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Abstract

We consider the Schwinger model with a single fermion flavor in the presence of a topological
O-term as a benchmark model to develop quantum computing (QC) and tensor network (TN)
techniques, as well as to probe its physics, which shares many similarities with quantum
chromodynamics (QCD). The techniques developed aim to eventually enhance our capabilities
in simulating strongly coupled non-perturbative regimes of the Standard Model, particularly
in unexplored regions of its phase diagram where the conventionally used techniques are not
applicable.

Discretizing fermions on a lattice is a crucial step in simulating lattice gauge theory (LGT)
models such as the Schwinger model. Using the two common discretization schemes of Wilson
and staggered fermions, we first explore the additive mass renormalization induced by these
schemes within the Hamiltonian formalism relevant for QC and TNs. By formulating a method
to measure this mass renormalization, we demonstrate its dependence on various system
parameters. This, in turn, allows for more reliable and precise continuum extrapolations of
relevant observables, for which we achieve excellent agreement with results from continuum
mass perturbation theory. This work introduces, for the first time, a method to measure the
mass renormalization in the Hamiltonian formalism, enabling QC and TNs to require fewer
resources to achieve higher precision in continuum extrapolations. These extrapolations are
essential for LGTs computations in higher dimensions to match experimental results, such as
those from the large hadron collider (LHC) experiment.

Secondly, we demonstrate the capabilities of quantum hardware in simulating the first-order
phase transition of the model, utilizing a composite set of state-of-the-art error mitigation
techniques. While we classically simulate the variational quantum eigensolver (VQE) algorithm
to acquire the ground states at the relevant points of the phase diagram as parameterized
quantum circuits (PQCs), we perform inference runs by preparing these states on IBM’s
noisy intermediate-scale quantum (NISQ)) devices and measure observables that signal the
phase transition. Our results show that these quantum devices are able to reproduce the
transition with reasonable accuracy, showcasing the potential of NISQ devices in probing the
phase diagram of LGTs. Additionally, we perform continuum extrapolations of the electric
field observable using TNs, providing an estimate of the resources required for continuum
extrapolations in QC.

Finally, the Schwinger model is studied in the context of open quantum system (OQS) in the
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presence of a hot environment. We prepare mesonic states of the model, such as the Schwinger
boson or the electric field flux state, and evolve them under the influence of this environment,
following the dynamics governed by a Lindblad master equation in the Markovian quantum
Brownian motion (QBM) limit. The evolution is carried out using TNs and the adaptive
time-dependent density matrix renormalization group (DMRG) (ATD-DMRG) algorithm.
Specifically, we probe the thermalization time of these mesonic states as a function of various
relevant parameters. Additionally, we explore the connection between the thermalization time
and mutual information within the states. Finally, we demonstrate how our method can scale
to larger system sizes, achieving excellent preservation of the expected parity symmetry of
the electric field observable. The relevance of this work to quarkonia within the quark gluon
plasma (QGP) produced at the LHC and relativistic heavy ion collider (RHIC) is discussed
throughout.

vi



Zusammenfassung

Wir betrachten das Schwinger-Modell mit einer einzigen Fermion-Flavour in Anwesenheit eines
topologischen 6-Terms als ein Benchmark-Modell zur Entwicklung von quantum computing
(QC)- und tensor network (TN)-Techniken sowie zur Untersuchung seiner Physik, die viele
Gemeinsamkeiten mit quantum chromodynamics (QCD) aufweist. Die entwickelten Techniken
zielen darauf ab, letztlich unsere Féahigkeiten zur Simulation stark gekoppelte, nichtpertur-
bativer Regime des Standardmodells in der Zukunft zu verbessern, insbesondere in bislang
unerforschten Bereichen seines Phasendiagramms, in denen herkémmliche Methoden nicht
anwendbar sind.

Die Diskretisierung von Fermionen auf einem Gitter ist ein entscheidender Schritt bei der
Simulation von lattice gauge theory (LGT)-Modellen wie dem Schwinger-Modell. Unter Ver-
wendung der beiden géngigen Diskretisierungsschemata — Wilson- und gestaggerte Fermionen
— untersuchen wir zunéchst die additive Massenrenormierung, die durch diese Schemata im
Hamilton-Formalismus hervorgerufen wird, welcher fiir QC und TNs relevant ist. Durch
die Entwicklung einer Methode zur Messung dieser Massenrenormierung zeigen wir deren
Abhéngigkeit von verschiedenen Systemparametern. Dies ermdglicht wiederum zuverlissigere
und préazisere Kontinuumsextrapolationen relevanter Observablen, bei denen wir eine aus-
gezeichnete Ubereinstimmung mit Ergebnissen der kontinuierlichen Massen-Stérungstheorie
erzielen. Diese Arbeit stellt erstmals eine Methode zur Messung der Massenrenormierung
im Hamilton-Formalismus vor, wodurch QC und TNs mit weniger Ressourcen eine héhere
Prézision bei Kontinuumsextrapolationen erreichen kénnen. Solche Extrapolationen sind
essenziell fiilr LGTs-Berechnungen in héheren Dimensionen, um experimentelle Ergebnisse wie
die des large hadron collider (LHC)-Experiments reproduzieren zu konnen.

Zweitens demonstrieren wir die Leistungsfahigkeit von Quantenhardware bei der Simu-
lation des Phaseniibergangs erster Ordnung des Modells unter Einsatz eines kombinierten
Sets modernster Fehlerkorrekturmethoden. Wéhrend wir den variational quantum eigen-
solver (VQE)-Algorithmus klassisch simulieren, um die Grundzusténde an relevanten Punkten
des Phasendiagramms als parametrisierte Quanten-Schaltkreise zu erhalten, fithren wir In-
ferenzlaufe durch, indem wir diese Zustédnde auf IBMs noisy intermediate-scale quantum
(NISQ)-Geréten préaparieren und Observablen messen, die den Phaseniibergang signalisieren.
Unsere Ergebnisse zeigen, dass diese Quantenprozessoren in der Lage sind, den Ubergang

mit angemessener Genauigkeit zu reproduzieren, was das Potenzial von NISQ-Gerédten zur
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Erforschung des Phasendiagramms von LGTs unterstreicht. Zusétzlich fiihren wir Kontinu-
umsextrapolationen der elektrischen Feld-Observable unter Verwendung von TNs durch, um
eine Abschéatzung der fiir QC bendtigten Ressourcen bei solchen Extrapolationen zu geben.
Abschliefend wird das Schwinger-Modell im Kontext von open quantum system (OQS)
in Anwesenheit einer heilen Umgebung untersucht. Wir préparieren mesonische Zusténde
des Modells, wie den Schwinger-Boson oder den elektrischen Feldflusszustand, und lassen
sie unter Einfluss dieser Umgebung geméfl der durch eine Lindblad-Mastergleichung im
Markovschen quantum Brownian motion (QBM)-Grenzfall bestimmten Dynamik evolvieren.
Die Zeitentwicklung erfolgt mittels TNs und dem adaptive time-dependent density matrix
renormalization group (DMRG) (ATD-DMRG)-Algorithmus. Konkret untersuchen wir die
Thermalisierungszeit dieser mesonischen Zustdnde als Funktion verschiedener relevanter Pa-
rameter. Zusédtzlich erforschen wir die Verbindung zwischen der Thermalisierungszeit und der
gegenseitigen Information innerhalb der Zusténde. SchliefSlich zeigen wir, wie unsere Methode
auf groBere Systemgroflen skaliert werden kann, wobei die erwartete Paritdtssymmetrie der
elektrischen Feldobservable exzellent erhalten bleibt. Die Relevanz dieser Arbeit fiir Quarkonia
im quark gluon plasma (QGP), wie er beim LHC und relativistic heavy ion collider (RHIC)

erzeugt wird, wird durchgehend diskutiert.
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bond indices a. (b): Diagrammatic representation of an matrix product state
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(a): Examples of rank-3 and rank-4 tensors. The squares represent tensors
W, with vertical legs indicating physical indices o,0’, and horizontal legs
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(a): Left canonical form (LCF) for an matrix product state (MPS) site, cor-
responding to Eq. (2.20). (b): Right canonical form (RCF) for an matrix
product state (MPS) site, corresponding to Eq. (2.21). (¢): Left canonical form
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(a): Initial matrix product operator (MPO) representing the system’s density
matrix pg(t). (b): Separating the legs on each site with singular value decom-
position (SVD). (¢): matrix product state (MPS) representing pg(t) equivalent
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(a): Measuring the expectation value Tr(Opg(t)) with the top matrix product
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(blue circles) shown in Fig. 2.7. . . . . .. ... .. L Lo
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group (middle red boxes) and odd group (top blue box) for £ in Eq. (2.31)
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A quantum circuit of two qubits. The states |0) specify the initial state of the
qubits. The qubits are spin-1/2 degrees of freedom, hence, can be in the general
normalized state |¢)) = a/|0) + 5 |1). In other words, their basis consists of the
eigenvectors of the Pauli Z operator. Actions on these qubits are placed on
the horizontal lines. These actions are unitary operators called gates. Here we
have the gate Rp(a) = exp{—iaP/2} with P € {X,Y, Z} as a parameterized
gate. The parameter v can be varied to change the action of the gate. We also
define the parametric gate R(o, 3,7) = Rx(7)Rz(8)Rx («). The third gate is
called the CNOT gate which has the action of flipping the state of the qubit on
which the cross is placed, if the qubit from which the line of gate starts from
is in the state |1). Finally, the two boxes at the end represent measurement
of the qubits in the Z basis. This collapses the wavefunction of the qubit into
either [0) or [1). . . . . . . . o
The variational quantum eigensolver (VQE) routine, as described in Sec. 3.1.3,
takes as input a Hamiltonian, a parameterized quantum circuit (PQC) ansatz,
and an initial set of parameters 8. The algorithm begins by preparing a fixed
initial state and subsequently applying the parameterized circuit to this state.
The energy expectation value with respect to the resulting quantum state is
then measured and passed to a classical optimizer, which iteratively updates
the parameters to minimize the energy. This optimization cycle continues until

the energy converges to a desired threshold. . . . . ... ... ... .. ....

F/g (electric field density (EFD)) versus lattice mass mya/g. The markers
represent data for different physical volumes N//x = 10 (purple circles), 15
(yellow triangles), 25 (black crosses), and 40 (blue squares), demonstrating the
presence of finite-volume effects for the mass shift (MS). Following Eq. (1.7),
the electric field density (EFD) vanishes for m,/g = 0; therefore, the intercepts
of the data curves with F/g = 0 (red dashed line) correspond to minus the
mass shift (MS) for a given volume. Note that the error bars are much smaller
than the markers and thus, are not visible. . . . . . . . .. ... ... ... ..
(Lw) (electric field density (EFD)) against inverse bond dimension 1/D to
extrapolate to D — oo with D = 40, 60, 80. This example is for Wilson fermions
at N =100, lp = 0.1, myat /g = —0.08236266. Similar behavior was observed for
staggered fermions as well. The error bars are emanating from the variational
algorithm to compute the relevant ground states. As shown by the calculation
on the top of the y-axis, the points are all closely converged to the value

corresponding to the D — oo limit. . . . . . . . .. . ... ... ... ... ..
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Mass shift (MS) versus inverse volume. The markers show data for volumes
N/+/x between 10 and 40, where = 10 and [y = 0.1 are fixed. The mass shift
(MS) exhibits a plateau for volumes N/\/z 2 30, with a relative difference in
the mass shift (MS) of ~ 0.01% for the largest two volumes of 35 and 40 (see

inset). The error bars are much smaller than the markers and thus are not

Mass shift (MS) as a function of the lattice spacing ag. We fix Iy = 0.125 and
N/y/x = 30, with N ranging from 300 to 500. To first order, the ag-dependence
of the mass shift (MS) is linear. As before, the error bars are much smaller
than the markers and thus are not visible. . . . . . ... ... ... .. ....
Mass shift (MS) versus lattice spacing ag = 1/+/x for two different values of
the background field, lp = 6/(27) = 0.03 (black crosses) and 0.25 (red circles),
demonstrating that the mass shift (MS) is different when Iy = 6/27 varies. The
volume is fixed to N/y/x = 20, with N ranging from 25 to 90. As before, the
error bars are much smaller than the markers and thus are not visible. . . . .
Difference in mass shift (MS) between two different values of the background
field, lp = 6/(27) = 0.25 and 0.03, see Eq. (4.6), as a function of the lattice
spacing ag. The volume is fixed to N/\/x = 20, with N ranging from 25
to 90. The inset shows data for z = 1/(ag)? = 12.25, 16, and 20.25, which
demonstrate that the -dependence of the mass shift (MS) becomes negligible
for small ag. As before, the error bars are much smaller than the markers and
thus are not visible. . . . . ... L L o
Mass shift (MS) versus background electric field ly. The field Iy = 6/27 is
swept over a full period between 0 and 1, and the mass shift (MS) shows the
expected periodicity in ly. The data points correspond to [y € [0.01,0.9526],
N = 100, and = = 1. As before, the error bars are much smaller than the
markers and thus are not visible. . . . . .. ... .. 0 oo,
F /g (electric field density (EFD)) as a function of the lattice mass my,¢/g for
the Wilson parameter r = 1 (black solid line with lower z-axis) and r = —1
(blue dashed line with upper z-axis). We fix N = 100, z = 1, and [y = 0.125.
The horizontal red dotted line indicates F/g = 0, and the orange dash-dotted
vertical line passes the intersection point of the blue and black lines with the
red dotted line. The intersection is at a value of my,/g = 0.214681 for r = —1
(upper x-axis) and my,; /g = —0.214681 for r = 1 (lower z-axis). As before, the

error bars are much smaller than the markers and thus are not visible. . . . .
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F /g (electric field density (EFD)) as a function of lattice spacing ag. Black
crosses represent data incorporating the mass shift (MS) for m, /g = 0.03,
while green triangles correspond to data without the mass shift (MS), keeping
miat/g = 0.03 fixed. We set [ = 0.125 and N/\/z = 20. For data that include
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behavior of non-improved Wilson fermions [268]. In contrast, for data without
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adding individual uncertainties in weighted quadrature. Error bars are too
small to be visible. . . . . .. Lo o
F /g (electric field density (EFD)) extrapolated to the continuum as a function
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and N/v/x = 20 fixed. Error bars for the black crosses are too small to be visible. 50

Schwinger boson mass (vector mass gap), Mg/g, as a function of the squared
lattice spacing, (ag)?. The data points (black crosses) correspond to Iy = 0.125
and m,/g = 0, with a fixed volume of N/\/z = 40 for N € [300,600]. A
quadratic fit in ag (red line) yields an extrapolated value of Mg/g = 0.5642 +
0.0011, which aligns with the theoretical expectation Mg/g = 1/y/7 = 0.5641
from Eq. (1.6). . . . . . .
F/g (electric field density (EFD)) as a function of the lattice mass my,¢/g for
staggered fermions, with z = 10 and lg = 0.125. The horizontal blue dotted
line marks the point where the electric field density (EFD) vanishes, while the
vertical purple dashed line represents the theoretical prediction for the mass
shift (MS) from Ref. [267]. Different markers indicate data for various physical
volumes: N/y/x = 10 (yellow triangles), 20 (black crosses), and 30 (red circles).
The error bars, stemming from the extrapolation in bond dimension, are too

small to be visible. . . . . . . ..
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The behavior of mg/g (mass shift (MS)) as a function of 1/y/x for Iy = 0 (red
circles) and lp = 0.08 (blue squares), where | = [y for this plot. The mass shift
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from concurrent variational quantum eigensolver (cVQE) (open symbols) and
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of the mass shift (MS), up to a minus sign. . . . .. ... ... ... .....

Decomposition of a generic SO(4) gate depending on the six parameters
01,....06 (a) the Rxxiyy(0) = Rz, exp(—if(XX +YY)/2)R} (b), into
CNOT and Pauli rotation gates. The Rz, rotations in the definition of
Rxxivyy(0) restrict the state to the real subspace. Boxes acting on a sin-
gle qubit correspond to Pauli rotation gates, Rp(a) = exp{—iaP/2} with
P e {X,Y,Z}. Single-qubit gates where the argument is omitted refer to
rotations around an angle 7/2, Rp(w/2). The light blue boxes represent the pa-
rameterized gates which are R(«, 5,7v) = Rx(v)Rz(S)Rx(«) in (a) and Ry (0)
in (b). Panel (c¢) and (d) illustrate one layer of the brick and ladder ansatz,
respectively, both following a non-parametric part for preparing the initial state
|tin) (yellow box). The first layer in the brick ansatz has a CNOT-depth of 4
whereas in ladder it is 2n — 2, where n is the number of qubits, and in both

cases it increases by 4 with each layer. . . . . . . .. . ... ... ... ....
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Electric field density (EFD) (Ly,s) and particle number (PN) (P g) against lo
with data from quantum hardware (black crosses), as compared to the noiseless
expectation values (red pluses) and exact diagonalization (blue circles) for
Wilson and staggered fermions respectively. The staggered fermions in this case
have the same number of qubits as the Wilson fermions. Hence, while the title
of each column specifies the N for Wilson fermions, for staggered it is taken to
be double that value. The lattice mass for these data is set to myat/g = 10, so
that we are above the second order phase transition of Fig. 1.2, without having
to account for the mass shift (MS). Therefore, we can observe the first-order
phase transition. Note that the error bars, which are discussed in Sec. 5.4, are
much smaller than the y-scale and thus, are not visible. . . . . .. ... ...
The description for this figure follows Fig. 5.2, however the lattice mass here
is set to myas/g = 0, so that we are below the second order phase transition
and thus observe no first-order phase transition as expected. Note that the
error bars are much smaller than the y-scale and thus, are not visible. The blue
circles represent the exact diagonalization, red pluses the noiseless simulations
and black crosses the quantum hardware results. . . . . ... ... ... ...
The phase transition point [§ as a function of 1/N for z = 7,9 and m,/g =
0.5 (a),1 (b). The error bars, estimated via the bisection method described in
the main text, are smaller than the scale of the y-axis and are therefore not
visible. . . . L
Histograms for the absolute errors of the mitigated and unmitigated data for the
electric field density (EFD) for the Wilson (a) and the staggered discretization
(b) as well as the particle number (PN) for the Wilson fermions (c) and the
staggered formulation (d). Blue bars represent the absolute error between the
hardware data after zero noise extrapolation (ZNE) and the simulated VQE,
while red bars represent the absolute error between unmitigated hardware data
and the simulated VQE. Each subplot includes all N, mya/g,lo. - - - - . . . .
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5.6

2.7
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xviii

Electric field density (EFD) (Lw,s) and particle number (PN) (Py,s) against
noise factor for zero noise extrapolation (ZNE) on the data (black crosses)
obtained from quantum hardware for different parameters specified in the titles
of each subplot with Wilson and staggered fermions. The red pluses are noiseless
values of the observables and the blue circles are the exact diagonalization
results. For the fits we fit a first-order polynomial to either all points (blue
continuous line) or to points with noise factor 1, 3 (dashed orange line). We
also fit a second order polynomial to all points (green dotted dashed line). The
brown triangle is the weighted average of the extrapolated points of these 3
fits. The plots on the left (a — d) are showing examples where the zero noise
extrapolation (ZNE) helped take the expectation values measured closer to the
noiseless result, while on the right (e —h) we show occasions where the zero noise
extrapolation (ZNE) might not be able to improve the result. However, overall
the results of the main text indicate that zero noise extrapolation (ZNE) can
significantly improve the results. The calculation of the error bars is described
within this Appendix and where they are not visible, they are smaller than the
markers and y-scale. . . . ... Lo
Electric field density (EFD) (Lw,s) against ag to extrapolate to the con-
tinuum limit with fixed volume N/y/xz = 30, fixed m;/g = 0.01, using
N =70,80,90,100. The continuous orange line is a linear fit and the dashed
blue line is a second order polynomial fit. (a — ¢) is showing Wilson fermions for
lo = 0.1,0.4,0.6 respectively and (d — f) the same for staggered fermions with
the same x as Wilson fermions and the electric field density (EFD) method
for the mass shift (MS) [60]. The error bars emanate from the variational

algorithm to compute the relevant ground states and the extrapolation in bond

dimension. They are much smaller than the markers and thus, are not visible.

