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Universal Multiport Interferometers for Post-Selected

Multi-Photon Gates

Alessio Baldazzi** and Lorenzo Pavesi

It is showed how to use universal multiport interferometers’ schemes in order
to create photonic post-selected Controlled-Z and Controlled—Controlled-Z
gates, which are equivalent, modulo single-qubit gates, to Controlled-NOT
and Toffoli gates, respectively. The new proposed method is based on the
following ingredients: identical single photons, Mach-Zehnder interferometer
networks, single-photon detectors and post-selection. In particular, by using
dual-rail path encoding together with auxiliary paths and single photons, the
success probabilities of such gates is improved. This result further proves the
complexity and richness of Reck and Clements schemes beyond the usual

notions and practices of Boson Sampling.

1. Introduction

Quantum photonics!'** offers a promising platform not only

for communication,>®! but also for computing.”! Photons are
the natural choice to transfer information because of low deco-
herence, high speed and a well-established technology that al-
lows the manufacturing of photonic integrated circuit working
at room temperature. Moreover, by exploiting their different de-
grees of freedom,"%M it is possible to encode the information
either in discrete or in continuous variables with a wide variety
of choices. These variables can be manipulated by linear opera-
tions with high fidelity, robustness and flexibility. For example,
Mach-Zehnder interferometer (MZI)[*213] or MZI network!141]
can be used to implement any transformations of a generic qudit,
i.e., d-dimensional qubit, encoded in the spatial degrees of free-
dom. However, the linear manipulation alone cannot execute all
the gates needed for universal quantum computing (QC). On the
photonic platform, universal gates,['!¥ like Controlled-Z (CZ)
and Controlled-NOT (CNOT), require a manipulation where pho-
tons cannot be treated independently, or equivalently where they
get entangled.
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Remarkably, Knill et all™ showed
that nonlinear transformations, like Kerr
gate,[?) are not necessary to achieve all
the desired universal gates. Linear optical
quantum computing (LOQC)[10-1221-55] can
be realized using post-selection and/or
heralding. By choosing specific criteria
and neglecting the events not satisfying
those criteria, an effective nonlinearity!2®]
emerges and allows to create multi-photon
entangling gates. This scenario implies
that some events are discarded, and thus
the success probability of these gates is
lower than 100%, even if the fidelity of the
operation could be one. This new paradigm for photon entan-
gling gates can be adapted to both approaches to quantum algo-
rithms: measurement-based?”?8] and gate-based”! QC.

On the photonic platform, the first one is named fusion-based
LOQC and it is achieved with entanglement resources coming
from parametric nonlinear processes!?! together with fusion
gates.’%31] The parametric processes are probabilistic, but re-
searchers are also exploring deterministic entanglers.’233 The
fusion gates act as parity check operations that sacrifice the initial
entanglement to create new correlations and then produce large
cluster states as a resource for quantum algorithms.?*3%) There
are two types of fusion gates and both have a success probabil-
ity of 50%. Contrary to type-1, when the type-II fusion gate fails,
the operation can be repeated by consuming more pairs of corre-
lated photons to increase the success probability asymptotically to
100%.3% The main drawback of this approach and its scalability
relies on the need for many initial correlated photons, which are
produced by probabilistic processes or through entangler struc-
tures that are difficult to integrate.

The gate-based approach on the photonic platform is char-
acterized by probabilistic gates with lower success probabilities
with respect to fusion gates. The first example, given by Knill
et al.,[1% is the heralded CZ gate that has 1/16 success probabil-
ity. It makes use of the Hong-Ou-Mandel (HOM) effect!*®) and
two non-linear sign gates. The non-linear sign gatel*’! is a condi-
tional sign flip operation that is heralded by the click of one single
photon and gives a z phase shift only to two-photon states. Since
there are two non-linear sign gates, the heralded CZ gate requires
two auxiliary single photons and four auxiliary paths in total. A
second example uses one Bell state as a resource and beam split-
ters. It achieves CZ gate with 1/4 success probability:*®! such a
high value is obtained by increasing the requirement on the ini-
tial resources. On the other hand, ref. [39] introduces the most
resource-efficient design of a gate-based LOQC CZ gate. The
dual-rail structure is modified by the addition of two auxiliary
waveguides and, through three beam splitters and post-selection,
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the desired output has 1/9 probability of success. The main lim-
itation of this gate design relies on the fact that it is not a her-
alded operation and thus it cannot be applied twice to two pairs
of qubits that share at least one qubit. In ref. [40], it is shown how
to execute this gate on two pairs of qubits that share only one
qubit through the truncation trick. In Refs. [41, 42], it is presented
and experimentally demonstrated a controlled-NOT gate, which
utilizes two single photons and has 1/8 success probability. The
same performance in terms of success probability is found for
the scheme reported in ref. [43]. However, in this case there are
no auxiliary photons: the result is based on the use of both po-
larization and spatial degrees of freedom. Lastly, ref. [44] shows a
post-selected CZ gate with 1/4 success probability by using one
auxiliary single photon and feed-forward operation.

This review of CZ gate designs shows that despite a huge
effort there is still the need to achieve high success probabil-
ity and optimize the required resources. The same situation is
found for other important universal gates such as the Controlled-
Controlled-Z (CCZ) gate and Toffoli gate.*’] These gates are
equivalent modulo single-qubit gates. The decomposition of
Toffoli gate requires six two-qubit controlled gates,!*?] thus it is
essential to find direct ways to implement it in order to have more
resource-efficient hardware. Using linear optics, post-selected
Toffoli gate designs have been proposed with success probabil-
ities 1/133#71 and 1/72!*] without auxiliary photons. The use
of two Bell states increases the success probability to 1/32.18]
Then, like in the case of CZ gate, ref. [43] presents how to use
auxiliary degrees of freedom to obtain 1/64 success probability.
A higher success probability of 1/60 ~ 1.7%*! can be achieved
by using a 6 X 6 non-unitary MZI network and no initial entan-
glement resources. Finally, utilizing two auxiliary single photons
and feed-forward operation, ref. [44] reaches 1/30 success
probability.

