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Abstract: E-type α-attractor models of single-field inflation were generalized further in order to

accommodate production of primordial black holes (PBHs) via adding a near-inflection point to the

inflaton scalar potential at smaller scales, in good agreement with measurements of cosmic microwave

background (CMB) radiation. A minimal number of new parameters were used but their fine-tuning

was maximized in order to increase the possible masses of PBHs formed during an ultra-slow-roll

phase, leading to a large enhancement in the power spectrum of scalar (curvature) perturbations by 6

or 7 orders of magnitude against the power spectrum of perturbations observed in CMB. It was found

that extreme fine-tuning of the parameters in our models can lead to the formation of moon-sized

PBHs, with masses of up to 1026 g, still in agreement with CMB observations. Quantum corrections

are known to lead to the perturbative upper bound on the amplitude of large scalar perturbations

responsible for PBH production. The quantum (one-loop) corrections in our models were found to be

suppressed by one order of magnitude for PBHs with masses of approximately 1019 g, which may

form the whole dark matter in the Universe.

Keywords: inflation; primordial black holes

1. Introduction

The paradigm of cosmological inflation proposed by Guth and Linde [1,2] is a possible
answer to internal problems of standard (Einstein–Friedmann) cosmology. Inflation as the
amplifier of curvature perturbations is also a possible origin of seeds of structure formation
in the early Universe [3,4]. The existence of inflation is supported by measurements of
cosmic microwave background (CMB) radiation [5–7].

The CMB measurements highlight a small window into high energy physics in the
form of the power spectrum of perturbations on limited (CMB) scales and lead to important
restrictions on viable inflationary models, but do not allow a reconstruction of the unique
underlying inflationary model. There are uncertainties even among the simplest single-field
(quintessence) models of inflation in the form of the (canonical) inflaton scalar potential.
These uncertainties can be exploited to win more room for the single-field inflationary
models by extending the flexibility of their predictions about inflation, while simultaneously
describing the formation of primordial black holes (PBHs) from large scalar perturbations at
lower (than CMB) scales [8,9]. A standard mechanism of PBH formation is given by adding
a near-inflection point to the inflaton potential [10–13]. The observational constraints on
PBHs are also subject to uncertainties [14,15] even in the limited context of the single-field
models of inflatons with a near-inflection point [16]. Therefore, it makes sense to investigate
the amount of flexibility of fine-tuning in the well-motivated models of inflation and PBH
production on a case-by-case basis.
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In this paper, we revisit the α-attractor (single-field) inflationary models introduced
in refs. [17,18] and propose new generalizations of them. The simplest attractor model
with α = 1 is given by the famous Starobinsky model [19] motivated by gravitational
interactions, with an inflaton as the Nambu–Goldstone boson associated with the spon-
taneous breaking of scale invariance [20]. After taking into account the CMB constraints
alone, the Starobinsky model has no free parameters and leads to a sharp prediction for the
tensor power spectrum tilt of the gravitational waves induced by inflation. The (canonical)
inflaton scalar potential in the Starobinsky model reads

V(φ) =
3

4
M2

PlM
2

[

1 − exp

(

−
√

2
3 φ/MPl

)]2

≡ V0(1 − 2y) +O(y2),

y = exp

(

−
√

2
3 φ/MPl

)

, (1)

where M ∼ 10−5MPl is the inflaton mass and MPl is the reduced Planck mass. This leads to
the Mukhanov–Chibisov formula [21] for the tilt of scalar perturbations, ns ≈ 1 − 2/Ne,
and the tensor-to-scalar ratio r ≈ 12/N2

e , where Ne is the number of e-folds measuring the
duration of inflation, in very good agreement with the CMB measurements [5–7],

ns = 0.9649 ± 0.0042 (68% C.L.) , r < 0.032 (95% C.L.), (2)

for Ne = 55 ± 10. Actually, only the leading exponent in Equation (1), i.e., the term linear in
y, is relevant for the tilts during slow-roll inflation predicted by the Starobinsky model. This
simple observation allows one to extend the Starobinsky model by a single new parameter
α > 0 entering the new variable y as [17,18]

y = exp

(

−
√

2
3α φ/MPl

)

