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rand, nne needs a formulation which algebrized completely all the re-
normna.ization processas; this hns been achicved by using the funcrional
formnnlism of field theory (I, Calmet, Y. Le Gaillard, J. Soffer,

A. Visconti)., In this formalism, one introduces Dictitious extortel sourees,
and onc obkaing a generating functional of the propagators defined as

vacuym expectation values of time-orderad products,

Then, it may be shown thatl the renormalization of the generating
funciional icads to renormalized propagalors  and that (U also loads 10 an

a,pgebraie scheme which is well adapted for progranming.

1il, Tie problems which have to be solved for a numurical evaluation of

raddialive corrvetions are of three kinds:

a) consiruclion of Feyvnman diagrams al a given order and their
rolaied coumer-terms,

b} integration on irternal variables and simple renormalization,

c) numericnd evaluation of the integrals over Feynman pirirmeiers,

This programme (J, Calmei, M. Perrotiet), which is complex enough, Is
i Tull development: 1 has been compleied for the mfﬂ lneory pwwiich has
e phavsical econtent but hears some analogy with guanitm eectirodynimies
as sar as the form of the final integrations ave concerned) and soversd

importanl progeammes for quantum cleeclrodynamics are now running .
The languages which have been used are the LISP language for ail

formal caiculations and FORTRAXN language Jor all numerical eva.uations.

Twocomnutera, o TJnivae 1108 and an IBAT 360-53, were at our Jdisponsal.
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HENORMALIZATION GROUP AND NUMBERICAL EVALUATION
OF RADIATIVE CORRECTIONS

A. VISCGNTI

Ceatre de Physigue Théoriqae, hlarseille. France.

The work on which I am going to report may be divided into throec
parts; s uitimate goal is the evaluation of radiative corrections of any

renormaiizable fieid theory using computers,

1. Uhe Tirst pary (A, Viseontl) deals with pgeperalized renormalization
teansformations and with the study of the geometry of such transtormations
Gulined, roughlv speaking, as linear combinations of radiative corrections.
The motivation of this work arose partly from considerations on renormal-
ization theory {where in the last anaiysis one replaces divergent radiative
correciians by tinvar combinaiions of sower order which are chasen auca
1hal the Dinns resull remains finlle) and parily irom considerations on the
rencrialization group which has been used with success for the study of
tne asvmptolic behavicour of propagators and for the summation of certuin

Clisses of graphs.

Ralher than claborating on the applications just mentioned, this work
s intended to charaelerize some fundamenial aspects of the former methal s,
A& & first step, wo aticmpt to give a definition of the renormalization lrans-
formatlions general enough to include all the differcnt cases in which such
iransformations emer inig play.  Toen, one looks for conditions under
wricr such 1ransiormations build up a group and one studies its linear re-
aresentations,  Finally, one investigales the connections between such
transTormations and She renormatization of o renarmalizabile field theory,

T

i, As far as the numerical evaluation of radiative corrections is con-
corneg, on one hand, we aeed to feed in the former framework more in-
forransion than that already contained. This may be done by considering

a defisite theory defined by a Lagrmngian as quantum electrodynamics or

e . . o 3 4
o scasar fleld interacting with itsell (po or g itheory;. Onilwe olher

-G -
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FOREWORD

Considerabie progress has recently been made in undersianding
renormalization in field theory., There are puirhaps four major arcas

where deeper understanding has been achieved:

1] Appearance of infinities and necessity of renormalizaiion for cxact

solutions of field equations in two and three dimensions,

2] Fguivalence of didferent methods of renormalization = the Dyson-
Salam method, the Bogolubov-Parasiuk method and the method of

analytic renormalization.

3 Ruenormalization of theerics with non-polynomial Lagraiiglans - wilh

major progress coming irom the Dubna school,

31 Ronormaiizaiion of axial-vector and olner currents and of Tlworics

witin broken symmelrices,

The topical confercnce held by Lhe Internationad Cenire [or Jncorclicas
Phyvsics brought together asows one hundred specialisis,  Wo {oricas Pro-
coedings will be publishid bul abstracis of the alks, with as complewn
referenees as possible, nave been rapidly issucd o mark the pange of lie
topice coverod, For coples of lhe papers inguirics may be addressed

direct to the authors,

ABDUS SALAN



v.] by the

for the distoriien phase @(1) 18 the replacemant of 13_1 -

relativistie relative veloeitly uij .

An S-matrix Tormalism may be developed for tpansitions taking

nlace betwaoen the finite but large times T (AT Min{l - v, u, 1)
i’ i

. - ¥
S5 Ui, T}Eitnl,T}
where E.‘h. is the E:‘n-ml:ﬂri}:21:| of the short-range interaction Hamiltonian

HI_HIH .
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THE LOGICAL NEED FOR RENORMALIZATION

P.oA M, THIBAC

Cambridge, Englamd.

Non-relativistic quanturm mechanics is a much more satisfaciory
vicory than relativistic quantum mechanics.  The former is a compueie and
seneral theory with the same power as classical mechanics and forms &
nalural generalization of clagsical mechanics.  The latler consists of o
namber of special methods with limited applicabilily and runs inle endless
trounle when one tries Lo extend its domain, It is evident thai we do not

vet have the correct foundation for relativistic quantum Imechalics.

One way of proceeding under these circumstances i 1o take non-
relativiatic guantum mechanies and iry to apply it to higher and higher
cnergies, making it conform o relativity w ith greater and greatcr acuaracy,
We are then working on a sound basis. We start with guantum Haoteo-
dymamies with a eut=-off, which forms a reliable theory for .ow-energy
ghvsics.,  The en-off is pecessary o make the equations sensib.e. I
sustroys the Lorentz invariance.  Bul il preserves approximase Laroniz

invariance {or lJow-energy processcs,

Procecding on these lines, one [inds that the vacuum state, defined
a3 the sintionary state of lowest energy, is not the same as the no-particle
statin, They are oot oven approximately the same,  Onae mright think it is
secessary to determine the vacuum state, ie,, to calouiale the wawve
function representing il.  The caleulation would be vxguessively camplicated
and, further, the resuli would deperd sirongiy on the cul-off, so it could
not he considered as phygically significant, as the position an. Moz of

the cui-off are unknown and arhitrary.

e caleulation of 1he vacuum state is nobl really nocessary B Cis s
it would not yield any resuli comparable with experiment. Ii is only
departares srom the vacuum state that are interesting, ‘These are best

treated by studying the excitation operators that have to he applied 1o tie



T Hamiltonian is M = {T!G + 11 1owhore the infra-

! T,

rod {or nfinite range) part is taken togeiher with the Tree prt ”U

HIR

The term Hoo=- H vanishes fop infinite space-like separation (alier uliro-
i

IR

vinlet renormalization), The spin does nol alflcel the ineraction with il

soft radlation field, Tne Ilamiltonian HI‘? is constructed in the Couloemb
1

sanpe and the irtevaction picture with an infra-red radius A

. . = Ilr' s a 'J. .4 _ i _lv -I- _ * + -
IR J G dglk, 1) sy{kit) = Tial, s} - s7() Al + 02 5
N
4 v - - - E;'E
st xdeen 2 op Qe LT gy L2 g
VD -
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c13'- " x
gx= S8 N s | Ak g BRI ki

Where @, amd v, are the charges and the velocitivs,

rs L
The solution of the Schrédinger equation is simplificd by the fact thal

YTr (ey, Tit. (1%, H., (t")] ] = 0 and gives the resuit

1H Ti2

i’ 1y=vounl Yy
T ]

} Ul::‘]'» T.} - E”f.'{t} e{a*,.ﬁ:t}} = {S‘{L}; H]

- - T P i
) .F'L -3/ ——— 1-e Lf=w -kt _ _‘n_ Lk
E{El t‘l" - T I| dtl E(E] t] -Ll:z:l'-} E{'}L 'U} Z Ql W=y - ]'{ l[‘:i 2

4

|

|

) L 2
\ i l-woew, &1 =i i 17
|

|

\

where biv,,v.) can be given by an analytie though lenpgthy expression ix

ferms of v, and v, , Fhe main ehange from ihe non-relativistic resch
S x
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vacuum Staie to produce the depariures, The excitailon operators are
covarned by Heisenberg equations of motion.  We are thus led o seck
solutionsg of the Helsenbkerg equations of mollon rather than soiations of

Lhe SBchrddinger equation applying to individual states,

When we proceed to solve the Helsenberg equations of motion, we
{ind that there are some seolutions that are insensitive to the cat-ofi,
These are the solutiens in which we lake the operator of creaiion of an
vleciron at a certain timoe and see how it varices with the time,  Such cal-
culations, in which one takes into weecount a static eleciric or magnelic
field, lead to the Lamb shift and anomalous magnetic moment, by a pro-

ceduretnat is logical throughout,

These caiculations show definiiely ihe necd for renormalization,
II g is the cut-off energy, we get dmfm and éefe of the order
ol
2xtic

-

log . Tt is necessary
me

, Tor the caiculations te hi logical,

that dtn/m and éefe shall be small, so that terms invelving them can
: , g )
e treated as perturbations. We can make g ogo up to 100 volis and

s1ill keep them small, of the order 0,03 . Bul we must noi made g — @,

Many physicists like 1o make g — = and believe that by 50 coing
Lthey poel o relativistic theory, Dt such calculalions cannet he misie

logrical,

I one takes the operator of creation of a pholon and sees how 1t
vnrics with time, one is lod to a solution of the Hejsenberg egquations 1hat
tlepondls strongly on the cut-off, I COTres ponud 1o tie photon havitg f
roesl=moss of opder ngmcz . One must compengote this mass by imro-
guelng a suilable eounter-term into the Hamilteniaon,  Sueh rroddalllenlions
in the Hamiltonian are permmssible provided they can be cecricd through
congistentiv, Tha counler-lerm invoives only the Jicid varsiables, so i
does notl afiect the one-clectron calculations,

With a particular g there is sUill a gereat deal of arbitruriness o
the form of the cut-off, 1t {5 possible to arrange the cut-oll S0 that inwe

thegry is accurately gauge invariani,  The transformation o the Cowomb



ASYMPTOTIC STATES IN QUANTUM ELECTRODYNAMICS

K. E. ERIKS50N

lostituee of Thearsrical Phydes, G¥teborg, Sweden.

. e . -1 .

The iniinite range of electromagnelic forces {r = potential) and
the vanishing photon ma 88 give rise to i) distortions of incoming and out-
poing waves from the planc-wave form, well known in the case of non-

1
1 2) and ii) the radiation of

rs lativistic treatment of Coulomb interaction
an infinite number of soit photons in any scattering process except forward

sreattaring,

Consequences of these peculiar features arc infinite forward and
totas cross-sceetions, infra-red divergences in calculations of radiative
corrections, difficwitics inincorporating electrodynamics inlo an axiomatic

field theory forralism or the S-matrix formalism.

The nfra-red divergenees have been well understoond since Lhe

_ . 3 . .
work of Bloch and Nopdsicek } and have been treated in different theorot-

41-12)

iral frameworks and by different methods Through the inro-

3),14)

duction of coherent states new possibilities opened for the treat-
aeni of the infra-red problem, The current responsible for the soft

radialion is casentially classical in nature 6) and, as shown by Glauber'l
& wassical current gives rise to a coherent field, The difficulties with
cohierent states hased on non-normalizable one-photon wave funciions 15)

) 17 1
5] and Planchard ) 1o the use of extended Hilbert spaces E}.

2}

1
Lxd Kibble

i
Coherent states have been incorporated into S~matrix theory and Green's

20)

function formalism .

Kibbl: 20) also solves the problem o distortion due ta the Coulomb
and magretic interaction. The prescent work - to appear shortly as a pre-
print - deals with the same problem of distortion and soft radiation but in
A &impler formalidm, The charged particles can be treated in first
quantization - sinee pair ¢reation inveolves energies above pair production

thresholds and thus finite range forces.

-4~



gauge, which is necessary 10 show up the Coulomb force between electrons

can then he made accurately.

With a gauge-invariant cui-off we find that we must also rencrmalize

¢ . We get
de

z

iy

6 He

The need {or this renormalization turng up in the cne-clectron caleulations
that lead to the Lamb shift and anomalous magnetic moment, the parameter
¢ that occurs in the formula connecting momentum and energy being

slightly different from the original ¢ in the Hamiltonian.



of Feypnman funciional integral: some terms computed in tie late fortlics
Wtk tlie, WD undnows, measwre pot temporarily eguol bo one, obhesdis-
correredd 10 recent years and now ldentificed will: Lhe cortpibailion ol b
Medsure,

Caleclations heing the acid lesi of a iheory, 1 is usefal fo rerenrls
it oo peaviy theazy 17 i5 more convenlient to work i co-oprocandio SpEoce
Jian in momentem spaoe, Although working witly tempered disteilalions
i In principle completely eguivalent to working wiih their Pouricr trans-
forms, even in gravity theory, in practice, momaoenium Space 1S more
convenient in Leorentz-Invariant theories and co-ordinate space is more
convenienl in gravity theovy,  The reason becomes apparant only when
Ol GUENLIZeS Jraviiy (or any oiler Fleldd reintive to anosssienom baek-
irolnd metric, A curved background oo produce palrs, solia real ang
virlual i, ¢,, neulrine pairs, clectron-posiicon pairs, gravilon paics,
ele. ). Leit ws, for example, cons.der the vacuwm processes involving
oruy a single closed loop.  In momenturn space, an infinity of diagrams

st e adoed:
Lt ¢ T : L

wlhere s0uid lines denote the Dat space propagaior of whilowve particls 1s
invelved in the Ieop and she dotied ine denctes the oxieran (Tmpased)
srovitiiional fivld, In co-ordinate space, ROwever, Oy U Sikgie dias
gram 15 needed, namely O . The heavy line denoles the propoagutarp

in curved space, There are several methods for computing propagalurs
ineurved spaces [Hels. L and 3}, Some have been obtained in coosed Jorm
(Liel, 3Y, Iadiawuve correclionsg have oeen compuied in cc:-ordirjam S[ECE;
for inatanee, “he conipibution of conformal moewric [luginations to the vacuam-

to-vacuum ampiiiude has bacn swrnmed 1o all orders (Hef, 1),

AT NCES
I, SeBe Dewil, Pliys. Rew. _:_;'i. PRI P $ 1153 a0d 1ad43 J1U67 .,
2. LRI, TLlLietawe oacloonfelie do Fepnimaa ™, b appedr on Anna s de Chesiihad e Peoloai,
g Fale TREWLIL AU WD TR WRT, Pliyaads A, G

-dli-



RENORMALIZED HAMILTONIANS IN QUANTUM FIELD THEORY

K. HEPP

E.T.M., Zurich, Switzerland.

