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ABSTRACT

A properly called "naturalness'" is imposed on gauge theories.
It is an order-of-magnitude restriction that must hold at all
energy scales p. To construct models with complete naturalness for
elementary particles one needs more types of confining gauge
theories besides quantum chromodynamics. We propose a search
program for models with improved naturalness and concentrate on
the possibility that presently elementary fermions can be con-
sidered as composite. Chiral symmetry must then be responsible

for the masslessness of these fermions. Thus we search for QCD-
like models where chiral symmetry is not or only partly broken
spontaneously. They are restricted by index relations that often
cannot be satisfied by other than unphysical fractional indices.
This difficulty made the author's own search unsuccessful so far.
As a by-product we find yet another reason why in ordinary QCD
chiral symmetry must be broken spontaneously.

IITI1., INTRODUCTION

The concept of causality requires that macroscopic phenomena
follow from microscopic equations. Thus the properties of liquids
and solids follow from the microscopic properties of molecules
and atoms. One may either consider these microscopic properties
to have been chosen at random by Nature, or attempt to deduce
these from even more fundamental equations at still smaller
length and time scales. In either case, 1t 1s unlikely that the
microscopic equations contain various free parameters that are
carefully adjusted by Nature to give cancelling effects such that
the macroscopic systems have some special properties. Thi’s; 18" a
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philosophy which we would like to apply to the unified gauge
theories: the effective interactions at a large length scale,
corresponding to a low energy scale M1, should follow from the
properties at a much smaller length scale, or higher energy scale
Huo, without the requirement that various different parameters at
the energy scale p9 match with an accuracy of the order of

ul/uz. That would be unnatural. On the other hand, 1f at the
energy scale py some parameters would be very small, say

cz(uz) =U(ul/u2) : (LTI

then this may still be natural, provided that this property would
not be spoilt by any higher order effects. We now conjecture that
the following dogma should be followed:

- at any energy scale p, a physical parameter or set of physical
parameters ai(u) 1s allowed to be very small only 1f the
replacement a;(u) = o would increase the symmetry of the system. -
In what follows this 1s what we mean by naturalness. It 1s clearly
a weaker requirement than that of P. Dirac!) who insists on having
no small numbers at all. It i1s what one expects 1f at any mass
scale y > u  some ununderstood theory with strong interactions
determines a spectrum of particles with various good or bad
symmetry properties. If at p = M certaln parameters come out to
be small, say 1072, then that cannot be an accident; it must be
the consequence of a near symmetry.

For 1nstance, at a mass scale

u = 50 GeV,
the electron mass m, 1S 10“5. This 1s a small parameter. It 1is
acceptable because m, = o would imply an additional chiral

symmetry corresponding to separate conservation of left handed
and right handed electron—-like leptons. This guarantees that all
renormalizations of m, are proportional to m_ 2 itself. In sects.

e e
ITI2 and III3 we compare naturalness for quantum electrodynamics

and ¢4 theory.

Gauge coupling constants and other (sets of) interaction
constants may be small because putting them equal to zero would
turn the gauge bosons or other particles into free particles so
that they are separately conserved.

If within a set of small parameters one 1s several orders of
magnitude smaller than another then the smallest must satisfy our
"dogma' separately. As we will see, naturalness will put the
severest restriction on the occurrence of scalar particles 1in
renormalizable theories. In fact we conjecture that this 1s the

reason why light, weakly interacting scalar particles are not
seen.
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It is our aim to use naturalness as a new guilideline to
construct models of elementary particles (sect. III4). In practice
naturalness will be lost beyond a certain mass scale u,, to be
referred to as "Naturalness Breakdown Mass Scale' (NBMS). This
simply means that unknown particles with masses beyond that scale
are ignored in our model. The NBMS is only defined as an order
of magnitude and can be obtained for each renormalizable field
theory. For present "unified theories', including the existing
erand unified schemes, it is only about 1000 GeV. In sect. >
we attempt to construct realistic models with an NBMS some orders

of magnitude higher.

One parameter in our world is unnatural, according to our
definition, already at a very low mass scale (uo““lO"z eV). This
is the cosmological constant. Putting it equal to zero does not
seem to increase the symmetry. Apparently gravitational effects do
not obey naturalness in our formulation. We have nothing to say
about this fundamental problem, accept to suggest that only
gravitational effects violate naturalness. Quantum gravity 1s not

understood anvhow so we exclude it from our naturalness require-

ments.

On the other hand it is quite remarkable that all other
elementary particle interactions have a high degree of naturalness.
No unnatural parameters occur in that energy range where our
popular field theories could be checked experimentally. Ue
consider this as important evidence in favor of the general
hypothesis of naturalness. Pursuing naturalness beyond 1000 GeV
will require theories that are immensely complex compared wilth

some of the grand unified schemes.

