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Abstract 
An algorithm to determine the eigenvalues of the eigen-

functions of a multilayer cylindrical waveguide is con-
structed. A relationship of dispersion relations and imped-
ances is found and a method to calculate the resonant fre-
quencies of the wake field for a linear and a helical motion 
of a particle is described. The damping coefficients of the 
eigenmodes at the resonant frequencies are determined.  

INTRODUCTION 
The bulkiness of the system of equations determining the 

eigen numbers of the eigenmodes of a multilayer wave-
guide with a large number of layers, Fig.1, prevents its ef-
fective use. Relatively simple equations can be compiled 
for single-layer [1] and two-layer [2, 3] walls. A simple al-
gorithm for the efficient calculation of impedances and 
wake fields for a waveguide with an arbitrary number of 
layers was developed in [4]. A similar algorithm can be 
constructed for the eigenwave numbers. The two algo-
rithms can be combined into a single system. 

BUILDING A SOLUTION 

 
Figure 1: Multilayer cylindrical waveguide. 

    In the case of cylindrical symmetry an arbitrary electri-
cal 𝐸𝐸�⃗ 𝑖𝑖 and magnetic 𝐻𝐻��⃗ 𝑖𝑖 field component, generated in each 
layer (𝑖𝑖 = 0,  1,  2 … ,𝑁𝑁 + 1) of the pipe (including inner 
𝑖𝑖 =  0 and external 𝑖𝑖 =  𝑁𝑁 + 1 vacuum regions) can be 
presented by the superposition of the fundamental solu-
tions of the homogeneous Maxwell equations 𝐸𝐸�⃗𝑚𝑚

(𝑖𝑖,𝑍𝑍),𝐻𝐻��⃗ 𝑚𝑚
(𝑖𝑖,𝑍𝑍): 

𝐸𝐸�⃗ (𝑖𝑖) =

⎩
⎨

⎧ ∑ 𝐸𝐸�⃗𝑚𝑚
(𝑖𝑖,𝐽𝐽),         𝑖𝑖 = 0∞

𝑚𝑚=−∞

∑ �𝐸𝐸�⃗𝑚𝑚
(𝑖𝑖,𝐽𝐽) + 𝐸𝐸�⃗𝑚𝑚

(𝑖𝑖,𝐻𝐻)�∞
𝑚𝑚=−∞ ,    

∑ 𝐸𝐸�⃗𝑚𝑚
(𝑖𝑖,𝐻𝐻),   𝑖𝑖 = 𝑁𝑁 + 1∞

𝑚𝑚=−∞

𝑖𝑖 = 1, 2 …𝑁𝑁  

𝐻𝐻��⃗ (𝑖𝑖) =

⎩
⎨

⎧ ∑ 𝐻𝐻��⃗ 𝑚𝑚
(𝑖𝑖,𝐽𝐽), 𝑖𝑖 = 0∞

𝑚𝑚=−∞

∑ �𝐻𝐻��⃗ 𝑚𝑚
(𝑖𝑖,𝐽𝐽) + 𝐻𝐻��⃗ 𝑚𝑚

(𝑖𝑖,𝐻𝐻)�∞
𝑚𝑚=−∞ ,   

∑ 𝐻𝐻��⃗ 𝑚𝑚
(𝑖𝑖,𝐻𝐻),  𝑖𝑖 = 𝑁𝑁 + 1∞

𝑚𝑚=−∞

𝑖𝑖 = 1, 2 …𝑁𝑁,        

where (𝑍𝑍 = 𝐽𝐽,𝐻𝐻) 

