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Abstract We construct a new class of exact solutions for
shear-free, spherically symmetric radiating stars undergoing
gravitational collapse in the presence of pressure anisotropy.
Starting with the static metric potentials, we specialise the
parametric family to the inhomogeneous anisotropic subclass
n = —2 and carry out a complete dynamical and thermo-
dynamic analysis of this configuration. The interior solution,
obtained in closed form, satisfies the standard regularity and
energy conditions (null, weak, strong, and dominant), and
is matched across the stellar boundary to an exterior Vaidya
spacetime through the appropriate junction conditions. The
configuration admits an initially static perfect-fluid limit and
evolves smoothly into a dissipative collapse driven by radia-
tive heat transport. A numerical study is also performed,
wherein the effect of the anisotropy parameter on radial pro-
files and temporal evolutions of the density, pressures, heat
flux, collapse rate, redshift, luminosity, and interior tempera-
ture is studied. The energy conditions are verified. The results
demonstrate that increasing pressure anisotropy strengthens
the matter variables, accelerates the contraction rate and
enhances thermal dissipation throughout the radiating phase.

1 Introduction

Radiative collapse and black hole formation remain active
areas of research in general relativity, with new insights con-
tinuing to emerge on observational and theoretical fronts.
Recently mergers of exceptionally massive black holes (in
the “forbidden” mass-gap range) have lent further impetus to
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ongoing efforts to develop a deeper and more comprehensive
understanding of their formation and evolution [1]. Modern
developments trace their theoretical roots to the pioneering
field equations of Einstein [2] and the first exact exterior
solution of Schwarzschild [3], which laid the foundations
of gravitational physics. The existence of limiting masses
for compact remnants and the inevitability of collapse for
sufficiently massive configurations were clarified by Chan-
drasekhar [4] and by Oppenheimer and Snyder [5]. While the
Oppenheimer—Snyder dust model is idealised, it established
the basic picture that collapse can proceed toward horizon
formation under appropriate conditions.

Realistic collapse process is intrinsically heat dissipative.
In late evolutionary stages, neutrino emission, photon dif-
fusion, and heat transport remove energy from the interior
and modify the rate of contraction. Outgoing radiation is
described by the Vaidya exterior spacetime [6], whose phys-
ical interpretation was discussed by Lindquist et al. [7]. For
radiating stars, matching a collapsing interior to a Vaidya
exterior requires junction conditions on the boundary surface;
the key relations connecting surface pressure and heat flow
were established by Santos [8], enabling systematic investi-
gations of shear-free radiating interiors [9].

Within this framework, de Oliveira et al. studied radiat-
ing collapse and horizon formation using diffusion-based
descriptions [10], and exact interior solutions matched to
the Vaidya exterior were later presented by de Oliveira and
Santos [11]. A comprehensive review of radiating spherical
collapse was given by Bonnor et al. [12]. Subsequent work
emphasised the role of Weyl stresses [13], generating func-
tions for shear-free collapse [14], and the influence of differ-
ent thermodynamic and transport assumptions [15,16]. Sce-
narios in which the collapse remains radiative while delaying
or avoiding horizon formation have also been explored [17].
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The influence of shear on dissipative collapse was investi-
gated by Chan [18], who demonstrated its significant impact
on the thermal and dynamical evolution. This analysis was
extended to the charged case by Maharaj and Govender [19].
Further developments in exact modelling of radiating stars
include generalized Euclidean stellar configurations with
a barotropic equation of state [20] and the study of two-
fluid atmospheric effects on relativistic stellar structure [21].
Maharaj and Brassel constructed radiating models with com-
posite matter distributions, both in the neutral [22] and elec-
tromagnetically charged [23] settings.

Pressure anisotropy is an important naturally and physi-
cally motivated component that can substantially alter col-
lapse dynamics. Anisotropic stresses may arise, among oth-
ers, from superfluid components, phase transitions, strong
magnetic fields, viscosity. Their role in relativistic spheres
has been discussed since the early work of Bowers and Liang
[24]. Static anisotropic stellar models have been investigated
across a variety of geometries and gravitational theories,
including higher-dimensional spacetimes [25], generalised
compact star frameworks [26], and ultracompact configura-
tions in general relativity where pressure anisotropy supports
objects more compact than their isotropic counterparts [27].
Specific geometric ansitze have been employed to construct
anisotropic models in Vaidya-Tikekar spacetime with the
MIT bag model equation of state [28], Finch—-Skea geom-
etry in Einstein—Gauss—Bonnet gravity [29], and charged
stars [30,31]. A general account of local anisotropy in self-
gravitating systems was provided by Herrera and Santos [32].
Further exact anisotropic constructions in various settings are
explored in [33-35], while the effect of anisotropy on stel-
lar structure and compact-star models has been investigated
through gravitational decoupling and other approaches [36—
38]. In dissipative collapse, anisotropy modifies the effective
inertial mass density and the balance between gradients, heat
flow, thereby shifting horizon formation times and thermal
evolution. This interplay has been examined in dissipative
models with anisotropic stresses in [39,40], including anal-
yses of the resulting temperature behaviour in [41]. More
recent work continues to refine analytic and numerical solu-
tions of radiating models using various techniques [42—49].