A remarkable attempt towards a natural theory was made by
Dimopoulos and Susskind 2) . These authors employ various kinds of
confining gauge forces to obtain scalar bound states which may
substitute the Higgs fields in the conventional schemes. In their
model the observed fermions are still considered to be elementary.

Most likely a complete model of this kind has to be constructed
step by step. One starts with the experimentally accessible aspects
of the Glashow-Weinberg-Salam-Ward model. This model is natural 1if
one restricts oneself to mass—energy scales below 1000 GeV. Beyond
1000 GeV one has to assume, as Dimopoulos and Susskind do, that
the Higgs field is actually a fermion—-antifermion composite field.
Coupling this field to quarks and leptons 1n order to produce
their mass, requires new scalar fields that cause naturalness to
break down at 30 TeV or so. Dimopoulos and Susskind speculate
further on how to remedy this. To supplement such ideas, we toyed
with the idea that (some of) the presently "elementary' fermions
may turn out to be bound states of an odd number of fermions when
considered beyond 30 TeV. The binding mechanism would be similar
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to the one that keeps quarks inside the proton. However, the proton
1s not particularly light compared with the characteristic mass
scale of quantum chromodynamics (QCD). Clearly our idea is only
viable 1f something prevented our '"baryons'" from obtaining a mass
(eventually a small mass may be due to some secondary perturbation).

The proton ows 1ts mass to spontaneous breakdown of chiral
symmetry, or so 1t seems according to a simple, fairly successful
model of the mesonic and baryonic states in QCD: the Gell-Mann-Lévy
s1gma model3). Is it possible then that in some variant of QCD
chiral symmetry is not spontaneously broken, or only partly, so
that at least some chiral symmetry remains in the spectrum of
fermionic bound states? In this article we will see that in
general in SU(N) binding theories this is not allowed to happen,
1.e. chiral symmetry must be broken spontaneously.

ITT2. NATURALNESS IN QUANTUM ELECTRODYNAMICS

Quantum Electrodynamics as a renormalizable model of
electrons (and muons if desired) and photons is an example of a
"natural' field theory. The parameters 2, me (and m,) may be small
independently. In particular m, (and m,) are very small at large u.
The relevant symmetry here 1s chiral symmetry, for the electron
and the muon separately. Ve need not be concerned about the
Adler—-Bell-Jackiw anomaly here because the photon field being
Abelian cannot acquire non—-trivial topological winding numbers®) .

There 1s a value of p where Quantum Electrodynamics ceases to
be useful, even as a model. The model 1s not asymptotically free,
so there 1s an energy scale where all interactions become strong:

(6 2/ 2N ) (LIL2
W, =m_ exp(bm /e N.) , )

where N¢ 1s the number of light fermions. If some world would be
described by such a theory at low energies, then a replacement of
the theory would be necessary at or below energies of order u,.

ILI3 ¢4—THE0RY

A renormalizable scalar field theory 1s described by the
Lagrangian

L= -4 8)° - dn’e% - Zr 8" (I113)

the interactions become strong at
g = m exp(16ﬁ2/3k) : (ITI4)

but. aAis 1t strll natural. there?
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There are two parameters, A and m. Of these, X may be small
because A = o would correspond to a non-interacting theory with
total number of ¢ particles conserved. But 1s small m allowed? If
we put m = o in the Lagrangian (III3) then the symmetry is not
enhanced®). However we can take both m and A to be small, because 1f
A =m = o we have 1nvariance under

§i(ac) = ()i VAT (LLTI5)

This would be an approximate symmetry of a new underlying theory
at energies of order p,. Let the symmetry be broken by effects
described by a dimensionless parameter e. Both the mass term and
the interaction term in the effective Lagrangian (III3) result
from these symmetry breaking effects. Both are expected to be of
order €. Substituting the correct powers of ug to account for the
dimensions of these parameters we have

=)

(IT1I6)
2 2
m = U(EUO)
Therefore,
= Om//X) . (I117)

This value is much lower than eq. (III4). We now turn the argument
around: if any '"nmatural" underlying theory is to describe a scalar
particle whose effective Lagrangian at low energies will be eq.
(III3), then its energy scale cannot be given by (III4) but at
best by (III7). We say that naturalness breaks down beyond m/ V.
It must be stressed that these are orders_of magnitude. For
instance one might prefer to consider A/m“ rather than A to be the
relevant parameter. p_ then has to be multiplied by m. Furthermore,
A could be much smaller than € because A = o separately also
enhances the symmetry. Therefore, apart from factors m, eq. (III7)
indicates a maxlmum value for u,.

Another way of looking at the problem of naturalness 1s by
comparing field theory with statistical physics. The parameter
m/u would correspond to (T-T.)/T in a statistical ensemble. Why
would the temperature T chosen by Nature to describe the elementary
particles be so close to a critical temperature To? If T # o
then T may not be close to T, just by accident.