In this framework, our work aims to improve the perfor-
mances of post-selected photonic multi-qubit gates by using uni-
versal multiport interferometers, i.e., Reckl'*l and Clements!®!
schemes. Such photonic networks are the fundamental ingredi-
ents to perform Boson Sampling,**>!! which is typically used as
an example of quantum analogical simulation able to show quan-
tum advantage for hard computational problems. On one side
Gaussian Boson Sampling/>?! can be used to solve vibrational
structures of molecular systems, and on the other side scatter-
shot Boson Sampling!®®! estimates matrices permanents. Indeed,
even if the involved transformations are linear, the dynamics of
Boson Sampling is highly non-trivial, since the interference be-
tween indistinguishable outputs produces counter-intuitive re-
sults. The simplest example is given by HOM effect,*®! where
two single photons are inserted in the inputs of a balanced beam
splitter producing an entangled path-encoded state.>*5 There-
fore, MZI networks are rich of potential interesting transforma-
tions even if they have a linear action, and thus they deserve
more investigations. The complexity of MZI networks suggests
that multi-photon gates can be obtained by suitable choices of
the MZIs’ phases and by post-selection criteria, that preserve
the chosen qubit structure. In addition, hybrid quantum-classical
computation methods such as the VQEP®Y] can benefit from
improved photonic entangling gates to prepare the trial states.
Variational quantum algorithms/*®! do not require deep circuits
or quantum error-correction codes, thus they provide examples
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Figure 1. Graphical representation of the new dual-rail qubit structure:
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auxiliary waveguides, denoted by {H/A}jeﬂ___,,_]), are inserted between ev-
ery pair of path-encoded qubits. The red balls represent identical photons

and waveguides (Wlo, wJ1) are the paths associated respectively to the j-th
qubit’s computational basis states |0); and |1);. The manipulation of n
path-encoded qubits is performed by (3n — 1) x (3n — 1) MZI network to-
gether with the post-selection, i.e., the output events must preserve the
chosen qubit structure that is set in input.

where the low success probabilities of our proposed gates could
find a practical application.

This paper is organized as follows. Section 2 introduces the
dual-rail path encoding with auxiliary paths and single photons.
Section 3 and Section 4 show how to implement probabilistic
photonic CZ, CNOT, CCZ and Toffoli gates with linear optics and
post-selection. Two-qubit gates, CZ and CNOT, have 15.2% suc-
cess probability and require one auxiliary path and single photon,
while three-qubit gates, CCZ and Toffoli show a success proba-
bility of 2.7% and two auxiliary paths and single photons. In Sec-
tion 5, we compare our results with the literature.

2. Dual-Rail Path Encoding with Auxiliary Paths
and Single Photons

We decide to use path encoding: a physical qubit is represented
by the position of one photon in a pair of waveguides, denoted as
(wy, wy).
The computational basis states are defined as follows

10) = &, 19) = [1,0)(,, .,
. 1)
1) =a, 1Q) =10,1),, .,
where a's are creation operators and bold numbers denote oc-
cupation numbers and |Q) is the vacuum state. Then, we put
an additional waveguide with one auxiliary photon between all
adjacent pairs of waveguides assigned to physical qubits. There-
fore, n qubits require 3n — 1 waveguides and 2n — 1 identical pho-
tons: 2n waveguides and n photons assigned to the path-encoded
qubits and n — 1 auxiliary waveguides and photons. Figure 1
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shows the proposed regularly-labeled structure for n qubits to-
gether with the manipulation stage, made ofa (3n — 1) X (3n — 1)
MZI network.

The generic path-encoded n-qubit state reads

1) = @ Iv); = @ (10} +411))
j=0 J=0

n—1 n—1
AT AT AT
= I Iawk I I (%a%+ljjauﬂ)|g>

where the index j denotes the j-th pair of waveguides which is
assigned to the the j-th path-encoded qubit and it holds |a;|” +
|5]* = 1. The first product refers to the auxiliary photons in the
additional waveguides and the second one to the photons as-
signed to the path-encoded qubits.

The generic manipulation of the dual-rail path-encoded qubit
is achieved by considering the MZI as a fundamental building
block. The MZI has two inputs and two outputs, thus considering
the vector of creation operators of the inputs, (a;f}o, a;fjl ), the MZI
action can be described with the following matrix

i 1—1

modulo global phases. Here t = sin(6/2), 6 is the phase differ-
ence between the two internal MZI arms and ¢ is the phase
difference imposed between the entries of the MZI. These two
phases allow to manipulate the generic dual-rail path-encoded
single-qubit state. By exploiting the control on external param-
eters like temperature, pressure, etc, we can create phase differ-
ences between the paths assigned to the photonic path-encoded
single-qubit state. In this way, it is possible to manipulate and
reconfigure single MZIs and MZI networks. In Appendix A, it
is shown how to obtain reconfigurable integrated beam splitters,
described by Equation (3), with integrated MZIs and how to em-
bed such 2 X 2 transformation in a generic MZI network with m
modes. MZI networks have two different designs: Reck!™*! and
Clements!["] schemes. Given a generic set of m waveguides, the
universal transformation can be implemented by these m x m
network of MZIs. The term “universal” does not mean that such a
network can deterministically execute QC universal gates like CZ
and CNOT. It means that any input single-photon state propagat-
ing in the m-modes circuit can be mapped to any output single-
photon state. More rigorously, the MZI network implements a
generic unitary transformation for m-dimensional complex vec-
tor, which represents the probability amplitudes of the single
photon propagating in m paths. For example, given a single pho-
ton inserted in the j-th input, the transformation is

3)

j-1

m e e,
a — Y u (ke =>10..01,0..0),
k=1
k-1
m f-/\
- D wl(ik0...010...0), (4)
k=1
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where a's are the creation operator of the network modes
(w, ...w,,) and u~"(j, k) are the inverse matrix elements that de-
scribe the action of the MZIs network. The previous equation tells
us that the input state with a photon in the j-th waveguide is
transformed into a generic superposition state of the photon in
the set of m waveguides and the amplitude probability related to
the photon in output k given input j is exactly the component
u7(i, k). Thus, summarizing our manipulation operative proce-
dure, single-qubit gates are deterministically achieved through a
MZI acting on a specific single photon propagating in the cor-
responding two paths assigned to its path-encoded qubits. In-
stead, for two- and three-qubit gates we exploit MZI networks
acting on two or three path-encoded qubits together with one and
two auxiliary photons, respectively. In the next sections, we show
how to implement CZ and CCZ gates that satisfy the presented
qubit structure.

After the manipulation post-selection is imposed in the mea-
surement stage. The post-selection criterion consists of consider-
ing only output events that satisfied the qubit structure reported
in Equation (2). In particular, for n-qubit system, the considered
events involve the detection of 2n — 1 coincident photons: one
photon from each pair of waveguides associated with the path-
encoded qubits and one photon from each auxiliary waveguide.
Ideally, the qubit structure is always preserved by single-qubit
gates, while the two- and three-qubit gates rely on post-selection.
Thus, they are characterized by a success probability lower than
100% even in the ideal case. In real devices, additional losses of
photons produce events that do not satisfy the qubit structure for
any path-encoded gate. These events are discarded and contribute
to a further lower success probability. We point out that post-
selection measurements can be done through threshold detec-
tors, since only events with a number of coincident clicks equal
to the number of single photons present in the systems are con-
sidered.

3. Post-Selected CZ and CNOT Gates in 5 X 5 MZI
Schemes

In this section, we describe a new design to achieve post-selected
CZ and CNOT gates through a 5 x 5 MZI network. In particu-
lar, we present the operative setting of 5 X 5 Reck and Clements
schemes as universal two-qubit gates. Appendix B reports the
logic tables of CZ and CNOT gates.

