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1 Introduction

The idea that the laws of nature must be invariant under certain transformations is one
of the most fundamental principles of modern physics. In this way, the standard model of
particle physics is based on Lorentz symmetry and gauge invariance, while the foundations
of General Relativity lie on diffeomorphism invariance.

The existence of symmetries that persist at the quantum level is a especially pow-
erful tool in the context of Effective Field Theory, since they allow one to reduce the
number of operators that can appear in the effective action. For instance, string the-
ory compactified on a torus is invariant under T-duality, which implies the invariance of
the lower-dimensional stringy effective actions under the group O(d, d). This symmetry
is claimed to be preserved at all orders in the higher-derivative α′-expansion [1], and ex-
plicit confirmation of this has been reported for the lowest-order terms [2–7]. However, the
computation of these α′ corrections from first principles is a complicated problem, and,
instead, it turns out that one can use duality invariance to constrain the higher derivative
corrections that appear in the stringy effective actions — see, e.g., [8–10]. This program
is particularly successful in the cosmological context, since in that case it is possible to
constrain all-orders α′-corrections by imposing duality [11] — see also, e.g., [12–15].
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In this paper, we intend to study a more basic type of duality which already appears
at the level of classical electrodynamics: electromagnetic duality. As is well-known, the
vacuum Maxwell equations are invariant under the exchange of electric and magnetic fields,
and more generally, under a SO(2) rotation of them. Such transformation also leaves in-
variant the Maxwell stress-energy tensor and hence is a symmetry of Einstein-Maxwell
theory as well. Duality transformations are also symmetries of U(1)N gauge theories cou-
pled to scalar fields [16]. These models are in fact ubiquitous in supergravity and string
theory [17–23], where electromagnetic duality is a part of the U-duality group [24]. Let
us also mention that one can define more refined notions of duality invariance by allowing
the couplings constants of the theory to transform as well [25–27]. However, here we will
restrict to the simple but relevant case of theories with a single vector field coupled to
gravity such that the space of solutions is preserved under SO(2) duality rotations.

When higher-derivative corrections are added to the Einstein-Maxwell action, the in-
variance under duality rotations is generically broken. Therefore, assuming that electro-
magnetic duality must be preserved constrains the possible terms that can appear in the
effective action. One of the advantages of electromagnetic duality invariance with respect
to O(d, d) symmetry is that we do not need to have additional vector fields to constrain
the action. On the other hand, electromagnetic duality is only a symmetry of the equa-
tions of motion, not of the action, and, in addition, it is non-linearly realized in theories
with higher-derivative corrections. Therefore, the study of self-dual theories presents some
particular complications.

In the case of pure electromagnetic theories, it is known that the Maxwell Lagrangian
allows for non-linear duality-invariant extensions; these were thoroughly studied in [28].1
Among these, one finds for instance Born-Infeld theory [31–33] or the Euler-Heisenberg
Lagrangian [34] describing 1-loop QED corrections to Maxwell theory. Recently, ref. [35]
proposed a new non-linear theory that, besides preserving duality rotations, is also invariant
under conformal transformations. See also, e.g., [36–41] for other generalizations.

The study of minimally-coupled self-dual theories is facilitated by the fact that, in
that case, the most general gauge-invariant Lagrangian can be formed with only two basic
invariants,2 namely FµνFµν and Fµν ? F

µν . However, in a general effective extension of
Einstein-Maxwell theory one should consider as well the addition of non-minimal couplings
between the metric and the field strength, i.e., terms like FµνFαβRµναβ . This results in
a drastic enlargement of the number of invariants one can include in the action, which in
turn increases the difficulty of classifying duality-preserving theories. Remarkably enough,
this problem has not been addressed yet in the literature, so the goal of this paper is to
provide a thorough characterization of such theories.

The presence of non-minimal couplings makes it virtually impossible to obtain exactly
invariant Lagrangians, so in this paper we tackle this problem by assuming a derivative
expansion of the action. We obtain the conditions on the 4-, 6- and 8-derivative Lagrangians
that ensure that the theory is a truncation of a duality-preserving one. In addition, we will

1See also [29, 30] for the case of matter couplings.
2As we will argue in section 2, duality invariance prevents the appearance of derivatives of the field

strength.
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see that, due to the coupling to gravity, metric field redefinitions acquire a very interesting
role in the case of duality-invariant theories. In fact, we show that, to six-derivatives,
one can get rid of all the higher-derivative terms involving field strengths in any duality-
preserving theory by performing such redefinitions, and we conjecture the same to be true
at all orders.

The paper is organized as follows.

• In section 2 we consider a general higher-derivative extension of Einstein-Maxwell
theory and we determine the necessary and sufficient conditions on the 4-,6- and 8-
derivative Lagrangians in order for the theory to preserve electromagnetic duality.

• Using the previous result, in section 3 we construct explicitly the most general duality-
invariant theory up to eight derivatives.

• In section 4 we focus on the family of theories whose action is quadratic in the
Maxwell field strength and which are non-minimally coupled to gravity through a
susceptibility tensor χµνρσ. We completely characterize the form of this tensor giving
rise to duality-preserving theories and we write the equations of motion in a manifestly
SO(2) invariant form.

• In section 5 we analyze the effect of metric redefinitions on duality-invariant theories.
We show that, to the six-derivative level, all the higher-order terms involving Maxwell
field strengths can be removed via field redefinitions. In other words, the most gen-
eral duality-invariant action can be mapped to a higher-derivative gravity minimally
coupled to the Maxwell Lagrangian, and we conjecture the same to hold at higher
orders. We also show that the number of (gravitational) higher-order operators in
the six-derivative action can be further reduced to five, of which one is topological.

• In section 6 we study the charged, static and spherically symmetric black hole solu-
tions of the six-derivative theory. We compute their thermodynamic properties and
the corrections to the extremal charge-to-mass ratio. We discuss several additional
bounds on the couplings by using the recently proposed mild form of the weak gravity
conjecture [42, 43].

• Finally, we conclude in section 7.

2 Duality-invariant actions

In this section we determine the necessary and sufficient conditions for a higher-derivative
theory to be invariant under duality rotations. Thus, let us start by writing a general
higher-derivative extension of Einstein-Maxwell theory,

S = 1
16πG

∫
d4x

√
|g|
[
R− F 2 + L (gµν , Rµνρσ,∇αRµνρσ, . . . ;Fµν ,∇αFµν , . . .)

]
. (2.1)

Here
Fµν = 2∂[µAν] (2.2)
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is the field strength of the gauge field Aµ, and Rµνρσ is the curvature tensor of the metric
gµν . On the other hand, L represents a general invariant formed out of these quantities
and their derivatives, and we will soon assume it allows for a polynomial expansion in
terms with an increasing number of derivatives. The equations of motion coming from the
variation of this action read

Gµν = 2Tµν −
1√
|g|
δ(
√
|g|L)

δgµν
, (2.3)

0 = ∇ν
(
Fµν − 1

2
δL
δFµν

)
, (2.4)

where
Tµν = FµαF

α
ν −

1
4gµνF

2 , (2.5)

is the Maxwell stress-energy tensor, and

δL
δFµν

= ∂L
∂Fµν

−∇α
∂L

∂∇αFµν
+∇β∇α

∂L
∂∇α∇βFµν

− . . . . (2.6)

For our purposes, it is convenient to rewrite this system of equations by introducing the
dual field strength H as follows

Gµν = 2T̂µν + Eµν , (2.7)

?Hµν =− Fµν + 1
2
δL
δFµν

, (2.8)

d

(
F

H

)
= 0 , (2.9)

where now

T̂µν = −F〈µ|α ? H α
|ν〉 , (2.10)

Eµν = − 1√
|g|
δ(
√
|g|L)

δgµν
+ F〈µ|α

δL
δF
|ν〉
α

, (2.11)

and here 〈µν〉 represents the symmetric and traceless part of a tensor, this is

X〈µν〉 = X(µν) −
1
4gµνg

αβXαβ . (2.12)

In addition, the Hodge dual is defined by

? Hµν ≡
1
2εµναβH

αβ , (2.13)

where the Levi-Civita symbol εµναβ is such that ε0123 =
√
|g|.

In this formulation, F and H are taken as independent fundamental variables, and
the equations of motion impose that they are closed 2-form and related by the constitutive
relation (2.8). Let us now analyze if the equations (2.7), (2.8) and (2.9) have any symmetry.
It is obvious that the form of the two Bianchi identities (2.9) is preserved if we consider
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any GL(2,R) transformation of F and H. Now, in the case without corrections, the
constraint equation (2.8) is only preserved if such transformation belongs to R × SO(2),
while the right-hand-side of Einstein’s equations is preserved if the transformation belongs
to SL(2,R). Thus, written in this way, the Einstein-Maxwell system is invariant under the
intersection of these two groups, which are the SO(2) transformations(

F

H

)
=
(

cosα sinα
− sinα cosα

) (
F ′

H ′

)
. (2.14)

Once the corrections are taken into consideration, however, the equations are generally not
invariant under this rotation, so, our goal is to determine which Lagrangians do give rise
to duality-invariant equations of motion.

Let us first start by noticing that, if the Lagrangian L depends non-degenerately on the
derivatives of Fµν , then the relation H(F ) given by (2.8) is differential. This means that
the inverse relation F (H) must involve integration. Now imagine, for instance, a rotation
with an angle α = π/2. In that case, the new fields F ′, H ′ satisfy the relation

? F ′µν = H ′µν −
1
2
δL
δFµν

∣∣∣∣
F→H′

. (2.15)

Then, if the equations of motion are invariant under duality rotations, this relation should
be equivalent to the one obtained by inverting (2.8), but we see that this is not possible
since, as we mentioned, F (H) must involve integration while (2.15) is again differential.
Therefore, the conclusion is that the equations of motion cannot be duality invariant if
the Lagrangian contains derivatives of the field strength. Thus, duality restricts the set of
allowed Lagrangians to be of the form

L (gµν , Rµνρσ,∇αRµνρσ, . . . ;Fµν) . (2.16)

It is important to clarify a subtle point, though. If one assumes a perturbative expansion
of the Lagrangian, then one may, in fact, invert (2.8) perturbatively, yielding a differential
relation for F (H). Thus, one can find theories with a differential relation (2.8) that are
invariant under duality rotations in this perturbative sense [40]. However, due to the
argument above, those theories cannot come from the truncation of a complete theory
that is exactly invariant. In other words, this means that the summation of the whole
perturbative series would not give rise to a sensible theory. Thus, we will restrict ourselves
to theories that depend only algebraically on the field strength Fµν . Let us now study
which further constraints duality invariance imposes on the Lagrangian.

