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Abstract

Structure formation in warm dark matter
cosmologies

The nature of dark matter constitutes one of the biggest questions in physics, astronomy and

cosmology. Even though the cold dark matter model is successful in explaining many of the ob-

servations, it is still challenged by some phenomena that cannot be explained by this model alone.

The warm dark matter model has been considered with an increased interest in the past few years,

a viable alternative.

Computer simulations are a powerful tool for testing these models and making predictions

that can be tested further with observations. In this work we focus on the implications that such

models have on both large scale and small scale structure in the universe, by analyzing various

N -body simulations that we have performed using different warm dark matter particles.

When comparing warm dark matter simulations with cold dark matter ones, we find that the

formation and evolution of structures is qualitatively different in the two models. These differ-

ences come from the suppression of the power at small scales and presence of the velocity dis-

persion, which are properties of the warm dark matter particle candidates considered. The warm

dark matter simulations performed show that structure formation is more complex than in the

cold dark matter ones with different stages of evolution.

These intrinsic properties of warm dark matter particles are stretching their influence to the

small scales - the internal structure of halos being different from what one would expect in the

cold dark matter case. Analyzing high resolution simulations, we see that warm dark matter

halos have visible caustics and shells. Depending on the free streaming length of the particle, the

density profiles of halos are shallower than the cold dark matter density profiles. This is, however,

not enough to explain the large cores observed in galaxies, pointing to a missing ingredient in our

simulations that can either be the presence of baryonic processes or other quantum properties of

warm dark matter particles.
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Abstract

From our results we give some predictions that can be tested by observations. Besides the

results from cosmological simulations, we discuss few theoretical considerations that need to be

taken into account when addressing the behavior of some warm dark matter particle candidates.

Technical aspects of warm dark matter simulations are being discussed as well.

Keywords: cosmology, astrophysics, dark matter, numerical simulations, structure formation,

internal structure of halos, density profiles
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Résumé

La formation des structures dans matière sombre
tiède comologies

La nature de la matière sombre constitue l’une des plus grandes questions de la physique, de

l’astronomie et de la cosmologie. Même si le modèle de matière sombre froide avait expliqué avec

succès nombreux observations, il est encore contesté par certains phénomènes qui ne peuvent pas

être expliqués par ce modèle seul. Le modèle de la matière sombre tiède a été considéré avec un

intérêt accru dans les dernières années, une alternative viable.

Les simulations cosmologiques sont un outil important pour tester ces modèles et pour faire

des prédictions qui peuvent encore plus être testées avec les observations. En réalisant diverses

simulations N -corps de différents modèles de matière sombre tiède, dans ce travail, nous nous

concentrons sur les implications qu’un tel modèle a sur structures à grande aussi que à petite

échelle de l’univers.

En comparant des simulations de matière sombre tiède avec celles de matière sombre froide,

nous constatons que la formation et l’évolution des structures sont qualitativement différentes

dans les deux modèles. Ces différences vient de la suppression de la puissance à petite échelle et

de la présence de dispersion des vitesses, qui sont propriétées des particles candidats considérées.

Nous constatons que dans les simulations de matière sombre tiède, la formation de la structure est

plus complexe que dans celles de matière sombre froide, avec différents stades d’évolution.

Ces propriétés intrinsèques des particules de matière sombre tiède se étirent leur influence

pour les petites échelles, la structure interne de halos étant différente que l’on pourrait prévoir

dans le cas de matière sombre froide. En analysant des simulations à haute résolution, nous con-

statons que halos de matière sombre tiède ont caustiques et coquilles visibles. Selon la longueur de

libre parcours de la particule, les profils de densité des halos sont moins piqués que les profils de

densité de matière noire froide. Nous trouvons que cela ne suffit pas à expliquer les grands coeurs

observées dans les galaxies, pointant vers un ingrédient manquant dans nos simulations, qui peut
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Résumé

être soit la présence de processus baryonique soit d’autres propriétés quantiques des particules de

matière sombre tiède.

De nos résultats, nous donnons quelques prédictions qui peuvent être testées avec les observa-

tions. Outre les résultats des simulations cosmologiques, nous discutons quelques considérations

théoriques qui doivent être pris en compte lorsque nous abordons le comportement de certains

candidats de la matière sombre tiède. Les aspects techniques de simulations de matière sombre

tiède sont aussi discutés.

Mots clés: cosmologie, astrophysique, la matière noire, simulations numériques, la formation

de la structure, la structure interne de halos, les profils de densité
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Chapter 1
Introduction

1.1 General Context

In the last century, the enormous development in physics and astronomy brought us to what

one may call a fatalistic view of the universe. In almost five billion years from now the Sun will

die and so will the Earth. The Andromeda galaxy will be colliding with the Milky Way galaxy. The

universe may expand forever or gravity may eventually reverse this and the universe will end in

a giant implosion. And yet, scientists are trying to explain the unseen and unknown.

The fact that most of the matter in the universe is unseen and of unknown origin is one of the

biggest puzzles in our view of the universe. Many models have been theorized in the attempt to

explain the dark side of the universe, some of them challenging our understanding of even the

most fundamental concepts in physics, like gravity. That dark matter exists is now considered

a fact by the majority of the scientific community. What dark matter is actually made of is a

question that has yet to be answered. Agreeing that most likely non-baryonic particles are the

major constituent, the nature of these particles has yet to be revealed.

In the last years, two models have been distinguished as the most promising ones. One is the

cold dark matter model, with neutralino and axions as the center stage candidates, which still

claims supremacy among the other models. The other is the warm dark matter model, with sterile

neutrinos as the most favored candidate, which may explain many of the observational challenges

that cold dark matter model presently faces.

This work focuses on the warm dark matter model and its effects and implications on the for-

mation and evolution of structure in the universe. Bridging theory and observations, the new

supercomputer technology allows the modelling and visualisation of simulated dark matter dis-

tributions. These simulations create rough replica universes using different dark matter models,

which are then compared with the observed distribution of galaxies. While the main part of this

study is based on results from such numerical simulations, theoretical considerations and predic-
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1.2. Thesis Outline

tions are also addressed together with possible implications for detection and tests for observa-

tions.

Katherine Freese, in her book The Cosmic Cocktail: Three Parts Dark Matter, expresses her

confidence that we will solve the dark matter mystery very soon. Assuming that no contribution

is negligible, the following work is my humble part.

1.2 Thesis Outline

In Chapter 2 I will briefly present the currently adopted cosmological model and the dark mat-

ter particle candidates, focusing on the most promising ones from cold dark matter and warm

dark matter models. I will discuss some of the challenges that the cold dark matter model cur-

rently faces. Since detection is the ultimate test for any dark matter model, I will summarize some

detection techniques and the limits on the dark matter candidates arising from different experi-

ments.

Chapter 3 addresses the influence of warm dark matter on structure formation. After present-

ing some theoretical assumptions made in describing the properties and behaviour of different

warm dark matter candidates, I will focus on the signature imprinted by these particles on the

structure formation in N -body simulations. The results will be compared with those from cold

dark matter simulations.

Going from the early structure formation, in Chapter 4 I will focus on the small scale structure,

mainly the internal structure of halos. Several points will be discussed, from features present in

warm dark matter simulation halos like shells and caustics to the density and phase space density

profiles. Our results will be compared with both cold dark matter simulations and observations.

Since the modelling of dark matter particles is in general not without its shortcomings, in Chap-

ter 5 I will present some of the challenges that appear in warm dark matter simulations and discuss

some of the techniques used.

Our findings and conclusions will be summarized in Chapter 6 together with future work

prospects.
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Chapter 2
Dark Matter Models

Want a trouble-free future?

Why did you show up

in spacetime if

you didn’t want trouble?

RICHARD BACH, Messiah’s Handbook

2.1 A brief history of dark matter

It starts with a Big Bang - a ’Hot’ one. The generally embraced model for how the universe

formed is that it began in a very condensed state and rapidly expanded. The term was ironically

coined by Hoyle, as a put-down for the theory of Lemaître, who believed that the universe was

born from a ’primeval atom’ (Lemaître 1931a). The theory was considered outrageous back then,

but is now supported by many discoveries in physics and cosmology, such as the microwave

cosmic background. The Big Bang, however, apart from providing the seed, is not sufficient to

explain the current state of affairs as far as our universe, the observable one at least, is concerned

- its existence and its evolution. Enter inflation, the exponential expansion of space just after the

Big Bang, which carries the information from the beginning. But this is not enough either. One

needs an explanation for the accelerating expansion of the universe: enter dark energy. Still, there

is another crucial ingredient missing in this picture, mainly, a lot of matter.

Historically, however, these realizations did not happen by solving one aspect and moving on

to the next challenge, nor did they follow this order chronologically. They were rather the result

of solving problems that were considered unconnected and just happened to fit together.

Before the Big Bang theories were even considered, many pieces of evidence for the expansion

were creeping in. Albert Einstein resisted this notion, although he had previously introduced what

3



2.1. A brief history of dark matter

is now called the cosmological constant to accommodate his general theory of relativity into the

favored view of a steady state universe that is eternal and essentially unchanged, except for the

local occasional cyclic birth and death of stars.

After Edwin Hubble (Hubble 1926) measured the redshift of galaxies and realized that they are

moving away from us and from each other, the idea of expansion quickly became mainstream1,

while the cosmological constant simply became negligible.

In fact, it was Lemaître who in a paper published in French (Lemaître 1927) first explained

the cosmological redshifts by the constant expansion of space and provided the relation of pro-

portionality between the apparent recession velocity and the distance, known today as Hubble’s

law (Hubble 1929). This part, however, got lost in translation, being omitted from his 1931 paper

(Lemaître 1931b) published in English2.

A few years later, the Swiss astronomer Fritz Zwicky, while studying clusters of galaxies like

the Coma cluster calculated from the velocities of the galaxies inside, the gravitational force that

acts on them, which allowed him to estimate the total mass of the cluster. This mass was much

larger than the mass inferred from the luminous objects inside, meaning there must be matter - a

lot of it - that we just cannot see3 (Zwicky 1933, 1937). Zwicky called this missing matter dunkle

Materie- dark matter, but being viewed as too unconventional an idea it was not taken seriously

and was ignored.

It took until the more unconventional late 60s for the dark matter conundrum to be revived.

One successful attempt was made by Vera Rubin, who studied the rotation of spiral galaxies (Ru-

bin & Ford 1970; Rubin, Ford & Thonnard 1980), and realized that the gravity exerted by the ob-

served matter would not be able to hold the galaxies together. They just rotate too fast, requiring

by her calculation4 six times more matter to keep them from flying apart. To give a general idea,

the matter close to the center of the galaxy rotates almost like a rigid rotator, like a vinyl record.

As we move further away from the center, the rotational velocity of the matter is predicted to drop

at a constant, proportional rate. Moving even further out, since the matter at the outskirts of the

galaxies is less and less bound, we would expect this velocity to drop to zero. On the contrary,

what has been observed differs from this expectation. It has been shown that the rotational veloc-

ity remains constant with the distance to the center, giving a flat rotation curve, as if there is some

unseen matter keeping it together. That was enough to bring the dark matter back to the attention

of the scientific community.

About the same time, the cosmological constant was to be revived. Beatrice Tinsley concluded

from her study of the lifecycle of galaxies that the cosmological constant could not be zero. This

1Hoyle was one of the exceptions, vehemently opposing it.
2For a recent epistemological analysis of these developments and Lemaître’s often uncredited contribution see Lu-

minet (2015).
3In 1932, before Zwicky’s results, the Dutch astronomer Jan Hendrik Oort concluded, after measuring the motion of

the stars in the Milky Way, that the mass of the galactic plane must be higher than the mass of the observed matter.
4now known to be an underestimation
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CHAPTER 2. DARK MATTER MODELS

was discussed in 1975 in Gunn & Tinsley (1975). By this time, the cosmic microwave background

had been discovered and the Big Bang model became acceptable.

It was only in 1980 that the cosmic inflation theory was proposed. The idea, as formulated by

Alan Guth (Guth 1981), was that the universe went through a period of accelerated exponential

expansion during its first 10−35 second of life. Many other models of inflation have been proposed

since then (Linde 1982; Albert & Steinhardt 1982; Linde 1983). In the meantime, the dark matter

search had gained momentum and shortly after the cosmic inflation theory, the cold dark matter

model was proposed (Bond, Szalay & Turner 1982; Peebles 1982; Blumenthal et al. 1984).

Fast forwarding, the research done in the dark matter field is impressive, putting it in the top

problems to be solved in physics. More than 500,000 scientific papers have now been published

on dark matter - 70% of them in the last ten years.

2.2 The classical cosmological model

The first attempts to create a consistent cosmological model for the universe were based on the

simplest assumptions regarding the large scale matter distribution. The universe was assumed to

be homogeneous and isotropic. Einstein’s equation is the first pillar of standard cosmology:

Rµν −
1

2
gµνR = −8πGN

c4
Tµν + Λgµν , (2.1)

where Rµν and R are the Ricci tensor and scalar, gµν is the metric tensor, GN is Newton’s constant,

Tµν is the energy-momentum tensor, and Λ is the so-called cosmological constant (as expressed in

Bertone, Hooper & Silk (2005), e.g.).

The second pillar is the Robertson-Walker metric. Indeed, the properties of isotropy and homo-

geneity imply a certain form of the metric where the line element can be written (Bertone, Hooper

& Silk 2005) as follows:

ds2 = −c2dt2 + a(t)2

(
dr2

1− kr2
+ r2dΩ2

)
, (2.2)

where a(t) is the scale factor and the constant k, which describes the spatial curvature, can take the

values k = −1, 0, +1. For the simplest case, k = 0, the spatial part of Eq. 2.2 reduces to the metric

of a flat Euclidean space.

Solving the Einstein equations with this metric, one of its components leads to the Friedmann

equations (
ȧ

a

)2

+
k

a2
=

8πGN
3

ρtot, (2.3)

ä

a
= −4πGN

3

(
ρtot +

3p

c2

)
, (2.4)

where ρtot is the total average energy density of the universe.

The Hubble parameter, which describes the expansion rate of the universe is

H(t) =
ȧ(t)

a(t)
. (2.5)
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2.3. The new cosmological model

We see from Eq. 2.3 that for a flat universe, the energy density equals the critical density, ρc:

ρc ≡
3H2

8πGN
. (2.6)

In general, the abundance of a substance in the Universe (matter, radiation or vacuum energy),

is expressed in units of ρc (Bertone, Hooper & Silk 2005, e.g.). This is defined as

Ωi ≡
ρi
ρc

. (2.7)

for a substance of species i and density ρi, or

Ω =
∑
i

Ωi ≡
∑
i

ρi
ρc
, (2.8)

The Friedmann equation (Eq. 2.3) can be written

Ω− 1 =
k

H2a2
. (2.9)

The sign of k is thus determined by whether Ω is greater than, equal to, or less than one.

2.3 The new cosmological model

Over the past three decades a new, improved standard cosmology has been developed, incor-

porating the highly successful standard hot big-bang cosmology and extending our understanding

of the Universe to times as early as 10−32 sec, when the largest structures in the Universe were still

subatomic quantum fluctuations (Turner 2002a,b; Boi 2011; Cirkovic 2012).

This New Standard Cosmology is characterized by

• A flat, accelerating Universe

• An early period of rapid expansion - inflation

• Density inhomogeneities produced from quantum fluctuations during inflation

• Composition: ∼ 2/3rds dark energy, ∼ 1/3rd dark matter, ∼ 1/200th bright stars

• Matter content: ∼ 29% cold dark matter, ∼ 4% baryons, ∼ 0.3% neutrinos

The acoustic peaks in the cosmic microwave background (CMB) power spectrum measured

by WMAP and Planck experiments and the evidence for a nearly scale-invariant spectrum of

primeval density perturbations are in agreement with what is predicted by inflation (Turner 2001).

The agreement of the Big Bang nucleosynthesis (BBN) determination of the baryon density (from

D/H measurements) with recent CMB anisotropy measurements predicts a small baryon density

with respect to the total matter density (Turner 2001, 2002b).

In Table. 2.1 we show the latest estimations of the cosmological parameters from the Planck

Collaboration (Planck Collaboration et al. 2015).

6



CHAPTER 2. DARK MATTER MODELS

Table 2.1: Parameter 68% confidence limits for model from Planck CMB power spectra, in combi-
nation with lensing reconstruction and external data, from Planck Collaboration et al. (2015)

TT+lowP TT+lowP+lensing TT+lowP+lensing+ext
Parameter 68% 68% 68%
Ωbh

2 0.02222±0.00023 0.02226±0.00023 0.02227±0.00020

Ωch
2 0.1197±0.0022 0.1186±0.0020 0.1184±0.0012

100θMC 1.04085±0.00047 1.04103±0.00046 1.04106±0.00041

τ 0.078±0.019 0.066±0.016 0.067±0.013

ln(1010As) 3.089±0.036 3.062±0.029 3.064±0.024

ns 0.9655±0.0062 0.9677±0.0060 0.9681±0.0044

H0 67.31±0.96 67.81±0.92 67.90±0.55

ΩΛ 0.685±0.013 0.692±0.012 0.6935±0.0072

Ωm 0.315±0.013 0.308±0.012 0.3065±0.0072

Ωmh
2 0.1426±0.0020 0.1415±0.0019 0.1413±0.0011

Ωmh
3 0.09597±0.00045 0.09591±0.00045 0.09593±0.00045

σ8 0.829±0.014 0.8149±0.0093 0.8154±0.0090

σ8Ω0.5
m 0.466±0.013 0.4521±0.0088 0.4514±0.0066

σ8Ω0.25
m 0.621±0.013 0.6069±0.0076 0.6066±0.0070

zre 9.9+1.8
−1.6 8.8+1.7

−1.4 8.9+1.3
−1.2

109As 2.198+0.076
−0.085 2.139±0.063 2.143±0.051

109Ase
−2τ 1.880±0.014 1.874±0.013 1.873±0.011

Age/Gyr 13.813±0.038 13.799±0.038 13.796±0.029

z∗ 1090.09±0.42 1089.94±0.42 1089.90±0.30

r∗ 144.61±0.49 144.89±0.44 144.93±0.30

100θ∗ 1.04105±0.00046 1.04122±0.00045 1.04126±0.00041

zdrag 1059.57±0.46 1059.57±0.47 1059.60±0.44

rdrag 147.33±0.49 147.60±0.43 147.63±0.32

kD 0.14050±0.00052 0.14024±0.00047 0.14022±0.00042

zeq 3393±49 3365±44 3361±27

keq 0.01035±0.00015 0.01027±0.00014 0.010258±0.000083

100θs,eq 0.4502±0.0047 0.4529±0.0044 0.4533±0.0026
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2.4. Dark Matter Candidates

2.4 Dark Matter Candidates

Dark matter does not emit light, in fact no detectable radiation. It does not absorb or diffuse

light. This means that it cannot consist of dust. We know that there exists a considerable quantity

of dust in our galaxy, because the light is scattered and attenuated by the intermediate clouds. But

if these particles were enough to account for the entire dark matter content, they will prevent the

light emitted by any large distance star from reaching us.

Other ’ordinary matter’ candidates include stars that were not quite massive enough to start

burning and become luminous - these are called ’Brown Dwarfs’ and can be revealed by gravita-

tional lensing. If a star like this passes in front of a brighter star, then the gravity of the small star

will focus light, so that the other star would appear larger. But these phenomena are rather rare and

may have other explanations. So the observations show that the number of brown dwarfs is not so

large to represent the whole predicted dark matter. The EROS (Experience de Recherche d’Objets

Sombres) Collaboration excludes that microlensing objects of masses in the range 5× 10−8 − 10−2

M� may make up more than 20% of the halo density, whereas the MACHO (Massive Astrophys-

ical Compact Halo Objects) Collaboration delimits a likelihood contour (at 95% C.L.) for masses

∼ 10−1 − 1 M�.

The non-baryonic particles are therefore the best candidates and particle physics offers a large

variety of such hypothesized particles that could exist in the universe and could survive from the

Big-Bang in a number sufficiently large to bring a significant contribution to Ω. These heavy but

chargeless particles could cross the Earth like neutrinos, but they are very hard to detect, because

of their rare interactions.

Dark matter particles can be categorized by many criteria, like their production mechanism,

their weak or self-interacting properties, etc. Since the purpose of this work is to study the proper-

ties and effects of warm dark matter particles, we will choose the velocity (and mass) as the main

criterion in distinguishing between different particle models proposed.

2.4.1 What’s hot and what’s not

Based on the free streaming length and thus, the velocity dispersion of the particle, one can cat-

egorize (Bond et al. 1984; Primack & Blumenthal 1984) the dark matter candidates in three broad

categories: cold dark matter (CDM), warm dark matter (WDM), and hot dark matter (HDM).

Within each category, with names reminiscent of science fiction cartoon characters, there are spe-

cific hypothesized particles.

In principle, the higher the velocity is, the lighter the mass is, and so the hotter the particle is.

By convention, particles with energies in the electron volt (eV) range and below are considered

HDM. Neutrinos, for example, are fermionic particles with a mass that may lie in the meV - eV

range. CDM particles are heavy, slow-moving particles. The neutralino, a hypothetical supersym-

metric particle with a mass above the GeV scale, is the most favored candidate in the category of

8



CHAPTER 2. DARK MATTER MODELS

weak interacting massive particles, generically called WIMPs. Although WDM could be anything

between HDM and CDM, several constraints point to a few keV mass, with the so-called sterile

neutrino as the most promising candidate. Axions, other much studied candidates, are particles

theorized to be either cold or hot. In addition to the above-mentioned ones, more exotic candidates

like gravitinos, axinos, Q-balls, branons, etc., have been hypothesized.

In Table 2.2 we show a list of some hypothesized dark matter candidates, the theory that pre-

dicts them and the expected masses of the particles. For similar tables and extensive discussions

see Bertone, Hooper & Silk (2005) and Dekel & Ostriker (1999).

2.4.2 Beyond the mainstream, on stranger tides

Bolder theories are currently flirting with the idea that dark matter is not really matter, but

just a reminder of our novice understanding of physics and the laws that govern the universe on

different scales.

On the maverick’s side of the academic realm, some scientists are arguing that Newton’s

law for the gravitational force becomes tricky for small gravitational accelerations, and therefore,

points to the need for a Modified Newtonian Dynamics (MOND) approach (Milgrom 1983). Sup-

porters of MOND - such as Vera Rubin, ironically - point out that certain of its predictions about

the behaviour of galaxies have been confirmed by observation. MOND, as initially formulated,

could be viewed as a modification of inertia or of gravity. However, critics respond that it does

not explain some of the biggest discrepancies, and the evidence from gravitational lensing, which

seems to show that whatever is causing the lensing is in invisible halos around a galaxy, rather

than in the visible galaxy itself (which we would expect according to MOND).

Swimming against the current, other models are toying with antigravity, virtual particles and

scalar-tensor-vector gravity (STVG or MOG) (Moffat 2006; Brownstein & Moffat 2006).

Probably the most controversial of theories is that we live in a computer simulation (Fontana

2006; Beane, Davoudi & Savage 2014, e.g.) and then all bets are off.
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2.4. Dark Matter Candidates

Table 2.2: Dark matter particle candidates. The table gives the mass, the theoretical model and the
category in which the particle falls, whether it is cold, warm or hot.

Candidate Approximate Mass Theory Category

axion 10−5 eV QCD, PQ-symmetry breaking cold
majoron
Goldstone boson
photino, axino keV PQ theory, SUSY cold
Higgsino MeV SUSY/SUGRA cold
heavy neutrino
gluino
neutralino 100 GeV - 1 TeV SUSY cold
preon 20-200 TeV Composite Models cold
monopole 1016 GeV GUTs cold
Pyrgon, maximon 1019 GeV higher dimensional theories cold
Perry pole, Newtorite
supersymetric strings 1019 GeV SUSY/SUGRA cold
quark-nuggets 1015 g QC, GUTs cold
nuclearites
primordial black holes 1015−30 g general relativity cold
right handed neutrinos 100 eV - keV superweak interaction warm
gravitino 500 eV - 10 keV SUSY/SUGRA warm
Simpson neutrino keV warm
mirror particles keV warm
para-photon 20-400 eV modified QED hot, warm
sneutrino 10-100 eV SUSY/SUGRA hot
light Higgsino hot
normal neutrinos 10-100 eV GUTs hot
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2.5 Cold Dark Matter (CDM)

2.5.1 Cold dark matter candidates

Many candidates have been theorized for cold dark matter particles, but two of them stand out

as the most prominent ones. These are axions and neutralinos.

Axions

Originally axions have been introduced in an attempt to solve the problem of CP violation in

particle physics (Peccei & Quinn 1977a,b). They are expected to be extremely weakly interacting

with ordinary particles suggesting that they were not in thermal equilibrium in the early universe.

The axion, like the pion, is a pseudoscalar particle. Predicted axion masses lie between 10−12 eV

and 1 MeV. The calculation of the axion relic density is uncertain, depending on the assumptions

made regarding the production mechanism, but it may be possible to find an acceptable range

where axions satisfy all cosmological constraints and represent a possible dark matter candidate

(Bertone, Hooper & Silk 2005).

Because of their small interaction with normal matter, axions have a considerable influence on

the evolution of stars. Like neutrinos they easily carry off some of the energy created from the nu-

clear reaction from the interior of the star. The star has to adjust itself to this additional energy loss

and it therefore contracts, while simultaneously increasing its central temperature and luminosity,

which again leads to a shortening of its lifetime due to the quicker use of fuel. Hence, information

about axion masses can be inferred from the observed nuclear burn off times in different stellar

phases (Raffelt 1996, 2004; Hagiwara et al. 2002).

Neutralinos

In the framework of supersymmetric (SUSY) theories, the lightest supersymmetric particle,

provided that is weakly interacting, is an interesting candidate for dark matter (Roszkowski 1993;

Martin 1998; Steffen 2007; Bertone 2010) .

The simplest version of supersymmetry, which should be manifest at the GUT scale (∼ 1016

GeV) and below, predicts that every kind of particle should have a supersymmetric partner par-

ticle with the same quantum numbers and interactions, except that the spin of this hypothetical

partner particle should differ from that of the known particle by half a unit (Primack 1997). The

model that incorporates both particles and their supersymmetric parteners is called The Minimal

Supersymmetric Standard Model (MSSM).

Neutralinos are no longer relativistic at decoupling. Since their relic abundance may be con-

siderable, at the level required to explain the total dark matter content of the universe (Bottino &

Fornengo 1998), neutralinos appear as one of the most promising candidates. The interest is in-

creased by the fact that their detection rates may be accessible to different experimental searches.
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2.5.2 Cold dark matter challenges

The cold dark matter model has been successful in explaining many observations on cosmo-

logical scales. Indeed, the simulations match very well the large scale structure of the universe

as shown by several surveys. At small scales, however, this model has been challenged. The so-

called missing satellites problem (e.g. Klypin et al. 1999; Moore et al. 1999), where observations of

galaxies do not map the abundance of substructures that are produced in CDM cosmologies has

been considered a serious drawback of the model. The pure N -body cold dark matter simulations

predict a much higher number of satellites than the ones observed in the Local Group and this

number of satellites increases with the resolution of the simulations. One possible explanation

was that the least massive satellite halos host very low surface brightness galaxies that are not ob-

servable with our present techniques. These halos get stripped of their stars and gas by interacting

with the host galaxy (e.g. Kravtsov, Gnedin & Klypin 2004; Zolotov et al. 2012). While this expla-

nation may hold for very small halos, the simulations also predict the existence of halos massive

enough to be able to keep the stars and gas inside. This is usually referred to as the ’too big to fail

problem’ (Boylan-Kolchin, Bullock & Kaplinghat 2011).

Recent studies (Tikhonov et al. 2009; Zavala et al. 2009; Peebles & Nusser 2010) emphasized

that the population of dwarf galaxies in voids is in strong contradiction with CDM predictions as

well.

Furthermore, at smaller scales, the density profiles of galaxies show large cores (e.g. de Blok

et al. 2001; Kuzio de Naray & Kaufmann 2011; Salucci et al. 2012) that have not been reproduced

by the simulations. While for spiral galaxies the presence of the core may be attributed to the

stars and gas concentration at the center of galaxies, for dwarf galaxies, which are dark matter

dominated, this cannot be the case. Measurements of the stellar velocity dispersion profile of the

Fornax dwarf spheroidal galaxy (Strigari et al. 2006) show that the distribution of the globular

clusters inside Fornax may be explained by a large core of ∼ 1.5 kpc, which is inconsistent with

expectations from cold dark matter models.

The failure to replicate in CDM simulations pure bulgeless galaxies, which are observed in an

important fraction (Kormendy et al. 2010; Kormendy 2016) adds to the problem.

Many attempts have been made in order to solve these problems by introducing baryonic pro-

cesses in simulations, like star formation and supernovae feedback. The consensus as to what are

the recipes for solving all these problems is far from being reached.

Because of these challenges and considering that the problems lie in the dark matter paradigm

and not the baryonic physics, the attention was drawn to warm dark matter particle candidates

that may be able to better reproduce our observations at galactic scales.
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2.6 Warm Dark Matter (WDM)

Because of the aforementioned situation, where the CDM model proves deficient in explaining

the observations, the WDM models, with sterile neutrinos leading as the most promising particle

candidates, have been well studied and discussed in the literature in the past thirty years with an

increased interest in the last few years.

Since particles in warm dark matter models have different intrinsic properties from the cold

dark matter particle candidates, the effect of these particles on structure formation and evolution

is expected to be qualitatively different on both large and small scales, possibly explaining some

of the discrepancies between observations and the cold dark matter predictions from simulations.

2.6.1 Warm dark matter candidates

For warm dark matter particles, several candidates have been proposed as well.

Particles may decouple early from thermal equilibrium, while still relativistic, and may act as

warm dark matter. One such particle is the right-handed neutrino added to the standard elec-

troweak theory. Their only direct coupling is to left-handed or active neutrinos, therefore an ef-

ficient production mechanism is via neutrino oscillations (Dodelson & Widrow 1994). If the pro-

duction rate is always less than the expansion rate, then these particles will never be in thermal

equilibrium (Dodelson & Widrow 1994), but enough of them may be produced to account for the

observed matter density (Viel et al. 2005).

Sterile neutrinos with a mass of order of few keV are the most promising WDM candidates

(Peebles 1982; Colombi, Dodelson & Widrow 1996) and are in agreement with constraints from

Lyman-α Forest, cosmic weak lensing, gamma-ray bursts, etc. (de Souza et al. 2013; Markovic &

Viel 2014, e.g.). The fact that the sterile neutrino may occur naturally within extensions to the

standard model of particle physics and provide a simple explanation for the neutrino flavour os-

cillations, increases the interest in exploring such models. Moreover, the recent detection (Bulbul

et al. 2014; Boyarsky et al. 2014) of a 3.55 keV unidentified emission line both on the data from

XMM spectrum of galaxy clusters and Chandra, currently undergoing scrutiny, can be a hint for

sterile neutrino decay .

2.7 CDM vs WDM - the battle

While cold dark matter simulations describe what we observe pretty well, there are scales

on which this model is encountering difficulties, as we have seen in the previous sections. The

majority of the research community is, however, reluctant to give it up, sometimes because of the

model’s simplicity (invoking the principle of ’Occam’s razor’5).

5many public and private communications
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Cold dark matter is, for sure, the simplest to simulate, but it does require a complicated and

extremely large energy production mechanism. Assuming that the universe was not designed to

make things easier for simulators (and remembering that Occam’s razor is not a law of physics),

the simplicity of the model should not count as an argument in its favour6.

Ironically, hot dark matter, which is ruled-out, is the only one that has been detected. Indeed,

the only dark particle discovered is the neutrino, which is hot. Being very light and moving very

fast, however, neutrinos alone would not be able to keep galaxies together and, as computer simu-

lations show (White, Frenk & Davis 1983; Shapiro, Struck-Marcell & Melott 1983; Dekel & Aarseth

1984, e.g.) such a universe would not look anything like the real one. Moreover, neutrinos have

such a tiny mass that they cannot make up all the dark matter content (Primack & Gross 2001, e.g.).

Warm dark matter models with the hypothetical ’sterile neutrino’ as the centre-stage candidate

cover the middle ground between cold and hot. Recent computer simulations based on warm dark

matter have produced replica universes that rival those based on cold, so some are beginning to

warm to that theory.

The fact that some simulations (Schneider et al. 2014) have shown no difference between warm

dark matter and cold dark matter in solving some of the galaxy scale problems should not be

used as an evidence against the warm dark matter models. Firstly, as we will show, the effects

of warm dark matter particles strongly depend on the model. Secondly, these effects may have

subtle influences on the structure formation, which escape general analysis of simulations. Last,

but not least, even if warm dark matter does as badly or as well as cold dark matter, in the absence

of a detected particle candidate that would validate one model or the other, there is no reason for

dropping the investigation of any reasonable dark matter model.

