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Abstract: In this work, we study the magnetocaloric effect (MCE) in a working substance
corresponding to a square lattice of spins with Q possible orientations, known as the “Q-
state clock model”. When the Q-state clock model has Q > 5 possible configurations, it
presents the famous Berezinskii-Kosterlitz-Thouless (BKT) phase associated with vortex
states. We calculate the thermodynamic quantities using Monte Carlo simulations for even
Q numbers, ranging from Q = 2 to Q = 8 spin orientations per site in a lattice. We use
lattices of different sizes with N = L x L = 82,162,322, 642, and 1282 sites, considering free
boundary conditions and an external magnetic field varying between B = 0 and B = 1.0 in
natural units of the system. By obtaining the entropy, it is possible to quantify the MCE
through an isothermal process in which the external magnetic field on the spin system is
varied. In particular, we find the values of Q that maximize the MCE depending on the
lattice size and the magnetic phase transitions linked with the process. Given the broader
relevance of the Q-state clock model in areas such as percolation theory, neural networks,
and biological systems, where multi-state interactions are essential, our study provides a
robust framework in applied quantum mechanics, statistical physics, and related fields.

Keywords: entropy; Q-clock; magnetocaloric

1. Introduction

Caloric phenomena form a foundational aspect of material physics, crucial in identify-
ing viable substitutes for the toxic gases currently employed in conventional refrigeration
systems [1,2]. Significant temperature variations driven by caloric processes have been
observed in different materials following adiabatic changes in applied hydrostatic pres-
sure (barocaloric effect) [3-6], mechanical stress (elastocaloric effect) [7-11], the electric
field (electrocaloric effect) [12—15], and the external magnetic field (magnetocaloric effect,
MCE) [16-19]. Although the underlying nature and physical interpretation of each phe-
nomenon differ, they share a common objective: maximizing entropy changes in response
to variations in the control parameter governing the thermodynamic process [20-26].

Systems exhibiting phase transitions, in particular, achieve maximum entropy changes
near where these transitions are occurring [27-30]. Among these, magnetic materials stand
out due to their distinct magnetic order or ground state, which is heavily influenced by
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the energy contributions within the material [31-33]. Here, we concentrate on magnetic
systems that undergo phase changes with increasing temperature, specifically those that
alter their magnetic phase. A notable model for exploration is the Q-state clock model,
a discrete variant of the renowned 2D XY model [34-37], widely studied for illustrating
the Berezinskii—Kosterlitz—Thouless (BKT) transition in frustrated quenched disordered
phases [38—40]. The Q-state clock model serves as a classical Heisenberg spin model with
pronounced planar anisotropy, useful in replicating material thermodynamics [41-43].

Phase transitions in the Q-clock state model can be identified via the maxima observed
in the specific heat as a function of temperature. Each maximum signifies there is a
“critical temperature”. In scenarios devoid of an external magnetic field, studies have
demonstrated [44—49] that for Q > 5, the specific heat exhibits two maxima. The initial
maximum pertains to the transition from a ferromagnetic phase (FP) to a BKT phase,
followed by a transition from BKT to a paramagnetic disordered phase (PP) [36].

Due to these dual phase transitions, the Q-clock state model is particularly intriguing
for caloric phenomenon studies. This model prompts several critical questions: What is the
optimal value of Q that maximizes entropy variation and, consequently, the MCE? Which
magnetic phases enhance the effect most effectively? Are the results consistent as the lattice
size increases?

A major technical challenge with this model revolves around scaling accessible states,
which scales approximately as NQLZ, where N = L x L defines the lattice size with N
number of sites. Consequently, exact computations using the canonical partition function
entail substantial expenses, thus restricting exact computations to smaller lattices. Mean-
field approximation and Monte Carlo simulations allow us to address large lattice size
challenges. Monte Carlo simulations are often preferred for their accuracy in representing
systems with intricate interactions and fluctuations, which the mean-field approach may
overlook due to its averaging assumptions. Consequently, mean-field theory may not aptly
describe short-range interactions like those in the systems examined herein.

Material systems where the Q-state clock model can be directly applied are complex
due to its theoretical nature. Nonetheless, this model is useful for studying phase transition
properties that occur in two-dimensional (2D) arrays [35,50]. The type of interactions
between the discrete spin configurations in a 2D lattice plays a fundamental role in the Q-
state clock model. A scenario where one could find applications for this model corresponds
to artificial spin ice systems. In this case, the materials used are permalloys with square
lattices [51,52], which may be in direct analogy with the Q-state clock model by choosing
appropriate Q values into a Hamiltonian that includes short- and long-range interactions.

This work investigates the MCE in the Q-clock model, utilizing Monte Carlo simula-
tions to derive the model’s thermodynamic properties for large lattice sizes. The analyzed
Q values are even numbers (Q = 2,4, 6, 8), facilitating exploration into how the spin ori-
entation given by Q numbers influences the magnetocaloric effect across variations in
thermal and magnetic conditions. We examine the magnetocaloric effect’s reliance on these
Q values, focusing on entropy, specific heat, internal energy, and magnetization responses
near phase transitions. This study elucidates optimal spin configurations to maximize the
MCE in discrete multi-state systems.

Our work is structured as follows: Section 2 introduces the Q-state clock model, de-
tailing its Hamiltonian and the relevant thermodynamic quantities. Section 3 describes the
Monte Carlo simulation techniques used to derive thermodynamic properties, including
detailed explanations of lattice sizes, boundary conditions, and sampling methodologies.
Section 4 examines the calculated thermodynamic properties, such as specific heat, internal
energy, and entropy, for various values of Q. Section 5 explores the magnetocaloric effect
and outlines the methodology for its calculation. Section 6 presents our findings, high-
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lighting the optimal conditions and Q values that maximize the effect. Finally, Section 7
summarizes the key findings of our research.

2. Spin Model
Q-State Clock Model

The system under study corresponds to the Q-states clock model on a two-dimensional
(2D) square lattice of dimensions L x L = N (with N the total number of sites in the lattice).
The local magnetic moment or “spin” S; at site i can point in any of Q directions in a
given plane, see Figure 1. S; is then a 2D vector, i.e., S; = (cos(%ki), sin(%ki)), where
ki =0,1,...Q — 1, with equal probability and the index i runs over all sites of the lattice.
The magnitude of S; is chosen as the unity.
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Figure 1. (a) Schematic representation for a square lattice of size 6 x 6 with spin orientations

Y

-

corresponding to Q = 8. (b) Q-clock model for Q = 2,4, 6, and 8 states. Orange dots indicate sites,
and blue arrows are the possible spin orientation at each site with spin vector S;.

The isotropic Hamiltonian for such a system can be written as follows:

ZJS S—ZB Si, 1)
{i1)
where J > 0 is the ferromagnetic exchange interaction to the nearest neighbors; the sum
runs over all pairs of nearest neighbors (i, j). B is an external magnetic field applied along
one of the directions of the plane. We use J = 1 in our calculations; thus, all quantities are
delivered in exchange units.

To quantify the caloric effect, the entropy from the thermodynamics of the model
must be obtained. To do that, we will analyze Monte Carlo simulations, which offer the
possibility of obtaining thermal averages within a sample of the possible configurations of
the system. The following section will detail the method employed, including the algorithm
used in our computational calculations.