In consiructive quantum {ield theory the observahles as sclutions o
vield equations and the physical states are both closely related to a proper
definition of the Hamiltonian, We shall describe recent progress in obtain-

ing Ahie renormalized {Tanmiltonion for a {inite pegion in space=1imae,

Lt ¥V = V{g} = J" dx g{x) \’GIE} be a lecal interaciion {Vufx} = VD{:»:} w
L Wick polynomial in massive local free fields; glx) = glx) € ofB:") ;
5+ 1 lhe dimension of spacu—time}. Let o be the Fock vacuum and D
e Subsel of siales in Foek space F with finitely many particies and wuve
functions of compact support, Lel W be a Wick pouynomial witk kernel
wiik) and {q:nﬂ,Wf[}U} = , I"i{‘ﬁr']n is ohtained from W oy replacing w{k)
134
(k) - T (k) ti0) "’ 1
w(HHFc{} taf}ilﬂl (1)

with F,(_, E  the sums of the eneppics of the particlus erwitiee and anniiil-
- ]

. ' L . . i c
ated in W, Tt V7 be ihe pure ereation mrt of V oand Vi oy -y,

i}

The following classificaiion gives risce o interesting conjectures °,
Definition: 'V is of

type A, it [ y© ool <

type B, iff H Ve ﬂ'-'UH = w, [Fi{\"-c} ¢’GH < 0

type C, iff H I"JVCH EGH = o0, ”I‘i{Va}l q:“ <w Vg e D

type I, olharwise,

2 ; - .o
} has shown that for a ivpe A interaction HD + WV ds oo

symmetric operator on the dense domain D, Perlurbatlion theory

Jafie

suggests (see Jiefs, 3 and 4) thal wype B and € models «on be properi,



7 the subspace charactepized by a gauge condition, In order to cbilain
rosualis which are independent of ihe gauge chosen, we shall construct «

non-singuiar operator™  TT rewsied to 8, as follows:
k 2

-
Pl - L ¥
F=8,+vRY R v
1 b Ly L " | 1o a
wiwre o and 4 are arolirary non-sinmGar biiensors (delta funetions and
. i . - . - " - . - - -
G Cepivadives),  Choosing v and ¥ is choosing a gauge., I resuls
iote shown io be y=invariani, iney are shown to holu in any gauge.  The

delliibng vquetion for propagalors,

18 replaced by

G= -1

Sollowing Faddeey, one integrales on a subspace of 8, e medsore
chaanmes correspandingly by & multiplicative term equal to univy for zbeldan
mange oroups and dilferent from unity for non- abelian gauge groups, This
forna yicelds the contribution of (e fictitious vecior paeticles, iirst ris-
covered empirically by Meyninan to enswree o anitary, manifesty covirant
furisalismn, ithey have aso been dlscovercd by B S DeWitt in itis forim-
alism widlch meels (e Jollowing criteriu:

- Manifesy covapiance under the transfarmation groups in porlicular,

ranifest covariance of expressions invoelving the classical back-

ground Ticld,
- Generaiization of Feynman critevia,
- v-invariance,
Viandelstam, kv a different approach, found identical results,

In summary, lerms hereto iniroduced more or less empivically (non-
catsal chains, figtitious particles) are the expression of the rmeasure in

fevnman functional integral, The physical reality is the full expression

“ biliudarly, aneiler $eialug F- Il'"";. R ek thar F G2 =1 is introduced.

-6~



defined by dressing transformations, Lut K Ze and Vx b oblained

by restricting the creators and annihilators to "Llli! <l

Conjecture B: Lul ¥V be of type B, Then there exist symmeiric opera-

tors R {0 €k <) of order > 2 in g and a family of inveriible

mappings Tpx: : D—«D{"i.i"ﬂ} i IJI[HK}I N DI[IIH]I (0<x <o, pc&, ] such

-+

that for all & < D

~1i T p=T <

SKE? o« pa? (p € Z)
s-lim 'I*Mtv = {0 < & <on) V2
pr

s=lim I[Hﬂ + ‘u’K + R

Ko

Hm is real and symmetiric on the dense domain U 'l‘pm oo F.
F

Coniecture €1 Let ¥V be of type C . Then therc exist symmetric opera-

tors R (0 <k <w of order >2 in g ., a family of invertible mappings

TR D= D{HQ'_I Iy D{"u’m}l g Dfﬂn} [0 <% <ew) and an invertible mapping

T 13— into a "renoprmalized” [llbert space L= T D wiln scular
[Ea] s

product <., > ,suchthat for all ¢, € D

. \ "o -
lim ([T @, T ¥} 4 T 0 " o )

¥ =+ m

lim (T, ¢,¢)= 0 (33

Sl ]

M o

i T W+ i) = Lo
n “x"”':”a V. Rx,} Tﬂp} {TImqﬁ,Hme:,/

il  is real and symmetric on the dense domain TmDi- rat
o

-l

In periurbation theory B-interactions {like {1,‘.-:,;5:#"}_] or lii:3

indek: s ¢ 1) only need additive renormalizalions, as, Tor example, the

, ADWE

mass renermalization

——
L

m J'q dx gL::L_}IE : ¢K{£}2 :

for (Gudl, - ¢ interactions also require an infinite wave function roe-

normalization, whieh leads to wealk but not to strong convergeiee n (3],

-4~



. ; . L I - 1. - ;
cperador equation is not unique: a ehange ™ In the field variable o <0 200+
.eads to o possibly different cquation because of the non-commutuiivity
ol the & 's , Comparison between the Feynman field equation and the

Lhermition cguations yields

M= tger G4y
anud
det {-SE G)
Cwne_ | vac, = = )j + e
ont in dot {'Sg Gadvjj’

The termg introdaced by M remove the non-causal chains, Typcully,

Wik oI"..: is inecluded, the diagram

T - cead b o LA
e iz replaced oy —_ — =i e

whoee o late withoul all arrow represents the propagator Goand a line w il
1:1{5‘4’ L H L] : : Ty e A dam Cm
£ owarrow reprosems G . Since points @ and 2 coincide, the chuin s
Tan-caiudns b conipibuites oniv to renormasization,  Feyaman's prescription
{o prosorve uniiarity is equivalion: Lo the removas of Ll non-causal choin
e : . .- aav (]
aad can b oitained fpom the cxpreession above by wreiting G = G - {3
Feyvmnan vaskeis and the tree theorem ave obianed From the set of dine-
rramms in which the non-cavsal chains have been removed,  IL would be

very pleasing lo derive these resuils compiclely from the study of Lhe

rmeasure in the Feynman funcional intesral withowt pateh-up work,

T

I7lhe finli o is invarias: under o gauge transformation, S,J 15

sinpulns” Tand the Fevoman functions: inlegrat is redundanl and e above
capression foe vac, tT vac, 2 buconwes meaningless,  [However, although
u it

Sz Gomed ol Lave anoinverse inotie Tull space 82, it has an inverse inany

) Jvarance sndcr a shange in the dowaripion of T Neld kas Feen parially expisiteo in the stedy af
LALTCAUsal chaini.  As non-cagsal ehawns are felated o e measule, a more complete study of invariznce
Laadil o Ciatnige il the Taeld varables would be valuable i deioriuaing e Sweasure,

Y L dAE, 8, R. G c-.*sgihs_ﬁl- 52";'-. TP o

1 a
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it iz a beautiful confirmation of old physical ideas that conjeclures
Tt and € scem 1o be teue outside periurbation theory. One has now {see
Befs, e T
Theorern: For wli logal B=iype interaclions conjecture B Lolds, 17or ihe
4 o . -
¢,3 interaction and all C-iype gquadratie interactions conjecture O holds,

The infinite renormalizations RK can be choscn in the form predicted by

perturbation theory,

Therefore the ultraviolet divergences of local interactions are ruall
The nature of the phvsical states is changed drastically for C-modeis: the

. c ers . . . i), 0
states in Tmm have infinitely many bare pacticles with probability onc J j.

The meost important problem is to deal with the type D interaciions,
Here the super-renormalizable Yukawa interaction (¢ E@-]S is a most
interesting candidate, Do the ultraviolet divergeneces lead to ghosts, a3
for iho tvpe 11 Lee modeis4}? Ewven in formal perturbation theory we <o

not know what equations of motion could replace the local lime iransiations

in the canonical formalism of the ARC-rmodels,
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The advantages of working with an ar bitrary classical background arc

tive foliowing:
- Gross topology can be determired by background field.

 Conenrul covariagnee can be betler displayed, i,e., we arc not tied
Lo asymplotie flatness, willi inevitable emplhasis on the Poincard

group, nor Lo any other asymptotic symmelry.

- In quasistatic regions, approximate vacua cut be defined, relative
1o the background field, and particle production hy the background

cat he studied,

- Virtaal processes can be probed by varyving ke backpround subject
to the constraint Sl = 0 , This accomplishes cverything thai 15
accomplished by source techniques but avoids non-a helian gauge
difficuities,

- All guantitivs of interest can be obtained from the 1ransition ampli-
lute from the vacuum at 1= - @0 te the vacuum ai 1= e by

laking s suitnoie functionia durivilives,

Thus, lei us considor:
~ o

<vacm;t‘ vac, > = | exp-c: ;:-1- 51?**1']1&'%[{;—*‘1:#] e .

i Yl .

[tn earticie physics, e '!rf.': [yl Bias beoen determined hy imposing unitariiy oo
the theory: in feld theory we determine -:.f"ff: by imposing lhe hermiticity
condition - i.e., a condition closely reiaiesd to uniarity = on ihe foliowing
fieid equation oblained unigquely from the eyoman funclional intedrai
{assuming thatl, on the boundary of the i1 space, 3 oscillates rapialy
enough to ensure destructive interference):

-

. .
A 1';'; 51[':3""-13] + [EI‘-:.-’{£[¢'+$]:|'1J}' = 0 .

Q. Lie other band, by tie correspondence principle, the field equaiions
muss e S, [pa =] = 8, where the factors are opcered in such o way that
F

the lefi=hund side is hermitian, Comirary 1o ihe classical ease, ihis

=-Au-



ON THE EQUIVALENCES OF RENORMALIZATION SCIHEMES

K. flEP¥

I.T.H., Zanch. Switrerlaid.

Among the many more or less clearly defined renormalization
schemues for the Green [unctions in perturbation theory therce are throe
methods which are distinguished by mathermatical rigour, generality and
simplicity. Sinee they all work for an arbitrary polynomial Lagrangiun,
cach with certain advantages for definite problems, it is useful 1o know
the precise relation between these schemes,

T

Consider ithe formal contribution TT_;_* &.E ) of any grapn

i e
G in the Ged-Mann~Low series. G has vertices = {‘Jl, e Vn} and
i = ; Y
lines o{ = {.ﬂi, ""EL} . For £ € g the propagalor

N
+ 10} ()

)y 2 2
s, (=2, {p - my

hus a prlynomial ZE of degree Ty and m, >0

-
L

A subgraph H = H{s4) of G is detarmined by any subsct ¥ o
1 is called complete if no line £ & :;:_ - «% connects wo veriices, which
are enc-points of lines in «% ., Then H is in cne-io-one correspondsnce
toa subset YU < v, H=H{W) . A subgraph H is l-pamricle ir-
reducible (IPI})  if it does not become disconnected by cutting any of its
iines,  The superficial divergence d{H) of a IPI-subgraph with n{H]
vertices (s

d{H) = 2“—. {r‘ﬂ + 2) ~ 4(n{1)-1) 2}

! e A H
A LP[=subgraph H with 4(H) >0 is called a renormaiization et {H part),

Renormalization in momentutn space (see Ref.l) introduces countur-

terms for all R paris with the freedom of adding as linite renormalization

povynomiala P(H] of degree d{H) . P(H} should cniy depenc on ihe

=10-



The hope already formulated by Pauli that gravity ig the universal
o ulittor which renders all fivld theorios finite, nithough partialiy sub-
stantiated (Ref, 1, p.1248), is sul not fulfilled,  The smearing out of the
light cone due o guanmium fluctuations of the gravitational figad is vapres.ed,
with our current methods, as an infinite series of terms 5o divergent ihat
gravity is classificd as unrenormalizable,  In some simple eclasscs ol
diagrams  che sum of such a serics kas turned out to be finite, owing 10
curtain remarkabie canceliations, Thus some of the progeess made in
the full assault of quaniurn gravidynamics may He rolevant o this mocting.
The tcchnigue used in lhe work roeported here i3 Poeynman funeidonal -
tegraticn; some ol tiwese resuiis can aiso be oblaned by oliser lechinigtes,

i

Formally,  Feynman funclional integral of particle physies
h: b . P F

A

I 'l
eXp 5 %{ Slg, b, 8l r:/{f;[q] de = ."I exp -
L ~

can readily be extended Lo [icld theory,  Ananalys.s of e medasure
1y - 1 A 1‘. -
slhows Lhal the measare 5 nob oow [4] bul exp+ = 3 fog, o al f_’.u;]
L 1 1pec _J

iel. )., T fDllGW.‘:‘-‘ that the natural origin 2 the palh space 0I5 the
classicul path § such that 51[5,'] = 0 ; eohdeqguentily, i is advaniageous vw
BXpress an arbilrary path g with relercnce o the classical paln § . La
field theovy, the path g ; R— 34 [M & manifold which, In some very
interesting cases, is curved and non-homiotopically equivaleni to zero)

boecomos the field which maps Vo into a maniiold whose propuriles depend

on the field corsidered.  The arbiirarcy ficld which enters the Peynman
functional integral is expressed with refvrenee to the classical field o, names
VoA e+ ¢ , and ilie variable of integration is ¢ Correspondingly,

e guantur fleld ¥ is split into the ciassicwl] bocaground ficid 2 .nda

quaniam remainder



internal structure of H and {without restriction by theorem 1} P(1} = 0
if H is not complete, After having thus replaced the unrecnormalized

integrand

2o,

E Lol 1
lep) = [ 3, 2 2 {3)
ved 9y -mytitlgytmy)

£ 1}.
by RG (P) {k, p) , one has™":

Theorem l: For every G and every choice of finite renormalizations

(P}
= 13 r £ 4m
R. ,® lim dk R k.*) € 2" (R 4
G{P) ) J c {P} { ) " | ) £y
+0
is a temperced distribution in the 1< m < n external four-rmomenta.

R is a renormalization, which respects the formal structure of perturh-

ation theory,

Henormalizaiion in tne e-space of the Feynman paramelers intro-
duces counter~terms only for all completle R parts, again with a poly-
norpial P{H} of degree < d(li} as linite renormalization,  After huving

completed the unrencrinalized e-integrand

& -
N = |I'-| l : 2- 2 3 ¥ =4
'H'G {z, p) J dk 1:[ 7 Zﬂiqﬂ]l CAD 111"3['4:1‘E m£+1E ) (%)
iel
£ 2)

1o ﬁG{P} {z, p] one obtains

Theorem 2: For every G and {P]

£ 4m
: ) = 1 . \ .
‘{HG{P} lim da ﬁG{P} @] € @' (R (6)
is a renormalization,
HG {P} and G‘IG {PB are both additive renormpalizations and Leus

i i 3
equivalence is not too gsurprising ),

Theorem 3: For every G and {P}]

Reipy {RG{P} : o

-11-



S0¥E PROGRESS IN THi COVARIANT FORNMALISM,
I¥ PARTICULAR FOR FIELDS INVARIANT LNDER
A4 NON-ABELIANY GAUGE GROLUP

C, cewlly

Uiversity of Mol Carclina, Chapel Hll, N.C., USA.

WOTATION:
Field: Classical background [leld: 3 , all discrete and continuous
indices have buen suppressed; Jor instance, b graviyy theoey
g stands [or ;{“u{'x} . Thus, impiicii summation and in-

tegration are assumed,  Quantum field operator: ¥, @ .

Action: 8 in particle physics S(q, b,al is the action, functional
the path g and functior. of the end polnls of the paths a

and b

n-th funclional derivative of 51 &y
Sl = [0 field eguation; 5
space-time.

g SE evalurio-c ot flat emply

. . . adwv

Propagators: Feynman propagator G advanced propsgaior G ;
propagater ol posilive frequencics on the mass shaell GE"} :
fictiligus vector particie propagator G .