In principle there should be no conflict between these two models, since they are not mutually

exclusive, as dark matter may turn out to be made up by many species of particles. Technically,

since neutrinos do exist, dark matter is already mixed7.

2.8 Dark matter experiments

2.8.1 Dark matter direct detection

The search for techniques capable of detecting the dark matter particles (Bertone, Hooper &

Silk 2005; Bergström 2012) in our galactic halo is of extreme interest for astrophysics as well as

particle physics.

Assuming that the dark matter is omnipresent in the dark matter halo of the Milky Way and

can traverse the Earth with galactic velocities of ∼ 200 km/s, i.e., with v/c ∼ 10−3, one can infer

6Looking at evolution and genetics, we have seen that nature has a way of using the simplest initial conditions to
make the most complicated things, not the other way around (although this also is not an argument).

7Excerpts from this introduction have been published in The Dark Side of the Universe, Sinziana Paduroiu, 2015,
E-book, Brown Bear Books, Windmill Books Ltd., Kindle Edition and The Dark-Files: Dark Matter, Sinziana Paduroiu,
2014, Roostergnn, Web
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from the rotation curves a local mass density of the order of 0.4 GeV/cm3 (Bergström 2012). Thus

knowing the velocity and density distribution of the dark matter particles in the solar neighbour-

hood, for a certain scattering cross section, one can estimate the rate of scattering events expected

in a detector per unit time, per unit material mass (Drukier 1984; Goodman & Witten 1985; Wasser-

man 1986; Jungman, Kamionkowski & Griest 1996; Bertone, Hooper & Silk 2005).

This rate is approximately:

R ≈
∑
i

Ninχ < σiχ >, (2.10)

where the index, i, runs over nuclei species present in the detector

Ni =
Detector mass

Atomic mass of species i
(2.11)

is the number of target nuclei in the detector,

nχ ≡
WIMP energy density

WIMP mass
(2.12)

is the local WIMP density and < σiχ > is the cross section for the scattering of WIMPs off nuclei of

species i, averaged over the relative particle velocity with respect to the detector.

Various experiments use different nuclear species, Ge, NaI, Xe, TeO2 or CaF2 (Donato, For-

nengo & Scopel 1998; Bottino & Fornengo 1998, e.g.).

A characteristic signature for the direct detection consists in the annual modulation of the de-

tection rate during the orbital motion of the Earth around the Sun. The change of direction of the

particle velocities with respect to the detector induces a time dependence in the detection rate,

which can be significant (Drukier, Freese, & Spergel 1986; Bottino & Fornengo 1998).

The experimental search undertaken by the DAMA/ NaI Collaboration (Bernabei et al. 2015)

provided the indication of a modulated signal. The claimed excess of the annual modulation

(predicted in Drukier, Freese, & Spergel (1986)) is approaching 9σ.

Several experiments have been searching for decades for weak interacting massive particles

without coming up with conclusive results. Most recently, the Large Underground Xenon detector

(LUX) (LUX Collaboration et al. 2014) reported no events that could be related to the WIMPs,

consolidating previous findings from experiments like XENON (Aprile et al. 2012).

In Fig. 2.1 from Aprile et al. (2012) one can see the sensitivity of the Xenon detector in compar-

ison with many other models, for different WIMP-nucleon cross-sections and for different WIMP

masses.

Meanwhile, the CoGeNt cogent detector data showed effects that can be hints of the existence

of a Milky Way dark matter galactic halo, as previously shown by the DAMA (Bernabei et al. 2015)

collaboration.

In the search for axions, the Axion Dark Matter Experiment (ADMX) (Asztalos et al. 2010) is

yet to find the exotic particles.
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Figure 2.1: Detector sensitivity for Xenon compared to different other experiments (Aprile et al.,
2012). The WIMP-nucleon scattering is shown up to 10 TeV energies together with 1σ/2σ regions
preferred by supersymmetric models.
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Probably the most ingenious detection mechanism had been proposed by Drukier et al. (2012).

It involves the use of DNA and RNA as a detector material that can provide nanometer resolution

tracking. The detector is made of thin fim of gold with strings of single stranded nucleic acids

(ssNA). After the particle strikes one of the gold nuclei, which then traverses the strands and

whenever it hits one, it breaks the ssNA. This break is easier to locate and the path of the recoiling

nucleus can be tracked with nanometer accuracy.

2.8.2 Dark matter indirect detection

Since the present day detectors focus on very high energy particles, larger than 10 GeV, for

neutrinos and sterile neutrinos, the best probe is indirect detection.

Although the neutrinos interaction with matter is weak, they play a key role in the nuclear

processes through what is called the weak force. Under typical conditions, a neutrino is 1020 times

less likely than light to interact with matter, so it will pass through the Earth without interaction.

Nevertheless, when a massive star dies, it does so through a powerful explosion, for which the

quiet neutrino is merely responsible, and a high flux of neutrinos is produced carrying off most

of the enormous amount of energy released by the collapse of the core (Herant et al. 1997; Bilenky

2010) . The best way to detect these particles is from supernova explosions.

2.8.2.1 Supernovae explosions

On 23 February 1987 in the Large Magellanic Cloud at a distance of about 51.4 kpc from the

Earth a supernova explosion was observed (West et al. 1987). In three big underground neutrino

detectors, Kamiokande II (11 events), IMB (8 events) and Baksan (5 events) at the same time neu-

trinos bursts with neutrino energies of about 15 MeV were observed three hours before the first

optical observation of SN1987A. The observed neutrino bursts lasted for about 10 s (Alexeyev et al.

1988).

The data analysis of the supernova explosion give new insights into the physical processes that

take place and may constrain the mass of the electron neutrino (Goldman et al. 1988; Jones 1994),

even though a quantitative interpretation of such data poses many challenges (Vissani & Pagliaroli

2011; Dasgupta & Beacom 2011).

In January 2008, SN 2008D, a core-collapse supernova at a distance of 27 Mpc, was discovered

by the Swift satellite through an associated X-ray flash. No events were observed, leading the

scientists to believe that a closer to Earth, a galactic supernova explosion would be needed in

order to see the events. For example, the IceCube detector is expected to see 100 events for a core-

collapse supernova at 10 Mpc according with some theoretical models for supernova explosions.

2.8.2.2 Indirect detection experiments

Ideally, gamma-rays detection should be done from space, outside Earth’s atmosphere. Space-

based telescopes like EGRET, GLAST and Fermi Space Telescope are competing in measuring the
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Figure 2.2: Sensitivity of gamma-ray detectors from Morselli et al. (2002)

gamma-rays. Nevertheless, efforts have been made to detect gamma-rays indirectly with ground-

based telescopes. The methods rely on the fact that when radiation interacts with the atmosphere, a

cascade of secondary particles is produced allowing the detection of the particles and the Cerenkov

light produced. One difficulty is to distinguish between the signal coming from cosmic rays and

the one from gamma rays. Such ground-based telescopes are MAGIC, HESS, VERITAS.

Recently, a significant gamma-ray signal has been detected from the newly discovered dwarf

galaxy Reticulum II using Fermi-LAT Collaboration data (Geringer-Sameth et al. 2015). Since it is

coming from a dark matter dominated region, such a signal could be a hint for the dark matter

particles annihilation.

For the detection of neutrinos, large volume Cerenkov detectors like AMANDA and IceCube,

are currently operating. The high energies neutrinos produced by the annihilation of dark matter

particles are tracked by the muons, which travel through the detector emitting Cerenkov light.
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Fig. 2.2 shows the previous results for the sensitivity of gamma-rays detectors (Morselli et al.

2002). Fig. 2.3 shows the most recent preliminary limits from the IceCube detector compared to

several other experiments (IceCube Coll. et al. 2015).

2.8.3 Dark matter particle production

The quarks and gluons in the protons collided at the LHC or other colliders may annihilate in

particles, which may eventually decay into WIMPs inside the detectors. The missing energy when

reconstructing the chain of events, gives the signature for such particle production. There have

been many attempts to figure out which processes are more likely to lead to such events (Feng,

Grivaz & Nachtman 2010), but no experimental evidence has been found yet. Even if produced,

the time scale on which such a particle is stable may not be sufficiently long for its evidence to be

inferred (Peter 2012).
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Figure 2.3: Comparison of IceCube’s sensitivity and limits on the WIMP-nucleon scattering cross-
section as a function of the WIMP mass with reported limits from other experiments, from IceCube
Coll. (2015)
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Chapter 3
Structure Formation in Dark Matter
Models

3.1 Large scale structure in the universe

The initial conditions for structure to form in the universe and the physics that governs the

large scale structure, have been discussed in the previous chapter. For the ones who wonder how

this structure actually looks like, it is through the surveys that we can get an idea. Springel, Frenk,

& White (2006) show the large scale structure in the universe, displaying the results of several

surveys and simulations - Fig. 3.1. The distribution of galaxies from the 2-degree Field Galaxy

Redshift Survey (2dFGRS) (Colless et al. 2001), the Sloan Digital Sky Survey (SDSS2) (York et al.

2000), the Center for Astrophysics (CfA) galaxy redshift survey (Geller & Huchra 1989) together

with the dark matter distribution inferred from the Millenium simulation (Springel et al. 2005), is

displayed. All surveys show filaments in which the galaxies and clusters are linked together in a

’cosmic web’ (Geller & Huchra 1989). One can see large scale structures like the CfA2 ’Great Wall’

(Geller & Huchra 1989) and the ’Sloan Great Wall’ from a section of SDSS, which contains more

than 10000 galaxies extending over more than 1.37 billion light years. Although the surveys are

built from observations of the luminous matter in the universe, the mock catalogues constructed

from dark matter simulations are obviously matching very well the distribution of galaxies and

clusters over very large distances.
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3.1. Large scale structure in the universe

Figure 3.1: The galaxy distribution obtained from spectroscopic redshift surveys and from mock
catalogues constructed from cosmological simulations, Springel, Frenk & White (2006).
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Table 3.1: Several codes used for simulations depending on the method

Codes Particle/SPH Grid/AMR Hybrid
GADGET-2 AMIGA Hydra

PKDGRAV-2 ART
Gasoline RAMSES

OSPH ENZO
VINE Flash

3.2 Numerical simulations of structure formation

3.2.1 Numerical methods

To describe the dark matter behavior in simulations, one can distinguish between the collision-

less and the collisional treatment. A one-dimensional analysis of gravitational clustering has been

previously explored in both these cases (Melott 1982, 1983; Gheller, Moscardini & Pantano 1996,

e.g.).

In general, the preferred method to describe dark matter, in both CDM and WDM scenarios, is

with particles rather than as a collisional fluid, since they respond only to gravitational forces. For

the collisionless case, either pure N -body or hydrodynamic simulations that include baryons have

been used in order to explore the structure formation. Processes such as heating, cooling, possible

consequences of dark matter decay (Biermann & Kusenko 2006), supersonic flow (Fialkov 2014)

cannot yet all be taken into account on all length and time scales desirable in the simulations.

A different approach is the semi-analytical modeling, consisting in analytic approximations

that attempt to describe the same physics. The various techniques have been reviewed in Baugh

(2006). Although computationally inexpensive compared to the simulations, the degree of approx-

imation used makes them less reliable in describing some physical processes.

In this work we will focus on the collisionless dark matter simulation methods, since we per-

form pure N -body simulations.

3.2.2 N -body codes

Depending on which numerical methods they implement, frequently used simulation codes for

collisionless fluids can be cathegorized as grid, particle or hybrid, as in Table (3.1). For a detailed

description of this codes, see astrosim webpage1.

Since the simulations presented here have been performed with GADGET-2 (Springel 2005)2

and PKDGRAV-2 (Stadel 2001)3, we will give a short description of these two codes.

1https://www.astrosim.net/code/doku.php?id=home:code:nbody:multipurpose
2http://www.mpa-garching.mpg.de/gadget/
3http://hpcforge.org/projects/pkdgrav2/
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3.2. Numerical simulations of structure formation

GADGET-2 (Springel 2005) is a TreeSPH code (Hernquist & Katz 1989), where gravitational

interactions are computed with a hierarchical multipole expansion, and gas dynamics is followed

with smoothed particle hydrodynamics (SPH).

We will present here the method used for purely gravitational interactions, following Springel

(2005). The dark matter particles are described by the collisionless Boltzmann equation coupled

to the Poisson equation in an expanding background Friedmann-Lemaître Universe. Due to the

high-dimensionality of this problem, these equations are solved with the N -body method, where

phase-space density is sampled with a finite number N of tracer particles.

The dynamics of these particles is described by the Hamiltonian (Eq. (1) in Springel (2005))

H =
∑
i

~p2
i

2mi a(t)2
+

1

2

∑
ij

mimj ϕ(~xi − ~xj)
a(t)

, (3.1)

where H = H(~p1, . . . , ~pN , ~x1, . . . , ~xN , t). The ~xi are comoving coordinate vectors, and the cor-

responding canonical momenta are given by ~pi = a2mi̇~xi. The explicit time dependence of the

Hamiltonian comes from the evolution a(t) of the scale factor in the Friedmann-Lemaître model

(Springel 2005).

Assuming periodic boundary conditions for a cubic box with length L, the interaction potential

ϕ(~x) is the solution of (Eq. (2) in Springel (2005))

∇2ϕ(~x) = 4πG

[
− 1

L3
+
∑
~n

δ̃(~x− ~nL)

]
, (3.2)

where the sum over ~n = (n1, n2, n3) extends over all integer triplets. The mean density is sub-

tracted here, so the solution corresponds to the ’peculiar potential’, where the dynamics of the

system is given by ∇2φ(~x) = 4πG[ρ(~x)− ρ]. For a discretized particle system, the potential can be

defined as (Eq. (3) in Springel (2005))

φ(~x) =
∑
i

mi ϕ(~x− ~xi). (3.3)

The single particle density distribution function δ̃(~x) is the Dirac δ-function combined with a nor-

malized gravitational softening kernel of comoving scale ε. The softening kernel employed is the

spline kernel (Monaghan & Lattanzio 1985) used in SPH and set δ̃(~x) = W (|~x|, 2.8ε), where W (r)

is given by

W (r, h) =
8

πh3


1− 6

(
r
h

)2
+ 6

(
r
h

)3
, 0 ≤ r

h ≤
1
2 ,

2
(
1− r

h

)3
, 1

2 <
r
h ≤ 1,

0, r
h > 1.

(3.4)

In this case, the Newtonian potential of a point mass in non-periodic space is −Gm/ε, as for a

Plummer sphere of size ε. This can be simplified to Newtonian space by setting a(t) = 1, so that

the explicit time dependence of the Hamiltonian vanishes. For vacuum boundaries, the interaction

potential is reduced to the usual Newtonian form, i.e. for point masses it is given by ϕ(~x) = −G/|~x|
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modified by the softening for small separations. A detailed description of the code, tests and

discussions is given in Springel (2005).

PKDGRAV-2 (Stadel 2001) is a parallel N -body tree code using hexadecapole multipole calcula-

tions for the forces and the Ewald summation4 (Ewald 1921). The method for solving the Hamil-

tonian is based on a kick-drift method (K-D) (Bentley 1979). The peculiar potential is given by the

hexadecapole expansion of the forces. Particle orbits are integrated using a symplectic leapfrog in-

tegrator. The softening kernal is a K3 kernal (Dehnen 2001), not a spline kernel like in GADGET-2.

Performing the same initial conditions simulation with both these codes, we observe very small

differences at very small scales, which are not important for the purpose of our work, but un-

doubtably hold importance for precision cosmology, as shown in Reed et al. (2013).

3.2.3 Initial conditions

As in any non-linear process, the initial conditions are very important (May 1976), and there-

fore some very elaborate codes have been developed for this purpose, like GRAFIC and GRAFIC2

package, developed by Edmund Bertschinger (Bertschinger 2001)5, the recent MUSIC by Oliver

Hahn (Hahn & Abel 2011)6, CAMB by Antony Lewis and Anthony Challinor (Challinor & Lewis

2005)7 for anisotropies in the microwave background, based on CMBFAST by Uros Seljak and Ma-

tias Zaldarriaga (Seljak & Zaldarriaga 1996)8, etc.

In this work we have used GRAFIC and GRAFIC2 for generating initial conditions and refine-

ments and we give a brief description of the method, following Bertschinger (2001).

Based on previous works of Salmon (1996) and Pen (1997) and COSMICS package (Bertschinger

1995), GRAFIC implements a standard k-space sampling method for generating Gaussian random

fields on periodic rectangular lattices, while GRAFIC2 generates multiscale Gaussian random fields

for cosmological initial conditions.

Following Bertschinger (2001) (Eq. (1) and Eq. (2)), we can write the density fluctuation field

as,

δ(~x ) =

∫
d3k ei

~k·~x T (k)ξ(~k ) , (3.5)

where ξ(~x ) is Gaussian white noise with power spectrum,

〈
ξ(~k1)ξ(~k2)

〉
= δ3

D(~k1 + ~k2) . (3.6)

with δD(~k ) is the Dirac delta function assuming Euclidian space.

4This method for computing long-range interactions in periodic systems is a special case of the Poisson summation
formula, replacing the summation of interaction energies in real space with an equivalent summation in Fourier space.

5http://web.mit.edu/˜edbert/
6http://people.phys.ethz.ch/ hahn/MUSIC/
7camb.info
8http://lambda.gsfc.nasa.gov/toolbox/tb_cmbfast_ov.cfm
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3.2. Numerical simulations of structure formation

The function T (k) is the transfer function relative to white noise, and it is related to the power

spectrum δ(~x ):

T (k) = [P (k)]1/2 . (3.7)

ξ(~k ) and T (k) are in units of [length]3/2 and T (k) is an ordinary function while ξ(~k ) is a stochas-

tic field - a distribution (Eq. (3) in Bertschinger (2001)).

Eq. (3.5) can be written as a convolution (Salmon 1996):

δ(~x ) = (ξ ∗ T )(~x ) =

∫
d3x′ ξ(~x ′)T (|~x− ~x ′|) (3.8)

where

T (|~x |) =

∫
d3k

(2π)3
ei
~k·~x T (k) (3.9)

and

〈ξ(~x1)ξ(~x2)〉 = (2π)3δ3
D(~x1 − ~x2) . (3.10)

The spatial two-point correlation function of δ(~x ) is simply (2π)3(T ∗ T )(~x ).

An arbitrary Gaussian random field can be constructed by the convolution of white noise with

a convolution kernel determined by the power spectrum. The white noise process is formally

divergent - ξ(~x ) (equation (3.10)) is derived from a Gaussian distribution with infinite variance.

This behavior arises because contributions from all scales are included and ξ(~x ) is ultraviolet-

divergent. Physically this divergence may be cut off by the power spectrum, although unlike

the WDM spectrum, the standard CDM spectrum leads to a logarithmic divergence of the dark

matter density fluctuations at small scales. In practice the integral is cut off at high wavenumber

by discretizing space with a finite cell size as described in Bertschinger (2001).

Using a discretized Cartesian mesh in a finite parallelpiped with periodic boundary conditions

is a standard method for generating Gaussian random fields, limiting the spatial dynamical range

by the size of the largest FFT that can be performed. Aside from the condition ξ(−~k ) = ξ∗(~k ) re-

quired to enforce reality of δ(~x ), random variables at different points are statistically independent,

so the Fourier domain is used. In the spatial domain, δ(~x ) has long-range correlations that are

difficult to sample.

The velocity field, which is a displacement field for CDM particles, obeys similar equations

and only the transfer function T (k) is modified (Bertschinger 2001).

The convolution method evaluates the density and velocity fields using equation (3.8) instead

of equation (3.5). Considering that the white noise is uncorrelated in the spatial domain as well as

the Fourier domain, sampling ξ(~x ) can be easily done. The algorithm used is based on multiple

FFTs with appropriate boundary conditions (Pen 1997), instead of tree algorithms (Salmon 1996).

The code offers the possibility of recursive refinement to multiple levels for a zoom in sim-

ulation of cosmic structures. There are nonetheless, some issues arising in recursive refinement

(Bertschinger 2001).
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For a three-level refinement with refinement factors r1 and r2, the grid coordinates and noise

fields can be written as (Eq. (29) and Eq. (30) in Bertschinger (2001))

~x(~m,~n, ~o ) = ~xo +

(
L

M

)(
~m+

1

r1
~n+

1

r1r2
~o

)
. (3.11)

ξ(~m,~n, ~o ) = ξ2(~m,~n, ~o ) + ξ1(~m,~n )− ξ̄2(~m,~n ) + ξ0(~m )− ξ̄1(~m ) (3.12)

where ξ̄2 is obtained by averaging ξ̄2 over ~o. At each level of the hierarchy there is a different grid

(labeled by ~m, ~n, and ~o, respectively). The variances of the white noise samples are related by

Var(ξ2) = r2
2Var(ξ1) = r2

1r
2
2Var(ξ0).

In order to perform recursive refinement, once a refinement has been made to level n (where

n = 0 is the periodic top grid before any refinement), the fields computed at that level serve as

top-grid fields to be refined to level n+ 1. For n = 1 (Eq. (31) in (Bertschinger 2001))

δ(~m,~n, ~o ) = δ(~m,~n ) ∗W +
[
ξ2(~m,~n, ~o )− ξ̄2(~m,~n )

]
∗ T . (3.13)

For multiple level refinements, the fields at the preceding level are sampled, spread to the new

fine grid and convolved with the appropriate anti-aliasing filter. The short-wavelength noise is

then sampled on the new fine grid and the coarse-cell means are subtracted, so that the noise

is zero at every higher level of the refinement. This noise is then combined with the transfer

function and added to the long wavelength field to give the high-resolution field. This procedure

is repeated for all levels of the hierarchy (Bertschinger 2001).

The refinement procedure is however more complicated if one needs to refine non-regular

shaped regions. In the case of cold dark matter, the particles concentrated in a region at redshift

zero come from a rather confined larger region at earlier redshift. In the case of warm dark matter,

however, where particles in a halo, for example, come from a large distance and different regions

of the simulation, the high resolution refinements are more difficult to achieve.

3.3 Structure formation in warm dark matter models

The damping of the fluctuation spectrum and the presence of thermal velocities as properties

of warm dark matter particles imprint a distinct signature found from the structure formation

mechanisms to the internal structures of halos. Using warm dark matter simulations we explore

these effects on the structure formation for different particle velocities. From both theoretical con-

siderations and the analysis of the simulations, we discuss the impact of the thermal velocities on

structure formation. Re-examining the assumptions considered when estimating the velocity dis-

persion for warm dark matter particles that have been adopted in previous works for more than

a decade, we identify some inconsistencies in previous published results. Giving an independent

estimation for the correspondence between the mass and the velocity of a warm dark matter par-

ticle, we point out how strongly model dependent this relation is and consequently, how weak are
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3.3. Structure formation in warm dark matter models

the constraints on the particle mass from the simulations. Our results are presented in Paduroiu,

Revaz & Pfenniger (2015)9, at the end of this section.

3.3.1 Simulation methods for WDM

BothN -body and hydrodynamical collisionless cosmological simulations of warm dark matter

models begin by generating the initial conditions with a cutoff in the power spectrum.

To compute the transfer function for WDM models, the fitting formula suggested by Bode,

Turok and Ostriker (2001) gives:

T 2(k) =
PWDM

PCDM
= [1 + (αk)2ν ]−10/ν (3.14)

where α, the scale of the break, is a function of the WDM parameters, which are function of the

velocity, while the index ν is a constant. It is common practice however (Macciò et al. 2012; Schnei-

der et al. 2013, e.g), to quote the mass dependence instead of the velocity one, using Eq. (4.17)

(Eq. (A3) in Bode et al. (2001)), as a conversion. In the next section we will inspect the theoretical

derivation of this particular equation and the caveats of its use, but for the moment it is important

to stress that the transfer function depends, in fact, on the particle velocity.

Viel et al. (2005) (see also Hansen et al. (2002)), using a Boltzmann code simulation, found that

ν = 1.12 is the best fit for k < 5 h Mpc−1, and they obtained the following expression for α:

α = 0.049
( mx

1 keV

)−1.11
(

Ων

0.25

)0.11( h

0.7

)1.22

Mpc h−1. (3.15)

In the case of warm dark matter particles, the streaming velocity suppresses the matter power

spectrum P (k) and the formation of structure, on scales smaller than their free-streaming scale. A

rough estimation of the free-streaming scale is given by Bond, Efstathiou & Silk (1980):

kFS =
2π

λFS
∼ 5 Mpc−1

( mx

1 keV

)(Tν
Tx

)
, (3.16)

An example of how the linear power spectrum cutoff dampens the small scales power for

several warm dark matter particles, with respect to the cold dark matter power spectrum, is shown

in Fig. 3.2, from Smith & Markovic (2011).

Depending on the model for the properties of a certain particle, there can be different expres-

sions for the damping of the power spectrum (Abazajian & Koushiappas 2006, e.g.). For the pur-

pose of our present work and for easier comparison with previous studies we use the expression

given in Eq. (3.15) with the corresponding thermal velocities.

This approach used for cutting the power spectrum is only valid however, for a scenario in

which the whole dark matter content is made up by one specific dark matter particle of a certain

velocity as we will show in the next section.

9from here on Paduroiu et al. (2015)
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Figure 3.2: Linear mass power spectra as a function of the wavenumber for CDM and WDM
scenarios for several particle masses from Smith & Markovic (2011). The solid line shows the
CDM. The lighter the WDM particle, the more the power is damped on small scale.
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3.3.2 Thermal velocities for warm dark matter particles

Besides the cutoff in the power spectrum, the warm dark matter particles assumed in simu-

lations do have in fact a non-zero velocity dispersion. Several numerical approaches have been

used to address the implementation of velocity dispersion in N -body simulations and to study

their impact. The numerical resolution is admittedly limited with respect to the physics, making

the phase space density distribution sampling poor in space as well as in the velocity space.

This reason is not sufficient for dropping entirely the velocity sampling by neglecting the ther-

mal velocity, while keeping nonetheless the power spectrum cutoff implied by the same non-zero

velocity. Nor is the fact that for some warm dark matter particles the thermal velocities are com-

parable or smaller than the bulk Zel’dovich velocities, since the first implies a velocity dispersion,

while the latter is a bulk velocity. Based on these arguments, many simulations have ignored the

thermal velocity component (e.g. Schneider et al. 2013; Governato et al. 2015). Also analytical

studies, like (Valageas 2012, e.g.), argue that for a 1 keV particle, for example, the late-time ve-

locity dispersion has a negligible effect on the power spectrum on perturbative scales and on the

halo mass function, although they do acknowledge the lower redshift significant impact on the

probability distribution function of the density contrast, on scales smaller than 0.1 Mpc/h.

On the contrary, even though it has been considered difficult to accurately prescribe initial

thermal velocities in dark matter simulations, the importance of using them regardless, has been

emphasized in previous studies like Colombi, Dodelson & Widrow (1996), Bode et al. (2001) and

Melott (2007).

In this section we will show why the velocity dispersion should be used, what velocities should

be used depending on the particle model assumed and how velocities are actually implemented

in simulations, recalling and revising some previous arguments and presenting new ones.

3.3.2.1 The ’Why’

The distribution of warm dark matter particles in velocity space is most important, as stressed

by (Colombi, Dodelson & Widrow 1996, e.g.). Taking a strictly zero thermal velocity is numerically

inconsistent with the description of a collisionless fluid of finite phase space density f . Integrating

Newton’s equation of motion for a set of particles in a force field ~g is equivalent to solving in a

Lagrangian way the collisionless Boltzmann equation with discrete mass particles with the char-

acteristics method. In conventional notations the Eulerian description of the phase space volume

conservation reads,
∂f

∂t
+ ~v · ∂f

∂~x
+ ~g · ∂f

∂~v
= 0, (3.17)

where ~g is the force field.

The projection of the phase space density on velocity space is the mass density ρ:

ρ(~x, t) =

∫
d3v f(~x,~v, t). (3.18)
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The mass density ρ generates the force field ~g by Newton’s gravity. In a cosmological setup the

mean density ρ0 is subtracted,

~g = G

∫
d3x′

[
ρ(~x′, t)− ρ̄0(t)

] ~x− ~x′

|~x− ~x′|3

= G

∫
d3x′ d3v

[
f(~x′, ~v, t)− f̄0(~v, t)

] ~x− ~x′

|~x− ~x′|3
. (3.19)

So in this context using vanishing small thermal velocity already poses a consistency problem

since f is of the form δ(~v − ~v0(~x))ρ(~x). This implies representing the system with a diverging

f in a vanishing fraction of the phase space volume, in other words, mass belongs only to an

infinitesimally thin 3D sheet in 6D phase space. As f is conserved along characteristics, it implies

that this singularity must persist at all subsequent times.

Several methods have been proposed in order to conserve arbitrarily high phase space den-

sity (Abel 2012; Hahn & Angulo 2015), but this is not necessarily sufficient. Ideally a physically

sound solution f0 to this Boltzmann-Poisson system should not be numerically sensitive to the

initial condition discretization. In practice it is known that the gravitational N -body problem is

exponentially sensitive to perturbations (Miller 1964), so the best that can be expected in such sim-

ulations is that over an ensemble of simulations with identical statistical initial conditions, results

follow a reproducible statistical distribution.

When f0 is finite and differentiable everywhere, in other words when f0 mathematically exists,

the sound situation that should be used, a slight variation of f0, a fluctuation, will also follow the

same set of equations. For f = f0 + f1, ~g = ~g0 + ~g1, where f1 and ~g1 are the differences between

the reference f0 and the perturbed solution f , and using the fact that f0 is a solution of the system,

we obtain the exact equations for the differences f1, and ~g1:

∂f1

∂t
+ ~v · ∂f1

∂~x
+ ~g0 ·

∂f1

∂~v
= −~g1 ·

∂f0

∂~v
− ~g1 ·

∂f1

∂~v
(3.20)

~g1 = G

∫
d3x′ d3v f1(~x′, ~v, t)

(~x− ~x′)
|~x− ~x′|3

(3.21)

So we see that f1 follows the same left-hand side equation as f0 in the unperturbed field ~g0,

except that now the right-hand side contains a source term whose first term ~g1 · ∂f0∂~v is the product

of the force fluctuations ~g1 times the gradient of the original f0 in velocity space. Thus a vanishing

zero thermal velocity for a set of particles supposed to represent a physical f0 is not only suspi-

cious since it corresponds to a delta function in velocity space, but also because the gradient ∂f0
∂~v

is at least as singular as f0. In other words a zero initial thermal width is inconsistent with the

initial assumptions, and susceptible to arbitrary strong amplification of perturbations, since the

variational equations contain a diverging source term to first order when the initial thermal ve-

locity is small. The only possibility to cancel this diverging term is either to have vanishing force

fluctuations ~g1, which is exceptional when f1 is non-zero, or that ~g1 is orthogonal to ∂f0
∂~v , which is

also exceptional. The second order term ~g1 · ∂f1∂~v on the right-hand side can cancel the first term
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only when f1 is proportional and opposite to f0, which is also exceptional. In summary dealing

with diverging f0 is inconsistent with the implicit assumption of regularity of the mathematical

problem.

While the implementation of velocities has been shown (Melott 2007) to be of importance even

for the CDM simulations, for WDM it becomes even more relevant (Colombi, Dodelson & Widrow

1996), since the particles do have intrinsic non-zero velocity dispersion.

Furthermore, Heisenberg’s inequality sets a maximum limit for the phase space density

∆x∆px ≥
~
2

(3.22)

which in turn gives a minimum particle velocity dispersion, taking ∆x = n−1/3 and m the particle

mass,

∆v ≥ ~
2

n1/3

m
≈ 0.003

[
1 keV/c2

m

] [ n

1 cm−3

]1/3
km/s . (3.23)

Considering a velocity dispersion smaller that this value violates Heisenberg inequality, while

taking only a slightly larger one, moves the problem from the classical realm, which is the case in

cosmological N -body simulations, into the realm of quantum physics.

We conclude that using the thermal velocity component is the correct and more ’physical’ way

of describing the particles, avoiding the numerical problem posed by a singular phase space den-

sity. Apart from the ’correctness’ argument, while for some studies, the velocity dispersion has a

negligible effect, we will see that this effect becomes important at small scales, for structure forma-

tion, as well as for the internal structure of halos, not only in phase space, but also in real space.