Motivated by these results, we construct and analyse a
shear-free, spherically symmetric radiating collapse model
in which pressure anisotropy serves as the primary control
parameter. The interior satisfies standard regularity, energy,
and thermodynamic conditions and is matched smoothly to
the Vaidya exterior at the boundary. Starting from an initially
static configuration, the system evolves into a radiating col-
lapse governed by the junction conditions. We obtain exact
relations for all interior variables and present numerical study
for representative parameter sets. The plots and numerical
discussions isolate how increasing anisotropy changes the
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density and pressures, accelerates the collapse rate, modifies
the redshift and luminosity at infinity.

In this work, we derive exact solutions by proposing the
ansatz f(t) = g(t) and obtain the associated physical quan-
tities. A complete dynamical analysis of the inhomogeneous
anisotropic subclass (n = — 2)is carried out, yielding closed-
form expressions for the density, pressures, heat flux, collapse
rate, mass function, luminosities, redshift, and black hole for-
mation time. Furthermore, a systematic numerical study is
performed in which the anisotropy parameter () is varied
through C7 across three representative levels (low, moder-
ate, high), thereby isolating the quantitative role of pressure
anisotropy on all interior and surface observables. The null,
weak, strong, and dominant energy conditions are also veri-
fied for the chosen parameter ranges.

The rest of the article is organized as follows. Section 2
outlines the formulation of the problem, including the field
equations and junction conditions. Section 3 presents the
solution of the field equations by introducing a separability
ansatz for the metric potentials and deriving the expression
for the collapse function. Section 4 develops the paramet-
ric class of exact anisotropic solutions, while Sect. 5 derives
the general structure of the matter variables for the collaps-
ing radiating star. Section 6 specialises these solutions to the
case n = —2, yielding explicit forms for the density, pres-
sures, heat flux, and collapse rate and Sect. 7 is devoted to
the verification of energy conditions and study of temperature
evolution. Finally, Sect. 8 contains our conclusions.

Notations and symbols

Some symbols used throughout this paper are listed below
for convenience (Table 1).

Table 1 List of principal symbols

Symbol Description

Derivatives and symbols

()Y =9d/or Prime denotes partial derivative with respect to r
() =d/or Overdot denotes partial derivative with respect to ¢
O Partial derivative with respect to coordinate x"
O Covariant derivative with respect to coordinate x"
Os Quantity evaluated at the boundary r = ry

0o Quantity evaluated for the static configuration

Other variables

M-, M+ Interior and exterior spacetime regions

% Stellar boundary hypersurface

v Retarded time (Vaidya exterior)

rs Radial coordinate of the boundary surface

€, Pry Dt Energy density, radial and tangential pressures
8(r) Anisotropy function (radial part)
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2 Field equations and junction conditions

The space-time environment of a radiating star is naturally
partitioned by the stellar boundary into two distinct regions:
the interior space-time M~ and the exterior space-time M.
Every region is characterised by a smooth, time-like three-
dimensional hypersurface whose boundary is represented by
3. The matching across X is performed by requiring conti-
nuity of both the first and second fundamental forms. Thus,

(ds2)s = (ds?)s = ds, @2.1)
and
K; =K}, (2.2)
where
o e[ 0 0
ij e i9g] vl agi 9gj |
IEIE] IE 0EJ

Here, x/ denote the coordinates in M*, &' are the intrinsic
coordinates on X, and ni are the unit normal vectors to X.

We consider a spherically symmetric, collapsing fluid that
dissipates energy through heat flow, bounded by a time-like
spherical surface ¥ having the induced metric,
ds2 = —de® + R2(1) (d92 4 sin?6 d¢2) . 2.3)
For a shear-free, spherically symmetric fluid interior, the met-
ric is given by,

ds®> = —A%(r,1)dt* + B*(r, 1)

{dr2 42 (d92 +sin20 d¢2) } . 2.4)
The energy—momentum tensor modeling the matter content,
that accounts for pressure anisotropy, is given by,

pr = (e+pr) wywy + pr &uv + (pr — pt)xp,xv

+quwy + gowy, 2.5)

where € is the fluid energy density, p, and p, are the radial
and tangential pressures, w,, is the four-velocity, g, is the
radial heat flux vector, and x/, is a unit space-like four-vector
along the radial direction.
In comoving coordinates, the four-velocity becomes,
1
no_ M
wh = ) 3 -
The heat flux vector g** is orthogonal to w*, thatis ¢g"w,, =
0, and therefore,