2.1 Invariance of the constitutive relation

It is useful to focus first on the constraint equation (2.8). After a few algebraic manipula-
tions one can show that the rotated fields F ′ and H ′ in (2.14) satisfy the relation

? H ′µν = −F ′µν + 1
2R̂

∂L
∂Fµν

∣∣∣∣
F→F ′ cosα+H′ sinα

, (2.17)
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where we have introduced the operator

R̂ = cosα+ ? sinα . (2.18)

Now, duality invariance requires that the transformed fields F ′ and H ′ be also a solution
of the original equation (2.8), and this will happen if

R̂
∂L
∂Fµν

∣∣∣∣
F→F ′ cosα+H′ sinα

= ∂L
∂Fµν

∣∣∣∣
F→F ′

. (2.19)

Of course, this equality cannot ever hold off-shell since the left-hand-side depends on H ′,
but the right-hand-side does not. However, we only require that both quantities be equal
on-shell, which ensures that F ′ and H ′ indeed solve the original equation. Thus, we can
conveniently write this consistency equation as

R̂
∂L
∂Fµν

∣∣∣∣
F→F ′ cosα+?(F ′− 1

2
∂L
∂F

) sinα
= ∂L
∂Fµν

∣∣∣∣
F→F ′

. (2.20)

This is a highly nonlinear equation that constrains the form of L. In order to make
further progress, at this point it is convenient to expand the Lagrangian in a derivative
expansion, as

L = `2L(4) + `4L(6) + `6L(8) + . . . , (2.21)

where ` is a length scale and each Lagrangian L(2n) contains 2n derivatives of the fields.
Then, we will impose duality invariance order by order, but the idea is that the full La-
grangian defines an exactly invariant theory. We can solve (2.17) perturbatively in ` and
we get

?H ′µν =− F ′µν+ `2

2 R̂
∂L(4)
∂Fµν

∣∣∣∣
F→R̂F ′

+`4
[

1
2R̂

∂L(6)
∂Fµν

−1
4R̂
(
s ? R̂

∂L(4)
∂F

)αβ ∂2L(4)
∂Fαβ∂Fµν

] ∣∣∣∣∣
F→R̂F ′

+ `6
[

1
2R̂

∂L(8)
∂Fµν

− 1
4R̂
(
s ? R̂

∂L(4)
∂F

)αβ ∂2L(6)
∂Fαβ∂Fµν

− 1
4R̂
(
s ? R̂

∂L(6)
δF

)αβ ∂2L(4)
∂Fαβ∂Fµν

+ 1
16R̂

∂

∂Fµν

{
∂2L(4)

∂Fαβ∂F ρσ

(
s ? R̂

∂L(4)
∂F

)αβ (
s ? R̂

∂L(4)
∂F

)ρσ}]∣∣∣∣∣
F→R̂F ′

+O(`8) ,

(2.22)

where s ≡ sinα. Note that the operator R̂ in the left always acts on the indices µν.
Now, from (2.19) we obtain the following necessary conditions in order for the theory to
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be invariant under duality rotations (we remove the F ′ notation for clarity)

∂L(4)
∂Fµν

= R̂
∂L(4)
∂Fµν

∣∣∣∣
F→R̂F

, (2.23)

∂L(6)
∂Fµν

=
[
R̂
∂L(6)
∂Fµν

− 1
2R̂

(
s ? R̂

∂L(4)
∂F

)αβ ∂2L(4)
∂Fαβ∂Fµν

] ∣∣∣∣∣
F→R̂F

, (2.24)

∂L(8)
∂Fµν

=
[
R̂
∂L(8)
∂Fµν

− 1
2R̂

(
s ? R̂

∂L(4)
∂F

)αβ ∂2L(6)
∂Fαβ∂Fµν

− 1
2R̂

(
s ? R̂

∂L(6)
∂F

)αβ ∂2L(4)
∂Fαβ∂Fµν

+ 1
8R̂

∂

∂Fµν

{
∂2L(4)

∂Fαβ∂F ρσ

(
s ? R̂

∂L(4)
∂F

)αβ (
s ? R̂

∂L(4)
∂F

)ρσ}]∣∣∣∣∣
F→R̂F

. (2.25)

Let us further investigate the implications of these relations for the Lagrangian. First,
notice that each Lagrangian is formed out of monomials that can be schematically denoted
by Fn∇qRp. Clearly, duality rotations do not mix terms with different values of n, q and
p, and hence, if the theory preserves duality, the relations above are satisfied by each of
these families of monomials independently. Now, let us note that, for every such monomial
we have the identity

Fµν
∂L
∂Fµν

= nL , (2.26)

since they are homogeneous functions of degree n in F . Likewise, we have

Fµν
(
R̂

∂L
∂Fµν

∣∣∣∣
F→R̂F

)
= nL

∣∣∣
F→R̂F

. (2.27)

Let us then apply these results to the case of L(4). Since the equation (2.23) must hold for
every type of monomial, we conclude that the four-derivative Lagrangian must satisfy the
condition

L(4)(R̂F ) = L(4)(F ) , (2.28)

which can be rephrased as the fact that L(4) remains invariant under a rotation of F and
?F . Let us now consider the case of L(6). First, it is convenient to rewrite eq. (2.24) as
follows

∂L(6)
∂Fµν

=
[
R̂
∂L(6)
∂Fµν

− 1
4R̂

∂

∂Fµν

((
s ? R̂

∂L(4)
∂F

)αβ ∂L(4)
∂Fαβ

)] ∣∣∣∣∣
F→R̂F

. (2.29)

Then, proceeding with the same logic as before, we can split this expression into monomials
of degree n in F , and contracting with Fµν we find that

L(6)(R̂F )− L(6)(F ) = 1
4

(
s ? R̂

∂L(4)
∂F

)αβ ∂L(4)
∂Fαβ

∣∣∣∣∣
F→R̂F

. (2.30)

Now this tells us that L(6) does not remains invariant under a rotation of F and ?F since
there is an inhomogeneous term associated to L(4). Clearly, this can be traced back to the
fact that duality is non-linearly realized in the Lagrangian formulation. Then, the general
solution to this equation can be expressed as

L(6) = LH
(6) + LIH

(6) , (2.31)
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where LH
(6) is the general solution of associated homogeneous equation, and therefore sat-

isfies
LH

(6)(R̂F ) = LH
(6)(F ) , (2.32)

and LIH
(6) is a particular solution of the full inhomogeneous equation. Let us show that a

particular solution is given by

LIH
(6) = −1

8
∂L(4)
∂Fαβ

∂L(4)
∂Fαβ

. (2.33)

In fact, using the property of L(4) in (2.23), we have

LIH
(6)(F ) = −1

8

(
R̂
∂L(4)
∂F

)αβ (
R̂
∂L(4)
∂F

)
αβ

∣∣∣∣∣
F→R̂F

= −1
8

(
R̂2∂L(4)

∂F

)αβ ∂L(4)
∂Fαβ

∣∣∣∣∣
F→R̂F

, (2.34)

and on the other hand,

LIH
(6)(R̂F ) = −1

8
∂L(4)
∂Fαβ

∂L(4)
∂Fαβ

∣∣∣∣∣
F→R̂F

= −1
8

(
R̂−1R̂

∂L(4)
∂F

)αβ ∂L(4)
∂Fαβ

∣∣∣∣∣
F→R̂F

. (2.35)

Thus, combining both expressions and using that R̂−1 = cosα − ? sinα one easily checks
that (2.30) is satisfied. Let us finally turn to the case of the eight-derivative Lagrangian.
After using the decomposition of L(6) in (2.31), we can write the equation (2.25) as

∂L(8)
∂Fµν

=
[
R̂
∂L(8)
∂Fµν

− 1
2R̂

∂

∂Fµν

((
s ? R̂

∂L(4)
∂F

)αβ ∂LH
(6)

∂Fαβ

)

+ 1
8R̂

∂

∂Fµν

{
∂2L(4)

∂Fαβ∂F ρσ

(
s ? R̂

∂L(4)
∂F

)αβ (
cR̂

∂L(4)
∂F

)ρσ}]∣∣∣∣∣
F→R̂F

. (2.36)

Then, splitting this expression into monomials and contracting with Fµν we arrive at the
equation

L(8)(R̂F )− L(8)(F ) =
[

1
2

(
s ? R̂

∂L(4)
∂F

)αβ ∂LH
(6)

∂Fαβ

− 1
8

∂2L(4)
∂Fαβ∂F ρσ

(
s ? R̂

∂L(4)
∂F

)αβ (
cR̂

∂L(4)
∂F

)ρσ ]∣∣∣∣∣
F→R̂F

. (2.37)

The general solution can again written as

L(8) = LH
(8) + LIH

(8) , (2.38)

where LH
(8) satisfies

LH
(8)(R̂F ) = LH

(8)(F ) (2.39)

and LIH
(8) is a particular solution of the full inhomogeneous equation. In this case, one can

check that a particular solution is given by

LIH
(8) = −1

4
∂L(4)
∂Fαβ

∂LH
(6)

∂Fαβ
+ 1

32
∂2L(4)

∂Fαβ∂F ρσ
∂L(4)
∂Fαβ

∂L(4)
∂Fρσ

. (2.40)
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In this way, the theory is determined up to the eight-derivative level once the set of La-
grangians L(4), LH

(6), LH
(8), is specified, so our final task consist in characterizing these.

In order to characterize the Lagrangians that are invariant under a rotation of F and
?F , it is useful to introduce the vector of 2-forms

FA =
(
F

?F

)
, (2.41)

where A is an SO(2) index. Then, the only way of obtaining SO(2) invariant quantities is
by considering the contraction FAµνFBαβδAB. Note that the contraction with the symplectic
matrix σAB also yields an invariant, but however it is not independent since FAµνFBαβσAB =
FAµν ? FBαβδAB, and thus it has the same effect as applying the Hodge dual on the indices
αβ. Let us then evaluate this contraction explicitly,

FAµνFB αβδAB = FµνF
αβ + ?Fµν ? F

αβ = FµνF
αβ − 6F ρσF[ρσδ

α
µδ

β
ν] = 4T [α

[µ δ
β]
ν] ,

(2.42)

where Tαµ is the Maxwell stress tensor as defined in (2.5). Thus, this result tells us that
any SO(2) invariant quantity must depend on Fµν only through the stress tensor Tµν .
Therefore, we conclude that the homogeneous part of the Lagrangians LH

(n) (including
L(4) = LH

(4)) must be of the form

LH
(n) = LH

(n) (gµν , Tµν , Rµνρσ,∇αRµνρσ, . . .) . (2.43)

This result together with the relations (2.33) and (2.40) completely characterizes the set of
theories that have a duality-invariant constitutive relation (2.8) to the eight-derivative level.

2.2 Invariance of Einstein’s equations

We have just obtained the conditions the Lagrangian must satisfy in order for the consti-
tutive relation (2.8) between H and F to be invariant under a duality rotation. Now the
question is whether these conditions ensure the invariance of Einstein’s equations as well.
For that, we see first in equation (2.7) that the energy-momentum tensor T̂µν (see (2.10))
is exactly invariant under a rotation, so we just have to make sure that the quantity Eµν
— defined in (2.11) — remains invariant. At this point it is convenient to study first those
theories which are algebraic in the curvature tensor, since the proof for generic theories
with covariant derivatives of the curvature is a direct generalization of that.

For algebraic theories, the tensor Eµν (2.11) can in general be written as [44]

Eµν = −P ρσγ
(µ Rν)ρσγ − 2∇σ∇ρP(µ|σ|ν)ρ + 1

2gµν
(
L − 1

2Fαβ
∂L
∂Fαβ

)
, (2.44)

where
Pµνρσ = ∂L

∂Rµνρσ
. (2.45)

Let us then expand this in powers of `,

Eµν = `2E(4)
µν + `4E(6)

µν + `6E(8)
µν . . . , (2.46)
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where every term E(n)
µν is computed from the corresponding Lagrangian L(n). Let us then

examine these terms. Notice that the Lagrangian L(4) only depends on Fµν through the
Maxwell stress-energy tensor. Since every monomial Li in the Lagrangian satisfies that
Fαβ

∂Li
∂Fαβ

∝ Li, by looking at (2.44) we conclude that the tensor E(4)
µν also depends on Fµν

through Tµν only. We can express this fact by writing E(4)
µν = E(4)

µν (T ). Now, since under a
duality transformation Tµν is invariant up to terms of order `2, we already conclude that
the Einstein’s equations are invariant up to terms of order `4.