, (3)

without changing the Mukhanov–Chibisov formula for ns. However, the tensor-to-scalar
ratio changes via

r ≈ 12α

N2
e

, (4)

thus adding more flexibility against future measurements of r.
The scalar potentials of the simplest α-attractor models fall into two classes: the

simplest E-models have the scalar potential shown in Equation (1) but with the variable y
defined by Equation (3), whereas the simplest T-models have the scalar potential

VT(φ) = V0 tanh2 φ/MPl√
6α

≡ V0r̃2 , r̃ = tanh
φ/MPl√

6α
≡ tanh ϕ , (5)

where the scale of inflation is given by V0. Further generalizations are also possible, while
keeping the predictions for the cosmological tilts ns and r during inflation. For exam-
ple, generalized T-models with the scalar potential Vα, f (ϕ) = f 2(r̃) and a monotonically
increasing (during slow roll) function f (r̃) were used in refs. [22–24] for engineering a
near-inflection point in the potential and PBH production, see also ref. [25]. The T-model
potentials can also be made periodic by changing their global shape after replacing the
function r̃(ϕ) in Equation (5) by the periodic (Jacobi) elliptic function sn(ϕ| k) with the
elliptic modulus 0 < k2

< 1, in the limit

sn(ϕ| k) ≈ tanh ϕ for k2 → 1 , (6)

thus combining theoretically attractive features of chaotic inflation and natural inflation.
The power spectrum of scalar perturbations in some generalized T-models with a

near-inflection point for PBH production and the related spectrum of induced gravitational
waves were derived in ref. [26]. Similar results for the E-models were obtained in ref. [27].
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The scalar potential used in ref. [27] has the form

V(φ) =
3

4
M2

PlM
2
[

1 − y + y2(β − γy)
]2

, (7)

with y defined by Equation (3) and the new (positive) parameters β and γ needed for
engineering a near-inflection point. The ansatz (7) was motivated in ref. [26] by small
values of y during slow-roll inflation, keeping agreement with CMB measurements [28]
and having a near-inflection point at lower scales for certain (fine-tuned) values of the new

parameters, which was needed for viable inflation and PBH production.1

As was demonstrated in ref. [27], the potential (7) leads to PBH production, with the
PBH masses corresponding to asteroid-sized black holes in the small mass window, where
those PBHs may form the whole dark matter in the Universe. However, in ref. [27], it was
achieved at the price of having the agreement with the CMB value of ns outside 1σ (though
within 2σ), with fine tuning the parameters and ignoring quantum corrections. Actually,
the higher the masses of the PBH produced, the lower (in red) the scalar tilt ns becomes.
Therefore, the following questions arise:

• Is it possible to reach the perfect (within 1σ) agreement with the CMB value of ns in
E-type models of inflation and PBH formation?

• Is it possible to increase the PBH masses beyond asteroid size?
• Is it possible so suppress (one-loop) quantum corrections?

In this communication, we improve our earlier findings about E-models in order to
achieve a perfect agreement (inside 1σ) with the observed values of CMB tilts, reconsider
PBH formation and comment on (one-loop) quantum corrections in our new E-type models.

2. More General E-Models

At least two extra parameters are needed, as in Equation (7), for engineering a near-
inflection point. However, the parameters in Equation (7) do not have clear meaning, so it
is useful to replace them by other (related) parameters as [23,27]

β =
1

1 − ξ2
exp

[

√

2

3α

φi

MPl

]

, γ =
1

3(1 − ξ2)
exp

[

2

√

2

3α

φi

MPI

]

. (8)

The two real parameters (φi, ξ) have a clear meaning; when ξ = 0, the potential has an
inflection point at φ = φi only and when 0 < ξ ≪ 1, the potential also has a local minimum
(dip) and a local maximum (bump) at y±ext., respectively, while both extrema are equally
separated from the inflection point,

y±ext. = yi(1 ± ξ) , yi = exp

[

−
√

2

3α

φi

MPl

]

. (9)

