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Resumen

En el siguiente trabajo, se realiza la construccion general de la teoria supersimétrica dandose
por conocidos los fundamentos en teoria de grupos en relacién a grupo de Poincaré y por lo
tanto se inicia desde las propiedades mas generales de los espinores. Se desarrolla la teoria a
partir de su formalismo de algebras graduadas, construyéndose el grupo de Super-Poincaré y
a partir del manejo de variables de Grassmann se construye la teoria supersimétrica desde el
formalismo de Supercampos y generandose los Lagrangianos escalares, vectoriales (abelianos
y no abelianos) y mixtos mas generales permitidos por la condicién de renormalizabilidad.
Finalmente los desarrollos de esta teoria se implementan en el modelo estandar, donde se
encuentran todas las matrices de masa en relacién a las Super-particulas, los escalares y
fermiones del modelo estandar. Adicionalmente, se construye un modelo supersimétrico al
incluir una simetria U(1)x adicional al MSSM de modo que sea libre de anomalias quirales
e incluyendo las tres familias de fermiones y algunos fermiones exdticos. A partir de la
asignacion de cargas X se construye el superpotencial mas general permitido por el criterio
de renormalizacion, se contruye el potencial escalar asociado y se obtienen las condiciones
que permiten recrear la masa del boson de Higgs observado, el cual en este escenario puede
explicar de forma natural la masa de 125GeV. Finalmente, se obtienen expresiones analiticas
para la masa de los fermiones y en particular se calcula la masa de los maés ligeros (e, u,
d y s) a nivel de un loop teniendo en cuenta las contribuciones debido a particulas y sus
respectivos supercompaneros.

Abstract

In the following work, it is realized the general construction of the supersymmetric the-
ory where the fundamentals in group theory is considered as known in relation to Poincaré
group. Thus it begins from the most general properties of spinors. The theory is devel-
oped from its graded algebras formalism constructing then the super-Poincaré group, and
with the use of Grassmann variables the supersymmetric theory is built from the superfield
formalism generating then the most general scalar, vectorial (abelian and non abelian) and
mixed Lagrangians allowed by the renormalization condition. Finally the developments of
this theory are applied to the standard model, where it has been found all the mass matrices
related with superparticles, scalars and standard model fermions. Additionally, it is build a
supersymemtric model by including an additional U(1)x symmetry to the MSSM in such a
way that it is chiral anomaly free and including all three fermions families and some exotic
fermions. From the X charge assignation the most general renormalizable superpotential
is written, the associated scalar potential is consequently obtained and the condition for
reproducing the SM Higgs boson , which can explain naturally ira 125GeV mass. Finally,
analytic expression for scalars and fermions are given where all 1-loop contributions due to
particles and superparticles are considered for the lightests fermions masses (e, u, d y s).

Keywords: Supersymmetry, Standard Model, Superfields, Graded Algebras, Sparti-
cles masses, Higgs boson, neutrino masses, CKM matrix, PMNS matrix.
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1 Introduction

Despite in the ancient Greece there was a notion of atoms given by Democritus as the
fundamental component of the universe, none of our ancestors could have imagined how
mysterious, huge and non predictable our universe turns out to be. We have discovered
so many interesting phenomena against the common sense that new physics has become a
problem of discovering rather than predict or modeling. Even when the notion of an atom
was confirmed in experiments and ideas from Jhon Dalton we can in a certain way affirm
that there is something even more fundamental. Now that atom looks like a giant object
from the eyes of particle physics and its components nature transcends the understanding of
matter composition and behaviour to reach the most fundamental and philosophical ques-
tions about the origin of the universe.

It all starts from the atom nuclei, where particles with the same electric charge remain very
close with a stability that has lived on a time close to the universe age. Nowadays, we
understand that there is more interactions rather than the electromagnetic forces being the
first one a result of a SU(3) symmetry among particles that we can not see easily but makes
our universe possible. Furthermore, the notion of a force as the consequence of a certain
field that fills the entire space has been broken by the discovery of gauge bosons; quantum
couriers that communicate particles how to behave under the presence of other particles.
But not everything is as stable and perfect as we want idealize, sometimes it happens that
an atom expels and electron that it was not there before, technically known as § decay. It is
neither an electrical effect nor due to the nuclei interactions. It is a new interaction among
particles that respects a SU(2) x U(1) symmetry and teach us that every particle has two
counterparts, chirality, because it only affects to one of them.

The standard model of particles put together the previously mentioned interactions. The first
one is called the strong interaction and the second one is electroweak interaction summed up
in a SU(3)c x SU(2)L x U(1)y invariant theory. It exposes a theory of interacting massless
particles until the universe temperature decreased enough to leave a certain particle field, the
Higgs boson, in a minimum non zero value, whose interaction with other particles provides
mass and breaks the original symmetry into a lower one. To date, this model describes very
accurately most of the subatomic processes that we observe in colliders at CERN but still
there are many unresolved questions indicating more physics beyond the standard model.
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For instance, how can fermions like the electron and the top quark to have a mass with a
difference of 6 order of magnitude if they interact a priori with the same Higgs bosons?.
That seems unnatural and it is called the Fermion Mass Hierarchy problem (FMH), which
opens the possibility of having more particles than observed and that’s the starting point
of several proposals. Theories with additional Higgs bosons can be found such as the two
Higgs doublet model (2HDM) or more elaborate extension with three, four or even more
scalar particles that can be doublets or singlets under SU(2). In this way, fermions can
have different masses by interacting with different scalar particles acquiring a vacuum ex-
pectation value. Even more, higher symmetry groups can be considered in such a way that
eventually breaks into the standard model one such as U(1) extensions, the 331 models,
the left — right symmetric models among others in order to explain the existence of addi-
tional particles by the proposal of a new interaction that generates processes yet unobserved.

Another possibility comes by the assumption of heavy fermion states, that explain the small
mass values thanks to the seesaw mechanism [37], a mathematical property of matrices with
a sector much bigger than others. However, this mechanism has more relevance in the case
of neutrinos. According to the standard model, they should be massless but the discovery
of neutrino oscillations points to the opposite, and if it was not enough, they do not acquire
mass with the same mechanism of the rest of particles so both the seesaw and heavy particles
are being considered until nature shows its reality in the experiments.

Supersymmetry was one of the most promising scenarios because it provides an explanations
for a lot of unresolved questions such as the theoretical Higgs boson mass, the FMH, grand
unification among other. It comes from our idealized view of a symmetric universe that the
idea of having equal number of fermions and bosons related by pairs, fermion-boson super-
symmetric partners, that brings to live the SUSY theory. Unfortunately, it has not been
observed in experiments but it is still alive under the theoretical promise of string theories
which locates the exotic particles at an unreachable energy scale at the same time that makes
a proposal for quantum gravity.

The present work, exposes a proposal for solving the FHM problem by considering a U(1)
extension to the Minimal Supersymmetric Standard Model (MSSM) that can recreate all
the standard model blackground without implying unobserved particles at energies already
explored. It is based on the particle and charge assignation of its non-SUSY counterpart
found in [44] and it is developed under the requirement of reproducing a 125.3GeV scalar
particle as the lightest one, the correct gauge boson masses and the correct values for the
Cabibbo-Kobayashi-Maskawa (CKM) and the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)



matrices that parametrizes the flavor changing interactions between fermion mass eigen-
states. Additionally, the extension has a non-universal charge assignations which opens the
possibility of flavor changing neutral currents that in the SM are highly suppressed by the
GIM mechanism but in the SM extensions represents hidden physics that may occur at
higher energies.

Thus, the first chapter is devoted to the fundamentals of supersymmetry and some basic
of particle physics like Lorentz invariance, the action functional, spontaneous symmetry
breaking and chiral anomalies based taken from the cited bibliographic material. The second
chapter describes the general features of the MSSM prior to present the U(1)x extension
in chapter 3 as an extension of the MSSM. The last chapter closed this work with a short
discussion and conclusions about the model and possible future prospects.



2 Supersymmetry

Supersymmetry (SUSY) rather than an extension of a theory, is a generalization via a
higher symmetry among Fermions and Bosons. Unfortunately, such a symmetry can not
be described with a Lie algebra so Graded Lie algebras might be introduced as well as new
Grassmaniann coordinates that makes the supersymmetric theory consistent with Lorentz
invariance and guarantees a supersymmetric invariance. In this chapter, the foundations of
supersymmetry are described from the definition of spinors [53] and the action functional to
the development of gauge-invariant supersymmetric lagrangians [53][36] [61].

2.1 Spinors and the Poincaré Group

Spinors can be defined as two-component objects that transform in the fundamental repre-
sentation of the SL(2,C') group, which is a double cover of the Lorentz group. Moreover,
spinors are considered anticommuting objects which operate ina very specific way. In this
section, a brief introduction of spinor algebra is done on the basis of the SL(2,C) group.

2.1.1 The fundamental representation

In the fundamental representation, SL(2,C) transformations are 2 x 2 matrices M of unit
determinant acting on a complex-valued 2-dimensional object v, better known as left-handed
Weyl spinor. Then the transformation rule is defined by:

Yo = Yo = Mg (2-1)

where the position of indices is of big importance. In this case, left-handed spinor indices
are contracted from upper-left to lower-right.

Now, we must define the dual representation given by the transformations M ~'7 where T
represents a transpose operation. However, there exist a similarity transformation connecting
M and M7 which makes the dual representation equivalent the fundamental one. [16][10]
This representation acts on the dual spinor ¥* which consequently transform as:

Y =t = (M) = (MY S (2-2)
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Moreover, it allows to define a SL(2,C) invariant inner product by:

< 0,9 >= ¢%q (2-3)

Since the fundamental and its dual representation are equivalent, spinors are related as well
by a SU(2,C) invariant tensor ¢ which lowers or raises indices. such tensor is fixed by the
relation [55]:

a . 0 1 o @B — . 0 —1
667@0(:5’6; 6'8__20'2_(_1 O> eaﬁz(g ﬂ)T:(€ ﬂ)l—wz—(l O) (2_4)

where o, is a Pauli matrix and 6%, = diag(+,+) is a trivial invariant tensor such that

5046@[],3 = Yq.

Now, the contraction 1/%eg, transforms as:
Vesa = (M)W MIM Jeys = "0 M eys = M ens (2-5)

so it transforms as a spinor, so the relationship between spinors and dual spinors is given
by:

wa = ¢566a ¢a = Eaﬁwﬁ (2_6)

2.1.2 The antifundamental representation

The fundamental and its dual representation were equivalent because there is a similarity
transformation that connects both transformations. Nevertheless, the complex conjugate of
the transformations cannot be justified by a similarity transformation. Thus, the antifunda-
mental representation of the SL(2,C') group are the complex conjugate matrices:

Mf = (MP)y (2-7)

where the index contraction goes from lower left to upper right. The dotted indices are
nothing but a mnemonic way of distinguish the fundamental and antifundamental represen-
tations and avoid index contraction between the both. Likewise, its dual is defined by M~'7
and such transformations act on right-handed Weyl spinors as:

Do — O = (M, P = ' = (MIY)ag8 (2-8)

By comparing with the fundamental representation and its dual we can identify then:

Yo = (Ya)” (2-9)
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and the antifundamental and its dual representation are connected by the epsilon tensor[55]:

(€ap)” = €ap = €ap (2-10)

However, we must take into account how indices are contracted in this representation. Then
we can write:

Vo = —Edf;l;’g P = —"&5‘6’% Ve = 1;55[2 (2-11)
2.1.3 The Lorentz and Poincaré groups

The Lorentz group SO(1, 3) can be understood as the subgroup of matrices A of the general
linear group GL(4, R) with unit determinant that leave invariant the Minkowski metric:

AT\ =1 (2-12)

being 7, = diag(+,—,—,—). Such group has six generators: three hemitian generators
associated to space rotations, J;; and three antihermitian related to Boost ,K;, for i =1,2,3
that satisfy:

[JZ’, J]] = iEZ'ijk [Jl, KJ] == iEiijk [Kl, KJ] = —iEiijk (2—13)

though the linear combination J;* = 1(J; £iK;) is introduced to identify the equivalence to
SU(2) algebras by satisfying:

[Ji5, T3] = iedijedy [J;, J7]=0. (2-14)

However, for a more compact notation, the generators are written in terms of an anti-
symmetric tensor M, with four-vector indices defined as:

MOi =K; Mij = Eiijk (2_15)

and can be rewrittena as[53]:

M,, = i(z,0, —x,0,) + S (2-16)
=L+ S, (2-17)
where L, are the angualr momentum generators, S, the spin generators and p,v = 0,1, 2, 3.

It can be proven that Lorentz group is homeomorphic to SL(2, C') which means that for any
matrix A € SL(2,C) there exists an associated Lorentz matrix A such that:

A(A)A(B) = A(AB) (2-18)
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being A and B SL(2,C) matrices, the relationship between transformations can be proven
to be [10]:

A~ (A) = %TT[U“AUZ,AT] (2-19)

where 0, = (Z, ) leading to the relationship between spinors and four-vectors and A acts
on the structure X = z#0, in the adjoint representation. However, we would like to write
the vector as a direct product of spinors X = &7 so X/ = AX A’ = ALET = (A€) (AT = ¢
so a Lorentz transform Lambda on a vector corresponds with the matrix A on a spinor [64].
The importance of this results lies in the fact that there exists an Homeomorphism between
the Lorentz group and the SL(2,C) group [52], where the latter can be decomposed into
two subgroups. On the one hand there are unitary matrices (Boost) while on the other hand
there are Hermitian ones (Rotations).

Finally, the Poincaré Group is the same Lorentz group augmented by translations, so its
algebra is given satisfy:

[P,,P)] =0 (2-20)
(M, My o) = —inu,Mue — iNue My + 0o Myp + i0yp Mo (2-21)
(M, Py| = —in,, P, + inp Py (2-22)

2.2 The action functional

In classical mechanics a detailed description of the action, the equations of motion and the
Noether theorem is performed [34]. Nevertheless, in a field theory they arise more properly
by considering Lorentz invariance. This action functional contains all the information of the
physical system under considerations and that is where its importance lies. The functional
depends on the trajectory over the phase space being the classical path the case where the
functional is an extremal. Despite we are interested in a Quantum Field Theory (QFT), in
practice is needed first to perform a classical treatment prior to quantize and look for the
new implications. In this section the conditions required to the construction of a suitable
action are discussed.

2.2.1 Behavior of the fields under the Poincare Group
The Scalar Field

If we consider a general infinitesimal Lorentz transformation A# = §* + " we find €*, to be
antisymmetric due to the invariance of the metric tensor:
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(Yo' A = 1y (2-23)

At A, = (2-24)

(0" + €)', (0% + €,) =, (2-25)
n'el, + el =0 (2-26)

e = —el (2-27)

where only linear terms in € are considered. Then, for the case of a scalar field which is a
scalar function of the coordinates that must acquire the same value on different reference
frames related by a Lorentz transformation we have the relation d¢ = ¢'(z') — ¢(x) =
do¢p + 020, = 0, being dop = ¢'(x) — ¢(x) a transformation that does not change the
coordinates and it is assumed in an approximate form that 0,¢" = 0,¢. As a consequence,
the scalar field transforms as:

Sop = —6210,¢
= —e"2,0,0

— —%e“pLuqu (2-28)

which depends only on the orbital angular momentum generators L,, = i(z,0, — z,0,) and
dat = A*Px, — xt ~ etPx,, if we apply the general Lorentz transformation dy¢ = —%eP”Mpa(b
being M the generator of Lorentz group introduced in Eq. 2-16, we conclude that the Spin
operator vanishes which means that the scalar field describes a spin zero particle.

The Vector Field

A non trivial S,, spin operator can be built by considering a construction involving 9,,¢ which
is invariant under translations, representing in fact a vector field, whose transformations are
given by applying the infinitesimal transformation and [2-16;

7 7
00,0 = —ez&,qﬁ (50((9,@) = —§(ep"Sp0)Z&,¢ — éep”Lp08M¢ (2-29)

with the spin operator defined as (Sp(,)z = 9puYe — 9oud,- In a similar fashion a tensor field
transforms as (2-29)) and the spin operator acting on the field would be a sum of the defined
(Sp0)}, for each index. For instance, for a rank 2 tensor it is [53]:

(SpoB) v = —i(gouBow + 9ow Bop + gorBop — gpuBov) (2-30)

It is worth to notice that the contraction between indices p and v lead to the scalar case
Spe = 0.
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However, there is another representation of vector fields as invariant determinant hermitian
matrices since transform according to the representation (%, 1) of the Lorentz group, such

272
matrix generate invariants as:

[ Ag+ Ay A tids ) o o
A_<A1—iz42 AO—AB) Aud QA" 4 0, A, 0" A Ay

The spinor field

Spinor fields are going to be described in the Weyl representation, where a 4-component field
is described by two chiral 2-component fields ¢, € (%, 0) and ¢Yr € (0, %) being the spinor
representations (3,0) @ (0,1). In this case, the Lorentz group is isomorphic to SU(2) so
rotation generators are given by Pauli matrices. On the contrary, Boost transformations are
not hermitian so they cannot be represented unitarily. Nevertheless, k= —%6’ can be con-
sidered as Boost generators since they satisfy the commutation relations. As a consequence,

the most general Lorentz transformation for left-handed Weyl spinors is given by:
Ap =exp [% (W — zﬁ)}

where & and v are the transformation parameters for rotations and Boost respectively and
& Pauli matrices. On the other hand, since left and right representations are conjugate, they
are related by a parity transformation that only changes the Boost generators sign in the
Lorentz transformation:

Ap = exp {% (D + Zﬁ):|
As a result, these two kind of transformations fulfill properties as:
AT = AL AT = 5277102 o*ATo?Ap =1 ATo?A L = o2

It is from those properties that it can be proven that a spinor ¢;, transforming as (%, 0) can
build a spinor o} transforming as (0, %) and vice versa.

In addition, recalling the anticommuting nature of spinor fields, we can build invariant
scalars as X%U%L = —ix1Y¥r2 +ixr2¥r1 and 4-vectors such as Z'ZUEU“@/JL and W}ﬁ“%ﬁR which
together with the operator 0, that provides translation invariance we get in the easiest case
complex Lorentz invariants, or real ones if we consider linear combinations:

1 T 1 T — 1 T #H
51/;]:0 oL — éa,uqu)Lo- v = 51/)L0 0L (2-31)
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In a similar fashion it is done for 1z and o*. Since a trivial solution is found by equaling
Y and gzwz a four-component spinor is built in the Dirac basis by introducing the Pauli
adjoint 9~°.

1 e 1 > 1. «
?/)E@DR + @Q?/JL = pTy%) 5 (@b}a“@udm + 5@&20“8”@012) = §¢7“3M¢
= 1)

Besides, a charge conjugation operation can be defined leading to the definition of a Majorana
spinor

T (—Uj;ﬁ{z) (V) =1 qu = ( Ve ) = Majorana Spinor

—o*)]

2.2.2 Lorentz Invariant actions for the fields
General properties

Despite we have built some Poincare invariant expressions with well defined transformations,
we have to turn them into actions describing reasonable physical theories. The main features
of a correct action, S, are:

1. § must be real: In classical mechanics, a complex potential lead to absorption,
implying that matter suddenly disappears.

2. § must involve second derivatives: SS must lead to the correct equations of
motion which can be achieved only with second order derivatites. Besides, higher
order derivatides usually present problems with causality such as the Abraham-Lorentz
equation [40]

3. Poincaré group invariance: when the equations of motion are a eigenvalue condition
of the operator 9,0" it is said taht we are dealing with a free field since it can be
identified as a group casimir with the equations of motion restricted to the free particle
representation.

