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1.0 MODELLING QUANTUM CHROMODYNAMICS
1.1 Models Of QCD

Although quantum chromodynamics 1is generally accepted as the
fundamental theory of strongly interacting elementary particles, there
exist no exact solutions to the theory. Important general properties
of the theory have been derived, such as asymptotic freedom, the
running of the coupling constant, and (plausibly) color confinement.
A small (but very impressive) amount of information has been extracted
from Monte Carle lattice gauge theory (LGT) calculations. Such
results are limited (in their accuracy and the number of properties
calculated) by computer size and time considerations. To date, such
calculations include only gluonic interactions, and do not allow for
guark-antiquark virtual excitations.

At another level of sophistication is modelling. The exact
theory is replaced by a mathematically simpler model (or effective
theory) which incorporates as many features of the exact theory as
possible. A small set of parameters may be fixed by (for example) LGT
calculations and experiment. The utility of any model is then
determined by its accuracy in describing other experimental data and
predicting new phenomena. Thus modelling provides a bridge between
fundamental theory and experiment. Comparison with experiment not
only tests the model but, more importantly, provides a method to test
the fundamental theory.

The MIT bag[l] was one of the earliest and most successful models
of QCD, imposing confinement & priori and including perturbatively
interactions between quarks and gluons. An evolution of the MIT bag
came with the introduction of the chiral[2] and cloudy[3] bags, which
treat pions as elementary particles. The pion is an "anomalously"
light hadron, and in a chirally invariant QCD should emerge as the
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massless Goldstone boson. Non-relativistic potential models have also
had remarkable success, and have the advantage of being amenable to
dynamic calculations.

The soliton model proposed by Friedberg and Leel4,5] is
particularly attractive. It is a covariant field theory and
sufficiently general so that, for certain 1limiting cases of the
adjustable parameters, it can describe either the MIT or SLAC (shell)
bags. The confinement mechanism appears as a dynamic field. This
allows non-static processes, such as bag oscillations and collisions
(including bag creation and fission) to be calculated utilizing the
well-developed techniques of nuclear many-body theory.

1.2 The Soliton Bag Model Of Friedberg And Lee

In the soliton model, the (effective) Lagrangian density is
;Zf= J% + &g 4';2;0 + SZZ +{counter terms, Higgs fields, etc), (1.1)

where the individual terms have the following interpretation:

<

q = s $f(Y‘P - me)be describes the quarks as Dirac particles
of mass LY where £ is the flavor. We take m,=my = 0.

& =3 ) - uo)

o describes the scalar soliton field o ,
which represents the complex structure of the vacuum, arising from
virtual gluons and quark-pairs interacting among themselves. The
momentum operator conjugate to ¢ is 7 = & , and the two satisfy the

canonical equal-time commutation relations

lo (£,£), W(E,t)] = i6°(F - ') (1.2)

The non-linearity of the soliton field enters through the
self-interaction function (see Fig. 1)
2 3 1 4

U) = 3ac” +4rb o> +4rc o + B (1.3)

The polynomial terminates in fourth order to ensure renormalizability.
U(0) = B is to be identified with the "bag constant™ or volume energy
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density of a cavity. With a 18 T I T T T I
suitable adjustment of the
constants, the function has two
minima, one at o = 0, and another,

lower minimum, at o = g, - The .
physical vacuum corresponds to the £
second minimum, and the constant B i
is chosen so that U(c,) = 0. E
The quarks interact with the S
soliton field through the term SZ;G ::
= gv¥oVy. In the presence of b
(real) quarks, the sum U(oc ) + =
gyoy may have a minimum
(depending on the parameters) near
o = 0 (the perturbative vacuum). o
This leads to a cavity in the -02 0 02 04 06 08 10 12
o -field, which is called the o/oy
"bag." Fig. 1. Three forms for U(co ).

Color gqluon fields are introduced as in QCD, except that they
interact with the soliton field through a dielectric function « (o),
chosen such that «k (0) = 1 and K(Ob)
unique) form is

0. A convenient (but not

2

k(o) = (o /o, -1) (1.4)
The magnetic susceptibility is p = K—l. The gluon part of the
Lagrangian is written
éZf = =X g€ pCHV v AS aH oy (1.5)
G 4 uv 9g Yu 2 °

where 9, is the magnitude of the color charge. The strong coupling
constant is oy = g§/4ﬂ. The X are the SU(3) color matrices;
c=1....8. The ¢ functions have 4 (Dirac) times 3 (color) times n

(flavor) components.

The requirements on K yield color confinement. This can be seen
easily if one keeps only terms linear in the gluon field. Then
Gauss's law gives

V-p°= 0%, (1.6)
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where ¢ is the color index. If the total color charge does not
vanish within some finite cavity, the D-field will fall off as r'2 as
r—> «, and the color electric energy in medium

%— J’d3r b2 /K (r) (1.7

will be infinite because ¥ —0 (exponentially in the model) as r—> =,

As long as one calculates diagrams only through order of one
gluon exchange, there is no problem of double counting: the soliton
field represents at least two-gluon structures. If higher order
diagrams are calculated, the coefficients in the effective Lagrangian
must be readjusted at each stage to compensate.

There are five parameters in the model: a, b, ¢, g and a. The
first four involve only the soliton field and quarks; oy is the
quark-gluon coupling constant. The following key data may be used to
help fix these parameters:

1.3 Soliton-quark Parameters

From LGT calculations we have available the following pieces of
data.

{1} The bag constant[6] B = (220+20) MeV/fn\3. This is
considerably larger than the MIT value[8] of 57 MeV/fn13.

In the MIT model (if we neglect for the moment gluon effects),
the bag energy is given by

2.04 N_fic 4 3
E = 4+ =1 R°B , {1.8)

R 3
where Nq is the number of quarks (in the lowest Sy -state).
Minimization with respect to R yields

2.04 ! %
% ( . N c (1.9)
4B
Y
Because of the appearance of B* in the denominator, this is the
quantity often quoted. The discrepancy between the LGT and MIT
values, in terms of B% + is then only 40% rather than a factor of 4.
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{2} Mep = (720+40) MeV, the mass of the glueball state (0 )[7].
We identify this state with an excitation of the pure soliton field,
such that U" (o) = méB.

The errors quoted in {1} and {2} above are presumably statistical
only, and do not account for systematic effects of the lattice size or
the omission of dynamical interactions with quarks.

From experiment we select the subset

{3} The mean of the nucleon and delta masses, m = (mN + mA)/Z =
1.087 GeV.

{4} The proton size <r; > = 0.83 fm.

{5} The proton magnetic moment, p = 2.7925 nuclear magnetons.

{6} The ratio of the axial to vector coupling constants, 9 /gV =
1.25.

1.4 The Strong Coupling Constant

oy is a "running" constant, and is evaluated for the regime of

hadronic sizes. To fix it, we may utilize
{7} The delta-nucleon mass difference, my - My = 297 Mev.

{8} The "string constant, which is the coefficient of the 1linear
term in the potential between massive quarks, such as charmed quarks.
This has been fit phenomenologically to the charmonium spectrum using
a non-relativistic potential model[9] and has also been obtained in
LGT calculations[7]; the value is t = 1 GeV/fm. The string constant
can be calculated in the MIT model as follows. The energy per unit
length in a uniform tube is

C &C

E/L=(B+=E" «E°)a (1.10)

[N

where A is the cross sectional area. The flux of color electric field
emanating from a source and passing through the cross section of the
tube is

ae =102°, (1.11)

hence

t £ E/L = BA+%‘Q INEVSV N (1.12)
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But < A% > = 16/3 and o, = 02/41T . This gives
t=BA+=T o /A. (1.13)
Minimization with respect to A yields the result

t= (32 1ag B/3)% (1.14)

There is much more data to fit once the parameters are
determined. These include hadronic spectra and resonances, decay
widths, various reactions (especially nucleon-nucleon scattering),
ete. There are many more experimental data of high and low quality,
but the data from LGT calculations are still few and of uncertain
accuracy.