The generic initial state with two qubits is

do)in = 10)o + By 11)0
¥)2in = d0)in ® 101);,, Where in
. ’ ' [91)in = [0}y + B, 11),
(5)

Following the assignment described in the previous section, the
initial path-encoded state reads

¥y <= (aa), +Aa), )8, (wd), +6:2, )2 (6)

The strategy to find the new post-selected CZ gate consists of
exploiting the interference between the auxiliary photon and the

© 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH

8SUB017 SUOWWOD) BAIRERID 3|deot|dde au Ag pauienoh 812 Soole O (88N JO S3INJ 10} ARIG1T BUIUO /8|1 UO (SUORIPUOD-PUR-SWISYLI0D" A3 | IMAle1q 1ol |UO//SANY) SUORIPUOD pUe SWS L 84} 885 *[5202/S0/ST] Uo ARIqIT aulluO A8|IM ‘8T#00120Z @INb/200T 0T/I0p/Woo A8 | im" Afe.q 1 joujuO"paoueApe//Sdny o4 papeojumod ‘S ‘5202 ‘vr06TTSE


http://www.advancedsciencenews.com
http://www.advquantumtech.com

ADVANCED

QUANTUM

TECHNOLOGIES
www.advquantumtech.com

ADVANCED
SCIENCE NEWS

www.advancedsciencenews.com

a) o
lgo) @+ {Wﬂ

w1

P 1 3x3
Wi MzZI network
wi

lq1) o~ 1 — -
Wo
*— L0 o — —> @
o— L0 4+ 06— o
b) P — — [ y— —~0 o— Lo
] . *— —s @
°o— o  ®— —e + +
L ——t i S . .
. ° ° o— —0 0—] 0
o — —0 = + = + = - | o— —0 4+ o — —0
_— - ° ° — o—] —eo eo— —eo
o .o L - o — —r }
o— .o , *— —e + +
*—j —e 1 —
o ——0o o—] >0 o—] —o
*— L0 + 00— — }
@ —t — @ @ — — 0

[0)®10)-[0)@]0) | 10)®[1)~10)@[1) [ 1) ®[0) - |1) ® |0) DI1) - -1 ®I[1)

Figure 2. a) Graphical representation of the new dual-rail qubit structure for two qubits: the auxiliary waveguide, denoted by w,, is inserted between

every pair of path-encoded qubits. The red balls represent identical photons and waveguides (w’o, H/1) are the paths associated respectively to the j-th

1

qubit computational basis states |0); and |1);. Note that with respect to Figure 1 the waveguides of the second qubit, i.e. (wg, w;), are swapped and

1

0 "1
the manipulation is simplified by considering a 3 x 3 MZI network among modes (w?, Wa, w}). b) Graphical representation of desired input-output
configurations present in Equation (8). Such conditions on the probability amplitudes ensure the correct behavior for the post-selected CZ gate, which

involves a 3 x 3 MZI scheme acting only on modes (w?, Wa, w}). In the text, it is shown how to make such structure regularly labeled simply by using

swap operations on second qubit paths, (ws), w})‘

photons in waveguides assigned to the states |1). In particular, by
utilizing the following non-regularly-labeled order

CRLPLaLLY )
we can focus on 3x3 MZI schemes, which act on modes
(w),w,,w;). Figure 2a shows a graphical representation of the
non-regularly-labeled qubit structure and the used 3 x 3 MZI
scheme. Note that if we denote the matrix associated with the
3 x 3 MZI scheme by u;, the component u;" (j, m) is the proba-
bility amplitude of the transition of one photon from mode j to
mode m of the 3 waveguides given by modes (W, w,, w}).

By decomposing the 3 x 3 MZI scheme associated with u, in
the 2 x 2 MZI matrix described by Equation (3), we have a recon-
figurable network where the desired input-output configuration
can be reached by a proper setting of the MZIs phases. To imple-
ment the CZ gate, the unitary matrix u, must satisfy the following
four conditions

u;'(2,2) = perm[u;'(1,2; 1,2)| = perm[u;'(2,3;2,3)|

—perm [u}'] )
where u(i;, ..., i;my, ..., m,) indicates the square sub-matrix of
u with rows [i;, ..., 7] and columns [m,, ..., m,]. Equation (8) are
graphically represented in Figure 2. Note that we consider only
inputs and outputs that preserve the chosen qubit structure and
we impose a minus sign only when the three photons enter the
3 X 3 MZI scheme, or equivalently only when both input qubits
are in the state |1). This is equivalent to obtain the CZ gate on
the restricted set of events that preserve the qubit structure.

Adv. Quantum Technol. 2025, 8, 2400418 2400418 (4 of 14)

Equation (8) describe a 3 x 3 matrix whose permanent is op-
posite to the permanent of all its sub-matrices. Thus, these con-
ditions together with unitarity are mathematically non-trivial.

The generic manipulation of the three central modes, as re-
ported in Figure 2, can be decomposed into 3 MZIs as follows
(3 X 3 Reck and Clements schemes have identical structure)

Us({t dihier. 5) = U (b, ) - UP (1, ) - UP (0, 0 (9)

where we are using Equation (3) and the subscript denotes the
total number of modes in the network and the superscript the
pair of modes connected by the MZI. Then, we add the swap-
ping transformation U?'S) (0, 0) to have the regularly-labeled qubit
structure reported in Figure 1, and we obtain the 5 x 5 network
represented by the following matrix

45) 7 4.5
U, = X5 Ug({t deher, 5) - X (10)

where x!/ = Ut (0, 0) is the swap operation between modes (i, j)
in m-mode network.

Applying the conditions in Equation (8) to the central 3 x 3
submatrix of U, it is possible to find the following solution:
(£, £, 1) = (0.3686,-0.2192,0.8686) (11)
and all the ¢s equal to zero. This solution is unique modulo
t; < t; and ] ;3= )y Asiitis explained in Appendix A, neg-
ative transmittance values mean that the photon is transmitted
with a ratio given by the squared value of the transmittance and
the reflected and transmitted amplitudes of the photon state have
an additional 7 shift difference.
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Figure 3. The 5 x 5 MZI networks with a) Clements and b) Reck schemes, considered to implement the new post-selected CZ using the qubit structure
shown in Figure 1. The red balls represent identical photons, |A) is the state of one auxiliary photon in the auxiliary waveguide inserted between the
path-encoded qubits. The networks are composed of MZIs: light blue parts are waveguides and red parts are phase shifters. MZI unit acts as a tunable
beam splitter, described by Equation (3). The colors of the borders stand for the set configuration of each MZI: black means identity, green means
cross or swap and orange stands for the setting reported in Equation (11), where t-parameter is the MZI transmittance. The numbers t; refer to the
transmittance implemented by the MZI labeled with j. The negative transmittance values mean that the photon is transmitted with a ratio given by the
squared value of the transmittance and the reflected and transmitted amplitudes of the photon state have an additional z shift difference.