𝐸𝐸�⃗𝑚𝑚
(𝑖𝑖,𝑍𝑍) = 𝐴𝐴𝑚𝑚

(𝑖𝑖,𝑍𝑍)𝐸𝐸�⃗𝑚𝑚,𝑇𝑇𝑇𝑇
(𝑖𝑖,𝑍𝑍) + 𝐵𝐵𝑚𝑚

(𝑖𝑖,𝑍𝑍)𝐸𝐸�⃗𝑚𝑚,𝑇𝑇𝑇𝑇
(𝑖𝑖,𝑍𝑍) , 

𝐻𝐻��⃗ 𝑚𝑚
(𝑖𝑖,𝑍𝑍) = 𝐴𝐴𝑚𝑚

(𝑖𝑖,𝑍𝑍)𝐻𝐻��⃗ 𝑚𝑚,𝑇𝑇𝑇𝑇
(𝑖𝑖,𝑍𝑍) + 𝐵𝐵𝑚𝑚

(𝑖𝑖,𝑍𝑍)𝐻𝐻��⃗ 𝑚𝑚,𝑇𝑇𝑇𝑇
(𝑖𝑖,𝑍𝑍)                           (1) 

Here 𝐴𝐴𝑚𝑚
(𝑖𝑖,𝑍𝑍) and 𝐵𝐵𝑚𝑚

(𝑖𝑖,𝑍𝑍) are arbitrary weight coefficients;   

𝐸𝐸�⃗𝑚𝑚,𝑇𝑇𝑇𝑇
(𝑖𝑖,𝑍𝑍) = −𝜈𝜈𝑚𝑚

(𝑖𝑖)−2rot 𝑅𝑅�⃗ ,   𝑍𝑍0𝐻𝐻��⃗ 𝑚𝑚,𝑇𝑇𝑇𝑇
(𝑖𝑖,𝑍𝑍) = 𝑗𝑗𝜀𝜀𝑖𝑖𝑘𝑘𝜈𝜈𝑚𝑚

(𝑖𝑖)−2𝑅𝑅�⃗ , 
𝑍𝑍0𝐻𝐻��⃗ 𝑚𝑚,𝑇𝑇𝑇𝑇

(𝑖𝑖,𝑍𝑍) = −𝜈𝜈𝑚𝑚
(𝑖𝑖)−2rot 𝑅𝑅�⃗ ,   𝐸𝐸�⃗𝑚𝑚,𝑇𝑇𝑇𝑇

(𝑖𝑖,𝑍𝑍) = −𝑗𝑗𝜇𝜇𝑖𝑖𝑘𝑘𝜈𝜈𝑚𝑚
(𝑖𝑖)−2𝑅𝑅�⃗ , 

𝑅𝑅�⃗ = 𝑒𝑒𝑧𝑧 × ∇��⃗ 𝑃𝑃𝑍𝑍,  𝑃𝑃𝑧𝑧 = 𝑍𝑍𝑚𝑚𝑒𝑒𝑗𝑗(𝑛𝑛𝑛𝑛+𝑝𝑝𝑝𝑝−𝜔𝜔𝜔𝜔).            (2) 
If 𝑍𝑍 = 𝐽𝐽,  𝑍𝑍𝑚𝑚 = 𝐽𝐽𝑚𝑚 �𝜈𝜈𝑚𝑚

(𝑖𝑖)𝑟𝑟� and if 𝑍𝑍 = 𝐻𝐻, 𝑍𝑍𝑚𝑚 = 𝐻𝐻𝑚𝑚
(1) �𝜈𝜈𝑚𝑚

(𝑖𝑖)𝑟𝑟�;  
𝑍𝑍0 = 120𝜋𝜋 Ω is the impedance of free space; 𝜀𝜀𝑖𝑖 , 𝜇𝜇𝑖𝑖   are the elec-
tric and magnetic permeability of ith layer. In (2) 𝑝𝑝 is the 
longitudinal eigenvalue of the mth mode. For a given mode 
it is the same for all layers; 𝜈𝜈𝑚𝑚

(𝑖𝑖) is the transverse eigenvalue 
of the mth mode in the ith layer. Its relationship with the 
transverse eigenvalue of the same mode in the internal vac-
uum cavity (𝑘𝑘 = 𝜔𝜔 𝑐𝑐⁄ ,𝜔𝜔 is the frequency, 𝑐𝑐 is the speed of 
light in vacuum,  𝜈𝜈𝑖𝑖 = 𝜈𝜈𝑚𝑚