3.3.2.2 The ’What’

The parameter used to distinguish between CDM and WDM particles in the simulations is the

velocity dispersion, although usually, the mass of the particle is the one cited in the literature. The

velocity, which is connected to the streaming length of the particle, is the parameter that dictates

where the power spectrum should be cut off. For this reason one has to be consistent in choosing

a value for the thermal velocity that corresponds to the power spectrum cutoff.

How the velocity relates to the mass is strongly dependent on the model assumed for a certain

WDM particle. Several studies have been evaluating this mass to velocity correspondence, but in

most of the simulations the adopted relation is the one given in Bode et al. (2001). In Paduroiu

et al. (2015) we are inspecting those results (Bode et al. 2001) in detail, emphasizing some implica-

tions of the assumptions made10. Moreover, we give an alternative calculation based on different

premises and we point out how sensitive the mass-velocity relation is to the initial model of parti-

cle production and the physics describing the behavior of the hypothesized particle.

In this section, the mass-velocity relation from several studies will be evaluated, including not

just thermalized particles like thermal sterile neutrinos, but also neutrinos produced through a

Non-Resonant Production (NRP) mechanism.
10We have also found a misprint in the value for the rms velocity factor
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Let us commence by a brief11 assessment of the frequently cited derivation of WDM particle

velocities as a function of mass and redshift from Bode et al. (2001). In their Appendix A, they

recall that for a thermal relict particle X that decouples when relativistic, the abundance nx relative

to photons is:
nX
nγ

=

(
43/4

gdec

)(
4

11

)
gX
2

(3.24)

where gdec is the number of relativistic species present at decoupling and gX is the number of spin

states of the particle. To connect the particle mass density ρX = mXnX with the cosmological

parameters ΩX ≡ ρx/ρc and h, where the critical universal density ρc ≡ 3H2/8πG, and the Hubble

constant H ≡ 100h km s−1 kpc−1, they derive,

ΩXh
2 ≈ 115

gdec

gX
1.5

mX

keV
. (3.25)

Assuming that the distribution function scales as the non-thermal distribution (exp(v/v0) +

1)−1, for a redshift z, the velocity v0 (in their Eq. (A3)) is given,

v0(z)

1 + z
= .012

(
ΩX

0.3

) 1
3
(

h

0.65

) 2
3
(

1.5

gX

) 1
3
(

keV

mX

) 4
3

km s−1 . (3.26)

Eliminating ΩXh
2 in this previous equation using Eq. (3.25) (their Eq. (A2)), we obtain for a mX =

1 keV particle (rounding also to 2 significant digits),

v0(z)

1 + z
≈ 0.12

(
1

gdec

)1/3 keV

mX
km s−1 . (3.27)

Thus we find gdec = 1000 (gX/1.5)1/3 for a 1 keV particle.

This is a very high value for the number of species at decoupling. In the minimal standard

model the number of the full set of particles is ∼ 107 while in the minimal supersymmetric stan-

dard model, the value is increased to ∼ 229 (Pierpaoli et al. 1998). Previous studies quote a much

smaller value for gdec. Pierpaoli et al. (1998) assume a conservative reference value of 150 for both

gravitino and a standard warm dark matter candidate like the massive neutrino, while Colombi,

Dodelson & Widrow (1996) use a value of ∼ 100 for right-handed neutrinos decoupling before the

electroweak phase transition at very high temperatures, to give just two examples.

A similar derivation to the one in Bode et al. (2001) is given by Destri (2014). Assuming a

freezed-out dimensionless distribution

ρM fi (v) =
g

1 + eε/T
m4

(2π~)3
, (3.28)

where ε = mc|v| is the kinetic energy and T is the (comoving) decoupling temperature and using

ρM = ΩMρcrit, the velocity dispersion σ0 at reshift zero is given by

σ0 = 0.025

(
h

0.7

)2/3(ΩM

0.3

)1/3(2

g

)1/3(keV

mc2

)4/3

km s−1, (3.29)

11For a detailed discussion please refer to Paduroiu et al. (2015) at the end of this chapter
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with a correction for the distribution of[
5 ζ(5)

ζ(3)

]1/2

= 2.07680 , (3.30)

where ζ(x) is Riemann’s ζ−function. This gives an expression for the v0 velocity

v0 = 0.012

(
h

0.7

)2/3(ΩM

0.3

)1/3(2

g

)1/3(keV

mc2

)4/3

km s−1, (3.31)

citing a value of g = 2 or g = 4, depending on the specific model12, for a -1/2 spin sterile neutrino

(Dodelson & Widrow 1994; Shi & Fuller 1999; Shaposhnikov & Tkachev 2006).

Considering different assumptions than the ones previously used, we provide a different mass-

thermal velocity correspondence based on number conservation and a non-entropy production,

while taking into account the quantum pressure, but assuming a thermalization caused by the

exchange potential.

The Fermi-Dirac and Bose-Einstein full distribution is the following (e.g., Padmanabhan 2002)

f(~p) =
g

(2π~)3

1

exp((ε− µ)/kT )± 1
, (3.32)

where ~p is the particle momentum, g the spin-degeneracy factor (of order 1 or 2), µ the chemical

potential, ε =
√
p2c2 +m2c4 − mc2 the particle energy, m the particle mass and T the particle

temperature.

The entropy S expressed as a function of other thermodynamical variables reads (e.g., Pad-

manabhan 2002, Vol. I, Eq. 5.73),

S =
1

T
(E + PV − µN) , (3.33)

where E is the total thermal energy, P the pressure, V the volume, µ the chemical potential and

N the number of particles. The specific entropy s ≡ S/N divided by Boltzmann’s constant k is a

pure number
s(T, µ)

k
=

1

kT

(
e+ P

n
− µ

)
, (3.34)

where e = E/V is the specific energy density and n = N/V is the number density.

The thermodynamical quantities for fermions and bosons at all regimes can be calculated accu-

rately by evaluating numerically the relativistic Fermi-Dirac or Bose-Einstein integrals for particle

density n, energy density e, and pressure P (e.g., Padmanabhan 2002, Vol. II, p. 216) as functions

of temperature T and chemical potential µ:

n(T, µ) =
4πg

h3

∫ ∞
0

p2

exp((ε− µ)/kT )± 1
dp , (3.35)

e(T, µ) =
4πg

h3

∫ ∞
0

p2ε

exp((ε− µ)/kT )± 1
dp , (3.36)

12In many studies the value used is g = 1.5
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P (T, µ) =
4πg

h3

∫ ∞
0

p2

exp((ε− µ)/kT )± 1

1

3

c2p2

ε+mc2
dp , (3.37)

where g is the number of distinct particle states and ε =
√
p2c2 +m2c4 −mc2 the particle energy.

In the integrands the + sign is for fermions, the − sign for bosons.

Here we give the final expression for velocity, in the case of fermions13. This expression is

independent on the cosmological parameters:

v

1 + z
= 0.22

(
n

115 cm−3

1

g

)1/3(keV

mc2

)
km s−1 . (3.38)

Other examples in the literature give different correspondences between the particle mass and

its velocity dispersion.

Assuming a homogeneous isotropic distribution with no chemical potential, Ringwald & Wong

(2004) estimate a mass-velocity relation for neutrinos14

v0(z)

1 + z
= 0.16

(
keV

mX

)
km s−1 (3.39)

with the present neutrino temperature15

T0 = 1.614× 10−4eV. (3.40)

Distinguishing between thermal relics (TR) and neutrino produced through a Non-Resonant

Production (NRP) mechanism, non-resonant oscillations with active neutrinos (Dodelson & Widrow

1994; Dolgov & Hasen 2002; Asaka, Laine, & Shaposhnikov 2007), Boyarsky et al. (2009) give the

following expressions for the velocity dependence on temperature and mass

〈vTR〉 =
3.151 TTR(z)

mTR
= 8.07

(
1 + z

100

)(
kev

mTR

)(
TTR

1 K

)
km s−1 (3.41)

and

〈vNRP〉 =
3.151Tν(z)

mNRP
=

3.151(4/11)1/3(1 + z)TCMB

mNRP
= 15.7

(
1 + z

100

)(
kev

mNRP

)
km s−1 (3.42)

with the parameter TTR (for TR) inferred from (TTR/Tν)3 = Ωh2(94 eV/m). Considering that the

whole dark matter content is made up by one type of particles, giving Ωh2 = 0.12, the expression

derived for the velocity dispersion in the thermal case at redshift zero is

v0

1 + z
= 0.03

(
kev

mTR

)4/3

km s−1 . (3.43)

One can see that depending on the model assumed and the parameters considered, the corre-

spondence between the mass of the particle and its velocity is not universal, but it can differ by

an important factor. In the Table 3.2 we give the different values of velocities corresponding to

different studies for particles with the mass 0.2, 1 and 3.5 keV respectively.
13The detailed calculation for both fermions and bosons can be found in Paduroiu et al. (2015).
14They do mention that the chemical potential should not necessarily be zero. In their paper, the formula is used to

study the clustering for neutrinos with masses below 1 eV.
15Note that in the paper the temperature is given in eV units, not eV

mX
K.
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Table 3.2: Correspondence between particle mass m and rms velocity dispersion in the literature
for 0.2, 1 and 3.5 keV. The first column shows the value originally given in Bode et al. (2001), the
second column shows the value obtained using gdec = 150 (Pierpaoli et al. 1998) in Eq. (4.17), the
third one, the value given by our derivation and the fourth and fifth, the value given by Boyarsky
et al. (2009) for thermal and non-resonant produced neutrinos respectively. All the values are given
at redshift z=0.

Mass Bode et al. Pierpaoli et al. Paduroiu et al. Boyarsky et al. Boyarsky et al.
v0 × 3.571 TR NRP

keV/c2 km/s km/s km/s km/s km/s
0.2 0.366 0.4032 1.113 0.29 0.785
1.0 0.0429 0.0225 0.223 0.034 0.157
3.5 0.00806 0.0230 0.0636 0.0064 0.00448

The different values for the velocities that depend on the cosmological parameters have been

obtained assuming that there is only one species of particles that contribute to the dark matter

content in the universe. For the simulations that include several species of particles, one needs

to correct in the expression for the velocity, not only the fraction, but also the gdec number, which

will give a different correspondence with the mass. This correction was missed in several previous

studies in the literature. This is important not just for the simulations with thermal velocities, but

for all the simulations, since the power spectrum is in fact directly depending on the streaming

velocity of the particles and not the mass.

These differences in the velocities estimations are cumulative in their effect at the starting high

redshifts of the simulations and are crucial not only for phase space density studies, but also for

structure formation. Constraints on the mass of a particle from the simulations are thus not robust.

While we have referred mainly to particles like sterile neutrinos that are thermalized with ve-

locities from hundreds of eV to few keV and which do not decay, we already found how strongly

dependent on the model the impact of these particles is on structure formation and how difficult it

is to constrain the properties of such particles from the simulation results. The warm dark matter

picture can contain, from the point of view of particle physics, a large variety of particles, with

different properties and behaviors than the case we have considered. Just for the sterile neutrino

family there are a number of models that differ significantly that the ones we presented. For ex-

ample, heavy sterile neutrinos with rest masses in the few hundred MeV that decay nonthermally

(Fuller, Kishimoto & Kusenko 2011) have been considered, or particles with masses less than 10

MeV that remain in equilibrium with neutrinos until becoming non-relativistic, reheat the neutri-

nos with respect to the electromagnetic plasma and therefore lead to extra energy density in the

early universe (Boehm, Dolan & McCabe 2012). Light sterile neutrinos, which decouple shortly

after the QCD phase transition with a highly non-thermal distribution function, may explain for
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example the 3.55 keV line and the cores in dwarf galaxies, as shown in Lello & Boyanovsky (2015).

Also, axions that thermalize from gravitational interactions and rethermalize when falling in a

galactic potential, may give an explanation for the presence of caustic rings (Erken et al. 2012).

Whether or not the thermalized axions can be considered particles in the warm dark matter model

is another discussion.

Giving just few examples to illustrate the variety of what the warm dark matter particles may

be and what their impact on the structure in the universe they may have, to constrain or rule out

warm dark matter in general based on simulations not without their shortcomings, is naive.

3.3.2.3 The ’How’

Given the importance of correctly including thermal velocities for a chosen model that one

would like to explore and test with simulations, the actual implementation of the velocities is not

trivial, although it is usually simplified.

After generating the cosmological initial conditions, with the cutoff in the power spectrum

corresponding to a certain velocity, one can add the thermal velocity component that corresponds

to that particular velocity. The commonly used method for adding the velocity dispersion is to

randomly generate velocities from a chosen distribution and then assign them to the particles in

the simulation. It is important to take into account the fact that the rms velocity depends on the

distribution assumed.

This method is as simplified as it sounds and far from ideal, since the particles in the simu-

lations are usually of the order of several powers of 10 M� (off by a factor of roughly 1070) and

it is one of the main reasons for choosing not to use thermal velocities in many simulations. It is

however the compromise that one has to make when wanting to simulate such particles. Even

when the numerical value for the thermal velocity is comparable to that for Zel’dovich velocities,

the latter is a bulk velocity and not a dispersion velocity. This distinction is important not only

for describing the evolution of a system of particles in a simulation, but even more so in phase

space, where it makes a fundamental difference. This problem becomes more complicated in the

hydrodynamic simulations, where together with the dark matter particles, gas particles and other

baryonic physics processes are introduced. If and how the velocities should be treated for other

particles than dark matter is a question that has not been properly addressed so far.

3.3.3 WDM simulation parameters

We have performed several suites of cosmological N -body simulations, using for each simula-

tion both pkdgrav-2 and Gadget-2 codes. The initial conditions have been generated with grafic2.

For the WDM case we have performed simulations that cover a large range of velocities from

0.01 km/s to 10 km/s (corresponding to 3.5 keV to 15 eV in Bode et al. (2001)). We show here the

analysis of a few of those simulations, where different structure formation mechanism are easier

to explore with our resolution. These simulations have an initial power spectrum consistent with
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Table 3.3: Details of the simulations

Label velocities zi cutoff box size N softening
km/s keV Mpc/h kpc

CDM no - 40 3003 1
WDM1 no 0.2 40 3003 1
WDM2 36.6 0.2 40 3003 1
WDM3 no 1 40 3003 1
WDM4 4.6 1 40 3003 1
WDM5 36.6 0.2 30 2563 2.5

the initial velocities and for comparison we performed simulations with the same initial power

spectrum without initial velocities.

The simulation parameters are summarized in Table 3.316. The starting redshift for the simula-

tions is zi = 100 in order to ensure a proper treatment of the non-linear growth of cosmic structures.

The cosmological parameters used are given by the WMAP7 results: ΩΛ=0.72, Ωm=0.28, Ωb=0.05,

h = 0.7 and σ8 = 0.821.

We start with running large scale simulations in cosmological box of 40 Mpc/h, using 3003

dark matter particles and one 30 Mpc/h box with 2563 particles. We then select a region where

the top-down halo formation is predominant and re-simulate it with an eight times higher mass

resolution.

3.4 Simulations analysis and results

From the number of simulations performed, with velocities in a range from 0.01 km/s to 10 km/s

(3.5 keV to 15 eV in the Bode et al. (2001) estimation) at redshift zero, we have chosen the ones sum-

marized in the previous section, as they illustrate best the qualitative differences in the structure

formation. The results of our analysis on large scale structure, as well as structure of halos, are

presented in Paduroiu et al. (2015), (Section 2.6). In this section we will concentrate, however, on

structure formation, leaving the implications on the internal structure of halos for the next chapter.

The visualization of the outputs of the simulations, a crucial method for discovering the subtle

aspects of the structure formation in warm dark matter models in particular, has been done using

Tipsy17 developed by Neal Katz and Tom Quinn and pNbody18 developed by Yves Revaz.

16Other parameters used are MaxSizeTimestep = 0.0048, ErrTolForceAcc = 0.005 and MaxRMSDisplacementFac = 0.25
17http://www-hpcc.astro.washington.edu/tools/tipsy/tipsy.html
18http://obswww.unige.ch/ revaz/pNbody/
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3.4.1 Structure formation in WDM from the numerical simulations

Traditionally, structure formation is described as ’top-down’ when the biggest halos are the

ones formed first, which then grow through the accretion of matter from the filaments, which in

turn break into smaller halos. At redshift zero, the biggest halos would then be the earlier formed

ones. The ’bottom-up’ structure formation, on the other hand, decribes a structure that grows via

mergers, starting with small halos formed from fluctuations on the smallest scales. These halos are

merging into big halos, merging into large clusters, leading to a higher concentration of particles

into these structures at low redshift. However, the small structures are forming throughout the

entire simulation, resulting in the presence of a larger number of small halos at redshift zero,

generally called satellites. While both these mechanisms of structure formation are hierarchical,

with the hierarchy reversed in one model with respect to the other, the term ’hierarchical’ has been

used in the literature to rather describe the bottom-up scenario.

In earlier studies (Bode et al. 2001; Knebe et al. 2003, e.g.) of warm dark matter numerical

simulations, the structure formation was associated with a top-down mechanism, meaning that

the biggest structures are forming first via gravitational collapse in the highest density regions,

and then continue growing through the accretion of matter from the filaments.

This mechanism differs from the monolithic collapse mechanism (Larson 1975; Tinsley & Gunn

1976) originally proposed by Eggen, Lynden-Bell & Sandage (1962) to describe how a galaxy forms

through the collapse of a cloud of gas. Although in both these scenarios the structures are formed

via collapse, in the monolithic case, a halo forms from a cloud of matter, while in the WDM case it

forms at the intersection of filaments, where the density reaches a peak. Later studies, using much

colder particles, in the few keV range, have seen that the simulation outputs do not look much

different to the ones in cold dark matter, with the exception of fewer small satellites in the WDM

case, and concluded that the structure formation is hierarchical.

As shown in our paper, the structure formation mechanism is not as simple as previously

assumed, but it rather has different stages where both these mechanisms compete.

Performing simulations in a large range of values for the velocities, from cold to hot dark

matter, we could see how the top-down and bottom-up trends manifest themselves. In the hot

dark matter case, as shown in Fig.1 Paduroiu et al. (2015) (Section 3.6), the formation is essentially

top-down in the classical sense, sometimes with the larger halos at redshift zero being the earlier

ones formed, simply because that is when they collapse. In the simulations with colder particles,

the structure formation is very similar to the bottom-up description.

We have chosen an intermediate transient regime, of particles with velocity dispersions around

0.3 km/s (corresponding to 200eV in the (Bode et al. 2001) approximation), where we can better

explore these effects. This is indeed in an area otherwise ruled out by many observational con-

straints as being solely accounting for the whole dark matter content, mainly because the structure

formation is very much delayed. This delay, however, and the slow evolution allows for a better

examination of the mechanisms of stucture formation. The best way to view, especially the early
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features of structure formation, is by watching the movies that show how the structure forms.

The movies are made from the snapshots of almost 500 simulation outputs, starting from redshift

z=20, much early than when the first collapse occurs, around redshift z=10. Several movies of

WDM structure formation, filament collapse and halo formation from this study can be found on

youtube 19.

From analyzing the simulations we can see that the structure formation scenario is more ’colour-

ful’ than it has been previously assumed.

• At first there are sheets, which collapse into filaments, which collapse into halos.

• The first halos form top-down in high density regions found at the intersection of well-

contoured filaments. After the collapse, the newly formed halo begins accreting matter from

the disrupted filaments.

• Depending on the morphology of the region, some of these halos can become very massive

very fast, just by accretion (Paduroiu et al. (2015) Fig. C1 Appendix A, Section 3.6).

• Later on, in medium density regions and depending on the spatial distribution of filaments

in that region, some not so massive halos merge into bigger ones, signalling the beginning of

a bottom-up growth scenario (Paduroiu et al. (2015) Fig. C2 Appendix A, Section 3.6).

• In lower density regions, usually situated in voids, collapse is even more delayed. We see

filaments being formed and collapsing very late. This favours the survival without any merg-

ers of a top-down formed halo up to redshift zero (Paduroiu et al. (2015) Fig. C3 Appendix

A, Section 3.6).

• In a more complex scenario, massive halos formed early are violently merging together at

late times, forming a large cluster (Paduroiu et al. (2015) Fig. C4 Appendix A, Section 3.6).

Although the first halos are forming through top-down gravitational collapse, most of them

are then merging into more massive ones. The statement that the most massive halos are the

earliest formed ones is not valid for all regions in our simulations at redshift zero, but at a much

higher redshift, around z=6, meaning the structure formation is not best described by the top-

down mechanism, in the conventional sense. Also, since in the lowest density regions, in voids,

the structure forms top-down via collapse at later stages, those halos will not grow as much until

redshift zero and will be lower in mass in comparison with most of the halos at that redshift. The

hierarchical build-up that follows the formation of the first halos does not begin from fluctuations

at the smallest scale as in the bottom-up classical scenario.

19All the HD movies are on this playlist on youtube https://www.youtube.com/playlist?list=

PLnGS4wkStJ1aqi3M9hTDaUzuZ-vs-Qg6i and can be watched individually on this channel https://www.

youtube.com/channel/UCEmQi8hDNW2emqGn-urtvpg. Remember to adjust your settings to HD quality.
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The mechanism of structure formation is thus a hybrid mechanism, where both long-range

and short-range effects are present, from long distance to nearest neighbours, from top-down to

bottom-up. Why one trend is more prominent in a certain region at a certain time, depends only

on the morphology and architecture of the analyzed region. Some of our findings confirm those

of previous studies like (Bode et al. 2001, e.g), agreeing that the formation of structure evolves

differently at different scales.

While previously we have referred to the analysis of the WDM2 simulation in Table 3.3, in the

WDM5 simulation we see similar trends in the fashion in which structure is formed. In Fig. 3.3

we show the full simulation box at different redshifts, encircling three regions of interest. One can

see the evolution of a halo formed top-down at the intersection of large filaments, a halo formed

late in a low density ’isolated’ region and finally a region where several smaller halos that formed

top-down are approaching each other for merging. In Fig. 3.4 we show the full box of WDM5 and

CDM simulations at redshift zero, plotting only regions with a density 100 times higher than the

mean density in order to emphasize the contrast in the distribution of high density regions.

Comparing the structure formation in WDM simulations with that in CDM simulations, one

can immediately see, for a particle with a high enough velocity dispersion, several differences:

• In terms of density, there is a difference between how the high density regions are distributed

in the simulations. In the WDM case one can see that large high density regions are more

isolated by even larger low density ones, as shown in Paduroiu et al. (2015) (Fig.2, Section

3.6).

• The structure formation is delayed depending on the streaming velocity of the particles - the

higher the velocity is, the later the collapse happens (Fig.2, Section 3.6).

• The filamentary looking structure is more apparent in the WDM case, with the filaments

being preserved longer.

• The number of small halos formed in WDM is smaller than in CDM (Fig.1, Section 3.6).

When counting the number of small halos, however, taking into consideration the numerical

limitations is required. We need to distinguish between two ways in which the filaments are

breaking or fragmenting. After the large halos are formed at the intersection of the filaments and

begin accreting matter from them, the filaments will break and in the regions that are not accreted

new filaments will develop, which will then collapse into halos. This is different from the case

in which a filament fragments along its main central line into equally spaced halos with similar

masses. The latter case describes an artificial process, strongly dependent on the resolution of the

simulation, as we will show in Chapter 5. Therefore, inside the filaments, the way the halos are

formed is influenced by the fragmentation and hence, by the resolution of the simulation. Since

the filaments are fragmented in small periodically distributed halos, some of these may merge

and form bigger ones. This ’contamination’ may propagate until redshift zero; these halos being
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Figure 3.3: Structure formation in WDM5 simulation at redshift z=2 (upper panel) z=1 (middle
panel) and z=0 (lower panel). On the right panels different regions corresponding to different
mechanisms are encircled. A region where a large halo forms top-down, in green, a region where
several halos are approaching merging, in black, a halo forming late in an isolated region, in white.
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Figure 3.4: WDM5 full box (left panel) and CDM full box (right panel). Only regions with a density
100 times higher than the mean density are plotted.

hard to distinguish from the ’genuinely’ formed halos because their mass will be higher than that

of those initial ones formed artificially. Stressing again the fact that the number of these small

artificial halos depends on the resolution of the simulation, one can conjecture that for an ’ideal’

resolution and therefore in a real warm dark matter universe, the number of satellites will be even

smaller at redshift zero. Since in the few keV regimes mergers are more predominant and happen

at earlier redshift, the elimination from the present day sample of all the halos that are formed

artificially or formed from artificial halos is impossible. This again, gives an overestimation of the

number of small satellites at redshift zero.

3.4.2 Impact of the thermal velocities

The top-down structure formation can be seen in both simulations, with or without the added

thermal velocities, and is not an effect of the velocity dispersions, but of the free streaming of

particles and the suppression of power at small scales. For illustration purposes, we show in

Fig. 3.5 the redshift zero outputs from simulations with no cutoff in the power spectrum, but with

thermal velocities of 1 km/s, 10 km/s and 200 km/s respectively. The structure formation in this

case does not happen top-down at any scale.

In Fig. 3.6 we show the differences at redshift zero between simulations with the thermal veloc-

ity component (WDM2) and without it (WDM1). The full box is displayed, together with a small

(∼ 1/9 box) low density region20. A side by side movie of the evolution of structure in these two

simulations can be watched on youtube21. One can see that these differences become important

20For a different zoom in region, which includes both low density and structure formation regions, please refer to Fig.
5 in Paduroiu et al.

21The movie can be watched here: https://www.youtube.com/watch?v=5txGwBRNC1U
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Figure 3.5: Redshift zero simulation outputs with no cutoff in the power spectrum and initial
velocities of 1 km/s, 10 km/s, 200 km/s respectively

at very small scales. In the simulation where we have included thermal velocities the structure is

smoothed, while in the simulation without thermal velocities the fragmentation is more prominent

and the number of very small halos is slightly larger.

In the next chapter we will show how the thermal velocities affect the internal structure of

halos. In particular we will see that for any phase space density studies, the use of the velocity

dispersion is crucial, since in phase space the warm dark matter particle has a maximum density,

different from the cold dark matter particles with infinite phase space density.
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Figure 3.6: Side by side projection of redshift zero simulation outputs with thermal velocities -
WDM2 (left) and no thermal velocities - WDM1 (right). The upper panel shows the whole simula-
tion box, the middle panel shows a low density region and the lower panel shows the same zoom
in region in black and white, 25% saturation, for a better view of the small scale differences.
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Figure 3.7: A zoom in a high resolution refined halo, formed top-down. Caustics and shells are
clearly visible. Several other projections emphasizing these features are shown in Paduroiu et al.
(2015) and will be discussed in the next chapter.

3.4.3 A refined top-down halo

From the WDM5 simulation we have chosen a region where a large halo forms top-down at the

intersection of filaments and grows through the accretion of matter from the filaments. We have

performed several levels of refinement. These highest resolution runs are 83 times more resolved

in mass than the initial ones: the dark matter particle mass isMdm=2.72×105 M�, where each dark

matter particle has a gravitation softening of 355 pc. The 7×1012 M� halo has 18 million particles

in its r200 radius. Using 450 outputs we have created movies that show the formation and growth

of the halo22. The infall material is wrapped in shells and caustics around the center of mass, as

can be seen in Fig. 3.7, and the halo does not virialize by redshift zero, having a r200 radius of about

600 kpc , much larger than that of a cold dark matter halo of similar mass. In Fig. 3.8 one can see

projections of the region where the halo forms and a zoom in on the halo on all three axes at redshift

zero. This gives an idea of the 3D morphology of the region and the architecture of filaments that

favor such a structure formation mechanism. The halo was formed at the intersection of very large

filaments. Besides accreting matter from the filaments and eventually breaking some of them, the

halo is pulling in filaments from a larger distance, which were not originally connected to the

collapse region.

Some properties of this halo will be analyzed in the next chapter, which is focused on the

internal structure of warm dark matter halos.

22The movie can be found on youtube https://www.youtube.com/watch?v=s_H4dSOP27I. A zoom in the halo
can be watched at https://www.youtube.com/watch?v=zqVi9SSWmXM
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Figure 3.8: Projections of the high resolution region where a halo from WDM5 forms top-down
(left panel) and a zoom in (right panel) on x (upper panel), y (middle panel) and z (lower panel)
axis at redshift zero.
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3.5 Discussion and prospects

Our conclusions are presented in Paduroiu et al. (2015) (Section 3.6). We comment here further

on the implications of these results and other studies in the literature.

Although the large scale structure formation is dominated by the dark matter clustering effects,

baryonic processes offer important hints towards a better comprehension of the way in which

structure forms and evolves. In the tapestry of various phenomena that are happening in the uni-

verse, it is hard to disentangle with high confidence, the effect that each individual process will

have on the structure at observable scales. Simulations represent our best tool at hand for test-

ing such predictions and models, but they are far from giving accurate predictions on the myriad

of physical processes that occur in nature. Nevertheless, in the past few years, important devel-

opments in the implementation of some physical processes in the cosmological simulations have

been made. Alas, most of the studies have been done from the cold dark matter perspective.

From the small sample of warm dark matter simulations that include baryonic physics, one

result stands out as intriguing. Gao & Theuns (2007) used high resolution simulations with dark

matter particles and gas to study the very early formation of stars in both CDM and WDM case.

For the WDM particles, they used a 3 keV gravitino type particle, otherwise considered in the

literature to be indistinguishable from the CDM in simulations, and analyzed the behavior of gas

in a 3 kpc filament from a high redshift z ∼ 23. Comparing this simulation with a cold dark

matter one, they found a remarkable difference. In the WDM case, due to the free streaming of the

particle, the filament is preserved for a longer time. The gas inside the filament has time to heat

as it gets compressed, but then cools due to the formation of molecular hydrogen, cooling also the

center of the filament. This indicates that in such a context, stars can be formed inside the filament,

before the filament collapses and forms halos. The cooling of the filament can act back as a factor

of delay in the collapse of the filament. In the case of cold dark matter, the filament fragments

into small halos, where the gas is then accreted, reaching the optimal conditions for star formation

much later.

This is not a surprising result, since we know that structure forms differently in WDM with

respect to CDM. More far reaching implications of this result are in explaining, for example, the

early presence of super massive black holes. A scenario in which the filament eventually collapses

along its axis, and a high number of collisions between cold cores and stars occur, providing the

seed for such massive objects, seems plausible. The caveat of exploring the scenario further, is

that it requires enormous resolution. Even for performing the simulation with gas until redshift

z=13, very high resolution was needed, Mdm = 272.6 M� and Mgas = 41.9 M� in a comoving box

with a Lagrangian radius of 600 kpc. A recent study confirmed that the trend in which stars form

inside the filaments continues for 1.5 keV particles up to redshift z ≈ 2 resulting in stringy “chain”

galaxies that remain to be confirmed by observations (Gao, Theuns & Springel 2015).

In Fig. 3.9 (Gao & Theuns (2007), Figure 1) the density structure of the filament at redshift z=15

is shown. The filamentary pattern in density is produced by both CDM and WDM, but the CDM
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Figure 3.9: Dark Matter density structure at redshift z=15 of the progenitor of a massive cluster of
galaxies from Gao & Theuns (2007). Panel a shows how the filament fragments into halos in CDM,
while panel b shows the well preserved filament in WDM. Panel c shows the temperature at the
redshift when the filament is formed in WDM. Panel d shows the density in the same filament.
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filament fragments into small halos, while this is not the case in WDM, as shown in the same

Fig. 3.9.

Other studies that do not benefit of the same resolution (Governato et al. 2015) claim that on

the contrary, the structure formation is simply delayed in the warm dark matter simulations.

As we argue in Paduroiu et al. (2015), even though we explored the structure formation in a

warmer regime, the top-down trend is present also in simulations using a particle corresponding

to few keV (in the Bode et al. (2001) estimation), but it is more difficult to see with the common

used resolution, because is rapidly overtaken by the hierarchical growth. Without using a sensi-

tive enough time step, for example, this can be completely missed. Therefore, simulating WDM

with the same parameters as CDM, especially when including baryonic processes, does not justify

strong claims, constraints and conclusions.

An important fact that emerged from surveys, but is overlooked in the CDM community, is

that observations show that a large fraction of galaxies do not suffer major mergers by redshift

zero (Kormendy et al. 2010; Kormendy 2016). Also there are a large number of pure disk galaxies,

which have been observed, but which have not been fully reproduced in simulations. These two

observational pieces of evidence may in fact be connected, since we know that mergers destroy

the disk. While in CDM there is no way to avoid mergers, we have seen that in WDM there are

halos that survive this process. Furthermore, the smoother space distribution in the warm dark

matter scenario may allow baryons to condense coherently in a smooth potential halo, providing

favorable conditions for forming disk-like galaxies.