Electric field density (EFD) F/g against [y for Wilson fermions and staggered
fermions at m,/g = 0.01. The following mean squared error (MSE) values
are the mean squared error (MSE) of each of the data as compared to the
continuum mass perturbation theory prediction for the electric field density
(EFD) F/g given in Eq. (1.7). For staggered fermions with MS; and same x
(number of qubits as Wilson), the mean squared error (MSE) is 1.041 x 1076
(6.16 x 1077), and respectively for MSy 6.143 x 107? (2.617 x 10~%). For
Wilson fermions the mean squared error (MSE) is 7.926 x 10=?. The error bars
emanate from the errors in the variational algorithm to compute the relevant

ground states, the extrapolation in bond dimension and in lattice spacing. . .
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5.9

6.1

6.2

6.3

6.4

6.5

Electric field density (EFD) F/g against [y for Wilson fermions using no mass
shift (MS) at m,/g = miat/g = 0.01. The MSE is calculated as in the main text
and found here to be 7.939-10~%. The error bars emanate from the errors in the
variational algorithm to compute the relevant ground states, the extrapolation

in bond dimension and in lattice spacing. . . . . ... .. ... oL,

Subtracted electric field (SEF) AF(n) per link n as a function of time ¢. The
red line on the y-axis represents the initial electric field flux generated by the
pair of positive/negative charges shown as plus/minus on the string’s endpoints.
(b): Subtracted charge AQ(n) per site n as a function of time ¢. In (b) we
focus on the early time dynamics and show how the charges forming the initial
string spread out. The parameters used are N =12, x =1, m = 0.5, l[j = 0,
D=2 T=10. . .\
Subtracted electric field (SEF) AF(n) of the middle link n = 5 as a function
of time t. The inset zooms in on the early-time dynamics, demonstrating the
monotonic decrease of subtracted electric field (SEF) from its initial value to
zero, indicating thermalization towards the steady state. The time resolution
is fine enough to render the data quasi-continuous, with points connected by
lines. This monotonic trend in subtracted electric field (SEF) is key to defining
the thermalization time T.. . . . . . .. .. . .
Thermalization time T as a function of dissipator strength D and background
electric field lp. The parameters are N = 12, x =1, T'= 10, (a): m = 0.1, (b):
m = 0.5, (¢): m =0.75, (d): m = 1. Each axis contains 20 equidistant points
with D € [2,5], lp € [0.0,0.5]. All other parameters are as given in Sec. 6.1.
Cyan contour lines represent levels of thermalization time 7. Increasing D, [,
or mresults in a higher 7.. . . . . ... ... o
(a): Thermalization time 7 vs dissipator strength D, (b): applied background
electric field ly, and (¢): mass m. The error bars, which are not visible due to
the large y-scale, are estimated to be 0.1, as inferred from the data in table 6.1
and discussed in Sec. 6.1.4. The lines are provided as visual aids. . . . . . . .
(a): Subtracted kinetic energy (SKE) AK vs time for m = 0.1 and (b): m = 1.0
at N = 12. The time resolution is fine enough that the data appears quasi-
continuous, with points connected by lines. Higher dissipator strength D leads
to a lower subtracted kinetic energy (SKE) peak. Insets display a later stage
of the time evolution, highlighting the approach to thermalization. . . . . . .
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6.6

6.7

6.8

6.9

6.10

6.11

Subtracted mutual information (SMI) AI as a function of time ¢ for the
parameter sets in the four corners of Fig. 6.3(a, d) at N = 12. The mutual
information is measured between sites 4,5 and 6,7. The initial string extends
between sites 4 to 7, hence the two regions 4,5 and 6,7 measure the mutual
information between the two halves of the original string. The inset focuses
on the times between 10 and 20 to emphasize how fast the subtracted mutual
information (SMI) of each parameter set decreases. The resolution in ¢ is fine
enough that the data is quasi-continuous and connected with lines. . . . . . .
Thermalization time 7 as a function of the environment’s temperature T for
N =12, D = 2,5, 1y = 0.0,0.5, m = 0.1,1.0. The error bars, which are not
visible due to the y-scale of the plot, are estimated to be 0.1 as inferred from
the data in table 6.1 and discussed in Sec. 6.1.4. The lines represent the fit
described by Eq. (6.3). . . .« . . ..
(a): Subtracted kinetic energy (SKE) AK, (b): particle number (PN) P for
the case where the initial state is the Dirac vacuum with the string present
P (b), both as a function of time ¢. In (a) the legend gives the value of AK
at the peak and in (b) the legend gives the final value of P at time ¢ = 100.
The comparison is drawn between temperatures 7' = 7 and T = 100. The
bottom two subplots (c), (d) show the subtracted electric field (SEF) AF(n)
as a function of the link number n and time t for 7' = 7, 100 respectively. All
plots have fixed parameters N =12, D =5,lp =05and m=1.0. . ... ..
Subtracted mutual information (SMI) Al as a function of time ¢ for D = 5.0,
m = 1.0, l[p = 0.5 and T" € [7,100]. Inset (a) focuses on the peak of Al and
inset (b) on the order at which different temperatures decrease to the steady
state value Al =0 in late times. . . . . . . . . ... ... L.
Subtracted electric field (SEF) AF(n) per link number n as a function of
time t for N = 12,24, with parameter values Iy = 0.0,0.5, D = 2.0,5.0, and
m = 0.1,1.0. Additional parameter details are provided in Section 6.1. The
subtracted electric field (SEF) approaches zero upon thermalization, and the
data indicate that increasing D, lp, and m results in longer thermalization
times. Doubling the system size further mitigates boundary effects. . . . . . .
(a): Subtracted electric field (SEF) AF(n) per link number n over time ¢ for
N =100, D =0.15, 2 =4, m =0, 7 = 0.001. (b): Close-up of the middle region
of subplot (a). (¢): Absolute subtracted electric field (SEF) difference between
symmetric link pairs, P = |[AF(n=1i) — AF(n =N —i—2)|, for i € [0,48],
using data from (a). The algorithm preserves reflection symmetry around the
central link with an average accuracy of O (10_4). The darkest line corresponds
to the link pair closest to the center, while the brightest line represents the
first and last links. . . . . . ... L
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(a) — (¢): Subtracted electric field (SEF) of the Schwinger boson, AFg(n), per
link number n as a function of time ¢ for D = 2,3.5,5. (d): Comparison of
thermalization time measured using the subtracted electric field (SEF) (Tap,)
and the subtracted energy (7ag,) as a function of the dissipator strength
D. (e), (f): Time evolution of subtracted electric field (SEF) and subtracted
energy, respectively, for different values of D. The insets highlight the long-time
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(a): Time evolution of the subtracted particle number (SPN) APp for the
Schwinger boson. (b): Evolution of the subtracted kinetic energy (SKE), AKp.
Both plots demonstrate how increasing the dissipator strength D slows the
thermalization process. The insets highlight the long-time behavior. Individual

data points are omitted for clarity due to the fine time resolution. . . . . ..
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Introduction

The Standard Model, which describes three of the four fundamental forces of nature, has
achieved unprecedented success, particularly in predicting particles such as the Higgs, W, and
Z bosons before their experimental confirmation [1-3]. Moreover, it provides exceptionally
precise theoretical predictions for the masses of these bosons [4—6], as well as for the magnetic
moment of the electron [7]. It also offers powerful tools to investigate matter under extreme
conditions, such as quarkonia in the quark gluon plasma (QGP) [4, 8-10], providing a unique
window into fundamental physics, including the nature of the strong force and the conditions of
the early universe. However, the Standard Model has limitations, particularly in explaining the
matter-antimatter asymmetry, which is closely related to the strong charge conjugation - parity
(CP) problem in quantum chromodynamics (QCD) [11-14]. The strong CP problem questions
why QCD preserves CP symmetry to an extraordinary degree, despite theoretical expectations
that it could be significantly violated. More specifically, the neutron electric dipole moment
within QCD incorporating a topological f-term is given by dy = (5.2 x 1071% - cm) 0, with
the experimental constraint dy < 1072%¢ - cm, leading to the bound § < 107'Y. Since a
nonzero 6 parameter explicitly breaks CP symmetry and theoretically spans the range [0, 27],
the strong CP problem fundamentally concerns why it is so fine-tuned near § = 0. This
fine-tuning is connected to the observed matter-antimatter asymmetry, as one of the necessary
conditions for generating the baryon asymmetry of the universe is CP violation [15].

These limitations motivate both extensions of the Standard Model and deeper analyses of its
existing content. To explore regimes in which analytical perturbation theory is not applicable,
lattice gauge theory (LGT) has been developed as a powerful framework to probe strongly
interacting theories such as QCD [16, 17], or even QCD+quantum electrodynamics (QED) [18—
20]. To simulate LGTs, the Monte Carlo algorithm within the Lagrangian formulation has
been a widely used and successful approach [16, 18, 21, 22], leading to significant progress,
including precise determinations of the anomalous magnetic moment of the muon [23], quark
masses [18], and many other observables. However, Monte Carlo methods face the well-known
sign problem [24, 25], which presents severe challenges in regions of the QCD phase diagram
with finite temperature and baryon density, as well as in real-time dynamics [26, 27]. Several
strategies have been proposed to mitigate this problem, including dualization techniques and
density-of-states approaches [28].

Promising alternative approaches to tackle these challenges are tensor networks (TNs) [29,



30] and quantum computing (QC) [31-33] techniques, which rely on the Hamiltonian formu-
lation and naturally circumvent the sign problem [25]. On the one hand, TNs have already
demonstrated promising results in LGT, both for real-time dynamics and spectrum explo-
ration [34-36]. However, they are limited in their ability to represent quantum states with
large entanglement entropy or to efficiently scale to higher spatial dimensions [37, 38], where
QC methods offer a more natural representation. Quantum computers inherently leverage
quantum mechanics in their simulations, avoiding theoretical constraints on the types of
quantum states they can efficiently represent [39]. Nevertheless, in practice, both TNs and
QC have their own limitations, necessitating the continuous development of new techniques
within their respective frameworks.

To this end, the Schwinger model, which represents 1+1 dimensional QED, has been widely
employed as a benchmark for developing and testing novel numerical techniques [40-53].
One of its key attractions is its structural similarity to QCD, exhibiting features such as
confinement, chiral symmetry breaking, the axial anomaly, a mass gap, and strong-coupling
behavior [54-57]. Despite these similarities, the Schwinger model is of significant interest in
its own right, as will be explored in this thesis. For instance, it provides a theoretical setting
to study the Sauter—Schwinger effect [45], which describes fermionic pair production in strong
electric fields and has experimental relevance in high-intensity laser physics [58].

The objectives of this thesis are to utilize the Schwinger model, specifically in the presence
of a topological f-term representing a background electric field, as a platform for advancing
TN and QC simulations. In particular, we first address the challenge of mass renormalization
within LGT and develop, for the first time within the Hamiltonian formulation, techniques
for measuring the mass shift (MS), applicable to both TNs and (QC. These techniques play a
crucial role in the extrapolation of observables to the continuum limit, enabling meaningful
comparisons with high-energy experimental results. Further, we aim to demonstrate the
capabilities of QC in probing the phase diagram of LGTs, while showcasing the effectiveness
of stacked error mitigation techniques on noisy intermediate-scale quantum (NISQ) devices.
These devices, characterized by their limited number of qubits and susceptibility to noise
and decoherence, require careful error handling and resource estimation to assess their near-
term capabilities. Finally, this thesis explores the Schwinger model within the framework
of open quantum system (OQS) to investigate the thermalization of mesonic states in a hot
environment, such as the Schwinger boson state and the state consisting of an electric field
flux string. This study emulates the dynamics of quarkonia in the QGP, which is of significant
relevance to our understanding of the early universe and experimental facilities such as those
at the large hadron collider (LHC) and relativistic heavy ion collider (RHIC).

The chapters of this thesis are organized as follows:

Chapter 1 - This chapter introduces the theoretical background, starting with the continuum
Schwinger model, its phase diagram, and quantum anomalies, as well as results from
mass perturbation theory. It then discusses the fermion doubling problem and outlines

two discretization approaches used to address it: Wilson and staggered fermions. Finally,



we introduce the theory of OQS, focusing specifically on aspects relevant to this thesis,
including the Markovian Lindblad master equation in the quantum Brownian motion
(QBM) limit.

Chapter 2 - This methods chapter provides a comprehensive introduction to matrix product
states (MPSs) and their properties. It then discusses matrix product operators (MPOs),
followed by descriptions of the density matrix renormalization group (DMRG) and
adaptive time-dependent DMRG (ATD-DMRG) algorithms for ground-state search and

time evolution, respectively.

Chapter 3 - The second methods chapter covers key concepts in QC. It begins by explaining
quantum circuits and measurement techniques, followed by a detailed discussion of the
variational quantum eigensolver (VQE) algorithm for ground-state search. The chapter

also explores various error mitigation techniques.

Chapter 4 - This results chapter, based on [53, 59, 60], presents our methodology for measur-
ing the MS of the Schwinger model and investigates its dependence on system parameters.
We perform a continuum extrapolation of observables and compare them with mass per-
turbation theory predictions. Additionally, we contrast our MS measurement approach

for staggered fermions with theoretical predictions.

Chapter 5 - This chapter, based on [61], demonstrates the capability of QC in simulating
the first-order phase transition of the Schwinger model by utilizing the current IBM
quantum hardware. We analyze the VQE algorithm’s effectiveness, identifying the
best ansatz and optimal gate choices. Furthermore, we employ state-of-the-art error
mitigation techniques, assess their performance, and perform continuum extrapolations

using MPSs to estimate the quantum resources needed for future large-scale simulations.

Chapter 6 - The final results chapter, based on [62], investigates the thermalization of
mesonic states in a hot environment. It explores the Schwinger model as an OQS
and examines how the thermalization time of these states depends on various parame-
ters. Additionally, we establish connections between quantum mutual information and

thermalization time, highlighting their correlation.

Conclusion - The thesis ends with a conclusion on the methods and results presented
throughout. Further, we also provide an outlook on the various topics explored in the

sections of results.



1 Theory

In this section we will discuss the physics of the continuum Schwinger model starting in Sec. 1.1.
The Schwinger model describes quantum electrodynamics (QED) in 1+1 dimensions and has
been the subject of intense study due to its relevance to both theoretical and experimental
physics. One of the main reasons for its appeal is that it shares many similarities with
quantum chromodynamics (QCD), such as confinement, charge screening, and chiral symmetry
breaking in the massless limit [55, 63]. These phenomena are crucial for understanding the
non-perturbative aspects of QCD, and the Schwinger model provides a simplified framework
for studying them in a lower-dimensional setting. For instance, due to confinement, the
fundamental particle of the Schwinger model’s spectrum is the Schwinger boson, an fermion-
antifermion bound state, as opposed to individual fermions. This is analogous to the case
in QCD, where quark confinement leads to the formation of hadrons like pions, which are
composed of quark-antiquark pairs [64].

It is also an interesting model in its own right, first of all because it is one of only a few
quantum field theories with an exact solution in both the massless and large mass limits [65].
Furthermore, it is relevant to the study of experimentally interesting phenomena such as the
Sauter—Schwinger effect, which describes the pair production of fermions in the presence of
a strong electric field [45, 66]. This effect has been the subject of active research in both
high-energy physics and ultracold atomic systems [67], with recent studies focusing on its
possible experimental observation in quantum simulations.

Recent advances in quantum simulation have enabled the realization of the Schwinger model
on platforms such as superconducting qubits [61, 68-75], ultracold atoms [76-80], and trapped
ions [81-84], providing the opportunity to explore fermion confinement, chiral symmetry
breaking, and other non-perturbative phenomena [85, 86]. These quantum simulators offer
highly controllable environments where parameters such as the coupling constant, fermion
mass, and gauge fields can be finely tuned to simulate the dynamics of the Schwinger model.
For instance, trapped ions have been used to simulate QED in 1+1 dimensions, enabling the
study of the model’s vacuum structure and the role of gauge field interactions in fermion
dynamics [85]. Ultracold atoms in optical lattices have also been employed to simulate the
Schwinger model, providing insights into the physics of confinement and topological effects in
low-dimensional systems [86]. These platforms form the onset for future studies of high-energy

phenomena in synthetic quantum matter.



1.1 CONTINUUM SCHWINGER MODEL

In the sections following, the fermion doubling problem is presented in Sec. 1.2, which arises
from discretizing the spatial dimension on a lattice. Sections 1.3 and 1.4 outline two possible
solutions to the doublers, namely the Hamiltonian formulations of Wilson and staggered
fermions. Finally, in Sec. 1.5 we describe the theory behind the Schwinger model as an open

quantum system (OQS), which is relevant to the study of Ch. 6.

1.1. Continuum Schwinger model

The Schwinger model with one fermion flavour in the continuum is described by the Hamiltonian
density [46, 53, 55, 56, 60, 61, 87]
1 . — 1 : g& 2
H =iy (01 —igA) Y +mPp+ o | A+ ) (1.1)
where the temporal gauge Ag = 0 [88] is used. The physical states of this Hamiltonian need
to obey the constraint of Gauss’s law [89, 90]

81A1 = —giﬂhﬂ. (1.2)

The first term in Eq. (1.1) is the kinetic term, which involves the two-component Dirac
spinor ¥ (x) describing fermionic matter. This operator satisfies the standard fermionic anti-
commutation relations {1, (), %a (¥)} = (2 — y)daas [91], with the spinor indices a, o’ now
shown explicitly. By the definition ¢ = 14°, this term involves the two-dimensional matrices
~v* with g = 0,1, which satisfy the Clifford algebra [92] {y*,+"} = 2n*", where the metric is
n* = diag(1, —1).

The next term involves the coupling g between the fermionic operator ¢ and the gauge field
operator A,. Given our choice for the temporal gauge Ay = 0, only the ;4 = 1 component is
present in the Hamiltonian. This is a vector gauge field operator that makes the Hamiltonian

invariant under the local gauge transformation [93, 94]

4 o oay 4 U@ (1.3)
g
The global transformation with the generic phase function f independent of x leads to the
conservation of electrical charge through Noether’s theorem [91, 95]. This means we can
group the states of the Hilbert space into subspaces of a given total electric charge and the
physical subspace is the one with zero total electrical charge [54]. This can also be understood
intuitively using Gauss’s law. Take a one dimensional space and set a positive charge g in the
middle. Then form a Gaussian surface around this charge, which in one dimension consists of
two points on each side of the charge. Using Gauss’s law, that states the electric field flux

out of the Gaussian surface equals the charge enclosed, we find the electric field is constant



CHAPTER 1 THEORY

throughout the space having the value g/2. This shows that states with non-zero total charge
will have an electric field which does not decay to zero as = tends to o0, leading to an infinite
electric field energy.

The third term in the Hamiltonian is the mass term defining the bare mass m while the final
two terms involve the electric field energy density. In this last term the first part of the bracket
represents the dynamical electric field energy density while the second part represents a static
background electric field energy density [46, 56, 57]. This is a topological term involving the
topological 6 parameter defined between [0, 27) [60, 96].

This last last term enriches the phase diagram of the model with first and second order
phase transitions which we turn to next.

Regarding the ground state in the limit of large mass in units of the coupling m/g > 1,
where we can neglect the kinetic energy, it is energetically less probable to have charged
particles present when the background electric field is small [96]. In this first case, the only
energy contribution will come from the background electric field. A second case emerges as
we increase the background electric field, since there is a 8 value which makes it energetically
favourable to produce a negative-positive charge pair separated by a distance Ax that screens
the original background electric field to reduce the overall energy. Let the one dimensional
spatial dimension extend from A to B and define [y = 6/27. Using Gauss’s law we also know
that a unit charge produces an electric field magnitude of |E| = ¢/2 [96]. The two different
cases above, also shown in Fig. 1.1 as case 1 and 2, have respectively a total energy in units

of the coupling given by

(R 2
Case 1: 5 dzx = gl5(B — A) (1.4)
g
2 2 _1)2
Case 2: |gal:z: = %(B —A—Azx)+ g(l(]Ql)Ax, (1.5)
g

where we renormalize the energy of the Dirac sea to zero and assume no particles are present
in this large mass limit [96]. A separation Ax = B — A minimizes the energy of case 2. By
equating the above two cases, we find that the transition happens at § = w. At this value of ¢
the combined action of charge conjugation - parity (CP) is a symmetry of the Hamiltonian
Eq. (1.1) which then gets spontaneously broken when the system chooses one of the two
cases of degenerate vacuum states [96, 97]. Away from this 6 value, the CP transformation is
not a symmetry, as the topological 6 term is antisymmetric under this transformation [97].
Lowering the mass, we find a critical mass around m/g =~ 0.33 [96], where the first-order phase
transition line ends with a second order phase transition point, as shown in Fig. 1.2, after
which there is a unique vacuum state [56, 96, 97] and the CP symmetry is restored. In this
small mass limit we have analytical results from mass perturbation theory [55]. The particle
spectrum does not consist of fermions but rather a massive meson called the Schwinger boson.
In the massless limit, this boson is free and the higher excited states are just free n-particle

excitations of this boson. In the massive case, the boson becomes interacting so the excited



1.1 CONTINUUM SCHWINGER MODEL
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Figure 1.1: Working in the large mass limit, the top line shows the configuration for case 1 of Eq. (1.4)
which is a state in the absence of electrical charges and with only a background electric field gly present.
For case 2 in Eq. (1.5), the bottom line shows the case of a negative-positive charge pair set a distance
Ax apart.
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Figure 1.2: [llustration of the phase diagram of the Schwinger model in the presence of a topological
term in the m/g — 6 plane. Since the physics is periodic in 6 with period 2w, only the first period is
shown. The critical line (shown in black) indicates the first-order phase transitions occurring at 6 = 7
for masses larger than the critical one m./g = 0.33, which ends in a second-order phase transition
(green dot) exactly at m./g. Below the critical mass no transitions occur.
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states are n-boson bound states [56].
Two important results derived within mass perturbation theory are the mass of this Schwinger
boson and the vacuum expectation value of the electric field density given respectively in

units of the coupling by [55]

Ms _ 1 (143560107 (m> cos 0 + 7 (5.4807 — 2.0933 cos (26)) <m>2 " (1.6)
= . ; . : ; .
F e’ /m e2’ rm\?

L (™) sing—89139 S (™) sin(26). 1.
; ﬁ(g>sm 8.9139 47T<g) sin (26) (1.7)

We can also learn a lot about the theory by looking at the quantum axial anomaly which
we will explain now. For this, and for Sec. 1.2, we will use the interchangeably equivalent
to the Hamiltonian, which is the Lagrangian, related to the Hamiltonian by a Legendre

transformation. The Lagrangian density of the model is given by

1
4

(s v 0 v

L=9@f — gh—m)yp — S F, ™ + Z—ﬁe“ Fl. (1.8)
At the classical level, this Lagrangian is symmetric under the axial transformation ¢ — 1/ =
e384 when m = 0 for any real angle .

The quantum theory can be described by the partition function [93, 94, 98]
Zm, 0] = / DADGDy SADbm] (1.9)

where the action is defined as S = [d?z £. This quantum theory does not preserve axial
symmetry, even when m = 0. When a symmetry present at the classical level is not preserved
at the quantum level, it is referred to as a quantum anomaly.

The anomaly originates from the transformation of the path integral measure Dy, which

acquires a contribution from a Jacobian factor J [98]:

J = exp <—i / deire“”FW> . (1.10)

This factor can be derived using the Fujikawa method [98, 99]. Since both D1 and D) acquire
the same factor, the full measure transforms by a factor of J2.

Equipped with this factor we are able to show that Z[m = 0, 6] is identical to Z[m = 0,0 =
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0] [60],

Zlm = 0,6] = / DADGDp SIADw)

= / DADY Dy eSAV0.0]

= /J2DAD{MD¢ oiS[AD,0.0] (1.11)
= / DADYDY GSIAG =i [ dPcflen F,
= Z[m = 070 — 0],

which implies that in the massless limit, the parameter 6 is unphysical and can be transformed
out of the theory [46, 56, 60, 96]. In the second equality of Eq. (1.11), the symmetry of the
action at m = 0 under the axial transformation was used. In the last equality, we have set
B = 0/2 which cancels the 6 term present in the original action. For the massive case, we
would have found that Z[m, 6] is identical to Z[—m, 0 + 7] which comes from the mass term
acquiring the factor 2758 under the axial transformation. In the second exponent term of
the fourth line in Eq. (1.11), excluding the prefactor i2/3 = if, we have the topological charge,
which takes only integer values [56]. Thus, the quantum theory is symmetric under § — 6+ 27,
just as any observable of the theory [46, 56, 60].

In summary, we have introduced the Schwinger model with one fermion flavour in the
continuum, and in the next section we will start discussing the procedure to discretize this
model on a lattice. We have looked at the axial anomaly, which shows how the # parameter
becomes unphysical in the massless limit and that observables are periodic in 6 with a period
of 2. These results are further confirmed by the analytical results from mass perturbation
theory on the mass of the fundamental particle of the theory and the electric field density.
We make extensive use of all of these insights in Ch. 4. Further, we have described the phase
diagram of the model with a first-order phase transition line ending at a second order phase
transition point. This takes the theory from a CP-violating phase at large mass to a phase
of CP-symmetric phase for small mass. In Ch. 5, we explore this phase diagram with IBM’s

superconducting quantum computers.