(𝑖𝑖), 𝑖𝑖 = 0,  1,  2 …  𝑁𝑁 + 1) is: 
𝜈𝜈𝑖𝑖2 = 𝑘𝑘2𝜀𝜀𝑖𝑖𝜇𝜇𝑖𝑖 − 𝑝𝑝2 = 𝑘𝑘2(𝜀𝜀𝑖𝑖𝜇𝜇𝑖𝑖 − 1) + 𝜈𝜈02.           (3) 

The homogeneous system of equations (in the absence of 
charges and currents in the cavity of the waveguide), ob-
tained by matching the tangential field components at the 
boundaries, reduces to a system of four equations (see [4]): 

𝐷𝐷�(𝑘𝑘, 𝜈𝜈0) ⋅ 𝑋𝑋� = 0                                   (4) 

where 𝑋𝑋� = �𝐴𝐴𝑚𝑚
(0,𝐽𝐽), 𝐴𝐴𝑚𝑚

(𝑁𝑁+1,𝐻𝐻),  𝐵𝐵𝑚𝑚
(0,𝐽𝐽),  𝐵𝐵𝑚𝑚

(𝑁𝑁+1,𝐻𝐻) � is a four-element 

single-column and 𝐷𝐷� �𝑘𝑘,𝜈𝜈𝑚𝑚
(0)� is a four-column square matrix: 

𝐷𝐷�(𝑘𝑘, 𝜈𝜈0) = 𝑄𝑄�𝑊𝑊�𝐻𝐻(𝜈𝜈𝑁𝑁+1𝑎𝑎𝑁𝑁+1) −𝑊𝑊�𝐽𝐽(𝜈𝜈0𝑎𝑎1)    (5) 
           𝑄𝑄� = ∏ {𝑊𝑊(𝜈𝜈𝑖𝑖𝑎𝑎𝑖𝑖)𝑊𝑊−1(𝜈𝜈𝑖𝑖𝑎𝑎𝑖𝑖+1)}𝑁𝑁

𝑖𝑖=1 ,  

            𝑊𝑊(𝜈𝜈𝑖𝑖𝑟𝑟) = 𝑊𝑊𝐽𝐽(𝜈𝜈𝑖𝑖𝑟𝑟) + 𝑊𝑊𝐻𝐻(𝜈𝜈𝑖𝑖𝑟𝑟) 

  𝑊𝑊𝐽𝐽(𝜈𝜈𝑖𝑖𝑟𝑟) =

⎩
⎪
⎨

⎪
⎧−

𝑚𝑚𝑚𝑚
𝜈𝜈𝑖𝑖
2𝑟𝑟
𝐽𝐽𝑚𝑚(𝜈𝜈𝑖𝑖𝑟𝑟) 0 − 𝑗𝑗𝜇𝜇𝑖𝑖𝑘𝑘

𝜈𝜈𝑖𝑖
𝐽𝐽𝑚𝑚′ (𝜈𝜈𝑖𝑖𝑟𝑟) 0

𝐽𝐽𝑚𝑚(𝜈𝜈𝑖𝑖𝑟𝑟) 0 0 0
𝑗𝑗𝜀𝜀𝑖𝑖𝑘𝑘
𝜈𝜈𝑖𝑖
𝐽𝐽𝑚𝑚′ (𝜈𝜈𝑖𝑖𝑟𝑟) 0 −𝑚𝑚𝑚𝑚

𝜈𝜈𝑖𝑖
2𝑟𝑟
𝐽𝐽𝑚𝑚(𝜈𝜈𝑖𝑖𝑟𝑟) 0

0 0 𝐽𝐽𝑚𝑚(𝜈𝜈𝑖𝑖𝑟𝑟) 0⎭
⎪
⎬

⎪
⎫

 