2.6)

q" =q3Y. 2.7)

The metric (2.4) describes a shear-free configuration, as the
shear tensor vanishes identically. The fluid expansion scalar

© = w#,, is given by,

3B

=3 2.8)

The non-trivial Einstein field equations, arising from (2.4)
and (2.5), form the following system,

1 (2B” B? 4B’ 3B?
'“:‘ﬁ(?‘ﬁ*E)*m’ @9
1 (B? 24'B 24 2B
Kpr:ﬁ(E_‘_ AB rA+rB>
1 2B B? 2AB
+ﬁ (—?—E-FE), (2.10)
1 B// B/2 B/ A// A/
””’zﬁ(F_FJrE“LXJ“E)
1 2B B* 2AB
+ﬁ (—?—ﬁ‘i‘ﬁ), (2.11)
2 B BB AB
qu_m (—E-FF'FE), (2.12)

where primes and overdots denote partial differentiation with
respect to r and t, respectively. Throughout, we work in
geometrised units with k = 87 (i.e. G =c = 1).

The exterior space-time is described by the Vaidya metric,
which models an outgoing radial flux of radiation,

oM
ds? = — (1 - R(”)> dv? —2dR dv

+R? <d02 +sin%6 d¢2) ,

(2.13)

where v is the retarded time coordinate and M (v) is the exte-
rior Vaidya mass.

The matching of the interior space-time (2.4) with the
exterior Vaidya space-time (2.13) across the boundary hyper-
surface ¥ is performed by requiring continuity of both the
first and second fundamental forms, given in (2.1) and (2.2).
Thus, the resulting junction conditions are

(rB)s = Ry (v) = R(1), (2.14)

(pr)s = @B)s, (2.15)
r3BB? - r3B"?

ms(r, 1) :M(v):{ o B - 2—}2, (2.16)

where my, is the Misner—Sharp mass evaluated at the bound-
ary r = ry. Equation (2.14) follows from continuity of the
first fundamental form, whereas Eqs. (2.15) and (2.16) arise
from continuity of the second fundamental form.

The surface luminosity measured at X is,

Ly =~ [r233q} , 2.17)

2 b
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and the boundary redshift is,

r(Br) —r? (E> B
A

- —1.
°x rB—2M

(2.18)

)y

The total luminosity as measured by a distant static observer
is related to the rate of mass loss,

amM Ly,

Loo= — = —=
o dv ~ (1+zx)?

(2.19)

3 Solution of the field equations

To solve the field equations, we assume a specific form of the
metric coefficients in Eq. (2.4) by expressing them explicitly
as functions of the radial coordinate r and time ¢. This choice
simplifies the system of equations by separating the radial
and temporal dependencies, thereby facilitating the integra-
tion process and enabling the determination of the associated
physical quantities

A(r,1) = Ao(r) g(1)
B(r,1) = Bo(r) f(1)

@3.1)
(3.2)

Inview of Egs. (3.1) and (3.2), substitution of the correspond-
ing metric functions and auxiliary relations into Einstein’s
field equations (2.9)—(2.12) yields a reduced and explicit sys-
tem of coupled differential equations. Thus, by incorporating
the forms given in (3.1) and (3.2), the original field equations
transform into a consistent system that describes the dynam-
ical evolution of the configuration

ve=5 ¢ ﬁf;ﬂ (3.3)
kpr = (’}’2)0 A%lgz (—% - j:—j) (3.4)
Kkp; = (1;2)0 A(2)1g2 <_¥ B J;) (3.5)
where
o= (s 2 200 2)
(pr)o = Big (%ﬁ — %%2 % i—g + :460) . (3.9)

@ Springer

Here, the quantities carrying the subscript 0 refer to the cor-
responding variables of the static stellar configuration. In this
context, they are evaluated with respect to the static metric
potentials Ao (r) and By(r), which describe the equilibrium
geometry of the star prior to the onset of dynamical evolution.

