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Abstract We explore the mathematical relationship between
the holographic Wilsonian renormalization group (HWRG)
and stochastic quantization(SQ) motivated by the similar-
ity of the monotonicity in RG flow with Langevin dynamics
of non-equilibrium thermodynamics. We look at scalar field
theory in AdS space with its generic mass, self-interaction,
and marginal boundary deformation in the momentum space.
Identifying the stochastic time t with radial coordinate r in
AdS, we establish maps between the fictitious time evolu-
tion of stochastic multi-point correlation function and the
radial evolution of multi-trace deformation, which respec-
tively, express the relaxation process of Langevin dynam-
ics and holographic RG flow. We show that the multi-trace
deformations in the HWRG are successfully captured by the
Langevin dynamics of SQ.

1 Introduction

The notion of holography naturally arises from Black
hole(brane) thermodynamics, in a sense that the black
hole(brane) entropy is proportional to its surface area even
though the entropy is an extensive quantity that must be
proportional to the system volume [1]. Therefore, one might
guess that the holography implies that the boundary of a
black hole(brane) might have the information of the black
hole(brane) itself [2]. One of the noticeable examples of this
is AdS/CFT correspondence. The precise map of AdS/CFT
correspondence is that the generating functional, W (J ) of a
d-dimensional field theory defined on d-dimensional bound-
ary of AdSd+1 spacetime is the same with the appropriately
renormalized on-shell action, Sos(J ) of d + 1-dimensional
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dual gravitational theory defined in AdSd+1, where the J is
the boundary value of the gravity field on the AdS boundary
[3].

One of the interesting topics in such research fields is
the holographic Wilsonian renormalization group(HWRG),
which provides the energy scale dependency of a composite
operator in the boundary field theory [4]. In the context of
holography, one identifies the energy scale of d-dimensional
field theory to the radial direction, r in AdSd+1 spacetime,
where the dual gravitational theory is defined [5,6]. As a con-
sequence, the renormalization group flow of a certain defor-
mation in the boundary field theory can be obtained from the
radial flow on the cut-off hypersurface being normal to the
radial coordinate [7,8]. This rigorous formulation efficiently
enables us to describe the low-energy behavior of the bound-
ary field theory system. Integrating out the bulk geometry
along the radial direction corresponds to integrating out the
high energy degrees of freedom in the field theory, which is
called a holographic Wilsonian renormalization group flow
(HWRG) [9–11].

On the other hand, another interesting framework that
might be related to HWRG is stochastic quantization (SQ).
Stochastic quantization is an alternative methodology to
quantize Euclidean field theory by employing a first-order
differential equation, called Langevin equation [13]. The
Langevin equation describes a relaxation process from a non-
equilibrium state to thermal equilibrium, where the evolution
parameter is t , which is so-called stochastic time. The form
of the Langevin equation is given by

∂�(x, t)

∂t
= −1

2

δSE
δ�(x, t)

+ η(x, t), (1)

where � is a field living in d-dimensional Euclidean space,
and xi is d-dimensional coordinate variable in Euclidean

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-025-14037-9&domain=pdf
http://orcid.org/0000-0002-1890-496X
http://orcid.org/0000-0001-7592-1750
mailto:jiseongchae17@gmail.com
mailto:jaehyukoh@hanyang.ac.kr


  344 Page 2 of 32 Eur. Phys. J. C           (2025) 85:344 

space. SE is a theory that we want to quantize and η is called
Gaussian white noise, which provides randomness to our sys-
tem. The Gaussian white noise enjoys the following partition
function:

Z =
∫

[Dη(x, t)] exp

{
−1

2

∫ t

t0
dtdd x η2(x, t)

}
(2)

This allows us to construct a stochastic partition function in
terms of the field �, which is given by

Z =
∫

[D�(x, t)] exp {−SFP (�, t)} , (3)

where to get the partition function from (2), we change the
variable η to � by using the Langevin equation (1). SFP (�, t)
is called Fokker–Plank action. We notice that the role of the
term of SE in the Langevin equation (1) is potential, which
gives a force of dissipation to the system. It forces the system
to settle down to thermal equilibrium by either gaining or
losing its energy to its surroundings. This is related to the
famous fluctuation-dissipation theorem [16,17].

One can also formulate the probability distribution of the
noise field η, which is given by

P[φ(x, t); t] = 1

Z
∫

[Dη(x, t)] exp

×
{
−1

2

∫ t

t0
dtdd x η2(x, t)

}∏
y

δ[φ(y, t0) − φ(y)]. (4)

The probability is conditional since it depends on the initial
boundary condition given by the Dirac delta function in it. It
turns out that this probability distribution function satisfies
the equation of stochastic time evolution,

∂P[φ(x, t); t]
∂t

=
∫

dd+1x
δ

δφ(x, t)

(
δSE

δφ(x, t)

+ δ

δφ(x, t)

)
P(φ(x, t); t). (5)

Several noticeable similarities between renormalization
group flow and SQ are as follows. Firstly, Langevin equation
is first-order differential equation in stochastic time and has
a form of diffusion equation. The renormalization equation
is also first-order equation in energy scale and converges to
a few infra-red fixed points. Secondly, the stochastic process
is a memory loss process, which is also known as Marko-
vian process. Regardless of which state the system starts
with, it goes into thermal equilibrium at a large stochastic
time. The renormalization group flow has a similar property
that regardless of which ultraviolet theory is, it gets into a
few infra-red fixed points in low energy. Integrating out high
energy degrees is also the process of losing initial informa-
tion about the system

Finally, we would like to discuss entropy production [18].
The entropy of the field of φ is defined as

s(τ ) = − log P(φ(x, t), t), (6)

and its expectation value is

S(τ ) ≡ 〈s(t)〉 = −
∫

dφ p(φ(x, t), t) log p(φ(x, t), t),

(7)

Since there is a dissipative force term in Langevin equation,
the field φ will lose its energy to its surroundings. The amount
of energy loss per unit of stochastic time(power loss) is

dW

dt
= 1

2

δSE
δφ

φ̇(x, t) → ṡsurr (8)

and it is the entropy production into the medium or surround-
ings. Once one defines the total entropy of the system as

stot = s + ssurr, (9)

what the authors show in [18] is that the expectation value
of the ṡtot is positive-semi definite. It implies a monotonic
flow of the stochastic process which has a similarity with the
monotonicity of RG flow [19–21].

In the stochastic quantization scheme [12], the correlation
function of Euclidean d-dimensional field theory of SE cor-
responds to the equilibrium state of the correlation function
of d + 1-dimensional field theory described by the Fokker–
Plank equation after a large fictitious time (t → ∞). Simi-
larly, for AdS/CFT description, the correlation function of a
d-dimensional field theory corresponds to the renormalized-
on-shell action of a d + 1-dimensional gravitational theory.
This observation leads to the following studies that explore
the connection between stochastic quantization and hologra-
phy. In the study of [14], authors relate the holographic direc-
tional coordinate r to the fictitious time t of stochastic quanti-
zation and argue that Schwinger–Dyson equations are condi-
tions for equilibrium state in holographic dual gauge theory.
Also, it is suggested the partition function of the holographic
theory is related to the stochastic partition function [15]. In
particular, the authors in [22] associate the monotonicity of
non-equilibrium thermodynamics with holographic RG flow
by an emergent extradimension of Wilsonian RG transfor-
mation.

These results motivate us to extend the analysis that the
stochastic quantization is associated with AdS/CFT to the
holographic Wilsonian renormalization group. Recent stud-
ies propose an interesting connection between HWRG and
stochastic quantization. If one identifies the holographic
directional coordinate r to the fictitious time t , one can sug-
gest that the Euclidean action SE and holographic boundary
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action SB have the following relation: SE = −2SB [15]. It
allows the Fokker–Plank action to be identified as the bulk
action in gravitational theory. In [23], authors use the Hamil-
tonian description of the holographic Wilsonian renormal-
ization group to yield the Schrodinger-type equation:

∂εψH (φ, r) = −
∫
r=ε

dd x HRG

(
− δ

δφ
, φ

)
ψH (φ, r)

(10)

where HRG is the Hamiltonian of the bulk theory of the
HWRG side which is obtained from Legendre transforma-
tion of the Lagrangian of the bulk gravity theory and the wave
function is given as ψH = e−SB . Also, the Hamiltonian for-
malism of the stochastic quantization is given by

∂tψS(φ, t) = −
∫
r=ε

HFP

(
− δ

δφ
, φ

)
ψS(φ, t) (11)

where HFP is the Fokker–Plank Hamiltonian which is
obtained by Legendre transformation of the Fokker–Plank
Lagrangian. The wave function is given by ψS(φ, t) =
P(φ, t)e

SE (φ(t))
2 . Identification of the Hamiltonian and wave

function of both sides of HWRG and stochastic quantization
produces a relation SB = SP − SE

2 , where P(φ, t) = e−SP .
One can express SP in terms of stochastic correlation func-
tions and it formulates radial flows of holographic multi-trace
deformation which constitutes the boundary action SB . By
employing such a relation, the authors in [23–27] construct a
mathematical relationship between stochastic time evolution
of stochastic 2-point correlation function and the radial flow
of double trace operator in holography as

δ2SB∏2
i=1 δ�(ki , r)

∣∣∣∣∣
r=t

= 〈�(k1, t)�(k2, t)〉−1
S

− 1

2

δ2SE∏2
i=1 δ�(ki , t)

, (12)

where the left-hand side of the relation is double trace defor-
mation in holography whereas the first term on the right-hand
side is the inverse of the stochastic 2-point correlation func-
tion in tree level.

The relation is also extended to higher-order stochastic
function and multiple trace operators. In [28], authors firstly
suggested the relation of triple trace operator in HWRG
and 3-point function in stochastic quantization, by employ-
ing conformally coupled scalar with φ3 interaction in AdS5.
The relation between quadruple trace operator and stochas-
tic 4-point function by employing φ4 theory in AdS4 [29].
In [30], the authors extend the relation to a case in a more
general boundary condition imposed on the holographic the-
ory. Especially, the authors consider marginal multiple trace

deformation on the conformal boundary and discuss the rela-
tion between multiple trace deformation in holography and
multi-point function in stochastic quantization. However,
they restrict themselves to zero boundary momentum case
only.

In this study, we develop a computational method for
the mathematical relationship between stochastic multi-point
functions and multiple trace deformation in holography in
non-zero momentum case. Our research is quite general in
the sense that we consider scalar theory in AdS space with
arbitrary mass, self-coupling, and boundary deformation as a
holographic model. To be more precise, we consider marginal
multiple trace deformation on the conformal boundary.

Together with the relation (12), we obtain the relation
between n-multiple trace deformation and stochastic n-point
function, which is given by

δn SB∏n
i=1 δ�(ki , r)

∣∣∣∣
r=t

= −
〈

n∏
i=1

�(ki , t)

〉

S

×
n∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S − 1

2

δn SE∏n
i=1 δ�(ki , t)

. (13)

We also derive the relation of (2n − 2)-multiple trace defor-
mation and the stochatic (2n − 2)-function being given by

δ2n−2SB∏2n−2
i=1 δ�(ki , r)

∣∣∣∣∣
r=t

= −
〈

2n−2∏
i=1

�(ki , t)

〉

S

×
2n−2∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S

+ (2n − 2)!n2

2(n!)2

2n−2∏
i=1

〈�(ki , t)�(−ki , t)〉−1
S

× Perm

⎡
⎣
〈⎧⎨
⎩

n−1∏
j=1

�(k j , t)

⎫⎬
⎭�(q, t)

〉

S

×〈�(q, t)�(−q, t)〉−1
S

〈{
2n−2∏
l=n

�(kl , t)

}
�(−q, t)

〉

S

]

− 1

2

δ2n−2SE∏2n−2
i=1 δ�(ki , t)

. (14)

We note that once one turns off the boundary directional
momentum, the above relations are reduced to the relation
of the zero-momentum case in [30]. We check the above
relations for our holographic model and it turns out that the
relations (12–14) successfully capture the HWRG flow by
the process of SQ.

To check the relations (12–14), we follow the prescription
suggested in [23–30], which is SE = 2SB = 2(Sct + Sdef),
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where Sct is the boundary counter term and Sdef is the bound-
ary deformation in our holographic model. For our holo-
graphic model, we consider the self-interaction Lagrangian
density up to Lint ∼ λ2n−2φ

(2n−2), where λ2n−2 is the
self-interaction coupling constant. In this theory, the mul-
tiple trace coupling becomes marginal if ν = n−2

2n d, where

ν ≡
√
m2 + d2

4 and m is a mass of the scalar field, which

is in the range that − d2

4 ≤ m2 ≤ − d2

4 + 1. In the range of
the mass of the scalar field, the bulk theory allows alternative
quantization, where one can impose the Neumann bound-
ary condition as well as the Dirichlet boundary condition.
We note that this model is the same as that in [30], but for
simplicity, the authors in [30] consider the zero-boundary-
momentum case. Our work is more general in the way that
the non-zero boundary momentum case is considered.

In Sect. 3, we perform a calculation on holographic Wilso-
nian renormalization group flow with boundary multi-trace
deformation. In Sect. 4, we discuss the non-equilibrium ther-
modynamic method to quantize the Euclidean field, called
stochastic quantization. Especially, we construct Euclidean
field theory in the stochastic frame by identifying the bound-
ary action of our holographic model with Euclidean action
with the relation SE = −2SB . We show that the identification
of the holographic bulk action and the Fokker–Plank action
reproduces the same Euclidean action in Sect. 4.1. In Sect. 5,
we establish the precise map of stochastic correlation func-
tions and multi-trace deformations in our holographic model.
We show that the relations are well established for our model.
Appendix A and B contain technical methods of calculating
stochastic correlation function in momentum space.

2 A brief review of the relation between HWRG and SQ

In this section, we mostly follow the method of [23] to review
the relationship between the Holographic Wilsonian renor-
malization group and stochastic quantization. We will show
if we identify the Hamiltonian and wave functions of two
different frames, we obtain a precise map between the multi-
trace deformations in HWRG and the multi-point functions
in SQ.

2.1 Holographic Wilsonian renormalization group

We start with a brief review of the HWRG. Consider a holo-
graphic model defined in Euclidean AdSd+1 given by

S =
∫
r>ε

drdd x
√
gL(φ, ∂φ) + SB, (15)

where SB is the boundary action defined on r = ε hypersur-
face and φ is the field in AdSd+1. The background metric is

given by

ds2 = gμνdx
μdxν = 1

r2

(
dr2 +

d∑
i=1

dxidx jδi j

)
, (16)

where r is radial coordinate of Euclidean AdS and xi is the
boundary directional coordinates. The conformal boundary
is defined at r = 0 and the Poincaré horizon is at r = ∞.
The coordinate indices μ, ν run from 1 to d + 1 (so i, j run
from 1 to d) and we define the radial coordinate of AdS as
xd+1 ≡ r . One can define the canonical momentum of the
field φ by requiring the condition that the variation of the
action vanishes even in the r = ε boundary:

� = √
g

∂L
∂(∂rφ)

= δSB
δφ(x)

. (17)

Since the cut-off ε is arbitrary and action (15) should not
depend on it dS

dε
= 0, we obtain

∂εSB = −
∫
r=ε

dd x

(
δSB
δφ

∂rφ − L(φ, ∂φ)

)

=
∫
r=ε

dd xHRG

(
δSB
δφ

, φ

)
, (18)

where we perform Legendre transformation for the second
equality and obtain Hamiltonian density HRG . If we define
the following wave function:

ψH = exp(−SB), (19)

we obtain a Schrodinger-type equation as

∂εψH (φ, r) = −
∫
r=ε

dd x HRG

(
− δ

δφ
, φ

)
ψH (φ, r).

(20)

For the semi-classical limit δ2SB
δφ2 


(
δSB
δφ

)2
, the Eq. (20)

approximately becomes the Eq. (18).

2.2 Stochastic quantization

The Hamiltonian description of the stochastic quantization
also provides the evolution of the system along the stochas-
tic fictitious time t . The basic notion of stochastic quantiza-
tion comes from the partition function of the Euclidean field
theory is similar to the partition function of an equilibrium
statistical system. We consider the correlation function of
d-dimensional Euclidean field as

〈φ(x1) · · · φ(xn)〉 = 1

Z̄
∫

[Dφ]e− SE (φ)

h̄ φ(x1) · · · φ(xn),

(21)
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where SE is an Euclidean action and

Z̄ =
∫

[Dφ̃]e− SE (φ̃)

h̄ (22)

With the condition h̄ = kBT , the above correlation function
is merely a statistical partition function in an equilibrium
state with temperature T .