 𝑊𝑊𝐻𝐻(𝜈𝜈𝑖𝑖𝑟𝑟) =

⎩
⎪
⎨

⎪
⎧0 −𝑚𝑚𝑚𝑚

𝜈𝜈𝑖𝑖
2𝑟𝑟
𝐻𝐻𝑚𝑚(𝜈𝜈𝑖𝑖𝑟𝑟) 0 − 𝑗𝑗𝜇𝜇𝑖𝑖𝑘𝑘

𝜈𝜈𝑖𝑖
𝐻𝐻𝑚𝑚′ (𝜈𝜈𝑖𝑖𝑟𝑟)

0 𝐻𝐻𝑚𝑚(𝜈𝜈𝑖𝑖𝑟𝑟) 0 0
0 𝑗𝑗𝜀𝜀𝑖𝑖𝑘𝑘

𝜈𝜈𝑖𝑖
𝐻𝐻𝑚𝑚′ (𝜈𝜈𝑖𝑖𝑟𝑟) 0 −𝑚𝑚𝑚𝑚

𝜈𝜈𝑖𝑖
2𝑟𝑟
𝐻𝐻𝑚𝑚(𝜈𝜈𝑖𝑖𝑟𝑟)

0 0 0 𝐻𝐻𝑚𝑚(𝜈𝜈𝑖𝑖𝑟𝑟) ⎭
⎪
⎬

⎪
⎫

 

The equation for 𝜈𝜈0 follows from the requirement of the 
existence of a nonzero solution of equation (4): 

𝑑𝑑𝑑𝑑𝑑𝑑�𝐷𝐷�(𝑘𝑘, 𝜈𝜈0)� = 0                           (6) 

The uniqueness of the solution of eq. (6) is provided by 
the additional initial conditions. In the presence of a highly 
conductive outer wall, they look like this: 𝜈𝜈0 → 𝑗𝑗𝑚𝑚,𝑖𝑖 
�𝐽𝐽𝑚𝑚�𝑗𝑗𝑚𝑚,𝑖𝑖� = 0� at 𝜔𝜔 → 0 for TM modes and 𝜈𝜈0 → 𝜈𝜈𝑚𝑚,𝑖𝑖 
�𝐽𝐽𝑚𝑚′ �𝜈𝜈𝑚𝑚,𝑖𝑖� = 0� at 𝜔𝜔 → 0 for TE modes [2]. 

 ___________________________________________  
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RELATIONSHIP WITH RADIATION 
    The frequency distributions of the wake fields (imped-
ances) in the presence of a particle are also calculated using 
the partial area method [4]. In contrast to the calculations 
of the eigenvalues, here, in addition to the general solutions 
of the homogeneous Maxwell equations containing indefi-
nite weight factors, particular solutions of the non-uniform 
Maxwell equations are also required. The result is a system 
of linear equations with non-zero right-hand sides, which 
in this case is reduced to a system of four inhomogeneous 
equations [4] relative to the weighting factors to be deter-
mined. As a partial solution, as a rule, charge fields in free 
space [5] of the solution for the ideal waveguide [4] are 
used. The phase factors of the particular and general solu-
tions must be consistent. 
   The phase factor of a particular solution of the inhomo-
geneous Maxwell's equations is determined by the shape of 
the current density due to a moving point particle. In the 
case of a particle moving parallel to the waveguide axis 
with a speed V, its phase factor has the form ω V⁄ z −ωt, 
and the phase factor of the eigenmode [4] is equal to 
�ω2 c2⁄ − ν02z − ωt. Equating them to each other, we obtain 
for the transverse eigenvalue ν0 = f(ω) = jω (Vγ)⁄ , where 
γ = 1 �1 − V2 c2⁄⁄  the Lorentz factor and j imaginary unit. 
    In the case of a helical motion of a particle, the phase 
factor of its charge density has the form (ω− mω0) V⁄ z −
ωt [6, 7], where now V is the longitudinal velocity of the 
particle, and ω0 is the revolution frequency. The transverse 
wave number now looks like:  

ν0 = f(ω) = �ω2 c2⁄ − (ω− mω0)2 V2⁄ .            (7) 
As a result, the equation for the amplitudes 𝑋𝑋� of the mth 

term of the multipole expansion of the radiation field for 
both linear and helical motion of a particle in a multilayer 
waveguide is written as: 