Time-ordered product. T

When a gauge group is present: infinitesimal displacement on Lhe

¢roLp manifold near the origin 8% ; generator of infinitesimal

iransformations: B, We shall consider only the cases in which R

15 u ilinear functionai: of § , name.y 1'{2 =0 .,

.‘E_-;..;-



s N .
Analytic rencrmalization ' starts from the regularized propagators

{E,0> 0,2, &€0)

< )}
-1 A-1 o, 2 2 ..
r{?'LF_} = Z,{p TA,) f da, a, ~expix {p -m,+ ig} (8)

r

and a finite renormalization P{H} for every full R part H = H{vt) ,

vis {v,....V. } , where

II}"S(Z JRA P By ()

s s . ~t, T
and ourier trangforms .ﬁ (A

Fil

EI ’ Py -

- 4. e
Theorem 4: Let e {P}{M be the Fourier transiorm o
G P_;{ ) = l; xP{H.:I ia ﬂ.—E "'}"JE} {10)
. . [ 1 com
Ay

where the gsum extends over all disjoint full R parts Hl, weag il and tiw

sroduct over all lines £ € &£ - U H. . There exisis M = J.00G) < «
such that
T A= i 1 .l m 1

vxisls and is holomorphic for Re li > M ,1<E<L

-1
=" N g

"T:G{]F'}'wI 1J.I'\Z_‘ y A) (32}
= P

d

\ . L , . 4y .
‘s eniiee in @ with values in o'(R vn}‘ There oxists 0 < R1 <,,. <R

1;'_1' r .
Wi ii__}i . B, 1<ig€L and Ci='{_z € (]:1 Jz -1 R with

ok ilive oriemtation, such that the following s mmetrized inlegral lies in
|k g 8Y g

?- b & i f‘ 1] '} i f . l
he domain of holomorpn o ITG (7 (A}

-1
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TS T ' e T YT
< ch.l; CD{L: 'R £

4), 5],

Now comes the beauty

Thenrem 3 F is a renormalization. There oxists a one-to-one

G{P}
mapning 4_-,{ oi the space of finite rengrmalizations onto itself such that

Rere; =% ury (i4}
Probiem: Tt Z a zn ba an entire function such ihat for
—_— n
¥ — ] n ]
oLyl = }: a_:éy(¥) : and all k2
: A{k+L} _
< $olx). .. d, (%) Jﬂf}fl}. . cfﬂ{yf} % € &R ). (15)
Iz it possible to define
I Ixgh v ) oty b v Lyl N0 (16)

0

ns the limit in the Jaffe class €3 8) of the surm of all renormalized graphs

lor a suitable cholce of finite renormalizations?

RUEFICRENCLES

1} . J. Dyvson, Phys. Rev. 73, 486, 1736 (1843);

Abdus Saiam, Phys, Rev, 82, 217 {1551); 82, 428 (18505,

W, Zimmuermann, Commun, Math, Phys, §, 161 {10a7); Tusi. -
Hauvtes Rtudes Scientiliques, Burcs-supr=-Ywelle, preprin:, 1Hal,

N, N, Bogolubov and ©.8, Puarasiuk, Acta Matk, 897, 225 {1937);

K. Hepp, Commun. Math, Phys. 2, 301 (I86u),

L2
alle

3} W, Zimmermaaon and K, Hepp, unpublished.

44 C.G. Bollini, J.J. Giambiagi and A. Gonzdles Domingues, Nuovoe
Cimenio 31, 555 [1964),
E. Speer, J, Math, Phvs. §, 1404 {1968),

1) K. Hepn, te appear in Commun, Maih, Phys.

ol ML Jaffe, this conferonce.

E



The bad-phost=free states span an invariant suhspace with a positive seimis
definiie metrie,  Due to their zero norm the good dhosts do not have prysicus
conscquences, Lhe normalizable stales represent the physicas statles

and are connected by a anitary S-mairis.

Biore supecilfically, the Gupla=-Bleuler Jormuialion of missiess theorien
witl integer apin [ > O pocussilales the introduction of u HLG- reducii.e

field consisting of a () + 117 component field of the irreducible 111G -
rearesentation D{jf2 I i/2y and a (3 -1} componenm subsidiary fivid «f

.z Yor_ e
B . . Si=2i -2 .
HIG-representician Dy =1 ‘*—) . These componuents arrange them-

L2} 2.

seives inio the two pnysical field operators and j2 ghost couple operators
cornecied with the ereaiion and annihilation of ghost couples in the above
cisar,  The theory is restricted by j2 Lorentz-iype conditiong which are
applivd in the Gupta sense and lead o the elimination af ihe j:‘ bad ghosts,
In the Fleisenberp-Lee model the indelinite metric enters in L form oi a
single v-partiele ghost couple which contains as bad ghost ihe Helgsenbery
dipoie ghos:, The bad ghost i not an eigenstate ol energy and hence can
ho o sunpressed by the energy eigenvalue condition, at least in the lowest

1)

L . 1y . .
sectors,  Investipations of Dennery and Kroll indicaia, however, that

1y candiiion is not sufiiciont in higher sectors,

Guantum electrodynamics also lndicates that ihe introd.citon of an
ndnfinite metric may only be of a tecinnical, although rainer colcenierni,
nature, The projection on the physical subspace leads 1o the [Jirac-

Sciw e e Tormuiation which jacks manifest Lorentz invariance and cauasality,
Similarly, the Heisenberg-Luee madel can be rieformulated in s physical
state space wod leads (at least with regard 1o the lowest geclors] Lo a non-

12}

ivcal Lagrangian with separable potential .

_1'_'-'".!-



REXORMALIZATION OF HAMILTONIANS

A JATFE

Lytan Lab. af Fhysicr, Parvarg Tneve nity, Cambridge. dMasi.. US4,

1791 - Lo rind

The present programime ofF consiraciive field t!mm"yl
examples of Hlamiltonian dynamies in relativistie, local guantum mechanics,
Thus we take seriocusly the requirement thal the Hamiltonian H is realized
a3 a self-adjoint cperator on a HMilbert space JE . he local field @, t)
should satisiy

olx, 1) = Eth olx, b) e-i][t

In addition we want the Hamillonian ic be positive

1120
- L . 1
and 1o have a vacuum vector @ in ¢ salisfying
=0

Suchk a programme is bound to lead to divergences and infinite ro-

- . - : e
narmalizations . The reasoen for this is that we write the Hamiitonian as
a funetion of the Lime zeroe canonicnl fields on Fock space,  Since oonly the
[rec field Hamiltonian can be u positive eperator on Pock space, same re-

normalization counter-terms are necessary,

The lesson we have learned from the models we have siudied is thart
cvery renormalization thut ogours in perturbation theory is present in the
eXxact soiotions of supcer-renormalizable rmodels, We thereiore use por-
turbation theory as a guide for what Lo expect in the aclual theory, and we
must sndersiand all that perturbation thvory tells us,  While,in principle.

.
e exacl solutions may pe more singular than perturbation theory indicates,
no now divergences have been discovered in the exact solulions of Lhe

madess studied so far,

-=143-



INDEFINITE METRIC 1IN QUANTUM ELECTRODYXNAMICS
AND MASSLLIISS THEORIES OF NHIGHIER SPIN
AL TEHR LIELE AMODEL

1. 0. DLUAR

niax-planck-Insticat, Mdnehen, Fed. Rep. Germany.

The introduection of an indefinile metric in the guantum mocianlca.
siale space offers an interesting possibility to avold the diverguenee dililow -
ies in local quantum field theories with the important and serious driwnaca
that the probability interpretation can no longer hold in the conventional
form, This difficulty, however, can be reseclved if an invaricont sui=paew
evxists of the lurge state space which only contains staies with prosilive Lo,
Theso states, then should be wdeniified with the physical in-and aul-steles
snd will ba connecied by a2 unitary S-matrix, Hence the main goisl ol a
theory with indefinite metric is to demuonstirate that a unizary S-malrix
exists, One possible peneral proseription for the construciicn o such o
unitary S-matrix has been zZiven some years ago by Sudarstan e 'J:'. How -
ever, balso becamue apparent that by different restelction oi e nealates

different constructions wing possilic,

As a conscguence of the non-unigueness of W8 prescripion, it
appears more adeguate at the moment 1o study mariicular theorios @l
modols with indefinite metrie where tne construction of the S-mateix is
unambiguous. l'or this purpose the Gupla- Bleuler quahilin viecirg:

71, 8), 1)

dynamics is restudied and its generalization 1o masz2.osy theories

ol nigher spin 2 {at icast in the frec field case) as well as tie e noode,
in the Helsenberg case D}. Thia investigation shows that naul oSy casas
the econsirunciion of the S-matrix iollows the same Tormas paiterh: the in-
definite meterie occurs only in the fnrm of one op more gaosT Coupies, Ea0n
consisting of lwa Lan-arthogonal  zero-noem staies, a good sl and oo
shost,  The theory provides an lnvarian? subsldiary condition which leods

10 the suppression of all in-states conwining bad phosts and, as G cins

segquence of the invariance, alsoloihvir Supppression in the oui-sliloes,

- g -



The prograrmme oi constructive {ield theory has reachad various
giages in various modeis, Since the problem of consiructing a thenry of
cooetrodynamies or weak interactions is extremely difficult, wo hawve
decided to study {irst models with fewer divergences., Most is known
aboul models in two-dirmensional space-timoe and I shall degseribe Llese
results,  Our meagee knowledge of higher.dimensional models wiil be -
viewad by Hepp, This leaves chalienging problems Jor the future,  The

main steps of the construction are

1} Formulation of the problem,

2) Construclion of a local {icld.

3 Construction of the Hamiditonian JI , the physical Tilbert space
‘M and the vacuum €.

4) Verification of properties of the theory, such as L.orentz co-

variance, locality, or the particle spectrum.

5} Development of a non-pertarbalive culcuiationasr schimee,

In approaching such a programme we encounter ihree (ypes of

divergences,  They are:
a)] Volume divergences,
L) Cliraviolet divergences.
c} Particle number divergences,

The infiniie volume problem afiecis global objeects, sueh ax iho Ilamiiionian
or the vacuum, It does not affect localized objects such as “hoe vpergy
density or the Helsenberg picture flold ¢fx,t) .  In order o avoid ke
infinite volume problem we introdoce a spatial eut-off into the nteraction

Hamiltonian, We write

r
= + F
Hy = g+ [ 00 gf/V) dx

w e e

glx) > 0

. @ . - Ay
iz a C, function equalio 1 for Ix] < 1 . 1Ina locai thecry, infiuene.

propapates ar the speed of lignt, so the Hamiltonian H,, is Jooiadiy correes

v

in the gpace-lime region

[ wl+V 1)< v,

[
-



A physical ampiitude defined along the real axis will satisfy unitur.y
put wiil be split inte wo different analytic functions as MI tends 1o ".".Iz
and the two branch poinis coalescs 3, 4}. The consequeni lack of an i<
prescripiion’ is unpleasant from a theoretical point of view, hul the

associated lack of causality is again so small as to be vnmeasuranle,

X , _ 4
ilore complicated singularities have boen studied ) and thelir un-
pleasant features are again compatible with unitarity and Lorentz

invariance,

RENERIENCEHS
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<

Thus if Hv iz a self-adjoint operator, we expect that the field

it

-iHyt
pi{x,1}) = e v p{x,0) e A

1= independent of Vo for ¥V sufficiently large, and is the correct local
fivid, This is the case for the fq;l}g theory of a self-interaciing boson

in space~time of two dimensions 179} in order to remove the spatial
cul-oif in the Hamiltonian, we ¢ncounter the vacuum self-chergy diverpence

in every order of perturbation theory:

b + QS + ... '
M ;

Because of these divergences,cach proportional to ¥V, the renormalized
Hamiltonian can exisi only after changing Hiibert spaces, We must leave
Fock space and wark on the ITilbert space of physical states, Beforc
giving more details | shall mention the two other 1ypes of dGivergences,

The

second type of divergence, the uliraviolet diverpence, dows not
4

gccur in (¢ but does oceur, Jor instance, in the {Yukawa]z thizory,

2
"or this interaction two uliraviolet divergent Feynman diagrams cceur,



Corresponding 10 the diagram

we expect singualarities at [21‘1)2 . [21‘1.1*}2 and [MI+ 1\.'1;]2 possibly oa o
physical sheet. |['I".’I+T~.-Tx]2 is vory unpleasant since it occurs al a rva.

point where there is no stable particle threshold, I this sinpulapity has

an 1 ¢ prescriptinn”it Gisapgroes with unitarity, since there is no correspond=
ing new contribution te the imaginary part,

. : . o - . it
In order to maintain reality fer sufficienily Jow energies ine =«

cortour of the Feynman integral

1

PLNEI
2

must be as shown below, with pole singularities due 1o propagators b and 2

as indicated.

1
)

2

1 2!1 3_
Ell

- 2 S . . .
Near (M+ M5 two pinches of the contour oceur simcllaneodsiy.

To analyse this, suppose for the time being thatl Im :"-".[1 > Tm I"LI2 T
ng pinch occurs on the real axis and we have a complex eocijizate palr of vrenoe:

branch points in the s plane

T E R E E S S S S S S E eSS ST EEE .-

w2
+
{le 11}

-
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and cach of these diagrams requires a eounter-term with a coufiicienl iha

dGiverges logarithmically in the ultraviolet cut-olf. Thus we musl siart

with a doubly cut-of! Hamiltonian IIK v for this model, Since the ulira-
4
violet cut-off destroys localiiy, even if we can prove that  lim I v
L | *

i8 a selfl-adjoint operator, woe 5till need to verlly that tbe resulting theory

is local,

The third tvpe of divergence I mentioned is the particic number
diverpgence, This divergence is caused by the fact ihal the interaciion
creates oo many particles and hence too many intermoediaie states, While
this divergence does not affect each order of perturbation theory, it heconms
evident when we {iry to sutn all orders of perturbation theory,  The Inrge
number of nth corder diagrams yvicld a divergent sum for Greon's funeiivn.
in {¢4]2 , seg Ref, 10, Likewise, the vacuum self-encrgy tor I of

1,.
4
{dh }2 is finite in each order of perturbation theory but diverpges when

summed 1o all orders, Hence we cannot conclude from perturoatlon Lieary
ihat the vacunm energy of H\I is proportienal to V. The pariicu
number divergences are the least undersicod divergences and benee they
pose a serious problem for the futupe,

. . R
I shall now desecribe some results, At the presens sade, tie p )

theory is in fairly good shape.  We know that Hy is hounded irom

11%,12) a), 9) et

L low and is self adjoint . A leeal field exisia {or 10 fT’_fz
3)

3

1 - . L . e
thoory and this field is seli-adioint . The physical wvaciom veciar

{1 cxists, as docs 1he Hamiltonian H and ithe physiecal Hilber: spwoe 0,

. " : . . 14 , HE
sea Ref, 14) The theory is space-time covariant ) and Loreniz covariani .

4

The first step in constructing the physical representatian 1s 1o prove

that Hw,_r has a vacuum veclor ﬂv in Fock spacc,

. . o , 12; .
I'hir vacuum vector ﬁv does exist and, in fact, it {5 unique . Wo pass
1o the infinite volume limit with the vacuum expectation values w,, derermnned

o

-1



THE NON-ANALYTIC 5-MATRIX

D OLIVE

Depr. of Applied Matisand Thearenical Physies, Universiy of Cambridge, fugland.

1
One old way of making divergences{initv ) is to replace propagators

2 2
I - 0 4
1 - _ 21.2= zmzm’# EHD{”(”_
¢ =m g - m i - M (o™ -m Hn = Al

Thus one inireduces a new particle of mass N with similar
conplings 10 ™ Lut with a negative metric,  This negative motric 18
an undesirable featare which could possibly be removed by making Mo oun-
siabic o thatl il dovs nol contribute to unilariiy, Scppose these parlicles
couple 1o a lwo-particle systoem, then uailarily of the s-wave anipiilade A
states that
1

Irr.E=1 .