The analyticity of the inflaton potential with respect to y (near y = 0), responsible
for the infinite plateau at y → +∞, can be relaxed by adding negative powers of y. This is
motivated by supergravity cosmology [30] and string cosmology [31], where such terms
naturally appear. For our purposes, we use this resource in the minimalistic manner by
adding merely a single term with a negative power to the E-model potential (7). We find
adding a term proportional to y−2 is more efficient than y−1, so we only consider the case of

V(φ) =
3

4
M2

PlM
2
[

1 − y − θy−2 + y2(β − γy)
]2

, (10)

with the new (third) real parameter θ that is supposed to be small enough in order to keep
agreement with CMB. An impact of the new parameter on the shape of the scalar potential
is illustrated on Figure 1. The shape needed for inflation and PBH production is not generic,
and is found after scanning the parameter space and fine-tuning the parameter values.
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As is clear from Figure 1 that a negative θ brings the potential up, and a positive θ

brings the potential down, against the plateau for θ = 0 for large values of φ/MPl.

-2 -1 0 1 2 3 4

ϕ
MPl

0.2

0.4

0.6

0.8

1.0

V

M
2
MPl

2

θ=-0.001
θ=0
θ=0.001

Figure 1. The potential (10) with α = 0.74265, ξ = 0.01213 and φi/MPl = −0.61115 for the selected

values of θ.

The impact of the new parameter θ on the slow-roll (SR) parameters

ǫsr(φ) =
M2

Pl

2

[

V′(φ)
V(φ)

]2

, ηsr(φ) = M2
Pl

V′′(φ)
V(φ)

, (11)

is displayed in Figure 2, which shows that the SR phase is in agreement with CMB. The
end of this SR phase of inflation is determined by the condition |η| = 1. The standard pivot
scale of the horizon exit, when scalar perturbations leave the horizon, is k∗ = 0.05 Mpc−1.
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MPl

0.2

0.4

0.6

0.8

1.0
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θ=0.0001
θ=-0.0001
θ=0

-1 1 2 3 4

ϕ
MPl

-2
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ηsr
θ=-0.0001
θ=0
θ=0.0001

Figure 2. The φ-dependence of the slow-roll parameters at α = 0.74265, ξ = 0.01213 and φi/MPl =

−0.61115 for the selected values of θ.

The raising tail of the profile of ǫsr(φ) near the horizon exit on the left plot in Figure 2
increases the tensor-to-scalar ratio r, while the need to increase ns implies the negative sign
of θ, as is clear from the right plot in Figure 2. To increase the PBH masses (see the next
section), we can go up to the maximal value of rmax. = 0.032 according to Equation (2).

Our numerical solutions of the standard equations of motion for the inflaton φ(t) as a
function of time t and the Hubble function H(t) with the same values of the parameters
(α, ξ, φi) for the selected values of θ < 0 are shown in Figure 3. It shows the duration of
inflation, defined by the length of the plateau, for different values of θ.

The Hubble flow functions are defined by

ǫ(t) = − Ḣ

H2
, η(t) =

ǫ̇

Hǫ
. (12)

The (numerically derived) dynamics of these function are shown in Figure 4.
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Figure 3. The time evolution of the inflaton φ(t) and the Hubble function H(t) = ȧ/a (where a(t) is

the cosmic factor in the metric of a spatially flat Friedmann universe) with the parameters α = 0.74265,

ξ = 0.01213 and φi/MPl = −0.61115, and the horizon exit at φin/MPl = 3.886.
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Figure 4. The Hubble flow functions η(t) and ǫ(t) with the parameters α = 0.74265, ξ = 0.01213 and

φi/MPl = −0.61115.

Figure 4 shows the existence of the ultra-slow-roll (USR) phase [13,32], where the first
derivative of the inflaton potential and the Hubble flow function ǫ(t) drop to very low
values. During the USR phase, the Hubble flow function η(t) also drops from near zero to

∆η ≈ −6. (13)

Our findings for the CMB scalar tilt ns with the fine-tuned parameters (α, ξ, φi) are
displayed in Figure 5, where we also show the dependence of ns upon φin and θ.