4. Units: The action has units of angular momentum, equivalently in natural units it is
dimensionless so the lagrangian density must have units of [L ™4

5. Canonical transformations invariance: In general, the action in invariant under
transformations like £’ = £ 4 d,A* being A* an arbitrary function. In classical me-
chanics it represents a canonical transformation leaving the action invariant since the
surface term does not change the equations of motion.
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Scalar and spinor field action

On the one hand, the most general lagrangian density for a free real scalar field is given by:

L w2 VIO _
£ = 50,0(2)0"6(x) — V[o(x)] = 0,00(x) + 5 SR =0 (2-32)

on the other hand, for a weyl spinor field the kinetic term takes the form:
1 T MH 1 T qu 1 t “H
Ly = §¢LU 0,01 Lr= 51/130 0, VR Lpirac = Lr, +Lr = 5@/) YO (2-33)

where the Dirac lagrangian arises if parity is of interest. In the case when ¢¥p = —o%y,
Lr is equivalent to £y up to a total divergence, making of ¢ a Majorana spinor whose
lagrangian is the same £y. It is common to find the Dirac kinetic term with the operator 9,
acting only to the right and without the % factor. However, this distinction is irrelevant as
long as gravity coupling is not studied. Additionally, these kinetic terms are invariant under
conformal transformations, global phase shift and chiral transformations.

e P — €P59)
where the respective conserved currents are:
=iy = o +ivRe" Ur
g5 = iy = Loty — ot r

Another invariant quadratic non kinetic terms can be build for Majorana and Dirac spinors:

£p = M utoun + vlo) = (ot - vlotv)
_ _%@Mﬂ,M = —%JJM%%M
an = zmz/_JMsz 755 = iml/_}M’Ysl/JM
= im( v + V) = —m(fr — Yir)

where m is a mass dimentions parameter. These terms are not chiral invariant but we can
still build a chiral invariant from a linear combination:

o(x) L + im(2) L5 = imulo(x) + ivsm(@)]n

where o y 7™ must transform as do = 207 (z) and o7 = —280(x) leaving 02 + 72 invariant.
As a result, if we include kinetic terms for ¢ and 7 and a potential, the chiral invariant
lagrangian is:

1 < - 1 1
Lf= §¢T’Y“8u¢ + thpa[o(x) 4 ivysm(x)]var + 5@08"0 + §3u7r8“7r —V(o® + )

It is also invariant under global phase shifts and a parity transformation, being o(x) a scalar
field and 7 (z) a pseudo-scalar field.
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2.2.3 Spontaneous symmetry breaking

To introduce the systematics of Spontaneous Symmmetry Breaking (SSB) we can consider
the non-linear sigma model [50] involving a set of N real scalar fields ¢’(x) with lagrangian:

1 % 2 1 201 2 A i\4
£ = S0 @)P + 5u2(6 @) — 5(6) (2:34)

This lagrangian is invariant under a rotation of the fields ¢* — R’ represented by the
orthogonal group O(N). In general, the potential V(¢) = —142(¢'(x))* + 2(¢")* is bounded
from bellow since A > 0 and it has a minimum depending on the value of p?. If u* < 0 there
is a trivial minimum at (¢°)> = 0 contrary to the case where p? > 0 where the minimum of
the potential is reached for any field that satisfies (¢')? = “—; = (¢})?. This condition only
give us the magnitude of the vector ¢! but not its direction. So, it is convenient to choose

coordinates such that ¢} points to the N —th direction ¢} = (0,0, ...,0,v) (v = “72) SO NOW we
define a set of shifted fields as perturbations from the minimum as ¢* = (7, 7o, ..., Ty _1, V+0)

so the lagrangian takes the form:

L= %(@mk)? + %(GMJ)Q — %(2@2)02 —VAuo® — Vau(r*) o — 10 Z(7%)20? —

which describe a massive ¢ field and a set of N — 1 massless 7% fields which are invariant
under rotations of the O(N — 1) group rather than O(N) which is no longer a symmetry of
the lagrangian. All in all, this means that when a field ¢* acquires a Vaccuum Expectation
Value (VEV) v, the original symmetry O(N) is broken into O(N — 1) and N — 1 massless
bosons arise. This results is not a particularity of the model, it comes out from the so called
Goldstone Theorem [35].

2.2.4 Goldstone Theorem

It is a general result that massless states arise when a continuous symmetry has been bro-
ken, this massless particles are known as Goldstone Bosons. Particularly, the O(N) group

N

represent rotations on any of the w planes (which equally represents the number of
(N=1)(N—2)

symmetries), while O(N — 1) has only 5 symmetries so the number of broken sym-
metries (planes where there is no invariance) is N — 1.Goldstone theorem states that for
every spontaneously broken symmetry there must be a massless particle.

Refering to the previous potential, we can see that the massless 7% fields represents per-
turbations along the tangential directions of the potential while ¢ is a perturbation in the
transversal direction. In the general case, the massless states represent perturbations along
the tangential direction of the potential and are associated with the broken generators of the
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symmetry group which do not left the vacuum invariant. On the contrary, massive states are
perturbations on the transversal directions and the unbroken generators do left the vaccum
invariant [50].

It is worth to notice that there will not be any Goldstone bosons if the broken symmetry is
discrete, but in the case of continuous symmetries it can be global or local. In the latter,
there is an additional result. Local symmetries involves gauge bosons which enter into the
lagrangian with the covariant derivative. When the symmetry has been broken, N massless
Goldstone bosons appear but at the same time N gauge bosons acquire a finite mass value. So
for each Goldstone boson there is a massive gauge boson and for each massive particle there
is a massless gauge boson. However, the systematics of the gauge boson mass generation
will be presented in later.

2.2.5 Chiral anomalies

Let’s consider a gauge theory with massless fermions, the lagrangian reads:

1 =
L= —ZFSVFW” + i P (2-36)
1
- —ZFS,/FaMV + Ematter (2_37>

where the lagrangian is invariant under global chiral transformations and local transforma-
tions of a certain gauge group represented by a gauge boson field V,, that enters into the
covariant derivative D,. The classical equations of motions imply:

AN av
(DHF ) - _Jmatter (2_38>
where Jov .o = % is the classical matter current which is conserved if the field equations
n
of motion are satisfied i.e. D,J} ..., = 0 being a consequence of gauge invariance. However,

it is not true at the quantum level, D, < J

Y ater >7 0. Let’s consider a chiral transformation:

w N U@D _ 6ie“(ac)Ta'y5 i) N LEU _ 77EZ',}/Oe—ie“(ac)Tcnsi,yO (2_39)

since U # U~! due to the anticommutation of gamma matrices, it makes a contribution in
the path integral measure given by:
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Z — / Dw’l)&eismatte'r [1/171/77Vu]

— /walfD,lZ/GiSmattcr[wlﬂz)lzvl»b}

_ / DiyDipet ) 4re@)ale) iSmarier b Vil i | dac(@)9, 7 () (2-40)
= [ Dugesmaatei [1 +i [ daca)(a(o) +,2@) + O] (-4)

where
a(z) = — 62 e Ptr [t Fool (2-42)

where a(x) is the anomaly arising from the integration measure and JI' is the classical
conserved current arising from the transormation of the matter lagrangian [9][12] and the
trace is over the representation of the group generators. This result from manipulating the
ill defined expression for Det(U)™? which need to be regulated[9].

if we perform a local chiral transformations, we can associate a conserved current when the
fields satisfy equations of motion by:

0S = /d%(—Jjj(x))@ue“(:v) = /d4az(6“Jg(a:))e“(x) (2-43)

In this case the variation must be zero for every e leading to a conserved current 0,,J*(z) = 0.
If we compare this with equation (2-41)) we conclude that at a quantum level the current is
not conserved. It satisfies:

1 vpo
—au < Jéj(flf) >p = _WE” P tr[taFw,Fpo] (2—44)

where the vacuum expectation value is done in a fixed A, background, and a(z) is known
as the anomaly. The latter result comes from the consideration of an abelian group and it
means that at a quantum level we can not have always gauge invariance and chiral invariance
at the same time. Its presence changes the ward identities of the model and induces new
phenomena. In the case of the SU(3) quark model, it explain the decay of the 7° meson
into two photons by generating an anomalos Ward identity for the 3-point vertex function

< TJ(x)J5(y) I (2) >= T4 (2,9, 2) depicted in the triangle diagrams shown in figure
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Figure 2-1: anomalous triangle diagram that generates the decay 7 — ~~y in a) and the gen-
eral triangle diagram coupling to different gauge bosons G, G' an G” belonging
in general to different symmetry groups in b)

In the general case of a non-abelian group with chiral fermions in the triangle it becomes:
~(Dy < T (&) >)a = AL (2) (2-45)

1 7
Aé/R = q:mewﬂaau(vfapvg - ZVuﬁ[%a Va]wCaﬁv Capy = tr[ta{tm tv}] (2-46)

where {...} represents the anticomutator and Ty, is the generator of the symmetry group and
the trace is over the representations i.e. over the particles under considerations, implying
that left and right handed fermions contribute with different signs to the anomaly but bosons
do not. Additionally, for a theory invariant under several symmetry groups, the generators
in C,p, mix among them so the gauge boson in each triangle corner can be different as
shown in figure 2-1}b. The anomaly caused by the triangular diagrams with fermions in-
side is what we call the chiral anomaly but it is worth to mention that there are some safe
groups where C,z, vanishes like SU(2), SO(2N + 1), SO(4N), E(6) etc. Nevertheless, it
might happen another kind of anomaly, the gravitational anomaly generated by local Lorentz
transformations when we have a U(1) factor, presenting a SO(4) — SO(4) — U(1) anomaly.
They correspond to a triangle diagram with fermions coupling to one U(1) gauge field and
two gravitons as shown in figure [2-2]

Since all particles are expected to couple universally to gravity, the coefficient C,3, reduces
to Copy = tr[ttio(4)tgo(4)] ~ dptr(t] which is nothing but the sum of all U(1) charges.
This anomaly must cancel in order to consistently couple gravity to matter under the U(1).
Furthermore, it is important to mention that there are no pure gravitational anomalies

(SO(4) — SO(4) — SO(4)) in four dimensions.

When we build a theory we want to avoid anomalies, and one way of achieving it is by having
a correct charge assignations for a U(1)yx symmetry. In the case of the standard model in
we might have anomalies for:
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|
|
|
o |

|
|
|
| DY h,

Figure 2-2: U(1) — SO(4) — SO(4) triangle diagram responsible of the U(1)-gravitational
anomaly:.

3) x SU(3) x SU(3)

SU(

SU(3) x SU(3) x U(1)
SU(2) x SU(2) x SU(2)
o U(1) x U(1) x U(1)

e U(1)-Gravitational

but the hypercharge assignation for particles makes that all posibilities vanish [12].

2.3 Super Poincaré algebra

Graded Lie algebras

In general, the symmetries of a field theory are represented by the Lie algebra of a symmetry
group. However, we need a generalization since a symmetry between bosons and fermions
via spinorial parameters can not be represented with a Lie algebra. The Coleman-Mandula
[43] and Haag [24] theorems demand this generalized group as a direct sum of Poincaré group
with the additional symmetries. Therefore, it is needed to generalize this Lie group concept,
which is done by generalizing its algebra.

Lie algebra

A Lie algebra consist in a vector space defined over a field, where a composition rule denoted
by 7o : L x L — L” is defined and must accomplish the following properties:

1. Closure: v{owvy € L



2.3 Super Poincaré algebra 19

2. Linearity: vy o (vg + v3) = (v1 0 v2) + (v1 0 v3)
3. Antisymmetry: v; o vy = —v9 0 vy

4. Jacobi identity: vy o (vy 0 v3) +v50 (v1 0v3) +v20 (v300;) =0

Graded Lie algebra

A graded algebra Zy 1 [20] consist in a total subspace L = EBQVZO L. as the direct sum of
N + 1 vector subspaces Ly with a composition rule o : L x L — L that fulfill the following
properties:

1. Closure

2. Linearity

3. Grading: Vz; € L; — ;0 T € Litjmod(2)

4. Supersymetrization: x; 0xz; = —(—1)"x;0;

5. Generalized Jacobi identity:
(2 0 (270 2)) (1) + (2 0 (w1 0 27)) (= 1) + (370 (T 0 1)) (—1)™ =0

A general graded algebra only need the first 3 conditions, while the remaining two makes of
it a graded Lie algebra. We are interested in a Zy (L = Lo + Ly), being Lq associated with
Poincare algebra and L; with the supersymmetric transformations. Let F; € Loy @, € L1,
then the product among elements in the different subspaces must obey supersymmetrization
and is given by:

Product Supersimetrization De finition
E;oE; € Ly Antisymmetric [E;, ]
E;0Q, € L Antisymmetric [Ei, Qa)
Qoo Qy € Ly Symmetric {Qa, v}

Table 2-1: Z5 graded Lie algebra products

In analogy to the spin-statistic theorem, we define the space Ly as the bosonic sector and L
as the fermionic sector. It can be seen that the subspace Ly satisfy by itself the conditions
for a Lie algebra.
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Super-Poincaré Algebra

The Poincaré algebra is given by [41]:

[Py, P)] =0 (2-47)
[M,uua P/\] = i(guAPu - gu/\PV) (2—48)
[Muua Mpo] = _i(gupMVU - guaMup - ngMua + gVUMM,O) (2_49>

where the generators M, y P, generate a 10 dimensional vector space denoted by Ly.
Then, the Ly x Ly product shown in table must have a matrix representation in Ly but
with dimensions of L;. Therefore, let’s consider a 4-dimensional L, so there are four base
elements (Q,, a = 1,2,3,4. ). A grading must be defined and it is done in the most trivial
way possible, done first by Wess and Zumino, the result is the super-Poincaré algebra which
is given by [66]:

[P/MPV] =0 2-50

[M,ulla P)x] - Z.(gl/)\Pu - g,uAPI/) 2-51

(M, Mpo) = —i(9upMve — GuoMup — GupMue + GuoM,,) 2-52
]

[M,uw Qa] = _(O';W)abe
{Qa, Qv} = a(fy“C’)abPu
{Qau Qb} — —CL(V“C)abPu
{Qaa Qb} = _a(c_lfyu)abp,u (2—57
With this choice, most terms in the Jacobi identities vanish trivially. Besides, ), are Majo-

rana spinors that must commute with momentum so it becomes a symmetry of the system
since it commutes with the Hamiltonian as well.

Haag theorem allows the presence of an internal symmetry with generators B; and the
Coleman-Mandula theorem implies that they must commute with P, and M, so it becomes
necessary to introduce a set of N spinorial (central) charges Q% in such a way that the
algebra closes in subspace L; with the products:

Q5 Bl = iSpQ;
[By, By = ick, By

where Sjj is a representation of the internal symmetry group algebra, so it is done the
extension:

{Q2.Q)} =20 (") P
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However,we are interested in N = 1 supersymmetry and the states are labeled through the
Casimir operators denoting its mass and super-spin, a generalization of the spin since the
Pauli-Lubansky vector does not make a Casimir operator now.

2.4 Superspace and Superfields

In general, the more symmetries a theory have the bigger dimensional space is. For instance,
in classical mechanics, a 3D space is invariant under Galilean transformations, but it requires
to be extended to four dimensions if a Lorentz invariant theory wants to be constructed. Like-
wise, to construct a SUSY invariant theory let’s consider a 4-dimensional space plus another
4 grassmannian (anticomuting) directions {64} a—1.2, {63} p—is [36] which together make up
what we call the superspace. In the Weyl formalism, 6 and 0 are S L(2,C) transforming Weyl
spinors in the adjoint representation and allow to turn the graded algebra into a Lie algebra
as follows:

[0Q,0Q] = 2(0c"0) P, (2-58)
0Q.0Q) = [GAQ/?, 0" Qp] =0 (2-59)
[Q_Qa Q_Q] - [Q_AQAv H_BQB] =0 (2_60)

Furthermore, the supersymmetry generators can be represented through a translation in
these anticommuting coordinates plus a traslation in normal coordinates via a spinorial
parameter [36]:

Qa = —i(04 — ic" 070, (2-61)

Qr = —i(01 — i(6")'P00,) (2-62)

A superfield ® is an operator defined over the superspace that must be understood in terms
of its power series, which turns out to be finite thanks to the anticommuting coordinates
which allow up to quadratic terms in 6 or 6, it can be written as:

D(z,0,0) = f(z) +6"0a(x) + 05" + (09)m(x) + (00)n(x) + (60"6)V,u(x)
+ (00)0, 0 () + (00)0 () + (06)(00)d(x). (2-63)

The properties of the component fields are given by their lorentz transformations so:
e f(x), m(x), n(x) are complex scalar or pseudoscalar fields.
e (x), ¢(z) are left handed Weyl spinors.

e Y(2), A(z) are right handed Weyl spinors.
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e V,(z) is a four-vector.
e d(x) is a scalar field.

Under a supersymmetric transformation given by 0,® = [ia?Qa + ia;Q*)®(x,0,0) , the
component fields transform as shown bellow being of big importance the #9606 component
which transform as a total derivative, so inside an action it is invariant under SUSY trans-
formations [36].

0sf(z) = a(z)d(x) + ax(z) (2-64)
5u6a() = 20a(hm(x) + (0"8) (10, () + V() (2.6
35" () = 2a”n(x) + (a0”e)* (10, f () — Va(x)) (2-66)

S.m(x) = GA(x) = 50,0(x)0" (2-67)

Sanl) = () + S0 0,x(x) (2-68)
5.V,(x) = a0, Ax) + ¥(w)0,6 + 500,6(x) — LD, (x)a (2-69)
5. N (z) = 2add(z) + %aAa”Vu(x) + i(ao”e)a,m(z) (2-70)
Seba(z) = 20ad(x) — %aAa"Vu(x) +i(o*a@) s0un(x) (2-71)

5,d(x) = % () — %GHA(m)a“a (2-72)

Nevertheless, we can reduce the number of fields by imposing covariant restrictions by con-
sidering the covariant derivatives D; = —0, — i(fo*) 10, and Dy = 04 + i(0"0) 40, with
lead to the definition of chiral superfields:
D ;®(x,0,0) =0 Right-handed superfield (2-73)
D@ (2,0,0) =0 Left-handed superfield (2-74)

whose field content now is restricted to:

D (y,0) = A(y) + V200 (y) + (60)F(y) y* = " + i0ct0 (2-75)
Dr(z,0) = A*(2) + V200 (2) + (60) F*(z) M = ot —ifot (2-76)

where A(x) and F(x) are complex scalar fields with no defined parity but the first one
represents a scalar field whose superpartner is ¢ (x) while the second is an auxiliary field
that closes the algebra off-shell called the F-term. It is however also important to consider
superfield products which are easy to calculate since there cannot be powers of # and @
greater than 2. The product of two and three superfields becomes:



2.4 Superspace and Superfields 23

DD = A A + \/59[Ai¢k + 0 A] + (00)[AFy, + F, A — ity (2-77)
0, D), = A A Ay + V20[A Ay, + Apbi Ay + P A AL +
+ (00)[AJA Fy, + Al F; A + FLA A — Wb Ai — i Ak — Apindy] (2-78)

So the product of superfields is also a superfield. However, when considering the product of
a left handed with a right-hanede superfield one gets:

= [A7 + V2007 + (00) F}][A; + V200, + (60) F)
= A7 (z)A;(x) + 200:(2)04;(x)

+ V200, (z) A ()]
+ V20 (x) A ()]
+ (00)[ A (z) Fy ()]

+ (00)[F} () A; ()]

+i(00"0)[(0,4;(x)) A ()(%NUM@H

VO | 3040 00, () — A0, ) 4 A o)

+w@%wﬂgﬂm%m@&m—&m@quWMMH@ﬂ

+ (00)(66)

— ATOA; +i(0,4:)"; + Ff (z) Fy(x) + total derivatives] (2-79)

As a result, the highest component of the product contains the kinetic terms for the scalar
field and a Majorana spinor field, plus a term for the non-propagating auxiliary field which
in addition to the invariance under SUSY transformations represents the simplest SUSY
lagrangian.