“
Since now the M pole A - GJfs-3 wih G approximatui: w

negaiive redi number, we have
2
Im>™M >0

. Z .
Thus the urnstable particle pole XM~ iz on the physical sheet ruiler
thar the unphysical sheet, which is usual for normui particles, In Zact

we have a compiex conjugate pair of poles viciaring dispersion re.ations

« s plane

2)

This phenomenon has heen verified in the Taee model ™ where it leads

to a violation of causality so small s 1o be unmeasurable,



by ﬂ‘f'

v AR )

0 (A) = (@
The limit

iim MV{A} = w{A)

YV *m
i
.

i ' .o L4
exXisls as Uj pagsing through a subseguence of volumes tending to infinity I.

On the olher hand, the vacuum yoclors ﬂv converge weakly in Fock spuce

to zero, the Van Hove phenomenon.

We  gain control over the 1imit of infinite volume hy proving an

patirnole on the vacaum elicrgy

T =Y
Y, = =M

Wiile Lhis estimate is true in cach order of perturbation theory, the exact

result reqguires non-perturhative methods, We prove this using the

14}

Feynman-Kac history integral formula .  As a resuit of Lhis eslimate

we find that the bare particle energy per unit volume is Dnite in the physicus
vacuum. This vieids a local unitary eguivalence betwecern the Fock space
and the physical represeniation 14}, For a bounded space-time region B
and for (x,1] € B , there is a unitary operator UB maniiag Fock space

into ‘A, such that

N
{x,t) UE

mﬁen{x' us UH “Fock

ST AL,
h'i sk

] 0y e

T Dpoer® 0 € Ly

The problem of uliraviolet divergences in the [Yu]:awa}g i ode:
needsto b tpealed differently,  Since the Hamiltonian for a finite volume
can be defined on Fock space only as a limit of cut-off Hamilionians HK' v
we necd a precise mathematical delinition of suck a limit, A useful
concept is the graph limit g}‘ Suppressing the fixed subscript V , we

consider all sequenceas of vectors wx in the domain oi I—lx such lnat

rl
AR
and 3
Lo %
'Ha:l"x,'.
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In comparison with the Hilkert space approach of Glimm and Jafle 7,
Fuclidean quantum Field theory has the disadvantage of yiclding, ut best,
necessary conditions for ilw existence of a theory with non-negalive
energies 10 a given Lagrangian, Il advantage i3 [is manilesl covirlance,
and inhatl it bypasses the {in the oiher approach difficuly) problems of the
vacuum and of the representaiion of the caneonical commuiation restions,
and it appears 1o be thae most dirvet route to investigate the vaiaes of the
renormalization consiantg.  The malliematical ool of this aprroach is
probabilily theory, in particular the theory of slochastic processes and
of their wransformations, and it appears to effer beautiful malhemeical

problems in this arca,

REFERBENCIS
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If the set of such y is dense then there is a symmetric operator Il sueh

3}

that’
Hy = X

Wi say that H is the graph lirnit of ng J[ . The graph limit of ibe cut-

1 .
off {Yukawa]2 Hamiltonians was proved to exist by Glimm 6) and l-ia:pp"].
To show that an operator H exisis, the dressing transformation is used.

and this is desc¢ribed by Hepp in these Proceedings,
The nexi question is whether this graph limi H is sclf-adjoini,
The self-adjointness follows il in addition we have resolvenl converpgence,

=1 -1
(H +b) — (II+1b)

. s . 17) .
We believe it is possible to prove resolvent convergunce ’I, Cnee soli-

ryiclds a iocal crnamios,

adjointness is established, we can ask whether 11
17y, 18
This also appears to be true | }. Thus we hope that soon the {‘.nc'ul{:u.-.-a}2

4
theory will be at the level of (¢ ). one year ago.

2
Wi can laok forward to fulare progress and perhaps some day o e
scheme will emerge for non-perturbative calculations, siape 3 of thee

programme above,
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EUCLIDEAN QUANTUM FIELD THEORY

K. SV MANIIEK

1 &Y, flabdwrg. Fod. Rop. Daeeiniey .

Euclidean guanium field theory b is the analysis of a licid Liwory
tirough ihe study of i13 Evelidean Green functinnsz}, or Schwinguer
functions, which are the analytic continuations of ordinary Green  funct-
‘ona from real 1o imaginary time, or, in terms of Fourier iransforms,
Trotn real lo imapginary energy components,  Thuese functions possess,
compared with the peal-time Green  {unctions, tilinlivewy Sitopie proper-
sies, In particular, if a Lagranglan is given, thoey satisiy an infinite st
o7 counled elliptic rather than of coupled hyperbo.ic dulerential voguations,
The existence of functions with these properptics is u occessary cond o

‘o Lhe existence of the real-time Green  lunctions,

For scalay theorices with g FL4 or g[E+B'jz inceraction Hamiliionino
density, the Schwinger funciions can be represented as palliiipde Wicser
imeprals, tne integrands of which are functions on ihe Wierer spaces ol
cOntinuous rajeciories,  These funetions of trajectories aboy an infinite
st of coupled Wiener integral equailons, wiich are the Kirkwood-5alsbirz
viuatlions of classical statistical mechanies of grand canonical enscembhbies
of occupation time distributions of Wiener irajectories.  The convergenco
ol the ileration salution of these equations, yiclding ke analogue nf ihee
fugacily expansions in classical staiistical mechanics, has bean proven
for one-space-"time’ dimension (anharmonic oscillator),

For two and throe space-time dimensions, only partial resulis con-
coerning the elimination of ultraviolel divergences have been ;::'L:’Lzl.ineurisll+
Hereby, in three dimensions, a 'sclf-improvement’ of the theory is found:
divergences tend io inhibit themseives. Physically, this stums from the
repuisive character of the interaction f g> 0 , and thus this effect could

rnot be ohiained in an expansion in powers of g .
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eribed by B Lagranglan without the need of a limiting proeess, O can
arso discuss the conditions for 1he occurrence of the Goldslone phuenomenc:
in werms of properties of the ground state energy density as a function ol ine
strongth of the symmetry-breaking term or of 1hosc vacuum eXpeeintion
vawaes of {ields which do not vanisk, It furns oot that famidcne swndionariiy

_— 5} A .
oringiples Liere Become exiremis principies for ol eaeerpy denshy,

In the case of svmmeiry hreaking by a2 gquadratie term, nowever, il
Goldstone limit cannot be taken in the renormalized e rturbation expansion
since a condition for reaching that limit is the occurrence of a "composite’

Goldstone particle, This cannot be deall with in perturbation theory,
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THE RCLE OF LOCALITY
IN PERTURBATIVI: RENORMALIZATION

H. EPSTEIN and W, GLAZCR

CERN, eneva, Swlrizerlawl.

We present a new method of oblaining the usual perlurbaiion ro-
normalization theory which simultanecusly proves ihal cach order is finiie
and that it satisfies the requirements of locality, W treat the casce of a
scalar neuiral self-interacling hoson field ?tfx] ; the Lagrangian density

of interaction g il[x} is expressed in terms of e free fleld Alx) by

gLix) = Alx} v >3

The starding point is the Gell-Mann-Low formula for generalized relarded

products

e, ﬁfx}l...lﬁtxpn ) =

) n

T ooonn
D f{n. Ll ] &l ampl. a9 e .y

I =T or l = Steinmann arrows. 55
To zive meaning to the roh, s, one must first deline gencirasized

retarded products {g.r.p. ) of Wick polynomials of the {ree ilcld A

Once this is dome toe intepgration oficrs no difficully hoecause of analyticay

properties of the {ecorrcctly defined) generalized retarded lunclions {of any

set of local fieids) in momentdm space; it automaticaily yieuds a correcel

definition o the 1. h. 5.

The construction of the g.r.p. of Wick powers is done by induction

on Lhe number of such ficlds,

Inductrion hyvpothesis

Forany p<n we assuame woe have aleeady constructed

;fjrljf.‘r'lf'l ] i{r'P}{}'p‘.i



RENORMALIZATION OF RENORMALIZABLE MODELS
WITH SIAMPLE SYMAMETRY BREAKING

E. 5rMANATK

TIEEY, Tuusbhuery,, Fod. Bep. Cormany.

Prom o Lagranpginn density invariant under an N-parameier grotp of
I'rour iranafmemations can be derived N conserved currents,  I7 o that
Ligrrangian density o leem Lnear in Dose lelds or guadeatic in iese or
woprmt Selds is added and the variance thereasy seduwced, the currents af
ihe ariginal functional florm obey the same a.gebra as before but only less
-ran N of them will be conserved, ihe divergences of ihose remaining
heing linear and quadratic in the {iclds, respectively, in 1R two cascs,

If the theory to the aripinal symmeiric Lagranglan i3 rennrmalizalne, so

1%
' P o . !
are the theories 1o she modified Laprangians .

ey

-

I the framewory of Dogolubov-Parasizg- Hepp ronetrmaalisation theory o,
e values of all superiieinlly divergent vertex junctions & suillable sub-
sraction poinis must e miven,  These are, in general, mors in aumber
Hoan the uarcnormatized Lageongians have parameters,  Thae W ard-
Tohinwshi-Kuzes 3) = Hivers identitios Tor vortes funcsiéna, ovnluaated
[or il momenta zero, provide lincar eelations between b sabiraction
volues and involve in addiiion onrly known higher-order terins Irom vertex
funeiions that do not require final subtracltions. Those relations just
sufiice 10 express all constants by as many of them as the unrenormalized
Lagrarsisns have parameicers and exhaust all the extra information the
sduniitivs contain beyond that contained alpeady in the usual non-linear

roliations belweoen verdtox funetions,

In -he case of symmetry breaking by terms linear in Sields (PCAC),
Goldstone 1imit can be performed continuously within the framework of
Aonermalized perturbstion theory provided one chocses subiraction points
1t nonezero momenta (except for the Goldsione particle propagators), The

resulling theery with "elementary'” Goldstone particles can even be ea-
& 3 2 P



v
{where df{r}{y} = pi{y-1). .. (v=-r+1} : Aly) ) with correet alipebonie oo

geomelric properiics, and verifying

el L5 )

-\ p ‘p
ﬂf DP
vy
arnd
ft‘l} ll’P-]l:l =
al Lol L))
-
S 1y,
Y ey ol 180T el T )
= (3)

Goingirom n to n+ 1l

T consiruct .. p. of n+ 1 Wick powers satisTying the induction

nypothwsis, in particuwar (2] and (3], it is nccessary and sullicient Lo con-

sirucl  (§2, ﬁ{{rljﬁy.'}[ . I, p{h‘""”{ynH}ﬂ} for Ly <v -2 , wilh correct
[

sroperties.  Tao do ihis, we note that @0 the mrobliem is soluble  the
differvnece

Y

JAEUTI SO WP LU AL | B AV Y

. 1
can be expresscd as a sum of commutators D{1,2,...,mn=1}= ? [Dj,OJ]
. t . : . 4 '
wheare 1he Dj , O are aircady constructed g.r.p. We vierify that this
j
expression hus the correct algebraic and geonetric properiics, In

particular, its support is ihe union of two apposite ¢losed copvax cones

: -

R I}* LR 3 Vo , L <3< n ~, having only the origin in common,
CoTd el - J

The problens then is reduced to thal of splitting e mpercd distribuiions

(0. DY), having support in 1"+ CT , intoa differcnce of two tempered

disiributions having support in 1"+ and [, respectively.  This is done

by muiliplying first C{v) = {§&2, DAY by }'HI_LJ {y) :here o {y) iz a

-t



ANALYTIC REGULARIZATION,
ELLCTROMAGNETIC MASS DIFFLERENCES AND 70 2y DECAY

W, 1L KER

Max-Flanck-Tostitat, Moachen, Fed. fep. Germany.

The simplest graphs coniribating 1o the electromagnetic 1miss

. e e , LI
dilferences of the barvon cctet and the decay yate for the process =1 =i
are calcwated including anomalouws magneiic moments at the vertices, Tao
obtain Tinite results the gauge-invariant Tormulacion of analytic ropular-
ization is appiicd. In order to et only o reaoced amouit of arbiirar-
auss compared witk L whoele elass of Bogolubov=aensiunk=Hepp rogiinge-
izalions, ibis arbitraziness ls inirodaced Dule e onulied propagaioss by

—

a funetion f{A}= A+ A i = Ci AT, the Ci being arbiirary constanis,
A the wvariable in which the annlyvtic continuation is pertornuw-d,  This cor-

responds to o corluin cligs of peneralized ovialualors in the sense of Speer

In the regularived resuit thers wppears e arelisiry coastan Cl
of the expansion of T{A) . IT this s =upposcd] to be cgual in all cases
and filted to thee p-n mass dificrence laging o anomalous e gnetic ma-
ments from 5T prediciions, raiier good agrocment with experiinenta.

resylts is ohtaliner,

Caleculaiing a higher-order grapiv wilth o loops, the repularfeaed

resual of the above-menlioned subelass will contain at most the arbileat:
. . o T

consiants Cl' . 'Cr from lhe cxpansion of [{A], ]
1]

eni of the character of the particles involved (scalap, spinor or veector,

Tiis is walid indeposio-

Perhaps this may offer cerialn possibilities for renormalizing higher-ordoe:s

periurbaiion theory of non-renormailizable theorics,

REFLRENCES
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funection infinitely differentiabie everywhere except at 0 , equal to 1 {and

() in a cone larger than TV {and T}, respectively, with L {gy) = L {v)

forail p> 0 , »¥ O }' denoles ﬂ H{)’F

j=i =4

multi~index with | 3] > M (M depends on C ). This corresponds in

momentum space to the convoluiion

B
Ao 2. L \,IIJ.IJ
{pl ;'FLU{IJ p'} D" C{p’}dp' , D . L\_-_ap"‘j ’

i h i

where LIl plays the roie of a generalized Cauchy kernel,  The Junciions

i ; ; . . . .
H‘IS are the M & derivatives of the reswit we need,  The latier s given

b
¥ 1

~ - - S
Hip) = 3 | at (t-u™ " ) fé—T 1P iy
%]

¢ e

+ arbitrary polynoemial of degree (M= 1),

Finding at cach step a minimal value of M is tiie objeet o the power-
counting theory,  This (in our approach) consisis in evaluating the Goenay-
iour of C(p] at w . It is found that WM-1 coinecides witn e "super-
figial index of divergenee', w=(n+1}{r-4) - E+< , where

K= ry + ...+ Pn+l . The above subtraction procedure can alsc be undor-
gtood in terms of counier-terms, as usuwal, It is probably possible to

cxtend this theory to non-polynomial .f{}-‘]l in Jaile's elass,

(A fuil list of referenecs will e glven in a fortheoming papec.
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FORM-INVARIANT RENORMAILIZATION

E.il. CAIANIELLG

Laboratorw uil.barfietica, Ancu Felice, Napod, iy,

We sty the equations whick connect the propagators {i.e., Green
Tunciiuns muiliplied by the vacuum-vacuum transition amplitude) of a field

thvoey) they form an infinite sel sinee propagators with {ncreasingly high

L
crsboers of exXlernal lines ocour, This work is done Lest in configuration

space  and with propugitors rocher than Qreen Zunctions because only

1A can one achleve combinatoral cxpansions of striking syvmmetry and
1

b . - - . .
COrmpu Ctnm s s 1]1 The pertirbalive exXpansions of the propagalors ape

sasunned foobeoenly asymptouic,

44|
Having seitled all comyinatorial proclens, oo bos

Ay branching vagualions of T ivpe (conlaining oniy propagators)

Ly icsening vguations of 1T iope {eoniaining derivalives of propagators

wiga,wila respeoet Wwoall masses aid Charges)

) lorimal peeriarbalive aXpansions

UPre famiiiar Joebmann-Svmanzik-Zimmermann cquaiions o, Sor instance,

ol T v, )

Thers arise  at tns point siracidral and analvtic problems,  To

-

Ivessigatle vne first, we took several J simple models, consisting of

apirion {iolds nieracting among themselves or with oréinary spinor fields,
and [oqand 1hat in aidl such cases the oxact solutions have an essential sinpgular-
Ay oot the oeirin of e coupling constant, with the perturcniive expansions

g i assinptotic Jmiis we also found thal the propozaturs are, for
mdeis corresponding to renormalizable theories, Iunel ons o0 Huodimard's

ooRsk 2 inine Coupling constant,  Heuristic eriteria woere ciso wevised to

N

—

she mavmpiotic

.

