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ABSTRACT: We investigate higher-derivative extensions of Einstein-Maxwell theory that
are invariant under electromagnetic duality rotations, allowing for non-minimal couplings
between gravity and the gauge field. Working in a derivative expansion of the action,
we characterize the Lagrangians giving rise to duality-invariant theories up to the eight-
derivative level, providing the complete list of operators that one needs to include in the
action. We also characterize the set of duality-invariant theories whose action is quadratic
in the Maxwell field strength but which are non-minimally coupled to the curvature. Then
we explore the effect of field redefinitions and we show that, to six derivatives, the most
general duality-preserving theory can be mapped to Maxwell theory minimally coupled
to a higher-derivative gravity containing only four non-topological higher-order operators.
We conjecture that this is a general phenomenon at all orders, i.e., that any duality-
invariant extension of Einstein-Maxwell theory is perturbatively equivalent to a higher-
derivative gravity minimally coupled to Maxwell theory. Finally, we study charged black
hole solutions in the six-derivative theory and we investigate additional constraints on the
couplings motivated by the weak gravity conjecture.
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1 Introduction

The idea that the laws of nature must be invariant under certain transformations is one
of the most fundamental principles of modern physics. In this way, the standard model of
particle physics is based on Lorentz symmetry and gauge invariance, while the foundations
of General Relativity lie on diffeomorphism invariance.

The existence of symmetries that persist at the quantum level is a especially pow-
erful tool in the context of Effective Field Theory, since they allow one to reduce the
number of operators that can appear in the effective action. For instance, string the-
ory compactified on a torus is invariant under T-duality, which implies the invariance of
the lower-dimensional stringy effective actions under the group O(d,d). This symmetry
is claimed to be preserved at all orders in the higher-derivative o/-expansion [1], and ex-
plicit confirmation of this has been reported for the lowest-order terms [2-7]. However, the
computation of these o’ corrections from first principles is a complicated problem, and,
instead, it turns out that one can use duality invariance to constrain the higher derivative
corrections that appear in the stringy effective actions — see, e.g., [8-10]. This program
is particularly successful in the cosmological context, since in that case it is possible to
constrain all-orders o/-corrections by imposing duality [11] — see also, e.g., [12-15].



In this paper, we intend to study a more basic type of duality which already appears
at the level of classical electrodynamics: electromagnetic duality. As is well-known, the
vacuum Maxwell equations are invariant under the exchange of electric and magnetic fields,
and more generally, under a SO(2) rotation of them. Such transformation also leaves in-
variant the Maxwell stress-energy tensor and hence is a symmetry of Einstein-Maxwell
theory as well. Duality transformations are also symmetries of U(1)" gauge theories cou-
pled to scalar fields [16]. These models are in fact ubiquitous in supergravity and string
theory [17-23], where electromagnetic duality is a part of the U-duality group [24]. Let
us also mention that one can define more refined notions of duality invariance by allowing
the couplings constants of the theory to transform as well [25-27]. However, here we will
restrict to the simple but relevant case of theories with a single vector field coupled to
gravity such that the space of solutions is preserved under SO(2) duality rotations.

When higher-derivative corrections are added to the Einstein-Maxwell action, the in-
variance under duality rotations is generically broken. Therefore, assuming that electro-
magnetic duality must be preserved constrains the possible terms that can appear in the
effective action. One of the advantages of electromagnetic duality invariance with respect
to O(d, d) symmetry is that we do not need to have additional vector fields to constrain
the action. On the other hand, electromagnetic duality is only a symmetry of the equa-
tions of motion, not of the action, and, in addition, it is non-linearly realized in theories
with higher-derivative corrections. Therefore, the study of self-dual theories presents some
particular complications.

In the case of pure electromagnetic theories, it is known that the Maxwell Lagrangian
allows for non-linear duality-invariant extensions; these were thoroughly studied in [28].!
Among these, one finds for instance Born-Infeld theory [31-33] or the Euler-Heisenberg
Lagrangian [34] describing 1-loop QED corrections to Maxwell theory. Recently, ref. [35]
proposed a new non-linear theory that, besides preserving duality rotations, is also invariant
under conformal transformations. See also, e.g., [36-41] for other generalizations.

The study of minimally-coupled self-dual theories is facilitated by the fact that, in
that case, the most general gauge-invariant Lagrangian can be formed with only two basic
invariants,” namely F,,F* and F,, « F*¥. However, in a general effective extension of
Einstein-Maxwell theory one should consider as well the addition of non-minimal couplings
between the metric and the field strength, i.e., terms like F**F O‘BRNWB. This results in
a drastic enlargement of the number of invariants one can include in the action, which in
turn increases the difficulty of classifying duality-preserving theories. Remarkably enough,
this problem has not been addressed yet in the literature, so the goal of this paper is to
provide a thorough characterization of such theories.

The presence of non-minimal couplings makes it virtually impossible to obtain exactly
invariant Lagrangians, so in this paper we tackle this problem by assuming a derivative
expansion of the action. We obtain the conditions on the 4-, 6- and 8-derivative Lagrangians
that ensure that the theory is a truncation of a duality-preserving one. In addition, we will

See also [29, 30] for the case of matter couplings.
2As we will argue in section 2, duality invariance prevents the appearance of derivatives of the field
strength.



see that, due to the coupling to gravity, metric field redefinitions acquire a very interesting
role in the case of duality-invariant theories. In fact, we show that, to six-derivatives,
one can get rid of all the higher-derivative terms involving field strengths in any duality-
preserving theory by performing such redefinitions, and we conjecture the same to be true
at all orders.

The paper is organized as follows.

e In section 2 we consider a general higher-derivative extension of Einstein-Maxwell
theory and we determine the necessary and sufficient conditions on the 4-,6- and 8-
derivative Lagrangians in order for the theory to preserve electromagnetic duality.

o Using the previous result, in section 3 we construct explicitly the most general duality-
invariant theory up to eight derivatives.

e In section 4 we focus on the family of theories whose action is quadratic in the
Maxwell field strength and which are non-minimally coupled to gravity through a
susceptibility tensor x**??. We completely characterize the form of this tensor giving
rise to duality-preserving theories and we write the equations of motion in a manifestly
SO(2) invariant form.

e In section 5 we analyze the effect of metric redefinitions on duality-invariant theories.
We show that, to the six-derivative level, all the higher-order terms involving Maxwell
field strengths can be removed via field redefinitions. In other words, the most gen-
eral duality-invariant action can be mapped to a higher-derivative gravity minimally
coupled to the Maxwell Lagrangian, and we conjecture the same to hold at higher
orders. We also show that the number of (gravitational) higher-order operators in
the six-derivative action can be further reduced to five, of which one is topological.

e In section 6 we study the charged, static and spherically symmetric black hole solu-
tions of the six-derivative theory. We compute their thermodynamic properties and
the corrections to the extremal charge-to-mass ratio. We discuss several additional
bounds on the couplings by using the recently proposed mild form of the weak gravity
conjecture [42, 43].

e Finally, we conclude in section 7.

2 Duality-invariant actions

In this section we determine the necessary and sufficient conditions for a higher-derivative
theory to be invariant under duality rotations. Thus, let us start by writing a general
higher-derivative extension of Einstein-Maxwell theory,
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Here
Fu= 28[HA1,] (2.2)



is the field strength of the gauge field A, and R, s is the curvature tensor of the metric
guv- On the other hand, £ represents a general invariant formed out of these quantities
and their derivatives, and we will soon assume it allows for a polynomial expansion in
terms with an increasing number of derivatives. The equations of motion coming from the
variation of this action read
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is the Maxwell stress-energy tensor, and
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For our purposes, it is convenient to rewrite this system of equations by introducing the
dual field strength H as follows

G = 2Ty + Ep (2.7)
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and here (uv) represents the symmetric and traceless part of a tensor, this is
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In addition, the Hodge dual is defined by
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where the Levi-Civita symbol €,,,4 is such that €p123 = /|g|.

In this formulation, F' and H are taken as independent fundamental variables, and
the equations of motion impose that they are closed 2-form and related by the constitutive
relation (2.8). Let us now analyze if the equations (2.7), (2.8) and (2.9) have any symmetry.
It is obvious that the form of the two Bianchi identities (2.9) is preserved if we consider



any GL(2,R) transformation of F' and H. Now, in the case without corrections, the
constraint equation (2.8) is only preserved if such transformation belongs to R x SO(2),
while the right-hand-side of Einstein’s equations is preserved if the transformation belongs
to SL(2,R). Thus, written in this way, the Einstein-Maxwell system is invariant under the
intersection of these two groups, which are the SO(2) transformations

F\ ([ cosa sina F’ (2.14)
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Once the corrections are taken into consideration, however, the equations are generally not
invariant under this rotation, so, our goal is to determine which Lagrangians do give rise
to duality-invariant equations of motion.