2.6 2.8 3.0 3.2 3.4 3.6 3.8 4.0

ϕ
MPl

0.5

0.6

0.7

0.8

0.9

1.0

ns

θ=-0.00001
θ=0
θ=0.00001

Figure 5. The dependence of the CMB scalar tilt ns upon the inflaton field φ (on the left) and θ

and φin at the horizon exit (on the right). The other parameters are α = 0.74265, ξ = 0.01213 and

φi = −0.61115.

With the exit value of φin/MPl = 3.886 and the parameter θ = −0.000002597, we find

ns = 0.96498 and r = 0.03196 , (14)
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which are fully consistent with the CMB measurements (2). This value of r saturates the
current CMB upper bound on the tensor-to-scalar ratio and maximizes the PBH masses
(see the next section).

3. Power Spectrum and PBH Formation

A standard procedure of (numerically) computing the power spectrum PR(k) of scalar
(curvature) perturbations depending upon scale k is based on the Mukhanov–Sasaki (MS)
equation [33,34]. There is a simple analytic formula for PR in the SR approximation, see,
e.g., ref. [12], which reads

PR =
H2

8M2
Plπ

2ǫ
. (15)

We used both approaches in our models and found that the difference between the exact
results from numerically solving the MS equation and those derived from the SR Formula (15)
is small (see Figure 6 as an example), and is irrelevant for our purposes.

0 50 100 150 200 250

M t

10
-12

10
-10

10
-8

10
-6

10
-4

0.01

PR

numerical

slow-roll approximation

100 106 1010 1014 1018 1022

10-12

10-9

10-6

0.001

1

h k

Mpc

P
R

Figure 6. The power spectrum of scalar perturbations with the parameters α = 0.74265, ξ = 0.01213,

φi = −0.61115, θ = −0.000002597 and φin/MPl = 3.886. The peak location is at kpeak = 109 Mpc−1.

Knowing the location (k) of the peak in the power spectrum allows us to estimate the
masses M(k) of the produced PBH as [14,15]

M(k)

M⊙
≃ 10−16

(

k

1014Mpc−1

)−2

, (16)

where M⊙ is the mass of the sun, M⊙ = 1.998 · 1033g. For instance, with the peak value
kpeak ≈ 109 Mpc−1, we obtain

MPBH = 1.74 · 1026 g ≈ 10−7M⊙ , (17)

which is just between the mass of the moon, MMoon = 7.34 · 1025 g, and the mass of the
Earth, M⊕ = 5.97 · 1027 g. The PBH mass (17) should be understood as the maximal PBH
mass possible in our classical E-models after extreme fine-tuning of the parameters, in
agreement with CMB measurements.

In regard to other possible values of the CMB tilts ns and r, the squared amplitude
∆

2
peak of curvature perturbations at the horizon exit r∗ = 2π/k∗, and the related PBH

masses according to Equation (16), derived from our models, are summarized in Table 1.
The plots of the Hubble flow functions (12) in the particular model with the parameters

α = 0.74265, ξ = 0.01213, φi = −0.61115 and θ = −0.000002597 are given in Figure 7.
Figure 7 shows the existence of a USR phase with |η| > 1 between two SR phases, where the
USR begins at Mts ≈ 46 and ends at Mte ≈ 70 with the USR duration of M(te − ts) ≈ 24.
Our plots in Figure 7 are similar to those in the literature for the inflationary models with a
USR phase, see, e.g., Figure 1 in ref. [35] for comparison.
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Table 1. The values of the CMB tilts ns and r, the squared amplitude ∆
2
peak of curvature perturbations

in the peak and the PBH masses (16) in our single-field inflationary E-models with the potential (10)

and the tuned values of the parameters.

ns r α θ φin ∆
2
peak MPBH

0.96498 0.03196 0.74256 −0.000002597 3.886 0.008 1.7 · 1026 g

0.96494 0.03098 0.74260 −0.000002472 3.9 0.007 8 · 1025 g

0.96496 0.01569 0.74250 −0.000000820 4.2 0.003 5 · 1019 g

At the end of this section, we briefly comment on expected one-loop quantum correc-
tions in our E-models by using the results and discussions in refs. [36–41].