Let us now see what happens with the O(`4) and O(`6) terms. First, we remind that
we can split L(6) and L(8) in a homogeneous plus an inhomogeneous part, L(6) = LH

(6) +LIH
(6)

and L(8) = LH
(8) + LIH

(8), where

LIH
(6) = −1

8
∂L(4)
∂Fαβ

∂L(4)
∂Fαβ

, LIH
(8) = −1

4
∂LH

(6)
∂Fαβ

∂L(4)
∂Fαβ

+ 1
32

∂2L(4)
∂FαβF ρσ

∂L
∂Fαβ

∂L
∂Fρσ

. (2.47)

Correspondingly, each E(n)
µν splits as

E(6)
µν = EH(6)

µν + E IH(6)
µν , E(8)

µν = EH(8)
µν + E IH(8)

µν . (2.48)

Now it is useful to rewrite the terms coming from the homogeneous parts, EH (n)
µν , in terms

of the exactly-invariant tensor T̂µν . We recall that it is related to the Maxwell stress-energy
tensor Tµν by

Tµν = T̂µν + 1
2F〈µ|α

∂L
∂F
|ν〉
α

. (2.49)

Since LH
(6) and LH

(8) are built only out of the Maxwell stress-energy tensor Tµν , for the same
reason as before it follows that EH(6)

µν and EH(8)
µν depend on Fµν only through Tµν . Hence

we have

E(4)
µν (T ) = E(4)

µν (T̂+δT ) = E(4)
µν (T̂ ) + `2

2
δE(4)
µν

δTαβ
(T̂ ) ◦F〈α|σ

∂L(4)

∂F
|β〉
σ

+ `4

2
δE(4)
µν

δTαβ
(T̂ ) ◦F〈α|σ

∂L(6)

∂F
|β〉
σ

+`4

8
δ2E(4)

µν

δTαβδTρσ
(T̂ ) ◦ F〈α|λ

∂L(4)

∂F
|β〉
λ

◦ F〈ρ|γ
∂L(4)

∂F
|σ〉
γ

+O(`6) , (2.50)

EH(6)
µν (T ) = EH(6)

µν (T̂ ) + `2

2
δEH(6)
µν

δTαβ
(T̂ ) ◦ F〈α|σ

∂L(4)

∂F
|β〉
σ

+O(`4) , (2.51)

EH(8)
µν (T ) = EH(8)

µν (T̂ ) +O(`2) , (2.52)

where we have defined:

δ

δBµ1...µp
◦ Cµ1...µp = ∂

∂Bµ1...µp
Cµ1...µp + ∂

∂∇νBµ1...µp
∇νCµ1...µp

+ ∂

∂∇ν1∇ν2Bµ1...µp
∇ν1∇ν2Cµ1...µp + . . . ,

(2.53)
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being B and C arbitrary tensors. Taking into account that T̂µν = Tµν + O(`2), we can
express (2.50), (2.51) and (2.52) in the form:

E(4)
µν (T ) = E(4)

µν (T̂ ) + `2

2
δE(4)
µν

δTαβ
(T̂ ) ◦ F〈α|σ

∂L(4)

∂F
|β〉
σ

+ `4

2
δE(4)
µν

δTαβ
(T ) ◦ F〈α|σ

∂L(6)

∂F
|β〉
σ

+`4

8
δ2E(4)

µν

δTαβδTρσ
(T ) ◦ F〈α|λ

∂L(4)

∂F
|β〉
λ

◦ F〈ρ|γ
∂L(4)

∂F
|σ〉
γ

+O(`6) , (2.54)

EH(6)
µν (T ) = EH(6)

µν (T̂ ) + `2

2
δEH(6)
µν

δTαβ
(T ) ◦ F〈α|σ

∂L(4)

∂F
|β〉
σ

+O(`4) , (2.55)

EH(8)
µν (T ) = EH(8)

µν (T̂ ) +O(`2) , (2.56)

Let us further rewrite (2.54) as follows,

E(4)
µν (T ) = E(4)

µν (T̂ ) + `2

2
δE(4)
µν

δTαβ
(T ) ◦ F〈α|σ

∂L(4)

∂F
|β〉
σ

+ `4

2
δE(4)
µν

δTαβ
(T ) ◦ F〈α|σ

∂L(6)

∂F
|β〉
σ

−`
4

8
δ2E(4)

µν

δTαβδTρσ
(T ) ◦ F〈α|λ

∂L(4)

∂F
|β〉
λ

◦ F〈ρ|γ
∂L(4)

∂F
|σ〉
γ

+O(`6) , (2.57)

where we have replaced T̂ = T − δT in the O(`2) term and expanded in δT once again.
Now, taking into account the following identity,

δ

δTαβ
◦ F〈α|σA|β〉σ = 1

2
δ

δFαβ
◦ Aαβ , (2.58)

which is valid for any antisymmetric tensor Aαβ , we find that

Eµν = `2E(4)
µν (T̂ ) + `4

(
EH(6)
µν (T̂ ) + E IH(6)

µν (T ) + 1
4
δE(4)
µν

δFαβ
(T ) ◦

∂L(4)
∂Fαβ

)

+ `6
(
EH(8)
µν (T̂ ) + E IH(8)

µν (T ) + 1
4
δE(4)
µν

δFαβ
(T ) ◦

∂L(6)
∂Fαβ

− 1
16

δ2E(4)
µν

δFαβδFρσ
(T ) ◦

∂L(4)
∂Fαβ

◦
∂L(4)
∂F ρσ

+ 1
4
δEH(6)
µν

δFαβ
(T ) ◦

∂L(4)
∂Fαβ

)
+O(`8) , (2.59)

Finally, one can prove the following identities:

E IH(6)
µν (T ) + 1

4
δE(4)
µν

δFαβ
(T ) ◦

∂L(4)
∂Fαβ

= 0 , (2.60)

E IH(8)
µν (T ) + 1

4
δE(4)
µν

δFαβ
(T ) ◦

∂L(6)
∂Fαβ

− 1
16

δ2E(4)
µν

δFαβδFρσ
(T ) ◦

∂L(4)
∂Fαβ

◦
∂L(4)
∂F ρσ

+1
4
δEH(6)
µν

δFαβ
(T ) ◦

∂L(4)
∂Fαβ

= 0 . (2.61)

In order to show this, it is useful to take into account the following property,

δ∇µ1∇µ2Qν1...νp

δFαβ
◦ Aαβ = ∇µ1∇µ2

(
∂Qν1...νp

∂Fαβ
Aαβ

)
, (2.62)
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where Qν1...νp is an arbitrary tensor which depends algebraically on Fµν and where Aαβ
is any antisymmetric tensor. Let us illustrate how to use (2.62) to prove the first iden-
tity (2.60). On the one hand, since L(4) depends algebraically on the curvature, we have,
explicitly,

δE(4)
µν

δFαβ
◦
∂L(4)
∂Fαβ

= −P̂ (4)
(µ

ρσγRν)ρσγ + 1
2gµν

∂L(4)
∂Fαβ

∂

∂Fαβ

(
L(4) −

1
2Fρσ

∂L(4)
∂Fρσ

)

− 2
δ∇σ∇ρP (4)

(µ|σ|ν)ρ
δFαβ

◦
∂L(4)
∂Fαβ

= −P̂ (4)
(µ

ρσγRν)ρσγ − 2∇σ∇ρP̂ (4)
(µ|σ|ν)ρ

+ 1
2gµν

∂L(4)
∂Fαβ

∂

∂Fαβ

(
L(4) −

1
2Fρσ

∂L(4)
∂Fρσ

)
, (2.63)

where
P (4)µνρσ =

∂L(4)
∂Rµνρσ

, P̂ (4)µνρσ =
∂L(4)
∂Fαβ

∂P (4)µνρσ

∂Fαβ
. (2.64)

After some direct computations, we recognize at the last line of (2.63) the term−4E IH(6)
µν (T ),

so we prove (2.60). Showing that (2.61) holds is a more intricate task, but it can be done by
using (2.62) and following a completely analogous procedure to that of the proof of (2.60).
Consequently, we have shown that the Einstein’s equations can be written as

Eµν = `2E(4)
µν (T̂ ) + `4EH(6)

µν (T̂ ) + `6EH(8)
µν (T̂ ) +O(`8) , (2.65)

so that they are manifestly duality invariant to order `6. Thus, the conclusion is that
the invariance of the constitutive relation implies the invariance of Einstein’s equations, so
the conditions found in the previous subsection are necessary and sufficient in order for a
theory with algebraic dependence on the Riemann tensor to be duality invariant.

These results can be generalized to the case of theories that contain covariant deriva-
tives of the curvature. The proof of the invariance of Einstein’s equations in that case can
be obtained along similar lines, although it is slightly more technical and thus we include
it in appendix A.

3 All duality-invariant theories up to eight derivatives

The goal of this section is to obtain explicitly the Lagrangian of the most general duality-
invariant theory up to eight-derivative terms. For that, we are going to exploit the equa-
tions (2.33), (2.40) and (2.43). In addition, we will also assume that parity is preserved,
so that we will discard parity-breaking operators.

We start by analyzing the fourth-derivative terms. Since all the dependence of L(4)
on Fµν must be through the Maxwell stress-energy tensor Tµν , we observe that the most
general duality-invariant four-derivative Lagrangian takes the form

L(4) = α1TµνT
µν + α2R

µνTµν + α3X4 + α4R
µνRµν + α5R

2, (3.1)
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where X4 denotes the topological Gauss-Bonnet density, given by X4 = RµνρσR
µνρσ −

4RµνRµν + R2. Now we move into the most general six-derivative Lagrangian L(6). In
the previous section we decomposed it into a homogeneous part LH

(6) which takes the
functional form given at (2.43) and an inhomogeneous part LIH

(6) which is obtained from
the four-derivative Lagrangian and whose particular form we rewrite here:

LIH
(6) = −1

8
∂L(4)
∂Fαβ

∂L(4)
∂Fαβ

. (3.2)

Now, taking into account that
∂L(4)
∂Fρσ

= 4α1T
µ[ρFµ

σ] + 2α2R̂
µ[ρFµ

σ] , (3.3)

where R̂µν = R〈µν〉, we obtain the following expression for LIH
(6),

LIH
(6) = −2α2

1T
µ[ρFµ

σ]TνρF
ν
σ − 2α1α2T

µ[ρFµ
σ]R̂νρF

ν
σ −

1
2α

2
2R̂

µ[ρFµ
σ]R̂νρF

ν
σ . (3.4)

Once we have obtained the inhomogeneous part, we now write down the most general
homogeneous Lagrangian LH

(6) that preserves duality and parity. This can be seen to have
the following form:

LH
(6) = Rµναβ(6) TµνTαβ +Rµν(6)Tµν +R(6) , (3.5)

where Rµναβ(6) and Rµν(6) are tensors formed out of the curvature and R(6) is the general six-
derivative Lagrangian for the metric. After discarding trivial terms and total derivatives,
the general form of these quantities reads [45]

Rµναβ(6) = β1R
µανβ + β2R

µαgβν + β3Rg
µαgβν , (3.6)

Rµν(6) = β4Rαβγ
µRαβγν + β5R

ρµανRρα + β6R
µαRα

ν + β7RR
µν

+β8∇(µ∇ν)R+ β9∇2Rµν , (3.7)
R(6) = β10R

ρσµνRµν
ληRληρσ + β11RR

µνρσRµνρσ + β12R
µνRρσRµρνσ + β13R

µνRµαRν
α

+β14RR
µνRµν + β15R

3 + β16∇σR∇σR+ β17∇σRµν∇σRµν . (3.8)

The eight-derivative Lagrangian L(8) also decomposes in a homogeneous part LH
(8) and

an inhomogeneous one LIH
(8). This last piece was seen to be expressed in terms of the

lower-derivative Lagrangians L(4) and LH
(6) as

LIH
(8) = −1

4
∂L(4)
∂Fαβ

∂LH
(6)

∂Fαβ
+ 1

32
∂2L(4)

∂Fαβ∂F ρσ
∂L(4)
∂Fαβ

∂L(4)
∂Fρσ

. (3.9)

Taking into account that

∂LH
(6)

∂Fρσ
= 4TαβR̂αβν[ρ

(6) Fν
σ] + 2R̂ν[ρ

(6)Fν
σ] , (3.10)

∂2L(4)
∂FαβF ρσ

= 4α1F
α

[ρF
β
σ] − 2α1FρσF

αβ + 8α1T[ρ
[αδσ]

β] + α1F
2δ[ρ

[αδσ]
β]