1.2. Fermion doubling problem

In order to perform numerical simulations we need to discretize our model on a finite lattice.
For fermions, this causes the fermion doubling problem which we will demonstrate in this
section using a single massless free fermion in 141 dimensions [98, 100-102]. The action in

the continuum
S = /d% (@waw), (1.12)

can be discretized with the forward, backward or symmetric discrete derivative. The first

two will break charge, parity and Euclidean time reversal symmetries [101], so let us take the
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symmetric discrete derivative. The action becomes

S:a2zzﬂ(x)zvy (@Z)(az+aﬂ)—¢(fv—aﬂ)>, (113)

zel o 2a

where the sum runs over all lattice points I' and [ is the unit vector in the temporal and

spatial directions. If we Fourier transform this expression we have
S=ad ¢ D(k)tg, (1.14)
k

where the range of k, in each direction is k, € [-Z,T) with the endpoints identified and D(k)

is called the inverse propagator given by
D(k) = Z'y“sin (kua) . (1.15)
“w

The poles of the propagator, i.e. the zeros of the inverse propagator in Eq. (1.15), specify
how many fermion modes the lattice theory consists of [101]. In this case we find the
physical one at k, = 0 but also find further 3 unphysical ones, called the doublers, at
k =10,7/al,[r/a,0],[r/a,m/a]. More generally for every direction we discretize, we will have
a factor of 2 more fermion modes when we only started with one [98, 101, 102].

This is a consequence of the Nielsen-Ninomiya theorem [103] which states that the dis-

cretization of the massless free Dirac operator with the following properties does not exist:
1. {+*,D} =0.
2. D(z,y) has translational symmetry, i.e. D(x,y) = D(z — y,0).

3. D(z,0) decays faster than any inverse power of |z| for |z| — oo.

4. D is free of doublers.

Point 1 is equivalent to the statement that D is a linear combination of the + matrices where
we have defined v° = 7%4!. In the following sections we will look at Wilson and staggered

fermions which avoid point 4 at the expense of breaking points 1 and 2 respectively.

1.3. Wilson fermions

One way to resolve the fermion doubling problem is to use the Wilson fermion discretization
scheme [101, 102, 104]. In this thesis we will be focusing on the Hamiltonian formulation,
therefore we focus on this formulation here as well.

To implement Wilson fermions we add the following term [104]

2

10
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to the free massive Dirac Hamiltonian
Hfree = (IZ%@ <_i’7161 + mlat) wn (117)
n

In Eq. (1.16), r is the Wilson parameter commonly set to one [105], a is the lattice spacing, n
is the spatial lattice site index, and the sum runs over all spatial lattice sites. Choosing the
symmetrized discrete first and second derivative for Eq. (1.17) and Eq. (1.16) respectively, we

have the Wilson fermions free massive Dirac Hamiltonian

. 1 _ .1 B
Hw =Y (‘1/}“ (7’ +2Z’Y > Y1+ Up (T) Y1+ (amiay + 1) ¢n¢n> . (1.18)

The chiral symmetry ¢ — ¢’°B for some real angle [ is broken explicitly by Wilson fermions
even in the massless limit, which in turn causes an additive mass renormalization [60, 102, 106].
Therefore, in Eq. (1.18) we use mi,t as the lattice mass which differs from the renormalized
mass by an additive shift and which is the main focus of the study in Ch. 4.

Since we are in 141 dimensions and discretize only the spatial dimension we have one
doubler that Wilson fermions have to eliminate. Through the addition of the term in Eq. (1.16)
the mass of the doubler becomes inversely proportional to a which then becomes infinitely
heavy towards the continuum limit @ — 0 and thus decouples from the theory [107]. A way to
see this is to apply the Fourier transform to Eq. (1.18) which gives

e = 3 (vl (a7 (Fon2 (°5'))) + b stk ) 119

We can read off from this equation an effective lattice mass meg = myae + 7 (% sin? (%‘1)) At
k = 0 we get the expected meg = myat and for the doubler at k = 7/a we have meg = Myt + %T,
which is the result we set out to show.

For the rest of this section we will continue the derivation to reach the Hamiltonian for the
Schwinger model [60, 69, 108]. The first step is to gauge the theory such that it is locally U(1)
symmetric. For this we introduce the link operator U, placed on the link between the sites at
n and n 4+ 1. The conjugate field to U, is the electric field E,, also placed on the links and
satisfies the commutation relations [E,, U,| = g0y v U,s. With these gauge field operators

introduced we have

_ - 1 _ o - 1
Hy =Y (—wn (T = ) Unthns1 + bn (ﬁ”) Ul

n

(1.20)

- a g0\ ?
at — n a En a__ 9
+(amyay — )00 + 5 ( + 27r) )

where the background electric field gly = gf /27 was explicitly considered. This Hamiltonian

11
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is now invariant under the gauge transformation

Py, — ePrapy,

1.21
Un - eiﬁn Une*iﬁnﬁ-l’ ( )

which is the discrete counterpart of Eq. (1.3). We introduce for the convenience of numerical
simulations the dimensionless operators L, = E, /g and ¢, o = (—1)"\/at),, o while rescaling

Hy — (2/ag*) Hw. We also have the discrete counterpart of Gauss’s law from Eq. (1.2)

Ln - Ln—l = Qn (122)
Qn = atfihy — 1 (1.23)

where @, is the discrete charge operator and Y, @, a conserved quantity [60]. In this thesis
we will be using open boundary conditions (OBCs) and with this boundary conditions the

constrain in Eq. (1.22) can be solved iteratively
n
Ly=e+ Y Q. (1.24)
k=0

Here ¢q is the electric field on the left boundary which we set to zero as it will just shift
the value of the free parameter lp. The solution in Eq. (1.24) combined with a unitary
transformation on the fermionic operators [109] replaces the gauge field operators U,, Ly,
with the fermionic degrees of freedom. Further, we perform an additional transformation
On.a — (—1)"(—i)“¢Pn,o which makes the Hamiltonian purely real [61].
For further convenience we map the fermionic operators to spin-1/2 operators using the
mapping [61]
Gnja — X2n—|%]+1> (1.25)

where |-| is the floor function to the nearest integer greater than the input, and the Jordan-
Wigner transformation x,, = [[,<,(iZk)o, [110]. Choosing v° = X,4* = iZ, the charge
operator then becomes

Qu = (Zan + Zoni1) /2 (1.26)

To ensure the ground state is in the zero total charge sector, we add a penalty term A to the
2

Hamiltonian, H — H + A, where A = A (Zfzvgol Qn> . With a large enough A\, we can ensure

the ground state is in the sector with vanishing total charge. Putting everything together and

with a few algebraic manipulations on nested sums the resulting final Hamiltonian is given

12
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by [61]

=2
o

Hy =z(r—1) (U;nZZHJrlZQnJrZU;n—H% + h.c.)

1Y

2

-2

r+1
+ g (Xont1Xon+2 + Yont+1Yont2)

II
=)

N-1
m

( Rt T+ 967”) > (XonXont1 + YanYony1)

1

2

n=0 (1.27)

$ (o 5] )

o))

1
+l§(N—1)+ZN(N—1)+

+ o

g
2N —
>
n=0 k
2N —
)
n=0
AN
77

where [-] is the ceiling function to the nearest integer greater than the input and N is the

total number of lattice sites.

1.4. Staggered fermions

Another approach for fermion discretization is the Kogut-Susskind staggered fermions [111].
In this scheme a staggered transformation, which is a symmetry of the free massive Dirac
Hamiltonian, is used to remove the doubler without explicitly breaking chiral symmetry as
is the case in Wilson fermions. The staggered transformation essentially places the first
spinor degree of freedom on even sites and the second on odd sites leading to the Schwinger
Hamiltonian that we will derive below [46, 53, 61, 70, 111, 112].

Our starting point is the free massive Dirac Hamiltonian in Eq. (1.17), that we discretize

into
Hfree = GZ ( L,Yo,ylM + mlatwifyodjn) . (128)

The staggered transformation, which we apply to the above equation, is given by

wXxr 1 (i 1
VYn = ~Ja W= 7 (Z _1> (1.29)

Using our convention 7° = X, y! =iZ, 499! =Y, we have

_ -t i +1Xn+1 = Xn—=1 | Mlat
Hiree = azn: (—zan"W;/W X" 52 +— xh X" WT;(W X”Xn) ., (1.30)

13
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which in turn gives

m
Hyeo = 3 (—ind M 4 (1T 2 ). (1.31)

We can expand this into up and down degrees of freedom X, = (¢yn, ¢d7n)T

1

Hfree = % Z ( - Z¢L,n (¢u,n+1 - ¢u,n—1) + 2mlata(_1)n¢z,n¢u,n (1-32)
n

— i}y (Pant1 — Gan1) = 2m1aa(=1)" 6} bun ), (1.33)

from which we see that the up degrees of freedom on even sites behave like the down degrees
of freedom on the odd sites and vice versa. Hence, we can drop the down degrees of freedom
all together, which effectively spreads the up and down degrees of freedom onto even and odd
sites, doubling the effective lattice spacing.

We now proceed as with the Wilson fermions to gauge the theory, which results in

7 N=2 N-1 2 N-2
=5 > <¢2Un¢>n+1 h. c) g Y (1)l b + 7 3 (lo+ Lo, (1.34)
n=0 n=0 0

where now, in contrast to Wilson fermions, the ¢, operators are single-component fermionic
operators satisfying {¢] , ¢/} = 6, and we have dropped the up subscript from the up degrees
of freedom that we have retained. We emphasize that N in Eq. (1.34) labels the number of
lattice sites on which only a single-component fermion field resides. This is in contrast to
Wilson fermions where we start with N sites on which a two component fermion field resides
and then have double the sites after the mapping in Eq. (1.25). When the limit a — 0 is taken,
the fermionic operators on even and odd sites will correspond to the up and down components
of the Dirac spinor 9 (z). As aforementioned, this gives an effective lattice spacing of 2a,
which halves the range of k, to k, € [—F thus avoiding the doubler at k, = 7/a [101,
102].

Gauss’s law has the same form as Eq. (1.22), but the charge operator is now given by [46
53, 61]

2a° Qa)

Qn = dhon — (1= (—1)")/2. (1.35)

Similar to Wilson fermions, we can use the unitary transformation with Eq. (1.24) to

substitute out the gauge field operators and use the Jordan-Wigner transformation to map

14
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the fermionic operators to Pauli operators. The resulting Hamiltonian is given by [61]

(XanJrl + YnYnJrl)

1 N-2 —1
S (N—k=14XNZ2
k=n+1

Y )z 130

where the charge operator becomes
Qn = (Zn+ (=1)")/2. (1.37)

1.5. Open quantum systems

An OQS consists of a system that is in general exchanging energy, particles and information
with an environment [113-117]. The total Hamiltonian that governs the unitary dynamics
of the system and environment together is the sum of Hg, Hrp and H;. These describe
respectively the Hamiltonian of the system, the environment and the interaction between the
two.

In Chapter 6, we investigate the time evolution of the Schwinger model within the framework
of OQS. To set the stage for this analysis, we first present the theoretical foundations of this
approach. As aforementioned, the model shares key features with QCD, such as confinement
and charge screening, making it an ideal benchmark model for studying non-perturbative effects
in strongly interacting systems. When coupled to an external environment, the Schwinger
model serves as a valuable testbed for exploring dissipation and thermalization phenomena
in gauge theories, analogous to quarkonia interacting with the quark gluon plasma (QGP),
relevant for experiments at the large hadron collider (LHC) and relativistic heavy ion collider
(RHIC) [118-121]. By formulating the Schwinger model as an OQ)S, we can investigate how
mesonic excitations, such as the electric flux string or the Schwinger boson, evolve in the
presence of a dissipative medium, gaining insights into the interplay between various system
parameters, quantum mutual information, and thermalization.

Commonly we are interested in measuring observables on the system S, therefore we would
like to find an equation for the time evolution of the reduced density matrix [122-125] of the
system pg defined by tracing out the environment ps = Trg(p). In the rest of this section we
will derive this equation and describe the various approximations we will use which follow
from [120].

15
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For our setup, the system Hamiltonian Hg will be the staggered fermion Schwinger model
of Eq. (1.34), where again for numerical simulations we will be working with the transformed
Hamiltonian of Eq. (1.36). The environment Hamiltonian Hg as well as the interaction H;
follow from [126, 127]. They are taken to be of the form

Hy= [ da (;rﬁ 5 (VP + g3 + qus‘*) (1.38)
Hy = [ do (Ao(@)d(@)i@) (1.39)

with A; determining the strength of the interaction between the system and the environment.
Here Hp is the Hamiltonian of a ¢*-theory assumed to be in thermal equilibrium for all times
at temperature 7' = 1/, while H; is a Yukawa interaction Hamiltonian.

The first approximation we make is to take the Markovian limit [113, 120, 128] in which
the interaction between the system and environment is weak such that the density matrix is

approximated to be for all times in the product state

p(t) = ps(t) @ pE, (1.40)

where pp = e #H2 /Tr(e BHE) is the environment density matrix in the Gibbs state. Equa-
tion (1.40) does not imply that there are no excitations in environment caused by the system.
It is simply the case that these excitations are assumed here to decay too fast to be resolved.

The second approximation we make is to work in the quantum Brownian motion (QBM)
limit [113, 120, 129], which first requires the following definitions to be stated. Firstly, we
define the system relaxation time 7 by 7 ~ T'/ AE}im)Q, where AE}int) is to be understood
here as the energy gap of that Hamiltonian between the ground state and first excited state.
This time scale describes how fast the system returns to equilibrium after a perturbation.
Similarly the environment correlation time is defined by 7 ~ 1/T. Finally, the intrinsic
time scale of the system is defined by 79 ~ 1/AFEg, where AEg is to be understood as
the energy gap of the system Hamiltonian between the ground state and first excited state.
Equipped with these definitions, the QBM is defined by the separation of time scales 7r > 75,
Ts > 1 [113, 120]. The first inequality corresponds to the Markovian limit and suggests
that the correlations in the environment decay during the typical time period of the system’s
relaxation. This inequality makes our product state assumption in Eq. (1.40) more applicable
and emanates from the assumption of weak coupling between the system and environment.
The second inequality suggests a high temperature limit 7" > Hg which is met by choosing
an appropriate value for the free variable T

The evolution of the density matrix of S with the above approximations is given by the

16
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Lindblad master equation [113, 120]

dps(t , = 1
P20 — it ps@) +a® X D= m) (Tmps(®)7 () — 5 {700, ps(0)})
n,m=0
(1.41)
in which D(n —m) is the environment two point correlator [70]
D(n—m) = \? / dty / dtTeps [60°9)(11,m) 60 (12, m)p] (1.42)

This environment correlator is also called the dissipator and only depends on the distance
between the two spatial points on the lattice. Finally, the Lindblad jump operators are defined
as [126]

T(n) = O(n) ~ = [Hs, O(n) (1.43)
Ofn) = (-1 2 (1.44)

where we have already made use of the Jordan-Wigner transformation. Equation. (1.41)
is derived by an expansion in Hg/T up to O ((Hs/T)?). The first term in Eq. (1.43) is
the leading order and the second term is the next-to-leading order term. They respectively

describe decoherence and dissipation [130].
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This chapter is dedicated to tensor networks (TNs) [131], a powerful mathematical framework
centered on the principle of data compression [132], with a vast range of applications in
quantum many-body physics (QMBP) [33, 34, 38, 133], quantum computing [134—138],
fluid dynamics [139, 140], machine learning [141-158], and many other areas of science and
technology [159-161]. The first two applications are particularly relevant to this thesis.

In QMBP, TNs provide an efficient representation of quantum states, allowing for the
exploration of the low-energy spectrum of a Hamiltonian and the subsequent study of the
model’s phase diagram, with some examples relevant to this thesis found in [48, 60, 61,
162]. They are especially well suited for the Hamiltonian formulation used in this work,
which circumvents the sign problem affecting standard Monte Carlo methods [27, 163] when
exploring regions of the phase diagram with large chemical potential or topological 6-terms
[25, 33]. For pure states, an important advantage of TN simulations is the efficient access
to the entanglement entropy structure, which would otherwise be computationally expensive
[164, 165]. Beyond pure states, TNs can also perform the time evolution of quantum states,
including density matrices in out-of-equilibrium dynamics within the framework of open
quantum system (OQS) [166-168].

For quantum computing, TNs are capable of efficiently simulating quantum circuits [136].
This capability can be leveraged alongside quantum computers to cross-check their results [169].
Indeed, in Sec. 3.2, we discuss the presence of noise for quantum computers, which is why
current devices are classified as noisy intermediate-scale quantum (NISQ) [170]. Fields such
as error mitigation and error correction have been actively developed to counteract this noise,
and TNs have found applications in these areas as well [171-173]. Bridging QMBP with
quantum computing, TNs serve as a valuable tool in predicting the computational resources
required for quantum computers to approach the continuum limit in lattice gauge theories
(LGTs) [61, 70].

This chapter is structured as follows. In Sec. 2.1, we introduce the most common type
of TN, the matrix product state (MPS). Next, in Sec. 2.2, we demonstrate an important
relationship between the entanglement entropy of a quantum state represented by an MPS
and its bond dimension. We then introduce, in Sec. 2.3, the operators acting on the space
of MPSs, called matrix product operators (MPOs). Additionally, a useful property of MPSs

and MPOs, known as the canonical form, is explained in Sec. 2.4. Finally, we introduce
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the density matrix renormalization group (DMRG) algorithm in Sec. 2.5 and the adaptive
time-dependent DMRG (ATD-DMRG) algorithm in Sec. 2.6, two widely used and powerful
methods for obtaining the low-energy spectrum of a Hamiltonian and simulating the time

evolution of quantum states, respectively [62, 174].

2.1. Matrix product states

MPSs are the most commonly used TN ansatz for quantum many-body states in one spatial
dimension [29, 30, 175-177]. An MPS represents a rank-N tensor as a product of N rank-3

tensors A, expressed as

W}> = Z Yooor..on_1 ’0'001 cee 0N—1> (2‘1)
0001...0N—1
= Z Z Aa’oaoAalaoal e 140-]\]_10”\,_2 ’0'00'1 e O'N_1> . (22)

0001...0N—1 QQQ] ... N —9

Since we work with open boundary conditions (OBCs), the first and last tensors are rank-2.
The indices oy, € [0,1] for n € [0, N — 1] are called physical indices, where the subscript n
specifies the site number. These indices represent the spin-1/2 degrees of freedom at each
lattice site and thus define the Hilbert space of the Hamiltonian in Eq. (1.27) and Eq. (1.36).
In the general case of the MPS ansatz these indices have a dimension d. The «,, indices,
known as bond indices, have a dimension called the bond dimension D.

In Eq. (2.1), the tensor ¢ contains 2" components. If we assume that all bond indices share
the same bond dimension D, then in Eq. (2.2), the tensors A store a total of (N —2)dD? +2dD

components. Equating the two sides gives
2N = (N — 2)dD? + 2dD. (2.3)

For this equality to hold, D scales exponentially with N. However, if we truncate D to a fixed
constant value that does not scale with IV, we obtain an approximation of |¢)) as a compressed

MPS, where the number of components scales only linearly with N
2N 5 (N —2)dD? + 2dD. (2.4)

In other words, we neglect an exponential amount of information initially stored in the larger
A tensors, which are reduced in size by this compression. Below, we examine which states
allow this approximation with minimal or even zero error. First, however, we introduce some
TN notation.

TNs offer a convenient diagrammatic notation [178-180], illustrated in Fig. 2.1. The circles
in Fig. 2.1(a) represent the tensors A, with their legs indicating tensor indices. When two
tensors are contracted over shared indices, their corresponding legs are connected. Fig. 2.1(b)

depicts the diagrammatic representation of the MPS in Eq. (2.2).
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Figure 2.1: (a): Examples of rank-2 and rank-3 tensors. The circles represent tensors A, with vertical
legs indicating physical indices o and horizontal legs representing bond indices a. (b): Diagrammatic
representation of an matriz product state (MPS) as described in Eq. (2.2). The connected legs signify
contractions over the shared indices of the A tensors.

2.2. Entanglement entropy and bond dimension

This section is dedicated to deriving the important relationship between the bond dimension
D of an MPS and the bi-partite entanglement entropy of the state it represents [29, 30, 181,
182].

Starting from Eq. (2.1), we divide the system into two subsystems, one spanning sites 0 to
n — 1 and the other from n to N — 1. The indices within each subsystem are merged into
composite indices I € [0g,...,0,_1] and J € [0, ...,0n_1], with dimensions 2" and 2V~",

respectively. This can be written as

) = Z Vooo1..on 1 logo1...on—1) (2.5)
0001...0N—1
= Z ¢(UO---0'n71)(0'n---0'N—1) |O‘0. ..O'n,1> |O’n. ..O‘N_1> (26)
0001...0N—1
= s ) |J). (2.7)
1J

Viewing v7; as a matrix, we perform an singular value decomposition (SVD) [183, 184]
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00 010203

LWL bed
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Figure 2.2: Procedure for performing an singular value decomposition (SVD) on a multi-dimensional
tensor, illustrated with a 4-site example. The first step is to reshape the tensor VYo, oiop0s iNt0 @
matriz Yy, where I € [0g,01] and J € [o9,03]. This matrixz is then decomposed using the SVD as

Yry = Za UIaSaaVaTJ. Here, U and V' are unitary matrices, and S is a diagonal matriz containing the
singular values.

between the left (L) and right (R) indices, I and J:

min(2"—1,2V""—1) on_q gN-n_q
Z¢1J|I>‘J>: Z Saa(Z UIa|I> ( Z J|J) (28)
1J =0

a=0

la) L la) p
min(2"—1,2V""—1)

= Z Saa |a>L |a>R, (2.9)

a=0

where the diagonal matrix S,, stores the singular values in descending order, and U, V1 are
unitary matrices such that ¢r; =3, U ]aSaaVJ ;- These matrices satisfy > ; Ur, Urq = da/q
and > ; Vo V7, = 6a7q. The above procedure is illustrated in Fig. 2.2 using TN notation.