In the absence of dissipative effects, the boundary condi-
tion given by Eq. (2.15), (p,)s = (¢ B)x simplifies accord-
ingly. Since the heat flux vanishes in the non-dissipative case,
this relation reduces to the requirement that the radial pres-
sure at the boundary must be zero. Consequently, one obtains
the condition {(p;)o}x = 0, which is satisfied at the stellar
surface r = ry = Ry. This expresses the standard matching
condition for a static configuration, where the interior solu-
tion joins smoothly to the exterior spacetime at the boundary

2f f2 28f  20gf

2f I 28) 3.10
FrE T e T G40
where

_ (A

o = <B_o>z' G.11)

Motivated from [50], if we assume g(t) = f(¢), Eq. (3.10)
reduces to a single ordinary differential equation in the col-
lapse function f (¢). This simplification allows direct integra-
tion, yielding an explicit solution for f(¢), with integration
constants determined from the appropriate boundary condi-
tions

f=2af +BV7,
t:lln<1+2—a\/?).
o B

Here, B denotes an arbitrary constant arising from the inte-
gration of the dynamical equation, and the constant of inte-
gration appearing in Eq. (3.13) has been removed through
an appropriate redefinition (shift) of the time coordinate ¢,
without loss of generality. The solutions given in (3.12) and
(3.13) are identical to the solution presented by [10,12] in
the particular case g(¢#) = 1. This establishes the consistency
of the present model with earlier results in the appropriate
limit.

For a collapsing configuration, the condition f(r) < 0 is
required so that the collapse function decreases monotoni-
cally with time. From Eq. (3.12), this implies the restriction
B < —2«, since f(¢) remains positive during the evolution.
In order that f — Oas f — 1, corresponding to an initially
static limit, we set 8 = — 2«. With this choice, the solutions
(3.1), (3.2), and (3.13) approach the static perfect-fluid con-
figuration asymptotically as f — 1. As time progresses,
the system departs gradually from equilibrium and evolves
into a non-adiabatic, radiating collapse, thereby modeling
the transition from an initially static stellar configuration to
a dynamically collapsing and dissipative state.

(3.12)

(3.13)



Eur. Phys. J. C (2026) 86:553

Page 50f 13 553

(a) Collapse function f(t)
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t

Fig. 1 The temporal evolution of collapse function and modulus of its
derivative for C; = 0.25 (low), C; = 0.50 (moderate), and C; = 0.90
(high). All remaining parameters are given in Table 2. The plot b is to

With the choice 8 = — 2w, Egs. (3.12) and (3.13) reduce
to simplified forms in which the collapse function and its
time derivative depend explicitly on «:

f==2a/7 (1-V7).
t:&ln(l—\/?).

We observe from Fig. 1 that the collapse function f(¢)
decreases monotonically during the evolution from its ini-
tial limiting value toward the final stage. We shall show in
the subsequent analysis that the parameter « is related to the
anisotropy parameter Cp, see Eq. (6.16).

(3.14)

(3.15)

4 New parametric class of exact solutions

In view of Eqgs. (3.4) and (3.5), which provide the explicit
forms of the radial and tangential pressures in terms of the
metric functions and their derivatives, we analyze the evo-
lution of pressure anisotropy during collapse. Suppose the
anisotropy factor is assumed to evolve according to

8(r)
Bj(r) f2(1)
where §(r) is an arbitrary function of the radial coordi-
nate and Bo(r) and f(¢) represent the static and temporal
parts of the metric potential, respectively. Substituting this
assumed form of A(r, t) into the expressions obtained from
Egs. (3.4) and (3.5), we observe that the explicit time depen-
dence through f(¢) cancels out. As a result, the anisotropy
condition separates into purely radial and temporal compo-
nents, and the governing relation reduces to a differential

k(pr = pr) = A1) = 4.1

(b) Rate of change for collapse function

T T T T
= = Low
0.08 = Moderate -
—e— High
0.06 1
=
0.04 1
0.02 1
0.00 1
1 1 1 1 1 1 1

be read in reverse f going from 1 to 0 and therefore increase in rate of
collapse implies increase in collapse rate with higher anisotropy

equation involving only the radial coordinate. Consequently,
we obtain a time-independent differential equation for the
metric potentials. This equation determines the radial struc-
ture of the anisotropic stellar model and ensures that the
assumed form of anisotropy is consistent with the field equa-
tions throughout the collapse:

2
g mm o mm
Ao By rAg rBy B2 AoBy

4.2)

To simplify the highly nonlinear structure of Eq. (4.2),
we introduce an ad hoc relation between the static metric
potentials of the form Ag(r) = Bj(r) A1(r), where n is a
constant parameter and A () is an auxiliary function to be
determined. This assumption provides additional flexibility
in constructing solutions while preserving the generality of
the model.