The Hubble flow function η(t) can be approximated by a step function during the
USR phase, which leads to the (one-loop) perturbative bound on validity of the classical
results in the form [36,38]

1
4 (∆η)2

(

1.1 + log ke
ks

)

∆
2
peak ≪ 1 , (18)

where the amplitude squared of scalar curvature perturbations was taken from refs. [36,38]
and is of the order ∆

2
peak ∼ O(10−2). Given (∆η)2 ≈ 36, Equation (18) implies the

perturbative bound on the power spectrum as [36,38]

∆
2
peak ≪ 0.055 ∼ O(10−2) (19)

which might rule out classical results about PBH production in any single-field model of
inflation with a near-inflection point. In our models, we have the smooth function η(t) and
∆η ≈ −6.3 that implies a stronger bound,

∆
2
peak ≪ 0.025 ∼ O(10−2) . (20)

However, the values of ∆
2
peak given in Table 1 are smaller (though not much smaller)

than the bound (20). There is an uncertainty in the value of ∆
2
peak ∼ O(10−2) used in

refs. [36,38] for PBH production, which is related to an uncertainty in the smoothed density
contrast constant and relaxes the peak value (needed for PBH formation) to ∆

2
peak ∼

O(10−3) [39]. Therefore, our classical results obtained in the fine-tuned E-models for PBH
production are still not ruled out by quantum corrections, at least in regard to the bottom
line in Table 1.

20 40 60 80 100

tM

-6
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-2

2

η

50 100 200

tM

10
-8

10
-6

10
-4

0.01

1

ϵ
|η|
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Figure 7. The Hubble flow functions (12) for the parameters α = 0.74256, ξ = 0.01213, φi = −0.61115

and θ = −0.000002597. The other related values are φin/MPl = 3.886, ks ≈ 4.4 · 106 Mpc−1,

ke ≈ 3 · 108 Mpc−1 and ∆η = −6.3. Both plots show the USR phase for |η| > 1. The plot (right) is the

superposition of the Hubble flows for ǫ(t) and |η|(t).



Universe 2023, 9, 294 8 of 10

4. Conclusions

Production of PBHs with masses beyond the Hawking (black hole) radiation limit of
1015 g in the early Universe is not a generic feature of single-field models of inflation with a
near-inflection point because it requires fine-tuning of the parameters defining the inflaton
potential and depends upon the duration of the SR and USR phases. We adopted maximal
fine-tuning with the minimal number of parameters in the (generalized) E-type α-attractor
models of inflation, while keeping agreement with CMB measurements.

We numerically scanned the parameter space of our models in order to find the
parameter values leading to a significant enhancement (by 106 to 107 times) in the power
spectrum of scalar (curvature) perturbations. We confirmed the high sensitivity of our
results with a choice of the parameters, in agreement with general expectations [42].

Compared to ref. [27], we added the new parameter θ in the new term (proportional to
y−2) in the inflaton scalar potential in order to reach perfect agreement with the observed
CMB values of the cosmological tilts ns and r.

Fine-tuning of the parameters in our models was needed not only to match the CMB
measurements (inflation is robust in the E-models) but also to generate PBH production
at lower scales during the USR phase, which would lead to a sizable portion of PBHs in
the current dark matter. The equations for PBH mass in the literature [14–16] are sensitive
to a detailed shape of the peak in the power spectrum and the USR phase duration, so in
this paper, we only used the rough estimate in Equation (16). Taking into account these
uncertainties may change the PBH masses by 1–2 orders of magnitude.

Though production of PBHs with masses of approximately 1026 g was found to
be possible in classical theory (see the first row in Table 1), those PBHs may be ruled
out by quantum corrections. In regard to the asteroid-sized PBHs with masses of ap-
proximately 1019 g, which are possible candidates for the whole dark matter in the
Universe [14,15,27], the quantum (one-loop) corrections were shown to be suppressed
by one order of magnitude according to the estimate in Equation (20) and the third row
of Table 1. Hence, our generalized E-models of inflation and PBH production are still not
ruled out.
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