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Abstract

We propose an amplitude encoding of the traveling salesperson problem along with a
method for calculating the cost function using a probability distribution obtained on a
quantum computer. Our encoding requires a number of qubits that grows logarithmically
with the number of cities. We propose to calculate the cost function using a nonlinear func-
tion of expectation values of quantum operators. This is in contrast to the typical method
of evaluating the cost function by summing expectation values of quantum operators. We
demonstrate our method using a variational quantum eigensolver algorithm to find the
shortest route for a given graph. We find that there is a broad range in the hyperparameters
of the optimization procedure for which the best route is found.

Keywords: quantum computing; quantum algorithms; logistics

1. Introduction

The traveling salesperson problem (TSP) is a famous computationally difficult problem
in mathematics. The TSP involves a salesperson who wants to visit a number of cities to
sell their goods. The salesperson knows the distance to each city and wants to make a
travel itinerary that passes through each city following the shortest possible route. While
the problem might appear simple, it is theorized to be in the complexity class of NP-hard
problems. The challenge is that the number of possible routes grows as N¢! where N¢ is
the number of cities. Thus, the brute force method of calculating the distance of each route
is intractable on a classical computer for even a relatively small set of cities. Many classical
algorithms have been developed that approximately solve the TSP, such as branch and
bound techniques [1-4] and other heuristic algorithms [5-11]; however, there is no known
classical algorithm that solves the general TSP exactly with polynomial resources.

Quantum computing may provide improved algorithms for solving the TSP. Imagine a
salesperson who can traverse each of the N¢! routes simultaneously. If the salesperson also
has a method for finding which of the simultaneously traveled routes is shortest then they
could find the shortest route in a single check. This is similar to how a quantum computer
operates. A quantum computer can be in a superposition of exponentially many states. If
the routes of the TSP are somehow encoded onto the states of a quantum computer, then the
quantum computer can simulate our salesperson who can travel all routes simultaneously.
The question is, how do we use the quantum computer to find which of the simultaneously
traveled routes is shortest?
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If we want the quantum computer to return the distance of each route, we would
have to take exponentially many measurements of the quantum computer. Therefore,
we need a cost function that evaluates a metric for a given quantum superposition that
(1) is minimized when the quantum computer is in the state that represents the shortest
route and (2) is efficient in the number of required quantum measurements. A typical
solution is to derive an operator whose expectation value is minimized for the quantum
state that represents the shortest route. This method has been used in a variety of quantum
computing algorithms.

There are many quantum algorithms that promise increased efficiency over corre-
sponding classical algorithms. One such algorithm is Grover’s algorithm [12], which offers
a polynomial speedup for database search problems. Grover’s algorithm was the first to
be proposed as a quadratic speed up over classical algorithms for solving the TSP [13-15].
However, these algorithms only work when certain conditions are satisfied. Another
quantum algorithm is the Quantum Phase Estimation (QPE) algorithm [16], which has
been proposed as an addition to Grover’s algorithm in order to generalize to any TSP [17].
However, the QPE algorithm requires substantial quantum resources, far beyond those
currently available. Similarly, the Quantum Adiabatic Algorithm (QAA) [18-22] requires
a large amount of quantum resources but may exponentially outperform classical algo-
rithms for solving the TSP. Quantum Annealing [23,24] has also been considered for solving
the TSP [25-28]. While Quantum Annealing has the advantage that it does not require
a universal quantum computer, it can be difficult to make precise statements about the
efficiency. More contemporary algorithms include the Variational Quantum Eigensolver
(VQE) [29-32] and the Quantum Approximate Optimization Algorithm (QAOA) [33]. Both
VQE and QAOA are variational algorithms and both require less resources than QPE
or QAA while still providing exponential improvements over classical algorithms for
certain problems [31,33]. VQE and QAOA may be tractable on currently available quan-
tum computers and are potentially more efficient at solving the TSP for certain classes of
problems [34,35]. We focus on the VQE algorithm in this paper.