Let us first start by noticing that, if the Lagrangian £ depends non-degenerately on the
derivatives of F),,, then the relation H(F) given by (2.8) is differential. This means that
the inverse relation F'(H) must involve integration. Now imagine, for instance, a rotation
with an angle o = 7/2. In that case, the new fields F’, H' satisfy the relation

CEL 1 6L
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Then, if the equations of motion are invariant under duality rotations, this relation should
be equivalent to the one obtained by inverting (2.8), but we see that this is not possible
since, as we mentioned, F'(H) must involve integration while (2.15) is again differential.
Therefore, the conclusion is that the equations of motion cannot be duality invariant if
the Lagrangian contains derivatives of the field strength. Thus, duality restricts the set of
allowed Lagrangians to be of the form

L(g", Ruvpos VaRuwpos -5 Fuw) - (2.16)

It is important to clarify a subtle point, though. If one assumes a perturbative expansion
of the Lagrangian, then one may, in fact, invert (2.8) perturbatively, yielding a differential
relation for F'(H). Thus, one can find theories with a differential relation (2.8) that are
invariant under duality rotations in this perturbative sense [40]. However, due to the
argument above, those theories cannot come from the truncation of a complete theory
that is ezactly invariant. In other words, this means that the summation of the whole
perturbative series would not give rise to a sensible theory. Thus, we will restrict ourselves
to theories that depend only algebraically on the field strength F,. Let us now study
which further constraints duality invariance imposes on the Lagrangian.

2.1 Invariance of the constitutive relation

It is useful to focus first on the constraint equation (2.8). After a few algebraic manipula-
tions one can show that the rotated fields F’ and H' in (2.14) satisfy the relation
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where we have introduced the operator

A

R =cosa+ xsina. (2.18)

Now, duality invariance requires that the transformed fields F’ and H’ be also a solution
of the original equation (2.8), and this will happen if
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Of course, this equality cannot ever hold off-shell since the left-hand-side depends on H’,
but the right-hand-side does not. However, we only require that both quantities be equal
on-shell, which ensures that F’ and H’ indeed solve the original equation. Thus, we can
conveniently write this consistency equation as
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This is a highly nonlinear equation that constrains the form of £. In order to make
further progress, at this point it is convenient to expand the Lagrangian in a derivative
expansion, as

L= 525(4) + 54['(6) + 565(8) + ..., (2.21)
where /£ is a length scale and each Lagrangian L(,,,) contains 2n derivatives of the fields.

Then, we will impose duality invariance order by order, but the idea is that the full La-
grangian defines an exactly invariant theory. We can solve (2.17) perturbatively in ¢ and

we get
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where s = sina. Note that the operator R in the left always acts on the indices uv.
Now, from (2.19) we obtain the following necessary conditions in order for the theory to



be invariant under duality rotations (we remove the F”’ notation for clarity)
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Let us further investigate the implications of these relations for the Lagrangian. First,
notice that each Lagrangian is formed out of monomials that can be schematically denoted
by F"VIRP. Clearly, duality rotations do not mix terms with different values of n, ¢ and
p, and hence, if the theory preserves duality, the relations above are satisfied by each of
these families of monomials independently. Now, let us note that, for every such monomial
we have the identity

oL
v —
F SF nLl, (2.26)
since they are homogeneous functions of degree n in F. Likewise, we have
~ 0L
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Let us then apply these results to the case of L(4). Since the equation (2.23) must hold for
every type of monomial, we conclude that the four-derivative Lagrangian must satisfy the
condition

Ly (RF) = Lyy(F), (2.28)

which can be rephrased as the fact that £(4) remains invariant under a rotation of F and
*F'. Let us now consider the case of L). First, it is convenient to rewrite eq. (2.24) as

8[,(6) B A8£(6) 1. 0 A8£(4) of 8£(4)
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Then, proceeding with the same logic as before, we can split this expression into monomials

follows

(2.29)

of degree n in F', and contracting with F** we find that
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Now this tells us that L) does not remains invariant under a rotation of F' and xF since
there is an inhomogeneous term associated to L4). Clearly, this can be traced back to the
fact that duality is non-linearly realized in the Lagrangian formulation. Then, the general
solution to this equation can be expressed as

L) = L) + LG » (2.31)



where E%{(;) is the general solution of associated homogeneous equation, and therefore sat-
isfies

L%)(RF) = E%)(F) , (2.32)
and ﬁ{g) is a particular solution of the full inhomogeneous equation. Let us show that a
particular solution is given by
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In fact, using the property of L in (2.23), we have
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Thus, combining both expressions and using that R~ = cosa — xsina one easily checks
that (2.30) is satisfied. Let us finally turn to the case of the eight-derivative Lagrangian.
After using the decomposition of L) in (2.31), we can write the equation (2.25) as

o H
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Then, splitting this expression into monomials and contracting with F'*¥ we arrive at the

(2.36)
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equation
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The general solution can again written as
L) = Ligy + Ll » (2.38)
where E%{S) satisfies
L{(RF) = L{§)(F) (2.39)

and £?§I) is a particular solution of the full inhomogeneous equation. In this case, one can
check that a particular solution is given by
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In this way, the theory is determined up to the eight-derivative level once the set of La-
grangians L4, ﬁ%{G), E%), is specified, so our final task consist in characterizing these.

In order to characterize the Lagrangians that are invariant under a rotation of F' and
*F', it is useful to introduce the vector of 2-forms

FA = <F> : (2.41)

*F

where A is an SO(2) index. Then, the only way of obtaining SO(2) invariant quantities is
y way g

by considering the contraction .7-“5‘,,]: 535 Ap- Note that the contraction with the symplectic

matrix o 4p also yields an invariant, but however it is not independent since F fyffﬁa AB =

]:fy * ]-"555 AB, and thus it has the same effect as applying the Hodge dual on the indices

af. Let us then evaluate this contraction explicitly,
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where T, is the Maxwell stress tensor as defined in (2.5). Thus, this result tells us that
any SO(2) invariant quantity must depend on F),, only through the stress tensor 7),,.
Therefore, we conclude that the homogeneous part of the Lagrangians Lgl) (including

Ly = E&)) must be of the form
‘ng) = 'ng) (9", Ty, Ruvpos ValRuvpo, - - ) - (2.43)

This result together with the relations (2.33) and (2.40) completely characterizes the set of
theories that have a duality-invariant constitutive relation (2.8) to the eight-derivative level.

2.2 Invariance of Einstein’s equations

We have just obtained the conditions the Lagrangian must satisfy in order for the consti-
tutive relation (2.8) between H and F' to be invariant under a duality rotation. Now the
question is whether these conditions ensure the invariance of Einstein’s equations as well.
For that, we see first in equation (2.7) that the energy-momentum tensor T}, (see (2.10))
is exactly invariant under a rotation, so we just have to make sure that the quantity &,,
— defined in (2.11) — remains invariant. At this point it is convenient to study first those
theories which are algebraic in the curvature tensor, since the proof for generic theories
with covariant derivatives of the curvature is a direct generalization of that.
For algebraic theories, the tensor &£, (2.11) can in general be written as [44]

1 1 oL
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Let us then expand this in powers of £,
E = CED) + 00) + 06 .., (2.46)



&%) is computed from the corresponding Lagrangian L,). Let us then

where every term
examine these terms. Notice that the Lagrangian L) only depends on F},, through the
Maxwell stress-energy tensor. Since every monomial £; in the Lagrangian satisfies that

Faﬂ% x L;, by looking at (2.44) we conclude that the tensor 5,(;1,) also depends on F},,

through T}, only. We can express this fact by writing 5,(;9 = S,(fi) (T'). Now, since under a
duality transformation 7),, is invariant up to terms of order £?, we already conclude that
the Einstein’s equations are invariant up to terms of order ¢2.

Let us now see what happens with the O(¢4) and O(¢5) terms. First, we remind that
we can split L) and L(g) in a homogeneous plus an inhomogeneous part, L) = E?G) —1—451)
and Lg) = E%{g) + E?g), where

H
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Correspondingly, each 5;(;5) splits as
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Now it is useful to rewrite the terms coming from the homogeneous parts, SE,,("), in terms
of the exactly-invariant tensor T uv- We recall that it is related to the Maxwell stress-energy

tensor T}, by

- 1 oL
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Since 5%{6) and Eg) are built only out of the Maxwell stress-energy tensor 7, for the same

reason as before it follows that S,ij(ﬁ) and EEV(S) depend on F},, only through 7),. Hence
we have
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being B and C arbitrary tensors. Taking into account that TW =T+ O(¢%), we can
express (2.50), (2.51) and (2.52) in the form:
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Let us further rewrite (2.54) as follows,
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where we have replaced 7' = T — 6T in the O(£?) term and expanded in 6T once again.
Now, taking into account the following identity,
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which is valid for any antisymmetric tensor A,g, we find that
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Finally, one can prove the following identities:
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where Qul...up is an arbitrary tensor which depends algebraically on F},,, and where A,z
is any antisymmetric tensor. Let us illustrate how to use (2.62) to prove the first iden-
tity (2.60). On the one hand, since L4y depends algebraically on the curvature, we have,

explicitly,
()
S o S = B R + G SE O (L - 1 )
_25VUVPP((H|)U|) )
0F,3 OF B
= B By =29V B,
3 " ('C”_Fmgifp:) (2:63)
" oL 0Ly HPDuvoo
pWuwpo _ Wf:ﬁg . pWmveo _ 8FS/)3 . 1)

)

After some direct computations, we recognize at the last line of (2.63) the term —4& IH(G)( T)

so we prove (2.60). Showing that (2.61) holds is a more intricate task, but it can be done by
using (2.62) and following a completely analogous procedure to that of the proof of (2.60).
Consequently, we have shown that the Einstein’s equations can be written as

Ew = CED(T) + MDY + O (T) + O(64), (2.65)

so that they are manifestly duality invariant to order ¢6. Thus, the conclusion is that
the invariance of the constitutive relation implies the invariance of Einstein’s equations, so
the conditions found in the previous subsection are necessary and sufficient in order for a
theory with algebraic dependence on the Riemann tensor to be duality invariant.

