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d, OMC needs a formulation which algebrizert completely all the re-

riormri^zntion proCOPSES; this hns been achieved by usiiitf the functional

!'or::i;i HSJTI of My Id theory f J. Calmed, V. Li? GaiLlard, J, Soffer,

A. Viftcor.ti). In this formalism, 0110 introduces ficti'iout. uxU-rtiii

arid one ob«iins a. generating functional of the propagators defined us

VU,CUMI:-I expectation values of tiroe-orderiid products.

ThonJ it may bo shown theit ihi? runormfiliuation of tin* jrc-nt-r.

onai ieatlSs to renorm;ili2ed propagators tintl lhat it alsu IOEHJ.S 10 ;I:L

algeoraic SCJIHITIR which is well i\tiovpied for pro^riirenting.

Ill, T'LC problems which have to bo ftolvcd for ;i risimorical evaluation of

rjidialivL: corruciionfi arc of throe k-lnHs:

a) conSVruCtion of Feynman diagrams ai a given oruT and their

rolauid coun;er-terms,

h) ]r;t.t^:Tition ot: i r r ^ r n n i vn?'iahlf?j and simpKi rtinor'tv.rJ^zfii IDTJ,

c) r i i imoricni ovii'hjaLitin of t;u.' i - i tL^rals o v e r F f y n n i a n iKL[-iLr:iLrio

This p rog ramme (J, Calniet, M. Pe r ro t t e t ) , which is complex enough, is
'1

:r, fL.:11 c•:e^ relopTT.ent: i ; h a s b e e n c o m p l e i t i d ; ' o r thi? g g t h e o r y f w l i i c l j h ^ i

no phys i ca l COTTIOTT: but bo<irs so^ i e urinlofry v/ifl: r,"jftniv.m e'.o.CrOfiyi-.arnic

ris f a r r^ tho -firm of ihi; LninLLl in1e^ra t inn« nr<- c o r - t ^ m ^ d } nr,d s^viT^L

i ' t ^ E i t pi 'O^raftinu'S for qu.M'.Uim uli.'Ctrody:iLi::jics rife nuw rujir.iLi;.,

The languages v/tiich have been used a r c iho LISP language for UL:

CiiIci:latioriS ar.d FORTRAN Isn^u^ge for all numer ica l evaAiri;ior;s.

^ ; i i ; t f ' r s , n Vfvxi v;ic 1103 anci ,in THAT 36 0-u5, were i t our +lis
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K GKOUP AND NUMERICAL. EVALUATION

OF RADIATIVE CORRECTIONS

A. VLSC ON Ti

Cc:itre dt Pfiyji^Jt Th^oriqae, Marseille.

The work on which I am going to report may be divided into three

pans; iis ultimate goal is the evaluation 01 radiative corrections of any

ma'iizable -eiri Theory using computers.

I. ':*]it,- lira! par; (A. Visconti) deals with goj.joralizi.-d ronorn-jiilizatifi:i

tj'ariai'orsr.iLtjojjS aiA with Uie study of the geometry of sucii trariSfot-jnatioiiH

tie;'ir,ed, rougliiv speak^n^, as linear corabinationa of radiative corrections.

The motivation oi" this work arose partly from considerations on ^enormal-

izntion liieory {writ!re in xho last analysis ono replaces divergent radiative

c n i r i v . ' C T i n r . - s h y l i n ^ E i r t : n r : i i j i n i i i i o : " H o f L o w e r o r v l e t " w h i t : l i - ' i r i - c i n i s r n i u i M

linti the fiTini t't-'sull rc ina ins firiitu) and pari ty from consiticrnUons or. the:

rtf!i&":maiizii:ioj; group wliich ]-.as; bt^;n LĴ LJC! will; siuCCtfJU for Uio study o:

asymptot ic behaviour of propagators and for the summation of cortuin

ssed of graphs .

'i* thati c-lfi bora ting on ilio applications just mcntiori^d, this

to cliarac'urizt; some iiincianicrjial aspec'La of ihc forimf

As a fii's; step, WL a 1 tempt to give a definition of tlw renormalizaliun tr«

forrr.arlons general enough to include ail the different cases in which such

transformations enter ir.;o play. Ther., one looks for cor-d:tions under

wfiicifi purh iransforn-.ations build up a £roi;p and orte siuciies its linear re-

prn.sontbitions. Finally, one invrstipMys the connections between such

transfoi1 urnt"ions :̂;d ;lie renr)rmalization of n rcnormalizaljlt! firld theory,

II. As far as :.he numerical evaluation of radiative corrections is con-

cerned, on one hand, we need to feed in the former framework more in-

than thf̂  already cOTitEtined. This may be done by considering

a dofi;;;ti? tlioory defined by n Lagrangian as quiintum electrodynamics or
S 4

a scii-iir :itild inturaciin^ wiili ilisiili (g<? or g<? Uteory). On iko othur

_i;j_54-



R, Jackiw

WrA. Bardeen

C,R, Kagen

J,-L,, Gervaia

P, L. F.Haberler

C. Call-in
S, Coleman
R, Jackiw

J, Iliopoulos

Non-canonical behaviour in canonical
theories

Ward identities in renormalizable
Lagrangian field theories

Non-existence of anomalous commutators
in spitior electrodynamics

On the axial current Ward-Takahashi
identity

Wilson's non-Lagrangian approach to
field theory

Renormalizing the energy-momentum
tensor

ng divergences to ail orders of weak
interactions

52

5fi

fil

II. Mitter

W. Becker

K. Syinanzik

K, Symanzik

D. J. Olive

II. P. Diirr

C. DeWitt

K, E, Eriksson

A. Visconti

Some comments on analytic renorm^l-
70

Analytic rc^ularization, «lcctroir;;i£;'[ietic
mass differences and T 0 ^ 2r dcci<v

78

31

RenormaliZti--ion of
models wilti simpit: tsymmctry

Euclidean quantuin field theory

The non-analytic S-matrix

Indefinite metric in quantum electro-
dynamics and inassless theories of higher
spin and the Lee model

Some progress in the covariant formalism^
in particular for fields invariant under
a non-abelian gauge group

Asymptotic states in quantum electro-
dynamics ^0

Renormalization group and numerical
evaluation of radiative corrections 54



9) K .E . Er iksson , Nuovo C i m e n t o l ^ , 1010(1961),

10) K .T . Mahanthappa, P h y s . Rev, ^26, 329 (1961).

U) X. X. riogolubov and D. V, SMrkov, '"im rod act ion to thu Theory of

Quantized !•'iritis1' (London 1959), §43. 3, 44 ,2 .

12) A.. P o r o s , Xuovo Cimenio 3£, 322 (1 9EJ5).

13) J. Schwir.gor, Pliy-s. Rev. jU, 72y (1953);

R . J . Glauber , Phys . Rev, HO, 2529

14) R . J . Glauber , Phys , Rev. 131 , 27GG (1963),

15) V. Chung, Phys . Rev. J^IO, 131UO (19C5).

ifi) T . W . B . Kiljblo, J. Mai.];. Thy*. ^ 315 (1 9BBK

17) P . Ptanchard , unpublished thes i s .

18) J . H . K i n d e r nnd J, McKer.na. J. Math. Phys , ^ 6fl (1955);

J . R , KluiiJyi*. J. McKiii i i iaar . i lE.J . Woods, J . Muth. Phys . J_t

322 (1966).

19) J. K. b o r r o w , Nnovo Cimcnto _^4A, 1 5 [lBGOj.

20) T . W . B . Kibble. Phys . Rev. 173, 1527 (19G8}; JJ74, M2 (liJliB};

21) S, Wuinborg, P h y s . Rev, j_40, B516 (19S&).



F O R E W O R D

Considerable p rog res s has recent ly been rrjade in understandin£

^ n o r m a l i z a t i o n in field theory. Thcr^ arc; purhaps four major iirt-'iid

deeper understanding has

1) Appearance o; infinities ar.ri necess i ty of renormal iza l ion for csact

solutions of field equations in two and three di

2) Equivalence of different methods of r e normalization - the Dyson-

Salam method, the Bogolubov-Parasiuk method and the method of

analytic renormal iza t ion .

3) Hunorm;ili2ation of iiiuorios with non-polynomial Liigrti:ij-ians - wiLh

major p r o g r e s s corning from the Dubriii school.

4} RcnyrmtiHstiiiJcn of a x i a l - v o d o r nn<] oliior cu r ren t s asid <r>'i -.'.u'tn-ifs

with k

The topical conferenGo held by the L-itarnalionai Ceni.ro lo* Vh

Physics brought together* abotii one hundred specialists, Ko ic^i^aL Pro-

ceedings will be piiblishiTd but abstracts of the talks, with us co:v.:>lo:.->

rciY'r^rices as possible, i'.i'wt ™tfii rapidly issuud *.,o mark the riiri^o of the

topics covered. I-'or CfipiiiH of the papery in<jiiiric^ may bt; liddrL'

direct to the authora.

ABDUS



for the distoriior. phase 9(1) is the replacement of \ y^ - v.] by the

re l auv i s t i c relat ive velocity u. r .

An S-maLrix formal i sm may bo developed for t rans i t ions taking

place between thts finite but large t imes T (*T Min{l - v^ u )>>1 )

— ?11
whore 5. is the S-matr ix J of the shor t - range interaction
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THE LOGICAL NEED FOR REXORMALIZATIOK

?. A. M.

Cambridge,

Non-relativistic quantum mechanics is a much more satisfactory

y viiEin relativistic quantum mechanics. The former is a compile and

j;oii^ral theory with the same power as classical mechanics and forr^s r,

natural generalization of classical mechanics. The latter consists of a

number of special methods with limited applicability and runs into entiles*

trouble when one tries to extend its domain. It is evident thai we do not,

yet have the correct foundation for re la ti vis tic quantum mechanics.

Onu way of proceeding under Lhesu circumstances is :o take r.on-

ralaiivigtic quantum mechanics and try to apply it to hifjlmr anti high t̂*

(.•ner^ies, making it conform to relativity with greater and greater

We ,-ITP then working on a sound basis. We start with qvjantur/i dci

ilvnnn^rF witli ?i cut-off, which for*r;s » reliable theory for lov-ene

;j!iy.̂ ic.s. Thr cu-.-dff is fiocessary to mako the equations sensib".t>. II

s ttn- Lorcnt.K invariant . But it preserves i t L

t̂  for low-energy ;j

Proceeding on these lines, one finds thai the vacuum stats,-,

as the stniionnry stfito of lowest eTHirgv\ is not the same «is the no-particle

sUiin. TJioy ;irt> not oven apprtix;mutely the same, Otî  Tr.î ht thirk it is

riucuasarv to determine the vacuum state, i.e. , to c;iiCui;iU? tlio wtivo

: unction representing il. The calculation would be ^xct^ivuly com plicated

and, further, the resul: would depend sirongly on the cui-o:':, so it could

not be considered as physically significant, as the position anL innii of

t}ip cL]>o:T are unknown and arbitrary.

The calculation of tho vacuum state is not ruitlly rn>ce,s,sary bcc

it -would not yieLd any result comparable with experiment. li in only

depart ares from the vacuum state that are interesting. These are best

treateri iv; studyir.ff the excitation operators that have to he applied to the



T i n . ; H a m i i t o n i . i n : s TT = ( T ! + IT ) + [ H - IT ) w i i o r c t i i o i n f r ; i ~

i-i. 'd ( c i r LtLiLti i i i : r a : i g u ) p a r ; . I I i s t a k t i r . l o g i ' ^ h ^ r w i t h t h t r f : ' i r o prij-1. IT
lit iJ

T l i t t t j i - n i I ! T - H v a n i s h e s ioc iniiiutti E p a c e - l i k e tiL-ptn-atioii ( L I I ; » M ' u l : r ; i -

vinlc; rtr^ormiilization). The spin tiova not a'foe I ilio interaction with LLU

soft radiaTior. field. The ITamiltonian HT_ is constructpfi in the Couloir.b

r^iun^ <in^ t̂ 1^ interacition picturo with an infra-red radius X ,

•' n ' - M / i f L- "M C fir T ̂  - — " T ' c / t \ \ - C f t l a \ 1 -i- ft/3l ^

v.' k

Whcro Q. ami v_. are the charges and the velocities,

Tiio so^J^ion o: the Sch.ro'dinger equation is simpliii^d by the fact

|TTIR(t) f IniH(t.f) , H IK(t"]] ] = 0 and gives the resuit

65 ufM'J > ;
0

Ĵ

"\

j I r , ,2 , ,2 2- 2-1 j
u . . * ^ t f v . - v . ) ^ f v . - v . ) - £ . v ] ;

n - i

« L ( V , , V . ) can bo givyti by an analytic though lengthy cKjirt?ssion i:i

rma o:' v ti:;ci v , Thtj ma in c:u.ngo from \ha non-rclat-ivistic m i nil
- i - j



vacuum state to produce the departures. The excitation Operators art;

^ovfiriiRfi by Heis^nberp equations of motion. We are thus lad to seek

.^fjiutions of tho Hoisotiborg equations of motion rathor than solutions of

the Schr6dingor equation applying to individual slates.

Whonwo proceed to solve the Heiscnberg equations of moiion, WH

ur.ti that thpre arp somi1 solutions that *ire insensitive to the cut-off.

These Fire the solutions in which wr take thp operator of eros ion of an

nli;ctron at a certain Li mi: and sue how it varies wiih I he time. Such cal-

culations, in which one tube5 into liCCOLint a static electric or magnetic

field, lead to ihe Lamb .shift and anomalous magnetic moment, by a pro-

cedure that is logical throughout.

These calculation* show tiufinittOy the need for ru normal ization,

If g in the cm-off t'nt'rgy, vtu gut flm/jn find &vfv. of tlio

2 ^
it is nuCL'Ssnrv, for iln- c:[LiCuliitions to

that 6m/m Jind 6e/o shnll hi; flTinall, so thrvt terms involving tl.on-j can

he tri^aii:il its purtLirbntionS. Wi> can rmiike g ^o up to 10 vol;s and

still keyp them small, ol' Uie order 0.03 . But wy must noi nji*.^ ^ ^

Many physici^t-S liko to make £ — DO and b^lievi? that by jo doir^

I.hry gut a rolativistic theory. 'Bux wuch ralculiilions cannot be i"nuc[î

logical.

If one taUos the operator of creation of a photon tuia sees how it

var;fs with :;iTie, onr is ]od to a solution of the HeJs

tie i?i;lids strongly on thi: cut-off. I; cwr^s jjomifl to xhe. photon havl:,^ a
2 Z

ivdl-mri.stf uf order y /me . Ono must c<HT-fH?::ii[i:o 'his niass by iii:ro-

a jdiiiLnbli: counter-to mi into tin' HjiTiiiltoni^n. Sue;;; n-.udifi<j;i Lions

in the* H.imiltonian are perm]ssililt' provideci tl-.̂ y can Lu t;iirr:t.'U iliroujyli

consistenUy^ The counter-1orrn. involves or.iy tl̂ t.- :iuid vzis'.^'iih-.^t su ;l

does not ,if;"e<ri the one-electron calculations.

Witii a pjirticuliir g ;1HTH in still a great dual uf LirbiirnriniisK in

the form of the cut-off. It is possible to arrange th*; cut-oil -so L 11 ;*. t live

v is accurately gauge invariant. The transformation to ihe Couiomb



ASYMPTOTIC STATES IN QUANTUM ELECTRODYNAMICS

K. £H ERIKSSON

[n stitu Pc of The OK tic al Physics, Gfltebojg. Sweden.

The infinite range of electromagnetic forces (r potential) and

liiu vanishing photon mass give rise to i) distortions of incoming and out-

going waves from the planu-w&ve form, well known in the case of non-

i--- litivistic treatment of Coulomb interaction ' ' and ii) the radiation of

'in infinite number of soft photons in any scattering process except forward

^-altering.

Consequences of these peculiar features are infinite forward and

totb^ cross-suctions, infra-red divergonces in calculations of radiative

corrections, difficulties in incorporating electrodynamics inlo an axiomatic

field theory formalism or the S-matrix formalism.

The iiifrti-rud divergences have been well understood Miner Uitj

work of iiioch and !Nordsieck and luivu lxjen treated in different thoorut-

ical frameworks and by different methods . Through the intro-

duction of coherent states new possibilities opened for the treat-

o\ \U& infr?i-red problem. The current responsible for the soft

n is essentially classical in nature and, as shown by Glauber ,

a classical current gives rise to a coherent field. The difficulties with

coherent states based on non-normalizable one-photon wave functions

led Kibble and Plan chard lo the use of extended Hilbert spaces ' .

Coherent states have been incorporated into S-matrix theory and Green's

function formalism .

20)

Kibble also solves the problem of distortion due to the Coulomb

add magnetic interaction. The present vork - to appear shortly as a pre-

print - deals with the same problem of distortion and soft radiation but in

a simpler formalism. The charged particles can be treated in first

quantization - since pair creation involves energies above pair production

thresholds and thus finite range forces.

- & 0 -



gauge, which is necessary to show up the Coulomb force between electrons

can then be made accurately.

With a gauge-invariant cul-off we find that we must also renormaliz

c . We get

c Gr -fie

The need for this re nor malic a lion turns up in the one-electron calculations

that lead to the Lamb shift and anomalous magnetic moment, the parameter

c that occurs in the formula connecting momentum and energy being

slightly different from the original c in the TTamiltonian.



of Feynmsr. functional integral : aomo t e r m s computed in tiie iate

w l ' i ; '•".'•.•.•, T;it'll unk r i t jw ; ; , m e a s u r e JH:1 U^ m p o r i i r i l y otiUiil t o ont.-, cihlicii r ] i s -

nj in r e c e n i y e a r s a n d n o w i d e n t i f i e d w i t h tb v ; c o r . " r i b u L i o n of iht.:

C . - J e ^ l n t i o n s } i c i n g t h e ;ICL<J iosi of a i . h f o r y , i1 i s u s e f u l i o r e :••*:-.:-k

i;;a:. :JJ g r n v i l y til*:n;-y i ; i s m o r e c o z i v e n i u i i * l o wfj"li :;L tru-oi-ciriLiiL! Hj>:it:ti

l]-^n i n mornL-n tLi^ i ^pLict*. A l t h o t J ^ l i w o r k i n g wi ; J i c o m p o r o c l d i n i r i l i ; i l . JOILH

i.'i In p r i n c i p l e c o m p l e l o l y c f : i i i v a l t ! n t l o w o r k i n g w i i h t h e i r F o u r i L - r i r i i n s -

forms, even in gravity theory, in practice,, momentum space is more

convenient in Lorentz-invariant theoriea nnd co-ordf"?i1:e spnee is more

cor.verj.ient in ^raviiy W.nfiry. The reason becomes ripprir^rrt on.y whm

i fiiviiy {or any (.;;]>!r t'i^lri) rri,Tt:vt' to \r. ^••.JIL;I±'J' I'-'iok-

A curvod ijjCAgrOLiinJ cL«.:i jirodutii piiir-s, i.n.)tLi r^ai ami

VirLuiil (i. o. , ntr^itrino piiirij uluctroii-poyiUhun pairs , griiviton jjaira,

Li1.c.)- i j^ 1 us, ^or liXiirnpIt:, conSs^ci^r U.u Vcvcuum processes involving

only a air.gie closed loop. In momentum space, an infinity of diagrams

must ;j<? adtiod:

w k p r e soiih'l lir.rns deno ;e ^r,c n,^1 .sp.ico p rop i iga io r oi" WJ-^LI.O vij;n p a r t i c l e is

invoJvurl ;r; 'lie loop ^nd ;l:r do t ' od i;nc di;r.otos t!io tix;a:\irii (isupo^ed)

.̂;rn vi t;U ion;ii fiulti. In co-oi'dij"iiitu spuca, howovnr , O:i^y one SULL:,'^ d:^i^

i^ram is notjdud, n a m e l y | j . Tlie- h e a v y l in^ d e n o t e s \hu propLigui.o;1

in curved apace, T'lert are several methods for computing pr

in curved apa.eea fiiuiti. 1. anu 3). SotVje have iweti obtained in closed Toi-

(lU'f, 3), Iiadiiilivc corrections have been computed in co-ardinaic space

for in^frince, The cnniribuiion of cor, formal meiric f hi citations to tY.& v

to-vacuum amplitude lias boc-;-. .^i.jr^iicd to all orders (Kof. 1).