However, the stochastic process describes a non-equilibrium
state with a probabilistic distribution function P(φ, t) as

〈φ(x1) · · · φ(xn)〉 =
∫

[Dφ]P(φ, t)φ(x1) · · · φ(xn). (23)

SQ explains that the stochastic correlation of the scalar field
� in d + 1-dimensional space gives the correlation function
of the d-dimensional Euclidean field at a large fictitious time
(t → ∞). The extra dimension of the fictitious time “t”
emerges by promoting the field to be time-dependent as

φ(x) → φ(x, t). (24)

In the stochastic process, the scalar field interacts with an
imaginary thermal reservoir causing the non-equilibrium
stochastic process and settling down to an equilibrium distri-
bution for a large fictitious time. This relaxation process can
be expressed by the Langevin equation:

∂φ(x, t)

∂t
= −1

2

δSE
δφ(x, t)

+ η(x, t), (25)

where the white noise field η(x) has the Gaussian probability
distribution and its correlation function is given by

〈η(x, t)η(x ′, t ′)〉 = δd(x − x ′)δ(t − t ′), (26)

which comes from the Markov property of the stochastic pro-
cess. The stochastic partition function is given by the noise
field distribution:

Z =
∫

[Dη(x, t)] exp

{
−1

2

∫ t

t0
dt̃

∫
dd x η2(x, t̃)

}
. (27)

Once we employing the Langevin equation and changing
variable η to φ, we get

Z =
∫

[Dφ(x, t)] det

(
δη

δφ

)
P(φ, t0) exp

×
{

−1

2

∫ t

t0
dt̃

∫
dd x

(
∂φ(x, t̃)

∂ t̃
+ 1

2

δSE
δφ(x, t̃)

)2
}

,

(28)

where the initial probability distribution is

P(φ, t0) =
∏
x

δ(d)(φ(x, t0) − φ0(x)), (29)

and the Jacobian factor comes from the Langevin equation
given by

det

(
δη

δφ

)
= exp

[
1

4

∫ t

t0
dt̃

∫
dd x

δ2SE
δφ2(x, t̃)

]
. (30)

Now, the complete partition function is given by

Z =
∫

Dφ(x, t0)P(φ, t0)e
SE (φ(t0))

2 Dφ(x, t)e−
SE (φ(t))

2 [Dφ]

× exp

(
−
∫ t

t0
dt̃

∫
dd xLFP (φ(x, t̃))

)
, (31)

where

[Dφ] =
∏

t0<t̃<t

Dφ(x, t̃), (32)

and the Fokker–Planck Lagrangian density is given by

LFP = 1

2

(
∂φ(x)

∂t

)2

+ 1

8

(
δSE

δφ(x)

)2

− 1

4

δ2SE
δφ2(x)

. (33)

By comparison of (31) with (23), we obtain the probability
distribution as

P(φ, t) = exp

[
− SE (φ(t))

2
−
∫ t

t0
dt̃

∫
dd xLFP (φ(x, t̃))

]
.

(34)

It is well known that P(φ, t) satisfies the following functional
equation:

∂P(φ, t)

∂t
= 1

2

∫
dd x

δ

δφ(x, t)

(
δSE

δφ(x, t)
+ δ

δφ(x, t)

)
P(φ, t),

(35)

and that is related to time evolution with the Fokker–Planck
Hamiltonian. To see this, we define the wavefunction as

�S(φ, t) ≡ P(φ, t)e
SE
2 , (36)

and then we can show that the wavefunction satisfies the
following Schrodinger-type equation:

∂tψS(φ, t) = −
∫

dd xHFP

(
δ

δφ
, φ

)
ψS(φ, t) (37)

where the Fokker–Planck Hamiltonian is

HFP ≡ 1

2

(
− δ

δφ(x)
+ 1

2

δSE
δφ(x)

)(
δ

δφ(x)
+ 1

2

δSE
δφ(x)

)
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= −1

2

δ2

δφ2(x)
+ 1

8

(
δSE

δφ(x)

)2

− 1

4

δ2SE
δφ2(x)

. (38)

One can also derive the Fokker–Planck Hamiltonian by Leg-
endre transformation of the Fokker–Planck Lagrangian (33).

2.3 One-to-one mapping between HWRG and SQ

The Schrodinger type-equation of the HWRG (20) and SQ
(37) have similar Hamiltonian descriptions of the system.
By identifying the Hamiltonian HRG(r) = HFP (t), the two
wave functions of the two different frames are identified as

ψH = e−SB = ψS = P(φ, t)e
SE
2 . (39)

From this identification, we obtain a relation

SB = SP − SE
2

, (40)

where we rewrite the probability distribution with SP as

P(φ, t) ≡ e−SP . (41)

2.3.1 Free theory relation

Recalling the definition of the stochastic correlation function
(23), the stochastic 2-point function in the momentum space
is given by

〈φ(k1, t1)φ(k2, t2)〉S =
∫

[Dφ]e−SP (t)φ(k1, t1)φ(k2, t2).

(42)

We assume that the SP has a form:

SP (t) = 1

2

∫
ddkP2(k, t)φ(k, t)φ(−k, t). (43)

From this assumption, we obtain the stochastic 2-point cor-
relation function as

〈φ(k1, t1)φ(k2, t2)〉S = 1

P2(k, t)
δ(d)(k1 + k2). (44)

On the other hand, we define a kernel of the double-trace
operator in holographic effective action given by

〈φ(k1, r1)φ(k2, r2)〉−1
H = δ2SB

δφ(k1, r1)δφ(k2, r2)
. (45)

According to the relation (40), by adding the kernel of
Euclidean action SE , we obtain the relation of the double-

trace deformation and stochastic correlation function as

δ2SB∏2
i=1 δ�(ki , r)

∣∣∣∣∣
r=t

= 〈�(k1, t)�(k2, t)〉−1
S

− 1

2

δ2SE∏2
i=1 δ�(ki , t)

. (46)

Note that we impose the identification r = t and ignore all the
momentum δ-functions in the relation. To review the general
case, we mostly follow [30].

2.3.2 General case

For a later discussion, we consider the general case of the rela-
tion between multi-trace deformations and stochastic multi-
point functions. We define the most general case of the prob-
ability distribution function as

P(�(k, t); t) = exp

⎧⎨
⎩−

∞∑
i=2

⎡
⎣ i∏

j=1

∫
ddk j �(k j , t)

⎤
⎦

× Pn(k1, . . . , ki ; t) δ(5)

(
i∑

l=1

kl

)}
. (47)

For simplicity, we consider the existence of bi-linear, n-
multiple, and , (2n− 2)-multiple terms of the field � only in
its Lagrangian density of both the stochastic theory and holo-
graphic model. Then we can reduce the stochastic partition
function as

Z =
∫

[D�(k)] e−Sp

=
∫

[D�(k)] exp

[
−
∫

P2(k1, k2)δ
(d)(k1 + k2)

2∏
s=1

�(ks)d
dks

+
∫

J (k)�(k)ddk

−
∫

Pn(k1, . . . , kn)δ
(d)

(
n∑

i=1

ki

)
n∏
j=1

�(k j )d
d �k j

−
∫

P2n−2(k1, . . . , k2n−2)δ
(d)

(
2n−2∑
l=1

kl

)
2n−2∏
m=1

�(km)dd �km
]

.

(48)

An external source J plays a role to get a generating func-
tional of the partition function. Now we expand the exponents
by assuming that the higher order interaction couplings Pn
and P2n−2 are smaller than P2 as |P2| 
 |Pn| 
 |P2n−2|
to evaluate the higher order interaction perturbatively. Then,
the partition function becomes
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Z =
∫

[D�(k)] exp

[
−
∫

P2(k1, k2)δ(d)(k1 + k2)

×
2∏

s=1

�(ks)d
dks +

∫
J (k)�(k)ddk

⎤
⎦

×
⎧⎨
⎩1 −

∫
Pn(k1, . . . , kn)δ

(d)

⎛
⎝ n∑
i=1

ki

⎞
⎠ n∏

j=1

�(k j )d
d �k j

+ 1

2!
∫

Pn(k1, . . . , kn)δ
(d)

⎛
⎝ n∑
i=1

ki

⎞
⎠ n∏

j=1

�(k j )d
d �k j

×
∫

Pn(kn+1, . . . , k2n)δ
(d)

⎛
⎝ 2n∑
l=n+1

kl

⎞
⎠ 2n∏

m=n+1

�(km)ddkm

−
∫

P2n−2(k1, . . . , k2n−2)δ(d)

⎛
⎝2n−2∑

l=1

kl

⎞
⎠

×
2n−2∏
m=1

�(km)dd �km + · · ·
⎫⎬
⎭ . (49)

By replacing every � with δ
δ J in the curly bracket in (49) and

integrating out the field �, we obtain the following form of
the generating functional:

Z =
⎧⎨
⎩1 −

∫
Pn(k1, . . . , kn; t)δ(d)

⎛
⎝ n∑
i=1

ki

⎞
⎠ n∏

j=1

δ

δ J (k j )
dd �k j

+ 1

2!
∫

Pn(k1, . . . , kn; t)Pn(kn+1, . . . , k2n; t)δ(d)

×
⎛
⎝ n∑
i=1

ki

⎞
⎠ δ(d)

⎛
⎝ 2n∑

j=n+1

k j

⎞
⎠ 2n∏

l=1

δ

δ J (kl )
dd �kl

−
∫

P2n−2(k1, . . . , k2n−2; t)δ(d)

⎛
⎝2n−2∑

l=1

kl

⎞
⎠

×
2n−2∏
m=1

δ

δ J (km)
dd �km

⎫⎬
⎭

× exp

[
1

4

∫
dd p1d

d p2
δ(d)(p1 + p2)

P2(p1, p2)
J (p1)J (p2)

]
(50)

Now, we are ready to compute the stochastic multi-point
correlation functions from the generating functional. The n-
point correlation function is given by

〈
n∏

i=1

�(ki , t)

〉

S

= δn log Z∏n
i=1 δ J (ki )

= −n!Pn(k1, . . . , kn; t)

×
n∏

i=1

1

2P2(ki ,−ki ; t) δ(d)

⎛
⎝ n∑

j=1

k j

⎞
⎠ .

(51)

And (2n − 2)-point correlation function is given by

〈
2n−2∏
i=1

�(ki , t)

〉

S

= δ2n−2 log Z∏2n−2
i=1 δ J (ki )

= −(2n − 2)!P2n−2(k1, . . . , k2n−2; t)
2n−2∏
i=1

1

2P2(ki ,−ki ; t) δ(d)

×
⎛
⎝2n−2∑

j=1

k j

⎞
⎠ + 1

2! · n2 1

2P2(q,−q; t)
× Pn(k1, . . . , kn−1, q; t)Pn(kn, . . . , k2n−2,−q; t)

× (2n − 2)!
2n−2∏
i=1

1

2P2(ki ,−ki ; t) δ(d)

⎛
⎝2n−2∑

j=1

k j

⎞
⎠

= (2n − 2)!
2n−2∏
i=1

1

2P2(ki ,−ki ; t) δ(d)

⎛
⎝2n−2∑

j=1

k j

⎞
⎠

× Perm

[
n2Pn(k1, . . . , kn−1, q; t)Pn(kn, . . . , k2n−2,−q; t)

4P2(q,−q; t)
− P2n−2(k1, . . . , k2n−2; t)

]
, (52)

where Perm denotes all possible permutations of the momen-
tum labels as

Perm{A(k1, k2, . . . km)} = 1

m! {A(k1, k2, . . . km) + all

× possible permutation of k1, k2, . . . km in A}. (53)

The inverse relations of the correlation functions (51) and
(52) are written as

Pn(k1, . . . , kn; t) = − 1

n!

〈
n∏

i=1

�(ki , t)

〉

S

n∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S ,

(54)

and

P2n−2(k1, . . . , k2n−2; t)

= − 1

(2n − 2)!

〈
2n−2∏
i=1

�(ki , t)

〉

S

2n−2∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S

+ n2 Perm

[
Pn(k1, . . . , kn−1, q; t)Pn(kn, . . . , k2n−2,−q; t)

2P2(q,−q; t)
]

= − 1

(2n − 2)!

〈
2n−2∏
i=1

�(ki , t)

〉

S

2n−2∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S

+ n2

(n!)2

2n−2∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S Perm

×
[〈

n−1∏
l=1

�(kl , t)�(q, t)

〉

S

〈�(q, t)�(−q, t)〉−1
S

2

×
〈

2n−2∏
m=n

�(km , t)�(−q, t)

〉

S

]
. (55)
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Inserting these results (54) and (55) into the relation (40), we
get the following one-to-one mapping between the stochas-
tic n-point, (2n − 2)-point correlations and holographic n-
multiple trace, (2n−2)-multiple trace operators respectively.

The relation between stochastic n-multiple-trace defor-
mation and n-point function is given by

δn SB∏n
i=1 δ�(ki , r)

∣∣∣∣
r=t

= −
〈

n∏
i=1

�(ki , t)

〉

S

×
n∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S − 1

2

δn SE∏n
i=1 δ�(ki , t)

. (56)

The relation between and (2n − 2)-multiple-trace operator
and stochastic (2n − 2)-point function is obtained as

δ2n−2SB∏2n−2
i=1 δ�(ki , r)

∣∣∣∣∣
r=t

= −
〈

2n−2∏
i=1

�(ki , t)

〉

S

×
2n−2∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S

+ (2n − 2)!n2

2(n!)2

2n−2∏
i=1

〈�(ki , t)�(−ki , t)〉−1
S

× Perm

⎡
⎣
〈⎧⎨
⎩

n−1∏
j=1

�(k j , t)

⎫⎬
⎭�(q, t)

〉

S

×〈�(q, t)�(−q, t)〉−1
S

〈{
2n−2∏
l=n

�(kl , t)

}
�(−q, t)

〉

S

]

− 1

2

δ2n−2SE∏2n−2
i=1 δ�(ki , t)

. (57)

To confirm these relations (46), (56), and (57), we compute
the multi-trace operators in Sect. 3 and stochastic correlation
function with Euclidean action in Sect. 4, which constitute
the left-hand and right-hand side of the relations respectively.
Then we confirm the relation and find the matching condi-
tions in Sect. 5.

2.4 Summary of the results

Double trace deformation and stochastic 2-point function
The correspondence between double trace deformation and
stochastic 2-point function is given by

δ2SB∏2
i=1 δ�(ki , r)

∣∣∣∣∣
r=t

= 〈�(k1, t)�(k2, t)〉−1
S − 1

2

δ2SE∏2
i=1 δ�(ki , t)

.

∂ε log
[
ε1/2

(
Iν(|k|ε) + c(1)

k /c(2)
k Kν(|k|ε)

)]∣∣∣ε=t

= ∂t log
[
t1/2 (Iν(|k|t) − αk(t0)Kν(|k|t))

]
,

(58)

where the left-hand side result comes from the flow equation
of the holographic model and the right-hand side result is
derived in the stochastic frame. The relation is satisfied when

c(1)
k /c(2)

k = −αk(t0), (59)

where c(1)
k and c(2)

k are the arbitrary coefficients of the
solution of the bulk equation of motion, Qν(k, ε) ≡
c(1)
k ε1/2Kν(|k|ε) + c(2)

k ε1/2 Iν(|k|ε). αk(t0) is a constant
depending on initial stochastic time, which is given by
αk(t0) ≡ Iν(|k|t0)/Kν(|k|t0). This matching condition trans-
fers the holographic quantities to the stochastic quantities and
vice versa.

n-multiple trace deformation and stochastic n-point func-
tion Similarly, we have found the correspondence between
n-multiple trace deformation and stochastic n-point function
as

δn SB∏n
i=1 δ�(ki , r)

∣∣∣∣
r=t

= −
〈

n∏
i=1

�(ki , t)

〉

S

×
n∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S − 1

2

δn SE∏n
i=1 δ�(ki , t)

n! ·

n∏
i=1

σ̄
1/n
n

1

2−ν+1 �(ν)|ki |−ν

n∏
j=1

ε1/2
(
Kν(|ki |ε) − c(2)

ki
/c(1)

ki
Iν(|ki |t)

)

∣∣∣∣∣∣∣∣∣∣∣

ε=t

= −n!
2

τn

n∏
i=1

[
(−αki (t

′
0)/αki (t0)) + 1

t1/2
(
Kν(|ki |t) − α̃ki (t0)Iν(|ki |t)

)
]

,

(60)

which implies

τn =
n∏

i=1

[
(−2(σ̄n)

1/n
{

1

2
�(ν)

}( |ki |
2

)−ν
]

, (61)

while αki (t
′
0) = 0 and −α̃ki (t0) = −1/αki (t0) = c(2)

ki
/c(1)

ki
.

σ̄n is the coupling constant of the boundary deformation
imposing the boundary condition of the marginal multiple
trace deformation D(n)(ε → 0) ∼ σ̄n on the holographic
side. τn is the coupling constant in the φn-interaction term
of the Euclidean action on the stochastic side. In (61), one
can notice that the stochastic coupling constant τn from the
stochastic calculation is proportional to marginal n-multiple
trace coupling σ̄n .