Defining D = min (2” — 1,28 _ 1) and setting Ay = Sy, in Eq. (2.9), we obtain the
Schmidt decomposition [185-187]

D—1
= Aala) la)g. (2.10)
a=0
We can now express the density matrix of this pure quantum state as p = [¢) (¢)|. Tracing

out the indices of the right part, and after a few simple manipulations, we obtain the reduced

density matrix for the left part

pr =Trgr (p Z Aal® @) (al, - (2.11)
The entanglement entropy S between the two subsystems is then given by [164, 188]

= —Trp (prIn (pr)) (2.12)

_ Z_ Aol (1Aal?) (2.13)
a=0
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The maximum entanglement entropy S occurs for a completely mixed state [30], where all A,
are equal, i.e., Ay = 1/ V/D. This yields the fundamental relationship between entanglement
entropy and bond dimension

S <In(D). (2.14)

From this, we immediately see that a product state, that has zero entanglement entropy
at any bi-partition, can be represented by an MPS with D = 1, which is the most efficient
compression possible according to Eq. (2.4). More generally, the bond dimension D determines
the amount of bi-partite entanglement entropy present between two subsystems.

Using Eq. (2.14), we can now understand why MPSs have become a widely used ansatz for
many-body quantum states. In many cases, the quantum system of interest is governed by a
local and gapped Hamiltonian, meaning it has a finite range of interactions between any two
sites and a finite energy gap between the ground state and first excited state. The ground
state of such Hamiltonians obeys the area law [189-192], which states that the entanglement
entropy between subsystems scales with the area of the boundary rather than the volume. In
one spatial dimension, the boundary area remains constant as the system size N increases.
Consequently, MPSs can efficiently represent these states with a bond dimension D that does
not grow inefficiently with N [174, 188, 193-197]. In fact, the singular values on any given
bi-partition of these are law states decay exponentially, allowing for a small bond dimension

to represent such states with high precision [29].

2.3. Matrix product operators

MPOs are TNs that represent operators acting on an MPS to produce a new MPS [29,
198-201]. As an example, the Hamiltonian of a quantum system can be represented as an
MPO [198]. To illustrate this, we use a simple model, such as the Ising model [202-204], to
show how we can transform a Hamiltonian of Pauli operators into an MPO.

The MPO expression of an operator O acting on N lattice sites with OBCs is written as [29]

/ /
0= 050 Nt |0h..0y_1) {00-.on_1] (2.15)
a0
%0 o1 TN 2 oN_1 I
= Z WogaoWoiagar - Won Zsan_san—2Won tan_2 [00--0n_1) {00-..0N-1] (2.16)
oo’a

where we make no distinction between upper and lower indices, and the sum runs over all o,
o', and « indices. Hence, we see that the MPO is a product of rank-3 and rank-4 tensors W,
consisting of two physical indices and either one or two bond indices «. The corresponding
TN notation for the MPO is shown in Fig. 2.3, similar to Fig. 2.1 for the MPS.

Next, we turn to the Ising model Hamiltonian, given by [203]

N—-2 N-1
H=-JY ZnZns1+9 >, Xn. (2.17)
n=0 n=0
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(a7} aN_—2
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ON—20N_30N-2 ON—-1QN-2

0o 01 ON-2 ON-1

Figure 2.3: (a): Examples of rank-3 and rank-4 tensors. The squares represent tensors W, with
vertical legs indicating physical indices o,0', and horizontal legs representing bond indices «. (b):
Diagrammatic representation of an matriz product operator (MPO), as described in Eq. (2.16). The
connected legs denote contractions over the shared indices of the W tensors.
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(¥

. 0—0—0—0

Figure 2.4: The diagram measures the expectation value (1| O |1 of an operator O with respect to the
quantum state |1)). The operator is represented by the green bozes forming the MPO in the middle. The
quantum state 1) is represented by the blue circles forming the MPS on the bottom and by convention
the MPS with its legs facing down represents (¢|.

This Hamiltonian consists of sums of Pauli strings, such as ZyZ;, which MPOs can represent
in a compact and efficient manner [199, 205]. Note that the physical indices o, ¢’ of the W
tensors correspond to the indices of the Pauli operators, for example, (Zo)gé (Zl)gli For N =3,
we clarify that the notation ZyZ; implies ZyZ112, where I denotes the identity operator on

the spin-1/2 space. Hence, for N = 3, we have
H=-J (ZOZ1 + Z1Z2) +g (XO + X1+ X2) . (218)

This can be expressed in MPO form with the following W tensors:

I 7y gXi 9Xo
Wao = I Zo 9Xo|, Wapar = [0 0 —JZi|, Wa = |-JZ]. (2.19)
0 0 I I

Multiplying out these matrices gives the desired Hamiltonian from Eq. (2.18). Further details
on how to derive these matrices for general Hamiltonians can be found in [180, 199, 205].
However, throughout this thesis, we make use of the ITensors [206] library, which allows for
the automatic conversion of operator strings to MPOs.

To conclude this section we present in Fig. 2.4 how to measure the expectation value of an
operator O with respect to a quantum state [¢). In this figure, the bra state (1| notation is
introduced. To distinguish it from the ket state |1), its legs are by convention placed below

the circles.
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2.4. Canonical form

Before describing the DMRG algorithm in the next section, we first need to define the property
of the canonical form for both MPSs and MPOs.

An MPS tensor, say on site n, is said to be in left canonical form (LCF) when the
corresponding tensor A satisfies the following equation [29]

A* / AUnOln_lan = 6014104717 (220)

OnQp_104,

where, unless stated otherwise, the Einstein summation convention is used throughout the

rest of this thesis. Similarly, for right canonical form (RCF), the equation becomes

* A
g ’ .
onal, _j0n  0nGn—_10n 5an_1an_1

(2.21)

For the case of the MPO, a tensor on site n is said to be in LCF when the corresponding

tensor W satisfies the following equation [207]

!

W e Wera yan = Satans (2.22)
and for the RCF, it satisfies
WO’:()LfniloénW;;Lanflan - 5a,/n_1an—1' (223)

The above equations are summarized diagrammatically in Fig. 2.5. In this figure, subplots
(a), (b), (c), and (d) correspond to Eq. (2.20), (2.21), (2.22), and (2.23), respectively. When
some sites of the MPS are in LCF and others in RCF, we refer to this as a mixed canonical
form (MCF).

2.5. Density matrix renormalization group

Equipped with the concepts of MPSs, MPOs, and canonical form, we can now explain the
DMRG algorithm [29, 174]. This algorithm is designed to find the ground state of a given
MPO, which, in our case, represents the Hamiltonian of a quantum system. It is a variational
algorithm that adjusts the entries of the tensors in an MPS ansatz to minimize its energy
with respect to the Hamiltonian, thereby reaching the ground state. The energy is given by

p= WA (2.24)

(lep)
with the corresponding TN diagram shown in Fig. 2.6.
First the ansatz is initialized in some state, which can be a random state, and the components
of the tensors form the variational parameters to be optimized. As we will discuss below

Eq. (2.26), we choose a LCF gauge for the initial state. The algorithm then sweeps through
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(C) - = 6(1;1(‘Yn (d) = = 5(1;71()1”_1

Figure 2.5: (a): Left canonical form (LCF) for an matriz product state (MPS) site, corresponding to
Eq. (2.20). (b): Right canonical form (RCF) for an MPS site, corresponding to Eq. (2.21). (¢): LCF
for an matriz product operator (MPO) site, corresponding to Eq. (2.22). (d): RCF for an MPO site,
corresponding to Eq. (2.23).

the sites of the MPS ansatz from left to right and from right to left, in pairs of two sites.
It replaces the tensors of the MPS on these two sites to minimize the energy with respect
to these specific sites. In Fig. 2.6, we consider the case where sites n and n + 1 are being

optimized. The figure defines the tensors P, and N,, with which we can express the energy as

(A A% 1) P (AnAnir)
( ;; 7*1-1-1) Nn (AnAnJrl)

E = (2.25)

To find the new tensors for the two sites being optimized that minimize the energy, we set the

derivative of the energy with respect to these tensors to zero, leading to the following equation

OF
0 (An A5 1)
If we keep the tensors on the left of site n in LCF and those on the right of site n + 1 in RCF

such that the MPS ansatz has MCF, then V,, becomes the identity by the definitions given in
Eq. (2.20), (2.21), and the corresponding diagrammatic notation in Fig. 2.5. Thus, the final

=0 = P, (AyAns1) = EN, (AnAni1). (2.26)

optimization equation for the DMRG algorithm becomes
P, (ApAni1) = E(AnAnit), (2.27)

where in practice, P, can be reshaped into a matrix, and its eigenstate with the lowest

eigenvalue can be computed using an algorithm such as Lanczos [208], which gives the solution
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(Y[ H [p) =

(Yly) =

Figure 2.6: The top diagram defines P, inside the green box, while the bottom diagram defines N,
inside the cyan box. These two tensors are used to derive the optimization formula in Eq. (2.26) within
the density matriz renormalization group (DMRG) algorithm. The division of the top by the bottom
diagram gives the energy E = (| H |[¢) / (¢|9) to be minimized by the DMRG.
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for the new tensors A, and A, ;1.

Before replacing the tensors, we can control the bond dimension between sites n and
n + 1 by performing an SVD on the solution from Lanczos and truncating to a given bond
dimension. This approximation minimizes the Euclidean distance between the original and
the final tensor [29, 209], while also separating the sites n and n + 1 into two tensors that
replace the ones in our MPS ansatz. Crucially, by keeping our MPS in MCF, as mentioned
above, this minimizes the Euclidean distance between the original and approximated MPS.
In other words, the approximation resulting from the SVD truncation is globally optimal [29].
Intuitively, since the sites to the left of site n are in LCF, they reduce to the identity in the
Euclidean distance formula. The same applies to the sites to the right of site n + 1 in RCF,
meaning the formula becomes independent of the sites other than n and n + 1. The bond
dimension can either be determined by setting a fixed cutoff or by choosing a singular value
tolerance €. In the latter case, the ratio of the sum of the squares of the neglected singular
values to the sum of the squares of all singular values must not exceed this cutoff at any given
SVD truncation [206].

The next step in the algorithm is to continue to sites n + 1 and n 4+ 2 and repeat the
process, sweeping through the MPS until the fractional change in energy 7 falls below a given
input threshold or the number of sweeps reaches its maximum input limit. This completes
the DMRG algorithm, and the optimized MPS ansatz represents the ground state of the
Hamiltonian MPO.

To find the first excited state, we take the MPS ansatz optimized to the ground state |GS)
and modify the Hamiltonian as follows [60, 210]

H— H = H + \|GS) (GS], (2.28)

where )\ is a generic Lagrange multiplier that needs to be larger than the gap between the
ground and first excited state of H. The ground state of H' is then the first excited state
of H, which can be found using the DMRG algorithm. Throughout this thesis, we use the
implementation of the ITensors library [206] when employing the DMRG algorithm.

2.6. Adaptive time-dependent DMRG

Beyond DMRG, which is an algorithm that finds the low-energy spectrum states of Hamilto-
nians, we will make use in Ch. 6 of an algorithm that is able to perform time evolution of
quantum states according to some equation of motion. This is called the ATD-DMRG [211—
213], and we will specifically use it within the context of OQSs to perform the time evolution of
the system’s reduced density matrix according to the Lindblad master equation in Eq. (1.41).

Since we will use ATD-DMRG specifically for Eq. (1.41), our explanation of the algorithm

will focus on this context. It is convenient to multiply this equation by the lattice spacing a,
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expressing all variables and operators in dimensionless form

dps(t/a)

d(t/a) = _i[aHS7PS(t/a)]

N-1 1 (2.29)
+ Y aD(n— k) (aJ(k)pS(t/a>aﬂ<n> 5 {astmarh) pg(t/a)}) .

n,k=0

Moving forward from this point, we will suppress the lattice spacing a. Writing Eq. (2.29) as
ps(t) = Lps(t), it has the formal solution

ps(t) = e ps(t = 0), (2.30)
where the Liouvillian superoperator £ that generates the dynamics is defined by [214]

L=—-iHs®I+1® Hg

N-1
+ ) D(n—-k) (J(k) ® JH(n) — %JT(H)J(,@ 91— %I® JT(n)J(k)> | (2.31)
n,k=0

which then gives the time evolution of the system’s density matrix pg(t) through Eq. (2.30).

The density matrix is an operator, hence, it is represented by an MPO. The exponential of
Eq. (2.31) acts on pg(t = 0) as shown in Eq. (2.30). We can then understand the meaning of
the tensor product in Eq. (2.31) as follows. Operators to the left/right of the tensor product
symbol act on the ¢’/c indices respectively, where an example of the o indices is shown in
Fig. 2.3. To be able to apply all operators in Eq. (2.31) with one TN contraction, we reshape
our MPO for pg(t) into an MPS using SVD. This transformation is in the same spirit as how
a matrix can be converted to a vector and shown schematically in Fig. 2.7. Tt brings the ¢//o
indices to the even/odd sites of the MPS, where the first site is considered the zeroth site.
In Fig. 2.8 we show how measuring observables is performed after this transformation from
MPO to MPS.

In order to be able to approximate the action of et* on pg(t), we split the operator £
into three groups that we call even Lg, odd Lo, Taylor L7, and employ the Trotterization
scheme [215]

eF x eabBeafr TR0 T3 E 1 O (7‘3) . (2.32)

The even and odd are groups of operators spanning four sites. The Taylor group encompasses
all other operators that cannot be part of the even or odd groups. For instance, the Taylor
group encompasses interactions that extend across the entire lattice, originating from terms
like those in the second line of Eq. (1.36). These groups are shown in Fig. 2.9.

The even and odd group operators e%EE, e™20 | are then represented exactly as rank-8

tensors as shown by the green and blue boxes of Fig. 2.9, whereas the Taylor group operator
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04 1 2/
0'0 1’1 2'2

SVD SVD SVD

()

Figure 2.7: (a): Initial matriz product operator (MPQO) representing the system’s density matriz
ps(t). (b): Separating the legs on each site with singular value decomposition (SVD). (c): matriz
product state (MPS) representing ps(t) equivalent to the MPO in (a).

Figure 2.8: (a): Measuring the expectation value Tr(Opg(t)) with the top matriz product operator
(MPO) (green boxes) representing a generic operator O and the bottom MPO (blue boxes) representing
the system’s density matriz ps(t). (b): The equivalent contraction to (a) after the transformation of
ps(t) from MPO to matriz product state (MPS) (blue circles) shown in Fig. 2.7.
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O—O0—0—0—0-0—0-0

Figure 2.9: Schematic drawing example of the even group (bottom green boxzes), Taylor group (middle
red boxes) and odd group (top blue box) for L in Eq. (2.31) at N = 4. These groups are applied to the
MPS at the very bottom representing ps as required by Eq. (2.32), although here only e~ ez T e3E
is shown.

is Taylor expanded as .
K

(tLr)’

e 1 4 E .

=

(2.33)

We express the right-hand side of Eq. (2.33) as a global MPO with two singular value cutoffs,
€1 and €9, shown with red boxes in Fig. 2.9. The ITensors Julia library [206] enables the
automatic conversion of L1 into an MPO while applying a singular value truncation, which
we denote as €. This cutoff ensures that the ratio of the sum of squares of the discarded
singular values to the total sum of squares of all singular values does not exceed €; during any
SVD truncation. The second cutoff, €2, is used when multiplying L1 onto itself to compute
powers of this operator as required for the right-hand side of Eq. (2.33).

Now the goal of ATD-DMRG is to apply the right-hand side of Eq. (2.32) to pg(t = 0),
thus obtaining pg(7). The fundamental principle of the algorithm is to maintain the MCF
of the MPS after each multiplication step [213]. This guarantees that the SVD truncation
applied after every multiplication of either a four-site tensor or the global Taylor MPO remains
optimal. The process is shown in Fig. 2.9 and begins with the even group, where the first
operation involves multiplying the four-site tensor spanning from site 0 to site 3. At this
stage, the MPS is in RCF.

Subsequently, we apply the second green four-site tensor covering sites 4 to 7. Before
performing this step, the MPS sites from 0 through 3 are converted to LCF using a QR
decomposition without truncation. No specific canonical form needs to be enforced before
applying the global Taylor MPO. However, once the global Taylor MPO is applied, the
process continues with the first four-site tensor of the odd group, which extends from site 2 to
site 5. To accommodate this, the MPS sites 0 and 1 are transformed into LCF, while sites 6

and 7 are placed in the RCF before multiplication.
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This structured approach is systematically followed for all four-site tensors in the odd group
and is generally maintained throughout the full implementation of Eq. (2.32). Repeating this
sequence for multiple iterations enables the system to evolve to a desired total time ¢ and this

completes the algorithm.
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3 Quantum computing methods

Quantum computing is an emerging and rapidly advancing field, with a diverse range of
applications spanning quantum simulations [33, 61, 77, 80, 81, 83, 169, 216-222], cryptogra-
phy [39, 223-225], optimization [226-228|, materials science [229-233], chemistry [234-236],
quantum communication [237], machine learning [238-242], and more [243-246]. Unlike
classical computing, quantum computing harnesses the power of quantum entanglement and
superposition. These quantum phenomena enable quantum computers to execute certain
algorithms theoretically more efficiently than their classical counterparts [39]. Relevant to
this thesis, quantum computing also facilitates the efficient representation of quantum states
within the context of quantum many-body physics (QMBP) [247]. The quantum computing
framework is inherently suited to the Hamiltonian formulation [39, 248, 249], which, as
discussed in Ch. 2, allows it to circumvent the sign problem that affects conventional Monte
Carlo methods [27, 163]. In contrast to tensor networks (TNs), quantum computing can
efficiently represent states with arbitrary levels of entanglement entropy [250], making it a
promising alternative to both TNs and Monte Carlo techniques.

In Ch. 5, we utilize the variational quantum eigensolver (VQE) algorithm [251] to determine
the ground states of the Hamiltonians in Eq. (1.27) and Eq. (1.36). This algorithm facilitates
the exploration of phase space in high-energy physics models [252], such as the Schwinger
model [61]. It thus holds promise for being able to investigate the parts of the quantum
chromodynamics (QCD) phase diagram [216] which are currently beyond the reach of existing
methods, such as in the large baryon chemical potential regime [24]. To explain this algorithm,
we first introduce quantum circuits and their notation in Sec. 3.1.1. In Sec. 3.1.2, we describe
how observable expectation values are measured, before moving to the core routine of the
VQE algorithm in Sec. 3.1.3.

Given the inherent errors associated with quantum computers particularly in the noisy
intermediate-scale quantum (NISQ) era [253], we employ in Ch. 5 several error mitigation
techniques, which are discussed in Sec. 3.2. Specifically, Sec. 3.2.1 provides a brief overview of
the twirled readout error extinction (TREX) algorithm for readout error mitigation [254]. We
then turn to zero noise extrapolation (ZNE) in Sec. 3.2.2, which is a method for mitigating
incoherent errors [255]. To address coherent errors, we employ Pauli twirling [256], explained
in Sec. 3.2.3, and conclude the chapter with a discussion of the dynamical decoupling method
in Sec. 3.2.4 [257].
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|0> R(91)92)93) D
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Figure 3.1: A quantum circuit of two qubits. The states |0) specify the initial state of the qubits. The
qubits are spin-1/2 degrees of freedom, hence, can be in the general normalized state |¢) = «|0) 4+ 5 1).
In other words, their basis consists of the eigenvectors of the Pauli Z operator. Actions on these qubits
are placed on the horizontal lines. These actions are unitary operators called gates. Here we have the
gate Rp(a) = exp{—iaP/2} with P € {X,Y, Z} as a parameterized gate. The parameter a can be varied
to change the action of the gate. We also define the parametric gate R(c, 8,7) = Rx(7)Rz(8)Rx ().
The third gate is called the CNOT gate which has the action of flipping the state of the qubit on which
the cross is placed, if the qubit from which the line of gate starts from is in the state |1). Finally, the two
boxes at the end represent measurement of the qubits in the Z basis. This collapses the wavefunction
of the qubit into either |0) or |1).

3.1. Variational quantum eigensolver

3.1.1.  Quantum circuits

The basis on which any quantum algorithm runs, including the VQE, is the quantum circuit.
A quantum circuit represents a quantum state and its basis consists of qubits, which are
commonly degrees of freedom described by a two-state quantum system. The qubits may
start in the simple product state |0...0) or more generally in some initial state |1;,). To reach
other desired states, we act on the qubits with unitary operators called gates. In Fig. 3.1 we
introduce the standard quantum circuit diagrammatic notation and the relevant gates we will
use in Ch. 5. An important aspect of some of our gates is that they are parameterized gates.
This implies a parameter, such as an angle, controls their action. An example of parameterized
quantum gates are the Pauli rotation gates Rp(«) = exp{—iaP/2}, with P € {X,Y, Z} and «
being the real phase parameterizing the gate. Another important gate shown in Fig. 3.1 is the

CNOT gate which acts on two qubits and has the potential to create quantum entanglement.

3.1.2.  Measuring observables

During the algorithm routine of the VQE which we will turn to shortly, we will need to make
measurements of the energy observable of the quantum state represented by the quantum
circuit with respect to our Hamiltonians. These Hamiltonians consist of Pauli operators, so
we begin by looking at the procedure to measure the expectation value of an operator-string
made up of I and Z.

The quantum circuit state can be expanded in the qubit basis as
2N 1

)= > eli). (3.1)

1=0
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In the example of N = 2 qubits, the notation would imply |0) = |0) ® |0) = |00), |1) = |01),
|2) = [10), |3) = |11). Say our observable is ZI, then we want to calculate

(W ZI ) =D (Z1)y; ches (i')i) = D (ZD)leil. (3.2)

4,1/ %

Since ZI is diagonal in our measurement basis, we know the elements of (ZI) on the diagonal.
To measure |cz~\2 we need to prepare the quantum state many times and gather statistics on
how frequently each bit-string is measured after the wavefunction collapses. The number
of times we do this is called the number of shots. This allows us to measure our desired
observable with an accuracy inversely proportional to the square root of the number of shots.
This scaling behavior follows from the statistical nature of quantum measurements. The
empirical probability of observing each outcome follows a binomial distribution, which, for
a large number of shots S, can be approximated by a normal distribution with standard
deviation scaling as 1/ VS.

Now we examine how we would measure observables which are not diagonal in the mea-
surement basis. All we have to do in this case is to diagonalize all the operators in the given
operator-string that are not diagonal and measure with respect to the modified state. To
understand this concretely, we take without loss of generality the following example for one

qubit

(W X 0) = (0| 1Y) (HXHY) (H][y)) (33)
= (/| HXH |¢') = (¥/| Z|v), (3.4)

where H is the Hadamard gate given by

1 |1 1
e L _1] | (3.5)

This gate has the properties HH' = I and HXH' = Z, which we have made use of in
Eq. (3.3). We have seen above how to measure the last equality of Eq. (3.4), hence, we obtain
the value of the first expression of Eq. (3.3).