To explore these scenarios in a comprehensive manner, a much higher resolution will be needed

together with a better and more specific implementation of the baryonic physics in simulations,

for models like warm dark matter.
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ABSTRACT
The damping on the fluctuation spectrum and the presence of thermal velocities as
properties of warm dark matter particles like sterile neutrinos imprint a distinct sig-
nature found from the structure formation mechanisms to the internal structures of
halos. Using warm dark matter simulations we explore these effects on the structure
formation for different particle energies and we find that the formation of structure
is more complex than originally assumed, a combination of top-down collapse and
hierarchical (bottom-up) clustering on multiple scales. The degree on which one sce-
nario is more prominent with respect to the other depends globally on the energy of
the particle and locally on the morphology and architecture of the analyzed region.
The presence of shells and caustics in warm dark matter halos is another important
effect seen in simulations. Furthermore we discuss the impact of thermal velocities on
the structure formation from theoretical considerations as well as from the analysis
of the simulations. We re-examine the assumptions considered when estimating the
velocity dispersion for warm dark matter particles that have been adopted in pre-
vious works for more than a decade and we give an independent estimation for the
velocities. We identify some inconsistencies in previous published results. The relation
between the warm dark matter particle mass and its corresponding velocity dispersion
is strongly model dependent, hence the constraints on particle mass from simulation
results are weak. Finally, we review the technical difficulties that arise in warm dark
matter simulations along with possible improvements of the methods.

Key words:
Dark matter: N-body simulations – galaxies, warm dark matter, structure formation.

1 INTRODUCTION

Independent studies and observations of both small and
large scale structure are presently challenging the otherwise
widely embraced CDM model. The so-called missing satel-
lites problem (e.g. Klypin et al. 1999; Moore et al. 1999),
where observations of galaxies do not map the abundance
of substructures that are produced in CDM cosmologies is
a serious drawback of the model. Furthermore, at smaller
scales, the density profiles of galaxies show large cores (e.g.
de Blok et al. 2001; Salucci et al. 2012; Kuzio de Naray &
Kaufmann 2011) that have not been reproduced by the sim-
ulations. The failure to replicate in CDM simulations pure
bulgeless galaxies which are observed in an important frac-
tion (Kormendy et al. 2010) adds to the problem.

While several recipes have been proposed in the attempt
of ameliorating these issues (e.g. Navarro et al. 1996; Mar-

? E-mail: sinziana.paduroiu@unige.ch

tizzi et al. 2013; Mashchenko et al. 2008; Pontzen & Gov-
ernato 2012), most of them introducing baryonic physics
processes, current studies conclude that even including re-
peated baryonic outflows, large cored galaxies are not found
in the simulations (Marinacci et al. 2014), although this is
still highly debated in the literature.

The aforementioned situations, where the CDM model
proves deficient in explaining the observations, are demand-
ing further investigation. The WDM models, with sterile
neutrinos leading as most probable particle candidates have
been well studied and discussed in the literature in the past
thirty years with an increased interest in the last few years
(see the highlights of Daniel Chalonge workshops and Col-
loquiums 2011-2013 for latest developments in the WDM
field (de Vega & Sanchez 2011; de Vega, Falvella & Sanchez
2012)).

It has been shown recently (Destri, de Vega & Sanchez
2012) that modeling the quantum pressure of fermionic par-
ticles (Weinberg 1962; Muccione & Pfenniger 2006) on the
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other hand, one can reproduce the expected cores in dwarf
galaxies, known to be dark matter dominated.

Moreover, the recent detection (Bulbul et al. 2014; Bo-
yarsky et al. 2014) of a 3.55 keV unidentified emission line
both on the data from XMM spectrum of galaxy clusters
and Chandra can be a hint of sterile neutrino decay.

Since particles in warm dark matter models have differ-
ent intrinsic properties from the cold dark matter particle
candidates, the effect of these particle on structure forma-
tion and evolution is expected to be qualitatively different
on both large and small scales.

Notwithstanding the difficulties in modeling properly
the neutrino particle, several attempts (e.g. Colombi, Do-
delson & Widrow 1996; Bode et al. 2001; Macciò et al. 2012;
Kamada et al. 2013; Schneider et al. 2013) have been con-
ducted with a successful outcome in solving some of the
cases where CDM comes to an impasse. While the methods
of CDM simulations have been accurately improved over the
last decade, the WDM simulations encounter a number of
difficulties in accurately describing the effect of such parti-
cles on both large and small scales. In addition to the resolu-
tion limitations that are met in the CDM case as well, WDM
particles like neutrinos, for example, have a phase space den-
sity limit, a Fermi-Dirac distribution and a thermal velocity
dispersion. Referring merely to sterile neutrinos, these par-
ticles decouple whilst relativistic.

The effects of the initial velocities of the warm dark
matter particle are expected to manifest themselves on small
scale structure formation. The free streaming exponentially
dampens the power spectrum of density fluctuations such
that very few structures are formed below the damping scale.
Conservation of the fine grained phase space density is ex-
pected to set a maximum density that cannot be exceeded
during the formation of structures with collisionless parti-
cles. For a fermionic WDM particle, we can crudely define
the coarse-grained phase-space density Q ≡ ρ/σ3, where ρ is
the density and σ is the velocity dispersion. This definition
is only a good approximation for locally isotropic velocities
where the density of particles is not strongly varying.

Different numerical approaches have been used to ad-
dress the impact of warm dark matter particles thermal ve-
locities. Since the numerical resolution is strongly limited
with respect to the physics, one knows that the phase space
distribution sampling is anyway poor in space as well as in
velocity space. The best compromise is to imprint the phys-
ical particle velocity to the simulation particle, as common
practice in galactic dynamics. The particle limited sampling
is not a sufficient reason to entirely drop the velocity sam-
pling by neglecting the thermal velocities as done in some
previous works, while keeping nonetheless the power spec-
trum cutoff implied by a non-zero thermal velocity (e.g.
Schneider et al. 2013; Governato et al. 2015). Nor is the fact
that for some dark matter particles the thermal velocities
are comparable or smaller than the bulk Zel’dovich veloci-
ties. Even though it has been considered difficult to prescribe
accurately initial thermal velocities in dark matter simula-
tions, the importance of using them has been emphasized in
previous studies like Colombi, Dodelson & Widrow (1996),
Bode et al. (2001) and Melott (2007).

In the absence of a tested universal mechanism of pro-
duction for the warm dark matter particle, the relation be-
tween the particle mass and its corresponding thermal veloc-

ity is strongly dependent on the specific model adopted. The
widely used formula for generating velocities (Bode et al.
2001) which sets such a relation is based on an assumption
that overestimates the number of species at decoupling and
in effect underestimates the value of thermal velocities. We
will take the opportunity to discuss these assumptions and
we will also provide a method for estimating thermal veloc-
ities for fermionic, maxwellian and bosonic particles in both
relativistic and non-relativistic regimes based on a different
set of premises that takes quantum physics into considera-
tion.

Several analyses of warm dark matter simulations in
the keV range conclude that the formation of structure is
hierarchical, like in cold dark matter simulations. Tradition-
ally, top-down structure formation means forming chrono-
logically the biggest structures first and the smaller ones
later, while bottom-up or hierarchical structure formation
means the reverse scale order, making it difficult to describe
a scenario in which both coexist. In fact it is well known
since, e.g., Lin, Mestel, & Shu (1965) and Zel’dovich (1970)
that typical structure formation proceeds in time first along
pancakes, then filaments and then halos, mixing the large
and small spatial scales at all times with different propor-
tions. If we use this terminology in a broader sense, top-
down describes the dominant long range effects on structure
formation: sheets collapsing into filaments, collapsing into
halos. Bottom-up hierarchical structure formation, on the
other hand, describes dominant short scale effects, mergers
of both early formed and later formed halos. We will examine
how both of these mechanisms of structure formation show
up in the warm dark matter simulations presented here.

Additional constraints coming from peculiar features
may be considered. In cold dark matter models, during the
hierarchical evolution caustics are being wrapped inside ear-
lier generations of the merging history, making them invisi-
ble in some cases even at high resolutions. However, Cooper
et al. (2010) show using cold dark matter simulations that
accretion mechanisms of stars and dark matter clumps and
disruption of the latter can produce concentering shells that
resemble those observed in NGC 7600. In the warm dark
matter simulations, as we will see, the shells and caustics
are more visible, especially at high redshift, where the top-
down formation occurs.

Constraints on the mass of a warm dark matter parti-
cle from Lyman-α Forest, cosmic weak lensing, gamma-ray
bursts, etc. (e.g. Markovic & Viel 2014; de Souza et al. 2013)
give a lower limit in the few keV range. To study the effects
of warm dark matter on structure formation, we have, how-
ever, explored a larger mass interval, focusing on the region
where these effects are more prominent while fairly balanced
by the resolution.

The paper is structured as follows: in Section 2 we ex-
plain the theoretical reasons for using the thermal compo-
nent of velocities in the simulations. Subsection 2.2.1 shows
how the common used formula for generating velocities in
warm dark matter simulations (Bode et al. 2001) is conjec-
tured from hypothetical assumptions. Section 2.2.2 presents
a different approach in estimating thermal velocities from
the particle mass. In Section 2.3 we discuss some of the in-
consistencies found in previous studies. Section 3 describes
the parameters used in our simulations while Section 4 shows
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the results found from analyzing the simulations. At last, we
present our conclusions in Section 5.

2 INITIAL CONDITIONS OF
COSMOLOGICAL SIMULATIONS

2.1 Velocities in the initial conditions of
cosmological simulations

The initial conditions of most CDM and WDM cosmologi-
cal simulations have often initial thermal velocity taken as
strictly zero, with the argument that at the finite initial
redshift the thermal velocity of CDM particles is small in
regard of the bulk flow following from Zel’dovich’s prescrip-
tion. We argue below that this practice is numerically incon-
sistent with the actual problem of describing a collisionless
fluid of finite phase space density f . For structure forma-
tion, the distribution of the dark matter particles in velocity
space is most important, as stressed by Colombi, Dodelson
& Widrow (1996).

Indeed, integrating Newton’s equation of motion for a
set of particles in a force field g is equivalent to solving in
a Lagrangian way with discrete mass particles the collision-
less Boltzmann equation with the characteristics method. In
conventional notations the Eulerian description of the phase
space volume conservation reads,

∂f

∂t
+ v · ∂f

∂x
+ g · ∂f

∂v
= 0, (1)

where g is the force field. The mass density ρ is the projec-
tion of the phase space density on velocity space:

ρ(x, t) =

∫
d3v f(x,v, t). (2)

The mass density ρ generates the force field g by New-
ton’s gravity. In a cosmological setup the mean density ρ0

is subtracted,

g = G

∫
d3x′

[
ρ(x′, t)− ρ̄0(t)

] x− x′

|x− x′|3

= G

∫
d3x′ d3v

[
f(x′,v, t)− f̄0(v, t)

] x− x′

|x− x′|3 . (3)

So in this context using vanishing small thermal velocity
already poses a consistency problem since f is of the form
δ(v−v0(x))ρ(x). This implies representing the system with
a diverging f in a vanishing fraction of the phase space vol-
ume, in other words, mass belongs only to an infinitesimally
thin 3D sheet in 6D phase space. As f is conserved along
a characteristics, it implies that this singularity must per-
sist at all subsequent times. Methods to conserve arbitrar-
ily high phase space density have been set up (Abel 2012;
Hahn & Angulo 2015), but this is not necessarily sufficient.
Ideally a physically sound solution f0 to this Boltzmann-
Poisson system should not be numerically sensitive to the
initial condition discretization. In practice it is known that
the gravitational N -body problem is exponentially sensitive
to perturbations (Miller 1964), so the best that can be ex-
pected in such simulations is that over an ensemble of sim-
ulations with identical statistical initial conditions, results
follow a reproducible statistical distribution. Detailed evolu-
tion of particles is sensitive to perturbations, but the average
evolution of an ensemble of particles is predictable.

When f0 is finite and differentiable everywhere, in other
words when f0 mathematically exists, the sound situation
that should be used, a slight variation of f0, a fluctuation,
will also follow the same set of equations, so, writing f =
f0 + f1, g = g0 + g1, where f1 and g1 are the differences
between the reference f0 and the perturbed solution f , and
using the fact that f0 is a solution of the system, we obtain
the exact equations for the differences f1, and g1:

∂f1

∂t
+ v · ∂f1

∂x
+ g0 ·

∂f1

∂v
= −g1 ·

∂f0

∂v
− g1 ·

∂f1

∂v
(4)

g1 = G

∫
d3x′ d3v f1(x′,v, t)

(x− x′)

|x− x′|3 (5)

So we see that f1 follows the same left-hand side equa-
tion than f0 in the unperturbed field g0, except that now
the right-hand side contains a source term whose first term
g1 · ∂f0∂v is the product of the force fluctuations g1 times the
gradient of the original f0 in velocity space. Thus a vanish-
ing zero thermal velocity for a set of particles supposed to
represent a physical f0 is not only suspicious since it corre-
sponds to a delta function in velocity space, but also because
the gradient ∂f0

∂v
is at least as singular as f0. In other words

a zero initial thermal width is inconsistent with the initial
assumptions, and susceptible to arbitrary strong amplifica-
tion of perturbations, since the variational equations con-
tain a diverging source term to first order when the initial
thermal velocity is small. The only possibility to cancel this
diverging term is either to have vanishing force fluctuations
g1, which is exceptional when f1 is non-zero, or that g1 is
orthogonal to ∂f0

∂v
, which is also exceptional. The second or-

der term g1 · ∂f1∂v on the right-hand side can cancel the first
term only when f1 is proportional and opposite to f0, which
is also exceptional. In summary dealing with diverging f0

is inconsistent with the implicit assumption of regularity of
the mathematical problem.

It is instructive to compare how simulating collisionless
fluids is differently approached in the fields of stellar and
galactic dynamics. While in cosmology the physical colli-
sionless fluids is assumed to consist of elementary particles,
in galactic dynamics the fluid is composed of stars. In both
cases the numerical simulation particles are order of magni-
tudes more massive than the physical particles. In the CDM
context a simulation particle velocity is seen as representing
the bulk flow of a large ensemble of CDM particles, explain-
ing why zero velocity dispersion has been assumed. In galac-
tic dynamics in contrast it is well known that doing so would
immediately cause huge gravitational instabilities, and that
the correct way to perform collisionless galaxy simulations is
to ascribe to the simulation particles the same velocity dis-
persion as the stars. This is also required for respecting the
virial theorem. While the use of velocities has been shown
(Melott 2007) to be of importance for the CDM simulations,
in WDM it becomes even more relevant (Colombi, Dodelson
& Widrow 1996) since the particles do have intrinsic non-
zero velocity dispersion. Collisionless fluids are particle mass
agnostic, when the particle mass starts to be important is
when the 2-body relaxation time is shorter than the system
age. Recalling the Chandrasekhar 2-body relaxation time in
an arbitrarily large homogeneous medium (Chandrasekhar
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1942; Hénon 1973),

τrel =
v3

8πG2mρ lnN
, (6)

where v is the velocity dispersion of N particles of mass
m with average density ρ, it is obvious that this relaxation
time is proportional to v3, 1/m, and 1/ lnN , so is exactly
zero when v = 0. Thus CDM simulations with initial zero
v are technically collisional until numerical noise heats the
particles to larger v.

From a completely different side of physics, the maximal
phase space density constraint set by Heisenberg’s inequal-
ity,

∆x∆px >
~
2

(7)

gives a minimum particle velocity dispersion, taking ∆x =
n−1/3 and m the particle mass,

∆v >
~
2

n1/3

m
≈ 0.003

[
1 keV/c2

m

] [ n

1 cm−3

]1/3
km/s . (8)

Taking a velocity dispersion lower than this value violates
Heisenberg inequality, while taking it only slightly larger
means that the particles behaviour is governed by quantum
physics, not classical mechanics as assumed in all cosmolog-
ical N -body simulations.

In summary, adopting even a slight non-zero velocity
dispersion in cosmological simulation is certainly a safer and
more correct physical assumption than taking strictly cold
initial conditions associated with a mathematically singular
and inconsistent state leading to situations not under con-
trol on the numerical viewpoint due to singular phase space
density.

2.2 Thermal velocities of warm dark matter
particles

Depending on the WDM particle physics and properties,
different scenarios can be considered regarding the particle
velocity dispersion as function of redshift. In many scenarios,
particles are copiously created in ultra-relativistic conditions
and very good thermal equilibrium. As the Universe expands
they may subsequently decouple on the thermal point of
view because their collisional relaxation rate becomes lower
than the expansion rate, while still interacting with the rest
of matter by gravitational coupling. If the particles do not
decay their comoving number density is conserved, and if
they follow the collisionless Boltzmann equation their phase
space density is conserved too. But this later assumption is
more fragile because some residual elastic collisional relax-
ation processes can still decrease the effective phase space
density by coarse graining.

2.2.1 Inspection of a commonly used result

A frequently cited derivation of WDM particle velocities as
function of mass and redshift can be found in Bode et al.
(2001). In their Appendix A they recall that for a thermal
relict particle X that decouples when relativistic, the abun-
dance nx relative to photons is:

nX
nγ

=

(
43/4

gdec

)(
4

11

)
gX
2

(9)

where gdec is the number of relativistic species present at de-
coupling, and gX is the number of spin states of the particle.
Connecting then the particle mass density ρX = mXnX with
the cosmological parameters ΩX ≡ ρx/ρc and h, where the
critical universal density ρc ≡ 3H2/8πG, and the Hubble
constant H ≡ 100h km s−1 kpc−1, they derive,

ΩXh
2 ≈ 115

gdec

gX
1.5

mX

keV
. (10)

We confirm this equation when using nγ = 413 cm−3. Then
the authors proceed to derive a velocity formula. Since the
distribution function of fermions without chemical poten-
tial µ is proportional to (exp(εx/kTX) + 1)−1, they point
out that if the particles decouple from photons when still

relativistic εX =
(
p2
Xc

2 +m2c4
)1/2 − mc2 can be replaced

by pXc where pX is the particle momentum. To keep phase
space density constant clearly in the relativistic regime pX
must stay proportional to TX . But obviously as the regime
passes to non-relativistic this argument does not hold, the
exact formula valid at all TX is

p2
X ∝

(
kTX
c

)2

+ 2kTX . (11)

Therefore it seems incorrect to assume that pX is propor-
tional to TX also at low TX . The exact scaling from Eq. (11)
becomes p2

X ∝ 2 kTX , or 0.5mXv
2
X ∝ kTX , that is, the ki-

netic energy εX , not the momentum, scales as temperature
at all redshifts.

Another problem is the derived constant for velocity.
They assume that the distribution function scales as the
non-thermal distribution (exp(v/v0) + 1)−1, and give with-
out detail v0 (in their Eq. (A3)),

v0(z)

1 + z
= .012

(
ΩX
0.3

) 1
3
(

h

0.65

) 2
3
(

1.5

gX

) 1
3
(

keV

mX

) 4
3

km s−1

(12)
where z is the redshift. But eliminating ΩXh

2 in this previ-
ous equation using Eq. (10) (their Eq. (A2)), we obtain for a
mX = 1 keV particle (rounding also to 2 significant digits),

v0(z)

1 + z
≈ 0.12

(
1

gdec

)1/3
keV

mX
km s−1 . (13)

Thus we find gdec = 1000 (gX/1.5)1/3. This is too high a
value for gdec to be endorsed, as mentioned by the authors,
by large entropy producing processes. Since the value for
gdec varies linearly with the mass of the particle in the given
cosmological model (Eq. 10), it allows the elimination of gdec

from the final expression for velocity1. This high value used
for gdec leads to a significant decrease in the particle veloci-
ties, as shown in Table 1.

In the minimal standard model the number of the full
set of particles is ∼ 107 while in the minimal supersymmet-
ric standard model, the value is increased to ∼ 229 (Pier-
paoli et al. 1998). Previous studies like Colombi, Dodelson &

1 The authors cite a value of 688 for the number of relativistic
degrees of freedom at the time of decoupling of a 1 keV particle,
while then using the value of 1000. In Viel et al. 2005 this latter

value is used, although a rigorous calculation gives 903 as the
exact value.
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Widrow (1996)2 use a value of ∼ 100 for right-handed neu-
trinos decoupling before the electroweak phase transition at
very high temperatures, while Pierpaoli et al. (1998) assume
a conservative reference value of 150 for both gravitino and
a standard warm dark matter candidate like the massive
neutrino.

The lower value for the velocity adopted by Bode et al.
(2001) has been used in most WDM simulations thereafter.
This value for gdec, however, is valid for a 1 keV particle only
if we assume that dark matter is made entirely by these type
of particles, as shown in Eq. (10). For the cases in which a
certain warm dark matter particle represents only a fraction
of the total dark matter content, this value is different and
Eq. (12) needs to be scaled accordingly. This aspect has been
overlooked in some simulation studies of mixed dark matter,
providing misleading results as we will show in Section 2.3.

The next line following Bode et al. (2001) Eq. (A3)
states: “The rms velocity is 3.571v0”. Recalculating the rms
velocity of the adopted distribution function f = (ev/v0 +
1)−1 we find a slightly larger factor:

〈v2〉 =

∫∞
0

4πv4f dv∫∞
0

4πv2f dv
= 15

ζ(5)

ζ(3)
v2

0 ≈ (3.59714v0)2 , (14)

where ζ is Riemann’s function. The slight discrepancy (the
9 digit) appears thus as a misprint.

In Appendix A we find that the largest correction factor
for the rms speed of a Fermi-Dirac distribution with respect
to a Maxwellian distribution is 1.07, not ≈ 3.6 as stated in
Macciò et al. (2012). The difference comes entirely from the
very non-thermal distribution.

2.2.2 Another scenario for quantum semi-degenerate
particles

In the previous Bode et al. (2001) scenario, WDM parti-
cles are treated as localized mass bullets following Boltz-
mann’s equation. However, at creation time they are also
assumed to be ultra-relativistic and in thermal equilibrium
with radiation and the rest of matter, typically following a
Fermi-Dirac distribution since the known stable particles are
fermions. This entails that their quantum nature does play a
role at birth, they are at least semi-degenerate. Phase space
density is high enough for the distinction between classical
and quantum particles to play a role. The non-local Pauli
principle applies then, each particle “knows” about the state
of each other. Now if phase space density is approximately
conserved then particles remain semi-degenerate at all times,
which is inconsistent with the usual assumptions applied at
low redshifts that they behave as classical particles.

The known neutrinos offer a good example that parti-
cles are quantum objects instead of localized mass objects.
Real neutrinos are in addition of being fermions also in a
superposition of three mass states. Since mass states prop-
agate at different velocities, with time relict neutrinos are
actually in a superposition of entangled mass states increas-
ingly spread apart. How gravitational interaction with mat-
ter structures can destroy the coherence of these entangled

2 Interestingly this is the paper cited by Bode et al. (2001) as

reference for production mechanisms of WDM and their relation
to cosmology

states is a question that will need to be addressed in future
works.

Here we develop a procedure to calculate precisely
the particle velocity valid in all relativistic regimes for
fermions or bosons. The full distribution Fermi-Dirac or
Bose-Einstein distribution reads (e.g., Padmanabhan 2002)

f(p) =
g

(2π~)3

1

exp((ε− µ)/kT )± 1
, (15)

where p is the particle momentum, g the spin-degeneracy
factor (of order 1 or 2), µ the chemical potential, ε =√
p2c2 +m2c4 − mc2 the particle energy, m the particle

mass, and T the particle temperature. The comoving num-
ber density is calibrated according to a neutrino-like sce-
nario where the particles are once coupled to the photon
background and in thermal contact, at a time where gravi-
tational perturbations are still linear.

First, the assumption that the chemical potential µ is
constant and negligible is not necessarily valid for identi-
cal fermions which are created in a half-degenerate state.
The Pauli principle has for effect that identical fermions,
even with negligible interaction (like the weak nuclear force
for neutrinos), possess an effective exchange potential, also
sometimes called exchange-correlation potential (e.g., Atkins
& Friedman 2005). In quantum chemistry and Density Func-
tional Theory (DFT) the exchange potential is well known to
be essential in the Hamiltonian describing electrons around
a nucleus, or electrons in materials, although the exact form
in different contexts is sometimes not well known. In the cos-
mological context the exchange potential changes the chem-
ical potential as the spatial density of identical fermions
changes. This effective repulsive interaction for fermions
makes the collisionless assumption of free fermions much
less obvious. In Pfenniger & Muccione (2006) the effective
interaction of free fermions was illustrated by solving ex-
actly the time-dependent Schrödinger equation for two free
but identical fermions in 3D space starting as Gaussian wave
packets. In the quantum regime (high phase space density)
these wave packets effectively interact and are scattered due
to the repulsive exchange potential. In the classical regime
(low phase space density) the wave-packets follow, as ex-
pected, a straight trajectory.

In quantum statistical mechanics (Huang 1987) the ex-
change potential between two particles has a well known
form dependent on temperature and distance r

φ(r) = −kT log

(
1∓ exp

(
−mkT r

2

~2

))
(16)

= −kT log

(
1∓ exp

(
−2π

r2

λ2

))
, (17)

where the − sign applies for fermions and + for bosons, and
λ is de Broglie wavelength. For semi-degenerate particles λ is
of order of n−1/3, so in a semi-classical description fermions
“feel” a rapidly varying repulsive force from neighbouring
particles, while bosons an attractive force. The reality of
the exchange potential can be invoked to cast a doubt that
the commonly assumed collisionless approximation for semi-
degenerate particles is valid in the cosmological context. In-
stead one should expect a local thermalization of identical
particles on a short time-scale.

To calculate the chemical potential evolution in the cos-
mological context, one needs therefore an additional assump-
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tion, besides number conservation. The particle momentum
and kinetic energy can not be assumed conserved due to
the global gravitational interaction. A reasonable assump-
tion (Trodden & Caroll 2004) is that the expanding medium
proceeds adiabatically, at least as long as gravitational clus-
tering is linear. This means that the particle specific entropy
can be taken as a conserved quantity.

The entropy S expressed as a function of other thermo-
dynamical variables reads (e.g., Padmanabhan 2002, Vol. I,
Eq. 5.73),

S =
1

T
(E + PV − µN) , (18)

where E is the total thermal energy, P the pressure, V the
volume, µ the chemical potential, and N the number of par-
ticles. The specific entropy s ≡ S/N divided by Boltzmann’s
constant k is a pure number

s(T, µ)

k
=

1

kT

(
e+ P

n
− µ

)
(19)

where e = E/V is the specific energy density and n = N/V
is the number density.

The thermodynamical quantities for fermions and
bosons at all regimes can be calculated accurately by eval-
uating numerically the relativistic Fermi-Dirac or Bose-
Einstein integrals for particle density n, energy density e,
and pressure P (e.g., Padmanabhan 2002, Vol. II, p. 216) as
functions of temperature T and chemical potential µ 3 :

n(T, µ) =
4πg

h3

∫ ∞
0

p2

exp((ε− µ)/kT )± 1
dp , (20)

e(T, µ) =
4πg

h3

∫ ∞
0

p2ε

exp((ε− µ)/kT )± 1
dp , (21)

P (T, µ) =
4πg

h3

∫ ∞
0

p2

exp((ε− µ)/kT )± 1

1

3

c2p2

ε+mc2
dp ,

(22)
where g is the number of distinct particle states, and ε =√
p2c2 +m2c4 −mc2 the particle energy. In the integrands

the + sign is for fermions, the − sign for bosons. The con-
served particle density n(T, µ) is related to universal expan-
sion by the scale factor a = 1/(1 + z), thus

n(T (z), µ(z)) = n0(1 + z)3 , (23)

while the constant particle entropy gives

s(T (z), µ(z))

k
=
s(∞, 0)

k
= 4.20183245 , (24)

For Fermi-Dirac particles the solution of this system
for n0 = 115 cm−3, m = 1 keV, g = 1 in the non-relativistic
regime is :

µ

kT
= −1.6202,

mc2

kT
= 5.6186 · 1012 . (25)

For a graphical illustration of these functions behaviour, see

3 This part follows closely the calculations made in Pfenniger &
Muccione (2006), but correct a mistake where the used entropy
expression was only valid in the ultra-relativistic regime, or when

µ = 0.

Fig. B1 in Appendix B. For a couple of dex around this so-
lution the scaling with n, g and m for T and v goes with
good approximation as follow 4 :

T = 2.0654 · 10−6

(
n

115 cm−3

1

g

)2/3(
mc2

keV

)−1

K

v = 0.2226

(
n

115 cm−3

1

g

)1/3(
mc2

keV

)−1

km s−1 . (26)

When the regime becomes relativistic this approximation is
no longer accurate. One can solve the pair of equations (23)
and (24) in any situation.

In comparison, for Bose-Einstein particles the solution
for the same parameters is:

µ

kT
= −1.2451,

mc2

kT
= 8.1348 · 1012 . (27)

Around this solution the scaling with n, g and m for T and
v goes approximately as:

T = 1.4265 · 10−6

(
n

115 cm−3

1

g

)2/3(
mc2

keV

)−1

K

v = 0.1768

(
n

115 cm−3

1

g

)1/3(
mc2

keV

)−1

km s−1 . (28)

If Maxwell-Bolzmann particles are used in simulations one
can also calculate the solution, replacing the ±1 in integrals
by zero, and taking s(∞, 0)/k = 4. The velocity coefficient is
found to be 0.20592 km s−1, intermediate between the Fermi-
Dirac and Bose-Einstein cases. The correction of quantum
statistics with respect to a Maxwellian distribution remains
thus small, as demonstrated in Appendix A.

2.3 Power spectrum of the warm dark matter
simulations

Since collisionless physics does not depend on the particle
mass, the power spectrum must directly depend only on
the velocity distribution of the particles, which results from
the particle production mechanism. Colombi, Dodelson &
Widrow (1996) and Bode et al. (2001) also emphasize this
point.

To compute the transfer function for WDM models
the fitting formula suggested by Bode, Turok and Ostriker
(2001) gives:

T 2(k) =
PWDM

PCDM
= [1 + (αk)2ν ]−10/ν (29)

where α, the scale of the break, is a function of the WDM pa-
rameters, which are function of the velocity, while the index
ν is fixed. People prefer however, to use the mass dependence
instead of the velocity, using Eq. (13) as a conversion.

4 An astute reader might notice that for classical massive neutri-

nos (0.01 < mc2/eV < 2) the found temperature is much lower
than the commonly quoted temperature of 1.9 K. Actually the

1.9 K value is valid for massless neutrinos only. The difference

comes from the misleading use of temperature as an equivalent
concept for energy and vice versa, while the neutrino rest mass
energy does not contribute to thermal energy. The proper mean-
ing of temperature is the quantity that would be measured, in
the case of real neutrinos, by a cosmic sized thermometer able to

thermalize with the neutrino background.
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Viel et al. (2005) (see also Hansen et al. (2002)), using
a Boltzmann code simulation, found that ν = 1.12 is the
best fit for k < 5 h Mpc−1, and they obtained the following
expression for α:

α = 0.049
( mx

1 keV

)−1.11
(

Ων
0.25

)0.11(
h

0.7

)1.22

h−1Mpc.

(30)
In the case of warm dark matter particles, the stream-

ing velocity supresses the matter power spectrum P (k) and
the formation of structure, on scales smaller than their free-
streaming scale. A rough estimation of the free-streaming
scale is given by Bond et al. (1980):

kFS =
2π

λFS
∼ 5 Mpc−1

( mx

1 keV

)(Tν
Tx

)
, (31)

Depending on the model for the properties of a certain par-
ticle, there can be different expressions for the damping of
the power spectrum (Abazajian & Koushiappas 2006, e.g.),
but for the purpose of our present work and for easier com-
parison with previous studies we use the expression given in
Eq. (30) with the corresponding thermal velocities.

This approach used for cutting the power spectrum is
only valid however, for a scenario in which the whole dark
matter content is made up by one specific dark matter par-
ticle of a certain velocity.

2.4 Caveat Emptor

In this section we would like to summarize the findings of
previous sections and discuss some of their implications. We
want to stress that the assumed particle production model
and physics strongly impact on the ascribed particle mass,
while the initial velocity distribution and its corresponding
power spectrum is the only really important initial parame-
ter influencing the simulation results. As far as the physics
behind the origins of the dark matter particles is concerned,
the assumptions found in the literature can widely differ.