(2n-2)-multiple trace deformation and stochastic (2n-2)-
point function Finally, we have found the correspondence
between (2n-2)-multiple trace deformation and stochastic
(2n-2)-point function as
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δ2n−2SB∏2n−2
i=1 δ�(ki , r)

∣∣∣∣∣
r=t

= −
〈

2n−2∏
i=1

�(ki , t)

〉

S

×
2n−2∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S

+ (2n − 2)!n2

2(n!)2

2n−2∏
i=1

〈�(ki , t)�(−ki , t)〉−1
S

× Perm

⎡
⎣
〈⎧⎨
⎩

n−1∏
j=1

�(k j , t)

⎫⎬
⎭�(q, t)

〉

S

×〈�(q, t)�(−q, t)〉−1
S

〈{
2n−2∏
l=n

�(kl , t)

}
�(−q, t)

〉

S

]

− 1

2

δ2n−2SE∏2n−2
i=1 δ�(ki , t)

. (62)

The results of the left and right-hand sides are given by

L.H.S. = (2n − 2)!
2n−2∏
i=1

{Q′
ν(ki , ε)

}−1

×
⎡
⎢⎣
∫ ε

0
dε′

[
λ̄2n−2

(2n − 2)
ε′(n−2)(d−1)−2

2n−2∏
i=1

Q′
ν(ki , ε

′)
]

− σ̄2n−2 − 1

2
n2σ̄ 2

n

{
1

2
�(ν)

}2n
{

2n−2∏
i=1

( |ki |
2

)−ν
}

Perm

×

⎧⎪⎨
⎪⎩

ε1/2 Iν(|k|ε)
( |k1+k2+···+kn−1|

2

)−2ν

Q′
ν(|k|k j , ε)

⎫⎪⎬
⎪⎭

⎤
⎥⎦ , (63)

R.H.S. = (2n − 2)!
2n−2∏
j=1

τk j Ṽ ′
2n−2(k1, . . . , k2n−2; t)

×
[

λ̄2n−2

2n − 2

∫ t

0
dt ′

[
t ′(n−2)(d−1)−2

2n−2∏
i=1

Q̃′
ν(ki , t

′)
]

− τ2n−2

2
− n2

8
Perm

[
τ 2
k1+k2+···+kn−1

t1/2αk(t0)Iν(|k|t)
Q̃′

ν(k, t)

]]
,

(64)

where we define

Q̃′
ν(k, t) ≡ t1/2 [Kν(|k|t) − α̃k(t0)Iν(|k|t)

]
,

Q′
ν(k, ε) ≡ ε1/2

[
Kν(|k|ε) − c(2)

k /c(1)
k Iν(|k|ε)

]
, (65)

and

Ṽ ′
2n−2(k1, . . . , k2n−2; t) ≡

2n−2∏
i=1

[
Q̃′

ν(ki , t)
]−1

. (66)

We note that λ̄2n−2 is the coupling constant of the �2n−2-
interaction term in the holographic model. This coupling,
λ̄2n−2 also appears in the�2n−2-interaction term in Euclidean
action, SE in the stochastic frame. σ̄2n−2 is the coupling con-
stant that appears in the (2n − 2)-multiple trace deforma-
tion and τ2n−2 is another coupling constant that appears in
the �2n−2-interaction term of the Euclidean action. More
precisely, each of the (2n − 2)-trace deformation term in
the holographic model and the coefficient of the (2n − 2)-
interaction term in Euclidean action has the following form:

D(2n−2)(k, ε) =
∫

ddk
(
σ̄2n−2F1(k, ε) + λ̄2n−2F2(k, ε)

+ σ̄ 2
n F3(k, ε)

)
, (67)

Ḡ2n−2(k, ε) =
∫

ddk
(
τ2n−2G1(k, ε) + λ̄2n−2G2(k, ε)

+ τ 2
n G3(k, ε)

)
, (68)

where Fi are solutions of the holographic RG flow equa-
tions up to each coupling constant, O(σ̄2n−2), O(σ̄ 2

n ) and
O(λ̄2n−2). Gi are terms that constitute the kernel of the
�2n−2-interaction term and that is Ḡ2n−2 in the Euclidean
action evaluated up to each coupling constant O(τ̄2n−2),
O(τ̄ 2

n ) and O(λ̄2n−2).
From the previous relations (59), we have found Q̃′

ν(k, t) =
Q′

ν(k, ε)|ε=t . To match the left and right-hand sides, we
set α(t ′0) = α(t ′′0 ) = 0. The integration constants τ in the
stochastic frame should have the following relation with the
marginal coupling constant σ̄n in holographic data:

2n−2∏
i=1

τki =
2n−2∏
i=1

[
(−2σ̄n)

1/n
{

1

2
�(ν)

}( |ki |
2

)−ν
]

τ 2
k1+k2+···+kn−1

= τ 2−k = τ 2
k =

[
(−2σ̄n)

1/n
{

1

2
�(ν)

}

×
( |k1 + k2 + · · · + kn−1

2

)−ν
]2

τ2n−2 = 2σ̄2n−2. (69)

3 Holographic Wilsonian renormalization group of
self-interacting scalar field theory with marginal
deformation

In this section, we illustrate the example of the holographic
Wilsonian renormalization group of the scalar field theory
with φ2n−2-self-interaction and marginal boundary deforma-
tion. We mostly follow [30] to explain the procedure. The
bulk action in Euclidean AdSd+1 (16) is given by
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Sbulk =
∫
r>ε

drdd x
√
gL(φ, ∂φ) + SB (70)

=
∫
r>ε

drdd x
√
g

[
1

2
gμν∂μφ∂νφ + 1

2
m2φ2

+ λ2n−2

2n − 2
φ2n−2

]
+ SB, (71)

where ε is an arbitrary cut-off in the radial direction. SB is
a boundary effective action at r = ε obtained by integrating
out the degrees of freedom coming from r < ε. We consider
a new field �, to define the theory in effective flat space as,

φ = r
d−1

2 �. (72)

We also solve the problem in the boundary directional
momentum space of the re-defined field by using the Fourier
transform given by

�(x, r) = 1

(2π)
d
2

∫
e−iki xi�(�k, r)ddk, (73)

where ki xi = ∑d
i, j=1 ki x jδi j . Then the bulk action becomes

Sbulk = 1

2

∫
r>ε

dr ddk

[
∂r�(k, r)∂r�(−k, r) + k2�(k, r)�(−k, r)

+ 1

r2

(
m2 + d2

4
− 1

4

)
�(k, r)�(−k, r)

]

+
∫

dr
λ2n−2

2n − 2
r (n−2)(d−1)−2 1

(2π)d(n−2)

×
∫ (

2n−2∏
i=1

ddki�(ki , r)

)
δ(d)

⎛
⎝ n∑

j=1

�k j
⎞
⎠ + SB(ε), (74)

where the boundary action is also re-defined as

SB(ε) ≡ S′
B(ε) − d − 1

4ε
�2(r = ε). (75)

3.1 Holographic Wilsonian renormalization group flow of
multi-trace deformation

We demand that the holographic model action does not
depend on ε, since the cut-off ε is an arbitrary choice. In
the momentum space, this condition gives rise to the flow
equation of the boundary action SB :

∂εSB = −1

2

∫
r=ε

ddki

[(
δS′

B

δ�(ki , r)

)(
δS′

B

δ�(−ki , r)

)

−
(

|k|2 + 1

r2

(
ν2 − 1

4

)
�(ki , r)�(−ki , r)

)]

+ λ2n−2

2n − 2
r (n−2)(d−1)−2 1

(2π)d(n−2)

×
∫ [

2n−2∏
i=1

ddki�(ki , r)

]
δ(d)

⎛
⎝2n−2∑

j=1

�k j
⎞
⎠ . (76)

where

ν ≡
√
m2 + d2

4
. (77)

Let us solve the equation by assuming that the trial solution
is designed to be a weak field expansion in �. The ansatz of
the boundary action is given by

SB = ��(ε) +
∫

ddkJ (k, ε)�(k, ε)

+
∫

ddkD(2)(k, ε)�(k, ε)�(−k, ε)

+
∞∑

m=3

∫ ⎡
⎣ m∏
i=1

ddki�(ki , ε)

⎤
⎦D(m)

k1...km
(ε)δ(d)

⎛
⎝ m∑

j=1

k j

⎞
⎠ ,

(78)

where �(ε) is a boundary cosmological constant. J (ε, k)
and D(n)(ε, k) are couplings related to single and multi-
trace operators which are unknown functions of the radial
cut-off ε. We solve the unknown functions �(ε), J (ε, k)
and D(n)(ε, k), by substituting the ansatz (78) into the
Hamiltonian–Jacobi equation (76). Comparison of the coeffi-
cients of multiple products of field � gives a set of equations.

As discussed in [30,31], we focus on a case that D(2) and
D(n) are turned on in the boundary action. Once we request
δSon−shell

bulk = 0 as ε → 0, we obtain an interesting boundary
condition as

(
−2νA(2)

k + nσ̄n

n−1∏
i=1

A(1)
ki

)
δA(1)

k = 0, (79)

where Son−shell
bulk is the on-shell action of the bulk action (74)

and the solution of the equation of motion is given by

�(k, r → 0) = A(1)
k r

1
2 −ν + A(2)

k r
1
2 −ν . (80)

We note that such a boundary condition is obtained when we
put a boundary action, SB in position space as

SB = Sc.t+Sdef = 1

2

√
γ (ε)

(
d

2
− ν

)
φ2(ε) + σ̄n

√
γ (ε)φn(ε),

(81)

where γ is the determinant of the induced metric, γi j =
δi j/ε

2 and σ̄n is the n-multiple trace coupling. We also
impose a condition that ν = d

( 1
2 − 1

n

)
, and it forces the

boundary term become marginal. Now, one can choose the
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Dirichlet boundary condition as

δA(1)
k = 0, (82)

or another boundary condition as

A(2)
k = 1

2ν
nσ̄n

n−1∏
i=1

A(1)
ki

, (83)

which gives the marginal n-multiple trace deformation to the
boundary field theory. In this paper, we will focus on the
second boundary condition.

Single and double trace deformation We start with m =
1, 2 case and when m ≥ 2. The equations are given by

∂εJ (k, ε) = −2J (k, ε)D(2)(k, ε) (84)

∂εD(2)(k, ε) = −1

2

[
4D(2)(k, ε)D(2)(−k, ε)

−
(

|k|2 + 1

ε2

(
ν2 − 1

4

))]
, (85)

The most general form of the solution is given by

J (k, ε) = − c(0)(k)

Qν(k, ε)
(86)

D(2)(k, ε) = 1

2
∂ε log [Qν(k, ε)] , (87)

where

Qν(k, ε) ≡ c(1)
k ε1/2Kν(|k|ε) + c(2)

k ε1/2 Iν(|k|ε), (88)

where c(0)
k , c(1)

k and c(2)
k are arbitrary constant with momen-

tum label. We note that in the following, we concentrate on
a case with J = 0. The reason is that once one considers
connected-tree level correlation functions in the stochastic
frame, they do not include zero- and one-point functions.
One may consider another case with non-zero vev of the
scalar field, 〈φ〉, but we will save it for later discussion.

We note that Kν and Iν are the modified Bessel function.
n-multiple trace deformation The equation for D(n)(k, ε)

is given by

∂εD(n)
(k1,...,kn)

(ε)δ(d)

⎛
⎝ n∑

j=1

k j

⎞
⎠

= −1

2

[
4

⎛
⎝ n∑
i=1

D(2)(−ki , ε)

⎞
⎠D(n)

(k1,...,kn−1,kn)
(ε)δ(d)

( n∑
s=1

ks

)
+ (1 − δ3,n)

n−1∑
l=3

l(n − l + 2)Perm

×
{
D(l)

(k1,...,kl−1,k)
(ε)D(n−l+2)

(kl ,...,kn ,−k)(ε)

}

×δ

( m∑
s=1

ks

)]
. (89)

To simplify our situation, we restrict ourselves in the case
that D(m) = 0 for 2 < m < n, where the second term
in the Eq. (89) vanishes, only leaving the contribution of
double-trace deformation to n-multiple trace deformation.
This choice is also consistent with a fact that we deform
our AdS boundary with a marginal n-multiple trace operator
only. The deformation becomes marginal once the condition,
ν = d

( 1
2 − 1

n

)
is satisfied. As a consequence, the multi-trace

deformation is given by

D(n)
(k1,...,kn)

(ε) = Cn(k1, . . . , kn)∏n

i=1
Qν(ki , ε)

, (90)

whereCn(k1, . . . , kn) is an arbitrary boundary momentum, ki
dependent function and specified by considering the bound-
ary condition on the conformal boundary. We impose bound-
ary deformation which gives marginal n-multiple trace defor-
mation at the boundary when ν = d

( 1
2 − 1

n

)
:

D(n)
(k1,...,kn)

(ε → 0) ≡ √
γ ε

n
(
d−1

2

)
σ̄n(k1, . . . , kn)

= ε
−d+n

(
d−1

2

)
σ̄n(k1, . . . , kn), (91)

where σ̄n is the marginal multi-trace coupling constant. The
asymptotics of the second kind of Bessel functions, Kν and
Iν are given as

Kν(z → 0) = 1

2
�(ν)

(
1

2
z

)−ν

, and

Iν(z → 0) = 1

�(ν + 1)

(
1

2
z

)ν

. (92)

This boundary condition on the conformal boundary fixes the
function Cn as

Cn(k1, . . . , kn) = σ̄n

{
1

2
�(ν)

}n
{

n∏
i=1

c(1)
ki

( |ki |
2

)−ν
}

.

(93)

Then, the final form of the solution of D(n) is given by

D(n)
(k1,...,kn)

(ε) =
σ̄n

{
1

2
�(ν)

}n
{∏n

i=1
c(1)
ki

( |ki |
2

)−ν
}

∏n

j=1
Qν(k j , ε)

=
∏n

i=1
σ̄

1/n
n

1

2−ν+1 �(ν)|ki |−ν

∏n

j=1
Q′

ν(k j , ε)
, (94)
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where

Q′
ν(k j , ε) ≡ ε1/2Kν(|k j |ε) + c(2)

ki

c(1)
ki

ε1/2 Iν(|k j |ε). (95)

(2n-2)-multiple trace deformation: m = 2n − 2 case The
equation for D(2n−2)(k, ε) is given by

∂εD(2n−2)
(k1,...,kn)

(ε)δ(d)

⎛
⎝2n−2∑

j=1

k j

⎞
⎠ = −1

2

⎡
⎣4

⎛
⎝2n−2∑

i=1

D(2)(−ki , ε)

⎞
⎠

×D(2n−2)
(k1,...,k2n−3,k2n−2)

(ε)δ(d)

( n∑
s=1

ks

)

+(1 − δ3,2n−2)

2n−3∑
l=3

l(2n − l)Perm

×
{
D(l)

(k1,...,kl−1,k)
(ε)D(2n−l)

(kl ,...,k2n−2,−k)(ε)
}

× δ

( m∑
s=1

ks

)]

(96)

Since we assume D(l) = 0 for l ≤ n − 1,

∂εD(2n−2)
(k1,...,k2n−2)

(ε) = −1

2

[
4

2n−2∑
i=1

D(2)(ki , ε)D(2n−2)
(k1,...,k2n−2)

(ε)

+n2Perm
{
D(n)

(k1,...,kn−1,k)
(ε)D(n)

(kn ,...,k2n−2,−k)(ε)
} ]

+ λ2n−2

(2n − 2)(2π)d(n−2)
ε(n−2)(d−1)−2, (97)

where Perm{Ak1,...,km } ≡ 1
m! (Ak1,...,km + all possible

momentum permutations). First, we consider the homoge-
neous solution which does not include the effect of coupling
λ2n−2:

D(2n−2)
(k1,...,k2n−2)(ε) = C2n−2(k1, . . . , k2n−2)∏2n−2

i=1 Qν(ki , ε)
(98)

Then, along with the coupling λ2n−2, the inhomogeneous
solution has the following form as

D(2n−2)
(k1,...,k2n−2)(ε) ≡ G(ε)

2n−2∏
i=1

{Qν(ki , ε)}−1 , (99)

which allows G(ε) to satisfy the following equation:

∂εG(ε)

2n−2∏
i=1

{Qν(ki , ε)}−1 = λ2n−2

(2n − 2)(2π)d(n−2)
ε(n−2)(d−1)−2

−1

2
n2σ̄ 2

n

{ 1
2 �(ν)

}2n−2
{∏2n−2

i=1

c(1)
ki
2 |ki |

}

∏2n−2
j=1 Qν(k j , ε)

×Perm

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

({ 1
2 �(ν)

} c(1)
k1+k2+···+kn−1

2 |k1 + k2 + · · · + kn−1|
)2

{
Qν(

∑n−1
j=1 k j , ε)

}2

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

.

(100)

The solution of G(ε) is given by

G(ε) =
∫

dε′
[

λ2n−2

(2n − 2)(2π)d(n−2)
ε′(n−2)(d−1)−2

×
2n−2∏
i=1

Qν(ki , ε
′)

− 1

2
n2σ̄ 2

n

{
1

2
�(ν)

}2n−2
{

2n−2∏
i=1

c(1)
ki

2
|ki |

}∫ ε

0
dε′ Perm

×

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

({ 1
2 �(ν)

} c(1)
k1+k2+···+kn−1

2 |k1 + k2 + · · · + kn−1|
)2

{
Qν(

∑n−1
j=1 k j , ε

′)
}2

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

⎤
⎥⎥⎥⎥⎥⎦

.

(101)

Thus, (2n − 2)-multiple trace deformation is given by

D(2n−2)
(k1,...,k2n−2)(ε) =

2n−2∏
i=1

{Q′
ν(ki , ε)

}−1

×
[∫ ε

0
dε′

[
λ̄2n−2

(2n − 2)
ε′(n−2)(d−1)−2

2n−2∏
i=1

Q′
ν(ki , ε

′)
]

− σ̄2n−2

− 1

2
n2σ̄ 2

n

{
1

2
�(ν)

}2n
{

2n−2∏
i=1

( |ki |
2

)−ν
}

Perm

×

⎧⎪⎨
⎪⎩

ε1/2 Iν(
∑n−1

j=1 k j , ε)
( |k1+k2+···+kn−1|

2

)−2ν

Q′
ν(
∑n−1

j=1 k j , ε)

⎫⎪⎬
⎪⎭

⎤
⎥⎦ , (102)

where λ̄2n−2 = λ2n−2
(2π)d(n−2) and σ̄2n−2 = C2n−2

{ 1
2�(ν)

}2n−2

{∏2n−2
i=1 c(1)

ki

( |ki |
2

)−ν
}

.