𝐷𝐷��𝑘𝑘, f(ω)� ⋅ 𝑋𝑋� + 𝐺𝐺� = 0                             (8) 
with the solution 

𝑋𝑋� = −𝐷𝐷�−1�𝑘𝑘, f(ω)� ⋅ 𝐺𝐺�                             (9) 
Here 𝐺𝐺� = �𝐸𝐸𝜑𝜑0 , 𝐸𝐸𝑧𝑧0,  𝑍𝑍0𝐻𝐻𝜑𝜑0 ,  𝑍𝑍0𝐻𝐻𝑧𝑧0� is a 4-element single-col-
umn matrix with the tangential electric and magnetic field 
components of the partial solution on the inner surface of 
the waveguide 𝑟𝑟 = 𝑎𝑎1. As a particular solution, the solution 
for the motion of a particle in an ideal waveguide [4] can 
be used in case of a linear motion of a particle. In the case 
of a helical motion of a particle, the solution for the radia-
tion field of a particle moving along a helical trajectory in 
free space, obtained in [7], where it was used as a particular 
solution in constructing a complete solution for the radia-
tion field of particle moving along a helical trajectory in a 
resistive waveguide, is applicable. The transition to the 
case of a single-layer resistive waveguide [7] is carried out 
at 𝑁𝑁 = 2 and 𝑎𝑎2 = 𝑎𝑎1 with 𝑎𝑎3 → ∞ in (1) - (5). 
    Impedances are determined by means of the Lorentz 
force acting on the test particle located at the arbitrary point 
r,  θ,   z  (cylindrical coordinate system associated with the wave-
guide axis, Fig. 1) in the inner cavity of waveguide: 

F�⃗ = E��⃗ m
(0,J) + V��⃗ c⁄ × Z0H��⃗ m

(0,J)                              (10) 

Substitution of (1) for i = 0 and Z = J into (10) gives the 
cylindrical components of the Lorentz-force: 
F�⃗ m = Am

(0,J) � 1
c2γ

Jm′ (f(ω)r), 1
c2
mV
rω

Jm(f(ω)r), Jm(f(ω)r) � ejmθ .               
Here Fm,r qrq⁄ , Fm,θ qrq⁄  are transverse impedance compo-
nents, Fm,z q⁄  is the longitudinal impedance and rq is an offset. 
The amplitude Am

(0) can be directly expressed in terms of 
the elements of the matrix D��k, f(ω)�: 

Am
(0,J) = Bθ0 det�D�(3,1)�k, f(ω)�� Det�D��k, f(ω)��� , 

where D�(3,1)(ω) is the algebraic complement of the element 
{3,1} of the matrix D��k, f(ω)�, Bφ0  is the single non-zero 
term in the matrix 𝐺𝐺� [4]: 

Bθ0 = −j qZ0hm
πβa1

Jm�f(ω)rq�
Jm(f(ω)a1) ,   β = V

c
,  h0 = 1,  hm>0 = 2  

The roots of equation det�D��k, f(ω)�� = 0 give the com-
plex resonant frequencies of the wake field. The real com-
ponents determine the real resonant frequencies of the 
eigenmodes, and the imaginary parts characterize their at-
tenuation at the same frequencies, Fig. 2. 