Scalar superfields contain the information about scalar and fermion fields. However, to
introduce gauge fields we need to introduce vector superfields, defined by the reality condition
V(x,0,0) = V(x,0,0) leading to the general field expansion:

V(z,0,0) = C(z) + 06 + 06 + (00)M + (00) M* + 050V, + (00)0X + (00)6X + (00)(00) D
(2-80)

with C(z), M(z) and D(z) scalar fields, ¢ and X spinor fields and V), a vector field. There

are also any other possible vector superfields, in fact, ®T® satisfies the reality condition as
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well as ® + &, being ® a chiral field. Expressing the latter in z-coordinates we get:
O+ ot =4 AT V200 + \/_0¢ + (00)F + (ee)F* +i(00M0)8,[A — A*] —

(00)05"0,1) — — (00)00+ 0,1 — —(99)(99) [A+ A*] (2-81)

7 v

Now then, we can do the substitution:
7 _
Az) = Mx) — éa“mgb(x)

D(x) = D(x) ~ ;0C(x)

V(x,0,0) = C(z) + 06 + 0 + (00)M + (00) M* + 65"0V,, + ...
+(00)8 ()\ - %a“ﬁuqb(x)) + (60)0 (A - %0“8,@(:6)) +(00)(09)D  (2-82)

so now the vector superfield is invariant under the transformation:
V(2,0,0) = V'(2,0,0) = V(z,0,0) + ®(x,0,0) + ' (x,0,0)
= C(z) + A(z) + A (2)
+0p(x) + V2 (x))
+0[(x) + V29 ()]
+(00)[M(x) + F(z)]
+(00)[M* () + F* ()]
+ 050[V,(z) + i0,(A(z) — A*(x))]

(998 (M) - 500, 600) + VEU(2)) )
590 (M) = 500, 6(0) + VEI(2)))
+69)@) (Do) - {0CE) + A+ A@)) (289

which generalizes gauge invariance through the transformation of component fields:
C(x) = C'(x) = Clz) + Alx) + A"(x)  ox) = ¢ (z) = d(z) + V20(x)

M(x) — M'(z) = M(z) + F(x) Vi(x) = V() = V(x) +1i0,(A(x) — A*(x))

Ax) = N(z) = Az) D(z) = D'(z) = D(x)

Under this choice, A and D are invariant as well as V, which shows the well known abelian
transformation leading to a super-gauge invariant F,, = 9,,V,, —9,V,,. This generalized gauge
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freedom let us chose a gauge where C’, ¢ and M’ vanish, better known as the Wess-Zumino
gauge where vector superfields reduces to:

Viz(@,0,0) = 00"8]V, (x) + i0,(A(z) — A*(x))] + (00)8X + (B9)ON + (60)(80)D(x) (2-84)

where V), (z) is a gauge field, X its fermionic superpartner, a gaugino, and D(x) an auxiliary
field. Unfortunately, the Wess-Zumino gauge breaks supersymmetry in the sence that a
SUSY variation of ¢4(x) and M (z) violates the gauge condition C'(z) = ¢4(z) = M(z) = 0.
The latter means that the Wess-Zumino gauge is not covariant but it reduces the degrees of
freedom from 16 to just 8. Anyway, together with vector superfields a supersymmetric field
strenght is defined as:

1 _ 1 _

Wy = —ZDDe_VDAeV Wy = —ZDDe‘VD e (2-85)
Vii = VUTh)i in the adjoint representation

Wa = Aa(y) +20aD(y) + (0" 0) 4y — i(09)", . DA () (2-86)

Wi = Ai(2) +2D(2)0 — €,45(6"0) P F,, +i(60) (D, A(2)0™) 4 (2-87)

being F},, the general non-abelian field strenght and D, the covariant derivative both defined
as follows:

Fu = Fen = L[V, Vi D,

>~

Il
tQ;
>l

|

DO | .

<
>

(2-88)

=90,V, =0,V — 5

[Vis Vi

2.5 Supersymmetric Lagrangians

Since now we are considering an 8-dimensional space, the action functional must integrate
over all of them. However, Grassmann number have interesting properties and one of them
is that integration works identically as differentiation [14], so [ d?00* = [ d?0 = 0 and the
highest products of # and 6 work as delta functions:

/ P20 F(0)5%(0) = £(0) 52(0) = 60 (2-89)
In this way, the integration over a general superfield projects to the component (66)(60)

which we already know is invariant under supersymmetric transformations and in the case
of ®'® generates the kinetic terms for a lagrangian. We still however need to introduce gauge
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invariant kinetic terms. It is done by introducing the Kéller potential, which is a function
of the vector fields entering in the kinetic part of the lagrangian as:

L=dK(V)d
it has interesting mathematical properties but we are interested in the canonical Kaller
potential K(V) = e" with V = VT,, which after integration gives the kinetic terms for the
scalar and fermion fields with covariant derivatives D, ¢ = 0,6 — 5V, ¢, two terms for the

auxiliary fields and the allowed interactions between the scalar field, the fermion field and
gauginos:

_ 1, - 1
/ d*0dTe¥ ® = D, A* D" A — ipa" D) + |F|* + |APD + — A\ + —QA*W\ (2-90)

V2 V2

it is still missing the Yang-Mills term for gauge fields, which arises from the super-field
strength tensor. After integration one obtains the Yang-Mills term for the gauge field, a
kinetic term for the gaugino and a term for the non-propagating auxiliary field D(z):

A= / d'z / dOIWAW46%() + W ;WA6%(6))]
= / d'[8D*(z) — F,, F" — 4i\o"0, )] (2-91)
so the most general gauge invariant action is:
S = / d'z [ / d46%<I>TeV<I> + / dPOTr[WAW ] + / d*0Tr[W[®]] +H.C.] (2-92)
1

_ 1
— 4 a1 Y 1 2 2 * B
/d w[DuA DA =Dy + [P + |APD + —SAGA +—=A")) (2-93)

+8D?(z) — F, F* — 4iXa" 9\ + V (A, 9, F)}

where we have included a superpotential W[®] = (gifbi + %mijq)rL'@j + %)\ijk@i@j@k) 52(0) +
H.C. which in the most general renormalizable case may include the product of up to 3
superfields which after integration only survives the 860 component of equations in (2-77)).

In order to be consistent with the literature convention, we are going to rescale the fields as:

V, — 29V, A — 2ig) D — gd, (2-94)

leading to our final version of the lagrangian:

L =D,A*D"A — ithg"D,1p + ...

1 _
e+ F*F + §d2 + gA*Ad — igV2ADN + igV2ATYN + ..

1 _
o= TP FW ) = iXo" DA+ V (2-95)



3 Minimal Supersymmetric Standard
Model (MSSM)

3.1 Gauge Symmetries and Lagrangian

In general, any theory can be extended to have supersymmetry invariance just by promoting
the fields to superfields. As shown before, it produces the right kinetic terms, the correspond-
ing interactions involving gauginos and the auxiliary field terms. In principle, it represents
a free theory but the equations of motion for D and F' become non-trivial when we include
a superpotential, which in fact is what characterises the theory.

The immediate supersymmetric generalization of the SM is the collection of the lagrangian

of 16 superfields which leads to the particle content of 32 particles shown in figure being
all of the right hand side expected to be found in accelerators in the near future.

Higgaing

Quarks @ Leotons @ rorce perticies Squaris () siepranz D §uUsY force
pa 8

Standard particles SUSY particles

Figure 3-1: SM SUSY extension particle content [I]

This particle content turns out to be invariant under certain symmetry groups. On the one
hand, Quarks may interact among them by exchanging gluons, this follows from a SU(3)¢
invariance where the subscript C' stands for a Color invariance though in the sense of Quan-
tum Chromodynamics (QCD). On the other hand, fermions have both chiral counterparts,
left and right handed (with the exception of neutrinos which only are left handed), where
the left ones organizes in three SU(2) doublets while the right handed fermions are singlets
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under the same group leading to a SU(2),, invariance of the lagrangian responsible of part
of the electroweak interactions [33]. Additionally, an additional quantum number called hy-
percharge (Y) responds to a U(1)y invariance of the lagrangian [65]. The inclusion of such a
quantum number forbids non-observed interaction and provides the correct electrical charge
of particles according to the Hell-Mann-Nishihima relation [18] besides completing the elec-
troweak theory. All in all, the theory is SU(3)¢ ® SU(2)r @ U(1)y invariant [56], as a result
of the work of Glashow, Salam and Weinberg [33][56][65]. The hypercharge assignation of
superfields can be seen in table [3-1]

Consequently, the most general superpotential that can be considered is:

WSM = UyuQHu - CzdeHd - éyeLHd + HHqu
+ €ij [/\LEZ]A;JEAI + )\Lff@]f) - /L/]A;ZH% + ABUDﬁ] (3-1)

where the first line respects R-Symmetry [45] and the second does not. It can be seen
that the interaction of the model are family universal i.e. the interaction is the same for
all three families and the second line may lead to Lepton/Baryon number violating terms
which in principle are relevant for leptogenesis or Baryogenesis theories [39][58] but they are
forbidden if R-Symmetry is included. Furthermore, since the product of left handed and
right handed superfields produce terms involving derivatives, the superpotential must be a
holomorphic function of superfields i.e. there are not conjugate superfields. However, this
impass can be surpassed by considering the Majorana notation, where right handed fields are
just conjugate left handed ones. As a result, when imposing supersymmetry to any theory,
only holomorphic interactions should be considered before promoting fields into superfields.

The particle content shown in figure correspond to just extending the standard model
to a SUSY invariance. Although the SM is anomaly free this extension is not, chiral U(1)
anomalies are induced by Higgsinos. To avoid this problem, a second Higgs doublet with

opposite hypercharge is considered making the final piece of the Minimal Supersymmetric
Standard Model (MSSM).
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Table 3-1: Particle content of the MSSM with hypercharge assignation, the indices &, p run
over family memebers.

Left- Right-
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3.2 Interactions

3.2.1 Self-Interactions

From the standard theory we know that covariant derivatives include the interactions with
gauge bosons. Now, it also will contain the interactions involving gauginos which become
relevant for the construction of gaugino-Higgsino mixing matrix. Let’s consider a fermion
field ¢ with its scalar superpartner A with a gauge interaction via a V,, gauge boson and its
respective gaugino A*. The covariant derivatives take the following form:

D,A=0,A+igV;T*A (3-2)
Dy = 0p +igV,i Ty (3-3)
DyX* = 9\ + g f** VN (3-4)
From the kinetic term for the field X\, L, = —iXEf“DM)\, a Yukawa-like interaction between

gauge boson and gaugino arises, L;,; = %95\“%)\{’1/; fe. as shown in figure @—e. The latter
implies that a high energy photon migh decay into a fotino-antifotino pair. However, if we
consider the kinetic term for the scalar and fermion field and preserve only the interaction
terms we get:
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~
Lini—ay = igVITEATD A — g VAV (TOT?) 5 A% Ay,
+ VT Py + V29 fui( AL Pra; + Apb; PrX®)  (3-5)

J

These are nothing but the interactions of the scalar field with the gauge boson via a three
and four leg vertices, the Yukawa interaction between the fermion and the gauge boson and
a fermion-boson-gaugino interaction, all of them shown in figure[3-2] The last of those inter-
actions imply that boson/fermion can decay into its respective fermion/boson superpartner
by emmitting a gaugino. This process imply that atoms might decay, making them unstable.
In order to this proccess to be unreachable by the atomic energy scale, we conclude that
supersymmetry must be broken. This will be further discussed in the next sections.

Vi

A A

Figure 3-2: Interactions between scalar-fermion superpartners and gauge bosons/fermions

The latter interaction would apply to particles who are not singlets under the symemtry
group under consideration, so all doublets in table may interaction with Winos, Binos
and Gluinos in the case of quarks.

3.2.2 Superpotential: Fermions and F-Term potential

In equation we stated the most general superpotential as the product of up to three
superfields. However, we know that becase the product of three superfields leads to up
to quartic interaction which is the limit for renormalizability. If we impose lepton/baryon
number conservation the superpotential reduces to:

WSM = Uzy;]Q]f{Q — Dly;]QJ.Hl — EiyéijHl + [,LHl.HQ —+ HC (3—6)
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where the indices 7, j = 1,2, 3 run over family members while the product between superfield
doublets is mediated by the Levi-Civita pseudotensor ¢;; as will be shown next. By using
Eq. for the superfield product and projecting to the #900 component we get (omitting
family indices):

emnUQ™Hy| = U(aLHY — dpHY)
00 00
0~* ~ o~k 0~ r70 ~ % 70, C ~ C 170
= Hyupl,, +urupFuoy + HyurFy,, — Hyupup — Hyupuy, — upuy Hy

— Hf WhFy, — dpiigFrey — Hy dpF,,, + Hy dpih, + HyuSdy, + du$ Hy

emmDQ™HY| = Hy dWF,, + iydyFyi— + Hy g Fy, — Hyupdyy — Hy dSty, — updS Hy
00
— HYd5WFy, — dpdsyFre — HYdpFyy, + HYdpdy + HYAS dy, + dpdS HY

emnEL"HY| = Hy é4F,, + vpépFu + Hy vpF., — Hyviéh — HyeSv, — vpeS Hy
00
0g S— s+ 0
— HYLF,, —é65Fyo— HY% F., + HY e &+ HipeSé, + e e HY

emnHI"HY | = HYFryog + FioHe — HY, HY, — Hi Fyoy — Fyn_Hyf + Hy Hy,

06

Since this interaction terms now are F-term dependent, we can see that their equation of
motion is no longer trivial. They enter into the lagrangian as a F-term potential V(F) given

by:

OWsnr|goso
B Z F'F, Fr=— s |goga (3-7)
- OFy
and in our case the F-terms acquire the form:

—Fino = yreph +ypdrdy — pHy  —Fiy = —yeinlh — yoindy + pHy  (3-8)
—Fipyg = yelip iy — pHy —Flipe = —pdpiy + pHy (3-9)
—F;, =y Hieh —Fl, =y (Hyep — Hy o) (3-10)

_FJL = —ypHy dR + ytHga*R _F;R = —?Jt(H dL - QUL) (3 11)

—Fy, = yoH dy, — yeHy @y —F; =y (H)d, — Hy i) (3-12)

—F; = —y,Hyéf, (3-13)

we can see that this potential only involves scalar interactions among the scalar superpartners
yet unobserved. Besides containing all possible interactions allowed by symmetries, they can
contribute to the sparticles mass matrices after implementing the spontaneous symmetry
breaking. All in all, the superpotential contribution is given by:
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Wleg =V (F) — yuﬁguLa*R - yuﬁgugaL - ydg?de}} - ydﬁ?dgdL - yeﬁ?ﬁzé;
- yeﬁmefé; + yu]:f+dLﬂE + yuﬁ+U€dL + yudLugHJ + ydﬂfuL@
+ de dLuL + yduLdLH + yeH LI/LeR + yeH_LegﬁL + yeyLeng_
— yaurug Hy — yadpdf HY — yeey ef HY — pHY HYy + pH i Hy, (3-14)

3.2.3 D-Term Potential

From equation [2-95| we see that the part of the lagrangian involving the auxiliary D-term is:

1 a ja a * a
Lp= Ed d* + gd*A] T A; (3-15)
being T} the generators of the symmetry group. By applying their equation of motion a
D-term potentlal arises as Vp = —1 3", didy, with d* = —gT; A7 Aj. In our case, we have

two contributions, one from the SU(2) symmetry with interaction g and another from the
U(1)y with interaction ¢’ leading to:

D* = L[Hy e HY + Hy"ro, Hy + Qe Qf + Lire, I7] (3-16)

2[ mn 2 mn**2 mmn m ‘'mnn
/

g mx Trm ik TTm 1~m*~m 4~*~ 2~* mp* T m c
D’:§{HQ H' — HY'HY' + 2Q Q k—gu%u%—i—gd%dk Lme e 4 2¢h ‘e

Vp = —

oo|‘°w

[ )2 4 (B3 HYY? 4 (@5 Q7+ (D41
2 HDQ Q)+l O - 2(H{”*H{”><i”p*i"p> - 4|H1”*impr2
QG ) 4 A — 2 P ) + AT ’
? 1~k~k4 ik 2 Sk FmprF 002
Y {H;”*H;" — H™H" + ng QM — § up + ng*dR — L™ LT 4 28 el ] )
(3-17)
where the indices m,n = 1,2 are SU(2) indices and k,p = 1,2, 3 are family indices. Similar
to the F'— T'erm potential, it only contains interactions among scalar particles. In this way,
sparticles does not need a superpotential to interact among them or to acquire a mass value
after symmetry breaking. However, the resulting mass matrix will be consistent with the

fact that particles and sparticles have the same mass, and since no supersymmetric particle
has been observed we need to consider supersymmetry breaking.
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3.2.4 Soft-Breaking potential

As mentioned before, if supersymmetry is a symmetry of nature it must be broken because
sparticles with the same mass of their partners have not been observed and because some
interaction have not been observed neither. Now, we do not really know how must be
broken. Spontaneous supersymmetry breaking is not an option because it would produce
a Goldstino (massless goldstone fermion)[7] and we know that such a fermion does not
exist. As a consequence, it must be explicitly broken. We add a soft breaking potential [45]
to the lagrangian, where the soft recalls that these new terms do not introduce quadratic
divergences so it is restricted to bilinear and trilinear couplings allowed by gauge symmetries
as long as it does not involve any gauge singlet [31]. These soft-breaking interactions affect
the mass matrices indeed, so they must involve only the unobserved particles to provide a
mass value far beyond the electroweak scale, being a scalar potential too. The potential is
written without writing the family index explicitly as:

\/ﬁ(muAt)kl

Vot = (mig, )i iy, + (mf) ag *ag! — i e Hitk ad!
o~ o~ 2(my Ak RN
b oy + iyl A g
2 A kl )
el + ot - VRN i

L My =~ Mo = -
+ (m2)H Rl MWW + 7183 + TQWg,Wg

v

+m2|Hy | + m2|Ha|* — miye;(HH3) + H.C. (3-18)

where m,, @ = u, d, ¢ correspond to the up-like quarks, down-like quarks and charged lepton
mass matrices respectively. The potential is made of diagonal terms for all sparticles, mass
terms for gauginos and left-right mixing terms. Since this potential break supersymmetry,
we expect that all m’s have a value in the SUSY breaking scale, hopefully in the TeV scale.

3.3 Mass matrices

Now that we have written the most general SU(2);, ®U(1)y potential without lepton/baryon
number violation. A spontanous symmetry breaking is implemented by the replacement:

HO vithyting HF H+
()= Car ) ()= (ale) o
Hl Hl_ Hg 2+ib/2§+772 ( )

with vy, vy the vacuum expectation value (VEV) of the respective scalar fields. Additionally,
hi, hy are CP-even fields while 7, 1, are CP-odd. Instead of working with v; and wvs, we
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define a general VEV v and a mixing angle 3 all of them related by the triangle in figure
(3-3)).

v

p

(%]

Figure 3-3: Relationship among VEV’s and mixing angle

First, when considering the kinetic terms for the scalar doublets, the covariant derivative
takes the form D, = 0, —igW T, — ig’Y By, being T, = % the SU(2) generators and Y the
hypercharge, so the symmetry breaking results in mass terms for the gauge bosons coming
from the, kinetic terms D, ®; D*®, and D,®; D" P, similar to the second term in Eq. .
They are made out of a mixing between Wj’ and B, gauge bosons given by M? and a mass
term for the charged W bosons.