+2α2R̂[ρ
[αδσ]

β] , (3.11)
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where a hat over Rαβνρ(6) means that we take its traceless part over each pair of indices, we
conclude that (2.40) is given by

LIH
(8) =− 4α1TαβR̂

αβν[ρ
(6) Fν

σ]TµρF
µ
σ − 2α2TαβR̂

αβν[ρ
(6) Fν

σ]R̂µρF
µ
σ − 2α1R̂ν[ρ

(6)Fν
σ]TµρF

µ
σ

− α2R̂ν[ρ
(6)Fν

σ]R̂µρF
µ
σ + 2α3

1TµαF
µ
βT

νρFν
σFα[ρF

β
σ] − α3

1TµαF
µ
βT

νρFν
σFρσF

αβ

+ 4α3
1TµαF

µ
βT

νρFν
σT[ρ

[αδσ]
β] + 1/2α3

1F
2Tµ[ρFµ

σ]TνρF
ν
σ

+ 2α2
1α2T

νρFν
σR̂µαF

µ
βF

α
[ρF

β
σ] − α2

1α2T
νρFν

σR̂µαF
µ
βFρσF

αβ

+ 4α2
1α2T

νρFν
σR̂µαF

µ
βT[ρ

[αδσ]
β] + α2

1α2TµαF
µ
βT

νρFν
σR̂

[α
[ρ δσ]

β]

+ 1/2α2
1α2F

2Tµ[ρFµ
σ]R̂νρF

ν
σ + 1/2α1α

2
2R̂µαF

µ
βR̂

νρFν
σFα[ρF

β
σ]

− 1/4α1α
2
2R̂µαF

µ
βR̂

νρFν
σFρσF

αβ + α1α
2
2R̂µαF

µ
βR̂

νρFν
σT[ρ

[αδσ]
β]

+ α1α
2
2T

νρFν
σR̂µαF

µ
βR̂

[α
[ρ δσ]

β] + 1/8α1α
2
2F

2R̂µ[ρFµ
σ]R̂νρF

ν
σ

+ 1/4α3
2R̂µαF

µ
βR̂

νρFν
σR̂

[α
[ρ δσ]

β] .

(3.12)

Finally, the homogeneous part LH
(8) must take the form (2.43) and hence it can be written as

LH
(8) = γ1(TµνTµν)2 + γ2T

ν
µ T α

ν T β
α T µ

β +Rµνρσαβ(8) TµνTρσTαβ

+Rµνρσ(8) TµνTρσ +Rµν(8)Tµν +R(8) . (3.13)

A list with all the possible tensors appearing in these expressions can be obtained from [45].
We get the following general expressions,

R(8)µνρσαβ = γ3Rµρναgσβ + γ4Rµνgραgσβ + γ5Rµρgανgσβ , (3.14)
R(8)µνρσ = γ6RµνRρσ + γ7RµρRνσ + γ8RR

µρνσ + γ9R
αβ

µρRαβνσ + γ10R
α
µ
β
νRαβρσ

+γ11R
α
µ
β
ρRανβσ + γ12∇µ∇ρRgνσ + γ13∇2Rµρgνσ + γ14RRµρgνσ + γ15R

α
µRαρgνσ

+γ16R
αβRαµβρgνσ + γ17R

αβγ
µRαβγρgνσ + γ18∇2Rgµρgνσ + γ19R

2gµρgνσ

+γ20R
αβRαβgµρgνσ + γ21R

αβληRαβληgµρgνσ , (3.15)
R(8)µν = γ22∇µ∇ν∇2R+ γ23∇2∇2Rµν + γ24R∇µ∇νR+ γ25Rµν∇2R+ γ26R

αβ∇α∇βRµν
+γ27R∇2Rµν + γ28R

αβ∇µ∇νRαβ + γ29R
αβ∇ν∇βRµα + γ30∇α∇µRRαν

+γ31∇ρ∇σRRρµσν + γ32∇2RρσRρµσν + γ33∇ρ∇µRαβRαρβν + γ34∇β∇ρRαµRαβρν
+γ35R

αβρσ∇µ∇νRαβρσ + γ36∇µRαβ∇νRαβ + γ37∇αRβµ∇αRβν + γ38∇βRαµ∇αRβν
+γ39∇ρRαβ∇νRαρβµ + γ40∇µR∇νR+ γ41∇αR∇νRµα + γ42∇αR∇αRµν
+γ43∇µRαβ∇βRαν + γ44∇σRαβ∇σRαµβν + γ45∇µRαβσλ∇νRαβσλ
+γ46∇λRαβσµ∇λRαβσν + γ47R

2Rµν + γ48RR
α
µRαν + γ49RµνR

αβRαβ

+γ50R
αβRαµRβν + γ51RR

αβRαµβν + γ52Rα
σRβµσν + γ53R

αβRσµRασβν

+γ54RR
αβσ

µRαβσν + γ55RµνR
αβλσRαβλσ + γ56R

α
µR

βρσ
αRβρσν

+γ57R
αβRρσαµRρσβν + γ58R

αβRα
ρ
β
σRρµσν + γ59R

αβRρα
σ
µRρβσν

+γ60R
αβρσRαβ

λ
µRρσλν + γ61R

αβρσRα
λ
ρµRβλσν + γ62R

αβρσRαβρ
λRσµλν .

On the other hand, the list of the eight-derivative curvature invariants appearing in R(8)
can also be checked in [45].
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Let us note that here and also in the case of LH
(6) we are including a set of densities that

spans the set of all duality-invariant Lagrangians, but they may be not linearly independent.
Even though we are removing redundant terms in the Rµ1µ2...

(n) tensors following [45], the
densities formed by contracting these tensors with Tµν may still be linearly dependent
or be related up to total derivatives. The determination of a linearly independent set of
generating densities for the Lagrangians LH

(6) and LH
(8) may be carried out elsewhere.

4 Linear theories

As we have seen, any duality-invariant modification of Einstein-Maxwell theory requires
the introduction of an infinite tower of higher-derivative terms, due to the non-linearity of
this symmetry. Finding these terms becomes very hard and there seems to be no simple
way of obtaining a formula for the n-th order density. Thus, here we focus on a subset of
these theories that have a simpler form: those with linear Maxwell equations.

Let us consider the action

S = 1
16πG

∫
d4x

√
|g|
[
R− χµνρσFµνFρσ

]
, (4.1)

where χµνρσ is a tensor built out of the metric and the Riemann tensor. Without loss of
generality, we can assume that it has the symmetries

χµνρσ = −χνµρσ = −χµνσρ = χρσµν . (4.2)

Then, we are going to show that the equations of motion of this theory are invariant under
duality rotations if and only if

(?χ) αβ
µν (?χ) ρσ

αβ = −δ [ρ
[µ δ

σ]
ν] , (4.3)

where
(?χ) αβ

µν = 1
2εµνλγχ

λγαβ . (4.4)

Let us prove that (4.3) is indeed a necessary condition for duality invariance. For that,
we start with the constitutive relation, which can be written as

? Hµν = −χ αβ
µν Fαβ . (4.5)

If we consider the SO(2) transformation which sends H → −F and F → H, duality
invariance then requires:

? Hµν = −χ αβ
µν Fαβ , ?Fµν = χ αβ

µν Hαβ . (4.6)

Applying the star operator in both sides,

Hµν = −(?χ) αβ
µν Fαβ , Fµν = (?χ) αβ

µν Hαβ . (4.7)

Substituting the second equation into the first one,

Hµν = −(?χ) αβ
µν (?χ) ρσ

αβ Hρσ , (4.8)
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so (4.3) must hold. In order to prove sufficiency, we must ensure that the constitutive
relation and the Einstein’s equations remain invariant. The constitutive relation is easily
seen to be invariant, since the equation (4.5) together with its inverse can be written in a
manifestly duality-invariant way as follows:

σABFBµν = (?χ) αβ
µν FAαβ (4.9)

where FA is the vector of 2-forms
FA =

(
F

H

)
(4.10)

and σAB is the symplectic matrix

σAB =
(

0 1
−1 0

)
(4.11)

The SO(2) invariance of this equation follows from that of σAB , and also note that the
equation is consistent because both operators σAB and (?χ) αβ

µν satisfy that their square
is minus the identity.

Let us now show that the Einstein’s equations are invariant as well. Since we are
assuming that χ depends algebraically on the curvature, these can be written as

Gµν = P ρσγ
(µ Rν)ρσγ + 2∇σ∇ρP(µ|σ|ν)ρ −

1
2gµν(χαβρσFαβFρσ) + 2F(µ|αχ

αρσ
|ν) Fρσ , (4.12)

where
Pµνρσ = ∂χαβγλ

∂Rµνρσ
FαβFγλ . (4.13)

The two last terms can be arranged in a duality-invariant fashion as

− 1
2gµν(χαβρσFαβFρσ) + 2F(µ|αχ

αρσ
|ν) Fρσ = −2F〈µ|α ? H α

|ν〉 = −σABFA〈µ|α ? FB α
|ν〉 ,

(4.14)
where σAB has the same matrix form as σAB. On the other hand, the tensor Pµνρσ is also
invariant. To see this, let us first rewrite it as follows,

Pµνρσ = −∂χ
αβγλ

∂Rµνρσ
(?χ) τε

γλ FαβHτε (4.15)

where we are using the inverse of (4.5). Now, differentiating (4.3) with respect to the
curvature, it follows that

∂(?χ) γλ
αβ

∂Rµνρσ
(?χ) τε

γλ + (?χ) γλ
αβ

∂(?χ) τε
γλ

∂Rµνρσ
= 0 , (4.16)

which is equivalent to

∂χαβγλ

∂Rµνρσ
(?χ) τε

γλ + ∂χτεγλ

∂Rµνρσ
(?χ) αβ

γλ = 0 . (4.17)
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This allows us to write the tensor P in a manifestly duality-invariant form

Pµνρσ = −1
2
∂χαβγλ

∂Rµνρσ
(?χ) τε

γλ σABFAαβFBτε = 1
2
∂χαβγλ

∂Rµνρσ
FAαβFAγλ , (4.18)

where in the last equality we used (4.9) and (4.3) in order to simplify the result. In sum,
all the equations can be written as

Gµν =− σABFA〈µ|α ? FB|ν〉α + 1
2R

(µ
ρσγ

∂χαβλτ

∂Rν)ρσγ
FAαβFAλτ

+∇σ∇ρ
(

∂χαβλτ

∂R(µ|σ|ν)ρ
FAαβFAλτ

)
, (4.19)

σABFBµν = (?χ) αβ
µν FAαβ , (4.20)

dFA = 0 . (4.21)

Thus, we have proven that any tensor χµνρσ satisfying (4.3) defines a duality-invariant
theory given by (4.1). To complete this section, let us characterize the tensors satisfying
that property. First, we note that, making use of the properties of the Levi-Civita tensor,
the equation (4.3) can be rewritten as

6χ αβ
[αβ χ ρσ

µν] = δ
[ρ

[µ δ
σ]

ν] . (4.22)

This is a quadratic tensor equation that admits infinitely many solutions that cannot be
written explicitly. However, since we are interested in theories that reduce to Einstein-
Maxwell’s at low energies, the tensor χµνρσ should reduce to the indentity when the cur-
vature is small, and we can expand it as

χ ρσ
µν = δ

[ρ
[µ δ

σ]
ν] +

∞∑
n=1

`2nχ(n) ρσ
µν , (4.23)

where ` is a length scale and each χ(n) ρσ
µν contains 2n derivatives of the metric. Inserting

this expansion in the equation above yields the following relation for the n-th order tensor

6χ(n) αβ
[αβ δ ρ

µ δ σ
ν] + 6χ(n) ρσ

[µν δ α
α δ β

β] + 6
n−1∑
p=1

χ
(p) αβ

[αβ χ
(n−p) ρσ

µν] = 0 , (4.24)

and after expanding the antisymmetrization in the first two terms, we can write this as
follows,

2χ(n) ρσ
µν − 4χ(n) α[ρ

α[µ δ
σ]

ν] + χ
(n) αβ

αβ δ ρ
[µ δ σ

ν] = −6
n−1∑
p=1

χ
(p) αβ

[αβ χ
(n−p) ρσ

µν] . (4.25)

Now, this is an inhomogeneous linear tensor equation for χ(n) ρσ
µν , and so, the general

solution can be expressed as the sum of a particular solution plus the general solution of
the associated homogeneous equation. The latter reads

2χ (n) ρσ
h µν − 4χ (n) α[ρ

h α[µ δ
σ]

ν] + χ
(n) αβ

h αβ δ ρ
[µ δ σ

ν] = 0 , (4.26)
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and taking the trace in νσ we have

1
2χ

(n) αβ
h αβ δ ρ

µ = 0 . (4.27)

Therefore, we have χ (n) αβ
h αβ = 0 and the general solution of the homogeneous equation

can be expressed as

χ
(n) ρσ

h µν = T (n) [ρ
[µ δ

σ]
ν] , where T (n) µ

µ = 0 . (4.28)

This is, the solution is characterized by an arbitrary traceless (and symmetric) tensor T (n)
µν .