Our Hamiltonian in Eq. (1.27) and in Eq. (1.36) is made up of a lot of Pauli operator-strings,
hence, for each one we could perform the above techniques and calculate the expectation
value of the sum using the expectation values of the individual terms. In practice, terms that
commute with each other can be measured simultaneously, since they can be simultaneously
diagonalized.

This concludes the machinery we need to run the VQE algorithm. We thus turn now to

outlining the main routine that drives this algorithm.
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Figure 3.2: The variational quantum eigensolver (VQE) routine, as described in Sec. 3.1.3, takes as
input a Hamiltonian, a parameterized quantum circuit (PQC) ansatz, and an initial set of parameters
0. The algorithm begins by preparing a fixed initial state and subsequently applying the parameterized
circuit to this state. The energy expectation value with respect to the resulting quantum state is then
measured and passed to a classical optimizer, which iteratively updates the parameters to minimize the
energy. This optimization cycle continues until the energy converges to a desired threshold.

3.1.3.  Algorithm routine

The VQE is an optimization algorithm with the goal of optimizing a parameterized quantum
circuit (PQC) such that it converges to a representation of the ground state of an input
Hamiltonian, specifically for our case the Hamiltonian of Eq. (1.36). The algorithm begins by
selecting an initial quantum state [¢;;,) for the qubits, which remains fixed throughout the
optimization. A parametric ansatz, composed of parameterized quantum gates, is then chosen,
with initial parameter values set at the start of the algorithm. These parameters are iteratively
updated during the VQE routine, progressively refining the ansatz toward the ground state of
the Hamiltonian. The optimization process relies on a classical optimizer, which, based on
energy measurements discussed in Sec. 3.1.2, updates the parameters to minimize the system’s
energy. Figure 3.2 gives a diagrammatic representation of the algorithm’s routine.

In our results presented in Ch. 5, we employ the limited-memory Broyden-Fletcher-Goldfarb-
Shanno with box constraints (L-BFGS-B) optimizer [258], a quasi-Newton method well suited
for optimizing PQCs. The L-BFGS-B algorithm efficiently updates parameters using gradient
information while enforcing bounds on parameter values. Given a quantum circuit with
parameters 6 = (01,0, ...,0,), the goal is to minimize the expectation value of the observable
H

C(6) = (¢ (6)|H[1(8)). (3.6)

To achieve this, the optimizer estimates the gradient VC(0) using either the parameter-

shift rule or finite difference methods. A low-rank approximation of the Hessian matrix
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is constructed from past gradient evaluations, providing second-order information to guide

parameter updates. The parameters evolve iteratively following
0111 = 0 — o H, 'VCO(6y), (3.7)

where H,; 1 is the approximated inverse Hessian, and «y, is a step size determined via line
search. If an updated parameter exceeds the predefined bounds [fmin, Omax], it is projected
back into the feasible range, which gives more stability in the optimization process. The
algorithm continues iterating until the norm of the gradient |[VC(8)|| falls below a chosen
threshold, indicating convergence.

Using L-BFGS-B for the VQE framework, we have at each iteration the evaluation of the
energy multiple times to estimate the gradient of the cost function. The optimizer then
updates the ansatz parameters as discussed above. The algorithm continues until the gradient
norm [|[VC(0)|| falls below a predefined threshold or the maximum number of iterations is

reached.

3.2. Error Mitigation

Quantum computations are inherently susceptible to various types of errors due to noise sources
such as thermal fluctuations, imperfect gate operations, and environmental disturbances. These
errors can significantly degrade the accuracy of quantum algorithms, particularly on current
NISQ devices. To enhance the reliability of quantum computations, effective error mitigation
techniques are essential. In this section, we explore several strategies developed to mitigate
different types of errors, including readout errors, incoherent noise, and coherent errors.
The subsections below describe the specific error mitigation techniques employed in Ch. 5.
First, in Sec. 3.2.1, we present the TREX algorithm, a method for mitigating readout errors,
which arise due to bit-flip errors during the measurement process. Next, Sec. 3.2.2 introduces
ZNE, a technique designed to address incoherent noise by extrapolating results from circuits
with varying noise levels to estimate the noiseless expectation values. In Sec. 3.2.3, we discuss
Pauli twirling, which is used to mitigate coherent errors by transforming error channels into
incoherent ones through the application of random Pauli gates. Finally, in Sec. 3.2.4, we
explore the technique of dynamical decoupling, which mitigates decoherence in quantum
circuits by applying controlled pulse sequences to suppress environmental noise during idle

periods of qubits.

3.2.1. Readout Error Mitigation

As discussed in Sec. 3.1.2, measuring observables in a quantum circuit requires performing
measurements that collapse the wavefunction into a bit-string. However, during this process,
noise can introduce bit-flip errors, causing qubits to transition between the states |0) and

|1) before measurement. As a result, a bit in the measured bit-string may be flipped. For
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instance, a qubit in state |1) may lose energy to its environment and decay to |0), while
thermal noise may excite a qubit from |0) to |1). These errors, known as readout errors, can
be effectively mitigated.

In our quantum simulations presented in Ch. 5, we employ the TREX [254] algorithm,
implemented in the Qiskit library used for our simulations. The key idea behind TREX is to
apply Pauli X gates before measurement on randomly selected qubits and then classically
invert these operations by flipping the corresponding bits in the measured bit-string. This
procedure is performed for both the initial state |0...0) and the target state |¢), repeating the
process for a predefined number of runs. Once completed for these two states, the acquired
data can be applied to any observable [254].

This technique, known as measurement twirling, effectively diagonalizes the readout-error
transfer matrix [254], simplifying its inversion and thereby mitigating measurement errors.
As a result, TREX is a robust and efficient method for readout error mitigation, making it

particularly well-suited for NISQ devices.

3.2.2.  Zero Noise Extrapolation

In addition to readout errors, another significant source of noise in quantum circuits is
incoherent noise [259, 260]. To address this, we implement the ZNE algorithm [255, 261]. This
technique amplifies the circuit’s noise to different levels and measures the desired observable
expectation value at each noise level. From these measurements, an extrapolation is performed
to estimate the expectation value at the zero-noise level, which serves as an approximation to
the noiseless result.

To amplify the noise, the circuit, described by the unitary U, can undergo a global folding
with UUTU [255], corresponding to a noise level of three. Higher noise levels, such as five, can
be achieved by extending this approach. The noise levels are then used for the extrapolation
to zero noise, yielding a more accurate estimate of the observable expectation.

An alternative method for noise amplification is local folding, or gate folding [255], which
involves repeating specific gates within the circuit U while preserving their original action. For
example, a CNOT gate is both unitary and Hermitian, so adding two additional CNOTs after
the first one amplifies the noise without altering the gate’s physical effect. Noise can also be
amplified by extending the duration of gate applications, such as prolonging the application

of a microwave pulse that physically implements a gate in the circuit [262].

3.2.3. Pauli Twirling

The ZNE algorithm can only address incoherent errors, hence, to mitigate coherent errors we
use the technique of Pauli twirling. This method transforms coherent quantum error channels
into incoherent ones [256, 263-265]. Specifically, Pauli twirling involves inserting random
single-qubit Pauli gates before and after a two-qubit gate. The purpose of these random

gates is to average out the coherent errors induced by the gate, ensuring that the resulting
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operation behaves logically like the original two-qubit gate, but with the error channel now
incoherent. The random Pauli gates are selected from the set {I, X,Y, Z} and are applied
probabilistically.

When multiple CNOT gates overlap, the sequence of single-qubit operations can often be
simplified by merging consecutive gates. This reduces the total gate count and minimizes the
overall circuit depth. Once the twirling is applied, the expectation value of the observables
is averaged over many random instances of twirled circuits. The randomness introduced by
the Pauli gates results in statistical averaging that turns coherent errors into incoherent ones,
which are generally easier to mitigate. As a result, Pauli twirling effectively reduces the impact

of coherent errors and improves the accuracy of the final measurement outcomes.

3.2.4.  Dynamical Decoupling

Dynamical decoupling mitigates decoherence in quantum systems, which is a primary challenge
in maintaining quantum information. Decoherence typically occurs during extended periods
when qubits are idle, making them susceptible to noise and error accumulation. Crosstalk
between neighboring qubits is a significant source of decoherence, as unwanted interactions
can cause qubits to lose their quantum coherence. This is particularly problematic when the
idle time of a qubit is comparable to its decoherence time, Ty [39].

To mitigate this effect, dynamical decoupling employs a series of controlled pulse sequences
that dynamically interrupt the qubit’s evolution, effectively averaging out errors induced by
environmental interactions [257]. These pulse sequences include operations such as spin-flip
cycles, which are applied during idle periods to prevent or suppress the detrimental effects
of decoherence. One commonly used sequence is the XX sequence, where two X-gates are
applied to the qubit at evenly spaced intervals during the idle period. These pulses counteract
the influence of unwanted interactions, such as magnetic field fluctuations or crosstalk from
neighboring qubits.

The effectiveness of dynamical decoupling lies in its ability to protect qubits from noise
without requiring constant active control. By applying pulse sequences at regular intervals,
the qubits remain in a coherent state for longer durations, thereby increasing the fidelity of

quantum computations.
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4 Computing the mass shift of the lattice
Schwinger model

In order to reach the continuum limit at fixed physical volume in lattice gauge theories (LGTs),
one must extrapolate observables to their zero lattice spacing value while following lines of
constant physics. This includes maintaining a fixed fermion mass. However, in the case of the
Schwinger model studied in this chapter, the fermion mass undergoes a shift that depends
on the number of lattice sites IV, the inverse squared lattice spacing in units of the coupling
r = 1/(ag)?, the background electric field Iy, and, for Wilson fermions, the Wilson parameter
r. It is therefore crucial to quantify how the mass varies with these parameters to ensure it
remains fixed during continuum extrapolations. This quantification is fundamental to lattice
quantum chromodynamics (QCD) to match continuum extrapolations with experimental
data [266].

In this chapter, we present a method for measuring this mass shift (MS) in the Hamiltonian
formulation using the electric field density (EFD) observable. Additionally, we propose the
energy gap between the ground and first excited states as another means of determining the
MS. Agreement between these two methods serves as a crosscheck, validating our approach.
Throughout this chapter, we employ matrix product states (MPSs) to represent quantum
states and matrix product operators (MPOs) to represent operators. Moreover, we utilize the
density matrix renormalization group (DMRG) algorithm discussed in Sec. 2.5 to obtain the
ground states of the relevant Hamiltonians.

The results presented here primarily focus on Wilson fermions, adopting a slightly different
convention for the Hamiltonian given in Eq. (1.27), as clarified in Sec. 4.1. The method for
computing the MS is detailed in Sec. 4.2, followed by an exploration of its dependence on
various parameters in Sec. 4.3. In Sec. 4.4, we demonstrate our approach by performing the
continuum extrapolation of the Schwinger boson mass and the EFD. The analytical solutions
for these observables, derived within mass perturbation theory, are provided in Eq. (1.6)
and Eq. (1.7), respectively. Finally, we give a brief demonstration for the EFD method with
staggered fermions in Sec. 4.5.1, and further employ staggered fermions to introduce the gap
method for computing the MS in Sec. 4.5.2. Both MS methods with staggered fermions are
compared to a theoretical prediction for the MS [267].

This chapter’s findings have already been published mainly in [59, 60], and for the energy

gap method in [53], respectively as



4.1 WILSON FERMIONS HAMILTONIAN

Angelides, T., Funcke, L., Jansen, K., Kiihn, S. “Computing the MS of Wilson and staggered
fermions in the lattice Schwinger model with matrix product states Phys. Rev. D, 108 (1),
014516 (2023).
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Staggered Fermions in the Hamiltonian Lattice Formulation”. In: PoS LATTICE2022 (2023),
p. 046. doi: 10.22323/1.430.0046.

Guo, Y., Angelides, T., Jansen, K., Kiihn, S. “Concurrent VQE for Simulating Excited States
of the Schwinger Model” arXiv preprint arXiv:2407.15629 (2024).
4.1. Wilson fermions Hamiltonian

While Eq. (1.27) is used in Ch. 5 and Ch. 6, in this chapter, we adopt the convention from [60],
where the results have been published. The key difference lies in the mapping given in
Eq. (1.25). Specifically, in [60] and throughout this chapter, we take

¢n,oz — X2n—2+4a- (41)

This leads to the Wilson Hamiltonian
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The primary distinction from Eq. (1.27) is that, when setting the Wilson parameter to its
standard choice of » = 1, the remaining term in the second line of Eq. (4.2) now involves four
Pauli operators instead of two.

As discussed in Sec. 1.3, Wilson fermions explicitly break chiral symmetry, leading to an
additive mass renormalization [60, 102, 106]. This effect is directly visible in the fourth line
of Eq. (4.2), where the Wilson term modifies the mass term at the Hamiltonian level. We

express the renormalized mass as

My _ Miat

g

+ MS(N, z, 1o, 7). (4.3)
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CHAPTER 4 COMPUTING THE MASS SHIFT OF THE LATTICE SCHWINGER MODEL

Although this section focuses on Wilson fermions, in Sec. 4.5.1, we demonstrate that our
method for measuring the MS is equally applicable to staggered fermions. In that case, the

Wilson parameter is omitted from the dependence of the MS in Eq. (4.3).

4.2. Measuring the mass shift

The first method we use to measure the MS relies on the vacuum expectation value of the
EFD, which we refer to as the EFD method. To compute the EFD, we use Eq. (1.24) together

with Eq. (1.26), which we reiterate here for convenience

L, =€+ Z Qk, (44)
k=0

Qn = (Zon + Zont1)/2. (4.5)

. To construct the EFD observable, we evaluate it at the middle link of the lattice to mitigate
boundary effects due to the use of open boundary condition (OBC), which implies evaluating
Eq. (1.24) at n = [N/2] — 1. For staggered fermions, as discussed in Sec. 4.5.1, we instead
take the average over two central links to account for the staggering of charges. By combining
Eq. (1.24) with Eq. (1.26), the EFD operator becomes a sum of Pauli operators that can be
expressed as an MPO. The expectation value is then computed as outlined in Sec. 2.3.

We begin by measuring the EFD for various negative values of my,/g close to zero while
keeping all other parameters fixed. Since this method requires simulating negative mass values,
standard Monte Carlo techniques would suffer from the sign problem. This provides another
advantage of using MPS for our simulations. From Eq. (1.7), we expect that in the continuum
limit, the EFD should vanish at m,/g = 0. Consequently, the measured EFD also vanishes at
my/g = 0, but this will correspond to a nonzero value of my,;/g. This value of my,;/g thus
represents the negative of the MS. Following Eq. (1.7), we fit a quadratic function to the
EFD as a function of my,;/g and determine the point where it crosses the horizontal axis,
yielding its zero value.

An example of this procedure for z = 10, Iy = 0.1, and different volume sizes N/\/x is
shown in Fig. 4.1, reproduced from [60]. The figure shows the EFD against mj,/g, where
F/g on the y-axis follows the notation in [60]. The data confirm that the EFD crosses the
horizontal axis at a nonzero my,¢/g, yielding the negative of the MS. As the volume increases,
the MS decreases and converges to a finite value.

The error bars in Fig. 4.1 stem from the termination condition of the DMRG algorithm and
the extrapolation of the EFD to infinite bond dimension D. The former contributes an error
to the EFD expectation value given by its value multiplied by /7, where 7 is the tolerance
for the fractional energy change during DMRG sweeps, as explained in Sec. 2.5. The bond
dimension extrapolation was explicitly demonstrated in [61] and is shown in Fig. 4.2, where

the notation (Ly) was used for the EFD of Wilson fermions, as seen on the y-axis.
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Figure 4.1: F/g (electric field density (EFD}) versus lattice mass myqe/g. The markers represent data
for different physical volumes N/\/x =10 (purple circles), 15 (yellow triangles), 25 (black crosses),
and 40 (blue squares), demonstrating the presence of finite-volume effects for the mass shift (MS).
Following Eq. (1.7), the EFD vanishes for m,/g = 0; therefore, the intercepts of the data curves with
F/g=0 (red dashed line) correspond to minus the MS for a given volume. Note that the error bars
are much smaller than the markers and thus, are not visible.
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Figure 4.2: (Ly) (electric field density (EFD)) against inverse bond dimension 1/D to extrapolate
to D — oo with D = 40,60,80. This example is for Wilson fermions at N = 100, [y = 0.1,
Mg/ g = —0.08236266. Similar behavior was observed for staggered fermions as well. The error bars
are emanating from the variational algorithm to compute the relevant ground states. As shown by the
calculation on the top of the y-axis, the points are all closely converged to the value corresponding to
the D — oo limit.
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To extrapolate to D — oo, we perform a linear fit using the three largest bond dimensions.
The central value is taken as the average of the extrapolated value from the fit and the EFD at
the highest calculated D, while the uncertainty is approximated as half the difference between
these values. Smaller D solutions serve as initial ansétze for larger D, with D = 20 initialized
from a random MPS. This bond dimension extrapolation methodology is consistently applied
throughout this thesis.

4.3. Parameter dependence of mass shift

Equipped with the EFD method for measuring the MS, we now investigate its dependence on
various model parameters, including volume and lattice spacing. Analyzing these relationships
not only reveals their functional dependence but also provides deeper insights. For instance,
it reinforces theoretical predictions, such as the periodicity of the model in the topological

f-parameter.

4.3.1. Volume

To investigate the volume dependence of the MS, we set x = 10 and Iy = 0.1, then compute
the MS for different volumes N/y/z, following the procedure outlined in Sec. 4.2. The results
are presented in Fig. 4.3 from [60]. Initially, the MS exhibits a strong dependence on lattice
volume, but it eventually stabilizes once the volume reaches approximately N/+/x ~ 30. This
pronounced dependence at smaller volumes is likely caused by finite-volume effects on the
EFD, as explained below.

In a lattice with OBC and for state in the vanishing total charge sector, the electric field
takes the value [y at both boundaries. Since the electric field across the system is governed
by the fermionic charge distribution via Eq. (1.24), where the charge can only assume values
—1,0,0r1, a certain number of links near the left and right boundaries are necessary to
establish a bulk electric field differing from ly. For small volumes, a well-defined bulk region

may not form, leading to finite-size effects in the EFD, which in turn influence the MS.

4.3.2. Lattice spacing

To extrapolate observables to the continuum limit, it is essential to evaluate their values at
different lattice spacings ag while keeping the renormalized mass m, /g fixed. This necessitates
determining how the MS varies as a function of ag.

To investigate this dependence, we set Iy = 0.125 and choose a volume of N//x = 30, a
value sufficiently large to suppress significant finite-size effects, as demonstrated in Sec. 4.3.1.
Figure 4.4 presents our results for the MS as a function of the lattice spacing. The data
indicate that, to first order, the MS exhibits a linear dependence on ag. Notably, we observe

that the MS decreases as the continuum limit is approached, consistent with the expectation
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Figure 4.3: Mass shift (MS) versus inverse volume. The markers show data for volumes N/\/x
between 10 and 40, where x = 10 and ly = 0.1 are fixed. The MS exhibits a plateau for volumes
N/\/x Z 30, with a relative difference in the MS of ~ 0.01% for the largest two volumes of 85 and 40
(see inset). The error bars are much smaller than the markers and thus are not visible.

that the MS vanishes in the continuum limit once the infinite volume limit is also additionally

taken.
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Figure 4.4: Mass shift (MS) as a function of the lattice spacing ag. We fiz lo = 0.125 and N//x = 30,
with N ranging from 300 to 500. To first order, the ag-dependence of the MS is linear. As before, the
error bars are much smaller than the markers and thus are not visible.
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Figure 4.5: Mass shift (MS) versus lattice spacing ag = 1/+/x for two different values of the background
field, lo = 0/(27) = 0.03 (black crosses) and 0.25 (red circles), demonstrating that the MS is different
when lg = 0/27 varies. The volume is fized to N/\/x = 20, with N ranging from 25 to 90. As before,
the error bars are much smaller than the markers and thus are not visible.

4.3.3. f-parameter

As discussed in Sec. 1.1, the f-parameter becomes unphysical in the continuum limit when
the fermion mass vanishes. This phenomenon arises due to the axial anomaly, as reviewed in
Sec. 1.1. However, on the lattice, the anomaly is not exact, leading to a residual dependence of
the MS on 6 when measured at m,/g = 0 [46]. This effect is evident in our numerical results
presented in Fig. 4.5, which illustrates the variation of the MS with lattice spacing ag for two
distinct values of the background field, Iy = 6/27, at a fixed physical volume of N/\/xz = 20.

To further analyze this dependence, Fig. 4.6 depicts the difference in MS between the two
chosen values of [

AMS = MS|jy=0.25 — MS|;p=0.03- (4.6)

For large lattice spacings, ag ~ 1, a significant AMS is observed. However, as ag decreases,
this discrepancy diminishes and becomes negligible for ag < 0.3. This behavior is consistent
with the expectation that the axial anomaly is restored in the continuum limit. It is important
to note that the dependence of the MS on [y vanishes strictly in the infinite-volume limit. At
finite volume, such as N/\/xz = 20 used here, a small residual dependence is expected, which
is reflected in Fig. 4.6.

The Schwinger model exhibits periodicity in § with a period of 27, or equivalently, in Iy
with a period of 1 [56], as discussed in Sec. 1.1. To verify whether this periodicity is reflected
in the MS, we examine its behavior over a full period of [y from 0 to 1. As shown in Fig. 4.7,

our numerical results confirm this expected periodicity. Specifically, the MS increases for
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Figure 4.6: Difference in mass shift (MS) between two different values of the background field,

lo=0/(2) = 0.25 and 0.03, see Eq. (4.6), as a function of the lattice spacing ag. The volume is fixed

to N/v/x = 20, with N ranging from 25 to 90. The inset shows data for x = 1/(ag)? = 12.25, 16, and

20.25, which demonstrate that the 0-dependence of the mass shift (MS) becomes negligible for small ag.
As before, the error bars are much smaller than the markers and thus are not visible.

lp < 0.5, reaches a maximum at [y = 0.5, and then decreases for Iy > 0.5, exhibiting symmetry

about [y = 0.5, or equivalently, around 6 = 7.
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Figure 4.7: Mass shift (MS) versus background electric field ly. The field lo = 0 /2w is swept over a
full period between 0 and 1, and the MS shows the expected periodicity in lyg. The data points correspond
to lp € [0.01,0.9526], N = 100, and x = 1. As before, the error bars are much smaller than the markers
and thus are not visible.
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4.3.4. Wilson parameter

The Hamiltonian in Eq. (1.20) exhibits a spurious symmetry under the transformation
U = v, Mias /g — —Mat/g, and r — —r. The term “spurious” here indicates that this
symmetry holds only when the Wilson parameter r is also transformed. Evaluating Eq. (4.3)
at m,/g = 0, this symmetry implies that the MS is antisymmetric under » — —r, leading to

the relation

MS(N, z,ly,r) = —MS(N, z, lg, —7).