A critical part of all quantum algorithms is the encoding. We need an encoding that
maps the TSP onto the quantum computer. To the best of our knowledge, the TSP has been
exclusively encoded using basis encodings [17,35]. In a basis encoding, possible solutions
of a given problem are mapped onto the basis states of the quantum register. For the TSP,
for example, each route is mapped onto a basis state. An alternative to basis encoding
is amplitude encoding [36]. In an amplitude encoding, the solutions are mapped onto
linear combinations of basis states such that the amplitude of each basis state provides
information about the solution. Amplitude encodings tend to require fewer qubits than
basis encodings. However, for amplitude encoding, it can be difficult to derive a cost
operator that can be efficiently implemented on a quantum computer. The process of
converting a cost function to a cost operator is not trivial and there is no guarantee that it
can be accomplished without exponential resources.

In this work, we present an amplitude encoding for the TSP along with a method
to calculate the cost function. Our unique approach to calculating the cost function does
not require the construction of a cost operator but instead evaluates the cost based on
the probability distribution collected from measurements of the quantum computer. Our
method for calculating the cost function allows us to use an amplitude encoding, which
exponentially reduces the required number of qubits as compared to basis encodings.
Because there is no efficient classical method for reproducing the probability distributions
found using the quantum computer, our method may provide an advantage over classical
TSP solvers. We demonstrate our method on a state vector simulator for a few small graphs
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and show that convergence can be found without fine tuning the hyperparameters of
the method.

2. Method
2.1. Statement of the TSP

Let us formally define the TSP. We have a number of cities N¢ each with a unique
label C; for i € {1,2,... Nc}. Each pair of cities C; and C; is assigned a distance d;;. We
can define a graph G = (V, E) where the vertices V correspond to the cities and the
edges E correspond to the paths between the cities. There are at most Np = N2 — Nc
edges for directed graphs and N = (N2 — N¢)/2 edges for undirected graphs. For our
demonstration we confine ourselves to undirected graphs; however, we formalize the
algorithm for the general case.

A route R is an ordered list of cities, e.g., R = (C3,Cy, C4, Cq), that defines the cities
that the salesman visits and the order in which each city is visited. Let idx(Ry) be the index
of the k' city in R. We define the distance of a route D(R) as

D(R) = ;didx(Rk),idx(RkH)/ 1

which is a function that maps routes to real numbers. A route represents a full tour if it
contains every city exactly once. Solutions of the TSP are full tours.

2.2. Quantum Amplitude Encoding for the TSP

We now set up the problem for a quantum computer. We use an amplitude encoding
to map the TSP routes to states of the quantum computer. This encoding saves resources as
compared to basis encodings and is a major advantage of our method.

Figure 1 shows an example of our construction. We assign a quantum basis state for
each path edge in the graph G. Let ¢;; be a binary index for the edge connecting cities C;
and C;. We encode this edge on the quantum basis state |¢;;), where the binary number
describes the state of the qubits. For example [e;;) = |011) is a quantum state where the
first qubit is off and the second and third qubits are on (we assume little endian ordering).
For Ng edges we need only Ng = [log, N | qubits. A route on the quantum computer |R)
is defined by a superposition of states:

1
R = 7Ng ; [Ciax(Re)icx (R 1)) N

where Ny is the number of basis states in the summation. For example, the route R =
(C3,Cy, Cs) is mapped to |R) = %(\egﬁ + |ezs)). Notice that |R) does not define an order
for the paths |e;;).

We define the order classically after the quantum computer is measured. Details are
presented in Section 2.3.

It is straightforward to define a quantum distance operator:

D= Zdij leij) (eijl - )
ij

We can define the distance of an arbitrary quantum state [¥) to be the expectation values of
the quantum distance operator:

Dy(¥) = (¥|D[¥). 4)
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This allows us to calculate the distance of a route R using the distance operator
D(R) = Dy(¥ = R). ©)

However, the full cost function needs to do more than evaluate the distance of a quantum
state. There must also be constraints in the cost function so that the cost is increased for
quantum states that do not define true solutions of the TSP. We describe two methods for
evaluating the full cost function.