3. Monte Carlo Simulations

The work presented herein will focus on numerical computations based on Monte
Carlo (MC) simulations. A square lattice of size L x L is selected, with free boundary
conditions imposed. A site is randomly chosen for visitation, and the energy cost, A,
associated with rotating the corresponding spin among Q possible states is calculated. If
the energy is diminished, the change in orientation is accepted; otherwise, the spin rotation
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is accepted only when exp(—A/T) < r, where r is a freshly generated random number
uniformly distributed in the range [0, 1]. This procedure conforms to the conventional
Metropolis algorithm. A Monte Carlo step (MCS) is achieved after N = L x L spin-
rotation attempts.

For each lattice size and Q value, a sequence of temperatures has been established
within the range [0.02, 4] in increments of 0.02 for each temperature. A total of 5T MCSs are
performed: the initial T MCSs are utilized to equilibrate the system at a fixed temperature T.
In contrast, the subsequent 4t MCSs are employed to measure observables every 20 MCSs,
achieving a cumulative total of 2 x 10° = 200.000 measurements. From now on, T = 10°,
unless otherwise specified for the remainder of this paper, and this choice of 7 yields stable
results and corresponds with the analytical expressions obtained in previous studies for
smaller lattices.

3.1. Thermal Averages

The magnetization per site Mis given by

M= )

z| =
=
g

Il
—_

1

where §; is the spin at site i at a given time, t, and N = L x L. In this case, M is a vector of
two components M = (M,, M,). Normally, this vector’s magnitude or absolute value is

calculated as |M| = /M2 + M2. Then, the thermal average of |M| is < |M| > given b
x y g g y

1 N

< = )M+ A, ©)

with N; = 2 x 10° the number of configurations used to perform thermal averages.

Energy is the main quantity the Monte Carlo method uses to reach thermal equilib-
rium. Therefore, after T MCSs, the internal energy U can be obtained by averaging the
N, = 2 x 10° values for Ey, where k runs over the accepted configurations after the Metropo-
lis algorithm, namely,

u <E>——2Ek, 4)

where every spin configuration is separated from the next one by 20 MCSs. The energy per
site is then U/N.

The specific heat is then calculated as proportional to the fluctuations in the energy as
follows (we use kg = 1 for simplicity):

(E?) — (E)?
T

c- (1§Ek) <1§Ek> . ©

The entropy S can be calculated by numerical integration of the specific heat over T as

C =

S(T,B) = so+/@dr %)

Our analysis determines the entropy at zero temperature under zero and non-zero
magnetic field conditions by examining the energy degeneracy inherent at (T = 0). Without
a magnetic field, (Q) ferromagnetic spin configurations exist, each possessing identical
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energies, resulting in an entropy of Sg = In Q. Consequently, the entropy at any temperature
T with a zero magnetic field is given by S(T,0) =InQ + [ @d T. Conversely, when the
magnetic field (B # 0), there is a unique ground state where all the spins align uniformly
with the field, leading to the constant Sy going to zero.

3.2. Selection of the Lattice Size

Because of the scaling of the system’s accessible states (NQL2 = QN),itis necessary to
set a criterion for a representative lattice size in the thermodynamic limit, where the results
of the caloric studies are valid and closer to reality. For this purpose, we have analyzed
the convergence of the internal energy U for different values of the clock parameter Q,
and the lattice size L with temperature T as the independent variable, using Monte Carlo
simulations. For this purpose, we have analyzed the system’s internal energy, normalized
to the number of sites, U(Q,L,T)/N (or simply U/N), as a function of T. The clock
parameter Q takes the values 2, 4, 6, and 8, while the lattice sizes N = L x L are decimated,
taking values L = 8, 16, 32, 64, and 128. In addition, we consider two values for the external
magnetic field: B = 0.0 and B = 1.0.

The results are given in Figure 2. The left panel gives the normalized energy without
an external magnetic field, while the calculations reported in the right panel correspond to
an external magnetic field B = 1.0. The convergence from the upper curves (smaller lattices)
to the lower curves (larger curves) is notorious. However, to investigate the stability of the
curves for L = 128, we conduct a complementary study. For a square lattice with L x L
sites, it is convenient to plot the energy per site as a function of 1/L for the scaling analysis,
as we show in Figure 3 for two different temperatures: T* = 0.5 and T* = 3.5. Since the
results tend to coincide and overlap in the plots, we have left out the curve for the case
Q = 2, which corresponds to the well-known Ising model, thus leaving the upper Q values

in the plot.
1.0
-0.5} L =008 L=D02
o =]
v L=016 18 L=
L=1032
-1.0} a L =032 20 n o
= n L =064 = =
. n L= 128 , B g5 WL=1E
Q=2B=00 Ak
-3 R Q=2B=10
-2.0 =
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(a) (b)
Figure 2. Normalized internal energy U/ N as a function of temperature for Q = 2 and lattice sizes

8 x 8,16 x 16, 32 x 32, 64 x 64, and 128 x 128 for an external magnetic field of (a) B = 0.0 and
(b) B=1.0.

In Figure 3, we have also included a linear fit as straight lines: solid for B = 0.0 and
dashed for B = 1.0. This allows us to obtain the intersects for the thermodynamic limit:
U(Q, 00, T*)/N. Then, we can calculate the percent deviation € of the L = 128 results with
respect to these limiting values, namely,

Q,128,T*) — U(Q, o0, T*)

u(
—1
=100 U(Q,128,T*)

(®)

The values of this parameter are reported in a table within each panel in Figure 3,
including here the case Q = 2 that was not plotted.
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The values reported for L = 128 are near what can be expected for U/N in the
thermodynamic limit. Actually, the largest deviation observed is only 1.1%. From now on,
we will analyze the results for L = 128 as a representative of the thermodynamic limit.

00— T T ; =010
05 mQ o e T=05 02t T=35 ]
© 06 2] 1 0.8%]| 1 0.,‘.‘;n .
-10F @gs oS T 0% -03—e-e—8—®
[B]0.99997 [0.8%] 1 [0.6% B=0.0 B-1.0
-, -15 e ———§ —————9 > -0.4f Qe (:z! ‘? 9% n.gggnﬁT;%
— e & & 0 Q6 [ [0-90006] 0.8% | 0.00998 | 0.5%
= 20— — ~ —0.5F [ 0.90905] 0.8% 0.00095 [ 0.8% |
® Q8 5 [0.99599[0.8%]0.99973[0.5%
-25 [, -0.6F RS zzzzzeiss "
W W T e OB S PP | @ W
e _ et - SRR 8 = ——B=00
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(@ (b)

Figure 3. Normalized internal energy U/N as a function of the inverse of the lattice size 1/L, for
different Q values, namely, 4, 6, and 8, and two values of the magnetic field B = 0.0 and B = 1.0. The
left panel (a) corresponds to a low-temperature value, T = 0.5, while the right panel (b) corresponds
to a high-temperature value of 3.5.