IIT4. NATURALNESS IN THE WEINBERG-SALAM-GIM MODEL

The difficulties with the unnatural mass parameters only
occur in theories with scalar fields. The only fundamental scalar

*) Conformal symmetry is violated at the quantum level.
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field that occurs in the presently fashionable models 1s the Higgs

field in the extended Weinberg—-Salam model. The Higgs mass—squared,
'méa 1S, hup;-tofa coefficient a fundamental parameter 1in the

Lagrangian. It 1s small at energy scales y >> mp. Is there an
approximate symmetry if my - o? With some stretch of imagination

we might consider a Goldstone—type symmetry:

¢(x) >"¢(x) + const. (I118)
However we also had the local gauge transformations:

p(x) > Q(x) ¢(x) . (ITI9)

The transformations (II8) and (II19)only form a closed group if we
also have invariance under

bi(x) ! i)+ C(x) . (II110)

But then i1t becomes possible to transform ¢ away completely. The
Higgs field would then become an unphysical field and that 1s not
what we want. Alternatively, we could have that (III8) is an
approximate symmetry only, and it is broken by all interactions
that have to do with the symmetry (III9) which are the weak gauge
field interactions. Their strength is g/4m = (J(1/137). So at best
we can have that the symmetry is broken by ((1/137) effects.

Therefore

rnﬁ/u2 >X1/137)

Also the A¢4 term in the Higgs field interactions breaks this
symmetry. Therefore

m/u” 2 00) 2 001/137) . (TI111)

Now

mﬁ ZO()\Fé) , (LIL12)

where gH 1s the vacuum expectation value of the Higgs field, known
to be®

- 7
FH =L'(2GV2) Lo = 174 GeV . (LIL13)

We now read off that

p < OF) =00174 Gev) . (ITI14)

—

*) Some numerical values given during the lecture were 1incorrect.
I here give corrected values.
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This means that at energy scales much beyond Fy our model becomes
more and more unnatural. Actually, factors of m have been omitted.
In practice one factor of 5 or 10 1s still not totally unacceptable.
Notice that the actual value of m dropped out, except that

\

m =0-§ M| 200 (ELT15)

J

Values for m of just a few GeV are unnatural.
III5. EXTENDING NATURALNESS

Equation (III14) tells us that at energy scales much beyond
174 GeV the standard model becomes unnatural. As long as the
Higgs field H remains a fundamental scalar nothing much can be
done about that. We therefore conclude, with Dimopoulos and
Susskind?) that the "observed" Higgs field must be composite. A
non-trivial strongly interacting field theory must be operative at
1000 GeV or so. An obvious and indeed likely possibility 1s that
the Higgs field H can be written as

H= Zyy |, (ITII16)

where Z is a renormalization factor and ¥ 1s a new quark-like
object, a fermion with a new color-like interaction 2) . We will
refer to the object as meta—quark having meta-color. The theory
will have all features of QCD so that we can copy the nomenclature
of QCD with the prefix 'meta-'". The Higgs field 1s a meta—meson.
It 1s now tempting to assume that the meta-quarks transform
the same way under weak SU(2) x U(l) as ordinary quarks. Take a
doublet with left-handed components forming one gauge doublet and
right handed components forming two gauge singlets. The meta-
quarks are massless. Suppose that the meta-chiral symmetry 1s
broken spontaneously just as in ordinary QCD. What would happen?

What happens is in ordinary QCD well described by the Gell-
Mann-Lévy sigma model. The lightest mesons form a quartet of real

fields, ¢ij’ transforming as a

left ® right

2 2

representation of

left

SU(2) ® sy(2)rieht

Since the weak interaction only deals with SU(2)1Eft this quartet

can also be considered as one complex doublet representation of
weak SU(2). In ordinary QCD we have
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.. =06.., + itT..m (ITT17)

and

<o> =-%§ f =91 MeV . (II118)

’ 35
L |O + 17
Tt s (II119)
V2 A ; 1T j
and
<P S = i 64 MeV . (II120)
1 ~ vacuum ®

We conclude that if we transplant this theory to the TeV range
then we get a scalar doublet field with a non-vanishing vacuum
expectation value for free. All we have to do now 1s to match the

numbers. If we scale all QCD masses by a scaling factor k then we
match

F 174 GeV = K 64 MeV

H

K

2700 ., CEET210)

Now the mesonic sector of QCD 1s usually assumed to be
reproduced in the 1/N expansion 5) where N is the number of colors

(1in QCD we have N = 3). The 4-meson coupling constant goes like
] /N. Then one would expect

£ o YN . (ETT22)

m

Therefore

« = 2700 \/-g , (I1123)

1f the metacolor group is SU(N).