Now, coming back to the inhomogeneous equation, we realize that, since the trace of the
left-hand-side of (4.25) is proportional to the identity, a necessary condition in order for a
solution to exist is that

n−1∑
p=1

χ
(p) αβ

[αβ χ
(n−p) ρν

µν] ∝ δ ρ
µ . (4.29)

However, this is guaranteed by the following property satisfied by all tensors Q(1)
µνρσ and

Q(2)
µνρσ which are antisymmetric in the indices {µν} and {ρσ}:

Q(1)
[αβ

αβQ(2)
µλ]ν

λ +Q(2)
[αβ

αβQ(1)
µλ]ν

λ = 1
2Q

(1)
[αβ

αβQ(2)
γλ]

γλgµν . (4.30)

This property is proven by expanding the antisymmetrization in the identity
Q(1)

[αβ
αβQ(2)

γλ
γλgµ]ν = 0. Since the summation in (4.29) is symmetric in the exchange of

χ(p) and χ(n−p) and every such χ(p) and χ(n−p) have the required symmetries for (4.30) to
hold, we conclude that (4.29) is always satisfied.

Hence, taking into account (4.30), one can see that the general solution to (4.25) reads,

χ(n) ρσ
µν = T (n) [ρ

[µ δ
σ]

ν] − 3
n−1∑
p=1

χ
(p) αβ

[αβ χ
(n−p) ρσ

µν] , (4.31)

and thus it is determined by a set of traceless symmetric tensors {T (n)
µν }n≥1. Once these

tensors are specified, one can compute the tensor χ ρσ
µν at arbitrary orders by using this

recursive relation. Note that even when the set of non-vanishing T (n)
µν tensors is finite,

the series contains always an infinite number of terms. Even though there seems to be no
simple way of writing the general term in this expansion, at least we have a systematic way
of computing terms of arbitrarily high order — a task that becomes much more involved
in theories that are non-linear in F .

5 Field redefinitions

In section 2, we obtained the most general duality-invariant action up to the eight derivative
level. This can be understood as the truncation of an exactly duality-invariant theory that
necessarily contains an infinite tower of higher-derivative terms. But at the same time, it
can be interpreted as the effective field theory of some underlying UV-complete theory that
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respects electromagnetic duality. From this point of view, it is very natural to consider
field redefinitions of the metric and vector fields, since these correspond simply to different
choices of renormalization schemes of the hypothetical quantum theory, leaving the physics
invariant. One is of course free to redefine the variables of any given theory, and if the
original theory possess a symmetry, so must the transformed one. However, if the change of
variables is not invariant under that symmetry, then the new action will not be manifestly
symmetric. The goal of this section is to investigate this question in the case of the
duality-invariant theories under consideration. We would like to find field redefinitions
that map these theories into other of the same class, with the final aim of removing as
many parameters as we can from the Lagrangian.

Let us start by writing down our duality-invariant action up to the six-derivative level

S = 1
16πG

∫
d4x

√
|g|
{
R− F 2 + `2L(4) + `4

(
LH

(6) −
1
8
∂L(4)
∂Fαβ

∂L(4)
∂Fαβ

)
+O(`6)

}
, (5.1)

where we recall that L(4) reads

L(4) = α1TµνT
µν + α2TµνR

µν + α3X4 + α4RµνR
µν + α5R

2 , (5.2)

and LH
(6) is given by (3.5). Let us then consider a redefinition of the metric of the form

gµν → gµν + `2hµν , (5.3)

where hµν is some symmetric 2-derivative tensor. Performing such field redefinition, ex-
panding in powers of `2, and neglecting total derivatives, the action S undergoes the
transformation

S′ = S + 1
16πG

∫
d4x

√
|g|
{
− `2hµν(Gµν − 2Tµν) + `4

[1
8
(
2hαβhαβ − h2

)
(R− F 2)(

hµαhνα−
1
2hh

µν
)

(Gµν−2Tµν)− hµνhαβFµαFνβ −
1
4∇µhαβ∇

µhαβ + 1
4∇µh∇

µh

+ 1
2∇µh

αβ∇βh µ
α −

1
2∇µh

µα∇αh− hµν
(
Rλµ

∂L(4)
∂Rνλ

+ 1
2gµν∇

α∇β
∂L(4)
∂Rαβ

−∇α∇µ
∂L(4)
∂Rνα

+ 1
2∇

2∂L(4)
∂Rµν

− 1
2gµνL(4) + Fµα

∂L(4)
∂F να

)]}
. (5.4)

Then, the idea is to choose a tensor hµν that simplifies the Lagrangian. Note that, in
the four-derivative Lagrangian, the redefinition introduces terms proportional to Tµν , and
this allows one to remove all the terms depending on the Maxwell stress tensor. This is
achieved by the redefinition

hµν = −α1
2 Tµν −

α1 + 2α2
4 R̂µν + σRgµν , (5.5)

where R̂µν = Rµν − 1
4gµνR and σ is a free parameter. This has the following effect on L(4):

L′(4) = α3X4 + α′4RµνR
µν + α′5R

2 , (5.6)
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where

α′4 = α4 + α1
4 + α2

2 , α′5 = α5 −
α1
16 −

α2
8 + σ . (5.7)

In this way, we have removed all the terms containing field strengths in the four-derivative
Lagrangian, and hence, the new theory is obviously duality-invariant at that order. How-
ever, this redefinition also affects the 6- and higher-derivative Lagrangians, so we must
investigate if duality is also preserved at that higher orders. Let us note that, in this
new frame, the Maxwell stress tensor Tµν is invariant to order `2 under a duality rotation
due to the absence of field strengths in L(4). Thus, it follows that the redefinition (5.3)
is invariant to order `4, and hence once would expect the transformed theory to be also
duality-invariant at that order. We recall that the presence of terms with Tµν in L(4) in-
duces inhomogenous terms in L(6) that are required by duality. Now, since the redefinition
removes the terms with Tµν in L(4), our intuition is that it should also remove the inhomo-
geneous terms associated with these, since otherwise duality symmetry would be broken.
In fact, this is almost exactly what happens.

After a somewhat lengthy computation, we arrive at the following expression for the
transformed action up to O(`4):

S′ = 1
16πG

∫
d4x

√
|g|
{
R− F 2 + `2

(
α3X4 + α′4RµνR

µν + α′5R
2
)

+

`4
((
LH

(6)

)′
+O (∇T )− α2

1
64EµνE

〈µν〉F 2 − α2
1

16E
〈µν〉E〈αβ〉FαµFβν

)
+O(`6)

}
, (5.8)

where Eµν = Gµν − 2Tµν are the zeroth order equations of motion. Here,
(
LH

(6)

)′
is the ho-

mogeneous duality-invariant Lagrangian (3.5) with renormalized couplings, while O (∇T )
represents new terms that, besides depending on the curvature and the Maxwell stress
tensor, also contain derivatives of the latter. These terms were not included in the original
action because, as we argued, they cannot arise in the truncation of a theory that is exactly
invariant under duality rotations. However, the field redefinitions we are considering are
defined only perturbatively and they generically introduce this type of terms, which indeed
preserve duality in a perturbative sense. In any case, as we show below, one can easily
get rid of them. Thus, the only problematic terms are those that depend explicitly on the
field strength. Apparently, these terms break duality invariance, but a closer look reveals
that this is not so. Indeed, since they are proportional to the square of the zeroth-order
equations of motion, this implies that, on-shell, their contribution is of order `6, and hence
the equations of the new theory are actually invariant under duality rotations at order `4.
Moreover, we can simply remove those terms from the action by performing an additional
redefinition of the metric,

gµν → gµν + `4h(4)
µν . (5.9)
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This yields,

S′′ = 1
16πG

∫
d4x

√
|g|
{
R− F 2 + `2

(
α3X4 + α′4RµνR

µν + α′5R
2
)

+

`4
((
LH

(6)

)′
+O (∇T )− α2

1
64EµνE

〈µν〉F 2− α2
1

16E
〈µν〉E〈αβ〉FαµFβν − Eµνh(4)

µν

)
+O(`6)

}
,

(5.10)

so that, by choosing,

h(4)
µν = −α

2
1

64E〈µν〉F
2 − α2

1
16E

〈αβ〉Fα〈µ|Fβ|ν〉 , (5.11)

we cancel those terms. Note that, again, this redefinition is of order `6 on-shell, and hence it
is trivially invariant at order `4. In fact, it makes sense that duality invariance is preserved
only on-shell, since this is a symmetry of the equations of motion, not of the action.

We can now perform additional O(`4) redefinitions in order to simplify the six-
derivative Lagrangian. Since these introduce terms of the form Gµνh

(4)
µν − 2Tµνh(4)

µν , this
means that we can remove all the terms depending on the stress-energy tensor Tµν , or more
precisely, we can simply perform the replacement Tµν → Gµν/2. Note that this works, too,
for the terms that contain derivatives of Tµν , since, by integration by parts, it is always
possible to remove the derivatives from one stress-energy tensor, and then the replacement
above can be applied. Since all the pure-metric higher-derivative terms were already in-
cluded in the original action, these redefinitions have the only effect of renormalizing their
couplings while removing the dependence on Tµν — and hence, Fµν — in the six-derivative
Lagrangian.

Thus, we have reached a quite remarkable result: to the six-derivative level, the most
general duality-invariant extension of Einstein-Maxwell theory is equivalent to the most
general higher-order gravity minimally coupled to Maxwell theory. Explicitly, the ac-
tion reads3

S′′′ = 1
16πG

∫
d4x

√
|g|
{
R− F 2 + `2

(
α3X4 + α′4RµνR

µν + α′5R
2
)

+

`4
(
β1R

ρ σ
µ ν R α β

ρ σ R µ ν
α β + β2R

ρσ
µν R αβ

ρσ R µν
αβ + β3RµνρσR

µνρ
αR

σα

+β4RµνρσR
µνρσR+ β5RµνρσR

µρRνσ + β6R
ν
µ R ρ

ν R
µ
ρ + β7RµνR

µνR

+β8R
3 + β9∇σRµν∇σRµν + β10∇µR∇µR

)
+O(`6)

}
, (5.12)

where we are including all the six-derivative Riemann invariants modulo total deriva-
tives [45]. However, we can still decrease the number of terms in this action. To begin
with, not all the cubic invariants are independent, since they satisfy two constraints [45],
and this allows us to set, for instance β1 = β3 = 0. On the other hand, there are residual
redefinitions of the metric that cancel some of these curvature terms without introducing

3Note that the numbering in the βi couplings is different from the one used in section 3.
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field strengths. In the four-derivative Lagrangian, we recall that α′5 is given by (5.7), where
σ is arbitrary. Thus, we are free to choose σ = −α5 + α1

16 + α2
8 , so that α′5 = 0. In the

case of the six-derivative terms, notice that a redefinition of the form gµν → gµν(1+ `4h(4))
adds the term `4h(4)R to the Lagrangian. Hence, we can cancel all the terms that contain
at least one Ricci scalar, and thus we can set β4 = β7 = β8 = β10 = 0. Finally, since we
can transform all Ricci tensors into Maxwell stress-energy tensors via metric redefinitions
(up to terms that involve Ricci scalars, and that hence can be removed), we have the map

R ν
µ R ρ

ν R
µ
ρ → 8T ν

µ T ρ
ν T µ

ρ = 0 . (5.13)

Therefore, we can also set β6 = 0. In sum, the action is simplified to4

S = 1
16πG

∫
d4x

√
|g|
{
R− F 2 + `2 (α1X4 + α2RµνR

µν) +

`4
(
β1R

ρσ
µν R αβ

ρσ R µν
αβ + β2RµνρσR

µρRνσ + β3∇σRµν∇σRµν
)

+O(`6)
}
, (5.14)

and it only contains five independent operators, of which one is topological. Thus, duality
invariance together with field redefinitions is a powerful tool that removes most of the
higher-order terms one can include in the action.