L[ g —gg? gv
M(? = Z (—gg’v2 g’2112 ) my = 7 (3‘20)
Since the mass matrix has null determinant the two mass eigenvalues are m, = 0 (photon)
and m, = %1}2 — COS@(%LU) (Z-boson) being 6,, the Weinberg angle [65] which relates the

coupling constants g and ¢’ through tanf,, = .
In the case of fermions, the last line on Eq. (3-14]) generates bilinear mass terms for fermions
identical to the SM mass matrices but with two different VEV for different isospin states.

Yo Y Y o (Y4, Vi Y o (Y Ve, Ve

my = —7—= 1Y, Yu Yu mqg= —F7=1\Yg Ya Yq my = —7=1 Y Ye Ye

V2 yst oy oy V2 T V2 yt oy oy
(3-21)

On the one hand, fermion mass eigenvalues are determined exclusively by a fine-tunning
problem, which is what we want to avoid for generaing a Fermion Mass Hiearchy (FMH).
On the other hand, since no right-handed neutrino is included in the SM, no right-handed
neutrino superfield is included as well so in the MSSM neutrinos remain massless too. There
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is however another kind of fermions on this theory, the higgsinos and gauginos.

If we consider the interaction terms in the Higgs kinetic terms indicated in Eq. for
the SM symmetry groups, a gaugino-higgsino mixing arises afer SSB, which together with
the two last terms in Eq. - constitutes the charged-Higgsinos mass matrix and the
gaugino-higgsino mass matrix in the basis (B, Ws, H?, HY) as given by:

0 1) (g ) (i) 2

B mo V2my,sin(B)
MChar — (\/§me08(6) /,LZ ) (3-23)
my 0 —mycos(B)sin(0y,)  mysin(B)sin(by)
M oy = 0 ma mycos(B)cos(0y) —mzsin(B)cos(Oy)
e —mcos(B)sin(0y) m.cos(B)cos(0y) 0 — 1
mysin(f)sin(0y) —mysin(B)cos(0y) — 1 0
(3-24)

The mass eigenstates of the charged Higgsino matrix are known as Charginos while on the
neutral Higgsino matrix are called Neutralinos, being the lightest of then the ideal Dark
Matter candidate [27]. On the side of superpartners the following general mass matrices are
obtained in 3 x 3 blocks:

Up — Squarks
M, — mé +m2 4+ m2cos(28) (3 — 2sin®(0.,)) T 5 (Ay — pcot(B)I)
5t(As — peot(B)I) mQU +m2 + 2mZcos(2p)sin®(0.,)T
(3-25)
Down — Squarks
My — Qd +m3 4+ m2cos(2B) (5 — $sin(0w)) T 5 (Ap — ptan(B)I)
e (Ap — ptan(B)I) m% +m2 + tm2cos(28)sin®(0,)T
(3-26)
ChargedSleptons
Mo — mlge +m3 — tm2cos(28)cos(20,,)T 5 (Ar — ptan(B)I) (3-27)
! T (Ar — ptan(B)I) mZ +mZ — mZcos(283)sin?(0y,)Z

7T the 3 x 3 identity matrix. To date, no sparticle has been observed so, if exist, they have
to have a mass in the TeV scale making the electroweak contribution negligible. It results
in mass eigenstates fully dominated by the soft-breaking parameters and degenerate high-
values masses. Usually the family mixing is neglected [21], so the mass matrix is a 2 X 2
family independent one which mixes the left and right counterparts of each sparticle.
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However, the scalar doublets describe three mass matrices: one of the CP-even (h) and
another one the CP-odd (1) counterparts together with a charged scalar mass matrix, which
are given by:

M, — L (mitan(B) +micos?(B) —m?2sin(B)cos(B) —m2, 3.98
h=% —m?2sin(B)cos(B) —m2, m3ycot(B) + misin?(5) (3-28)

2,,2
— 2 g v g-v
mis mis + I’UIUQ mlzé + 41

1 (m?,Tan(B) —mi, Mgyt + 924vg mi, + %Ulv?
M77 - 5 ( 2 m%200t(6) MC’H - 2 (3-29)

On the one hand,the masses of the CP-even scalars are obtained by direct diagonalization of

the mass matrix resulting in my1, = 1 [m?4 +m?2 £+ /mh +mi — Qmimzcos(élﬁ)} . On the
other hand, there is one massless CP-odd scalar and one massless charged scalar, which are
identified as the Goldstone bosons arising from the symmetry breaking SU(2), ® U(1)y =
U(1)g and provide a finite mass value to the Z and W gauge bosons respectively as indicates
the Goldstone theorem revisited in section (2.2.3)). In addition, the massive states are given

2m%2 2 _ 2 U1 V2 2
Sin@5) and mgy = mi, w2 +my,

by m; =

3.4 Family mixing

Now we can consider the third term on Eq. (3-5)), which came from fermion kinetic terms,
applied to the SM symmetry groups, it can be written explicitely as [32]:

LW Y B g — i) v CpC )
L. = 2¢L ((g(Wl n ZW2) —9W3 n g/YB>> YL —gYyr B% (3-30)

where 1) can be any fermion with hypercharge Y, we define then the charged W¥ bosons
2

as W+ = Wl%W, with mass £ found previously. Similarly the W3 and B bosons can be

rotated into the physical fields (photon and Z-boson) by a rotation of 6,,, which in fact is
the angle that diagonalizes the gauge boson matrix, the result is:

_ it (99)'Z + (g7)' 4 g I O C Ave CfonC
t w(( o (gf>22+(gf)244>>% SRV oA

(3-31)
with
2(g%)' = gcosB, — g'Y sinb, 2(g7)? = —gcos by, — ¢'Y sin b, (3-32)
2(g)t = gsinb, + ¢g'Y cos b, 2(91)* = gsinf, — ¢g'Y cosf, (3-33)
g4 = —g'Ysin6, gn = —g'Y cosf, (3-34)



3.4 Family mixing 37

I 97 9L 9% Jn
Ve s Yy, Vr ToosTn (%) 0 0 0
& U, T 20098910 (_% + Sin2 Qw) € 2COgSGM (Sin2 Qw) €
() t QCOZGW (% _ %Sin2 9“’) —%6 QCOZGw (_§Sin2 0“’) _%6
d’ S, b 2cogsew _% + %SIHQ w) %6 QCOgSGw (% Sin? 0“’) %6

Table 3-2: Current coupling constant for fermions

where the numerical superscript indicates the isospin component, the numerical specific
coupling for each kind of fermion is shown in table (3-2)). In this way, the interaction can
be splited into a neutral current and a charged current depending of the electrical charge of
the gauge boson the fermion is coupling with.

Lne = —(g7) (1) 20}) — () W< 2(0}) — (o) (L) AW — (98 (0§ A(w])!
= _ngu - jZA#

= L + Livc (3-35)
Loe = =5 5D =))Wy + HC (350)

The interaction with the photon actually makes the QED lagrangian, so regarding neutral
currents it is of our interest just the interaction with the Z-boson. Since the hypercharge
is family universal, the —(gZ)* coupling is the same for all three generations, so we can
promote the neutral interactions to three generations as:

gg(fl) 0 0 fi
Lie=—(f1 8 a0 gf(f) o |Z|f (3-37)
0 0 g7 (fs) I3

where the superscript indicates the family and no isospin index is written since the inter-
action is between equal isospin particles. Since the coefficient matrix is proportional to the
identity (gZ(f;) is the same for all three families), we get the same equation in the mass
eigenbasis, forbidding interactions that change flavor, i.e. change between generations (
T — Ze ) by the emission of a neutral boson (Z or A). Nevertheless, it can be possible if a
new non-universal interaction is included, so the coefficient matrix would not be proportional
to identity. This result is known as the Glashow-Iliopoulos-Maiani (GIM) mechanism [42]
which guarantees the absence of Flavor Changing Neutral Currents (FCNC) in the SM, or at
least its suppression. To present, there is no observed event consistent with a FCNC being
a success of the SM, so any Beyond the SM theory must predict such a supression [49].
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In the case of the charged currents, it is hypercharge independent but the interacting fermions
have opposite isospin. Let’s consider the case with quarks if we rotate to the mass eigenbasis,
in that case we would get:

; 100 d
Lecc=—"=(u ¢ t)|0 1 0)|W |[s]+HC. (3-38)
2v2 00 1 b
; 100 d*
=——_(u' w® PV, (01 0|WV |&2]|+HC (3-39)
2\/5( ) 00 1 "\
dl
=~ (' w? ) VexuW @ | + HC (3-40)

2\/5 d3

It turns out that up-like quarks and down-like quarks does not have a common basis, so
the product of their rotations is not the identity (V,V; # Z) the product of them is the
Cabibbo-Kobayashi-Maskawa matrix (CKM) which represent the relative rotation between
mass eigenbasis of quarks and in general allows flavor changing interactions i.e. a second
generation quark can decay into a first generation one by changing its isospin. That matrix
parametrize most of quark interactions and it is well measured, to present it takes the form
[63]:

0.97420 + 0.00021  0.2243 + 0.0005  (3.94 % 0.36) x 103
Vo = | 0.218 +0.004 0.997 £0.017  (42.240.8) x 107* (3-41)
(8140.5) x 107® (39.4+23)x 1073 1.019 4 0.025

In general, this matrix can be parametrized using three angles and one CP phase. However,
since the quark mixing angles turns out to be small, a different parametrization can be used
by introducing the Wolfenstein parameters, so it reads:

1-— ”\72 A ) AN (p —in)
Vokm = -\ -2 AN? (3-42)
AN(1 —p—in) AN 1

where according to the last results[63] are A = 0.836 £+ 0.015, A = 0.22453 £ 0.00044,
p=0.122+3918 and 5 = 0.355+3912,

In the case of lepton-neutrino mixing happens a similar fashion due to hypercharge universal-
ity. In that case, the relative rotation between lepton and neutrino mass eigenstates is known
as the Pontecorvo-Maki-Nakagawa—Sakata matrix (PMNS) which is given analogously by
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Vemns = UlU,:r . There is however an important phenomenological difference.

Despite the CKM and PMNS matrices are mathematically analogous, the neutrino mass
matrix entries are much smaller than the quark matrix entries, since experimentally it is
known that neutrinos must have a very small mass. Consequently, the oscillations between
quarks in the flavor basis happens in small times, corresponding to a length scale of the
nuclear radius while neutrino oscillations require hundreds of kilometres as pointed out in
the solar neutrino problem [6] together with the time dilation due to the relativistic speed of
them. As a result, the flavor changes are highly suppressed (I, — I3 < 107°*) [I7] so neutrino
mass eigenstates as well as leptonic flavor changes are not often considered in discussions.
To present, the PMNS matrix has the following values [25] at 3¢ confidence level:

0.797 — 0.842 0.518 — 0.585 0.143 — 0.156
Veuns = [ 0.243 — 0.490 0.473 — 0.674 0.651 — 0.772 (3-43)
0.295 — 0.525 0.493 — 0.688 0.618 — 0.744

NO 10

Sm | 7.39402 7.39+028

e | 425230032 | —2.509+0032
012/° | 33.82707% | 33.561 57
Ops/° | 483774 48.67 1
013/° | 8.61°0% 8.6570 15
5/° 222758 285736

Table 3-3: Neutrino mixing parameters [25]

The elements of the PMNS matrix are determined mainly from neutrino oscillation exper-
iments, by studying the three main sources of neutrinos (solar, atmospheric and reactor
neutrinos) they get the mixing angles and the CP phase, given in table . Nevertheless,
they only provide mass differences instead of information about each mass eigenstate leaving
as an unresolved questions the mass hierarchy of neutrinos. In general, two schemes are
considered: the normal ordering (NO) ( m; < me < mj3) and the inverse ordering (I1O)
(m3 < my < mg). To conclude this section, it is important to mention the mixing matrices
standard parametrization in terms of 4 mixing angles and 1 CP phase, it reads:

1 0 0 cos O3 0 sin#3e~ P cosbiy sinf, 0
U= 0 COS (923 sin 023 0 1 0 —sin 912 COS 812 0
0 —sin 823 COS 623 —sin 9136i50P 0 COS 913 0 0 1

(3-44)
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4.1 General remarks

Although the main motivations lies in string theory, extra dimension grand unification among
others, most of the theories predict a new gauge boson called Z’. In the most promising
scenarios this particle exist from a U(1) additional symmetry breaking [3§], as part of a
non-abelian higher symmetry (SU(2)g, 331 models) [51], from Kaluza-Klein excitations in
extra dimensions [§] or as a string resonance [26]. In the first two scenarios, the need of a
higher symmetry group that breaks into an additional U(1) gauge symmetry provides also a
solution to the fermion mass hierarchy i.e. a natural explanation of the fermion masses. A
new non-universal U(1)x interaction together with a Z, parity are included into the MSSM
based on the non-supersymmetric version of the model [44] which provides an scenario for
solving the FMH problem based on the existence of two Higgs doublets and two scalar sin-
glets, leaving the hiearchy understood partially from the VEV hierarchy. However, in the
fermionic sector, a exotic up-like quark (7°), two down-like quarks (J%, a = 1,2), two exotic
leptons (E, &), three right handed neutrinos (¢) and three heavy Majorana neutrinos (Ng)
all of them interacting via the scalar singlets and generating a mass matrix texture compat-
ible with a natural realization of FMH without inducing anomalies.

When a new symmetry is included in a theory, there is always the risk of inducing anomalies
as shown in section [2.2.5 The inclusion of a new U(1) symmetry leads to the following
equations that are required to vanish.
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Table 4-1: Scalar content of the model, non-universal X quantum number, Z, parity and

hypercharge
Higgs Higgs
Scalar Scalar
Doublets X+ Y Singlets X+ Y
(i) I ¢i‘— 42/, 1 v = Extus+ily —1/5F
1= | hitoitim BT+l X = vz 8" 0
V2
(i) = 2 QZ); L +1/77 1 — ga“!‘iéa —1/5" 0
2 — ho+vo+if2 /3 + 7= V2 /3
V2
A M &1 ! iA/
(I)’lz 1 }/13 1 _2/3+ _1 )Z/:€X+\}<§+CX +1/3+ 0
o
o, = V2 -7 -1 o= —5"3;;4" +17 0
)
SUB) UMy = Ac =) Xq, — > Xou (4-1)
Q Q
[SU@) UML)y = A, =) X, +3) Xq, (4-2)
¢ Q
VAU, = Ave =3 V2 X0, +3Y3,Xo,] = 3 [VA X0, + 33, X0,] (4-3)
£,Q £,Q
UMy U = Ay =) Yo, X7 +3Y0, X5, ] = D [ X, +3Y0, X3, ] (4-4)
2,Q £,Q
3
UM = Ax =) [XP +3X3,] - [XP, +3Xx3,] (4-5)
0,Q £4,Q
Grav?U(l)y — Ac = > [Xe, +3Xg,] = Y [Xoy +3Xq,). (4-6)
4,Q 4,Q

Although in the non-susersymmetric model these equations are satisfied when supersymme-
try is imposed they are not because of the precense of Higgsinos in the fermion content. The
simplest way of avoiding this problem is by doubling the scalar content, so the new scalar
fields would behave as the conjugate ones. The final particle content of the model is shown
in tables 4-2] and [4-1]

The scalar singlets o and ¢’ do not acquire VEV. Therefore, they contribute to the generation
of the lightest fermions masses at one loop level. However, the scalar singlets x, x’ acquire a
VEV at the TeV scale which breaks the U(1) x symmetry leading to the following spontaneous
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Table 4-2: Fermion content of the abelian extension, non-universal X quantum number and

parity Zs.

Left- Right-

Handed Handed

Fermions X* Fermions X*

SM Quarks
~1 ~1c +

Al 7{ e uL - 2/3
QL <d1>L + /3 'LAL%C _2/3_
o (U o ag —2/5*
qar = d2 . C{ic + 1/3—
-3 <a3> 0t di* +1/37
q =1 ; P _

L 33 . 4 +1/y

SM Leptons

je — ve 0+ vg* “ls

L ée . ﬁg c _ 1/3*
A o+ vyc —1/37
=1 0F L _

g ( u> L er’ +4/3
o l)‘r _1+ é,zc +1/3,

L — FT ézc 4 4/3_

L
Non-SM Quarks
T} 0* Ji' H1fs"
J? 0 ¢ 2 15"
Non-SM Leptons
by 1+ 03 +2/3F
Er ~2/5" Es +17
Majorana Fermions N> 0~
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symmetry breaking chain:

SU(3). ®SU(2), @ U(1)y ® U(1)y = SU(3), ®SU(2), ® U(1), — SU(3), ® U(1),.

In the context of the supersymmetric theory, the gauge groups induce a D — T'erm potential
shown in Eq. (4-7) and the superpotential given in Eq. (4-8)) divided into scalar (W), quark
(Wg) and lepton (W},) parts shown in Eqgs. (4-94-11])

2
Vb = % [|‘I’§‘I’2|2 + DT [* + DD [° + | D Bo|* + | DY Dy [* + |0 Dy

2|2 1121 (2 9> +g"” t t 1t &/ 1t &\ 2
— 12|, * — [0/ 0) ] + LT (@11 + ), — @0} — 0f @)

2 1 1 1 ?
L (@10, — D)) + S (DD, — DUDBY) — —(x*x — X*X) — (070 — ™0
2 |3 3 3 3
_7)
W[CI)] = W¢ + WQ + Wi (4—8)

It is worth to mention that only the terms involving interactions among Higgs particles
has been considered in the Vp potential since we are not interested in the sparticles mass
generation. The full D-Term potential also include interactions among squarks, sleptons
and Higgs particles which are not gauge singlets, leaving the Majorana sneutrinos as non
interacting.

Wy = =@ Dy — @, Py — 1 X'X — 1100'6 + M P D6’ + N PyDy0 (4-9)

Wo = 4} ®ohd2a2 + 2 01hP2a2° + G o1 h3Rak e — @ &Lhd) + 4} @ohly TE
+ qu)l 1T7'L — QLq)/lh j — QL(I)/2h j +TiX h TC jff(h;abjfc
+ 7'Lx’h2 4 JEohlId + To o' hEkake (4-10)

Wy, = (2 Sohbd ot — (2 Q) Rbrek © — 7 QLRI eh e — (2 O RE LB + B X' gy ks
n 5 5~ 6 IR mn xrn c 1. mc nc
— Erppés + Exgyes — Epe BS + 07 XY Npe+ 2N M, N7
+ ELohees + £ he el (4-11)
where j = 1, 2, 3 labels the down type singlet quarks, k = 1, 3 labels the first and third quark
doublets, a = 1,2 is the index of the exotic J;* and J;* quarks, p=e,u,q=e,pu, 7,7 =€,7T
and m, n label the right handed and Majorana neutrinos. Finally, a soft breaking potential

in included, since we are not interested in sparticle masses let’s consider soft breaking terms
for the scalar particles, gauginos and Higgsinos as shown in Eq. (4-12)).
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Viopt = mi®1®; + mP@T @) + m3®id, + mZef @) + m2y'x + m2\ X +miolo
+mlo’lo! — | pudie(RFD]) — ey (P5RT) — 12 (XX) + 112, (00”) + M P Do0”

- 2/2
+ M) D0 — T\f(/ﬁ@{@z;{ — ke ®T Doy + k@ T DLy — ey @D \) + hec.