According to these results, we construct the holographic
boundary action up to first-order in λ2n−2, σ̄2n−2, and second-
order in σ̄n as

SB =
∫

ddk
1

2
∂ε log

[Qν(k, ε)
]
�(k, ε)�(−k, ε)

+
∫ [

n∏
i=1

ddki�(ki , ε)

]

×
∏n

i=1

[
(−2σ̄ )1/n

{ 1
2 �(ν)

} ( |ki |
2

)−ν
]

∏n
j=1 Q′

ν(k j , ε)

× δ(d)

⎛
⎝ n∑

j=1

k j

⎞
⎠ +

∫ [
2n−2∏
i=1

ddki�(ki , ε)

]
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×
2n−2∏
i=1

{Q′
ν(ki , ε)

}−1
[∫ ε

0
dε′

×
{

λ̄2n−2

(2n − 2)
ε′(n−2)(d−1)−2

2n−2∏
i=1

Q′
ν(ki , ε

′)
}

− σ̄2n−2 − 1

2
n2σ̄ 2

n

{
1

2
�(ν)

}2n−2
{

2n−2∏
i=1

( |ki |
2

)−ν
}

Perm

×

⎧⎪⎨
⎪⎩

ε1/2 Iν(
∑n−1

j=1 k j , ε)
( |k1+k2+···+kn−1|

2

)−2ν

Q′
ν(
∑n−1

j=1 k j , ε)

⎫⎪⎬
⎪⎭

⎤
⎥⎦

× δ(d)

⎛
⎝2n−2∑

j=1

k j

⎞
⎠ . (103)

The relation between the boundary action, SB and the
Euclidean action, SE Keeping in mind that the relation
between SE and SB suggested in [30] is SE = −2SB , one
can construct the Euclidean action SE by using the boundary
action (103). To perform this identification, we set c(2)

ki
= 0 in

Qν andQ′
ν which are given in (88) and (95) respectively. The

argument for this is, to construct on-shell action, we manipu-
late a regular solution in the bulk region but the second kind
modified Bessel function, Iν(|k|r), is divergent near r = ∞.
Thus, we drop this term and keep Kν(|k|r) solution only.
Then the relation SE = −2SB is consistent with identifica-
tion SE = −2Ios in [23], where Ios is on-shell action since
we use regular solution for constructing on-shell action for
the holographic model.

4 Stochastic quantization frame

In this section, we formulate HWRG by the Langevin dynam-
ics of stochastic quantization. We consider the following
form of the Euclidean action:

SE =
∫

dd x
∞∑
n=2

Gn(∇2, t)�n(x), (104)

which contains stochastic time dependent kernel gn(∇2, t)
with Laplacian in d-dimensional Euclidean space ∇2 ≡
δμν ∂2

∂μ∂ν . Now, we express the Euclidean action SE in the
momentum space which is given by

SE =
∞∑
n=2

∫
1

(2π)n
d
2 −1

(
n∏

i=1

ddki�(ki , t)

)

×Gn(k1, . . . , kn; t)δ(d)

⎛
⎝ n∑

j=1

k j

⎞
⎠ . (105)

By employing the Langevin equation in momentum space:

∂�(k, t)

∂t
= −1

2

δSE
δ�(−k, t)

+ η(k, t), (106)

we obtain the following equation as

∂�(k, t)

∂t
= −1

2

∞∑
n=2

n
∫ (

n−1∏
i=1

dd pi�(pi , t)

)

×Ḡn(p1, . . . , pn−1,−k, t)δ(d)

⎛
⎝n−1∑

j=1

p j − k

⎞
⎠ + η(k, t),

(107)

where we newly defined the stochastic kernels Ḡn as

Ḡn(pi , t) ≡ 1

(2π)
nd
2 −1

Gn(pi , t). (108)

The stochastic partition function in momentum space is given
by

Z =
∫

[Dη(k, t)] exp

[
−1

2

∫ t

t0
dtddk η(k, t)η(−k, t)

]
,

(109)

where t0 is the initial stochastic time. Once we replace the
noise field η by � by substitution of the Langevin equation
(106) into this stochastic partition function (109), we obtain
the partition function with the Fokker–Plank formalism:

Z =
∫

[D�(k, t)] exp{−SFP(�, t)}, (110)

where SFP is called Fokker–Planck action.

4.1 Evaluation of the stochastic kernel and construction of
the Euclidean action

We start with the Euclidean action given as (106). From the
Langevin equation, we change the variable of the stochastic
partition function with field η → �. Then we get the Fokker–
Planck action:

SFP ≡
∫

dt LFP (�, t), (111)

where the Fokker–Plank Lagrangian density is given by

LFP = −1

2

[∫
ddk

(
∂�(k, t)

∂t

)(
∂�(−k, t)

∂t

)

+
∞∑
n=2

(∫ N∏
l=1

ddkl�(kl , t)

)
δ(d)

(
N∑

s=1

ks

)

×
⎧⎨
⎩

1

4

N∑
n=2

n(N + 2 − n)Ḡn

⎛
⎝k1, . . . , kn, −

n−1∑
j=1

k j ; t
⎞
⎠
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× ḠN+2−n

(
kn, . . . , kN , −

N∑
l=n

kl ; t
)

− ∂ḠN (k1, . . . , kn; t)
∂t

}

+
∞∑

m=2

∂

∂t

{∫ (
m∏
l=1

ddkl�(kl ; t)
)

× Ḡm(k1, . . . , km; t)δ(d)

(
m∑
s=1

ks

)}]
. (112)

By identifying t = r , one can compare the Fokker-Plank
action to the bulk action (74) and we get the series of equa-
tions of the stochastic kernel which constitutes the Euclidean
action:

Ḡ2(k, −k, t)2 − ∂Ḡ2(k, −k, t)

∂t
=
(
m2 + d2−1

4

t2 + p2

)
(113)

1

2
Ḡn(k1, . . . , kn, t)

⎛
⎝ n∑

j=1

Ḡ2(k j , −k j , t)

⎞
⎠ − 1

2

∂

∂t
Ḡn(k1, . . . , kn, t) = 0

(114)

1

2
Ḡ2n−2(k1, . . . , k2n−2, t)

(
2n−2∑
l=1

Ḡ2(kl ,−kl )

)

− 1

2

∂Ḡ2n−2(k1, . . . , k2n−2, t)

∂t

+n2

8
Perm

{Ḡn(k1, . . . , kn−1,

−
n−1∑
j=1

k j , t)Ḡn(kn, . . . , k2n−2, −
2n−2∑
i=n

ki , t)

⎫⎬
⎭

= λ̄2n−2

2n − 2
t (n−2)(d−1)−2. (115)

The solutions of the Eqs. (113) and (114) are given by

Ḡ2(k,−k, t) = −∂t log
[
t

1
2 Kν(|k|t) + c0t

1
2 Iν(|k|t)

]
. (116)

Ḡn(k1, . . . , kn, t) = τnt
− n

2

n∏
j=1

{
Kν(|k j |t) + c0 Iν(|k j |t)

}−1
,

(117)

where τn is an integral constant. The Euclidean action can be
derived from the on-shell action by the relation SE ≡ −2SB ,
where we need to choose the regular solution which should
not be divergent in AdS interior. This condition vanishes the
irregular part of the solution, c0 = 0.

The homogeneous solution of the Eq. (115) is given by

Ḡ2n−2(k1, . . . , k2n−2, t) = t−n+1
2n−2∏
j=1

{
Kν(|k j |t)

}−1
.

(118)

By employing this solution, one can get the solution in
O(λ̄1

2n−2). We apply the following type of trial solution:

Ḡ2n−2(k1, . . . , k2n−2, t)

=
⎡
⎣2n−2∏

j=1

(
t

1
2 Kν(|k j |t)

)⎤⎦
−1

R2n−2(λ̄2n−2, t), (119)

and the solution is given by

R2n−2(λ̄2n−2, t) =
∫ t

t0
dt ′

[
n2

4
t ′−1

2n−2∏
j=1

τk j Perm

×

⎧⎪⎨
⎪⎩τ 2

k1+···+kn−1

⎛
⎝Kν

⎛
⎝
∣∣∣∣ −

n−1∑
j=1

k j

∣∣∣∣t ′
⎞
⎠
⎞
⎠

−2
⎫⎪⎬
⎪⎭

− λ̄2n−2

n − 1
t ′(n−2)d−1

2n−2∏
j=1

Kν(|k j |t ′)
]
. (120)

By assuming that τn(k) = τn(−k),1 the permutations in the
curly bracket are given by

Perm

⎧⎨
⎩Ḡn(k1, . . . , kn−1, −

n−1∑
j=1

k j , t)Ḡn(kn, . . . , k2n−2, −
2n−2∑
i=n

ki , t)

⎫⎬
⎭

=
2n−2∏
j=1

τk j

[
t

1
2 Kν(|k j |t)

]−1

×Perm

⎧⎪⎨
⎪⎩τk1+···+kn−1 τkn+···+k2n−2

1

t

⎛
⎝Kν

⎛
⎝
∣∣∣∣ −

n−1∑
j=1

k j

∣∣∣∣t
⎞
⎠
⎞
⎠

−1

×
⎛
⎝Kν

⎛
⎝
∣∣∣∣ −

2n−2∑
j=n

k j

∣∣∣∣t
⎞
⎠
⎞
⎠

−1
⎫⎪⎬
⎪⎭ . (121)

The solution of Ḡ2n−2(k1, . . . , k2n−2, t) is given by

Ḡ2n−2(k1, . . . , k2n−2, t)

=
2n−2∏
j=1

[
t

1
2 Kν(|k j |t)

]−1
∫ t

0
dt ′

[
n2

4
t ′−1

2n−2∏
j=1

τk j Perm

×

⎧⎪⎨
⎪⎩τ 2

k1+···+kn−1

⎛
⎝Kν

⎛
⎝
∣∣∣∣ −

n−1∑
j=1

k j

∣∣∣∣t ′
⎞
⎠
⎞
⎠

−2
⎫⎪⎬
⎪⎭

1 One way to get this relation, τn(k) = τn(−k) is that we request the
coupling constant be a O(d) invariant. Parity, ki → −ki is a subgroup
of O(d)-rotation, then we get the relation. Another way to look at this
is as follows. We assume that the scalar field φ(x) is a real function of
the Euclidean coordinates xi in position space. This restricts the field in
the momentum space as φ∗

k = φ−k once we consider its Fourier trans-
form, where ∗ denotes complex conjugate. Also, we request that the
interaction term in position space Ln = ∫

τn(t)φn(x)dd x should trans-

form into Ln = ∫
ddk τn(k1,...,kn )

f (|ki |t) φk1 · · ·φkn δ
(d)(

∑n
i=1 kn) in momen-

tum space,where f is a function of O(d) invariants and stochastic time,
t . We note that the coupling τn(t) in position space is not just a function
of t but it could be a function of differential operators. This ensures that
the coupling becomes a function of momenta in momentum space. From
the fact L∗

n = −Ln , we get τ ∗
n (ki ) = τn(−ki ), because Euclidean time

satisfies x∗
d = −xd , which is obtained by Wick rotation of Lorentzian

time. If we assume that the momentum space coupling constant τn(ki )
is also real, we obtain τn(ki ) = τn(−ki ).
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− λ̄2n−2

n − 1
t ′(n−2)d−1

2n−2∏
j=1

Kν(|k j |t ′)
]
. (122)

If we perform integration of the first term in the integration
part, the simplest solution of Ḡ2n−2(k1, . . . , k2n−2, t) is given
by

Ḡ2n−2(k1, . . . , k2n−2, t) =
2n−2∏
j=1

[
t

1
2 Kν(|k j |t)

]−1

×
⎡
⎣n2

4

2n−2∏
j=1

τk j Perm

⎧⎨
⎩τ 2

k1+···+kn−1

Iν
(
| − ∑n−1

j=1 k j |t
)

Kν

(
| − ∑n−1

j=1 k j |t
)
⎫⎬
⎭

− λ̄2n−2

n − 1

∫ t

0

⎡
⎣t ′(n−2)d−1

2n−2∏
j=1

Kν(|k j |t ′)
⎤
⎦ dt ′ + τ2n−2

⎤
⎦ .

(123)

Now we construct the Euclidean action as

SE =
∫

ddk �(k, t)�(−k, t)
[
−∂t log

(
t

1
2 Kν(|k|t)

)]

+
∫ [

n∏
i=1

ddki�(ki , t)

]⎡
⎣τn

n∏
j=1

(
t

1
2 Kν(|k j |t)

)−1

⎤
⎦

× δ(d)

⎛
⎝ n∑

j=1

k j

⎞
⎠

+
∫ [

2n−2∏
i=1

ddki�(ki , t)

]⎡
⎣2n−2∏

j=1

[
t

1
2 Kν(|k j |t)

]−1

×
⎡
⎣n2

4

2n−2∏
j=1

τk j Perm

⎧⎨
⎩τ 2

k1+···+kn−1

Iν
(
| − ∑n−1

j=1 k j |t
)

Kν

(
| − ∑n−1

j=1 k j |t
)
⎫⎬
⎭

− λ̄2n−2

n − 1

∫ t

0

⎡
⎣t ′(n−2)d−1

2n−2∏
j=1

Kν(|k j |t ′)
⎤
⎦ dt ′ + τ2n−2

⎤
⎦
⎤
⎦

× δ(d)

⎛
⎝2n−2∑

j=1

k j

⎞
⎠ . (124)

Note that the Euclidean action is obtained by identifying
the holographic bulk action with the Fokker–Planck action.
One can also derive the Euclidean action using the relation
SE = −2SB with c(2) = 0. This relation fixes the integration
constant τ by comparing it with the holographic boundary
action as

τn =
n∏

i=1

[
(−2σ̄ )1/n

{
1

2
�(ν)

}( |ki |
2

)−ν
]

2n−2∏
i=1

τki =
2n−2∏
i=1

[
(−2σ̄n)

1/n
{

1

2
�(ν)

}( |ki |
2

)−ν
]

τ 2
k1+k2+···+kn−1

= τ 2−k = τ 2
k =

[
(−2σ̄n)

1/n
{

1

2
�(ν)

}

×
( |k1 + k2 + · · · + kn−1

2

)−ν
]2

τ2n−2 = 2σ̄2n−2. (125)

However, we keep using the integration constant in our cal-
culation and show that the same results can be obtained by
the relation of the multi-trace deformation and stochastic cor-
relation function in Sect. 5.

4.2 Stochastic correlation functions

Before we calculate the correlation functions, we define the
following quantity to assign a Feynman-like rule as

propagator: Kν(k, t; t ′) ≡ t1/2Kν(|k|t)
t ′1/2Kν(|k|t ′)

Kν(k, t) ≡ t1/2Kν(|k|t)
propagator with noise: Sn(k1, . . . , kn; t)

≡
n∏

i=1

∫ t

t0

t1/2Kν(|k|t)
t ′i

1/2Kν(|k|t ′i )
ηki (t

′
i )dt

′
i

n-point vertex: − n

2
V̄n(k1, . . . , kn; t)

≡ −n

2

n∏
i=1

{
t1/2Kν(|ki |t)

}−1 = −n

2

n∏
i=1

K−1
ν (ki , t).

(126)

The diagrammatic expressions are given in Fig. 1.
In upcoming section, we solve the equations with the weak

expansion of the coupling constant τn and λ̄2n−2 order by
order.

4.2.1 Stochastic 2-point function

Firstly, we employ the Langevin equation up to the zeroth
order of τn from the Euclidean action:

∂�(2)(k, t)

∂t
= ∂t log [Kν(k, t)] �(2)(k, t) + ηk(t), (127)

where the solution of the equation is given by

�(2)(k, t) =
∫ t

t0
Kν(k, t; t ′)ηk(t ′)dt ′. (128)

From the result, one can compute a non-equal time stochastic
2-point function:

〈�(2)(k, t)�(2)(k′, t ′)〉
=
∫ t

t0

∫ t ′

t0
Kν(k, t; t̃)Kν(k

′, t ′; t̃ ′)〈ηk(t̃)ηk′(t̃ ′)〉dt̃dt̃ ′
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Fig. 1 Diagrams for the Feynman-like rule. (a) Is the diagram of
the propagator with noise. After the time integration, it represents
�(2)(k, t). (b) Is composed of one propagator, n-point vertex, and
(n − 1)-propagator with noise. After the time integration, it represents
the solution of the first order of τ , �(n)(k, t). (c) Is the first type of the

2n − 2 solution, φ(2n−2,1)(k, t). Note that it is composed of connected
two different n-point vertex with different times. Also, the colored line
denotes that we need to consider the permutation of it, where the dotted
line is the propagator that connects each vertex. (d) Is the second type
of the 2n − 2 solution, φ(2n−2,2)(k, t), integrating with time

= Kν(k, t)Kν(k, t
′)Q̃ν(k, t)

K(k, t)
δ(d)(k + k′)

= Kν(k, t)Q̃ν(k, t)δ
(d)(k + k′), (129)

where we define a new quantity:

Q̃ν(k, t) ≡ t1/2 [Iν(|k|t) − αk(t0)Kν(|k|t)] ,

αk(t0) ≡ Iν(|k|t0)
Kν(|k|t0) , (130)

and we use Markov property of noise correlator 〈ηp(t)ηk′(t ′)〉
= δ(d)(k+k′)δ(t−t ′). Also, note that the integration is given
by

∫ t

t0
K−2

ν (k, t ′)dt ′ = Iν(|k|t)
Kν(|k|t) − αk(t0) = Q̃ν(k, t)

Kν(k, t)
. (131)

Them, the equal-time correlator is given by

〈�(2)(k, t)�(2)(k′, t)〉 = Kν(k, t)
2 Q̃ν(k, t)

K(k, t)
δ(d)(k + k′)

= Kν(k, t)Q̃ν(k, t)δ
(d)(k + k′).

