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Quadratic Gravity is one of the modified theories of gravity; its action contains additional
terms quadratic in Riemann tensor and its contractions. We study Kundt metrics,
defined geometrically by admitting non-expanding, non-twisting and non-shearing null
geodesic congruence, in the framework of Quadratic Gravity. We examine the special
cases, namely the pp-waves and VSI spacetimes. Equations of geodesic deviation are
calculated to provide means of physical interpretation.
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1. Introduction

Despite many successes of general relativity, including the prediction of gravitational
waves that were directly detected nearly four years ago, even such brilliant theory
has its limits. Attempts to solve problems of general relativity (e.g., quantization,
inflation, dark matter and energy) involve modifying the action.! Our focus is on
the so-called Quadratic Gravity (QG), where the action contains additional terms
that are quadratic combinations of Riemann tensor and its contractions

S= [(G(R-20)+ B 4 BRE + 9 (Ryea — 1B + B) V5. (1)
The vacuum field equations derived from this action are then

% (Rab - %Rgab + Agab) +2aR (Rab - iRgab) + (2a 4 B8)(gapd — Vo Vi) R
+2v (R Rab — 2Rapea R + Racae Rdee —2Rac Ry — igab(Rgde F ARZ, + R2))
+60 (Rab - %Rgab) +23 (Rabcd — igabRcd) R =0. (2)

We can easily see that for « = 8 = v = 0, we get famous Einstein’s general relativity.
In general, Eq. (2) contains second order derivatives of the Ricci scalar and tensor,
which implies the fourth order derivatives of the metric. A special case of QG is
Gauss-Bonnet theory (a =0 = f3), that belongs to so called Lovelock’s gravity.?
Our aim is to study spacetimes known in general relativity, which are defined by
purely geometrical properties independent of the specific field equations. Metric
describing such spacetimes can then be considered as an ansatz and inserted into
the QG field equations to observe restrictions on the metric functions and differences
between QG and classic general relativity.

Specific representative of such spacetimes is the Kundt family whose line element

can be written as®™®

ds? = gpq(u, ©) dePda? + 2g,, (r, u, 2) duda? — 2dudr + gy (r,u, 2) du? . (3)
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Its geometric definition is that it admits non-expanding, non-twisting, and non-
shearing null geodesic congruence. The optically privileged vector field generating
the congruence is k = 0,., where r is an affine parameter along the congruence. The
spacetime is foliated by the null surfaces u = const., to which k is orthogonal (and
tangential). The transverse (D — 2)-space: u = const. and r = const. is described
by the metric g,q(u,x), where x = xF k=2,...D — 1 are coordinates covering the
transverse space. For simplicity, we will study Kundt metrics with g,, =0, i.e.,
without so-called gyratons, that describe spinning null fluid. 7

To algebraically classify these spacetimes, the Weyl tensor projected on a null
tetrad k,l,m; can be employed. These (invariant) projections are called Weyl
scalars. Spacetime can be classified based on the number of Weyl scalars, sorted by
their boost weights, that can be set to zero. Details on the algebraic classification
can be found, e.g., in Refs. 8, 9. In Table 1, we list conditions for algebraic types
of the Kundt metric. '°

Table 1. Conditions for algebraic types of the Kundt metric (with g., = 0)

Type Necessary and sufficient conditions®
SR(u,a

1I(ad) Juu = —% 7”12 +c(u,z) r + d(u, )

1I(bd) SRpq = 55 Ipa SR

11(cd) SCpng =0

111 II(abcd)

IH(a) SR’p =0 ) and cp= D273 gmngm[n,u\\p]

111(b) Iplm.ulla = 55 9°° (9pmYols,ullq] — Ipadols,u||m]

N 1I(ab)

© 9% Golsullpllla + a(p—2) “RIpau = 5% g™ (gosgo[s,uummn + 3p-2) SRgmn,u>
deq + 9Ipguu — %gosgop,ugsq,u — %Cgpqm

— 9pq 1
= D_3 gmn (den + gmn,uu — QQOsgom,ugsn,u -3 Cgmn,u)

Note: * The symbol “||” denotes spatial covariant derivative (d||,q = d,pg — I'py d,m).

2. Field Equations

We insert the (non-gyratonic) Kundt metric into the QG field equations and observe
the conditions they impose upon the metric functions. Firstly, we look at general
Kundt metric, but our main focus will be on more special cases. Results for the
simpler case of the Gauss—Bonnet gravity can be found in Refs. 10, 11.

2.1. General case

The rr-component (2« + ) Gyu,rrrr = 0 implies that either (2« + ) = 0 or gy, is at
most cubic in 7, so it can be written as gy, = a7 + br? + cr + d, where a, b, ¢, d are
functions of u and the transverse coordinates 2P. These functions will be constrained
by the following components of the field equations.
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The rp-component is (2a + ) guu,rrrp = 0. For (2a:+ ) # 0, it implies that
a, =0, so that a = a(u).

The remaining components (ru, pg, up, uu) get more complicated, and longer,
therefor we will not show them here. They can be found for example in Ref. 10.
The equations give relations between the functions a, b, ¢, d and the metric gp,.

