R, and R; are independent of ¢ one can integrate the above with respect to time to
obtain:

R(R? + k)= —2kR?> — (R2 + RHR+ F
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where F is a function of integration dependent on u and v. Isolating R? yields

F
Rf:§—2nR—(k+R3+R3) (9)

is the first integral for R that is a “simple” first order ODE.

So far this is the simplest approach to the problem: assume that the extra dimensions
are vacuum and that the extra time dependence behaves like the standard time coordinates
and contributes only to the time dependence of the cosmological scale factor.

Alternative approaches can be assume that there are metric functions: gy, = A(t, u,v)
and g,, = B(t,u,v) that keep the 6D spacetime metric diagonal but the stress-energy tensor
is vacuum in the higher dimensions, or 2: assume T and 7)Y are non-zero keeping ¢, =
gy = —1. What these non-zero components would be is not clear since they would also have
to obey the conservation equation VuT} = 0 to be consistent with the higher order Bianchi
identities for G%. Finally 3: some combination of 1 and 2 which would be the most general
(and complicated) approach.

Equation (2) reduces to the Friedmann equation in 4D and equation (8) is the Friedmann
acceleration equation. The latter has an increase in mass density with increased number of
time dimension but a decrease in the effective pressure. The cosmological acceleration is still
negative. I was hoping that the extra dimensions would lead to a positive contribution and
therefore act like a cosmological constant or quintescence source. This might come out of one
of the more general cases.

Equation (9) leads to a first order ODE of the form:

drR  [A
= =\/Z4+B :
p 5+ B+CR

Although this can be easily separated to obtain

dR VRdR

dt = = -
\/%+B+CR VA+BR+CR

This integral can be evaluated using elliptic integrals, It also must be real, so at least one
of A, B,C is positive. Factor out one of the positive ones (which will then be determinable
by the initial conditions), then requiring what’s under the square root to be positive, gives a
condition for the remaining two constants.

Finally, 3: some combination of 1 and 2 which would be the most general (and compli-
cated) approach.

Let us now consider an AdSy space with two timelike extra dimensions and a cosmological
constant of any sign in general. The brane couples to the bulk in 6D as well as in 10D string
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theories, with a crossover distances between these two regimes [| R, = Mp;/2M¢, and start
with a general (3, 3)-signature 6D metric:

ds? = —dt® + R(t)*[dr® + r?(d6* + sin® 0d¢?)] — x(t)?[dy? + dy3],
and we can have the extra time dimensions on S?/Zy with dy? + dy3 = dp? + p?dip?.

Assume the 6D energy-momentum tensor satisfies Einstein’s field equations in the early
Universe, Gy = k‘gTMN, and can be written as

Tyn = —Agun +0(p)0()(=Agmn + TvN)s

for Gpsny the 6D Einstein tensor, for 4D brane vacuum energy 7asny and energy-momentum
tensor quN-
We can identify inflation as the separation between a brane and anti-brane ],

Typ = _Agpp + 5(p)(_)‘qpp + Tpp)a

and
T = —Agpp + 0(0) (= Adgp + Tip)-

For a dS 4-brane, we have R(t) = /!, with H = y/A5/3 in terms of the 4-brane cosmological
constant As. We get the following non zero components for Einstein’s tensor, obtained from
the Ricci tensor:

LR, RO A
G =35 R T 0
_ LR, R, RONG 0. X0,
S TR 0L OO B ORSOK
= Ggg = Gpgp,

R”(t)) N (R’(t))z _LRIOX() X'
R(t) R(t) R(t)x(®)  x(@)

Note that ¢ here is to be seen as a time parameter in the 3D time space, and the prime is the

Gpp = Gw = _3(

derivative with respect to this parameter, and so this time dependence of the extra timelike
dimensions, satisfy
Gtt + Grr - 2Gpp = k'(?} (Ttt + T — QTPP)a

R(t) RxX'®) 7@
R(t) R(t)x(t) — R(t)
With §(p) = 0 = 6(¢) in the bulk (so Thsny = —Agan) and substituting R(t) = et as before,
we obtain the evolution of the x(t) size parameter:

8( )2 +8 = —2k2T,,,

/ t)
1212 + s X®) o2y
MO
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SO

X (t) 3 2
— _2H + k2A/4H,
x(t) s/

2
and for some pre-inflation value x(0) = Ay, we get a solution

x(t) = Aoe—:aHt/2ekgAt/4H7

giving an exponent that can have either sign (inflation vs. decaying size post inflation, as we
would expect is reasonable today). The cases for different sign of the bulk A.

For A > 0: We take the equation for G,,) above, and get x(t) satisfying
X" (1) + BHX'(t) + (6H? — k§A)x(t) = 0,

with solution

x(t) = A0673Ht/26%\/4k§A715H2t7

since we would have at the end of inflation ¢t = 7 (where H7 ~ 100), the extra term with a
minus sign of the square root becomes vanishingly small, and can be neglected. Comparing
the solution here to that previously, we have

kgA = 24/4kZA — 15H2,

and thus we have two solutions:
Ay =2A5/kE, Ay = 10A5/3Kk2.

These can be easily shown to be consistent with G, and G .

For Ay, we get x(t) = Ap is an unchanged constant!

For Ag, x(t) = Agef’t, and the extra time dimensions inflate as well in the way as the 4D
spacetime brane. This makes sense for extra spatial dimensions (note the equations of mo-
tion/ Einstein’s equations, are the same for any sign of x2, that is, spacelike or timelike! We
can choose either for extra time dimensions, but usually the constant, non-inflating solution
is best as, for example, masses of the winos and gravitinos above, would become arbitrarily
smaller and smaller, at least in the dark energy dominated Universe epoch today, and we
would have then found them in LHC particle searches.

For A < 0: The solution leads to an always negative exponent, and x(t) becomes many

orders of smaller than the Planck scale, which can be favourable for extra time dimensions.
The size of the extra time dimensions get ’"damped out’ by the end of inflation:

1 1
x—(t) = e 3HY2(Cy 005(5\/15[{2 — 4k3At) + Co sin(gw [15H? — 4k2At)).
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Concluding, if we wish the extra dimensions to be small, or tightly curled up, this can
hold a lot of potential energy, resulting in a dark energy source. For example,

X//t
thp:leicp:| ()|:H2:A5/3,

and so all together we get three equal contributions summing to the cosmological constant of
the brane. (The Hubble parameter is also given from [| as H = k?T%/(10Y¥GeV).)
T’ll end by giving the Ricci tensor components, leading to Einstein’s equations above,

Rt X'

B =70 " *x
B R"(t) R'(t) 9 X' (t)R'(t)
B =T " ) T om0
= Rgg = Ryy,
o XORO X0 )
Fioo = oo =3 OR® T ) T )

Now, let’s do a more general metric structure...

6.2 Extra time dimensions leading to positive semi-definite actions.

Here we consider a universe with d = 4 + N dimensions, and certainly when the extra
dimensions are timelike. We assume a simple gravity-only Lagrangian in this d-dimensional

Lin = /—gaR?,

for « > 0, and look at compactifications to 4D and aspects of the action. We have R the

space:

6D Ricci scalar (can be computed like in the previous section), ¢ is a scalar field, and the
metric is § = diag(gap, ' Gmn ), where the early Latin indices a, b, ... are for the 4D spacetime
(brane), and the later Latin indices m,n, ... are for the bulk, with metrics g, g, respectively.

Upon dimensional reduction to 4D, we find as in [],
Lap = V=g(r1d~N=D/2R | o6~ (N-4/2 | 4=N/2p2)

with R being the 4D Ricci scalar, and 1 2 arbitrary constants. We show that this Lagrangian
leads to a positive semi-definite action, avoiding the negative (Euclidean) action, for g, time-
like bulk metric. This also leads, as we will show, to the correct 4D dS spacetime we observe
now, as well as all the past and future aspects of our Universe, and ¢ =constant.

Classically, this model is unstable for ¢ ~ 1/H, time on the order of the Hubble time (=

Universe age), and a decrease in radius ~ (;5_1/ 2 of the brane is stopped by quantum effects,
and say by adding a potential V(¢) to allow for radius stabilization, which before we looked
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at from a Casimir stabilization [|, and can allow for inflation, and other Universe evolution
processes. This leads to £4 approaching that os usual Einsyein-Hilbert gravity, with a minute
cosmological constant A > 0. Thus, we turh to 6D quantum cosmology now.

6D Quantum Cosmology.

Let’s take a wavefunction for the Universe as ¥, as

U(has, ®) = / Dous / D® exp(—Sxlgas),

where the Greek indices are for the 3 spatial dimensions, with metric h,g on this spatial
3-fold 3. The first path integral is over all Riemannian 4-metrics on X, and the second path
integral is over all matter fields on manifolds M such that M = ¥ and g, inducing h,g on X.

Usually Sg is not usually positive semi-definite, which leads to a non well-defined path in-
tegral. Generally this is fixed by analytic continuations (a complex detour with Re(Sg) > 0),
and uses resurgence theory, 'thimbles’, and so on.