HENORMAL12ED HAMILTONIANS IX QUAKTUM FIELD THEORY

K. HEPP

E.T.H., Zurich,

In constructive quantum field theory the observables as solutions o:"

field equations and the physical states are both closely related to a pro;?er

defimtion of the Hamilton inn. We shall describe recent progress in obtain

ing ihe re normalized TTnniiltonian for a. finite rugiori ir, tfpnctJ -limu.
r

Let V = V{g) = / dx g(x) VQ(x) be a local interaction (V U) = V (x) *

.L Wick polynomial in massive local frt.'L> fields ; g(:<) = g{x) £

.s •+ i L]ii2 fJimeusion of space-time). Let qj be tbe Fod* vacuum and U

;he aubstii of sialta in Fock space *? with finitely majiy pariicies and wave

functions of compact support, Ltt W be a Wick polynomial wjth kernel

w(k) and (^ a t w ^ 0 ) = 0 . r (W) is obtained from W hy ruplacing v,-(k)

by

w(kl [E (k) - Er f k J i i O ] " 1 (1)

with E , E j tho sums of tine energies of the par t ic les cr^iiLLin and annijill-
C tiC ti

atod in W , I,ci V h^ ihv pure cruation pirt of V and v" = V - V°

The following class if ic?i;ion gives rist? LO into resting conjectures .

Definition: V is of

typi: A , Hi f! VC (?0!f < «

type B . iff || V C
< ? 0 | |= « J f r ^ V ^ ^ J j < «

t y p c c , iff il r ± (v c i gQ]j = « , | | r ± ( v a ) (? !| < « v <p £ D

type D ,

2)
Jaffe has shown th.it for a iypp A intorfiction TI + V i* r,

metric Ofj^rattir on ihe dcr.st? ilonuiin D , Purlurbiition ih^

e.sLs (see ]^ofa. 3 and 4) that lypo B and C models ^>n bu proper



G:" trie subs pace characterized by a gauge condition. In order to obtain

results which sro independent of ihc gauge chosen, v/c shall construe! a

;-. on-singular operator"1'' F ruiaiud to S as follows:

F = S ^

V/IK:^ y rir.f: y arc arbi t rary non-sinr-,\iiar b ' tensors (delta fun en: ion a and

lin;]:' (;,-t-;v;i:;v^fl). Choosing 7 yno 7 is c;ioosir.^ ,'1 fr'i'Jge. If rosu^s

^I'L.1 .shtnvi: i.o ijo y-invarianl., itiuy arc shown to hoh; in any gauge*

tii':.;'Lij.t- uquiition :"or propagators,

3 C = -I

is rcpLicnd by

F G = - 1 -

Fadcioev, one integrates on a atibapaco of

i corroapor.rlii-.^lv by H multiplicative torn equal to uni\v for &bv'Anr

'U:/;<? [irovips ar.d diffo;nont from i;ni;y for ^on- ahelian gaufre groups. This

••]••:Li y i i ^ J i i s i h c c : o ; ; t r : b u " i o r i r>!* U^* f i c t ' i t i f H i s v o c i O

:i)v\:! ' t : t] f : ^ . p i r i ; ^ i L L y . b y r ' c y r - i n a n t t i ^riHiu'L1 ;i i i t i i l n r y ,

ibt:y ];avL- ai-sO bycin t-iticovuiv-ti by B, S. UuWitt in iiiw f

t];o followi:ig criluriu,:

under tr.u trnLisfa'n-.ation group; in p:,rlicular*,

ir.;inift'iiL covarifinto o: expressions involving the classiuul back-

- Generalization o;1 Fuynman criteria..

- y-invariance,

\T;ir.dpIslam, hy ,1 different approach, found identical results.

In siunm&ry, terms hereto iiitrociucod. more or less ompiricnKy (r.oi:

caudsi chuirio, fictitious parLiclos) art tht expression of the measure in

i'oynrnan functional integral. The physical reality is the full expression



defined by dress ing t r ans fo rma t ions . Let x < « and V^ be obi a i:

by res t r i c t ing the c r ea to r s and annihi la tors to | ' k | < «] .

Conjecture R: I ^ l V he of type B . Then there tx i s t s y m m f t r i c opera

tors H (0 < * < « ) ° f o rde r > 2 in g and a family of i

mappings T : D - D < V j H D(HK) n D(IlQ) (0 < * < °o , p C Z J such

that for .all 9 ^ D

T i p - T <

s - l im T «p = ip fO < «

+ V + H ) T q> = H T
K Ji ' pn, r « poo

li is real and symmetric on the d^nse domain U T ^ H *£. Ô  .

? C: Let V be of type C . Then 'here exist symmetric opera-

tors T? (0 < K < «) of order > 2 in g , a family of invertible

T : D—» D(H ) f1, D(V ) H D(Ft ) (0<*<co) and an invertible mapping
JC U f t "• ^

T - !i—*"Jl into a "renormalized" Hilbart sp^cu ">L = T D wiih scii'.^r

product <( • , • > , such that for all q,tf/ ^ D

lim [T cp, V ) - < T ®,T 0>

lim ( T ^ , ^ ) = 0 (3)

'i

H ia r e a l and s y m m e t r i c on the dunse domain T D C 7 t .

— J i

In perturbation theory B-interact ions (like (\.y$ )^ or ^^ , iowe

indoje: s ^ 1) only need additive renormalizalions, a^, for t?xannplG1 tj-.̂

for (^f^) • C i n t e r a c t i o n s a l s o r e q u i r e an infiniic w;ivt; fu:-.ct;ti:i i-u-

r iOrmalizat ion, which loads to weak bat not to s t r o n g c o n w r ^ u i . c o in (3).

-a-



equation is not unique: a change ; n ;.}ie fiold variable rp ~ $ i t ; ' 4

I^ads to EI possibly different equation because nf th.t: non"Cornii)Utaiivity

o: thu i r£ . Comparison between llitr Feynmuri field equation and tiiu

kormiticin equations yields

/ric 1 v a c .

Tim Ufrms in*Lrf)aucod h$ </L r^ir.ovu \[w non-causal cliains.

v/hkiii/Ht ia ir,eluded, the dia

— Q — is replaced by _ ^ j —

a ll;i\i ^'iiiioi;t iij; a r row roi ir^Si ' t r^ ilio p fopn^ i lo r G and ct IIJJ^ V. i;J

ii.'L iiiTOw I'ovji'ijiSorns G' , S^:ice points 1 aiici 2 coincide, the chriin \.a

ror j -cau^s l ; It contribiites orjiy to rer.orrTiaxization. FcynT.an1^ preficripti

lo p r ^ s ^ r v e uni tar i ry is cquivaior^ lo I ho ron-iOvtil of I ho r .on-causal ennir.

iirjfl c;in hi; obtained :"rf»m t]n> oxpross ion above; by wri t ing .C - G - G

Feyniiian Ej;ifi]iets iind the t rue t lie or cm rir^ tib:jncnM; frum tJie set o;" din-

jL-ri:nii in wliich tho nor . -causal chsis-.s IJLIVC buor. ronioveti. II. would bo

vury pleasing to der ive those r e s u l t s completely i'ro.Ti t!ii: aluciy of Lliu

m e a s u r e i;1. ihe Peynn-jan fusictional irutj^ral without p&ich-up work.

I:" 1 ]JO fir:LI r; is invuriii":. iinriiT r± gauge Irfi ^

Kinfr;L]ri:
i''"':;iiLd Iht; Koynnian .unclionLil iiitiigral is reduncinriL and LIKJ ubHjvt:

t::tpriori ioii fur ^ vac j vac. ) bucotuetd mL*aiimgluds.

S ^Oei not ::iive a;i inverse in 'Jie full spiico fi , ii baa an inve r se in a\:y
it

'•' ]::v;sr:.irscc :in^i-: j ol;."hr,;'c in tlie Jvricriji^Lj;! jf ij.o f̂ LcL l:is h^s-r; ^jri^Llly e.JciiniK^ in tin: JU^-.- HE
j[j-cju£ji chains, te rioa-catsi] cJiauls arc re:is.ted Co the meatiiie, a more complete study of invjriance



It is a beautiful confirmation of old physical ideas that

71 snd C set1 in TO hi'. true outside perturbation theory. One has now (see

iicfs, '1 to 7) :

Theorem: For all local B-;ype interactions conjecture C holds. For x'r.a

£.r interaction and all C-type quadratic interactions conjecture C holds.

The infinite renormalizations R can be chosen in the form predicted by

perturbation theory.

Therefore Iho ultraviolet divergences of local interactior.s are r^;ili

The nature oi the physical states is changed drastically for C-moo'eiri: th^

states in T <p have infinitely many bare particles with probal^l;ty ont'hJ '
CO

The moat impot-t.int probk-m is to d^ai willi the: typo D jr.t^ri.ciiui.ii.

Here thi> super-re nor maliz able Yukawa interaction ({t^) its a i:i<jai.

•n-terestir.g candidate. Do the ultraviolet divergencos lead to ghosts, ixS-

for the typo C Lee models ? Even in formal perturbation theory we <:o

ntit know what t^utvtions of motion could replace the local time irfins Lit ions

in The canonical formulism of the ABC-models.

1) J . G l i m r n . V a r o n n a iAJClurtiS, 10G8 [to bt: pub l i shed by .\ e;ttL:iiL i

P r e s s ) .

2) A. JaffeP J . Math , P l i y s . 2 ,1250 (1966).

3) K.O. Friedricks, " Perturbation of spectra in Hilber; s;^

Math. Soc, Transl . , Providence,

-1) K. TTepp, Paris Lecluros, 1S6R/G9 (to bu published by Siii'i

~>) J. Glimrtij Commun. Math. Phys, 2- 3 4 3 (19S7); £, tn ^5^71;

o! J. P, Eckmami, University of Geneva p repr in t , iyiiD.

7j K. Osterwalder, Thesis, E. T .H. , Zurich (in pr^paratJo.-)•

;0 -T. Fahroy, A'TTT preprint, 19 G9.

!)) K, lUrpp, Ir.st, cunHautes t^tud^s Sclent if iqucs, rtLiros-Sur-Yvt:i

preprint, 1JJ (jS,



The advantages of working with an arbitrary classical background arc

tin: following:

- Gross topology can be dei^rmiried by background field,

- Guj.«:rLii cGvuriancu can be better displayed, i . u . / w e arc not tied

to adyn-.ijtoLic fla-tn^s, wit]1, .jievitablu ^mplifiHifj on the Poincare'

group, nor to any other asymptotic symmetry.

- h\ quasi-static regions, approximate vacua can be defined, relative

to tli.: kick^round field, and particle production hy the background

can he studied,

- Virtual processes car. be probed by varying T.he background subject

to the. constraint S{ - 0 , This accomplishes everything that is

);nplifihed by source technique's but avoids noil-;-holian

- Ail r;Li;inti:k:s t>," interest can be obiained from the Iran sit ion ampli

t i f from t]-it- vr.ciitim lit 1; = - ao to thu vacuum al t = ôc by

y its ,mi;t:i>i-lt.' KiTictiLjiuii <k-riviiLives.

Th;;s, le; us consider:

/ v a c I v&c > = i' e x p -i r- S l g ^x o u t 1 i n ^ J f l i,li

Iti i i d i ^ i c ^ ' i i l iyr i ics ,* . C [q ] i ias biu:n dcrorrni i iL-t i by i m p o s i r n ^ u n i t a r i i y on

:bu t i l b u r y ; i n iiuifl t h u o r y wv d o t u r r a i i u ; t ^ by i n i p o s i n g tliu h o r n ; i t i c i t y

coiuJiiioi-i - i . e . , a c o n d i t i o n c l o s e l y r e l a t e d t o u n j v a r i t y - yn tbu r o j i

field equation obtained uniquely iroin the Fuyamar. functional intograi.

fass-umir.g tr.at, on the boundary of the C fep^ce, S oscillates rapidly

h to onfiure destructive interference):

r • !̂

Gix Liio o;lu'j- band, by liio corrt:spo:id^rn;:ii princ;pli:( the field e

raiij; -jL- Sjip'- ' i] = 0 , wfiore tlic factoid are oi'd^rud in such a wuy that
i

ilie lo:t-;;u.nd side is burinitiiiT], Coniriiry to tho cl^isiiical caso,



ON THE EQUIVALENCES OF REXOHMALIZATIOX SCHEMES

X. . H E f1 r*

r . T . H . , Zurich. Switixrliijd.

Among the m&ny moro or less clearly defined renormalization

omiis for thu Green functions in perturbation theory there are three

methods which are distinguished by maihomaiical rigour, generally a;;d

simplicity. Since they all work for an arbitrary polynomial Lagrtmgiuii,

each with certain advantages for definite problems, it is useful to know

the precise relation between these schemes.

Consider the formal contribution J]( Af (*.,„ - x . J of any graph

G in the Gfcil-Mann-Low series. G has vortices -J" = {.V , . , , , V } and

di = {&^. .. . t£jJ , For i (L X the propagatorlines

iaj Z of degree r . and vn. > 0 .

A. subgraph II = H(D#) of G VK dewrmmod hy any .̂ k

T-l is called complete if no lino Jf c ^_ - *-^ connect a two VL-rUees* which

iire enri-points of lines in Ji , Then II is in one-IO-one coiTesponcienco

to a suliset Vt c •&• t H = H(Vi) . A subgraph H is 1-panicle ir-

reducible (LPI) if it dous no* become disconnected by cutting any of its

iin^s. The superficial divergence d(H) of a 1PI-subgraph with n(H)

vertices is

A LPI-subgraph II with d[TI) > 0 is called a re-no r ma". iziUo;-, jr^t [H pan),

Re normalization in momentum space (seu Kef.i) introduced coui:Ui:--

t^rms for all R parts with the freedom of adding as unite re normalization

po;y:ioTniFilR P[H) of degree d(H) . P(H) should oniy cepenc on ihe

-10-



The hope already formulated hy Pauli that gravity is the

re ^u in tor %vhich rendurs alJ fkiki theories f inito j ruthcugh partially sub-

jka):i;iteu (Ref, 1, p. 12 4H), i^ sli]J :iui l"uIf]lit:ti. Thu smearing out u£ i\n-

light coriti due 10 quumum fluctuations of the graviUUionEil field ia uxpruSu

wi-.h our current methods, as an infinite series of turms so divergent iha:

grriViTy is classified as urrersorrnalizsblo. In some simple classes of

d i g r a m s :h<; Rum of such a series hsis turned OUL to bs finite, owing TO

certain romnrkabie cnnceliaUons. T'r.us some of ihi' progress tnanm in

Iha Full assaujt ai quanium griividynn^iics may :n: rui^vant to ihi*i

TJ:o ;L-c;i[iique us^d in iKc v̂ oi-it n.:pOrHn;(:J burn i^ l-'-uyunviXii fun

tegratioa; some ol' those rusuits can also be obuiiiiud by oil-or iiJ

Formaliy>/FGvnman functional iritf^ral of particle physics

<bU> - r exp^ ^ S[ f i jb j8]\c/i;U] dq = T exp- f

can rcntl'Ay t ie e x t e n d L ' d t o f i c l t l t [ u ? O f y . A n L m a l y ^ i i o f !.)i^ i i n f a u L i f c

sj]lt)WK t l ; a t tj-,u nriuiLKiirc i s JUIL L'L- 1^] b u t u x p •< — 3 . [tj fi ^1 !
^ fi i

(;U.'f. 2). 1: f o l l o w s t.li,»t tha n a U i r i i i orLff i t i "-:i t h o p:\LJ: S ;>LICO Cl i s t ; w

c l c k s s i c t i 1 p;ii .h 4" riuch t h a t S [t]] = 0 ; c o i w t j q u t i t i ' i l y , i; i s ' i i d v ^ u l j i g c

e x p r e s s a n a r b i t r a r y p a t h q W i t h r t f t r c n c L ' l o Lhc c l u s s i c a l p a i i i IJ . ILI

field theory, "h^ pa*h q ; E -+ \T [M a rn^niiold which, in some very

interesting cose.^, is curved ftnd non-homotopically oquivnlent to ZLTO]
4

bijeon-jos the f:elfi which maps V into a mar.i'o'.d whose proponios depend

on the fiold cor.fiidi;rod. Tho art i ; ; rary fiold ivh;ch enters ih

i'unci.oniil ii]to<*r«il is I'xprtissct! with rofnrcr.oif lo tho claKHtciil fluid c- , ri-

; y i S q> i- ^ , and ihu variaJjle of ir.tu^ration ia ^ , CorpusponSingly,

i.l:o qiiantun-; fiold 'ir is split into liitj CitiiiSiCiil bacKgrou;id fie id o .<.ntl LL

quan;um remainder $

"i - {? -i- * .



internal structure of H and (without restriction by theorem 1} F(ll) H 0

if H is not complete. After having thus replaced the unrenormalized

integrand

Z i C V
(3>

by R ^ p , ( k , P ) , one has ' :

Theorem 1: For ev^ry G and every choice of finite renormalizations

lim

is a tempt'red distribution in the* 1 < m < n external four-momenta.

R is a rcnormalization, which respects the formal structure of perturb

ation theory.

in. the a-space of the Feynman parameters i

ducos counter-terms only for all complete H partst again with a poly-

nomial P(I"I) of degree < d(Il) as finile rcmormalizaliofi. After huvi

completed the unrenormalized a-integrand

= f

to (R r i (a, p) one obtains ;

2: For every G and {P]

is a re normalization,

R r_i and 6in ;_•) are both additive re normalizations i*;;t
G i Pj G ^FJ L̂

equivalence is not too surprising ;

Theorem 3: Yor every G and

RG{P]



SOME PROGRESS IN THE CO VARIANT FORMALISM,

IN PARTICULAR FOR FIELDS INVARIANT UNDER

A NON-ABELIAX GAUGE GROUP

Univcriity of Naflli Carolina. Chapel lull, H.C., USAr

NOTATION:

Field: Classical background field: 5 , all discrete and continuous

indices have bcuri oLippr^iiSod; ;QV instance, in gravity theory

ip stands for g fx) . Thus, imp-icii summation and in-

Action: S ; in particle physics Slq.b.a] is Uie action, functional

the path q and funoiior, of the emi poir.Ls of the pains a

b .

n-tli funcUoiwi duriv^i.ivt oi S : SVl

S * D : field equation; S^ : S evaiULiLi-t: tit flat empty
1 * ^J

adv
Propagators: F<jyNfi)an projMgator G ; adviincuci propti^itor O

propagator of positive frequyncios on lh« miiEij .slioll

fictitious vector particle propagator C .

T

Whtin a gaugo group is prtiSunt: irJii'.itosiirjal diapla.eemem on t]ie

fc'roiip maniiolci riear tho origin &% ; generator of irifiru'usaimal

transformations: P, , We shall consider only the cases in which R

is a linear functional of 5 , namely It - 0 .