Thus we obtain a model that reproduces the W-mass and predicts
the Higgs mass. The Higgs 1s the meta-sigma particle. The ordinary
sigma 1S a wide resonance at about 700 Mev3), so that we predict

iy = 3
Ml = jom) 1900~v/;.GeV , (III24)

and 1t will be extremely difficult to detect among other strongly
interacting objects.
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ITI6. WHAT NEXT?

The model of the previous section 1s to our mind nearly inevi-
table, but there are problems. These have to do with the observed
fermion masses. All leptons and quarks owe their masses to an
interaction term of the form

gy HY | (TITL25)

where g 1s a coupling constant, { 1s the lepton or quark and H 1s
the Higgs field. With (III16) this becomes a four-fermion
interaction, a fundamental interaction in the new theory. Because
1t 1s non—-renormalizable further structure 1s needed. In ref. 2
the obvious choice 1is made: a new ''meta-weak interaction'' gauge
theory enters with new super—-heavy intermediate vector bosons. But
since H i1is a scalar this boson must be 1n the crossed channel, a
rather awkward situation. (See option a in Figure 1.) A simpler
theory 1s that a new scalar particle 1s exchanged 1n the direct
channel. (See option b 1n Figure 1.)

lepton
or quark

Higegs
e8 me ta—quarks

gauge bosons

J

¢ sealar
or b))

me ta—quarks me ta—quarks
Figure 1.
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Notice that in both cases new scalar fields are needed because
in case a) something must cause the ''spontaneous breakdown' of the

new gauge symmetries. Therefore choice b) 1s simpler.
We removed a Higgs scalar and we get a scalar back. Does naturalness

improve? The answer is yes. The coupling constant g in the
interaction (ITI25)satisfies

e glgz/Miz : (I1126)

Here g

; : 3
scalar]s mass, and Z is from (IIT116) . and 1s of order

and g, are the couplings at the new vertices, M 1s the new

7 = ‘ . /N/3 . (11127)

-v/%j(m rnD)2 (1800 GeV)2

Suppose that the heaviest lepton or quark 1s about 10 GeV. For that
fermion the coupling constant g 1s

i i B0 P )
Bj® " {TeOD Gew| Y. 3 .**20 *

o

Naturalness breaks down at

e ] 4/3
u =F|—2-| = 8000 \/—;-Gev,

an improvement of about a factor 50 compared with the situation in
sect. III4. Presumably we are again allowed to multiply by factors
like 5 or 10, before getting into real trouble.

Before speculating on how to go on from here to improve
naturalness still further we must assure ourselves that all other
alleys are blind ones. An intriguing possibility is that the
presently observed fermions are composite. We would get option c),
Figure 2.
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or

Fig. 2

The dotted line could be an ordinary weak interaction W or photon,
that breaks an internal symmetry in the binding force for the new
components. The new binding force could either act at the 1 TeV or
at the 10-100 TeV range. It could either be an extension of meta-
color or be a (color)" or paracolor force. Is such an 1dea viable?

Clearly, compared with the energy scale on which the binding
forces take place, the composite fermions must be nearly massless.
Again, this cannot be an accident. The chiral symmetry
responsible for this must be present in the underlying-theory.
Apparently then, the underlying theory will possess a chiral
symmetry which is not (or not completely) spontaneously broken, but
reflected in the bound state spectrum in the Wigner mode: some
massless chiral objects and parity doubled massive fermions. This
possibility is most clearly described by the o-model as a model
for the lowest bound states occurring in ordinary quantum chromo-
dynamics.

I1I/7. THE o MODEL

The fermion system in quantum chromodynamics shows an axial
symmetry. To illuminate our problem let us consider the case of
two flavors. The local color group 1s SU(B)C. The subscript c here

stands for color. The flavor symmetry group 1s .
SU(2)L ®SU(2)R @ U(1) where the subscripts L and R stands for

left and right and the group elements must be chosen to be space-
time independent. We split the fermion fields y into left and right

components:

gl | 1 ot
Y 2(]+Y5)U}L+z(1 Ye)g - (I1128)
V. transforms as a 3C % 2L &3 IR & 2, (II129)
-
and Vo transforms as a 3(: b2¢ 1L @2R 2 (II1I30)

where the indices refer to the various groups. £ stands for the
Lorentzgroup SO0(3,1), locally equivalent to SL(2,c) which has two
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different complex doublet representations 2p and 2p (corresponding
to the transformation law for the neutrino and antineutrino,
respectively). The fields Yy and Yp have the same charge under 04 ) TP
whereas axial U(1) group (under which they would have opposite
charges) 1s absent because of i1nstanton effects™) .