Substituting this relation into Eq. (4.2) and carrying out
the required differentiation, the equation reduces to

By o h By Ay
H—> —3n—-2)—% — H—- + —

(n+ )BO+(n n )Bg (n+ )rBo+A1
/ /

T PN Fal R YR

(4.3)

This expression clearly separates the contributions arising
from the metric potential By (r), the auxiliary function A1 (r),
and the anisotropy parameter §(r). To further simplify the
system, we now stipulate the anisotropy parameter in the
specific form

! /

8(r) = (2;1—2)5ﬁ

, 4.4
Bo Ay 4.4)

@ Springer
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and simultaneously impose the condition
" !/
AT A

1L =0. 4.5
Al rAj “.5)

The choice of the anisotropy function is guided by the
requirement that the anisotropy condition remain compatible
with the separable metric ansatz and reduce to a purely radial
relation. In particular, the form (4.1) removes the explicit time
dependence from the pressure-difference equation, while the
further choice (4.4), together with the condition (4.5), decou-
ples the remaining terms in Eq. (4.3). As a result, the system
reduces to an integrable differential equation involving only
the metric potential By (r), thereby leading to a new paramet-
ric class of exact anisotropic solutions.

Integration with respect to r gives,

AL(r) = da(1 + dyir?), (4.6)

where d; and d are integration constants.

The assumptions (4.4) and (4.5) reduce the Eq. (4.3) to
a simpler, non-linear differential equation involving only
By (r),

By oo B B,
1)— —-3n—-2)— — 1 =0. 4.7
(n+ )BO+(n n )Bg (n + )rBo 4.7)

o B .
The substitution y = B—g reduces the above equation to

'y nf—2n—1\ , 1 —o
y porran Rt

which is a standard Bernoulli equation and may be solved
for u by putting u = 1/y. Finally we get
2r

n2—2n—12
T o +2C

(4.8)

y(r) = (4.9)

where C is some constant of integration. Again integrating
. By
for By using y = 22, we get

n+l

By(r) = Cy (1 + C1r2) w2 =dn-1

(4.10)

By applying our initial ad hoc relation Ag(r) = B(’} (r)A1(r)
to combine these independent solutions, we arrive at a new
parametric class of exact solutions characterized by the
parameter n. The resulting family of solutions represents
anisotropic stellar configurations in which the structure of
the anisotropy is intrinsically linked to the geometry through
the chosen functional relationship between the metric poten-
tials [51]:
1

1
B =C(1 c 2)’“, h -
0 2( 1+ Cyr wereH_1

n+1
n2—2n-—1
4.11)

Ao = Dy (1 + D]rz) (1 + c1r2)’Tl , (4.12)

@ Springer

(2n —2) 4D,Cr?

YO=ED Ao+ o

(4.13)

1
I+1

where n, 1, C1, Ca, D1, and D are constants. Solving

n+l1
n?2—2n—1

for n yields

1 5 1/2
n:z{(l—{—f%):t(l +1oz+17) } (4.14)
From (4.14), n is real if 12 4+ 10l + 17 > 0, or (I 4+ 5)2 > 8,
hence [ > —54+22o0rl < -5 —2/2.

5 General structure for collapsing radiating star

In this section, we distinguish between the static variables
and the corresponding dynamical variables of the collapsing
radiating configuration. The quantities €g, (pr)o, and (p;)o
denote the matter variables of the initial static configuration
determined by the metric potentials Ag(r) and By(r). The
time-dependent variables € (r, t), p,(r, t), p;(r, t),and g (r, t)
are obtained from these quantities through the collapse func-
tion f(z).

In view of Egs. (3.3)-(3.6), together with (4.11) and
(4.12), the explicit analytical forms of the matter variables
characterizing the collapsing radiating star can be obtained.
By substituting the corresponding metric functions and aux-
iliary relations into the Einstein field equations, one derives
closed-form expressions for the energy density, radial pres-
sure, tangential pressure, and heat flux:

2 _ -\ 2
=4 il Gk '/ ) S 5.1)
72 p[oa (14 D) (14 Cor2yriT ]
2 _ -
e = 20 il Uk /] E— (52)
= g [D2 (14 Dir2) (1 + €127
21—
pr = (sz)o_‘_ 4o (1 - V) — (5.3)
= pn [D2 (14 Dyr2)(1+ €1r2)7T ]
g = S 2[(1+1)Dl(1+clr2)
(+DD3C (1+Cir2) T (14 Dir2)
20 (1= /1)

nCi(1+ Dlrz)} (5.4)

f7/2

Using Egs. (2.8), (3.14), (3.15), (4.11), and (4.12), the
expression for the fluid collapse rate is obtained directly by
substituting the relevant metric functions and dynamical rela-
tions into its kinematical definition. The resulting formula
expresses the collapse rate in terms of the time derivative of
the collapse function and the associated metric potentials,
clearly showing its dependence on the dynamical evolution
of the system:

o —6a (1 — /1) .
32Dy (14 Dir2) (14 C1r2)T |

(5.5)
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Here, Eqgs. (5.1)-(5.4) give the dynamical matter variables
of the radiating configuration, while Eq. (5.5) gives the
corresponding collapse rate. The quantities €y, (p,)o, and
(pr)o appearing in these expressions are the static variables,
whereas « is the boundary parameter entering the temporal
evolution through the junction condition. These quantities
are given by