With our MPS approach, we can directly verify this property by analyzing the model for
r = {—1,1}, as well as for both positive and negative values of my,;/g, while keeping N, z,
and [y fixed. Our numerical results, presented in Fig. 4.8, confirm this expected behavior.

Specifically, the MS obtained for » = 1 matches that for r = —1, up to the expected negative

sign.
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Figure 4.8: F/g (electric field density (EFD)) as a function of the lattice mass my.s/g for the Wilson
parameter r = 1 (black solid line with lower x-axis) and r = —1 (blue dashed line with upper x-axis).

We fix N = 100, x = 1, and ly = 0.125. The horizontal red dotted line indicates F/g = 0, and
the orange dash-dotted vertical line passes the intersection point of the blue and black lines with the
red dotted line. The intersection is at a value of miu/g = 0.214681 for r = —1 (upper x-axis) and
Mygt/g = —0.214681 for r = 1 (lower x-axis). As before, the error bars are much smaller than the
markers and thus are not visible.

4.4. Continuum extrapolation

The following sections demonstrate the improvement in continuum extrapolations when

incorporating the MS. Specifically, the EFD and Schwinger boson mass observables are

48



4.4 CONTINUUM EXTRAPOLATION

extrapolated to the continuum at finite physical volume, and subsequently compared to

continuum mass perturbation theory results.

4.4.1. Electric Field Density

We begin by analyzing the EFD in the continuum limit and comparing our numerical results
with the perturbative prediction from Eq. (1.7). To do this, we fix the volume at N/ /z = 20
and set Iy = 0.125. After computing the MS for various values of ag, we extrapolate our
lattice results to the continuum limit, ensuring that the renormalized mass m,/g remains
constant.

Figure 4.9 illustrates this extrapolation procedure and contrasts two approaches. One
approach incorporates the MS (black crosses), while the other simply keeps my,; /g fixed (green
triangles). The difference between these two approaches highlights the significance of incorpo-
rating the MS. Without it, substantial lattice artifacts appear, making the extrapolation to
ag — 0 more challenging and introducing larger uncertainties in the final result. In contrast,
when the MS is included, the data points are much closer to the continuum limit, as evidenced
by the significantly reduced discrepancy between the extrapolated value of the EFD and the

smallest ag data point.
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Figure 4.9: F/g (electric field density (EFD)) as a function of lattice spacing ag. Black crosses
represent data incorporating the mass shift (MS) for m,. /g = 0.03, while green triangles correspond
to data without the MS, keeping my/g = 0.03 fized. We set lg = 0.125 and N/\/z = 20. For data
that include the MS, a linear fit suffices, as expected from the O(ag) scaling behavior of non-improved
Wilson fermions [268]. In contrast, for data without the MS, we estimate F/g at ag — 0 by fitting
quadratic, cubic, and quartic polynomials and computing a weighted average of their y-intercepts. We
use mean squared errors (MSEs) as weighls and determine the uncertainty of each intercept using
the method in Sec. 4.2. The final error is obtained by adding individual uncertainties in weighted
quadrature. Error bars are too small to be visible.
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By repeating this analysis for multiple mass values, we investigate how the EFD behaves in
the continuum, as shown in Fig. 4.10. This figure presents data both with and without the
MS. The dataset that does not account for the MS exhibits significantly larger uncertainties,
particularly for small values of m/g. Here, m/g refers to m,/g for the data that incorporate
the MS, and to my,;/g otherwise. While these data points are consistent with the perturbative
prediction from Eq. (1.7) within error bars, their central values consistently exceed the

theoretical expectation. In contrast, when the MS is incorporated, the results show significantly
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Figure 4.10: F/g (electric field density (EFD)) extrapolated to the continuum as a function of mass
m/g. The black crosses correspond to data that incorporate the mass shift (MS), where m/g represents
the renormalized mass my. /g = mya/g+ MS. Green circles represent data where the MS is ignored,
with m/g = mya:/g. The red curve denotes the continuum perturbative prediction from Eq. (1.7), where
m/g refers to the continuum mass. The extrapolation to ag = 0 is performed using eight poinls with
N €100, 300], keeping lg = 0.125 and N/+/x = 20 fized. Error bars for the black crosses are too small

to be visible.

smaller error bars, despite using the same lattice sizes and computational resources as in the
other dataset. At small m/g, the agreement with the perturbative prediction is excellent.
As expected, at larger values of m/g, perturbation theory becomes less reliable, and our

numerical results begin to deviate from the perturbative formula.

4.4.2. Schwinger Boson Mass

Next, we investigate the vector mass gap of the theory, also known as the Schwinger boson
mass, in the case where m, /g = 0. Using our dimensionless Hamiltonian from Eq. (4.2), and

denoting Fy and E; as the energies of the ground and first excited states, respectively, the
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Figure 4.11: Schwinger boson mass (vector mass gap), Ms/g, as a function of the squared lattice
spacing, (ag)?. The data points (black crosses) correspond to lg = 0.125 and m,/g = 0, with a fived
volume of N/v/z =40 for N € [300,600]. A quadratic fit in ag (red line) yields an extrapolated value
of Mg/g = 0.5642 & 0.0011, which aligns with the theoretical expectation Mg/g = 1//7 =~ 0.5641 from
Eq. (1.6).

Schwinger boson mass in units of the coupling constant is given by [210]

Mg

1
g 2Vz

To reach the continuum limit, we compute this quantity for various values of ag and extrapolate

2m,

(E1 — Eo) — (4.7)

to ag — 0, following a procedure similar to that used for the EFD. Figure 4.11 presents the
extrapolation results for m,/g = 0 and Iy = 0.125.

For the extrapolation, we use a quadratic fit in ag, shown as the red line in Fig. 4.11. This
choice is justified for two reasons. First, for non-improved Wilson fermions [268], observables
such as energy and EFD exhibit O(ag) corrections, as illustrated in Fig. 4.9. Second, Eq. (4.7)
introduces an additional factor of ag in our dimensionless formulation, which results in leading-
order corrections that scale as (ag)?. Using this quadratic fit, we obtain an extrapolated value
of Mg/g = 0.5642 + 0.0011, which is in excellent agreement with the theoretical prediction
Ms/g =1/y/m =~ 0.5641 from Eq. (1.6).

4.5. Staggered fermions

In the following subsections we explore the EFD method as applied to staggered fermions.
Further, we go beyond the EFD method and introduce another observable which can be used
to measure the MS, namely the energy gap between the ground and first excited states. The
two methods to compute the MS are then compared against each other and to theoretical

predictions.
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CHAPTER 4 COMPUTING THE MASS SHIFT OF THE LATTICE SCHWINGER MODEL

4.5.1. Electric field density method for staggered fermions

This section extends our method for computing the MS beyond the case of Wilson fermions,
specifically applying it to staggered fermions given by Eq. (1.36), which are commonly used
in LGT simulations with tensor network (TN) and quantum computing.

A recent analytical study [267] derived the additive mass renormalization for staggered
fermions in a system with periodic boundary conditions. This derivation relied on a discrete
chiral symmetry, which consists of a one-site translation combined with a shift of 8 by w. The

resulting MS is given by

My Miag 1

= W
g g 8Jr

Applying Eq. (4.8) ensures that the Hamiltonian preserves the remnant discrete chiral symme-

(4.8)

try described above. This symmetry originates from the chiral anomaly discussed in Sec. 1.1.
Specifically, the anomaly implies via Eq. (1.11) that, in the massless limit, Hg in Eq. (1.34)
with a nonzero #-parameter is unitarily equivalent to H with € = 0. The chiral symmetry then
maps Hg at § to Hg at 8+, but only when the bare lattice mass is set to myat /g = —1/(8/x),
ensuring that the renormalized mass satisfies m,/g = 0. This requirement directly leads to
the MS presented in Eq. (4.8).

Following the procedure outlined in Sec. 4.2, we numerically compute the MS by identifying
the point where the EFD vanishes, corresponding to m,/g = 0. Figure 4.12 shows our
results for staggered fermions using OBC. For smaller system sizes, deviations from Eq. (4.8)
are observed, which is expected due to the effects from boundary conditions. However, as
the system size increases, the boundary effects diminish, and the data converge toward the

theoretical prediction.

4.5.2. Energy gap method

Beyond the EFD method for computing the MS, we present in [53] an alternative approach,
referred to as the gap method, which utilizes the energy gap of the model. The advantage
of this method to the EFD method, is that it can be applied at 8 = 0, 7, which are relevant
points in the phase diagram. The demonstration from [53] for the gap method uses staggered
fermions as given in Eq. (1.36).

In the continuum Schwinger model, mass perturbation theory predicts that, at m,/g = 0,
the Schwinger boson mass satisfies Mg/g = 1/y/7, as given by Eq. (1.6). To determine the
MS, we determine the value of my,;/g for which % — 1/4/7 vanishes, corresponding to the
condition m,/g = 0. Consequently, this value of my,/g directly yields the negative of the MS.

On the lattice, we use the following equation, which was introduced in a previous section

Ms E1—Ep oM
g 2\/z g’

(4.9)
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Figure 4.12: F/g (electric field density (EFD)) as a function of the lattice mass my/g for staggered
fermions, with x = 10 and [y = 0.125. The horizontal blue dotted line marks the point where the EFD
vanishes, while the vertical purple dashed line represents the theoretical prediction for the mass shift
(MS) from Ref. [267]. Different markers indicate data for various physical volumes: N//x = 10 (yellow
triangles), 20 (black crosses), and 30 (red circles). The error bars, stemming from the extrapolation in
bond dimension, are too small to be visible.

where Ey and E7 are the energies of the ground and first excited states, respectively, for the
Hamiltonian under consideration.

In [53], where we introduced this method, we computed the point at which Mf —1/y/m
becomes zero by employing the bisection method [269]. This can be expressed in equation
form with a given fixed mia/g as

%mm/g) — 1/ (4.10)

Additionally, we applied the bisection method to compute the MS using the EFD, with the
details of the algorithm provided in [53]. Figure 4.13 compares the MS values computed
using the gap and EFD methods for various values of 1/4/z, with the data extrapolated to
infinite volume for Iy = 0,0.08. On the y-axis, the MS is denoted as mg/g following [53].
The theoretical prediction for the MS of staggered fermions from [267] is also included. As x
increases, all three MS values converge, and the extrapolated values in the figure’s legend are
consistent with the MS approaching zero at infinite volume in the continuum limit.

Finally, we have employed the concurrent variational quantum eigensolver (¢VQE) algorithm
to compute the ground and first excited states, enabling the computation of the MS on a
quantum computer. The details of this algorithm are outside the scope of this thesis and can
be found in [53]. In Figure 4.14, we directly present the results of this computation, where the
observable Mf —1/+/7 is plotted against my,¢/g, for Iy = 0,0.08, at x = 1, and a fixed volume
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Figure 4.13: The behavior of mg/g (mass shift (MS)) as a function of 1/y/x for ly =0 (red circles)
and lop = 0.08 (blue squares), where | = ly for this plot. The mass shift (MS) is estimated using the gap
method by solving Fq. (4.10) for various N using matriz product state (MPS), followed by extrapolation
to infinite volume for a fized x. For comparison, results from the electric field density (EFD) method

are also shown for lo = 0.08 (green triangles). The black line represents the analytically computed value
1/(8y/x) from Ref. [207] for periodic boundary conditions.

of N/v/x = 40. The figure also compares results from two different amounts of layers in the
c¢VQE ansatz, which is the number of times the motif ansatz is repeated to form the complete
parameterized ansatz, in line with the variational quantum eigensolver (VQE) described in
Sec. 3.1.3. Although the cVQE here has been simulated with TN methods, it demonstrates
the capability of quantum computing algorithms for computing the MS. The figure shows
good agreement between the ¢VQE results and those obtained from MPS with DMRG. We
note that, following the convention of [53], the notation A(mj.:/g) = E1 — Ep is used on the
figure’s y-axis.

In conclusion, the EFD method for measuring the MS only requires the calculation of the
ground state, in comparison to the gap method which additionally requires the calculation of
the first excited state. On the other hand, the EFD method cannot be applied at 8 = 0, 7,
where the EFD is zero for all masses. This is an advantage to the gap method which can
indeed be applied at these 6 values that are commonly relevant due to the phase transitions

at 0 = 7.
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Figure 4.14: Results for A/(2y/x) — 1/\/7 versus mqa/g for 40 physical qubits and x = 1 from
concurrent variational quantum eigensolver (cVQE) (open symbols) and a direct matriz product state

(MPS) calculation (X, +) for comparison, where A is the energy gap E1 — Ey.

The red circles

(blue squares) and red triangles (blue lower triangle) correspond to results for lo = 0 and Iy = 0.08,
respectively, for eight (ten) layers of the ladder ansatz from Fig. 3(b). The black "X " ("+") represent
data from a direct MPS calculation with bond dimension D = 40, serving as the reference value for
lo =0 (lp = 0.08). The dashed line marks A/(2\/x) — 1/\/7 =0, and its intersection with the cVQE

data provides an estimate of the mass shift (MS), up to a minus sign.
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5 First-order phase transition of the Schwinger

model with a quantum computer

In this chapter, we investigate the feasibility of studying the phase structure of the Schwinger
model [87] with a topological §-term using noisy intermediate-scale quantum (NISQ)) devices.
Understanding phase diagrams is crucial in physics, particularly in the context of quantum
chromodynamics (QCD), where they provide insights into matter under extreme conditions,
with implications for the early universe and neutron stars [270]. Given the rich theoretical
background introduced in Sec. 1.1, the Schwinger model serves as an ideal benchmark for
developing and validating novel computational techniques. Moreover, quantum computing
presents an alternative to Monte Carlo and tensor network (TN) approaches [220, 222], offering
key advantages such as avoiding the sign problem, which is an inherent limitation of Monte
Carlo methods [24, 271], and having the potential to efficiently represent highly entangled
quantum states that would be challenging with TN techniques, as discussed in Sec. 2.1.

Beyond the successful demonstrations of quantum simulations [77, 80-83, 169, 217-219],
applying quantum computing to the lattice Schwinger model raises several open questions.
First, since the theory must be discretized on a finite lattice, multiple fermion discretization
schemes exist, and determining the most efficient scheme given available computational
resources is nontrivial. Second, assessing the minimum system sizes required for a reliable
continuum extrapolation is essential for evaluating the practicality of near-term quantum
devices.

To address these challenges, we analyze two fermion discretization schemes introduced
earlier in this thesis, namely staggered and Wilson fermions, to determine their relative
advantages as applied to the lattice Schwinger model. We employ the variational quantum
eigensolver (VQE) [251] and develop a protocol for mapping this problem onto a quantum
circuit. Originally introduced as an alternative to quantum phase estimation [272], the VQE
is well suited to the capabilities of current and near-term quantum hardware. We validate
our VQE approach through noiseless classical simulations on system sizes ranging from 6 to
12 qubits, optimizing the ansatz and gate configurations to efficiently capture the relevant
ground states. Once the optimal ansatz-gate combination and variational parameters are
established, we prepare ground states across the first-order phase transition shown in Fig. 1.2
using IBM’s quantum devices.

Additionally, we demonstrate that employing state of the art error mitigation techniques



5.1 OBSERVABLES

discussed in Sec. 3.2, including zero-noise extrapolation [255], readout error mitigation [254],
Pauli twirling [265], and dynamical decoupling [257], enables accurate results from quantum
measurements. Finally, to determine the system sizes required for a reliable continuum
extrapolation on quantum hardware, we leverage matrix product state (MPS). By performing
numerical simulations of intermediate system sizes, we conduct continuum extrapolations and
compare the results with analytical predictions.

This chapter is organized as follows. In Sec. 5.1, we introduce the key observables used
to track the first-order phase transition. In Sec. 5.2, we describe the parametric circuits
employed as ansétze for the VQE. The error mitigation techniques utilized in quantum
hardware calculations are detailed in Sec. 5.6. We present the performance results of the
selected ansétze in Sec. 5.3, followed by an analysis of lattice effects on the position of the
first-order phase transition in Sec. 5.4. Finally, in Sec. 5.5, we report the results of state
preparation on quantum hardware and the measurement of relevant observables, while Sec. 5.7
provides the final results for the continuum limit calculations.

The chapter’s findings have already been published in [61] as

Angelides, T., et al. “First-order phase transition of the Schwinger model with a quantum
computer”. npj Quantum Information 11.1 (2025), p. 6. doi: 10.1038/s41534-024-00950-6.

5.1. Observables

As discussed in Sec. 1.1, moving across the first-order phase transition shown in Fig. 1.2 at
large m; /g, reduces the electric field by one unit and raises the particle number (PN) by two.
This motivates tracking the electric field density (EFD) and PN, as we change [y at fixed
Miat/g. Since our calculations in this chapter are not focused on continuum extrapolations,
we make the approximation m,/g = mjat/g, except for Sec. 5.7, where we perform continuum
extrapolations with MPS.

For Wilson fermions, the EFD, given the notation Ly is taken to be

[N/2]-1
Ly = ZQ+L’—%1_1 =lg+ Z Qrx
k=0
i (5.1)
=lo+= Y. (Zok+ Zoks1),
2 i3

which follows from Eq. (1.24). The PN for Wilson fermions, given the notation Py, can be
calculated from the operator
1 N1
Py =N+ 5 3 (XonXons1 + YonYant1) (5.2)

n=0

This operator does not generally commutes with the Hamiltonian. However, it does commute
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CHAPTER 5 FIRST-ORDER PHASE TRANSITION OF THE SCHWINGER MODEL WITH A
QUANTUM COMPUTER

with the Hamiltonian in the absence of the kinetic term, which can be considered the infinite
mass limit. Consequently, in this heavy mass regime, the integer eigenvalues of Py are
expected to be good quantum numbers [66]. Each of the two components in the sum of
Eq. (5.2) contributes at least —1, meaning that the total sum, including the prefactor, has a
minimum value of —N. This corresponds to the negative of the number of two-component
Dirac spinor lattice sites. Therefore, with the first term NV, the minimum value of this operator
is shifted to 0.
For staggered fermions, the EFD, denoted as Lg, is given by

1
Ls =1+ 3 (LN/272 + LN/271)

| (N2 N/j2-1
=l+3 ,; Qr+ Z::o Qrk (5.3)
. N/j2-2
=l++5 ZZk+ ~ZNj2-1-
k=0

Similarly, the PN operator takes the form

N
2

N-—
Z (5.4)

[\3\*—‘

In the absence of particles, i.e., when the system is in a state where spins are down on even
sites and up on odd sites, the sum in Eq. (5.4) contributes —1 for every site. Conversely, when
spins are up on even sites and down on odd sites, the sum contributes +1. The first term in

Eq. (5.4) ensures that Ps remains positive semi-definite.

5.2. Parametric circuits

In order to evaluate the performance of different discretization schemes for the VQE, we
consider two distinct parametric anséitze and two types of parametric gates, as illustrated
in Fig. 5.1 from [61]. The ansatz architectures, referred to as “brick” and “ladder”, are
shown in Fig. 5.1(c, d) respectively, and employ either SO(4) gates or Rxxtyy gates. The
decomposition of these gates into CNOT and Pauli rotation gates is depicted in Fig. 5.1(a, b)
respectively.

We choose SO(4) instead of SU(4) gates because the Hamiltonians used for this chapter
are real, meaning their ground states are also real. These are given explicitly in Eq. (1.27)
and Eq. (1.36). Thus, we can restrict our ansétze to the real subspace of the Hilbert space.
While SO(4) gates are more expressive due to their additional tunable parameters, they do
not conserve the total charge, as they can implement any two-qubit orthogonal operation that
may alter the charge. In contrast, using the algebra of Pauli operators, one can verify that the

total charge operator commutes with Rx xtyy, ensuring charge conservation. Consequently,
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Figure 5.1: Decomposition of a generic SO(4) gate depending on the siz parameters 01,...,0¢ (a)
the Rxx+vy(0) = Rz, exp(—if(X X + YY)/2)RTZO (b), into CNOT and Pauli rotation gates. The
Rz, rotations in the definition of Rxx+yy (0) restrict the state to the real subspace. Boxes acting
on a single qubit correspond to Pauli rotation gates, Rp(a) = exp{—iaP/2} with P € {X,Y,Z}.
Single-qubit gates where the argument is omitted refer to rotations around an angle w/2, Rp(mw/2). The
light blue bozes represent the parameterized gates which are R(a, B,7v) = Rx(7)Rz(8)Rx(«) in (a)
and Ry (0) in (b). Panel (c) and (d) illustrate one layer of the brick and ladder ansatz, respectively,
both following a non-parametric part for preparing the initial state |1;,) (yellow box). The first layer
in the brick ansatz has a CNOT-depth of 4 whereas in ladder it is 2n — 2, where n is the number of
qubits, and in both cases it increases by 4 with each layer.
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when employing SO(4) gates, we must explicitly enforce charge neutrality by adding a penalty

term to the Hamiltonians as introduced in Sec. 1.3

A <Z_j Qn> | (5.5)
n=0

The Lagrange multiplier A must be chosen sufficiently large to ensure a ground state with
vanishing total charge. On the other hand, the Rx xyy gate naturally preserves the total
charge but is generally less expressive.

Throughout our simulations, we initialize the parameters for the parametric portion of the
ansatz randomly within the interval [0,0.001) to keep the circuit close to the identity, ensuring
the VQE starts from a state near the initial state [i;,) forming the non-parametric part of
the circuit.

For Wilson fermions, we test three possible initial states |1, ), adopting the one that yields
the best fidelity in the VQE. As discussed in Sec. 1.1, for m/g > 1 and 6 < 7, the continuum
Hamiltonian is expected to be dominated by the mass term, with a ground state approximated

by the ground state of that term. The lattice analog for the Wilson case is

(W)M. (5.6)

This state carries no net charge and serves as a suitable initial state for large masses before
the first-order phase transition occurs.

For 6 > m, the continuum model predicts the creation of a particle-antiparticle pair, with a
negative (positive) charge forming on the left (right) boundary. On the lattice, this corresponds
to the state

i @(V-2)
11) (01>ﬁ|10>> 100) (5.7)

which approximates the expected state after the phase transition. Additionally, we test a
generic charge-neutral initial state, |10>®N. In all cases, a simple linear mapping of the logical
qubits |o7) in the model Hamiltonian to the physical qubits |g;) of the hardware is applied.