The effect of the color gauge fields 1s to bind these fermions
into mesons and baryons all of which must be color singlets. It
would be nice 1f one could describe these hadronic fields as
representations of SU(2)L ®SU(?_)R ® U(1) and the Lorentz group,
and then cast their mutual interactions 1n the form of an effective
Lagrangian, invariant under the flavor symmetry group. In the case
at hand this 1s possible and the resulting construction 1s a
successful 39d one—time popular model for pions and nucleons:
the o mode13 . We have a nucleon doublet

N = Fsy N + BN, (TET31)
where

N. transforms as a ] ® 2. &1 &2s ., (II132a)

L C L R N
9. @7,
and NR transforms as a ]c & 1L 2R r (LIL32b)
Further we have a quartet of real scalar fields (U,;) which
transform as a1 ® 2. ®2, ®1,. The Lagrangian 1is
C L i L
L= = ﬁ[ya+g0(o+i?.§75)]N - %(Bﬂ)z = %(80)2 - V(02+¥2)
(ITII33)

Here V must be a rotationally invariant function.

Usually V 1s chosen such that 1its absolute+minimum 1S away
from the origin. Let V be minimal at ¢ = v and m = o. Here v 1s
just a c—number. To obtain the physical particle spectrum we write

PRPERpR (II134)

and we find

-- ) 2
L= - {NGo+ g N - (M7 - $(3s)° - 20V (vD)s?
+ interaction terms . CEEL35)
Clearly, 1in this case the nucleons acquire a mass term mg = g,V
and the s particle has a maSS'mg = 4V2V”(V2), whereas the pion

remains strictly massless. The entire mass of the pion must be due

to effects that explicitly break SU(2)L X SU(2)R , such as a small
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mass term mqu for the quarks (III28). We say that in this case the
flavor group SU(2); @ SU(2)p is spontaneously broken into -the
isospin group SU(2).

Another possibility however, apparently not realised in
ordinary quantum chromodynamics, would be that SU(2); Q’SU(Z)R 1S
not spontaneously broken. We would read off from the Lagrangian
(TELE33Y). that the nucleons N would form a massless doublet and that
the four fields (o, ﬂ) could be heavy. The dynamics of other
confining gauge theories could differ sufficiently from ordinary
QCD so that, rather than a spontaneous symmetry breakdown, massless
"baryons' develop. The principle question we will concentrate on
1s why do these massless baryons form the representation (III32),
and how does this generalize to other systems. We would let future
generations worry about the question where exactly the absolute
minimum of the effective potential V will appear.

III8. INDICES

We now consider any color group G.. The fundamental fermions in

our system must be non-trivial representatlon of G, and we assume
"confinement' to occur: all physical particles are bound states
that are singlets under G.. Assume that the fermions are all
massless (later mass terms can be considered as a perturbation). We
will have automatically some global symmetry which we call the
flavor group Gp - (We only consider exact flavor symmetries, not
spoi1lt by instanton effects.) Assume that Gp 1s not spontaneously
broken. Which and how many representations of Gy will occur 1in the
massless fermion spectrum of the baryonic bound states? We must
formulate the problem more precisely. The massless nucleons 1in
(III33) being bound states, may have many massive excitations.
However, massive Fermion fields cannot transform as a 2p under
Lorentz transformations; they must go as a 2p 6375. That 1s because
a mass term being a Lorentz 1nvariant product of two fields at one
point only links 2p representations with 2p representations.
Consider a given representation r of Gyp. Let p be the number of
field multiplets transforming as r @ 2p and q be the number of
field multiplets r @DZC Mass terms that link the 2p with 2£ fields
are completely invariant and in general to be expected 1in the
effective Lagrangian. But the absolute value of

L = p —igq (ITII36)

is the minimal number of surviving massless chiral

field multiplets. We will call 2 the index corresponding to the
representation r of Gn. By definition this 1ndex must be a
(positive or negative? integer. In the sigma model 1t 1s
postulated that
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) (LTI 37)

[ —

: &
index (2L 1R

index (1L @ ZR) -

index (r) = o for all other representations r.

This tells us that 1f chiral symmetry 1s not broken
spontaneously one massless nucleon doublet emerges. Ve wish to
find out what massless fermionic bound states will come out 1n more
general theories. Our problem i1s: how does (III37) generalize?

III9. ABSENCE OF MASSLESS BOUND STATES WITH SPIN 3/2 OR HIGHER

In the foregoing we only considered spin o and spin 1/2 bound
states. Is 1t not possible that fundamentally massless bound states
develop with higher spin? I believe to have strong arguments that
this 1s indeed not possible. Let us consider the case of spin 3/2.
Massive spin 3/2 fermions are described by a Lagrangian of the form

L = %@U[auv(ya+m) + (yormo 1o . (ITI38)

Just like spin-one particles, this has a gauge-invariance if m - o:
e o 50
b wu U-'I(X) : (EII39)

where n(x) 1s arbitrary. Indeed, massless spin 3/2 particles only
occur 1n locally supersymmetric field theories. The field n(x) is
fundamentally unobservable.