Therefore, by using the preliminary notions given in Ap- Finally, we can rewrite Equation (14) using the assignment
pendix A, the state evolution associated with the new post-  with computational basis
selected CZ can be written as

[¥); 00t & @@, 00) + By 101) + Boay [10) — oy [11) (15)
Vo= (U7) 7, 12) .- .
where we neglect the contributions that don’t preserve the qubit
structure and are not considered after the post-selection.
where The success probability is
vi= (8,848, pez = (16)
2 Wy owy Walowyt o owy succ
1 0 0 0 0 By taking |g,) as the control qubit and |g,) as the target qubit,
0 0.2192 0.8475 0 0.4834 (13) CNOT gate can be simply achieved by adding to the previous
U =|0 03597 03904 0 —0.8475 scheme single-qubit gates as follows
0 0 0 1 0
USNOT = Uy,(1,0) - Uys(1/V2,0)
0 09070 -0.3597 0 02192 ’ ul1,0)- Us(1/V2
Us({t, 9 hier. 5) - Uss(1/V2,0) (17)

and the superscript “T” denotes the transpose. In Figure 3a,b we
show such MZI network embedded in 5 x 5 Clements and Reck ~ Where t; are reported in Equation (11) and ¢" are zero. Note that
schemes, respectively. such operation can be embedded into 5 x 5 Clements scheme:
Applying the linear transformation in Equation (12), the state looking at Figure 3, the MZIs inside green boxes must be set in
[W), , evolves to |¥), ., which reads modulo global phase as the phase setting (1/ \/5, 0) and the upper-right MZI with setting
(1,0). The 5 x 5 Reck scheme does not allow such simple embed-

o - e ding, but only the single-qubit gate U,,(1, 0) would be missing.
[¥) 200 = Agiec (0‘0“1 G .0 W, By “ a Wl It is possible to verify that the previous transformation pro-
duces the following output state
+ Boy 1,81, = Pof 8,2, )uT Q) + - (14)

cz At AT .
190200 = AL (a0 1,8, +aof ]
0 1

succ

where AS% ~ 0.3904 and the dots contain all the terms that do ot ) A
not preserve the initial qubit structure. + foa, @ “ “ 1 Pob b0 0) a, 19)+ (18)
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where the dots contain all the terms that do not preserve the ini-
tial qubit structure. The previous state is assigned to the correct
output state of the CNOT gate,

[¥) 2 0u & ey [00) + o f,101) + foa; [11) + B, 6,[10) (19)

when we consider only the output configurations preserving the
qubit structure.

We conclude this section with two observations. First, such
post-selected CZ gate cannot be cascaded on qubits’ pairs that
share both qubits. However, it is possible to cascade this oper-
ation on qubits’ pairs that share only one qubit without using
the truncation trick, explained in ref. [40] for the post-selected CZ
gate with 1/9 success probability.*! This improvement is made
possible by the presence of the auxiliary photon and it is shown
in Appendix C. Second, the same MZI scheme can be tuned with
different settings to implement a post-selected CZ gate with more
than one auxiliary photon in the auxiliary waveguide. Indeed, be-
sides the solution for one auxiliary photon given in Equation (11),
there are other solutions as we increase the number of auxil-
iary photons. These are reported in Appendix D. Adding such re-
sources implies the use of number-resolving detectors, since the
qubit structure becomes characterized by more single photons in
each auxiliary waveguide. However, such solutions are character-
ized by a decreasing success probability as the resources increase.
Thus, there is no advantage in having more than one auxiliary
photon in each auxiliary waveguide.

4, Post-Selected CCZ and Toffoli Gates in 8 x 8
M2ZI Schemes

In this section, we show a new way to achieve post-selected CCZ
and Toffoli gates through an integrated 8 x 8 MZI network. In
particular, the operative setting of MZIs in the 8 x 8 Reck and
Clements schemes as universal three-qubit gates is summarized.
As pointed out in Section 1, the decomposition of Toffoli gate act-
ing on three qubits requires six two-qubit gates. However, in our
case, we have two important issues: the probabilistic nature of
the post-selected two-qubit gates and the impossibility to cascade
them on the same pair of qubits twice. Therefore, the direct im-
plementation of universal three-qubit gates avoids these limita-
tions. In Appendix B, the logic tables of CCZ and Toffoli gates
are presented.
The generic initial state with three qubits is

1¥)30 = 1d0)in ® 161 )i, ® 1G2);,,  Where

[90)in = & [0)o + By 110
19101 = a1 10); + By 1) (20)
192)n @, 10), + B, 1),

Following the chosen assignment, the initial path-encoded state
reads

¥} = (aoa'o +ﬂ0&'0>&;l (0‘1 a;l +pa 1>&
1 A

x (az i+, a*z)m) (21)
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The strategy to find the new post-selected CCZ gate is again
based on the interference between the auxiliary photons and
the photons in waveguides assigned to the states |1). In par-
ticular, by starting with the following non-regularly-labeled
order

@,a .a,a .a.a,.a,a) (22)

we can focus on 5x5 MZI schemes, which act on modes

@,a,.a,a,,a,) and whose associated unitary matrix us
w) w, w; wy wy

satisfies the following eight conditions

perm|u;’(2,4;2,4)| = perm[u;’(2,4,5;2,4,5)]

=perm[u;'(2,3,4;2,3,4)] = perm|u;'(2,3,4,5;2,3,4,5)|

—perm[u 124124]—perm[u_1(1245 1245)]

=perm[u;'(1,2,3,4;1,2,3,4)] = —perm[u;’] (23)

where the notation is the same as Equation (8). The previous
equations can also be graphically represented analogously to
Equation (8) with Figure 2. In this case, the number of equa-
tions is eight, i.e., the number of input-output configurations for
three-qubit gates. Moreover, each term contains the sum of all
probability amplitudes corresponding to input-output events al-
lowed by the chosen qubit structure. Reading Equation (23) from
top-left to bottom-right, the numbers of contributions contained
in each term are 2, 6, 6, 24, 24, 6, 24, 24, and 120, respectively.
Note that these values are the factorials of the number of modes
of the 5 x 5 network involved in the specific input-output config-
uration. Note also that among the configurations of inputs and
outputs that preserve the chosen qubit structure we impose a mi-
nus sign only when all the five photons present in the dynamics
enter the 5 x 5 MZI scheme, or equivalently only when all three
qubits are in waveguides assigned to the state |1). In this way, the
CCZ gate is obtained on the restricted set of events that preserve
the qubit structure, Equation (2).