(132)

The diagrammatic expressions are given in Fig. 2a.

4.2.2 Stochastic n-point function

To consider the sub-leading term in the Euclidean action, we
solve the equation by perturbation of coupling τn given by

�(n)(k, t) = τn�̄
(n)(k, t). (133)

Then, the Langevin equation in the first order of τn is given
by

∂�̄(n)(k, t)

∂t
= ∂t ln (Kν(k, t)) �̄(n)(k, t)

−n

2

∫ (
n−1∏
i=1

ddki�
(2)(ki , t)

)
V̄n(k1, . . . , kn; t)δ(d)

×
⎛
⎝n−1∑

j=1

k j + k

⎞
⎠ . (134)

The solution of the equation is given by

�̄(n)(k, t) = −n

2

∫ t

t ′0

[
Kν(k, t; t ′′)τnV̄n(k1, . . . , kn; t)
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×
∫ n−1∏

i=1

dd k̄i Sn−1(k̄1, . . . , k̄n−1; t ′′)
]
dt ′′δ(d)

⎛
⎝n−1∑

j=1

k̄ j + k

⎞
⎠ .

(135)

The stochastic n-point function is given by

〈�k1(t)�k2(t) · · · �kn (t)〉

= n · Perm

⎧⎪⎨
⎪⎩〈

n−1︷ ︸︸ ︷
�

(2)
k1

· · ·�(2)
kn−1

(t)�
(n)
kn

(t)〉

⎫⎪⎬
⎪⎭ . (136)

From the solution of the Langevin equation, we get

〈
n−1︷ ︸︸ ︷

�
(2)
k1

· · ·�(2)
kn−1

(t)�
(n)
kn

(t)〉

=
〈
− n

2

∫ t

t ′0

[
Kν(kn, t; t̄n)τnV̄n(k1, . . . , kn; t̄n)

×
∫ n−1∏

i=1

dd k̄i Sn−1(k̄1, . . . , k̄n−1; t̄n)
]
dt̄n

× Sn−1(k1, . . . , kn−1; t)
〉
δ(d)

⎛
⎝n−1∑

j=1

k̄ j + kn

⎞
⎠ . (137)

This result also can be derived diagrammatically in Figure
2(b). We have one propagator, n-point vertex, and n − 1
number of propagators with noise. Note that we have time
integration

∫ t
t ′0
dt ′′ to the whole ingredients connected to a

n-point vertex from the Eq. (135). The only correlated terms
inside the bracket 〈·〉 are the noise fields inside Sn with dif-
ferent times and momentum labels. If we collect the noise
fields, we get

= −n

2

∫ t

t ′0

[
Kν(kn, t; t̄n)τnV̄n(k1, . . . , kn; t̄n)

×
∫ n−1∏

i=1

dd k̄i

{∫ t̄n

t0
Kν(k̄i , t̄n; t̄i )dt̄i

}]
dt̄n

× δ(d)

⎛
⎝n−1∑

j=1

k̄ j + kn

⎞
⎠ n−1∏

j=1

{∫ t

t0
Kν(k j , t; t ′j )dt ′j

}

×
〈
n−1∏
i=1

n−1∏
j=1

ηki (t̄i )ηk j (t
′
j )

〉

connected,tree

. (138)

Note that the extraction of noise fields insideSn gives a prod-
uct of propagator K. We consider the connected-tree level
diagram as

〈
n−1︷ ︸︸ ︷

�
(2)
k1

· · ·�(2)
kn−1

(t)�
(n)
kn

(t)〉

= −n

2

∫ t

t ′0

[
Kν(kn, t; t̄n)τnV̄n(k1, . . . , kn; t̄n)

×
∫ n−1∏

i=1

dd k̄i

{∫ t̄n

t0
Kν(k̄i , t̄n; t̄i )dt̄i

}]
dt̄n

× δ(d)

⎛
⎝n−1∑

j=1

k̄ j + kn

⎞
⎠ n−1∏

j=1

{∫ t

t0
Kν(k j , t; t ′j )dt ′j

}

× (n − 1)!
n−1∏
i=1

δ(d)(k̄i − ki )δ(t̄i − t ′i )

= −n!
2

n∏
i=1

[Kν(ki , t)]
∫ t

t ′0

[
K−2

ν (kn, t̄n)τn

n−1∏
i=1

Q̃ν(ki , t̄n)

Kν(ki , t̄n)

]

× dt̄nδ
(d)

⎛
⎝n−1∑

j=1

k j + kn

⎞
⎠ . (139)

We bring back the permutation to complete the n-point func-
tion given by

n · Perm

⎧⎪⎪⎨
⎪⎪⎩

〈
n−1︷ ︸︸ ︷

�
(2)
k1

· · · �(2)
kn−1

(t) �
(n)
kn

(t)〉

⎫⎪⎪⎬
⎪⎪⎭

= −n · n!
2

n∏
i=1

[Kν(ki , t)] Perm

×
{∫ t

t ′0

[
1

K2
ν(kn, t̄n)

τn

n−1∏
i=1

Q̃ν(ki , t̄n)

Kν(ki , t̄n)

]
dt̄n

}
δ(d)

⎛
⎝n−1∑

j=1

k j + kn

⎞
⎠

= −n!
2

· τn

n∏
i=1

[Kν(ki , t)]

{ n∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

−
n∏

i=1

[
α(t ′0) − α(t0)

] }
δ(d)

(
n−1∑
l=1

kl + kn

)
. (140)

In the last equality, we use the relation:

∫
Perm

[
K−2

ν (kn, t̄n)
n−1∏
i=1

{
Q̃ν(ki , t̄n)

Kν(ki , t̄n)

}]
dt̄n

=
∫

1

n

[ n∑
i=1

K−2
ν (kn, t̄n)

n∏
j=1,i �= j

{
Q̃ν(ki , t̄n)

Kν(ki , t̄n)

}]
dt̄n

=
n∏

i=1

{
Q̃ν(ki , t)

Kν(ki , t)

}
. (141)

We note that the integrand is invariant under the permutation
of the momentum label since kn = −∑n−1

j=1 k j . Originally,
we should have a permutation of the integrand to be solv-
able but invariance under permutation allows us to satisfy
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the following relation without permutation:

K−2
ν

(
−

n−1∑
i=1

ki , t̄n

)
n−1∏
i=1

{
Q̃ν(ki , t̄n)

Kν(ki , t̄n)

}

= 1

n

[ n∑
i=1

K−2
ν (kn, t̄n)

n∏
j=1,i �= j

{
Q̃ν(ki , t̄n)

Kν(ki , t̄n)

}]
. (142)

4.2.3 Stochastic (2n − 2)-point function

In this case, we need to find the solution up to the order of
τ 2
n and λ̄2n−2. The Langevin equation is given by

∂�
(2n−2)
k (t)

∂t
− ∂t log [Kν(k, t)] �

(2n−2)
k (t)

= n2(n − 1)

4
Perm

{∫ n−2∏
i=1

dd k̃i Sn−2(k̃1, . . . , k̃n−2; t)

×
∫

dd k̃n−1

∫ t ′

t0

[
Kν(k̃n−1, t, t ′′)τn V̄n(k1, . . . , kn; t ′′)

×
∫ n−1∏

i=1

dd k̄i Sn−1(k̄1, . . . , k̄n−1; t ′′)
]
dt ′′δ(d)

×
⎛
⎝n−1∑

j=1

k̄ j − k̃n−1

⎞
⎠
}
τn V̄n(kn , . . . , k2n−2, k; t)δ(d)

⎛
⎝n−1∑

j=1

k j − k

⎞
⎠

+ (n − 1)

∫ 2n−3∏
i=1

dd k̂i
[
S2n−3(k̂1, . . . , k̂2n−3; t)

× V̄(2)
2n−2(k1, . . . , k2n−2; t)

]
δ(d)

⎛
⎝2n−3∑

l=1

kl − k

⎞
⎠ , (143)

where we define the second type of (2n − 2) vertex as

V̄(2)
2n−2(k1, . . . , k2n−2; t) ≡

2n−2∏
j=1

τk j V̄2n−2(k1, . . . , k2n−2; t)

×
⎡
⎣−n2

4
τ 2
k1+k2+···+kn−1

Iν
(
| − ∑n−1

j=1 k j |t
)

Kν

(
| − ∑n−1

j=1 k j |t
)

+ λ̄2n−2

n − 1
K̄ (2n−2)

ν (k, t) − τ2n−2

]
, (144)

and

K̄ (2n−2)
ν (k, t) ≡

∫
dt ′

[
t ′n(2ν−1)

2n−2∏
i=1

Kν(|ki |t ′)
]

. (145)

The solution of the differential equation is straightforward.
However, for simplicity, we split the solution of the field
�(2n−2) into 2 different types whether the solution is related

to the second type of (2n − 2)-vertex V̄(2)
2n−2 or not:

�
(2n−2)
k (t) =

2∑
i=1

�
(2n−2,i)
k (t). (146)

The first type of (2n − 2) solution which is not related to
V̄(2)

2n−2 is given by

�
(2n−2,1)
k (t) = n2(n − 1)

4

∫ t

t ′′0

⎡
⎣Kν(k, t; t ′)Perm

×
{∫ n−2∏

i=1

dd k̃i Sn−2(k̃1, . . . , k̃n−2; t ′)

×
∫

dd k̃n−1

∫ t ′

t0

[
Kν(k̃n−1, t

′; t ′′)τnV̄n(k1, . . . , kn; t ′′)

×
∫ n−1∏

i=1

dd k̄i Sn−1(k̄1, . . . , k̄n−1; t ′′)
]
dt ′′

× δ(d)

⎛
⎝n−1∑

j=1

k̄ j + k̃n−1

⎞
⎠
}
τnV̄n(kn, . . . , k2n−2, k; t ′)δ(d)

×
⎛
⎝n−1∑

j=1

k j + k

⎞
⎠
⎤
⎦ dt ′, (147)

and the second type of the solution which is related to V̄(2)
2n−2

is given by

�
(2n−2,2)
k (t) = (n − 1)

∫ t

t ′′0

[
Kν(k, t; t ′)

×
∫ 2n−3∏

i=1

dd k̂i S2n−3(k̂1, . . . , k̂2n−3; t ′)

×V̄(2)
2n−2(k1, . . . , k2n−2; t ′)δ(d)

(
2n−3∑
l=1

kl + k

)]
dt ′.

(148)

To simplify the calculation, we divide the stochastic 2n − 2-
point function into three different types given by

〈
2n−2︷ ︸︸ ︷

�k(t) · · · �k(t)〉[1] = (2n − 2)!
2!(2n − 4)! · Perm

×

⎧⎪⎨
⎪⎩〈

2n−4︷ ︸︸ ︷
�

(2)
k1

· · · �(2)
k2n−4

(t)�
(n)
k2n−3

(t)�(n)
k2n−2

(t)〉

⎫⎪⎬
⎪⎭ (149)

〈
2n−2︷ ︸︸ ︷

�k(t) · · · �k(t)〉[2] = (2n − 2) · Perm
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×

⎧⎪⎨
⎪⎩〈

2n−3︷ ︸︸ ︷
�

(2)
k1

· · ·�(2)
k2n−3

(t)�
(2n−2,1)
k2n−2

(t)〉

⎫⎪⎬
⎪⎭ (150)

〈
2n−2︷ ︸︸ ︷

�k(t) · · ·�k(t)〉[3] = (2n − 2) · Perm

×

⎧⎪⎨
⎪⎩〈

2n−3︷ ︸︸ ︷
�

(2)
k1

· · ·�(2)
k2n−3

(t)�
(2n−2,2)
k2n−2

(t)〉

⎫⎪⎬
⎪⎭ . (151)

The detailed calculation of the (2n−2) correlation functions
is explained in Appendix A. In this section, we start with the
result of the calculation of the correlation functions. The first
type of 2n − 2-point function is given by

〈
2n−2︷ ︸︸ ︷

�k(t) · · · �k(t)〉[1] = (2n − 2)!
2!(2n − 4)!Perm

[〈
S2n−4(k1, . . . , k2n−4; t)

× −n

2

∫ t

t ′0

[
Kν(k2n−3, t; t̄n)τnV̄n(kn−1, . . . , k2n−3, kn−1; t̄n)

∫ n−1∏
i=1

dd k̄i Sn−1(k̄1, . . . , k̄n−1; t̄n)
]
dt̄n

× −n

2

∫ t

t ′0

[
Kν(k2n−2, t; t̄ ′n)τnV̄n(k1, . . . , kn−1, k2n−2; t̄ ′n)

∫ n−1∏
l=1

dd k̄′
l Sn−1(k̄

′
1, . . . , k̄

′
n−1; t̄ ′n)

]
dt̄ ′n

× δ(d)

(
n−1∑
m=1

k̄m + k2n−3

)
δ(d)

(
n−1∑
m′=1

k̄′
m′ + k2n−2

)〉]
. (152)

It can be interpreted as a diagrammatic expression of the first
type of (2n−2) correlation function in Fig. 2c. Note that the
disconnected vertices at the earlier stage have different time
integration

∫ t
t ′0
dt̄n and

∫ t
t ′0
dt̄ ′n . After the calculation, the first

type of (2n − 2)-correlation function is given by

〈
2n−2︷ ︸︸ ︷

�k(t) · · ·�k(t)〉[1]

= (2n − 2)!(n − 1)2n

4
Perm

[ 2n−2∏
i=1

τ 2
n {Kν(ki , t)}

×
[

1

2n − 1

2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(k, t)

Kν(k, t)

− 1

2n − 1

2n−2∏
i=1

(
αki (t

′
0) − αki (t0)

) (
αk(t

′
0) − αk(t0)

)

− 1

n − 1

2n−2∏
i=n

Q̃ν(ki , t)

Kν(ki , t)

n∏
i=1

(
αki (t

′
0) − αki (t0)

)

+ 1

n − 1

2n−2∏
i=1

(
αki (t

′
0) − αki (t0)

) (
αk(t

′
0) − αk(t0)

) ]
.

(153)

The second type of 2n − 2 correlation function is given by

〈
2n−2︷ ︸︸ ︷

�k(t) · · · �k(t)〉[2] = (2n − 2)Perm

×
[〈

S2n−3(k1, . . . , k2n−3; t)n
2(n − 1)

4

×
∫ t

t ′′0

[
Kν(k2n−2, t; t ′)Perm

{∫ n−2∏
l=1

dd k̃l Sn−2(k̃1, . . . , k̃n−2; t ′)

× dd k̃n−1

[∫ t ′

t ′0
Kν(k̃n−1, t

′; t ′′)τnV̄n(k1, . . . , kn; t ′′)

×
∫ n−1∏

m=1

dd k̄m Sn−1(k̄1, . . . , k̄n−1; t ′′)
]
dt ′′

}

× τnV̄n(kn, . . . , k2n−2, kn; t ′)
]
dt ′δ(d)

⎛
⎝n−1∑

p=1

k̄ p − k̃n−1

⎞
⎠

× δ(d)

⎛
⎝n−1∑

q=1

kq − k2n−2

⎞
⎠
]
. (154)

The diagrammatic expression of the second type of (2n−
2)-point function is given in Fig. 3a. This looks similar to the
first type diagram but it’s slightly different from the contrac-
tion stage. Unlike the first type diagram has disconnected ver-
tices at the early stage, the second type diagram has already
connected vertices which means we don’t have to assign a
different time integration to the vertex contribution. They are
topologically the same at the later stage but the difference in
connection of vertices at the earlier stage gives different sym-
metry factors by the permutation. The result of the second
type of (2n − 2) correlation function is given by

〈
2n−2︷ ︸︸ ︷

�k(t) · · ·�k(t)〉[2]

= (2n − 2)!n(n − 1)

4
Perm

{
τ 2
n

2n−2∏
i=1

[Kν(ki , t)
]

×
[[

1

2n − 1

2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(k, t)

Kν(k, t)

− 1

2n − 1

2n−2∏
i=1

[
αki (t

′′
0 ) − αki (t0)

] [
αk(t

′′
0 ) − αk(t0)

]

− 1

n − 1

2n−2∏
i=n

Q̃ν(ki , t)

Kν(ki , t)

n∏
j=1

[
αk j (t

′
0) − αk j (t0)

]

+ 1

n − 1

2n−2∏
i=n

(
αki (t

′′
0 ) − αki (t0)

) n∏
j=1

[
αk j (t

′
0) − αk j (t0)

] ]}
.