+ MsBB' + My B'B'"T + My . W B* 4+ My, Wi (4-12)

where the last terms, proportional to the coupling constants named kq, ko, k3 and k4, also
breaks softly parity symmetry. This feature is required to avoid massless scalar particles as
will be shown later. Althoug F' — term potential codifies mainly all sparticles interactions
and off diagonal sparticle mass terms we can take only the associated with Higgs particles:

Vi = p}(@1®1 + @) + p3(PPy + OF0Y) + 425 (XX + X*X) + +415 (070 + 0™0')
+ (M OLRY + AFley BERL + AH(@L, + @ Bl0 o’ + A(D] @, + @B}
— M B Do’ — A\ a0 — Ny B Do — Nypo®i®10 — Ay prge;; P D)
— Noptoey BID] + h‘c.> (4-13)

4.2 Scalar and gauge boson masses

Prior to develop the fermion sector of the model, it is required to check the model consistency
with the most relevant results such as the correct gauge boson masses and the compatibility
of the lightest scalar with the observed 125.3GeV one [3]. First, we get the gauge boson
mass matrix by considering the scalar particles kinetic terms as stated in section [3.3] Now,
there is another contribution due to the U(1)x symmetry so the covariant derivative reads:

Y
D, = 0, — igW, T, — ig' 5 B — igx X B, (4-14)

so the kinetic terms for the fields ®;, ®o, @), ), x and X’ after SSB generates the following
mass matrix for the neutral bosons in the basis (W2, B, B,,):



4.2 Scalar and gauge boson masses 45

L [9% —gg'v? —%gng2(1 + cos? )
e 599xv*(L+cos’B) |, (4-15)
* * $9% [V2 4 (1+3cos? B)v?]

where we have done the following definitions

v? = v} + 3 + v + o (4-16)

2 12
fan g V2 tv _ V2 (4-17)

Vol W

2 2 2
VX = UX + U;( (4—18)

Moreover, the charged gauge bosons W* acquire a SM-like mass term given by m,, = =
with v defined in Eq. (4-16). Since we already know that these bosons have a 80.4GeV/c?

mass we have a constraint for the doublet VEV’s given by:
v? = 0% + 02 + 0 + v = (246.3GeV)? (4-19)

However, the neutral gauge bosons mass matrix in Eq. (4-15) has null determinant, which
implies that one particle is massless. It is identified as the photon. The other two mass eigen-
states corresponds to the Z and Z’ bosons whose masses are given in a first approximation

by:

gu
My~ —22 4-20
2™ 9 cos Oy’ (4-20)
My ~ %, (4-21)

beign 6, the Weinberg angle defined as tanf,, = %. We can see that the model reproduces
the correct masses for the gauge bosons and ensures a yet unobservable Z’ boson since it
comes from the breaking of the U(1)y symmetry at the TeV scale and provides a constraint
for the electroweak VEV’s.

4.2.1 Cp-even scalar particles

Now, let’s consider the scalar potential that arise from Eqgs. (4-7)-(4-13)), it is given by:
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2
Vo= L[]0 + 0B + 0012 + |8 @2 + [0 @1 + |2 af?

21 |2 1121/ 12 9> +4? 1 1 & 1t g \2
— 121, * — (@ 2|0) ] + LT (@], + ), — @0} — @f )

+ %X |:§((I)J{(I)l - o)) + %@’E@z — of}) — %(X X —X"X) - :1,)(0'*0 —a"0’) 2

+ 3 (@10 + B0 + p3(BLDy + BT DY) + 13 (XX + XX + +p2 (070 + ™0

+ (Aﬂeij@?@gﬁ 4 A2 DUDI 2 + A2(DLDy + B D))o 0" + AU(D] D, + DY B,)o”

— A @ Do’ — N @D 0" — Ny B Do — Aapio®LP10 — Ay prpe; D)

— Nofig€; BB 4 h.c.) + m2I D, + M2, + midid, + mPP D, + mXXTX - m’leTx’

+molo +m}oe’ - {M%lﬁij<®lliq){> — Haai(PEBD) + 13, (XX) + Ep (00") + N @ @20’

2\/_

+ X B0 — (k1<I>T<I>2X — ko ®I Doy * + k@, T — ky®TOL\*) + hoc. (4-22)

the coefficients have to fullfill the following conditions in order to have a non trivial minimum
of the potential:

g2+ 2202 +2)2 >0 (4-23)
9b* >32ac (4-24)
where
a=g*+2)\ + 2\ (4-25)
- - 22

b= —2()\1(,u1 + ,uz) + )\g(ﬁbl -+ ,LLQ) — /\1 )\2 -+ T(/ﬁ kQ + kg — k?4)) (4—26)

¢ =203 + 205 + 22 + 2u2 + mi +mi +mP +mG +md +m? +ml+m]
— 2008y = 25y — 2485 — 2055 — 2M1fte — 2Xafty (4-27)

the first condition ensures that the potential is bounded from bellow in the equal field
direction, i.e. when all scalar fields are equal, while the second guaranties the existence of
a non trivial minimum as shown in figure . It is common to find the scalar potential
with trilinear interactions in models that involve scalar singlets as noted in [45]. However, in
most cases those couplings are highly suppressed due to the restrictions on the mass matrix
and because of the potential. The cubic terms, represented by the constant b , generates
asymetries on the potential as shown in figure . Nevertheless, since these couplings
are small (b ~ 0) the asymmetry is supressed so the potential has a mexican hat shape
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(a) Symmetric quartic potential repre- (b) Effect of cubic terms in a quartic
sentation . potential.

Figure 4-1: Quartic potential graph, without cubic terms (a) and with asymmetries due to
cubic terms (b)

approximately as shown in figure . As will be shown later, the k; couplings are needed
in order to ensure unobserved heavy scalar states, being the only not suppressed trilinear
couplings. We might still think that their values are close enough to be supressed in the
differences since it is an interaction in a much higher energy scale. Due to the small character
of b, the second condition is true if the constant ¢ becomes negative, implying:

MYy + miy + miy + mi, + miy, +mp, +my, +mh, < 2(ud) + sy + 12+ 1)

where we have defined m&?j =m{? + p? with o = 1,2, x, 0. Despite the latter restriction,
the mass spectrum turns out to be independent of mﬁ?j thanks to the minima conditions

that come off the potential:

2 L 5 2 gg{ v} /\% 2
My + g(g +9%)Crw + ?CX - an—l + SV = 0
1 2 v 22
min = 3(9° +¢”)Crw — %XCX - ullv—f + =0

1
1 2 U/ )\2
My + 5(92 +9)Cpw + %CX - ,MQQU—z + Elvg =0
1 2 v A2
m?ﬂ - §(92 + QIZ)CEW - ?l_)S(CX — ,UQQU—? + ?21)% =0
2
2 /
9x Ux
M? — Xy i =0
X 18 XXUX
2
v
M)’(Q + %CX - #Xxv_i( = O, (4‘28)



48 4 The U(1)x Extension

with the definitions Cpw = v + v5 — v — 05 and Cx = 207 + v5 — 207 — vf + v — v2.

The latter conditions are obtained by taking the derivative of the potential with respect to
each scalar field and then by replacing the fields by their respective VEV. In this way, the
minima condition of the singlets ¢ and ¢’ do not provide any simplification but gives the
following restrictions over the coupling constants:

vi(vhA2 — vadaptn) = ] (Vh Aot + Va1 fio) (4-29)
112(1)/15\1 — 'Ul)\lﬂl) ;(vl)\l,ug + 'Ul)\QMU) (4—30)

By implementing a spontaneous symmetry breaking on the U(1)x symmetry and the elec-
troweak symmetry by rewriting the scalar fields as perturbations from the VEV as shown in
table [-1] mass terms arise. They can be written in the following matrix for the CP-even
scalar particles in the basis (hy, by, ha, hy, £y, &, 605 L)

1 My, M
SME =k TR 4-31
2 h ( Mi?g M££ ( 3 )

My, is a 4 x 4 matrix containing the mixing of the A fields, related with the scalar doublets
of the model. It can be written as:

My, =
2
2 vafir "’1”11 / M1y fik / 1412 /
fagvi — 5k + S _f49U1/7’1_ 2 f2gvlv2+T —fagv1vy + 52530105
12 vafak V1 1o fak
* fagu1® = 5 + 5o — fogUiva + 2A3vav] Jagvivy + B
2
2 v1fik Uzlizz _ /o Ha2
* * figvz — 9vs T 20, f19”2/”f2 2
12 V1J2k V2 oo
* * * figvs” — 50, T 20
(4-32)

It can be seen that the latter mixing matrix does not depend on the m%)a masses, they do

not appear explicitly due to the minimum conditions stated above. As a consequence, the
mixing is determined mainly by the pu;; couplings, coming from the soft breaking potential
rather than the superpotential parameters. However, the mixings between scalar doublets
and singlets are written in the 4 x 4 M}, matrix and it is given by:

Mpye =
$(kava — gk vivy) 5(—k1v2 4+ g v10}) 70\2'02 Ao lov2) #(Almvz + Xafiovh)
g(=ksvh + g3vivy)  glkavh —gkvivy)  —5is(Mepavh + Aipeva)  5is(Aiva — Aipavy)
g(k2v1 — 305 vavy)  5(—havn + 30%vavl)  — 55 (apavr + Mipovy) (Aol = Ao
5 (=ksvi + 505 v5vy)  g(kav] — 5g%v50%) s Ravr = opv)) =gl (Mpev) + Aopigvr)

(4-33)
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We can see that the mixing between these two sectors, both expected at a different energy
scale, is governed by the trilinear couplings of the soft breaking potential. It implies that
at the SUSY scale, scalar singlets and doublets are completely decoupled. Then, the SUSY
breaking provides interactions between them and so the possibility of being observed at the
right energy. Last but not least, the mixing matrix between Higgs singlets, M¢¢, reads:

LR et R et 0
9%, 2 UXM?(X _ kua
Mee = * TS T T T e 20 (4-34)
. . M2 + 3 (0} +07)
* * * M2+ 3 (Uz + )
The following definitions have been done to give shorter expressions:
9>+ 9"
fng S + 18 X flk = k?QUX — klv; f2k - —]{33UX + k?4U;< (4—35)
]{?23 = kQUIUQ — ]{731}11}2 ]C14 = —]{Z1U1U2 —+ ]{341231); (4—36)
M _ 1 2 2 g%{ 2 2 2 12 12 4 37
0’_§<:u’o+ma)_%( U1+U2 Ul_v2_v +U) (4-37)
1

My = (i +m )+g—g(zvf+v§—2vf—v§—v +072) (4-38)

The high energy decoupling of the doublet and singlet sectors lead us to assume the hierarchy

/ oy 2 . 2 000 ,,. 2 / 2 0 00 2 ) N
txxes Hoos Moy MY 2> a1, proa > kivg > g5 005, g%V 5, 9x VU], g%V V5, Ajvv;”, where i =
1,2,3,4 and j = 1,2. Besides, no singlet has been observed so the U(1 )X 1s expected at
a much higher energy scale, implying that v, and v} should be at least at the TeV scale.
Thus, they satisfy vy, v > wv;,v}, where j = 1,2 . It implies for the mixing matrices
O(Me¢e) > O(Mpe) > O(Myy,) which is a favorable scenario to implement a type I seesaw
mechanism [37], with a rotation matrix V', leading to a block-diagonal form of the matrix

represented by M?.

Lo ol o My, 0 _ I MhﬁM{gl

oM = VMV ( 0 M&s) ’ V= (—(MhsMsgl)T I >

The matrix rank for the My, submatrix is 4, which means that the four lightest eigenstates
are massive and acquire their tree level mass from its mixings. Consequently, the seesaw
contribution thMgflM,Z; enters as small corrections to the tree level mass and can be
neglected because of the order of magnitude of the involved parameters in each submmatrix.
Thus, we can assume M, nh &= My, and the block diagonal mass matrix takes the form:

1 - My, 0
—M? ~ ( i ) (4-39)
2 0 Mg
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In fact, all mass eigenstates are certainly massive since the mass matrix has rank 8 before
and after the seesaw rotation as well as after the assumption of Mpy,.

It is straightforward to get the scalar singlet masses since its 4 x 4 submatrix has a block
diagonal form. In this model the x, x’ scalars do not mix with o and ¢’. The resulting mass
eigenvalues are:

1
Misyr = (Mg + M%) + 25(01 + o) + X (g + o)

+ \/ it = (002 4 32) + 208t ) g o)) )
= (M2 4 M2) £ /it — OFF + M2 (a-a1)
o 0 () - G LA (1-12)

mps and mpg comes from the y — x’ submatrix and in general they would have an expres-
sion similar to the myg/; masses. However, the latter expression are obtained due to our
hierarchy choice among our parameters (ji,, is the biggest parameter in the equation) so
only the biggest eigenvalue must depend on it. The lightest one (my;) must depend mainly
on the VEV’s and the trilinear parameters which are expected to be much smaller than
Iy together with the condition that they must reconstruct the trace. On the contrary,
no assumption is made on the parameters involving the ¢ and ¢’ masses so the general
formula is stated just by neglecting the electroweak contributions. In fact, due to the null
VEV of these singlets there are no minimum condition relating M,, M! and p,, so there
is more freedom for a hierarchy choice among them. Anyway, they are expected to be at
an unreachable energy scale for current experiments and do not represent the main focus
of this work. Although they allow mass generation for some fermions as it will be shown later.

for obtaining the remaining four eigenvalues coming from the Mj;, submatrix we consider
that the heavy eigenstates must be function of the soft-SUSY breaking parameters fi11, fioo
and k; while the lightest eigenvalue must depend only on the VEV’s since it must be identified
with the SM Higgs particle. On the one hand, the heavy eigenstates are obtained by taking
a small VEV approximation with the limit vy, v, v}, v5 — 0 on aditive terms. It causes the
matrix rank to decrease to 3, verifying the hypothesis of a electroweak dependent lightest
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eigenvalue. From this approximation the two heavy states arise from the reduced matrix:

=
<
=~
=
o

Fa% _H
> o 5 0 0
11 vy
M 150 e 00 443
G e N S (443)
2 v 2
#2 v
* * * 228
2 vy
giving as a result the tree level eigenvalues:
2 2 2 2
2 . 2 VI Ty 2 . 2 Uy +U3 (4-44)
Mp3 = = s Mpy = fog— - -

The next eigenvalue comes from approximating the exact solution of the matrix quartic order
characteristic function, given by Ferrari’s method [48] in order to get a leading term for its
mass. If the characteristic polynomial has the form Az* + Bz® + Cx + D it can be proven
that the leading contribution arising from the formula for the second eigenvalue is given by
Ty R —% thanks to the chosen hierarchy among parameters. Considering only the terms
proportional to u3,u3, the eigenvalue becomes fully dependent on the parity violating terms,
it reads:

21}2(’011)2(]{31’0;( — kQUX) + v’lvé(k’gvx - kf4’l};<>>

miy &
9(vf + of)(v3 + v7)

(4-45)

It is worth to notice that the two heaviest eigenvalues can also be reproduced from the
Ferrari’s formula with the same stated assumptions. On the other hand, Ferrari’s method
provide an equation for the lightest eigenvalue which is identified as the SM Higgs particle.
However, the resulting expression becomes too complicated even for thinking in approxi-
mations. Nevertheless, a different approach is used by considering the determinant. All
previous eigenvalues were obtained in a tree level approximation by looking their depen-
dence on p?,u3,. Likewise, if we consider the determinant dominant term it can be written
as:

(03— o)’

~ 2 2
Det(Mpp,) ~ “21;)552

9 2 12 4 2
. + 99" +4¢"%) + gx)ivlv2

<MW—M¢(w@+¢%+mﬁ>

12 2 12 2 /2)2

'U27'U V5 — U VY — U
#2000+ o)+ 83 DD ) g b (0062 4% + 10030 U
1%2

02 — yl2)2 02 — 02) (02 — "2
L0+ g +4g%) 2 og(g2 1 g2 4 gl 2))] (4-46)
V1Uy V1Vy

The lightest Higgs mass eigenvalue is found by dividing this expression by the tree heavy
eigenstates (4-44))-(4-45). After doing some algebra, the result is:
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2 9% (207 + 03 — 202 —v7)*  (9°+ ¢°) (v} + v — v —vF)?
hi 9(v? + v3 + v + V) 4(v? + v3 + v + vP)

(4-47)

~ 2 2
Let’s define the angles tan? 3 = %, tan 5, = z—i and tan fy = z—z so Eq. (4-47)) is rewritten
as:

1 g

~ m% cos? 23 + Am? (4-48)

The first thing to notice is that it depends only on the electroweak VEV’s and the coupling
constants as expected as well as there is no dependence on the new physics’ energy scale
implied by v, and v} nor soft susy breaking parameters like ji1; and pip; which in general
dominate the mass spectrum in SUSY theories. In fact, the theory with additional scalar
singlets and D-terms due to supersymmetry, the correction term Am? might be at the same
tree level order but its experimental value is compatible with the NMSSM and USSM models.
Supporting our assumptions and approximations, a small program in C++ with the use of
the Armadillo package [57] was written to explore the parameter space and find the region
in which a 125(GeV) value match the lightest eigenvalue and the others, including CP-odd
and charged scalars, lie on the TeV scale. It was found that:

k; ~ 10° 0< N\, A < 10° (4-49)
M1, 22 > 104 Hxx s Moo M0'7 MZ; > 108 (4'50)
vy, v, > 10, (4-51)

which in fact satisfy the considered parameter hierarchy. Besides, the difference between the
numerical obtained eigenvalues and the tree level expressions stated above is no greater than
0.5%. Additionally, the singlet VEV’s lower bound were fixed in such a way that guarantees
the lightest eigenvalue to come mainly from a scalar doublets mixture. All in all, it can be
seen that the tree level masses do not have a \; and \; dependence, they would enter in
higher order corrections which in fact is confirmed numerically. Consequently , the trilineal
couplings \;, A have a negligible effect on the mass spectrum so we can consider values as
small as required by phenomenology, being out parameter region compatible with the highly
suppressed trilineal couplings assumption.

Furthermore, equation (4-47) provides restrictions for the gx coupling if we consider that
is must match a 125 GeV value. For instance, it is found that a 125 GeV Higgs boson
can be reached for values of gx = 1.06 g, and a large list of possible values for v; and v..
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For example considering v; = 195, vy = 138, v} = 52, vj = 20 and gx = 0.71 a 125 GeV
Higgs boson is found. More generally, in figure we plot v] vs gx by using the same
equation at 95% of C.L. with 125.340.4 GeV. v is considered proportional to the top quark
mass, v, at an intermediate value between the bottom quark and tau lepton masses, and
vy = \/v2 — v} — v¥ — v, The result is written as a function of v} since it is not restricted
directly by fermion mass hierarchy (FMH), as will be shown in the next section. To address
FMH, the v; and v}, domains were [170GeV,200GeV] and [3GeV, 7GeV] respectively while
vy has a wide range of allowed values since it is related with neutrino masses. Finally, the
v} VEV is determined by the restriction , (v, = \/v?2 — v} —v3 —v}), so in principle
Vg lies on the 0 < vy < 246GeV interval. Last by not least, the coupling parameter gx was
explored for the interval [0, 1] where a perturbative regime for the interaction is allowed.

0,6 0,65 0,7 0,75 0,8 0,85 0,9 0,95 1
100 1 11 1 l 11 11 l 11 1 1 l 11 1 1 l 11 1 1 l 1 11 1 l 11 11 l 11 1 1 100
80 — 80
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> -]
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0 — = I LI I L I 1T 17T I 1T TT I L I 1T 17T 0
0,6 0,65 0,7 0,75 0,8 0,85 0,9 0,95 1
Ox

Figure 4-2: Region in the parameter space v] vs gx with a Higgs mass of 125.3 + 0.4 GeV
at 95% of C.L.[5]

With this, an interesting fact arises. The possibility of having a null VEV for v} is allowed
in the model, opening the possibility of having a inert doublet as a dark matter candidate
for a future work. Anyway, a similar plot is shown in the figure , where the parameter
space of vy vs gx is now explored within the experimental constraints at 95% of confidence
level. All in all, the conditions for a 125.3GeV scalar particle exist and there are infinite
ways for achieving it. The only condition is for gx to be equal or greater than 0.63.
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Figure 4-3: Region in the parameter space v, vs gx with a Higgs mass of 125.3 £ 0.4 GeV
at 95% of C.L.[5]

4.3 Fermion Masses

Now that we have checked the model consistency with a unique observed scalar particle,
Higgs boson, an unobserved Z’ gauge boson and the correct gauge boson masses. We are
ready to introduce ourselves in the fermion sector, being of special interest the proposal of
solving the FMH problem.