One may wonder if this result extends to even higher-derivative terms. As we have
discussed, at order n, the Lagrangian of a duality-invariant theory can be decomposed as
L(2n) = LH

(2n) + LIH
(2n), where LH

(2n) contains new independent terms that depend on Fµν

only through Tµν , and LIH
(2n) is determined by the lower-order Lagrangians. Now, if up

to order n − 1 we have been able to cancel all the higher-order terms containing Fµν via
field redefinitions, we expect that those redefinitions also cancel LIH

(2n) up to terms which
are duality-invariant at that order, and that hence depend on Tµν . This is precisely what
happened with LIH

(6) when we performed the redefinition that cancels the F -dependent
terms in L(4). If this is the case, then the corresponding transformed Lagrangian L′(2n) will
depend on Fµν only through Tµν and therefore there is an additional metric redefinition
of 2n − 2 derivatives that maps that Lagrangian into a pure gravity one. By induction,
one would conclude that this process can be carried out to all orders. As we have seen,
things are not so simple, since in this process of field redefinitions duality is only preserved
on-shell, which adds some additional complications to the argument. Still, the evidence
gathered so far makes us confident to propose the following

Conjecture 1 Any duality-invariant theory that allows for a derivative expansion around
Einstein-Maxwell theory is perturbatively equivalent to Maxwell theory minimally coupled
to a higher-derivative gravity at any order in the derivative expansion.

As a further support of this conjecture it would interesting to carry out the explicit com-
putation for the eight-derivative terms, although this is a highly challenging task that
entails the computation of the third variation of the Einstein-Maxwell action as well as

4With respect to (5.12), we are relabeling the couplings as α3 → α1, α′
4 → α2, β2 → β1, β5 → β2 and

β9 → β3.
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the second variation of the Lagrangian L(4). Interestingly, if the conjecture holds, then it
means that, when coupled to Einstein gravity, non-linear duality invariant electromagnetic
theories such as Born-Infeld theory are in fact perturbatively equivalent to Maxwell theory
coupled to higher-derivative gravity. Another interesting question is whether one can find
a fully non-perturbative equivalence.

Let us close this section with a few additional comments. In our approach to field
redefinitions we have not included a cosmological constant since it introduces a new length
scale besides `. This makes the computations more involved since now a redefinition of order
n affects linearly the Lagrangians of order n and n+ 1 and new scales Λ`2n are generated.
However, upon the assumption that Λ`2 � 1 we believe our qualitative results for the
asymptotically flat case can be applied as well — see [46] for an argument in a similar
situation. Finally, we have been able to map any duality-invariant action to a theory
that only contains metric higher-derivative terms, so one may wonder if one can make an
analogous transformation to a frame in which the theory takes the form of Einstein gravity
coupled to non-linear electrodynamics. However, this is not the case since terms that
depend explicitly on the Riemann curvature such as R ρσ

µν R αβ
ρσ R µν

αβ or RµναβTµαTνβ
cannot be mapped into terms containing only field strengths. Therefore, the action (5.14)
represents possibly the simplest form for a general six-derivative duality-invariant theory.

6 Black holes

As a final application of our results, in this section we study the spherically symmetric black
hole solutions of (5.14), which, as we have shown, is equivalent to the most general duality-
invariant theory to the six-derivative level. A general static and spherically symmetric
ansatz can be written as

ds2 = −N(r)2f(r)dt2 + dr2

f(r) + r2
(
dθ2 + sin2 θdφ2

)
, (6.1)

A = At(r)dt− p cos θdφ , (6.2)

where N(r), f(r) and At(r) are functions and p is a constant. The field strength F then
reads

F = −A′t(r)dt ∧ dr + p sin θdθ ∧ dφ , (6.3)

and the Maxwell’s equations, which do not receive any corrections, read simply d ? F = 0.
The magnetic part of F automatically satisfies this equation, while At satisfies

d

dr

(
r2A′t
N

)
= 0 , ⇒ A′t = −Nq

r2 , (6.4)

where q is an integration constant. This fully characterizes the field strength in terms of
the parameters q and p, which are the electric and magnetic charges as defined by

q = 1
4π

∫
Σ
?F , p = 1

4π

∫
Σ
F , (6.5)
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where Σ is any surface that encloses r = 0. Finally, Einstein’s equations can be easily
solved if one assumes a perturbative expansion of the functions N(r) and f(r) as

N(r) =
∞∑
n=0

Nn(r)`2n , f(r) =
∞∑
n=0

fn(r)`2n . (6.6)

In this way, at each order the functions {fn, Nn} with n > 0 satisfy the inhomogeneous
linearized Einstein’s equations, whose resolution is straightforward. The integration con-
stants in this process are fixed so that N(r → ∞) = 1 and f(r → ∞) = 1 − 2M/r + . . ..
Then, the result reads

N(r)2 = 1 + 2`2Q2α2
r4 + `4

(
Q2α2

2

(
−80Q2

r8 + 128M
r7 − 48

r6

)
+Q2β2

(
−60Q2

r8 + 32M
r7

)

+β1

(
−612Q4

r8 + 4992MQ2

7r7 − 216M2

r6

)
+Q2β3

(
−150Q2

r8 + 192M
r7 − 48

r6

))
,

(6.7)

f(r)= 1− 2M
r

+ Q2

r2 + `2Q2α2

(
−12Q2

5r6 + 6M
r5 −

4
r4

)

+ `4
[
α2

2Q
2

1408Q4

15r10 −
351MQ2

r9 +
320M2 + 1192Q2

7
r8 − 304M

r7 + 72
r6


+ β1

1724Q6

3r10 − 1884MQ4

r9 +
11064M2Q2

7 + 672Q4

r8 − 8
(
49M3+96MQ2)

r7 + 216M2

r6


+ β2Q

2
(

521Q4

9r10 −
158MQ2

r9 + 72M2 + 68Q2

r8 − 40M
r7

)

+ β3Q
2

1472Q4

9r10 − 566MQ2

r9 +
464M2 + 1752Q2

7
r8 − 384M

r7 + 72
r6

] , (6.8)

where
Q =

√
q2 + p2 . (6.9)

This solution obviously reduces to the (dyonic) Reissner-Nordström solution when all the
couplings are set to zero. Note also that in the case of vanishing charge the only non-
trivial correction is the one associated to β1, since the rest of the interactions involve Ricci
curvature. Let us now study some properties of this solution. When the charge-to-mass
ratio is small enough, it represents a black hole, whose horizon r+ corresponds to the
largest root of the equation f(r+) = 0. Since near extremality the zeroth-order solution
has a double root, one has to be careful when studying the solutions to the corrected
equation. Thus, let us first consider the case in which we are far from extremality, meaning
that 0 < M2−Q2 � `2. Note that, if Q� `, this condition still allows us to get relatively
close to extremality, in the sense that we can have M2 − Q2 � Q2, but not too close. In
this regime the horizon radius receives corrections of order `2, and it is not difficult to solve
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the equation f(r+) = 0 perturbatively in ` in order to get

r+ = M(1 + ζ) + `2
(
1 + 3ζ − 4ζ2)α2
5Mζ(1 + ζ)2 − `4(1− ζ)2 (21 + 147ζ + 773ζ2 + 1984ζ3)α2

2
1050M3ζ3(1 + ζ)5

+ 2`4
(
4− 39ζ + 336ζ2 − 511ζ3)β1

21M3ζ(1 + ζ)5 + `4(1− ζ)(−1 + 7ζ)(−1 + 13ζ)β2
18M3ζ(1 + ζ)5

+ `4(1− ζ)(5 + ζ(35 + 464ζ))β3
63M3ζ(1 + ζ)5 +O(`6) , (6.10)

where ζ is the “extremality parameter”

ζ =

√
1− Q2

M2 , (6.11)

which ranges from 1 in the uncharged case to (near) 0 at extremality. Note that the
corrections seem to diverge when ζ → 0, but this is only because the assumption that the
corrections are of order `2 is no longer correct. Indeed, when M2 − Q2 ∼ `2 one can see
that the leading correction to r+ is of order ` rather than `2. Thus, the expression above
is reliable for ζ & `/M , which can in fact be very small.

Let us then study what happens exactly at extremality. This is achieved when r+ is a
double root of f , and hence we also have the condition f ′(r+) = 0. We find that the radius
and mass at extremality read

rext
+ = Q− 3`4(4β1 + β2)

2Q3 +O(`6) , (6.12)

M ext = Q− α2`
2

5Q − `4(3α2
2 + 48β1 + 7β2 + 10β3)

126Q3 +O(`6) . (6.13)

6.1 Black hole thermodynamics

Once we have found perturbatively the most general static and spherically solution to
the theory defined by (5.14), our next objective is to study the thermodynamics of the
corresponding black hole solutions. To this aim, we are interested in several physical
magnitudes, namely: the black hole mass M , its temperature T , its entropy S, and the
electric and “magnetic” potentials at the horizon, Φ(r+) and Ψ(r+) respectively.5 For
convenience, we shall express all these quantities in terms of r+ and Q.

We begin by obtaining the black hole mass as a function M = M(r+, Q). This can be
done by imposing the condition f(r+) = 0, and one gets

M= r+
2 + Q2

2r+
+ Q2(3Q2 − 5r2

+)α2`
2

10r5
+

+ α2
2Q

4`4

84r9
+

(7Q2 − 9r2
+)

+ β1`
4

42r9
+

(−445Q6 + 909Q4r2
+ − 585Q2r4

+ + 105r6
+)− Q2β2`

4

18r9
+

(28Q4 − 45Q2r2
+ + 18r4

+)

− Q2β3`
4

126r9
+

(217Q4 − 459Q2r2
+ + 252r4

+) +O(`6) . (6.14)

5It is also possible to compute the on-shell action, which can be seen to be invariant under rotations of
the electric and magnetic charges when appropriate boundary terms are included [47].
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The black hole temperature is given by the general formula

T = f ′(r+)N(r+)
4π , (6.15)

and when expressed in terms of r+ and Q yields the following result,

T = r2
+ −Q2

4πr3
+

+ Q2(r2
+ −Q2)α2`

2

4πr7
+

− Q4α2
2`

4

8πr11
+

(r2
+ −Q2)

+ 3β1`
4

28πr11
+

(109Q6 − 147Q4r2
+ + 73Q2r2

+ − 7r6
+) + β2Q

2`4

4πr11
+

(7Q4 − 6Q2r2
+ + 2r4

+)

+ β3Q
2`4

4πr11
+

(7Q4 − 11Q2r2
+ + 4r4

+) +O(`6) . (6.16)

Our next goal is the computation of the black hole entropy. According to the Iyer-Wald
prescription [48, 49], the entropy S of a black hole arising as a solution of a theory with
Lagrangian density L is given by

S = −2π
∫

Σ
volΣ

δL
δRµνρσ

εµνερσ , (6.17)

where Σ is the bifurcation surface of the horizon and volΣ its (induced) volume form.
Similarly, εµν denotes the binormal to the Σ, which is nothing else than the components
of the volume form in the orthogonal space to the horizon, and

δL
δRµνρσ

= ∂L
∂Rµνρσ

−∇α
∂L

∂∇αRµνρσ
+ . . . (6.18)

is the functional derivative of the Lagrangian with respect to the Riemann tensor. From
the spherical symmetry of the black hole horizon, it follows that we just have to work out
the component δL

δRtrtr
, which reads:

δL
δRtrtr

∣∣∣∣∣
Σ

=− 1
32π −

α1`
2

8πr2
+

+ α2`
2Q2

8πr4
+

+ α1α2`
4Q2

4πr6
+

+ α2
2`

4Q2

4πr8
+

(−3Q2 + 2r2
+)

+ β1`
4

πr8
+

(
−1252Q4

112 + 519Q2r2
+

56 −
33r4

+
16

)
+ β2`

4Q2

8πr8
+

(
−51

4 Q
2 + 5r2

+

)

+ β3`
4Q2

16πr8
+

(−31Q2 + 32r2
+) .