4. Analysis of Thermodynamic Quantities

We will begin by reviewing the thermodynamic results of the model, focusing first on
the analysis of the specific heat for a 128 x 128 lattice. This thermodynamic quantity for a
field B = 0 and field B = 1 is shown in Figure 4a,b, respectively, for Q = 2,4, 6,8. Here, we
observe two peaks for Q > 6, indicative of a double-phase transition. It is, therefore, the
BKT phase that appears in these cases. It is also noticeable that the critical temperature of
each transition increases as B increases, and their associated peaks are less pronounced, as
we can observe when comparing Figure 4a,b. This is because the external magnetic field
favors ordered phases (FM and BKT) over disordered ones.

300 L=128 B=0.0 300 L=128, B=1.0
. w Q2 a2
250 . 04 25 u 01
2.0 ; 2.0 ;
. Q6 - Q6
= \ o = o
< ° Q8 S

(@) (b)
Figure 4. Normalized specific heat C/N as a function of temperature for even Q values between
Q =2and Q = 8 and a 128 x 128 lattice. (a) B = 0.0; (b) B = 1.0. The shift of the peaks to the right at
B =1.0is clearly seen for all Q.

Following with the 128 x 128 lattice, its internal energy as a function of T is shown
in Figure 5a, where we can observe that lower values are obtained when B = 1.0 (blue
curves) than when B = 0.0 (purple curves). This is due to the Zeeman term present in the
Hamiltonian given by Equation (1), which decreases the ground-state energy compared to
the case in the absence of a magnetic field. Figure 5b shows the magnetization M of the
system for Q = 2,4, 6, and 8 for B = 1 (blue curves) and B = 0 (purple curves). First, we
notice that all systems start saturated (in a ferromagnetic state), and then M decreases as T
increases. The cases with B = 1.0 show higher magnetization than those with B =0.0as T
increases for all Q displayed. It is observed that the change in magnetization as a function
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of temperature happens much faster for larger Q values. This is a direct consequence of the
degrees of freedom of the system. For example, we can think of Q = 2, where two possible
orientations for the spin are up and down. In terms of energy, generating a flip of such a
configuration is much more difficult. Therefore, the magnetization will be higher for low Q
than for higher values of Q at the same temperature.

A Q2(B=00)0 Q6(B=00)n Q2B=10
W QUB=00)e Q3(B=00)mQIB=10

A Q2AB=00)0Q6(B=00)xQ2B=10)0 Q6(B=10)
)o Q6(B =10 WQUE=00)e QS(B=0.0 )mQIB—=10)e Qs(B=10)
e Q8(B =10 L =198 25

R Q2AB=00)0Q6(B=00)x Q2B=10)0 Q6(B=10)
B Q4B =00)®Q8(B=00 )M Q4B=10)e Q8(B=10)

35 40 45 00 05 10 15 20 25 30 35 40 45 l0.0 05 10 15 20 25 30 35 40 45

00 05 10 15 20 25 30
T

@)

i T
(b) (o)
Figure 5. Normalized (a) internal energy, (b) magnetization, and (c) entropy as a function of

temperature for even values of Q between Q = 2 and Q = 8 and a 128 x 128 lattice. B = 0.0 (purple
curves); B = 1.0 (blue curves).

Next, we analyze the entropy in Figure 5c. We observe that for a given Q, the entropy
is lower when B = 1 (blue curves) than for the case of B = 0 (purple curves). This is
consistent with the interpretation that the magnetic field tends to order the spin system.
Also, it is noticeable that for more spin degrees of freedom (as Q increases), the entropy is
higher as a function of temperature, which is consistent with the more significant number
of accessible states the system acquires as Q increases. These curves show that the entropy
fulfills lim7_,o S(T, B # 0) = 0 because, with even a very low field value, the system at
low temperature tends to have only one preferred state due to the presence of the external
field applied to the system. It is important to remember that in the case of a null field, the
entropy at low temperature has the value of limr_,¢g S(T,0) = In Q. It should be noted
that the entropy in Figure 5 is normalized to the total number of spins in the lattice, i.e.,
S(T,B)/N. This implies that the quantity So/N is very small when the field tends to zero
(and strictly zero with B # 0). In the case of the lattice size 128 x 128 displayed in Figure 5,
this number would be given by In(Q) /16384, in which the most significant value would be
provided for Q = 8, offering a correction of the order of 107,

5. Magnetocaloric Phenomena

To analyze the magnetocaloric effect, we start by treating the total entropy of a material
as the sum of three entropies: electronic S,, magnetic Sy, and lattice S;.

S(T,B) = S¢(T, B) + Su(T,B) + S;(T, B). )

It is essential to mention that the latter equation presumes the separation of the
orbital, magnetic, and lattice degrees of freedom. This assumption does not always hold,
as evidenced by systems exhibiting Jahn-Teller interactions or magnetoelastic coupling,
where these degrees of freedom are intertwined [53-56].

Magnetic entropy (S,) strongly depends on the magnetic field. Conversely, it is
typically observed that many materials” electronic and lattice entropies are mainly in-
dependent of the magnetic field. However, this is not universally applicable; notably,
in low-temperature regimes (approximately below 10 K), some studies suggest that the
electronic entropy may exhibit nonlinear dependence on the magnetic field [57].

In this study, we consider a more conventional system where the magnetic field does
not influence the lattice and electronic entropies, allowing us to reformulate Equation (9) as
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S(T,B) =~ S¢(T) + S (T, B) + S;(T). (10)

The quantification of the caloric phenomenon is associated with a thermodynamic
refrigerator cycle, where we can take two paths to quantify the effect: (i) an adiabatic
trajectory and (ii) an isothermal trajectory. The temperature variation that suffers the
systems along the isentropic process is AT,; and is given by

B T [0S
AT, = —/B_ CB<aB>TdB, (11)

1

where we use Cp = (g#) =T (g%) that corresponds to specific heat at constant B.
B B
In the case of quantifying the effect employing an isothermal trajectory, we obtain an
entropy variation at constant temperature, AS, given by

B2 1 9S
AS = - | dB. 12
-/31 (aB>T (12

The quantity (g—g) . that appears in the last two equations can be rewritten in terms of

the magnetization of the system via Maxwell’s relationship (%) = (%—%) 5

If we look at Equations (11) and (12), we can find a relationslzlip between these quan-
tities. It is found that —AS « AT,;. Consequently, it is essential to note that when one
has a case in which —AS > 0, we call this kind of response a direct type. The system will
heat up, while when the response is —AS < 0 type, we call this an inverse-type response,
and consequently, the system will cool down. Therefore, we expect in a direct response a
AT,; > 0, and for the case of an inverse response, we expect a AT,; < 0 for the final result
of the caloric phenomena.

For the case of the entropy variation at constant temperature T, the magnetocaloric
expression can be given by the difference in the entropy at the initial and final point of the
process as

—AS ~ —AS,; ~ S,,(T,By) — S (T, B), (13)

where the contributions of S; and S, seen in Equation (10) vanish due to their dependence
only on temperature, and consequently, in an isothermal process (as the one we analyze here),
they do not have associated variations as B changes. Equation (13) generates a graph of —AS
as a function of T for a given By and final B that quantifies the magnetocaloric phenomena.

For the temperature and magnetic field ranges we use in our calculations, we fix the
zero value of temperature at T = 0.01, while the smallest field we work is B = 0.0. On the
other hand, the maximum temperature corresponds to T = 4.02, and the magnetic field of
B = 1.0, all in J units.