These results can be generalized to the case of theories that contain covariant deriva-
tives of the curvature. The proof of the invariance of Einstein’s equations in that case can
be obtained along similar lines, although it is slightly more technical and thus we include
it in appendix A.

3 All duality-invariant theories up to eight derivatives

The goal of this section is to obtain explicitly the Lagrangian of the most general duality-
invariant theory up to eight-derivative terms. For that, we are going to exploit the equa-
tions (2.33), (2.40) and (2.43). In addition, we will also assume that parity is preserved,
so that we will discard parity-breaking operators.

We start by analyzing the fourth-derivative terms. Since all the dependence of L4
on F),,, must be through the Maxwell stress-energy tensor 7),,, we observe that the most
general duality-invariant four-derivative Lagrangian takes the form

Ly =o1TpwT + aa R Ty + a3Xy + as R™ Ry + a5 R?, (3.1)
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where X4 denotes the topological Gauss-Bonnet density, given by Xy = R, - R*P7 —
4R, RM + R?. Now we move into the most general six-derivative Lagrangian L) In
the previous section we decomposed it into a homogeneous part L',l(qﬁ) which takes the
functional form given at (2.43) and an inhomogeneous part L’?G{) which is obtained from
the four-derivative Lagrangian and whose particular form we rewrite here:

1 85(4) 6/:(4)

H
= —— . .2
L) = TR 9F8 9 (3.2)
Now, taking into account that
oL N
i O 4a1T“[pF,f] + 2a2R“[pFMU] , (3.3)
OF s

where ]:?,W = Ry, we obtain the following expression for C{g),

A 1 A N
L) = -2 F,0IT,  F”y — 20109T"PF IR, Y o — 5oéRﬂ[PF,;’lRW,F"(,. (3.4)

Once we have obtained the inhomogeneous part, we now write down the most general
homogeneous Lagrangian [,?6) that preserves duality and parity. This can be seen to have
the following form:

ﬁ%) = R"(lé’)aﬁTuyTag + R/(%/)pr + R(ﬁ) , (3.5)

where Rﬁ;aﬁ and R?g) are tensors formed out of the curvature and Rg) is the general six-
derivative Lagrangian for the metric. After discarding trivial terms and total derivatives,
the general form of these quantities reads [45]

Ri® = BRI 1 BRI g™ 1 ByRg g™ (3.6)
R = BiRagy RO + B RO Ry + B RV Ry + BrRR"
05V VYR + By V2R, (3.7)
Riey = BroR"™ RN Ranpo + Bt RRMP? Ryypo + Bra R R Rypug + B13 R Ryo Ry,
+B14RR™ Ry + B15R? + B16V RV 4 R + 517V 5 Ry VI RMY . (3.8)

The eight-derivative Lagrangian L) also decomposes in a homogeneous part Eg) and
an inhomogeneous one E%g). This last piece was seen to be expressed in terms of the
lower-derivative Lagrangians L4 and E%) as

H
1 65(4) 85(6) 1 32£(4) 85(4) 85(4)

H _ - -
£®) = "1 gpas OF .3 T 32 9Fargre OF.5 OF,y (8:9)

Taking into account that

H
S R T % (3.10)
OF 5 (6) (6) ’
825(4) o N . Y
W =4 F [pFﬂa] - 2a1FpUF B + 8061]”[/)[ 50_}6] + o F 5[/)[ 50’]/8]

+2a2R[p[a(50}B] , (3.11)
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where a hat over R(Og”p means that we take its traceless part over each pair of indices, we

conclude that (2.40) is given by

L) = — 4anTog Ry P F, T, F g — 205 Tog Ry P F, 7 Ryp F* o — 200 RS F, VT, PP

— RGBS Ry F g + 208 T F* 5TV BT FO [, FP o) — 03T F* 4TV F, 7 Fpp 7

+403T), o F* 5TV F, T}, 16,1 + 1/203 F2 TP F,°IT,, , F
+ 203007 F,° Ryo F*5F* |, FP ;) — a3 T"PF,° Ryyo F* 5 F pe F*°

+403as T B, Ryua F*5T1,1%0,)% + 0305 Ty F* 5TV F, T R0 6,
+1/20302 F*T"PF, 7R, , F¥ ; + 1/201 03 R o F¥ g RPF,7 F(,F7
—1/40103 R0 F* s RYPF," Fpo F*P + 0103 Ry F* s RV F, 7 T1, %6,

+ 01037 F,” Rya F* s R650% + 1/80103F* R'VF, 1 R, , F,

+1/403 Ryo "5 R F,7 R 5,17
(3.12)

. H
Finally, the homogeneous part L

(
Ll = (T T™) +72T, T, T, " Ty" + R T Tpo Tag

+ RIS T Ty + Rl Ty + Rs) - (3.13)

A list with all the possible tensors appearing in these expressions can be obtained from [45].

) must take the form (2.43) and hence it can be written as

We get the following general expressions,

R8)uvpoas = V3Rupva9op + YaRuv9pa9op + ¥ RupGor9os » (3.14)
R(8)uvpo = Ve Ryw Rpo + V1 RypRyo + s RRIPYT + YR .y Rasvo +110R* 1% u Rappo
+711R%,% s Rovgo + 112V VR + 713V Ryupgue + 114RR,pg00 + 115 R 1 RapGuo
+716 R Ropppguo + 17R7 i RapypGve + 118V Reupgvo + 11982 GupGvo
+720R*? Raggupgvo + 121 R RaganGpupGvo » (3.15)
Rsyuw =122V Vo V2R + 723V V2 R, + 724 RV, Vo R + 725 Ry VAR + 426 R*P Vo Vs Ry

+727 RV? Ry + 728 R*PV .V Rap + 120 R*PV, Vs Ry + 130V V. RRa
+931 VPV RR o + 132 V2 R Rppoy + v33 VPV R Ropsy + 134V VPR Rappn
+735 R*PP7V .V, Rappo + V36V iRV, Rag + 137V a R VO R, + 738 VPR,V o R,
+739VPRog Vi Rapsu + 740V RV R + 741V RV, R, + 710V RV Ry,
+743V . RV 5 Rey + 744V RV 5 Roppy + 745V 1y R*P72V , Rogox
+746V R,V \Ropoy + Va1 R* Ry + Y1s RR u Raw + Y19 Ry R Ra
+950R? Rap Ry + v51 RR®? Raypy + V52 Ra” Rppow + 153 R*P Ry Rao sy
+754RR* , Rogow + V55 R R Rugre + 156 R R o R pow
+v57R*P R 0y Rpopy + 158 R Ra 3° Ropow + 159 R R? % . Rypow
+960 R*7 Rop™ i Rporw + Y61 R*PP7 Ry Raaew + Y62 R*P Ropp™ Ropw -

On the other hand, the list of the eight-derivative curvature invariants appearing in R g
can also be checked in [45].
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Let us note that here and also in the case of L’%) we are including a set of densities that
spans the set of all duality-invariant Lagrangians, but they may be not linearly independent.
Even though we are removing redundant terms in the R’(”ﬁ)“ > tensors following [45], the
densities formed by contracting these tensors with 7}, may still be linearly dependent
or be related up to total derivatives. The determination of a linearly independent set of
generating densities for the Lagrangians E%) and E%{B) may be carried out elsewhere.

4 Linear theories

As we have seen, any duality-invariant modification of Einstein-Maxwell theory requires
the introduction of an infinite tower of higher-derivative terms, due to the non-linearity of
this symmetry. Finding these terms becomes very hard and there seems to be no simple
way of obtaining a formula for the n-th order density. Thus, here we focus on a subset of
these theories that have a simpler form: those with linear Maxwell equations.