So let’s state a positive action theorem:
An asymptotically Euclidean metric with positive action requires R = 0, and so A = 0.
This means that with R, = Agyp in dS space has no positive action analogue.
Similarly, then, a negative action conjecture can be stated:
For any metric on a 4-fold M such that OM = ¥ and R = 4A, and a negative action
Sg < 0,0one can do a Wick rotation ¢ — i7(instead of — —i7 and |Sg| can be used instead
of Sg. It is possible that S[®] < 0, so particle creation and fluctuations become unbounded,
even classically! Thus the Universe wavefunction ¥ ~ Ae™F — oo, where A comes from
quantum effects, we see that classical fluctuations themselves diverge from the classical path,
again classically!, and the path integral is undefined if there is any negative eigenvalue in the

action’s eigenbasis.

This can be resolved, firstly by adding higher order derivative terms [| ("higher order
gravity’):

Sg = /d4:c\/—g[oz1 (R — 4A)2 + agCabch'ade],

for Cypeq a fourth rank antisymmetric tensor with two derivatives (such as Rgpeq, or that C
in the electrodynamics section above), like in [], a1 2 some constants, with 256ra A = M3,
and is tachyon-free for ag < 0 with a possible ghost at high energies.

We can explain the form of the action above by returning to an FRLW spacetime with
metric from the line element

ds® = a*(n)(dn?* — d2?) = dt* — a®(t)di?,
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where a(t) = R(t)/Rp is the radius size of the Universe, normalized to that at the current
epoch Ry. This reduces to Sg = | d*z\/—gay R?, which is positive definite for A = 0. Varying
this action with respect to gq gives a conserved (by Lagrangian invariance under coordinate
transformations) quantity

1
HY) = 2R, — 20Rga + 5 R2ga = 0.
For A #£ 0, we get
1
Rap — §Rgab + Agab - Hé}l,)/SA =0,

and contracting indices (by applying ge.g” = %), we find that R = 4A! (as the trace of
H(ll)) = 0 surely). Also from the 3-time=0 frame, we get R(Z) = R/4 and Ry, = N gap. We

a
can then say that the universe wavefunction is the superposition of all classical d-dimensional

spacetimes with R > 12/a?.
Let us now specify this for the d = 4 + N dimensional; spacetime. The action is
1 R
S=—— /d4+Nx\/—gR2,
167G
and, as above by varying with respect gap, gives
Hiuy = 2Roap = 20Rgap + 5 R9a5 — 2RRAp =0,

where capital Latin indices A, B are a,b € {0,1,2,3} and m,n € {4,...,3+ N}.
A diagonal trial metric can be written as

A a 'Ia 0
gAB(xA) = (3 b((bfl)(xa)gmn(y"))'

In the bulk N-dimensional sector, we look for Rmn = AGmn, and thus
R — R%/4 + ApR = 0,
where now R = R + NA¢ for such Ry,,. This then gives
OR = —%chlqu(R + NX¢)? + O(R + NAo),

and therefore,

N -2 1,
2N ¢R_4N)\R 4

P .
Lo — §N¢ hiad™ + ﬁ(ﬁ Ypia R —
whose brane (a,b) coordinates give

2R.ap + NAp.ap + [No 1o R — 20R — 2NAXO$ + NAGR + N2\ ., 0+
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1 1
+§R2 + §N2>‘2¢2]gab —2(R+ NA¢)Rap = 0,

which has a trace leading to
1
OR — (N — 4)ApR — R? + AN X2¢% + S NAD =0,

We now look for a solution for a ’stationary epoch’ with R = Ry =constant and ¢ =
$o =constant, where we get an equation of the type (for X = Ry/A¢o and still Rym = Admn)

X242(N-2)X+N(N-4)=0 & X?>4(N—-4)X —4N =0,

which is consistent <= X = —N, which implies precisely that R = 0! O, and Ry =
—NApogan/4-

Now if ¢g > 0, then R/ R < 0, and for bulk space metric g, spacelike, compactification
only occurs for A > 0 and we get instead an AdS spacetime. But for a dS spacetime, A < 0
and Gy is hyperbolic, and when timelike we get KK mode summation on compactification
on a hyperbolic space. (For example, L4y = /—g(F — 2[&) does give a dS spacetime with
timelike compactification,and is ghost free under certain conditions [].)

Let us now turn to the stability of the solution(s) above, taking R = Ry + 6R and
¢ = ¢o + 0¢ (knowing still that Ry = —NA¢g in static equilibrium), and a constant A. By
substitution and simplifying the equilibrium terms, we get:

08¢+ N1 (¢g0R — Rodp) =0

1
SR + (N +4)A(@00R — Rod) + 5 NADS = 0,

which imply together that

O(GR — N(N + ;)Aécﬁ) — 0.

Let us now set 0R = N(N + %))\&b, so we get the zero modes from the wave equation of the
perturbations above, and get

Dé(q}f) - m%(f) =0 w/ mP=(1+ %)RO.

In Friedmann spacetimes, we have the above equal to

o) +3H3(5) - m*s(5) =0,

where H = a/a is Hubble’s parameter (time varying in general) and the dot is a comoving
time derivative.

Let us now look at the stability in different spacetimes.
For AdS spacetimes we have Ry < 0 and m? < 0, and the fluctuations are stable, as well as
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for dS spacetimes (with Ry > 0 and M? > 0).

The solutions can be written [| as

SR = (6Ry) exp[*;(l F1/19/3 + 24/N Hot)),

and the same for d¢ with some §¢g. The positive root gives a possible growing solution, stable
for times around the age of the Universe ¢ ~ 1/H).

This can lead to an inflationary epoch solution, to solve the flat Universe horizon problem,
for greater times Hyt >~ 65, and so [

Ho/Mp; ~ V3 exp[—100(1/19/3 4+ 24/N —1)],

which is certainly not satisfactory.

And so we turn to A < 0 for m? > 0, s0 6¢/6R < 0. Thus, as R decreases, and the internal

1/2 also decreases, and stops at some ¢1, say, by quantum effects from the

space radius ¢~
scalar potential V' (¢) as above, and inflation becomes possible in even the 6D compactification
further compactified on M?>!. Note also this doubly compactified 10D theory gives an £4 an
Einstein term o« R not present in 6D! We integrate out the bulk dimensions to get the result

we initially began with:

/ D™} — Li=+v—glkig VDR 4 ko= N2 1 6= N2R2 LV (9)],

String theory and M-theory reduces to this case, but with assistance from extra degrees
of freedom, with three time dimensions, in particular SO(7,3). Specifically Eg x Eg heterotic
string theory, we have a 10D Lagrangian similar to the above with xcalar field ¢ as an inflaton:

R Vo2 et . . 3k .
10 = v/l — S - 0 - R = S )

where g5 is the inflaton field, Fapis the Yang-Mills field tensor, and Hy BC 1S an antisymmetric
tensor like before, and R2 = RapcpRABCD.

For v = 1/30, compactification onto a 6D Calabi-Yau X° is possible with signatures
(9,1), as in usually string theory, and (3, 7), with all extra dimensions on the 6D compactified
space are timelike, and there are no ghosts! []

For v # 1/30, a compactification of the 10D heterotic string theory exists in two ways:
MO 5 M* x §* x L2, and — M* x L* x L?, with Minkowski 4D space M?*, and L,, are
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the Lenz spaces, with signatures (9,1) (as above in usual string theory), and the symmetric
(5,5)!, but with R? replaced with the Euler number density:

N2 = RapopRABCD _ AR, s RAP + R2.

In conclusion, extra timelike dimensions are required to avoid problems involving the Wick
rotations.

It is known, even from a High School International Physics Olympiad in 2017 [], that
no potential V(¢) for the inflaton ¢ of polynomial form giving appropriate results. We need
to consider non-perturbative contributions during such epochs as the inflationary one. This
is considered next, as a summary, and was considered in the vortex scenario in the previous
Section.

But let’s first finish by showing how V(¢) cannot be perturbative/polynomial, from a
High School contest, and so let’s look at cosmological expansion and inflation covering all
epochs, from a High School view:

Consider the Universe as a bubble of radius R, filled with space of density p and pressure
Py, expanding into a ’void’ of the same density, and a pressure P. But a test mass m on the
boundary of the universe, on the bubble surface SIQ%S, so Newtonian gravity gives

mR(t) = —GmM,/R?(t),

which can be integrated by multiplying by R:
- dR 1.
R—dt = ~R* = GM,/R + A,
/ a2 /B +

where the mass inside the bubble Universe is M, = %FR3(t) and we have R = aR,, and so

a.o 881G

(22 = 5 p(t) + 24/ R2a¥(t),

giving Friedmann’s first equation.

Friedmann’s second equation comes from the first law of thermodynamics’,

dE = —pdV +dQ  —49-0 E+pV =0,

for an adiabatic process. For a spherical Universe, vV = 3V%, the total energy is £ =
p(t)V (t)c? thus,

' . a0 _ a
E=(p+ 35)‘/62 - p+ 3(p+p/02)a =0.

9This law is also that 'we don’t talk about thermodynamics’!
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Taking p(t)c? as energy density, and putting the equation of state, p(t)/c? = wp(t), into
Friedmann’s second equation, gives

p+3p(l+ w)g =0 — pox a 3wt
a

generally, and for three possible states yields:

10: the energy F,.q = hv = hc/) for a photon, gives an energy density

(i) For radiation
prad = Fraq/V o< a™*, including redshifting, and thus wyqq = 1/3.

(ii) For non-relativistic matter: the energy density is mostly from its rest mass, p, =
moc?/V o< a3, and so w,, = 0.