C,C,:001)  C,C5:011)

€,€3:010)  C,C,:|101)

C,C4:[100)  C3C4:110)

|¥) =001) + |101) + |110)

Figure 1. A simple graph connecting four cities. The cities are depicted by green circles labeled Cy,
Cy, C3, and C4. Each city is connected to all other cities as depicted by the blue and red lines. The

distance between cities C; and C; is labeled d;;, which need not be proportional to the length of the

ijs
line. We encode this graph onto qubits as shown on the right. Each qubit is depicted as an orange
circle with an arrow representing the state of the qubit. Each pair of cities is encoded onto a basis state
of the quantum computer. The route R = (Cy, Cy, Cy4, C3) is shown in red. This route corresponds to

the quantum state |¥) = (|001) + [101) + |110))/+/3 as shown in the bottom right corner.

2.3. Evaluating the Cost Function

The amplitude encoding offers a dense encoding of information onto the quantum
register. The density of information is an advantage in that the required number of qubits
is small. However, it presents a challenge when trying to evaluate the cost function. As
seen in the previous section, the distance of a route can be promoted to a quantum operator.
However, the cost function must also involve a constraint that only full tours should be
considered as solutions. We refer to this constraint as the full-tour constraint. Typically, one
would write a cost function that involves both the distance and the full tour constraint and
promote this function to a quantum operator. However, it is far from obvious how one can
obtain such an operator in this case. The main insight of our work is that we can evaluate
the cost function without defining a corresponding quantum operator. Instead we use the
probability distribution measured from the quantum computer.

In what follows, we will go into detail about how to use the measurement results of the
quantum computer to determine a value for the cost function. It is important to remember
that evaluating the cost function is not the same as finding a solution to the TSP. The cost
function is simply a measure of how close the current state of the quantum computer is to
the state that represents the solution. In order to find a solution, the quantum state must
be varied. We will describe a variational quantum algorithm that can be used to find the
solution in Section 2.4.

We describe two methods of evaluating the cost function given the probability distri-
bution over the quantum basis states. Given the state of the quantum computer |¥) the
probability distribution is

wij = | (eif[¥) % (6)
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A fundamental aspect of quantum computation is that the probability distribution can be
well approximated by repeated measurements of the quantum state. It is these measurement
results that we use to evaluate the cost function.

2.3.1. Lagrange Multiplier Method

In this method, we evaluate the full tour constraint by extracting a route that represents
a candidate for the full tour |T). We find the candidate tour |T) by consecutively evaluating
the highest probability edges. The steps for finding |T) are as follows:
step0 T = (Cp)
step 1 Find j* such that wp;» > wy; forall j # 0.
step 2 Append Cjs to the last entry in T.
step 3 Seti* = j* and find a new j* such that w;:j» > w;+; for all j such that C; isnotin T.
step 4 Append Cj: to the lastentry in T.
step 5 Repeat step 3 and step 4 until all cities are reached.

To evaluate the cost function, we compare the candidate tour |T) to the state of the

quantum computer |'¥)
F(¥) = (1= [{T]¥) ). )

The full cost function is evaluated as
Ci(a,¥) = Dy(¥) + aF(¥) ®)

where D;(¥) is evaluated by taking the expectation value of the distance operator as in
Equation (4) and a is a Lagrange multiplier.

There is no guarantee that the tour |T) found this way minimizes F(¥). However, it
is guaranteed that F(¥) — 0 as |¥) converges to a full tour. Therefore, minimizing F('¥)
enforces the full-tour constraint.

2.3.2. Tour Averaging Method

In this method, we do not use the expectation value of the distance operator D, (¥)
in the cost function. Instead we take the average distance of a number of tours found
probabilistically from the probability distribution of the quantum state.

The method for finding a tour is similar to that in the Lagrange multiplier method,
except, we select each edge probabilistically. The steps to find a tour are as follows:
step0 T = (Co)
step 1 Select j* with probability ||w;« |-
step 2 Append Cj- to the last entry in Ty.

step 3 Seti* = j* and select a new j* with probability ||w;«j-|| from any j* such that C;« is
not in T.

step 4 Append Cj- to the last entry in Ty.

step 5 Repeat step 3 and step 4 until all cities are reached.

where ||w;+j+|| = wjsjr/ ¥ jwi+j unless ¥ w;s; = 0 in which case [|w;sj[| is equally dis-
tributed over all j.