Let us consider the action

_ 1 4 _ L Mvpo
S= o /d e\/J91[R — X7 F Fo) (4.1)

where x#"P? is a tensor built out of the metric and the Riemann tensor. Without loss of
generality, we can assume that it has the symmetries

Xuypo’ — _qupa — _Xw/ap — XPUMV . (42)

Then, we are going to show that the equations of motion of this theory are invariant under
duality rotations if and only if

(500 X) g = =078, (4.3)
where 1
(0™ = Semax 77 (4.4)

Let us prove that (4.3) is indeed a necessary condition for duality invariance. For that,
we start with the constitutive relation, which can be written as

* Hyy = =X, Fog . (4.5)

If we consider the SO(2) transformation which sends H — —F and F' — H, duality
invariance then requires:

* Hyy = X" Fag,  *Fuy =X, " Hop - (4.6)
Applying the star operator in both sides,
HMV = _(*X)MVQBFQB ) FMV = (*X);WQBHCXB . (47)
Substituting the second equation into the first one,

H;UJ = _(*X),Lwaﬁ(*X)aﬁpaHpUa (48)
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so (4.3) must hold. In order to prove sufficiency, we must ensure that the constitutive
relation and the Einstein’s equations remain invariant. The constitutive relation is easily
seen to be invariant, since the equation (4.5) together with its inverse can be written in a
manifestly duality-invariant way as follows:

UABI;E/ = () Flis (4.9)

FA = (g) (4.10)

where F4 is the vector of 2-forms

and O'AB is the symplectic matrix

oy = (_01 é) (4.11)

The SO(2) invariance of this equation follows from that of o5, and also note that the

equation is consistent because both operators o4

g and (xx) W"‘ﬂ satisfy that their square
is minus the identity.
Let us now show that the Einstein’s equations are invariant as well. Since we are

assuming that y depends algebraically on the curvature, these can be written as
Guw=P, "R 2VoVFP = oo s F 2F Py, (412
e = V) poy +2V°V (plolv)p — ig,ul/(x af po’) + (p,|o¢X|l,) po ( . )

where
8Xa,87>\
OR v po

The two last terms can be arranged in a duality-invariant fashion as

pHYpo

FopFy . (4.13)

1
- 7g#V(XaBpUFaﬁFpg> + 2F(u|ozX|y)apana = —2F<

9 *H|y>a:—UAB.FA<

* .FB|V>a ,
(4.14)
where 045 has the same matrix form as o4 5. On the other hand, the tensor P#P? is also

plex ple

invariant. To see this, let us first rewrite it as follows,

8Xa67)\

pHrpo
OR,po

($X)yn" FopHre (4.15)

where we are using the inverse of (4.5). Now, differentiating (4.3) with respect to the
curvature, it follows that

O0x)as" 20X
—n 0N N =0, (4.16)
GRW,,G v A aR/J,l/pO'
which is equivalent to
aXa,ny/\ 8X7'6’y)\ B
e =0. 4.17
aR#ypa- (*X)"/X + aR#ypa- (*X)fy)\ ( )
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This allows us to write the tensor P in a manifestly duality-invariant form

1 Ox*PA
20Rp0

1 P A
20Rmpo

PHYeo —

(*X)’y)\Teo-AB]:AaB]:BTE = ]:A'y)\7 (418)

where in the last equality we used (4.9) and (4.3) in order to simplify the result. In sum,
all the equations can be written as

v (03 1% 1 8Xaﬂ>\7—
GH = — g g FAWe « FBIV) §R(MPU’Y - ]:Aaﬁ]:AAT
8Xa,8)\7' " "
- A , 4.1
tVeVs (amepf ap”ar (4.19)
o FL = (), Flls (4.20)
dF*=0. (4.21)

Thus, we have proven that any tensor x,.,. satisfying (4.3) defines a duality-invariant
theory given by (4.1). To complete this section, let us characterize the tensors satisfying
that property. First, we note that, making use of the properties of the Levi-Civita tensor,
the equation (4.3) can be rewritten as

af po _ 5 lps 0l
6Xjap X = Op 0y - (4.22)

This is a quadratic tensor equation that admits infinitely many solutions that cannot be
written explicitly. However, since we are interested in theories that reduce to Einstein-
Maxwell’s at low energies, the tensor X, s should reduce to the indentity when the cur-
vature is small, and we can expand it as

Xw/pa _ 6[“[,051/]0] + Z €2nx(n)lwpa, (4'23)

n=1

(n)

where £ is a length scale and each x'",,”° contains 2n derivatives of the metric. Inserting

this expansion in the equation above yields the following relation for the n-th order tensor

n—1
(n) aB o (n) pogc as B (»)  aB (n—p) po _
OXap 070y 6, 00" Gzlx g X ) =0, (4.24)
p:

and after expanding the antisymmetrization in the first two terms, we can write this as

follows,
n—1
n) po (n) afps o] (n) ap o _ (r) aB_(n—p) po
2X( )uyp _4X alw 51/} + X af 5[up(5u} __Gle [aB X 1777 (425)
p:

(n)

. . . . . n g
Now, this is an inhomogeneous linear tensor equation for x''”,.””, and so, the general

solution can be expressed as the sum of a particular solution plus the general solution of
the associated homogeneous equation. The latter reads

(n)  po (n)

alpg o] (n) ap o _
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and taking the trace in vo we have

1 ) as
3Xn g0, =0. (4.27)
Therefore, we have Xh(n) aﬂaﬁ = 0 and the general solution of the homogeneous equation
can be expressed as
Xh(n)w,pa = T(n)[u [péy}g} , where 'T(")M F=0. (4.28)

This is, the solution is characterized by an arbitrary traceless (and symmetric) tensor 7755 ),
Now, coming back to the inhomogeneous equation, we realize that, since the trace of the
left-hand-side of (4.25) is proportional to the identity, a necessary condition in order for a
solution to exist is that

n—1

(p) B (n—p) pv

DX g X 8 (4.29)
p=1

However, this is guaranteed by the following property satisfied by all tensors Q) pvpo and

Q?) ,,po which are antisymmetric in the indices {uv} and {po}:

1

Q(l)[aﬂaﬁQ@)uA]u)\ + Q(Q) [aﬂaﬁQ(l)M]VA — §Q(1)[a6aﬁQ(2)y)\]’Y>\gw/ _ (4.30)

This property is proven by expanding the antisymmetrization in the identity
Q(l)[ago‘BQ(Q)vﬂ)‘g#]y = 0. Since the summation in (4.29) is symmetric in the exchange of
x®) and (") and every such x(® and x("~?) have the required symmetries for (4.30) to
hold, we conclude that (4.29) is always satisfied.

Hence, taking into account (4.30), one can see that the general solution to (4.25) reads,

n—1

n o _qm) s ol @) oB (n-p) po
X7 =T, 78, _321Xp[a6 X (4.31)
p:

and thus it is determined by a set of traceless symmetric tensors {7;5,7 )}nzl- Once these
tensors are specified, one can compute the tensor x,,”’ at arbitrary orders by using this
recursive relation. Note that even when the set of non-vanishing 7753 ) tensors is finite,
the series contains always an infinite number of terms. Even though there seems to be no
simple way of writing the general term in this expansion, at least we have a systematic way
of computing terms of arbitrarily high order — a task that becomes much more involved
in theories that are non-linear in F.

5 TField redefinitions

In section 2, we obtained the most general duality-invariant action up to the eight derivative
level. This can be understood as the truncation of an exactly duality-invariant theory that
necessarily contains an infinite tower of higher-derivative terms. But at the same time, it
can be interpreted as the effective field theory of some underlying UV-complete theory that
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respects electromagnetic duality. From this point of view, it is very natural to consider
field redefinitions of the metric and vector fields, since these correspond simply to different
choices of renormalization schemes of the hypothetical quantum theory, leaving the physics
invariant. One is of course free to redefine the variables of any given theory, and if the
original theory possess a symmetry, so must the transformed one. However, if the change of
variables is not invariant under that symmetry, then the new action will not be manifestly
symmetric. The goal of this section is to investigate this question in the case of the
duality-invariant theories under consideration. We would like to find field redefinitions
that map these theories into other of the same class, with the final aim of removing as
many parameters as we can from the Lagrangian.

Let us start by writing down our duality-invariant action up to the six-derivative level

1 4 2 2 4 »H 1 8'6(4) 85(4) 6
= 1lonC —F - = 1
S 167G /d m\/@{R + Ly + 6| L) 8 OF°F OF, +0() ¢, (5.1)

where we recall that L4 reads

£(4) = hoWTW + CYQT/_“/RMV + a3Xy + OZ4RW/RMV + 055R2 , (5.2)
and 5?6) is given by (3.5). Let us then consider a redefinition of the metric of the form
G = Guv + Chy (5.3)

where h, is some symmetric 2-derivative tensor. Performing such field redefinition, ex-
panding in powers of ¢2, and neglecting total derivatives, the action S undergoes the
transformation

/I 1 4 21 pv 4 1 af 2 2
s_s+m/dx,/|g| = WGy = 2T) + 01| ¢ (2hash® — 1) (R = F?)

1 1 1
(h“ah”a— thW) (G —2T,) — W hOPE 0 F 5 — Zv,jhagv“haﬁ + JVuhVh

+ 5 Vah* Vsh!t — SV Vah — b (Rﬁt B R(fx) + 50 VOV ng
o 65(4) 1 _o 8£(4) 1 8£(4)
-V v,u IRV + §V ORM — 59#1/;6(4) + F,ua 8FVa ):| . (54)

Then, the idea is to choose a tensor h,, that simplifies the Lagrangian. Note that, in
the four-derivative Lagrangian, the redefinition introduces terms proportional to 7},,, and
this allows one to remove all the terms depending on the Maxwell stress tensor. This is
achieved by the redefinition

o o1 + 209 &
lT,uzz - %Rm/ +oRguw, (5.5)

Py = =

where RW =R — i 9w and o is a free parameter. This has the following effect on £(4):

Liy = asXy+ @Ry, R + o5 R, (5.6)
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where

ayp Q2 aq a2
— 4+ =

aﬁlza4+4 5 ag=a;—— ——+0. (5.7)

In this way, we have removed all the terms containing field strengths in the four-derivative
Lagrangian, and hence, the new theory is obviously duality-invariant at that order. How-
ever, this redefinition also affects the 6- and higher-derivative Lagrangians, so we must
investigate if duality is also preserved at that higher orders. Let us note that, in this
new frame, the Maxwell stress tensor 7}, is invariant to order £? under a duality rotation
due to the absence of field strengths in L£4). Thus, it follows that the redefinition (5.3)
is invariant to order ¢*, and hence once would expect the transformed theory to be also
duality-invariant at that order. We recall that the presence of terms with T}, in L) in-
duces inhomogenous terms in L that are required by duality. Now, since the redefinition
removes the terms with 7}, in L4), our intuition is that it should also remove the inhomo-
geneous terms associated with these, since otherwise duality symmetry would be broken.
In fact, this is almost exactly what happens.