(iii) For a constant energy density: call it ey =constantox a®, and so wy = —1. This has a
negative pressure, or negative gravity if you like, and hence has the properties of dark energy.

We can look for the solutions to the Friedmann equations in each case above:

(i) In the case of zero curvature (like now) k = 0, we have p,qqa*(t) =constant= Prad.00,
so then

8rG a 1 877G a

2 04 2 0

— = ra , d - = — ra 4 t?
) 5 Prado(") — /aa 50"+ K \/ 5 Prado(")
and K = 0 since a(t = 0) = 0, and thus

alt) = VB praaol 21V = /2,

where Hy = \/%Pmd,o, with ag = 1 today!!

(ii) For non-relativistic matter, using p;,a®(t) = proaj =constant, we get similarly,

a(t) — (§)2/3(SWGPmO(@)4)1/3t2/3 _ (37]{0)2/3752/37
2 3 a 2

where Hy = STFG L omo-

(iii) For dark energy,
Ina=Hot+C' — a(t) = eHO(t_tO)’

where Hy = /&= S’TG oA, and exponential, rather than algebraic, expansion occurs.

001 for relativisitic matter, like neutrinos.
"' Note that a(0) = 0, not to be confused with ag = 1.
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Using a critical energy condition p.(t) = 3H (t)?/87G and the definition of ) in terms of
it, Friedmann’s equation can be written as

ke

H?(t) = H?(t)(t) — R

— k= (Q—1)REH?a*/c?,

giving the curvature k. Since RZH?a?/c? > 0, we find that
k=41 << Q>1

k=0« Q=1
k=-1 < Q<1.

After this basic overview of cosmology, let’s turn to the necessity of an inflationary epoch.

Given (Q — 1) = kc?/R3a? from before, a universe dominated by non-relativistic matter
or radiation, write a scale factor p as a = ao(%)p, we have p < 1 (p = % for radiation, and
p = 2/3 for non-relativistic matter), and we write Q — 1 = kt2(-7),

For our current epoch and forward, a dark energy dominated Universe has a(t) = et

a=HeM' sothat Q —1= %t‘QHt.

, and

So if an inflation period can be generated by dark energy alone, with equation of state

. L . . 2
p = —pc?, differentiating Friedmann’s equation 2 = % pa’ — ]j%% leads to
0

2ai = 87;G(p + 2paa) = STF?)G(—S(p + p/?)aa + 2pai),

d
ane o e

P *T(P+3p/02)~

Now, as a result, & = d(Ha)/dt > 0 and & = d(Ha)~!/dt < 0. The latter is the inflation
condition, and

_aH+aH 1

d(Ha)™1/dt = ()’ —5(1—e)<0 — e<l,

in terms of the definition of e.

Now using an inflaton field ¢, with potential V'(¢), as we considered before, taking the
time derivative of the Lagrangian (a usual %¢2 + %mqﬁQ + V(¢) gives an equation of motion

and the Hubble parameter satisfies

1.
H2 = <§¢2 + V)/?)MIQDla
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giving us

) 1 .. V.
2HH = 371%[[%154- %Cﬁ],
and . .
1 ¢? 1 ¢?

po-to o 1 .
2 M2, 2 M2, H?

Inflation can only occur when the potential dominates the kinetic term (the particle’s energy),
and so ¢ < V so that H2 ~ V/3M3,;, which implies € ~ %M};I(VV’)?. This is the ’slow rolling’
approximation, with slow-roll parameters €, ny = 6 + ¢, and 6 = —Qb/ (H gb)
We also have that

3H¢+3H¢=-V"4,

and so the parameters become

V//
7 .

q5 \Ved
T H$ 3H?

—c = v Mp
We then get an N-folding number from

AN = Hdt = (H/@)do ~ ———(V/V)dp —  dN/dg ~ —%(V/V’).

Ml%l MPl
Let’s now look at cases for any simple potential V(¢) = A*(¢/Mp;)", and inflation ends
when € = 1, which means

Mu(P =1 = ér= 5

From the equation for the N-folding number, we get for any perturbative or effective potential

1

Mpy.
5 Pl

€ =

by integrating,

N = —(Mi)2/2n+3 & B=n/4,

Pl
as N = 0 at ¢. Therefore the parameters above become now

= —_ ]_ =
= ) =T
16n
= 16e = ————
" T 4N’
and finally.
2(n+2)
=14+2n,—6e=1— ———=.
s 2 ¢ n—4N
Here we see the constraint from current observation that ng = 0.968, this gives n = —5.93,

which is inconsistent with the constraint r» < 0.12. No closest integer (and no polynomial
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potential in general as well) that satisfies this restriction. (n = —6 gives a contradiction
0 < —0.27 and n = —5 gives 0 < —0.2 as well.) O

Let us now turn to the role of Casimir energy in extra dimensional cosmologies, and how
it also determines the size of the extra dimensions through radius stabilization of Casimir
energies.

6.3 Casimir energy in 6D spacetimes

Similar to the first case, in a general D = d + 1 + n-dimensional spacetime, where n is the
number of extra spacelike or timelike extra dimensions to M%!, we have a general metric

ds¥ = —dt* + a(t)?dz?® £ b(t)*?,

where the minus sign is for extra timelike dimensions, and in that case we can replace the
parameter t in coefficient functions a, b as the time parameter 7 in the n+ 1 time dimensional
space.

Here, for the case of 6D,

(VAVA —m2)p=0 — ¢ oc ek anthsyithoy)

where the first Klein-Gordon equation implies a quantization of momenta along the compact
directions, —k*k, = m?+n?/b? +n2/b3, and thus the vacuum energy, or Casimir energy, can
be written as:

ECaszlL?’/ &k Z \/E2+m2+n2/b2—|—n2/b2.
2 (277)3 1 1 2 2

fi=(n1,n2)€Z>

where we have taken this from the zero point energy result of %wk, integrated over k and
multiplied by the spatial volume L3.

The sum can simply be done using the zeta function regularization in the case m = 0, and
using the following formula the massive case can be done:

s 4rsql/2—s & .
> (@ +n?) = Wzk V2K o o(2mgh).
neZ k=1

Here thus we get in the case of one extra dimension (5D):

m=0 __ ECas o 21_‘(5/2)C(5)
Pas = T397b — T(—1/2)72(2rb)>

mezo  —2(mb)>2 N 1
Cas — (27Tb)5 n5/2K5/2(27rbmn).

Note that in both cases we have the vacuum energy density pcqs o< 1/b%, and in general for D
total dimensions it is always oc 1/b”, where b is the characteristic size of the extra dimensions.
This provides a possible test for extra dimensions.
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6.4 Dynamics of Casimir dark energy

Here we investigate a cosmological model for the Universe where dark energy and the cosmo-
logical constant arise purely from Casimir energies from Kaluza-Klein modes in extra compact
dimensions of spacetime. We will focus on 6D spacetimes and will turn to timelike extra di-
mensions later.

In the general case of d dimensions with n extra dimensions, we begin our analysis by
looking at the energy momentum tensor of the Casimir energy and put it into the Einstein
field equations. This looks simply like

(T#)Cas = diag(_pCasapa)pmpa,pba s 7pb)7

where there are n py’s, the pressures in the n extra dimensions. The pressures are defined
thermodynamically as derivatives of Casimir energies with respect to volumes:

0
a,b — T Avr asVa .
Pab =~ gy- (pcasVab)

)

This gives the equation of state for the dimensional volumes, with V, o< a®~" and Vj, o b".
Since pcqs depends on b only, as we saw in the last subsection, we get p, = —pcqs but
Db = —PCas — b@bp(;as.12 Note that p, satisfies the same equation of state as the cosmologi-
cal constant, pp = —pp and so the bulk portion of the extra dimensional Universe with the
Casimir energy behaves like a Universe with a finite cosmological constant.

The conservation of energy equation for the energy momentum tensor gives the equation
VALT# =0=pcas + 3Ha()00as +pa) + ng(pC’as +pb)7

where the Hubble parameters are H, = a/a, Hy = b/b.

The Einstein field equations governing the dynamics for the evolution of the dimensions
of the Universe then become:

n(n—1 -
3H3 + (2)Hb2 + 3nH,Hy, = M, (n+2)p0as (61)
B . 1 _
n+2-+ n(nz)Hf + H2 + 2nH, Hy = —M; "y,

b 3n—2 i -
(n=1)(; + ”Tﬂg + 3H,H,) + 3% b 3H2 = M),

where M, is the characteristic mass scale.

12111 general spacetime, matter and energy often obey p = wp for some w € R, which can be found by putting

p = poa~ T3 in the definition of pressure above.
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abfigl.png

U9

Figure 2. Extra dimensions stabilized (left) for relativistic matter Universe and bulk dimensions
accelerated (right).

Simulations [] have shown that the size of the extra dimension b gets stabilized at a
value of b(t) ~ 0.0145 with the scale factor a(t) accelerated, as seen in our Universe, for
A =my/my € (0.516,0.527), a narrow range. See Figure 4.8. It turns out that in the case of
non-relativistic matter present, the Einstein field equations change and there is no possible
way within the parameters of this model to stabilize the radius of the extra dimension in the
case of an extra spatial dimension. See Figure 4.9. However, in [], adding a Gauss-Bonnet
term can stabilize the extra dimension. In this case the action reads

MP/?