6. Results
6.1. Direct or Indirect Caloric Response?

To understand the caloric response of the system, let us start the analysis with a simple
example for Q = 2, the top left panel in Figure 1b, and lattices increasing in size from 8 x 8
to 128 x 128. The entropy difference that quantifies the MCE in Equation (13) is given by
—AS =S (T, 0)-S (T, B), where we have selected By = 0. This entropy difference is plotted
for different final magnetic fields of B = 0.2 and B = 1.0 as a function of the temperature T
at which the process occurs, as shown in Figure 6a. We note that the response of the effect
is positive for both presented cases of different B, which indicates a direct-type behavior for
the MCE. It is also observed that for a lattice of 128 x 128, and below T ~ 1.3, the thermal
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response of the effect for B = 0.2 and B = 1.0 is the same. The latter also occurs for smaller
lattices but for lower temperatures than 1.3.

04 4.3
) - — —0. L =008
0350 Q=2 B,=00 Fﬁ*i{i{ 1.0 07 @ =8,B,=00 S
03 3 i ol o L =032
" ¥ = 032
_ 025 & L=008 = 05 8 ® L =064
== &
3]\_ 02l »L=016 o o4 ."'i o L=128
1 sl M E=032 ' o3l §
L= 06l : B=020
040}  ir—1om 0z ¢
0.05 01} &
00 ach 0.0

00 05 10 15 2.0 2:5 30 35 40

(a) (b)

Figure 6. Normalized entropy difference —AS = S(T, By = 0) — S(T, B) as a function of temperature
for lattices sizes from 8 x 8 to 128 x 128 sites, and B = 0.2 (lower curves) and B = 1.0 (upper curves).

@Q=2b)Q=8

As the temperature increases after T ~ 1.3, it is observed that the case for B = 1.0 is
notably different from the one with B = 0.2, as the peaks for B = 1.0 are larger and shifted
to higher T for all the lattice sizes. The explanation of this phenomenon is relatively simple.
The system prefers to be in a ferromagnetic configuration (i.e., in a single configuration
state) in an external magnetic field up until it reaches a maximum in —AS. Removing the
spin ordering from this state requires a considerable temperature increase in energy. This is
reflected in the entropy for Q = 2 and a 128 x 128 lattice for B = 0 and B = 1, where both
entropies are equal up to T ~ 1.3, and then they separate as T increases, see the two lower
curves in Figure 5c.

Using the same criteria previously discussed, we will obtain similar behavior associ-
ated with the sign of —AS for different Q values. That is to say, we will obtain a response
of the direct type —AS > 0 for Q = 8 even independent of the lattice size, as can be
appreciated in Figure 6b. This is because the entropy without an external magnetic field is
always greater than the entropy for any non-zero magnetic field value for any value of Q,
as we can see for the lattice of 128 x 128 sites in Figure 5c.

In addition, we observe by comparing both panels (a) and (b) of Figure 6 that the
maxima for —AS/N with 32 x 32 and 128 x 128 lattice sites do not present significant
variations, either in the magnitude or T value where they are located along the horizontal
axis. This statement is even more noticeable in the case of Q = 8 in Figure 6b, indicating
that as the lattice size and Q increase, the entropy change curves tend to be similar for
the T range and B values we are considering in these calculations. It is also important to
emphasize that an inverse effect —AS < 0 can be obtained in an isothermal process, starting
from a higher magnetic field and going to a lower magnetic field. Still, it is much more
natural to have a system without a magnetic field and activate an external field on the spin
system afterward.

For the larger Q value, we are considering Q = 8 in Figure 6b; it is observed that the
MCE is more significant for the second transition in all the presented lattice sizes, as seen
by the larger maxima in the temperature range from T = 1 to T = 1.5. This applies to
large lattices constructed with Monte Carlo simulations and mean-field theory. However,
using an exact formulation performed on the canonical ensemble, the opposite is true for
small lattices (e.g., a 3 x 3 lattice, see Figure Alb for Q = 8). Since we are focusing on the
thermodynamic limit, we will not delve further into the effect of small lattices in the main
text of our work. However, to complement this study, we have added a full Appendix A
on exact and mean-field calculations for small systems.
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6.2. What Q Value Has the Better Magnetocaloric Response?

We have to consider two temperature regimes to answer which value of Q maximizes
the magnetocaloric effect. Since, in our model, the temperature is in units of 7, it is
convenient to think of two temperature regimes, the first one for 0 < T < 1 and the second
onefor T > 1.

From Figure 7, we observe the magnetocaloric response for the 128 x 128 lattice with
even Q values. Due to the double-phase transition in the model for Q > 5, both Q = 6 and
Q = 8 (circle symbols) display two distinct maxima in the caloric effect as a function of T.
The first maximum (from left to right in T) is associated with an FP-BKT phase transition and
the second maxima with a BKT-PP transition. For both Q = 6 and Q = 8§, at temperatures
T < 1, the magnitudes of —AS are nearly the same, but the first maximum occurs for Q = 8,
reaching its peak at a lower temperature than Q = 6. This trend aligns with the expected
behavior of our model, where increasing the spin degrees of freedom Q allows for similar
caloric responses at progressively lower temperatures. As Q increases, the temperature
at which the FP-BKT transition occurs shifts leftward, approaching zero in the theoretical
limit as Q tends to infinity. In the higher temperature region T > 1, we observe that the
caloric effect for Q = 8 slightly surpasses that of Q = 6, particularly near the BKT-PP
transition. This suggests that, for Q > 5, the BKT-PP transition becomes more pronounced
with increasing spin degrees of freedom Q, amplifying the caloric response as Q grows.
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Figure 7. Normalized magnetocaloric effect for a 128 x 128 lattice using Monte Carlo simulations for
the case of Q = 2 up to Q = 8 and external B = 1.0.

If we only focus on the maximum magnitude of the MCE and not its location in
temperature, this is given for Q = 4 for any lattice size. This is due to the sharp peak
observed in the specific heat for Q = 4 without an external magnetic field, as seen in
Figure 4a. If we compare this peak with the one obtained when B = 1.0 (Figure 4b), the
magnitude peak decreases almost by half, the most remarkable decrease in all the peaks
observed for all the Q studied. This will generate significant entropic differences and a
higher associated caloric effect, as shown in Figure 7. Opposite is the case for Q = 2, which
has the lowest caloric effect, with its maximum at a higher temperature, thus being the least
advantageous for the caloric phenomenology.

As a final comment, we need to clarify the role of the Berezinskii-Kosterlitz-Thouless
(BKT) phase in our study. For Q > 5, the system exhibits an intermediate phase charac-
terized by the quasi-long-range order, where spin correlations decay algebraically due to
the presence of vortex—antivortex pairs. In a zero magnetic field, this phase is associated
with zero magnetization, as the order parameter is non-local. However, in the presence
of a non-zero external magnetic field, the Zeeman term in the Hamiltonian breaks the
symmetry and induces a finite magnetization, even in the BKT phase. This external field
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modifies the behavior of the BKT transition, while retaining its essential features, such as
power-law spin correlations. The appearance of a double peak in the specific heat for Q > 5
highlights this phase transition, leading to a “shoulder” in the entropy that enhances the
magnetocaloric effect near the temperature of the first specific heat peak.