CnnSsiruct thi exact selutions by using the knowledge of j
It

cxpmnsiens aac 11 the hranching equatians of boln types 7.



2
identity. As can be shown by considering a special example }, the in-

varinnes 18 nol regained alter spplication of the evaluation proecedure. One
coiild apply as a remedy a procedure described by B[r'vl::nllj]I wiich ensures
pgauage-invarianl raesulls for an arbitrary propagator modification by intro-
dicing appropriate vortex modilieations {additienal enc- and multipharon-
verlices),  This procedure is nowever very jmpraclical foe the modilic-
ation studied here, A much simpler remedy has been shown to work in

Lel, 2, It consists in modifying only photon propagators if there tre no
closed loops (ihis does nol spoil gauge invariance), FPor closed loops a
procedure is described which {5 in eifect, a modification of the whole loop
(only one A Ior the whole loop),  Thoe procedure is given in BRef, 2 fora
goencral clesed loop with o+ 1 corners, atl one of which there is a Tu
voertex (the otter vertices are arbitrary).,  The procedure reads complicated,
but the calculation turns out o be very simple (much simpler than with Pauli-
Villars regulators; this is in general the case il one uses analytic regulaa-
ization! ). | Some applications have been discussed in Nlef, 2, a study of the
aromaly of the axial vector divergenes (I, ¢,, the triangle with one "{H"{”

- - . L .
and two oy wverltices) is done at juesent. An anclogaus treatmend of axial
L

1)

. . capt @
gailge invarinnee’ secms o be rather ifleult 77

The iechnrique of analvtic regularization can b app_ilud, after gome
minor technical adapiions, o the Lee model, which can then oe studied
withiout any cui-off in t7e lowest acelor u}, The resulis which ane nblaing
i exactly the same as aose ehinined with cut=-ofl (I the Hiid inowhich
tire cul=0ff I8 removad): there are always ghosts preaeni, the anly nlerprel-
able sciuations are Heisenlberg's dipole solution %) and Lhe one discussed
recendy by T.D. Lee and G, Wick 7 in which the ghost is unstable,  Thus

the regularization preocedure dues no harm 1o the sclulion nothis model,



‘The analytic probiems come from the cbvicus fact that branchlng
egquations and lormal expansions aye meaningless as they stand because
They require integrations over producls of tempered disiribuiions {ihe
catsda: free propapators).,  We have proved that it is possible 1o change ali
such Cxp ressions into meaningiul ones by carefully  redefining these in-
iepratinns v sonee continuation procedure which, starting {rom o subspaoe
of test functions where integrations are meaningiul, exteads he sesuil ot
whole space of interest. It was found that any such procedurs niust satisly

}, 5 | | L | -
). 5) after which one is cerlain ihot e said proceduse will

a sot of axioms
ivave invariant all Jormal expressions which now make periect maliematieal
senge. It is convenient to dennie any such procedure formay =iill wiil a
symbol of iniegration, which is called Tinite part integeal” beenuse ot s in
fact the goneralization of Hadamard's "partic finic” integral,

T h

. : et Y a Gy .
Wo have used, in particular, the Gittinger and Speer " procedure of

analytic cominuation {which is termed by some "analyiic renormalization''),

. . . 3}
suitahly extended to configuration space '. On one hand, the renormal-
ization programme is complelely achieved, on the olber, all terms which
At subtracied by this leehnigue wre grouped togeiler ol foand Lo be, in

facl, muass and charge renorimalizations in e Dyson svieoe, Uhic ainiuuily
iqvelved inany such procedire causes no trounle, provided the theoesy iz
rennrmalizacle in Dyson's sense; olacrwise things are sl finite, bal an
i-m"inih:* number of counler=terms in the standard formal iroatimornt would
bwropeqaired,  Mxplicit expreossions Dor the renormalizalicn group are
carily obtadned from the oranching vonations, upon cegldieing dhaeir form
7

bavariancee under a change of proceduree '

Tris technigue fuily solves the proposed problem: it is independem of

any approximaiion method used 1o soive 1ha beanelin, couatlons) 0 vielas,

in partienlar, the correetly eenormniized asymplotie cupanaions, I s
|J'|
Py

worst b rermaraing Laal the comidmitories used far Uas anrpase eda Lot
recuire the speeilic conaideration of graphs bl acl gaile auloailcally,
subtracting in a correct manher all unwanted divergerees, A Vil prool

of these statements is given for the goo theory In Hef. &,



SOME COMMENTS ON ANALYTIC RENORMALIZATION

H. MITTER

Max-Plancu-lnstitat, Minchen, Ped. Rep. Germany.

Analvtic renormalization is one of the few moethods which can b
used to pive meaning to a Lagrangian field theary in the {ramework ol per-
iurbation theory, Some problems which arise in dealing with this method
in practical ¢ases and some resulls which have been obtained will be re-

T

ported in what follows.

A class of renormalization procedures, with which we have worked,
. 1) . . .
arises from the prescription * lo replace every Feynman denominator o!

a general Feynman diagram

ZA
'|,' ]
L hy fil". it , where f(A) = 1+ AC *la("., -
2 2 . 22 1+A 1 ¢
m =p -ie {rm =-p =1i€)

where Ci are arbitrary constams and onc has 1o take a difieprent A for
every internal line {(hut the same CI 's for every line ixelonging io a apocial
sor: of particle), The diagramistien evaluated along standard Hnes weep-
ing A large enough.  Afler the integrations have hoen periorn.ed
certain cvaluator is applied, which vsscntiaily consists In symuaeirizing
wilh respect to the A's , continuing analytically towards A — U aad
omiiting eontributions which are singular in this limit.  These comributions
are of the type of a polymomial in [ times a é-junction E{Zi} in co-ourdinate
space where z, = 0 is a point at which the T-product {which forms the

i
diagram) is not defined, In the result obtained the constants C.l aeCur
and the interesting problem is how muny of them are involved and how thoy
can be fixed from physics, In reonormalizable theories they iun‘u te ba

asceomimodated in renarmalization constants,

]n iheorics in which this is relevani, it turns out thai 1he pregcription
given above does not lead to gauge-invariant resulis,  As longas A s

finite this is clear, since the modified propagator does nol Tullill Ward's

- (=



Among the applications already made of this formalism, we maont 1on

)

4
the study of a truncated model of the go iheor}rE , which is both relativ-

istically invariant and invariant under the renormalization group,

1

2}

3]
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STRONG INTERACTIONS AS NATUDIAL CUT-OI'F
IN ELECTRODYNARJICS

11, ETLIMRANN

rtermatiane] Cenere for Theetetesn dhysics, Toesle, Shay-

It {8 a long-cherished hope of many physicisia that the steong nere-
aclions might reduce the divergenees of hadron cleclrodynnmies (in pari-
icvulap of the eleclromagieiic muass shift) oy introdeeing a natural cot-off,

I arder to investigate this pozainility we muost consicer the cleetlromugneiic
inleraciions as a periurhation not of s Theory of ‘rea felds but of a theory
ol fields which are alroady sirongly interacting amang themselves,

Allempts to develop such a theory lead at onoe o fpent mathematical
difficullies., Wo shall therefare approacih the problias in the LSZ frame-
work,

We congider a model involving s real scalar Voodons ! Tield A(KY) of

H
[t

mars M 0 anda real senlar picten’ ficld B ool mnea o > 0

(Capital Tetters will bi- sed o denote wdron vaelables, smcil onmes 2o

vhotan variatles. ) A s intceracticg sicongly with ilsell, woeakly wioh i

According 1o LBZ the theory can boe gharacterized oy s Groeds Juncliong
H ; x

[P,
1

vime-ordered funciions,  The r have o s5atisiy a nuemoer ol LOesr proper-

s s Pq, Pise--a pb}l , L.e,, the Fourier transforms ol ihe ampatated

iies [symme:ry, reality in ceriain poinss, invariancn] plis 3 5¥siem of
guadpatie intepreal equations, the goeneralizod unitneity onontions,

We develop v ina perturbaiion Serics wiitl respect 10 tine Wk
coupling constant and soive the unitsrity equations it agceniing ordoer,

iaking the linesr propoeriics as subsidiaey conditions.  In zeroli ardor no

woak interaciions are present, This mesns that e« p.,. ... .} are
[ ]

L2
those of a froc field HI:J . ithi 'TDI:P, PR, Fajl thise o o scll-nteeacling
F
field J"Lu,aﬂd the truncaied parls Tn (i, p.) af the mixed lunciions vanish,
LR~

In first order the uniforiy cguationg ecome o 50t of finear homo-

convous nlegral equations Jor v, . The cholee of 4 parilediar =olulion
Y



r f
{[B“prxl},.]ﬂ{xz}] . Jﬂ{xgj-] s "Jﬂ'[xj}jl 5{1{1 -KE]...a{x.

(13
+
where the J's stand for both J and J . Using this form and working

out the combinatorials,one can obtain the foliowing resuits:

a} By introducing an infinite number of local counter-terms in the
Lagrangian {1}, one can gol rid of all leading divergences,  The
explicit form of these counter-lerms can be obtained to every

order of perturbation theory.

5. Sk < AThL
i3} Lot jﬂ be a sum of 1wo terms ‘f{] + "iﬂ wihere =t o is
invariant under chiral SU{2) x SU(3)] and jgn' 18 the symineetes
breaking. It is <lear from (4] that the leading divergences win
ud.
¥

kL. _ —
If °£|;} is a member of 2 {33) + {33) represuntation of the chiral

depend only oa o

group its general form will be

BR.
i =C

a E}UD +CBU + C.U (5]

& 373
where the O's arc real constants, Then one can prove the Joliowing:

b{i})} Wilhout introducing any counter-term in the original L.grangian
(1], the non-diagonal iransitions {i,e,, parity andfor = rangencss

violating) are free from leading divergences.

i) In order to cancel the leading divergences from the diayon..
matrix alements we must introduce subiractions to {1}, liwwever,
the infinite number of such counter-terms required in the general

case now coellapses to a finite nwmber:

2
— A + H ;
FIGATY [bGUU bSLH + baUa + b,ij.f?] {5}

. e . . 2 :
where [ iz a certain funclion of GA  and the hi's AV Do QLlons
of the Ci‘s and the Cabibbeo angle, Under certain presor, iivng,
this form can be uscd to determine the parameters of the it rosy

and in particular the Cabibbo angle,

=fif-



{ixes the interaclion, i, e,, it replaces the specification of L. W

int
choose T, such that all _r;[* =0 , except those with exactly one phoion
variable. This choice corresponds to an Lini linear in B . [In higher

arders we sha.l restrict the ambiguity in the solution by demanding optimal

bihaviour for large momenta,

In second order the interesting cases are  those  with zero or two

photon variables. The b = 2 case can casily be solved, The no-phoion

Tunctions can then he obtained from the relations

r TP PoLg, )
TE[PI, e Fa} = SO J‘ df - 5
I'.i = T11

whnown Lo be valid in perturbation theory wilth respect lo ine strong inier-
actions, In our formalism this expression satisfies uynitarity in general
nnly if the qﬂ~integratiﬂn i taken over a path which differs firroni the Feynman
deseriplion by an infinite semicirele in the lower lall plane. IFor the second-

order hadron mass shiily we abta:n

’“ AT,
{.5:\12'19 = cGnS‘tJI' dq JTE—*—‘-J

q -m

wivetwe AP, g} is the forward scatteping amplitude of a4 hudron with four-
momentum P o{on the mass shell) and a photon of four-momenium q [off
the mass shell), In the rest system of P the integrand is, as a function
ol Ay analytie in a cut plane:

Im qﬂ

_--F'_'_F_.__-
e
—_— L_‘__ﬂ Red,
C
1

Our prescription is to integrate over C in contradistincelion ta the

-! 1
lraditional formula derived in & less rigorous way, which demands integra-
tion aver Cz . The wwo expressions coincide among tnemselves and with

a third expression involving iniegration aleng the imaginary axis if the

-dd-



LEADING DIVERGENCES TO ALIL ORDERS
O WEAK INTERACTIONS

I ILVORCOLOS

Harvam Univeraty, Cabrldge, Masi., U5A.

I am going to present  in this talk some resulls obtained last year
about the leading divergences of weak interactions. Let me consider a

Lagrangian of the form
L=F + &I W x)+hc (1
0 y ’ . €.

‘p 1 1 1 . . 1 1 '
where g contains ail interaciions which do not vanish when the Fermi
coupling constan: G goes to zero, JH{:-:] is the hadrenic part of the weak
current and W (%} is the field of the imtermediate hoson, We shall nol

7
considier any lepionic or semileplonie interactions in Lthis lalk.
The gencral mairix element for a transition a = 8 , with | o>

L . . A . .
and ] 3> Deing eigenstates ol oy s ig given by

n + +
=z ] ) T -.] ; PR 3 » I.I 3
S, ™6 AT, T )T, B0 G e
4
Fa Exl-}'1:++,ﬂ {x -y }d‘ix dq}'l .. d d"y_ {27
'“1”2. IR s 1 n a

where ﬁ',uu['x_ﬂ is the W-rmeson propagaior, The mest divergent s
of (2) comoe presumably from the q“qu parts of the propagalors and, Ll

more or less general assumptions, one can show that they arce of the form

*

no2n " o, I ) N 4 !
Gas <alr \ T e Em{xm}/,1 «> dxp...d % (4

111

where A is o cui-oif and zi(x} is an operator given by a muliiple

conrmutittor ot egual times of the {orm



qﬂ-mtegratmn is carried out peigore the d g iniegration., {Changes ol this
order, or the intpoduction of curvilinecar co-ordinates, may then wad to

wrong resuts i carried out indiscriminately.
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It is noted thai in all rengrmalizable theorics dilution invariapco
implies conformal invariance, while for arbitrary theorivs a conditivn is
exhibited which is necessary and sufficient [or dilation symmetry 1o lmply

13, 2)

coniormal symmelry .
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NON-LOCAL QUANTUM FIELD THEORY

GV EFIMOY

JINE, Inbna, USSE,

The consiruction of the S-matrix in the non-local quantum {icld
theory of one-component scalar field g@{x} with the fixed interaction
Lagrangian gLI{x} can ¢onditionally be represeated in the following main

sieps:

1. Formulation of the_general axiomsg of the 5-matrix thaory

We introduce in thi svstem of axiems of Bogolubov, Medvedev and

Polivanov the following modifications:

a} The S-mairix must be unitary only on the mass shell,

o) The macrocausality condition ¢an be written in the following form:

& £ 65 1N
olx)  \ sply) /7 Clxy) (1)

whupre any matrix elements of she operator Cfx,¥) decrcase rapidly enough

in the region :.rné x when H y-x”ﬂm .