2

SEGB = /dD$V _g( (_2A + R+ k'2g) + Lmatter)

where the Gauss-Bonnet term is

G = R* — 4R"R,,, + R* RS

po Tty

The field equations in this case are:
3H? + 3H,Hy, + 12k*H3Hy = M3 (pcas + pm)

b _a i b
p T2 H? +2H,H, + /<2(8Haltfba - 4H§5) = —M3p,

3% v 3H2 ¢ k:QHgg — M %p,

Simulations [] show this model is stabilized for k% € (0.005,5.0) for sufficiently small enough

b(t = 0). See Figure 4.10.

abfig?2.png

A

Figure 3. Extra dimensions not stabilized (left) for non relativistic matter Universe and bulk dimen-
sions slowly accelerated (right).

— 69 —



abfig3.png

U9

Figure 4. Extra dimensions stabilized (left) for non relativistic matter Universe with Gauss-Bonnet
action, and bulk dimensions accelerated (right).

In 6D stabilization can also be achieved using this Einstein-Gauss-Bonnet model []. Here
I write down the reduced action where I integrate out the extra two dimensions:

Sty = [ dov/ZFRMEIR +KG) - 500~ V(w)+

. O)2(9y)?
+k26w/¢0 (G#Valﬂpal/w - W) + 6*21/1/#)0[/7%2”67‘]7
0

where V(¢) = (277)26_1/’/¢OL(£M(¢) = e—2¢/¢0L(CA,‘2LS(¢) and Y9 = Mp; was redefined. Note
also that the Casimir energies with all different matter fields can be obtained in 6D as

6 — 0 0
p&) = —7pm=0 1 165770 (my) — 169770 (),

as —7 = —16 + 9 is the contribution of the massless fermions and bosons (gravitons) respec-
tively, noting that gravitons have 9 degrees of freedom in six dimensions, and other fermions
and bosons have 16. Fermions contribute negatively to the energy in the Casimir as well.

One can compute the energies, pressures and Ve’f 7 and find that simulations give stability
of the extra dimensions again for A near a lower bound of 0.456 and k € (0.01,0.44).

Here we have used that
gy - S =2 _ ey 8
15
476’

6.5 Radius stabilization in 6D on the torus

C(=5) = ¢(—6) = —1/252.

Let us look at a specific case again of 6D with two compact dimensions on a torus. This is
used often as a model to describe composite and heavy Higgses, as will be shown in a later
Section, and in the next Chapter we will show that 6D as such is useful in that 6D global
anomaly cancellations forces fermion generations to be 3, or at least ngenerations = 0 mod 3.
The metric on the compactified 6D spacetime is then given by the interval

ds* = A~y datde’ + Avijdy'dy’
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where 3 € [0, L], and the metric on the torus is (with 7 = 71 + iTo)

1 mn

Yij = (Tl |T‘2)-

Note that dety = 1, so A is indeed the (dimensionless) area of the torus. With metric
fluctuations, 7, — g, and we note that

M / BoVER(G) = M2 / Ao GIR(g) + g™ Dm0, 7272 + g D, AD, A A2,
with M2 = L2M¢.

We can now calculate the Casimir energy of a real scalar field in the background of a
gauge field, beginning with the vacuum energy for a single massless scalar field (periodic
boundary conditions) as done above and in [J:

Vscalar _ Z /

n,m=—0oo

d
ds

7 log( (R%E% + A7 21 m — n7[?) = — =5 ()] 40,

with R = L/2m, and again zeta function regularization is used as we have

Cscalar(s) — % Z / d k

0#n,m=—00

k2 + A2 m — nr)?)7*

_ 7T2A2$—4 Z/: 7_572
 LA(s—2)(s — 1) &~ |m — nr|2s~4"

The prime in the summation means excluding the zero mode. A derivation done below
evaluates the potential to be

8 3¢(5) _
scalar __ 3 2
v B 2L4“4 [945 N
2 3 3 27 m
= Z Lis(q —7'2 "YmLig(¢™) + 2" Lis(¢™) + h.c.)],

where the Liy(z) are the polylogarithm functions, and ¢ = e?™(+i72)  Note that 7 = €27%/3
interestingly minimizes the potential for a fixed area! I also write down the contributions
from the other bulk fields to the potential:

raviton scalar
V9 =9V ,

Weyl fermion scalar
yWesl f = 4 scalar

Vvector _ 4Vscalar
- )
2—form scalar
y2-form — gy scalar,

Vgravitino _ _12Vscalar

Let us now look at the case with extra time dimensions.
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6.5.1 Radius stabilization in extra time dimensions

Let us finally make some comments on the role of extra timelike dimensions, as we did in our
simpler 6D model we began with, without Casimir and other effects.

We now go on to non-perturbative potentials, and their related solitons, like the vor-
tices used above for 6D electroweak theory, as well as others that can be involved, such as
monopoles, instantons, monopole-instantons, etc., and their role in 6D effective theories in 4D.
Also, general gauge group will be considered, as used above in the 6D SUSY compactification
leading to 4D and resolving many issues in current theories.

7 Perturbative and non-perturbative dynamics of (S)YM on M?33 for gen-
eral gauge group.

We now examine the non-perturbative sector of the theory. This includes the effects of mag-
netic monopole-instantons ((anti) self-dual objects) which are charged in the co-root lattice
A of the Lie algebra g, as well as exotic topological 'molecules’: the neutral bions and the the
magnetic bions (non self-dual objects). These enter into the path integral with action (3), and
hence into the partition function of the theory. I begin by describing the zero temperature
dynamics of such particles.

Due to the topology of gauge groups we find that for a gauge group G fully abelianized
to U(1)" there are r BPS monopole solutions as mo(G/U(1)") ~ m1(U(1)") =~ Z". Also, due
to the compactness of the z3-coordinate we obtain another solution called the twisted or KK
monopole. These solutions are (anti) self-dual objects localized in space and time, and are
dilute so we can ignore their internal structure and examine their long-range fields. The field
of a single BPS (BPS) monopole of type j, j = 1,...,7, localized at the origin is, in the
stringy gauge, [2] (Here A, = A} H?)

A3-BPS.BPS _ LWL H 7.1
0 :FT(T + .’L'Q) Oé] ) ( )
A{',BPS,BPS -+ Zo oV . ﬁ’
r(r4+xz) 7

i,BPS,BPS
ALPPSBES —

Y

j,BPS,BPs _,m™ 1. =
Az = (f - ;)Oéj -H

where r = \/x% + 22 + 2. These gauge field components are charged under the co-root
lattice of the Lie algebra and so are multiplied by @!3. These components of the gauge field

13The co-roots in other literature are sometimes written as a;
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give the correct asymptotics of the magnetic field at infinity as in the Appendix (C.11). The
field for the KK (K K) monopole similarly reads

AO,KK,K’K . L1 v 7.9
0 r(r + x2) @0 ’ (7.2)
AO,KK,K'K _ Zo al . ﬁ’
1 r(r+ z2) 0

Ag,KK,KK —0.

0KK,KK _,© 1 =
A :(Z+;)Oég'H-

These gauge fields have an additional charge factor o, the affine co-root of g. See
Appendix C for more on monopole-instanton solutions. These monopole-instantons carry
magnetic charge Q% from Gauss’ law

/52 Sy Bl, = 47Ql,, j=0,....7, (7.3)
where BZ = em,)\@VAi = Qin%‘ is the magnetic field. I will write Q¢, = qfn&;’ as the monopole
charges belong to the co-root lattice of the Lie algebra of the gauge group, I'Y. ¢!, is the
charge of the monopole and equals +1. Monopoles of charge type a and b only interact when
a, - @y #0, or, in other words, a = b or they are nearby neighbours on the Dynkin diagram
of g (i.e. non-zero elements of the Cartan matrix of the Lie algebra). See Appendix A for
the Dynkin diagrams for each (affine) Lie algebra. As mentioned in the introduction, there is
also a long-range scalar field (from the A§ component of the gauge field) which can attract or
repel these monopoles due to scalar charge interaction. There is further a topological charge

of these monopole instantons Q)7 defined by
QY = (32m)~! / FynFOMN (7.4)
R3x St
Using the solutions (3.1) and (3.2) I find the charges (Qy,, @r) for each monopole type, which
for SU(2) are:
BPS (+1,1/2) BPS (-1,-1/2) KK (-1,1/2) KK (+1,-1/2). (7.5)

Note that in general, as is seen in [2], the values of the topological charge depend on the
vacuum of the theory. There it is derived that the topological and magnetic charges, for
monopoles of type i, are
. L R o o). o
QY = -2 Y @ d)@-a), QY =a.
wEAi;dj

The topological charge clearly depends on the vacuum ggo of the theory, and usually gives
fractional charges.
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Due to the presence of fermions and supersymmetry (our gaugino), the Callias index
theorem [8], [10] on R? x ST implies the existence of two adjoint fermionic zero modes attached
to each monopole-instanton. Appendix C.3 describes this index theorem in detail for general
gauge group. Let us use the fields gg instead of ffg and & instead of /_1‘# and attach fermionic
zero modes to get the 't Hooft vertices (the field z = gz; + 17 is the lowest component of the
chiral superfield X [2])

—4n? /g% —aY -z~ N
Mppsj=e /9% =9 aj -Adj - A, Mgk =e

AT/ =G5 EGY L N - X (7.6)
The anti monopole vertices are just the complex conjugates of these. These are valid for
arbitrary gauge group due to the supersymmetry of the theory, and are derived in detail from
the superpotential in [2]. Inserting these into the partition function of the theory inserts
the contribution of fermionic zero modes and the long range fields (the e=?“*+* factors).
These in themselves due not alter the vacuum structure of the theory as they are attached to
fermionic zero modes and do not generate a potential for the fields (E and & and no mass will
be generated for the dual photons &. I consider then the effect of the neutral and magnetic

bions in the non-perturbative potential and their role in the deconfinement phase transition.