In adjusting the model parameters, the fitting is dependent on
the 1level of sophistication of the model calculations. Whenever more
diagrams are included, one must readjust the model parameters. For
example, if we were able to calculate all gluon interactions exactly,
then presumably the effects of the soliton field would disappear
completely.

2.0 THE MEAN FIELD APPROXIMATION

If we neglect gluon interactions, the Hamiltonian can be written

H = J a3r {%[nz + |§0|2] + U(o) + w+(§-§+8gc) v} . (2.1)

As a preliminary step to dynamical calculations, we consider
first static solutions to the field equations. The simplest of these
is the mean field approximation (MFA). We set

=M, 4+ T ’

C =0 T + O
= 0y 1 ot ™1

(2.2)

>
where Go(r) is a time-independent c-number and oy is the quantum
fluctuation operator. Because O is static, = 0.

0 0 gq and Ty
satisfy
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3 >

[o, (F,t), m (F,0)] = [o(F,t), n(F,e)] =i 8 (%) . (2.3)

Similarly, we represent the quark field operators by
Yy = zk Ck lle ’ (2.4)
where the wk are a complete set of spinor-color-flavor vectors and

-'.
{c, ,C, 1} =38 . (2.5)
k 27k i3

In the MFA, we consider a fixed occupation of quarks (3 gquarks

for nucleons; a quark-antiquark pair for mesons)} and neglect the 0,
field. The energy, relative to the vacuum, is then

3.1 2 o2
E = fd ri{z|Vo,|° + Uc,) + I Ul (3-D+Bgo,) W, } .
220 0 k-occ ¥ 0 Tk (2.6)
Extremization of E with respect to wk (subject to the normalization
constraint) and with respect to % leads to the coupled set of
equations

<> >
(a*p + Bgo,) ¥ = € ¥y (2.7a)
2 ' -
- V%, + U (6,) + g b U, Y, =0 , (2.7b)
0 0 k-0CC k "k
where U' = dU/dco. The first is a linear elgenvalue problem (if % is
given) ; the second is a non-linear inhomogeneous differential

equation (if wk is given). The equations are solved alternately until
self-consistency obtains.

The cycling proceeds as follows. Let m be the cycle number. We
solve (2.7a) for wém) {Oém_l) o, Then we solve (2.7b) for
Oém){wém)} . Simple iteration was found not to converge, so a cycle
convergence factor f was introduced, so that the replacement
foém) + (l-f)oém"l) - cém) was made before advancing m. Rapid
convergence was achieved for £ = 0.5.
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There are many techniques for solving (2.7a). I will outline
here the method described in ref. [5]. Let co(r) be spherically

symmetric. Suppressing the cycle index m, the Dirac function is
written

uy (x)
Y, = N }/» ’
k 152 v (x) | /*° (2.8)
where = %ﬁé is a Pauli spinor. The Dirac quantum number « =

K,
(j+%)(—1)3‘£“£. Here k stands for the set of all quantum numbers.
The u and v satisfy

= - 2.9

du, /dr (gog + &) v (2.9a)
dvk/dr + 2vk/r = (—g00+ ek) uk . (2.9b)

We begin with a previous guess of the eigenvalue, Eén) and integrate

the radial equations outward (satisfying the boundary condition at r =
0) to some match point R. Similarly the equations are integrated
inward from some large starting radius to the same point R. Unless
eén) is a true eigenvalue, it is not possible to_match bot& u and v at
R. The functions are scaled so that u,(R ) =y (R). Then an

improved estimate for the eigenvalue is

(m)t 2.2 (n) 43
L (n+1) J¢k (0P * Bgoplyy "dx

} =
fwén)fwﬁn) a3

o™ (@) (™ & - @) 82

(n)
= € -+
k 2 2
frzdr(uén) + vén) )
. (2.10)
The process is iterated until the desired accuracy is achieved before
going on to the solution of the Oo-equation.

The non-linear % differential equation is solved by the very
effective iterative method of Henyey and Wilets[10]. The radial
differential equation (2.7b) can be written (f = rcO)

2 2 -
a“£/dr” + G(£f) = 0 . (2.11)



327

Let f(n) be the approximation resulting from the n-th iteration. Then

set

£ () = £ MW ) 4y ()

(2.12)
. . (n)
Then to first order in y , (2.11) becomes
a%y ™ sar? 4 ¢ e @h®) o - @™ jar? 4 ee M), (2.13)
which is a 1linear, inhomogeneous differential equation. f(n) is

required to satisfy the proper boundary conditions for each n. In the
present case,

eM oy =0, £@(ry - ro for r » = . (2.14a)
Therefore
y(n)(O) =0, y(n)(r) + 0 for r » = , (2.14b)

Eq. (2.13) can be solved for y(n) by various, standard techniques.
The accuracy of the result, however, is determined by the accuracy of
the approximation used to represent the inhomogeneous term 4 £ n)/dr2.
What we have done was to approximate the non-linear differential
equation (2.11) by the Noumerov method. With fi = f£(iAr), we set

2
(£ -2 f, 4+ £, )/n)" +

i+l

1 =
15 (G(fi+l) + lOG(fi) + G(fi_l)) =0 , (2.15)

then linearize the equations to obtain a band matrix operating on
yin). The matrix equation can be solved as follows (drop superscript
"n"): Let

@ Yy By, FvyYy g T Hy =0 (2.16a)

Ansatz:

= (2.16b)
¥y = Ai yi+l + Bi .

Then
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P S TiBi-1 (2.16¢)
. ., B, .
* Bi*tViBi + BitviBig

(2.16c) gives upward recursion relations for the Ai and B;. Check

boundary conditions: For y, = 0, we may begin with Ay = B0 =0, At
some maximum r (Imax )s there 1is another boundary condition, for
exanmple YImax = 0, Then one can recur downward to obtain all of the
Y-

The numerical procedures work extremely well, and usually
converge when a solution exists.

A non-exhaustive search of parameters to fit data {1} through {8}
above has been made. It should be stressed again that the parameter
set obtained depends on the order of the calculation. The result
quoted here was obtained in the mean field approximation, including
recoil corrections (which will be discussed below). Up fo this point,
gluon exchange has not been included. We will return later to
interaction of the gluon field.

We find a "reasonable" parameter set which gives a moderately
good fit to experimental data:

a=236.13, b = -11 614, ¢ = 180 000, g = 25.

The structure of the soliton field and the quark wave function
for the nucleon are shown in Fig. 2. Other hadronic properties are
summarized in the following table, which includes recoil effects
discussed below[1l1l,12]:

Table 1.
Bag characteristics for the parameters listed in the text.
Model Experiment LGT
%
<r§> 0.83 fm 0.83
m 1,011 Mev 1,087
"p 2.53 nm 2.7925
9379y 1.04 1.25
B 23.6 MeV/fm> 220
Mep 3,500 MeV 720
e(ls) 287 MeV
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Our value of B is an order of
magnitude smaller than the LGT
calculations and somewhat smaller
than the MIT value, indicating
that surface tension plays ‘an T

important role in confinement. We 94 , . - 800
could "tolerate™ an even smaller 0

value. However, as mentioned ~ O3 / - 800
above, the number usually quoted iz %
is B , which makes discrepancies = °? v T 400 2
among the various values appear to g — _— — ef{ls}— @
be less pronounced. We also find > OIf - 200 <

a larger glueball mass than that

given by LGT calculations. It C____,,,«”// 0
must be emphasized that the LGT

calculations are incomplete in 0 | 2200
that qg excitations are not R (fm)
included.