Analytic renormalization4' starts from the regularized propagators

{a . r > o , x i c C)

00

*,{p2 - m? + i t ) (8}

and a finite renormalization P(H) for every full R part II = H(Vt)

XA- {v! V1 } , where
^ 1 m-1

JTJ

n HI Courier transforms A ^ [A )̂ ,

em 4: Lei 1* 'L-WX) be the Fourier transform rf

tr.

r . , COIIlilJ

he sum ^xtonds over all disjoint full R parts K

product over all lines £ t <£ - U H. . There exists M - :-(Ci) <

such thai

(ID
; o i + c

,-md i s h o l o i n o r f i h i c f o r R e ^ > M , l l ^

nr.iir-o in d^ with values in ^{TR m J , There exists 0 < R̂  < . . . < Î T

. i i U > y ^ ' l " L El - ] < i < L a n d C . = { z £ <C1 , | z - : ] = n / ; w i t h

positive orientation, such that the following symmetrized integral \um in
rr*the domain of holomorpn. of T_
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Theorem 5:

</ i

Oil)

ti the bounty

TT<V1}

4] r>]

is a renormalizaiion. There oxists a

the space of finite renormtilization.1; onto itself such thnt

Problem: /

a
n
 :

a z be an entire function such that for
n

: a n d

it possible to

(lfi)

:is tht; linnit in tbo J.ifie dris

for Ei suitEiljIu clioicc of fiTiitP r<"!normalizations7

of the sum of all re normalize a
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Tr.e iifi.fi-ghost-Fr î_> status spnr. .in Invariant suhpp.ice wi«.h a positive

defini.e n i t r i c . Du^ to -.hair zero norir, the good jhfwlri da not huvL- ;j

consufjuenc&s. The J^ormalizable stales represent the physical stales

a.r.i-1 art: ronr.oc.firi by a .;--.-i'.arv S- rnavris.

lVj thu Clupra-BJculep :\>rimiL;i1 ii>n <>L" T-HLL tjrili-s.s U

f i e l d c o n s i s t i n g o : a (j * 1) c o m p o n t i i i t fie lei of U\c i r r e d u c i b l e 111-0-

ro ; ) rC!Ronta t :on D f j / 2 [ , i /2) a n d a ( j - 1 ) c o m j w i w m s u b s i d i a r y l i e^d o:'

, : _ 2 ^ "I - 2 \
' ^ i ^ Tlutsc cnm^oriiints arrnngi; tliom-

2
soWt?s in^o the two physical fielc operators and j ghosi couple operators

mr-rKfClfHcl with the cregion and annihilation oi cliost couples in the above

li-:.,^, 'flic ilicory is restricted by ,1" Loryntz-tyn^ conditions which an;
2

appLii;d in the Gupta sonsfi n:\d lead Us ihi: elitniiiaiioii of the j bad fihoM.fi,

In thtj Ilt:ise;jbcr^-Lt'O mocicl the indtifiniic niotrie t:iiti.T.s in tSio form »:' J.

single v-particle ^host couple which contains as baiJ g'r.usi JJiu lIviaL-nberg

riipole ^hos;, Thi? bad ghost is not an ei/junstate of. energy and hence ctiu

ho Rupprv.'ssed by *he energy eigenvalue condition ftt le^^L in the lowest,

:̂ o:' Dtmnery and Kroll indicai^. however,, that

'.h:is contiii:on is not suff'icinr.; in higher

Qutisitum elftctrodyr^irviici; a ".so indicates thai the iiitrod^diorj o; an

indofir.iie met r ic may only be of a technical, although ra iher co^-.vr.ion;,

ni-i-is ro. Trn> projection on the physical subspacc leads to I he Di:-at;-

SchwiEii^r i"ormul,it-;cjTi wliich lacks maniiVst I.orrmtz invarianct'

SirsiiliLrlv, the IIuisonberg-Lue model can be rL-formuLiU:d ;n \lw physical

state dpaco and leads (at least with regard to tho lowest scciors) LO a non-
12}

iocal I^agrangian wi*.h separable potential



REi NORMALIZATION OF HAM1LTQNIANS

A. J A i " £

l.ymati Lab. a! t'hyiici, lUr^arci Tip;vcnliy, Cambridge. Man.. US

The present programme oi cons;rueuv« fluid theory 0) ;s Lo find

examples of ITamiltonian dynamics in relaiivistic, local quantum rs

Tbu-s we take seriously -the requirement thai the Hamiltonian H is

as a .self-adjoint operator on a ITilbert space JC , The local field fp(x, t)

should satisfy

-illit i\ iHt . ...

addition we warn vht; Ilamilloniiin io bu j>ositivo

IT > 0

t-irtd to have .i vacuum vuctor fl in f> satisfying

nn = o .

Such n pro^rfimmo is bounri to lead to divergences and infinite ro-

i:orin;ilizutioris . Tlic reason for this is ih^t we writft the H.inriiitoniatt as

a function of tlio IITTII" ZLTO ciinonicr^l fluids on Fock spaci;. Sizico only 'he

fret- field tltimiitoniun can be ;i pouiiivo t*}XJiTitor on Fock .S

normalization countor-torms are

Th<: lesson ŵ r Jiave lourned from thL1 models ve have s;ut.;ied is Thai

y I'enormEilizutio'i thui occurs in pi*rv.irbation ihoory is proa ent in ihe

ex*tcL !>OiUtiotis of riupcr-renorrtializaijiu i^rniula. We ihorL'i'orc usu por-

turbat:on Lhuory aa a guide for wliat to expucl in ti;c actual theory, ar.cj we

;"ust und^rsvand all thai perturbation Ihuory tells us. While, in principle,

•.hi? exacl solutions may b£ more singular than perturbation theory indicates,

i-,o now divprgs/nces havo been discovered in the exact soluUons oi the

ir.ociois studied so fnr.

-14-



INDEFINITE METRIC IN QUANTUM ELECTRODYNAMICS

AKD M A S S L I L S S THEORIES OF THOUGH SPIN

AKU Till-; LIL,1L M O D J L L

U. I1. DL"Hk

t;LLjt. MiJnchen, Fed. Rjup.

T h e i n t r o d u c t i o n oi an indef ini te m e t r i c in the quantum uiticjuiaiuo '.

SV6.1C; s p a c e o f fe r s an i n t e r e s t i n g p o s s i b i l i t y to avoid the divurH'.-.r.ce L;:LI:C;;

iflH in l o c a l quantum field t h e o r i e s with t he i m p o r t a n t and s e r i o u s dr;iwu;iC

thfit the p r o b a b i l i t y i n t e rp roba t ion csn no l o n g e r hold in the COILvtiJLiin^a 1

f o r m . T h i s di f f icul ty , h m v e v c r , c.in by r e s o l v e d if an inviiri;uit sui-spiU'r

uxJ-Sts of \hu largLj: s;;in? sjj^ctj which urily co r . t a i r s sLa^iis witii jn-)si;ivf jiuri

Tiieau s t a t e s , ther^ should he. idunli ' i^f l wi th llic y t r / s ic ; i l iii-iititj UU'-.SL.LLT-H

and wi l l bs connec t ed by a un i t a ry S - m a t r i x . HL-nce the m a i n ^o;il o: a

t h e o r y wiih indef ini te m e t r i c is to d e m o n s t r a t e tha t a un i i a ry S - : r a t r iK

e x i s t s . One pos s ib io g e n e r a l p r e s c r i p t i o n for the c o n s t r u c t i o ; . a' pii:cli a

:iriitary S-mat.riK n^s bppn ^ivon s o m e y e a r s ago by Sudars i t an ' ' . I low-

L'VLT, It a l s o iiL-cumi? a p p a r e n t thut by d i f ferent r e s t r i c t i o n <>- ":<•• in-.si.i"'1^

As n c o n s e q u e n c e of the n o n - u n i q i i a n e s s of ihi? p r e f e r i;;i J^n, it

,ij)jh;.irs m o m a d e q u a t e at the m o m e n t :o s tudy p a r t i c u l a r tlj«-a:-:o.s EIM]

models* wi th indef ini te m e t r i c wh^rt." tin1 c o n s t r u c t i o n of thf S-nib'i-:1!^ i s

u n a m b i g u o u s . Kor thiy p u r p o s e Chi: G u p t a - B l e u l t r quuntLiui i - iu t^ ro-
7\ p\ i \

ciynamics is rtJEtudiet; u.:\d its g^iitirEilization to juaSii.vari t

OL" r:ighor spiv. (at iotist ir. the frot; field case) as well as thu i,i:u

in the He:senburg case . This : n v e s t a t i o n shows that. :r. ̂ A L

i\to cor.Btr-iiciion o:" tiic S-matr ix iollowa the same :'orrr.ai paity;-1i: tĥ .- ii.-

cio:";ni"C met r ic occurs only in tli-' fnrm of on ĵ or more ghost oi-mpi«.'fl, eric:

* b l t a ^ o o c i ; • • • . ] - . ^ . : : " ' L r . i l r i i - i : i

^ Tlic tj'.L'Ory providL'is ;in i n v a r i ^ n : . subsidiary condi t ion which VntiK

-LO the a applet) s i on of a l l i n - s t a l e s con^iMin^ bad glLOrits and , n^ ;. ci-ij-

s e q u e n c e of the in v a r i a n c e , a l s o :o-.i'.oir suppprt-'asioid in thu ovu-^ ' .au-s .



The programme of constructive field theory has reached various

in var ious models . Since the problem 01" consirucunjr a. theory o:

n.imics or wcik interact ions is ext remely difficult, WL: •IUVCI

decided to study first models with icwr.r d ivergences . Most is Known

;ibout modtfls in two-dimensional space- t ime and I shal l d e s e r t U.^L.-

r e s u l t s . Our meagre knowledge of higher-dimensiona^ in ode Id wiL^ iK- r e -

viewed by Hupp. This leaves challenging problems for the- future. Thv

main s teps of the construction a r e

1) Formulation of the problem.

2) Construct ion of ft locul field.

3) Construction of the Hainiitonian JI , the physical Hilb&rt sp^c^

'K anci the vacuum fi -

4) Vori:'icfitJon of proper t ies of the theory , such as Loremz eo-

v^r iance , locality, or the par t ic le spec t rum.

5} Dovelopmi'nt of a

IJ) approaching such a p rog ramme iVc encounter Vhree lypOS 01

divergences . They a r e :

n) Volume divergence^,

b) Ultraviolet d ivergences .

c) Par t i c le number d ivergences .

The infinite volume problem af;ec*s global objects, such as ;/,L? ITnr:v;i;or.:an

or tl:e vacuum. It does not affect localized objects such a.a ::u: on^r^y

density or the Heiseiiburg picture fiold (pfx^) . In o rde r i.o avoid :);c

infinite volume problem we introduce a apalial cut-off into 11 u_- Ln'.uraclioj1.

l iumiltonian. We write

j dx ,

o function equal to 1 for | x] < 1 In a locai ilieoL'y, ir.Du

tcs at the spo^d of light, so ih t Hamilton.ian H v is fiix';:-.;il]y

in 'LIIU spacu-tima region



A physical nmpliiudL> defined along the ruttl <\xia will satisfy unitar

but will be split ir.lo ™ro different analytic functions as M. U-nds to M^

and the two branch poir.-.s coalesce \ The coiiKequen't lack o:' an ' ' i -

pi*escripiion" is i:nplou5iiiv: from a theoret ical point oi' view, l̂ iit the

ri lack of cauKality is again so smal l as to be unmt'a sura hie.

4)
'More corr.plicated singrilariLies have been studied und thuir ur(-

features a r e again compatible with unitari ty and LoronU

Invar ian ce.

I.) For re fe rences see T. D. Lee, "A possible >vfty to remove divergence

fi:r:":t:iilf ii'S "]:i ]i3iys l f : s " , C i ' r ^N ju- i^ i r in* , I W R 9 , ( T a l k g i v e n a t t h e

T o p i c a l Cnnfcr i .Tici j or. W o n K Tr-LiM-itC'iioNS, C L R N , J a i i . IDfifi.)

T.1J. k ' c a n ( ] G . C . Wick, Nucl. Phys . J39, 2B9 (1SG9).

3) T .D . Lire, "A rolativis^ic comp".ox pole model with, itidefiniie mei r ic '

Couimijia L'niv, , N . Y . , prepr int , 19G9.

41 T^.E, CuUosky, P . V. Landshoff, D.I , Olivo »nd J. C, Polkinghornc,

to appv<ir in \ 'uc l . Phys ,

-no-



1 x } + I 1 I < V

Thus if H is a self-adjoint operator, we expect that the field
V

(p(x,t) t, 0) e
-iHvt

is independent of V for V sufficiently large, and is the correct local
4

liuld. This is the easy Tor the (tp }ry theory of a self-interacting boson

in space-time or two dimensions f'~9) _ j n order to remove the spatial

cut-off in the Hamiltonian, we encounter the vacuum sylf-ehergy divergence

in every ordtr of perturbation theory:

of these divergences,each proportional to V t the

Tlainiltonian can exisi only after changing Iliiburt spaces. Wd must leave

Fock space and work on the ITilbort space of physical states. Before

giving more details I shall mom ion the two other types o: divergences.

The second type of divergence, the ultraviolet divergence, dot;s not
4

occur in (4 ) but does occur, lor instance, in the (Yukawa} theory,

For this interaction two ultraviolet divergent Foynman dia.grams occur.



Corresponding to the diagram

we expect singularities at (2M) , (2M ) and (M+M ) possibly on ;in.-

physical sheet. (M + M ) is very unpleasant since it occurs ai a rosi

point where there is no stable particle threshold. If this singularity has

fin * \ c prescriptioiV'it (iisagrees with umUirity, since tlwre is no cfirrcsp

ing new ccntributioti to the imaginary part.

In order to maintain reality for sufficier.lly low e i th k

cor.tour of the Feynrr.an inipgral

1

the

must be as shown below, with pole singularities due io propagators t ar.d 2

as indicated.

1 2

•> • ?

l o.

1 2 1 2 • 1
J

(M+Mx) Uvo pinches of the contour occur s

To analyse this, suppose for the time being that Im M. >

no pir.ch occurs on Ihc real axis and we have a complos (.'OI

branch points in the s plane

Tm AI h The:

LJ-.I^IM pair of

axis



0 and ----'">•

and each of these diagrams requires a counter-term with a co^i':icienL L

«iverges logarithmically in the ultraviolet cut-off. Thus vc musL siart

with a doubly cut-off Hamiltonian TI for this model. Since the i
K, V

violet cut-off des t roys locality, wan if we can prove that lim II

is a &uIf-adjoint opera tor , we s t i l l need to verify -bat "..he resul t ing t

is local .

The third type of divergence I mentioned in th^ p^rlielo nu

ciiver genes. This divergence is caused by the fact Vr.ni 7 he interaction

t:rn;iieH too many particles ;ind hence too many intermrri i;Ke sun*>.s. W

this divcrgc?nc(? dous not affect each Order of perturbation liirory, it

evident when v.-c iry to sum all orders of perturbation tl"i^ory. Tin: i;irg<>

number of n - order diagrams yield a divergent suin for Girwr.'H iiNici.
4

in (^ ) , see Ref. 10. Likewise, the vacuum self-energy for n of
4(̂  ) is finite in each order of perturbation theory but diverges uhen

summed to all orders. Hence we cannot conclude frorn perlurbsiioy; ih^

-hrJ. the vacuum energy of H v is proportional to V . The par:iclc

numk;r divergences art' the icfist understood divcrfienefs .ir.fl hcnt:r thfv

poso ;i tiin'ioiiJi problem for tbtj future.

I shall now describe some results. At the present .vijij;.', tr.e yp

:hi-[>ry is in fairly pood shape?. We know that H^ is boiinripri t']-Gin

bo low ' and is self adjoin'. . A loc.il field c si si a for \'..<t {y )
13) 13)

theory and this fiuld is self-adjoint . The phystcnl v;ici,-.im Vrc^i'
fj exists, as docs the HamUtonian II and the physical llilbur; s;*icv .

14)
ReT. 14). The theory is space-time covariant and Loiviv.z covarit

Tlie first .step in constructing the physical represematior, is to pr

that II has a vacuum vector fi,, in Fock space ,

]'he v^cuuin vector fl does exist and, in fact, it is unique " / . Wo pa S

o the in:"ini;c volume limi* with ihc vacuum expectation valvuv^ u;.r ili:U'r:L

- 1 7 -



THE NON-ANALYTIC S-MATHDt

D.J. O L I V E

]3epi. o\ AppiLCil MJiiLi,i;iii The<in;iicji hiyncf, Unmrrsiiy o[ Cambridge,

old way of inaking divergenc«finilu [a to replace propagators

2 2 2 2 2 W2 . 2 2. . 2 , 2 ,
(l - m q - fti q • M (q - n> }(q - M j

Thus one introduces a new particlo of mass M with similar

coisplines io rn :>ut with a nc^itivo metric. This nunative r̂ i"'tr*ic is

JI:I uijdc'sii'abie fci'iiuri? wiiici1, could pojSHibly !xr removed by niak!:'.^ M iin*

s^b io so thM il CSOL'S iioX coni.ributy to unitari ;y. Suppose tht-fc.1 [^rLiclrs

couple to a t w o - a r t i c l e sysiiini, then Uiiitarily of 11 io s-wave aiiitAiiudo A

Im ^ - 1 .

Since now the M pole A ^ tl/d-M" w::ii G apppoxiinttU.̂ ,1- -

r.egative rt'ai mimber, we have

1m M2 > 0 .

2

Thus the unstable particle pole M is oi\ the physical shetrt raikoi

than the unphysical sheet, which is usual for r.ormyi particles. In :uct

we havo a complex cor.jugate pair of poitis viola:ir-,^ dispersion re-atio:iB

2j
This phunomL'non has huvn v^rifiGc] in ti:c Tjt'o modul who re it loads

to a violation of causality so small a.a to hu un



The limit

V A )

14}
exis ts us. V. passing through u subsequence of volumes tending to infinity

On tlie o ther hand, the vacuum vec tors Qy converge weakly in Fock space

to z e r o , the Van Hove phenomenon.

Wo gain control over the l imit of infinite volume hy proving ar.

es t imate on the vacuum oiioi'^V

While this estimate is true in each order of perturbation theory, the exact

result requires non-perturhative methods. Wt prove this using the
14)

foynmiin-Kac history integral formula \ As a resiut of this oslirniito

we find that the bare particle energy per unit volume is finiio in the pi;ysit;ii

vacuum. This yields a local unitary equivalence betweer, ihe Fock space
14)

and the physical reprcsenTation . For a bounded spact;-time region B

,111 d for (x, -I) £ B , there is a unitary operator UB mappii-ig Fock space

into 'JEr , such that

- 0 )

The problem of ul traviolet d ivergences in the (Yukawa]

3 be t rea ted differently. Since the Hamiltonian for a finim volume

can t>o defined on Fock space only as a limit of cut-off Hamiltoniar-s II ̂

we need a p rec i se mathemat ica l definition of such a l imit . AJ useful
9)

concept is the graph limit \ Suppressing the fixed subscript V , we
consider all sequences of vectors ^ in the domain o: H^ such that

and
- H . ^

-18-



4)
In comparison with the Hilbert space approach ofGlimrn aw\ .Tnf:V ,

quantum Tie id theory has the di-s.'idv-xnta^e o:" yielding, ni l.i *.- ti 1,

necessa ry conditions Tor ihe existence of a theory vi i;.h n o i w j ^ i U v c

energies to a given Lagrafigian. Us advantage is i^s maniTeiii. coviiri

and ihax it bypasses the (in ihc other rtppro.ich difficult) problems of -J-\<*

vacuum and of the representa t ion oT the carionic.il coTTiinu;&tion re-^t.ions,

it appears to JJO tr.fj most d i r ec t routo to itivesiigcik1 ;hti vnuji'S of

i t ion cons:ar.ts. Ttiu matlncimaiical iooi LIJ tjiis approach i-s

probability Uicoryj in par t icu la r ihu theory of s tochast ic procoKMtfS ;i:itJ

of tj^eir t r ans ro rmat ions , and it appears to offer beautiful ini*Ll]L'nj;ii.ic.ii

problems in this a r e a .

X.. Symanzik, J. r.T t̂;-h. Phys . 1, olO(lSBfi): in "M

Theory of r^Jt'moj/^ry P;irt icii-s", orl. l\. CootiiiL.'sn, T- Sryni

f?»iVr P r o s a , Czmbirui.£<---, Mass. 19GC) p. iaf>.

J. Schwinger, P r o c . Nat. Acad. Sci. U.S . 44, 95(i(I0fio);

Phys. lipv, 21, 241 fl3ri9l;

T. Ntikiifio, P r o g r . Tb^or*.:;. Phys, (KyoLo) _^j_, 2̂ . 1 (1 OTjlT,.

3} K. Syrnanzikj Proceedings of the 19o8 V i e n n a
MEnrico Fermi 1 1 , to bo p-^bJished by Academic P r e s s ,

4) A. Jaffo, these F r o e : ^ d i n g s .