Let us now consider the non self-dual 'molecules’ these monopole constituents can form.
Their charges and amplitudes of the so-called magnetic and neutral bions that form are sum-
marized below in Table 2. In all cases the index a € {0,...,7}. A neutral KK bion would
have a = 0 and is formed from a KK-anti-KK monopole pair. In the case of magnetic bions
they are formed from two (BPS or KK) monopoles of charge types a # b as long as a,-dy, # 0,
that is the monopoles are Dynkin neighbours on the Dynkin diagram of G.

Molecule vertex  (Qm.Qr) amplitude
neutral bion MM, (0,0) 87 /9°% =23y ¢
magnetic bion MM, (2,0) =812 /9% o= (@ +@))-p—i(@y —&) )7

Table 2: Magnetic molecule vertices, charges, and amplitudes for different molecules.

7.1 Non-perturbative structure at finite temperature

From [1] let us recall that the dual photon and ¢ fields have masses mge = Mga ~ e~4m*/9% | L.
and the fermions acquire a thermal mass ~ T. The light gauginos do not participate in the
deconfinement phase transition as they carry no electric, magnetic or scalar charge, however
they do allow the formation of the bions and so have an indirect role in the transition. The
heavy fermions (the winos) do participate, however, in a way similar to the W-bosons. The
deconfinement transition temperature is found to be of the order T, ~ ¢?/87L and Agcep
from both simulations and from setting the W-boson and magnetic bion fugacities to the
same order [15]. This temperature is smaller then the inverse bion radius and so we need
not worry about the dissolution of the bions before the deconfinement transition and our gas

— T4 —



of such particles exists beyond the deconfinement transition temperature. See [1] for more
details.
The best way to study the finite temperature dynamics of our gas of all these particles is to
map it to a double Coulomb gas and examine its partition function. This I derive in the next
section.

Let me make a few comments about our result so far. Note already the usual Coulomb-
Coulomb interactions between electric W-bosons and magnetic bions, as well as the Aharanov-
Bohm interaction given by the © term as in [1]. One further point to consider is the depen-
dency of the W-boson fugacity on the fields ¢®. In the case of circle compactification where
the d_; field is absent (as in the zero temperature limit) we have a Kramiers-Wannier dual-
ity 327 LT /g*> — ¢?/2nLT as in the sine-Gordon model which is the zero-temperature limit
of our theory. The magnetic monopoles are not present in the partition function of our
Coulomb gas, as these we ignore as they do not contribute to the dynamics of the deconfine-
ment phase transition and the vacuum structure of the theory as they carry fermionic zero
Inodes These monopoles still interact with a potential similar to the W-bosons: V,,_,, =
A S e S €00 - @Y |7 — 7).
fective 2D Coulomb gas: r,, ~ L << ry ~ L/g? << dpm—m = Le?™/9% << dp_p =~ Letm 19" of

monopole size, bion size, monopole-monopole separation distance, and bion-bion separation

Note the hierarchy of scales in the ef-

distance. This holds at weak coupling and shows that the vacuum partition function is truly
that of an effective 2D dilute Coulomb gas of monopoles and bions. Note that the hierarchy
fails at strong coupling and the Coulomb gas ’collapses’, showing the importance of weak
coupling to our duality.

To explain this one could go one step further and evaluate the path integral of the gi_; field,
but this proves difficult for general group. However I will do it for the case of SU(2) in [1],
where it was not done. The SU(2) result was in [1]

Nyt +Np— Npy+Np_ NW++NW Nw ++Nw—

o)
Zroa= 2. 2. mom 1l / i NW+'NW 11 / d%"‘/ o

Ny+,qi=% Nwi,qa==+

327rLT

exp| > et log|Ta — Tl + 5= LT Z qaqplog|Fa — Tpl + 40 aqa®(F, — fA)+

a>b a,A

1 g2 64m2e=87"/9
2 2y .
Jr/R2 d CL‘(§327T2L (Ou0)” + L340 cosh 2¢)].

One can go a step further and expand the cosh term using a result similar to (4.6), and solve
the equations of motion for the ¢ field in the background of neutral bions. I present the
details in Appendix B.2. The result for SU(2) is
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From the interaction terms in the partition function (4.18) we see that like scalar charges
attract, whereas like electric and magnetic charges repel. This is due to the different sign in
their interaction. Similarly one could work out the propagator for the sinh-Gordon model and
find that it is the same as the sine-Gordon model but with opposite sign. The W-bosons have
a double nature attracting opposite electrically charged W-bosons, and attracting like scalar
charged W-bosons and neutral bions. This Coulomb gas can be thought of as a ’'bisexual-
like’ gas from these different interactions present. Let us summarize the components in the
Coulomb gas and their charges, written as vectors ¢x = (¢x.c,¢x,m,qx,s). For SU(2) there
is only one root and co-root and so the charges are as-is numerically. For other gauge group
a magnetic charge of 2, for example, corresponds not only to charges 2@ but as to positive
combinations of two charges @ + O_ZJV.

Coulomb gas constituent g¢x = (¢x., ¢x,m,qx,s)

magnetic bions (0,+£2,0)
W-bosons (£1,0,£1)
neutral bions (0,0,+2)

Table 3: Scalar, electric and magnetic charges of relevant Coulomb gas constituents.

This Coulomb gas can be subjected to lattice study as in [1] for the case of SU(2), but for
other gauge groups. Perhaps extending first the results to SU(3) and SU(N) would be a start
in future research. See [1], [53], [54] for more on the Monte-Carlo simulations used in study-
ing such Coulomb gases numerically. Another method of studying the deconfinement phase
transition other than simulating the Coulomb gas is to map the Coulomb gas constituents to
parameters of a dual spin model. The spin model that best suits the Coulomb gas at hand is
a multiple component XY spin model with symmetry breaking perturbations and fugacities
coupled to the scalar field qg This we turn to now in the next section.

8 Experimental methods in detecting extra dimensions, spacelike and time-
like.

Here
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9 Conclusions and future work

It was found that A/ = 1 super Yang-Mills on R? x S! has a dual description as a dou-
ble Coulomb gas of various particles: W-bosons and their wino superpartners, monopole-
instantons and neutral and magnetic bions and their anti-particles. The partition function
was computed as well as the duality maps to the Coulomb gas of r such types of electric and
magnetic charges, and several types of magnetic and neutral bions formed from combinations
of BPS and KK monopoles (and their anti-monopoles). The electric charges are charged
under the root lattice of the gauge group G, A,, and the magnetic charges are charged under
the co-root lattice, AY. The elementary charges are the simple roots (co-roots), and their
negatives. The interesting feature of this 'universal’ Coulomb gas is that it presents a gas of
particles of three charges: electric, magnetic and scalar. The first two interact with Coulomb-
Coulomb interactions with particles of same charge type, or charge containing a root nearby
on the Dynkin diagram. The scalar charges make the Coulomb gas unique as they interact
such that like charges attract, and this introduces instability and exotic behaviour of the gas
at different temperatures. The derivation of this exotic Coulomb gas for all gauge groups
is the main result of this work and I hope that in the near future one will perform lattice
Monte-Carlo simulations of this Coulomb gas, as done in [1] for the case of SU(2), for all
gauge groups.

A dual spin model was found to be of XY-model type with discrete symmetry breaking
perturbations, and fugacities coupled to the scalar fields ¢®. The model has two coupled
lattices (one for the W’s which couples to a lattice of neutral and magnetic bions on the
dual lattice) and the presence of the scalar fields ¢®. These are 'ferromagnetic’ in nature
as opposed to antiferromagnetic electric and magnetic charges, and introduce competition
between lattices the W’s couple to, and so the model can be viewed as a ’frustrated’” XY-
model with symmetry-breaking perturbations [49]. The W-bosons here are interpreted as the
symmetry-breaking perturbations with strength proportional to the W-boson fugacity, which
depends on the fields ¢*. The magnetic bions represent the vortices of the XY model instead
of the W-bosons which were interpreted as vortices in [15]. The neutral bions introduce the
'frustration’ and electromagnetic - scalar competition. As found in previous works [21], [23]
the magnetic bions lead to mass gap for the dual photon fields ¢® allowing for confinement
of electric charges, and the neutral bions lead to a centre-stabilizing potential. The magnetic
monopole-instantons do not lead to a mass gap as they contain fermionic zero modes and so
were not considered as they cannot contribute to the vacuum structure and effective potential
of the theory. It is noted that in studying the supersymmetric theory on a torus is that the
theory is not as simple as the non-supersymmetric version, due to the presence of the adjoint
scalar fields ¢%, even though the GPY potential vanishes at zero temperature and partially
cancels at T" > 0. Nonetheless, the dualities derived here are interesting and have led us to
new phenomena and new ways of studying Yang-Mills theory at finite temperature.
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Future directions of study include the following pursuits:

1. Lattice studies, as done in [1], can be done in this general gauge group setting, even
if for particular gauge group such as SU(3) or G3, in both the dual Coulomb gas model or
the XY-spin model, in order to gain better understanding of the phase transition as found
in [2]. A first order phase transition is expected as opposed to the second order transition
in the SU(2) theory [1]. This can also lead to further study of the continuity conjecture
as mentioned in [2], [7] by comparing phase transitions in pure thermal Yang-Mills to the
quantum phase transitions in mass deformed super Yang-Mills. Comparison can be made to
previous lattice studies and new studies in general gauge group may be possible as well. One
must still obtain a dual spin model for SYM in other gauge groups than SU(2) as future work
before simulations of the dual spin model can be done. However, from the methods presented
in [1], one may be able to do simulations of the dual double Coulomb gas for all gauge groups
in a soon future work.