Fig. 2. Numerical results for the
parameter set given in text above.

3.0 QUANTUM ALTERNATIVES TO THE MEAN FIELD

For handling the quantum fluctuations o, and also for treating %
as a dquantum field, we now turn to the expansion of the field
operators ¢ and 7 in terms of modes. We consider two approaches: (1)
the coherent state and (2) Q-space.

3.1 The Coherent State

Instead of the division 0 = Oy * 91, where O4{r) is a c-number,
we rather expand ¢ and 7 in a full set of modes,

_ 1% T _*
o =90, + g (EG;) (a, s, *ags),
w
s n. % To* L
=2 g (TT) (a, s, ansn) ! (3.1)

where the w are as yet undetermined and the {sn} are a complete
orthonormal set. G(F,t) and W(F,t) satisfy the usual equal time
commutation relations if
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’

[a (t), anT- (t)] an'

+
[a,(6), a v (©)] = [a)te), ah(©)] =0 . (3.2)
A "coherent" state in one mode, say n = 0, is obtained by the
construction
Xag
[A> = e lo> , (3.3)

where an|0> = 0 for all n. The coherent state satisfies

a0|x> A A> (3.4)

and A|2 (3.5)

o!

<A Aa>

There is no loss of generality in choosing X real. We consider
now the case where 54 is real.

To study the energy of the system relative to the "vacuum®™ for
these modes, 10>, we normal order the Hamiltonian, :H:. In
calculating the expectation value of :H:, we will need the following
)2

das = 2o,

. +
<A (ay + 3,

<Az (ag'- a )n:lA> =0 forn >0 . (3.6)

0

Expectation values involving a; or aif (i > 0)vanish. We write the
state vector in product form

ly> = |}\>[q>/.<)\|)\>;5

where |A> is the soliton coherent state and |g> is the normalized
quark state vector; let A = § /wo/z

<Y[:H:|¥> =
3 T > 1 2
Jd r{i ¥ (a-p + Bgogly, + 7IV00| +
a'c2 b 3, ¢ 4, o (3.7
7 0g *3r 9y +gr 9, +B1} . )
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The coefficients a' and B' differ from a and B by (infinite) constants
arising from normal ordering. Except for the renormalization of the
coefficients a and B, (3.7) is identical with the mean field
approximation expression for the energy (2.6) if we identify

0, (F) = Esy(E) + o, = <¥|o|¥> (3.8)

with the mean field quantity. WNote that the quantities Wy do not enter
explicitly in the final result.

Multiple-mode coherent state wave functions can be constructed by
taking a product of the exponential operators:

A aT

=1 e n n!()) (3.9)
n

but this may also be regarded as a single mode function!

lxlxz...>
3.2 Q-space

We proceed again with an orthonormal mode analysis, but rather
than wutilizing annihilation and creation operators, we introduce the
operators P and Q :

c=0_+ 1 s Q‘ ’

v nn
= (3.10)
™ = Is Pn '
where
o P =138 .. (3.11)

Once again we restrict consideration to one mode, and ignore
cross coupling to other modes. We drop the subscript "0". The state
vector is now written

|¥> = ¢(Q) |g> (3.12)

and we use the representation

P=-i 3/3Q . (3.13)
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Before deriving the equation for (Q), we note that in the one
mode approximation this approach differs from the coherent state in
that the latter has an explicit form for occupation numbers. A more
general form would be some arbitrary function, F(a+)|0>. The Q
representation allows for the most general form of F; it gives the
exact one mode (Tomanaga) formulation of the problem. 1In principle,
we could normal order the a = (w;%Q + im_%P)Z"li and a+ operators, but
that would lead to a fourth order differential equation for %(Q).
Rather, we keep the original ordering, and later subtract the vacuum
energy associated with the mode(s) considered.

With |¥> given by (3.12), we find
<ylH|Y> =

3 2 2 2 2
Jd r{i w;(&~§ + gB(oV + s<Q>))¢k + g%<p"> + [$s| <Q“>

+ <U(0v + sQ)>} , (3.14)
where
2
<P2> = - J@* 117 ¢ 49 ,
do

<oP> = J@* o™ o 4o .

(3.15)

>
We extremize <H> with respect to wk(r), s(;) and %(Q), subject to

normalization constraints on all three functions to obtain the three
coupled equations

(68 + 8g(o, + 5<0> - e luy () = 0, (3.16a)

[~ <Q25V2 + <92> + <Qu'(oV + sQ)> + <Q>g=l &kwk - A]s(?) =0, (3.16b)

2
[fd3r(- s?2 2o+ |Vs|%% + UGo, + sQ) + g I 3,59,0 -Egle(@) = o.
do

(3.16c)
These equations have been solved self-consistently. Egs. (a) and (c)
are linear eigenvalue equations. Eq. (c) is a second order

differential equation with a "potential" which is a fourth order
polynomial in Q. Eq. (b) is a non-linear, inhomogeneous differential
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equation of the same form as the 0, equation (2.7b). In solving
(3.16b), however, the Lagrange multiplier X must be varied until a
normalized function s is obtained. The three equations are cycled
through (with a convergence factor on s) until self-consistency
obtains.

Physical quantities are obtained by subtracting out the no-quark,
same one-mode state quantities. Thus the s obtained by solving Egs.
(3.16a~b) with N quarks is now used to solve only Eq. (3.16c) with
the term containing Ekswk. absent. Comparisons have been made with
the mean field approximation for the energy and <o>. The results
agree (for the standard parameter set) to about 20%. Another measure
of the validity of the mean field approximation is the gquantum
fluctuation in Q. We £find

<Q>

~ 0.78
%

2
Q7> (3.17)

The results of this section were obtained by Dethier.

4.0 SMALL AMPLITUDE OSCILLATIONS

We return to the mean field representation ¢ = Gy + Oq¢ T =T .
The Hamiltonian is given by

' +
H=€_ +31 e C'cC
GO k k "k 7k
3 1, 2 2 " 2 1w 3 1 4
+ Jd r{z(ﬁl + [3011 + U (oo)ol ) + z U (00)0l + 5% €9
= + (4.1)
t gL Yo Y Cp cl}.

_ 3
where €00 = jd r % (04(x))
The primes on the sums denote subtraction of the same terms for k

(and £) occupied. Note the vanishing of terms linear in 01, if al1
quarks are in occupied states. The quantum part of the soliton £field
can be expanded in an orthonormal set:
% o
A U
Y ( ) (an S, +ansn) ,

1 n 2wn (4.2a)

. wn > + *
mo=i i (T (an S, ~ ansn) . (4.2b)
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The Hamiltonian (4.l) simplifies if we choose sn(r) and Wy to satisfy

2
(- 72+ uno)) - wl) s (@) =0 ; (4.3)
then
_ ! + T 1
H = 600 + Z:k Ek Ck Ck + I wn(an an + 5) + Hl + H3 + H4'(4.4)
with
Hy=g I Jd3r ¥, s_ U (——-1-—);i a_ + he
i ! k&n k™n "2 2wn n s (4.5a)
_1 3 3
Hy= % Jd r(b + cog)oy (4.5b)
_c 3 4
H4—-7Z Jd r 01 ' (4.5¢)

where 0, in H, and H, is represented by (4.2a). The diagrammatic
meaning of these terms is shown in Fig. 3.