After a somewhat lengthy computation, we arrive at the following expression for the
transformed action up to O(£4):

1
S = fora | v rg!{R P24 2 (03X + o R B + abR?) +
Y

4 0\ of () 2 of () e {aB) 6
4 (‘C(ﬁ)) +O(VT)_674€,U,V€ F —Eg £ Fa'uF,gl, —|—O(€) , (58)

where &, = G, — 21}, are the zeroth order equations of motion. Here, (ﬁ{{ﬁ))/ is the ho-
mogeneous duality-invariant Lagrangian (3.5) with renormalized couplings, while O (VT)
represents new terms that, besides depending on the curvature and the Maxwell stress
tensor, also contain derivatives of the latter. These terms were not included in the original
action because, as we argued, they cannot arise in the truncation of a theory that is ezactly
invariant under duality rotations. However, the field redefinitions we are considering are
defined only perturbatively and they generically introduce this type of terms, which indeed
preserve duality in a perturbative sense. In any case, as we show below, one can easily
get rid of them. Thus, the only problematic terms are those that depend explicitly on the
field strength. Apparently, these terms break duality invariance, but a closer look reveals
that this is not so. Indeed, since they are proportional to the square of the zeroth-order
equations of motion, this implies that, on-shell, their contribution is of order ¢¢, and hence
the equations of the new theory are actually invariant under duality rotations at order ¢2.
Moreover, we can simply remove those terms from the action by performing an additional
redefinition of the metric,

Juv = Guv + €4h£4y) . (59)
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This yields,
1
/A 4 2 2 / "z ! P2
S _167TG/dx,/ygy{R F2 4 & (0 + o Ry R + a5 R +

2 2
4 "\ 51 W2 O o) elaf vy (4 6
¢ ((%)) +O(VT) - 6—45W5<“ JF?— 1—65<ﬂ VEB R, Fgy, — EF hL)) +O(! )} :
(5.10)
so that, by choosing,

a? a?
hid = = 1S P = 7687 Fagu Fa (5.11)
we cancel those terms. Note that, again, this redefinition is of order ¢ on-shell, and hence it
is trivially invariant at order ¢4. In fact, it makes sense that duality invariance is preserved
only on-shell, since this is a symmetry of the equations of motion, not of the action.

We can now perform additional O(£*) redefinitions in order to simplify the six-
derivative Lagrangian. Since these introduce terms of the form G h,(fy) - 2T “”h,(fy), this
means that we can remove all the terms depending on the stress-energy tensor 7}, or more
precisely, we can simply perform the replacement T}, — G, /2. Note that this works, too,
for the terms that contain derivatives of T),,, since, by integration by parts, it is always
possible to remove the derivatives from one stress-energy tensor, and then the replacement
above can be applied. Since all the pure-metric higher-derivative terms were already in-
cluded in the original action, these redefinitions have the only effect of renormalizing their
couplings while removing the dependence on T}, — and hence, F},, — in the six-derivative
Lagrangian.

Thus, we have reached a quite remarkable result: to the six-derivative level, the most
general duality-invariant extension of Einstein-Maxwell theory is equivalent to the most
general higher-order gravity minimally coupled to Maxwell theory. Explicitly, the ac-
tion reads®

1 /.
/. 4 2 2 / v ! P2
S —m/dl‘ |g|{R—F —'—E <Q3X4+CJ(4R/“/RM +OZ5R)+
I (61 RPSRPRI G+ BaR T Ry R ™ + B3R,y e RM™P L R7

B4R e R*P7 R+ B3R,y e R R + B6R,"R,P R} + 7 R R R

RS+ oV o By V7R 4 oV, RYVR) + O() ] (5.12)

where we are including all the six-derivative Riemann invariants modulo total deriva-
tives [45]. However, we can still decrease the number of terms in this action. To begin
with, not all the cubic invariants are independent, since they satisfy two constraints [45],
and this allows us to set, for instance S1 = 3 = 0. On the other hand, there are residual
redefinitions of the metric that cancel some of these curvature terms without introducing

3Note that the numbering in the 8; couplings is different from the one used in section 3.
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field strengths. In the four-derivative Lagrangian, we recall that af is given by (5.7), where
o is arbitrary. Thus, we are free to choose 0 = —a5 + 7§ + ¢, so that af = 0. In the
case of the six-derivative terms, notice that a redefinition of the form g, — g, (1 +04h®)
adds the term 4R R to the Lagrangian. Hence, we can cancel all the terms that contain
at least one Ricci scalar, and thus we can set 84 = 87 = 83 = B19 = 0. Finally, since we
can transform all Ricci tensors into Maxwell stress-energy tensors via metric redefinitions

(up to terms that involve Ricci scalars, and that hence can be removed), we have the map
R,RR) — 8T ,"T,"T," =0. (5.13)

Therefore, we can also set 3 = 0. In sum, the action is simplified to*

_ 1 4, | 2, 42 v
S—m/dl' ]g{R—F + 07 (o Xy + aa R, RMY) +

s (ﬂlpronaﬁRaﬁW + B2R,, o R R + BgVURWV"R’“’) + 0(66)} . (5.14)

uvpo
and it only contains five independent operators, of which one is topological. Thus, duality
invariance together with field redefinitions is a powerful tool that removes most of the
higher-order terms one can include in the action.

One may wonder if this result extends to even higher-derivative terms. As we have
discussed, at order n, the Lagrangian of a duality-invariant theory can be decomposed as
Lion) = Egn) + 5{5171), where ﬁgn) contains new independent terms that depend on Fj,,
only through 7}, and E%I;n) is determined by the lower-order Lagrangians. Now, if up
to order n — 1 we have been able to cancel all the higher-order terms containing F),, via
field redefinitions, we expect that those redefinitions also cancel Egln) up to terms which
are duality-invariant at that order, and that hence depend on T),,. This is precisely what

happened with £?6_I) when we performed the redefinition that cancels the F-dependent

terms in L4. If this is the case, then the corresponding transformed Lagrangian £,(2n) will
depend on £}, only through T}, and therefore there is an additional metric redefinition
of 2n — 2 derivatives that maps that Lagrangian into a pure gravity one. By induction,
one would conclude that this process can be carried out to all orders. As we have seen,
things are not so simple, since in this process of field redefinitions duality is only preserved
on-shell, which adds some additional complications to the argument. Still, the evidence

gathered so far makes us confident to propose the following

Conjecture 1 Any duality-invariant theory that allows for a derivative expansion around
FEinstein-Maxwell theory is perturbatively equivalent to Mazwell theory minimally coupled
to a higher-derivative gravity at any order in the derivative exrpansion.

As a further support of this conjecture it would interesting to carry out the explicit com-
putation for the eight-derivative terms, although this is a highly challenging task that
entails the computation of the third variation of the Einstein-Maxwell action as well as

With respect to (5.12), we are relabeling the couplings as as — a1, oy — a2, B2 — B1, 85 — B2 and

Bo — PBs.
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the second variation of the Lagrangian L 4. Interestingly, if the conjecture holds, then it
means that, when coupled to Einstein gravity, non-linear duality invariant electromagnetic
theories such as Born-Infeld theory are in fact perturbatively equivalent to Maxwell theory
coupled to higher-derivative gravity. Another interesting question is whether one can find
a fully non-perturbative equivalence.

Let us close this section with a few additional comments. In our approach to field
redefinitions we have not included a cosmological constant since it introduces a new length
scale besides £. This makes the computations more involved since now a redefinition of order
n affects linearly the Lagrangians of order n and n + 1 and new scales A¢?" are generated.
However, upon the assumption that A¢? < 1 we believe our qualitative results for the
asymptotically flat case can be applied as well — see [46] for an argument in a similar
situation. Finally, we have been able to map any duality-invariant action to a theory
that only contains metric higher-derivative terms, so one may wonder if one can make an
analogous transformation to a frame in which the theory takes the form of Einstein gravity
coupled to non-linear electrodynamics. However, this is not the case since terms that
depend explicitly on the Riemann curvature such as RWWRWO‘/B Ra6“ Y or R“"aﬁTuaTyg
cannot be mapped into terms containing only field strengths. Therefore, the action (5.14)
represents possibly the simplest form for a general six-derivative duality-invariant theory.