The generic manipulation of the five central modes can be
decomposed into 10 MZIs, which are differently set in the two
schemes. The Clements scheme is described by the following ma-
trix

417) 4I7) (3l6)}

Uy, = U‘ (ty, Do tror Pro) - ({te detics. s)
4\7) (316)} {t ¢k}k . 4
UL, b1t ) = U (6, ) - UL ), (2
316 56 34
where U%Hll)(gl’()fl’tz’d’l) = Uz(; )(tzlij U( )(tl,qﬁ ),
US ' ({tk’d)k}k:l, 4) = Ug (t1, 1,1, )

U (ty, byt )
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Figure 4. The 8 x 8 MZI network with Clements scheme, considered to implement the new post-selected CCZ using the qubit structure shown in Figure 1.
The red balls represent identical photons, |A); are the states of one auxiliary photon in the auxiliary waveguide inserted between every path-encoded
qubits. The network is composed of MZIs: light blue parts are waveguides and red parts are phase shifters. MZI unit acts as a tunable beam splitter,
described by Equation (3). The colors of the borders stand for the set configuration of the MZIs: black means identity, green means cross or swap
and orange stands for the setting reported in Equation (27), where t parameter is the MZI transmittance. The numbers t; refer to the transmittance
implemented by the MZ|I labeled with j. The negative transmittance values mean that the photon is transmitted with a ratio given by the squared value
of the transmittance and the reflected and transmitted amplitudes of the photon state have an additional z shift difference.

while for the Reck scheme and the corresponding one for the Reck scheme

= 6,7 5/7 sk gk gk ko gk gk pk o gk gk
U8,Y = U{(; )(tIO’ ¢10 U( {tk’ ¢k}k—8 9 (tl’tl’t3’t4’ t5’t6’t7’t8’t9’ th)

47 3/7)
Ué/ (e Gihs. 1) - U, ( / "t Bitir )

Uy (b, ) - UL (1, )
U, ) - US (1, )
ULk, ¢3) - UL (1, )
Ut )
U (b, ) -

= (—0.9428, —0.3022, —0.1496, —0.2531, 0.9540, —0.3768

377 x —0.09816, —0.9507, —0.5064, 0.8559) (28)
Uyt b1ty ) =

25 . . . .
(25) Both solutions describe the same unitary transformation. There

are many other non-equivalent solutions to Equation (23).
Among those found, we report the ones that have the highest suc-
cess probability. Moreover, since we consider only real solutions,
there is still room for improvement regarding the success prob-
ability.

Therefore, the state evolution associated with the new post-
selected CCZ can be written as

where < 4/ /)

(t1, 1.t ) =

U (b, by ) = U, 1)

where the subscript denotes the total number of modes in the
network and the superscript (i, j) the pair of modes (i, j) connected
by the MZI. . . V, - (USCZ)_l v, (29)

Then, we add the swapping transformations to have the
regularly-labeled qubit structure reported in Figure 1, and we ob-
tain the 8 x 8 network represented by the following matrix

where

T (At AT AT & 1 HEPS BPY
V3=<a0,a0,a ,6',,4 ,a,,4 ,a2>,
Yo M 1 W 1

3,4) . (30)

_ ( (2,3) 78
User({te dihimra0) = X3 Xg

Uy o ({t dihict 10)

U = Uy, ({E, 0}
78) (23 (34 s.c/r({ter OFkt...10)
XXy X

(26) 8c/r —

and the superscript “T” denotes the transpose and the associated

where X/ is the swap operation between modes (i, j) in m-mode
network, as above.

By applying the conditions in Equation (23) to U, and for sim-
plicity by focusing on solutions with all ¢s equal to zero, we find
the following solution for the Clements scheme

(£, 85, 8, 8 00 8 80, 6 10, 1)

= (—0.7893, —0.9428, —0.3809, —0.3284, —0.2583, 0.8719,

% 0.03792,0.3689,0.7943,0.8559) (27)

Adv. Quantum Technol. 2025, 8, 2400418 2400418 (7 of 14)

matrix is reported in Appendix E.

Figures 4 and 5 show such MZI networks embedded in 8 x
8 Clements and Reck schemes, respectively, together with the
MZIs settings.

Applying the linear transformation in Equation (29), the state
[¥); 4, evolves to |¥); ., which reads modulo global phase as

— ACCZ At AT Toat At
)3 00 = Aguer (0:0011012 b ,a wh + aya, f, 0 aw a awl

At AT AT At AT At
+ 0‘0510‘2 awo wl awz + aoﬂ1ﬂz awo a‘wl llw
0 1 0 0 1

N
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setting: (t3, t3, t3, 13, t5, tg, t7, ty, ty, thp) = (—0.94,-0.30,-0.15,-0.25,0.95,-0.38,-0.09,-0.95,-0.51,0.86)

Figure 5. The 8 X 8 MZI| network with Reck scheme, considered to implement the new post-selected CCZ using the qubit structure shown in Figure 1.
The red balls represent identical photons, |A); are the states of one auxiliary photon in the auxiliary waveguide inserted between every path-encoded
qubits. The network is composed of MZls: light blue parts are waveguides and red parts are phase shifters. MZI unit acts as a tunable beam splitter,
described by Equation (3). The colors of the borders stand for the set configuration of the MZIs: black means identity, green means cross or swap
and orange stands for the setting reported in Equation (28), where t parameter is the MZI transmittance. The numbers t; refer to the transmittance
implemented by the MZI labeled with j. The negative transmittance values mean that the photon is transmitted with a ratio given by the squared value
of the transmittance and the reflected and transmitted amplitudes of the photon state have an additional z shift difference.

At AT AT oAt oAt

+ fya a“’? &1‘”}) awg + ooy B, fzw(l, awé awi
AT AT Aj A‘ AT AT
+ By 800,81, = o By w;“wg)“w; Q)+

(31)

where AS%? ~ 0.163231 and the dots contain all the terms that do
not preserve the initial qubit structure.

Finally, we can rewrite Equation (14) using the assignment
with computational basis

[¥)3 0ue & @1 ,|000) + agax; 5,1001) + a1 2,|010)
+aof14,1011) + fya;2,|100) + fya; f,|101)

+BoBr;1110) — Bo By 5,1111) (32)

where we neglect the contributions that do not preserve the cho-
sen qubit structure.
The success probability is

CCZ _
succ

CCZ
Asucc

~2.7% (33)

By taking |g,) and |q;) as the control qubits and |g,) as the
target qubit, CCNOT or Toffoli gate can be simply achieved by
adding single-qubit gate as follows

Upe(1/1/2,0) -

CCNOT _
U8

- Ung(1/V2,0)

(34)

C/R ({te Pt 1

and this gate can be easily embedded in both 8 x 8 schemes
shown in Figures 4 and 5 by changing the setting of two MZIs
acting on modes (7,8) before and after the central transformation.
It is possible to verify that the previous transformation produces
the following output state

_ ACCZ AT AT 'F' AT
[¥)30u = Agc <a0ala2 a' WU ‘Xo‘xlﬁz a.0
0 0 0 0 0 1

+agfia, 0 T a o', +aphpa a8

1 Wl W 1 W W% W%
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+ By, aL?A;é w2 T Py a;(l, a;é a;%
+ B 800,80+ BBy L8 0 )aw Q)+
(35)
which is assigned to the correct output state
[W); ut & @pa;@,|000) + apa, 5,|001) + ayf, ,|010)
+ao$,6,1011) + o, a,|100) + Bya, 5,]101)
+ Bofr0,|111) + By, 5,1110) (36)

when we consider only the output configurations preserving the
qubit structure.