- 7 7 -



If thu set of such ty is dense then there is a symmetric operator K such

that9*

Wo s;iy that H is the graph limit of fil j . The graph limit of Uie cui-
1 ri ' \

off (Yukawa) Hamiltonians was proved to exist by Glimm and I-i

To show that an operator H exists, the dressing transformation is u

and this is described by Hepp in these Proceedings.

Thy next question is whether this graph limit H is Self-adjoint..

The self-adjointness follows if in addition we have resolvent, conve

(H^ + b)*1 -> (IT+ b)"1 .

We believe U is possiulo to prove rosolvent, convergence , Om.\: a•..•!!'-

adjointness is established, we can ask whether H yields a io^ai ciyna:riios.
17̂  18\

This also appears to be true ' , Thus we hope that soon the (Yukawa)
4 £

theory will be at the level of (4> L one yea r ago.

We ctxti la ok t'orwarii to fLiturL? progress and perhaps tioiiio day a J.UV;

scheme will emerge for non-perturbative calculaiions, s;agt; -j oi itn-

programme above.

1) A, M. Jaife, "Construciivti quantum field ihfcory", Zurich

E.T. II. polycopy.

2) A . M . JtUfu,, Va re imi i L^ctui-ur i , LQGH.

3} J, G l i r n m , V a r e n n a L e c t u r e s , 1 9 6 8 ,

4] K, Hupp,, Piiritf lectures, Ecolo Polyt

S} A . M, J a f f e , M W h : t h e r q u a n t u m f i e ld t h e o r y ? ' , t o . ipporir in R e v .

Mod. Phys,

6} J, G l i m m and A . M . Ja:~fe, "An infinite rcno/rru^Ui/ . . ! . ' ;^ of the

H a m i l t o n i a n is n e c e s s a r y " , io a p p e a r in J, ~\l&\.\. iJh\~>,

7) A .M. Jaffe, J. Multi. Pr.ys. 2 '

8) J. Glimm and A . M . Jaffe, Phys . Kev. Ij^, 1945 (1968).

-1!)-



EUCLIDEAN QUANTUM FIELD THEORY

K. STMAN7.IK

U L S Y , iCiiLi^iiii^, r t J . Re? . G t

Euclidean quanium field theory is the analysis of a fluid linrui-y

through ihe study o; its Euclidean Green functions" , or Schwingur

functions, which are the analytic continuations of ordinary Green funct-

•01;^ from real to imaginary tinne, or, in terras of Fourier transforms,

:Yotn rfial to irL-jnfi-iruiry Liriergy components, Thus? functions

comjiiii-L'd w:lh tin? rciil-Liinf: Gruoi; /unctions, t"*- 1:L tivfj'̂ y si n

\ie.st In particular, if ^ La,gry.:igiii!i is ^ivi^n, tiu-y satisfy Lin infisiiUi

of coupled elliptic rather ihan ol coupled hyperijolit: Lj.;Tcrontial u

7)-.e existence of functions wUh ti-eae propenies; *;; u ...icussary coirJ iiitu:

fo" the existence of "he real-time Grfien
j _i_

Foih sculiir thuori^s with gA or g(CB)

dtmsii-y, ;he Schwingor fuiictioiib cm\ bv rt-'

inTejrrals, the intt?praricis of v:hicli a:se fanctions 0:1 Lhtj Wier.t?j* sjjitcca o:

continuous trajectories. These i'uncior.s of trajectories obey an infini;e

SOT of coupled WierulT integral equni-lor^, which arc tr.e Kirkwood-Sslabur^

o({u;itions of eL;issic,iL ss'.atistical n-jochaiiics of grand canonical er.sembJes

of occujjjition \iiT,v dislriliiitioris of Winner Irajoctorirs. The convorfrpneo

Oi' the ituriiiior. aohit ion u£ t!iL-se nquj-lions, yi^lcibi^ Uiti nnalo^uc of iht;

fiigaciiy expansions in classical statistical m^chiuuCii, has been proven

for one-space-"time" dimension [anharmonic oscillator).

For two and thrco spacy-time dimensions, only partial results con-
3)

c^rninjy; the eliminuition of ultraviolet divorpcTiccs have bcf>̂  obtained t

He re-by, in tiircu din ions Lor.s, a "sclf-iiYiprovoment" of the theory is fo;inci:

divergences tend to inhibit themselves. Physically, this su;ms from the

repulsive character of the interaction if g > 0 , and thus this effect could

no: be obtained in an expansion in powers of g ,



5) J. Glimm and A .M. Jaffe, ' 'Singular per turbat ions of self-adjoint

ope ra to r s " , to appear in Commun. Pure Appl. Math.

10) A .M. Jaffe, Commun. Math, Phys . ^ 127(1965),

11} E. Nelson, "A quar t ic interact ion in two dimensions" in
1 'Mathematical Theory of E lemen ta ry Par t ic les 1 1 , ed, H. Goodman

and 1. Segal (MIT P r e s s ) ,

12) J, Glimm, Commun, Math. Phys . 5, 343 fl967).

4
13) J. G l i m m a n d A . M . Jaffe, "The \{y )^ quantum field theory

without cut-offs - II: The field ope ra to r s and the approximate

vacuum 1 ' , to appear in Ann. Math.

14) J. Glimm and A . M . Jaffe, "The A(qj ) ^ quamum field theory

without cut-offs - III: The physical vacuum1 ' , preprint in prepara t ion .
4

15) J. Cannon and A. M. Jafs**;, "LorcnU covariancu d \\\c >(«p ) 2

quantum field theory", prepr int in prepara t ion .

IG} J, Glirr.m, Commun. Math, P:;ys. 5, 343 (I9o7): £, 61 (19S7).

17) J. G l i m m a n d A . M . Jaffe, Commun. Math, Phys , JJ_, 9 (I96fl},

IS) J . Glimm and A . M . Jaffe, work in p r o g r e s s .



cribed by a Lagrangian vvlthout the need of a limitLng process. Oik- cim

aiSo discuss the conditions for thu occurrence 01 t;ie Golds tone phm-jon-H-no

in Lorras of properties of the grour.d state energy density as a Jfursciion <x i

strength of thtf symmOTry-breakirjfi term or of liioso vacuum expof^r^inn

values? o;* fi«iIds which do not vanish. It turns on*, thr.t famiiinr w:;i1 ionaril

princifjlifS ' here become i;x*ri.hn-.iLi princ^pli^ iur liuit t:nor^v tk'i.siiy.

In the case of symrr.eTry brs&kiriy hy & quadratic t o r n , however, LIJI-

Goldstons limit cannot be taken :n the rcnormsli ied perturbation

since a condition for reaching that limit is the occurrence of n "c

Goldstone p a r t ' c ^ . This cannot he cii'ali with in perturbation theory.

[) Kor iiic c a s t o;* Lin o a r s y m ^ i o t r y breftkin^ 5^1.- K. Svn-^-jiE . k, Lottery-

B . W . Loc , Nucl . Pliyri. 1 ^ , ii43 {1 OH-f)) itir ;ir: i-r. ,-lir r_ tl"]f : ' IT .TI"

2) K. IIcp[i, Commur . . Math . P h y s . 1 , 55 flS65) and riit'L-rea

t h c r o ,

3) E . K a z c s , Kuovo C i m e n t o 13_, 1^2o [ISSa) .

4) H , J . KivLTS, J . TVlath, P h y s , 7, 385 fI9r>5).

5} G, J o i i a - L a s i n i o , Nuovo C:mt;n to 34, 179O(19G-'O.



THE ROL^ OF LOCALITY

IN PERTUREATIVE RE NORMALIZATION

l\- T P S T t l N atiij V . C L A S Z E

CE.R.Y G e n e v a , S

We present a r.̂ w method of obtaining thu usual perturbation r e -

normaliz.it'Jon theory which simultaneously proves that, each order is finile

nnd that it satisfies the requirements of locality. We treat the case of a

scalar neutra] HeIf-inturacling boson fuilti A(x) ; the Lagr.ingian density

oi1 interaction g di(x) is uxprossoc] in turms o: i.:-.i? frtin 'ji:ld A(JC) hy

The starting poinv is the Go 11-Mann-Low formula for

products

)
,n n _

n - 0

I =1 Or | = Steinmanrl arrows. (i;

To give nr.Ccinirtg to the r . h . s , one must first de:'ir.^ ^enrraiized

retarded products (g. r. p. ) oi Wick polynomials of th^ ireo field A .

Or,co this is done tin* iiiiL?^ration o:Tcrs no difnculty :JL:C^USO of anaiytici^y

properties of the (corructiy defined) gumiralizud rolarded :\inclions (o: any

set o\ lociil I'iiiids) in momentum spact^ it automatically yit-^ds a correct

deTinition oi the 1. h.a.

Tho construction of thp g. r, p. of Wick powers is do no 'by i

on the number of such fields.

Induction hypothesis

any p < n WL1 assume WL? have already constructi-^

-2: -



X OF* RENORMALIZABLE MODELS

WTTH SIMPLE SYMMETRY HR RAKING

K - S V M A N / T K

Tll'SY, Tl:m;ru:rj;r Fed. Rep. Carman}'.

rVoiii a l,;i.f*r£ir.£inri clortRity invariant unrip r an K-pr.ramcKT ^roup of

liriL'iii' 1r.-ins Tor na t ion? can ho derived N conserved c u r r e n t s , Lr 'O tiifit

LLi^iviri^iun density a turn*. H m ^ r ir, P-ose fields or quadrat ic in I^owe or

i'rji-v.' Isolds is addocl ritid ttn: Lnvsit-iaiict.- Mu-r*: L>.y IVULCOII, LJIU cur routs of

L:IO or iginal Tunctional ^or,^ obey tliu sar--u LU^UEJPA as before hut osily l^sw

T.i.an N of them will be conserved, the divergences o? *;ir>Re ronicuciin^

hc:r^ l inear ancJ quadrai ic in the fields, respect ively , ir. tho rwo c a s e s .

If L]-]«? tiiunry to the original syr.-,rrifi*ric Layranrjian ifl r^normalizabiti j so

art; tlio thocirics to ;VK: modified I-i^r^r.gi J

\).& valiit'S of all SLiperficitLlly d w u i ^ ^ i t ver tex ;\jj:ct;or,i ,.; SLiit&

' r a t i o n poirirs ir,us; bo given. Theao Eire, in ^ n c r a l , more in number

tl^m t;-Jl? luirri-iyi-Ti.'ilizRcl I.Ji^r'nn^iiriR have p a r a m c t f r s . Tlv* Ward-

f o r ; . i l m o r n e r , t : i z e r o , j i r o v l t i ^ l i i m a r r<ilatioi)i> bi:tw«:i::i ihi- su i i i . r : i c t i on

wluea and involve in addition or.ly known highor-mviei- \ar::^ :rom vui'tux

functions that do not require final subtractions. These relations JL t̂

suffice! 'a express all constants by as many of thorn as the uiirenorraalized

L;ijri*M"-~is:ia have parameters and exhaust all the extra inform HI ion the

iiiuntiiuis contain beyond tlitit contained already in the usual non-linear

rtilLiiiaiis bntween vt^r'ox functions.

In :he Ciise of syTvirvietry breaking by terms linear in : it;Ida (JJCAC)J Uiu

Goldstone "̂ imit can be performed continuously within the framework of

jvnormalized perturbation theory provided one chooses subtraction points

u: i;or,-zero momenta (exct^)t for iho GoldsXor.o particle propagators). The

with "t:leniGnUry'r Gladstone particles can even bt; dew-



[where £y (y) =» v{y-\). . . (v-r+1) : A(y) :} wi1.ii cnmid

geometric properties, and verifying

I

G o n g f rom n to TL -j- 1

']'o cons t rue : , tf.r, p . of n + 1 Wick p o w e r s s a t i s f y i n g the induc t ion

i-.yijoi.ju.'flis, in p a r u c u i n r (2; mid f^]. it is TX^v.r.^ary aiic riu*: ici^nl to c o n -

struct (Q, X^ty

;iro;3ifrUi;s. To do th in , wo riotf thai, if ijiti pi-oblctn is fiolnijlf; ir.e

, ) ? . . . ? ^ " - ' ' ( i - , , , , ) - / ( r - ' 1 ( y l ) l - - - l X ' ' - 1 ' ^ , ,

can
as a sum of comnniitators D(l , 2, . . . , TI; n - 1} = 2 ^ [O_f O J

where ihu 0 . , O. a r e ai roady constructed g. r , p . We verify that Uns
J j

htis the cor rec t a lgebraic and geometr ic p rop^r i i c s . In

par t icu la r , its support is iho union of two opposite c losec convex cones

y- - ± Jy ; y. - y £ V* , I < j < n ^ , liaving only the Of igin in common.

The prol>lt>rn 'h«^n is rvriuc^ri to that of splitting Tempered distribiiiions

( n , Dfl) , h;i.vinii support in V U V , into a differs nc^ of two Tempered

distr ibutions having support in T^ and F t n:H;juctivi.-ly. Tli;.s is done

by multiplying first C{y) = (£1 , Dfl) by y^ LU fy) : horc ^ ^ {,yl is ^



ANALYTIC REGULAHI2ATIOX,

ELECTROMAGNETIC MASS DIFFKKIiNCtiS A^D * ° ^ ly DECAY

',v. \\ y. C v. t $.

i i i i .n. MiJnchtji, Fed. i*'

The simplest graphs contributing" to the electromagnetic lnn^s

dill ere nee a of the oaryon octet arci the decay rate for the procesn ": -v^y

tiro calculated including anomalous n îî nu îc Tnomorits at the vertices. To

obtain finite results iho gange-iuv;iriiint forTTu:̂ ^ ion of nr.al4ytic
2)

iz;it;on is npp . i cd . In O3'tichr to j;rct or:lv a rv't^LOi'd iirnoutit oi" urJjit r ; i r : -

IILISH comj^ir^.d w it)", Li:o wholt.L cltisfi ol' lli(j<fcili::)(]v-r''.iiMHJiik-IK:pp ro^u l Jn ' -

iza t io i iS , Lliia a r b i t r a r i i i ^ i i a ib iijtrodjc^rd i:iLo tliu :..<JL^:'IL-J

u function f[^}= A-f ^ . _ , C. A' , tlit; C. being ar:)::i-;irv

j - M. 1 1

\ the variable in which th^ analytic cfintinuation IP pcrt'ortnrd, Tliis cor-

ii t o ;i c i ' r l L i i s i t : l ; i s s o f L j t r i i L T L i l i z c t J I . ; V ; I 1 L L ; I I O I " S i n t h i ' . H I T I I J I ' u f

111 \hv r<*gui i iT" iK(^cI r t ' H i i l ; i JH:•;-*•; i ip^hULr-S t i n ? ; i r f i i i . r ; i r y f:t) .L.4t;i[i i C ,

o f t h e u x j v a u s i o i j n f f ( A ) , I i ' ' i ; : s -]s K . j p j i o s r , ] ; Q t><: o f j u r i l i n :*.!I i : ; i s r j >

i i i i u f i t i e t i t o ; l n e p - n T i i a t i s i l i f i u i ' o i i c i . ; l i i k i ; i g '.to.: L i i j O m u l o L i S ' m a ^ j j c l - i c J

iTjeiita from SU{3) prudioiioiiSj rtiTiitr good iigrocmunt witii expet'i

r e su l t s is oV>ta:ne(i.

Calculating a iiigiior-order grupii wiLh a

siijl. oi I he abwv^-mt'iitior.tnl suLclaSd will ootituLi) LI' most tiiu ^
4]

constants C . . , , C from liio c-Kpuiisioii o;~ J"(A] . Tills is valid :n(k-pL;
1 rt

eni. of ihti cha rac t e r of the p a n i c l e s involved (scal&r> ^pi:ior or ve

Perhaps this may offer cer tain possibi l i t ies for rer±oi~malizing hi

per turbat ion theory of non-renornitiiiaiiblt; thuor ios .

REFERENCES

1) W, Bockor, H. Cameron and IT. Mit ter , prepr int (to be publici'.tt

2) See the cor.tribulion yf II. MiUor in tht.;,s^ Proceed ings, and

P . BrtMtonlohnur sind II. Mittnr, Nucl. Phys, BT_f 443 (I 0GB),

ij E, R. Speer, J. Math. Phvs. 9, 1404 (13UK).

•i) W. Becker, Doctoral thesis [if; preparation}.
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function infinitely differentiate everywhere except at 0 , equal to I

0) in a cone larger than r f (and F ) , respectively, with LLi {fry) = LLi {y)
n 3

, y / 0 ; y^ denotes ] f | j (y^ - ^J+ 1^ ri
for Ail p > 0 , y f 0 ; y denotes ] J | (jr - y + ,) and S is a

j - : ^ - < >

multi'index with j j3 | > M (M depends on C }, This corresponds in

momentum space to the convolution

lAp) = /"Uj(p-p') D^Ctp'Jdp' , D3 - " [ ~ Y *

LU plays the roie of a genera]isod Cauchy kernel. The ̂ 'unci.-iori?

art

by

H are the M ^ derivatives of the resuJt we need. The hitTt'r is

H(p) = M f dl f l - t ) M ^ ) ^
: IB i = \i

* Eirbitmry polviioinial of ck- î'L-c [M - 1),

f i n d i n g a t c ^ i c h s t o p a m i r i i r i a l v a l u o of M i s t h e o b j e c t o;" l l iu

c o u n t i n g t l i t - O r y . T h i y ( i n o u r ; i p p r o ; i r h ) cor.^iMi.w in ^ V ^ J - U J L J I : ^ i h o ^ o i . J i V -

i o u r of C ( p ) a t oa . I t i s f o u n d I h a t M - 1 t o i r . c i d c s w i i : : t i i c ' " i u p t j j * -

: ic ia l index of divorgonce", u = (n * l ) ( i / - 4} - E + 4 , where

E = : r 1 + . . . + r . . The above subtract ion procedure can a lso be under-

stood in t e r m s of counter- to rrvisf as usual . It is prohably possible to

this theory tn n on -polynomial £ (y) in Jaffc1^

(A full list of reiV-rcriCos will he ^iven in a fort};co^iir.g

-2'i-
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FOR M -INVARIANT RENORMAIJZATION

u: Cnbiij-ridtica, Amy f elicc. N

WM fiinciv the equations which connect, the propagators ( i . e . , Green

linch HJ:L,S iiw.ll [plied by *Lht> vacuum-vacuum t rans i t ion amplitude) of a field

ii^ory; they form .in infinite KI;1 since propagators with increasingly high

.nr:.LJ-L-r^ <M' irxii:rn;il iinus occur . Tjiirf work i.s tionu best in configuration

psc:o and wiili propii^atorti r i che r ihtin Gn:t:n fuiictious bcCiiusii only

;S can one achieve co)nfciL:La:orial oxjViiiaions of striking symmetry and
i \

sp H The pert-.ir ha live expansionF; of tho propagalors a r e

-.i-isiLTnod i n :>i\ c - l i l v y p

2)
Having ^(iU.lou till comojTutorial pruoloms, cn\i: l^ri ;

:\) br;tnrh-]:i^ rqi:.i1.ion3 of I ivfn71 (containing only propafavors)

Li) i»;':M:["iii:.L; I'qiiLilinris iii II lypf (cont^irjirij* {JfrLv&LivifP of propagators

[Ti'.r fan"ii"iiar I .ohtiinjuj-

of 1 typr . )

1 at tiiiri poir,i Htruc:.ji;%al and anaiyiie proLjlcnis. To
3)lEiv^f^-ftfii.^ T'ne f irst , wo took s e v e r a l simple models , consisting of

-: put-inn fji'lri^ ini ^mc!. ;:iff rimnr^ thf-m selves or with orcinfiry spin Of fit? Ids ,