Fig. 3
H, Hy H,

Eq. (4.3) defines normal modes for oscillations about the mean
field solution. Since we have oo(r) to be spherically symmetric, we
can set

> > -1
sn(r) = szmn(,r) =r uln(r) Ylm(e'cb) ’ (4.6)
whence
2
a 2(2+1) " 2 B
(‘ T2t U - “’zn)umn =0 . (4.7)
dr r

U"(oo(r)) has a sharp dip in the vicinity of the bag surtace, as can
be seen in Fig. 4. A rough estimate of the eigenfrequencies can be

obtained by setting
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v = 0" (0, (x))) + (r-ry)? @2
= o,(r -
070 ) (4.8)
where r, is the location of the minimum and
2
2 =3 &5 v,
dr r=0 (4.9)
Then
2. . 2(8+1
Wy U (0 (rg)) + 5=+ a(2n+1) . (4.10)
r
0
For the lowest state, using our standard parameters, we find ®ig
1400 MeV, The quark and soliton (01 )} spectra are displayed
schematically in Fig. 5. cev
34
~1(1+I)
2R%wg,
=
g 2T —
>
g
= €k wj
a Quarks or Anti Quarks Solitons,
K] (Fermions) (Basons)
.l
> S
-1.0 P B— | I I | - —
0 0.4 0.8 1.2 16 -
R (fm) Sz Pyz Pz €70 2
Fig. 4. U" (¢ (r)) showing Fig. 5. Schematic representation

surface dip (B=0).

of quark and soliton spectra.

Because of the sharp dip in U" near the surface, the lowest
normal modes are surface modes.

The soliton-quark interaction terms, Hl, couples the oy
excitations to quark particle-hole pairs. qg virtual excitations are

interpreted as giving rise to a "meson" cloud surrounding the bag

more specifically, the

later.

nucleon.

or,
I will return to the meson cloud
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Although we began with a covariant Lagrangian, the MFA destroyed
covariance by the selection of a preferred frame. Inclusion of the oy

part of the soliton field cag restore covariance. For example, the
-
localized MFA bag has <P"> # 0. A state with P=0 is spread out over

all space. Thus <r”> will increase (ultimately to =) as the
approximations are improved, and we are alerted to the fact that <r2>
is not a measure of nucleon size. We return to this in Section 6.

The terms H, and H, involve only 0, operators and lead to a
restructuring of the soliton (91) spectra. They can be handled in the
one mode or uncoupled mode approximations straightforwardly in the
Q-space formalism. For present purposes, we will neglect these terms
and assume that their eftects can be absorbed into the effective
parameters. There may, however, be important physical effects in
these terms.

5.0 LARGE AMPLITUDE MOTION AND COLLISIONS
5.1 The Generator Coordinate Method.

The method of generator coordinates (GCM) is being applied to
large amplitude bag with particular application to N-N scatter-
ing. Consider a parameter or set of parameters which describe the
static configuration of a system of quarks and the soliton field and
let |a,n denote a set of basis states which is complete for any a. A
method of obtaining these basis states is described below. The GCM

state vector is written

[¥> =} J¢n(a)[a,n>da . (5.1)
n

Since the set is complete for each g, the expansion is overcomplete.
In practice, this causes no problem since the sum is truncated to a
small number of terms. In what follows, we consider only a single
term and suppress nj; actually, several configurations may be
required. The generalization is straightforward.

The weight function ¢(oa) is obtained by extremizing the
expectation value of the Hamiltonian

fdoup*(a) <a|H|a'> ¢(a') da'

subject to the normalization constraint. Then

J da' <ol|E-E|a'> ¢(a'y = ¢ (5.2)
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This is the basic GCM integral equation for ¢(a ). Depending upon
whether the spectrum is discrete or continuous, it is either an
eigenvalue or a scattering equation. Although we can work with the
integral equation, it is instructive to consider the approximate
differential equation which it satisfies. For a system which has well
developed collective motion, we expect <o|H-E|a'> to fall off rapidly
as a function of a —o'. To utilize thatproperty, it is convenient to
introduce the mean and relative parameters

Do 1=

2= (ata') , & = (a-a') (5.3)

Then

<¥|H-E|¥> Jda Jd6¢*(&+%5)<& + 26|B-E|3 - $6>6(a ~ 30)

Jd& faa[¢*<a) + %a¢'*(a) + % §2¢"*

(@) + ....] x

- 1 - 1
<a + ESIH—E[u - 56> x

[63) - 36 ¢' (@) + 267" (@) + .....]
(5.4)

Now <O + %OIH - Elo - %5> is even in 6§ . The only integrals which
survive are of the form

- _ - 1 - 1 n
ACIE J<a + Lsj@a - Lo>etas 5.5

for n even. BHere ﬁris either H or N = 1. Through order $" we have

<Y|H-E|Pp> =
- * 1 Tk o1 L 1.%x,"
[aate™ mymm wpye + Foy-m wp) (<87 %0" + 30™0 + %N L
This may be cast into the more familiar form
= d 1 ! - 5=
¢%( - = = + V(a) - E)¢ da (5.7)
J da 2B(a) 43
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with
- _H 14 a 1
V(a) = — + — (4, - EN,) — — , (5.8a)
Yo o any* am 2 2" a3 w.*
0
B(a) = = ——=m ’ (5.8b)
H,-EN,
and
¥ 5
$=Ny7 0 . (5.8¢)

Below we define o such thato— r as r—> », where r is (say)
the separation of two  bags. However, V{(a ) has no simple
interpretation as a potential until B(G) is determined!

Following Mosel[13], we now introduce a change of variable
from o to x such that

-— a [ !“ [}
x = X(o) = J[B(a y/ul*dn’ , (5.9a)
$(a) = £(a)v(x) , (5.9b)
= %
f(x) = const [uB(a)] (5.9¢)

where p = M/2 is the reduced nucleon mass. Then variation of Eq.(5.7)

yields
2
1 a
- ==+ V+V, -E(x) =0
(- 2 1~ B (5.10)
with
v. = L E; - L (Blgz (5.11)
178 27337

Since we choose o (or a) so that for separated bags « => r (the bag
separation) this is consistent with B =y, o = x.
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5.2 Generating The State Vector

We determine |a> by minimizing the expectation value of the
total Hamiltonian, <o|H|o> with respect to a variational mean field
wave function for the quarks and a coherent state wave function for
the soliton field subject to a constraint

<alQla> = 0 (a)

(5.12)
where Q is some moment of the quark distribution
- > 3
Q= fw q(r)y d°r . (5.13)
The constrained mean field equations now assume the form
[3:8 + Blgoy () - xa®] - e lp, =0, (5.14a)
- v+ U (o) + oY, =0
0 0 9 k"k ' (5.14b)

k-occ

where A 1is a Lagrange multiplier. Instead of specifying the
constraint function q(?) explicitly and solving the pair of equations
(5.14 a&b), it is more physical to specify the function in square
brackets

[g0, (@) - 2@z Y@ ., (5.15)

then solve for the wk(f), and then for ao(?); there is no iteration
involved. The self consistency is implicit. The constraint can now
be "discovered" by solving

\g = qoy - - (5.16)

We parameterize %/K?) = %ﬂd,;) by a folding procedure. We consider
two spheres of radius R with centers separated by a distance o , as
shown in Fig., 5. For o >0, we define a function o(T) equal to unity
if T lies in the interior of either sphere and zero otherwise. If
o <0, we choose 0{r) to equal unity only in the intersecting,
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lens-shaped volume; this gives a
natural continuation of o from
positive values (prolate shapes) to
negative values (oblate shapes).
The radii of the spheres are chosen
so that the enclosed volume is

independent of «a , and equals —

2x(4/3) R>, where R is the radius @>0

of a three quark bag. {The T T T TS T T T TS
constant volume approximation, // \\
which is valid for a relativistic / \
Fermi gas, can be relaxed to, say, : + + !
minimize the energy as a function A ' 2 K
of R for each o, or to let R be AN )/
another shape parameter.) a can \\\\ XX ///
assume all values, - ®<o<+®, and o

is equal to the separation of a<0

isolated bags for o >2R. FPig. 5, Geometric shapes used to

define O(f) and a .