We calculate the distance of the tour using Equation (1). We repeat this process to find
a distribution of tours. The cost function is the average distance of all the tours

Co(¥) =) neD(Tx). )
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where 1, is the number of times Ty was found. Because every distance in the average is
calculated based on a full tour, the full-tour constraint is automatically enforced.

2.3.3. Comparison of Lagrange Multiplier and Tour Averaging Methods

In the Lagrange multiplier method we interpret the quantum state as representing
a single tour. We attempt to force the quantum state into an exact tour state using the
Lagrange multiplier a. In the tour averaging method, we interpret the quantum state as
representing a distribution of unique tours. We average over this distribution to calculate
the distance. We see that while both methods use the same encoding, the interpretation of
the quantum state is subtly different.

The Lagrange multiplier method gives us an extra control parameter a that may
help expedite convergence. On the other hand, the evaluation of the cost function does
not take full advantage of all of the information in the probability distribution as many
different distributions can produce the same tour. Furthermore, there are switching points
in the space of quantum states where the candidate tour changes. F(¥) is likely to be
discontinuous across these switching points.

The tour averaging method does not suffer from switching points in the same way.
Of course, the most probable tour will switch suddenly at certain points in the state space.
However, the cost function is continuous across these points. It is unclear which method
will ultimately be the most effective; however, the continuity of the cost function is a strong
indication that tour averaging may be preferred.

2.4. Variational Quantum Algorithm for Solving the TSP

To demonstrate the encoding method, we perform a VQE-type algorithm. A flow chart
for the algorithm is depicted in Figure 2, where the algorithm is compared to standard
VQE. In both our algorithm and standard VQE, the quantum computer is used to generate
a variational ansatz. The expectation value of the ansatz is then measured for a number
of operators. Finally, a cost function is evaluated based on those expectation values. In
standard VQE the cost function is simply a sum of expectation values. Our algorithm
differs in that the cost function is a nonlinear function of expectation values. The variational
parameters are then updated based on the value of the cost function using a classical
optimization routine.

Update Parameters

3 ' |
2 Run Quantum Measure Evaluate Cost
?, Computer ‘ Expectation Values ‘
he] ) _ A C(v) = 0; (¥
2 10 () 0i(W) = (¥(9)| O: [ ¥(9)) (1= ol®)
bl

Update Parameters
£ ' I
= Run Quantum Measure Expectation Evaluate Cost
§D Computer Values
- 1A ‘ o) = W), 05(¥),...
z ¥ (6)) 0:(8) = (¥(6)| Os[w(o| | ) = Tttt
>
o

Figure 2. Flow diagram for standard VQE (top) and our algorithm (bottom). Here, ¢ is a set
of variational parameters, O,- are arbitrary operators, 0;(¥) are expectation values, and f is an
arbitrary function.

For the demonstration, we use the hardware-efficient ansatz [30] as the variational
ansatz and we use Simultaneous Perturbations Stochastic Approximation (SPSA) as the
classical optimization routine. During each iteration of the optimization routine, we
evaluate the cost function based on one of the two methods described in Section 2.3.
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Two layers of the hardware-efficient ansatz are shown in Figure 3. Each layer consist
of a stack of Y-rotations followed by alternating CNOT gates. The Y-rotations are param-
eterized by the variational parameter ¢;; where ¢ indicates the qubit and [ indicates the
layer. Throughout our demonstration, we use a 2-layer ansatz.

—1R»($o0) Ry ($01)
— Ry (¢10) Ry (¢11)
— Ry (¢20) Ry (¢21)
Ry (¢30) Ry (¢31)

Figure 3. Two layers of the hardware-efficient ansatz for four qubits. Each horizontal line represents
a qubit. Each box represents a parameterized Y-rotation gate. The vertical lines connected to circles
represent controlled not gates, where the filled circle is attached to the control qubit and the open
circle, inscribed with an “X”, is attached to the target qubit.

2.5. Algorithm Complexity

The advantage of our encoding is that it requires a small number of qubits. To make
that statement precise, let us analyze the method. Our method maps each path between
pairs of cities onto a basis state. If there are N cities, then there are Né ordered city pairs.
Pairing a city with itself does not define an edge, thus, there are at most N = N2 — Nc
directed edges between city pairs. If we restrict the problem so that the return path has the
same distance as the forward path then we only need to consider half of the total number
of edges.