7. Conclusions

This study investigated the magnetocaloric effect (MCE) in a Q-state clock model on
a square lattice using Monte Carlo simulations, focusing on spin systems with varying Q
orientations. By examining Q values from 2 to 8 across different lattice sizes under free
boundary conditions, we quantified the MCE through isothermal changes in the external
magnetic field, using system entropy as a key metric.

Our results demonstrate that the magnetocaloric effect can be significantly enhanced
through the precise control of the spin degrees of freedom. Specifically, for Q > 5, the
system undergoes a double-phase transition characterized by two distinct peaks in specific
heat, which correlate with an enhanced caloric response. At lower temperatures (T < 1),
systems with Q = 6 and Q = 8 exhibit a notable caloric effect driven by the ferromagnetic
(FP)-to-Berezinskii-Kosterlitz—Thouless (BKT) transition. Although this transition occurs
at different temperatures for each Q value, the resulting caloric response remains nearly
identical, indicating that increasing the spin orientations shifts the transition temperature
while preserving the effect’s magnitude.

The behavior observed for Q = 4 is particularly noteworthy, as it presents a single,
pronounced peak in the specific heat, maximizing the MCE at a single critical temperature.
Unlike higher Q systems, which involve more complex double-phase transitions, the Q = 4
case offers an efficient entropy change with simplified thermal control, suggesting its
potential utility in applications where streamlined caloric responses are advantageous.

In summary, this study provides a deeper understanding of how spin orientations
within the Q-state clock model influence the magnetocaloric effect (MCE), offering critical
insights for optimizing caloric responses in magnetic refrigeration and other thermody-
namic systems. These findings not only advance the theoretical comprehension of phase
transitions in multi-state systems but also reveal practical strategies for harnessing these
phenomena across diverse domains of statistical physics, such as neural networks, biologi-
cal systems, and percolation theory. The framework established here opens new pathways
for future research into optimizing thermodynamic efficiency in spin-based materials, with
promising implications for a range of applied technologies.
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Appendix A. Exact and Mean-Field Approximation

In this section, we analyze two cases where the MCE calculation comes from an
entropy that can be derived directly from a canonical partition function (Z). The first
corresponds to an exact calculation of all the accessible microstates of the system fora 3 x 3
lattice for Q = 2,4, 6, and 8. In this framework, it is then possible to obtain Z analytically,
and hence, all the thermodynamic quantities can be derived from it.

The second corresponds to the mean-field theory that assumes that the fluctuations
around the average value of the order parameter, in this case, the magnetization per site
it = M/N, are so small that they can be neglected. The first term of the Hamiltonian of
Equation (1) that corresponds to the interaction term between the spin of the lattice in
different sites is modified by performing the following approximations.

We can write the spin term as follows:

S; =i+ 45}, (A1)

where 771 is the average thermodynamic spin, the same for all the sites in the lattice. There-
fore, we have

6S; = §; — ;. (A2)
Thus, the spin-spin interaction term can be written as

—

S-S = —m? - (§i+§j), (A3)

where we have neglected the square terms of the fluctuation (O(85)2). Therefore, the
interaction term of the Hamiltonian of Equation (1) (that we call # ) can take the form

My

~J Y (=m?+- (S +5)))
(i.j)

Y @Tm?* — Jziti - S;), (A4)

1

where now the sum runs for each site in the lattice, and z is the effective nearest neigh-
bor of the model. Consequently, we can define a Hamiltonian per site given by the
following structure:

hizgjmz—jZﬁi'gi—E'gi- (A5)

Now, we can calculate the partition function per site, which will depend on Q, B, m,
and T given by
Z(q,B,m,T) = Ze*w, (A6)
q
where (g, B, m) is the energy per site coming from the Hamiltonian of Equation (A5).

To extrapolate the results of the mean-field approximation of the thermodynamic
quantities in smaller lattices, in Ref. [43], we discuss the idea of finding an effective nearest
neighbor (z.ff) through a simple optimization protocol. This protocol matches the internal
energies obtained for a lattice of L x L with L = 3 employing exact and mean-field calcula-
tions. In this way, by releasing the number of neighbors, z,s¢ € R*, and minimizing the
internal energy difference (between the exact and approximate case via the mean field), it
was found that for L = 3, the optimal number of neighbors was z.¢s = 2.67 (for all values

of Q).
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Amplifying the above qualitatively, we propose an expression for the effective number
of near neighbors that adjusts according to the weighting of the effect of non-interacting
edges in the system when the lattice has a generic resolution L x L. The effective neigh-
bors for a central spin for the mean field are determined by the following expression
(independent of Q) for the square lattice with up, down, left, and right near neighbors [43]:

4x (L—2)2+3x4x(L—-2)+2x4
Zeff = ( ) 12 ( ) . (A7)
Once the partition function of the system has been obtained by either of the two
approaches discussed above, it is possible to compute all the thermodynamic observables
in a general way through the expressions (with kg =1):

F=-TlnZ, (A8)
olnZ
_ 2
Uu=rT < 3T >B, (A9)
and U
C= (BT)B' (A10)

where F is the Helmholtz free energy, U is the internal energy, and C is the specific heat at
the constant magnetic field. In addition, with the differential expression of the Helmholtz
free energy given by dF = —SdT — MdB, we can obtain the entropy and the magnetization

oF oF
= () =), .
Small Lattices

We will now analyze the MCE for different values of Q on the 3 x 3 lattice, both in the
exact case and using the mean field. This is presented in Figure A1, where the cases for
a final field of B = 0.1 (panel (a)) and the case of B = 1.0 (panel (b)) with an initial field
of B = 0.05 are shown. We first notice that for the value of Q = 4, what was observed for

of the system given by

Q = 2, associated with the location of the maximum temperature effect for both methods,
is also true. As the magnetic field increases, the maximum temperature locations become
closer. However, a considerable error is obtained when extrapolating mean-field solutions
for small lattices, and it has to do with the location of the maximum (or maxima) at —AS
when we have the cases Q = 6 and Q = 8 as we can appreciate in Figure Alb. From
this last figure, it can be seen that both Q = 6 and Q = 8 present two maxima in —AS,
vestiges of the double transition present for those values of Q in the model, both for the
mean field and the exact calculations. We note that the exact calculations indicate that the
peak at the lowest temperature is where the most remarkable effect occurs, while the mean
field suggests the opposite; the second peak indicates the maximum value of the effect. In
addition, from Figure Ala, we observe that in the exact case for the same parameter and
lattice configuration, the maximum of the effect is slightly higher for Q = 6 and 8 than for
Q = 4. Meanwhile, the mean field indicates that the ordering of the effect from highest to
lowestis Q =4, Q = 6, Q = 8, and, finally, Q = 2. In contrast, from Figure Alb, we can see
that the most prominent effect is obtained for Q = 4 independent of the calculation method.
This is remarkable since previous studies found that when applying thermodynamic cycles
using the Q-clock model as the working system, the maximum efficiency and useful work
are obtained for the parameter Q = 4 [43]. These two cases, therefore, indicate that there
is a field value at which this inversion observed in the effect maxima occurs. For this
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purpose, we plot in Figure A2 the value of the maximum —AS,,, as a function of the field
independent of the location in the temperature at which it occurs both for the mean field
and for the exact calculation. From this plot, we can notice that in the exact case, Q = 6 and
Q = 8, responses higher than Q = 4 and Q = 2 are observed up to a field of approximately
~0.26. After that value, the effect is ordered in the same way as the mean-field results, i.e.,
in the following form:

—ASE S ASDe S ASQTE S AgR-2 (A12)

with the equation valid only for a final B > 0.26.
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Figure Al. Caloric response for a 3 x 3 lattice with an initial field of B=0.05 and a final field of
(a) B=0.1 and (b) B = 1.0 for the exact and mean-field cases for Q = 2,4, 6, and 8.
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Figure A2. Maximum caloric response (—AS;;qx) as a function of the applied external field between
0.1 and 1.0 for a 3 x 3 lattice with an initial magnetic field B = 0.05 for Q = 2,4, 6, and 8 employing
exact calculations (solid lines) and mean-field calculations (dashed lines).