4.3.1 Charginos and Neutralinos

Let’s consider first the sector of Majorana fermions which are characteristic of supersymmetry
due to the promise of a Dark Matter candidate. It begins with the gaugino-higgsino mixing
matrix that arise from their kinetic terms as was pointed out in section The interaction
terms in Eq.(3-5))

V29 faji( ATN Prap; + Apb; PrA%)
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require A and 1 to be superpartners and A a gaugino. Considering the eight scalar particles
and superpartners with the associated five gauginos, one relative to each gauge boson, right
after SSB we get the following matrix for the neutral fermionic fields:

Mo =
M, 0 0 g’2vl _ g’;’l g’;z _ 9';§ 0 0 0 0
0 My 0 2—9% jg%; , ;% gg%: , g(l o
i xv1 _ 29xV]  gxva _ gxVh _ gxvy Ux
DA A S ﬁ :
_ g’2v£ 9;’1 _ @ — 0 0 0 0 0 0 A\l/?
e g omm o 9 0 0 -, 0 0 0 2
_ 9’;’2 ggé _ % 0 0 —uy 0 0 0 Af/%l 0
0 0 -Bh g 0 0 0 0 —m 0 0
0 0 X o 0 0 —p 0O 0 0
0 0 0 o 0 0 2m 9 O he
0 0 0 0 A\l/%Q )‘\l/gl 0 0 —po 0
(4-52)

where Mo is in the basis (B,Wg,é’,ﬁl,ﬁ’l,ﬁg,ﬁg,f){, 60 &y). All terms that are not
proportional to a coupling constant g comes from the soft breaking potential, like lambda
terms, or from the superpotential, p terms. The first thing to notice is the presence of the
trilinear couplings A; and Ay which are highly suppressed parameters that in principle can
be neglected together with all electroweak contributions since mass eigenvalues are expected
at a much higher energy scale. Secondly, in the case of scalar particles the terms p; coming
from the superpotential were absorbed by the VEV conditions, playing an irrelevant role in
mass generation. However, in the case of higgsinos these terms have a crucial role for their
masses since are the only parameter who can be at a similar or greater scale than v, and v/
In fact, these parameters provide the tree level eigenvalues, they are given by:

mgo = Mg mgg = My, (4-53)
Mgy = [ mg = —fi (4-54)
Mg = fho Mgy = —fip (4-55)
mgo = o Mg = — [l (4-56)

The resulting mass eigenstates are called ”"Neutralinos” and in general no assumption is
made for the parameters which means that any eigenvalues can be the lightest one. In the

case of myo, mg and my, they are the roots of the polynomial p, (9MB/NX — QUXU;(gg() —
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Mgk (V2 +02) +9u2) — 9N Mp, + 9N* = 0. Additionally, the MSSM gauginos seem to be
decoupled due to its mass but they receive negligible electroweak corrections that couple
them to Higgsinos. Nevertheless, in the case of charged particles, the resulting mass matrix
in the basis (W, H;, H}) from the right and (W, H,”, H,") from the left, the matrix
reads:

My, 22 92

= V2 V2
M= %2 m 0 (4-57)
% 0 p2

In this case the mass eigenvalues comes from the solution of a cubic polynomial, and since
we do not have any estimate about their hierarchy no assumptions are made and the matrix
is left stated. Omne interesting thing is the appearance of negative mass states in the Neu-
tralino sector but it can be removed by a redefinition of the fields as pointed out in [L1].
Consequently, the Neutralino sector presents degenerate masses at tree level.

4.3.2 Quark Masses at Tree Level

Let’s consider the quark contribution of the superpotential shown in Eq. (4-10)), it reads:

Wq = G1®ahb2t3° + g3 01 h3203 ° + g3 D1 hikak © — 3 &ohid)C + Gp ohdy T
+31d h'% — GO TEC — G Oh3 TR+ TIX WL TE — Tkl T}
+ TLthQ 4 JRohlIdE + Too' hlkake (4-58)

where j = 1,2,3 labels the down type singlet quarks, k& = 1,3 labels the first and third
generation quark doublets, and a = 1,2 is the exotic J/ and Jf* quarks index. It is worth
to notice that this superpotential is identical in the non-supersymmetric case [44], the main
difference lies on the existence of a pair of new scalars superfields ®] and @/, playing the role
of conjugate fields ®; = 109®7. Consequently, it is expected for mass matrices to have an
identical structure although mass spectrum might have slight differences due to the existencof
three additional VEVs, in this way FMH can be explain due to a VEV hiearchy rather than
a general Yukawa coupling values assignation. However, if we perform the superfield product
and take only the fermion interactions non involving sparticles, the potential would read the
same but using fields. Then, SSB produces bilinear terms that can be arranged in a mass
matrix, in the case of up-like quarks it reads:

[ My Myr
My = ( vl MT> (4-59)
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where
1 0 h%ZUQ 0 h%T'UQ
MU = —= 0 hﬁvl 0 MUT = —= h%Tvl (4—60)
V2 \psty 0 BBy V2 g
V! v
Mpy =X (0 B2, 0 My = —Xgop, 4-61
TU \/§ ( x'u ) T \/ng T ( )

For obtaining the mass spectrum we need to diagonalize the squared mass matrix M2 =
MUM;}, which in this case provide the rotation matrices for the left-handed fermions, it
reads:

M% =
o ((h52)* + (hdp)®)  vive (A2AE2 + hbphly) 0 gh;zhiwh;ﬁw;
| v (B2 4 ndon3n) 03 ((032)° 4 (h2))?) 0 viv}, (A3202,,, + R3pgyr
2 0 0 o? ((131)% + (3)%) 0
vovl, (WE2h2,, + h3pgyr)  vivl (R332, + Bipgyr) 0 vf((*biru)ng(gx'Tf)
(4-62)

The diagonalization comes straightforward by using seesaw mechanism, all because the exotic
quark 7 is expected to be much heavier than the already known quarks. Thus, the rotated
mass matrix takes the form:

My = VMGV (4-63)
v%rf V1 UaT 1T 0 0
1 | vroarire ’U%T% 0 0
3| o 0 w3 (1) + (b)) 0 (4-64)
2
0 0 0 o ((B2,)" + (900)’)
Where
1 0 0 —5—,}";7“3(1
0 1 0 —uy2
Vi = e (4-65)
0 0 1 0
2
o _ (bl ~ hiZgr) o MR R
- 2 x1 — 2
(h?(’u> + (gX'T)Q (hi/u) + (gX'T)2
2 12 22 2 2212 2
T% _ (thhx’u - hlng'T) 7’2 _ hluhx’u + thgX'T (4—67)

(h2.)° + (gyr)? C(12,)" + (ger)’
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Now we have two isolated mass eigenstates identified with a heavy quark singlet and the top
quark. However, the 2 x 2 submatrix has null determinant implying that the up-quark turns
out to be massless and the charm mass coincide with the matrix trace. Resulting in:

1
m? = 0 m? = (it o),
1 1
me= R [ ). mh= s [l (). (468)

M M
Mp = (Mf; J\ff) (4-69)
where

i() 0 L (th

Mp=—710 0 0 Mpy = —= | hayvy h3jvs

V2N ng hg V2\0" o

0 O O v gll 912)
Moo — M, = 2 (9 9T 4-70
»= (00 0) v .

Likewise, we diagonalize the squared mass matrix MpMop' to get the unitary transformation
for left handed fields. It reads:

1 (Mp Mpy
Mp? = = 4-71
P (MJD My, (411
where
IR U5 (1 ;
Mp = [ vivy (hijhsy + hi3hsg) vy ((hsy)° + (h37)?) Y s 032 , .
0 0 vy ((h5g)? + (h5g)* + (h52)?)
(4-72)
o (Ahatl + W) o (Wb hBGEY\
Mpy = | —vhoy (Wbl +h5291%) —vhoy (h2haly +132922) | = MT,  (4-73)
0 0
02 ((g)2 4 (¢12)2) 02 (g1 g2L + g2 g2
M, = (UZX(((11XJ2)1 + (1§J)22)) X2(( XJ21X‘£ XQIQ X2J> (4-74)
x \Ixg9%7 T 9ya9x5) Uy (QXJ) +(9XJ))
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It can be seen that the exotic couple of quarks J¢ depends on v, which is a high energy
parameter. Thus, they make up a 2 x 2 heavy submatrix, allowing a straightforward block
diagonalization via seesaw rotation U

M3y = Uy Mp2U] (4-75)
1 (Mp—Mp;M;}Myp 0
~ - A
(M s (470
00 0 0 0
0 0 0 0 0
_ |0 0 B ((h3)? + (h33)* + (h3D)?) 0 0
0 0 0 02 ((92)2 + (912)2) o2 (gLhe? + 93023
0 0 0 3 (b2 +939%) 2 (002 + (635))
(4-77)
where
1 0 0 —4p —ing
'U)/( 'U)/(
0 1 0 —z—ing) —Z—in4
= 0o 0o 1 o0 0 (4-78)
z—;nl 5—;713 0 1 0
Z—;ng Z—in4 0 0 1
9195 — 91790y 939 — 919
= 57 12 122 N2 = 57 12 122 (4-79)
gXngJ - gx,]ng gx,]ng - ngng
91957 — 91590y 99 — 99
N3 = 51 12 122 N4 = 57 13 122 (4-80)
Ixi9xg — Ixi9xJ 919v7 — 9xi9x7

Due to the high energy scale in which the exotic quarks live, we can consider in a first
approximations their mixing as negligible. All in all, we can see from the mass matrix in
Eq. that the down and strange quarks turns out to be massless whereas the other 3
quarks have a mass given by :

1 1 1
mi = gui ((h50)® + (h32)° + (h3)%)  mly = SuR(9yy)® miy = 5o}(e3n)®  (481)
m3 = 0 m? = 0 (4-82)

To sum up, the X quantum number restrictions over the potential makes up-like quarks
to acquire mass from ®; Higgs fields while down-like quarks do it from @) fields and the
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diagonalization procedure comes from its non-SUSY counterpart [44] with the only difference
on the VEVs. Despite we have three massless quarks, they can be obtained from radiative
corrections as will be shown in the next section. Moreover, from mass expressions we have
a hierarchy among VEVs by assuming v; ~ m; and v} &~ my, leaving the difference between
charm and top quarks fully dependent on the Yukawa values, which in this case is more
restricted than in the general SM scenario. In contrast, the exotic sector exist and have large
masses thank to their coupling to heavy scalar singlets, giving them mass values expected
at least in the TeV scale in consistence with recent experimental results that exclude exotic
quarks with masses bellow 800GeV [60].

4.3.3 Quark masses at one loop level

It was found before that the lightest fermions, electron, up, down and strange quarks are
tree level massless. However, it is in agreement with the model energy scale since their mass
is considerably small in comparison. Nevertheless, they acquire a finite mass value through
VEV insertions and ¢ and ¢’ mediated loop corrections thanks to the fact that these scalar
do not acquire a VEV. The corrections have been calculated in [44] but now in this model
shows up a second contribution coming from superpartners. In the case of the up-quark the
one diagram is shown in figure [4-4

TR T
i ] (R AE I
VLS vl

A

e
By = -~
Fd
/ N
“— e .
1 T; T 1 H) uj
| |
X X

Figure 4-4: One loop corrections to the quark up due to scalar singlets, exotic quarks,
squarks and Higgsinos.

The interactions that makes possible the diagram belong to the superpotential and the soft
breaking terms which in particular are:

Wo = To6'he 5 + gL Pohy Tf + TLX WL T (4-83)
‘/soft = ):lq)llT(I)QO'/ + h.c. W¢> = )\1(5/1(232(3'1 + ,LLX)A()A(/

The first diagram in figure represents the non-SUSY contribution. The 7 quark is
characterized by a small mixing with SM particles in agreement with the seesaw rotation
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that allowed the diagonalization. As a consequence, the exotic up-like quark is approximately
the same in both flavor and mass basis. Then, the VEV insertion can be replaced by the
mass eigenstate interacting with the two chiral up quarks instead of the infinite series of mass
insertions as pointed out in [22]. However, it is more convenient to work with the scalars in
the flavor basis resulting is a 3-point correction which reads:

—1 vy MRIFRY my, m!
A0 = 0) = (o At (ke ) (4-54)
where My is the T exotic quark mass, mj, is the (4,4) element of My, (Eq. [4-32)), m, is
the (4,4) element of Mg and Cj is the Passarino-Veltmann function evaluated for p = 0
shown in equation (4-86|) [15]. The second diagram in represents the SUSY contributions
due to superpartners, the scalar line is rotated to the mass eigenbasis. Thus, the diagram
becomes to a 3-point correction where all 8 up-squarks mass eigenstates can run into the
loop. Higgsinos are not rotated for simplicity. The final expression reads:

V(0% = 0)
1
~ 553 \f Z ZE ZE A R F bl x (4-85)
(mU + mh2)2 mhl ﬁl:, ~f ~ 1 ~ 12 ~ 12
2 ol g ) T ke Bo(0,mmg, Mr, ) + g Bo(0, o, M, )
Tm Tm Tm
1 m?2
Co(ma, ma) = - - - {QOan ( 1) +m3Ln(m3) — miLln ] :
) = = g — ) | g ) e () = (o)

(4-86)

where m/ is the (11,11) element of the neutralino mass matrix, mj, the (6,6) element of
the neutralino mass matrix, M%m m = 1,..,8. are the up-squark mass eigenvalues. T,, are
the squark mass eigenstates and Zy the associated rotation matrix which relates the states
T;. and Tf with the mass eigenstates. We assume the squak mass matrix basis in similar
preserving the order of its fermion counterpart. The double fermion propagator makes that
the diagram has a term proportional to the PV-Function Cy[54] that can be decomposed in
terms of the scalar integrals Cy and By[62].

taking into account these matrix elements, the up-quarks matrix at one-loop level, after the
initial seesaw rotation (Eq. 4-63|) reads:

Mg, = ViMZV (4-87)
?J?(Z%l + 2%3) + U%T% 1117127‘17"2 vlvl(ZHh + Elgh )

V1V T virs 0 (4-88)
o (Suhfl + Tshl) 0 of () + ()’

N | —
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where >, = Efk%—Ef}iS resumes the two kind of contributions. Now, a second seesaw rotation
can be implemented since the top quark mass has much bigger mass in comparison with up
and charm quarks resulting in:

M53 = ‘/2]\452‘/2T (4‘89)
) v 2:5% +v2r?  vveriTy 0
~ B V1V T U%rg 0 (4-90)
0 0 o3 (1) + (b))
1 0 —wvvirs O
N 0 0 _ (ZuhdL + Si3h3)
Ve = vivirs 0 1 0 s = 2m? (4-91)
0 0 0 1
T4 = (Emh?t — Ellh?i) (4—92)

If we consider the tree level charm mass in Eq. (4-68)), by reconstructing the trace we can
write in a good approximation the up quark mass as the new term in the (1, 1) entry, so the
quark spectrum reads:

r2p20 20 1
o~ o g )
1 1
mi = ot (A1) + (h2)°] mi = 50 [(ger)* + (W5)*] (4-93)

Last but not least, we are interested in the rotation matrix. For a general symmetric 2 x 2

matrix in the form (CCL g) with eigenvalues A\; and Ay the diagonalization can be performed

by a rotation at an angle tan(26) = -25 [13]. However, the diagonalized matrix might not be
ordered in ascending order depending on the relative sign of the denominator. Considering
that @ < b and doing some algebra we can prove that:

cos By sinfy. 0 0
0 0 01 (AL e/ ()
_ 2m? — riv} (4-05)

2
r2v2—2m?2
T1T2U1U2\/< 72”17}21)1”0; +1
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Figure 4-5: triangle representation of the up-charm mixing
In the case of down quarks, we have four diagrams shown in which contribute to the

down and strange quarks. They are possible thanks to the following superpotential and soft
breaking terms:

Wo = Jreh) dy + a5 T8 + aid/h35T78 © — Tixhi® Iy ¢ (4-96)
Wy = M 0y6" 4+ M@y D16 — 11,6'6 — 1, X'X (4-97)
Viopt = M@, ®0 (4-98)

Similar to the case of up quarks, the contribution to down and strange quarks can be written
as:

'1)221] — 'U2ZNS + ’UQZS

N —1 v Z)\lhjajhlJC mhl Mo
1672 \f Mja Mya’ M9

- LSS 2L N 2 M (4-99)
g fa 1¢=11=1

My +m) 2 m) Mg 5 - ~ N N ~

X [( e m) Co (Mhl )= + My Bo(0, iy, Mp,) + My Bo(0, i, Mp,)
D, D Dq

v} Yo = v} 55 + |55,

hJa]hla

2 2
-1 v )\2 1J m/hz Mg 1 (8+a)q (4+a)q Je
= Co , Zp Z5 o ah ]h
1672 /2 ; M ja Mja” M$ - 3272 \f z; qz;

Mo + M) )2 m) mg
( hl) C ( h2 ) +mhlBO(O mU,MDq) +m B(](O mhl,MDq)]
(4-100)

where M p, is the gth squark mass eigenvalue with ¢ = 1,..,10., my; is the [th neutralino
mass eigenvalues with [ = 1, .., 11. and all other mass terms correspond to the diagonal entry
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in their respective mass matrix, por instance mj, is the (2,2) element in My, and m, is
the (10,10) entry in the neutralino mass matrix. Finally, the index a = 1,2. labels the
exotic quarks. These new entries enters into the squared mass matrix after the initial seesaw

rotation shown in Eq. (4-75) as:

<¢|2> <¢|1>
| } )
/- - ~ / -
iy I o) P - ~ I
/ \ / \
¢ » ¢ : . ¥ ¢ -
dp gy Ji dp’ di N/ dy’
|

Figure 4-6: One loop corrections to the quarks down and strange due to scalar singlets,
exotic quarks, squarks and Higgsinos.

Mp—MpsM;;Mjp = Mp_su

o
; (22, + 22, + 52,) % (X11X21 + E12322 + X13%23) (S11h3L + $12h32 4+ S13R33)
. ’ 12 ’ . . .
= | %S0T + TS + Tuln) % (SR 4T3+ 58) Y (Sauh)+ Toohf + Saah)
’
(S11h3Y + T12h32 + S13h33) % (S21h3L + T22h32 4 Ba3h33) ((h33)* + (h3D)? + (h32)?)
(4-101)

Due to the high bottom-quark mass, we perform a second seesaw rotations Us shown in Eq.
(4-102f) reducing the problem to the following decoupled 2 x 2 matrix:
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10 %4 o9
0 1 -uZkog g ] " /o3
2 7o t11U2 t121)11}2
= vyl v Vsl Mp_ — 4-102
S e e S S | BT (noiy ki) w2
0 0 0 01
o (X11h3y + Biohds + Xi3hi)) I (Ba1h3y + Yoohids + Yashd)) 4103
1 — D) 2 — 2 ( a )
my, my,
2ml% 2 2 2 2
tin = 2 (B + 25 +35) - (4-104)
5
27”1% 2 2 2 2
tog = 2 (251 + X5 +255) — 13 (4-105)
)
tie = (Z11201 + X12X99 + X13%03) ((h§§)2 + (@3)2 + (hif;)z)
— (S11h3g + Siohdy + Sihdy) (Sarhiy + Saohdy + Sashiy)
2m?
= (311221 + X122 + 213223)—,; — Lilamy, (4-106)
Vg

in the special case when the mixing ¢, vanishes, the down and strange masses would match
the diagonal entries of the matrix as pointed out in [44]. However, from the eigenvalues
general form we can approximate the masses by considering that the matrix determinant is
much smaller than the square of the trace:

U’2vl4 ti11 —t2 t 2}'4 +t 1)/21)/2
i~ U (it — 1) m n Bl
my (tHUQ + t221)1 ) Zmb
where the mixing angle is given by eq. (4-94)with the rotation matrix given by:
cosby, —sinfz; 0 O
in6 Oss 0 0 . 4m2m? — typviPol?
0 0 Lo /3 4mgm§—t22vi2v’22 9
0 0 01 t121)11)2 tigvjvl? ) +1
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1

Figure 4-7: triangle representation of the down-strange mixing.