Given a number of qubits N, the number of basis states is Ny = 2N0. We need a basis
state for each edge. Therefore, we need a number of qubits equal to

Ng = [log,(N& — N¢)1. (10)

Another factor that contributes to the algorithm complexity is the required number of
ansatz layers, known as the circuit depth. The depth of the quantum circuit required to
optimize the route is an open problem. However, it has been demonstrated that VQE can
solve complex problems with reasonably shallow circuits [30].

Another factor in the complexity of the algorithm is the number of shots required
to achieve an accurate estimate of the cost function. The standard method of calculating
expectation values of an operator on a quantum computer is to separate the operator into a
sum of Pauli strings. Each set of commuting Pauli strings must be measured in a separate
basis. As the distance operator D can be constructed from Pauli-Z and identity operators, it
requires only a single basis to be measured. Similarly, while we have to calculate O(N2)
different w;j, they all can be calculated from the same measurement basis. Thus, the number
of shots Ng required to get an expectation value to an accuracy of € scales as [37,38]

Ng = 0(1/e2). (11)

Finally, evaluating the cost function from the results of the quantum computer is
achieved by a classical algorithm that scales as

NC i
Ny <Y Y 1<NE (12)
i=1j=1



Quantum Rep. 2025, 7, 32

8 of 16

Thus, assuming we do not need exponentially many ansatz layers, no part of the algorithm
scales exponentially with the number of cities.

2.6. Comparison to Basis Encoding

The main advantage of our method is the use of amplitude encoding to reduce the
required number of qubits. In the standard basis encoding [17,35], one must have a unique
basis state for each possible route. In general, there are N, = (N¢ — 1)! unique routes.
As stated previously, the number of basis states in the quantum computer is Np = 2Ne.
Therefore, one needs at least N‘éaSiS = [log,([Nc — 1]!)] qubits for a basis encoding. Often,
the encoding is simplified if you associate each qubit with an edge so that N ,QbaSiS = N2 - Nc.
In either case, both NgaSiS and NS’aSiS are exponentially larger than the number of qubits
required for the amplitude encoding Ng. This improvement in qubit resources is due to the
fact that, in the basis encoding, much of the quantum information that can be registered
on a quantum computer is not used. In particular, in a basis encoding, different linear
combinations of basis states do not carry unique information about the problem. The
advantage of basis encoding is that the information about the problem is simple to read off
of the quantum computer. For example, one may consider only the most probable basis
state in the measured probability distribution to be relevant. This greatly simplifies the
evaluation of the cost function. However, as we show, various strategies exist for evaluating
costs functions for an amplitude encoding.

One open question is how the convergence of the variational method will compare
between the basis and amplitude encodings. This question is beyond the scope of the
current work. The small graphs that we consider will not be able to resolve the question of
convergence as both encodings should converge quickly for small graphs. The real question
is how the convergence will change as we increase the size of the graphs. For large graphs,
the hardware-efficient ansatz is not likely to be useful for either encoding. A systematic
exploration of various ansatzes is required to make any definite claims about scalability.

2.7. Quantum Advantage

Another open question is whether it is possible to obtain a quantum advantage using
the our method. Because of the logarithmic scaling in the number of qubits, classical
simulations of the quantum computing portion of the algorithm will be viable for even
relatively large problems. However, there are still exponentially more basis states than the
number of qubits and so the classical simulation still requires exponentially more resources
than when using a quantum computer.

However, there are many other classical algorithms that can be used to address the
TSP. A full comparison of each method to our own is beyond the scope of this work, but
we will try to provide some insights. Firstly, our algorithm is certainly efficient in the
number of qubits. In addition, the evaluation of the cost function scales with the number of
measurement shots taken from the quantum computer. Thus, the question becomes, how
many quantum operations are required in order to generate a probability distribution in
which a good approximation of the cost function can be calculated using a small number
of shots.