2. It has also been of recent interest to consider finite density QCD-like theories, in
particular super Yang-Mills, and their phase transitions. There is a known sign problem due
to finite chemical potential and so imaginary chemical potentials have been studied instead
[3], [35]. This leads to a theory with twisted boundary conditions for the adjoint fermions
along the compact direction (or directions). Computing the Callias index as a function of
the twist angle leads to a twist-dependent index, which equals the usual answer, 2, at the
centre-symmetric and supersymmetric vacuum. This recent work can be generalized to gen-
eral gauge group and dependence on the boundary conditions is quite interesting.

3. Mean field theory methods can be used for the XY spin models considered here, as well
as related spin models in special cases. Although not exact, mean field theory can tell phase
transitions and their orders, although at transition temperatures that are not always correct
although within an order of magnitude. Studies of XY-models with symmetry breaking per-
turbations have been studied [44], [45] for different values of p in the cospf-term and phase
diagrams mapped out. It would be curious to implement a mean field theory that takes into
account vortices and can verify known results, and produce new ones for other gauge groups
not studied before. This would be interesting even for the case of zero scalar fields ¢* = 0.
Cases with gZ_; # 0 can be done as well in the mean field method. These cases are related
to ’frustrated” XY models in the case that, on some lattices, bonds are ferromagnetic (like
the scalar charged W’s and neutral bions), while on others they are antiferromagnetic (like
electric W’s and magnetic bions). These competing interactions lead to ’frustration’, that is
a ground state that is degenerate and not at minimum possible energy without frustration.
Models with competing F and AF interactions were studied in [44] and [46].

4. Renormalization group equations and flow can be determined from the partition
function (4.18). Special cases for SU(2) and SU(3) have been done with good success in
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[15] leading to known results of deconfinement, transition temperatures, and scaling parame-
ters/critical exponents. In the cases of higher rank it was found that no fixed points appeared
to exist for the RGEs and that the electric-magnetic duality no longer holds. It would be
interesting to continue investigating the SU(NN) RGE cases and other groups of higher rank
to see (possibly by going to higher order in the expansion) if there are fixed points and to
find the nature of the critical points.

xD—d

5. General compactifications on toroidal spaces such as RY? — R? x (S1) can be

done in this generic case, although the applications or interests may not be immediate.

It is hoped that this work has provided a framework for future study with the goal of
simulating the Coulomb gas derived as a main result of this work for all gauge groups. It
is hoped as well that correct spin models for SU(N) and other gauge groups, both for YM
and SYM, can be done and lattice simulations of them performed, in order to compare to
the Coulomb gas results for any gauge group and to determine the nature of the deconfining
phase transition.
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A Derivation of (-regulated summations

To present details in zeta function regularization summations, generalizations those in [], and
my thesis [], can be summarized here for the calculations used in this paper.

Consider the sum

/

Y(a;s) = Z [n2 + anQ]_S = Zn_QS + Z Z[nQ + a2m2]_s,

(n,m)€eZ 1#0 m#0 n

where the prime in the sum means m.n are not simultaneously zero. Using the Mellin trans-
form, one obtains:

(a;s) = 2¢(2s) + Z Z I}gr) /000 dtts—le_(n2+a2m2)t _

m#0 n

=225+ ) 1:(@) / T (1 9 3 )

m#0 n 0 n=1
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where using a Poisson resummation, leads to

I(s—3

= 2¢(2s) + 2v/7 RO

87 1 n 1
1-2 1_ -1
la] 7°C(2s — 1) + @W? Sn;o(m)s 2K _1(2m|almn),

where we can also use ('(—2n) = %F@n +1)¢(2n +1).

For general ’anyons’ (say a or 5 = % for the fermionic/thermal case), we have a general
sum:

Y(a,q,B;s) = Z [(n+a)?+a?(m+p5)?] ZZF / dits— 1o~ ((nta)?+a?(m+5)%)t _

(n,m)EZ

v * dr-3/2g—a(m )% N —m2n2t
- Z/ dtt® /e M (1+2Zcos(27rna mn )=
$) 420 n=1

(s —3)
['(s)

X cos(27ma)[(m+5)fs+%KS_%(27T]a\n(m+ﬁ)a) +(m+1-— ﬁ)fs+%Ks_%(27r\a|n(m+ 1-5))],

_\/» |a|1 QS[C(28—LB)+C(2’S_1’1 )]+7|a|7—szzn 5

m=0n=1

and, using Hurwitz zeta functions for the half integer cases, yields the results from Sections
2,3. 0

B Notes on Lie groups and Lie algebras

For a sufficiently self-contained description of the mathematical constructs in our theory let
us review Lie groups and Lie algebras. The familiar reader can skip to A.2 for the notation
of roots and weights.

B.1 Notes on general Lie theory

Let us begin by defining a Lie algebra and give its properties.

A Lie algebra g is a vector space over a field F' (which we take here to be either real, R, or
complex, C) with a binary operation (called the Lie bracket) [-,] — g X g — g satisfying the
basic properties:

(i) bilinearity: [az + by, cz + dw]| = ac[z,y] + ad[x,w] + bely, 2] + bd[y, w], Va,b,c,d € F' and
Vr,y,z,w € g.

(ii) assymetry: [z,y] = —[y,z], Vx,y € g

(iii) Jacobi identity: [z, [y, z]] + [z, [z, y]] + [y, [2,2]] =0, Vz,y,z € g.

A Lie algebra is equipped with a basis of generators {T*}!_; where r = dim(g), and these
satisfy the same relations above. The generators, forming a basis, have commutators which
are linear combinations of generators, [T%,T?] = f®°T¢, where the coefficients fo¢ are the

— 80 —



structure constants of the algebra. In the fundamental representation this dimension is min-
imal and equal to the rank of its corresponding Lie group.

A Lie algebra is called simple if it is non-Abelian and has no non-zero proper ideals,
and is semi-simple if it is non-Abelian and has no non-zero proper Abelian ideals. Hence a
semi-simple Lie algebra g can be written as a direct sum of simple Lie algebras g;, g = ®},9;.
We consider here just semi-simple Lie algebras.

A Lie algebra varies depending on its representation. A representation R is given a map
mr g — gl(V), where gl(V) is the enveloping associative Lie algebra of endomorphisms of
a vector space V. The dimension of the representation dim(R) = dim(V') equals the dimen-
sion of the vector space V, if it is finite. For example, the fundamental representation has
dim (V') = rank(G). Also, in this paper, we use often the adjoint representation ad : g — gl(g)
where the action is ad(z)(y) = [z,y], Vx,y € g.

A Lie group has a subgroup called the maximal torus T' C G, whose elements commute
with all other elements of the Lie group, and is topologically a torus (S1)*" where r = dim/(G),
the topological dimension of the group. Its Lie algebra t = Lie(T) is called the Cartan sub-
algebra of the Lie algebra and is of dimension r. Its generators {H*}!_, with [H* H b = 0]
form an r-dimensional subspace of g and satisfy the normalization tr(H*H®) = 6 here.

The other generators of the Lie algebra can be represented by dim(G) — r raising and
lowering operators, {E,} and {E_, = E;L}, which satisfy the relations

[H',E,] = o'E, (B.1)
[Eo, E_o] = a;H'
[Eom Eﬂ] = NaﬂvE%

where the constants N,g, will not be needed later. The contravariant and covariant roots
are related by the Cartan Killing form ¢ = Tr[H'H].

A Lie group, as a reminder, is a group that is also a differentiable manifold, and hence
has a differential structure or derivation (that satisfies the Leibnitz rule). In fact, its Lie
algebra corresponding to it is the tangent space to the Lie group, specifically to its covering
space G. Figure 4 shows all possible simply-connected, semi-simple Lie algebras and their
Dynkin diagrams. For more definitions and detailed theory see [9].

B.2 The roots and the weights

One way to define the roots of a Lie group GG that will be useful later on is to consider it
from the point of view of representations of its corresponding Lie algebra g. In general we
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Figure 5. All simple Lie algebras and their affine Dynkin diagrams. The numbers inside the nodes
denote the root, and the numbers bside each node are the Kac labels. The red circles are the lowest
(affine) roots of the Lie algebra.

define the root @; as an eigenvalue. In fact it is a function valued on t = LieT’, where T is
the maximal torus of G
a;:Ct—C

with its eigenspace E,, € Cg defined by
[H7 EOéi] = O_Zi(H)Eaiv (B'Q)

where H € Ct, the Cartan subalgebra of g.