(155)
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Fig. 2 Diagram of the correlation functions. (a) Is a 2-point correla-
tion function. The noise fields are contracted to each other and become
a thick line. (b) Is a n-point correlation function, and (c) is the first type
of 2n − 2-point correlation function. Note that the diagram represents

the connection of two different n-point functions with different times,
which means that we need to consider the order of time and this gives
a step function

Fig. 3 Diagram of the correlation functions. (a) Is the second type of 2n − 2-point correlation function. (b) Is the third type of 2n − 2-point
correlation function
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We can notice that the factor (n − 1) is different from the
first type diagram which is (n − 1)2 and this comes from the
permutation of choosing the propagator to connect vertices.

The integral expression of the third type of correlation
function is given by

〈
2n−2︷ ︸︸ ︷

�k(t) · · ·�k(t)〉[3]

= (2n − 2)(n − 1)Perm

⎡
⎣
〈
S2n−3(k1, . . . , k2n−3; t)

×
∫ t

t ′′0
dt ′

[
Kν(k2n−2, t; t ′)

×
∫ 2n−3∏

i=1

dd k̂ S2n−3(k̂1, . . . , k̂2n−3; t ′)

×V̄(2)
2n−2(k1, . . . , k2n−2; t ′)δ(d)

⎛
⎝2n−3∑

j=1

k j − k2n−2

⎞
⎠
〉⎤
⎦ .

(156)

The diagrammatic expression of the third type of (2n − 2)-
point function is given in Fig. 3b.

The result of the calculation of the third type of correlation
function is given by

〈
2n−2︷ ︸︸ ︷

�k(t) · · ·�k(t)〉[3] = (2n − 2)!(n − 1)Perm

×
[ 2n−2∏

i=1

τki [Kν(ki , t)] τ 2
k1+k2+···+kn−1

× 1

2n − 1

[
− n2

4

{
2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(k, t)

Kν(k, t)

−
[

2n−2∏
i=1

[αki (t
′′
0 ) − αki (t0)][αk(t

′′
0 ) − αk(t0)]

}]

+ 1

2n − 2

[
−n2

4
αk(t0)

{
2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

−
2n−2∏
i=1

[
αki (t

′′
0 ) − αki (t0)

]}]]

− 1

2n − 2

[
2n−2∏
i=1

{
Q̃ν(ki , t)

} λ̄2n−2

n − 1
K̄ (2n−2)

ν (k, t)

+
2n−2∏
i=1

{Kν(ki , t)} λ̄2n−2

n − 1

∫ t

0
t ′(n−2)d−2

2n−2∏
i=1

Qν(|ki |t ′)dt ′

− τ2n−2

[
2n−2∏
i=1

Q̃ν(ki , t) −
2n−2∏
i=1

Kν(ki , t)

(
αki (t

′′
0 ) − αki (t0)

)]]
. (157)

Note that the integration in the fourth line can not be solved
analytically. However, we still can verify the relation of
(2n − 2)-stochastic correlation function and (2n − 2)-trace
deformation, maintaining this integral expression and using
the integration by part. One can find the detailed calculation
in Appendix B.

5 Reconstruction of multi-trace deformations by the
stochastic frame

In this section, we compute the stochastic correlation func-
tion to verify the relation between multiple trace deforma-
tions and the stochastic correlation function with the bound-
ary directional momentum.

5.1 Double trace deformation and stochastic 2-point
function

We start with the double trace deformation to warm up. From
the correlation function and Euclidean action,

〈�(k1, t)�(k2, t)〉−1
S =

[
Kν(k, t)Q̃ν(k, t)

]−1

−1

2

δ2SE∏2
i=1 δ�(ki , t)

= ∂t log (Kν(k, t)) (158)

Using the relation,

∂t

(
Iα(x)

Kα(x)

)
= 1

x [Kα(x)]2 , (159)

we can easily obtain the following result.

〈�(k1, t)�(k2, t)〉−1
S − 1

2

δ2SE∏2
i=1 δ�(ki , t)

= ∂t log
[
Q̃ν(k, t)

]
.

(160)

It implies the following correspondence between double trace
deformation and stochastic 2-point function as

δ2SB∏2
i=1 δ�(ki , r)

∣∣∣∣∣
r=t

= 〈�(k1, t)�(k2, t)〉−1
S

− 1

2

δ2SE∏2
i=1 δ�(ki , t)

.∂t log
[
t1/2

(
Iν(|k|t) + c(1)

k /c(2)
k Kν(|k|t)

)]

= ∂t log
[
t1/2 (Iν(|k|t) − αk (t0)Kν(|k|t))

]
, (161)

which is consistent with double trace deformation of HWRG
once it satisfies Qν(k, ε)|ε=t = Q̃ν(k, t), in other words,
c(1)
k /c(2)

k = −αk(t0).
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5.2 n-multiple trace deformation and stochastic n-point
function

We can construct n-multiple trace deformation with the
stochastic correlation function by the following relation:

δn SB∏n
i=1 δ�(ki , r)

∣∣∣∣
r=t

= −
〈

n∏
i=1

�(ki , t)

〉

S

×
n∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S − 1

2

δn SE∏n
i=1 δ�(ki , t)

. (162)

We already calculated 2-point (132) and n-point correlation
function (140). The last term is related to nothing but the n-th
stochastic kernel in the Euclidean action. If we insert these
results into the relation, we get

=
[
n!
2

τn

n∏
i=1

[Kν(ki , t)]

{
n∏

i=1

Q̃ν(ki , t)

Kν(ki , t)

−
n∏

i=1

[
αi (t

′
0) − αi (t0)

]} n∏
j=1

[
Kν(k j , t)Q̃ν(k j , t)

]−1

× −n!
2

τnV̄n(k1, . . . , kn; t)
]
δ(d)

(
n−1∑
l=1

kl + kn

)

= − n!
2

τn

n∏
i=1

[
αi (t

′
0) − αi (t0)

] Ṽn(k1, . . . , kn; t)

= − n!
2

τn

n∏
i=1

[
(−αki (t

′
0)/αki (t0)) + 1

t1/2
(
Kν(|ki |t) − α̃ki (t0)Iν(|ki |t)

)
]

× δ(d)

⎛
⎝n−1∑

j=1

k j + kn

⎞
⎠ , (163)

where

Ṽn(k1, . . . , kn; t) ≡
n∏

i=1

[
Q̃ν(ki , t)

]−1
. (164)

We remember that the holographic data of n-multiple trace
deformation is given by (94). The stochastic construction
(163) coincides with the holographic n-multiple deformation
if it satisfies

τn =
n∏

i=1

[
(−2σ̄ )1/n

{
1

2
�(ν)

}( |ki |
2

)−ν
]

, (165)

while αki (t
′
0) = 0 and −α̃ki (t0) = −1/αki (t0) = c(2)

ki
/c(1)

ki
. It

also matches with the result of the Sect. 5.1. We find the inte-
gration constant τn from the stochastic side is proportional
to marginal n-multiple trace coupling σ̄n .

5.3 (2n − 2)-multiple trace deformation and stochastic
(2n − 2)-point function

δ2n−2SB∏2n−2
i=1 δ�(ki , r)

∣∣∣∣∣
r=t

= −
〈

2n−2∏
i=1

�(ki , t)

〉

S

×
2n−2∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S

+ (2n − 2)!n2

2(n!)2

2n−2∏
i=1

〈�(ki , t)�(−ki , t)〉−1
S

× Perm

⎡
⎣
〈⎧⎨
⎩

n−1∏
j=1

�(k j , t)

⎫⎬
⎭�(q, t)

〉

S

×〈�(q, t)�(−q, t)〉−1
S

〈{
2n−2∏
l=n

�(kl , t)

}
�(−q, t)

〉

S

]

− 1

2

δ2n−2SE∏2n−2
i=1 δ�(ki , t)

. (166)

We split the first term of the right-hand side as

〈
2n−2∏
i=1

�(ki , t)

〉
=

3∑
i=1

〈
2n−2∏
i=1

�(ki , t)

〉[i]
, (167)

where the i denotes the first, second, and third type of the
2n−2 correlation function. First, we calculate the following
quantity:

[
n2

2(n!)2 Perm

[〈{ n−1∏
j=1

�(k j , t)

}
�(q, t)

〉
S

× 〈�(q, t)�(−q, t)〉−1
S

〈{ 2n−2∏
l=n

�(kl , t)

}
�(−q, t)

〉
S

]

− 1

(2n − 2)!
2∑

i=1

〈
2n−2︷ ︸︸ ︷

�k(t) · · · �k(t)〉[i]
] 2n−2∏

i=1

〈�(ki , t)�(−ki , t)〉−1

= n2

8
Perm

[
τ 2
n Ṽ2n−2(k1, . . . , k2n−2; t)

×
[

1

2n − 1

2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(k, t)

Kν(k, t)

− 1

2n − 1

2n−2∏
i=1

(−αki (t0)
)
(−αk(t0))

+
2n−2∏
i=n

(−αki (t0)
)
(−αk(t0))

2

(
Q̃ν(k, t)

Kν(k, t)

)−1

−
2n−2∏
i=1

(−αki (t0)
)
(−αk(t0))

]]
. (168)
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Next, we calculate the left terms in the relation:

− 1

(2n − 2)! 〈
2n−2︷ ︸︸ ︷

�k(t) · · · �k(t)〉[3]
2n−2∏
i=1

〈�(ki , t)�(−ki , t)〉−1

− 1

2

1

(2n − 2)!
δ2n−2SE∏2n−2

i=1 δ�(ki , t)

= n2

8

2n−2∏
j=1

τk j Perm

[
τ 2
k1+k2+···+kn−1

Ṽ2n−2(k1, . . . , k2n−2; t)

×
[

− 1

2n − 1

2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(k, t)

Kν(k, t)

+ 1

2n − 1

2n−2∏
i=1

[αki (t
′′
0 ) − αki (t0)][αki (t

′′
0 ) − αk(t0)]

]]

+ λ̄2n−2

2n − 2
Ṽ2n−2(k1, . . . , k2n−2; t)

×
[∫ t

0
t ′(n−2)(d−1)−2

2n−2∏
i=1

Qν(ki , t
′)dt ′

]

− τ2n−2

2

[
2n−2∏
i=1

(
αki (t

′′
0 ) − αki (t0)

) Ṽ2n−2(k1, . . . , k2n−2; t)
]

.

(169)

To construct (2n − 2)-multiple deformation by the stochas-
tic data, we should add up (168) and (169). Finally, we can
compare (2n − 2)-multiple trace deformation and stochastic
(2n − 2)-correlation function by

−
〈

2n−2∏
i=1

1

(2n − 2)!�(ki , t)

〉

S

2n−2∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S

+ n2

2(n!)2

2n−2∏
i=1

〈�(ki , t)�(−ki , t)〉−1
S

× Perm

⎡
⎣
〈⎧⎨
⎩

n−1∏
j=1

�(k j , t)

⎫⎬
⎭�(q, t)

〉

S

× 〈�(q, t)�(−q, t)〉−1
S

〈{
2n−2∏
l=n

�(kl , t)

}
�(−q, t)

〉

S

]

− 1

2

1

(2n − 2)!
δ2n−2SE∏2n−2

i=1 δ�(ki , t)

=
2n−2∏
j=1

τk j Ṽ ′
2n−2(k1, . . . , k2n−2; t)

[
− n2

8
Perm

×
[
τ 2
k1+k2+···+kn−1

αk(t0)Iν(|k|t)
Iν(|k|t) − αk(t0)Kν(|k|t)

]

+ λ̄2n−2

2n − 2

[∫ t

0
t ′(n−2)(d−1)−2

2n−2∏
i=1

Q̃′
ν(ki , t

′)dt ′
]

− τ2n−2

2

]
,

(170)

where we define

Q̃′
ν(k, t) ≡ t1/2 [Kν(|k|t) − α̃k(t0)Iν(|k|t)

]
,

α̃k(t0) ≡ 1/αk(t0), (171)

and

Ṽ ′
2n−2(k1, . . . , k2n−2; t) ≡

2n−2∏
i=1

[
Q̃′

ν(ki , t)
]−1

. (172)

From the 2 and n-point relations, we know Q̃′
ν(k, t) =

Q′
ν(k, ε)|ε=t . To match with holographic data (102), we set

α(t ′0) = α(t ′′0 ) = 0. The coupling constant in the stochastic
frame should have the following relation with the marginal
coupling constant in holographic data:

2n−2∏
i=1

τki =
2n−2∏
i=1

[
(−2σ̄n)

1/n
{

1

2
�(ν)

}( |ki |
2

)−ν
]

τ 2
k1+k2+···+kn−1

= τ 2−k = τ 2
k =

[
(−2σ̄n)

1/n
{

1

2
�(ν)

}

×
( |k1 + k2 + · · · + kn−1

2

)−ν
]2

τ2n−2 = 2σ̄2n−2. (173)

We explain the detailed calculation in appendix B. This result
is consistent with the n-multiple trace case, implying that the
Langevin dynamics of SQ can capture the holographic RG
flow up to marginal deformation and self-interaction with
some constraints.

6 Outlook

In this paper, we propose a mathematical relationship
between holographic Wilsonian renormalization group
(HWRG) and stochastic quantization (SQ). This relationship
is illustrated with an example of holographic model in which
the bulk action is the most general scalar field theory with
arbitrary mass, coupling Lint ∼ λ2n−2φ

2n−2 and marginal
deformation on AdS boundary(by employing asymptotic
AdS as the bulk spacetime). In weakly coupled gravitational
theory, we can consider single-particle and multi-particle
states of the scalar field corresponding to single-trace and
multi-trace operators, respectively, in the dual field theory
via holographic dictionary. In general, their scale depen-
dence has been widely discussed in terms of the holographic
Wilsonian renormalization group flow. In our formalism, we
can relate the scale dependence of operators described by a
radial flow in AdS spacetime to the fictitious time flow of
the stochastic correlation function in the relaxation process
of the statistical system.

By identifying the stochastic time t with the radial coor-
dinate r in AdS, we have established a dictionary between
the radial flow of multi-trace deformations and the fictitious
time flow of stochastic multi-point correlation functions in
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the presence of the marginal deformation on the boundary
in momentum space. In the consequences of the matching
process, we also obtain the relationship between the cou-
pling constant of the Euclidean field theory in the stochastic
frame and the multi-trace coupling constant in holographic
data. It can be interpreted more intuitively by introducing
the Feynman-like diagrammatic expressions of the stochastic
quantization scheme. We define the stochastic 2-point prop-
agator, noise field, and n-point vertex to express the solution
of the Langevin equation. It turns out that these ingredients
can constitute the connected diagrams of the stochastic cor-
relation functions.

We expect these results to provide a deep understand-
ing of the holographic renormalization group flow from the
bottom-up theories. Then-point correlation functions at finite
momentum in the context of AdS/CFT have rich applica-
tions for studying strongly coupled phenomena in quantum
field theories such as fluid/gravity duality [32–35] in the con-
text of holographic renormalization group flow [9–11]. For
example, in [11,36], the shear viscosity does not run along
the radial direction but if we consider anisotropic super-
fluid, it produces non-trivial RG flows of the shear viscosi-
ties [37,38]. The shear viscosity is obtained from (retarded)
Green’s function of the fluid dynamics and so one can study
such a fluid system by looking at stochastic correlation func-
tions and their fictitious time evolution. Also, the usefulness
of the momentum space in AdS/CFT is revealed in [39–42],
where the authors show that the scalar factor that appears in
the tree-level Witten diagrams, which become much simpler
in momentum space. We suggest that the transition ampli-
tude in holographic models might be related to the stochas-
tic correlation function. In fact, the non-equal time stochas-
tic 2-point function corresponds to Green’s function in AdS
space with the appropriate initial boundary condition. One
can develop the stochastic dynamics to describe the multi-
point amplitude in the holographic models

To the present day, the stochastic quantization scheme has
tended to be regarded as a fictitious phenomenon, just a tool
for understanding (Euclidean) quantum mechanics. In this
study, however, we suggest that the non-equilibrium phe-
nomenon of stochastic quantization might represent the pro-
cess of RG flow in the radial direction. This also implies that
it can generate entropy production along a stochastic trajec-
tory [18], losing the energy of the field φ to its surroundings
by a dissipative force term in the Langevin equation. Once
one defines the total entropy of the system as

stot = s + ssurr, (174)

the expectation value of the ∂stot
∂t is positive-semi definite

implying the monotonic behavior of the total entropy, stot.
Finally, for possible future directions, we want to mention

the following topics.

• To achieve a rigorous connection with the holographic
renormalization group, it would be helpful to inves-
tigate the stochastic description of the holographic c-
theorem to find a physical observable. The monotonicity
of the stochastic Gibbs entropy [18] might imply that
it can become a probable candidate for the holographic
c-function.

• We also suggest that it might be fascinating to find an
actual physical system described in terms of the stochas-
tic fictitious time. The connection to the dS/CFT holog-
raphy would be interesting since the de Sitter time could
play the same role as stochastic time via our formula-
tion of the relationship between them. It would enable us
to calculate the non-trivial RG flow of the power spec-
trum in standard cosmology in the language of stochastic
quantization. Moreover, the behavior of inflaton might be
explained by the stochastic dynamics of the scalar fields.

• Finally, we want to comment that the non-equal time
stochastic correlator coincides with Green’s function in
AdS. Therefore, it might be related to the Witten dia-
gram since the non-equal time corresponds to the differ-
ent points in the bulk space from t = r identification,
which would be useful to understand bulk-to-bulk prop-
agators and bulk-to-boundary propagators.
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Appendix A: Evaluation of the stochastic (2n − 2)-
correlation functions

A.1 The first type diagram

The first type of stochastic 2n − 2 correlation function is
given by

〈
2n−2︷ ︸︸ ︷

�(t) · · · �(t)〉[1]
S = (2n − 2)!