II. The interaction Lagrangians

We shall consider the interaction Lagrangians of 1he kind

a) g 4,(x) = g (x] (2)
where N is a fixed number.
® o u
v g d s gulet =g ) = lekal” @)

where Uflp) 15 a function of o

- 41 -



RENORMALIZING THE ENERGY-MOMENTUM TENSOR

€. CALLAN

Institute for Advaneed Rtudy. Princeton, N.J., USA,

5 COLEMAN

Flarvard Lnivessay, C:L]nhr:idgc, Mass, . T'SA,

R, JACKIW

MIT. Cambridge, Mass., USA.

(Presented by R, Jackiw)

Conirary to common belief, the matrix vlements of the mergy-
momentum tensor are not in general finite in renormalized perturbation
theory,regardless whether this tensor is evaluated [rom the canonical

formula

= & v MY,
> T
, b0 m r
He
r

or from lhe symmaetrie formula of Belinfanle, It is shawn that for i re-
normalizable theories il is possible 1o add 10 ﬂ“ an additionos term, whic,,

. . . ki .
does not destroy the symmetries and conservation properties of & ., whieh
does not contribuie 1o the Poinecard gencrators, but which remaves the
divergences in renormalized perturbation theory, thus yielding a finiie
energy-momentum tensor, For example, for the scalar )._q-,';‘ theory, the

e . gy  — up, 2

addition is proportional to {¢° & - _ g'u I T

The modified tensor 6"Y has the additional interesting propertly thal

NTE

in terms of it the dilation and coniormal eurrents D* and K riespectively,

have the simple form



III, The correspondence principie

The S-matrix has the form
$=1-ig Jﬁ ax £ (x) ()
or infigitesimally small g .
IV. The definition Df-,:i‘-pr{:}duct of two field operators:

Az the theory is non-local we shall consider that the T-product is ondefined

not only in the point x, = x_, but in some small domain near %, = %

1 2 1 2
Thus
' o ip{x, = x,} 1 . ¢ (4]
2 _ o aA_pu : n_—n 4 _
I:I - X :| - —'l_ ! - - ! & { - ;|
1 2 4. 2 2 nj! — l i
{2#]1J CINC, 1%fn]‘
fii]
whoroe lhe second torm Is o non-wecai disiriladion, In momeni., o 56 o
we obtain
o \ 2.2
r _ r .E -
D (p%y = B 1 (7)

m =-p -ii

- e . . . 2
whiore Vip ) is an cntire function in the complex pisne po ., 'Sl jaras

2 - . - - :
meter £° has the sense of clememary lengtn,  Thus we have Lulrodsoed

non-locality into the theory,

V. The consiruction of the higher orders of orturbation ...w

From the mathematical poinl ol view this problern s coilviaacn o
the definition of the produet of iwo distribulions of the type (G}, We deline
-
a mairix element corresponding to any comnected Feynman diagram by

means of the following improper limiling procedire:

2,
vik® )
O A AN m 6.2
F{Pl"“'pn}- ilm u'l.“u’l “d fj H R 134 f]xm:' v
B gy YT J{:I“l T

=31 -



WILSON'S NONMN-LAGRANGIAN APPROACH TO FIELD THEORY

P, L. . EEABERLER

CEWx, deueva, Swibeerlamd,

A recent work of K. Wilson is discussed wiich proposes the following

modificatlions of Lagrangian field theory:

I) Egual=-time commutators are replaced by operator prodduct expansion,
By doing s, one avaids the ambiguous noture of equal-time com-

mulators and preserves Lorentsz covariance,

iI) To have an ¢stimate of the gingular structure of the theory, Wilson
proposes to deiermine the singularitios by dimensional argnments,
twreby following a suggestion of Kastrup amd NMack that seale in-

variance Is the most crucial broken symmuoetry in Tield theory,

Tiwese proposals were then applicd by Brangt to renormalize theories
Like neutral pscudoscalar theory and quantum clectrodynamics, Tt must
o siressed thol seale invariance argumentis brealk down for veetor meson

ncories wWilh mass,

A pecent application of thege proposals to iwn-dimensional quantum
cicctradynamies brought an exact result for the equal-time commutlator of

e @leelrie current amd the vacuum polarization tensor,
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whaersa Buovro pﬂ are the external four-momenta, E__. are the four-
momerta over waich the imwegration is performed. ’i‘he product over m
is perforrmed over ihe lines corresponding o the piven diagram U km
is the four-motentum corresponding to the m-line,  Then

2 Lvy -1
11’.6“{ } = uxp«J,’-a{'.-azi-i}z v i 1ro 1

3 ] [}

where 0<v <o < 3 . The function Hé{kz‘,i {5 analytic in the upper hail

plane of the eomplex k2 and

-

|H5{REH Euﬂﬂ)l-ﬁ!k

-

2y Ev (10}
4

, 2 2 2, ,
wien =y <argk Sx ¥y, v ¥ I ke I-—m::: . Lot W[k b the ontire

analytic funclion of the order p< 1 and

2 £l

r - -

‘v(k]—DKEJ {11}
r
. 2 . .

wron R o— —ee L Then 5t 18 possiile 10 g0 over Lo i mudindeis el

in the ampiisude [8) rotating the Integration contours b w0 Then
. 4

ane can go toihe limit § — 0 ag the INtegrais correRponcing Lo any

conneatied Fevnman diapgrams convarge o the mt é =10

Thug we obtain the perturbalion Series which coilain no e itvioler

divergences.
WL The proo’ of the unitarity of the perturbicion theory is geow !l on
the prool of thwe Cutkosky theosen: for the normal thresholds for oy - Famiin

Cldgraln.

VIil, The summaiion of the pe rturbalion series

We malke the following additional suggestions:
A) Tie 8-matrix is a tunctional n? a scalar roal function o)

B} The $-matrix is written in the huclidean meiric.



5o that they do not change the analysis recalled in 1 above but are coupued|
only to the external fields, Using this method we have determined the

ancmalies,

IFinally, ithe PCAC equation rends

Ei"u .-Tu = c:r+f.9‘

where rr'?f containg lhe contribuiion of the two types of extra rigulalors
which are only coupled to the veelor and axial vectop fields, I those last
fields are guantized one gets a violation of the Goldbergoer-Trelman relation
aiready al the level of sirong interaction whieh seems to be hard to acoepl.
I, on the contrary, the vector and axial veclor are not associated with
fundamental fields but, rather, are dynamical resonances, PCAC is only
modified to the order o . Also, we have wveritied that in this case a“{

8)

+ 4 .
does not modify the computation of the » - mass difference 7,
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trangposition ef ithe mothod which works in spinor cleciraodyinmics
{13, Zumino, unpublished).

g) J. Das, et al., Phys. Rev, Letters 18, 739 (1967).

~NH3-



C} The form fagior V{pzﬂz} in {7} satisfies in the Euclidean melric

a) v(-kf: 5% 0 £32)

. dre . viexZ 29
noopys— [ —EE
{27} J m *k_E

< (13)

D} We consider the non-lincar inleraction Lagrangians of ithe type

.,{I{'x‘j = l,lln der Ada) . cicr»:p{:-c]l : {l=a)
where - o
, der| Afed] e a0 < e ; {15])

E} The integration over x is performed over ine finie Joupr-volume

YV, in the Buclidean x-space.

4
The S-matrix ¢an be represanicd in the form
[ ] L) e
=g o rsoor o ,
Slql = ‘“I—fd:-:... fdx | de... ! da N
- ", 1 J no 1 J ¥
Bl ' - -
v, v, = =

1. 'R{an} ei[&;':'}'{x;} oo el o

K Ala
X exp {~ } @, &{xi-xJ} ch - A
l<i<;«<n ’
One can casily show that

r = LoFon gy -

. o -

|slol] Sexpig ¥V, | dalaf@]et® ™Y o (o
‘L LR &

-

vhe divergeneces arising when E’¢—¢ e wre connecied wiol the vacuamn-
vacuum transition and they are picked out of the periuroation serics in the

form of the non-essential phase multiplier,
FZFEREMCES

AN s resclts ame pablistied o e arioeies:

L)oo, Fluuow, Dndilte (o Theorciwcas Plsas, Ko, preproils ox=L, La=%, Lo=34, [ha

iy, JINA, Dubunt, preprat R2=453G, 1067,
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ization of the model, namely, one which is achieved by adding chiral-
symmeiric mass counter-terms and by simple ro-definilion of the hare

constants of the Lagrangian

Turning now to the case where vegior fields are introduced in the
g miodes, obe can see that the pariny doubleds do o regularize Taops with
v ocdd pumber of axial veritees Tioe Lhe ot which leads 1o the !D—r Ty
ducay. For those diagrams one must use hew repulaiors, only coupled
s 1he vector and axial veeior fields, which have the same ciliral propuer-
-ies ax the nucleon. One thus gets anomalies, in agreement with the

o}

N ) - %) .
amilyais recently carried out by Bell and Jacsiw 7 and Adler In col-
hioration with Amati and Nouchkint }, a goneral siudy of those anamalies
e Leen made Tor the cage of external veclor and axial veector fieias with a

Gl mitiecdiatl ganagts g1l T o s s DEIVED T gty pished:

ay Anormalies involving an evern numper of axial fieads

In thig case the parity doublets do not play nny poie nnd, as the
répulators introduced are not coupici to the #, 0 o nuc.eod, e unomalies
ave the same as if the nucleon was only Interaciing with the vxiernal fields,
Ve have studied the anoemalies in Lhis case, In particular, we find thas
e anomaly involving lwo axial fields s the third of the anomaly invelvin
vwo vector fields '}, Also, it appears, on ihe basis of gaage invariance,
ot asomalics involve higher power of externul feids when the Qage group
fg eppeanbelian, he reason for Lhis is that, inthe aboelinn caswe, tiw asmpli-
cude has o be transverse willi respect to the vecior exluernal Lies,  This
redlices 1he degree of divepgence, thus deceeasing tiw number of diagrams
wiich lead o anomalies, In the non-abelian case, on llie conrary, thure

are longitudinal parts which ieadte anomalies up to the {ourth order in wne

extornal ficids,

B Anorma.ies involving an odd nuinber of axial fivlua

In this case the situation is more invelved as the parity doublets
slun contribute. I fact, they already regularize the corresponding loops
by themselves, so {hat the new rogulators lead to an i1l=cderfitneel resuuil,

A wav out is 1o introduce a third type ol reguialor which are parity doublets

-Gd-
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IN NON-POLYNOAMIAL LAGRANGIAN THEORIES

I. 8TRAT]

o
[£H
[2H

Niwematoeal Cemre for Theorenizal Physics, Tiwste, aly.

Most Laprangians oi physical interest - ¢, g., the chiral Lagrang-~
ns for strong interactions, the inlvrredini boson modiated weak
Pavprangian and Dinsieints Lagranglan for cravily = appear to he of Lhe
non-podyiierniil Torrm oo the Dield variables, Ty saitable ficid-trans-
lormalions they can in general be expressed o itoe foem of rational
vunctions.,  This class of Lagranglan was examined in an zarlicr paper
(referred to as 1) {ollowing a method due to Efimov and b‘radkinzj, with
particular rolerence to ine uliraviolet inlinities of physical amplitudes.

The discussion wns carriva out in x-space with the amplitudes defined

N L i f i
as Barel sums of diveepent series Like ). A A d=YA (¥l ... .
nra,.. b FO
The singularity belioviour of thege Dorcl sutns was examined o lhe
o @
s, x — 0, v —0, .., , ik Eiimoyw and Prodkin we con-

clucded that if the Dyson index D 0F these rauone. Lagrangians was
RS nan or egeal to e, all adiraviowes InDiaitic: associuied wiih

armpnitades dnthese theories cowd boe compenantod oy a finite number

. . . . c e .. . 1
ol counier-borms (Dyson index DOis delined by the lionds,  lim tIé)y=¢ )
& T
anc i1 this respeeot the theories behave lide roenoonalizabie Uicories,

For ihwir physical use woe need the renormalized ampiitudes not
Gua-snage bal inop-spiiee. Wihnt we did not examine o T were the

Mt ilum-space Pocrier transforms, their analyticity sropertivs

ang thele asvoooiorlc Deitaviogr,  This talk 5 devoicd 10 a consider-

ation of these provlems, following a method firsl Gisvesseu i this
contiext by Volkov } anc which in s essenilals goes haos o a dis-
cussion Lot appropriale region of x and n ) of the ouricr trans-
. 411 . e i) . .
oo ol [.&l,f:-.'.] by Goelfand amd Shilov 70 A swady of Ui same
. , - . 9)
Fodrice irenslorms has recettlly been mnce by Tae and 2asn,.o
weing differcent methods;, we reproduge their results for the vxamples

tiwy gconsider, Inopaeticular we show:

L

TR e o7 abuense Toom Dmperisl Calleze, London, England.



ON THE AXIAL CURRENT WARD-TAKAHASIII IDENTITY

Jamue GERVALS

Laborateire de Physique et Hauwte: Enerpies, (wsay, lraoce.

A geoeral study is presenicd on the se-called anemalous 1erms in
the Ward=Tokahashi Wentiy, I is basoed on 4 systemativ use of the Taull-
Vidars regulapization method which aulomatically ensures the gaoge in-
variance of the resuit while canonical formalism can be usced on the veg-
wiarized Lagrangian as lcrng as the regu.ator masses are kept finlte, In
this method, anomalies show up as reguiator contribuiions in the lirnit of

infinite repgulator masses,

Anomalous terms have been exhibiled onhy L0 the prescnce o voeotor
fields, In coliaborarion wizh B.W, Lee ', we Rave iriled 10 sce whetlher
anomalies cannoi occur alse when there are no veeror Tields by siudving
the o rodel. TIn this model PCAC holds ns an opopator equation betweon
bare qguaniities, and ihe guestion of nnomalivs in TPOAC s Laked 1o D
guestion of renormalizing the o model withowl spoiling the sienotuee of
the bare Lagrangian wheree the brewking of chiral symmetry comes only
from the fact that the o can po inte the vacuum.  This guestion had ai-

p
ready been studied by B.W, Lee 2) out without considering the fermion
contribputions.  In Ref.l we have shown that no anomaly wiil be encouriered
if one makes an approapricce cholice of the resulneization procedure which
Nas ta be such ihai it can alsoe be applicd te the symmelric theory, namoely,
the one where the g-tadpoles are aesenl, As o censceguence, we Tind 1hat
one connot repainrize by adding spin 1."{2 Selds winh the sane chival proper-
iies as the nuecleon. In pariicular, we exclude the prescription of el and
Jackiw :”, in whnien the regulsiors are given zero massg, as Inodnsisient,
A new repgularization procedure (5 proposed where the repgulators appear
in parity doublets in sweh & way that their mass terms can ho made chiral
symmetric. It is shown to bw appiicable to the symmetric theory and
thierelore docs noil lead Lo any anomaly in PCAC wihen applicd 1o the

compilule o moedel, DAlore genesilly, il jcads 1@ a4 gonsistent conormal-

~fi; -



a} The Fourier transiorms,if properly deiined, give correcily the

singuiarity structure consisient witn the unitarity requirements.
by Our method gives immediately the asymplotlic bebavioar for larye
. 2
and space~-like p
c]  The discussion of uitravicley inlinities, provicusly carried cut In x-
apace (I), is clesely paralleled for p=space and the same conciusions are

rreached.

di  The closed loop integralions in p=space have exacily the sarme Jomm
in polynomial and non-polvnomial Lagrangian sneories,  Thae omes wouls
of analytic rernormalization 5) aiudied recenily for polvnominl e oo,
iang ape particularly appropriaile {o the p-space mutbod discussed e

this talk,

BLr e NCRES

1} T, Deihourpgo, Abdus Suiam amd 5, Sirathdee, ICTPE, Uricate,

prepreint (G817, ta appear o Phya, Rew,
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5] B.W. Lec and B, Zuwininge, CLIIN prepring TH, 1033 [1Uul]),
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SOME REMARKS CGN THE LEFIMOV-FRADKIN METHOD
IN NON-LINEAR FIELD THEGRIES

. LLUMINO

CERM, CGeheva, Swildceiland.