For staggered fermions, the charge-neutral ground state at large m/g > 1 corresponds to
]10>®N/ 2 making it a viable choice for |¢);,) when 6 < 7. For § > 7, a charge pair forms, with
the negative (positive) charge residing on odd (even) sites. This places the charges at sites 1
and N — 2, leading to the state

111) |10)®*N=2/200) | (5.8)

This state can be efficiently prepared from |10>®N/ 2 by applying an SO(4) or Rxx+yy gate
between qubits 1 and N — 2. However, the ansitze shown in Fig. 5.1 do not include direct

two-qubit interactions between these qubits. To address this, we modify the standard linear
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mapping of logical qubits to physical hardware qubits, using the transformation:

190) @ |q1) ® -+ @ |qn-1) = |ov—2)/241) ® -+ @ [oN-3) ® [oN-1)
® [on-2) @ |01) @ |00) ® |02) @ - @ |o(n_2)/2) - (5.9)

This mapping ensures a direct two-qubit gate between logical qubits 1 and N — 2. For
m/g < 1, where the ground state partially screens the electric field, there are no expectations

>®N/2

that would motivate any other mapping, and thus we use |10 with the standard linear

mapping.

To assess the ansétze for different discretizations, we first simulate the VQE classically.
We employ the limited-memory Broyden-Fletcher-Goldfarb-Shanno with box constraints
(L-BFGS-B) optimizer [258] with two heuristic warm-start stages. In the first stage, all
variational parameters within a layer are grouped and optimized collectively over 2000
iterations, leveraging approximate translation invariance. Despite open boundary conditions
(OBCs) breaking exact translation symmetry, this serves as a reasonable approximation. In the
second stage, each parameter is optimized independently over 100,000 iterations to evaluate
the full expressive power of each ansatz. In practice, convergence typically occurs within a
few hundred iterations.

For deeper circuits, we adopt a progressive warm-start approach. After optimizing an ansatz
with k layers, its optimal warm-start parameters are used to initialize the first k£ layers in the

warm-start stage of the optimization of an ansatz with k + 1 layers.

5.3. Comparison of parametric circuits with VQE

To assess the ability of our ansatz to accurately represent the ground states, we perform
classical simulations of the VQE in the absence of noise, following the procedure outlined in
Sec. 3.1.3 and Sec. 5.2. We then focus on two regimes, with the first being a large mass ratio
of miat/g = 10, where the first-order quantum phase transition is expected, and the second
being miat/g = 0, which is significantly below the critical mass and should therefore exhibit
no transition as ly varies. Throughout this section, we fix the lattice volume at N//x = 30.
We first analyze the case of Wilson fermions, where both the brick and ladder ansatz yield
similar performance. The use of SO(4) gates generally results in slightly higher fidelities
compared to Ry x1yy gates, irrespective of the mass. Given that the brick ansatz has a lower
CNOT-depth than the ladder ansatz for the same number of layers, it is better suited for NISQ
devices. Thus, we focus on the brick ansatz with SO(4) gates for the Wilson discretization.
For my,/g = 10, using the two product states described in Sec. 5.2 as initial states before
and after the transition, the VQE achieves fidelities exceeding 0.99 with a single layer of the
brick ansatz for all system sizes considered. Figure 5.2 from [61] presents the results for the
EFD, (Lw), and the PN, (Py), as functions of [y for system sizes N = 3,4, 5, 6, corresponding
to 6, 8, 10, and 12 qubits, respectively. The VQE results exhibit a clear discontinuity in both
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Figure 5.2: Electric field density (EFD) (Lw.s) and particle number (PN) (Py.s) against lo with data
from quantum hardware (black crosses), as compared to the noiseless expectation values (red pluses)
and exact diagonalization (blue circles) for Wilson and staggered fermions respectively. The staggered
fermions in this case have the same number of qubits as the Wilson fermions. Hence, while the title
of each column specifies the N for Wilson fermions, for staggered it is taken to be double that value.
The lattice mass for these data is set to mj,/g = 10, so that we are above the second order phase
transition of Fig. 1.2, without having to account for the mass shift (MS). Therefore, we can observe
the first-order phase transition. Note that the error bars, which are discussed in Sec. 5.4, are much
smaller than the y-scale and thus, are not visible.

quantities, signaling the remnant of the first-order phase transition. The transition occurs
at values of [y significantly larger than the continuum prediction, lo = 1/2. However, as N
increases, the transition point shifts toward smaller values of [y, a behavior attributable to
finite volume and lattice spacing effects, which we discuss in detail in Sec. 5.4. Specifically,
increasing N while keeping the volume constant effectively reduces the lattice spacing, bringing
the result closer to the continuum limit. Comparison with exact diagonalization results shows
excellent agreement, reflecting the high fidelities achieved. This agreement arises because, for
miat/g = 10, the true ground states before and after the transition are close to the product

states used as initial states, requiring only a single ansatz layer to achieve near-perfect overlap.

For my,¢/g = 0, the ground state is more complex, requiring additional ansatz layers for
similar fidelity levels. Generally, two layers of the brick ansatz with SO(4) gates provide
optimal performance, achieving fidelities above 0.99. In some cases, the Rxxiyy gates
perform slightly better, and in a few instances, a single ansatz layer suffices. Figure 5.3
from [61] summarizes the EFD and PN results for this mass regime. Unlike the large-mass

case, both quantities exhibit smooth variations, consistent with expectations for masses below
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Figure 5.3: The description for this figure follows Fig. 5.2, however the lattice mass here is set to
miat/g = 0, so that we are below the second order phase transition and thus observe no first-order
phase transition as expected. Note that the error bars are much smaller than the y-scale and thus, are
not visible. The blue circles represent the exact diagonalization, red pluses the noiseless simulations
and black crosses the quantum hardware results.

the critical value. However, for some values of [y, particularly near i = 1/2 and larger N, the
VQE does not fully converge to the exact diagonalization results (see Figs. 5.3(b — d), (f)),
with fidelities around 0.85 in these cases. The larger slope observed near [y = 1/2 for larger
N suggests that, despite choosing a small lattice mass, finite-size effects and additive mass
renormalization bring the system close to the first-order transition. Consequently, at Iy = 1/2,
the presence of two states with nearly degenerate energy complicates VQE convergence.
Nonetheless, across a broad range of parameters, our classical VQE simulations show good
agreement with exact diagonalization.

For staggered fermions, we employ the initial states and qubit mappings discussed in
Sec. 5.2. In this case, ansdtze using Rxx+yy gates consistently yield higher fidelities than
those with SO(4) gates. When using SO(4) gates, we frequently observe that the final
optimized parameters tend to zero, effectively reducing the ansatz to its non-parametric
part, which prepares the ]10>®N/ 2 state. In contrast, with Rxxyy gates, both architectures
perform comparably well, achieving fidelities above 0.99. Due to its lower CNOT-depth, we
focus on the brick ansatz for the staggered discretization.

For myat/g = 10, the staggered fermion results qualitatively resemble those of Wilson
fermions, as shown in Fig. 5.2. The characteristic discontinuities in the EFD and PN confirm
the presence of a first-order quantum phase transition. Notably, for the staggered discretization,
the transition occurs at larger [y values than in the Wilson case, despite matching the qubit

count. Since the total volume remains fixed at N/\/x = 30, the staggered discretization
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effectively has a smaller lattice spacing. The observed shift in the transition location might
be attributed to a larger additive mass renormalization, or to larger finite size effects affecting
the observables of staggered fermions. Similar to the Wilson case, increasing N shifts the
transition to smaller [y values, as detailed in Sec. 5.4. Once again, exact diagonalization results
exhibit excellent agreement with the simulated VQE using a single ansatz layer, demonstrating
that our circuit and qubit mapping capture the essential physics of the model in the large-mass
regime.

For mya /g = 0, the increased complexity of the ground state requires two ansatz layers
to maintain high fidelities. Figure 5.3 shows the results for the brick ansatz with two layers.
The observables are now changing smoothly with [y, indicating the absence of a first-order
transition at this mass. Interestingly, in the staggered case, the VQE results match exact
diagonalization nearly perfectly across the entire parameter range studied, with no noticeable
deviations.

In summary, our findings for Wilson fermions suggest that the brick ansatz with SO(4) gates,
combined with an appropriate initial state, is generally the most efficient choice. Moreover,
the required resources for achieving high-fidelity approximations show little dependence on
system size within the studied range. In the staggered case, the brick ansatz with Rxx.yy
gates consistently performs well across all parameters explored. Similar to the Wilson case, we
observe no strong dependence on system size, suggesting the feasibility of scaling our approach

to larger systems.

5.4. Lattice effects on the phase transition

Here, we derive an analytical expression for the location of the first-order phase transition in
the lattice Schwinger model, focusing on the regime where m/g > 1, i.e., the limit in which
the kinetic term is negligible.

We begin by mapping the electric field energy to its lattice counterpart. The electric field
operator can be made dimensionless using the coupling g between the fermions and gauge
fields, i.e., E — gL,. The corresponding mapping from the continuum electric field energy to
its lattice version is given by

o [2 N-2 92 L721
/_OO —d:c—mnz::OT. (5.10)

Our derivation remains independent of the specific lattice fermion formulation, making the
result general and applicable to both Wilson and staggered formulations. The key insight is
that at the first-order phase transition, denoted by [j, the ground state exhibits a two-fold
degeneracy.

To the left of the phase transition, where ly < [, the ground state contains no charges, and

the total electric field on each link is ly. Consequently, the total energy Ej,<;s is given solely
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by the electric field contribution

2
Ejy<iy = a(N — 1)92%0, (5.11)
where we have used the fact that a lattice with open boundaries contains N — 1 links.

To the right of the phase transition, where ly > [j, the ground state consists of a negative
charge at the left edge and a positive charge at the right edge, connected by an electric flux
string that reduces the total electric field by one unit. This results in an electric field of g — 1
on each link. The total energy is then given by the sum of the electric field energy and the

mass energy contribution of 2m, from the two charges

(lp — 1)

Eipsi5 = a(N — 1)g? 5

+ 2m,. (5.12)

In Sec. 1.1, where the continuum model was discussed, we ignored the energy 2m, of the Dirac
sea. For the lattice case, we have to take it into account, which can be trivially seen from
the fact that the first term on the right hand side of Eq. (5.14) can be ignored in the infinite
volume limit. Equating Eq. (5.11) and Eq. (5.12) at Iy = [ and solving for [§ yields

. 1
oM VT . (5.13)

x
PONPLUSANEY (5.14)
where % represents the dimensionless inverse volume. Taking the infinite-volume limit, we
recover the continuum result [fj = 1/2, as expected.
Substituting for the volume as N/y/z = 30 and expressing the renormalized mass in terms

of the lattice mass with a MS, we obtain

I :Q(m;t +MS) SOiag +%. (5.15)
Since the MS decreases as ag decreases [60, 267], which is also shown in Fig. 4.4, and the
factor 1/(30 — ag) also decreases as ag — 0, the first term in Eq. (5.15) decreases, bringing
the transition point closer to the continuum limit. Thus, we observe that on finite lattices, [
is generally shifted to values larger than 1/2, approaching the continuum prediction as the
lattice spacing decreases.

To further illustrate Eq. (5.13) using staggered fermions, we present in Fig. 5.4 from [61]
the dependence of the phase transition point {§ on 1/N for x = 7,9, ensuring we remain above
the dimensionless physical volume threshold of 30. Without loss of generality, we consider

a small renormalized mass m,/g = 0.5, near the second-order phase transition, where [j is
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expected to be close to 0.5 according to Eq. (5.13), and then double this value to m,/g = 1.

To determine [} for each combination of N, z, and m, /g, we employ the bisection method [269]
with the EFD observable, first computing the ground state as a MPS. The variational algo-
rithm terminates when the relative energy change is below 10~ !, with the bond dimension set
sufficiently high to ensure that the cutoff on singular values, set to 10~'°, does not saturate
the bond dimension. As a result, errors due to neglected singular values below 101 are
negligible.

Any value of [y yielding a positive EF'D is considered to be below [j, and vice versa. The
algorithm terminates once the difference between the left and right Iy values falls below
10~?. To maintain a fixed renormalized mass, we compute the MS iteratively using again the
bisection method with the EFD observable, initializing the search with left and right values
of my,t/g that bracket the zero-crossing of the EFD. The algorithm terminates when the
uncertainty in mj,, /g, representing minus the MS, is below 107°.

From Fig. 5.4, we observe that as m, /g decreases, If approaches 0.5. Furthermore, increasing
x raises [ while steepening its gradient, whereas increasing N reduces [}, all in agreement
with Eq. (5.13).
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Figure 5.4: The phase transition point I} as a function of 1/N for x =7,9 and m,/g = 0.5 (a),1 (b).
The error bars, estimated via the bisection method described in the main text, are smaller than the
scale of the y-axis and are therefore not visible.

5.5. Inference runs on quantum hardware

In Sec. 5.3 it was demonstrated that our VQE ansatz efficiently captures the relevant ground
states with a small number of layers. To further establish the feasibility of this approach on
current and near-term quantum hardware, we perform inference runs on quantum devices.

Specifically, we prepare the ansatz circuit using the optimized parameters obtained at the
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end of the classical VQE simulation and execute it on a quantum device, measuring both the
EFD and the PN. For these inference runs, we utilize IBM’s quantum devices ibm__hanot,
ibm__cusco, and ibm_ nazca, performing 10* measurements in the computational basis. The
results for both fermion discretizations, after applying the error mitigation techniques discussed
in Sec. 5.6, are shown in Fig. 5.2 and Fig. 5.3, alongside the data from the simulated ideal
VQE and exact diagonalization.

Overall, the results obtained from the quantum hardware exhibit good agreement with the
noise-free VQE simulations, apart from a few discrepancie, as for example the third point in
Fig. 5.3(f) that has a 3.1% relative distance between the result from the noise-free VQE and
the hardware run. Several factors may contribute to these deviations. Notably, we observed
that measurements taken immediately after hardware calibration were generally closer to the
simulated results, whereas those performed several hours after calibration displayed larger
deviations. Additionally, the case my,t/g = 0 shows a few data points that deviate more
significantly from the corresponding noise-free results compared to the higher mass case
miat/g = 10. This discrepancy can be attributed to the fact that the circuits for my,/g = 0
were one layer deeper, increasing their susceptibility to noise.

Having demonstrated that our ansatz can be reliably executed on current and near-term
quantum hardware for system sizes of 6-12 qubits, in the next section we look into more

detail the error mitigation techniques utilized.

5.6. Error mitigation

To evaluate the performance of the error mitigation procedure, we present in Fig. 5.5 from [61]
histograms of the absolute errors for both the unmitigated and mitigated results of the PN
and the EFD. The absolute error, plotted on the z-axis, represents the absolute difference
between the values obtained from the simulated VQE and those measured on the quantum
device, with or without mitigation. In the case of the EFD in the Wilson formulation and the
PN in the staggered formulation, Figs. 5.5(a, d) reveal a clear improvement. Specifically, the
mitigated values (blue bars) are more concentrated around smaller errors and have a higher
probability of matching the expected result than the unmitigated values (red translucent
bars).

For the EFD in the staggered formulation and the PN in the Wilson discretization, we
observe a slightly different trend. Figures 5.5(b) and 5.5(c) indicate that the probability of
measuring the exact result has decreased compared to the unmitigated case. However, the
overall distribution of errors after mitigation exhibits a reduced width and is more concentrated
at smaller values, indicating an improvement in precision. This behavior can be explained by
the fact that ZNE does not always guarantee an improvement and, in some cases, can slightly
worsen the final result. Detailed examples of ZNE extrapolations are provided in Fig. 5.6
from [61]. Despite these variations, we generally observe a beneficial effect of error mitigation,

as the expected error is reduced across all cases.
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Figure 5.5: Histograms for the absolute errors of the mitigated and unmitigated data for the electric
field density (EFD) for the Wilson (a) and the staggered discretization (b) as well as the particle
number (PN) for the Wilson fermions (¢) and the staggered formulation (d). Blue bars represent the
absolute error between the hardware data after zero noise extrapolation (ZNE) and the simulated VQE,
while red bars represent the absolute error between unmitigated hardware data and the simulated VQE.
Each subplot includes all N, myut/g,1p.

To conclude this section we turn to Fig. 5.6, and provide the technical details of the ZNE
employed in our inference runs. Our implementation utilizes global folding with noise factors
of 1, 3, and 5, collecting 10,000 shots for each circuit. The noise factors for global folding
were explained in Sec. 3.2.

To obtain the final zero-noise extrapolated expectation value, we first compute preliminary
extrapolated values using three distinct fitting approaches. These consist of a linear fit to
noise factors 1, 3, and 5, a linear fit to noise factors 1 and 3, and a second-order polynomial
fit to noise factors 1, 3, and 5. The final extrapolated value is then computed as a weighted
average of these preliminary values, where the weights are determined by the variance of
each fit. This variance arises from the fitting procedure itself, which is performed on data
points that inherently possess a variance. Each data point in a fit, corresponding to a specific
noise factor, represents the average over 10 twirls used in the Pauli twirling error mitigation
technique described in Sec. 3.2. The associated error of each point within a fit is derived
from this averaging process. Specifically, the error for each of the 10 twirls before averaging is
estimated as the square root of the variance of the measurement divided by the number of
shots.

In Fig. 5.6, we illustrate specific examples of ZNE fits for selected parameters. The figure
includes representative cases where ZNE successfully improved the expectation value of the

observable, as well as cases where no significant improvement was achieved.
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Figure 5.6: Electric field density (EFD) (Lw,s) and particle number (PN) (Pw,s) against noise factor
for zero noise extrapolation (ZNE) on the data (black crosses) obtained from quantum hardware for
different parameters specified in the titles of each subplot with Wilson and staggered fermions. The
red pluses are noiseless values of the observables and the blue circles are the exact diagonalization
results. For the fits we fit a first-order polynomial to either all points (blue continuous line) or to points
with noise factor 1, 3 (dashed orange line). We also fit a second order polynomial to all points (green
dotted dashed line). The brown triangle is the weighted average of the extrapolated points of these 3 fits.
The plots on the left (a — d) are showing examples where the ZNE helped take the expectation values
measured closer to the noiseless result, while on the right (e — h) we show occasions where the ZNE
might not be able to improve the result. However, overall the results of the main text indicate that ZNE
can significantly improve the results. The calculation of the error bars is described within this Appendix
and where they are not visible, they are smaller than the markers and y-scale.
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5.7. Continuum extrapolation with MPS

To investigate the system sizes required for a reliable extrapolation to the continuum limit
and to compare the performance of both fermion discretizations in approaching this limit,
we employ MPS simulations as discussed in Sec. 2.5. We consider a fixed lattice volume of
N/y/x = 30 and restrict the number of physical sites to N € [70,80,90,100]. This setup
allows us to study the fixed-volume continuum limit, ag — 0, using computational resources
that should be accessible on current and near-term quantum hardware.

To follow a trajectory of constant renormalized mass towards the continuum limit, we
determine the MS for each value of N and [y based on the approach outlined in Ch. 4. We
focus on a small renormalized mass, m, /g = 0.01, as large masses yield ground states that are
closer to product states, whereas small masses present a more challenging regime. Specifically,
we analyze the EFD, since for this observable, our continuum extrapolations can be directly
compared to the predictions from mass perturbation theory in Eq. (1.7).

After bond dimension extrapolations of the EFD, exemplified in Ch. 4 by Fig. 4.2, we
extrapolate this observable to ag = 0 as shown in Fig. 5.7. For the Wilson case, we take the
extrapolated value of the linear fit and assign an approximated error to it which is taken
to be the difference between that value and the extrapolated value of a quadratic fit. For
the staggered case, it was observed that second-order polynomial fits were more suitable and
that they converge faster to the continuum. Therefore, we keep the extrapolated value of
the quadratic fit and again approximate the error as in the Wilson case. To avoid boundary
effects, the EFD for Wilson fermions is measured using the middle link, and for staggered
fermions, the four middle links are measured to also reduce the staggering effect.

Figure 5.8 presents the continuum extrapolated results for the EFD obtained from each
discretization, alongside the mass perturbation theory prediction. To compare the performance
of the staggered and Wilson formulations, we consider two possible choices. One choice is
fixing the same value of z = 1/(ag)? for both discretizations, which results in the staggered
formulation requiring half the number of qubits compared to Wilson. The other choice is fixing
the number of qubits for both discretizations, leading to twice the number of physical sites in
the staggered case and, consequently, a finer lattice spacing for the same lattice volume.

For the staggered formulation, we further compare results obtained using the theoretically
predicted MS from Eq. (4.8), for which we give the notation MS;, to those obtained by
measuring the MS following the EFD method of Ch. 4. For the results that use the MS from
the EFD method we give the notation MSyz. This yields four possible combinations of the
above considerations, all of which are displayed in Fig. 5.8.

In general, the most accurate results for both Wilson and staggered fermions are obtained
when using MS; and the same value of x as Wilson. When the staggered formulation
retains the same number of qubits as Wilson but uses MSy,, the accuracy deteriorates slightly,
primarily because computational resources, such as bond dimension D, remain fixed as in the

same-x scenario, even though the staggered formulation involves a larger N. Additionally,
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Figure 5.7: Electric field density (EFD) (Lw,s) against ag to extrapolate to the continuum limit with
fized volume N/+\/x = 30, fized m,/g = 0.01, using N = 70,80,90,100. The continuous orange line
is a linear fit and the dashed blue line is a second order polynomial fit. (a — ¢) is showing Wilson
fermions for ly = 0.1,0.4,0.6 respectively and (d — f) the same for staggered fermions with the same
x as Wilson fermions and the EFD method for the mass shift (MS) [60]. The error bars emanate
from the variational algorithm to compute the relevant ground states and the extrapolation in bond
dimension. They are much smaller than the markers and thus, are not visible.
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Figure 5.8: FElectric field density (EFD) F/g against ly for Wilson fermions and staggered fermions
at m,/g = 0.01. The following mean squared error (MSE) values are the MSE of each of the data as
compared to the continuum mass perturbation theory prediction for the EFD F/g given in Eq. (1.7).
For staggered fermions with MS; and same x (number of qubits as Wilson), the MSE is 1.041 x 107°
(6.16 x 1077), and respectively for MSy, 6.143 x 1079 (2.617 x 10°8). For Wilson fermions the MSE
is 7.926 x 1079, The error bars emanate from the errors in the variational algorithm to compute the
relevant ground states, the extrapolation in bond dimension and in lattice spacing.

staggered fermions employing MS; fail to achieve the best performance, as MS; does not
account for the dependence of the MS on ly. This discrepancy is particularly evident at larger
values of [y, where deviations from perturbation theory become more pronounced in Fig. 5.8.
In Table 5.1, we provide a quantitative analysis of these deviations by presenting the absolute
difference between the points in Fig. 5.8 and the mass perturbation theory predictions. Similar
lgp dependence effects in the massless Schwinger model with staggered fermions were previously
also reported in Fig. 7 of Ref. [273].