Now 1n our model y would be shorthand for some composite
field: ¢y = Yyy. HoweverE then all components of this, including n,
would be'observables. If m = o we would be forced to add a gauge
fixing term that would turn n into an unacceptable ghost particle®).

We believe, therefore, that unitarity and locality forbid the
occurrence of massless bound states with spin 3/2. The case for
higher spin will not be any better. And so we concentrate on a
bound state spectrum of spin 1/2 particles only.

*) Note added: during the lectures it was suggested by one attendant
to consider only gauge-invariant fields as wuv =8UwJ —~ avw
\ b .

However, such fields must satisfy constraints:a[awuv]=o.
Composite field will never automatically satisfy such constraints.
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IIT10. SPECTATOR GAUGE FIELDS AND —FERMIONS

So far, our model consisted of a strong interaction color gauge
theory with gauge group G., coupled to chiral fermions in various
representations r of G, but of course 1n such a way that the
anomalies cancel. The fermions are all massless and form multiplets
of a global symmetry group, called Gg. For QCD this would be the
flavor group. In the metacolor theory Gy would include all other
fermion symmetries besides metacolor.

In order to study the mathematical problem raised above we
will add another gauge connection field that turns Gy into a local
symmetry group. The associated coupling constants may all be
arbitrarily small, so that the dynamics of the strong color gauge
interactions is not much affected. In particular the massless
bound state spectrum should not change. One may either think of
this new gauge field as a completely quantized field or simply as
an artificial background field with possibly non-trivial topology.
We will study the behavior of our system in the presence of this
"spectator gauge field". As stated, its gauge group is Gy.

Note however, that some flavor transformations could be
assoclated with anomalies. There are two types of anomalies:

1) those associated with G X Gp, only occurring where the color
field has a winding number. Only U(l) invariant subgroups of Gy
contribute here. They simply correspond to small explicit vio-
lations of the Gy symmetry. From now on we will take as Gp only the

anomaly-free part. Thus, for QCD with N flavors, Gy is not
U(N) x U(N) but

GF = SU(N) ® SU(N) @ U(1)
11) those associated with Gy alone. They only occur if the
spectator gauge field 1s quantized. To remedy these we simply add
"spectator fermions' coupled to Gy alone. Again, since these
interactions are weak they should not influence the bound state
spectrum.

Here, the spectator gauge fields and fermions are 1ntroduced
as mathematical tools only. It just happens to be that they
really do occur in Nature, for instance the weak and electro-
magnetic SU(2) x U(1) gauge fields coupled to quarks in QCD. The
leptons then play the role of spectator fermions.

ITI11. ANOMALY CANCELLATION FOR THE BOUND STATE SPECTRUM

Let us now resume the particle content of our theory. At small
distances we have a gauge group G. ® Gp with chiral fermions in
several representations of this group. Those fermions which are
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1

trivial under G. are only coupled weakly and are called "spectator

fermions'". All anomalies cancel, by construction.

At low energies, much lower than the mass scale where color
binding occurs, we see only the Gy gauge group with its gauge
fields. Coupled to these gauge fields are the massless bound states,
forming new representations r of Gy, with either left— or right
handed chirality. The numbers of left minus right handed fermion
fields in the representations r are given by the as yet unknown
indices 2(r). And finally we have the spectator fermions which are

unchanged.

We now expect these very light objects to be described by a
new local field theory, that 1s, a theory local with respect to the
large distance scale that we now use. The central theme of our
reasoning 1s now that this new theory must again be anomaly free.
We simply cannot allow the contradictions that would arise i1f this
were not so. Nature must arrange 1ts new particle spectrum in such
a way that unitarity 1s obeyed, and because of the large distance
scale used the effective interactions are either wvanishingly small
or renormalizable. The requirement of anomaly cancellation in the
new particle spectrum gives us equations for the indices 2(r), as
we will see.

The reason why these equations are sometimes difficult or
1mpossible to solve 1s that the new representations r must be
different from the old ones; if G. = SU(N) then r must also be
faithful representations of Gp/Z(N). For instance in QCD we only
allow for octet or decuplet representations of (SU(3))flavor’
whereas the original quarks were triplets..

However, the anomaly cancellation requirement, restrictive as
1t may be, does not fix the values of 2(r) completely. We must look
for additional limitations.

ITT12 APPELQUIST-CARAZZONE DECOUPLING AND N-INDEPENDENCE

A further limitation is found by the following argument.
Suppose we add a mass term for one of the colored fermions.

Al ==Fm @ + hi.es.