From Figure A2, we can also confirm what happens when estimating the maximum
effect between the exact and mean-field calculations. Although the mean field and exact
differ quite a bit in the temperature location of the maximum point, if we focus only on the
numerical value of effect maximization at —AS, the mean field does not show significant
variations compared to the exact calculation, even for a small lattice, as shown in this study.
The dotted curves in Figure A2 representing mean-field calculations differ very little from
the solid lines of the exact case, with the most considerable difference observed for Q = 4
and the minor discrepancies for Q = 6 and Q = 8. From this tendency, we can conclude
that for values larger than Q = 4, the numerical estimate of —AS will be closer between the
two methods presented. We can say that the mean field is helpful in this context, even for
small lattices, in the numerical estimation of the maximum effect. However, it fails logically
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in the location of the temperature where it occurs because the nature of the approximation
used is regularly employed for lattices of larger sizes.

An interesting point to discuss is the location in temperature where the maximum
value of the effect is given compared to the critical temperature (T¢) of the different phases
present in the model. This is shown in Figure A3, which represents a plot of T vs. B for
(a) Q =2and Q = 4 and for (b) Q = 6 and Q = 8. To understand these plots, we will
start with the cases Q = 2 and Q = 4 presented in Figure A3a. We must think that the
variation in the effect is given by —AS = S(T, By = 0.05) — S(T, B) and hence is described
by a spin system starting with an entropy of the form S(T, By = 0.05). This quantity has
associated a specific heat C(T, By = 0.05) that defines a critical temperature represented
by horizontal lines in Figure A3a. On the other hand, the continuous lines represent the
final entropy state S(T, B), which has an associated specific heat C(T, B), which will deliver
as the field changes different critical temperature values, indicating the respective phase
transition for these cases. The graphs with geometrical figures (triangular for Q = 2 and
square for Q = 4) are the points where, for a given field, —AS is the maximum. Precisely,
the intersection between the curve with geometric figures and the dotted horizontal one
generates, for Q = 2 and Q = 4, two possible regions where the system maximizes its effect.
Under a field value given by the vertical black line, the system maximizes its effect in a
region where the system starts in a ferromagnetic phase (FPp,) and ends in a ferromagnetic
phase (FPg). In contrast, past the critical field value found, the system maximizes the caloric
response, starting from a paramagnetic phase (PPp,) and ending in a ferromagnetic phase
(FPp). The same analysis can be made if we recall that for the exact case of Q = 6 and
Q = 8, the peak of the effect was concentrated in the first peak of Figure Al and, therefore,
more oriented to transitions relating to the BKT and FP phases. This is shown in Figure A3b,
where the maxima are concentrated when the system remains in a ferromagnetic phase or
involves transitions linking the BKT and FP phases. We note that the maxima of the effect
for Q = 8 are much closer to the T; of the first phase transition related to an FP-BKT-type
transition of the final state of the spin system than what occurs for the case of Q = 6.
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Figure A3. T vs. B phase diagram for (a) Q = 2 and Q = 4 and for (b) Q = 6 and Q = 8. The
solid lines for (a) represent the critical temperatures of the FP-PP-type transition of the final state
of the spin system S(T, B), while for (b), the solid lines represent the critical temperatures of the
FP-BKT-type transition of the final state of the spin system S(T, B). For (a), the light blue triangles
indicate the maximum obtained from —AS = S(T, By = 0.05) — S(T, B) with Q = 2 and the green
squares indicate the same but for Q = 4. The same applies to Q = 6 represented by magenta circles
and Q = 8 with blue circles. The horizontal dotted lines indicate the critical temperature of the
S(T, By = 0.05) state for Q = 2 (light blue), Q = 4 (green), Q = 6 (magenta), and Q = 8 (blue). The
black vertical dotted lines (for panels (a,b)) represent the location where the systems maximize —AS
passing through an effective phase change.



Entropy 2025, 27, 11 16 of 17

References

1.

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.
30.

31.

32.

Reis, M.S.; Ma, N. Caloric effects of quantum materials: An outlook. Phys. Open 2020, 4, 100028. [CrossRef]

Ram, N.R.; Prakash, M.; Naresh, U.; Kumar, N.S.; Sarmash, T.S.; Subbarao, T.; Kumar, R.J.; Kumar, G.R.; Naidu, K.C.B. Review on
magnetocaloric effect and materials. J. Supercond. Nov. Magn. 2018, 31, 1971-1979. [CrossRef]

Cirillo, L.; Greco, A.; Masselli, C. Cooling through barocaloric effect: A review of the state of the art up to 2022. Therm. Sci. Eng.
Prog. 2022, 33, 101380. [CrossRef]

Li, B.; Kawakita, Y.; Ohira-Kawamura, S.; Sugahara, T.; Wang, H.; Wang, J.; Chen, Y.; Kawaguchi, S.I.; Kawaguchi, S.; Ohara, K,;
et al. Colossal barocaloric effects in plastic crystals. Nature 2019, 567, 506-510. [CrossRef] [PubMed]

Matsunami, D.; Fujita, A.; Takenaka, K.; Kano, M. Giant barocaloric effect enhanced by the frustration of the antiferromagnetic
phase in Mn 3 GaN. Nat. Mater. 2015, 14, 73-78. [CrossRef]

Ma, N.; Reis, M.S. Barocaloric effect on graphene. Sci. Rep. 2017, 7, 13257. [CrossRef]

Xiao, F; Jin, M,; Liu, J.; Jin, X. Elastocaloric effect in NisgFej9Gay;Coy single crystals. Acta Mater. 2015, 96, 292-300. [CrossRef]
Chen, J.; Lei, L.; Fang, G. Elastocaloric cooling of shape memory alloys: A review. Mater. Today Commun. 2021, 28, 102706.
[CrossRef]

Cong, D.; Xiong, W.; Planes, A.; Ren, Y.; Mafiosa, L.; Cao, P; Nie, Z; Sun, X,; Yang, Z.; Hong, X.; et al. Colossal elastocaloric effect
in ferroelastic Ni-Mn-Ti alloys. Phys. Rev. Lett. 2019, 122, 255703. [CrossRef] [PubMed]

Chauhan, A; Patel, S.; Vaish, R. Elastocaloric effect in ferroelectric ceramics. Appl. Phys. Lett. 2015, 106, 172901. [CrossRef]
Chauhan, A ; Patel, S.; Vaish, R.; Bowen, C.R. A review and analysis of the elasto-caloric effect for solid-state refrigeration devices:
Challenges and opportunities. Mrs Energy Sustain. 2015, 2, E16. [CrossRef]

Mischenko, A.; Zhang, Q.; Scott, ].; Whatmore, R.; Mathur, N. Giant electrocaloric effect in thin-film PbZr( 95 Tig 95O3. Science
2006, 311, 1270-1271. [CrossRef]

Liu, Y.; Scott, J.F,; Dkhil, B. Direct and indirect measurements on electrocaloric effect: Recent developments and perspectives.
Appl. Phys. Rev. 2016, 3, 031102. [CrossRef]

Correia, T.; Zhang, Q. Electrocaloric effect: An introduction. In Electrocaloric Materials: New Generation of Coolers; Springer:
Berlin/Heidelberg, Germany, 2013; pp. 1-15.