2!(2n − 4)! · Perm

×

⎧⎪⎨
⎪⎩〈

2n−4︷ ︸︸ ︷
�

(2)
k1

· · · �(2)
k2n−4

(t)�
(n)
k2n−3

(t)�(n)
k2n−2

(t)〉

⎫⎪⎬
⎪⎭ . (175)

We first calculate the correlation function without permuta-
tion:

(2n − 2)!
2!(2n − 4)! 〈

2n−4︷ ︸︸ ︷
�

(2)
k1

· · · �(2)
k2n−4

(t)�
(n)
k2n−3

(t)�(n)
k2n−2

(t)〉

= (2n − 2)!
2!(2n − 4)!

〈
S2n−4(k1, . . . , k2n−4; t)

× −n

2

∫ t

t ′0

[Kν(k2n−3, t; t̄n)τnV̄n(kn−1, . . . , k2n−3, kn−1; t̄n)

×
∫ n−1∏

i=1

dd k̄i Sn−1(k̄1, . . . , k̄n−1; t̄n)
⎤
⎦ dt̄n

× −n

2

∫ t

t ′0

[Kν(k2n−2, t; t̄ ′n)τnV̄n(k1, . . . , kn−1, k2n−2; t̄ ′n)

×
∫ n−1∏

l=1

dd k̄′
l Sn−1(k̄′

1, . . . , k̄′
n−1; t̄ ′n)

⎤
⎦ dt̄ ′n

× δ(d)

⎛
⎝n−1∑
m=1

k̄m + k2n−3

⎞
⎠ δ(d)

⎛
⎝ n−1∑
m′=1

k̄′
m′ + k2n−2

⎞
⎠
〉
.

(176)

We separate terms related to the noise field η:

〈
S2n−4(k1, . . . , k2n−4; t)

∫ n−1∏
i=1

dd k̄i Sn−1(k̄1, . . . , k̄n−1; t̄n)

×
∫ n−1∏

l=1

dd k̄′
l Sn−1(k̄

′
1, . . . , k̄

′
n−1; t̄ ′n)

〉Tree

S

=
〈
S2n−4(k1, . . . , k2n−4; t)

∫ n−2∏
i=1

dd k̄i Sn−2(k̄1, . . . , k̄n−2; t̄n)

×
∫

dd k̄n−1

{∫ t̄n

t0
Kν(k̄n−1, t̄n; t̄n−1)ηkn−1 (t̄n−1)dt̄n−1

}

×
∫ n−2∏

l=1

dd k̄′
l Sn−2(k̄

′
1, . . . , k̄

′
n−2; t̄ ′n)

∫
dd k̄′

n−1

×
{∫ t̄ ′n

t0
Kν(k̄

′
n−1, t̄

′
n; t̄ ′n−1)ηk̄′

n−1
(t̄ ′n−1)dt̄ ′n−1

}〉Tree

S

. (177)

Note that the Markov property of the noise field η results in
the correlation function of the noise fields as a delta function
given by

= (n − 1)2
∫

dd k̄n−1

{∫ t̄n

t0
Kν(k̄n−1, t̄n; t̄n−1)dt̄n−1

}

×
∫

dd k̄′
n−1

{∫ t̄ ′n
t0

Kν(k̄′
n−1, t̄ ′n; t̄ ′n−1)dt̄ ′n−1

}

× δ(t̄n−1 − t̄ ′n−1)δ(d)(k̄n−1 − k̄′
n−1)

× (2n − 4)!
2n−4∏
j=n−1

∫ t

t0
Kν(k j , t; t ′j )dt ′j

n−2∏
i=1

×
∫

dd k̄i

∫ t̄n

t0
Kν(k̄i , t̄n; t̄i )dt̄i

n−2∏
r=1

δ(t ′r+n−2 − t̄r )δ
(d)

× (kr+n−2 − k̄r )
n−2∏
l=1

∫ t

t0
Kν(kl , t; t̄ ′′l )dt̄ ′′l

×
n−2∏
l=1

∫
dd k̄′

l

∫ t̄ ′n

t0
Kν(k̄′

l , t̄
′
n; t̄ ′l )dt̄ ′l

n−2∏
r ′=1

δ( ¯t ′′r ′ − t̄ ′r ′ )δ
(d)(kr − k̄′

r ′ ).

(178)

We consider the connected diagram up to tree level. The fac-
tor of a number of all possible contractions of noise fields
comes out which means that all the possible numbers of con-
nected diagrams give the same contribution. If we identify the
integration variables as a consequence of the delta function,
we obtain

= (2n − 2)!
2!

n2(n − 1)2

4

×
∫ t

t ′0

[Kν(k2n−3, t; t̄n)τnV̄n(kn−1, . . . , k2n−3, kn−1; t̄n)

×
2n−4∏
i=n−1

Kν(ki , t)Kν(ki , t̄n)
Q̃ν(ki , t̄n)

Kν(ki , t̄n)

]
dt̄n

×
∫ t

t ′0

[Kν(k2n−2, t; t̄ ′n)τnV̄n(k1, . . . , kn−1, k2n−2; t̄ ′n)

×
n−2∏
j=1

Kν(k j , t)Kν(k j , t̄
′
n)
Q̃ν(k j , t̄ ′n)
Kν(k j , t̄ ′n)

⎤
⎦ dt̄ ′n

×
[
O(t̄n − t̄ ′n)

∫ t̄ ′n

t0

Kν(kn−1, t̄n)Kν(kn−1, t̄ ′n)
K2

ν(kn−1, t̄ ′n−1)
dt̄ ′n−1

+(1 − O(t̄n − t̄ ′n))
∫ t̄n

t0

Kν(kn−1, t̄n)Kν(kn−1, t̄ ′n)
K2

ν(kn−1, t̄n−1)
dt̄n−1

]
,

(179)
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Note that we need to consider the order of stochastic time
to determine the order of integration and integration range,

identifying the integration
∫ t̄n
t0
dt̄n−1 and

∫ t̄ ′n
t0
dt̄ ′n−1 by the

delta function. There are two different cases: (i) t̄n > t̄ ′n and
(ii) t̄n > t̄ ′n , and each case gives different value of the step

function. For the first case, we need to integrate
∫ t̄n
t0
dt̄n−1

in advance, otherwise, for the second case,
∫ t̄ ′n
t0
dt̄ ′n−1. We

simplify the terms and evaluate the integration as

= (2n − 2)!
2!

n2(n − 1)2

4

2n−2∏
i=1

Kν(ki , t)

[

×
∫ t

t ′0

[
1

K2
ν(k2n−3, t̄n)

τn

2n−4∏
i=n−1

Q̃ν(ki , t̄n)

Kν(ki , t̄n)

]
dt̄n

×
∫ t̄n

t ′0

⎡
⎣ 1

K2
ν(k2n−2, t̄ ′n)

τn

n−1∏
j=1

Q̃ν(k j , t̄ ′n)
Kν(k j , t̄ ′n)

⎤
⎦ dt̄ ′n

+
∫ t̄ ′n

t ′0

[
1

K2
ν(k2n−3, t̄n)

τn

2n−4∏
i=n−1

Q̃ν(ki , t̄n)

Kν(ki , t̄n)

Q̃ν(kn−1, t̄n)

Kν(kn−1, t̄n)

]
dt̄n

×
∫ t

t ′0

⎡
⎣ 1

K2
ν(k2n−2, t̄ ′n)

τn

n−2∏
j=1

Q̃ν(k j , t̄ ′n)
Kν(k j , t̄ ′n)

⎤
⎦ dt̄ ′n

]
. (180)

Evaluate the first integration:

= (2n − 2)!
2!

n(n − 1)2

4

2n−2∏
i=1

Kν(ki , t)

[ ∫ t

t ′0

[
1

K2
ν(k2n−3, t̄n)

τn

×
2n−4∏
i=n−1

Q̃ν(ki , t̄n)

Kν(ki , t̄n)

⎤
⎦

× τn

[ n−1∏
j=1

Q̃ν(k j , t̄n)

Kν(k j , t̄n)

Q̃ν(k2n−2, t̄n)

Kν(k2n−2, t̄n)

−
n−1∏
j=1

[
αk j (t

′
0) − αk j (t0)

] [
αk2n−2 (t

′
0) − αk2n−2 (t0)

] ]
dt̄n

+
∫ t

t ′0

⎡
⎣ 1

K2
ν(k2n−2, t̄ ′n)

τn

n−2∏
j=1

Q̃ν(k j , t̄
′
n)

Kν(k j , t̄
′
n)

⎤
⎦

×
⎡
⎣τn

2n−3∏
i=n−1

Q̃ν(ki , t̄
′
n)

Kν(ki , t̄
′
n)

Q̃ν(kn−1, t̄ ′n)
Kν(kn−1, t̄ ′n)

−
2n−3∏
i=n−1

[
αki (t

′
0) − αki (t0)

] [
αkn−1(t

′
0) − αkn−1(t0)

]
⎤
⎦ dt̄ ′n

]
.

(181)

We decide the order of the integration by the subset rela-
tions of the integration range which are (t ′0, t) ⊃ (t ′0, t̄n) and

(t ′0, t) ⊃ (t ′0, t̄ ′n). If we expand the second and fourth lines,
integrations become solvable:

= (2n − 2)!
2!

n(n − 1)2

4

2n−2∏
i=1

Kν(ki , t)

[ ∫ t

t ′0

[
1

K2
ν(k2n−3, t̄n)

τn

×
2n−4∏
i=1

Q̃ν(ki , t̄n)

Kν(ki , t̄n)

Q̃ν(k2n−2, t̄n)

Kν(k2n−2, t̄n)

Q̃ν(kn−1, t̄n)

Kν(kn−1, t̄n)

]
dt̄n

−
∫ t

t ′0

[
1

K2
ν(k2n−3, t̄n)

τn

2n−4∏
i=n−1

Q̃ν(ki , t̄n)

Kν(ki , t̄n)

]

×
n−1∏
j=1

[
αk j (t

′
0) − αk j (t0)

] [
αk2n−2 (t

′
0) − αk2n−2 (t0)

]
dt̄n

+
∫ t

t ′0

⎡
⎣ 1

K2
ν(k2n−2, t̄ ′n)

τn

2n−3∏
j=1

Q̃ν(k j , t̄ ′n)
Kν(k j , t̄ ′n)

Q̃ν(kn−1, t̄ ′n)
Kν(kn−1, t̄ ′n)

⎤
⎦ dt̄ ′n

−
∫ t

t ′0

⎡
⎣ 1

K2
ν(k2n−2, t̄ ′n)

τn

n−2∏
j=1

Q̃ν(k j , t̄ ′n)
Kν(k j , t̄ ′n)

⎤
⎦

×
2n−3∏
i=n−1

[
αki (t

′
0) − αki (t0)

] [
αkn−1 (t

′
0) − αkn−1 (t0)

]
dt̄ ′n

]
, (182)

where k̄n−1 = −∑2n−3
i=n−1 ki = −∑n−2

j=1 k j − k2n−2 = kn−1.
If we evaluate the final integration and restore the permuta-
tion, the first kind diagram of the (2n − 2)-point function is
given by

〈
2n−2︷ ︸︸ ︷

�k(t) · · · �k(t)〉[1]

= (2n − 2)!(n − 1)2n

2! · 4
Perm

[ 2n−2∏
i=1

τ 2
n {Kν(ki , t)}

×
[

2

2n − 1

2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(kn−1, t)

Kν(kn−1, t)

− 2

2n − 1

2n−2∏
i=1

(
α(t ′0) − α(t0)

) (
αkn−1(t

′
0) − αkn−1(t0)

)

− 1

n − 1

2n−3∏
i=n−1

Q̃ν(ki , t)

Kν(ki , t)

n−2∏
i=1

(
α(t ′0) − α(t0)

)

× (
αkn−1(t

′
0) − αkn−1(t0)

) (
αk2n−2(t

′
0) − αk2n−2(t0)

)

− 1

n − 1

n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(k2n−2, t)

Kν(k2n−2, t)

×
2n−3∏
i=n−1

(
α(t ′0) − α(t0)

) (
αkn−1(t

′
0) − αkn−1(t0)

)

+ 2

n − 1

2n−2∏
i=1

(
α(t ′0) − α(t0)

) (
αkn−1(t

′
0) − αkn−1(t0)

) ]
.

(183)
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Furthermore, we unify the same terms under all possible per-
mutations. This gives a simple result of the first type of the
(2n − 2)- stochastic correlation function given by

〈
2n−2︷ ︸︸ ︷

�k(t) · · ·�k(t)〉[1]

= (2n − 2)!(n − 1)2n

4
Perm

[ 2n−2∏
i=1

τ 2
n {Kν(ki , t)}

×
[

1

2n − 1

2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(kn, t)

Kν(kn, t)

− 1

2n − 1

2n−2∏
i=1

(
α(t ′0) − α(t0)

) (
αkn (t

′
0) − αkn (t0)

)

− 1

n − 1

2n−2∏
i=n

Q̃ν(ki , t)

Kν(ki , t)

n∏
i=1

(
α(t ′0) − α(t0)

)

+ 1

n − 1

2n−2∏
i=1

(
α(t ′0) − α(t0)

) (
αkn (t

′
0) − αkn (t0)

) ]
.

(184)

A.2 The second type diagram

The integral expression of the second type of the (2n − 2)-
stochastic correlation function is given by

〈
2n−2︷ ︸︸ ︷

�(t) · · · �(t)〉[2]
S = (2n − 2) · Perm

×

⎧⎪⎨
⎪⎩
〈 2n−3︷ ︸︸ ︷
�

(2)
k1

· · · �(2)
k2n−3

(t)�
(2n−2,1)
k2n−2

(t)

〉⎫⎪⎬
⎪⎭ . (185)

One can calculate the second type diagram with a similar pro-
gression to the first type diagram. We consider the correlation
function without permutation as

= (2n − 2)

〈
S2n−3(k1, . . . , k2n−3; t)n

2(n − 1)

4

×
∫ t

t ′′0

[
Kν(k2n−2, t; t ′)Perm

{∫ n−2∏
l=1

dd k̃l Sn−2(k̃1, . . . , k̃n−2; t ′)

× dd k̃n−1

[∫ t ′

t ′0
Kν(k̃n−1, t ′; t ′′)τn V̄n(k1, . . . , kn; t ′′)

×
∫ n−1∏

m=1

dd k̄m Sn−1(k̄1, . . . , k̄n−1; t ′′)
⎤
⎦ dt ′′

}

1691 × τn V̄n(kn , . . . , k2n−2, kn; t ′)
]
dt ′δ(d)

×
⎛
⎝n−1∑

p=1

k̄ p − k̃n−1

⎞
⎠ δ(d)

⎛
⎝n−1∑
q=1

kq − k2n−2

⎞
⎠ . (186)

We separate the terms related to the noise field given by

〈
S2n−3(k1, . . . , k2n−3; t)

∫ n−2∏
l=1

dd k̃l Sn−2(k̃1, . . . , k̃n−2; t ′)

×
∫ n−1∏

m=1

dd k̄m Sn−1(k̄1, . . . , k̄n−1; t ′′)
〉

= (2n − 3)!
n−1∏
j=1

2n−3∏
s=n

∫ t

t0
Kν(k j , t; t ′j )Kν(ks , t; t̄ ′s)dt ′j dt̄ ′s

×
∫ n−2∏

l=1

dd k̃l

[∫ t ′

t0
Kν(k̃l , t

′; t̃l )dt̃l
]

×
∫ n−1∏

m=1

dd k̄m

[∫ t ′′

t0
Kν(k̄m , t ′′; t̄m)dt̄m

]

×
n−1∏
r=1

δ(t ′r − t̄r )δ
(d)(kr − k̄r )

×
n−2∏
r ′=1

δ(t̄ ′r ′+n−1 − t̃r ′)δ(d)(kr ′+n−1 − k̃r ′ )

= (2n − 3)!
n−1∏
i=1

∫ t ′′

t0

Kν(ki , t)Kν(ki , t
′′)

K2
ν(ki , t̄ j )

dt̄ j

×
2n−3∏
j=n

∫ t ′

t0

Kν(k j , t)Kν(k j , t
′)

K2
ν(k j , t̃ j )

dt̃ j . (187)

Then, the correlation function of the second type diagram
without permutation is given by

〈
2n−2︷ ︸︸ ︷

�(t) · · · �(t)〉[2]
S, without Perm = (2n − 2)!n

2(n − 1)

4
τ 2
n

×
2n−2∏
i=1

[Kν(ki , t)]
∫ t

t ′′0

[
1

K2
ν(k2n−2, t ′)

τn

2n−3∏
l=n

Q̃ν(kl , t ′)
Kν(kl , t ′)

]
dt ′

× Perm

{∫ t ′

t ′0

[
1

K2
ν(kn, t

′′)
τn

n−1∏
m=1

Q̃ν(km , t ′′)
Kν(km , t ′′)

]
dt ′′

}
. (188)

We restore the permutation and perform the
∫ t ′
t ′0
dt ′′ integra-

tion first as

〈
2n−2︷ ︸︸ ︷

�(t) · · ·�(t)〉[2]
S = (2n − 2)!n(n − 1)

4
Perm

[
τ 2
n

2n−2∏
i=1

[Kν(ki , t)
]

×
∫ t

t ′′0

[
1

K2
ν(k2n−2, t ′)

τn

2n−3∏
l=n

Q̃ν(kl , t ′)
Kν(kl , t ′)

]

×
[

n∏
m=1

Q̃ν(km , t ′)
Kν(km , t ′)

−
n∏

m=1

[
α(t ′0) − α(t0)

]]
dt ′

]
. (189)
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Finally, the complete second type of the (2n − 2)-stochastic
correlation function is given by

〈
2n−2︷ ︸︸ ︷

�(t) · · · �(t)〉[2]
S

= (2n − 2)!n(n − 1)

4
Perm

{
τ 2
n

2n−2∏
i=1

[Kν(ki , t)]

×
[[

1

2n − 1

2n−2∏
l=1

Q̃ν(kl , t)

Kν(kl , t)

Q̃ν(kn, t)

Kν(kn, t)

− 1

2n − 1

2n−2∏
l=1

[
αkl (t

′′
0 ) − αkl (t0)

] [
αkn (t

′′
0 ) − αkn (t0)

]

− 1

n − 1

2n−2∏
l=n

Q̃ν(kl , t)

Kν(kl , t)

n∏
m=1

[
αkm (t ′0) − αkm (t0)

]

+ 1

n − 1

2n−2∏
l=n

[
αkl (t

′′
0 ) − αkl (t0)

] n∏
m=1

[
α(t ′0) − α(t0)

] ]}
.