6 Black holes

As a final application of our results, in this section we study the spherically symmetric black
hole solutions of (5.14), which, as we have shown, is equivalent to the most general duality-
invariant theory to the six-derivative level. A general static and spherically symmetric
ansatz can be written as

ds® = —=N(r)%f(r)dt* + ﬁ + 72 (d92 + sin? 0d¢2) (6.1)
f(r) ’
A = Ay(r)dt — pcos@de, (6.2)

where N(r), f(r) and Ay(r) are functions and p is a constant. The field strength F' then
reads
F = —Aj(r)dt ANdr + psin0df A do, (6.3)

and the Maxwell’s equations, which do not receive any corrections, read simply dx F' = 0.
The magnetic part of F' automatically satisfies this equation, while A; satisfies

24, N
d(’" t):o, = A =1 (6.4)

dr\ N r2

where ¢ is an integration constant. This fully characterizes the field strength in terms of
the parameters ¢ and p, which are the electric and magnetic charges as defined by

1 1
— — | «F —— | F .
q 47T/E* , P 47T/E , (6.5)
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where ¥ is any surface that encloses » = 0. Finally, Einstein’s equations can be easily
solved if one assumes a perturbative expansion of the functions N(r) and f(r) as

ZN e, an )en (6.6)

In this way, at each order the functions {f,, N,} with n > 0 satisfy the inhomogeneous
linearized Einstein’s equations, whose resolution is straightforward. The integration con-
stants in this process are fixed so that N(r — oo) =1 and f(r = o0) =1 —2M/r+....
Then, the result reads

22 2 2
N(T)2:1+2£?a2+£4<Q2 (_8(;63 L 128M 48) 0%, ( 60Q +32M>

r7 r7

r8 7 r7 r6

612Q*  4992M Q2 216M2 150Q2 192M 48
+ﬁ1<— el ) Q%( Lo —))

(6.7)

Q2

2
Fr)=1- ¥+T—2+EQQ2QQ <_12Q 60 4)

576 7o ré

15710 r9 rs r7 r6

1408Q* 1MQ?  320M2 4 119207 AM 72
4Q%Q2< 03Q _35LMQ? | e VO

1724Q° 18840 QY HOMMEQT 4 67900t g (19M3+96MQ2) 21602
+ 0 3ri0 79 + rs B r7 + r6

o (521Q*  158M Q%  T2M? +68Q%* 40M
+ 50 9y10 r9 + 7S T

b 2 1472Q"  566MQ? | 46402+ 17297 384M L 72 ©3)
3 9710 79 r8 r7 76 ’ '
where
Q=+ (6.9)

This solution obviously reduces to the (dyonic) Reissner-Nordstrom solution when all the
couplings are set to zero. Note also that in the case of vanishing charge the only non-
trivial correction is the one associated to 1, since the rest of the interactions involve Ricci
curvature. Let us now study some properties of this solution. When the charge-to-mass
ratio is small enough, it represents a black hole, whose horizon r; corresponds to the
largest root of the equation f(ry) = 0. Since near extremality the zeroth-order solution
has a double root, one has to be careful when studying the solutions to the corrected
equation. Thus, let us first consider the case in which we are far from extremality, meaning
that 0 < M? — Q? > (2. Note that, if Q > ¢, this condition still allows us to get relatively
close to extremality, in the sense that we can have M? — Q? < @2, but not too close. In
this regime the horizon radius receives corrections of order ¢2, and it is not difficult to solve
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the equation f(ry) = 0 perturbatively in ¢ in order to get

= M(110)+ C(1+3¢C—4¢) ag (1 =) (21 + 147¢ + T73¢* 4 1984¢°) o

5M¢(1+ ¢)? 1050M3¢3(1 + ¢)®
204 (4 —39¢ +336¢% — 511¢3) B1 041 — O) (=1 +7¢)(—1 + 13¢) B2
21M3((1 + ¢)® 18M3((1 4 ()5
(1= ¢)(5+¢(35 +464€)) B3 6
63M3C(1 1 O)F +O(°), (6.10)
where ( is the “extremality parameter”
2
C=1/1- % , (6.11)

which ranges from 1 in the uncharged case to (near) 0 at extremality. Note that the
corrections seem to diverge when ¢ — 0, but this is only because the assumption that the
corrections are of order ¢2 is no longer correct. Indeed, when M? — Q% ~ ¢? one can see
that the leading correction to r is of order ¢ rather than ¢2. Thus, the expression above
is reliable for ¢ 2 ¢/M, which can in fact be very small.

Let us then study what happens exactly at extremality. This is achieved when 7 is a
double root of f, and hence we also have the condition f’(r;) = 0. We find that the radius
and mass at extremality read

304 (4B1 + B2)

rt=Q - 208 + 0%, (6.12)
M =Q - 0;252 _LBos 481%6537& + 108s) +O(£%). (6.13)

6.1 Black hole thermodynamics

Once we have found perturbatively the most general static and spherically solution to
the theory defined by (5.14), our next objective is to study the thermodynamics of the
corresponding black hole solutions. To this aim, we are interested in several physical
magnitudes, namely: the black hole mass M, its temperature T, its entropy .S, and the
electric and “magnetic” potentials at the horizon, ®(ry) and W¥(ry) respectively.” For
convenience, we shall express all these quantities in terms of r and Q.

We begin by obtaining the black hole mass as a function M = M(r4, Q). This can be
done by imposing the condition f(r;) = 0, and one gets

re QL QN3Q—5rd)ast® | a3Q!

M=_T*T 1+ % 7Q% — 9r?
> o, T 1072 TS0 (7Q" = 9r3)
€4 2 64
O 44508 + 909Q42 — 58507t +105:%) — L 20 (9801 — 45022 + 181
42r9 18r3
2 €4
- ?25;’:9 (217Q" — 459Q%r% + 252r%) + O(4%) . (6.14)
+

5Tt is also possible to compute the on-shell action, which can be seen to be invariant under rotations of
the electric and magnetic charges when appropriate boundary terms are included [47].
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The black hole temperature is given by the general formula

f'(ry)N(ry)

T:
A7 ’

(6.15)

and when expressed in terms of . and @ yields the following result,

2 2 2002 _ 2\ 2 4 24
r-GoF Ol — el Gl g
47TT’+ 4777'+ 87T7’+
4
+ 2‘? (10908 — 147Q42 1 T3QM — 1Y) + %Q (TQ" - 6Q*ri +2r%)
< € ot gt 4 )+ 000 (616
7

Our next goal is the computation of the black hole entropy. According to the Iyer-Wald
prescription [48, 49], the entropy S of a black hole arising as a solution of a theory with
Lagrangian density £ is given by

S = —271'/ VOlELewepa, (6.17)
P uvpo

where ¥ is the bifurcation surface of the horizon and voly its (induced) volume form.
Similarly, €,, denotes the binormal to the X, which is nothing else than the components
of the volume form in the orthogonal space to the horizon, and

5L ar or
_ R L 1
Frs ~ 0ROV R | (6.18)

is the functional derivative of the Lagrangian with respect to the Riemann tensor. From
the spherical symmetry of the black hole horizon, it follows that we just have to work out

the component SR which reads:
trir
oL 1 arl?  al?Q?  a1altQ? a30tQ? 9 9
ORypir . 327 87‘("!“3_ + 87rri + 47r7ﬂ + 47rri (=3Q7+2r%)
gt [ 1252Q | 519Q%r% 33} B2€4Q2 51, (6.19)
+ — + Q +5
e 112 56 16 87””+
54 2
4 500 (—31Q% +32r2).

167r7“?|r
After these computations, direct application of the Iyer-Wald formula (6.17) yields

27TQ2()¢2£2 127T51£4 7TQ 525

S =mr} +drar 0* — ) + ) (r1 —2Q%)? + ) = (TQ* — 4r})
81 Q2 Byl
g (@ =)+ o), (6.20)

While the Gauss-Bonnet term, being topological, does not affect at all to the equations of
motion of the theory, we observe that it does contribute to the corresponding black hole
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entropy by introducing a constant term which, in turn, does not have any influence on the
first law of black hole thermodynamics.

Let us finally compute the electrostatic and magnetic potentials at the horizon, ®(r)
and W(ry). These are defined by

F = d(®(r)dt) — +d(U(r)dt), (6.21)

and comparing to (6.3), we have that

O(r) =qx(r), ¥(r)=px(r), where Y\ (r)= N(r) . (6.22)

r2

Imposing both ®(r) and ¥(r) to vanish at infinity, and using the perturbative expression
for N(r) found in (6.7), we encounter

1 Q2a2€2 Q2a%€4 2Q2ﬁ2£4

_ = _ 2 _ kN2
x(r) = . + 55 + 119 (—63Q° + 16(TM — 3r)r) + 5,9 (=5Q° 4+ 3Mr)
26,01 11904 2 2,2
— 9 (119Q" — 156 M Q*r + 54M*“r=)
2 54
— Qfog (175Q% 4 361 (—=7M + 2r)) + O(£5). (6.23)
Evaluation at the black horizon yields:
1 2002 2,204 /A
x(ry) = —+ e 0‘52 ¢ a29 (7Q* — 8r%) — &—9(109624 —102Q%*r% +27r%)
Ty ory 14ry Ty (6.24)
@Bl o5 oopy QB e s 6 '
+ o— (3ry —7Q%) + o (—49Q° + 54r1 ) + O(L).
3ry 21ry

Making use of (6.14), (6.20), (6.16) and (6.24) we observe that the following identities hold:

OM .08 1oM _TOS
oy Cory’ QoQ Qo X

From this, it immediately follows that the first law of black hole thermodynamics,

(ry) . (6.25)

dM =TdS + ®(r4)dq + ¥(ry)dp, (6.26)
is identically satisfied.