Jia, Y.; Sungtaek Ju, Y. A solid-state refrigerator based on the electrocaloric effect. Appl. Phys. Lett. 2012, 100, 242901. [CrossRef]
Tishin, A.M.; Spichkin, Y.I. The Magnetocaloric Effect and Its Applications; CRC Press: Boca Raton, FL, USA, 2016.

De Oliveira, N.; von RANKE, PJ. Theoretical aspects of the magnetocaloric effect. Phys. Rep. 2010, 489, 89-159. [CrossRef]
Pecharsky, V.K.; Gschneidner, K.A., Jr. Magnetocaloric effect and magnetic refrigeration. J. Magn. Magn. Mater. 1999, 200, 44-56.
[CrossRef]

Franco, V.; Blazquez, J.; Ipus, J.; Law, J.; Moreno-Ramirez, L.; Conde, A. Magnetocaloric effect: From materials research to
refrigeration devices. Prog. Mater. Sci. 2018, 93, 112-232.

Reis, M.S. Magnetocaloric and barocaloric effects of metal complexes for solid state cooling: Review, trends and perspectives.
Coord. Chem. Rev. 2020, 417, 213357. [CrossRef]

Reis, M. Oscillating magnetocaloric effect on graphenes. Appl. Phys. Lett. 2012, 101, 222405. [CrossRef]

Reis, M.S. Oscillating magnetocaloric effect. Appl. Phys. Lett. 2011, 99, 052511. [CrossRef]

Reis, M. Diamagnetic magnetocaloric effect due to a transversal oscillating magnetic field. Phys. Lett. A 2014, 378, 1903-1905.
[CrossRef]

Martinez-Rojas, P.; Benavides-Vergara, M.E.; Pefia, FJ.; Vargas, P. Caloric Effect Due to the Aharonov-Bohm Flux in an Antidot.
Nanomaterials 2023, 13, 2714. [CrossRef] [PubMed]

Negrete, O.A,; Pena, E]J.; Vargas, P. Magnetocaloric effect in an antidot: The effect of the Aharonov-Bohm flux and antidot radius.
Entropy 2018, 20, 888. [CrossRef] [PubMed]

Negrete, O.A.; Pefia, EJ.; Florez, ].M.; Vargas, P. Magnetocaloric effect in non-interactive electron systems: “The Landau Problem”
and Its extension to quantum dots. Entropy 2018, 20, 557. [CrossRef] [PubMed]

Tegus, O.; Briick, E.; Zhang, L.; Buschow, K.; De Boer, F. Magnetic-phase transitions and magnetocaloric effects. Phys. B Condens.
Matter 2002, 319, 174-192. [CrossRef]

Tishin, A.; Gschneidner, K., Jr.; Pecharsky, V. Magnetocaloric effect and heat capacity in the phase-transition region. Phys. Rev. B
1999, 59, 503. [CrossRef]

De Oliveira, N.; Von Ranke, P. Magnetocaloric effect around a magnetic phase transition. Phys. Rev. B 2008, 77, 214439. [CrossRef]

7

Franco, V,; Conde, A.; Kuz’Min, M.; Romero-Enrique, J. The magnetocaloric effect in materials with a second order phase
transition: Are TC and Tpeak necessarily coincident? J. Appl. Phys. 2009, 105, 07A917. [CrossRef]

Halder, M.; Yusuf, S.; Mukadam, M.; Shashikala, K. Magnetocaloric effect and critical behavior near the paramagnetic to
ferrimagnetic phase transition temperature in TbCo,_Fey. Phys. Rev. B 2010, 81, 174402. [CrossRef]

Shamberger, PJ.; Ohuchi, F. Hysteresis of the martensitic phase transition in magnetocaloric-effect Ni-Mn-Sn alloys. Phys. Rev. B
2009, 79, 144407. [CrossRef]


http://doi.org/10.1016/j.physo.2020.100028
http://dx.doi.org/10.1007/s10948-018-4666-z
http://dx.doi.org/10.1016/j.tsep.2022.101380
http://dx.doi.org/10.1038/s41586-019-1042-5
http://www.ncbi.nlm.nih.gov/pubmed/30918372
http://dx.doi.org/10.1038/nmat4117
http://dx.doi.org/10.1038/s41598-017-13515-9
http://dx.doi.org/10.1016/j.actamat.2015.05.054
http://dx.doi.org/10.1016/j.mtcomm.2021.102706
http://dx.doi.org/10.1103/PhysRevLett.122.255703
http://www.ncbi.nlm.nih.gov/pubmed/31347887
http://dx.doi.org/10.1063/1.4919453
http://dx.doi.org/10.1557/mre.2015.17
http://dx.doi.org/10.1126/science.1123811
http://dx.doi.org/10.1063/1.4958327
http://dx.doi.org/10.1063/1.4729038
http://dx.doi.org/10.1016/j.physrep.2009.12.006
http://dx.doi.org/10.1016/S0304-8853(99)00397-2
http://dx.doi.org/10.1016/j.ccr.2020.213357
http://dx.doi.org/10.1063/1.4768789
http://dx.doi.org/10.1063/1.3615296
http://dx.doi.org/10.1016/j.physleta.2014.05.002
http://dx.doi.org/10.3390/nano13192714
http://www.ncbi.nlm.nih.gov/pubmed/37836355
http://dx.doi.org/10.3390/e20110888
http://www.ncbi.nlm.nih.gov/pubmed/33266612
http://dx.doi.org/10.3390/e20080557
http://www.ncbi.nlm.nih.gov/pubmed/33265646
http://dx.doi.org/10.1016/S0921-4526(02)01119-5
http://dx.doi.org/10.1103/PhysRevB.59.503
http://dx.doi.org/10.1103/PhysRevB.77.214439
http://dx.doi.org/10.1063/1.3063666
http://dx.doi.org/10.1103/PhysRevB.81.174402
http://dx.doi.org/10.1103/PhysRevB.79.144407

Entropy 2025, 27, 11 17 of 17

33.

34.
35.

36.

37.

38.

39.

40.

41.

42.