The number of required quantum operations is an open question for variational
algorithms in general. The number of quantum operations depends on the ansatz that is
used. For certain ansatzes, arguments have been made that a quantum advantage can be
obtained for certain problems once we have fully error-corrected quantum computers [29].
However, other ansatzes are specifically designed for near-term quantum computers and
they may not scale in the long term [30]. We have demonstrated our method with the
hardware efficient ansatz. What other ansatzes are applicable is still an open question.
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3. Demonstration of the Algorithm

We perform all of our calculations on error-free classical simulations of the quantum
computer. The simulator is built in python and uses matrix multiplication to represent
the action of quantum logic gates. The calculations demonstrate how the algorithm will
function under ideal conditions, without quantum decoherence or readout errors.

We do not expect the effect of quantum errors to be worse for our method than for any
other. The magnitude of the quantum errors will depend on the ansatz. For the hardware
efficient that we use, quantum errors have been shown to be minimal [30].

3.1. Considerations for the Lagrange Multiplier a

The value of 4 in Equation (8) determines how strictly the algorithm demands that
the quantum state represents a full tour. We treat a as a free parameter that can vary
during optimization. In this way a acts as a Lagrange multiplier. Critically, cost functions
should not be minimized when they involve Largrange multipliers. Instead, we search for
a saddle point in the parameter space where the cost function is maximized with respect to
a but minimized with respect to the other parameters. Because F(6) is a positive-definite
function, we know that a should monotonically increase during optimization. Therefore,
we can choose, a priori, to increase a at a given rate during optimization.

Figure 4 shows the cost functions during each iteration k of the algorithm, where
the parameter a = k/500 increases with the iterations. The cost function is separated
into the distance portion Dy('¥) and the tour restriction portion F(¥). We find that the
distance portion of the cost function is originally optimized past the point of a full tour.
As g increases, the route restriction portion of the cost function begins to dominate the
optimization and the quantum state is pushed into a full tour. The green vertical lines in
Figure 4 divide the iterations into regions with different candidate tours. The candidate
tour in a given iteration region is indicated on the figure by the route R, where the arrows
point to the regions in which R is applicable. We see that D, ('¥) is smooth across these
boundaries but F (‘I’) can be discontinuous. Despite these discontinuities, we find the
optimal route within 100 iterations. Even after the optimal tour is found, the cost function
continues to fluctuate until it converges around 1000 iterations.

G R = ((y,C3,C3,Cy)

-D(¥)
0.8 e R = (Cll C3,C2; C4)

€ R = (C1,C3,C4,Cy)

Cost

0 200 400 600 800 1000
[teration

Figure 4. Plot of the costs as a function of optimization iteration for a four city graph. The path
between each city is set to d;; = 1 except for dgc = d;y = 0.5 and dpy = 0.1. The Lagrange multiplier
changes during optimization. At iteration k of the optimization procedure, a = k/500. The thin
orange line is the overlap cost F(¥) and the thick blue line is the distance cost Dy ('¥). The vertical
green lines show the points where the candidate tour changes.
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3.2. Dealing with Non-Edge States

In general, there are basis states that do not correspond to any edge. If these states
are in the linear combination that defines the quantum state, then they contribute to the
cost function through F(¥). Additionally, one may decide to assign large distances to these
non-edge basis states so that they also contribute to D;('¥); however, adding distances
to the non-edge basis states tends to make convergence worse. Figure 5 shows the cost
function during the iterations of the algorithm. The cost function is separated into the
distance portion D;('¥) and the route restriction portion F(¥). In Figure 5, we assign a
weight of dg¢ = 0 to basis states that do not represent an edge. In this case the optimal
route is found within 70 iterations. In Figure 5b, we assign a weight of dy¢ = 4 to these
states. In this case the optimal route is not found until over 90 iterations. We see that the
algorithm takes longer to find the shortest distance route when d¢ = 4. It appears that
these non-edge states act as a catalyst to improve optimization times for the algorithm.