We can see how this works for SU(N). Beginning with SU(2), we have Lie algebra g = s(,(C).
It is clear that t = span{\os = (} °,)}rec and that there are two root spaces, one with root
the negative of the other: E* = span{(}})}, E= = span{(? §)}. It is easy to check that the
roots satisfying equation (A.2) are a4 (H(\)) = £2A.

This clearly generalizes to SU(N) with Lie algebra slx(C). The maximal torus is just
T~ TN =~ {dz’ag(ewj)év:l)\ [TV e = 1}. The Cartan subalgebra is the set of matrices
with complex numbers \; along the diagonal, accompanied by their negatives —\;, so as to
make the trace vanish (this is in fact for the adjoint representation). The root spaces are just
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the span of each Fji, the N X N matrix with a 1 in the 7, j-th position and zeroes elsewhere.
One easily checks that the roots obey a;i(H (X)) = Aj — A;, along with their negatives from

[H(A), Ejk] = (Aj — Ae) Ejie- (B.3)

This is why in the adjoint representation, the roots take on values given by differences of
Wilson line eigenphases ;.

We will need to know the weights in the adjoint representation, which I prove are the
roots (the full set) of the Lie algebra. Let us describe representation theory in general a bit
first.

A representation of a Lie algebra is a homomorphism from the Lie algebra g into the
endomorphism group of a certain vector space V,

¢:9— End(V),

and preserves the Lie bracket. The dimension of the representation is the dimension of the
vector space V underlying the representation. The dimension of the Lie algebra itself is the
numbers of independent generators of g. In the fundamental representation the dimension
of g equals the dimension of V' and hence of the representation. The rank r, however, of a
Lie algebra is the dimension of the Cartan subalgebra h C g. The Cartan subalgebra has a
set of Abelian generators in the Cartan-Weyl basis {H'}7_; satisfying [H*, H] = 0 and the
roots, as mentioned before, satisfy eigenvalue-like expressions: [H!, E%] = a;E®, and there
are hence r = rk(g) simple positive roots of g. The Lie algebra then decomposes as

9 =0 Spea+ Gas

where g, is the eigenspace, spanned by E®. We can also prove what the weights (eigenvalues
of the H') are in fact the roots in the adjoint representation. Indeed,

Gaqi(H)E® = ady: B* = [H', B*] = o; E, (B.4)

proving the claim. [J
Below I will list the positive roots for each Lie algebra, but one more point to make is
the role of the affine root in spaces with a compact direction. The Lie algebra with the affine
root included is the Lie algebra of the loop group LG of maps 7 : S' — G, Lie(LG) = Lg.

Similarly on spaces with multiple compact directions there are more roots to be added and
the resulting algebra is the toroidal Lie algebra. The affine roots are included below.

For all semi-simple Lie groups (described below) a choice of simple positive roots is given
as follows:
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AN+1 ~ SU(N)

This is the group of rotations about the origin in CV. It preserves the lengths of vectors.
Their sets of simple roots are:

{oi = ei —ein1 )iy (B.5)
The affine root is og = — Zf\il o; =en — ej.
By =~ Spin(2N + 1):

This is the double cover of the orthogonal group SO(2N + 1), the rotation group in 2V+1,

Here, the set of simple roots is given by
{ei —eit1}icien—1U{en} (B.6)
The affine root is —ag = €1 + e9 = ag + 2 Zfiz ;.
Cn ~ Sp(2N):

This is the group of 2N x 2N matrices preserving the antisymmetric scalar product
J = ((llNl](V)), so MTJM = J VM € Sp(2N). The simple roots are:

{ei — eit1hicien—1U {2en} (B.7)

The affine root is —ag = 2e; = Zf\sl 20 + an.
Dy = Spin(4N), Spin(4N + 2) (N even, odd respectively):

These are the double covers of the orthogonal groups SO(4N) and SO(4N + 2) respec-
tively. The simple roots are:

{ei —eiv1hicien—1U{en—1 +en} (B.8)
The affine root is —ag = €1 + €9 = a1 + 2 211\52 o +an_1 + ay.
FEg:
This is the rank 6 exceptional Lie group of dimension 78. The simple roots are:
{(1,-1,0,0,0,0) (B.9)

(0,1,-1,0,0,0)
(0,0,1,-1,0,0)
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(0,0,0,1,1,0)
1
_5(1’ 17 17 1a 1a _\/g)
(07 07 07 17 _17 0)}

The affine root is —ag = e1 —eg = a1 +2a3+3a3+2a4 + a5+ 2a6. This is in the 8 dimensional
basis and we note all vectors are orthogonal to Z?:l e; and to e + eg and so gauge fields are
constrained by ¢1 + ¢g = 21'7:2 o; = 0.

E7:

This is the rank 7 exceptional group of dimension 133. The simple roots are:
{(1,-1,0,0,0,0,0) (B.10)
(07 17 _L 07 07 07 0)
(0,0,1,-1,0,0,0)
(0,0,0,1,—1,0,0)

(0,0,0,0,1,1,0)
1
—5(1, 1,1,1,1,1,—v2)
(Oa 07 07 07 17 _17 O)}
The affine root is —ag = es — 1 = 2a71 + 3ag + 4az + 3ay + 2a5 + ag + 2a7. The fields are
constrained to live on the plane orthogonal to Z§:1 e; = 0 in the 8 dimensional basis.

Eg:

This is the rank 8 exceptional group of dimension 248. The simple roots are:
{(1,-1,0,0,0,0,0,0) (B.11)
(0,1,-1,0,0,0,0,0)
(0,0,1,-1,0,0,0,0)
(0,0,0,1,-1,0,0,0)
(0,0,0,0,1,—1,0,0)
(0,0,0,0,0,1,1,0)
—%(1,1,1,17171,1,1)
(0,0,0,0,0,1,-1,0)}
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The affine root is —ag = €1 + e3 = 21 + 3ag + 4dag + bay + 6as + 4ag + 2a7 + 3as.
F4Z

This rank 4 exceptional Lie group has dimension 52. Its simple roots are given by
{(0717_170) (B12)

(0,0, ]-a _1)

(0,0,0,1)

1
—2(-1,1,1,1
2( 777)}

The affine root is —ag = e1 + e9 = 21 + 3as + 4dag + 204.
G3: (embedded in 2D subspace of R3, the plane perpendicular to line z +y + z = 0)

This is the rank 2 exceptional Lie group of dimension 14. Its simple roots are:

The affine root is —ag = e1+es—2e3 = 2a1+3ao. All vectors are orthogonal to eq+ea+e3 = 0.

Note that the coefficients k; in the definition of the affine root &g = — > ,_; k;@; are called
the Kac labels of the Lie algebra. The Coxeter number of the Lie algebra is h(G) = >_7_; ki+1.

We will also need co-roots in our future defined as

- 2
a¥ = —de A, (B.14)
where they span the co-root lattice A)/, and the @’s are the r = rank(G) simple roots given

above and span the root lattice A,.
The weights.

We also need to get to know the weight system, with lattice A,,, and its co-weight lattice.
The weight vectors w; for a set of simple roots @; are defined via

W& = 8, (B.15)

and the co-weights are defined as were the co-roots:

2

—_ e A
w

2 w*

U—}*V

(B.16)
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Since we are dealing with affine Lie algebras we need to define the affine co-root in terms of
simple co-roots (the affine roots were given above, dp = — > k;@;):

ay = Z kja) (B.17)

and the dual Coxeter number is defined from the coefficients ¢o = Y. k. For g =
su(r + 1), ca = r+ 1 as all kV’s are 1s, and all o’s have norm /2. We will also soon
need these data for go, where co = 4 for {kY} = {1,2,1} and {a?} = {2,2,2/3}. For data
such as these for all semi-simple Lie groups see [11]. Table 1 shows some such data including
the Kac labels and (dual) Coxeter numbers. It is interesting to note that the Coxeter number
h of a group is the number of roots divided by the rank of the group. Figure 4 shows all
semi-simple Lie algebras as (affine) Dynkin diagrams with the Kac labels included. As a
reminder a Dynkin diagram is (for our purposes) a graph with single, double or triple lines
connecting nodes, represented by simple roots. The multiplicity of the lines (edges) will not
concern us, but are related to the length of roots represented by the nodes the edge connects.
The affine Dynkin diagram, shown in Figure 4, contains the affine root @jy.

Group, G r =rk(Q) h c2(G) kg s kY] ko, - ., k]
SU(N +1) N N+1 N+1 1,1,....1] 1., 1]
SO@2N + 1) N oN  2N-2  [1,1,1,2,...,2] 1,1,2,...,2]
SO(2N) N ON 2N -2 [1,1,1,1,2,...,2} 1,2,...,2,1]
Sp(2N) N ON-2 N+1 1,1,....1] 1,1,2,...,2,1,1]
Gy 2 6 4 1.1,2] 1,2,3]

£ 4 12 9 1,1,2,3,2] 1,2,3,4,2]

FEe 6 12 12 1,1,1,2,2,2,3] 1,1,2,3,2,1,2]
E; 7 18 18 1,1,2,2,2,3,3,4]  [1,2,3,4,3,2,1,2]
Ey 8 30 30 1,2,2,3,3,4,4,5,6] [1,2,3,4,5,6,4,2,3]

Table 4: (Dual) Kac labels and dual Coxeter numbers for semi-simple Lie groups. Note
that these in general differ from the Kac labels found from the table of simple roots above.