Previously on section 2.2.1. we showed how the Bode
et al. (2001) result for estimating velocities for neutrino like
particles is based on arguments like entropy production and
negligible chemical potential. The expression for velocities in
Eq. (12) is based on a dependence of the number of species
on the mass of the particle, such as to preserve the equiva-
lence in Eq. (10). For the models with cold plus warm dark
matter, or models with different particle mass, the value of
the number of species should be adjusted accordingly. Many
papers that study mixed particles simulations have omit-
ted this readjustment for velocities (e.g. Anderhalden et al.
2012). Eq. (12) has been reduced by the fraction with which
a certain particle contributes to the total density, therefore
leading to inconsistencies like having for a certain mass of
a particle, different thermal velocities, depending solely on
that fraction. Moreover, since the power spectrum cutoff de-
pends on the velocity of the particle (not the mass), studies
that use the cutoff for a velocity, but a different thermal ve-
locity, given by a different model of particle production are
not consistent. These results, although used for constrain-
ing the mass of a particle in terms of detection experiments,
should not be considered as accurate.

As an alternative, we provide a different energy-thermal
velocity correspondence based on number conservation and a

Table 1. Correspondence between particle mass m and rms ve-
locity dispersion in literature for 0.2, 1 and 3.5 keV. The first
column shows the value originally given in Bode et al. (2001), the

second column shows the value obtained using gdec = 150 (Pier-
paoli et al. 1998) in Eq. (12), and the third one, the value given
by our derivation.

Mass Bode et al. Pierpaoli et al. This work

Eq. (11)×3.571 Eq. (25)

keV/c2 km/s km/s km/s

0.2 0.366 0.4032 1.113

1.0 0.0429 0.0225 0.223
3.5 0.00806 0.0230 0.0636

non-entropy production while taking into account the quan-
tum pressure, but assuming a thermalization caused by the
exchange potential. Entropy conservation by particles in the
hot Big Bang is invoked by many authors, such as Padman-
abhan (2002) or Weinberg (2008). From Eq. (26) which esti-
mates the thermal speed of WDM particles, independent of
the cosmological parameters, we have the following velocity
dependence with the redshift:

v

1 + z
= 0.2226

(
n

115 cm−3

1

g

)1/3(
mc2

keV

)−1

km s−1 .

(32)
The difference between our and Bode et al. (2001) estima-
tions is showed in Table. (1) for 0.2, 1 and 3.5 keV respec-
tively, at redshift zero. The Bode et al. (2001) speed for
1 keV fermions out of equilibrium, used in most WDM sim-
ulations, is 5 times lower than the value derived here. In
general these differences cumulate their effect if simulations
are started at higher redshifts, and are crucial not only for
phase space density studies, but also for structure formation.

Our finding affects the results and conclusions of previ-
ous papers which were using Eq. (12) to constrain the mass
of sterile neutrinos. This extends even to papers which did
not include thermal velocities. The power spectrum studies
based on the velocity of the particle are subject to the same
difference in the velocity estimation (see Section 2.3). Also,
when comparing the thermal velocities to the Zeldovich ve-
locities, these factors weaken correspondingly the reason for
ignoring the thermal velocities, against all the arguments
presented in Section 2.1.

Since our aim here is to describe typical qualitative
effects on structure formation present in a broader range
of energies, we will refer to the particles in terms of their
velocity dispersion instead of their mass. Indeed the ther-
mal velocity of a particle as its decoupling temperature at
a certain redshift depends on the specific physics of particle
production. That influences the ascribed mass of that par-
ticle. More complex analysis of the decoupling theories for
a certain particle may give a slightly different dependence
between the thermal velocity at a certain redshift and the
particle mass.

3 SIMULATIONS SETUP

We conducted several suites of N -body simulations. All
simulations have been performed once with pkdgrav-2,
a treecode written by Joachim Stadel and Thomas Quinn
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Figure 1. Illustrative density map of structure formation regions at redshift zero, from left to right, in CDM, WDM (0.3 km/s) and
HDM (2.3 km/s). For a similar illustration of a full box see Macciò et al (2012). These simulations have not been used in this paper.

Table 2. Details of the simulations

Label velocities zi cutoff box size N softening

km/s eV Mpc/h pc

CDM no - 40 3003 50

WDM1 no 200 40 3003 50
WDM2 36.6 200 40 3003 50
WDM3 no 1000 40 3003 50
WDM4 4.6 1000 40 3003 50

WDM5 36.6 200 30 2563 100

(Stadel 2001)5 and then using Volker Springel’s Gadget-2
(Springel 2005)6. The initial conditions are generated with
Ed Bertschinger’s grafic2 package (Bertschinger 2001)7.
Although some differences have been spotted between the
two different codes, those differences are not qualitatively
important where structure formation is concerned, there can
be minimally spotted at very small scales.

The simulations we have performed cover a range of ve-
locities from 0.01 km/s to 10 km/s (3.5 keV to 15 eV) at red-
shift zero. For illustration purposes, in Fig. 1 we show generic
density maps of structure formation regions in CDM, WDM
and HDM simulations. Particles that have ∼ 0.1 km/s veloc-
ity dispersion are in a transient regime from a predominant
top-down structure formation scenario to a hierarchical one,
showing both these trends. We have chosen one such simu-
lation and compared it to a simulation of a colder particle
more favored by the observational constraints and with a
cold dark matter simulation. For the warm dark matter the
simulations have been prepared with initial power spectrum
consistent with initial velocities, and, for comparison, the
same initial power spectrum without initial velocities.

The simulation parameters are summarised in Table 2.
The starting redshift for the simulations is zi = 100 in order
to ensure a proper treatment of the non-linear growth of
cosmic structures.

The cosmological parameters used are given by the

5 http://hpcforge.org/projects/pkdgrav2/
6 http://www.mpa-garching.mpg.de/gadget/
7 http://web.mit.edu/˜edbert/

WMAP7 results: ΩΛ=0.721, Ωm=0.279, Ωb=0.0463, h = 0.7
and σ8 = 0.821,

We start with running large scale simulations in cosmo-
logical box of 40 Mpc/h, engaging 3003 dark matter particles
and one 30 Mpc/h box with 2563 particles. We then select
a region where the top-down halo formation is predominant
and re-simulate it with an eight times higher resolution.

4 SIMULATIONS ANALYSIS AND RESULTS

4.1 Structure formation in WDM simulations

Free streaming causes a delay in the formation of structure
in the warm dark matter simulations. This delay depends
on the energy, hence the velocity of the particle. The higher
the thermal velocity of the particle, the later the filaments
will reach the collapse, making it impossible for structures
to be formed by redshift zero in hot dark matter scenarios,
as illustrated in Fig. 1, right panel.

The fragmentation of the filaments is observed in all N-
body simulations of warm dark matter where the collapse
is stimulated by the noise in the particle distribution (Bode
et al. 2001; Götz & Sommer-Larsen 2002; Wang & White
2007). This is especially observable at the characteristic grid
or glass spacing. Above the free streaming scale the mass
function is flattened to a value that closely matches the lu-
minosity function of galaxies (assuming mass traces light).
The length and the lifetime of the filaments depend on the
energy of the particle. The higher the velocity dispersion of
the particle, the larger will be the filaments and the longer
they will be preserved. These can reach 20 Mpc in a 40 Mpc
box and survive until redshift zero in the case of velocities
of few km/s and above.

In Fig. 2 the difference between high density regions in
a CDM simulation, versus WDM at redshift 2.3 is shown.
The picture displays the 2D projection of the 3D density
map of the full simulation box. One can see that due to the
free streaming, particles are concentrated in large spatial
structures, delimited from each other by large low density
regions, or voids, as opposed to the crowded web present in
the cold dark matter simulation.

It is well known that in CDM models, smaller halos
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Figure 2. Plot of high density regions at redshift 2.3 in a 40 Mpc/h simulation box with CDM particles in the left panel and WDM
particles (model WDM2) in the right one, showing major topological differences

collapse first and merge hierarchically into larger systems,
as it is obvious in all high resolution simulations (Diemand
& Moore 2010, 2011; Stadel et al. 2009). Furthermore, one
finds that less massive halos are more concentrated, perhaps
reflecting the fact that the density of the universe is higher
at earlier epochs, since the CDM particles have an infinite
phase space density.

On the other end of the velocities spectrum, for HDM
models, the structure formation is essentially top-down up
to redshift zero, as can be seen in the right panel of Fig. 1,
with just large filaments collapsing into few halos.

As stated in the introduction, in the case of warm dark
matter we see from our simulations that the structure forma-
tion is more complex, a hybrid mechanism where both long-
range and short-range effects are present, from long distance
to nearest neighbours, from top-down to bottom-up.

The top-down trend predominant in the early epochs
in warm dark matter simulations has been missed in pre-
vious works since it is difficult to observe it while ana-
lyzing the snapshots of the simulations. For particles with
velocities smaller than a few km/s the top-down trend is
hidden by the hierarchical growth that dominates at later
times. We have been able to see this effect in our simu-
lations while watching movies made with a sufficient large
number of snapshots. We stress that only movies convey
the complexity of these multiscale hierarchical processes.
Several movies of WDM structure formation, filament col-
lapse and halo formation from this study can be found on
a youtube playlist (https://www.youtube.com/playlist?
list=PLnGS4wkStJ1aqi3M9hTDaUzuZ-vs-Qg6i)8.

As the movies show, in WDM simulations, structures
form in a qualitatively different way from CDM models. The

8 All the HD movies are on youtube and can be watched in-
divadually on this channel https://www.youtube.com/channel/

UCEmQi8hDNW2emqGn-urtvpg. Remember to adjust your settings
to HD quality. Links for direct download can be provided on de-

mand. For a short description of the movies and movies snapshots,
see Appendix C.

hybrid structure formation is more complex than what the
traditional top-down/bottom-up dichotomy can categorize,
as discussed in the Introduction.

• During the early stages one sees the formation of well
contoured filaments. How early is this stage depends on the
particle velocity. In our WDM2 simulations this happens in
the interval 13 > z > 8.
• In the higher density regions, usually situated at the

intersection of such filaments, the first halos are formed
through gravitational collapse. These halos continue grow-
ing into larger ones by accreting particles from the disrupted
filaments (Fig. C1).
• In medium density regions, halos show a hierarchical

formation trend. Small halos collapse first and then merge
into bigger halos (Fig. C2).
• In less dense regions, the ones isolated by voids and

which have a very slow evolution, we have observed filaments
that collapse very late. The top down formed halo survives
without any mergers until redshift zero (Fig. C3).
• Finally there is the more complex scenario in which

we observe large halos formed earlier which merge together
forming a large cluster (Fig. C4).
• The filamentary-like structure is preserved until redshift

zero, with new filaments forming in the low density regions
as late as redshift z ∼ 4.

Looking closer, we have analyzed four different regions
in our simulations and displayed them in four different
movies. The characteristics of these regions are summarized
in Table 3.

Our conclusion from analyzing these simulations is that
there is only one correlation, between the time of the first
collapse and the density reached in a certain region, and
that depends only on the network morphology and archi-
tecture of that region. The first halos collapse in the region
where the density becomes ∼ 2 × 103 times larger that the
average density and almost ∼ 3× 103 times larger than the
lowest densities present in that region at that epoch. In the
simulations with particle velocity of 0.36 km/s (that mimic
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Figure 3. Halo formation at the intersection of filaments. A zoom in projection shows that shells and caustics are visible in the not yet
virialized WDM halo.

Figure 4. A thin slice of the WDM halo formed Top-Down on the left and of a CDM one on the right. Very different internal structure,
with shells in caustics in the WDM halo being more apparent

.

Table 3. The properties of four different regions of simulation
WDM2 displayed in the movies

Label size first collapse average density highest density

- box z critical critical

lu.avi 1/4 10.13 0.264 477

ld.avi 1/4 9.45 0.258 481

ru.avi 1/4 10.77 0.268 480
rd.avi 1/4 9.78 0.258 474

200 eV), the first collapse appears just after redshift 10 with
the first halos forming until redshift 4, while in the simula-
tions with 0.04 km/s (that mimic 1 keV), the first structures
would have been already formed by redshift 10. The first ha-
los form at the high density region at the intersection of the

filaments and then continue accreting matter. If in a certain
region there are many filaments collapsing, then the halos
will merge into bigger ones.

Due to the free streaming velocity of the particles, the
network configuration and architecture of a certain region is
rapidly changing. When the density becomes higher in more
isolated regions, the collapse occurs even later, after redshift
4 and some of those halos do not suffer mergers (Fig. C3),
so there are halos at redshift zero that have formed via a
top-down scenario and did not grow through hierarchical
mergers . This is an interesting result, since the observations
show that a large fraction of halos in the universe have not
suffered any mergers until redshift zero.

Why a certain region has more a top-down or bottom-up
formation history depends only on the spatial distribution
of the filaments in a certain simulation.
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Figure 5. A zoom in simulations with the same cutoff in the power spectrum having corresponding thermal velocities - WDM2(left)

and no thermal velocities WDM1(right) at z=0

A single halo simulated with different velocities can be
seen in the movie halo.avi9. The 7×1012M� halo forms top-
down at the intersection of the filaments and has 18 million
particles in its r200 radius.

These high resolution runs are 83 times more resolved
in mass than the initial ones: the dark matter particle mass
is md = 2.72× 105M�, where each dark matter particle has
a spline gravitation softening of 355 pc.

Although the WDM halos on galactic scales contain few
bound substructures, one can see shells and caustics inside
the virialized region which arise from the coherent infall of
material along filaments and from the smooth surrounding
regions. As the resolution increases, the presence of shells
and caustics becomes more apparent. The early top-down
formation of a halo at the intersection filaments is shown in
Fig. 3 along with a zoom in its central region. One can clearly
see the shells and caustics wrapped inside the 18 million
particle halo. A thin slice projection of the warm dark matter
halo and a cold dark matter one, clearly illustrates in Fig. 4
how strikingly different is their inner structure.

4.2 Impact of thermal velocities on structure
formation

As stressed in Section 2, the use of thermal velocities in
warm dark matter simulations is crucial, even if their value

9 The movie can be found on youtube https://www.youtube.

com/watch?v=s_H4dSOP27I. A zoom in the halo can be watched

at https://www.youtube.com/watch?v=zqVi9SSWmXM

is comparable with the Zeldovich velocities at a certain red-
shift.

In Fig. 5 we show the differences at redshift zero be-
tween the structures emerging in a region in two similar sim-
ulations, WDM1 (without thermal velocities), and WDM2
(with thermal velocities). Both simulations have the same
size, the same power spectrum cutoff and the same initial
redshift. The structure formation and evolution in these two
simulations is shown side by side in movie cosmoboxall.avi10.

We can see that although the position of the big struc-
tures is not affected, below Mpc scales there is a memory of
the grid in the simulation without velocities that is smoothed
out when adding thermal velocities, as expected. Some of the
very small halos formed in the simulation without velocities
cannot be found in the simulation where thermal velocities
are included. The lack of small halos in WDM simulations
with velocities is of course a crucial feature hinting to resolve
the discrepancy between the CDM simulations predicting
too many subhalos in galaxy-sized halos in comparison with
the observed number of dwarf galaxies around large galax-
ies. Indeed WDM simulations without velocities still suffer
from the infinite phase space density problem.

For comparison, we have performed a suit of simula-
tions that start with a cold distribution of particles, no
power spectrum cutoff, but have velocities corresponding
to 1 km/s, 10 km/s, 200 km/s and 700 km/s. Even the early
structure formation is qualitatively different from the warm

10 The movie can be watched here: https://www.youtube.com/
watch?v=5txGwBRNC1U
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dark matter simulations, confirming that the top-down col-
lapse is induced by the damping of the power spectrum at
small scales and not the thermal velocities.

4.3 Technical aspects in simulating WDM

The resolution limit poses even a more stringent problem
in warm dark matter simulations then in cold dark matter
ones. Indeed, in order to properly analyze a region of the
simulation, multiple refinements of that region with higher
resolution particles are used. This implies tracking the par-
ticle backwards, from redshift zero to the initial conditions.
Due to the large streaming velocities, particles that end up
in a virialized halo at redshift zero come from a larger re-
gion than in the CDM simulations, making it more difficult
to reach high resolution simulations in WDM.

The heavier the effective mass of our simulation parti-
cles, the more prominent is the 2-body relaxation effect in
small clumps (Eq. (6)). This problem is more stringent in the
case of cold dark matter simulations, where an initial zero
velocity is used. In the case of warm dark matter, this scales
with the velocity of the particle, giving a smaller relaxation
time for a smaller velocity. This is why for simulations in
the keV range, where the streaming velocity is smaller, the
top-down formation history has been barely observed.

As recently shown by Gao, Theuns & Springel (2015),
methods like ’FoF’ used in analyzing cold dark matter simu-
lations are proved to be insufficient in analyzing warm dark
matter halos. We confirm this statement, finding that the ar-
tificial fragmentation occurring along the filaments results in
a high number of small halos with less than ten particles.

5 CONCLUSIONS AND DISCUSSION

We have performed several N-body warm dark matter sim-
ulations within a large range of velocity dispersion, for the
purpose of pointing out the effects on the formation of struc-
ture. We have then focused on a regime where the resolution
is better balanced by the velocity distribution. Some of our
findings are summarized below.

• In warm dark matter models, as our dark matter only
simulations show, the structure formation follows a hybrid
scenario in which both top-down and bottom-up scenarios
have a saying.
• The early structure formation in this warm dark matter

models is essentially top-down, with large halos forming in
the highest density regions, tracked at the intersection of fil-
aments. The second level of top down formation of structure
is occurring along single isolated filaments.
• The biggest earlier formed halos will accrete matter

from the filaments, while in small densities regions the merg-
ers of smaller halos will result in a larger halo.
• Later on, and depending on the morphology of the re-

gion in which these halos formed, meaning mainly the den-
sity and the layout of the filaments, they merge into bigger
halos creating a hierarchical build-up.
• The warm dark matter halos, especially the ones that

did not suffer big mergers, show obvious shells and caustics.
• The warmer the dark matter the more pronounced is

the top-down effect and the more delayed is the collapse.

• Albeit the numerical limitations we encounter as far
as our warm dark matter simulations are concerned, we
can conclude that an early top-down structure formation
trend would be seen even in dark matter simulations with
v < 0.05 km/s. For colder particles, this effect is hidden
and wiped out by following abundant mergers resulting in a
redshift zero distribution that seems in agreement with the
hierarchical formation scenario.
• The number of small satellites, as previously found, is

visibly reduced in the WDM simulations with respect to the
CDM ones.

For a warm dark matter particle, as supported by the
arguments adduced in Section 2, the thermal component of
the velocity is important for different theoretical and prac-
tical considerations. The strong dependence of the mass-
velocity relation on the actual particle production model
makes it difficult to constrain certain properties of the dark
matter particle, including its mass. The impact that a cer-
tain velocity dispersion is having on the structure formation
and evolution on both small and large scales, as seen in sim-
ulations cannot be used as a strong constraint on the mass
in the absence of a universal model for particle production.
Furthermore, we have shown that there have been some in-
consistencies in previous studies with respect to the use of
velocities in the simulations, that lead to ambiguous results.

The baryonic physics may play an important role in
the actual formation and evolution of halos, hence the ne-
cessity of further exploring these effects in simulations. High
redshift observations of halos could be used in comparison
with complex baryonic warm dark matter simulations in
constraining the mass of warm dark matter particles based
on their formation and merger history.

The baryonic processes that we have not included in
the simulations must play an important role in the structure
formation. Previously Gao & Theuns (2007) show a crucial
difference in the collapse of a filament that contains both
gas and dark matter in a 3 keV simulation, with respect
to the cold dark matter case. In the WDM case, the stars
form inside the filament, before the halo forms. This trend
where stars form in filaments continues for 1.5 keV particles
up to redshift z ≈ 2 resulting in stringy “chain” galaxies
that remain to be confirmed by observations (Gao, Theuns
& Springel 2015).

The smoother space distribution in the warm dark mat-
ter scenario may allow baryons to condense coherently in
a smooth potential halo, providing favorable conditions for
forming disk-like galaxies. However, a much higher resolu-
tion that the one available in present simulations is needed
to explore this effect.
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Figure A1. The ratios between the velocity dispersions

σFD/σMB and σBE/σMB with respect to the temperature

APPENDIX A: VELOCITY DISPERSION
DEPENDENCE ON TEMPERATURE IN
FERMI-DIRAC AND BOSE-EINSTEIN
DISTRIBUTIONS

As mentioned in Sect. 2.2.1, we check the correction to veloc-
ity dispersion that should be applied to a Maxell-Boltzmann
distribution when the physical system follows a given quan-
tum statistics.

The energy of a particle as a function of momentum p,
valid in all regimes (relativistic and non-relativistic), is

ε(p) =
√
p2c2 +m2c4 −mc2 , (A1)

and the velocity

v(p) =
pc√

m2c2 + p2
. (A2)

The corresponding 1D spherical distributions for Fermi-
Dirac, Maxwell-Boltzmann and Bose-Einstein cases are:

fFD =
4πp2

exp (ε(p)/kT ) + 1
(A3)

fMB =
4πp2

exp (ε(p)/kT )
(A4)

fBE =
4πp2

exp (ε(p)/kT )− 1
(A5)

Integrating over all p, we obtain the normalization constant

S =

∫ ∞
0

fdp . (A6)

For each case respectively the second moment are

σ2
FD =

1

S

∫ ∞
0

p2fFD dp , (A7)

σ2
MB =

1

S

∫ ∞
0

p2fMB dp , (A8)

σ2
BE =

1

S

∫ ∞
0

p2fBE dp . (A9)

Computing these integrals by numerical quadrature, we find

the ratios between the velocity dispersions σFD/σMB and
σBE/σMB with respect to temperature. The result is plotted
in Fig. A1. In any situation the Fermi-Dirac velocity disper-
sion is not significantly different from Maxwell-Boltzmann’s,
differing by at most ∼ 6.5%, while the Bose-Einstein velocity
dispersion differs more, up to ∼ 27%. The highest differences
occur at low temperature, corresponding to low redshifts.
This is not such a dramatic correction as the factor 3.571
invoked in Macciò et al. (2012), but can still be significant
for high precision cosmology works.

APPENDIX B: DETAILED DERIVATION OF
THE RESULTS IN SECTION 2.2.2

Using these expressions inserted into Eq. (19), the specific
particle entropy becomes

s

k
=

1

3

∫∞
0

y3/2
√

2q+y(5q+4y)

Z−1 exp(y)±1∫∞
0

y1/2
√

2q+y(q+y)

Z−1 exp(y)±1

− ln(Z) , (B1)

where Z ≡ exp(µ/kT ), q ≡ mc2/kT and y ≡
(
√
p2c2 +m2c4 −mc2)/kT . Thus s is a function of the re-

duced dimensionless variables Z and q only, and not of g, m
and physical constants explicitly.

In the ultra-relativistic regime when the energy of parti-
cles is comparable or higher than the rest mass energy, parti-
cles and their antiparticles can be created in equal number,
so any chemical potential should cancel to a high degree.
Then s/k at µ = 0 becomes a constant. The closed form
expressions are,

lim
T→∞

s(T, 0)

k
=

7

135

π4

ζ(3)
≈ 4.20183245, (B2)

for fermions, and

lim
T→∞

s(T, 0)

k
=

4

45

π4

ζ(3)
≈ 3.60157071, (B3)

for bosons, where ζ is Riemann’s function, and ζ(3) ≈
1.20205690.

The particle velocity at all regimes can be derived
from the relativistic particle kinetic energy ε(T, µ) =
e(T, µ)/n(T, µ) =

√
p2c2 +m2c4−mc2 and that relativistic

momentum is related to velocity by v2/c2 = 1/(1+m2c2/p2).
Eliminating p yields, noting Y ≡ ε/mc2,

v2(T, µ)

c2
= 1− 1

(1 + Y )2 =
Y (2 + Y )

(1 + Y )2 . (B4)

The second form is numerically more precise at low energy.
The non-relativistic and ultra-relativistic expansions read,
respectively,

v2

c2
≈ 2Y − 3Y 2 + 4Y 3 − . . . (B5)

v2

c2
≈ 1− Y −2 + 2Y −3 − 3Y −4 + . . . (B6)

As stated in Section 2.2.2, the conserved particle density
n(T, µ) is related to universal expansion by the scale factor
a = 1/(1 + z) and therefore

n(T (z), µ(z)) = n0(1 + z)3 , (B7)
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Figure B1. Density n and entropy s/k as functions of temper-
ature T and chemical potential µ as given in Eq. (B7) and (B8).
The light-grey surface is the entropy and the dark-grey ones are

the density at two redshifts z = 109 on the left (relativistic), and
z = 0 on the right (non-relativistic), while n0 = 115 cm−3, g = 1,
and m = 1keV/c2. The intersection of the level curves yields the

solution of Eq. (B7) and (B8).

while the constant particle entropy gives

s(T (z), µ(z))

k
=
s(∞, 0)

k
= 4.20183245 , (B8)

For a given particle density n0, redshift z and particle mass
m the non-linear Eq. (B7) and (B8) can be solved with a
non-linear equation solver for T and µ. The functions are
univalued and level curves of n and s intersect once, so any
combination of T and µ gives a single solution (see Fig. B1).
Actually the constant level curves n and s expressed with
the variables log q and Z intersect almost at right angle:
n(log q, Z) depends most rapidly on log q, and s(log q, Z)
depends most rapidly on Z, so finding a solution for log q
for n at constant Z and then a solution for Z at constant q
for s, and repeating until satisfaction could be a method to
find a solution. Since the thermodynamic functions involve
integrals, a fast numerical integrator is handy, since sev-
eral indefinite integrals must be evaluated at each iteration.
To perform this we used Maple 18 which includes a non-
linear multidimensional function root solver, and evaluate
quickly numerical integrals with the NAG library algorithm
D01AMC.11 When T and µ are found for a given particle
mass and degeneracy factor g, all the other quantities like
v2 can be derived by plugging these values in the functions,
which may require again few numerical integral evaluations.
The results are presented in Section 2.2.2.

11 The Maple script is available on request.

APPENDIX C: MOVIES CAPTIONS AND
SNAPSHOTS
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Table C1. Description of the movies accompanying the paper

Label Description

cosmoboxvel.avi Movie of full-box WDM2 simulation

cosmoboxall.avi WDM1 and WDM2 full-box simulations side-by-side showing the effect of thermal velocities

lu.avi ld.avi ru.avi rd.avi A zoom in the 1/4 of the WDM2 simulation
halo.avi A 7 × 1012M� 18 × 106 particles high-resolution refined halo from WDM5

halozoom.avi A zoom in the refined halo focused on the central region where the shells and caustics can be observed

Figure C1. A zoom in a region from the WDM2 simulation, showing the evolution of a halo which forms top-down at the intersection
of the filaments and then starts accreting matter

Figure C2. A zoom in a region from the WDM2 simulation showing how small halos formed later that merge hierarchically in a larger
halo

Figure C3. An early formed halo which doesn’t suffer mergers

Figure C4. A large high density region with many filaments where the halos formed early on via top-down collapse are merging in a

violent manner creating a larger cluster

c© 0000 RAS, MNRAS 000, 000–000

66



Chapter 4
Internal structure of warm dark matter
halos

The formation of halos is a result of the non-linear dark matter density perturbations. As we

have seen in the previous chapter, in the case of CDM, as confirmed by the simulations, the first

halos are formed from the smallest scales fluctuations. The large halos are forming later from

the merging of the small halos. In the WDM case, as far as pure N -body simulations show, the

formation mechanism of halos is more complex, a hybrid mechanism, with the first halos forming

top-down at the intersection of large filaments. These halos evolve then in several different ways,

depending on the morphology of the region where they formed, growing either by accretion, or

by mergers. The late stage of structure formation is again different, in the sense that while in cold

dark matter, small halos that form late behave like satellites around large halos, in the warm dark

matter case, many of these late forming halos are found in more isolated, low density regions.

The prevalence of one or another evolution scenario is strongly dependent on the velocity of the

simulated particle and it is also influenced by the resolution of the simulation.

Besides the differences found in pure N -body simulations, with only one type of dark matter

particles, the baryonic physics can bring another degree of complexity in the way in which halos

are formed, as we have seen in Gao & Theuns (2007). In order to give an accurate prediction for the

formation and evolution of structure in warm dark matter models, more such studies are needed.

Several analyses of halos’ structure in warm dark matter simulations and comparisons with

the structure of cold dark matter halos will be presented in this chapter.

4.1 Halo mass and formation distribution

An important point is to determine statistically how these collapsed halos are distributed in the

universe at different times and for different masses. Press & Schechter (1974) proposed a simple
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model, based on the assumption that halos are correlated with peaks in the Gaussian random den-

sity field of dark matter in the early universe. Following the statistics of the random fields (Press

& Schechter 1974) and considering that halos form also in underdense regions, a rough estimation

on the number of halos with a mass in a range M to M + δM per unit volume, δM(dn/dM) is

given (Bond et al. 1991; Bower 1991; Lacey & Cole 1993) by,

dn

dM
(M, t) =

(
2

π

)1/2 ρ0

M2

δc(t)

σ(M)

∣∣∣∣ d lnσ

d lnM

∣∣∣∣ exp

[
− δ2

c (t)

2σ2(M)

]
, (4.1)

where ρ0 is the mean density in the universe, σ(M) is the fractional root variance in the density

field smoothed using a filter that contains a massM , on average, and δc(t) is the critical overdensity

for spherical collapse at time t (Eke et al. 1996).

This simple formula does not accurately apply to N -body simulations (Sheth, Mo & Tormen

2001). Depending on the parameters used in the simulations, several methods for fitting the mass

function have been proposed (Reed et al. 2007; Tinker et al. 2008; Robertson et al. 2009). The

estimation of the mass function is given by,

dn

dM
= f(σ)

ρ̄

M

d lnσ−1

dM
, (4.2)

with

f(σ) = A

[(σ
b

)−a
+ 1

]
exp

(
− c

σ2

)
, (4.3)

and where A, a, b and c are parameters tuned by the results of N -body simulations.

The mass variance is inferred from the power spectrum of density fluctuations,

σ2(M) =
1

2π2

∫ ∞
0

P (k)T 2(k)Ŵ 2
M (k)k2dk, (4.4)

where P (k) is the initial power spectrum, T (k) is the dark matter transfer function (Eisenstein &

Hu 1999) and ŴM (k) is the Fourier transform.

These fitting parameters depend on redshift, unable to predict a universal mass function and

therefore a universal description of the halo mass distribution. In the case of warm dark matter,

the mass function also depends on the structure formation mechanism and it is ’contaminated’ by

the presence of halos formed by artificial fragmentation.

4.1.1 Galaxy mergers

The gravitational interaction of two or more halos encountering each other is generally referred

to as merging. Yet another distinction is required here. Due to dynamical friction, which is a

dissipative process, the orbits of small satellite halos around a large host galaxy are reduced, and

the halos may ’fall’ towards the center of the more massive halo. This type of interaction, where a

large galaxy ’accretes’ smaller halos, falls into the category of minor mergers. On the other hand,

when two halos or galaxies of similar mass are encountering, their merging results in a new galaxy
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with a structure different than that of the preexisting objects. These major mergers are considered

responsible for the formation of spheroidal galaxies. The structure of the merger remnant depends

however, on the structure of the major mergers. The merging of purely stellar disk halos will

produce a spheroidal merger remnant with a central phase space density (PSD) lower than that of

the observed ellipticals (Hernquist, Spergel & Heyl 1993), which are produced by the mergers of

other types of galaxies.

It has been shown in numerical simulations (Bournaud, Jog & Combes 2005) that mergers with

a mass ratio M2/M1 ∼ 0.25 destroy disks in the galaxies forming a spheroidal remnant, while

mergers with a lower mass ratio (very minor mergers) may form a thickened disk system. In the

pure N -body cold dark matter simulations, since mergers are ubiquitous, pure disk galaxies have

not been found. It is true, however that the presence of baryons plays in important role and in

some exceptional cases, where the major mergers are having a high gas fraction, larger than 50%,

the formation of a disk may occur in the remnant galaxy (Barnes 2002; Springel & Hernquist 2005;

Robertson et al. 2006).

The sequence of merging events and the masses of the halos involved can be extracted using

the mass distribution function at different redshifts (Benson 2010). The distribution function of

halo progenitor masses M1 at redshift z1 and M2 at redshift z2 is,

dN

dM1
=

(
2

π

)1/2 d lnσ

d lnM 1
M2

σ2
1

M2
1

δc1 − δc2

(σ2
1 − σ2

2)3/2
exp

[
−(δc1 − δc2)2

(σ2
1 − σ2

2)

]
, (4.5)

where σ1 = σ(M1), σ2 = σ(M2), δc1 = δc(z1), δc2 = δc(z2). For z1 ∼ z2, this can be interpreted as a

merger rate (Benson 2010).