Into this geometric shape is folded a Yukawa smoothing function,

yielding
2 -y |E-%'
> Y e +1 3>
= 1] - | =#—/m@/—— 0 d
VD go [ o f B (x) a’r ] (5.17)

Note that ?/;> go, as r —> and ?/é 0 for T well inside the geometric
volume. It is adjusted to approximate the self consistent,
unconstrained spherical solution for isolated bags.

The method of solution of equations (18 a&b) is a generalization
of that described in ref. [5]. Here, however, both 7/(¥) and ob(?)
are expanded in terms of even Legendre polynomials, and the quark
functions are expanded in terms of Dirac spinors of good quantum
number K. An example of the shape of 7/(;) ig shown in Fig. 6. Low
lying eigenvalues of the Dirac equation as a function of o are shown
in Fig. 7. Parity is a good quantum number for the quark functions,
and we note that for well-separated bags the eigenvalues become doubly
degenerate with respect to the two parities, corresponding to
degenerate 1left and right states. All of the GCM calculations
described here were performed by A. Schuh, and the work is

continuing.
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5.3 The State Vector in the Coherent State Representation

In order to implement the GCM, it is necessary to represent the
state vector |a> as a fully gquantal state. For this we use the
coherent state representation of o] rather than mean field
interpretation of the o obtained in solving (5.1). We need boson

0
operators which are independent o. Corresponding in (3.1) we set

3 , > > L >
1 t —ik-r iker
a, + ¥ (Em;v) (ake +ae )

ag

. w ;i _,—r.—r ] .+.—> (5.18)
m=1i} (5%) (a;e tker _ akelk T

where V is the box-normalization volume (which will go out). Then

W\ %
Z(J-‘) £ (a)al B
la> = 1 chiw) e V2/ KR g5 7 (5.19)
n 1 o

where

2
% Ju, |£, (a) |
N, = e ki (5.20)

and the fk are the Fourier transforms of the field oo(f,u):

> >

-ik.r .3

£ (o) = v';i I(co(f,q) - av) e d'r (5.21)

Although it is not essential to do so, a great gconceptual
simplification occurs if we choose Wy
section 6.3 we face this gquestion again and there consider the

= Q, independent of k. 1In

"natural" choice w = (k2 + U"(0 )", and work with the £, However,
with the choice Wy
configuration space. Recall that because we normal order our
brings down an £ (o) (2/2)% and al an £} (a') @/2)%. We

= Q, all required expressions can be evaluated 1in

Hamiltonian, a
obtain

k

' + ' > 3 '% f[G(;,d') - 0(?,&)]2 d3r
<a o> = 1 [an(r,a )wn(r,a)d ;] e
n (5.22)

N.B. 1In the quark overlap functions we have assumed the very special
case that w;(?,a)wn, (?,a)d3r =0 for n # n' because of spin,
parity, jZ and color symmetries. In more complex configurations, the
quark overlap integral will contain exchange terms. The normalization
factors have been used explicitly so that <ajo> = 1.
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Now one can calculate <o|:H:|a'>, which enters in (5.2) in the
following conceptually simple manner. Let the Hamiltonian density
[see (2.1)] be written

=Kol v, o, m. (5.23)
Then

<a'|:H:]a> = <a'|a> fd3r 7¢(w;(a), wn(al),caat Too') (5.24)
with the arguments of ?# now functions rather than operators:

oaa.(f) = %[co(f,a) + 00C§,a‘]

ﬂaa.(§) = % Q[co(g,a) - co(z,a'lj (5.25)

2 .
:7 :]a'> vanishes only for o' = a,

It is worth noting that <o
which is also the case of the static bag.

The choice of @ remains to be determined. Recall that it did not
enter in the static, o' = a, calculations. There are at least two

possibilities:

First, 2 is not a physical quantity, but the choice of value does
affect our renormalization scheme. According to Stevenson's
principle(14,15] of minimum sensitivity, such a parameter should be
varied to find the value which extremizes or insensitizes the physical
quantity of interest. 1In that case, we could even have £ = Q{(d). One
possible quantity of "interest” is HO(E).

Second, one can argue that one should stick to W = (k2 + U"(OV»

in order to nearly diagonalize the normal modes of the vacuum.
This matter is currently under study.

I conclude this section by emphasizing that in applying the GCM
one need not go to the Schroedinger-like differential equation if the
expansion in (5.4) is not valid. While the sSchroedinger form has
obvious conceptual advantages, the integral equation (5.2) is more
generally valid.
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6.0 RECOIL AND PROJECTION

A composite structure localized in a particular reference frame
must be a wave packet containing a distribution of momentum
components. This is the case for a bag described in the MFA.
Denoting the total momentum operator by

<>

P=—%J[W+$w+ﬂ?¢]d3r (6.1)

and by |B> a localized bag state, then <B|P|B> = 0 but <B|§2|B> > 0.
Since the full theory is Lorentz invariant, corrections beyond the MFA
should tend to produce a state of good P and the lowest would
correspond to P = 0. Such a state would be spread over all space.
Clearly <r2> is not an appropriate measure of hadronic size. We now
consider two approaches to eliminate the effects of the spurious
center—-of-mass motion (momentum).

6.1 Center~of-energy Operator

A relativistic generalization of the center-of-mass operator is
the center-of-enerqy operator

3 >
= 44X : CIR (6.2)

first proposed by Fokker{l6] and discussed extensively by Pryce[l7].
The numerator in (6.2) is the exact boost operator, which we will
return to in section 7. The operator B satisfies the commutation

relations

[Ri,Pj] = iaij H/E , (6.3)

d—k

>

K= ilg,k = ¥/E , (6.4)

and
_ 2
[R; Ry} = -e;4, M/E (6.5)

vwhere M is the total angular momentum operator. (6.3) is the
condition that R be canonically conjugate to P, which is satisfied in
its expectation value or when operating on an eigenstate. (6.4) is a
"very pleasant" and nontrivial result, which is valid for Bose fields,
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Dirac fields and for interacting systems. Recall that for the Dirac

operator ;op = wT;wd3r we have
>
dr
op _ t> 3
at Jw apd”r (6.6)

which has eigenvalues equal, in magnitude, only to the speed of light.
Wave packets satisfy (6.4), and so does the position operator in the
Foldy-Wouthuysen Representation{18]. The operator R is closely related
to the F-W position operator. Actually, the 6 operator proposed by
Pryce [17] is essentially the F-W position operator, but it is more
cumbersome than the ﬁ-operator. The ﬁ—operator is not part of a
Lorentz four-vector, and the failure of the components of R to commute
are shortcomings in R asa center-of-energy operator. Indeed, there is
no completely satisfactory candidate for a center—of-energy.