A discussion is given of the method of formal summation of the per-
curbition series in non-linvar feld theories proposcd Ly Liimoy and
.2 Y \ : . 3),4),5
Fradkin ©Y. Interest in lhis oethod has boen revived coecenily ' :I,
in wiew of the suggesiion that the method may be vsed lo give o [STCHENTY

ro theories described by chiral Lagrangians as well a5 ceriain vector theories,

The proposal is investigatoed in detail in the conlext of a simple ex-
ample, where the compilications duv 1o de rivalive amd voeolol couplings are
absent, We consider the problem of conslructing lhe two-poinl funetion for
a field Vix) which is a [unction of a {ree field dix} . In purticular we
Mlee

T e ettt e —BARL

Vix) = o $ix) .’)_. : 3 .
) L-g g {x]
tupn (different Sunetions coutd be teeased ina simiilar way., The Fourier
ransform of the two=poin: function for the field Vix} s coconaced by ntro-
deing o Mauli=Villars regularization {or oliert in the prapagaor of the
Ficld ¢ and ecarrying out the summation of the peelurbaiion Sceles,  The
result 58 given in terms of an integral over a paramuoior: vog Dlids that the
path of integration cun be specifled in such a way us 1o procloe an ampli-
lude in momentum space having Lhe physically correct ansvlicily properiles

inthe varinble = = p . As long as the reguiator mass s kept finite, this

ampiitude cun he exparncdod in pewers nf {7 geaerating in tils way the re-
pilitrized pertarbation expansion wihich is shown 10 il e oL CXDPRDE -
iun ir {7 of the amplitude, 1o Lhis way a precise mewn 4 oo L farmal

sulmmalion 15 given,



'[his apparent paradox is, however, not an isolated instance o tiwe
apparent shortcomings of the € technigue,  In particolar, one Tinds that
it implies i) a non-covariant polarization tensor, ii) contradictory resulis
for the j[} . jg commutalor, iii) a breakdown of electric charge conscrv-
ation in the prescnee of vector and axial vector Jields and iv) & conlra-
Giction with the pertucbation theory calculation of J"L_j in the presence of

axial voctor fields,

The resolution proposcd for the above-listed paradoxes consists in
realizing that the source-driven spinor field is nol congistent as it z2=r’.
necause of the fact that not all the matrix ciemzars of jPI {i.e., 7.
generated by the external vector field) are finite.  Wihern ey Are fhade
finite {as,for example, by a reguinrizgation techinique) it is trivial to show
that all of tiw aforememiowed difficultios aee resolved, Furilwermore,
the so-called anomaious cotmntmatators vanish amd coertain non-canoical
high-energy modifications of the lheory, which bave been predicted elsewhery,
are found net 1o peeur,  In addition, the Schwinger-Adler result is found to
be true not as an operator equation but as a relation between matrix element s

in which the regulaior mass term generaies the anomalous contribmtinn,

Atthough this approach can ba criticized because of the "unpiy sicas'
regulator field, it is 1o be ernphasiscd that the spiril in which this is donu
is that although A regulator is required order by order, tie regulaior de-
piendence should drop out in the end by means of an eigenvaiue condition of
the Gell-Maan-T.ow type on Lhe bave coupling constant.,  Such a condiion
runders the cntire theory finise {and thereby consistent) whiie ot the some
time Leaving intact the conclusion concerning the absence of anomal. s
commulators,  Should it seem that this approach (1o, , an eigenvalas cou-
gition on the [ine stractare constant) is somewhal far-fetched, onc Hicod
emphasise that it represents the only hope for a consistent electrodynimics,
it can also be argued thai the very existencge of this conference imp.iics
that we are a long way from pgiving up such hopes for this most succrssiul

al all field theorics,



The choice of the intepgration path over the paramoter, alitded So
above, can also be describied as an appropriale average of Uhic WD 0SS
analylic continuations for the sum irom negative vaiues of I 0 e phyvsical
positive value, Lkach of the lwo analytic continuations, taken alone, wouid
give for positive :'2 an amplitude with a2 non-vanishing imaginary paci in
ine region for s welow the threshold, where the amplitude most iae veal,
Tine averapge gives o real lunction theree, in agrociment witl uniiaeiiy, o e
also be shown to have the right analyviie cominuacion to vilues of & abovue
the threshold,  Let us compare, for 8 below the threshold, one ol the two

u

complex analytic coniinuations fram negative to positive £, wiih tooir reds

average, IPor finite regulator mass, both these funetions Lave ihe sane
rogularized pertarhation expuansion g theic asympiolie expansion in 1"2 .
This apparcent poradox is resalved by ibe vorification that Lhe Jmagdicary
sart has o vanishing asympiolic ecxpanson in P 00 Qs e fefd Tlor Teass
tends to infinily, howewver, this s o ioenger true and the bisapginary part

has 8 non-vanishing asympiolio expansion,

Tiwr summuition muethod of Biimoy and IMraduin, with Jis procise iniee-
prctatian given here, prodoces o Fiooe Dunetion Daviog e corroot Gringciiony
properties and the correel imagingry par!, a8 dicwood by iy reguir. -
monlg,  One may wish 10 compare the resolt of this moethod wol e funeios
represenied by a disporsion Inegra, over the imaginary nari,  2Gr ine aoi-
linear modoes considored, the fmaginary pars inereases exponuatinlly Tor
Inrge 5 , cnreesponding to real mulliple paciiele produetion, L dispersion
intearad, therelore, regulres an infinite nisber of sublractios, The onbi-
ety eun be deseribod in terms of an arhitracy real colise funetzon, The
sarumation method of Miimov and Fradiin gives rise 1o e same e _coe of
amblgaity becausce the averaging procedure medtioned above s LUL LLGLe .
Dilferent wavs of averaging give Junctions which difer by a rewt oniice
Dar [inile reg

Sanclion of 50, [t is intoevesiing to abiseryve t1 s, G LT TR ES,
3
i

this entive funglion has o vanisiing asympiotic X wnsion i
ity case agreoment WL the poertisinlion vxgansion 5 obtadoeg, O Vit ad
calming e this amblguily by reguicing that the oo part of the oA 0

snould varish as 5= +w . in wlhich case the averading roceudlre Duot ure

a
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KON-EXISTENCE OF ANOMALOUS COMMUTATORS
IN SPINOR ELECTRODYNAMICS®

oot tTAGEN

Lnsvenary of Roeliester, Fochesier, B.Y., USA.

Shortly after the rediscovery by Adier of Schwinger's expression
[or the divergence of the axial current in spinor electrodynamics, it was
anown ihai this result could be derived rather eleganily by means of a point-
spiitiing definition of the current cperator, Thus, instead of the naive

. i . . .
CXPreHE1an E Wﬁ"r‘a‘}r’“'{f , one writes the axial current as

E 17 I_r{ '|1I|B H r ilﬁx‘uﬁﬂ] r{ "
i im 7 wix') Brgy expileﬂqJ dx u;l.ux}

3 xixlex
xll

wish the limit to be understood a5 Impaying

=X+ ef2

X! = x - €/2

wil € a purely spatial veetor {we employ here a formaliam in which @
is hermitian so ihat g 18 the antisymmetrical matrix which acts in the
internal charge space),  The remarxkabie aspect of the calculation of the
axial current divergence is the fact that with the above definition the result

is independent of Lne way in which the € = 0 limit is iaken.

The molivation of L prescent work was a desire to develop an action
principle formalism which allows the introduction of the point-splitting
technigue and leads to the Schwinger-Adler result for the current divergence,
Although the eleetric currens ¢an indecd be handled by this technigue with
no particalar difficulty, it was found that ihe pseudovector defiged by this
anproanch is not independent of the details of the € = 0 limit.  Only in the
cose i which a four-dimensional averaging is performed {an approach
wiich is not admissible in a canonical formalism) is the desired result

oolmined.

T work 15 based on a University of Aoclester prepelic LIR- #75-274 of the same tidle.



unigue; however, there does not appear to be sufficient motivation for ths

restriclion.,

The imaginary part of the two-point function Increases exponentially

in 5 as % -t . Inview of the rxponential inercase {or pogitive s
. o . G )
the theory under conaideration is thurefore not "strictly local" }uml is not
7}, 8
even 'local’ iz }.

The question of the ambiguity in the two-point function and that Q' the
possible further amhbiguities in higher-point functions, scems to us one of

ihe main problems in the method discussed,
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two-photoh atate., [t a PCAC assumption is made for the naive divergence

operator, the low-energy theorem is found to give a good fit to the decay

& .
r —r 27 in several interesting rnodels,

1}

2}

3)

4)
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THE MEANXWING OF XNON-LINZAR LAGRAXNGIANS

H. ATIMITNGG

CERN, Gencvd, Switerlaid.

It should be poinied oul that the action integral of a non-~linear chira!
Lagrangian need not be considered as the hasic Lagrangian of & non-
roenormalizable theory, but can be taken, insdtead, as an approximation to
the eficetive action which generatles the onc-particle irrcducible wertices
of & renormalizable theory, From this point of view, the problemm of the
higher-order cffects is not that of caleulating the coniribulion of diagr'mﬁs
with one or more loops, but rather tha: of giving an improved descripiion
of the one-particie irreducible vertices. The correct ciicclive action
which gencrates them  has the property that, when usea in the tree approx-

imation, it reproduces the exact propapators and 3-maieix,
Let

=L TN
]

be the funectional which gencerates the time.ordered linc luis (T=Tuncilons]

- . i - LM 1 . .
of the renormalized flelds &, and of the currents ‘i»-& . ohefunctional

W[r}i, v | of ihe sources I‘.lj and ¢xternal fields v'u OE5T CnTos Lhie Con-
il el
nectod T-funclions., The effective aciion Alg.. v#a] . defizea oo the fune-
. : 1], & i e
tional Legendre transformalt.on iy }{ai atrce c-number ficids)

_ r
WIni, vuui = A[:'Ji. vm] + J n, % d4x

W 5,

= Q. - T,

15T'Ji t':l i, i

generates the one-particle irreducible vertices,  Using inese veolices and

1he complete propagator {algo obtainable from A), one ohlains 1w exact 7-
functioms by using, however, only troe diagrams.  Cleariy A s coame=

plex and non=lecal, bul it satis{ics unitasity and localily coonsion ais,



WARD IDEXNTITIES
IN RENORMALIZAFRLF TAGRANGIAN FIELD THEORIES

W. 4. DARDELEN

Pept, of Physics, Stanford University, Calif., USA.

The properties of the currents, their divergences and their com-
n:utators,have been studied in the context of perturbation theory for re-
Lucpiieizabae Lagrangian field theories.,  In sorme cases the results of the
puertdrbalion calculations were found to be inconsistent with the naive use
ol Termal manipulations of the field operators, The anomalous terms arpise
due 1o ambiguities in the definition of local products of field operators which

do not allow the use of fermal manipulations,

In a large class of theories it is possible 1o find the procise form of
the anomalous terms in the divergence equations for the currents, These
Givergence equaiions may be analysed using a Pauli- Villars regularization
of 1ne hoson lines which prescerves the exact formal Ward identities for
cirrenis attached te the beson lines,  The remaining diverpgences and
ambipuitics ave contained in the smaller spinor loops. As the spinor loops
are non-overlapping, each loop may be defined independently, A direct
culeulation shows that the spinor loaps may be defined so that the vector
curients satisfy the naive Ward identities. Anomalous terms then appear
In the Ward identities for the axial vector currents in these smaller loops
with enly vector and axial vector vertices having an abnormal parity
relation,  These anormalous terms may be represented as anomalous di-
vergences for ‘he axial vector currents,  ‘These results are shown 1o be

Sl for essentially all renormalizable theorics,

The presence of the anomalous terms in the divergence of the axial
vecior eurrents imply a moedifieation of the Sutherland-Veltman low-~energy
theorem for the naive divergence operator,  Hepnee we may obtain an exact
low -encrgy theorern valid to any finite order in perturbation theory for the

mairix elgrnent of the naive divergence operator hetwaen the vacuumand a

ror



It the basic J.agrangian is invariant under o group G Laving genervs
ators associated with the currents vna , the v-functions salilsiy an in-
lin:e set of Ward idensities, 10 whien correspond Ward identilies for the
irpeducible veriices penerated by A, These can be siated most simply
as 1he reguirement that A be Invariant

ah = U

~nder the local (Yang-Mills) transiormaltions associaled with the group G

ﬁ‘n‘.‘,]i =40 W .

a  ad] 7]
gv = A C, v 0 A R
i LHC e Mo
where Cb c are the struciure consiants and W1 . iiw matrix represedi-
E=1 H

atives of the pencrators, while A fx] is a pauge funetion,  IF the symi-
a

matey 18 spontaneously brokos, Dwhich case o siable seo0ion c?.l = :;l'j {n

3]

non-vahishing constant] corrvsponds Lo ni =0 , one cige alwaysS! intros

dice new fields X, wanleh are local non-lisear {funciions ol T @, arwd
1 i

E:,L and which transiorm by irreducinle non-fincar reallzuiloos of the
sreup,  The elicetive aclion, expressad in werms of ihe Divais 2o ig in-
wnrinnt under non-linear realizations of the group,  The local non-Linens
Lugrangians wileh one finds discussud b literasure it oo congidered

us lowesi-order approximations to the correet effective aetlon.

MLt NCES

L g, Schwinger, Proe, Nat, Acud bell 37, 452 and 155 (15513,
2 G. Jona-]asinio, Nuova Cimento 34, 1790 {1864].
3) 4, Coleman, J. Wess and B, Zumino, Phys, Hew. 197, 224G (19690,
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STRICTLY LOCALIZABLE FIELDS

A JAFTE

Lynan ahe of Pivysies, Flarvard L.'uivcrsin}', Camhndgc. Mass., USA.

The usual Wightrnan axicerns for guanturmn tield theory are vased on

the assumptions of relativisiic quanium mechanics:
1) There is a Hilberi space of states,
2) The theory is Loreniz covariant,
3) The energy operator is positive.
4} The theory is local.
3) A particle interpretation exisis.

On the basis of lwse axioms,poscd in o mathemalically procise Jorm,
geveral general results about field theorieos have been proved.  These

incluge:

G) The connecction beiween spin and siatisties: Liders, Zumino,

Burgownie,
7t The PCT theorem: Jost,
Ay Scatlering theory: ILang, Tuelie, Acaki, Ilepp.
8} Crossing symmetry: Bros, Fpsiein, Glaser,

1M Dispersion relations: Bogalubov, Medvedew, Polivanov,

Bremmermann, Oelune, Taylor, Hepp,

Sinece these praults depetic on the peecise details of the mnthematical
framework, we can ask for what fields they apply,  Wightmon made she
assumption that fields are lempered distributions in the sense of Laoprent
Schwariz, This assumplios auwiomalically liriis the momenlue space grow sl
of field amplitades 1o be no faster than a po.ynows:al,  On the basis ol this
assumption, ihe results §3-10) were proved using certaln mathematical

tools for tempered disiri nations:



12}

13)

14)

13}
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a} Characterization of the Laplace iransforms of disiributions with

support in a cone.
b} ©dge of the wedgo thearem,
e)] Jost-Lehmann-Dyson representation,

However, it is clear that non-renormalizable theorics, such as those
deseribed in this conference by Lehmann and Zuaminoe, do hot fall inio this
class, Many authors had sugpgestions on this problem, and papurs woris
writien by Gittinger, Meiman, Schroer, van Hicu and kfimov, 1o mention
a few. However, none of these authors posed a precise mathematical
Ipamework for non-renormalizable but local fields,

Such a ramuework is given i Refs. 1-3, A large bibliography of
carlier work can be found in Hef, 2 and also in Ref. 4.  Li order to make o

mathematically precise {ramework, three steps are invouvoed:
i} Formulation of locality,
i1y Deve-lopmem of the mathematical tools such ag a)-e).
1) Appiieations sucl as Gi1-107,

We study a fiddd o cefined on test functiens |,
@if) = | pix) i{x)dx = | ofp) [({~pl.dp .