Since in reality, merger rates are not symmetric, as considered in this approach, more accurate

rate function formulations have been discussed (Benson, Kamionkowski & Hassani 2005; Benson

2008).

In the case of N -body simulations, merger trees can be extracted directly, and several methods

have been proposed (Helly et al. 2003; Springel et al. 2005; Hopkins et al. 2010, e.g.). There is, how-

ever, a more complex problem that arises in the N -body simulations, in the case of substructures,

where three body encounters can result in the ejection of halos, as discussed in Sales et al. (2007).

As far as warm dark matter simulations are concerned, in order to compute an accurate mass

function for the halos, one needs to compute first the merger trees, since the small halos formed

due to the fragmentation may sometimes merge into larger halos that have a mass above the frag-

mentation scale, as shown in Chapter 5. These halos are difficult to spot without a merger tree

analysis.

4.2 Shells and caustics in dark matter halos

Dark matter caustic rings and shells are singularities in phase space (Bertschinger 1985; Hogan

1999) formed through the gravitational collapse of dark matter, halos merging and tidal disruption
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of satellites. The formation of halos, as described by the Vlasov-Poisson equation, results in the

formation of shells or caustics, where the dark matter streams meet at the surface of high density

regions (Sikivie & Ipser 1992; Sikivie et al. 1997; Tremaine 1999; Alard & Colombi 2005; Natarajan

& Sikivie 2006; Mohayaee & Salati 2008). The tidal tails formed by the satellites falling inside the

potential well of the host halos also give rise to high-density caustics. Caustics and shells of stars

formed during the mergers of galaxies have been observed in the so-called shell galaxies (Malin &

Carter 1980; Carter et al. 1982; Hernquist & Quinn 1988, 1989).

These shells and caustics, once formed, cannot be completely destroyed, making them perma-

nent structures in both real space and phase space. The density in shells and caustics exceeds the

density of the neighboring regions, by a factor that depends on the age and history of that par-

ticular galaxy (Mohayaee & Salati 2008). Their study is therefore of importance for establishing

the mechanism controlling the structure formation and evolution, and hence, the nature of dark

matter.

Cold dark matter simulations have not been very successful in reproducing observable caus-

tics and shells. In CDM halos, during the hierarchical evolution, caustics are being wrapped inside

earlier generations of the merging history, making them invisible in some cases even at high res-

olutions. However, Cooper et al. (2010) show using cold dark matter simulations that accretion

mechanisms of stars and dark matter clumps and the disruption of the latter can produce concen-

tering shells that resemble those observed in NGC 7600.

As we have shown in Paduroiu et al. (2015), in high resolution warm dark matter simulations,

shells and caustics are largely present and highly visible.

From the simulation WDM5 in Table 3.3 we have chosen a region where a large halo forms top-

down at the intersection of filaments and we have re-simulated it with high resolution particles.

Warm dark matter particles travel longer distances than cold dark matter particles, depending on

their velocities, thus a larger region needs to be sampled with high resolution particles. In our

simulation, with particles having ∼ 0.36 km/s velocities at redshift zero, the particles ending in

the halo forming region travel a distance almost 15 times larger than the r200 = 630 kpc of that

halo. That means that almost a third of the box had to be refined.

These high resolution runs are 83 times more resolved in mass than the initial ones: the dark

matter particle mass is Md = 2.72 × 105 M�, where each dark matter particle has a gravitation

softening of 355 pc. The 7× 1012 M� halo forms top-down at the intersection of the filaments and

then accretes matter, reaching 18 million particles in its r200 radius at redshift zero.

In Paduroiu et al. (2015) we show the difference between the same region in a cold dark matter

simulation. It is important to mention that the size of the halo is almost three times larger (r200 ∼

630 kpc) than the same mass halos in the CDM simulations, less concentrated, not virialized by

redshift zero and not spherically symmetric. In Fig. 4.1 we show a zoom in projection and a thin

slice of the halo.
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Figure 4.1: A zoom in projection (left panel) and a thin slice (right panel) of the not yet virialized
WDM halo formed top-down at the intersection of filaments show the obvious presence of shells
and caustics.

Although the WDM halos on galactic scales contain few bound substructures, one can see

shells and caustics inside the central region, which arise from the coherent infall of material from

the filaments and from the smooth surrounding regions. The tidal tails of small satellites accreted

are also visible.

Previous studies signaled the presence of caustics in warm dark matter halos (Lovell et al. 2012;

Angulo, Hahn, & Abel 2013; Lovell et al. 2014, e.g.)1. These studies, however, do not include ther-

mal velocities. Since the presence of shells is a direct effect of the structure formation mechanism,

they can be seen in both simulations, with and without velocities, but their structure is different.

In the simulation with velocities, the caustics are thicker, making them more apparent.

In Fig. 4.2 we show a linear plot of the magnitude of the radial velocities in the high resolution

region where the halo forms. This is very different to what one would expect in a spherically

symmetric halo, since the magnitude of velocities shows a strong correlation with the shells rather

than with the distance from the center.

The presence of shells and caustics as features of the warm dark matter halos is very important

since it may explain the new found emission line of 3.55 keV (Bulbul et al. 2014). The higher density

of such a caustic on the line of sight can translate into a high peak in the detected signal. This may

also explain why the line may not be seen in other cases, since it depends on the orientation with

respect to the caustic. Also, this can be the case for the detection pointed alongside a filament.

Although the filaments are bigger in size then the caustics, we have seen that they do not have a

1Lovell et al. use a glass method for the simulations, unlike our study.
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Figure 4.2: A magnitude plot of the radial velocities in the full high resolution region (upper left
panel), halo forming region (upper right panel) and halo center (lower panel)
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smooth density, the central part of a filament being denser than the outer part.

Indeed, assuming that in such dense regions the weakly interacting species strongly annihi-

late, a boost can be found in the signal of antiprotons and positrons produced, depending on the

dark matter distribution, as shown in Mohayaee & Salati (2008). This study, however, is based

on an analytical model which uses the secondary infall mechanism (Fillmore & Goldreich 1984;

Bertschinger 1985) with a finite velocity dispersion (Mohayaee & Shandarin 2006), while assuming

spherical symmetry and smooth accretion. In the case of cold dark matter caustics, the annihilation

signal is not significantly enhanced, as shown in Vogelsberger & White (2011).

More studies, including the results from simulations, are needed in order to estimate the effect

of these caustics and use them to constrain dark matter particles.

4.3 Density profiles of halos

Considering the simple model of a spherical collapse, it has been shown (Eke et al. 1996) that

the overdensity of a collapsed halo with respect to the background density is ∼ 200, depending

slightly on the cosmology. This overdensity corresponds roughly to the virialized region of the

halo, hence the virial radius can be defined as (Benson 2010, e.g.)

rv =

(
3M

4πρ0∆

)1/3

. (4.6)

Cold dark matter N -body simulations show that the virial theorem is in most cases obeyed

within this radius. Furthermore, the NFW profile (Navarro, Frenk & White 1996, 1997) provides

in general a good fit to the cold dark matter halos

ρ(r) = 4
ρs

(r/rs)[1 + r/rs]2
, (4.7)

where rs is a characteristic scale radius and ρs is the density at r = rs.

More recent N -body CDM studies (Navarro et al. 2004; Merritt et al. 2005; Prada et al. 2006)

showed that the density profiles are better fitted by the Einasto profile (Einasto 1965)

ρ(r) = ρ−2 exp

(
− 2

α

[(
r

r−2

)α
− 1

])
, (4.8)

where r−2 is a characteristic radius at which the logarithmic slope of the density profile is −2 and

α is a parameter controlling the variation of the logarithmic slope with the radius. Using the fitting

formula provided in Gao et al. (2008), we have for α

α =

{
0.155 + 0.0095ν2 if ν < 3.907
0.3 if ν ≥ 3.907

, (4.9)

where ν(M, z) ≡ ρcrit/σ(M, z) is a dimensionless ’peak-height’ parameter defined as the ratio of

the linear density threshold for collapse at z within spheres of mean enclosed mass M .
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The observations show that the density profiles inferred from galaxy rotation curves provide

evidence that structures have a rather constant core (e.g. de Blok et al. 2001; Kuzio de Naray et al.

2009; Oh et al. 2011; Salucci et al. 2012), contrary to the CDM halos from simulations that have a

cuspy density profile (Moore 1994; Flores & Primack 1994; Diemand et al. 2005; Macciò et al. 2007;

Springel et al. 2008).

This is one of the reasons why warm dark matter has been proposed as a viable alternative. In-

deed, in warm dark matter models, the fine grained phase space density is limited by the stream-

ing velocities of the particles. The effects on the final halo structure can be estimated under the

assumption that the maximum phase space density value is conserved. This forces the velocity

dispersion to become constant and isotropic in the halo center and therefore the density becomes

a constant and a core radius can be derived. In reality, the maximum coarse grained phase space

density could be significantly lower at the final epoch (due to mixing). Also it is not necessary

for the velocities and densities to approach a constant value to limit the maximum phase space

density. Velocities may be anisotropic, increase or decrease towards the halo center resulting in

rising or falling density slopes.

The Tremaine-Gunn limit (Tremaine & Gunn 1979) on the mass of a neutrino is derived from

the maximum phase space density of a homogeneous neutrino background, 2gνh
−3, where gν is

the number of allowed helicity states and h is Planck’s constant, with the further assumptions

that neutrinos form bound structures and that their central regions can be well approximated by

isothermal spheres. Assuming that their velocity distribution is Maxwellian we can calculate a

maximum phase space density:

Qmax ≡ ρ0m
−4
ν (2πσ2)−3/2 , (4.10)

where ρ0 is the central density and σ is the one dimensional velocity dispersion. The core radius

is then given by

r2
c = 9σ2/4πGρ0 . (4.11)

This gives a minimum mass for neutrinos of:

mν > (100eV )

(
100 km s−1

σ

)−1/4(
1kpc

rc

)1/4

g−1/4
ν . (4.12)

In a spherical collapse model, for a halo, the maximum phase space density is given by (Dal-

canton & Hogan 2001; Strigari et al. 2006)

Qmax = 5× 10−4β
(g

2

)( mx

1keV

)4 Mo

pc3
( km s−1)−3. (4.13)

The maximum phase space density can be converted in a ’core’ size following Hogan & Dalcanton

(2000):

r2
core,t =

√
3

4πGQmax

1

< σ2
halo >

1/2
, (4.14)

where σhalo is the velocity dispersion of the simulated dark matter halo.
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In the next section we will study the internal structure of halos from their density and phase

space density profiles.

4.3.1 Cores and cusps in simulated halos

In order to explore the effect of the maximum phase space density on the internal structures of

halos and to test the Tremaine-Gunn limit, several suites of pure N -body simulations have been

performed.

Firstly, we have run simulations2 with 1603 particles in 40 Mpc boxes. The adopted cosmol-

ogy is a flat ΛDM cosmology with parameters from the first year WMAP results (Spergel et al.

2003): matter density Ωm = 0.268, baryon density Ωb = 0.044, Hubble constant h = 0.71, and

a scale-invariant, Harrison-Zel’dovich power-spectrum with normalization σ8 = 0.9. From these

simulations several galaxy mass halos were re-simulated with higher resolution, with and without

thermal velocities. The method used for cutting the power spectrum is the same as the one used

for the simulations analyzed in the previous chapter, using the fitting formula from Bode et al.

(2001),

T 2(k) =
PWDM

PCDM
= [1 + (αk)2ν ]−10/ν , (4.15)

where α, the scale of the break, is a function of the WDM parameters, while the index ν = 1.12 is

fixed and α is

α = 0.049 ·
( mX

1keV

)−1.11
·
(

Ων

0.25

)0.11

·
(
h

0.7

)1.22

h−1Mpc. (4.16)

The streaming velocities were generated using:

v0(z)

1 + z
= .012

(
ΩX

0.3

) 1
3
(

h

0.65

) 2
3
(

1.5

gX

) 1
3
(
keV

mX

) 4
3

km s−1 (4.17)

where z is the redshift and mX is the mass of the WDM particle X.

From the large cube we selected a 7×1011 M� halo and re-simulated this with higher resolution.

This halo is two orders of magnitude above the fragmentation scale. The details of the simulations3

are summarised in Table 4.1.

For particles hotter than 50 eV no halos form by redshift zero. Therefore, in order to study the

cores large enough to see with our resolution, we have maintained a ’colder’ cutoff in the power

spectrum and just increased the velocities. Since the core is mainly due to the presence of the

thermal velocities, this method, although not ideal, gives a good approximation.

In Fig. 4.3 we plot the density profiles for this halo from different velocities simulations, while

in Fig. 4.4 we plot the corresponding phase space density profiles.

2Results from the analysis of these simulations have been published as Paduroiu et al. in the Chalonge Workshop
Proceedings de Vega & Sanchez (2011) and Chalonge Colloquium Proceedings de Vega, Falvella & Sanchez (2012). A
different set of simulations has been analyzed in Macciò et al. (2012) (Secion 4.5). The conclusions are similar.

3Note that chronologically these studies has been done before the ones in Chapter 3, therefore we were referring to
the mass of the particles as estimated from Bode et al. (2001) instead of the velocities of the particles. For an easier
comparison with the results in Macciò et al. (2012) we keep here the mass parameters.
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Table 4.1: Details of the simulations with the mass of particle corresponding to the velocity for
which the cutoff is done, the mass corresponding to the thermal velocity, the box size, the soften-
ing, the mass of the halo, the value for r200 and the number of particles in the r200 radius.

Label mass vel box size N softening (r200) Mhalo r200 N(< r200)

CDM - no 40 Mpc 1603 2.6× 10−3 7× 1011M� 160 3.6× 106

WDM1 200 eV no 40 Mpc 1603 2.6× 10−3 7× 1011M� 140 2.7× 106

WDM2 200 eV 100 eV 40 Mpc 1603 2.6× 10−3 7× 1011M� 140 1.7× 106

WDM3 200 eV 20 eV 40 Mpc 1603 2.6× 10−3 7× 1011M� 132 2.7× 106

WDM4 50 eV no 40 Mpc 1603 2.6× 10−3

The profiles show that the WDM1 (200eV WDM power spectrum but no thermal velocities)

halo is already less concentrated than its corresponding CDM halo, as expected (Eke, Navarro &

Steinmetz 2001). Once the same WDM halo is simulated with velocities we see a slight flattening

of the inner density profile, but this is at the resolution limit which is roughly 0.5% of the virial

radius (Diemand, Moore & Stadel 2004). The density profile for the halo simulated with particles

that have the velocity corresponding to a 20 eV particle (WDM3) clearly shows a prominent and

well resolved constant density core instead of a central cusp.

The density profile of the halo with 20 eV particles was fitted first with a density profile de-

scribed by the α, β, γ law

ρr =
ρ0(

r
rs

)γ (
1 +

(
r
rs

)α)β−γα (4.18)

using a Monte-Carlo Markov Chain (MCMC) algorithm, which allowed us to easily marginalize

over any of the parameters, and to determine the degeneracy in our fit. We found that the transi-

tion to the central density core was so sharp that the α, β, γ model was a poor fit to the simulation

data.

A different parametric description used in Stadel et al. (2009)

ρ(r) = ρ0 exp(−λ[ln(1 + r/Rλ)]2) (4.19)

gives a better fit, as shown in Macciò et al. (2012). In this parameterization the density profile is

linear down to a scale Rλ beyond which it approaches the central maximum density ρ0 as r → 0.

This fitting function is extremely flexible and makes it possible to reproduce at the same time both

cuspy profiles like the ones predicted by the CDM theory, and highly cored profiles, like in our

case.

Taylor & Navarro (2001) showed that for over two and a half decades in radius the phase space

density profiles for CDM halos follow a power law ρ/σ3 ≡ rα with α ∼ −1.9. In Fig. 4.4 it is shown

that the PSD is constant up to a value of ≈ 6.5 kpc, and is fitted well with the above power law

for larger radii. Thus, the break in the PSD profile corresponds exactly to the break in the density
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Figure 4.3: The spherically averaged density profiles for CDM, WDM1, WDM2 & WDM3 halos.
The resolution limit is at approximately 0.5% of the virial radius (the softening radii are 0.26% of
the virial radius).

Figure 4.4: Phase-space density (PSD) profiles of the same halos, calculated using ρ/σ3. The hori-
zontal line represents the theoretical maximum phase space density. The r−1.9 power law fits well
the outer slope of the phase space density profile.
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profile. The absolute value of the central PSD for this halo is extremely close to that imposed by

the initial conditions (the horizontal line in Fig. 4.4).

If we consider the core radius to be the radius where the density starts decreasing from the

constant value, a ’by eye’ fit gives a radius of 6.5 kpc. If we define the core as the radius at which

the density drops by a factor of 2, as in the spherical collapse model (Hogan & Dalcanton 2000),

we find a value of 9.4 kpc, in good agreement with the theoretical prediction which gives a value

of 9.3 kpc.

The same analysis has been performed for the high resolution halo studied in the previous

section. This halo is about one order of magnitude more massive than the ones analyzed before

and it has a high resolution 18 million particles in the r200. It has been simulated with both ve-

locities consistent with the cutoff in the power spectrum and without velocities, which allows for

a quantitative study of how the thermal velocities influence the core and the phase space density

profile.

In Fig. 4.5 the density profiles are plotted for this halo in both cases, with and without the

thermal velocities. The phase space density is plotted in Fig. 4.6.

One can see that the density profile is shallower in the simulation with velocities. For the phase

space density plot, it is obvious that the presence of velocities is making the phase space density

have an almost flat behavior towards the center, as expected. It is true that the innermost part of

the profile that displays a slight decrease in the PSD is competing with the resolution limit for this

simulation, but is nevertheless evident that the contribution of thermal velocities is not negligible.

At this point it is safe to say that the core-like profiles are a consequence of the maximum

constant phase space density given by the velocity dispersion, and not of the suppression of small

scale power given by the cutoff in the power spectrum, although the latter can soften the abrupt

cuspy behavior of cold dark matter density profiles.

In Macciò et al. (2012) (Section 4.5) we show the analysis of a different set of simulations, start-

ing with a cutoff in the power spectrum corresponding to a 2 keV particle and with ’inflated’

velocities corresponding to 0.5, 0.2, 0.1 and 0.05 keV respectively. Although all warm dark matter

density profiles show a central density lower than the cold dark matter profile, for the 100 eV case,

this becomes more pronounced and for the 50 eV case the profile shows a conspicuous core (Fig.

2, Section 4.5). The density profiles for this halo are plotted with redshift and one can see that the

core does not evolve much after redshift z=1.6, even though the density increases by more than

two orders of magnitude; the profile changes only in the outer part, at radii r > 50 kpc (Fig.3,

Section 4.5). It is interesting to see that at redshift z=1.6 the profile is almost constant for a much

larger radius than at redshift zero, with only a shallow decrease in the outer part.

Plotting the phase space density evolution with time, one can see that after z=1.6 it is decreasing

within a factor of 2 from the maximum theoretical value.

For velocities corresponding to masses above 0.3 keV the values for the core size are below the

softening of the simulation, meaning below 300 pc; for higher velocity dispersions we get larger
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Figure 4.5: Density profiles for a refined halo with 0.36 km/s velocities, corresponding to the same
cutoff in the power spectrum (200 eV in Bode et al. (2001)) and without the velocities

cores - several kpc for particles of few tens of eV (Macciò et al. (2012) Erratum Fig.1, Section 4.5).

Similar to our studies, Shao et al. (2013) performed high resolution simulations for 2 keV and

0.03 keV particles in 5 Mpc h−1 boxes. Analyzing halos from 2.1 × 1011h−1 M� to 1.5 × 1012h−1

M�, they found that the computed 6 dimensional phase space density of simulated halos is close

to the theoretical fine-grained upper bound, while the Q ∼ ρ/σ3 approximation overestimates the

maximum phase space density by up to an order of magnitude. To explain the cores of the dwarf

spheroidal satellites of the Milky Way, their model (Shao et al. 2013) estimates a value of 0.5 keV

for the mass of the WDM particle, assuming the cores are just the consequence of the particle’s free

streaming.

To briefly conclude these studies, our findings are summarized below:

• The finite initial fine grained PSD, which sets a maximum of the coarse grained PSD, results

in PSD profiles of WDM halos that are similar to CDM halos in the outer regions, but which

turn over to a constant value set by the initial conditions, in the inner regions. This is in

agreement with previous studies based on simulations (Colín et al. 2008) and theoretical

arguments (Villaescusa-Navarro & Dalal 2011).

• The turn over in PSD results in a constant density core with characteristic size that is in

agreement with the simplest expectations.

• Finally, for such a warm candidate with velocities high enough as to produce large cores, the

free streaming would erase all perturbations on that scale so that the halos would not be able
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Figure 4.6: Phase space density profiles of the halo with 0.36 km/s velocities, corresponding to the
same cutoff in the power spectrum (200 eV in Bode et al. (2001)) and without the velocities

to form in the first place. We called this the ’Catch 22’ problem.

• To produce a significant core in a dwarf galaxy, in the kpc scale in agreement with obser-

vations (Walker & Penarrubia 2011; Amorisco & Evans 2012; Jardel & Gebhard 2012), one

needs primordial velocities corresponding to thermal particles with a mass below 0.1 keV,

excluded by independent constraints on large scales (Lyman-α and lensing).

4.3.2 ’Real’ cores - dwarfs and baryons

The results presented in the former section are in agreement with previous studies. Indeed,

Strigari et al. (2006) used measurements of the stellar velocity dispersion profile of the Fornax

dwarf spheroidal galaxy to constrain the dark matter distribution. While the distribution of the

globular clusters inside Fornax may be explained by a large core of ∼ 1.5 kpc, this is inconsistent

with expectations from cold dark matter models as well as plausible warm dark matter ones, i.e.

with particles within the limits given by Lyman-α constraints. They give the constraints on the

core radius from the central phase space density and the maximum circular velocity derived from

the velocity dispersion profile, Fig. 4.7 (Strigari et al. 2006), concluding that the dark matter alone

cannot be responsible for the observed distribution of globular clusters in the center of Fornax.

Dwarf galaxies are indeed the best observational candidates for testing different dark matter

models, since they are dark matter dominated. The structure and kinematics constraints of Milky

Way’s dwarf spheroidal satellites may have important implications on the cosmology and the

nature of dark matter particles (see Walker (2013) for a review). The dwarf spheroidal satellites in
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Figure 4.7: Constraints on the core radius of Fornax as a function of the central phase space den-
sity (left) and maximum circular velocity derived from the velocity dispersion profile (right) from
Strigari et al. (2006)

Milky Way have masses between 105 and 107 M� and are dominated by dark matter at all radii

(Walker 2013). Dark matter alone, however, is not able to explain the indication of large constant

cores of few hundred pc in Fornax, Sculptor and Ursa Minor.

Several models have been proposed to solve this discrepancy. Using dynamical considerations,

several studies argue that the transfer of energy and angular momentum from massive infalling

objects, such as black holes, can explain the central density in dwarfs (Sánchez-Salcedo, Reyes-

Iturbide & Hernandez 2006; Goerdt et al. 2006, 2010; Cole, Dehnen & Wilkinson 2011). The dy-

namical coupling of the dark matter to baryonic outflows has also been explored as a possible

solution (Read & Gilmore 2005; Mashchenko, Couchman & Wadsley 2006; Mashchenko, Wadsley

& Couchman 2008; de Souza et al. 2011). Some of these assumptions are not able to explain some

of the other properties of dwarf spheroidals, like luminosity functions, star formation history, etc.

(Sawala et al. 2010; Walker & Penarrubia 2011; Parry et al. 2012).

Even though in dwarf galaxies the baryonic content is poor compared to the dark matter con-

tent, baryonic processes in general are expected to play a very important role in the galaxy for-

mation and evolution, their effect being dominant in the inner regions of all galaxies. From the

panoply of baryonic processes that take place in the universe, several are believed to explain the

observed central structure of galaxies and attempts have been made to incorporate them in hydro-

dynamic simulations:

• Gas radiative cooling will make the gas fall towards the center of the dark matter halo due

to the loss of pressure support, making the center denser (Scannapieco et al. 2005, 2006).

81



4.4. Conclusions and prospects

• Molecular hydrogen cooling of the gas is crucial for the formation of stars and galaxies (Abel,

Bryan, & Norman 2002; Bromm, Coppi & Larson 2009).

• Star formation feedback may explain the cores in dwarf galaxies (Oñorbe et al. 2015) and it is

also important for the formation of late-type galaxies (e.g. Okamoto et al. 2005; Scannapieco

et al. 2008; Sales et al. 2010; Guedes et al. 2011).

• Supernovae feedback - repetitive outflows from supernova feedback may induce the forma-

tion of a core overcoming the adiabatic contraction of the halo (Macciò et al. 2012).

• AGN feedback heats the gas with a much higher energy than the one available from super-

nova feedback (Matteo, Springel & Hernquist 2005).

Simulations that have incorporated some of these processes have come to different conclusions,

sometimes contradictory, as shown in Marinacci, Pakmor & Springel (2014). The ones that claim

to solve one problem, like the cored profiles, fail to solve the missing satellite problem, or give un-

realistic structure formation predictions. Since the real physical processes are happening on scales

below the resolution limit of galaxy simulations, the implementation of these processes is done ’by

hand’ (Benson 2010) using semi-analytic approaches. Hence, the results are strongly dependent

on the fine-tuning of the parameters and the resolution (e.g. Governato et al. 2007; Kaufmann et al.

2007). For example, in contradiction with other previous claims, Marinacci, Pakmor & Springel

(2014) find that even when including repeated baryonic outflows, and regardless of the resolution,

large cored galaxies are not present in their simulations.

Apart from the attempts made to correlate the observed cores with baryonic processes using

hydrodynamic simulations, recently it has been shown (Destri, de Vega & Sanchez 2012) that mod-

eling the quantum pressure of fermionic particles (Weinberg 1962; Muccione & Pfenniger 2006)

the expected cores in dwarf galaxies can be reproduced. Applying the Thomas-Fermi semiclas-

sical approach to fermionic WDM, Destri, de Vega & Sanchez (2012) found that the mass, halo

radius, phase-space density and velocity dispersion are fully consistent with observations of com-

pact dwarf galaxies for a particle in the 1-2 keV range. This would suggest that dwarf galaxies

are ’natural quantum objects for WDM’ (Destri, de Vega & Sanchez 2012), hinting towards the fact

that dark matter may not be as simple as simulated.

4.4 Conclusions and prospects

We have performed several suites of simulations using different codes, different cosmological

parameters, different simulation parameters and different resolutions for different types of parti-

cles. From these simulations we have analyzed the internal structure of different halos.

One of the first observations is that halos display caustics and shells, very obvious in the high

resolution simulations of warm dark matter particles (Paduroiu et al. in de Vega & Sanchez (2011);
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de Vega, Falvella & Sanchez (2012); Paduroiu et al. (2015)). These caustics and shells may have

important implications for detection, giving an enhancement in the annihilation signal, as well as

for the structure formation, when baryonic physics is considered.

Furthermore, when looking at the density profiles of warm dark matter halos in the simulations

for which we have the resolution to study the inner part, we find shallower profiles than in the

case of cold dark matter halos. Even if in order to solve a core that is well above the resolution

limit one needs a hotter, less favored particle, we can conjecture that warm dark matter in general

combined with baryonic physics will result in a larger core than in the corresponding cold dark

matter case. Although these simulations may not require the extreme and sometimes unrealistic

recipes for structure formation (strong feedback, high star formation rate), they do require higher

resolution, since in warm dark matter, particles travel larger distances.

The inclusion of quantum effects may prove paramount in accurately describing the effects of

warm dark matter particles on the inner part of structures.

From our studies, we have seen that the phase space density is dictating the size of the core,

meaning that the thermal velocity dispersion, which is very often neglected in simulations, is

crucial for any reasonable comparison between the internal structure of simulated halos and that

of the observed galaxies.

As we have seen in the previous section, halos may form in several ways in WDM simulations.

The different formation mechanisms may influence the phase space density profiles, therefore

comparisons between high resolution simulated halos in different scenarios is an interesting test.

Since dwarf spheroidals are the best testing bed for any dark matter models, careful analysis

of similar halos in warm dark matter simulations will be needed. This has been, however, posing

some problems since in warm dark matter simulations these small objects are formed on scales

affected by the artificial fragmentation. Notwithstanding this difficulty, seeing that there are small

halos genuinely forming top-down in warm dark matter simulations, these studies are not impos-

sible to achieve.
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ABSTRACT
The free streaming of warm dark matter particles dampens the fluctuation spectrum, flattens the
mass function of haloes and sets a fine-grained phase density limit for dark matter structures.
The phase-space density limit is expected to imprint a constant-density core at the halo
centre in contrast to what happens for cold dark matter. We explore these effects using high-
resolution simulations of structure formation in different warm dark matter scenarios. We find
that the size of the core we obtain in simulated haloes is in good agreement with theoretical
expectations based on Liouville’s theorem. However, our simulations show that in order to
create a significant core (rc ∼ 1 kpc) in a dwarf galaxy (M ∼ 1010 M�), a thermal candidate
with mass as low as 0.1 keV is required. This would fully prevent the formation of the dwarf
galaxy in the first place. For candidates satisfying large-scale structure constraints (mν larger
than ≈1–2 keV), the expected size of the core is of the order of 10 (20) pc for a dark matter
halo with a mass of 1010 (108) M�. We conclude that ‘standard’ warm dark matter is not a
viable solution for explaining the presence of cored density profiles in low-mass galaxies.

Key words: galaxies: haloes – dark matter.

1 INTRODUCTION

The formation of structure in the universe is driven by the mysteri-
ous dark matter component whose nature is still unknown. Over the
last decades, the hierarchical cold dark matter (CDM) model has
become the standard description for the formation of cosmic struc-
tures. It is in excellent agreement with recent observations, such
as measurements of the cosmic microwave background and large-
scale surveys (Tegmark et al. 2006; Komatsu et al. 2011). However,
there are a number of inconsistencies on subgalactic scales that
arise within the CDM scenario. First, the amount of substructure
in Milky Way (MW) sized haloes is overpredicted by roughly one
order of magnitude (Klypin et al. 1999; Moore et al. 1999). Sec-
ondly, the central densities of CDM haloes in simulations show a
cuspy behaviour (Flores & Primack 1994; Moore 1994; Diemand
et al. 2005; Macciò et al. 2007; Springel et al. 2008), whereas
the density profiles inferred from galaxy rotation curves point to a
core-like structure (e.g. Kuzio de Naray, McGaugh & Mihos 1999;
de Blok et al. 2001; Oh et al. 2011). Furthermore, recent studies
(Tikhonov et al. 2009; Zavala et al. 2009; Peebles & Nusser 2010)

�E-mail: maccio@mpia.de

re-emphasized that also the population of dwarf galaxies within
voids is in strong contradiction with CDM predictions.

One possible solution to these issues is that the dark matter par-
ticle is a thermal relic with a mass of the order of 1 keV. The
most prominent representatives of such warm dark matter (WDM)
candidates are the sterile neutrino and the gravitino (Abazajian &
Koushiappas 2006; Boyarsky, Ruchayskiy & Shaposhnikov 2009a),
whose presence is also motivated by particle theory (e.g. Dodelson
& Widrow 1994; Takayama & Yamaguchi 2000; Buchmüller et al.
2007).

Non-zero thermal velocities for WDM particles lead to a strong
suppression of the linear matter power spectrum on galactic
and subgalactic scales (Bond, Efstathiou & Silk 1980; Pagels &
Primack 1982; Dodelson & Widrow 1994; Hogan & Dalcanton
2000; Zentner & Bullock 2003; Viel et al. 2005; Abazajian 2006),
and erase all primordial density perturbations smaller than their
free-streaming scale λfs. Below this scale no structure is expected
to form, at least not in the usual bottom-up scenario. However, the
effective suppression of halo formation already happens well above
λfs and is entirely described by the WDM particle mass (see Smith
& Markovic 2011, and references therein).

Recent observational constraints coming from X-ray background
measurements and Lyα forest analysis set the allowed mass interval
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roughly between 2 and 50 keV (e.g. Viel et al. 2005; Abazajian
& Koushiappas 2006; Seljak et al. 2006; Boyarsky et al. 2009b;
Boyarsky, Ruchayskiy & Iakubovskyi 2009c).1 As a complemen-
tary study, Macciò & Fontanot (2010, see also Polisensky & Ricotti
2011) compared the subhalo abundance of an MW-like object in dif-
ferent numerical WDM realizations with observed satellite galaxies
reported by the Sloan Digital Sky Survey data and set a lower bound
for a thermalized particle of mWDM � 2 keV.