Finally, putting all the results together the down-quark spectrum is:

12,04 ti1t —t2 t 14 t 12,12
m?l ~ v121)2 ( 1/12 22 1/22) mi ~ 110Uy + 22201 Vs (4-109)
mj (t11v5 + taov?) 2m3
1 1
miy = 5vg ((h3a)* + (h33)” + (h3a)°) i = 500x)” (4-110)
1
mis = 5vi(937)° (4-111)

4.3.4 Lepton sector

Just as happened in the quark sector, the lepton superpotential comes from promoting fields
into superfields in the non-SUSY counterpart potential [44]. Generating the same mass
structure but with slight differences on the VEVs. It reads:

Wy = 05 duhbi0d ¢ — 0 Dhhbleh © — 7 hhgrer© — 0 &4 hY LB + ErX' gy pEf
n 5 5~ Se 5 e ~jCa ij NTi C 1Aic \7J €
+ ELohePes + ELa'he e, (4-112)

where p=-e,u, q=e,u, 7,7 =e,7 and 7, j label the right handed and Majorana neutrinos.

Charged lepton masses and 1-loop corrections

Once SSB takes place we can write the most general mass matrix as:

0  hvh 0 hE v} 0
1 0 Ry, 0 hi, v 0
Me=5 | by 0 bl 0 0 (+-113)
0 0 0 | gvevy —p
0 0 0 —HEe  GyEUx




4.3 Fermion Masses 67

In the leptonic sector, we have two exotic singlets coupled by g but the £ fermion does
not couple with any of the SM particles directly so it can be decoupled. The resulting 4 x 4
submatrix has almost exactly the same structure that up quarks masses. The difference
lies in the absence of a coupling in the (4,2) entry. As a consequence, rotations and mass
eigenvalues can be obtained directly by comparison with the up-quark masses. Additionally,
this tells us before hand that the electron turns out to be massless, so radiative corrections
must be taken into account in this matrix. In figure[4-8|is shown the diagrams that contribute
to the electron mass at one loop level

(¢2)
|
A
.

U ~

d)l/ \0'

/ \

¢ T —5 g

€1 Ej y L e e

Figure 4-8: One loop corrections to the leptons due to exotic fermions, sfermions and Hig-
gsinos.

so the mass matrix preserves its similarity with up quarks mass matrix

e ./ E
’UQEH h26U2 U2213 hlevl 0
T, E
0  hyovy, O hi, v 0
0

1
1-Loop __ ~ _
Mo = a0 om0 (+114)
0 0 0 [gued, —pm
0 0 0 | —pe g

The radiative corrections can be done thanks to the interactions terms given by:

Wy = MO oo’ — 11g6"6 — e X'X Wi = ELgheTel + 05005, B + B gy ks,
(4-115)

where r = e, 7, the couplings \;, h¢* and h¢, are dimensionless Yukawa coupling constants
and p, and p, are mass unit parameters from the scalar potential. The first diagram in
figure illustrates the non-SUSY contribution which is given by:



68 4 The U(1)x Extension

~1 vy \pohs “Thg (om
v X1113) = 2 b £y <mh1 m0> : (4-116)

62 va My My’ My

where Mg is the exotic charged fermion mass, m}, is the corresponding mass of the A}
field in flavor basis just like m/ is for the o field and Cj is the Veltmann-Passarino function
evaluated for p? = 0 given by eq. . We recall that in this contribution a transformation
to the mass eigenstate for the exotic fermion is not done because small mixing angles with
SM particles are considered, making of this sector approximately decoupled. Furthermore,
the SUSY contribution is given by:

10 2
1 v c
S 2 2 9In r74n 710k 711k
’02211(13) (p = 0) = _43271_2 \/5 § § ZLnZLanL Z;L )\l,UJcrhi— e(T) (iEX (4_117)
n=1 k=1

Mok + M), )? nh o . .
x [( ok ) 6 (A”;“A”;’f> + 1 Bo(0, 1, My, ) + 2y, Bo(0, ity My, )
Ly, L

n

where M 1, are the charged sleptons mass eigenvalues, Z;, is the rotation matrix that connects
o (a~’ ) with its mass eigenstates with eigenvalues 1y, which are running inside the loop. Zp
is the rotation matrix that connects the exotic sleptons their respective eigenstates L,, inside
the loop. Mass terms without an index correspond to masses in the flavor basis i.e. the
corresponding field diagonal element in the mass matrix. The resulting mass spectrum can

be obtained by simply comparing it is given as follows:

1 t2 1
2 2,12 "3 2 _ 12 ef2 2
me = 5021}2 2m2 mu - 51)2 [(th) + <h2e> ] ) (4_118)
T
2_1 /2 |:( TE)Q_I_( TT)2:| 2 _1 2 /2 (4 119)
mr = 22’2 2e 2e mp = 29X’E Uy -
m2 = Lg? 42 (4-120)
E 29)(8 X
with the associated rotation matrices given by:
1 0 0 gxehfoxvl _ hi, nEvy
IxEGxEVX VY —HEHE HERE —Gx EGxEVX VY
0 1 0 — gxghﬁL’UXv’l . hﬁquv/l
IxEIxEVX VY —HELE HBEIE —Gx EIxE VXV
Vle = 0 0 1 0 0
gxehi v gxfhﬁ”x”i 0 1 0
IXEIXEVX VY —MEME QXEQXELPXU;(_MEM.S
/
hinpv] hi. 1BV 0 0 1

BELE —GIxEIxEVXVY  KEHE—YIxEIxEVXVy

(4-121)
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1 0 —t;l%; 00
0 1 0 00
Vi=|Z 0 1 00 ts = Bnhye + Dsshyg (4-122)
0 0 0 10
0 O 0 0 1
cosf., —sinf.,, 0 0
) 2m2 _ ?J/2 hMH 2
V= smO@eH cos()@eu (1) 8 sinf,, = — o — Vs (hae) (4-123)
R B2 v (h)2—2m2 | 2 +1
0 0 01 2e '12¢ V2 RSFRET 72

Despite vj it is suppressed by the adimensional factor ¥;; so it can give mass the bottom
quark, the electron and at tree level the u and 7 leptons. A estimate of some couplings can
be done by considering the physical mass ratio of ;4 and 7 masses which is approximately
0.14, then:

enN2 P2

Neutrino masses at tree level

Although charged leptons have a similar structure as for up-like quarks, neutrinos do not
behave like down quarks. It is because, neutrino oscillations have proven for neutrinos to
have mass while theory indicates a massless character. To date, many solutions have been
raised to explain not only the existence but their very small value with the problem of not
knowing if it is a Dirac or Majorana mass. Their small mass value and the absence of an
observed right handed counterpart forces us to think in particles beyond actual observations
that provide masses via (inverse)seesaw mechanism. In this scenario, both right handed
and Majorana neutrinos are considered in the model arranged in a mass matrix in the basis
(V1,19 NiC), such matrix reads:

0 mL 0
M,=|mp 0 M|, (4-125)
0 Mp My

where the block matrices are given by:
o (N5 WL b

e T i U i 1
mp = —= | hyy Dy hay |, (Mp)? = —5(BY)Y (Ma)y = 5 My (4-126)

V2 0 O 0 V2

The Inverse SeeSaw mechanism (ISS) works under the assumption of small Majorana cou-
pling constants, My, < mp < Mp [23]. Therefore, block diagonalization is done by a
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rotation matrix Vgg giving as a result a light and heavy majorana mass matrix in a block
diagonal form:

; 0 I -0,
VosM, Vi ~ (mlog’” mhmy) Vss = (@T p ) (4-127)
0 ML\ /m
0, = (MD Mz) ( oD)’ (4-128)

where my;gne = m5(ME) " My (Mp)~'mp is the 3 x 3 mass matrix for the light left handed
neutrinos and encodes the information of the PMNS matrix and 7., matrix involves the
mixings of right handed and Majorana neutrinos, which is given by:

0 M}
Mheavy R ( M MM) . (4-129)

This structures are exactly the same as for the non-SUSY model and in a similar fashion
we are going to consider the same scenario for neutrino masses. Even though, a different
approach for the PMNS matrix reproduction will be shown in a further section. For simplicity
and thinking in exotic neutrinos whose mass is big enough to be indistinguishable for us, we
can take the particular case where Mp is diagonal and M}, is proportional to the identity
to explore one of the possible scenarios of the model.

o [tva 00
MD = 7% 0 hNXQ 0 MM == /LNH3><3. (4—130)
0 0

th?)

in this way, the light neutrino mass matrix takes the form

ve\2 ve 2 ve L,V ve LV ve J, VT ve J,UT
MNUS (h5e)” + (hm) p? hse h2§ + h2,u h%ZPQ hse hag + h2,u hzupz
Miight = 55 | B hot + hig honp® (hae)™ + (hsp)” p* ot h7 + hofi hiyip® |
thl ’UX

By hT + e b p? By hsT + by hsp?  (hsT) + (R P

(4-131)
where p = hny1/hnye. The same notation has been used for simplicity and facilitating
the relationship between the non-SUSY and the current work. It turns out that the latter
matrix myignt has zero determinant for every possible choice of Mp and M), since mp has null
determinant, obtaining at least, one massless neutrino. Then, the diagonalization procedure
comes from its singular value decomposition, providing a diagonal form whose entries are
the positive square roots of the matrix mlz‘ghtszight which in general do not coincide with

the mygne eigenvalues. From the characteristic polynomial for mlightm;ght we can get an
expression for the squared mass eigenvalues.
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n =0 i, = AV 2 =g VEAD
,  LA+VA—IB ., L,A-VA-IB ,
v — Mv ve — Hy m,, = 0 (4_133)
2 2 2 3
where

A =2|hae " hoo " +P2h2uyeh2uw|2 + 2|hoe BT +p2h2uz/eh2uu‘r|2
+ | (hae”) 24 2 (ha,”) 2’2 + 2| hoe " ha'T + thQMV“hgﬂ”le
+ [ (hae™) 4 p (ha™) 2P + | (hae"™) * + p (2" T) 2P
B =p*(hae"" (Rl (haphiyy” + hoy" ") — hoy ™ (hag"hay, + hat"hay))
+ hipe (hou™ (hae™hay™ — hathay”) + hyp (hae™ by — hal"hay"))

o+ hi (i, (R by — bRy ™) = bl (e — BT heg™)))* - (4-134)

HN3
hny1?v2”
corresponds to normal ordering while the second line to inverse ordering which are pictorically
shown in figure [4-3] Despite we do not know the exact mass values, they must be in
accordance with the squared mass difference shown in table [3-3] Since the squared mass
difference ms, is approximately the same for £ = 1,2, we can conclude that m,s has a very
small value in comparison with m,3 in the case of normal ordering implying A% > 4B. Thus,
we can perform a Taylor series expansion resulting in the masses shown in Eq. . In
the case of inverse ordering, the ms, means A? — 4B =~ 0 50 M, ~ M,y ~ % both with a
correction A = v/ A? — 4B resulting in the masses shown in Eq. . Finally, the squared

mass differences are stated in table [4=3]

where p, = The mass spectrum has been written twice because the first line
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- . - v, Ve
a2 2n

s/ 0 Iﬂmz
2n 21

1

=

ol R Am%,
il el o

9 B

A-A A+ A
10 M, = My, = s my, =0 (4-136)
Normal Ordering Inverse Ordering
Am?Z
| mEorwtd | e~y
Am 2
s | iy (A= §) ~ +2.523%0%, | —#° ~ —2.509700%

Table 4-3: Conditions for reproducing the neutrino squared mass differences for normal and
inverse ordering

4.4 Family mixing

In the previous section the fermion mass spectrum was determined analytically considering
the observed physical masses hierarchy. Nevertheless, the yukawa couplings must also ensure
the CKM and PMNS matrices reproduction which is not a trivial question despite the amount
of parameters. There have been some works on fermion mass structures in order to determine
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the cases in which masses can be reproduced [2§][29] or when the CKM and PMNS can [47]
[46]. In the present work the problem of massless tree level particles is overcome thanks to
the radiative corrections induced by the o and ¢’ scalars and fermions these correction terms
must be considered for an appropriate reproduction.

4.4.1 CKM matrix

In sections4.3.2/and |4.3.3| mass diagonalization was done by specifying the rotation matrices,

given in equations (4-65)), (4-91)) and (4-94)) for up-like quarks and in equation (4-78|), (4-102])
and (4-108|) for down-like quarks, then the final rotation matrices reads:

V= VsVah

2 : 2
. V9 COS Hucrxl +sin Gucrx2v1
!

: /
cosfye sinf,.  cos by, r3v1v] -

: 2 2
sin 9ucT‘X1U2 —cos 9uc’r‘x21}1

. . /
—sinf,. cosl,. —sinb,.rsviv] —
p— X -
’ rgrilfulvivg (4 137)
—r3u1v] 0 1 —X=
72 vo r2 v X
x1 X2 0 1
v! V!
X X
U =U3U,U;
. 1 . / / sin 0dsn3v§+n1v’1 cos B4 sin 0d3n4v§+n2v; cosBO4s
cosflgs  sinfgs  —5vy (sinfgslavy 4+ l1vycosblys) — - — -
X X
. . in O4sn1 v} —cos s nsv) in B2} —Cos s nsv)
—sinfg, cosfys b (sinOgslivh — cosO44la0)) TR T, OO e NN TR e e, R a2
b
_ llvéz lg'u’lvé 1 _ (limq +lgn3)vivéz . (lln2+lzn4)vivéz
. 21)/ . 21/ 2vy 2vy
1Yy 3V2
™ ™ 0 1 0
! ’7
navy N4Vy
o o 0 0 1
(4—138)

Despite these rotation matrices have different dimensions, the product can be done if V is
extended by one row and one column full of zeros. By performing that product, taking only
the first three rows and columns the theoretical CKM matrix reads:

VCKM _ /iyt (4-139)
Cos(eds - euc) Sin<0d5 - 6uc> ‘/13
= | —sin(0zs — Ouc) co8(0gs — Oue) 2 €08 O, Lo vh — 5 8in Oyl 07
Va1 20 (sin Oggly vy — cos O45la01]) 1

1 1 .
Vig = 511 oS Oy + 5 sin Ouclovivh, — r3v1v] cos Oy,

1, .
Va1 = c08 Ogsr3v1v] — 51}5(5111 045lov] + 1105 cos O4)
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where Vi3 and V3; have been defined for shortening the expression. We neglect the contribu-
tions proportional to n;, i = 1,2,3,4 and ry;, j = 1, 2. because they are related with factor
of vy 1 and v;*l which are highly suppressed. Moreover, since r3 is a factor dependent on
the radiative corrections it has a small value which can be neglected in entries 11, 12, 21, 22
and 33. Finally, the smallness of the CKM angles leads to the Wolfenstein parametrization
shown in Eq. so the rg contribution in the entries 23 and 32 is neglected as well to
be consistent with it. Now, we are going to present the conditions over the parameters that
reproduces the CKM matrix and quark masses.

From mass eigenstates, we choose the following parameters as random to parametrize the
matrix:

0 < hys gors hyp, hip, b < 1 (4-140)
2m2(g2. + (h2,)? 2m2(g2, + (h3,,)?
hiph2., _\/ R L e e o h;Thi,u+\/ 9 5 ) 14
2 2

where the second condition comes from the requirement of getting only real parameters.
Given those parameters, then the other up-quarks parameters are fully determined by:

1 2m2(g2p + (h2,,)?) — v3(hbyh2,, — hb2gyr)?
- L \/ (e (50 = Al = Mier)” oy ) (41
X 1
2 2
W = 5 = () (4-143)
1
1
Sin 0, = (4-144)

2,2 9,022
(7‘27)1 2mu) 1

2.2.2.92

rirviv;

Then, by imposing 73 to recreate the imaginary part in CKM matrix entries 13 and 31 it
can be written:

B i2An\3
vy (cos fgs + cos O,e) V)

rs (4-145)

r3 also enters in the up quark mass so the radiative contributions ¥; and X3 are complex

numbers that must satisfy the following set of equations in order to avoid an imaginary mass:

Im[S1]h3L + Im[Ss)his = 2mirs  Re[X1]h5L + Re[X3]hi2 =0 (4-146)
2¢/mim2./2m2 — r{v3 — r3v}

v/ 2m2 — riv}

Im[23]hﬂ - Im[Zl]h‘i’i =0 Re[Z;:,]hﬁ - Re[El]hfi’i =
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The equation system always have a solution and as a consequence fully determines r4 defined
in Eq. that ensures the correct up quark mass. It is also worth to mention that the
up quark sector can be parametrized by using only the eigenvalues and r4 but we recall that
first the Yukawa couplings must ensure the mass eigenvalues. Next, the imposition of the 11
of the CKM matrix provides a relationship between 6, and 645 which read (and is shown in

figure [4-10)s:

sinfa, = sin 0,V £ fsin? 0,,V§KM 2~ VEEM 2 _gin? g, + 1 (4-147)

Negative root ‘
Positive root

sin B4

0 0.2 0.4 0.6 0.8 1
Sin B¢

Figure 4-10: Relationship between 6,. and 6, with V,{5™ = 0.97420 & 0.00021 [63]. 50
region is very small to be observed.

In the case of down-like quarks, it can be parametrized by using only the mass eigenvalues
and the parameter t95 defined in Eq. (4-105)), the latter, ¢;; and ¢;5 which can be rewritten

as:
4 (mgm3sin® 04, — mim? sin® 4, + mim?)

toy = B2 (4-148)
am2m?2 + dm2m? — vPvlty,
t = —>2—14 5,4 12 (4-149)
2
LoV — AmZm2\/Am2m?2 — tov"?v!?
t1p = \/22 Y2 b d\é b'"%s 2271 Y2 (4-150)

!
U1Uq
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Since the latter values become uniquely determined, they represent a system of three equa-
tions for the radiative corrections:

2mi 2 2 2,2
2 (331 + X5y + X33) — lymy, = by (4-151)
2
2m;?
— (Bl + B + B — fimi =t (4-152)
2
2mp 2
(B11321 + 212222)F — l1lomj (4-153)

2
where [; and [, are determined from of entries 13 and 23 giving:

2(VSEM) sin 0, — Re[VGEM] cos O, l 2(Re[VEEM]) sin 0, — VGEM cos O
2 =

12 ! .0
L) U1Uy

L=

(4-154)

In order to solve the 3 x 3 equation we choose three parameters whose value can be random,
particulary we choose Y13, Y93 and 9. However, the equation system has solution only
when these parameters are in the interval:

0 < X3, 223, Yo < 10_4 (4—155)

The equation system is solved numerically since the analytical results are quite long to be
presented, with these results, we can now solve the equations related with [y, I and the
bottom mass, which reads:

12

v
mp = (30" + (W) + (h3)?) (4-156)
jy = (Bnhii+ Buhfh + Diahd) (4-157)
my
S h8Y + Spph + Sazhi
Iy :( 21M5g 1 222 22d+ 235) (4-158)
my

These equation system now provides the values of h3h, h32 and his.
The latter conditions and procedure ensures the correct reproduction of the CKM matrix,
leaving all other parameters to run freely. In this case they are:

0 <hily, hi% B35, h33, 035 97 s 9xg < 1 (4-159)

However, small values of there parameters are recommended in order to ensure small cor-
rections due to the first seesaw rotation U;. All in all, from 27 different non zero entries in
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quark mass matrices, only 1 turns out to be complex, and 17 can be random numbers, which
in general parametrizes the theoretical CKM matrix, mainly from the interactions with the
exotic quarks. This result is nothing to be surprised since the number of variables and
constrains tell us that before hand but in general provides an analytical approach that can
be simplified to the case where less than 6 VEVs are considered. furthermore, the previous
development was implemented in a small program on Mathematica 11, both numerically and
theoretical. In both cases the CKM matrix was reproduced with exact values confirming our
assumptions and developments.