We conclude this section by pointing out that such post-
selected CCZ gate cannot be cascaded on qubits’ triplets that
share at least two qubits. However, it is possible to cascade this
operation on qubits’ triplets that share only one qubit thanks to
the presence of auxiliary photons. The details are reported in Sec-
tion E.

5. Conclusion

In this paper, we have shown how universal multiport interfer-
ometers can be used to implement universal two-qubit and three-
qubit gates. The proposed approach can be also used for four-
qubit gates following the same method used for the CZ and CCZ
gates. The qubit structure presented in Section 2 and shown in
Figure 1 offers a modification of standard dual-rail path encod-
ing with improved performances. The proposed designs are fea-
sible with respect to the current state of the art of single photon
sources®®*®! and integrated photonic architecture.['®?] Even if
the success probabilities are low, the presented gates can be used
in shallow photonic hardware implementing variational quan-
tum algorithms.[%®! These hybrid quantum-classical methods do
not need error correction codes and many repetitions of entan-
gling gates.

Comparing our results with those of ref. [40], we obtain a
higher success probability and the truncation trick, needed to cas-
cade two CZ gates on two qubit pairs that share only one qubit, is

© 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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Table 1. Comparison of performances of optical CZ or CNOT gate.

Ancillary photons Success probability  Feed-forward operation ref.
two single photons 1/16 =~ 6% no [19, 37, 63]
no 1/9~ 11.1% no [39, 64-70]
two single photons 1/8 =12.5% no [41,42]
no 1/8=125% no [43]

a single photon 1/4=25% yes [44]

a single photon ~ 15.2% no this work

avoided by adding one auxiliary photon in each auxiliary waveg-
uide. Moreover, we have found designs for three-qubit gates with-
out utilizing the composition of two-qubit gate designs.

Table 1 summarizes the comparison with other optical
schemes for universal controlled gates, CZ and CNOT. Table 2
presents the comparison with other optical universal controlled—
controlled gates, CCZ and Toffoli. Note that our gate designs for
CZ and CCZ gates, have the second highest value of success
probability and they are surpassed only by ref. [44], where feed-
forward operation is needed. This operation is still demanding on
an integrated platform. For example, if two gates with the feed-
forward operation are executed, the hardware control requires the
detection of the auxiliary photons from the first gate followed by a
manipulation of the output photons fast enough to be performed
before the action of the second gate.

In these comparisons, we have not considered the CZ or
CNOT gates that utilize one Bell state and have 1/4 = 25% of suc-
cess probability!3#73-75] and the CCZ or Toffoli gates based on two
Bell states and reach 1/32 =~ 3.1% of success probability.[*¥] These
optical gates reach the highest values of success probability, but
they require initial auxiliary entangled states. Thus, with respect
to the solutions reported in Tables 1 and 2, these optical designs
need more resources to execute the desired gates.

Matrix permanent is the central concept of Boson Sampling!*°!
and here we have used such non-trivial matrix property to build
post-selected multi-qubit gates. However, universal multiport in-
terferometers have still richness and complexity to be inves-
tigated and we believe that the performances of post-selected
multi-qubit gates can be improved by exploiting more involved
structures. For example, for the CZ gate we have simplified
the problem by focusing on 3 x 3 schemes embedded in 5 x5
schemes or for the CCZ gate we have looked for real solutions
for 5 x 5 schemes embedded in 8 x 8 schemes. As demonstrated
in ref. [76] and experimentally shown in ref. [77], linear de-
vices with more than three modes are described by an infinite
number of distinct equivalence classes of transformations. This

Table 2. Comparison of performances of optical CCZ or Toffoli gate.

Ancillary photons Success probability  Feed-forward operation ref.
no 1/133 ~ 0.8% no [47]
no 1/72 = 1.4% no [48, 71, 72]
no 1/64 =1.6% no [43]
no 1/60 =1.7% no [49]
two single photons 1/30=3.3% yes [44]
two single photons ~2.7% no this work
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result suggests room for improvement. Moreover, it is still un-
clear the upper bounds on the success probabilities for linear op-
tical quantum computing gates.

Concerning scalability, our approach is characterized by some
problems that must be solved or mitigated in order to reach fault-
tolerant large-scale LOQC. First, even in the ideal case, the suc-
cess probability scales with multiples of about 15% every time a
post-selected CZ or CNOT gates and of about 2.7% every time a
post-selected CCZ or Toffoli gates are used. Secondly, our scheme
cannot implement QC circuits that involve the repetition of CZ
and CNOT gates on the same qubits’ pair and CCZ and Tof-
foli gates on triplets of qubits that share at least two qubits.
From this perspective, the measurement-based approach!?/2831]
through fusion gates has better performances on the integrated
photonic platform. Therefore, the optimization of the success
probability and the mitigation of the cascading issue are required
for future developments of the gate-based approach in quan-
tum photonics.

Finally, the state-of-art of universal multiport interferometer
experiments is the Gaussian Boson Sampling.l*>7®! In Gaussian
Boson Sampling continuous variable are used instead of discrete
variable as in our approach. Moving from the discrete to contin-
uous variables, for example by substituting single-photon states
with single-mode squeezed vacuum, can provide another exam-
ple of the use of post-selected photonic entangling gates. Indeed,
the action of these can increase the non-triviality of the entan-
gling resource processed in Gaussian Boson Sampling experi-
ments.

Appendix A: Integrated Linear Optical Devices

In this section, we give all the basic notions to describe linear optical
devices and in particular we focus on the MZ| action and its embedding
in MZI networks. The initial part follows the content of the appendix con-
tained in ref. [40].

A device with m inputs and m outputs can be described by a m xm
matrix U,

u=|: . M

where the components are complex number and | det(U)| = 1, if we have
conservation of energy, or probability.

Using the second quantization notation with creation and annihilation
operators, we can define the input vector as (a?, ...,a’") and the output
vectors as (b?, . bj,,), where we choose to count the modes from up po-
sition to down position.

The matrix U establishes the relations between the inputs and outputs

i i m i
b Uy e Ui |[ 94 2l Y ay
=|: : = : . (2)

m ) T
u u Zk:] Uk ak

—+

ml mm |\,

Inverting the matrix U, we can invert the previous equation and use the
relation from a's to b's to analyze the evolution of a given state:

where U~ is the inverse of U.
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Figure 6. a) Representation of the MZI unit. Light blue parts are waveguides and integrated beam splitters and red parts are phase shifters. This device
has two inputs and two outputs and is composed of 4 phase shifters and two balanced integrated beam splitters. This configuration with pairs of phase
shifters is called “push&pull”, but the MZI unit can be built also with half of the phase shifters. b) Example of output optical intensity at one of the two
outputs of the MZI when light is injected in only one input. The blue/red line is obtained by using the upper/lower phase shifter, denoted by 6. Note
that we insert a spurious phase in the internal arms, since with the control parameter V equal to zero the output normalized intensity is not either one

or zero.