4C
€) = )
(+12C3 (1 +Cir2) T
[-3¢+D-a+20?], (5.6)
ac
(Pr)o = ——— [(1 + D+ 1)
(+12C3 (14 2yt
+{T+ D+ D+ @+ D}Crr?
(+1)D; (14 C1r?) 5
D) [+ + 30 }]
(5.7)
4c
(Pr)o = —— [(z + D@+ 1)
(+12C (14 2yt
+{T+ D+ D+ @2+ D}Crr?
(l+1DDy (1+Cir?)
Cq (1 + D1r2)
[(l+1)+(l+2n+1)C1r2}:|, (5.8)
n—I[—2
_ 2Dars (1+Curg) T 5
o= Ut D |:nC1 (1 + D]VE)
+(+ DD (1+C})]. (5.9)

6 Specific structure for the collapsing radiating star

In this section, we specialize the general model to the case
n = —2. We first present the static metric variables cor-
responding to this choice. The dynamical quantities of the
radiating model, namely €, p,, p;, g, and ®, are obtained
subsequently from the general expressions in Sect. 5.

One can obtain a wide range of physically distinct solu-
tions by assigning different values to the parameter n. Specif-
ically, when n = 0, the model describes a configuration with
homogeneous energy density accompanied by anisotropic
pressure distribution. For n = 1, the solution corresponds
to homogeneous density with isotropic pressure, indicating
equality between the radial and tangential pressures. In the
case n = — 1, the model yields isotropic pressure as well.

However, in order to preserve both inhomogeneity in the
energy density and anisotropy in the pressure components,
we choose n = — 2. Substituting this value into Egs. (4.11)—

(4.13) and (5.6)—(5.8), we obtain the static variables for the
model as follows:

Ao = D; (1 n D1r2)(1 n clrz)z/7 , 6.1)

By =(C> (1 + C1V2)_1/7 ) (6.2)

24D1C1r2

(1 + D1r2)(1 + C1r2)7
4Cy

T 0c2 (1 1 0r) [
(7+4C1r)
49C3 (1 +C1r2)"?" [ 1
7D (1 + C1r?)(7+5C1r?)
C1(1 + D1r2) ’

80 = - 6.3)

€

21 4+ 6C1r2] , (6.4)

(pr)o =

(6.5)

4C
49C3 (1+ Cyr2
7D1 (14 C1r2) (7 + 11C1r2):|
Ci(1+ D1r?) '

(p)o = )12/7 |:(7 +4C1r?)

(6.6)

The junction condition ((pr)o)E = 0Oinview of (p,)y =
(gB)s, (6.5) gives
—C1(7+4CrE)
7(1+ C1r2) (7 +5C1rE) + Cirk (7 +4C1r2)’
6.7)

D) =

The central values of the static variables are obtained by eval-
uating €g, (pr)o, and (py)o at the center of the configuration.
These are given by

12C
0= o7 6.8)
7C2
4C, 7D
=2t | 6.9
(=3 [ 2 ] 69)
) 4G [1+7D1] 610
Pt)o = 7C§ o | '
We observe thateg > 0, (p,)o > 0, (p)o > 0, (Pr)o _ L

€0
€y <0, p;, < 0at the centre are satisfied with suitable choice

C
of constants C; > 0, C, > 0, and —71 < D1 < 0 and for
the metric A9 > 0, D, > 0.
Substituting the specialized metric functions (6.1) and

(6.2) into the general dynamical expressions (5.1)—(5.5), we
obtain

2 . 2
e — €0 n 120 (l \/T)

-9 SRNCET)
! F[D2(14+ Dir) (14 €12)7]
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Table 2 Parameter values used in the numerical evaluation. The con-
stant Dy is computed from Eq. (6.7) and « from Eq. (6.16) for each
value of C

Parameter Low Moderate High
Cy 0.25 0.50 0.90
C 1.0 1.0 1.0
Dy 1.0 1.0 1.0
rs 1.0 1.0 1.0
D —0.0298 —0.0540 —0.0849
o 0.0660 0.1189 0.1808
y (thermal) 0.05 0.05 0.05
Q 3 3 3
apy = P 4a?(1 - V7)
r = 2 2’
! fs/z[Dz(l +D1r2)(1 +C1r2)2/7]
(6.12)
Kpr = (pro + 4052(1 - \/7)
t — 2 2
f fs/z[D2(1 + D) (1 + C1r2)2/7]
(6.13)
4r [2C1 + Di(7+9Cir?)]  2e(1—7)
Kq - 9
TD3C2(1+ Cr2) (1 4+ Dir2)* [
(6.14)
—6a(1 —
e = ( \/7) (6.15)