6.2 Constraints from the weak gravity conjecture

The string swampland program [50] aims at finding universal features of low-energy effective
theories with a consistent UV completion, so that one can discard those that do not satisfy
those properties. In this respect, one of the most successful proposals is that of the weak
gravity conjecture (WGC) [51], which has recently motivated the study of higher-derivative
corrections to charged extremal black holes [42-44, 52-58].
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Corrections to the charge-to-mass ratio. Let us briefly review how the weak gravity
conjecture can be used to constrain effective gravitational theories. A heuristic form of this
conjecture states that all black holes, including extremal ones, should be able to decay. In
order for (near-) extremal black holes to decay, it follows that there must exist a particle
with a charge-to-mass ratio larger than the one of a extremal black hole — otherwise the
black hole cannot be discharged due to the extremality bound in GR: M > |Q|. However,
in the presence of higher-derivative corrections, the extremal charge-to-mass ratio is not a
constant but a function of the charge, and hence this statement depends on the size of the
black hole. To see this, let us consider an extremal black hole with electric charge ) and
mass Mext(Q), and let us assume that it discharges by emitting a particle with charge ¢ and
mass m. The resulting black hole will have mass and charge M’ = My (Q)—m, Q' = Q—q,
but, on account of the extremality bound, the mass must satisfy M’ > M (Q'). Then,
assuming that ¢ < @, one can see that this condition is satisfied only if

m < dMext '

=< 6.27
) (6.27)
This provides the bound on the particle’s charge-to-mass ratio in order for the black hole
to discharge. For large black holes %@Xt = 1 and hence it is enough to have a particle with

g/m > 1. However, if djél/[é"t decreases as the black hole discharges, the bound (6.27) may

be violated at certain point, and hence the evaporation is obstructed. A simple way to
avoid this problem consists in demanding d](\l/[igt to grow as () decreases, or in other words,

d? My
0 =0 (6.28)
A more robust argument can be obtained from a slightly different form of the WGC
which states that the decay of a black hole into a set of smaller black holes should be
possible in terms of energy and charge conservation [42]. This is like saying that smaller
black holes play the role of the particle hypothesized by the WGC. Let us suppose that
the initial black hole is extremal (or arbitrarily close to extremality), so that it has mass

Mext (@), while the final black holes are not necessarily extremal and have charges Q1, Q2
with Q1 + Q2 = @, and masses My, Ms. A necessary condition in order for this process
to be admissible is that M (Q1 + Q2) > M; + M, which, upon use of the extremality
bound M; > M (Q;), yields the following constraint

Mext(Ql + Q2) 2 Mext(Ql) + Mext(Q2) . (629)

Thus, the higher-derivative corrections to Mey must be such that this condition is satisfied.
When applied to our result (6.13), either condition (6.28) or (6.29) yields equivalent
constraints. For instance, from (6.28) we get
_ 2090*  20%(303 + 4861 + 7B2 +1083)

507 2105 + 0% <o0. (6.30)

Obviously, in the regime where ) > ¢ the first term is dominant and this implies that

as >0, (6.31)
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Now, the second term only becomes relevant when @) ~ £, but this point marks the limit
of applicability of the perturbative expansion, so it is not clear what constraint one should
impose on the additional couplings. Still, one may argue that, if the coefficient of 1/Q°
is positive, then the bound may be eventually violated. In order to avoid this problem, it
seems reasonable to impose as well the condition

303 + 4861 + 72 + 1083 > 0. (6.32)
In this way, we guarantee that the mild form of the WGC is satisfied.

Positivity of the corrections to the entropy. In another vein, it has been argued [52]
that negative corrections to the mass of extremal black holes are in correlation with positive
corrections to the black hole entropy. Although such connection has been proven in [59],
the relation is not complete. Strictly speaking, only the corrections to the near-extremal
entropy are related to the corrections to the extremal mass, while the corrections to the
extremal entropy are independent, as explained in [56]. Likewise, the corrections for neutral
BHs are also independent. On the other hand, the relation proven in [59] only applies for
the leading order corrections, but it will probably not hold for the subleading ones. This
motivates us to study the range of values of the couplings of the theory defined in (5.14)
for which the corrections to the entropy are non-negative. We will demand that, for any
charge and mass, the corrections of each order are non-negative independently, which is
the strongest condition one may impose.

We shall study the corrections in the non-extremal and extremal regimes. We begin
by considering this latter case, since it is simpler. In fact, by replacing (6.12) in (6.20) we
find the following remarkably compact expression for the extremal entropy Sext:

Sext = Q7 + 2m(2a1 — a2)* + O(£°), (6.33)

which contains no ¢4 corrections. These extremal corrections are non-negative whenever

o> 2 (6.34)
2
Although the Gauss-Bonnet term is topological, we observe that demanding the corrections
to extremal entropy to be non-negative imposes a bound on «; — in particular, it cannot
vanish if ap > 0. This condition did not appear when studying corrections to the extremal
charge-to-mass ratio, since, as we anticipated, the corrections to the extremal black hole
entropy are unrelated to those of the extremal charge-to-mass ratio [56].

Let us now study the entropy of non-extremal black holes. For that, we need to express
first the black hole entropy in terms of the mass and charge, S = S(M, Q). Note that back
in (6.20) we wrote the black hole entropy as a function of 1 and @, but we must bear in
mind that the truly thermodynamic variables in which to express the entropy are the mass
and charge. This is an important issue since the corrections at fixed r are not the same
as those at fixed M, the reason for this being that for a fixed mass M the horizon radius
r4 is altered after the inclusion of corrections, and vice-versa. In terms of the extremality
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parameter ¢ = 4/1 — %, we find that the entropy Shpe in the non-extremal regime reads

2mlas(1 — ()% aml*(¢ —1)%(8C + 1)
5C(1+¢) 63M2¢(1 + ¢)*
8ol (3+4¢)¢ | w(1—¢)*'a3
TM2(1+ ¢)* 525 M2¢3(1 4 )4

Spe = TM?(1 +¢)? + 4mlaq + (6.35)

(—21 — 126¢ — 185¢% + 32¢%) + O(£9),

where we have defined a = 4831 + 782 + 1083. We recall that this expression is valid for
¢ = ¢/M, which in practice can be very small. Regarding the O(f?) corrections, we see
that the term with as is dominant for small ¢, and therefore positivity demands that

as >0, (6.36)

which is the same condition as the one from the corrections to the extremality bound. On
the other hand, (6.34) ensures that the O(¢2) corrections are positive for any other value
of ¢. If we now demand that the O(¢*) corrections be non-negative independently, we see
that the following constraints are obtained,

ay =0, 483 +78+1083>0, B >0. (6.37)

The first two are obtained by examining the corrections for small { while the bound on (;
is obtained in the opposite limit ( = 1. On the one hand, note that we recover (6.32) with
ag = 0. On the other hand, we observe that these constraints are quite strong since they
imply the vanishing of as, so one may wonder if imposing the non-negativity of entropy
corrections at each order is a well-motivated bound.

Indeed, one must bear in mind that imposing the corrections to the entropy to be
positive (or, analogously, requiring the corrections to the extremal mass to be negative) is
not equivalent to demanding the coefficients at every order of the expansion to be positive,
being the latter a much stronger condition. In fact, the condition as = 0 would imply in
the context of string theory that the metric does not receive any correction at all at first
order in o/, but it is known that such corrections at first order in o’ do take place® [56].
This shows that the WGC may be applied just to the leading-order corrections, not order
by order in the expansion.

7 Conclusions

In this work, we have studied higher-order extensions of Einstein-Maxwell theory which
are invariant under electromagnetic duality rotations. We started by considering a general
higher-derivative theory of gravity and electromagnetism and we obtained the necessary

S Although the solution presented in reference [56] contains more fields, at zeroth order in o’ the only
active ones are the metric and an Abelian gauge field. Moreover, it can be checked that the leading o'-
corrections to the 4-dimensional Einstein frame metric are only sourced by the higher-derivative terms that
involve these fields. Thus, the fact that the Einstein frame metric contains corrections implies that non-
trivial four-derivative operators of the metric and/or vector fields must appear in the action, and hence
a2 7& 0.
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and sufficient conditions for theories up to eight derivatives to preserve electromagnetic
duality at a perturbative level. It would be interesting to extend this result to all orders in
the derivative expansion, but we leave this task for the future. Then we used these results
to derive the most general parity- and duality-invariant theory up to eight derivatives.

We also studied in some detail a particular class of theories: those with Lagrangian
L=R—x"PF,, F,, where the susceptibility tensor x***? only depends on the curvature
tensor and the metric. We provided the most general form for x***? yielding a duality-
invariant theory and we wrote the corresponding set of equations of motions with manifest
SO(2) invariance. We observed that, generically, these theories consist of an infinite tower of
higher-derivative terms, but it would be interesting to study if there exist particular theories
or situations under which this infinite series can be explicitly summed to obtain a complete
non-perturbative duality-invariant theory. Research in this direction is underway [60].