2.2. pp-waves with constant spatial curvature

One of the most common examples of the Kundt spacetimes are plane-fronted waves
with parallel rays, or pp-waves, see e.g., Ref. 12. They are defined as spacetimes
admitting a covariantly constant vector field k = 0,, which implies that the metric
is r-independent. In the non-gyratonic case, we have

ds? = gpg(u, v) dePdz? — 2dudr + gy, (u, z) du? . (4)

For further simplification, we assume that the transverse space is of a constant
curvature, which means that its Riemann and Ricci tensors (denoted Squmn and
SR,,) are related to the Ricci scalar “R by
°R °R
s s
Rpgmn = m (gpmGan — Gpnggm) »  “Rpg = D_9 9pq - (5)
The rr, rp and up-components of the field equations are satisfied identically. The

ru and pg-components give a quadratic equation for the scalar curvature °R with
two solutions

(a) Trivial solution

SR=0= gpg =06py, A=0. (6)
(b) Non-trivial solution
1 D —-2)(D -3

2 (D—2)(D—3)a+ (D—4)(D—-5)y+(D-3)8
Since “R is constant, necessarily gpq.. = 0.
For both cases (6), (7), the uu-component can be written as
EAGuu + BAAGy, =0, (8)

where the constant k£ differs for the two solutions mentioned above

kot by r= BZDIAD Ay (D20 3

w=(D-2)(D-3)a+(D-4)(D-5y+(D-3)3. (9)

This means that we need to solve Helmholtz-like equation for g, >

Agun + %guu —f,  where Af=o0. (10)
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The interesting fact is that it is possible to find solution of (10) that does not solve
Aguy = 0, so such a solution does not exist in Einstein’s general relativity.
From Table 1, we see that the non-trivial solution (b) is of type II(bed), and the
non-zero Weyl scalars are
SR

1
B ——— )\ ij = | —=0uu
(D-1)(D-2)’ 4 Guullpg

Vs = 5

Ipq
2(D —2)
2.3. VSI spacetimes

The definition of VSI spacetimes ' is that all scalar curvature invariants of all orders
vanish. Their (non-gyratonic) line element has the form

ds® = 6pg daPda? — 2dudr + (c(u, z) r + d(u,z))du?, (12)

SO Gy 1s at most linear in r. The rr, rp, ru, pg-components are satisfied identi-
cally, the only non-trivial components are up and uwu. The up-component implies
(1/k)cp + BAc, = 0, which in general relativity (5 = 0) restricts ¢ = c(u).

The uu-component gives two constraints with respect to r, namely

A(fc+BAc) =0 and A[-1d+3(2c,— 32— Ad)] =0. (13)

Looking at Table 1, we observe that VSI spacetimes are of type ITI(b) with non-zero
scalar components of the Weyl tensor

D -3
Uopi = —mf ———
3T m12(D72)C7P7
\If4ij:—lm’.’mq. el _ Ipt_p, + djjpg — Ira_Ng| . (14)
PR "M D-2 T D-_3

3. Geodesic Deviation

Possible way of physical and geometrical interpretation of spacetimes is to inves-
tigate local effects of curvature on freely falling test particles.'®'¢ Such particles
move along geodesics and due to the gravitational field, they can move closer or fur-
ther away from each other. Let us have a geodesic congruence with central geodesic
~(7). Tts tangent vector u is a four-velocity of the particle moving along geodesic.
The vector separating geodesics in the congruence is Z. The equation of geodesic
deviation then takes the form
D*Z¢
dr?

We choose an orthonormal frame e(,) with ey = u. The round brackets denote

=R juluZ%. (15)

tetrad indices. The projection of Eq. (15) on spatial tetrad vectors becomes

5(i) _ pd) j s
ZW =R (0)(0)(j)z<ﬂ>, i,j=1,...D—1. (16)

In the Kundt case w =170, + 40, + 1?0, and the vector e is defined as
e = V2k —u, where k = 1/(v/2u)0,. We call it longitudinal direction. The
remaining vectors e(;), i = 2,... D — 1, are called transverse directions.
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3.1. Geodesic deviation for pp-waves

The equations of geodesic deviations for pp-waves (with g,, = 0) are

71 — 7
z9 = (%U2 (Guullpa T Ipguu — 59°°Gop,u Jsq.u) MY mj (17)
+20 G G 1) " = SR m jzpj:ff) 70 |

These were calculated without any use of field equations. Due to the absence of
the terms R(lzo)(o)(i)v the effect of the waves on particles is only transverse, i.e., in
the e(;) directions. Unlike general relativity, the deformations caused by the waves
are not always traceless. Since it is possible to choose a frame where &' = 0, the
conditions for the waves to be traceless become

gpq (guquq + Ipg,uu — %gosgop,ugsq,u) =0. (18)

If we now restrict ourselves to the QG and transverse space with constant curvature,
the equations simplify into

zM =, (19)
SR

) _ (%if Guullpg™; M + W%Q(

gk &P &F md mh — P 31 (Sij)) Z7,

and the waves are traceless when Ag,, = 0, which corresponds to the solution of
general relativity. If we solve Eq. (10) for gy, we can insert the resulting metric
component into Eq. (19).

3.2. Geodesic deviation for VSI-spacetimes

For the VSI spacetimes (12), the equations of geodesic deviation are
=1 ) )
Z( ) — %uc7pm§Z(J)’

Z0 = Ticy mPzM 4 (%uz Guu||pgM; M + m}émg)uik Cp qu> Z9) . (20)
We can see that in general, there is a longitudinal effect due to the term 1/24c,.
This would be impossible in general relativity, because of ¢, = 0.

4. Conclusion

We studied Kundt spacetime in QG by an explicit analyses of the constraints im-
posed by the field equations. We investigated the special cases, the pp-waves and
VSI spacetimes, and obtained solutions that are not allowed in general relativity.
The equations of geodesic deviation shown that the effect of pp-waves is always
transverse, but generally not traceless and the VSI spacetimes cause longitudinal
effect. Both effects are not possible in general relativity.
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