2 Da(14 D) (14 )|
where by using (5.9) and (6.7) we get
2C1 Dy ry
o =
7Cy(1 4 Cirs

) 77 (6.16)
The physical parameters such as anisotropy parameter
8(r), density ke(r, t), mass function at boundary My (f),
boundary red-shift zy (f), and pressures are plotted in Fig.
2.The physical parameters €, p,, p; remain finite and positive
throughout the interior of the configuration. Within the radial
domain 0 < r < ry these quantities exhibit a smooth and
monotonic decrease as the radial coordinate increases from
the center toward the boundary surface. Moreover, their first
derivatives with respect to the radial coordinate are negative
everywhere in this interval, indicating that the energy density
and both radial and tangential pressures continuously dimin-
ish outward without any irregular behavior or divergence.
By substituting the explicit forms of the relevant physical
and metric functions given in Egs. (3.1), (3.2), (3.3), (3.14),
(6.1), (6.2), and (6.16) into Eq. (2.16), the energy expression
can be rewritten in a more explicit and simplified form as

@ Springer

8§ C2Cri(1-7)
M= [E : 2 ?3/7 212 mof|
(l—l—Clrz) (1 +D1r2) 5

6.17)

where

2 C\Cr3(T+6Cir%)
mo = —
49 (14+cirg)?

Using Egs. (2.17)-(3.2), (3.14), (6.1), (6.2), and (6.16), the
expressions for the surface luminosity, the boundary redshift
at ¥, and the luminosity measured by a distant observer at
rest at infinity are obtained in explicit form:

(6.18)

_ 8 cir )
Ly =735 [(1+c,r§)(1+1),r§)] Jr (6.19)
_3 cirg -v7) 1
" [(‘ +airg)(1 +D1r§)] I U+ (6.20)
with
{(1 + Dirk) (74 5C1rE) VT +4Cird (1 7\/7)]
70+ Cr3)(1+ Dirg) Lo (620)

= (17 ZM)
rBof)s

These quantities zy, and Ly are plotted in Figs. 2d and
3a. Equations (6.20) and (6.21) indicate that the luminos-
ity observed at Lo, approaches zero as f(¢r) — 1 and as
the boundary condition (r By f)x — 2My is satisfied, sig-
nifying the approach to horizon formation. This behavior
reflects the complete trapping of radiation as the collapsing
configuration reaches the Schwarzschild radius. Further, by
making use of Egs. (3.15), (6.17), and (6.18), the time of
black hole formation corresponding to the instant when the
collapse reaches the horizon, that is, (r By f)s — 2Mx (v),
can be determined. The resulting expression provides the col-
lapse time in terms of the model parameters and boundary
quantities, thereby specifying the epoch at which the event
horizon forms:

4C1r%
= , 6.22
Vi = e riroyoesany 6P
and
14+ Dir2)(7+5Cr2
tpr = —In (2+ rs)( 2+ s) ~1. 623
a |[4Cirg + (1+ Dirg)(7+5Crs)

Horizon formation time ¢y is plotted in Fig. 3b.

7 Energy conditions and temperature evolution

To ensure the physical viability of the obtained solutions,
we examine the standard energy conditions, namely the Null
Energy Condition (NEC), Weak Energy Condition (WEC),
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Fig. 2 Variations of anisotropy, density, mass function, red-shift, radial pressure and the anisotropy indicator pressure difference for C; = 0.25
(low), C1 = 0.50 (moderate), and C; = 0.90 (high). All remaining parameters are given in Table 2
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(a) Luminosity

T T T T T T T

== Low i
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5
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Fig. 3 a The variation of luminosity for C; = 0.25 (low), C; = 0.50
(moderate), and C; = 0.90 (high). b Time of horizon formation vs
anisotropy. As anisotropy increases, the time to horizon formation

Strong Energy Condition (SEC), and Dominant Energy Con-
dition (DEC). For an anisotropic fluid distribution, these con-
ditions require:

1. NEC:e+p, >0 and €+ p; >0,

2. WEC: € >0, €e+p,>0, and €+ p;, >0,
3. SEC: e+ p, +2p; > 0,
4. DEC:€ — |py| >0 and € —|p;| > 0.

From Fig. 4, it is evident that all four combinations —
€+ pr,€,€+ pr+2p;, and € — | p,| —remain strictly positive
throughout the stellar interior for all three parametric config-
urations (Low, Moderate, and High). Each quantity attains its
maximum value at the centre and decreases monotonically
toward the boundary, yet remains well above zero at all radii.