.tin] foMPn] 1 h;it in ail surii enscs the (^;\ct solutions have rm rHSontial singular-

ity ;U \\\:: o:*ijri:i of tli'.1 coujjling couptnnt., wi;h the ptTî tnj-i:r*iivt> expansions

HE-; MiL'ir .•LHy:r^tfji it: iiTiji',.s; w t: itlyii foLiJid '-])i±'. HIL- prop:iL:i;tji*P a m , for

rnodtjii cor r us podding to renor^iu.) izablL- theocl^a, iu:Lfil.uj..s vi 'Eiadarnsit'd's

f̂ .T.̂ s 2 i:\ "ho coi:pl:i;tJ corLj;Ldrit, Heur is t ic c r i t e r i a were ^ a o L,uvi-Si?d to

cnr^ ime t The exact, solutions Siy using the knowledge of i) tht- tisy

^Kpar.sitir.F; rxnn ii) tho branching e.q\iatior.s of boih types



2}
identity. As can be shown by considering a special example , thv in-
varittnee is not regained a;tor application of the evaluation procedure . Or.t-

coiilti apply as a remedy a procedure descr ibed by Kroll which ensu res

fiaugc-invariant r esu l t s for an a r b i t r a r y propagator modification by ijit.ro-

flucini: iipprofjriiil^ vurt^x rnotl::"Lcatiotis {additional one1- and multiphotnn-

VLTticuJs), This procedure it^iuiwiiV^rr Vt:ry impractical fur Lhu modific-

ation studied here, A much simpler remedy has been shown to work in

Kef, 2, It consists in modifying only photon propagators it there Eire no

closed loops (this docs not Spoil gauge invarianceh i?O? closed loops a

procedure is described which is, in effect, a modification of the whole loop

(only one X fru-' the w:iole loop). The procedijro is givon in Rt'i. 2 foj- ;i

jfOiiciTtl closed loup \vi\h n + 1 corni;rfi, ui oru; of which there is a y

vortex (tlie otii^r vertices are arbitrary). The procedure reads complic^lyd

iaii I ho calculation turns out to be very simple (much simpler than with Pauli

V:liars regulators; this is in generai tlie case if one uses analytic regulLU--

izationl )* Some applic^ii ions h^ve been discussed in Hef. 2, a study o'' the

aly f>:" th^ ?ixifi] vector rlivcrpence ( : , e , , the *rj;in^lo with one y y

and ;vn y vt'rlit'L'fi) ;f> tirjnr at ju^sfTit, An an^lo^oiiJi trfatninrii. of 'h? i x i; t ]

^ r, 4)

yaugf invii rift nee" SPC;HS ;n he; rJillnT d;ff ECLIU

The iechTii^ve of analytic ri?gi;larizaiion can be applied, after smii^

minor •t.ech:iical ariaptiotis, to the Lee model, which can then l".>e studied

witliout ntiy cm-off ir. ; r.c: \ow c-.s\ sector* , Thf1 ro,s;il's which one oii1.fi Ens

a r e i : x ; i c t 3 y t h e s a m e a . - -.hosv i-,h'.;iir\i:d w i t h c i i t - o : T (In l i u 1 I i u ; i 1 , ; n i v h :

t . i ie e v i l - i)i"'' -X r t ? i T . o v L ] ( i ) : t l i L i r u a r u a i w a y s g h o s t s p i ' i - s t ; n ; ± t i n : t u i l y i j i t i ' i ' j j r

a b i i : so, a t i o n s a r e I i o i s o t l l « ; r i j r s ( J i p o l t r s o l u t i o n umi t h o o n e

recenUy by T . D . Lee and G, Wick in whicli the ghost is unstable. Thus

"ho rogijlH'Lriz,i:iOin procedure does no harm to the solution y:-. tiiis model.



Tin*, analytic problems come from the obvious fact that branching

equations a,lid formal uxpansions a r e meaningless as they stand liecaust:

iriey require m i g r a t i o n s over products of tempered distr ibutions (the

causal frL'u propagators) . We have proved th.it it is possiVjle TO c^in^'c al l

rfssiorifi into meaningful CmoS hy cart*f;illy r*1 rlofin;n£ thfSt" in-

by sn:i:o con t inue iu>: procL'tiun? which, s ta r t ing from a Hubs pit tu-

01 tytit i'ur.c'ions where integrations ;LTL- ineaiiingiulj c-xiL-jnir, :1J^ iv-si.il 10 LI.

whole apace o: in te res t . It was 'ound thai any sucli procedurir

& sGt of axioms J afltir which onu is curtain ihai Llii said

icave invariant .ill formal express ions wJiicl^ now make perfect

sonsti. It is convf!iiie:it to denore ar.y such procedure fo rma^y si.ill wii.i-. a.

,symbdi of inicgri^ion, which is called "fiiuty part iiUi.^r^ln iji-'Ci-uiSf: it is in

fact the ffoiiLTiiliant inn of II.-irlnmarch's "p-irtii? finic

We have used, in par t icu lar , iJ'e Giittinger a n j Speer ' p rocedure of

analytic corniniiat.;on (which is termed by some "analytic renormalization"),

suitably extended to configuration space . On one hand,the renormal-

iTi.T'inn p r ( j g r ^ r r , m i ? iw coiTipl i .Mt ' ly a c J i i r v f t i , n n 1!W o1.riiM", i i l l t t i r r p s w l i i c h

i i i ' u a u b M ' i i c i i j u by t h i K U:t ) - j ; i iq inj Lii'u ^ r o u p u d lo^ui.]: t . - i- .u"u: i o u i u ; Lti \n\ i]i

m u s s i i m i C f ^ r g u r t t i o r n i i i l i * : J . 1 i o : ^ in tlivr U y h o n s i . ' i . s L , 'i':n.- i n u i j . ^ u i k

t>d :n any sucJ: procedure cauat-s no Trouble, proviiJ^t; TJu> ;jieo;iy is

aiizablc in Dysor/s sense; tuiierwise ^hinxs ^^^ yr.iii fixity^ buv an

infiniK' niimlwr o: count t j r - 'orms in iho standard formal Trciitrr.erit would

S\r rorjiiirorl, I'ixplicit rxpiTssioMM fnr -h(i rcnnrni.-viiKai iosi ^

I ? ; I H ; L V o l j i . ' t i n o c l t ' r t i m " ^ i - ' . ) r a i i c i i i : - . g f f i i i . ' i ' . i f i n s , U J J U I L i - i - . ^ i i j 1 : n f ;

::ivurinnCt' utidur a chai'jgo ot p

"Piiis technique fully solves the proposed problem' it \s ;:;do

any approximai iciii method usod \n no'iv-.- t)v> hrrinch;:";; • i.\\,n'\ '.;,:..-] I:. y:filt:R,

i n j j a r t i c i r L i r , t h r - f - n r r t i c l l y i v n o r r n n l i z t ^ r i f i s y m j u o ' i r • • x r k . m ^ i i •:•:•;• I i i s

v o r ; l ) r u i t i n V r k i i L ^ i.wA \]w c o m i h i u i L L O r i u s u s u d [ " o r t j . - s ; j i : " p a i L : ' d o n o t

r e c u i r t : D i o s p t ^ c i l i c c o r . i s i t i ^ r t t ^ t N ; O'- L^;-;J. j j}:t3 t j u " t i c t ( [ , i i l t ; F i u l . t j . . . L l i l C c i l l y J

sublracting in a correct ;;ia.:inur all unwbiuxud diver-^c;-.ct--d. A .'i.ii proo:

of these state me n;.s is given for the gc theory i:i liuf. 4.

• 1 0 •



SOME COMMENTS ON AXAL.YTIC RENOltMALIZATIOTv

H. M I T T E S

Max-Plane*-! retime, Kj-uncI'mn. ! ;ed. 'Rep.

Analytic rennrmalizution is oni: of the few methods which am bo

used to give meaning to a. Lagrangian :iald theory in the framework oi JM'T--

Lurbation theory, Somu problems which aririt! in dealing with this method

in practical cases and some results which have been obtained will be re-

ported in what follows.

A class oi renormalization procedures t with which wo have worked,

from the prescription

a general Feynman diagram

arises from the prescription to replace every Feynman dunomina'-or u!1

in - p - i£ fm - p - i£)

wjiere C. are arbitrary constants and one hits to take a differsnl \ for

irrlernal lino (but the same C. 1a for1 every line (jelor.pif;^ to a

sor: oi' fiiirticlo}. Tiie din gram is tl ion pviiluittul ci Ion g starntor<] jint̂ fi nt>t>p-

ing A largo enough. Aftyr thu integrations have hciMi jxjrforM.rd a

certain evaluator ia applied^ which ossoniially consists in riyTniMu^^zii-.g

with respocl to the X]s , continuing analytically towards X -v a a.nd

omitting comributions which are singular in this limit. These cenr i but ions

are of iho type of a polynomial :n [2j times a 6-function &{zr) in ^o

space whero z. = 0 is a point at which the T-produci (which forms ilie

diagram) is not dofined. In the result obtained the constants C^ occur

and the interesting problem is how rnany of the?m aro involved nr,d liow

can be fixed from physics, In ronormalizable iheorifis MIL-V !I;IVU to bo

d in rur.onualization constants.

In theories in which this is r^U'vant., it turns out thai inii p

givor. above dot!a not load to gaugu-invariant results. Aa long as X is

finite this is clour, since the modified propagator doe a not fulfill Ward's

- 7 0 -



Among the applications a l ready made of this fo rmal i sm, we mention

the study of a t runcated modal of the gq theory , which is boih

ist ical ly invariant and invariant under the renormaliz&tion group.
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STRONG INTERACTIONS AS NATUHAL CUT-OFF

IX ELECTRODYNAMICS

i o ; V:. L1 o t L1 1 IC.'L j I11, Yi i C I , T : iu l i t , ; ; , i i y -

It i s n lon^-chc ri-4 l-ifii kojji; o: many [;byaicis",..s \':iu\ tin.1 s i ronj^ i i r u r -

niiglH rtifjufii! 'hi; JivL-rgLTiOL'^ of hiidi'on dcclrudyri r j i t i i rH [in p a r t -

i c u l a r of t h t tslt-'cLronifcLgatjiic rciiiris rfhil't) cry i n t r o d u c i n g a n a t u r a l cur-of:'.

lr, ordt^r to invcsli^&it^ t h i s p o s s i b i l i t y w<-? mus t c o n ^ i c u r iho cluClroni t i^no^ic

inter*ac"ioJi5 -is a p e r t u r b a t i o n r;o; of a Theory of :'roo f ie lds out of r± t h e o r y

o: f ie lds which a r c a l r e a d y s I ron ply i n t e r s ctinfj airion^ t b c m s e l v ^ s .

Ai.li"Tnpt.s *:o d e v e l o p puch 3 t h e o r y Liftifi ;it on™ tn r.i-^:^.. mril inmiHticsl

d i f f i cu l t i e s . Wo shn l l t h c r n f n r o npprn;ic:ii tht: [ i rob inr . in \)UJ 1..SZ frniiie-

w o r k ,

Wo consif i^r ^ modpL ir,voiviri^ r. r e s ' , s c a l a r ''.-.,<:.-r.:'' fi^lfi A(X) of

inn,q.=! AT > 0 ;sr.c] ;L r.-:;i"L pcn:,M' ! 'p^nt nn" fifiri P.[x) <if v.-.;:-.X ." > H .

CCiifiitiil Itrtlt-fs wil l bf- u.^'ri So rU-:iO".̂  ii;ulror. vari;ji>":r-s, am.: i; OUCH : o r

;;lio*on variaitl+'M. ) A in iniL'ruc; ir.|: s : rn: ig]y wil.fi il.sru:', wr.akly wiiJL i> .

A c c o r d i n g lo LSZ thv t l i^ory c^ti in; oiiLir^cttirizud iiy ^vs G i v o . '

T ( P , P , p 1 , . . . , p ) , i, t!. , Uiu F o u r i o r t r a n s f o r m H of HIH m

ciered func t i ons . The r fiiive :o sa t i s fy a mj:iiht-r oi l i n e a r p r o p e r -

t ' ' r y , r ^ n l i i y "]r. cerrnLir. poir*^;, i r .va r iu rxo) p:;is ,"t sysrf?r:i of

We dove lop r ir, \i pcM'turlitition b u r i e s v,ii.h rc ip^ 'Ct ;o :iu: wnak

coupl ing cons t an t and Solve the ur. iUiri 'y equa t i ons ::i iiHc^nfiing orciL-i",

diking ihe linear proponics TIS suhsidi.-icy condiT^ons. Ir. zoro:':-i order no

w^ak inf.cr<iCVio;iH i i r s p r e s e n t . T h i s ir .^sns 'h<>t. ;l;t: " . - i i 1 , , . . .'. Y\ ) a r o

tiiose of A f r e e i ic id B n > the 7 ( P l M , w P ) ih«s(; of ;• H^ir - i^ t^r i ic t i r .g
U U J- El

f ie ld A t a n d ihe t r u n c a t e d p a r t s T : ( i ' , , p . ) of ihe mixeu l"uncU.on3 vtinisli.

S l o r d n i i " tl"k- u r . L 1 . i i r i " v L ' t j i i a ' i o : i s j i t ' C O r i n ' a . H U ' cif ; : i ; ^ ; i r : i o m c ; -

atioiiy :'or r , L Tin? c!-,oico uf a pari.'cu",,itn s



where the J's rf:and for bolh J and J , Using U\ia form and working

out the comb materials, one can obtain the following results :

a) LJy introducing ar, infinUu number of local counter-ti?rRis in t\v.

Lagr&ngian (1), one can gut rid of all leading divergences. 'I'lie

explicit form of these counter - terms can be obtained to every

order of perturbation theory.

b) Let <£„ bo a sum of nvo t e rms J Q + <iQ where oi (J ia

invuriant under cliiral SU(3) x SU(3) and jf JRr is the symnu' t r

breaking. It is clear from £4) that ihc leading divorg^riCL-ii wiii
1]R.

depend only 0:1 ^. Q
BEt. _ _

If / is a member of a (&3) + (a3) rpprcst.ir.t,ition of tho chiral

group its gonoral form will be

where the C's arc? real constants. Then one can prove the following:

b{i}) Without introducing any counter-term in t.he original Lug

(11, the non-diagonal transitions ( i ,e , # parity and/or s .rangefu.su

violating) are free from leading divergences.

b(i:}) In order to cancel the leading divergences from the dia^or^:

matrix elements we rausi introduce subtractions to (1), Ik^vuvor,

the infinite number of such counter-terms required in ihe ^uiiural

case now collapses to a finite number:

2
where [ is a certain fu:icLion of GA and the b.'s aru :\,:.colo

of the C.'a and the Cabibbo angle. Under curtain p r e t t r i .-ILOLIS

this form can be used to determine the parameters of the li: 'n.*y

and in particular the Cabibbo angle.



fixes the interaction, i. e, , it replaces the specification of L. . \\\

choose T such that all T. = 0 , except thosu with exactly ontr phoior.

variable. This choice corresponds to an L linear in B . In hi£j-.<_'r
mi

orders we shall restrict the ambiguity in the solution by demanding optimal

behaviour for Lirce momenta.

In second order ihe interesting cases tire ihosu with zero or two

photon variables. The b = 2 case can easily be solved. The rjo-ph

functions can then be obtained from the relations

r T (P , . ,
T, (P . P J = *

i\ - m

known 1.n be valid in perturbation theory vviih respect to the strong ij-.̂ er-

In our formalism ibis expression satisfies uniiarity in general

if tlio q^^integration is taken OVIT a path which differs from :ht> Feynman.

description by an infinite semicircle! in tho lowur liaL1" piano. For thy socond-

order hadron mass shin we obtain

(£M ) " const I dq ~J l %
q - m

\vj;eru M{P, fj) is tht' forward SCHtit:ring ajtipJiL^di: of a hatiro:i with i'our-

n>omentum P (on the mass shell) and a photon of four-momentum q (of:"

the mass shell). In the rest system of P the integrand is, as a function

of q , analytic in a cut plane:

Our prescription is to integrate ovi;r C , in contradjstjr.clion to t\v.

Lradiiional formula derived ir. a less rigorous way, which don â,nda i

uon over C . The two expressions coincide among themselves and with

a thirci expression involving integration along the imaginary axis if the

-as-



LEADING DIVERGENCES TO ALL OttDEJlS

OF WEAK IXT KR ACTIONS

J. IL1O?

! University, Cdiubrldgti, Mjit . , \1SA.

I am going to present in this talk some results obtained last yea

about the landing divergences of woak interactions. Let me consider n

La gran gian ol ttu? form

J U) W^fxl + h. c. (1)

where „: contair.s all ir.ieractions vvhich tio nor vanish when the

coupling conHtani G tft>i>fi to zero. J (x) is thp hrtdronic pfirt of the wivt

and W (x) is tho field of ilu' inlormediate boson. Wo shall
At

imy U^J'onic or somilL'pl.oruc inl.(!r*aciioiis in Lhis talk.

The general matrix element lor a trarisition ct -+ $ , with ; &

^s of ĉ_ , is give-n by

whore A (x-y) is the W-meson propagaior. Tho most riiviTgt,!r,t

of (2) come prt,isum:itilv from the cx q parts o* the propagators Eim^

more or less general atssuinpLions, or.e can show tliat thoy arc of ihu

T ( v

A is a cut-off and H.(x) is an operator piven by a

^t equal timfti* of tiio form



3

q -integration is carried out before the d q iniegraiion. C h a n g s of this

or dor, or the introduction of curvilinear co-ordinates, may then leari tn

wrung results if carried out indiscriminately.
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It is fioit'fl ilia: in all renormal izable theories dilution i

implies conformed iuva]*ianc<;, W]IL1L> for a rb i t r a ry tlu.>orius a contJ-tiun is

which is nucussary and sufficient for dilytion symmetry 10 i

symmetry
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-LOCAL QUANTUM FIELD THEORY

G V. E F I M O V

JIJJR. Dukina, USSR,

The construction of the S-matrix in the non-local quantum field

tht-ory of ont>-component scalar field qp(x) with the fixed interaction

Lugrangiun gL (x) can conditionally bo rcppesofitetl in ;he following main

steps:

I. Formulation of the general axioms of the S-matrix theory

We introduce in the system of axioms of Bogoluhov, Medvedev and

Polivanov the following modifications;

a) The S-matrix must be unitary only on the mass shell.

b) The macrocauiialiiy condition can be written in IKL1 following form:

any matrix elements of *ho operator C(x, y) decrease rapidiy enough

in thy region y < x when | [ y~x}[ —+00 .

II, The interaction Lagrangians

shall consider the interaction Lagrangians o: \h$ kind

C ^x] (2)

where X is a fixed number.

- a ufo<x» * g 2__ ̂ f M x ) r C3)

whtjre Uftp) i s a funct ion of

- LiU -



RE NORMALIZING THIS ENERGY-MOMENTUM TEKSOH

C, C A L L A N

idt ArivanMd Muiij\ Princeton, N , J . , USA,

S. C 01. E MA N

J University, C-ipiluidgc, M-H.SS,. USA,

a. JACKIW

MIT. Cartridge, M«H<, U S / .

(Preiented by fl. jackiw)

Contrary to common belief, the matrix ulemonts of the

tensor are not in gymjral finite in renorni;±Jizt,'d pu

theory .regardless whether thL«3 tensor is evaluated from the canonical

formula

Or from the symmetric formula of Belirianle. ]t is shown th:it fur Liii re-

normalizable theories it is possible to add To Qu an additional Uu'm, whit.,

does not destroy the symmetries and conservation properties of 0 , whLc:r.

does not contribute to the Poincare" generators, but which removes the

divergences in re normalized perturbation theory, thus yielding a finite

energy-rciOTnentum tensor. For example, for the scalar \y* theory, thf?

addition is proportional to {v a - g ) 9

uv

The modified tensor 0 has the additional interesting property tha;

in terms of it the dilation and coniormai currents D and K

have the sample form



III. The correspondency principle

The S-rnatrix has the form

S = l - ig ; dx ^(x)

:or iniinitesimaliy small g ,

IV. The definiiiorj of/i1-product of TWO field operators:

As the theory is non-local we shall corridor that the T-product in

not only in the point x = x but in some small domain near x =

Thus

4 ip(x, - x,) _ ^ c

T d 1 \ n _ n ( 4 ) ,

m - p - ii.