(a)

] dogr = 0
off D (lp)

R = (C1,C3,C5,Cy)

R = (Clr C3' CZ' C4-)

Cost

& R= (61» C3,Cy, Cz)

Jh R = (Cl, Cz, C3, C4_)

3
(@] 04_hR=61’C3!CZ;C4)

. r\w\/]-g\f (C1, C3, C4_, CZ)#

ol )
0 40 80 120

Iteration

Figure 5. Plot of the costs as a function of time for a four city graph. The path between each city
is set to d;; = 1 except for dyc = d.y = 0.5 and dj; = 0.1. States which do not encode paths are
artificially given a distance of (a) dy¢ = 0 and (b) do¢s = 4. Atiteration k of the optimization procedure,
a = k/500. The thin orange line is the overlap cost F('¥) and the thick blue line is the distance cost
Dy('Y). The vertical green lines show the points where the candidate tour changes.

3.3. Parameter Searches

To study the effectiveness of our scheme we perform a search of its hyperparameters.
The hyperparameters define the SPSA optimization scheme. Specifically, we investigated
the effect of varying the perturbation size and the learning rate. We call d¢ the perturbation
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size and g the learning rate and they play the following role in the SPSA algorithm. At each
iteration of the optimization procedure, the SPSA algorithm compares the current value
of the cost function to the value of a nearby state where every parameter in the ansatz is
adjusted by an amount d@,; = +d¢ where + is chosen randomly for every g and /. Based
on the difference in the value of the cost function dC, the parameters for the next iteration
are changed by an amount d¢,; = —g x dC x dg;.

3.3.1. The Uniform Distribution

For a test case we consider the random selected graph shown in Figure 6. We create
this graph from random symmetric N x N matrices. The matrix elements are generated
from the uniform distribution between 0 and 1. The matrices are then symmetrized. The
Python package NetworkX 3.5 is used to translate these random matrices into graphs. This
randomly selected graph has the shortest route of length 1.66, following the path shown in
red. This shortest route is found using brute force by looping over all routes and finding
the one with the shortest length. The quantum algorithm described above is applied to
this graph.

Cities Plot with TSP Path

Figure 6. Randomized city locations with the shortest route for visiting all of them shown in red
and unused connections shown in blue. This route starts at city “C;” and ends at city “C3”. This
shortest route has a length of 1.66. Distances for this map are drawn from the set [0, 1] with a uniform
probability distribution. Values of distances between cities are printed at midpoints.

We define Deyact as the distance of the shortest route as computed by brute force
methods. We define AD as the difference between the results of our algorithm and Dexact-
We will analyze the relative error AD /Dexact. In Figure 7, we plot the relative error after
400 iterations as a function of the hyperparameters. We performed this parameter search
for several random seeds. As with many optimization routines there are optimal choices of
parameters. Perturbation sizes and learning rates that are too small increase the convergence
time; however, if these hyperparameters are too large, we may overshoot the target state.
Overall, the convergence of the algorithm is acceptable over a broad range of parameters
as shown by this search. We define the basin of convergence as the region in parameter
space where the relative error is minimized. If this basin is smooth then fine tuning the
hyperparameters is not necessary. In Figure 7, one finds a basin of convergence centered
around a perturbation size d¢ ~ 0.4 and a learning rate ¢ ~ 0.3. The basin is nearly flat;
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however, the basin boundaries are sharp. The discontinuity in the relative error could
make parameter searches difficult as we scale up the problem. As we will see, these
discontinuities are removed for certain distributions and for the tour averaging method.

Learning rate
Relative Error

0.0 0.2 0.4 0.6 0.8 1.0
Perturbation size

Figure 7. Relative error AD / Dexact as a function of the optimization hyperparameters, learning rate
g, and perturbation size d¢. The distances for the graph are taken from the uniform distribution.

3.3.2. Alternative Distributions

Above, we generate the graphs by selecting matrix elements from the uniform distri-
bution. This is far from the only option. The distribution used to generate the graph can
have major consequences on the convergence of the algorithm.