We consider the mean field approximation, where quarks move
independently in a scalar field, and assume further that there are A
quarks in the same spacial state of eigenvalue €. Then

2
> 2 2¢€ Ag >2 3A
<(r - ﬁ) > = [1 - &2 + 257 <x> + ==,
BTz e (6.7)

where E is the total energy (mass) of the system. Here <x2> is the
guark mean~square size measured with respect to the bag center. The
last term in (6.7) arises from the zitterbeweqgung of each gquark; it
is the effective mean-square size of point guark. It is recognizeable
as the factor in the Darwin term. Even for a single point Dirac
particle we would £find the term 3/4E2 when measured by (6.7). The
experimental analysis does not include this term and we therefore
identify <(;—§)2> with <r2> + 3/4E2, where <r2> is the intrinsic size.
Then

<r?s = <(Z-3) %> - 37482
2
= [1 - %; + é%T] <> + 3(A;1)
E 4E (6.8)

In the MIT model, € = 2.04/R and <x°> = 0.532 R%. This leads to

2

<r?> = [1 15 0.1903(A—1)] 2

-iat <x> , MIT
(6.9a)
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0.7007 <x%> , A

L]
i

2 (i.e. meson) {6.9b)

0.7298 <x*> , A

L]
]

3 (i.e. nucleon) . (6.9¢c)

The recoil corrections are similar in the soliton model. For the
standard parameters, we calculate

<r?> = 0.737 <x*> , A =3 . (6.10)

Since we fit the proton size, the effect of these corrections is to
increase the required static bag radius by about 15%. This also
increases the calculated magnetic moment (which scales as a length) by
the same fraction.

6.2 Energy Corrections[10]

The Einstein relation is

2 2 2
m® = n° - P {6.11)

where ; is the total momentum. A bound on the lowest mass of the
system is

mg < w?s - <32 (6.12)
We approximate
my = <H>2 - <§2> ' (6.13)

where the last term subtracts out the spurious square-momentum of the
wave packet. In the mean field approximation

22 2, _ 2
<P > = <(§ ﬁi) > = § <§i > . (6.14)

In the MIT bag model, because of the discontinuity in the wave
function at the boundary, <§i2> is infinite for each quark; so also
is <82 infinite.
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The corrections for the standard parameters of the soliton model
is a decrease in the bag mass by a factor 0.84.

The results listed in Table 1 include the reccil corrections.

6.3 Projection

Given a state vector ]Z> for a wave packet centered about the
point Z, one can construct an unnormalized vector of good momentum |§>
by setting

|B> = J ei§.2|—2>>d3z. (6.15)

It is well known that there are difficulties with this procedure,
because the set of states so produced are not boosted states of one
another. The states, in general, differ not only in total momentum
but also in intrinsic excitation. To calculate the mass of the
system, we consider the state [;=0> and assume that of the set it has
the lowest intrinsic excitation. Since the Hamiltonian is
translationally invariant, we need only project on one side to
evaluate

J<Z=0[H|§>d3z J<— % 7|H| % 3>a3z
- (6.16)
[<#-012>0% [« 3 BB’

The mean field approach cannot be used directly to evaluate
(6.16), because the representation of the o~field is not the same for
different 7. We use here the mode-expansion Sec. 3.1, and then use
the one-mode coherent state approximation which is closely related to
the mean field approximation. Thus we set

1 ik-F | _+ -ik.?
o=0_ + ) /iazv(ake +a e )
Xk ik-? + —ik.¥ 637
T = -i} 5o (a, e -a e ) .

where V is normalizing box volume. The soliton part of the coherent
state vector is

_ k + (6.18)
[£> = exp (], /= £, a0 0> .
This is a one mode state of the form exp(AAg)|0> with
+ . k .t . t_ x4
Ay =]/ fyay ~ where in general A; = zj Ujj ag - We have
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= Wy
ai|f> = /2 f_lz|f> (6.19)
and
L >
<tlo|f> = o + V7% 3 fielk'r , (6.20)

*
where we have used £, = f z We normal order the Hamiltonian in the
operator a;, and ay, which also means normal ordering with respect to
the A; and A . Everything goes through as in Sec. 3.1, including

renormalized coefficients a, b and c. We have replaced a, of Sec.
3.1 with AO). We can now identify
-3 iker _ >
\ ZJ‘E_]E e = oo(r) - 0, v (6.21)

where co(?) solves the mean field equations.
A bag state displaced from the origin by 7 (i.e., S0 (?-i)) is
described by

> ~-ik+Z
£,(0) = £,(0) e . (6.22)

Our state vector

3 ©
|%> = nElwn(;n—%) exp (} / 7; fE(E)a§T)|0> ’

(6.23)
and we need to evaluate the following quantities:
- 12 13, _ O o*_ 12 1
Ny(2) = <f(- 3 DIEG D> =exp (] £ £, 5 DE G D
= exp (% J[co(? - % Z) - ov][co(z + % ) - ov]d3r);
(6.24)
<E(- 3 B ]: o s|E(+ 5 B>
= [0, (5)1" N_(2) N_(2)
g o4 (6.25)

> 1 = _ 13 > _]; ’
0, = 3loE - 58 + o F+ 3D (6.26)
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t o> 1 > 12 .3
(r - 5 %)wn(r + 3 ha’r . (6.27)

n

= g

The expectation value of Hq + H is given simply by

qo

<P= + P=0>
o[Hq Hqcl 0

<p=0|P=0>
1> F,> 13, > > 1 > 1 > 1 > 1= +> _3
zj<--2-z|wn(r-—2-z)[a p+58g (0, (r-52) + oo(r+-2-z)]¢(r+7z) |§Z>d Z S 7
1,12 .3 n B
J<—§z[-2-z>d Z
(6.28)
The final term is given by
_ - 3
<P=0|H|P=0> 3 J@G(Z)NO(Z)Nq(Z)d z 6.25)
- _ ‘ 3 )
<p=0|p=0> jNU(Z)Nq(Z)d z
where
1l,> > 2 1 2 > 3
EU(Z) = J[EIVGZ(r)| tsom, + U(oZ(r))]d r (6.30)
where
, 1
T, =i S loE-3h-o,F3D]. (6.31

The program to project the wave function and evaluate the expecc-
tation value of the Hamiltonian has been completed by G. Liibeck. We
do not quote numerical results here because it appears that further
variation of the wave functions after projection is desirable (perhaps
necessary) to obtain reliable results. We propose to introduce scale
parameters into the soliton Fourier components and quark wave functions
(not full functional variation) in order to extremize ( not minimize)
the energy.
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6.4 Boosting the Bag

The exact boost operator, acting on a zero momentum state, for an
interacting relativistic field theory leads to the Lorentz translated
state

o r

5
> iv.K

[¥> = ™" |3 = 0>, (6.32)

where the boost operator is

K = fd3x M) % . (6.33)

If

M, = <P=0|H|P=0
o ¥ <P=0|H[P=0> (6.34)

is a good approximation, then we can construct the momentum state
iﬁ-ﬁ/(moz + ﬁz)%

[B> = e |p=0> (6.35)
where f/(Mg+§2 % . R [c.£f. Eq. (6.2)1, the center-of-energy
operator. This boost operator was exploited by Betz and Goldflam [12]
to study corrections to the electric and magnetic form factors. For
the electric rms size, they obtained results in agreement with Eqg.
(6.7). They found a small reduction in the magnetic moment.

The present program differs from that of Betz and Goldflam [12]
in that they boosted the MFA localized bag (which is not an eigenstate
of 3), while we boost the projected, P=0 eigenstate.