(6.19)

After these computations, direct application of the Iyer-Wald formula (6.17) yields

S = πr2
+ + 4πα1`

2 − 2πQ2α2`
2

r2
+

+ 12πβ1`
4

r6
+

(r2
+ − 2Q2)2 + πQ2β2`

4

r6
+

(7Q2 − 4r2
+)

+ 8πQ2β3`
4

r6
+

(Q2 − r2
+) +O(`6) . (6.20)

While the Gauss-Bonnet term, being topological, does not affect at all to the equations of
motion of the theory, we observe that it does contribute to the corresponding black hole
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entropy by introducing a constant term which, in turn, does not have any influence on the
first law of black hole thermodynamics.

Let us finally compute the electrostatic and magnetic potentials at the horizon, Φ(r+)
and Ψ(r+). These are defined by

F = d(Φ(r)dt)− ?d(Ψ(r)dt) , (6.21)

and comparing to (6.3), we have that

Φ(r) = qχ(r) , Ψ(r) = pχ(r) , where χ′(r) = N(r)
r2 . (6.22)

Imposing both Φ(r) and Ψ(r) to vanish at infinity, and using the perturbative expression
for N(r) found in (6.7), we encounter

χ(r) = 1
r

+ Q2α2`
2

5r5 + Q2α2
2`

4

14r9 (−63Q2 + 16(7M − 3r)r) + 2Q2β2`
4

3r9 (−5Q2 + 3Mr)

− 2β1`
4

7r9 (119Q4 − 156MQ2r + 54M2r2)

− Q2β3`
4

21r9 (175Q2 + 36r(−7M + 2r)) +O(`6) . (6.23)

Evaluation at the black horizon yields:

χ(r+) = 1
r+

+ Q2α2`
2

5r5
+
− Q2α2

2`
4

14r9
+

(7Q2 − 8r2
+)− β1`

4

7r9
+

(109Q4 − 102Q2r2
+ + 27r4

+)

+ Q2β2`
4

3r9
+

(3r2
+ − 7Q2) + Q2β3`

4

21r9
+

(−49Q2 + 54r2
+) +O(`6) .

(6.24)

Making use of (6.14), (6.20), (6.16) and (6.24) we observe that the following identities hold:

∂M

∂r+
= T

∂S

∂r+
,

1
Q

∂M

∂Q
= T

Q

∂S

∂Q
+ χ(r+) . (6.25)

From this, it immediately follows that the first law of black hole thermodynamics,

dM = TdS + Φ(r+)dq + Ψ(r+)dp , (6.26)

is identically satisfied.

6.2 Constraints from the weak gravity conjecture

The string swampland program [50] aims at finding universal features of low-energy effective
theories with a consistent UV completion, so that one can discard those that do not satisfy
those properties. In this respect, one of the most successful proposals is that of the weak
gravity conjecture (WGC) [51], which has recently motivated the study of higher-derivative
corrections to charged extremal black holes [42–44, 52–58].

– 27 –



J
H
E
P
0
8
(
2
0
2
1
)
0
4
2

Corrections to the charge-to-mass ratio. Let us briefly review how the weak gravity
conjecture can be used to constrain effective gravitational theories. A heuristic form of this
conjecture states that all black holes, including extremal ones, should be able to decay. In
order for (near-) extremal black holes to decay, it follows that there must exist a particle
with a charge-to-mass ratio larger than the one of a extremal black hole — otherwise the
black hole cannot be discharged due to the extremality bound in GR: M ≥ |Q|. However,
in the presence of higher-derivative corrections, the extremal charge-to-mass ratio is not a
constant but a function of the charge, and hence this statement depends on the size of the
black hole. To see this, let us consider an extremal black hole with electric charge Q and
massMext(Q), and let us assume that it discharges by emitting a particle with charge q and
massm. The resulting black hole will have mass and chargeM ′ = Mext(Q)−m, Q′ = Q−q,
but, on account of the extremality bound, the mass must satisfy M ′ ≥ Mext(Q′). Then,
assuming that q � Q, one can see that this condition is satisfied only if

m

q
≤ dMext

dQ
. (6.27)

This provides the bound on the particle’s charge-to-mass ratio in order for the black hole
to discharge. For large black holes dMext

dQ = 1 and hence it is enough to have a particle with
q/m ≥ 1. However, if dMext

dQ decreases as the black hole discharges, the bound (6.27) may
be violated at certain point, and hence the evaporation is obstructed. A simple way to
avoid this problem consists in demanding dMext

dQ to grow as Q decreases, or in other words,

d2Mext
dQ2 ≤ 0 . (6.28)

A more robust argument can be obtained from a slightly different form of the WGC
which states that the decay of a black hole into a set of smaller black holes should be
possible in terms of energy and charge conservation [42]. This is like saying that smaller
black holes play the role of the particle hypothesized by the WGC. Let us suppose that
the initial black hole is extremal (or arbitrarily close to extremality), so that it has mass
Mext(Q), while the final black holes are not necessarily extremal and have charges Q1, Q2
with Q1 + Q2 = Q, and masses M1, M2. A necessary condition in order for this process
to be admissible is that Mext(Q1 + Q2) ≥ M1 + M2, which, upon use of the extremality
bound Mi ≥Mext(Qi), yields the following constraint

Mext(Q1 +Q2) ≥Mext(Q1) +Mext(Q2) . (6.29)

Thus, the higher-derivative corrections toMext must be such that this condition is satisfied.
When applied to our result (6.13), either condition (6.28) or (6.29) yields equivalent

constraints. For instance, from (6.28) we get

− 2α2`
2

5Q3 −
2`4(3α2

2 + 48β1 + 7β2 + 10β3)
21Q5 +O(`6) ≤ 0 . (6.30)

Obviously, in the regime where Q� ` the first term is dominant and this implies that

α2 ≥ 0 . (6.31)
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Now, the second term only becomes relevant when Q ∼ `, but this point marks the limit
of applicability of the perturbative expansion, so it is not clear what constraint one should
impose on the additional couplings. Still, one may argue that, if the coefficient of 1/Q5

is positive, then the bound may be eventually violated. In order to avoid this problem, it
seems reasonable to impose as well the condition

3α2
2 + 48β1 + 7β2 + 10β3 ≥ 0 . (6.32)

In this way, we guarantee that the mild form of the WGC is satisfied.

Positivity of the corrections to the entropy. In another vein, it has been argued [52]
that negative corrections to the mass of extremal black holes are in correlation with positive
corrections to the black hole entropy. Although such connection has been proven in [59],
the relation is not complete. Strictly speaking, only the corrections to the near-extremal
entropy are related to the corrections to the extremal mass, while the corrections to the
extremal entropy are independent, as explained in [56]. Likewise, the corrections for neutral
BHs are also independent. On the other hand, the relation proven in [59] only applies for
the leading order corrections, but it will probably not hold for the subleading ones. This
motivates us to study the range of values of the couplings of the theory defined in (5.14)
for which the corrections to the entropy are non-negative. We will demand that, for any
charge and mass, the corrections of each order are non-negative independently, which is
the strongest condition one may impose.

We shall study the corrections in the non-extremal and extremal regimes. We begin
by considering this latter case, since it is simpler. In fact, by replacing (6.12) in (6.20) we
find the following remarkably compact expression for the extremal entropy Sext:

Sext = πQ2 + 2π(2α1 − α2)`2 +O(`6) , (6.33)

which contains no `4 corrections. These extremal corrections are non-negative whenever

α1 ≥
α2
2 . (6.34)

Although the Gauss-Bonnet term is topological, we observe that demanding the corrections
to extremal entropy to be non-negative imposes a bound on α1 — in particular, it cannot
vanish if α2 > 0. This condition did not appear when studying corrections to the extremal
charge-to-mass ratio, since, as we anticipated, the corrections to the extremal black hole
entropy are unrelated to those of the extremal charge-to-mass ratio [56].

Let us now study the entropy of non-extremal black holes. For that, we need to express
first the black hole entropy in terms of the mass and charge, S = S(M,Q). Note that back
in (6.20) we wrote the black hole entropy as a function of r+ and Q, but we must bear in
mind that the truly thermodynamic variables in which to express the entropy are the mass
and charge. This is an important issue since the corrections at fixed r+ are not the same
as those at fixed M , the reason for this being that for a fixed mass M the horizon radius
r+ is altered after the inclusion of corrections, and vice-versa. In terms of the extremality
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parameter ζ =
√

1− Q2

M2 , we find that the entropy Sne in the non-extremal regime reads

Sne = πM2(1 + ζ)2 + 4π`2α1 + 2π`2α2(1− ζ)2

5ζ(1 + ζ) + aπ`4(ζ − 1)2(8ζ + 1)
63M2ζ(1 + ζ)4 (6.35)

+ 8β1π`
4(3 + 4ζ)ζ

7M2(1 + ζ)4 + π(1− ζ)2`4α2
2

525M2ζ3(1 + ζ)4 (−21− 126ζ − 185ζ2 + 32ζ3) +O(`6) ,

where we have defined a = 48β1 + 7β2 + 10β3. We recall that this expression is valid for
ζ & `/M , which in practice can be very small. Regarding the O(`2) corrections, we see
that the term with α2 is dominant for small ζ, and therefore positivity demands that

α2 ≥ 0 , (6.36)

which is the same condition as the one from the corrections to the extremality bound. On
the other hand, (6.34) ensures that the O(`2) corrections are positive for any other value
of ζ. If we now demand that the O(`4) corrections be non-negative independently, we see
that the following constraints are obtained,

α2 = 0 , 48β1 + 7β2 + 10β3 ≥ 0 , β1 ≥ 0 . (6.37)

The first two are obtained by examining the corrections for small ζ while the bound on β1
is obtained in the opposite limit ζ = 1. On the one hand, note that we recover (6.32) with
α2 = 0. On the other hand, we observe that these constraints are quite strong since they
imply the vanishing of α2, so one may wonder if imposing the non-negativity of entropy
corrections at each order is a well-motivated bound.

Indeed, one must bear in mind that imposing the corrections to the entropy to be
positive (or, analogously, requiring the corrections to the extremal mass to be negative) is
not equivalent to demanding the coefficients at every order of the expansion to be positive,
being the latter a much stronger condition. In fact, the condition α2 = 0 would imply in
the context of string theory that the metric does not receive any correction at all at first
order in α′, but it is known that such corrections at first order in α′ do take place6 [56].
This shows that the WGC may be applied just to the leading-order corrections, not order
by order in the expansion.