Another important characteristic of a WDM scenario is the pos-
sibility to naturally obtain cored matter density profiles. According
to Liouville’s theorem for collisionless systems, the fine-grained
phase-space density of the cosmic fluid stays constant through
cosmic history. In WDM the dark matter fluid is described by a
Fermi–Dirac distribution, whose absolute value is fixed at the time
of decoupling when the fluid becomes collisionless. Structure for-
mation then happens through a complex process of distortion and
folding of the phase-space sheet. Since it is not possible to measure
this fine-grained phase-space density in simulations, one usually
defines a coarse-grained or pseudo-phase-space density (e.g. Taylor
& Navarro 2001)

Q ≡ ρ

σ 3
, (1)

where ρ is the mean density and σ is the one-dimensional velocity
dispersion within some small patch of the simulation.2 The quantity
Q corresponds to an average density of a small (but not microscopic)
phase-space volume and is not constant anymore. However, because
of the way the phase-space sheet is distorted, the value of Q in most
of the cases can only decrease during structure formation and will
not exceed its initial value set at decoupling (Dalcanton & Hogan
2001, see however Boyarsky et al. 2009c for a thorough discussion
of the meaning of Q and its evolution with time).

This upper limit for Q also holds for the local pseudo-phase-
space density within virialized haloes at redshift 0 and has a direct
consequence on the density profile in real space. Since the velocity
dispersion does not grow in the inner part of a halo, the real-space
density profile must become constant with a core size depending on
the specific WDM model (Tremaine & Gunn 1979).

Due to this effect of core formation, the WDM scenario has been
suggested as a solution to the long-standing core–cusp problem of
dwarf galaxies. In fact, observational measurements favour cored
dark matter profiles in low surface brightness galaxies within the
Local Group (Kuzio de Naray & Kaufmann 2011; Salucci et al.
2012). However, previous theoretical/analytical studies (e.g. de
Vega, Salucci & Sanchez 2010) argue that the cores produced by
WDM might be too small to explain the observations. For example,
Bode, Ostriker & Turok (2001) argued that the principal effect of the
thermal motion in the WDM scenario is to give the particle angu-
lar momentum, producing a centrifugal barrier keeping the particle
away from r = 0; only for radii inside this barrier is the structure
of the halo significantly altered with respect to a pure CDM halo.

1 In some of these analyses, the WDM particle is assumed to be a resonantly
produced sterile neutrino (Shi & Fuller 1999). We have converted these mass
limits into limits for a fully thermalized particle, such as the gravitino, using
the formula provided by Viel et al. (2005).
2 In the context of a non-singular isothermal sphere, the quantity Q is directly
proportional to the maximum phase-space density and can be described, as
in Tremaine & Gunn (1979), as giving the maximum coarse-grained phase-
space density. In a more general context, applicable to simulations, the
velocity distribution of the particles is not Maxwellian and hence Q does
not really trace the coarse-grained phase-space density and hence we will
refer to it as a pseudo-phase-space density.

Assuming a flat rotation curve for the halo and spherical collapse,
they estimated that for warm particles with masses larger than 1 keV,
thermal velocities are not able to modify the structure of haloes on
scales of a kiloparsec or above.

More recently, Villaescusa-Navarro & Dalal (2011) have em-
ployed the spherical collapse model to study the formation of haloes
in WDM cosmologies. They found that the core sizes, for allowed
WDM temperatures (∼1 keV), are typically very small, of the or-
der of 10−3 of the halo virial radius at the time of formation, and
considerably smaller following formation. They concluded that for
realistic WDM models the core radii of haloes observed at z = 0 are
generically expected to be far smaller than the core sizes measured
in local low surface brightness galaxies. One of the aims of our
work is to test these previous analytical results using self-consistent
cosmological N-body simulations of halo formation in a WDM
universe.

Numerical N-body simulations have been used to better under-
stand the properties of virialized objects in the WDM scenarios
(e.g. Bode et al. 2001; Knebe et al. 2003; Wang & White 2007;
Tikhonov et al. 2009; Zavala et al. 2009; Schneider et al. 2011).
High-resolution simulations of single objects have studied the sup-
pression of the galactic satellite formation due to free streaming (e.g.
Colı́n, Avila-Reese & Valenzuela 2000; Götz & Sommer-Larsen
2002; Knebe et al. 2008; Macciò & Fontanot 2010), in order to
reconcile the observed dwarf galaxy abundance with the prediction
from dark matter based theories. More recently, Colı́n, Valenzuela
& Avila-Reese (2008) used N-body simulations to study the effects
of primordial (thermal) velocities on the inner structure of dark mat-
ter haloes, with particular attention on the formation of a possible
central density core. They used thermal velocities of the order of
0.1 and 0.3 km s−1, without linking them to any particular WDM
model, since the aim of their work was to explore the general ef-
fect of relic velocities of the dark matter structure. Unfortunately,
their combination of resolution and choice for relic velocities was
not sufficient to directly test simulation results against core radii
predicted by phase-space constraints.

In this work, we want to extend and improve on these previous
studies. We will use high-resolution N-body simulations to explore
the sizes of density cores in WDM and their dependence on the
WDM candidate mass.3 We will explore several models for WDM
ranging from 2 to 0.05 keV. We will consider separately the effects
of a WDM candidate on the power spectrum and on the relic veloc-
ities, trying to disentangle the various consequences of these two
different components. Our higher numerical resolution will allow
us to directly see the formation of a density core, with a size well
above the numerical resolution for the warmer candidates. We will
then revise the theoretical arguments for the formation of cored
profiles in WDM and perform a direct comparison between the core
sizes in our simulations and the ones predicted from phase-space
constraints.

This paper is structured as follows. In Section 2, we discuss
the set-up of our simulations and the way we implement thermal
velocities. Section 3 is dedicated to the presentation of our results
in terms of the phase-space limit and its influence on the density

3 In the present work, we only considered a very simple WDM model; it is
worth commenting that there are more complex and physically motivated
models discussed in the literature (e.g. warm+cold dark matter: Boyarsky
et al. 2009d; Macciò et al. 2012b; or composite dark matter: Khlopov 2006;
Khlopov & Kouvaris 2008).
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profile of dark matter haloes. A conclusion and summary of our
work is finally given in Section 3.

2 SIMULATIONS

Numerical simulations have been carried out using PKDGRAV, a
treecode written by Joachim Stadel and Thomas Quinn (Stadel
2001). The initial conditions are generated with the GRAFIC2 pack-
age (Bertschinger 2001). All simulations start at redshift zi = 99
in order to ensure a proper treatment of the non-linear growth of
cosmic structures.

The cosmological parameters are set as follows: �	 = 0.727,
�m = 0.273, �b = 0.044, h = 0.7 and σ 8 = 0.8, and are in good
agreement with the recent Wilkinson Microwave Anisotropy Probe
mission results (Komatsu et al. 2011).

We start by running large-scale simulations of a cosmological
cube of side 40 Mpc, using 2 × 2563 dark matter particles. This
was done for two different models: a standard LCDM and a WDM
model with a warm candidate of mass 2 keV produced in thermal
equilibrium.

To compute the transfer function for WDM models, we used the
fitting formula suggested by Bode et al. (2001):

T 2(k) = P WDM

P CDM
= [1 + (αk)2ν]−10/ν, (2)

where α, the scale of the break, is a function of the WDM parame-
ters, while the index ν is fixed. Viel et al. (2005) (see also Hansen
et al. 2002), using a Boltzmann code simulation, found that ν = 1.12
is the best fit for k < 5 h Mpc−1, and they obtained the following
expression for α:

α = 0.049
( mx

1 keV

)−1.11
(

�ν

0.25

)0.11 (
h

0.7

)1.22

h−1 Mpc. (3)

We used the expression given in equation (3) for the damping of
the power spectrum for simplicity and generality. More accurate
expressions for the damping of sterile neutrinos exist (e.g. Abazajian
2006) and show that the damping depends on the detailed physics of
the early universe in a rather non-trivial way. The initial conditions
for the two simulations have been created using the same random
phases, in order to facilitate the comparison between the different
realizations.

We then select one candidate halo with a mass similar to that of
our Galaxy (M ∼ 1012 M�) and resimulated it at higher resolution.
These high-resolution runs are 83 times more resolved in mass than
the initial ones: the dark matter particle mass is mp = 1.38 ×
105 M�, where each dark matter particle has a spline gravitation
softening of 355 pc. This single halo has been resimulated in several
different models; all simulations are summarized in Table 1 and
three of the simulations are shown in Fig. 1.

Table 1. Simulation parameters.

Label mν mν,vel v0(z = 0) Nvir Mvir

(keV) (keV) (km s−1) (×106) (× 1012 M�)

CDM ∞ – – 10.2 1.42

WDM1 2.0 2.0 4.8 × 10−3 8.6 1.22
WDM2 2.0 0.5 3.1 × 10−2 8.4 1.20
WDM3 2.0 0.2 0.1 8.5 1.21
WDM4 2.0 0.1 0.26 6.7 0.93
WDM5 2.0 0.05 0.66 4.9 0.71

2.1 Streaming velocities

Particles that decouple whilst being relativistic are expected to re-
tain a thermal velocity component. This velocity can be computed
as a function of the WDM candidate mass (mν) according to the
following expression (Bode et al. 2001):

v0(z)

1 + z
= 0.012

(
�ν

0.3

)1/3(
h

0.65

)2/3(
1.5

gX

)1/3(
keV

mν

)4/3

km s−1,

(4)

where z is the redshift. The distribution function is given by the
Fermi–Dirac expression until the gravitational clustering begins
(Bode et al. 2001).

This formalism is correct for the ‘real’ dark matter elementary
particles (e.g. a sterile neutrino). In the N-body approach, we use
macro particles (with masses of the order of 105 M�) to describe
the density field. These macro particles effectively model a very
large number of micro particles. Given that the velocities described
in equation (4) have a random direction, the total velocity of the
macro (N-body) particles should effectively be zero. Hence, it is
not fully correct to directly use equation (4) to assign ‘thermal’
velocities to simulation particles.

On the other hand, the net effect of the thermal velocities is to
create a finite upper limit in the phase-space distribution (PSD)
due to their initial velocity dispersion (σ ). What we are interested
in is to recreate the same PSD limit in our simulation, and then
study its effects on the dark matter halo density distribution. In
order to achieve this goal, we proceed in the following way. From
equation (4), we compute the rms velocity: σ (z) = 3.571v0(z);
we then create a Gaussian distribution centred on zero and with
the same rms σ . Finally, we randomly generate particle velocities
from this distribution and assign them to our macro particles. It is
worth mentioning that the final results are almost independent of the
assumed distribution for the velocities (Fermi–Dirac, Maxwellian,
etc.), while they strongly depend on the strength of the velocity field
(i.e. v0).

In principle, adding random velocities introduces spurious mo-
mentum fluctuations into the initial conditions. For very light par-
ticles (mν ∼ 1 eV), this effect could be important and it could
be balanced by introducing particles with opposite momenta (e.g.
Gardini, Bonometto & Murante 1999). On the other hand, for the
choices of WDM candidate masses in our paper, thermal velocities
are quite modest (�0.5 km s−1) and lower than the Zeldovich ones.
Hence, no artificial effects are expected.

As detailed in Section 3.1, there is a direct connection between
mν and the expected size of the dark matter distribution core. This
core is only due to the presence of thermal velocities and not, in
the first approximation, to the cut in the power spectrum described
by equation (2). Cutting the power spectrum changes the merger
history of the dark matter halo but does not affect the density profile
significantly (Moore et al. 1999). This implies that in order to study
the effect of different values of mν (and hence v0) it is sufficient
to ‘play’ with equation (4) leaving all other simulation parameters
unaltered. Following this approach, we have generated several sim-
ulations using the same cut in the power spectrum (mν) but different
initial thermal velocities (mν,vel), as detailed in Table 1.

3 RESULTS

Density profiles for the CDM run and the five WDM realizations
(WDM1–5) are shown in Fig. 2. The profiles show a monotonic
decrease of the central density as a function of the temperature of
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Figure 1. Density map of the large-scale (low-resolution) simulations (L = 40 Mpc) at redshift 0. From left to right: CDM, and two WDM with a cut in
the power spectrum for a mass (mν ) of 0.2 and 0.05 keV, respectively. The last two simulations have not been used in this paper and are presented only for
illustration purposes, see Section 2.1 for more information.

Figure 2. The spherically averaged density profiles for CDM, WDM1–5
haloes.

the dark matter candidate. Cold candidates show the usual cuspy
behaviour (e.g. Dubinski & Carlberg 1991), while warmer candi-
dates present a lower central density that becomes a clear core for
mν,vel = 0.05 keV, with a size of several kpc.

Fig. 3 shows the time evolution of the density profile in the
WDM5 simulation. The profile is already cored at a high redshift
of z = 1.6, and the size of the core does not evolve substantially
until z = 0. The profile only changes at large radii (r > 50 kpc) as
a consequence of the assembly of the external part of the halo. This
smooth mass accretion is also a consequence of the quiet merging
history of the halo that does not undergo any merger with a mass
ratio larger than 10 after z = 2. The assembly of the external part of
the halo is consistent with a typical CDM halo in the outer regions.

As already mentioned, the theoretical explanation for the for-
mation of a core is related to the presence of a maximum in the
phase-space density distribution. This maximum is clearly visible
in Fig. 4, where we plot the pseudo-phase-space density Q ≡ ρ/σ 3

Figure 3. Time evolution of the density profiles for the WDM5 halo.

for three different models, namely CDM, WDM3 and WDM5. For
this latter model, the Q shows a large core that extends about 10 kpc.
The WDM3 model also shows a strong flattening of the Q profile,
consistent with a core distribution. On the other hand, the CDM
pseudo-phase-space distribution is well fitted by a single power-
law profile on the whole range, in agreement with previous results
(Taylor & Navarro 2001; Schmidt, Hansen & Macciò 2008).

Fig. 5 shows the time evolution of the pseudo-PSD for our
warmest candidate (i.e. thermal velocities for a 0.05-keV mass par-
ticle). The solid (blue) line shows the Q radial profile in the initial
conditions (z = 99). This value has been calculated using only high-
resolution particles that end up within 1.5 times the virial radius of
the halo at z = 0. The other (red) lines represent the pseudo-PSD
profile at different redshifts (from 1.6 to 0) and have been computed
using all particles within the virial radius of the halo. All quantities
in the plot are in physical units. The phase-space distribution shows
very weak evolution with almost no evolution at all from z = 99
to 1.6. In the same plot, we also show the theoretical maximum
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Figure 4. Phase-space density profile for the CDM, WDM3 and WDM5
models at z = 0.

Figure 5. Time evolution of the pseudo-PSD radial profile for the WDM5
model. The black dotted line represents the theoretical prediction for the
maximum value of Q according to equation (7).

phase-space density achievable by this model (see equation 7 for a
rigorous definition of Qmax).

The dotted (black) lines show predictions for Qmax for the local
value of the matter density, which we measured directly from the
simulation initial conditions using dark matter particles in the high-
resolution region within a volume of ≈1 Mpc3. The local density

Figure 6. Density profiles for CDM and WDM5 and their fit using equa-
tion (5).

value turned out to be 〈ρ〉local = 0.31ρcr.4 The theoretical prediction
is in quite good agreement with the simulation results.

In order to quantify the flatness (and the core size) of WDM
profiles, we have fitted all our density profiles with the following
parametric description, originally presented in Stadel et al. (2009):

ρ(r) = ρ0 exp(−λ[ln(1 + r/Rλ)]2). (5)

In this parametrization, the density profile is linear down to a
scale Rλ beyond which it approaches the central maximum density
ρ0 as r → 0. We also note that if one makes a plot of d ln ρ/d ln (1 +
r/Rλ) versus ln (1 + r/Rλ) then this profile forms an exact straight
line with slope 2λ.

This fitting function is extremely flexible and makes possible to
reproduce at the same time both cuspy profiles, like the one predicted
by the CDM theory, and highly cored profiles, like in the WDM5
case (as shown in Fig. 6). The values of the parameter are obtained
via a χ2 minimization procedure using the Levenberg–Marquardt
method. From now on, we will use the value of the fitting parameter
Rλ as the fiducial value of the central density core in simulated
profiles (hereafter rcore,s). The rcore,s values for all our haloes are
reported in the second column of Table 2.

3.1 Comparison with theoretical predictions

In Tremaine & Gunn (1979, hereafter TG79) limits on the mass of
a neutrino are derived from the maximum phase-space density of
a homogeneous neutrino background, with the further assumptions
that neutrinos form bound structures and that their central regions
can be well approximated by an isothermal sphere.

Assuming a Maxwellian velocity distribution, they obtained the
maximum phase-space density:

Qmax ≡ ρ

σ 3
∝ m4

ν, (6)

4 This local value is slightly higher than the global one since it is computed
around an object that will collapse and be fully virialized at z = 0.
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Table 2. Size of density cores using differ-
ent methods. See the text for a more detailed
explanation.

Label rcore,s rcore,Q rcore,t

(kpc) (kpc) (kpc)

CDM <0.4 <0.4 ∞
WDM1 <0.4 <0.4 0.005
WDM2 <0.4 <0.4 0.075
WDM3 0.42 <1.1 0.48
WDM4 1.63 1.80 1.91
WDM5 4.56 4.85 6.98

where mν is the mass of the (warm) dark matter candidate. This
limit has then been used in several follow-up papers to estimate the
size of the density cores in WDM haloes (e.g. Dalcanton & Hogan
2001; Strigari et al. 2006).

Following TG79, we derive the theoretical expectation for the
maximum pseudo-phase-space density and the size of the dark mat-
ter core for our WDM models adopting a slightly different approach.
We can start from the definition of Q assuming to compute the den-
sity in some local volume L:

Qmax ≡ ρL

σ 3
=

ρL

ρcr
× ρcr

σ 3
, (7)

where ρcr = 2.775×1011 h2 M� Mpc−3 is the critical density of the
Universe and ρL/ρcr is the local density in our volume L, expressed
in units of the critical density.

The denominator of equation (7) could be expressed as a function
of the mass of the WDM candidate using equation (4) and the fact
that for a Fermi–Dirac distribution the rms velocity is σ = 3.571v0.
Combining equation (4) with equation (7), we get the following
expression for Qmax:

Qmax = 1.64 × 10−3

(
ρL

ρcr

) ( mν

keV

)4 M� pc−3

(
km s−1

)3 , (8)

where the numerical factor in front of the expression takes into
account our choices for �m and h. This expression is formally
equivalent to the one derived by TG79.

Finally, the maximum phase-space density can be converted in a
‘core’ size following Hogan & Dalcanton (2000):

r2
core,t =

√
3

4πGQmax

1〈
σ 2

halo

〉1/2 , (9)

where σhalo is the velocity dispersion (i.e. the mass) of the simu-
lated dark matter halo. Values of rcore,t for our simulated haloes are
reported in the last column of Table 2.

In the following, we will compare this theoretical value of the core
(rcore,t) with two different core sizes that can be estimated directly
from the simulations. The first one is given by the Rλ parameter
obtained by fitting the numerical density profile (as shown in Fig. 6)
and we will refer to this value as rcore,s. The second one is obtained
by computing Qmax from the simulated density profile (as shown in
Fig. 4) and then inserting this value in equation (9); we name this
second parameter rcore,Q.

Results for the three definitions of the core size for all our simu-
lations are summarized in Table 2. Overall the three different esti-
mators for the core size are in fairly good agreement. rc,Qmax gives
on average a larger value for the core, for the WDM4 and WDM5
runs, while for the WDM3 simulation it is only able to give an upper

Figure 7. Comparison between core size in simulations (open symbols)
and the theoretical expectation for an M = 1012 M� halo (solid line). The
dashed line is the gravitational softening of our simulations. All points below
this line should be considered as upper limits on the core size.

value, since there is not a clear indication of convergence towards a
maximum value in the Qmax profile, as shown in Fig. 4.

Fig. 7 shows the comparison of the core found directly in sim-
ulations (rcore,s, black symbols) with the core predicted by the
above simple theoretical argument (rcore,t). The solid line is ob-
tained from equations (9) and (8), where, as discussed before, we
used ρL/ρcr = 0.31 as the value for the local density.

Overall numerical results for WDM3, WDM4 and WDM5 are in
very good agreement with the theoretical expectations from equa-
tions (9) and (8). The WDM1 and WDM2 simulations only put
upper limits on the size of the core, since the values of Rλ we obtain
from fitting the density profile fall below the simulation softening
(the dashed black line in the figure).

Using our determination of the core size as a function of the
WDM mass, we compute the expected value of rcore for the typical
halo mass (5 × 108 M�; see Macciò et al. 2010) of dwarf galaxies
orbiting the MW. Results are shown in Fig. 8: the grey shaded
area takes into account possible different values of the local matter
density in the range ρ/ρcr = 0.15−0.6.

From the figure it is clear that a core of ≈1 kpc would require a
WDM mass of the order of 0.1 keV, well below current observational
limits from large scales.

If we assume a WDM particle mass of mν ∼ 2 keV (represented
by the dashed vertical line), in agreement with several astrophysical
constraints (e.g. Viel et al. 2008), the maximum core size we can
expect ranges from 10 pc for a massive, MW-like halo (see also
Fig. 7) to 10–40 pc for a dwarf galaxy like halo. Finally, in predicting
the core size for satellite galaxies in the MW halo, the fact that
satellites can lose significant mass after accreting into larger haloes
due to stripping and tidal forces must also be taken into account (e.g.
Penarrubia, Navarro & McConnachie 2008; Macciò et al. 2010).
This implies that the halo mass we may infer today for those galaxies
is only a lower limit on the mass they had before accretion, which
is the one to be used (as σ 2

halo) in equation (9).

C© 2012 The Authors, MNRAS 424, 1105–1112
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Figure 8. Expected core size for the typical dark matter mass of MW
satellites as a function of the WDM mass mν . The shaded area takes into
account possible different values of the local density parameter 0.15 <

�m < 0.6. The vertical dashed line shows the current limits on the WDM
mass from large-scale structure observations.

4 CONCLUSIONS

We have used high-resolution N-body simulations to examine the
effects of free-streaming velocities on halo internal structure in
WDM models. We find the following.

(i) The finite initial fine-grained phase-space density (PSD) is
also a maximum of the pseudo-PSD, resulting in PSD profiles of
WDM haloes that are similar to CDM haloes in the outer regions;
however, they flatten towards a constant value in the inner regions.
This is in agreement with previous studies based on simulations
(Colı́n et al. 2008) and theoretical arguments (Villaescusa-Navarro
& Dalal 2011).

(ii) The finite PSD limit results in a constant density core with
characteristic size that is in agreement with theoretical expectations,
i.e. following TG79, especially if the value of the local matter
density is taken into account.

(iii) The core size we expect for thermal candidates, allowed by
independent constraints on large scales (Lyα and lensing, mν ≈ 1–
2 keV), is of the order of 10–50 pc. This is not sufficient to explain
the observed cores in dwarf galaxies that are nearly of kpc scale
(Walker & Penarrubia 2011; Amorisco & Evans 2012; Jardel &
Gebhard 2012).

(iv) Our results show that a core around kpc scale in dwarf galax-
ies would require a thermal candidate with a mass below 0.1 keV, a
mass value ruled out by all large-scale structure constraints (Seljak
et al. 2006; Miranda & Macciò 2007; Viel et al. 2008). Moreover,
with such a warm candidate, the exponential cut-off of the power
spectrum would make impossible to obtain these dwarf galaxies in
the first place (e.g. Macciò & Fontanot 2010).

(v) Altogether these results lead to a nice ‘Catch 22’ problem
for WDM: if you want a large core you won’t get the galaxy, if you
get the galaxy it won’t have a large core.

We conclude that the solution of the cusp/core problem in Local
Group galaxies cannot completely reside in simple models (ther-
mal candidates) of WDM. If cores are required, then it seems that
baryonic feedback (e.g. Romano-Dı́az et al. 2008; Governato et al.
2010; Macciò et al. 2012a) is still the most likely way to alter the
density profile of dark matter and hence reconcile observations with
CDM/WDM predictions.
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Erratum: Cores in warm dark matter haloes: a Catch 22 problem

By Andrea V. Macciò,1‹ Sinziana Paduroiu,2 Donnino Anderhalden,3

Aurel Schneider3 and Ben Moore3

1Max-Planck-Insitute for Astronomy, Königstuhl 17, D-69117 Heidelberg, Germany
2Geneva Observatory, University of Geneva, CH-1290 Sauverny, Switzerland
3Institute for Theoretical Physics, University of Zürich, CH-8057 Zürich, Switzerland
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Table 1. Simulations parameters.

Label mν mν, vel Nvir Mvir

(keV) (keV) (106) (1012 M�)

CDM ∞ – 10.2 1.42

WDM1 2.0 1.32 8.6 1.22
WDM2 2.0 0.33 8.4 1.20
WDM3 2.0 0.13 8.5 1.21
WDM4 2.0 0.15 6.7 0.93
WDM5-N 2.0 0.05 4.9 0.71
WDM5 2.0 0.03 5.1 0.82

Figure 1. Comparison between core size in simulations (open symbols)
and the theoretical expectation for a M = 1012 M� halo (solid line). The
dashed horizontal line is the gravitational softening of our simulations. All
points below this line should be considered as upper limits on the core size.
The red dashed line is a linear fit to the simulation results.

The article “Cores in warm dark matter haloes: a Catch 22 problem”
(Macciò et al. 2012) was published in MNRAS, 424, 1105 (2012).

� E-mail: maccio@mpia.de

Figure 2. Expected core size for the typical dark matter mass of Milky Way
satellites as a function of the WDM mass mν . The shaded area takes into
account possible different values of the local density parameter 0.15 < �m

< 0.6. The vertical dashed line shows the current limits on the WDM mass
from large scale structure observations.

In the code to create the initial conditions we treated the 3D thermal
velocity [equation (4) in the original work] as a one dimensional
velocity, overestimating then the velocity by a factor

√
3. The main

conclusions, however, do not change significantly.
More specifically, given the relation between the mass of the

thermal candidate (mν) and the thermal velocity, this implies that the
velocities we use in the ICs were for a particle mass lower by a factor
33/4 ≈ 1.51. In Table 1 we list the corrected values of the masses,
we have also added a new simulation with the corrected velocities
for the mν = 0.05 keV case. These new masses for the WDM
candidates have an effect on the core size-WDM mass relation,
which is shown in Fig. 1 (this figure updates fig. 7 in the printed
version of the paper). It is clear that simulations results are not well
reproduced by our simple analytic argument based on the pseudo
phase space density Q ≡ ρ/σ 3. We need to reduce the ‘theoretical’
core estimation by 60 per cent in order to fit the simulation points
(red dashed line in the figure). This in agreement with recent results

C© 2012 The Authors
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by Shao et al. (2012) that also find that Q overestimates the real
maximum phase space density.

This even smaller core makes our original statements even
stronger, as shown by Fig. 2, where using our new determina-
tion of the core size as a function of the warm dark matter mass
we compute the expected value of rcore for the typical halo mass
(5 × 108 M�) of dwarf galaxies orbiting the Milky-Way (fig. 2).

These new, corrected values for the core size in dwarf galaxies
make the conclusions of our paper even stronger, and the “Catch
22” problem for warm dark matter still holds:

If you want a large core you won’t get the galaxy, if you get the
galaxy it won’t have a large core.
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Macciò A. V., Paduroiu S., Anderhalden D., Schneider A., Moore B., 2012,
MNRAS, 424, 1105

Shao S., Gao L., Theuns T., Frenk C. S., 2012, arXiv:1209.5563

This paper has been typeset from a TEX/LATEX file prepared by the author.

 at Institut universitaire de hautes etudesinternationales - B
ibliotheque on July 20, 2015

http://m
nras.oxfordjournals.org/

D
ow

nloaded from
 

93



4.5. Article Cores in warm dark matter haoles: a Catch 22 problem

94



Chapter 5
Technical aspects in warm dark matter
simulations

Unlike cold dark matter particles, warm dark matter ones have a free streaming length that

translates into a suppression of power at small scales and gives a streaming velocity, which al-

lows particles to travel longer distances, delaying the formation of structure and the small scale

clumping. These properties produce several effects that make the numerical description more

challenging in warm dark matter simulations compared to cold dark matter ones.

First, the resolution studies are more expensive in warm dark matter simulations. Ideally, the

structure formation processes as well as the small scale structure studies should be done with high

resolution simulations. Since warm dark matter particles possess a velocity dispersion, ascribing

the velocity dispersion to a simulated particle that is usually 105 - 107 M�, is a procedure highly

debated in the literature. Moreover, in order to perform high resolution simulations of a certain

region of interest at redshift zero, one needs to trace back the particles to the initial conditions. In

the case of warm dark matter, depending on the streaming velocity of the particles, this region is

much larger than in cold dark matter simulations.

Furthermore, the artificial fragmentation that occurs in warm dark matter simulations resulting

in small spurious halos along the filaments questions the accuracy of halo statistics. The morphol-

ogy of a certain region is rapidly changing in warm dark matter simulations and this triggers in

some cases the growth of spurious halos by mergers, making them difficult to distinguish from

genuine halos formed above the fragmentation scales. This results in the contamination of the

mass function.

In this chapter we will discuss these issues, present some numerical tests and compare our

results with other works in the literature.
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5.1 High resolution refinements in warm dark matter simulations

In previous chapters we have discussed the properties of a high resolution halo formed top-

down at the intersection of filaments. This halo has been chosen from a 30 Mpc box simulation

with 0.36 km/s velocity dispersion at redshift zero and the corresponding cutoff in the power

spectrum. In the low resolution run we have marked the particles inside the halo at redshift zero

and traced them back in the initial conditions. In the case of cold dark matter simulations, the

particles inside any given halo at redshift zero are coming from a region of size a few times larger

than the virial radius, which can be usually approximated by a sphere.

In the case of warm dark matter simulations, for our chosen velocity, the particles are coming

from regions found at large distances from our final halo, regions that have different irregular

shapes. Since particles are initially moving in different random directions, those regions are not

connected in the initial conditions to the region where the halo eventually forms. When doing

a high resolution refinement, we also need to simulate the particles in between these regions,

meaning we need a larger box and a larger number of particles.

For our top-down halo, the refinement region is almost a third of the initial box. Because the

structure formation in warm dark matter models depends, as shown previously, on the morphol-

ogy of the region, in regions with many intersecting similar size filaments, few smaller halos may

form initially and then rapidly merge. In this case the particles inside the halo resulting from

mergers will come from a smaller region then the particles inside our halo formed top-down at

the intersection of large filaments. These differences in the structure formation make it difficult to

quantify the size of the box needed to be refined for a halo of a certain mass or of a certain radius

at redshift zero. Scaling it with the velocity is that much more difficult.

In Fig. 5.1 we plot the evolution of our refined region at different redshifts. To make it less

numerically expensive, while still preserving the accuracy in solving the gravitational forces, we

have made a progressive refinement1, where the highest resolution box is embedded in a lower

resolution region, embedded in a lower resolution one. The highest resolution box has 83 more

particles than the initial box, with intermediate regions having a factor of 2 difference in refine-

ment. These different resolution regions are intertwining by redshift zero, but we have ensured

that no low resolution particles will contaminate the halo.

5.2 Spurious fragmentation in warm dark matter filaments

The N -body method has been proven successful in accurately describing the behavior of cold

dark matter particles and have passed many different convergence tests (Heitmann, Lukić, & Fasel

2008; Springel et al. 2008; Stadel et al. 2009; Kim et al. 2014). Several studies, however, point out

the effect of discreteness errors on the numerical accuracy, especially on the small scales (Melott

et al. 1997; Splinter et al. 1998; Diemand, Moore & Stadel 2004; Binney 2004; Wang & White 2007;

1This has been done with a Grafic 2 version modified by Doug Potter
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Figure 5.1: High resolution region at redshift 4, 2.5, 1.3, 1, 0.5, 0
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Romeo et al. 2008; Joyce, Marcos & Baertschiger 2009, e.g.). For the warm dark matter case, these

errors become more problematic (Bode et al. 2001; Avila-Reese et al. 2001).

In warm dark matter simulations, the fragmentation of filaments resulting in similar mass

small halos equally spaced inside the filaments, has been observed since the first such simulations

(Centrella & Melott 1983; Frenk, White & Davis 1984; Efstathiou et al. 1985; Centrella et al. 1988,

e.g.).

It has been believed for a long time that the spurious fragmentation of filaments in warm dark

matter simulations is due to the discreteness effects that are influencing the growth of non linear

structures below the streaming scale, although in some works (Bode et al. 2001; Knebe et al. 2003)

this fragmentation has been considered physical.

Most of the warm dark matter simulations have been performed with the so-called grid method.