We repeat the analysis for distances drawn from the normal Figure 8a, exponential
Figure 8b, and gamma distributions Figure 8c. This is performed by drawing elements

of our distance matrix, d;;, from the specified distribution. Because the distance matrix is

177
symmetric, we only need] to compute elements above the diagonal where j > i. Elements
below the diagonal are obtained through symmetry: d;; = dj;, and elements on the diagonal
are zero. In the case of the normal distribution, draws that are negative are rejected. We
find convergence for a broad range of hyperparameters for the normal and exponential
distributions. For the normal distribution we find a basin of convergence centered around
dp ~ 0.15 and g ~ 0.2. For the exponential distribution the basin is shifted slightly in
perturbation size, being centered closer to d¢ ~ 0.2. In both cases, the basin is noisy,
having sporadic points of non-convergence within the basin. Also, in both cases there is
a relatively flat shelf for low learning rates ¢ < 0.1 that extends across the perturbation
size. Furthermore, the basin, in both cases, does not have sharp edges. The smoothness of
the basin can help with finding optimal hyperparameters. However, the sporadic nature
of the basin indicates that careful tuning of the hyperparameters may be necessary for
these distributions.

Throughout the entire hyperparameter scan, the relative error was never larger than
0.25 for the gamma distribution. Furthermore we find that in the range centered around a
perturbation size d¢ ~ 0.08 with a learning rate ¢ < 0.25, the relative error tends to be better.
However, this basin is noisy. Thus, it may be necessary to fine-tune the hyperparameters in
order to find good convergence.
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Figure 8. Relative error AD /Dexact as a function of the optimization hyperparameters, lerning rate
g and perturbation size d¢. The distances of the graph are taken from (a) the normal distribution,
(b) the exponential distribution, and (c) the gamma distrition.

3.3.3. Tour Averaging Method

As a test of the tour averaging procedure, we apply it to the same graph as shown in
Figure 6 with distances taken from the normal distribution. Figure 9 shows the evolution
of the cost function. We see that the cost function converges towards the optimal solution



Quantum Rep. 2025, 7, 32

14 of 16

without discontinuous jumps due to tour switching. The small discontinuities in the data
are due to the discontinuous parameter perturbations used in the SPSA optimizer.

Cost function evolution and distances

3.2
—— cost function evolution
3.0 - —— path lengths
2.8 A N
AW
2.6 W\"'\L
- "'vﬁm
wv 4
§2* P
V)
2.2 VL\ X
W
|1‘
N M
18 M’Mwww,w
1.6 A T T T T T T T T T
0 50 100 150 200 250 300 350 400
iterations

Figure 9. Alternative cost function evolution for our variational circuit training on the graph at
Figure 6. The grey lines represent all possible route lengths and we note convergence to the smallest
length in about 400 steps. At each iteration of this plot, 300 sample routes are chosen to compute
an average.

We also perform a hyperparameter search for this alternative cost function, shown in
Figure 10. Again, perturbation size and learning rate are varied and the deviation between
the final value of the cost function and the optimal value is plotted. As in the Lagrange
multiplier method, we find a broad basin of convergence for d¢ < 0.4 and ¢ < 0.2. Unlike in
the Largrange multiplier method, the boundaries of the basin are smooth. The smoothness
of the basin boundaries is a positive feature of the tour averaging method. It means that we
can find the basin following the gradient of the cost function in the hyperparameter space.
Additionally, the relative error is flat across the basin meaning that no fine tuning of the
hyperparameters is necessary.

Learning rate
Relative Error

0.4 0.6
Perturbation size

Figure 10. Relative error AD /Dexact as a function of the optimization hyperparameters, learning rate
g, and perturbation size d¢. The error is found using the tour averaging method. The distances of the
graph are taken form the uniform distribution.
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4. Conclusions

Our method has provided an exponential reduction in the number of qubits required
to encode and solve the TSP on a quantum computer. We have demonstrated the efficacy
of our method by simulating the quantum algorithm applied to four- and five-node graphs.
The heart of our method is an amplitude encoding which is applicable to many different
types of quantum algorithms. We have demonstrated that the encoding works particularly
well for variational quantum algorithms. We have demonstrated the robustness of the
encoding by considering two different evaluation methods for the cost function.

The robustness of our procedure is assessed by testing for many randomized graphs
with different hyperparameters used for the variational part of the algorithm. We have
found broad regions in the space of hyperparameters where exact convergence to the
shortest route is found for most probability distributions. The work presented herein
indicates that at least certain TSP graphs are efficiently solvable using amplitude encodings
on a quantum computer.
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