4.4.2 PMNS Matrix

Now, in this section the procedure that describes the relationship among Yukawa couplings
and PMNS parameters is described. First we focus our attention on the charged leptons,
from the exact mass eigenvalues expressions we have the following restrictions:

2m?
hot " = \/ U/ZT — (hoe™) 2 (4-160)
)

\/4m2mi — rivsv} \/2m2 %ﬁ

hae™ = WL (4-161)
mamz2 vy

2\/2m2m?2m?

hoett = —————F (4-162)

T4V

so in general they can be parametrized in terms of two parameters, r4 and hJ¢, which means
that couplings regarding interactions with exotic fermions can take a random value, which
in general was considered as:

0< 9xE> hleu hl,unuEnugvgxg <1 (4—163)

Consequently, the electron-muon mixing angle is parametrized by r, as well by rewriting Eq.
(4-123) in terms of the electron mass as:

1
sin 0, = — (4-164)

2
(hoett)?— 208
) 2 + 1
the‘uhQEHN’

This implies a restriction for the r4 in order to being able of recreating all possible angles, a
graph is shown in figure [4-11} Consequently, r, is taken as a random value in the interval.
In a similar fashion, ¥ is taken as a random number which together with r4 determines
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uniquely >3 and r3 as follows:

NN NG

<ry < > 0<% <107 (4-165)
’02’02 V2Vs
EheTT ZheTe EheTT
Dy = S ry = S (11660
2e T

-0.1

-0.2 |

-04 |

sinee“

-0.6

-0.7 |

-0.8

-09 -

ry* 108

Figure 4-11: sin 6., as a function of ry

In the case of hj¢ it is taken as a random number in the interval 0 < h3¢ < 0.1 for preventing
h3l to become imaginary. Then, by giving a random value to 9 parameters, where six are
related to exotic fermions, we can reproduce the mass spectrum and generate all possible
mixing angles for the eletron and muon particles. Leaving completelly determined the rota-
tion matrix V* = VSVIV{. However, In sectlonu 4.3.4| the rotations matrices that diagonalizes
the mass matrix via two seesaw rotations and a electron-muon mixing angle are given in Eqs.
(@-121), ([(@-122) and (4-123). So the total rotation matrix reads:
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V= VIVEVE

coslc,  sinfe, —cosbe,rsvavy  —SinbOeyTeys + Tex1 (—€080c,) —SiNbOc,Teya — Tey2 €OSOcy,
—sinfe, cosle,  Sinbe,r3vavy SIN O Tey1 — COS BepTey3 SN Oy Tey2 — COS BepyTeya
= | ravovh 0 1 —T3Tex1V2U) —T3Tex2U2U)
Texl TexS 0 1 0
Tex2 Tex4 0 0 1
(4-167)

where 7o, k = 1,2,3,4 are the entries in the matrix V¥ which are proportional to vg)_l

which makes these contributions negligible. In contrast, the light neutrino mass matrix does
not have a definite rotation matrix since we can not assume a hierarchy among parame-
ters. Furthermore, since we are dealing with a Majorana mass matrix the diagonalization
procedure slightly changes.

In section we saw that PMNS matrix can be written as Vpyns = VAV where VI is a
unitary transformation that diagonalices the Majorana mass matrix m;gn: according to

mid, = Vymiign V)] (4-168)

the latter transformation is different because the mass matrix is in general complex and
symmetric, but non hermitian. Thus, its diagonalization is done by considering its singular
values m;, which are defined as the eigenvalues positive square root of the matrix mlightm}; oht
[19] and coincide with the my;gn eigenvalues iff the matrix is real.

Nevertheless, a general unitary PMNS parametrization can be written as

Viung = VVIi=PUP (4-169)
where
e 0 0 1 0 0 eer 0 0
P=| 0 €% 0 P=1[0 e 0 | 0 e o0 (4-170)
0 0 e 0 0 eil¢sticr) 0 0 1

being P a Majorana phase matrix [30], shown with two parametrizations, and U is the PMNS
matrix in the standard parametrization shown in Eq. . In a very stringent scenario,
the maximum number of independent parameters that might be present in an unitary ma-
trix is 9. However, since we can rephase charged leptons (and neutral leptons in the case of
Dirac masses) we can reduce the number of independent parameters to 6 (4) thanks to the
fact that only phase differences are physical. Therefore, equation indicates that the
PMNS matrix is defined as a V¢Vl matrix in the original basis that we choose to paramet-
rice as P,UP. Consequently, the problem lies on determining the number of independent
parameters present in V/V[ to know the true number of parameters contained in V},,yg-
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In fact, we do not truly know what is the real number of parameters present in the PMNS
matrix, mainly because the phases in P, are unphysical but their exact value has to be known
to perform the diagonalization. In general, we can consider a PMNS matrix who is dependent
on 6 parameters (3 mixing angles, 1 CP phase and 2 Majorana phases) so a rephasing in
the charged leptons eigenbasis is not needed which is the usual assumption. Nevertheless, in
the most general case we can rephase them (i.e. a basis change) to get rid of P,. Although
mass terms in the mass basis are invariant under a phase shift (which is not the case in the
flavor basis since it introduces complex phases into the mass matrix and consequently makes
no longer true the already mentioned diagonalization procedure) it doesn’t leave invariant
the V{,,vg matrix but introduces a basis in which only the physical parameters are present
despite the diagonalization must be done in the original basis as noted in [67]. In this new
basis the PMNS matrix is reduced to:

Venns = PViyns = UP = PVYV] (4-171)

In seems that we have introduced 3 new parameters in the right side of the equation. How-
ever, we need to remember that P, was a convenient parametrization, so before considering
the exact form of the right hand side we need to know the values of the phases present in
P,, which is not an easy task. In fact, we cannot remove completely the unphysical charged
leptons phases because charged leptons are not diagonal in the flavor basis. Now, we can
consider V,, = Vi, ~gV* which imply that the PMNS matrix diagonalices the rotated neu-
trino mass matrix Vf*mh-ghtV” and represents the relative rotation between neutrinos and
charged leptons mass eigenstates. Taking it into account, the scheme goes from the diagonal
form to the flavor basis matrix.

Consider the diagonalized mass matrix mzig“,ft, where my, can be the real or complex (if we
include input Majorana phases) we unrotate this matrix by applying the PMNS matrix with
the experimental values and then the inverse rotation of V* resulting in a numerical matrix

MY which must be equal to my;gn: shown in Eq. (4-131])

MY = VT PIU mii st UTP V!
My, My, My
= * M3, M,
* * M,
ve\2 ve 2 ve LV, ve LV ve LVT ve LVUT
2 (th) + <h2u) P2 hye hzg + h2u h225P2 hse hie + h2u h2up2
hie gt + e hip® (hat)™ + (Rop) ™ p* hit h22 + hay, hg;ﬁ )
hbe hy7 + hbe hipp?  hit b7 + hal herp? - (hyD)" + (hyy) ™ p°
ve 2 ve 2 ve 14 ve v, ve vT ve vT
(h5e)” + (hm) p? hse h2§ + hzu h22ffp2 e hie + h2,u hQ#pZ
= | hbe hoe + s hatip®  (hat)™ + (hoy)™ > bt b7 + hi hg,ZPQ ; (4-172)
ve LUT ve 1, UT v vT v vT v7\2 vT
hse hag + hzu hjz;u’)2 hzg hse + h2ﬁ hzuPQ (h5e)” + (hzu) PQ

=55
thl UX
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di . ; ; .
where my; %, = diag(0, mge*?®?, mge*(#s9cr)) for normal ordering and
diag __ . 2i01 2109 : : qu% 2
Myight = diag(myie**, mee**2 () for inverse ordering, the factors P ?o? and p® were re-

moved by a redefinition of the coupling constants and we consider that the parameters can
be complex in general in order to reproduce the PMNS matrix.

The above matrix M" is complex in all their entries whether Majorana phases are present
or not. For that reason, at least 3 parameters must be complex, one in each column of
mp. The general purpose is to show that the model is able to reproduce the PMNS matrix,
and for that reason we are going to consider this minimal case just like the CKM matrix
where we were interested in the minimum number of complex parameters, for that reason
we are going to consider this minimal scenario for a PMNS matrix that can be parametrized
with 4 parameters i.e. there are no charged lepton phases. Writing the matrix in terms of
magnitudes and phases it reads:

(Rhe)?e + (hag)?  Rye hoge’©F0) 4 hye Rl hi hiTe' ) + hye by
M = | Bye hofe D+ hyc gl (hge)?e® + (hyy)®  hol hge' ) hof e |
b P et 1 s Ryt Bt bl ) byl hen (hs7)2e 4 (Ry)?
(4-173)

where the first row of mp is made of complex numbers. Nevertheless, even if all parameters in
mp are complex it can always be rewritten as the above matrix by doing some new definitions,
which only adds more algebra. However, the problem lies in solving the following system of
equations

(hoehse)? = (Re[Myy] — hyghyh)? + Im[ M) (4-174)
(hsehsl)? = (Re[Mys] — hiyehst)? + Im[Mi,)? (4-175)
(hathie)? = (Re[Mgs] — hyihin)? + Im[Myy)? (4-176)
(hse)" = (Re[MY,] = (hi)*)? + Im[Mp]? (4-177)
(h5t)" = (Re[Myy] — (hyh)?)? + Im[Ms,]? (4-178)
(hs50)* = (Re[Mgy] — (hs;)?)? + Im[M3;)? (4-179)

which provides several solutions for the real magnitude values. Unfortunately Mathematica
was unable of solving the system of 6 equations so the last three were replaced in the first
three, becoming a 3 x 3 system that the software was able to solve. additionally, the phases
are obtained by:
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Im[M7]

tan(2a) = Re[My 1][ (h5)? (4-180)
tan(28) = 7 ]\ZL][MiLW) (4-181)
tan(2)) = 7 ]\[;:][M <] A (4-182)

so the parameters can be found given a diagonal form for the mass matrix. Regarding the
diagonal matrix, we only know mass differences and m3, ~ m3, = m3, which means there are
two possibilities for the mass eigenvalues since we do not know exactly which mass difference
m3, really is, then the possible mass eigenvalues are shown in table .

my ma ms
NO 0 Vm3, Vm3
NO 0 \/mgl \/mgl +m3
10 V—mj Vm3, —mg 0
10 | /—m3§ —m3, v —mj, 0

Table 4-4: Neutrino mass eigenvalues for Normal and Inverse Ordering for a theory with one
massless neutrino

The system of equations were solved by implementing a Mathematica routine which showed
many solutions to the system of equations. In general all six real parameters are of order
~ 107%. Then, the smallness of the couplings can be justified by the Majorana masses and
the high energy breaking scale. Since a redefinition of the Yukawa coupling constants was

made in Eq. (4-172)), we can consider all dimensionless Yukawa couplings or order 1 while
KNS
thl 21)2

scale of the U (1)x symmetry together with a high right-handed neutrino mass. For a mod-
erate value of v, ~ 10% it means py ~ 10*10h?\,x1 showing that in general right handed
neutrinos are much heavier than Majorana neutrinos as we assumed before. However, this
allows to have a Majorana mass in the KeV scale and right-handed neutrinos with a mass
with order ~ 10°GeV . Furthermore, since all parameters are of the same order implies that
the p = hny1/hnye parameter has to be of order 1 (p ~ 1) implying that there are two
right handed neutrinos with similar masses. A graph representing the general behaviour of
Yukawa couplings and phases is shown in figure [4-12] and [4-13] We can see that in general
de 7 couplings tends to be around a fixed value, that is why an additional graph showing a
more detailed view of A4S and v is shown. On the one hand, normal ordering scheme allows
all parameters to be either positive or negative although figures |4-12a} and [4-13a] present
its absolute value. On the other hand, in for an Inverse Ordering scheme either h. “ or hy;,

107'2GeV which in general can be accomplished by the high energy breaking
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and hy), must be negative, but the same sign for all three couplings is not allowed. Again,
in figure is shown its absolute value. The r, interval have been chosen in accordance
with so a general scan over the 6., is done.

All in all, we have shown that given the neutrino mass eigenvalues and the Majorana phases,
there is always a set of dimensionless Yukawa couplings which recreate the PMNS matrix.
In this case, three complex parameters and three real parameters are the minimal set which
reproduce the PMNS parameters with no additional Majorana phases. Nevertheless, general
Majorana phases and charged lepton like phases can be included in the parametrization which
consequently provides an appropriate set of parameters since the number of free parameters
in the SM sector increases. It is also important to notice that the contributions due to exotic
particles becomes negligible as a consequence of its dependence with the U(1) x scale. Finally,
the relationship among Yukawa couplings and mixing angles has been already studied, and
the relationship is neither trivial nor short, they can be seen however in [67]
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4 The U(1)x Extension

Yukawas*10®
w

54410

(a) h¥¢(red), hot(black) and h37(blue)
as a function of r4.

2.5 T T T T T
T F e 4 e
+ M R i s

IEE R R R RN EEEEREREERREEESSS

X x X % X %
x X X X
sk X wox x XX XX
. x x %
x x X hye  +
o X% gyt X o
x * x
x x

Yukawas*10®

x
aE %

LI IE I B 3 I I 3 1 WOM O M O K OK M K K N XK XK K K N N

a2k H

o o b a s e+ HEEEEEEEEEEEEEES
. . . . .

0.6 0.8 1 1.2 1.4 1.6 1.8 2
54410

(c) hig(red), hy,(black) and Ay (blue)
as a function of r4.

1.0158

4.726
4.725 |-
w0 4.724 -
o
z
% 4.723
=z
2
> 4721
4.721
o . ‘ . ‘ ‘ .
0.6 0.8 1 1.2 1.4 1.6 1.8 2
24*10—6
vT 3
(b) h57(blue) as a function of ry.
0.4
0.3
0.2
0.1
il
le 0.1
g
2 2f
£
oal
ol
sl
-0.6 -
. . . . ‘ ‘ ‘

5,410

(d) a(red), B(black) and v (blue) as a
function of r4.

1.0156 -

1.0154 -

1.0152

1.015 -

1.0148 -

Phase *102

1.0146 -

1.0144 -

1.0142 -

1.014 L

(e) v phase as a function of ry4

Figure 4-12: Neutrino Yukawa couplings and phases values as a function of r4 for a Normal
Ordering Scheme for pp = 0.451771, ¥; = 4.482762 x 1079, g,z = 0.885898,
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5 Concluding Remarks and Outlook

To date, it is a fact how successful the Standard Model of particle physics has been being
with its original formulation being unchanged. On the one hand, it has a general scenario
that can explain all observed phenomena by just adjusting the value of some model parame-
ters which for some people is just how the universe is. On the other hand, some other people
believe that the patters present in nature is not just a chaotic coincidence rather a mani-
festation of physics beyond the standard model. Of course, it is the case of Fermion Mass
Hierachy. Aimed in giving a suitable explanation, a U(1)y extension has been proposed in
such a way that avoids all kind of chiral anomalies due to the existence of opposite charged
particles under the new symmetry group. Thus, it is consequent the presence of four Higgs
doublets and four Higgs singlets as a response of the model non-SUSY counterpart which
has half scalar particles.

The scalar sector is proved to be consistent with the observed Higgs boson and the absence
of yet unobserved additional scalar particles consequence of the high energy breaking scale of
the U(1)x symmetry which is mediated by the Vacuum Expectation Value acquired by the
scalar singlets x and x’ which are model free parameters while doublet VEVs are restricted
by the charged W boson mass by v} + v}? + v3 4+ vf = 243.3* GeV?. The latter restriction
allows to W and Z gauge bosons to have the correct mass while the Z’ boson is proportional
to v, and v which can explain its theorized elevated mass. However, the W mass restriction
opens an infinite number of choice possibilities for each VEV although it is reduced to just
one free parameter (v]) if we address Fermion Mass Hiearchy to be thank to multiple Higgs
VEV rather than Yukawa couplings values. Additionally, the parameter region allowed by
the observed Higgs boson includes the possibility of H; to be an inert doublet but it cannot
be ensured until the consequences on fermion and sparticles masses will be studied prior to
think in the scalar particle as a Dark Matter candidate. It is not studied in this work but it
is left as a future development.

Moreover, the model is provided with a Z; symmetry which has to be broken, in this case by
soft breaking terms, to prevent scalar particles lighter than the Higgs boson. In fact, without
these soft breaking terms the seesaw mechanism is no longer valid on the scalar sector and a
different approach has to be considered. Nevertheless, in the considered framework the light-
est scalar particle, identified as the Higgs boson, receive additional contributions from the
D-terms which explain more naturally its 125.3G'eV mass. In fact, its mass is proportional
to the Z-boson mass plus a correction term of the same order in agreement with NMSSM
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and USSM models. The latter analogous to a 1-loop radiative correction to the Higgs mass
due to stop particles, whose tree level order is unnatural but it is consistent with the elevated
ik, k= 1,2, xo terms that prevents a large electroweak symmetry breaking.

Regarding the fermion sector, which is the main interest of the work, the SM fermion masses
are reproduced successfully with approximately exact analytical formulas based in the ap-
plication of concurrent seesaw mechanism due to the absence of observed exotic fermions,
which naturally leads to the assumption being considerably heavy particles, even though
they depend on v, and v.,; in the flavor basis which supports the assumption. Likewise,
we can explain heavy fermion masses by choosing VEV at a scale near its masses, which
is the case of v; with the top quark and v} with bottom quark and tau lepton, leading
to restriction among Yukawa couplings and to an unconstrained v{ VEV. Nevertheless, the
lightest fermions are massless at tree level, but at one loop level they are massive thanks to
the coupling among exotic fermions and the inert scalar singlets o and o’. It is only at this
level that v] makes presence with the down and strange quarks. Furthermore, the different
mass structure obeys a phenomenological texture in which the third generation fermion has
a small coupling with first generation fermions and negligible coupling with the second one.
However, charginos and Neutralinos are of special interest in SUSY models and as expected,
there are governed by supoerpotential parameters and leads to degenerate masses and the
contributions proportional to eletroweak VEVs turns out to be negligible to the TeV scale
in which these particles are expected to exist.

Last but not least, the model is consistent with CKM and PMNS matrices without affecting
the fermion physical masses. In the first case, all Yukawa couplings can be taken to be real,
being the CP phase coming from the radiative corrections although a more general scenario
can be considered. In the case of the PMNS matrix, no radiative corrections are needed but
at least three parameters must be complex in order to reproduce the CP-violating phase
and the Majorana phases which under this approach are considered input parameters. This
model implies that the observed neutrinos are Majorana like thanks to the existence of a
light Majorana neutrino and heavy right handed neutrinos which make possible neutrino
masses via an inverse-seesaw mechanism. Moreover, the non-universal X-charge assignation
leads to the presence of Z' mediated flavor changing neutral currents which is also left for a
future work principally because of the high computational requirements of a supersymmetric
non-universal model implementation of packages like Feynrules [4] or Lanhep [59]
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