2
where Vfp ) is an t-ntire function in tht? complex pii

[tlj

e n : tht: s e c o n d to I 'm i s a nnn - i<)c;i i i l is : r ibiL! i im. In m

w e o b t a i n

£ h a s t h e s e n s o o: i i ]umon«i ry ltfiigih. Thus wti havii iii

non-locality ir.to the theory^

V. T h e conalr i ic t io?! oi tl;e h igh^r prefers 01' ; u i - t u rba t : on *L;-.T-....-y

F r o m ihti nmTl i cmaTicn l poi i : t o; vit;w til is p r o b l e m is cfjuivLi^.-ji-.

tlif dL-finiLion c»r lh« p r o d u e l of t w o d i s t r i b u t i o n s of tbo t y p e (II). Wo di.-

a matrix element corresponding to any connected Fejnman diagram by

means of the following improper limiting

F(P , , . . . , pa) • lir- j . . . / Z ^ .



WILSON'S NOK- LAG RANG IAN APPROACH TO FllJLD THEORY

P, L. H. Ei A tiK RLE R

CELiN. t i

A ivcL-ij; work of K. Wilson is discussud wiiicli propose t.:i<_> J

modifications of Lagrsngian field theory:

I) Kcjual-Limo commutators ;iri: replaced by operator product expansion.

By doing so, ono avoids t\\a tin-jtiiguouH rmlitre of cqual-timt* com-

mulators and preserves LorenlK covarianctr,

II) To tuivc an ostirnato of the singular structure of the theory, Wilson

proposes i.o dolor miner thy sirvj uiarii.ins by ci-lm^ns-ional nr^nrnpnlB,

tE^re^y following a suggestion tif Kistrup ami "Mack that scale: in-

variar.ee is Uic most crucial bro^^n symnn'try in fitild Lhoory,

Ls w«fe :ht'n fipp]:t:d by Brar.rit. to rcnormalizc theories

ilit? :n.>uLrrvl jiscuciosc^lar theory anri fju^ntum olectrodynnrnics. It nuist

t; stri:stji:d tiuii ricalo inv^riuncc arguments Lrciik down for vuctor n

ijoi'ieri wit.ii mass.

.\ rccrnit application of those proposals to two-dim ens ional quantum

amlcs brought an csact result for tho oqua 1-time commutator of

-ctric current untl the vacuum polarization
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where p , p fire the external four-momenta, £ . are the four-

momenta over wiiic:i tho integration is performed. The product over rn

is performed ovor x,'nc lines corresponding to the given diagram F •, k^

is the four-momentum corresponding to the m-lino. Then

£ 2

w)-.t:rt2 0 < v < u < \ . The function R (k ) is analytic in the upper

piano of tho complex k arid

k2 | * * " }

wiion - 7 < a r ^ k2 < ir ^ y f T > 0 | k | —i ao , Let V[k ) tu? the* ent i re

ic fur.ction of the o r d e r p < 1 "ind

( 1 L J

V , : h £ ! n k ^ — * - « : , T h i J l l J T - l a p O S S i i ' J l u I O t J O O V u f L O ' . I n : U u ^ i j ^ i f L i J : i r i

in th,-. a7np"-:*.urle [$) rotat ing the iiro^ifition contours i ; y — ^ ._ -

r' car. f*o to ;hv' l imn 5 —r 0 as the integrals correspond :a^ :c any

rct^d Ft;vnrr,;ir; dJ^ffr-amfl convar;:i! :r. the i ITT: '.t. 6 - ft .

Thus we obtain the perturbation sertes wliiciv to:iuun ;LO ,,.'.î L

divergences.

VI, I'lio ]ir()o:' of th^ unita:'rLy of U>r jArr t i i r l^ t ion t h e o r y i.s ^':%ou;.-l ••] on

Ilu; p r u o l o: tinj Cutkot;ky UI.MJ^U tu for thu noi'iij.-il ;uroHJ;nUis foj- .-;y - y.:;-r\

VII, Th>- suynTi-iavion of the

We make (he following additional suggestions:

A) T\\<- S-rc:ai.rix is n functional o: a. scalar real function

B) The S-matrix is wriiter, in the Ejciiduan Tiii.-;ric-



so that they do not change the analysis recalled in 1 above but art: coupit:0

only to the external fields. Using this method we have determined tlio

anomalies.

Liie PC AC

whore rft contain-? the contribyuon uf the two types of extra roguLii-m-s

which arc only couplud to thu vector and axial vuctor fiulds. IT thostr bust

fields are quantized w\n gets a violation of tlio Gt>ldbergifr-Treim;m rt:U.:ion

already at the ILVL1! ol strong interaction which aeeinH to btr liard to acc^pL.

L", on the contrary, the vector and aKial vector are not associated witri

fundamental fields but, rather, a re dynamical resonances, PCAC is only

modified to the order a , Also, wo have verified that in this case

does not modify the computation of "the T - it mass difference
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C} The form factor V(p k ) in (7) sa t i s f ies in the Euclidean m e t r i c

a) V(-k^ i2)> 0 [12)

D) We consider thr n on-linear interaction Lagrangians of ihe typo

(U)

-»*

where „

(15)

E ) T h p i n t e g r a t i o n o v < : r x i s p o f f o r m p d r i v e r iii<^ f i n i i .

V, in the Euclidean
4

S-matrix can î e rsprrtsenlLci In the fOi'm

v—-1 o- p 4 r 4
= ) ^ - / d x n . . . / d x / Aa ' fiar X

L n! J 1 J i) J 1 j «

r
/J

1 n

Ontr carl easily show that

•J

Tho divergences a rising whtn ^ ^ ^ ^ °° t i r C ' c o n r i t ? c ; e ^ wi.'i ;hc vacuum-

vacuum tranailiori and Vney ar-e picked ou; of Uic .port.uroption Stsrios in

form of iho non-essential phase multiplier.

i"JEFZ SEDGES

1 ; ii;. V, ; :k:uuv, LJI'LILLII; f o: T'::c LUX : LC a 1 T! i J J :U s. K:uv. pri ipr.uli tiH-^L!, Ui i - ' r i , 1!C-:VJH | l . ' - . . ^ r

2} i i;. V, i::iiTKiv,



oi the model, namelj; ono -which is achieved by adding chival-

ry rr. metric inass counlor-ternris and by simple ru-ut'fmilion oj1 the hurv.

constants of the .Lgrangian

T u r n i n g nmv to the CnSC w l l f r r vnc' .or Mold* an> inti-nduccvi 1 rL T.hp

<r iiiodv^i, onu c m .S(H> that \ho fi;\ri:y double! K do iini ri^i:lEiri/.<> loops with

hL;i odd n u m l ^ r o;' iixjjil Viii'licus 1LLtc* Li LIT O;IO wliicli l oads ;o ;hi: T —t ?y

docuy. For those diagriLins ono must ust r,™ rtijfulalors, only coupkni

*.o Uit1 vector and axial vccior fielcis, which havo Uio samo ciiiral propcr-

^ the nuclcon. One thus gets anomalies, in agreement with iht

rmiiiypis r e c e n t l y c a r r i e d out by Boll and JaCniw anci A « l o r . In c o l -

,a lmrn! ion with A m n t i and Hoi:chi,it , a ^ n r r a * si;idy n:" t.hosf! anomalkfR

nvititr for tliej c^st; of oxinrr ia l voc lo r atKi ;iw;;il v e c t o r fitM(is v i t l

n ) an over, nuynber of nxial j'io'itis

In this case t.he ^iriLy doublfti; do r.ol play nny roJu rim:, LIS Ih*1

i-egulators introdiiced art; not coupled 10 tiio JT , cr or nuoiiroji, ;b^ iiiioniiilii:s

art1 the sarrn; as if thy r.uelson wriS onlv iiu«pac"i,irig with ;htj oxiernal fields.

W'c- hfivt1 studied the anomalies in this easy. Ir. part icular , we i'itid lha;

^iii1 JULOrnaly involving ivso ,-ixial fiiilris i.s trie third of the anomaly involving

wit-i vector fiold.s , Alsn, it appe.'irs, on the bnsis of g;iu^o invariaiico,

•.in.l FiEitjjjialios involve liigliur powur of extiirnal fii^ds winjn t]jt: ^uLî t- £nni|j

is :;on-tiij»il:an. "ihht? reason for Lliin is lhat, in Ihu nueliaij asi. : , tin: iiiiipl;-

"/Liue i-as vo be t ransverse wilii respoc1. to the vicifir i;xtijrn.'ii linos. This

reduces the dugree oi' divergence, tiius aect*t?asing tj;e number of diat^rrirTis

which lf&d lo anomEilies, In ihe non-abelian case, on tJ".e contrary, thore

ar« lon^Uufiinal par ' s which iOadtwaiiom-ilies up to the fourth order in the

l AfiomaiiGS irivolving &i\ odd number ui &

In Ibis Ciisn the situiilion :K more involved as thi1 paril

contributor. lij f^ct, they alr^jdy ruyuL%ri^o t!ic corresponding loop?:

by ttiemsolveSj so that the new regulators lo;id to an ill-tiufuied

A WE»V out is lo introduce a third type oi regulator which are parity



IN" NOX-POLYXOMUL LAGRANGIAN THEORIES

AH I J i ; £ S A L A M *

a ad

I. STSiATllDHt

Ti;ivr:i,mnr.;iL Ccmn? for ThfDfi-[ical Physics, TfLtsie, ;u]) - .

Most L a g r a n g i a n s of p h y s i c a l i n t e r e s t - ( i , g ( J t h e c h i r a l

iLuiH for Kti-Oiî  intcriictinns, t}-.<? irJ.i-i-ri-^diau- boson mediated weak

l-;igruriiji;ii] ;md LiriSU-Ln's LagiMiigian i\vr ,.-r;iv:1y - appear to hfr of the

!"Lor.-i>oiyri>jmiLi.l form i;i ihu fioitJ va,ri;iblus. TCy a u: tab It? f icld-lrutis-

formations thoy ca:; in ^entfral by exprt-s-S^d ii; iiic iorm ol' rations 1

fut"LCUO:,s, This class o:' La^rarigian was t»xam:;-.i-:ii in mi ^ar i iur paptrr
2)

fi (o as 0 fcilowi:i£ a method due to E:"iinciv ar.d Fradkin , with

cfi to Tno ultraviolet infinities of physical

Tin1 (liscusK-lmi was t:;u*rioci oiit in x-Sfificf' wii]i liu"! amp]iiucies defined.

us Borol -sUTtis oi' fiivurjvnt SLTJCS like ) :i A ,(x) A ', fv) . . . .
J—M nm.,. i1 i '

The sir.g'uliirit.y buii^viour oi" IIIUSL- Rtirc-1 sums wws L^;in"iiin.tl ir. the
2 2

iisriiis, x" —< 0 , y"—»0 , . . , , ]•: ith l^l'.niov ^r.d Frudkin we eon-
r:hjdod that if :he Dyson ind^ji D o;' thest! ru;;or.a' l-

- O s s i.;-.;ir; or ^ i ; ; : a ] t o •;, ,'i»l u i i r f iv io^^ 'L . ;TM'::i-i'.io.^-

.LTn;:"j i 'nifit-s in t h r . ^ i i t}-.pori(.:fi c o u i d b o c o T n p o r - . s r i t n d b y ru f i n i t e r .urj- .bc

oi" t:<.iLir,;^r-ti :LiT,.s ( O y s n n i n t l o x D J s f^e:"i- t '« ;^y ' h e " I : r r i ' , l i r n t ' ^ ) = ^ )

; "]]"J this ros ivct tliii theories b^havy Like runo.1 n.aliaubit! LJicorioa,

]''or ; iK'ir j j l iys ica l iLi,SL.'1 w r aoer! Uic r ^ n o r m a l i / . f d iirppjitucJofi "ot

in x-B^i-njt: LJ-LII. in p - ^ p n c i : . Wiin: w\> d id nu" L'N^mi"^ in 7 w ^ v ili^

::uMyiL;iiLun-.Hpat:i.' F o ^ r i L T ' t ' a i i s f f j r ^ . S j U:.jir u t^Lvt jo l ty T^'f ip^rt ius

a n a ..i;oir* a s y n ' j p i . o i c .jHi'.aviou:-. T h i s t i i lk i s duvoL'.-d :o a LotiHitlcr-

in:i of the fie p r o b l e m s , fol lowing a int-Uiod lirsL tiio^-tiouti iji th is

n'.oxt by A'oijvov i±nd which i:: i t* e s s e n t i a l s g o t b biic-i' to a d i s -

priivtf rofjiori n: x find n ) o:" t h s i'ovjrit.-r t r a n s -

; u i ' ; i i u i [ & . ( • & ) ] L>y G i - i ' f a n f i a i K i S i i i l o v . A . s ' l i d y o f L i ; i r s ; , n r - t >

5)
is ]iai iv:CL:iitiy Untjr, tnncU; by Leo n;id Zu^;, ,o

UK•!;-,£ di;:'ercr,i m- thuds; wo ri> produce their rudultw foi1 thv vxa j:iyjli.

tii^v cor.iiidur, In particular we show:



ON THE AXIAL CURRENT WARD-TAKAIIASITI IDENTITY

ire de ?hyiique et Ha Lite i Energies. Ovs.i)-. J:

A genera] sUidy is presented nn thn so-callrd anomalous i^rms in

L]IL' W<"Lrd-T.'ikiiti;ishi idutility. I; It; basud on a iiyriUmiiiiitj use u: the Pau

Villars rtrgulariz-'ition method vyMcri automatically ensures ihc gaugt: in-

variance of the result while canonical formalism can be. used on the. r ^ -

uiarizuu Lagrangiar. Eid long at the regulator' niasses are kept f;riUe, In

this method, anomalies show up as regulator CO^THhut.ions in ihe limit of

infinite re/rulfitor mas sea.

Anomalous terms have been exhibited aniy In. ;iie pi-osciicc 01

fields. In co]ln.J;oraTion w;̂ ]i B. W, Leo , wo havt: iriod ;o ioc whether

anomalies cannot occur also wiien there are no vec:or j'iokis VJV srndyin^

the cr model. In this modfil PC AC Jiolds as an ojmrfitor <iq;mtior. bi.it̂ 'inj

l i^ rc q u a n t i t i e s , ,ind ibe qii^stirtu of n]:omFili^s in T'CAd is lliikiM: m I]JI-

tju(?s!i(jn cif rifrnirmriliziiig IIH1 Of mncJo^ willioul spo i l i ng Uic sin.utiLt'u of

the b a r e ti-'igr-ingian w l w n ; 'Jx- broiiki i i^ of c l i i ra l sy j i i ine t rv c o m e s or:lv

from the fact that the a can go into the vacuum. This question h;id ai-

ready beon studied by B. W. Lee but without considering the fermion

contributions. In Ref. 1 we :^ive shown that no anomaly will be encoui:iered

if one m a k e s a31 a p p r o p r i a t e cho ice of *ho rp^u l , i r : 7^ t ion pj*oeedurfi

has to be such ;]i<it u crxn <il,st> br tip[ilii-<] to ;he s y m n i c L r i c t h e o r y , iv

•Jin or.u w h e r e T!IL> o"-tadpoles i i re a b s e n t . As a c u n y e q u e n c e , we find Uial

one cannot, regnsr i r izu by adtiu-g -•ipir. 1/2 i'iekis wi ' i ; :)n.( -Li;i]i;i: c:b:r;i!

iies as t):e nucleon. In particular, we exclude the prescription of rkrlt and

Jackiw h , in ^hich tht> regulslOrS arO given zei'O mass, a

A new regnlarization procedure is propoaen where the regulators appear

in parity doublets in such s way ih;it thi'ir ninss tfrm.s car, bn Tn;ide cnirnl

symmetric. It is shown to h\: applicable to thi' symmetric ti'.cory and

t lie re fore does i\oi luad to any anomaly ir, PCAC wiu_>n appliud to xhv

compiote O mudel. M01-0 y^n^i-iilly, iL ioudt? 10 u consistt;n-. t'eno

- f i , -



a} The Fourier transforms,if properly defined, give correctLy the

.singularity structure consistent with the unitarity requirements.

b) Our method gives immediatoly the asymptotic In: ha vicar for large

and space-like p

c) The discussion of ultraviolet in: ir. Mies, previously carried out :n s

(I), is closely paralleled for p-space and the Sinnt1 conclusions nr

d) The closed loop integrations in p-space have exactly ihe san^e :'or

in polynomial and nor.-polyn^ivJftl T^agrar.giar. hhoori*.! ,̂ T-n.' :M<-'\O^

nf analytic rcr.ormiilizEitior. auiriwd r^c^nUy for polynorriirii

iana arc particularly appropriate to this p-space method

this talk.

preprint iC/flS/17, to nppciir :.n Phy.=i. Rf\\

2) G.V. Kfimov, S o v i e t l ' h v s . - J i J T P l T , 1417(1963);

E . S , Fradkir.H Nucl. Phys. 49, 624 iUiy3).

L() M,K, Volkov, Ann. Pliys. (N.V. ) Ab_t 2O2(l3fiU).

4) I .M. Gel'fand and G . F . Shilov, "Ccncralizod PuncUur,^1, Vol.T

(AcaclojTiic P r e s s , Now York and I.osif-o:! 1364).

5) LJ.W. Lee and B, Zuinino, CJĴ itJS pr^jirir/. TH. 10o^ (1 \j^i).

6} E .H, Spccr, J- Math. Phys. 9, 1404(1966).

fu r the r I ' t ' icroncss will be found in ICTP, T r i e s t e , prepr int :

S,-il:im and J, S t r^ 'hdee , TC/'nEJ/1 20,
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SOME REMARKS ON THE ili-'IMOV-FRADKIN METHOD

IN KON-UMEAH F IELLD THEORIES

. Z U M I N O

LMIOV and

A discuss ion is £iven of the method (if formal siimmalion of tht+per-

•.urljiilLor. s e r i e s in r .on- l i r ra r fit Id theor ies propfist-d Lv

Fradkirt . LiU-reHl in this method !:as buun rL'vivt:d i-ucujii ly

in view o: the suggest ion tha; the ir^Uiod may be u^od lu ^iv^ L± tiioii:a

10 theor ies descr ibed by chi ra l Lagrangians as well us c^rUiin vector

The proposa l is investigated in detail in ihe conical of a s imple <m-

atiiplu, wheru tho compIic^iionK du*j lo tJurivalivu ami vi-cuir couplings art-

absent . We consider the problem of co:isLruciir.g Lbe Uvo-puiiu fur,c-ion fo

?\ field V(x) which is a function of a :"ree field ^(JC) . In pa r t i cu la r we

IT.;'. (:ifff|-(M;t f-.inr: inns cn\;\<A h<> trr-ri^'d in ,1 si rv.il ar w;iy. ^ Tho Koui'ier

ii';i:is:or]-:'. of trii* iwo-poiii: function for tho fi«r]>'i Vf«} is r.1^-i:-;L"'Tl hy ;ni:-o-

iii;c.r,i.: .. Paul:- Vil l^rs re^ulariiL^t ion for tuiior} in t.ho propr*g.t:u:- of the

fiuLd <i and ca r ry ing Out :lu.r sum mat ion of llic pi?ihLurbi^io:i y^t-iod. l'liu

reiulv is given Jn te r i i i i 01 an i n ^ r u l over a pviramutcrL OMU :ijLdii iliui L:io

priiri of integration ctLn ne specifiiecj ir. yuoli a way tiS :o produce U.EI atnpli-

tufie :.r, rnoTv.rr.tnrrj spact: having Une physically co r rec t ^nx lylicily proper:it!s

in t.hc v;\HnK]c s = p • As lonp as ihi? regulator IT:as,- is kept finite, this

;iiv.pj;:i:cin can lir expanded in powers nf i ^^:-nvratir^-j; ir. tir!^ w;iy the r o -

^u^u-izL-tl i)iiftL:r';jni;rtii i'Xpar,s ion which i.s shown to ;jr i:.i' ,i.-.;. ;np:ol ic ci

ir, f of \\\<ii iimplilutk-. In Lliii way a preci.se nu:L,;;i: _. iu tjiu

Ltion is giver,.