7.0 GLUONS AND COLOR

Color is the keystone of QCD. Although the full nonlinearity of
QCD could be incorporated in the effective Lagrangian, the objective in
modelling QCD is to circumvent such extreme complexities by simulating
the nonlinear effects through the scalar, color-singlet o~field. At
present, we restrict consideration to one-gluon exchange diagrams,
which also implies linearization of the gluon field equations; the
non-Abelian nature is preserved.
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7.1 One Gluon Exchange in the MIT Bag

De Grand et al[8] in their classic 1975 paper fit a large body of
hadronic spectra in the context of the MIT bag model, including a
controversial gluon =zero-point energy correction, and one-gluon
exchange (OGE). The results involving only u and d (zero mass) quarks

are presented in table 2. There are three adjustable parameters in
their model. Four masses are well fitted; they had modest success

with other properties. I count the degenerate p-w pair a single
success. The n-meson was not calculated.

Table 2.

One gluon exchange corrections in the MIT model, from De Grand,
Jaffe, Johnson and Kiskis[8]. All energies are in GeV; the bag
radius is in fm. There are no recoil corrections in these

calculations.

Mexp MBag Ro(fm) E0 Ev EQ EM
A 1.236 1.233 1.081 -.336 .308 1.11¢9 .141
P 0.938 0.938 .987 ~-.367 .234 1.226 -,151
w 0.783 0.783 .929 -.390 .196 .868 .110
o] 0.77 0.783 .929 ~.390 .196 .868 .110
w 0.139 0.280 .659 -.549 .070 1.222 -.462
_ZO
Ey, = w Z, = 1.84 AC = 0.363 GeV-fm
E. = 21 »3s B = 57.5 MeV/fm>
v 3
A 2.04
EQ = R £C
B, « ii a, = 4o = 2.2
M R s c N
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The m splits off and is driven down by the OGE, but still appears
at roughly twice the physical value. This we regard as a success, not
a failure. We expect the OGE contributions to be gqualitatively
similar to the soliton model as in the MIT model.

De Grand et gl[8] did not include recoil corrections in their
original works, although there has been subsequent work on this
problem in the context of the MIT model. Our own estimates, based on
the considerations of Sec. 6.1 and ref. [11] lead to a significant
reduction in the pion mass. Within a range of "acceptable"™ model
parameters we can fit the pion mass, obtain zero, or even obtain a
negative m2. We await evaluation of the energy obtained with
projected wave functions and the consistent inclusion of the OGE
energies in the soliton model.

7.2 The Linear Gluon Propagator in Media

The linearized gluon field equations are essentially identical to
Maxwell's equations. The chromo-electric and magnetic fields, in the
Coulomb gauge, can be written

20 - S, B-Tx18°,
Bc = KEC ’ ﬁ = u_lg = KE v (7.1)
since xu = 1. Then
c _ .C
3 KvAO ]0
(32/5t% + VxcUx)AC = 3
£ (7.2)

where subscript "t" means the transverse component,

I will only outline the solution for the scalar part of the gluon
propagator (Green function) here. The mathematical formulation and
computer program for the general scalar and vector frequency-dependent
propagators in an inhomogeneous frequency-dependent medium has been
completed by M. Bickeboeller and is being written up as a Diplom
thesis for the University of Bonn.

k(o(Z)) is an operator, but is treated in the MFA as a c—number.
Present calculations are restricted to axially and reflectionally
symmetric functions. This is not a fundamental restriction to the
method. The scalar propagator is defined by
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V¥ 6, (F,3") = 83(F-") (7.3)

Note that in the Coulomb gauge, Gj, is time (frequency) independent.
Let

6o 2 = k@ LI E ) e(x )7 (7.4)
Then

-v2 + w1 &) = 23,30 (7.5)
where

W) = [_4%(2—'3 - %—iﬁ . (7.6)
We write

Az - L c PE N E) a7

where Ja(?) and Na(?) each satisfy the homogeneous differential
equation (7.5) with regqular boundary conditions at r=0 and r=«
respectively. For numerical reasons, we take k »+ £ (a small constant)
rather than zero as r - ©, Here ?< = T and ?> =l;' if 17} < |¥'] and
conversely. The set of constant coefficients c*® are determined by
the conditions on iﬁ(?,?') near |r| = |t'| = any arbitrary matching
radius, rm).

e 8,005 1,0" 6"y = Fix -6,6,05r_,0)9") (7.8)
and

- fdgv.ﬁzf= 1 (7.9)
for a small surface enclosing F'.

Ja(g) and Na(?) are expanded in terms of spherical harmonics,
e.g.

Gy _ -1 )
JHNE) = r g Jom () Yo (8,9) (7.10)
n
where the j%(r) satisfy the coupled equations
2
d 2,(2+1)).0L Y T
S B A LA PR + ), <am|{wle m>3yr =0 . 7.11
( ar? 2 ]y b e

There is no coupling among functions of different m or parity. The
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index @ labels the various linearly independent solutions. For
example, let ¢ stand for the set (L,m). Then independent solutions
can be generated by starting at the origin with

= CrR [ .

, O
Jom 2,L (7.12)

Similar conditions can be applied for large r.

The vector propagator is complicated by requiring an expansion in
terms of vector spherical harmonics. The requirement of transverse
vector functions leads to a third order differential equation (for the
electric modes) and the inhomogeneous term is a transverse vector
delta function. As noted, Bickeboeller has solved these problems.

Thus a tensor linear gluon propagator Guv({K},;,?',w) is
constructed which is a functional of K(d(?)) and the frequency Guv is
diagonal in the color, and is in fact color-independent since k is a
color singlet.

The OGE interaction between quarks is then written

2
q 3 3 - C_ U > > =.C.V
% [ a®r @, @M, o, G G0, (7.13)
where 9 is the color charge. The A-matrices act on the 3-color
components of the quark spinors. For use in the GCM, w is the energy
difference in the quark states and kmay be evaluated at the mean

deformation .

8.0 TRANSITION FROM NUCLEAR MATTER TO THE QUARK PLASMA

The study of the N-N interaction gives insight into the change in
the structure of the quark wave functions during the collision
process. An alternate, albeit simplistic approach, is to consider
nuclear matter as a collection of bags like the holes in Swiss cheese,
and to study the structure of the system as it 1is compressed. We
anticipate that the interstices between the bags--the physical
vacuum--should disappear as the density is increased leading
ultimately to quark plasma. Is the transition continuous or
discontinuous? What is the order of the "phase" transition?

Qur initial studies make rather drastic assumptions, although
such approximations have proved useful in solid and fluid state
physics to calculate equations of state. The approximations certainly
need to be improved.



355

We replace the moving fluctuation bags by a regular, period £cc
>
lattice of bags, characterized by the lattice displacement vectors ag.

We take 00(?) to be periodic:
> >
oo(r) = Go(r + an) (8.1)

and to contain the reflectional and discrete rotational symmetries of
a regular fcc lattice.

In the absence of OGE interactions, the gquark functions satisfy
the Bloch theorem

> ik.¥ +
Y(r) = e wk(r) ' (8.2)
where k is a continuous vector and wE(F) is periodic,
-> > ->
wi(r) = (r+a), (8.3)

although it need not possess the other symmetries of 9 - The wk
satisfy the Dirac equation

> > > > _
(a-(p¥k) + gBoy (X)) yp = ex Yo . : (8.4)
The €x have the characteristic band spectrum of a crystal.

At low density--well separated bags-~-the self-consistent
solutions for o and y are those of isolated bags; the energy spectrum
is discrete. As the bags are moved closer together, the €x spread out
into bands.