Within the framework of extended irreversible thermody-
namics, heat transport in the collapsing matter is described
by a causal Maxwell-Cattaneo type relation. In the truncated
Israel-Stewart theory, this transport equation incorporates
a finite relaxation time and governs the evolution of tem-
perature and heat flux in a manner consistent with relativis-
tic causality, as developed by Werner Israel and subsequent
authors [52-54]:

(" + whw”) wqua +q"

= —K(g"" + w"w") [T, + Ti]. (7.1)

where K (> 0) denotes the thermal conductivity and 7 (> 0)
represents the relaxation time associated with the heat flux.
To obtain a simplified estimate of the temperature evolution,
one may neglect relaxation effects by setting T = 0 in Eq.
(7.1). Under this assumption, the transport equation reduces
to the non-causal form, yielding a simpler relation governing

@ Springer

(b) Horizon formation time

T T T T T T T
or High
Moderate

) e |

1 1 Il
0.0 0.2 0.4 0.6 0.8 1.0 1.2
C; (anisotropy parameter)

decreases, as evidenced by the narrowing of the shaded (blue) region in
b. All remaining parameters are given in Table 2

the temperature distribution:

- K— (T’+TA6) =
The magnitude of heat flux is plotted in Fig. Sa.

Assuming the thermal conductivity to be of the form K =
yTQ > 0, where y and 2 are positive constants, Eq. (7.2)
can be integrated to obtain the corresponding expression for
the temperature distribution:

an _ T 4Q+1D o (1-VF)
Tt = 00 = (73)
Ayt vy Ay fY

where Tp(¢) is an arbitrary function of ¢.

The effective surface temperature as measured by a distant
external observer can be determined from the corresponding
relation given by Karl Schwarzschild [55]:

2
AFBS £+

(7.2)

1
Ty = —->1 , 7.4
> {ﬂ5(rBof)2 }2 7
. 8 Cirg
0o = 75
49 75c3(14+ i) (1 + D)’
U=V _ 1 (1.5)
52 2° :
f (1+zx)
where for photons the constant § is given by
2,4
w7k
8= —=, 7.6
1543 7.0

where k and 7 denote respectively the Boltzmann and Planck
constants.

By selecting 2 = 3, which corresponds to radiation inter-
acting with matter under the diffusive approximation as dis-
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Fig. 4 The radial evolution of radial and tangential pressures for C; = 0.25 (low), C1 = 0.50 (moderate), and C; = 0.90 (high). All remaining

parameters are given in Table 2

cussed by Charles Misner and David Sharp [56], the model
is specialized to the radiative transport regime. The arbitrary
function Ty (¢) can then be determined by utilizing Eqs. (7.3)
and (7.4), yielding the corresponding expression:

To(t) = {136: [Dz(l + D1r2>(1 + C1r2>2/7]3 (1=7) }
b

f3/2
202 (1-V7)
+ 2/772 f5/2
[D2(1 +Dir2)(1 4+ C1r2)Y ] w8r2
1
_ 7.7
ESE 77
Temperature inside the star is given by:
T4 _ TO(f) .
[D2(1+ i) (14 €1r2)7]
1—
16 U)) (7.8)

_31/ [Dz(l + Dir?)(1+ C1r2)2/7] 3z

which is plotted in Fig. 5b.

8 Conclusion

We investigated shear-free, spherically symmetric, anisotropic
gravitational collapse with radiative heat flow, matched

smoothly to a Vaidya exterior. Focusing on the inhomoge-

neous anisotropic case n = — 2, we derived closed-form

expressions for the matter variables, kinematical scalars,

Misner—Sharp mass, surface luminosities, boundary redshift,

and the black-hole formation time.

Numerical results for three representative values of the
anisotropy parameter § through C; show that anisotropy
effectively speeds up collapse. Larger C increases the energy
density and both pressure components throughout the inte-
rior, strengthens A = p; — p, away from the centre, and pro-
duces a faster contraction. Consistently, the horizon forma-
tion time tpy decreases as anisotropy grows. The boundary
redshift zy is enhanced at each epoch. The interior temper-
ature also rises with Cp, consistent with stronger heat flux
and accelerated collapse. For the adopted parameter range,
the solution satisfies the null, weak, strong, and dominant

@ Springer
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Fig. 5 Heat flux and temperature for C; = 0.25 (low), C; = 0.50 (moderate), and C; = 0.90 (high). All remaining parameters are given in

Table 2

energy conditions throughout the interior. The future works
in this direction could include charge, viscosity, and rotation.
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