1L w]R
Clearly this links one of the left handed fermions with one of the
right handed ones and thus reduces the flavor group Gy into

Gp C Gp. Now let us gradually vary m from o to infinity. A famous
theorem J) tells us that in the limit m -+ = all effects due to this
massive quark disappear. All bound states containing this quark
should also disappear which they can only do by becoming very heavy.
And they can only become heavy if they form representations r' of
Gp with total index £'(r') = o. Each representation r of Gp forms
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an array of representations r' of G%. Therefore

GrCEY ) =) o(x) . (IT140)
Y SWilEh T NE Tk

Apparently this expression must vanish.

Thus we found another requirement for the indices 2(r). The
indices will be nearly but not quite uniquely determined now.
Calculations show that this second requirement makes our 1indices
2 (r) practically independent of the dimensions n; of Gp. For

insitance, if G, = SU(3) and i1f we have left- and righthanded quarks
forming triplets and sextets then

3
GF = SU(n])L @ SU(n2)R X SU(1‘13)L X SU(nZ‘)R @ U(l) (01 B EA 74 5) 1)

where n; , refer to the triplets and n
anomaly-free 1if

to the sextets. G, 1S
3,4

; = 2 & o 11142
o, n, + 7(n3 n, 0 ( )

Here we have three independent numbers nj.

If we write the representations r as Young tableaus then 2(r) could
still depend explicitly on nj.

However, suppose that someone would start as approximation of

Bethe—-Salpeter type to discover the zero mass bound state spectrum.
He would study diagrams such as Fig. 3

1

Fig. 3

The resulting indices 2(r) would follow from topological properties
of the 1nteractions represented by the blobs. It is unlikely that
this topology would be seriously effected by details such as the
contributions of diagrams containing additional closed fermion loops.
However, that 1s the only way in which explicit n—-dependence

enters. It 1s therefore natural to assume 2(r) to be n—independent.

This latter assumption fixes 2(r) completely. What is the result
of these calculations?
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IIT13. CALCULATIONS

Let G be any (reducible or irreducible) gauge group. Let chiral

fermions in a representation r be coupled to the gauge fields by
the covariant derivative

Dl =g & EATCe) AT (II143)
M U ¥

where A are the gauge fields and Aa(r) a set of matrices depending

on the ' representation r. Let the left-handed fermions be 1n the

representations ry and the right-handed ones in rp. Then the
anomalies cancel 1f

) Te{2%(x), A ()} 2(xp) =

g Tr{la(rR),' b(rR)} AC(rR) . (I1144)

The object dabc(r) = Tr{%a(r), Ab(r)} A" (r) can be computed for any

r. In table 1 we give some examples. The fundamental representation

r, 1s represented by a Young tableau: . Let 1t have n components.
We take the case that Tr A(ro) = 0. Write

Tr I(ro) ='n Tr I(xr) = N(xr)

Tr. Alx). =°0

b

Tr Aa(r) Ab(r) = GClr). Tr la(ro) %b(ro) 5
i3y = K(r) dabc(ro) | (11145)

We.  read off € and K from tabile 1.

Now II1I44 must hold both in the high energy region and in the low

energy region. The contribution of the spectator fermions 1in both
regions 1s the same. Thus we get for the bound states

'\

r abc = ~ ,abc
k% & ; Py =l n T T ) - ) (11146)

\ J

where a,b,c are indices of Gy and r, i1s the fundamental

representation of Gp. We have the factor n, written explicitly,
being the number of color components.

Let us now consider the case G, = SU(3);
Gp = SUL(n) @)SUR(n) X U(1). Ue have n "guarks'" in the fundamental
representations. The representations r of the bound states must be
in Gp/Z(3). They are assumed to be built from three quarks, but we
are free to choose their chirality. The expected representations
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Table 1
r N(r) C(r) K(r)
[:: n ] l
n ] -]
n(n;]) nt2 nt4

n(ntl) (nt2)

6

n(nz-])
3

N(A)N(B)

(nt2) (nt3)

2

C(A)N(B) + C(B)N(A)

(nt3) (nt6)

2

K(A)N(B) + K(B)N(A)
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are given 1n table 2, where also their indices are defined. Because

of left-right symmetry these numbers change sign under interchange
of left « right.