Next we studied the effect of field redefinitions on duality-invariant theories, which led
us to a remarkable simplification of those actions. We showed that, up to six derivatives,
one can always remove all the higher-order terms with explicit Maxwell field strengths,
leaving one with a higher-derivative gravity minimally coupled to the Maxwell Lagrangian.
In other words, this result implies that, in a duality-invariant theory, higher-derivative
corrections can always be chosen in a scheme such that they do not modify the Maxwell
Lagrangian at all. We argued that this phenomenon should take place for any theory with
any number of derivatives, but so far this claim remains as a conjecture. Appealing open
questions are those of providing a proof for the conjecture or showing that any theory is
equivalent via metric redefinitions to Maxwell theory coupled to a higher-order gravity at
a non-perturbative level as well.

In this context, we wrote the most general six-derivative duality-invariant action after
the use of metric redefinitions, noticing that the number of higher-order operators can be
effectively reduced to four, plus a topological one. We studied the charged, static and
spherically symmetric black hole solutions of this theory and computed their thermody-
namic properties — entropy, temperature and electromagnetic potentials at the horizon —
allowing us to check explicitly that the first law of thermodynamics holds.

Using these results, we obtained additional constraints on the higher-derivative cou-
plings by applying the recently proposed mild form of the weak gravity conjecture [42, 43].
According to this conjecture, the corrections to the charge-to-mass ratio of extremal black
holes in any consistent theory of quantum gravity should be non-negative, thus allowing
the decay of extremal black holes and evading the existence of remnants. This has also
been related to the non-negativity of entropy corrections [52, 59|, although, as we dis-
cussed, the connection is not complete. We determined the constraints coming from these
conditions not only for the leading higher-derivative corrections but also for the subleading
ones. Demanding that the subleading corrections to the entropy remain non-negative leads
to especially strong constraints — see (6.37) —, implying in particular the non-existence
of leading-order corrections in string theory solutions. However, we observe this is in con-
tradiction to well-established results in the literature [56], so we check that the mild form
of the WGC should only be applied to the leading entropy corrections.

~ 31—



Let us close this work by commenting on future directions. As we have already re-
marked, it would be interesting to extend the analysis of this paper to arbitrary orders in
the derivative expansion and, if possible, to obtain examples of exactly invariant theories
at the non-perturbative level. On the other hand, in our analysis we left out the terms
that depend on derivatives of the field strength, because, as we argued, such terms cannot
appear in a truncation of a theory that is exactly invariant under duality. However, they
can preserve duality in a perturbative sense [40], so it may have certain interest to classify
such theories as well. It would also be interesting to generalize the results in this work to
the case of n vector fields coupled to scalar fields. In those cases, the duality group is a
subgroup of Sp(2n,R), and although some of these Lagrangians have been studied in de-
tail [16, 29, 30] and are relevant in supergravity and string theory, it appears that couplings
between the field strength and the curvature have not been considered so far. Finally, it
is also possible to study duality-invariant theories in higher dimensions, for instance by
considering p—forms in D = 2p + 2 dimensions.
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A Invariance of Einstein’s equations in theories with derivatives of the
curvature

In this appendix we are going to show that the invariance of the constitutive relation (2.8)
under duality transformations implies the invariance of the Einstein’s equations also for
those theories with explicit covariant derivatives of the curvature. For that, we shall follow
an analogous reasoning to that of subsection 2.2, where we showed the invariance of the
Einstein’s equations under duality rotations once that of (2.8) is guaranteed.

If we consider a generic theory with arbitrary dependence on the covariant derivatives
of the Riemann curvature tensor, so that £ = L(¢"", Fl, Ruvpos VaRuvpo, - - - ), the main
difficulty we encounter is that the tensor &£, defined back in eq. (2.11), takes a much more
complicated form to that given at (2.44). However, we can make use of many computations
and results presented in subsection 2.2 for algebraic theories to achieve our goal. In fact,
the arguments used for algebraic theories are valid in this general case up to eq. (2.59).
Thus, our task will be to show the validity of the equations (2.60) and (2.61) also for these
general theories so that the invariance of the Einstein’s equations will be guaranteed. We
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rewrite here those equations for the benefit of the reader:

168 oL
TH(6) 10cuy “4) _
Ew(T) + 130 (T) o 57as =0 (A1)
164 L 1 5269 Ly OL
TH(8) 10cuy 6  + Hy “) )
D) F 15k D) 8Fay ~ 160F0g0F,, L) ° 9Fas ° aFer
H(6
1560 0Ly _ A2)

13F,, \D)° gpes =

Let us first of all find the form of the equations of motion for theories with dependence
on derivatives of the curvature. For that, let us define

oL
Pv”al...an;ﬂ/pa == (A3)
aval...aan/pa

which enjoys the same symmetries as Vg, ..a, Ruvps, Which is a short-hand notation for
Vai -+ Va, Ruvps. Consequently, the metric variation of the corresponding action S[g, A]
associated to L(g"", Fuv, Ruvpo, VaRuwpo, - - - ) takes the form:

v ]. ]- v aﬁ v
6S[g, Al(0g"",0) = 1672 /M d495\/ |9|{ - 59#”59“ L+ 89#1/59#

(A.4)
+ Z PV"almanwjpo-(sval...anRuypa} .

n=0

If £ € X(M) denotes an arbitrary vector field, we can write that the Lie derivative L¢L in
two different ways:

= oL
_¢K R Q1 ...00 UV PO K af
Lel = €°V, L= ¢ n§:0: Pyn® ViVay - Vo Ruvpo + 6" 55 ViF™ (A5)
= oL oL
LeL = Pgn®10ntPo LN o o Ruvpe + =L F, ——L¢gag - A6
3 n§=0 v ¢Van..an Ruvp +8Fa5 ¢ 6+3gaﬁ ¢9a8 (A.6)

On the other hand, we have the following identities:

PV"almanuupaLfval...anR,Lu/pcr = fHPV"almanuylmvﬁal...anRyupa

+4(V &) Pyn PN o an R 1po (A.7)
+Z(vaigﬁi)PV"almaimanm/pgval...Bi,..anR,quoa
i=0
Legap = 2V (&), (A.8)
oL oL oL
LeFog = ¢V Fog=—— + 2V EHF g—. A.
DFy ehos &'V %8 By T Va ZETow (A.9)
Consequently, we learn that
oL _ QPVnalmanu)\pavay..anRV)\po- . oL e
8g/u/ BFMP
(A.10)
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where the hats over the free indices p and v denote that they replace the indices «; in the
i-th position. Taking into account that, up to total derivatives,

Pvnou...anuupaévalmanRMVpU _ (_1)n+lvan...o¢1 Pvnalman,uupaRﬁypa'égMB

+2(—=1)"VVPV 0, 0y Pyn® 0" 569" (A-11)
we find that
Epw :nix [2(_1)n+1vavﬁv%~alp v ev)s + (1) Ve oy Pon 0 (P Ry oy
n=0
— 2Pgn 0 MV o e Ri)ape — ZPvn NPTV (). o Bovepo
o (c : ;F%ifﬁ) , (A12)

where npmax is the maximum number of explicit covariant derivatives appearing in the
action.

Let us remark at this point that, as in the case of algebraic theories, the equations
EE,(%) associated to the homogeneous Lagrangians Egn) only depend on F},,, through the
Maxwell stress tensor T),,. This follows from the fact that for every monomial we have
Faﬂaal,ﬂ o L;. On the other hand, if £ is a function of T}, so are the various Py» tensors.

Thus we can in fact write EH(Qn) (T'), so that we can apply eq. (2.59).
Finally, in order to show (A.1) and (A.2), let us note the following formula, which
generalizes (2.62) for an arbitrary number of covariant derivatives:

Q 0Qu, v
Nl MU =ZV1...Un 1 n
5Fa5 @] Aaﬁ - Ml n < (SFaB o Aaﬁ) ) (Alg)

where Q,, . ., is any tensor with dependence on F,, 3 and its covariant derivatives and where
Aqp is an arbitrary antisymmetric tensor. Using this formula, and noting the structure
of (A.12), we check after some computations that both (A.1) and (A.2) hold. For the sake
of clarity, let us illustrate this fact more explicitly for eq. (A.1). By use of (A.13), we
have that

sEL) T 0Ly
0Fag ' 9FB

nmax
|:2 n+1vgvﬂvan..-a1Pvnalman(ﬂbh’)ﬁ

(

ai...a o D Qj..o Apo
Q.. OllPV” F WP Ry pey — 2Pgn " (ul PV ay..on Riv)rpo

n*v
van o an)\mpavalmlﬁ)wanRMpg}

MVapaﬁ 8F <£(4) - §FP08TM ) (A.14)

l\.')r—' [\:)M—l

where we have defined

apé%? Ql...0p VPO a£(4)
OF A OF\,

pv"oq...anm/pa —

(A.15)
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We identify in (A.14) precisely the term —455,1(6) (T'), so we conclude. The proof of (A.2)
goes along similar lines.
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