This apparent parade* is, however, Tint an isolated instance el' t"hu

:ip;>nri:ril short coinings of the e technique. In particular s OiK> finds that.

iU'S i) a non-cova riant polarizintion tensor, ii) contradictory res

;'or the j , j commutator, iii) a breakdown of electric charge conserv-

ation in the presence of vector and axial vector* :'ieids and iv) a contra-

diction with the perturbation theory calculation of j . in the presence of

axial vector fields.

The resolution proposed for the above-listed paradoxes consists in

realizing that the source-driven spinor field is not consistent as it s:sr.;\

because of the fact that noi all the matrix >.'Ivi\ii.ir.1; f̂ ] {i.e. , :̂". <

^enerrtted by the external vector field) are finite. When uii'y ,ir-- nwtdc.

finite (n,s,for rxFiTiiplir, by a r*e^ulr\riz^tioi-. U'chnifuml it is trivial to s

that all of tho ji'oi-omiM-iiioiu:d difficulties iiro rrsolvi'ti. FurtliormntT,

lli<? S0-C;illt?cJ anomalous comimiiniors vanish i\rA c^rUin tuin-canonical

iiigh-energy modiHcations oi' ilit Lhuory,, vvhicli iiavc buen predicted elsti

ftre found not to occur, Iti addition, the Schwinger-Adler result is found to

oe true not as an operator equation but as a relation between matrix elemonts

in which the re^u]al.or in^iss t^rm peneratris ilio anomalous cont

AUhough this approacli can be criticized bcctiu-se of tho "

regulator field, it is to be emphasised th;r. the spirit in which this- is done

is That although a regulator is required order by order, the regulator tte-

pondonce shonlcS drop out in the end by means of an eifjenv>î ue cond::ion of

thr Grll-'\iT;in.n-TyOW type on 1.hv. b;irf> coupling cnnsi^nt. Such a condition

i-unuers the entire theory J"ini"f (<ind thereby coiisi-stt^ii.) wJiiie at thi- sr.mr

time leaving intact tho conclusion concerning the absenco of ;inunia \- -*i*

commutators. Should it seem that this approach ( i . e . , an uigtn

tiiiion on the fine structure constant} is sonnewhaL far-fetched,

emphasise that it re presents the only hopo for a consistent, (jleet

It can also be argued that the very existence of this conference- i

thi*t wu are a long v/ay from giving up such hopes for this most

of all field theories.



T h e c h o i c e Of t h * irLttigi-Litioii p a t h o v e r t he p a r a m u t e r , jiL^iJi-d !i

, can also be described a - s a n appropriate average oi' the iwo posfciLm.
2

analytic continuations i'or I he EU^I iroin negative values of i to the jhbysic^l

positive value, kach of the two analytic continuations, taken alone., wouJd
2

give for positive ; ^n amplitude with a :-Lon-vanishing imaginary JKI;; ;n

tile r e g i o n fo r s bi>]nw Un' t h r f ' s h u J d , w l w r c ihi; riiTiplitiiclu m u s t in1 r e it I.

Tin? a v u r a g u giv^H a riJiil f u n c t i o n then . - , in a g r j o r w i i l wil l j un i^u" ; fv, .i;.d <•.-.;

iiicsO bv sho \vn to l iavc ihe r i ^ I : ' iu i i i ly t ic coni inui ic ioi i to viiiuoti oi s iiijovi;

l̂î  threshold. Lei. us compare, ior s below Uie ;hres!;old, or,t; oi :hi_- two

complex ariH îlytic continuations from negative "to positive f" , wiiii t/.oir' rca

avpra,y.\ For finite rt^ulator mass, both :.nuso funo'ior.s ]\;\vc tlie snn:ii

.2

T h i s a^ ip i i run t j x i r a d o x i s rosolvL- t i by tru- vnr i f - ica t . io i i ihn t I.hi1

2

r
zM.rX l i i i i r j i i v i i n i s h J N ^ a w y i n f j i o l i e ; t r . x j j a j i s i o i j i n f . j \ t > i L u r * k : j j o l ; i n i i " n j . i . s - s

t e n d s t o L i i r i i i i l y , h o w ^ V L T , U n a i i n o L O E I ^ L T ; r u c u r i d i l u : i i : i ; i j L ; i [ i a r y p a j h t

hci& EI non-vanishing asymptotic expans:™.

Ti:i^ s u m m a t i o n inu* hod nf K f i m o v .'itid J^j 'ndriin, wiEl-. ;i.s p r i ' t i i s i ; i i iW-:"

j>i'-L-Ui l ion ^ i w n }n.^rt^f proilij<;t?ii ;i f iniH 1 funfi t ioj j !,:ivi:Lj^ tlio Cui ' iMti ;JI",:I iyi [ c i ty

p r o p e r t i e s a n J t h e c o r t v e t i m a g i n n r y p ^ r : , a s d i ^ u i ^ u d by LjL.iLkfky j ^ ' q u i r i . -

m c r A s , Ont ' m « y wisl ' i t o c o m p a r e t h e r e s u i * o: ti'.iri ^ lo t i i od wi 'J i t;;u 1'unc'.itJ ='.

r e p r e s e n t e c i by a nix p e r i i o n i r . lcHr^ ' i o v e r t h e i r r j i i ^ i n ^ r y p a n . / o r IJIL- r.Oii-

Iiii(?ar modi.1! c o r i f i i d o r o d , t h e i r r . a ^ i r a r v prir* infTrpa .sp t rxpon(.:;iT irill^1 f o r

Inrp^o s , cnr]'<">spondin^; tf? rt:<i 1 :";%i;L1. i p l r j.^i:^i f•:• ] i"1 p r o d u c t i o n . A ( ] : sp*- r^ ion

jiiu'Ljr. ' i] , t h i T i ^ o r o , r f ^ u i r t . ' S ;m i n f i n i t e J J U J I I I X T n : ' su i> l . r . i c tu i i :H. Tr i e ; L I I i I > i -

^ . : - y ciin In? dL-scr i lK 'd in l ^ r a i i s of a n a r h i t r ' t i r y i-imL I 'Dlii'u i u n c v i o n . Tin:

iivii:"Li"!"LaUO[i m e t h o d o i I'JJ'iiriov a n d i ' ' r a d k i n g i w s r i iL- : o tin.- 6 ; I J : U ; iii.1^.^;^ o:

a m b i g i i i t y t i t : c a u s e liw a v o r a ^ L i i g p r o c y ^ u r t : n:o:itio:--ed a b o v e i t n o ; i.-iitiL-t!.

i ways of ftverO-^'irLi; <£ive - u n c t i o n s v/;".:c;". d i f f e r by a r o ^ l :m'Tv.:,-&

of s . It ; s in i f r rVFt in^ t o o b s e r v e ' t]-.- , : , L\ir finiti.1 r r ' ^ , , .11 r-i* r n a i i ,

i t l i s r -n ' i r r 1 f".;]•.CL jon h a s a \ ran isii iiL^ n s y :ri jito:".f: i X j ^ j i s i o r in ! . .TI 1'HVI, i;i

t y b y i - f 4 i : i : - i i i y : ; L a t t b u J * I _ - L L 1 p ^ l ' t o f l i l v . - ^ . . j j j l i . .-.'.•

siioald vanish as 5-y + « , in which caio Thu a



NON-EXISTENCE OF ANOMALOUS COMMUTATORS

IN SPINOR ELECTRODYNAMICS*

C R. i l

o l I t a c l i c s i c r , P J . K - . I I C s i * t , N . Y . , U S A .

Shortly after the rediscoverv by Adler of Schwinger's

lor *he divergence of the axial current in spinor ulectrodynamics, it was

shown thai this result could be derived rather elegantly by means of a point-

spliking definition of the current operator. Thus, instead of the naive

ssion — ̂ J3y. y v , one writes the axial current as
2 }

x", «"->* d " L ° J UJ

i-h the limit to be uncierstood as i

= x

wAh t a purely -spatial wcior (wy employ hcr« a formalism in which ty

is hL'rmitian so ;S-.at q is liio antisyrnintirieal matrix which aci« in tlio

internai charge apac^), Tlw remarkable aspoci of the calculation of t^e

axial current divergence is the fact that with the above definition the result

is independent of Lhe way in which the e = 0 limit is taken.

The motivation of the present work was a dusiru to di;vulop an action

principle formalism which allows the introduction of the point-splitting

technique and leads to the Schwinger-Adler result for the current divergence.

Although the electric current can indeed be handled by this technique with

no jKirMeiil.ir difficulty, it was found that the pseudovector defiaed by this

iijjpi-OL-ich iri not independent of the details of the € = 0 limit. Only in the

,, : i S t . i,-, which n four-diiiu'iisional averaging is performed fan approach

wiiich id not admissible in a cationiCEil formalism) is the desired result

obtained.

* TlL-i woii< LS baicd on * UciivtriLr,1 of Rucl^itcr prtpflm LJP-S7&-274 of Lhe WTTLC title



unique; however, there does not appear to be sufficient motivation for this

res t r ic t ion .

The irn^tfinary part of Iho two-point function increases exponentially

ir. s s.a a •> + oo . In vi^w of the rxrxinential i ^ r o n s e for positive a ,

the theory under consideration is therefore, not "s t r i c t ly local" Ami is not.

local

The question of the .inribiguiiy ir. tiit: two-point funciion and that o;' the

possible furl he; r amhiguit ies in hi^iiei'-point functions, sooms to us ono o:'

thf main problems in tho mu*hoti

\) G.V. Efimov, Soviet P h y s . - J i J T P 12, 1417(1963); Phys .

2, 314 {19f!3j; Nuovo Cimor.to 32, 1045 (i 9o4); Xnci. Phys . 74,

Gfi 7 ( 1 3;tj -Tb- "J.

a) E.S. tVadkin, Nucl.

L I ; M. K. VoJktw, Cointr.uh. Matli, Phys. JTj 28S

4' II. M. Fried, Suppl. New Physics (Korean Physical SociL-ty) 2-

fj) H, Dclijo-Jrgo, Abdufi Sahn-i Eitid J, StrJithdcu, 1CTP, T r i o i t o ,

prepr int IC/ tj0/17 (to yppt?.u* in l Jhys. Hev.) ,

ij) A .M. Jnffc, Pnys . II«v. 1 ^ , 1454 flSB7).

7' G.V. Efirnov, Co;iiiiu:r.. Math. Thys , ^ , 42 (IDS").

a) F . Ctinsiaiuintscu, Munich University prepr int (April 1 9Gfi), other

c;in be found there .



two-photon state. If & PCAC assumption is made for the naive divergence

operator, the low-energy theorem is found to give a good fit to the decay

T —+ 2y in several interesting models.

1) For discussions of the anomalous Ward identities for the triangle

diagram See: S, U Adler, FhyS.Tiev. j/77, 2426 (1969);

J, Schwingcrr, Phys, Rov. R2f 6fi4 (1951);

C, R, Ilagen, Phye. Rev. ^77, 2G22 (L9G9);

R, Jackiw and K. Johnson, Muovo Cimento ^0, 47 (19G9),

2} For discussions of tht= anomalous Ward identities for Other SplnOr

loops see: W.A. Bardetn, to appear in Phys. Ut?v. ;

I. Ccrstein and R, Ja.cki\vJ to apfuiiir in Phys. Hev.;

D. AmaLij Gb Bouchiat and J.-L, Gurvais, Oraay pr

3) For discussions of higher-firdor corrfictions to tho anomalous terms

see: S« L, A.dier and W,A. Bardcenj to appear in Phys, TCev.;

D, Arnati, G. Boucluat and J.-L,. GerviiiSj Orsay pro print,

4) For discussions of ihc low-encrg>r theorem for "n1 -> 1y decay see;

D.G. Sutherland, Xucl. Phys. B2, 433 (1967);

S.L. Adler, Phys, Rev. IT]_, 242(5 (1969);

H. Jackiw and K. Johnson, Nuovo Cimento 3̂0, 47 [l!J[icJ)j

S, L, Adler and W. A. Oardeen, lo appear in Phys,



THE MEANING OF NON-LINEAR LAG RANG HNS

•;. 7, [I V, I N

Tt should be pointed out. that the action integral of a ;-.on-linear

Lagrangian need not be considered as the basic Lagrangian of a non-

re nor malizablo theory, but da a In; Uki:ti, irniiiiitl, as an approximation to

the effective action which generalus I he one-panicle irreducible vi^rticvs

of a renormalizable theory. From this poi:;t. o:' vi^w, tiie problem of tho

higiier-ordcr effocts is not that of calculaiir.g tiiL: cor.Lribuliorl of diiigr^ms

with one or more loops, but rather tha; of giving an impjfoved description

of the one-prirticio irreckiciblf: vertices. The correct oi'iocLive motion

which goncrfit(?s ihem tins U;n property that, W3IL.T, n.-ititj in 11 ie t ree appros

itnation, it reproduces cht: exj.ct prupagntora and S-rA

Let

v v l W>
0

be the functional which generates tr.^ ;iir.^-ordered

of the renorrnaliz^d lie Ids •i1 and oi" ihc currents V

, v 1 of Ihc sourcos
.1

nectcd

tional LcgL-ndrc

and external fields v

The effodivo nctior. A[<fi.,v ] ,
11 2} l ^

n '

^a { r - i ' u t i c ; i o n s )

VI, r- i'-j f i c t i o n a l

ic .•Li-oii t i i e c o n -

i:•..••<•; i , v ; | - . e i \ ; n c -

^ . t i r e c - n u m b c r fiii l tJ^j

6W

iJ

5 -V

l̂ e aerates the one-particle irreducible vertices, Usir.^ t

T.lie complete propagator (also obtainaljle from A), ono cntiiins i.);i': exnet T

funct"ions by using, however, only trro diagrams. Cl^n""iy .nv Lŝ  enm-

plcx and non-]oc^l, but it satisfies ur.itarity and locality ctniHi.:'!, .nis.



WARD IDENTITIES

RlvNOrtMALIZAriLE LAGRANGIAN FIELD THEORIES

W. A. 3A

FTept, of Pliyiici. Stanford University, Calif., USA.

The properties of the currents, their divergences and their com-

n;u tutors, have be«n studied in the context of perturbation theory for re-

i-'-n-Kiiiiizablij L-agrangian iivhi theories. In scimt; cases the results of the

perturbation calculations were found to be inconsistent with the naive utit;

o;' formal manipulations of the field operators. The anomalous terms arise

due to ambiguities in the definition of local products of field operators which

do not allow the use of formal manipulations.

In a large class of theories it is possible to find the precise form of

the anomalous terms in thti divergence equations for the currents. These

divergence equations may be analysed using a Pauli-Villars regularization

of 1hc: boson lines which preserves the exact formal Ward identities for

riij'n-'TU.s attached to the boson lines. The remaining divergences and

ambiguities arc contained in the smaller spinor Loops. As the spinor loops

are non-overlapping, each loop mny bu defined independently. A tiireel

ealcuiaiion shows that the spinor loops may be defined so that the vector

currents satisfy the naive Ward identities. Anomalous terms then appear

:n *bf; Ward identities for the axial vector currents in those smaller loops

with only vector and axial vector vertices having an abnormal parity

relation. Those anomalous terms may be represented as anomalous di-

vergences for 'he axial vector currents. These results are shown to be

• •''\d for essentially all renormalizable theories.

The presence of the anomalous terms in the divergence ot1 the ajtial

vt'C7.or currents imply a modification of the Sutherland-Veltman low-energy

theorem for the naive divergence operator. Hence we may obtain an exact

low-.energy theorem valid to any finite order in perturbation theory for the

matrix element of the naive divergence operator between the vacuum and a

- T n ' i -



If the basic I^agrangifir; is invariant under EI group G having g^Kav-

ators associated with the currents V t the r-functions aalit^ an in-

finite set of Ward identities, io which correspond Ward identifies for Vna

irreducible veriices gerie rated by A , These can be stated most simply

ns ir.e requirement that A be invariant

•;nri[?r the local (Yang-Mills) triir.si'ornruitions associated witii the

6o = A M .. O.
1 a i'Dj j

5v = A C, v - L) A ,

'.vhorr C iire Iho structLiro constants and Til . u:--' matr ix repreHf.i t-
bac i1-.-

<itivus of thi? fienerntors, -while \ { A is a fiaug<* ri:nc-ion. If th? sym-
13.

::;ijtry is spontaneously brtikun, \\\ which caso i± sl^l-h- sl,../.io:i c^ = <?̂  (n

non-vanishing constant) cor responds Lo n. = 0 , O:;L: L-LU, ;il•••.-• uys m t r o -

tince r.ew fields )t. t which a r e local non-l inear fundifjj^ L-;' :,/.; 9, arid

6 find which t r ans form by i r reducible sioi-.-lir.oar -^.allz^io..^ of I ho
" i

;;-roup, The r:l\:cnve action, exprOFised in icrma oth \'r.i.- :ii-l^s >-. - is in-

i't non-linear rcn i iJiatiosis (if :iit> £roup. Thf- loCri: v; on-Linear

-which out finds tiisciissuti ii. ihi1 liitirnturo tar, o;- coiisirlorcid
J to :hu ™

L) J . S c h w i n ^ r , P r o c . Niit , Ac:ici . S c : , 3 ^ , 4 J 2 aiif] 455 ( 1 5 S l ) .

3) G, .Tona-J-isinio, Nuovo CSmento 34, 1790 {19641.

•3) S. Cokmun, .1. Wfris and B, Zumino, Pliyn. Ituv. r^T, 22iifl





STHICTLY LOCALIZABLE FIELDS

A.

Lynwft i^h- uf J'lL/iics, fUJVjjd Liiivtrriit),', Cambridge. ivUu., USA.

The usual Wight man axioms for quantum field theory are i^ased mi

assumptions of relativistic quantum mech

1) There is a Hilberi a pact? ol states.

2) The theory "1H Lnreni?; cfivnr'inni*

3) The energy operator is positive.

4) The theory is local.

5) A particle interpretation

On tho basis of *J:uso zijtioins,pos<..'ti in a malhumaticiiiiy prucjau

several general resulis fibou' field theories Lî ve been proved. Thva

include:

fi) The conn^ciion tHSwe^n sjiin ;ind s

} The PCT theorem: Josl.

Crossing symmetry: Bros, Tps^Tin, Glaser,

Dispersion relations : BogoluboVj M^dvefJov, Polivar.ov,

Brtnimerniann, Oelnnu, Taylor, He pp.

those CPSHITS dfipfiifi or. tho prftciaf detai ls of ilio ;;;;•• t l ioma'irri

frrui)i"wni'kJ \vr can ash for "ivlifit lie Ids they apply, Wiglitninr. n;:ifii* "he

;iMrtumption XhuX ii^lcin art; ti> miu? E'L:(1 tiisti"il);itL{);ss ifi

Schwar lz , T lus assumpliuri iHi'iOKiaticaliy liir.ivs ihc m

of field ampl i tudes Lo bti no l^asttir than a polynon-jial. On tht: bas i s o: th is

a s sumpt ion , iho r e s u l t s (j)-10) WLTC proved using c e r t a i n iria*he:";ia;ica 1

tools for t empered d i s t r i b u t i o n s :



R K F I L K E M C I L S

(for tlit: Uslilc)

1> H. Lehmann, Nuovo Cimen to U_, 342(1954) .

2) II. Jnckiw and G, Preparata, to appear in Phys. Rev.

'A) G . F r e p a r a t a a n d W . I . W e i s b e r g e r , P h y s . R e v , r 7 5 , 1 9 6 5 ( 1 9 6 8 ) .

4} C . C . i l l a n a n d D , J . G r o s s , P h y s . R e v . L t t t o r s jd2, 1 5 G ( l 9 ( j S ) .

ft) R, Jackiw and G. P r o p a r a t a , P h y s . Rev. L e t t e r s ^ 2 , f>7S (1969).