Although the lattice calculation 1is feasible (by choosing
selected Kk-vectors) we choose to use the Wigner-Seitz spherical cell
approximation. A single bag is enclosed in a sphere of radius, I,
such that its volume is the same as that ascribed to each bag in the
crystal. Because of the assumed spherical symmetry, the lowest band
assumes the form for s-states; s- can be represented by (2.8), so
that

duk/dr = (gc0 + sk)vk ’ (8.5a)
dvk/dr + 2vk/r = (—gc0 + €k)uk ' (8.5b)
and -
k
2
Vo, 4+ U'(do) + 99 J kzdk(ui - vk ).

= (8.5¢)
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The quark functions are normalized to
To
f .rzdr(uz + v2) =1 . (8.6)
k k
0
The boundary conditions on o are

¢ (0) = o (xg) =0 . (8.7)

The lowest member of the quark band satisfies the boundary condition

vbot(ro) = 0 #ubot(ro) =0 . (8.8)

At the top of the band, we have
utop(ro) =0 . (8.9)

Using these boundary conditions and a given Oo(r), we can solve for
the corresponding €hot and €top * The intermediate e€'s lie in the
continuum of the band and do not require the solution of an eigenvalue
problem. Rather € is to be specified and Egs. (8.5a&b) integrated

forthright, Let t = k/ktop (ktop is inversely proportional to the
lattice spacing); t

top = 1, We make the reasonable Ansatz that

e(t) = €hot T (Etop - sbot)(l - cosTt) /2 (8.10)
The inhomogeneous term in (5.6c) can be rewritten
t
9 2 2 _ .2
,E% Jot dt(uy - vi) (8.11)

The factor Q/E3 assures 3 quarks per bag irrespective of E. The
spin-flavor-color degeneracy of each state is 12-fold. Thus the band
is only 1/4 filled.

We pack the band to a value t = (1/4)1/3. The self consistent
solution of Egs. (8.5) 1leads to a phase transition from bags to
uniform quark (v=0) and o fields at ry = 1.7 fm, well above normal

nuclear density. Gluon exchange is needed to promote clustering into
three-quark structures.
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9.0 SUMMARY AND PROSPECTS

The soliton model represents an extension of the MIT bag model to
allow for the dynamical degrees of freedom associated with the
confinement mechanism. The soliton model has 5 parameters, MIT has 3,
but the soliton model has the flexibility, by choice of the
parameters, to reproduce either the MIT or the SLAC bags. With
appropriate choice of parameters and inclusion of one gluon exchange,
the resulting hadronic spectra is similar to the MIT model.

Because the model can be cast in Hamiltonian form, dynamical

processes can be calculated using techniques developed for nuclear

collective motion. This permits calculation of N-N collisions, recoil
corrections and the construction of bag states of good momentum., The

last is essential for the proper calculation of electromagnetic form
factors.

In this paper, the pion has been alluded to frequently. It is
currently being studied actively in the context of the soliton model.
The pion appears here as an anomalously light particle, split off and
pushed down from the meson multiplet by OGE. The nucleon bag should
be soft to qq , virtual excitation with pion quantum numbers. In the

soliton model, these virtual excitations are to be identified with the
pion cloud. One can also calculate pi-nucleon coupling and the weak
decay of the pion, 7 > u + Gu. Indeed, bags can be created and
destroyed in the model.

This description of pion physics begins with a Lagrangian which
does not respect chiral invariance and seeks to achieve PCAC from
dynamics. The more fashionable approach is to begin with a chirally
invariant Lagrangian from which the pion emerges as a massless
Goldstone boson; somewhere, the pion must be given a mass and CAC
broken. In all models, effective fields (o or 7 or both [20] are
introduced to describe degrees of freedom which are too difficult to
handle explicitly. It seems prudent to pursue various models, since
each has its advantage for particular physical phenomena.



358

10. ACKNOWLEDGMENTS

I wish to thank my many collaborators in this program, J.
Achtzehnter, M. Bickebdller, M. Birse, J-L. Dethier, E. M. Henley,
R. Horn, G. Libeck, J. Rehr, and A. Schuh. A special acknowledgment
is due to R. Goldflam who collaborated on many of these projects.
During the CSIR Advanced Course, I benefitted greatly from discussions
with the lecturers and participants, particularly W. Weise and
J. R. Rafelski. I am especially indebted to S. K. Kauffmann who
introduced me to the principle of minimum sensitivity [14,151, and for
discussions in depth on its meaning and implementation.

This work was supported in part by the U.S. Department of Energy.

References

1. A, Chodos, R. L. Jaffe, K. Johnson and C. B. Thorn,
Phys. Rev. D 10, 2599 (1974).

2. G, E. Brown and M. Rho, Phys. Lett. 82B, 177 (1979):
G. E. Brown, M. Rho and V. Vento, ibid 84B, 383 (1979);
A. Chodos and C. B, Thorn, Phys. Rev. Dl2, 2733 (1975);
F. Myhrer, G. E. Brown and Z. Xu, Nucl. Phys. A362, 377 (1981).

3. G, A, Miller, A. W. Thomas and S. Theberge,
Phys. Lett. 91B, 192 (1980);
» Theberge, A. W. Thomas and G. A. Miller,
Phys. Rev, D 22, 2838 (1980);
. W. Thomas, S. Theberge and G. A. Miller, ibid 24, 216 (1981).

D 16, 1096 (1977):; D 18, 2623 (1978);
. D. Lee, Particle Physics and Introduction to Field Theory
(Harwood Academic, New York, 198l).

S
A

4, R, Priedberg and T. D. Lee, Phys. Rev. D 15, 1694 (1977);
T

5. R. Goldflam and L. Wilets, Phys. Rev. D 25, 1951 (1982).

6. T, Celik, J. Engels and H. Satz,
Physics Letters 129B, 323 (1983).

7. K. Ishikawa, G. Schierholtz and M. Teper,
Phys. Lett. 116B, 429 (1982).

8. T. DeGrand, R. L. Jaffe, K. Johnson, and J. Kiskis,
Phys. Rev. D 12, 2060 (1975).

9. E. Eichten et al., Phys. Rev. D 21, 203 (1980).
10. R. Berg and L. Wilets, Proc. Phys. Soc. London A68, 229 (1955);

L. G. Henyey, L. Wilets, K. H. B8hm, R. Le Levier and R. K. Levee,

Astrophys. J. 129, 628 (1959).



359

11i. J-L. Dethier, R. Goldflam, E. M. Henley and L. Wilets,

Phys. Rev. D 27, 2191 (1983).

12. M. Betz and R. Goldflam, Phys. Rev. D (accepted for publication)

13. U. Mosel, Particles and Nuclei, 3, 297 (1972).

14.
15.

lé.

17.
18.
19.

20.

P. M. Stevenson, Phys. Rev. D23, 2916 (1981).

S. K. Kauffmann and S. M. Perez, "Minimal Sensitivity Optimi~
zation of Perturbative Wave Functions," Univ. of Capetown,
Institute for Theoretical Physics Preprint (1983).

A. D. Fokker, "Relativiteitstheorie" (Groningen: P. Noordhoff,
1929).

M. H. L. Pryce, Proc. R. Soc. London Al95 (1948).

L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1949).
P. K. Haff and L. Wilets, Phys. Rev. C 10, 353 (1974).

M. Gell-Mann and M. Levy, Nuovo Cimento 16, 705 (1960);

M. C. Birse and M. K. Banerjee, "A Chiral Sollton Model of
the Nucleon and Delta," U. of Maryland Preprint No. 83-201.