7 Conclusions

In this work, we have studied higher-order extensions of Einstein-Maxwell theory which
are invariant under electromagnetic duality rotations. We started by considering a general
higher-derivative theory of gravity and electromagnetism and we obtained the necessary

6Although the solution presented in reference [56] contains more fields, at zeroth order in α′ the only
active ones are the metric and an Abelian gauge field. Moreover, it can be checked that the leading α′-
corrections to the 4-dimensional Einstein frame metric are only sourced by the higher-derivative terms that
involve these fields. Thus, the fact that the Einstein frame metric contains corrections implies that non-
trivial four-derivative operators of the metric and/or vector fields must appear in the action, and hence
α2 6= 0.
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and sufficient conditions for theories up to eight derivatives to preserve electromagnetic
duality at a perturbative level. It would be interesting to extend this result to all orders in
the derivative expansion, but we leave this task for the future. Then we used these results
to derive the most general parity- and duality-invariant theory up to eight derivatives.

We also studied in some detail a particular class of theories: those with Lagrangian
L = R−χµνρσFµνFρσ, where the susceptibility tensor χµνρσ only depends on the curvature
tensor and the metric. We provided the most general form for χµνρσ yielding a duality-
invariant theory and we wrote the corresponding set of equations of motions with manifest
SO(2) invariance. We observed that, generically, these theories consist of an infinite tower of
higher-derivative terms, but it would be interesting to study if there exist particular theories
or situations under which this infinite series can be explicitly summed to obtain a complete
non-perturbative duality-invariant theory. Research in this direction is underway [60].

Next we studied the effect of field redefinitions on duality-invariant theories, which led
us to a remarkable simplification of those actions. We showed that, up to six derivatives,
one can always remove all the higher-order terms with explicit Maxwell field strengths,
leaving one with a higher-derivative gravity minimally coupled to the Maxwell Lagrangian.
In other words, this result implies that, in a duality-invariant theory, higher-derivative
corrections can always be chosen in a scheme such that they do not modify the Maxwell
Lagrangian at all. We argued that this phenomenon should take place for any theory with
any number of derivatives, but so far this claim remains as a conjecture. Appealing open
questions are those of providing a proof for the conjecture or showing that any theory is
equivalent via metric redefinitions to Maxwell theory coupled to a higher-order gravity at
a non-perturbative level as well.

In this context, we wrote the most general six-derivative duality-invariant action after
the use of metric redefinitions, noticing that the number of higher-order operators can be
effectively reduced to four, plus a topological one. We studied the charged, static and
spherically symmetric black hole solutions of this theory and computed their thermody-
namic properties — entropy, temperature and electromagnetic potentials at the horizon —
allowing us to check explicitly that the first law of thermodynamics holds.

Using these results, we obtained additional constraints on the higher-derivative cou-
plings by applying the recently proposed mild form of the weak gravity conjecture [42, 43].
According to this conjecture, the corrections to the charge-to-mass ratio of extremal black
holes in any consistent theory of quantum gravity should be non-negative, thus allowing
the decay of extremal black holes and evading the existence of remnants. This has also
been related to the non-negativity of entropy corrections [52, 59], although, as we dis-
cussed, the connection is not complete. We determined the constraints coming from these
conditions not only for the leading higher-derivative corrections but also for the subleading
ones. Demanding that the subleading corrections to the entropy remain non-negative leads
to especially strong constraints — see (6.37) —, implying in particular the non-existence
of leading-order corrections in string theory solutions. However, we observe this is in con-
tradiction to well-established results in the literature [56], so we check that the mild form
of the WGC should only be applied to the leading entropy corrections.
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Let us close this work by commenting on future directions. As we have already re-
marked, it would be interesting to extend the analysis of this paper to arbitrary orders in
the derivative expansion and, if possible, to obtain examples of exactly invariant theories
at the non-perturbative level. On the other hand, in our analysis we left out the terms
that depend on derivatives of the field strength, because, as we argued, such terms cannot
appear in a truncation of a theory that is exactly invariant under duality. However, they
can preserve duality in a perturbative sense [40], so it may have certain interest to classify
such theories as well. It would also be interesting to generalize the results in this work to
the case of n vector fields coupled to scalar fields. In those cases, the duality group is a
subgroup of Sp(2n,R), and although some of these Lagrangians have been studied in de-
tail [16, 29, 30] and are relevant in supergravity and string theory, it appears that couplings
between the field strength and the curvature have not been considered so far. Finally, it
is also possible to study duality-invariant theories in higher dimensions, for instance by
considering p−forms in D = 2p+ 2 dimensions.
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A Invariance of Einstein’s equations in theories with derivatives of the
curvature

In this appendix we are going to show that the invariance of the constitutive relation (2.8)
under duality transformations implies the invariance of the Einstein’s equations also for
those theories with explicit covariant derivatives of the curvature. For that, we shall follow
an analogous reasoning to that of subsection 2.2, where we showed the invariance of the
Einstein’s equations under duality rotations once that of (2.8) is guaranteed.

If we consider a generic theory with arbitrary dependence on the covariant derivatives
of the Riemann curvature tensor, so that L = L(gµν , Fµν , Rµνρσ,∇αRµνρσ, . . . ), the main
difficulty we encounter is that the tensor Eµν , defined back in eq. (2.11), takes a much more
complicated form to that given at (2.44). However, we can make use of many computations
and results presented in subsection 2.2 for algebraic theories to achieve our goal. In fact,
the arguments used for algebraic theories are valid in this general case up to eq. (2.59).
Thus, our task will be to show the validity of the equations (2.60) and (2.61) also for these
general theories so that the invariance of the Einstein’s equations will be guaranteed. We
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rewrite here those equations for the benefit of the reader:

E IH(6)
µν (T ) + 1

4
δE(4)
µν

δFαβ
(T ) ◦

∂L(4)
∂Fαβ

= 0 , (A.1)

E IH(8)
µν (T ) + 1

4
δE(4)
µν

δFαβ
(T ) ◦

∂L(6)
∂Fαβ

− 1
16

δ2E(4)
µν

δFαβδFρσ
(T ) ◦

∂L(4)
∂Fαβ

◦
∂L(4)
∂F ρσ

+1
4
δEH(6)
µν

δFαβ
(T ) ◦

∂L(4)
∂Fαβ

= 0 . (A.2)

Let us first of all find the form of the equations of motion for theories with dependence
on derivatives of the curvature. For that, let us define

P∇n
α1...αnµνρσ = ∂L

∂∇α1...αnRµνρσ
, (A.3)

which enjoys the same symmetries as ∇α1...αnRµνρσ, which is a short-hand notation for
∇α1 . . .∇αnRµνρσ. Consequently, the metric variation of the corresponding action S[g,A]
associated to L(gµν , Fµν , Rµνρσ,∇αRµνρσ, . . . ) takes the form:

δS[g,A](δgµν , 0) = 1
16πG

∫
M
d4x

√
|g|
{
− 1

2gµνδg
µνL+ ∂L

∂gµν
δgµν

+
∞∑
n=0

P∇n
α1...αnµνρσδ∇α1...αnRµνρσ

}
.

(A.4)

If ξ ∈ X(M) denotes an arbitrary vector field, we can write that the Lie derivative LξL in
two different ways:

LξL = ξκ∇κL = ξκ
∞∑
n=0

P∇n
α1...αnµνρσ∇κ∇α1 . . .∇αnRµνρσ + ξκ

∂L
∂Fαβ

∇κFαβ , (A.5)

LξL =
∞∑
n=0

P∇n
α1...αnµνρσLξ∇α1...αnRµνρσ + ∂L

∂Fαβ
LξFαβ + ∂L

∂gαβ
Lξgαβ . (A.6)

On the other hand, we have the following identities:

P∇n
α1...αnµνρσLξ∇α1...αnRµνρσ = ξκP∇n

α1...αnµνρσ∇κα1...αnRµνρσ

+ 4(∇κξγ)P∇nα1...αnκνρσ∇α1...αnR
γ
νρσ (A.7)

+
n∑
i=0

(∇αiξβi)P∇nα1...αi...αnµνρσ∇α1...
βi
...αnRµνρσ ,

Lξgαβ = 2∇(αξβ) , (A.8)
∂L

∂Fαβ
LξFαβ = ξµ∇µFαβ

∂L

∂Fαβ
+ 2∇αξµFµβ

∂L
∂Fαβ

. (A.9)

Consequently, we learn that
∂L
∂gµν

=− 2P∇nα1...αnµλρσ∇α1...αnR
ν
λρσ −

∂L
∂Fµρ

F νρ

− 1
2

n∑
i=1

P∇n
α1...µ̂...αnλκρσ∇α1...

ν̂
...αnRλκρσ ,

(A.10)
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where the hats over the free indices µ and ν denote that they replace the indices αi in the
i-th position. Taking into account that, up to total derivatives,

P∇n
α1...αnµνρσδ∇α1...αnRµνρσ = (−1)n+1∇αn...α1P∇n

α1...αn
µ
νρσRβνρσδg

µβ

+ 2(−1)n∇σ∇β∇αn...α1P∇n
α1...αn

µσνβδg
µν ,

(A.11)

we find that

Eµν =
nmax∑
n=0

[
2(−1)n+1∇σ∇β∇αn...α1P∇n

α1...αn
(µ|σ|ν)β + (−1)n∇αn...α1P∇n

α1...αn
(µ
ρσγRν)ρσγ

− 2P∇nα1...αn
(µ|

λρσ∇α1...αnR|ν)λρσ −
1
2

n∑
i=1

P∇n
α1...

(µ̂|
...αnλκρσ∇α1...|ν̂)...αnRλκρσ

]

+ 1
2gµν

(
L − 1

2Fαβ
∂L
∂Fαβ

)
, (A.12)

where nmax is the maximum number of explicit covariant derivatives appearing in the
action.

Let us remark at this point that, as in the case of algebraic theories, the equations
EH(2n)
µν associated to the homogeneous Lagrangians LH

(2n) only depend on Fµν through the
Maxwell stress tensor Tµν . This follows from the fact that for every monomial we have
Fαβ

∂Li
∂Fαβ

∝ Li. On the other hand, if L is a function of Tµν so are the various P∇n tensors.
Thus we can in fact write EH(2n)

µν (T ), so that we can apply eq. (2.59).
Finally, in order to show (A.1) and (A.2), let us note the following formula, which

generalizes (2.62) for an arbitrary number of covariant derivatives:

δ∇µ1...µnQν1...νn

δFαβ
◦ Aαβ = ∇µ1...µn

(
δQν1...νn

δFαβ
◦ Aαβ

)
, (A.13)

where Qν1...νn is any tensor with dependence on Fαβ and its covariant derivatives and where
Aαβ is an arbitrary antisymmetric tensor. Using this formula, and noting the structure
of (A.12), we check after some computations that both (A.1) and (A.2) hold. For the sake
of clarity, let us illustrate this fact more explicitly for eq. (A.1). By use of (A.13), we
have that

δE(4)
µν

δFαβ
(T ) ◦

∂L(4)
∂Fαβ

=
nmax∑
n=0

[
2(−1)n+1∇σ∇β∇αn...α1P̂∇n

α1...αn
(µ|σ|ν)β

+(−1)n∇αn...α1P̂∇n
α1...αn

(µ
ρσγRν)ρσγ − 2P̂∇nα1...αn

(µ|
λρσ∇α1...αnR|ν)λρσ

− 1
2

n∑
i=1

P̂∇n
α1...

(µ̂|
...αnλκρσ∇α1...|ν̂)...αnRλκρσ

]

+ 1
2gµν

∂L(4)
∂Fαβ

∂

∂Fαβ

(
L(4) −

1
2Fρσ

∂L(4)
∂Fρσ

)
, (A.14)

where we have defined

P̂∇n
α1...αnµνρσ = ∂P

(4)α1...αnµνρσ
∇n

∂F λκ
∂L(4)
∂Fλκ

. (A.15)
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We identify in (A.14) precisely the term −4E IH(6)
µν (T ), so we conclude. The proof of (A.2)

goes along similar lines.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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