43.
44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

Zhang, C.; Wang, D.; Cao, Q.; Han, Z.; Xuan, H.; Du, Y. Magnetostructural phase transition and magnetocaloric effect in
off-stoichiometric Mn1. 9- xNixGe alloys. Appl. Phys. Lett. 2008, 93, 122505 [CrossRef]

Tobochnik, J. Properties of the g-state clock model for g =4, 5, and 6. Phys. Rev. B 1982, 26, 6201. [CrossRef]

Li, Z.Q.; Yang, L.P; Xie, Z.; Tu, H.H.; Liao, H.J.; Xiang, T. Critical properties of the two-dimensional g-state clock model. Phys.
Rev. E 2020, 101, 060105. [CrossRef]

Miyajima, Y.; Murata, Y.; Tanaka, Y.; Mochizuki, M. Machine learning detection of Berezinskii-Kosterlitz-Thouless transitions in
g-state clock models. Phys. Rev. B 2021, 104, 075114. [CrossRef]

Lupo, C.; Ricci-Tersenghi, F. Approximating the XY model on a random graph with a g-state clock model. Phys. Rev. B 2017,
95, 054433. [CrossRef]

Ilker, E.; Berker, AN. Odd g-state clock spin-glass models in three dimensions, asymmetric phase diagrams, and multiple
algebraically ordered phases. Phys. Rev. E 2014, 90, 062112. [CrossRef] [PubMed]

Chatterjee, S.; Sutradhar, S.; Puri, S.; Paul, R. Ordering kinetics in a g-state random-bond clock model: Role of vortices and
interfaces. Phys. Rev. E 2020, 101, 032128. [CrossRef] [PubMed]

Ali, A,; Xu, H.; Bernoudy, W.; Nocera, A.; King, A.D.; Banerjee, A. Quantum Quench Dynamics of Geometrically Frustrated Ising
Models. arXiv 2024, arXiv:2403.00091.

Negrete, O.A.; Vargas, P.; Pefia, E].; Saravia, G.; Vogel, E.E. Short-Range Berezinskii-Kosterlitz-Thouless Phase Characterization
for the g-State Clock Model. Entropy 2021, 23, 1019. [CrossRef]

Negrete, O.A ; Vargas, P.; Pefia, EJ].; Saravia, G.; Vogel, E.E. Entropy and Mutability for the g-state Clock Model in Small Systems.
Entropy 2018, 20, 933. [CrossRef] [PubMed]

Aguilera, M.A; Pefia, EJ.; Negrete, O.A.; Vargas, P. Otto Engine for the q-State Clock Model. Entropy 2022, 24, 268. [CrossRef]
Elitzur, S.; Pearson, R.; Shigemitsu, J. Phase structure of discrete Abelian spin and gauge systems. Phys. Rev. D 1979, 19, 3698.
[CrossRef]

Cardy, ]. General discrete planar models in two dimensions: Duality properties and phase diagrams. J. Phys. Math. Gen. 1980,
13,1507. [CrossRef]

Frohlich, J.; Spencer, T. The Kosterlitz-Thouless transition in two-dimensional abelian spin systems and the Coulomb gas.
Commun. Math. Phys. 1981, 81, 527-602. [CrossRef]

Ortiz, G.; Cobanera, E.; Nussinov, Z. Dualities and the phase diagram of the p-clock model. Nucl. Phys. B 2012, 854, 780-814.
[CrossRef]

Kumano, Y.; Hukushima, K.; Tomita, Y.; Oshikawa, M. Response to a twist in systems with Z p symmetry: The two-dimensional
p-state clock model. Phys. Rev. B 2013, 88, 104427. [CrossRef]

Kim, D.H. Partition function zeros of the p-state clock model in the complex temperature plane. Phys. Rev. E 2017, 96, 052130.
[CrossRef]

Tuan, L.M.; Long, T.T.; Nui, D.X.; Minh, PT.; Trung Kien, N.D.; Viet, D.X. Binder ratio in the two-dimensional g-state clock model.
Phys. Rev. E 2022, 106, 034138. [CrossRef] [PubMed]

Wang, R.; Nisoli, C.; Freitas, R.; Li, ].; McConville, W.; Cooley, B.; Lund, M.; Samarth, N.; Leighton, C.; Crespi, V.; et al. Artificial
‘spin ice’ in a geometrically frustrated lattice of nanoscale ferromagnetic islands. Nature 2006, 439, 303-306. [CrossRef]
Jungfleisch, M.; Zhang, W.; Iacocca, E.; Sklenar, J.; Ding, J.; Jiang, W.; Zhang, S.; Pearson, J.; Novosad, V.; Ketterson, J.; et al.
Dynamic response of an artificial square spin ice. Phys. Rev. B 2016, 93, 100401. [CrossRef]

Englman, R.; Halperin, A. Cooperative Jahn-Teller Effect. Phys. Rev. B 1970, 2, 75-82. [CrossRef]

Kaplan, T.A.; Lyons, D.H. Spin-Orbit Coupling and the Jahn-Teller Effect. Phys. Rev. 1963, 129, 1969-1972.

Butterfield, L.J.; Clark, C.J. Magnetoelastic Coupling in a Perovskite: A Landau Theory of Phase Transitions in LaMnOg3. Phys.
Rev. B 2007, 76, 184433. [CrossRef]

Travnikov, V.D.; Zentgraf, M.A. Magnetoelastic Properties of Ferroics and Their Manifestation in Magnetic Phase Diagrams. Phys.
Rev. B 2021, 104, 174411. [CrossRef]

Pecharsky, V.; Gschneidner, K., Jr.; Pecharsky, A.; Tishin, A. Thermodynamics of the magnetocaloric effect. Phys. Rev. B 2001,
64, 144406. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1063/1.2990649
http://dx.doi.org/10.1103/PhysRevB.26.6201
http://dx.doi.org/10.1103/PhysRevE.101.060105
http://dx.doi.org/10.1103/PhysRevB.104.075114
http://dx.doi.org/10.1103/PhysRevB.95.054433
http://dx.doi.org/10.1103/PhysRevE.90.062112
http://www.ncbi.nlm.nih.gov/pubmed/25615049
http://dx.doi.org/10.1103/PhysRevE.101.032128
http://www.ncbi.nlm.nih.gov/pubmed/32290025
http://dx.doi.org/10.3390/e23081019
http://dx.doi.org/10.3390/e20120933
http://www.ncbi.nlm.nih.gov/pubmed/33266657
http://dx.doi.org/10.3390/e24020268
http://dx.doi.org/10.1103/PhysRevD.19.3698
http://dx.doi.org/10.1088/0305-4470/13/4/037
http://dx.doi.org/10.1007/BF01208273
http://dx.doi.org/10.1016/j.nuclphysb.2011.09.012
http://dx.doi.org/10.1103/PhysRevB.88.104427
http://dx.doi.org/10.1103/PhysRevE.96.052130
http://dx.doi.org/10.1103/PhysRevE.106.034138
http://www.ncbi.nlm.nih.gov/pubmed/36266915
http://dx.doi.org/10.1038/nature04447
http://dx.doi.org/10.1103/PhysRevB.93.100401
http://dx.doi.org/10.1103/PhysRevB.2.75
http://dx.doi.org/10.1103/PhysRevB.76.184433
http://dx.doi.org/10.1103/PhysRevB.104.174411
http://dx.doi.org/10.1103/PhysRevB.64.144406

	Introduction
	Spin Model
	Monte Carlo Simulations
	Thermal Averages
	Selection of the Lattice Size

	Analysis of Thermodynamic Quantities
	Magnetocaloric Phenomena
	Results
	Direct or Indirect Caloric Response?
	What Q Value Has the Better Magnetocaloric Response?

	Conclusions
	Appendix A
	References