The grid simulations imply the use of a cubic regular lattice. When imposing perturbations, the

preferred directions and the coherence of the lattice can result in numerical artifacts. The glass-

like method, as opposed to the grid one, uses the same initial conditions, but with the sign of the

peculiar gravitational acceleration reversed, so that each particle is repelled by all others (White

et al. 1996; Wang & White 2007). The total force vanishes on each particle, when the system reaches

a quasi-equilibrium state, but there are no preferred directions. Since there is no memory of the

initial grid in the glass simulations, one would expect no artificial fragmentation in this case.

Götz & Sommer-Larsen (2002) (also Götz & Sommer-Larsen (2003)) found that in the glass

simulations the number of spurious halos is reduced compared to the grid simulations. On the

contrary, Wang & White (2007) found artificial halos in the glass simulations, with a frequency

similar to that found in the grid ones and also regularly spaced. Performing different resolution

tests, they saw that this effect depends on and scales with the resolution. In Fig. 5.2 the glass sim-

ulations are shown (Wang & White 2007) for different resolutions. One can see the fragmentation

of small halos along the filaments with fewer, more massive spurious halos in the low resolution

runs. For the same resolution simulation, one can see that in the grid run the fragmentation is

more visible than in the glass one, but the fragmentation does occur in all glass simulations. For

comparison we plot a fragmented filament from our grid high resolution simulations in Fig. 5.3.

We have performed a similar test2 as Wang & White (2007) in order to see the correlation be-

tween the fragmentation and the resolution used in our grid simulations. While they used a 100

Mpc h−1 box and increased the number of particles in the full box, we have done the same test us-

ing just a filamentary region where a halo forms top-down. Also, they state that their simulations

are done for a 55 eV particle3, while we have chosen a particle with a 0.36 km/s velocity dispersion

at redshift zero, corresponding to 200 eV in Bode et al. (2001).

2part of this work has been done in collaboration with Joachim Stadel and Doug Potter
3It seems that they use a different power spectrum law, so it is not clear to which velocity their 55 eV corresponds.

In our 50 eV (in Bode et al. estimation) simulations, as shown in Chapter 3, halos only begin collapsing at redshift zero
and filaments are still smooth, although it is true that we have chosen a much smaller, 40 Mpc h−1 box. This shows
again that one has to be careful when referring to a particle by its mass and not by its velocity dispersion.
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Figure 5.2: A filament fragmenting in simulations performed with the glass method for different
resolutions from Wang & White (2007)

Figure 5.3: The fragmentation occurring along a filament in our high resolution grid simulation
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Figure 5.4: Halo forming region at redshift zero in low resolution simulation (left panel), high
resolution simulation (right panel)

In Fig. 5.4 we plot the region of interest in low resolution and in 83 higher resolution. The

filament we have been analyzing has a diameter4 of ∼ 750 kpc. In the high resolution run we

have chosen a softening of 1.5 kpc. One can see in the picture that the number of halos is larger

than in the low resolution case and that the spacing between the halos is smaller. While in the

low resolution case the fragmentation occurs along its whole width of the filament, in the high

resolution case, it occurs just in the central region of the filament, where the density is higher than

in the outer part. This inner part of the filament, which fragments has a size of 15 kpc.

To see how the softening is influencing the fragmentation, we have also run the high resolu-

tion simulations with larger softening lengths. In Fig. 5.5 we show the difference at redshift 1.5,

when the fragmentation first occurs, between the high resolution filament and the high resolution

filament with the increased 15 kpc softening. As expected, when the softening is larger than the

fragmentation scale, no spurious halos form.

The number of spurious halos is scaling with N3 and the mass of these halos is scaling with

N−1, thus confirming the results of Wang & White (2007), where N is the number of particles.

Also, since these parameters vary with the resolution, it is safe to conclude that the fragmentation

is artificial and not physical.

It was only recently shown by Hahn, Abel & Kaehler (2013) that the fragmentation is most

likely due to large anisotropic force errors and that with a more accurate force, the number of

spurious halos is reduced. For solving the same problem, Hobbs et al. (2015) propose a modified

force softening criterion5, which minimizes the spurious two-body effects, while maintaining high

4Since the filament is not perfectly cylindrical, this represents the maximum width
5Novel form of Adaptive softening (NovA) implemented in the RAMSES adaptive mesh refinement code.
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Figure 5.5: The filament at redshift 1.5 in the high resolution run (left panel) and high resolution
with large softening (right panel)

force accuracy in collapsed regions.

The question whether or not for some filaments the fragmentation is physical, still remains.

It has been shown that infinite self-gravitating cylinders are unstable to fragmentation (Ostriker

1964; Fridman & Poliachenko 1984), but Hobbs et al. (2015) show that even for finite cosmolog-

ical filaments, in some cases fragmentation occurs regardless of the resolution and the softening

criterion used. How this fragmentation is influenced by baryonic physics is another important

question.

5.2.1 Contamination from the merging of spurious halos

To avoid the contamination by spurious halos when computing the mass function, one method

proposed is to simply remove them, since we know the mass scale at which they form (Lovell et al.

2014). There is, however, one caveat to this method. In the warm dark matter simulations, some

of the halos, which are artificially forming along the filaments, merge into larger halos, which by

redshift zero acquire enough particles to set them above the fragmentation mass scale.

For example, in Fig. 5.6 we show such a merging, where the resulting halo is above the frag-

mentation scale, that is ∼ 1010 M� halo for a ∼ 5 × 109 M� fragmentation scale. While this halo

was easy to spot in our simulation, in simulations with colder particles, this becomes more diffi-

cult, because the hierarchical growth of structure happens earlier and more rapidly. Therefore, one

needs to be extremely cautious when analyzing a halo at redshift zero and make sure that the halo

is not the result of spurious halos merging.
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5.2. Spurious fragmentation in warm dark matter filaments

Figure 5.6: Fragmentation of a filament in which small spurious halos merge into a larger halo at
redshift 1.77, 1.56, 1.36, 1.27, 1, 0.8, 0.7, 0.6, 0 (from upper left to bottom right)
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5.3 Conclusions

In this chapter, several technical aspects that need to be considered in warm dark matter sim-

ulations have been discussed. We will summarize them below along with other aspects that need

to be taken into account in future studies.

• Since warm dark matter particles travel in a given time larger distances than cold dark matter

ones, high resolution refinements are more expensive, as they imply larger regions sampled

with high energy particles. The size of these regions depends on the streaming velocity of

the particle and the morphology of the region that one wants to refine.

• Fragmentation occurs along the filaments in all warm dark matter simulations, resulting

in low mass spurious halos. The mass and number of spurious halos is scaling with the

resolution.

• In some cases, the fragmentation of filaments may be physical, since it is occurring even for

very high resolutions, in simulations that otherwise should prevent the formation of artificial

halos.

• Several methods have been proposed in order to solve the fragmentation, with the adaptive

softening being highly successful in preventing the formation of spurious halos.

• The baryonic physics may play an important role in the evolution of filaments, as we have

seen in Chapter 3, having an important influence on how and when the filaments fragment.

• In many cases, especially for colder particles in the few keV range, artificial halos forming

along the filaments merge into larger halos, ’contaminating’ the mass function. For an accu-

rate mass function, merger trees should be considered for establishing the origin of halos.

• It was recently shown by Gao, Theuns & Springel (2015) that methods like ’FoF’ used in

analyzing cold dark matter simulations are proved to be insufficient in analyzing warm dark

matter halos. We confirm this statement, finding that the artificial fragmentation occurring

along the filaments results in a high number of small halos with less than ten particles.
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Chapter 6
Conclusions

The effects of the free streaming of the warm dark matter particle are expected to manifest

themselves on both large scales and small scales. The free streaming exponentially dampens the

power spectrum of density fluctuations such that very few structures are formed below the damp-

ing scale. Conservation of the fine grained phase space density is expected to set a maximum

density that cannot be exceeded during the formation of structures with collisionless particles. Af-

ter performing numerous warm dark matter simulations and analyzing terabytes of data, in this

thesis I have discussed some of the aspects of structure formation and evolution in warm dark

matter models. I will summarize below some of our findings.

6.1 General Conclusions

Addressing first the theoretical considerations adopted in warm dark matter simulations, we

have shown that in the absence of a tested universal mechanism of production for the warm dark

matter particle, the relation between the particle mass and its corresponding velocity is strongly

dependent on the specific model adopted. Depending on the model adopted this value can vary

within one order of magnitude, a fact that is very important when trying to constrain the warm

dark matter particles.

Beginning with the effects that warm dark matter particles are having on the structure forma-

tion in the universe, we found that these effects are not negligible and that the structure forms

qualitatively different in warm dark matter models compared to cold dark matter ones.

• In the case of warm dark matter we see from our simulations that the structure formation is

more complex, a hybrid mechanism.

• During the early stages one sees the formation of well contoured filaments. How early this

stage is depends on the particle velocity. In our simulations this happens in the interval

13 > z > 8.
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• In the higher density regions, usually situated at the intersection of such filaments, the first

halos are formed through gravitational collapse. These halos continue growing into larger

ones by accreting particles from the disrupted filaments.

• In medium density regions, halos show a hierarchical formation trend. Small halos collapse

first and then merge into bigger halos.

• In less dense regions, the ones isolated by voids and which have a very slow evolution, we

have observed filaments that collapse very late. The top-down formed halo survives without

any mergers until redshift zero.

• Finally there is the more complex scenario in which we observe large halos formed earlier

which merge together forming a large cluster.

• The filamentary-like structure is preserved until redshift zero, with new filaments forming

in the low density regions as late as redshift z ∼ 4.

• The warmer the dark matter the more pronounced is the top-down effect and the more de-

layed is the initial collapse.

• Despite the numerical limitations we encounter as far as our warm dark matter simulations

are concerned, we can conclude that an early top-down structure formation trend would

be seen even in dark matter simulations with v < 0.05 km/s. For colder particles, this

effect is hidden and wiped out by following abundant mergers resulting in a redshift zero

distribution that seems to be in agreement with the hierarchical formation scenario.

• The number of small satellites, as previously found, is visibly reduced in the WDM simula-

tions compared to the CDM ones.

Analyzing the internal structure of halos, high resolution N -body simulations have been used

to examine the effects of free streaming velocities at such scales. The major findings are the follow-

ing:

• As seen from our simulations, warm dark matter halos display caustics and shells.

• The finite initial fine grained Phase Space Density (PSD) is also a maximum of the pseudo

PSD, resulting in PSD profiles of WDM haloes that are similar to CDM haloes in the outer

regions, but do flatten towards a constant value in the inner regions. Baryonic processes and

quantum effects can influence the profiles in the central region of the halos.

• When testing the Tremaine-Gunn limit, we find that the finite PSD limit results in a constant

density core with characteristic size that is in agreement with theoretical expectations from a

spherical collapse model.

106



CHAPTER 6. CONCLUSIONS

• In order to explain the cores of order of several kpc observed in dwarf galaxies, one would

need, however, a particle that is too light to be in agreement with independent constraints

like the ones derived from Lyman-α and lensing.

• Moreover, with such a warm candidate, the exponential cut-off of the power spectrum would

make it impossible to obtain these dwarf galaxies in the first place.

• This Catch 22 problem means that warm dark matter alone is not responsible for the large

cores observed, although it may provide an important ingredient for the baryonic processes

to develop large cores.

• It should be stressed, however, that one important aspect that we do not consider is the

quantum effect of the warm dark matter particles.

6.2 Outlook and perspectives

In order to better test warm dark matter models, high resolution simulations will be needed,

implementing baryonic physics and using techniques that solve problems like artificial fragmen-

tation. In the attempt of reconciling the simulations with observations, one may look at several

interesting aspects.

• Since warm dark matter structure forms initially top-down, the effect of baryonic physics

may be very important. The stars which form inside the filaments may provide the seeds for

growing massive objects, explaining perhaps the very massive black holes observed at high

redshift.

• Moreover, observations of regularly spaced supermassive black holes distributed along a 60

Mpc arc (Caramete & Biermann 2011) may be explained in the WDM scenario.

• The smoother space distribution in the warm dark matter scenario may allow baryons to

condense coherently in a smooth potential halo, providing favorable conditions for forming

disk-like galaxies.

• The same effect may produce large cores like the ones observed in dwarf galaxies.

• The high resolution analysis of the small halos that we find in our simulations and which

do not suffer mergers may shed some light on the difference between the properties of these

halos and other halos in simulations. These differences can be tested against observations.

• Estimating the enhancement in the annihilation signal that can be due to the shells we find in

warm dark matter simulations and comparing it with detected signals may be an important

test for warm dark matter.
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• Measuring the phase space density for simulated halos in the mass range of dwarf galaxies

and comparing them with observations can be yet again a test for the model.
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Your theory is crazy

but is it crazy enough to be true?

paraphrasing NIELS BOHR’s alleged remark

A.1 What if the black hole event horizon has a quantum thickness?

Jack Sarfatti1, Sinziana Paduroiu2

1 ISEP, San Francisco, CA 94133, USA
2 Geneva Observatory, University of Geneva, CH-1290 Sauverny, Switzerland

Abstract

Considering that the black hole has a quantum thickness, L, the radiation predicted by Hawk-

ing, with a peak wavelength for distant observers ∼ A1/2 for the area A should be corrected by a

second asymptotic redshifted higher Unruh temperature component with peak wavelength pro-

portional to the proper quantum thickness of the horizon. The radiation power and the emitted

flux from a black hole that include these correction terms are presented in the paper. The two

Hawking surface and thickness radiations form a Carnot limited heat engine. L = Lp corresponds

to random black body gravity waves. L ∼ h/mc for virtual electron-positron pairs stuck to the

horizon corresponds to far field thermal photons. Although our results show that the flux from

the black hole in the galactic center is too small to be detected by current gravitational wave de-

tectors, the thermal Hawking thickness radiation hc/L2
pA gives a prediction for the observed dark

energy density if we use the future de Sitter horizon entropy.

Introduction

At the beginning of the seventies, Hawking (Hawking 1971, 1974, 1975) and Bekenstein (Beken-

stein 1973a,b) calculated the black body radiation emitted by a black hole including the quantum
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gravitational effects. Hawking’s black body radiation from the horizon surface area-entropy A

peaks at wavelength ∼ A1/2 for distant observers. This is not the complete story. Classically the

event horizon is approximated as infinitely thin. Heisenberg tells us this is not possible. We know

that the event horizon of a black hole must have some effective thickness of quantum origin.

Ever since Stephen Hawking suggested information is lost in an evaporating black hole once

it passes through the event horizon and is inevitably destroyed at the singularity, turning pure

quantum states into mixed states, some physicists have wondered if a complete theory of quantum

gravity might be able to conserve information with a unitary time evolution. But how can this be

possible if information cannot escape the event horizon without traveling faster than light? This

seems to rule out Hawking radiation as the carrier of the missing information. It also appears as if

information cannot be "reflected" at the event horizon as there is nothing special about it locally.

Leonard Susskind (Susskind, Thorlacius & Uglum 1993) proposed a radical resolution to this

problem by claiming that the information is both reflected at the event horizon and passes through

the event horizon and cannot escape, with the catch being no observer can confirm both stories si-

multaneously. According to an external observer, the extremely large time dilation at the horizon

itself makes it appear as if it takes an infinite amount of time to reach the horizon. He also postu-

lated a stretched horizon, which is a membrane hovering about a Planck length outside the event

horizon and which is both physical and hot. According to the external observer, infalling informa-

tion heats up the stretched horizon, which then re-radiates it as Hawking radiation, with the entire

evolution being unitary. However, according to an infalling observer, nothing special happens at

the event horizon itself, and both the observer and the information will hit the singularity. This is

not to say there are two copies of the information lying about - one at or just outside the horizon,

and the other inside the black hole - as that would violate the no cloning theorem. Instead, an

observer can only detect the information at the horizon itself, or inside, but never both simulta-

neously. Complementarity is a feature of the quantum mechanics of noncommuting observables,

and Susskind proposed that both stories are complementary in the quantum sense. Interestingly

enough, an infalling observer will see the point of entry of the information as being localized on the

event horizon, while an external observer will notice the information being spread out uniformly

over the entire stretched horizon before being re-radiated. To an infalling observer, information

and entropy passes through the horizon with nothing strange happening. To an external observer,

the information and entropy is absorbed into the stretched horizon which acts like a dissipative

fluid with entropy, viscosity and electrical conductivity. See the membrane paradigm for more

details. The stretched horizon is conducting with surface charges which rapidly spread out over

the horizon.

In this paper, we calculate the radiation coming from a black hole, considering Susskind’s as-

sumption (Susskind, Thorlacius & Uglum 1993) that the horizon has a quantum thickness L = Lp.

Hence, there should be a second asymptotic redshifted higher Unruh temperature component with

peak wavelength proportional to the proper quantum thickness of the horizon ∼ geometric mean
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L of IR cutoff i.e.,
√
L
√
A with an energy density T 4 ∼ hc/L2A. Our result shows that the power

emitted is independent of the mass of the black hole and its area-entropy. Considering as exam-

ples the black hole at the center of the Milky Way and the one in M87, we find that although the

radiation is very high at the surface, the flux on Earth is undetectable by our current gravitational

waves detectors.

The Unruh effect (Fulling 1973; Davies 1975; Unruh 1976) suggests that the w = +1/3 black

body radiation (gravity or EM) for accelerating detectors corresponds to w = −1 for the distant

local inertial frame detectors, where w is the pressure over the energy density.

All this leads up to Susskind’s holographic principle: the universe filled with galaxies, stars,

planets, people is a hologram, an image of reality coded on a distant two-dimensional surface.

In the last few years, several works (Biermann & Harms 2012, 2013) were proposing models

that link dark energy to the gravitational waves bursts ejected during the birth of super-massive

black holes.

Our prediction for dark energy differs in that it takes into account the blue-shifted radiation

from our future cosmologic horizon. The two Hawking surface and thickness radiations form a

Carnot limited heat engine. L = Lp corresponds to random black body gravity waves. L ∼ h/mc

for virtual electron-positron pairs stuck to the horizon corresponds to far field thermal photons.

These back of the envelope heuristic shortcuts apply both to observer independent black hole hori-

zons as well as observer-dependent past and future cosmological horizons bounding the causal di-

amond. In the case of gravity wave thermal Hawking thickness radiation hc/L2
pA is the observed

dark energy density if we use the future deSitter horizon entropy A.

New radiation predicted

Leonard Susskind in his work on stretched horizons suggests that the event horizon should

be one Planck length thick, which is in the realm of quantum gravity. According to Susskind, a

thermometer lowered to the vicinity of a black hole will report a very high temperature at the

stretched horizon (1 Planck length thick above the horizon). To a free-falling observer it is normal

empty space and a non event. According to black hole complementarity model, the maximum

amount of information that can fill a region of space is equal to the area of the region (not the

volume). Adding one bit of information to a black hole of any size will increase the area of the

horizon by one square Planck unit (Planck unit of area). The entropy of a black hole, measured

in bits, is proportional to the area of the horizon, measured in Planck units (information = area).

The maximum amount of information that can possibly be contained in any region of space can

be stored in the boundary of the region using no more than one quarter bit per Planck area. We

conjecture that virtual Planck scale black holes become real, like in the electron-positron case, and

they quickly evaporate emitting gravity wave Hawking radiation. For an arbitrary ’coordinate

thickness’ IR cutoff L, the physically measurable local ’proper length’ thickness line element for
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the Schwarzschild black hole metric in the static Local Non-Inertial Frame (LNIF) representation

is, to first order Taylor series expansion

L̃ ≈ L√
1−

√
A

L+
√
A

→
√
L
√
A, for

L

rs
� 1 (A.1)

Therefore, the radial horizon proper thickness is the geometric mean of the IR cutoff with

the square root of the area of the horizon. The random radial vibrations of the virtual electron-

positrons, or the virtual black holes as the case may be, have a peak wavelength in their black

body radiation that is this geometric mean as seen by the distant observer.1

The new radial quantum thickness modes are

gtt(receiver) ≈ 1 (A.2)

and

gtt(source) = 1− rs
L+ rs

≈ L

rs
, (A.3)

for a far away observer.

For quantum thickness radial modes, the flux at the source is f(source) ∼ 1/L, therefore

(1 + z) =

√
rs
L

=
f(source)

f(receiver)
. (A.4)

Considering the geometric mean rule,

f(receiver) ≈
√
rs
L

=
1√
L
√
A
. (A.5)

On the other hand, for Hawking’s radiation, the surface modes give

f(source) ≈ 1

rs
(A.6)

f(receiver) ≈ √gttf(source) ≈ c2

rs
(A.7)

The Hawking black body temperature corresponding to this new mode of random vibrations

is

T ≈ hc

kB
√
L
√
A

(A.8)

The Stefan-Boltzmann law gives the energy density

ρ ≈ hc

L2A
. (A.9)

1The proper acceleration of the hovering non-inertial observer near the horizon that describes the virtual particles
is huge because of the square root of the g00 in the denominator multiplying the Newtonian surface gravity in the
numerator. However, the high energy radiation from this accelerating source is redshifted for the distant observer, by
the same square root of the g00 that is now in the numerator. The two factors cancel out and this is why it is only the
Newtonian surface gravity that is relevant for the distant observer in Hawking’s original model.
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The total power emitted isotropically at the event horizon from these hitherto ignored random

quantum thickness vibrations is

P =
2

π × 15360

hc2

L2
≈ 4× 10−5hc

2

L2
. (A.10)

Therefore, the universal total power for Hawking horizon thickness2 gravity blackbody radia-

tion is

Pgravity ≈ 4× 10−5hc
2

Lg
≈ 4× 1051W (A.11)

In contrast, Hawking’s original surface gravity radiation has

ρH ≈
hc

A2
, (A.12)

with non-universal total radiated power for photons

PH ≈ 4× 10−5hc
2

A
. (A.13)

The ratio of the two modes of Hawking radiation is, within the limits of our Taylor series

expansion:
P

PH
=

A

L2
(A.14)

T

TH
=

1√
L
√
A

1√
A

=

√√
A

L
(A.15)

The flux coming from a black hole can be calculated using:

f =
6.582× 10−16

(L× rs)2
eV s (A.16)

f =
1.054× 10−34

(L× rs)2
Js (A.17)

in the approximation in which the source is at an infinite distance from the detector.

A spherically symmetric static Schwarzschild black hole of one solar mass will have the peak of

the high freaquency gravitational waves (HFGW) at the surface of the Earth will be∼ 1024 Hz after

the enormous gravity redshift from a Planck length distance of the classical horizon. In contrast,

the indirect electromagnetic black body radiation from the stuck electron-positron plasma at the

horizon has a much lower temperature corresponding to a 1012 Hz peak.

Let us consider the super-massive black hole at the center of our galaxy of about four million

solar masses (e.g Reid 2009; Sofue 2013) with a Schwarzschild radius of ten billion meters. The

2We need to distinguish direct emission of our new horizon thickness Hawking radiation from indirect emission. All
zero rest mass bosons (transverse polarized far field photons and gravitons in Glauber macro-quantum coherent states
of maximally sharp amplitude and phase - displaced Gaussians in their phase spaces) have infinite L, and therefore,
zero direct emission rate in contrast to the indirect emission of photons from escaping electric charges and indirect
emission of gravitons from rapidly decaying Planck scale mini black holes at the horizon.
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peak black body frequency will be ∼ 1020 Hz, at the boundary between the values for X-rays and

Gamma rays.

The HFGW power flux hitting the Earth will be3

fgravity ≈ 4× 10−5 hc2

4πr2L2
≈ 1.7× 1031

W

m2
(A.18)

In contrast, if we were to suppose that the cutoff is the Compton wavelength of the electron

2.4 × 10−12 m, the peak black body photon wavelength would be ∼ 30 cm corresponding to 1000

MHz. Since, as mentioned above, Hawking’s basic argument invokes virtual electron-positron

pairs stuck on the horizon as hovering static objects with enormous proper accelerations, hence a

very hot Unruh temperature that provides enough energy from the gravitational field to make a

plasma of real electron-positron pairs, it seems then plausible to use the electron Compton wave

length as the ’high-pass filter’ (coordinate thickness IR cutoff) for the electromagnetic Hawking

radiation. This is 1022 times larger than the Planck length and it gives reasonable predictions for

the photon flux at Earth as well for the peak frequency of the newly predicted component of the

Hawking radiation.

f(LC) ≈ 1.4× 10−5 hc2

4πr2L2
C

≈ 1018 W

m2
(A.19)

In the case of Sgr A* (our GC BH), there is a mysterious absence of the high energy emission

(X-rays and UV radiation) often observed from active galactic nuclei. The values are summarized

in Table A.1.

These examples strongly suggest that the photon flux at Earth will not be detectable by grav-

itational waves detectors like LISA, that have a sensitivity for frequencies in the 0.1 mHz-0.1 Hz

range (Prince et al. 2006), though the graviton flux perhaps will be detected if HFGW detectors can

be built. On the other hand, the gravity wave emissions near the black hole horizons from their

quantum thickness might have observable effects from scatterings with matter in the accretion

disks.

The coupling of the hotter horizon quantum thickness temperature with the cooler orthodox

Hawking surface temperature is a Carnot heat engine capable to doing work, with a maximal

efficiency approaching 100%,

ζ =
W

Qhot
= 1− Tcold

Thot
= 1−

1√
A

1√
L
√
A

≈ 1−

√
L√
A

(A.20)

Evaporation time

When including the contribution to the emitted radiation from the quantum thickness of the

black holes the evaporation time becomes smaller. We only consider non-rotating Schwarzschild

3We do not take into account Eq. 3.15 (Boughn & Rothman 2006) for absorption of gravity waves to matter give an
estimate in hydrogen However, that estimate relies on the dipole approximation, which is not adequate for ∼ 1020 Hz
gravity waves.
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Table A.1: Black hole flux and peak frequency (P) for radiation coming from different mass sources,
considering three different values for the quantum thickness, Planck length, Compton length and
the weak scale length respectively

Label rs f(Lp) P (Lp) f(Lc) P (Lc) f(Lws) P (Lws)

m W/m2 Hz W/m2 Hz W/m2 Hz
1M� 2.95× 103 1.7× 1031 1024 7× 10−16 1012 0.4 1
Sgr A∗ 1.2× 1010 1018 1020 4.6× 10−29 109 2.7× 10−14 1013

Hubble 1.3× 1026 8.9× 1013 1015 3.9× 10−33 17 2.3× 10−18 8× 105

black holes here to show the basic new physics in as simplest a setting as possible. In Hawking’s

description, where he neglected the quantum gravity fluctuations in the position g00 = 0 of the

black hole horizon we have:

dM

dt
=

a

L2
+

b

M2
(A.21)

Hawking’s term is b/M2 which is analogous to Einstein’s B-coefficient for stimulated emission

of horizon surface vibrational quanta with distant observer gravity redshifted black body radiation

of very low temperature

TH ≈
hc

A1/2kB
(A.22)

where A is the area entropy of the black hole horizon.

Our new quantum gravity zero point vacuum term, analogous to Einstein’s A-coefficient for

spontaneous emission is a/L2 with distant observer gravity redshifted relatively higher tempera-

ture:

TS ≈
hc

LA1/2kB
(A.23)

The solution of the Eq. (A.21) is:

τ =

∫
1

a
L2 + b

M2

dM (A.24)

that is:

τ = 1069

∫
1

1
L2 + 1

r2s

drs (A.25)

with the solution:

τ = 1069L2(rs − Ltan−1(
rs
L

) (A.26)
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Dark Energy Prediction

With respect to the black holes, we are outside observer-independent black hole horizons so

that the inverse square law applies. In contrast, we are inside our observer-dependent cosmologi-

cal horizons at the exact center where the Hawking radiation from it converges. Curiously, using

the asymptotic area ∼ 1052 m2 of our future dark energy de Sitter horizon, and L ∼ 1035 m for

indirect Hawking-Unruh horizon thickness, gravity waves emission corresponds very roughly to

a peak blackbody wavelength

λpeak ≈ 1013−17.5m ≈ 1/3× 10−4m ≈ 3× 1012Hz
−1 (A.27)

with Stefan-Boltzmann HFGW energy density

hc

Lp
2A
≈ 10−8J/m3 ≈ 10−28g/cm3 (A.28)

corresponding for a k = 0 flat universe to the dark energy density. It is important to stress that

these are black body gravity waves not electromagnetic waves. However, dark energy comes from

virtual bosons with w = −1 negative quantum pressure causing the expansion of 3D space to ac-

celerate rather than slow down. Blackbody radiation, in contrast, has w = +1/3 positive quantum

pressure causing gravity universal attraction rather than anti-gravity universal repulsion. Nev-

ertheless, the Unruh effect’s Bogoliubov transformation says that the Local Inertial Frame (LIF)

observer sees virtual bosons with w = −1 whilst the physically coincident LNIF observer sees real

blackbody bosons with w = +1/3. We are only concerned with the distant observer far away from

the horizon, which limits to a LIF for both the Schwarzschild black hole and the de Sitter cosmo-

logical toy model metrics. So this is a clue as to what may really be going on, ratherthan a rigorous

argument.

Even more problematical is that we, most likely, must use classical causality in describing

where the past and future light cones intersect both the past particle and future event cosmo-

logical horizons of the detector. One can see that the area of our past particle horizon is smaller

than the area of our future event horizon at the corresponding light cone intersections. The ball

park numerical agreement with the actually observed dark energy density from Type 1a super-

novae anomalous redshift data in our past light cones will only work if the gravity waves that are

advanced Wheeler-Feynman waves propagating back to us along our future light cone.

This is reminiscent of Yakir Aharonov’s (Aharonov, Albert & Vaidman 1988) ’destiny’ post-

selected quantum waves that interfere with pre-selected ’history waves’ to form the ’weak mea-

surements’ in the intermediate time. John Cramer’s (Cramer 1986) ’transactional interpretation’

also uses advanced quantum waves. Of course, quantum waves for subluminal massive particles

travel outside the classical light cones. Furthermore, the hologram conjecture is that a confor-

mal 2D + 1 anyonic fractional quantum statistical heat resistant topological computer quantum
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field theory on both our past and future cosmological horizons provide a 3D + 1 quantum grav-

ity geometrodynamics in the interior bulk of this causal diamond observable piece of a ’Level 1’

multiverse in the sense of Max Tegmark’s (Tegmark 2009) classification.

Thus, it is plausible that the dark energy density is an advanced Wheeler-Feynman hologram

influence and that we live in a kind of virtual ’weak measurement’ computed reality. Fred Hoyle

(Hoyle 1984) anticipated this picture in his book ’The Intelligent Universe’. On the other hand,

the hologram conjecture predicts that the Planck area pixels on our past and future cosmological

quantum computing horizon screens have Fermi-scale voxels (Susskind 2008). This would mean

a strong short-range Abdus Salam (Salam & Strathdee 1976) f-gravity ’quantum foam’ which may

be disproved by the high-energy gamma ray experiments looking for violations of Lorentz invari-

ance in deviations from the special relativity mass shell constraint. If so, that would disprove the

hologram conjecture 4.

Conclusions

If the event horizon has a quantum thickness L, there is a qualitative change in the total power.

The original Hawking result can be derived quite simply intuitively in the spirit of the old quan-

tum theory of Bohr and later de Broglie, i.e. simply fitting quantum waves into finite box or in this

case, a two dimensional spherical shell. Hawking’s result above can be pictured as random surface

waves in a virtual electron-positron plasma, combined with the Unruh effect. This describes the

pairs stuck to the horizon as having huge proper acceleration proportional to the Hawking-Unruh

temperature.

The flux coming to earth from the black hole at the center of our galaxy is too small to be sensed

by our present-day gravitational waves detectors.

Furthermore, our new term added to the Hawking’s equation has the same functional depen-

dence as the dark energy whose anti-gravity is accelerating the expansion of space. Furthermore,

when we insert the Planck length 10−33 cm for L and the square of the cosmological Hubble radius

≈ 1028 cm we get the right ballpark number for the observed dark energy density from the anoma-

lous redshifts of Type 1a Supernovae. However, the only way that numerical coincidence makes

sense, is if the dark energy is advanced Wheeler-Feynman radiation back from our future de Sitter

cosmological event horizon with the mirror image Feynman boundary condition that advanced

waves propagate negative energy forward in time.

4The above is for advanced black body gravity waves from our future cosmological horizon. If we consider the
advanced black body electromagnetic waves from the electron-positron plasma confined within a Compton wavelength
of our future cosmological horizon, the peak wavelength is ∼ 107 m ∼ 10 Hz−1 in the same range as our EEG human
brain waves relevant to our waking consciousness and other vital brain activity.
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