Starting from the generic case, it is possible to construct any unitary
matrix m X m from 2 X 2 sub-matrices. Concretely, this is equivalent to
creating a generic linear m x m device assembling linear 2 x 2 devices,
like MZI. Indeed, the Reck and Clements!' ™3] schemes give exactly two
prescriptions to obtain a generic unitary operation, described in the trans-
formation (1), by assembling MZIs.

In order to describe the assembling, we define a generic embedded 2 x
2 matrix U in m X m system. The transformation of the k-th and (k + 1)-th
inputs reads

1 0 0
o - :
ykken = | up Uy (4)
Un Uz :
0
0 0 1

This transformation is leaving unaffected all inputs different from k and
(k + 1) ones, which are evolving accordingly to Equation (3).

At this point, we show how to construct the MZI: the ingredients are
two balanced beam splitters (BSs) and two pairs of phase shifters (PSs).
Balanced ideal BS can be represented with the following matrix

BS = é <J_1| ﬁ') (5)

modulo a global phase. The plus sign corresponds to the MMIs case, while
the minus sign to the directional coupler case. Along the manuscript for
simplicity, we decide to use the plus sign version without loss of general-
ity. The previous matrix can be compared to the case of BS with general
transmittance

BSgen(ti1) = <.t i r) )

ir t

where the label “gen” stands for generic and t and r are the amplitudes
of the two outputs and they are denoted as transmittance and reflectance.
Unbalance means that |t| # |r| and insertion loss implies that |t|? + |r|? <
1. For a pair of waveguides, PSs on each path introduce two different
phases. This configuration involves two inputs and two outputs and it can
be described by the following matrix

0
PS(6) = (eo 632) )

Adv. Quantum Technol. 2025, 8, 2400418 2400418 (10 of 14)

where 0 = (6, ;). Note that after this operation, we can measure only the
relative phase 6, — 6,, if we look just at one pair of waveguides.
Consequently, the unitary matrix for a MZl is

Unzi (0, ¢) = BS - PS(0) - BS - PS(¢h)

— ei(01+02+2¢)/2
e@1=42) sin((6, — 0,)/2) cos((6, — 6,)/2)
"\ e1=92) cos((6, — 6,)/2) —sin((6; - 6,)/2)

where 6 = (0,, 0,) and ¢ = (¢y, ¢,). Note that if we define the transmit-
tance t = sin((6; — 6,)/2), Equation (3) has the same representation as
Equation (6), which describes a generic beam splitter. This means that the
MZI is equivalent to a beam splitter with tunable transmittance. Negative
transmittance values mean that light is transmitted with a ratio given by
the squared value of the transmittance and the reflected and transmitted
portions of light have an additional x shift difference. As we said in the
case of PS, we can measure only the relative phase 6; — 6, and ¢, — ¢, if
we look just at the specific pair of waveguides connected to the MZI.

Figure 6a shows an integrated MZI in the configuration with two phase
shifters to tune 6 and two for ¢, called "push&pull”. It is also possible to
work with only one phase shifter for 6 and one for ¢, but the “push&pull”
configuration typically has advantages regarding power consumption. In
both cases, 0 and ¢ are functions of an external parameter V that we can
vary to reconfigure the MZI to the desired configuration. The action of V
produces an additional phase with respect to the intrinsic phase given by
the propagation. Figure 6b shows an example of the output normalized
power for an integrated “push&pull” MZI when light is injected in only
one input and we vary either 6, or 8,. The plot shows a value of output
power for zero control parameter V that is not either one or zero: this is
due to the presence of a spurious phase given by the finite resolution of
the fabrication process. Note that we can actively decide to explore more
easily the different output configurations through the tuning of either 6,
or 6. In general, in order to obtain t = sin ®/2 with ® € (-2x, 2x), one
can tune

0,(0) +© if >0
0‘(V)_’{02(0)+2n+® if ©<0 ©)
or
_Ja@+2-0 if e>0
62(Y) {01(0)—9 if ®<0 (10)

© 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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Table 3. Logic tables for the Z and X gates.

Input state Z output state Xoutput state
10) 10) Im
I =11 10)

Table 4. Logic tables for the CZ and CNOT gates.

Input state CZ output state CNOT output state
10) ® |0) 10) ® |0) 10) ® |0)
10)® 1) 10)® (1) 0)® 1)
1) ®10) 1) ®10) MeIm
mem -meln 1) ® 10)

For example, if t = 11/\/5 or ® = +7/2, 6,(V) is set to be 02(0) +7/2
and 0, (0) + 37z /2, respectively, or 6, (V) to 61(0) + 3z /2 and 6,(0) + z/2,
respectively. The same logic holds for phase shifters assouated W|th o
and ¢,.

Appendix B: Controlled gates

In this section, we report logic tables for Z, X, Controlled-Z, Controlled-
NOT, Controlled-Controlled-Z and Toffoli gates, Tables 3-5.

Z and X gates are single-qubit transformations: the first one imposes
7 phase shift only if the qubit is in state | 1), while the second one acts as
NOT gate on the basis states.

In the case of CZ and CNOT gates, the first qubit is the controlled qubit
and the second one is the target qubit. These two-qubit gates execute Z
gate or X gate respectively on the target qubit only when the control qubit
is in state | 1) and no action otherwise.

In the case of CCZ and Toffoli gates, the first and second qubits are the
controlled qubits and the third one is the target qubit. These three-qubit
gates execute Z gate or X gate respectively on the target qubit only when
both control qubits are in state | 1) and no action otherwise.

Appendix C: How to Cascade Post-Selected CZ

In this section, we show that the post-selected CZ presented in Sec-
tion 3 can be cascaded to two pairs of qubits that share only one qubit.
Thus, let's consider three qubits as in Equation (20). As in the main text,
we arrange the creation operators in a vector as follows

v§z<a*0,aT a,aa
WO w

Table 5. Logic tables for the CCZ and Toffoli gates.