(190)

A.3 The third type diagram

The integral expression of the third type of the (2n-2)-point
correlation function is given by

〈
2n−2︷ ︸︸ ︷

�(t) · · · �(t)〉[3]
S

= (2n − 2)Perm

⎧⎪⎨
⎪⎩
〈 2n−3︷ ︸︸ ︷
�

(2)
k1

· · · �(2)
k2n−3

�
(2n−2,2)
k2n−2

(t)

〉⎫⎪⎬
⎪⎭ .

(191)

We calculate the correlation function without permutation:

(2n − 2)

〈 2n−3︷ ︸︸ ︷
�

(2)
k1

· · ·�(2)
k2n−3

�
(2n−2,2)
k2n−2

(t)

〉

= (2n − 2)(n − 1)

〈
S2n−3(k1, . . . , k2n−3; t)

×
∫ t

t ′′0
dt ′

[
Kν(k2n−2, t; t ′)

×
∫ 2n−3∏

i=1

dd k̂ S2n−3(k̂1, . . . , k̂2n−3; t ′)

× V̄2n−2(k1, . . . , k2n−2; t ′)
⎡
⎣−n2

4

2n−2∏
j=1

τk j Perm

×
⎧⎨
⎩τ 2

k1+···+kn−1

Iν(
∣∣∣−∑n−1

i=1 ki
∣∣∣ t ′)

Kν(

∣∣∣−∑n−1
i=1 ki

∣∣∣ t ′)

⎫⎬
⎭

+ λ̄2n−2

n − 1
K̄ (2n−2)

ν (k, t ′) − τ2n−2

] ]

× δ(d)

⎛
⎝2n−3∑

j=1

k j − k2n−2

⎞
⎠
〉
. (192)

We calculate the correlation functions of the noise fields
given by

〈
S2n−3(k1, . . . , k2n−3; t)

∫ 2n−3∏
i=1

dd k̂ S2n−3(k̂1, . . . , k̂2n−3; t ′)
〉

=
2n−3∏
j=1

∫ t

t0
Kν(k j , t; t ′j )dt ′j

∫ 2n−3∏
i=1

dd k̂i

×
[∫ t ′

t0
Kν(k̂i , t

′; t̂i )dt̂i
]

(2n − 3)!
2n−3∏
r=1

δ(t ′r − t̂r )δ
(d)(kr − t̂r ).

(193)

Then, the third type of 2n − 2-correlation function is given
by

〈
2n−2︷ ︸︸ ︷

�(t) · · · �(t)〉[3]
S = (n − 1)(2n − 2)!Perm

×
{ [Kν(k j , t

′)
] ∫ t

t ′′0

[
1

K2
ν(k2n−2, t)

2n−3∏
j=1

Q̃ν(k j , t ′)
Kν(k j , t ′)

×
⎡
⎣2n−2∏

j=1

τk j · τ 2
k

{
−n2

4

(
Iν(|k| t ′)
Kν(|k| t ′) − αk(t0)

)
− n2

4
αk(t0)

}

+ λ̄2n−2

n − 1
K̄ (2n−2)

ν (k, t ′) − τ2n−2

] ]
dt ′

}
, (194)

where we use the momentum conservation k1 + k2 + · · · +
kn−1 = −k and τk = τ−k . In the last line, we expand the
terms and perform integration by part. Then, we can simply
obtain the third type of (2n − 2)-correlation function given
by

〈
2n−2︷ ︸︸ ︷

�k(t) · · · �k(t)〉[3]

= (2n − 2)!(n − 1)Perm

×
[ 2n−2∏

j=1

[Kν(k j , t)
] [ 2n−2∏

j=1

τk j · τ 2
k

× 1

2n − 1

[
− n2

4

{
2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(k, t)

Kν(k, t)

−
2n−2∏
i=1

[αki (t
′′
0 ) − αki (t0)][αk(t

′′
0 ) − αk(t0)]

}]

+ 1

2n − 2

[
−n2

4
αk(t0)

{
2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

−
2n−2∏
i=1

[
αki (t

′′
0 ) − αki (t0)

]}]]
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− 1

2n − 2

[ 2n−2∏
i=1

{
Q̃ν(ki , t)

} λ̄2n−2

n − 1
K̄ (2n−2)

ν (k, t)

+
2n−2∏
i=1

{Kν(ki , t)} λ̄2n−2

n − 1
Q̄(2n−2)

ν (k, t)

− τ2n−2

[
2n−2∏
i=1

Q̃ν(ki , t) −
2n−2∏
i=1

Kν(ki , t)
(
αki (t

′′
0 ) − αki (t0)

)] ]
,

(195)

where we define the unsolvable integration term as

Q̄(2n−2)
ν (k, t) ≡

∫ t

0
t ′(n−2)d−2

2n−2∏
i=1

Qν(|ki |t ′)dt ′. (196)

Appendix B: Relation of (2n − 2)-multiple Trace Defor-
mation and the Stochastic (2n− 2)-point Function

The stochastic description of the (2n − 2)-multiple trace
deformation is given by

δ2n−2SB∏2n−2
i=1 δ�(ki , r)

∣∣∣∣∣
r=t

= −
〈

2n−2∏
i=1

�(ki , t)

〉

S

×
2n−2∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S

+ (2n − 2)!n2

2(n!)2

2n−2∏
i=1

〈�(ki , t)�(−ki , t)〉−1
S

× Perm

⎡
⎣
〈⎧⎨
⎩

n−1∏
j=1

�(k j , t)

⎫⎬
⎭�(q, t)

〉

S

×〈�(q, t)�(−q, t)〉−1
S

〈{
2n−2∏
l=n

�(kl , t)

}
�(−q, t)

〉

S

]

− 1

2

δ2n−2SE∏2n−2
i=1 δ�(ki , t)

. (197)

For the simple calculation, we firstly calculate the second
and third lines of (197):

n2

2(n!)2

2n−2∏
i=1

〈�(ki , t)�(−ki , t)〉−1
S Perm

×
[ 〈⎧⎨

⎩
n−1∏
j=1

�(k j , t)

⎫⎬
⎭�(q, t)

〉

S

〈�(q, t)�(−q, t)〉−1
S

×
〈{

2n−2∏
l=n

�(kl , t)

}
�(−q, t)

〉

S

]

= n2

8
τ 2
n Ṽ2n−2(k1, . . . , k2n−2; t)

×
[ 2n−2∏

i=1

[Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(k, t)

Kν(k, t)

−
n−1∏
i=1

[α(t ′0) − α(t0)][αk(t
′
0) − αk(t0)]

2n−2∏
i=n

Q̃ν(ki , t)

Kν(ki , t)

−
2n−2∏
i=n

[α(t ′0) − α(t0)][αk(t
′
0) − αk(t0)]

n−1∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

+
2n−2∏
i=1

[α(t ′0) − α(t0)][αk(t
′
0) − αk(t0)]2 Kν(k, t)

Q̃ν(k, t)

]
.

(198)

Next, we calculate the summation of the first and second
types of 2n − 2-correlation function as

− 1

(2n − 2)!
2∑

i=1

〈
2n−2︷ ︸︸ ︷

�k(t) · · · �k(t)〉[i]

= −n(n − 1)

4
Perm

[ 2n−2∏
i=1

τ 2
n {Kν(ki , t)}

×
[
n − 1

2n − 1

2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(kn, t)

Kν(kn, t)

− n − 1

2n − 1

2n−2∏
i=1

(
α(t ′0) − α(t0)

) (
αkn (t

′
0) − αkn (t0)

)

−
2n−2∏
i=n

Q̃ν(ki , t)

Kν(ki , t)

n∏
i=1

(
α(t ′0) − α(t0)

)

+
2n−2∏
i=1

(
α(t ′0) − α(t0)

) (
αkn (t

′
0) − αkn (t0)

) ]

− n(n − 1)

4
Perm

{
τ 2
n

2n−2∏
i=1

[Kν(ki , t)]

×
[[

1

2n − 1

2n−2∏
l=1

Q̃ν(kl , t)

Kν(kl , t)

Q̃ν(kn, t)

Kν(kn, t)

− 1

2n − 1

2n−2∏
l=1

[
αkl (t

′′
0 ) − αkl (t0)

] [
αkn (t

′′
0 ) − αkn (t0)

]

− 1

n − 1

2n−2∏
l=n

Q̃ν(kl , t)

Kν(kl , t)

n∏
m=1

[
αkm (t ′0) − αkm (t0)

]

+ 1

n − 1

2n−2∏
l=n

[
αkl (t

′′
0 ) − αkl (t0)

] n∏
m=1

[
α(t ′0) − α(t0)

] ]}
.

(199)

At this moment, we can not fix the quantities {αki (t
′
0)} and

{αki (t
′′
0 )} from the initial time condition of the integration,

where {·} denotes the set of αki for all momentum labels. But,
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for a simple description, we bring the final results in advance,
which is straightforward to derive: {αk(t ′0)} = {αk(t ′′0 )} = 0.
Then, we obtain

= −n2

8
Perm

{
τ 2
n

2n−2∏
i=1

[Kν(ki , t)]

×
[[

2n − 2

2n − 1

2n−2∏
l=1

Q̃ν(kl , t)

Kν(kl , t)

Q̃ν(kn, t)

Kν(kn, t)

− 2n − 2

2n − 1

2n−2∏
l=1

[−αkl (t0)
] [−αkn (t0)

] − 2
2n−2∏
l=n

Q̃ν(kl , t)

Kν(kl , t)

×
n∏

m=1

[−αkm (t0)
] + 2

2n−2∏
l=n

[−αkl (t0)
] n∏
m=1

[−αkm (t0)
] ]}

.

(200)

Using the results of (198) and (200), we can get the following
quantity:

[
n2

2(n!)2 Perm

[ 〈⎧⎨
⎩

n−1∏
j=1

�(k j , t)

⎫⎬
⎭�(q, t)

〉

S

× 〈�(q, t)�(−q, t)〉−1
S

〈{
2n−2∏
l=n

�(kl , t)

}
�(−q, t)

〉

S

]

− 1

(2n − 2)!
2∑

i=1

〈
2n−2︷ ︸︸ ︷

�k(t) · · · �k(t)〉[i]
] 2n−2∏

i=1

〈�(ki , t)�(−ki , t)〉−1

= n2

8
Perm

[
τ 2
n Ṽ2n−2(k1, . . . , k2n−2; t)

×
[

1

2n − 1

2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(k, t)

Kν(k, t)

− 1

2n − 1

2n−2∏
i=1

(−αki (t0)
)
(−αk(t0))

+
2n−2∏
i=n

(−αki (t0)
)
(−αk(t0))

2

(
Q̃ν(k, t)

Kν(k, t)

)−1

−
2n−2∏
i=1

(−αki (t0)
)
(−αk(t0))

]]
, (201)

where |kn| = |k2n−2| = |k|.
Afterwards, we calculate the terms related to the third

type of the (2n − 2)-correlation function. We calculate the
following quantity as

− 1

(2n − 2)! 〈
2n−2︷ ︸︸ ︷

�k (t) · · · �k (t)〉[3]
2n−2∏
i=1

〈�(ki , t)�(−ki , t)〉−1

= n2

8
Perm

[ 2n−2∏
j=1

τk j · τ2
k V̄2n−2(k1, . . . , k2n−2; t)

[

× 2n − 2

2n − 1

{
Q̃ν(k, t)

Kν(k, t)
−

2n−2∏
i=1

Kν(ki , t)

Q̃ν(ki , t)
[−αki (t0)][−αk (t0)]

⎫⎬
⎭

+ αk (t0) +
2n−2∏
i=1

Kν(ki , t)

Q̃ν(ki , t)

[−αki (t0)
] [−αk (t0)]

]

− V̄2n−2(k1, . . . , k2n−2; t) λ̄2n−2

2n − 2
K̄ (2n−2)

ν (k, t)

+ Ṽ2n−2(k1, . . . , k2n−2; t) λ̄2n−2

2n − 2

∫ t

0
t ′(n−2)d−2

2n−2∏
i=1

Qν

× (|ki |t ′)dt ′ − τ2n−2

2

[V̄2n−2(k1, . . . , k2n−2; t)

−Ṽ2n−2(k1, . . . , k2n−2; t)
2n−2∏
i=1

(−αki (t0)
)
⎤
⎦ . (202)

Then, for the final part, all the remaining terms of (197) are
given by

− 1

(2n − 2)! 〈
2n−2︷ ︸︸ ︷

�k(t) · · · �k(t)〉[3]
2n−2∏
i=1

〈�(ki , t)�(−ki , t)〉−1

− 1

2

1

(2n − 2)!
δ2n−2SE∏2n−2

i=1 δ�(ki , t)

= n2

8
Perm

[ 2n−2∏
j=1

τk j · τ 2
k Ṽ2n−2(k1, . . . , k2n−2; t)

×
[

− 1

2n − 1

2n−2∏
i=1

Q̃ν(ki , t)

Kν(ki , t)

Q̃ν(k, t)

Kν(k, t)

+ 1

2n − 1

2n−2∏
i=1

[−αki (t0)][−αk(t0)]
]]

+ λ̄2n−2

2n − 2
Ṽ2n−2(k1, . . . , k2n−2; t)

×
[∫ t

0
t ′(n−2)d−2

2n−2∏
i=1

Qν(|ki |t ′)dt ′
]

− τ2n−2

2

[
2n−2∏
i=1

(−α(t0)) Ṽ2n−2(k1, . . . , k2n−2; t)
]

.

(203)

To complete the right-hand side of the relation (197), we
should add up (201) and (203). Finally, we can compare
(2n− 2)-multiple trace deformation and (2n− 2)-stochastic
correlation function by

−
〈2n−2∏
i=1

1

(2n − 2)!�(ki , t)

〉

S

2n−2∏
j=1

〈
�(k j , t)�(−k j , t)

〉−1
S

+ n2

2(n!)2

2n−2∏
i=1

〈�(ki , t)�(−ki , t)〉−1
S

× Perm

⎡
⎣
〈⎧⎨
⎩
n−1∏
j=1

�(k j , t)

⎫⎬
⎭�(q, t)

〉

S
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×〈�(q, t)�(−q, t)〉−1
S

〈⎧⎨
⎩

2n−2∏
l=n

�(kl , t)

⎫⎬
⎭�(−q, t)

〉

S

⎤
⎦

− 1

2

1

(2n − 2)!
δ2n−2SE∏2n−2

i=1 δ�(ki , t)

= n2

8

2n−2∏
j=1

τk j Ṽ2n−2(k1, . . . , k2n−2; t)
2n−2∏
i=n

(
αki (t0)

)
Perm

×
[
τ2
k

{
(αk(t0))2 Kν(k, t)

Q̃ν(k, t)
+ αk(t0)

}]

+ λ̄2n−2

2n − 2
Ṽ2n−2(k1, . . . , k2n−2; t)

×
⎡
⎣
⎡
⎣
∫ t

0
t ′(n−2)d−2

2n−2∏
i=1

Q̃ν(|ki |t ′)dt ′
⎤
⎦

× + τ2n−2

2

⎡
⎣2n−2∏

i=1

(−αki (t0)
)
⎤
⎦
⎤
⎦

=
2n−2∏
j=1

τk j Ṽ ′
2n−2(k1, . . . , k2n−2; t)

[
− n2

8
Perm

×
[
τ2
k

αk(t0)Iν(|k|t)
Iν(|k|t) − αk(t0)Kν(|k|t)

]

+ λ̄2n−2

2n − 2

⎡
⎣
∫ t

0
t ′(n−2)d−2

2n−2∏
i=1

Q̃′
ν(|ki |t ′)dt ′

⎤
⎦ − τ2n−2

2

]
,

(204)

where we define

Q̃′
ν(k, t) ≡ t1/2 [Kν(|k|t) − α̃k(t0)Iν(|k|t)

]
,

α̃k(t0) ≡ 1/αk(t0), (205)

and

Ṽ ′
2n−2(k1, . . . , k2n−2; t) ≡

2n−2∏
i=1

[
Q̃′

ν(ki , t)
]−1

. (206)
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