    
Figure 2: Damping factors of the dipole mode (𝑚𝑚 = 1) at 
the resonant frequencies (for the marked 𝛾𝛾 values) of the 
radiation due to the linear motion of a particle in a two-
layer copper-dielectric waveguide; 𝑎𝑎1 = 2 mm, 𝑑𝑑1 =
1 𝜇𝜇m (left), 𝑑𝑑 = 2 𝜇𝜇m (right); 𝜀𝜀 = 2 (blue),  𝜀𝜀 = 10 (red). 
Damping factors and resonance frequencies decrease with 
increasing 𝛾𝛾 and dielectric constant. In each case shown in 
Fig. 2, we have a single resonance (characteristic of a thin 
dielectric layer [2, 3]) and, accordingly, a single resonant 
frequency due to the synchronization of the particle veloc-
ity with the phase velocity of the TM11 mode [2,3]. 
    In the case of a helical motion, Fig. 3, the dipole term of 
the multipole expansion contains the modes that form the 
radiation in front of (z − Vt > 0) and behind (z − Vt < 0) 
the particle. The TE modes, which make the main contri-
bution to the radiation [6], have much lower damping fac-
tors than the TM modes for both direct and backward radi-
ation. Increasing the permittivity leads, for a sufficiently 
thin dielectric layer (d1 = 1 μm, Fig. 3, left), to a general 
decrease of the damping of the modes and to a convergence 
of the frequencies of the neighbouring TE and TM modes. 
Vice versa, the backward-directed radiation almost does 
not feel the presence of a dielectric. With a thick inner layer 
(d1 = 10 μm, Fig. 3, right), the optimal radiation condi-
tions are created at ε1 = 2. In this case, there is a signifi-
cant decrease in attenuation both for TE and TM modes. 
    Thus, a unified approach has been developed for calcu-
lating the radiation field of a particle in a multilayer pipe 
both for its linear motion and in its helical trajectory. 
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Figure 3: Damping factors of dipole (𝑚𝑚 = 1) modes con-
tributing to the radiation of a particle moving along a heli-
cal trajectory in a copper-dielectric waveguide, installed in 
a helical undulator. Damping coefficients at ε = 1  (blue), 
ε = 2 (red), ε = 10 (black). Undulator parameters: K = 0.42 
(undulator number), undulator period 8 cm, particle energy 
15 MeV, 𝑎𝑎1 = 1 cm; 𝑑𝑑1 = 1 𝜇𝜇m (left) 𝑑𝑑1 = 10 𝜇𝜇m (right). 

 
Figure 4: Longitudinal impedance of copper-lossles 
dielectric (𝜀𝜀 = 10) waveguide with geometric resonances 
(black); smoothing effect of dielectric losses (𝜀𝜀 = 10 + 3𝑗𝑗, 
blue); smoothing effect of an additional inner metal NEG 
coating (taken from [8]): 𝜎𝜎 = 1.4 ∙ 104 Ω−1m−1 (red, solid), 
𝜎𝜎 = 8 ∙ 105 Ω−1m−1 (red, dashed). 

GEOMETRIC RESONANCE 
   The longitudinal impedance of a copper-dielectric pipe 
with a thin dielectric layer (Fig. 4, black), has a single nar-
row-band resonance generated by the TM01 mode [2]. 
However, at frequencies much higher than the fundamental 
resonant frequency, a periodic series of resonances occurs. 
For the given parameters of the waveguide (𝑎𝑎1 = 1 𝑐𝑐𝑐𝑐,
𝑑𝑑1 = 1 𝜇𝜇𝜇𝜇, 𝜀𝜀1 = 10), the resonant frequencies are found 
at 50, 100, 150 … THz. Fig. 5 shows the distributions of 
transverse eigenvalues for the TM01 and TM02 modes. The 
first of them does not contain any features at the specified 
frequencies, while the second contains perturbations both 
in the real and imaginary parts at the frequencies equal to 
additional resonances of the impedance (cf. Fig. 4 and 5). 
The observed features can be revealed by considering the 
dispersion equation for a two-layer pipe with a perfectly 
conducting outer wall: 

Det�D�� = � Jm′ (ν0a1)
ν0Jm(ν0a1) −

μ1′U11
ν1U01

� � Jm′ (ν0a1)
ν0Jm(ν0a1) −

ε1′U10
ν1U00

� −
m2p2

a12k2
� 1
ν12
− 1

ν02
�
2

= 0,                                              (11) 

𝑈𝑈𝑓𝑓𝑓𝑓 = 1
𝜈𝜈12
�𝜕𝜕

𝑙𝑙𝐻𝐻𝑚𝑚(𝜈𝜈1𝑎𝑎1)
𝜕𝜕𝑎𝑎1𝑙𝑙

𝜕𝜕𝑓𝑓𝐽𝐽𝑚𝑚(𝜈𝜈1𝑎𝑎2)