Input state CCZ output state Toffoli output state
10) ® |0) ® |0) 10) ® 0) ® |0) 10) ® |0) ® |0)
10)®10)® 1) 10)®10)® 1) 10)®10) ® 1)
0)®[1)®[0) [0)®[1) ® |0) 10)® 1) ® |0)
M) 0@ ®[1) 0)®[1)®[1)
[1) ®10) ® |0) 1) ®10) ® |0) M®10)®0)
M®0)y® 1) Me0)e ) Mmelo)eI|n
MeI11)®lo) Mo e®lo) memeln
meineln -Mmeme|n M®[®I0)
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If we apply the post-selected CZ firstly to the first and second qubits and
then to the second and third qubits as

=1 1

Vs = (US9(2,3)) - (US5(1,2)7 -V, (€2)
where
1 0 0 0 0 0 0 O
0 02192 08475 0 04834 0 0 O
0 03597 03904 0 -0.8475 0 0 O
0 0 0 1 0 0 0 O
utt(1,2) = ,
5 0 09070 -0.3597 0 02192 0 0 O
0 0 0 0 0 1 00
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
(©3)
1 0 0 O 0 0 0 0
01 00 0 0 0 0
00 10 0 0 0 0
o 0 0 0 1 0 0 0 0
Us(23)=10 0 0 0 02192 08475 0 0.4834
0 0 0 O 03597 0.3904 0 -0.8475
00 0O 0 0 1 0
0 0 0 0 09070 -0.3597 0 0.2192
It is possible to verify that given the generic initial state,
_ A ot Vst st ) At
[¥3)i, = (Ao awg +A, aw?> Wl <Boa + B, aw}> awi
<Coa +Ca )lQ) (C4)
the correct output state is obtained,
_ (ACZ \2aT At at &t &t
|T3>out - (Asucc) aw1 awz )Joj1+j1JzA ol Jzawt_) wl Wz |Q>
A josr12={0, 1} Jo A2
4o (C5)

where the dots contain all the terms that do not preserve the qubit struc-
ture. Indeed, we achieve the following desired evolution

190)in @ 191)in ® 192)in — Z (—yehtiizA o B, G, lio) ® L) ® 1jz)

Jou142={0,1}

(C6)

where |qo)in
(G 10) + G |1>)

= (Ag0) + Ay 1)), 1g1)in = (By10) + By 1)) and lg;);, =

Appendix D: Post-Selected CZ with More Auxiliary
Single Photons

In this section, we summarized the cases where we modify the qubit
structure presented in Figure 1 adding more auxiliary single photons in
each auxiliary path. It is possible to find a tower of solutions as the number
of auxiliary photons increases. These solutions are listed in Table 6.

© 2024 The Author(s). Advanced Quantum Technologies published by Wiley-VCH GmbH
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Table 6. Tower of solutions as we increase the number of auxiliary single
photons in the dual-rail path encoding with auxiliary paths, presented in
Figure 1.

Ancillary photons t-parameters: (t}, 3, ;) ASZ

one (0.3686, —0.2192, 0.8686) 0.3904
two (0.3095, —0.1517,0.7812) 0.3101
three (0.2758, —0.1166, 0.7090) 0.2811

four (0.2517, —0.09463, 0.6518) 0.2664
(0.2331, —0.07963, 0.6058) 0.2576
Six (0.2181, —0.06873, 0.5681) 0.2518
( )

seven 0.2057, —0.06044, 0.5364 0.2476

A decreasing pattern appears for the success probability as the number
of auxiliary photons is increased: thus, there is no reason to add them to
the qubit structure shown in Figure 1.

Appendix E: Details About MZI Network for
Post-Selected CCZ Gate

In this section, we present the matrix associated with both 8 x 8
Clements and Reck schemes shown in Figures 4 5.

The matrix is the same but decomposed in two different ways presented
in Equations (24) and (25), and it reads

1 0 0 0 0 0 0 0
0 —0.2531 —0.1447 0 -0.2891 —0.8597 0 0.3039
0 —0.0950 —0.3670 0 0.8626 —0.0859 0 0.3236
0 0 0 1 0 0 0 0
Us* =[0 —0.4875 —0.7133 0 —0.1747 0.1660 0 —0.4421
0 07106 -0.2853 0 0.1100 —0.3780 0 —0.5086
0 0 0 0 0 0 1 0
0 04293 —-0.5042 0 -03601 0.28383 0 0.5905
(EM)

We conclude this section by showing that the post-selected CCZ pre-
sented in Section 4 can be cascaded to two triplets of qubits that share
only one qubit. Thus, let's consider five qubits. As in the main text, we
arrange the creation operators in a vector as follows

Ifwe apply the post-selected CCZ firstly to the first, second and third qubits
and then to the third, fourth, and fifth qubits as

Vs = (USZ(3,4,5)) " - (US%(1,2,3) " - s (E3)

where
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Us(1,2,3)

1 0 0o 0 O 0 0 O 000000
0—-0.2531-0.1447 0 —0.2891 —0.8597 0 0.3039 000000
0 -0.0950 -0.3670 0 0.8626 —0.08590 0.3236 000000
0o 0 0 1 0 0 0 0 o00000O0
0-0.4875-0.7133 0 —0.1747 0.1660 0-0.4421000000
0 0.7106 —0.28530 0.1100 —-0.37800—-0.5086000000

0 0 0 0 O 0 1 0 000000
=10 0.4293 —-0.5042 0 —0.3601 0.2883 0 0.5905 000000/
0o 0 0o 0 O 0o 0 O 100000
0o 0 o 0 O 0 0 O 010000
0o 0 0o 0 O 0 0 0 007000
0 0 o 0 O 0 0 0 000100
0o 0 0O 0 O 0 0 0 000010
0o 0 0O 0 O 0 0 0 000001
(E4)
U< (3, 4,5)
1000000 O 0 0 O o 0 ©0
0100000 O 0 0 O 0o 0 ©0
0010000 O 0 0 O 0O 0 O
0001000 O 0 0 O 0O 0 O
0000100 O 0 0 0 0 0 O
0000010 © 0 0 O 0 0 O
0000001 0 0o 0 O 0o 0 O
~10000000-0.2531-0.1447 0 —0.2891 —0.8597 0 0.3039
0000000 -0.0950-0.3670 0 0.8626 —0.0859 0 0.3236
0000000 O 0 1 0 o 0 ©0
0000000 -0.4875 -0.7133 0 —0.1747 0.1660 0 —0.4421
0000000 0.7106 —0.2853 0 0.1100 —0.3780 0 —0.5086
0000000 O 0 0 O 0 1 0
0000000 0.4293 —0.50420—0.3601 0.2883 0 0.5905
It is possible to verify that given the generic initial state,
_ o S\ At o S\ At
[Ws)i, = <A0 awg + A, aw?> aw21 <Bo awé + B, aw]> awi
x (co a',+¢ a*2> a', <DO ', +D a*3> a,
Yo "1/ Ya Yo Y1/ %a
)
X <an +E aw?> 1) (ES)
the correct output state is obtained,
— (ACCZ\2 5t AT At A
[¥s)ou = (Asucc) aw/k awi aw3 aw4 (_)JoJ1Jz+szsjA
A oda={01}
At st At At At
XA, B;, G, Dj, B, W0 9,00 59 4 1€2) + - (E6)

where the dots contain all the terms that do not preserve the qubit struc-
ture. Indeed, we achieve the following desired evolution

190)in ® 181)in ® 192)in ® 103)i ® 1Gadip = 3, (—yoSriataisie

Jor---4a={0,1}

XAJoBthszsEJA lio) ® lin) ® i) ® Ujz) ® lia) (E7)
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where |qo)i, = (Ag [0) + Ay 11)),  1g1)in = (Bo 10) + By 11)), 1920, =
(G 10) + Cy11)), 1g3)in = (Do |0} + Dy 1)) and |4 )i, = (Eq [0) + Eq [1)).
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