Table 2

representation index representation index

L RIR[R
¥ E “*44
/i

® 21 2
Q ot
3 :

For the time being we assume no other representations. In eq.
II146 we may either choose a, b and ¢ all to be SU(n); indices, or

choose a and b to be SU(n); indices and c¢ the U(1) index. We get
two 1ndependent equations:

3

.
X %(ni3)(ni6)iﬁl+-2 %n(ni?)ﬁmﬁ (n"—g)g?) = g SRR D
i L

+ £

and

I ‘At @ e

s

} 1) me3)2 ), -] dn(ne3)e, + (n*-3)g,
az

(I1147)

The Appelquist—-Carazzone decoupling requirement, eq. (III40), gives
us 1n addition two other equations:

-:
I
b=
3
|

O ,

—y
I
)
-
-
Il

% Qs e @', both af n > 2 . (ITII48)

For n > 2 the general solution 1s
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. =8. =8
|+ =

|

2+ e 3Q_?§’

b
Il
-
|

=
[

N
|
1

(ILT49)

Here 2 is still arbitrary. Clearly this result 1s unacceptable. Ve
cannot allow any of the indices ¢ to be non-integer. Only for the
case n = 2 (QCD with just two flavors) there 1s another solution.
In that case Rz_ and RB describe the same representation, and Q]_
an empty representation. We get

g g, = Km ] = 10 4 2 1R : CLELS0E)

According to the o-model, Vig = Loy =903 k = 1, The g-model. 18

therefore a correct solution to our equations.

In the previous section we promised to determine the 1ndices
completely. This 1s done by i1mposing n—-independence for the more
general case including also other color representations such as
sextets besides triplets. The resulting equations are not very
11luminating, with rather ugly coefficients. One finds that 1in
general no solution exists except when one assumes that all mixed
representations have vanishing indices. With mixed representations
we mean a product of two or more non—-trivial representations of
two or more non-Abelian i1nvariant subgroups of Gg. If now we
assume n-independence this must also hold 1f the number of sextets
18 Zero. 5o 0r, and 2,_ must vanish. Ve get

. = -1/9 . (ETLT51)

If all quarks were sextets, not triplets, we would get

P
I

Q.. =209

1+ e,

=291 (ELI52)

*3

In the case G. = SU(5) the indices were also found. See table 3.
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Tabile:3
indices for Gc = SU(5)

ey e] Ay s 2

£2+=—1/25
£3 = 1/25

5 75

L]

Mg, 9

.Q,z_——]/25 [(_

EiL |

L
Q = 11%:2.5

This clearly suggests a general tendency for SU(N) color groups to
produce 1ndices i]/N2 0T 0.

ITI14. CONCLUSIONS

Our result that the i1indices we searched for are fractional 1is
clearly absurd. We nevertheless pursued this calculation in order to
exhibit the general philosophy of this approach and to find out what
a possible cure might be. Our starting point was that chiral
symmetry 1s not broken spontanegusly. Most likely this is untenable,
as several authors have argued6 . le find that explicit chiral
symmetry 1n QCD leads to trouble in particular if the number of
flavors 1s more than two. A daring conjecture is then that in QCD
the strange quark, being rather light, 1s responsible for the
spontaneous breakdown of chiral symmetry.

An 1nteresting possibility is that in some generalized versions of
QCD chiral symmetry is broken only partly, leaving a few massless
chiral bound states. Indeed there are examples of models where

our philosophy would then give integer indices, but since we must'
drop the requirement of n-dependence our result was not unique and
1t was always ugly. No such model seems to reproduce anything
resembling the observed quark-lepton spectrum.

Finally there is the remote possibility that the paradoxes
assocliated with higher spin massless bound states can be resolved.

Perhaps the A(1236) plays a more subtle role in the o-model than
assumed so far (we took it to be a parity doublet).

We conclude that we are unable to construct a bound state
theory for the presently fundamental fermions along the lines
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suggested above.

We thank R. van Damme for a calculation yielding the 1indices
in the case GC = ‘SUI(5):.

REFERENCES

.. Pi:A:M. Dirae, Nature 139 (1937) 323, Proc. Roy. Soc. Al6S (1938)
199, and 1in: Current Trends in the Theory of Fields, (Tallahassee
1978) AIP Conf. Proc. No 48, Particles and Fields Subseries No
15, ‘ed. by Lannuti and Williams, p. 169.

2. S. Dimopoules and L. Susskind, Nucl. Phys. B155 (1979) 237.

3. M. Gell-Mann and M. Lévy, Nuovo Cim. 16 (1960) 705.

B.W. Lee, Chiral Dynamics, Gordon and_ﬁfeach, New York, London,
Paris 1972.

4. 'G. 't Hooft, FEhys. Rew. Lett: 3/ (1976) 83 Phys. Rev._gli (1976)
3432 .

., Coleman, "The Uses of Instantons', Erice Lectures 1977.

Jackiw and C. Rebbi, Phys. Rev. Lett. 37 (1976) 172.

Callan, R. Dashen and D. Cross, Fhys. Lett. 63B (1976) 334.

't Hooft, Nucl. Thys. B72 (1974) 461. -

. Appelquist and J. Carazzone, Phys. Rev. D11 (1975) 2856.

Casher, Chiral Symmetry Breaking in Quark Confining Theories,

Tel Awviv preprint TAUP 734/79" (1979).

o)

w
> = O O KW

~J