𝜕𝜕𝑎𝑎2
𝑓𝑓 − 𝜕𝜕𝑙𝑙𝐽𝐽𝑚𝑚(𝜈𝜈1𝑎𝑎1)

𝜕𝜕𝑎𝑎1𝑙𝑙
𝜕𝜕𝑓𝑓𝐻𝐻𝑚𝑚(𝜈𝜈1𝑎𝑎2)

𝜕𝜕𝑎𝑎2
𝑓𝑓 �, 

where 𝑓𝑓, 𝑙𝑙 = 0, 1. After substituting the high-frequency as-
ymptotes of functions 𝑈𝑈𝑓𝑓𝑓𝑓 [4] in (11), it is transformed to:  

Det�D�� = � Jm′ (ν0a1)
ν0Jm(ν0a1) −

μ1tg(ν1d1)
ν1

� � Jm′ (ν0a1)
ν0Jm(ν0a1) + ε1

ν1tg(ν1d1)� −
m2p2

a12k2
� 1
ν12
− 1

ν02
�
2

= 0, 𝑑𝑑1 = 𝑎𝑎2 − 𝑎𝑎1                                  (12) 

  

  
Figure 5: Real (left) and imaginary (right) parts of the mode 
TM01 (top) and TM02 (bottom) transverse eigenvalues.  
The parameter ν1 (transverse wavenumber of the mode in 
the inner layer), as follows from (3), at ε1μ1 > 1 in the 
high-frequency region (k ≫ 1) in the case of  

k��ε1μ1 − 1� ≫ |ν0|                           (13)                                                         
is independent from the parameter ν0:  

 ν1 ≈ k��ε1μ1 − 1�        (14) 
and, at Im(ε1μ1) = 0, equation (12) has singularities at the 
real frequencies:  

f = ω 2π⁄ = c j �4d1�ε1μ1 − 1�⁄    (15) 
(j = 1, 2, 3 … for m > 0, and, at m = 0: j = 2, 4, 6 …  for TM 
modes, j = 1, 3, 5 … for TE modes), which are displayed as 
periodic bursts (Fig. 5, bottom) at high, but finite, conduc-
tivity of the outer copper wall. The frequency (15) does not 
depend on the waveguide radius or the mode number: it 
depends on the effective (optical) thickness of the inner 
layer d1�ε1μ1 − 1 and thus, the resonance can be defined 
as "geometric". A condition for its occurrence is inequality 
(13) which is not always satisfied. It does not hold for the 
TE01 mode where no perturbations are observed (Fig. 5, 
top). With the chosen parameters (d1 = 1 μm, ε1 =
10,  μ1 = 1), the resonant frequencies have the values 
25j THz (j = 1, 2 ,3 … ) for m > 0, 25j THz (j = 1, 3 ,5 … ) 
for TE0j modes and 25j THz   (j = 2, 4 ,6 … ) for TM0j 
modes, therefore, the geometric resonances in Fig. 4 are 
due to the last ones. Comparison of the geometric and the 
fundamental resonance frequencies (fr = c 2π⁄ g  with g =
�2ε1(ε1 − 1)−1(a1d1)−1 [2]) give: f fr⁄ = π �2ε1⁄  �a1 d1⁄ . 
Equality f = fr can be achieved with 𝑎𝑎1 𝑑𝑑1⁄ = 2𝜀𝜀1 𝜋𝜋2⁄ . 

CONCLUSION 
    A versatile consideration of issues related to eigenmodes 
and wakefields in multilayer cylindrical waveguides has 
been undertaken. A unified approach to the determination 
of mode eigenvalues and frequency distributions of wake-
fields has been developed. The transformed dispersion ma-
trix is a basis for the transition from the eigenvalue equa-
tion to the radiation field of the particle. A relationship be-
tween geometric resonance and periodic perturbations of 
mode transverse eigenvalues has been established.  
   Due to their weakness, the presence of geometric reso-
nances doesn't change the single-mode nature of the struc-
ture. 
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