The weights of a Lie algebra in a given irrep R represent the charges of particles possible
for that irrep and hence are important Lie algebra data. The matrices R(h) for any h in the
Cartan subalgebra can be simultaneously diagonalized giving vectors @ € t* of eigenvalues
so that @ - h is an eigenvalue of R(h). These vectors W belong to the set of weights of R
AL and their integral span Z[AE] = AZ is called the weight lattice of R. The group lattice
I'e=U RAﬁ is the union of irrep weight lattices. At the level of Lie group, the eigenvalues
of irrep R of an element g € T, the maximal torus of G, are exp(2miw - h). The periodicity
of the maximal torus are given by shifts in the lattice of those h such that @ - h € Z. The
dual lattice of co-weights is defined by the lattice of such h, A*. The smallest arising group
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lattice is called the root lattice A,, whereas the largest is called the weight lattice A,,.

For completeness I now present the weights of the adjoint representation (which are in
fact the set of ALL roots as was shown above) for each Lie algebra. The number of weights is
equal to the dimension of the representation minus the rank of the Lie algebra (the number
of null weights of eigenvalue zero from the action of the Cartan generators.)

AN+1 ~ SU(N)
There are N2 + N adjoint weights in all, N(N 4 1)/2 being positive. All are of length /2
with 1 in one entry ¢, -1 in position j, and zeros elsewhere. We denote them as o_z’iij where the
superscript is positive if the root is. The positive roots are taken to be the ones with a +1

occuring in an earlier position than -1, i.e. ¢ < j.

By =~ Spin(2N + 1):
There are 2N? weights of two types: 0_2?; which are all integer vectors of length v/2, and Bii B
which are all integer vectors of length 1. The positive weights are those with a +1 occurring
before a -1 as usual.

CN [ Sp(N):
In all there are 2N? roots including the &;-5 above, and with Bii = +2e;.Positive roots are
as before.

Dy =~ Spin(4N), Spin(N + 2):
Here all roots are all integer vectors of length /2. These include the &';5 above, but also those
with 2 entries both -1 or both +1, called Efj’D. There are 2N (N — 1) in all.

FEs:
The adjoint weights include the 4 x (3) permutations of the entries of the vectors (41,41, 0,0,0,0)
keeping a zero in the last entry, plus the vectors of the form %(j:l, +1, 41,41, 41, +/3) with
an odd number of + signs. This gives a total of 72 weights.

FEr:
We have here 4 x (§) permutations of (£1,+1,0,0,0,0,0) keeping a zero in the last entry,
plus the vectors of the form %(:tl, +1,41,+1, +1, 41, +v/2) with an even number of + signs,
plus the two vectors (0,++/2). This gives a total of 126 weights.

Eg:

We have 112 roots as permutations of (£1,41,0,0,0,0,0,0), plus the 128 vectors of the form
%(il, +1,+1,4+1,£1,+1,+1,4+1) with an even number of - signs.
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Fy:
We have here 48 roots: 24 as permutations of (£1,1,0) (call them type I), plus 8 roots as
permutations of (£1,0) (type J), and 16 roots of the form (£1,+1,+1,41)/2 (type K).

GQ:
Here there are 12 adjoint weights:

(1,-1,0),(2,—1,-1), (1,0, —1),(1,-2,1),(0,1,-1), (1,1, —2),

together with their negatives.
For more on Lie algebras, weights and representations, a great resource is [9].
Gauge cells and Weyl chambres.

The Weyl group W(g) is another group of gauge identifications on t, that acts as a group
of linear transformations on t that preserves the set of roots A, (permutes them). It includes
a Weyl reflection for each simple root o which acts on h € t* by o4(h) = h — (h-av)a. It
acts on ¢ € t by 04(h)[F] = h - 0a(F) and so 0,(F) = ¢ — 2(d - F)a@¥ and is a reflection
about the plane with normal vector & passing through the origin. Allowing translations of
the co-root lattice, the group of transformations is the semi-direct product W of W and ry.
A fundamental domain or gauge cell (or affine Weyl chambre) t for G is the quotient t/ W. A
choice often used for the affine Weyl chambre is

t={Fet0<a @ VaeAs —d - F<1},

where A7 denotes the set of simple roots. This is the cell of interest here as it is the Cartan
subalgebra modulo gauge equivalences. At points interior to t the unbroken gauge group is
the maximal torus U(1)", while on the cell boundary, as mentioned previously, the gauge
symmetry is enhanced due to elements being fixed by the gauge transformations W, and the
theory is no longer fully Abelianized. For explicit root systems and gauge cells see Appendix
B of [4]. Figure 5 shows the gauge cells for rank 2 Lie algebras [4].

C Deriving the GPY potential, dual Coulomb gas and ’affine’ XY model

C.1 GPY effective potential derivation

Here we present specific details of the zeta function regularization for perturbative effective
potentials in various dimensions.

D Clifford algebras and group representations in split signature spacetimes

Here
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E Monopole solutions for all simple groups

I present here monopole solutions used in section 3 and give their actions. Let us review the
SU(2) case first, where we have one BPS and one KK solution on R3 x S'. The solution
exists due to the symmetry breaking SU(2) — U(1) so that ma(SU(2)/U(1)) =~ m1(U(1)) = Z.

In general recall the Euclidean action of pure Yang-Mills splits into electric and magnetic
field energy components.
1 bM N b L 3 b b brpb
= 32 . tr[FynT*F T° = p d’ztr[B,T*B,T° + E;T*E,T", (E.1)
where B} = €,2F)\ and Ej = D, A§, and the generators are taken in the fundamental
representation. The action (78) can be rewritten as

L a a a arma
S = 7 / dPatr((BY F D, A§T(B, + D, AY)T] + 2tr[ BT D, AYT"). (E.2)

The last term can be integrated by parts and the equation of motion D, B); = 0 so we have
the action as
L

S = 2 / dPwtr](BS F D, A§)T(B) + D, AT (E.3)

L
12? ; d*S,tr[BLT* ASTY).

Our monopoles satisfy self-dual or anti self-dual equations Bj, = +£D,, A§ (equivalently, Fiyny =
iFMN) which simplifies the action to

L
S = j:g—2 y d*S,tr[BLT ASTY). (E.4)

The instanton number satisfies

2
K = (167)~* / tr[F& NTOES T = i%s, (E.5)
R3xS1 &

where the last equality holds for self dual and anti self dual solutions respectively. Setting
K = 1 gives the usual monopole action as required: S = 872 /g
E.1 SU(2) monopole solution

For SU(2) I present the solution as given in [2]. We take as generators 7% = 7%/2 where 7¢
are the Pauli matrices, and satisfy tr[T%T°] = §%°/2. The action is

1

_ Fa FaMN. E.6
o [, i (E6)
In the hedgehog gauge the monopole solution is given by
Ty vl|x|

P Sno)) =0

c_.C
A, = A“T = €uve
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As = Uo7 = ‘%(mm\ coth(v]z]) + 1)7°,
x
where v =< Az >. Putting these solutions (86) into the action (85) gives S = 4mvL/g? so
that v = 27/ L gives the usual monopole instanton action 872/g>.

The magnetic field’s asymptotics are found to be (in the string/singular gauge)

L 3

BM = *EMVAFVA 7 |z| o0 —T;PT . (ES)

2

E.2 Monopole solutions for arbitrary gauge group G

To find the monopole solutions for general gauge group we can embed the SU(2) solution into
G, SU(2) C G, for each simple co-root @. The KK monopole solution will be given later to
give r 4+ 1 monopole solutions as is consistent with the symmetry breaking G — U(1)" (for the
case of full Abelianization), which presents r BPS solutions as mo(G/U(1)") =~ m(U(1)") = Z"
(since m3(G) ~ 0 for covering spaces of Lie groups G, which we consider here as they allow
all representations, in particular spin representations). The KK solution arises due to the
compact direction and will be given later associated to the affine co-root ay.

The SU(2) embedding into G for each simple root &@; is given by

1 1 1., =
t' = ——(Buo, + E_q,), t* = ﬁ;E%—Eﬂm,ﬁziﬁﬂH, (E.9)

262% 21005
which obey the SU(2) algebra commutation relations [t%, %] = i€2*“t. The solutions for the
gauge field are the same as (20), (21) but with

Az = U7 + (¢ — ~@v) - H, (E.10)
where qg determines the asymptotics of the gauge field v = As-@; = a; - qg/ L. The solution
As is as is to gaurantee these asymptotics since (in string gauge)

o€ @b 4di- ¢
\IICTC‘\x|—>oo:7tC - ¢_t3 i

1 .
= L L 2 L

The BPS magnetic monopole’s magnetic field’s asymptotics are given by

x, ay-H
—E%IQ ci=1,...,m (E.11)

Qi __
B, =

Its action and instanton number are given by

ay - (E.12)

o

o Am L, 2 .
S — ?a;/ - @, Qi —
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respectively.

The other solution mentioned before, the KK monopole, can be found by a Weyl reflection
as in [14]. Its asymptotic magnetic field is

—

SV
x, ay - H

B0 = -~k -0 E.13

N (19)

Note that it has negative magnetic charge. (Also, since @ = — Y _; k@) an instanton can

be formed from the collection of 2¢3(G) monopoles.) Its action and monopole number are
found to be [2]

o (E.14)

4 .
§%0 = Z(2r+ay - §), K=
g
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