(i) S .L . Atller and Wu-Ki Tung, P h y s . Rev . U - t t c r s 22, 978 (196D).

7} J. Sehwinger, Phys. Rev. Letters 3, 206 (1959).

C1! T. Goto and 1. ImiiiTiura, P r o g r . Theoret . Phvs , (Kyolo) 14, 39G

9) D.G. rioulwarp and K. .Tackiw, preprint 1969,

10) D.G. Suihurumd, Nucl. Phys. _B£( 433 (1967).

j l ) K, Jnlmson and F , K. Low, Propr , Theoret . Phys. (Kyoto), Suppl

No. 37-ati, 74 (19GC).

12) K. Jackiw ^nd K, Johnson, to appoar in Phys . Rev.

13) S.L, AdlL-r ;inci D.G. Boulwnro, lust, of Advanced

prepr in t , 19G9.

14) S. WoinljHrg, Phys . Rev, Le t t e r s 1_8, 50"J (1967).

15) T. . \agyiaki, Pliys. Rev. _1_5B, 1534 (1967).



a} Characterization of thu Laplace transforms of distributions with

support in a cone.

b) Edge 01 tho wedge theorem.

c) Jost-Lehmann-Dyaon representation.

However, it is clear i-hat iion-ronormalizfible theories, such as those

ibed in lliis conference by I,ehmann and ZumintJ, do tiot fail in;o this

class, Many authors had suggestions on thirf problem, and papers were

written by Giittinger, Meiman, Schroer, van Hiuu and Efimov, lo mention

a few. However, none of these? authors posed a precise mathematical

framework for non~ re no rma l s able but local fields.

Such a fraiTjuwork is ^iven isi FtcilH. 1-3. A inr^^ iiibliography of

oarlier work can be ;ound in iicf. 2 and also in Rei.4. L; order to maku E*

mathematically precise framework, three steps a re invoked:

i) Formulation of locality,

ii) Development of the mathematical tools such aa a)-c).

i i : ) A p p i i c i i t i t J i i i i S L : C ] J a s G ) - 1 O ) .

We study a field o defined on lest functions f ,

= ^IK) :(X) dx = ;
i *J .

In ordar 10 allow q> to grow faster thna a polynomial in momufii.Lim tspjici:

we take test functions iha* decay in momentum space faster than any poiy-

mial. We take momentum space test functions <y*G such that

fl

for ail n, m, A I

Here ! | p | | = (pn + ~]^)3 is the Euclidoan norm of p and g(i ) is an entire
0



a i: M A R K S
(lor thu table)

;i) The solid liny is a Furmion .

h) Thv wnvy iino is a vector boson in thu? L«indau gauge (so that Z = Z

is finite) criijpk'd with sirnngtli g to ^ 7 ^ .

c) Cj(p) is tin,- uurL-noi'malizori LVrrtiioii

d) f t p , q) Js t. h ,0 unrenormaliaed vertex 1 until ion.

e) x in the diagram represents the vector current.

i) The state [ it̂ > is a Fermion state with momentum p normalized so

tha t < 01 V-- f $• > = 1 .

y) Crossed tJiagrams must also be included.

h) Scliwingor showtd tliat posilivity EIIICI Lorunta covariance force the

commutator lo ba non-zero. Previously, Goto and Imamura de-

r'ived ii representation for thjs object which involved one derivative oi1

i:iLj delta function. Their rosuH is not verified by calculation.

i) x in the dia r̂aTTi is the axial vector current.

j) I yy is a On^-photon State,

k) yfiV j.q t i i e t i i t i l l c l H c U ' t u n i i g n t ' t i c t f r i ^ D j * .

I) c is ;i ctniitJiiiU

m) The commutator has bt:en written in explicitly covariant noUiticm,

with II1 L- liL-lp of a unit, unie-lik^ vecior ;\ t and P - =T g „ -n n_ .

Only the anomalous portion 01 the coiKunutaior is explicitly ir.dicyied,

n) Of t 3 -ire bosoiis.

o) <p is ri .:r:,i;i;' or psiiisdosca]^r field.

Some cieriviii i<ins »f Woinberg's first sum rule assume a c-nujijbiir
14)r term . In spitu Of the presence of q-number ScJrwj. n'i'

this tiieorem remains true.



Since tf(t ) indicates up to a polynomial the allowed momentum

growth of the fields, we call g the indicator function. The configuration

space test functions G arc obtained by Fourier transforming ^V .

We say that the field cp is strictly localizable if <p has configuration

space test functions with compact support. Hence <p(f) can be localized

in a bounded apace-time region and locality can be defined in the usual sense.

This imposes a requirement on the momentum space growth of the indicator

function. In fact, <p is strictly locaKzabk if and only if

2,
) tit oo

Hence growth such as

o r
fr(K) i expfs

is .allowed, but

1/2

is not

Within the framework: of strictly localizable field irA-or.1.., we can

a)-c). For instance, we have \he following characterization oT ;he local

singularities of thy vacuum expectation values of strictly iycE îz-uijle fields.

Let

be tho Borol transform uf g ,

of order *> < 1/2 , ;ln-;i C(s) is an vnl

which may be arbitrarily largt.

In particular, if g(s)

: function of , ; ( - - 2 o r )

:\mction

-43-



NON-CANONICAL BEHAVIOUR IN CANONICAL THEORIES

a. JACKIW

MIT. Cambridge, Mas**, 1j$A.

A. summary of recent work concerning the nature of commutators

in model field theories is presented. It LS shown that commutators de~

iined via the Bjorken-Johns on-Low theorem in perturbation theory wiil

differ in thp general case from tht:ir canonical value* These modified

commutators are: relevant, by construction to high-energy theorems such

:is Uiose of Prt-par;iia and Woisbur^jer or Calhin and Gross \ Thest?

hiLjli-finiirgy Lh^onjms artr accordingly modified, Motlification of low-

i:norfjy theorems, aucli as the orn,-; of Sutlierlund und V^unan for ^ - + 2 7

decay t are shown to follow from the fact that the non-canonical commut-

ators can be of a form which makes it impossible for Key in nan's conjecture

1.<i hold, i . e . , Schwinger terms do not cancel a gains' ULY« r a n e e s of sea-

.̂'••••^ . Ttio solution of ihi> genorfil problem of consiruding T.orcntz-

4.:ovarinnt and gaujfe-invariant T* products from a knowledge of thy T
7)

prod act unei of tliu commutfitors is indicated , Tho dopondenco of tho

commutators on tlic dynamics is oxliibLU'd, A summary of-results is

presented in the Table.

i -I.D. Rjorken, Phys. Ht-v, l j ^ , 1467(1966);

K, Juhnson and F .E . I,ow, Progr. Theoret. Phys. (Kyoto) Suppl.

G. Frtspara-ta and W. I. Weiabor^or, Phys. Rev, JJj>, L^̂ S (19G8).

C. Callan and D, J( Gross, Phys, Rev. Letters 22, l.r)Ei (1969).

H.G. Sutherland, Nvicl, Phys. £«, 433 (136 7),

R, Jackiw and K, Johnson, to appear in Phys. T^ev.

S, L. Adlor ar.ci D.G, lloulw;ir^, to appear in Phys. Rev.

i). J. Gross ami H. Jackiw, CF]HN preprint, 1969,



Let F(x-iy) be analytic for x e R s and y in the forward light

V~* . This is the expected analyticity for the two-poiiit vacuum *J*-

prctation value. For vacuum expectation values in 'C it is ensured by

t:io prtipLjrlios of olt:Tv,cnts of t^i with support in V

Theorem. F(x-iy) has a boundary value in C (R } if a ad only if for e^

compact t C V there exists a polynomial P^ U) and constants A , A"

such that for 0 < t < 1 and y e K ,

<

A similar Theorem also holds for the n-point vacuum uxpeciaiioji

Tiiis bound shows that local singularities of the typf

lor any into^or M , may occur in strie'ly localizable ;]ieoth:^s. If,

, ar, ô niiT-.pl̂  of y strictly locHiizabLe field is

vi':if:-v E" is an arb i t rary complex number1 anc <r (x) is a ; ree flelc o; ijr

spin, in space timp of any mimbfjr of dimensions.

Usijiy :hij ;"r<imt;\vork of st.rjotlv locuiiai^iL^ fields, wî  t-;i:-. v^riiy

',V;HIJT;IO- tho results fj)-10)ybove a:ht va.UJ. Tiio resul ts U)-!>) j n :

hrirri'.-idintf consequences of the material in Re;s. 1-3. The prcoi1 of tiis-

[lor^ioi". relations has nccn given by Epsieinj Glaser and Martir. ',

TQ finish, I s!jaLl remark that a 1 init"<irtii?rc(J propfigiitor <jan bt>

(:^:'::iod in strictly iocalizable field thoory, Givtrn a s i r icily It^-uliziiljlti

i'io.ci Afx) ,

<0] Afx) 2\(y)\ 0 > - ;' Pfa) ^ Af+) [x-y; a) da ,

da <



propagator for time-like momentum vanishes asymptotically, a condition

which is not clearly motivated.

For the definition of general Grctn functions, it is necessary to
2}

consider products of propagators, Volkov has fjivon a recipo for

and it appears possible to view this construction as an analytic v^
4)

ization related to the work of Speer . The question whether the CJI'OL-II

functions so defined satisfy the conditions of unitarity and locality ru

in our opinion, further investigation. Also, as emphasised by Zumifin in

his talk, the non-uniqueness problem is not at all understood.

1) S, Okuho, Progr, Tl-.eorel. Pliys. (Kyoto) ij_, flO fl*J54).

2) M. K, Volkov, Commun. Math, Phys. J, 2S9 (1968). This papei-

gives further references.

3) A.. M. Jaife, Phys, Hev, 153f 1454 (1967) and unpublished manuscripi.

4) E,R, Spcrr, J, Math. Phys. 9, 1404 (1968).
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for ;L suitable indicaior function g(a). Thus we may define

< ol TA(x) A(y] I 0> = g ( O ) / -iT n dae"ipXdp ,

£(~L7~,1 TTt̂ ps C ir.to c . The ambiguity in 1hie definitioi: is

by

] A(y)l 0> - < Q

;ind has the f

where «(x) is a general ized fur.cvion in L with support, tn. t;;e origin.

In moment is tn space J <^p) is an oriiiro fi;:ic;ion of p satisfying

for a suitable indicator fund ion u, . This iimbUuiiv doss noi affect the

value of "he res":d;;e of the poie in the

t'i.' can ;isk wtiutlicr tin: unalyt i t [•uiiorrnLilizution procutiu/i1 of

;irni PoJiicriuyL1:* (in ISu-ai: Proceedings) or \Y\v i"unorn:.iJ Izjuioi;

procedure of Eps te in and Giuser (in tliese Proceedings) can ha applied to

non-polynomial Lagrangiar.s in the s t r ic t ly localizabie c l a s s .



REMARKS ON THE GREEN FUNCTIONS

OF EXPONENTIALS OF TREE FIELDS

It. L t H M A N N imt K. POHLMEYiiR

J"ur theorems lie Phyiik tkr Uiiiversiui Hamburg, Fed, ftep. Gerniiny,

and

PFSV. >l*inburgr Fed. Jlep. Germany.

Let

Kit) - : e t f A U 1 : -1

where A is a free scalar or pseudoscalar field. The problem of defining

time-orciered Green functions of the B-field has been treated repeatedly

in the literature , in rt>cent years in particular by Volkov , We have

some aspects of this problem and, since Volkov is not preseni

at this meeting, give a brief summary of results on the two-point function.

We add some vyguf remarks on n-point functions which, in our opinion,

are little understood at present.

Simple examples of Lagrangjan models where exponentials of free

i'iiflda occur are the- derivative coupling of the scalar fiMd to a s pi nor fi

(which has a trivial scattoring matrix) and ps(pv) coupling of a spinor
1) 21

field to a neuiral pseudoscaiar fitdd .

A miiihematic.il basis for treating a certain class of entire functions

of free fit?lds which includes the operator B has been given by Jaffp .

The unordered products

<0| B(x) Ftfylj 0> and <0J R(x) T5+(y)| 0>

^re wifU-dnfimid grm^raliaed functions. The corresponding time-ordered

productH ruquirs ;̂ cJiscu.ssion along lines indicated hy Jaffe and contain

arbitrary parameters. In iht> caso of the BB product unique:i.>ss is

achieved by demanding that the propagator in momentum space vanishes for

large space-like momenta. The BB product is more singular and

uniqueness follows only from the requirement that the real part of the
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March I9G6, Ed. I . E . Segal.

2) A . M . Jaffo, 1 fHifih-ynergv behaviour in quantum field theory - I:
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The vacuum expectation values in a local theory are houndary values

of analytic functions ift 71 - whcro tho convergence is in the sense of

generalized functions in (S1)1 . The Wightman functions arc polynomially

hounded in T* but ran grow arbitrarily fast near the real points. At

*hi> same time the Wighiman functions have a unique analytic continuation

in the extended tuhi> "7 . Wt> rumurk that our convergence in t]in
1 n-1

sense of (S )' ia woaktr than t\\* corresponding corLvurgcncu for tempered

and strict localizable theories.

An Mcdgr (jf iht\ v/v.dffu" type theorem is still valid. A liiinit theorem
4)

in the fiunsif of Jaffi? is ulso valid

Our dti:ini;ion of local commutativity is based on ihe notion of tho

value of a gorioralized function ai a point . Let us t;ike> a peneraliecd

function T(x) and lot i , be the set of points where T(x) has the value

zero. Wo dufino supp T = CA . whurf C denotes the comply merit. Wt;

say that the scalar fit;Id Afx) satisfies local comnnitalivity if the fnnetifjn;il

, A(g)J, C"] ; 1,5 £ D has the support in tho difference oi1 variables

•x - x in or on the linht cone.

i: can state that wilh this definition of local c[imniLii;it:vity

the TCP theorem, Uic* cluster properties and Uin spin Eind statist icfe ilK>ori>ni

arc valiri. At IIIL* Scirtio l ine, it is possible to define asymptotic status and

develop a corrosponding Ilaag-Ruollo theory.

1) r t .F . Strcifityr and A. S. WiglUman, "PCT, Spin, Statistics ,'irul

AilThsit1' (Horjaniin, New York 13G4).

2) ,-\, J.iffo, Phya. Rev. L-ettors _T7, f;(5l (10(i(i); Phys. l\uv. l'ati,

1454 (19671; unpublished.

3) I. M. Gol'fand and G.E. Shilov, "Generalized Functions", Vol. 2

{Academic Press , New York 19(i4).

4) K. Constantinescu, Munich preprints.
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SOMJi: HilMARKS AHOLT JUOX-S'IUICTLY LOCALIZABLE

Sc^nor, P'nv=,i(i (.IT Ljii

In the usua l Wight man fr;iivn;w[*rk, grt:;it auunt io i i hus ijut-ji ;*LJ<.! lu

the investigations of the consequences of sorcit; basic requirements such as

Hilbert space, cova riftnee oi' -.lie lie ids nndor,in homogeneous Loruntz group

positive energy, local commuiaHviiy and pai'ticle interpret at ioti.

On tlie basift o:' tint iir-il 'wo ctn]u:r^\::^n'-.3 i: follows Ihnl ;± field A{

will be an operat&r-vaiucd fJur-.tfrrJ-Lzsri furiclioii, A.\. this point wo have io

answer Iho i'owowinjg quest-on; bow in ;a^L- the tos; fur.ri.ions f(x) ? It wss

pointed out ihnt s o m e b^s in p r o p e r t i e s (ji1 roi;Ltivis-Lc i" if ids c<in lw obta ined
1) 2)

if we choose |.i;mpi:ri:d f\inc'io;is . Scu-.u.-. y o a r s ^^ i . , ,\ Jnfi'p shewtvi

l l ^ a t l i i e a b o v t ! r c : c i u i i " n i T i L : : L L i i c u r , U c i i j ( i o r ; K i ] \ L t k . i t i i i . <• r i n ^ r y u f s t r i c t l y

i o c a l i z a b l c f i e k i s > w i l i i t ^ - a l i ' u i i t ' - U u n t : w ' l i c ^ ; j i l o w r i , J J J 3^1 •:::.. u i uin tipucv, a

11 o n - t a m p e r e d i n c r ^ i i a c cA' ii&Liis. J a - ' ; ' u i i t i k ; i i s t > s i i u w u i l i c i i i . l i t : m a m p r o -

p e r t i e s o f t e m p o r e d f i e l d s a r e a l s o o b t a i n s u ^ o ; o r ^ i . n c i ^ y i o c ; t l i ' / . i ! i j ] ^ f i r i i i r i

F r o m t i n ? n i J i t l u > m ; i l i c ; i J p t i j i / 0 1 V : L ? W t h e p r c i p ^ r i . v <<'• u i\--^] hvwn

s t r i c t l y l o c f i j i / i i l ) i u l i c i o - S f l y [ " i ^ i L U ' t i ".u " : L U I ' ^ ^ I I ^ I C U u ; : - ; I . ; ; . I . H . i v n i n n y

teat functions wi;ii co::;;m:TL wjppori iji cf)j::'i L'ut-Lklion .-.-pJici1.

iiand, the EKister.ct? OL' to&i J'Lirictionid will) conipact support, l-.t cu:.:. ;urtuioii

space r e q u i r e s tes t lunctiotiH in rnomi:i-i".iTn space whiclj have a CiL-cnriise

a t i n f i n i t y l i k o o x p f-|| p l T ) - V < L - L*-1 a s d e n o i e w i t h ^(11 P ! 1 - ) *

p o s i t i v e f u n c t i o n w l i i r l i r ] f ' ] ' n \ - r s r i f t y r r , j ^ n t i r r i ' l y l i k e c ^ p i ' M ^ I p ) . T i i i - ' i : : n

f u n c t i o n s f o r s t r i c t l o c a l i z n h l r t h e o r i e s w i l l s a t i s f y t l m J ' c i i J o w . n ; f i n t n i u : i i ^ i v •

I \

The exponential type o:' f?i'|| p|l") is not rciativistic invariant. To make

he spnee of tost function!? in tn omen turn space relativistic invariant we

two l i k

Vwk supported by the . W . Huriibnidi .-iiimcauv-ri.
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i) To take functions f (p) such that

sup g[N|| p | | 2 ) | D m i (p} |< «j for N = l , 2 (2)
P

ii) To take a function g(|| p | | ) with the type zero.

Those two possibilities correspond the first to a protective limit and the

riocond to an inductive limit of spaces. In the first category enter the

spaces which were used by Jaffe to formulate strict localizability and in

the second category enter some spaces of Gol'fand and Shilov ' which can

also be used to formulate a strict localizable thoory.

It seems to be difficult to formulate a Wightman theory for the case

y > 1 . TCxcopting ttw Haag-Ruelle theory, it seems that, physically, re-

sults such as TCP and spin and statistics an: no longer obtainable, at least

in Uie usual form, We develop here a Wightman theory only for the case

l± = 1 , We try to show that in this case,with an adequate definition of

local commutatmty, the main results of a Wightman theory still remain

valid. At the same time, in this case, some new problems spring up

because of the non-existence of test functions with corn pact support in co-

ordinate spact:. We divide our results into two categories.

A) Results which do not depend on the definition of local commut-

ativity.

ii) Results which dî pusic] cm thu definition of local enromutntivity.

First we take lest functions which beiong to some spaces of Gol't'and

Eind Shilov. We prefer these spaces bo cause for ti = 1 tlie tost functions

in co-ordinntfi space have a definite domain of analyticity. In this way

wo aJlmv only an increase of fields in momentum space like j;{|| p}| ) where

g has tho order of growth one and the typo rcro. At first it ^p^rars thai

the exvension. of n from strictly locyiiizutjle fields {u < 1) to Loc.il fields

fju < 1) is of little significance, Ke vert he loss, the class of local fi

< 1) is much larger than the class of strictly locaUzable ones (JJ < 1),