In ordar 10 allow % to grow faster than a polynomial in momeiium space
we taxke test funciions inat decay in momentum space faster than any poly-

nomial, We take mornentum space test {unctons c/‘f; such that

o

A 'lf csapl 0+ p TS eall p 115 D™ sy < w

forail o, m, AL .
|
4

*

2 o . . . )
Here ! pl| = {pD +77%  is the Euclidean norm of p and g[‘[z} is an eniire

funclion



i)
2%

i}
1

L}

1)

n}
a}

p}

AEMANRKS

{lor the table)
The solid line i3 a Formion.
The wavy iine is n vector hoson  inthe Landau gauge (so that 2. = 2
ig [inite) coupled with sirongth g Lo I,TT“L"J.
G(p) is the unrenormalized Permion propagalor,
l’ﬂ{]), G) is the unrenormalized vertex funclion.,
x in the diagram represents the vector current,
The state [ ¢ » is a Fermion state with momenturn p normalized so
that <0 ¢ led> =1,
Crossed diagrams must also be included.
Schwinger 7 showed that posilivily ond Lorentz covariance force the
commutator o bt non-zero,  Proeviously, Goto and Imamura 8) de-
rived a representation for this object which inveolved one derivative of
the delta ifunciion, Their resull is oot verified by ealeulation,
X in the ¢iagram is the axial vector current.
f ¥ » is a one-pholon state,
}‘_:pv is the dual electromapgretlio tensor,
C a5 o cunstant,
Tiw commutator has been wrilten in expilcilly covariant nolation,
with the help of a unil time-1ike veclor 0, and Pctﬂ = gaS o ”,3 .
Only the anomalous portion of the commutator is explicitly indicated,
&, 3 are bosons,
T ois oA soqaay or psoudoscalar HHeld,
Some derivations of Weinbergts  lipst sum rule assume a c=nuilner

. 14 . .
Schwinger term 1"_ In spite of the pregence of g-number Sclmy. per

tornis  this theorem remains teue,



Since g(tz} indicates up to a poalynomirl the allowad momentum Space

growth of the fields, we call g the indicator function, The coniiguraiion

space test functions (4 arc obtained by Fourier transforming ¥

We say that the field © Iis strictly lecalizable if g has configuration
space test functions with compact support, Hence o{f} can be localized
in a bounded space-time region and locality can be defined in the usual sense.
This :mposes a requirement on the momentum space growth of the indicator

function, Infact, g is strictly localizable if and only if

*

- Y
'gggt:l
f 12 o dt = an
t
1

Hence growth such as

gl gexpls™) , o <1f2

ar X ]
expl(s* /{loga)™)

2,
B A
L~

ig allowed, but

[

cls) T exple s

is not allowed,
Within the framework of strictly localizable Tield tior,., we Can provs
ad-cl, Fop instance, we have the following chavacterization o the local

singularitics of the vacuumm cxpectation values of strictly localizable ficlds

Let
5.1 A 2 -
cdy =t T ognd et
t "
u
' 2
= } ¢, (2r}! r d
2r
L. i
be the Borel iransform of g . In particular, if g{s) is an«.tire funclion
. -1
of order @ < 1/2 , then G{s) is an untire furetion of order =2k

which rmay be arbitrarily large,
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NON-CANONICAL BEHAVICOUR IN CANONICAL THEORIES

B JACKLW

MIT, Cambnidge, Mass,, LUSA,

A summary of recent work concerning the nature of commutalors
in model field theories is presented, It is shown that commutalors de-~
Uined via the Bjorken-Johnson-Low theorem H in perturbation theory wiil
Jditier in the general case from their canonical value, These modified
commulators are celevant, by construction 1o high-¢nergy theorems such
as those of Preparata and Weisberper 2) or Callun and Gross 3}, These
high-energy theoeoms are accordingly modificd, Madification of low-
vhiergy theorems, such as the one of Sulherlund and Veliman for SI‘G--!- 2o
L{e}ca}'t”, are shown to follow {rom the fact that the non-canonical commut-
dators can be of a form which makes it impossible far IFeyminan’s conjecture
Lo nold, j.e., Schwinger terms do not cancel againgt u.vergences of sea-
NS b '}, The solution of the general problem of consiructing L.orentz -
covariant and gauge-invariant T* products from a knowloedge of the T
product and of the commultators is indicatedﬂ. The dependence of the

commuiators on the dynamics is exiibiled, A summary of-resulls is

presented in the Table,

RO RENCLES

i J.01x, Bjorken, Phys., Rev, 148, 1467 (1966);
K. Johnson and F.E, T.ow, Progr. Theoret, Phys. {(Kyote) Suppl.
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2 G. Preparata and W, 1, Weisberger, Phys. Rev, 175, L3965 (19G8),
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“ 1. G. Butherland, Nucl, Pnys, B2, 433 (1367),

o K. Jackiw and K, Johnson, toappear in Phys. Rev.

i S. 1. Adler and D, G, Boulware, to appear in Phys, Rov.

g i3.J. Gross and R, Jackiw, CERN prepring 1969,



i 4 . .
Let F{x-iv) be analyticfor ¥ € R, and ¥ in the forward ignt
come V. This is the expected analyticity for the two-point vacuum ex-
o
awotation value,  For vacuurn expeclation values in { it is ensured by

! +
Lt propurtics of clements of c,j(: with support in ¥V .

L JE o
Theorewm, F{x-iy) has a boundary vaiue in e (R} if and only il Jor cach
compact k& V' there exists a polynomial P, {x) and consianiz A, N

such that for <t <1 and ¥ £ &,

*

| 1(x-ity)| < P {x) GiAt S

A similar theorem alseo holds for the n-point vacuum expeclation velwe,
This bound shows that local singularities of the type

WM
fih

N
< ’
for any intoper N may occur in strictly localizalble theories., 1o
¥ i . 3

eirticular, an cxample of a strictly locaiizable field is

AlxY = cexpd ooix) o

whier § 18 an arbitrary eompicx number anc  o(x) is a iree Deld o7 any

spin, in space time of any numbar of dimensions,

Using the framework of strictly localizable Flelds, wo can werily
wiethas the results 6)-10)above are vouid,  The resulis )-8 urw
immoedinte consequences of the material in Reis. 1-3.  The proot of dis-

]
poraion relations has acen given by Epsicin, Glaser and Martin o

o finish, [ ahall remaek thal o time-ordered propagator can e

Gelined in strictly localizable lield theory, Given a sirictly lovalizable

flelo AL,

Colamaptos = fow 5 A7 eyiaa
Wl
||Iﬁ 2 fda < =
S gl



propagator for time-like rmornentum vanishes asymptotically, a condition

which 15 not cleaply motivaled,

For the definition of general Green functions, it is necessary to
consider products of propagators,  Volkov 2 has given a recipe for Lhis
and it appears possible to view this construction as an analytic regular-
ization related to the work of Speur‘i‘". The gquestion whether the Groeen
functions so defined satisf{y the conditions of unitarity and localily requires,
in our opinion, further investigation, Also, as emphasised by Zumine in

his talk, the non-uniqueness problem is not at all understood.

REFERENCIZS
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2) M. K. Volkov, Commun, Math, Phys, 7,289 (1568}. This paper
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3) A. M. Jaffe, Phys, Hev, 158, 1454 (1567} and unpuklished manuscripi.
i) E.R., Spcer, J. Math, Phys. 9, 1404 {1968},



for a suitable irndicator function pfa)., Thus we may define

<ol Taxy amlo> - E{':Jllfﬂgiu-gzm da e ¥ gp |

&4 o=m +if

/A ;
whore pgl=[ 1 maps Z into ¢, The ambiguity in this delinition is
given by

dolTatxiay o> - <olTay aml o>

[
gl 32

and hias the form
2o~ ) 8ix-y) = w(x-y)

. . 4 . . .
where K(x) isa generalized funciion in T with gupport ot the origin,
i - ] ] ] Ll ]
In momentum space, Ap) 1s an entire Tunciion of p satislying

'l

PRipil < o (p7)

for 4 suitabie indicator Juneiion g, - ‘This ambiguity does not affect the

value of ‘he residue of the pole in the propagaluar,

Ove can ask whoelhoer the analylic renormualization procedise of
Lehimann and Pehlmueyer (in these Procecdings) or the renormadization
procedure of Epsiein and Glaser {in these Proceedings) can be applied 1o

non-polynomiar Lagrangians in the strietly loecalizabie ciass,



HEMARKS OX THE GREEN FUNCTIONS
0 EXPONENTIALS OF FREE FIELDS

b LEHMANN and K. POHLMEYER
institut Jur thedrelache Physik der Universitit Hamburg, Fed, Bep. Germany,

and

W, JIMMERMANN
DESY, Haivburg, Fed. Rep. Germaay.

Let

Bx) = et

where A is a free scalar or pseudoscalar field, The problem of defining
time-ordered Green functions of the R-field has been treated repeatedly

in the literature ”, in recent years in mrticular by Volkov 2}, We have
re-examined some aspects of this problem and, since Volkov is not presens
al ihis meeting, give a brief summary of resuits on the two-point futction.
We add some vegue remarks on n-point functions which, in our opinion,

are little understood at present,

Simple examples of Lagrangian models where exponentials of free
lields oceur are the derivative coupling of the scalar field to a spinor ficld
{which has a trivial scattering moatrix) and psipv) coupling of a spinor

\ 1), 2
field to a newral pseudoscalar field ) }.

A mathemalical bagis for {reating a certain elass of entire functions
3}

of Iree fields which includes the operator B has been given hy Jaffe

The unordered products
+
{o] Btx) Bv o) and  <0f Bx) B (y)| 0

*
arce weil-defined gencralized functiong,  The corresponding time-ordered

3)

products reguire discussion along lines indicated hy Jaffe ™' and contain
arbitrary parameters. In the cuse of the BR product uniguencss is
achieved by demanding that the propagator in momentum space vanishes for
large space-like momenta, The EB+ product is more singular and

uwniqueness follews only from the requirement that the real part of the

=00 -
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The vacuurmn expectation values in a local theory are Inundary values
of anaivtic functions in Tﬂ_; where the convergence {5 in the sense of
generalized funetions in {81Y' . The Wightwman functions arc polynomially
bounded in 1-:1-1 but can grow arhitrarily fasi near the real points, At
+he same time the Wightman functions have & uniguec analytic continuation
in the extended tuba ‘I';_l . Woe romark thal our convergences in tho
sensc of (EI)T is weaker than the corresponding convergence for tempered

and strict localizakle theorios,

An "edge of the wodpe'' Lype theorem is still valid, A limit theorem

in the songe of Jaffe is also walid 4].

Our definition of local commutativity 18 bascd on the notion of the
value of a generalized function at a point 5}. Let us take a generalizod
function T{x] and lct .ﬁ.,r be the set of points where T{%) has the value
zero,  We define supp T = ET where € denotes the complement, We
say that the sealar Sjeld Afx) satisfies leeal commutalivity if the funetional
{7, [A{f},ﬁ{g}];nﬁ] : ¥,% € D has the support in the difference of variables

xr-xﬂ in or on the light cone,

Now wo can state that with this definition of loeal commutativity
the T'CP theorem, the cluster propertics and the spin and statistics theorem
are valid, At ihe samc time, it {5 possible to define asymptotic stales and

develop a corresponding ITaag-Ruelle theary,
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SOME REMARKS AROUT NON-3TRICTLY LOCALIZARLE PFIELDS

b NS PARTINEACL*®

Acation Phivae cur Universizal Moneien, rew Rep Germany,

In the usual Wigniman framewoerlk, groeat attention has boen jsoid Lo
the investigations of the conseguences of some Dasie requirements such as
n

Hilbert space, covariance of the iiclds under.inhomogeneocus Lorentz group,

positive energy, local commuialivity and particle interpretation.

On the basis of the firgt swo vegquireisents iU follows that a field Af{x)
will be an operator-vaiued gereral:zed lunction, A this point we have Lo
answer the following question: how 10 take the 1ess funetions {ix) ? It was
pointed out that some basic propertics of reladivistic Tirids can be obtained
: - . LS - o agen 2
if we choose tempoered Tunciions . Joma years &g, 4 Jaffo shonw el
1hat the above roguiremoents can e incorporated Do e oy of stelerly
iocalizable ficlds wilh lest funclwone whics ailows, inwociodom space, a
non-tempered increase ol iewds. Jadc las daso stwwn Dhal e main pros

perties of tempered fields arce also obtairane Jor striet.y calizable Tiedds,

From the mathematicad point of view fthe property o7 o fiead] eing
strictly locaiizabic 18 ciosely roeslled Tu the existence ol segdaos oy many
test functions wiih compsiet Support I condigoration space, G aw alley
nand, the existence of tes! functions willi compaet Support o Conl. Juratian
space requices test functions in momentum space which have & decrense
at infinity iike c¢xp {—H p”‘“} , 2l . Lot us denote with g{“ sz‘J a
nositive funetion which heifnwes navepeniicniiy ke exp |'“I ;1”'“}_ T s

funelions for strict lognpiizable thoorics will satisfy the follow npr ineguicay

Sup 5{1! ;‘;”E][ n'" :'I{p::t < wo, (1}

-

The exponential type of ,gl_'H p}]"1 is not relativistic invariant.  To make
the space of test functions in momentum space relativistic invariant we

hawve two possibilitics:

¥ Witk supportec by the AV, Humheidt Zauncacies.

wE o,

Permaneni acstesi: University S8 Chug Soiainia



1} To take functions f{p} such that

sup gN|| pl%)] D™ o] < @ for N=1,2,... (2)
P

ii} To take a function g{” p“z} with the type zero,

These two possibilities correspond the first to a projective limit and the
second to an inductive limit of spaces. In the first category enter the
fpaces which were used by Jaffc to formulate siriet localizability and in

3)

the second category enler some spaccs of Gel'fand and Shilev ™’ which can

aléo be used to formulate a strict localizable theory,

It sreems to be difficult to formulate a Wightman theory for the case
H>» 1 . Txecepting the Haag-Ruelle theory, it seems that,physically, re-
sults such as TCF and spin and statistics are no lonpger obtainable, at least
in the usual form, We develop here a Wightman theory enly for the case
p=1 . Weiry to show that in this case,with an adequate definition of
local commutativity, the main results of a Wightman theery still remain
valid, At the same time, in this case, some new problems spring up
porcause of the non-existence of test functions with compact support in co-

ordinate space.  We divide our resulls inte two categories.

A) Resuils which do not depend on the definition of local commut-

ativity.
B} Resulis which depend on the definition of local commutativity,

First we take test functions which belong to some spaces of Gel'fand
and Shilov.,  We prefer these gpages because [or g = 1 the 1est functions
in co-ordinale space have a definite domain of analylicity. Ln this way
we allow only an inercase of flelds in momontum space like j_[i:“ ;1”2} whoere
g has the order of growth one and the Lype zero, At First il apears tha
the exiension of 4 from striclly localizable fields {u < 1} to local Ficlds
(s <11 is of little significance, Nevertheless the class of local ficlds

4
{4 <1} is much larger than the class of strictly localizable ones (u < 1), !
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