Overall, we conclude that even with these modest computational resources, the extracted

data closely aligns with continuum theory, both qualitatively and quantitatively. However,

T 0.1 0.2 0.3 0.4 0.6 0.7
Wilson 4.450014670-05 | 1.003388536-05 | 5.530011066-05 | 3.04735487c-05 | 3.648679750-05 | 2.171386100-05
Staggered ) 0.00012783 0.00016672 0.00022494 0.0003207 0.00045197 0.00046271
(MS;, same num. qubits as Wilson)}
Staggered 6.97181950e-06 | 4.86364083¢-06 | 1.14145010e-05 | 4.21571198-05 | 5.52203937e-05 | 3.33572489¢-05
(MSy,, same x as Wilson)
Staggered 2.91080596e-04 | 2.63562909¢-04 | 8.61951831e-05 | 1.03764598¢-04 | 6.79235186-04 | 6.37947680e-04
(MS;, same x as Wilson)
Staggered . 2.05654489¢-05 | 1.750628806-05 | 1.54209990e-05 | 1.40152738-04 | 5.40802433¢-05 | 5.13089222¢-05
(MSy, same num. qubits as Wilson)

Table 5.1: This table corresponds to the absolute error with respect to the results from mass perturbation
theory for the data presented in the main text. For staggered fermions that use the theoretically predicted
MS, MS;, the error tends to grow with ly due to the fact thal the MS; does not account for an ly
dependence.
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neglecting the MS leads to significantly larger error bars, as shown in Fig. 5.9. Thus, when
approaching this problem with digital quantum computing, careful consideration of the MS
will be essential to obtain reliable continuum limit results, even with relatively small system
sizes up to 100 — 200 qubits.
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Figure 5.9: Electric field density (EFD) F/g against ly for Wilson fermions using no mass shift (MS)
at m./g =mya/g = 0.01. The MSE is calculated as in the main text and found here to be 7.939 - 104
The error bars emanate from the errors in the variational algorithm to compute the relevant ground
states, the extrapolation in bond dimension and in lattice spacing.

73



6 Open quantum systems

Open quantum system (OQS) apply to the cases in which a quantum system interacts with
an external environment, which affects its evolution through energy, particle, and information
exchanges [113-117]. As every experiment of quantum phenomena necessarily involves open
systems to some degree, and since quantum field theories (QFTs) [274] describe nature
effectively, it becomes essential to develop and investigate open QFTs.

A well-known example of an open QFT arises in heavy-ion collisions at the large hadron
collider (LHC) and the relativistic heavy ion collider (RHIC), where a dense, hot medium
known as the quark gluon plasma (QGP) forms. Within this plasma, bound states of heavy
quarks, called quarkonia (e.g., bottomonium and charmonium), propagate [25, 118-120]. Here,
the quarkonium constitutes the system, and the QGP serves as the environment [275]. The
color-charge screening in the QGP reduces the quarkonium binding strength [9], leading to a
suppression in bound quarkonia yields [276]. This effect makes quarkonia excellent probes for
studying the properties of QGP [9, 277-279]. Changes in the mass of the quarkonium influence
its size, which in turn affects its screening, dissociation, and thermalization properties. Prior
research has explored these phenomena using master equation techniques, which allow for a
representation of the quantum state while limiting the Hilbert space dimension [280, 281].

To investigate meson thermalization in a hot medium, we use the Schwinger model as a
simplified toy model of quantum chromodynamics (QCD), due to its similar features like
confinement and charge screening [63, 282]. We implement the model within a tensor network
(TN) framework [34, 131, 220, 283, 284], which has been successfully employed in both
equilibrium and dynamical studies of the Schwinger model [40-53, 60]. This helps us overcome
the traditional challenges posed by the Monte Carlo sign problem [25] and the limitations of
perturbative methods at strong coupling.

For the numerical simulations, we follow the approach outlined in Sec. 1.5 and Sec. 2.6,
including suppressing the lattice spacing a for dimensionless parameters, and using my,t as
m for simplicity. To the best of our knowledge, this represents the first application of TN
techniques to lattice gauge theory (LGT) within the OQS framework. In our study, we
simulate dynamics resembling quarkonia in the QGP by investigating the behavior of a string
and the Schwinger boson in a hot environment. We use the electric field as an observable
to monitor thermalization and explore how parameters such as temperature T, mass m,

background electric field /g, and environmental dissipation strength D affect the dynamics.



Additionally, we assess thermalization through mutual information, drawing from quantum
information theory [39], which offers insights that correspond with experimental and numerical
investigations of quarkonia in QGP.

While progress has been made, studies of the Schwinger model as an OQS remain limited.
In [70], the authors simulate the time evolution of the Dirac vacuum for N = 2 using an
IBM quantum device, and extend the simulations to N = 8 via a classical simulator to
examine finite-size effects. The phenomenon of string breaking in open versus closed systems
is investigated in [126], showing significant differences in the dynamics between isolated and
dissipative systems. Furthermore, [127] introduces neural density operators that leverage
neural networks to represent the density matrix, allowing for the simulation of string dynamics
up to N = 32 with multiple interacting strings.

Nonetheless, several important questions remain unanswered, such as the impact of trun-
cating the gauge degrees of freedom, the role of external fields in string dynamics, and the
behavior of the Schwinger boson, which is the theory’s stable particle. Previous studies have
often truncated the gauge degrees of freedom Hilbert space to a limited number of states per
link, which may alter the physics observed as compared to the non-truncated case. Moreover,
the effect of an external background electric field on string behavior in OQS has not yet been
explored.

Our work seeks to address these questions by studying an open lattice Schwinger model
without truncating the gauge degrees of freedom, as outlined in Eq. (1.36). In addition,
we examine the Schwinger boson, the stable meson-like particle of the theory [56, 285],
and introduce an external background electric field that influences string dynamics in OQS.
Including this external field could have practical relevance for future experimental studies
of quarkonia in QGP. Finally, by extending our simulations to N = 100, we demonstrate
the feasibility of applying our method to larger system sizes, an essential step in connecting
numerical simulations to experimental results and the continuum limit of lattice field theory.

The chapter is organized as follows. In Sec. 6.1, we introduce the initial state representing a
meson-like string composed of a positive-negative charge pair and simulate its time evolution
in a hot medium. Section 6.1.1 explores how thermalization depends on various parameters.
In Sec. 6.1.2, we show results that highlight the relationship between thermalization time
and mutual information. Section 6.1.3 investigates how the thermalization time varies with
the temperature of the environment, and Sec. 6.1.4 demonstrates how our simulations scale
to larger system sizes. Lastly, in Sec. 6.2, we present results on the time evolution of the
Schwinger boson.

The chapter’s findings have already been published in [62] as

Angelides, T. et al. “Meson thermalization with a hot medium in the open Schwinger model”.
J. High Energ. Phys. 2025, 195 (2025) doi: 10.1007/JHEP04(2025)195.
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6.1. String thermalization

In this section, we present the results of the time evolution of the string state, initially prepared
from the Dirac vacuum, which represents the absence of charge. The Dirac vacuum is an
eigenstate of the Hamiltonian in Eq. (1.36) in the infinite mass limit and can be represented
as the product state |01..01). To create a string of electric flux, we flip the spins at the
positions N/2 — 2 and N/2 + 1, where the index n starts from 0. This spin flip introduces
a positive charge at the site N/2 — 2 and a negative charge at N/2 + 1, as can be checked
from Eq. (1.35). The state is then evolved under the influence of the hot environment, and
we track the relevant observables.

In this chapter, we fix D(n — k) = D0y, [70] for the time evolution described by the
Lindblad master equation in Eq. (2.29), where D denotes the strength of the environment
dissipator. Additionally, for the parameters detailed in Sec. 2.6, we set x = 1, e = 107!,
€1 =€ =107Y k=2, and 7 = 0.01, except in Sec. 6.1.4, where we use = 4 and 7 = 0.001
due to the larger N values considered.

To isolate the dynamics of the string, we perform the time evolution for the Dirac vacuum
state and subtract the corresponding observables from those of the string state. These
subtracted observables provide a clearer picture of the string dynamics. An example of this is
the electric field as a function of the link number, which is represented by the expectation
value of the operator in Eq. (1.24), F(n) = (L,). The subtracted electric field (SEF) is
denoted as AF(n).

Figure 6.1(a) shows an example of the SEF as a function of time for N = 12. Initially,
the electric flux is confined, but it gradually spreads out over time and eventually reaches a
thermal equilibrium. The middle link at n = 5 exhibits the longest thermalization time, which
we will use to define the thermalization time. The corresponding subtracted charge, AQ(n),
is shown in Fig. 6.1(b). The initial unit charges are clearly observed at the sites where the

spins were flipped, and as time progresses, these charges spread and become less localized.

6.1.1. Dependence on D, [y and m

Given the definitions of the previous section, we start to investigate in this subsection the
thermalization time T of the string as we vary the parameters m, lp, and D. Regardless
of the initial configuration, whether it is the Dirac vacuum or a state with an electric flux
string, both states eventually converge to the same steady state determined by the Lindblad
operator, which is independent of the initial condition [70, 126]. Therefore, thermalization is
considered complete once the SEF reaches zero. Our empirical data consistently show that
the SEF monotonically decreases to zero at late times for all links, and that the middle link is
always the last to reach thermal equilibrium. To quantify thermalization time, we define 7 as
the time it takes for the SEF at the middle link to drop to 30% of its initial value. The choice
of the 30% threshold is for practical reasons, as smaller fractions would require significantly

longer simulations. However, since thermalization is monotonic, this choice does not affect
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Figure 6.1: Subtracted electric field (SEF) AF(n) per link n as a function of time t. The red line
on the y-azis represents the initial electric field flur generated by the pair of positive/negative charges
shown as plus/minus on the string’s endpoints. (b): Subtracted charge AQ(n) per site n as a function
of time t. In (b) we focus on the early time dynamics and show how the charges forming the initial
string spread out. The parameters used are N =12, x =1, m=0.5,lp =0, D=2, T = 10.

the overall conclusions. While this does not represent the full thermalization time required
to reach equilibrium, it offers a useful comparative measure for different parameter sets. To
illustrate the monotonic decrease of SEF, we present a plot in Fig. 6.2 showing the SEF over
time for a representative set of parameters, highlighting that this behavior is consistent across
all parameter sets.

For this section, we use N = 12 and 7" = 10. Lower values of D reduce kinetic dissipation,
allowing particles to reach the boundaries within the thermalization time [126]. To minimize
boundary effects, we restrict D to the range 2 < D < 5. Similarly, the background electric field
is constrained to 0 < Iy < 0.5 to mitigate boundary interactions and Bragg reflections [286].
To ensure that the system is in the quantum Brownian motion (QBM) regime, the condition
T > Hg is verified numerically using ITensors’ density matrix renormalization group (DMRG)
to calculate the ground and first excited states of Hg [206]. Specifically, for N between 12
and 100, masses between 0.1 and 1.0, and [y between 0 and 0.5, the energy gaps are generally
on the order of 1, which is an order of magnitude smaller than the chosen T = 10.

Thermalization times 7 as functions of D € [2,5] and [y € [0,0.5] are shown in Fig. 6.3
for masses m = 0.1,0.5,0.75,1. Additionally, Fig. 6.4 illustrates how T depends on each
individual parameter.

From Fig. 6.3, it is evident that thermalization time increases with the dissipator strength
D for all masses and [y values. In Fig. 6.4(a), the relationship between 7 and D is nearly
linear for smaller m, but for larger m, the dependence weakens at lower D values, with
deviations becoming more apparent as lp increases. A higher D results in stronger kinetic
dissipation [126], acting as a drag force that slows the motion of charges, thus extending the
thermalization time. This behavior is confirmed numerically in Fig. 6.5, where the subtracted
kinetic energy (SKE) AK is plotted over time.
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Figure 6.2: Subtracted electric field (SEF) AF(n) of the middle link n =5 as a function of time t.
The inset zooms in on the early-time dynamics, demonstrating the monotonic decrease of SEF from its
initial value to zero, indicating thermalization towards the steady state. The time resolution is fine
enough to render the data quasi-continuous, with points connected by lines. This monotonic trend in
SEF is key to defining the thermalization time T .
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Figure 6.3: Thermalization time T as a function of dissipator strength D and background electric
field ly. The parameters are N =12, x =1, T =10, (a): m = 0.1, (b): m = 0.5, (¢): m = 0.75, (d):
m = 1. Each axis contains 20 equidistant points with D € [2,5], Iy € [0.0,0.5]. All other parameters
are as given in Sec. 0.1. Cyan contour lines represent levels of thermalization time T . Increasing D,
lo, or m results in a higher T .
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Figure 6.4: (a): Thermalizalion time T wvs dissipator strength D, (b): applied background electric
field lg, and (c): mass m. The error bars, which are not visible due to the large y-scale, are estimated
to be 0.1, as inferred from the data in table 6.1 and discussed in Sec. 6.1.4. The lines are provided as

visual aids.
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Figure 6.5: (a): Subtracted kinetic energy (SKE) AK vs time form = 0.1 and (b): m = 1.0 at N = 12.
The time resolution is fine enough that the data appears quasi-continuous, with points connected by
lines. Higher dissipator strength D leads to a lower SKE peak. Insets display a later stage of the time
evolution, highlighting the approach to thermalization.
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Additionally, Fig. 6.4(b) shows that T increases as lp grows, with a trend slightly faster
than linear. The applied background field creates an electrostatic force that draws the initial
charge pair closer, which slows the outward expansion of the string.

Finally, both Fig. 6.3 and Fig. 6.4(c) demonstrate that increasing m results in longer
thermalization times. The dependence of 7 on m is faster than linear in the explored
parameter range. Moreover, at lower D, the thermalization time is more sensitive to changes
in m. Heavier charges move more slowly, and their reduced mobility delays the spreading or
contraction of the string, thereby prolonging thermalization.

In conclusion, increasing D, lg, or m leads to slower outward expansion of the string, keeping
the charges closer together for a longer time. This is analogous to quarkonia thermalization
in a QGP, where a more localized wavefunction results in slower decoherence and delayed
thermalization [130, 280]. Specifically in [280], it is further emphasized that the dissipation
plays an important role not only for late time but also for early time dynamics as we have
observed also in Fig. 6.2. Additionally, they note that the drag force prevents the quarkonia
from dissociating within the QGP, balancing the thermal fluctuations, and that a smaller mass
leads to a more spatially extended wavefunction that decoheres faster, thereby thermalizing

faster.

6.1.2. Correlations between thermalization time and mutual information

Following from the previous discussion on dissociation, we now investigate the effect of D, [y,
and m on the quantum mutual information for the same fixed parameters N = 12,7 = 10.

The quantum mutual information is defined as

S(p) = —Tr(plnp), (6.1)
I(A, B) = S(pa) + S(pB) — S(pan), (6.2)

where the first equation describes the von Neumann entropy. The subsystems A and B
represent two contiguous subregions of the full system, with the subscript notation on p4 and
pp indicating that all other degrees of freedom have been traced out.

To quantify the evolution of correlations between different parts of the system, we track
the subtracted mutual information (SMI) AT between lattice sites 4,5 and 6, 7, corresponding
to opposite halves of the initial electric flux string. As outlined in Sec. 6.1, AT is defined as
the difference between the mutual information computed for the case where the initial state is
the Dirac vacuum modified to include the charge pair and the mutual information of the pure
Dirac vacuum state. This allows us to probe the entanglement structure between the two
halves of the string, where one side contains the positive charge and the other the negative
charge.

The results are presented in Fig. 6.6. Consistent with our previous findings that larger values
of D, m, and [y slow down dissociation, we observe that increasing any of these parameters
delays the decrease of SMI towards Al = 0, as highlighted in the inset of the figure. This

81



CHAPTER 6 OPEN QUANTUM SYSTEMS

—— D=20,m=011Ig=00 D =20, m=10,1l;=05 D =50m=01,1 =05
D=20,m=101l=00 —— D=50m=011I=00 D =50 m=10lp=05
——- D=20,m=011l=05 - D =50 m=10lg=00
0.301 0.301
0.25/
0.207
3015/
0.10}
0.05]
0.00f
0 20 40 60 80 100
t

Figure 6.6: Subtracted mutual information (SMI) Al as a funclion of time t for the parameter sets
in the four corners of Fig. 6.3(a, d) at N = 12. The mutual information is measured between sites 4,5
and 6,7. The initial string extends between sites 4 to 7, hence the two regions 4,5 and 6,7 measure
the mutual information between the two halves of the original string. The inset focuses on the times
between 10 and 20 to emphasize how fast the SMI of each parameter set decreases. The resolution in t
is fine enough that the data is quasi-continuous and connected with lines.

trend reflects the fact that stronger dissipation, larger mass, or a stronger background field
suppress the spreading of the charges, thereby prolonging correlations between the two regions.

Additionally, the peak of the SMI during the transient dynamics is affected by these
parameters. Namely, increasing [y raises the peak, whereas increasing D or m lowers it. This
behavior can be understood as follows. A stronger background field [y compresses the charges,
keeping them spatially closer, which enhances initial entanglement and increases the peak
value of Al. In contrast, larger values of D and m suppress kinetic energy, reducing the spread
of the charges in any direction and thereby lowering the amount of entanglement generated.

Since the system initially starts from a product state with zero mutual information, any
parameter that brings the charges closer together will first lead to an increase in A, before it
eventually decreases to zero as the system reaches its steady state. Further, parameters that
localize the charges more effectively lead to a slower relaxation of Al back to zero, which can

be observed in the late-time behavior of the curves in Fig. 6.6.
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6.1 STRING THERMALIZATION

As mentioned in the introduction to this chapter, we have observed that mutual information
can provide numerically consistent results with experimental observations. For example, we
have seen above, that a larger m leads to a prolonged coherence of the string, which also gives
a longer thermalization time. The latter has also been observed in quarkonia experiments
within the QGP [287-290)].

6.1.3. Temperature dependence

The temperature T is another crucial parameter in heavy-ion collision experiments, which
motivates dedicating this section to exploring its effect on the thermalization time 7 of the
string. The temperature range explored lies above T' = 10 to satisfy the requirement from
QBM that T' > Hg, as discussed in Sec. 6.1.1.

Figure 6.7 presents T as a function of T for D = 2,5, [y = 0.0,0.5, and m = 0.1,1.0.
The key takeaway from this plot is that the thermalization time increases with temperature.
This trend, characteristic of the Schwinger model, deviates from the behavior expected for
quarkonia in QGP [291]. At lower temperatures, 7 increases non-linearly with 7', and beyond
a certain threshold, the system enters a linear regime. The figure also reaffirms previous
findings that for a broad range of temperatures, increasing D, [y, or m systematically results
in a longer thermalization time 7T .

In Eq. (A3) of [126], the relaxation rate is approximated with a quadratic dependence on
the Lindblad jump operators in the numerator. Expanding this dependence yields a sum
of terms scaling as 1/T%, 1/T, and 1/T2%. As a result, the thermalization time is inversely
related to this sum, explaining both the increase in thermalization time with temperature, as
seen in Fig. 6.7, and the transition from nonlinear to linear behavior. To model this trend

quantitatively, we fit the data in Fig. 6.7 using the function

a

f(T) = m,

(6.3)
where a, b, and c are fitting parameters. This function closely matches the observed trend.

In contrast, QCD exhibits a different temperature dependence due to the behavior of
D(k). Specifically, D(k) follows a T? scaling, leading to an increase in the relaxation rate as
temperature rises. This emanates from the connection between D(k) and the heavy quark
diffusion coefficient , which has been demonstrated to scale as 7% [120, 280, 292, 293].

To further analyze the impact of temperature, we present in Fig. 6.9 the SMI as a function
of time for D = 5.0, m = 1.0, and [y = 0.5, over a temperature range of T € [7,100]. The
results indicate that increasing 1" leads to a higher peak in Al and accelerates the decrease
of mutual information towards its steady-state value. These effects, while subtle, may be
understood as follows. A higher peak in Al at larger T' suggests that increasing temperature
allows the string’s charges to develop stronger correlations during the transient regime. This
observation is supported by Fig. 6.8(a), which compares the SKE for T'= 7 and T' = 100.
The data show that AK reaches a smaller peak at higher temperatures, implying that the
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Figure 6.7: Thermalization time T as a function of the environment’s temperature T for N = 12,
D =25 1,=0.0,05 m=0.1,1.0. The error bars, which are not visible due to the y-scale of the plot,
are estimated to be 0.1 as inferred from the data in table 6.1 and discussed in Sec. 6.1.4. The lines
represent the fit described by Eq. (6.3).
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charges may remain spatially closer for a longer time as 7" increases.

At late times, increasing 1" appears to accelerates the decrease of Al towards zero. This
may be attributed to enhanced particle production at higher temperatures, which weakens the
string tension through the creation of screening charges, thereby diminishing correlations more
rapidly. This screening effect may be comparable to the screening that quarkonia experience in
QGP, which in turn affects their yield, with higher QGP temperatures resulting in a decreased
quarkonia yield [276, 294, 295]. Figure 6.8(b) provides numerical evidence for the higher
particle production, displaying the total particle number (PN) P defined as

N-1
P= g + 5> (=1)"Z,. (6.4)
n=0

N |

This definition coincides with Eq. (5.4), nevertheless we follow here the notation of [62] for
this chapter. By comparing P at T'=7 and T' = 100, we observe that higher temperatures
result in greater particle production, which can facilitate string screening and accelerate the
decrease of Al.

Further insights can be obtained from figures 6.8(c) and 6.8(d), which display the SEF as
a function of link number n and time ¢ for "= 7 and T' = 100, respectively. At t = 50, we
observe that links 3 and 8 exhibit a larger AF(n) at T'= 100 than at 7" = 7, indicating that
the string expands more with increasing temperature at later times. This behavior is consistent
with Fig. 6.8(a), where the late-time decrease of AK is slower for 7' = 100 compared to T' = 7.
The crossover point, occurring around ¢ = 50, marks the moment when AK for T = 7 falls
below that of T = 100. Figure 6.8(d) further illustrates the longer thermalization time at
higher temperatures, as the middle links maintain a higher AF(n) at late times compared to
Fig. 6.8(c).

6.1.4. Larger system sizes and symmetry preservation

As a final subsection for the case of the string, we present results on larger system sizes. To
confirm that our findings are not significantly influenced by finite-size effects, we provide
quantitative comparisons in Table 6.1, where thermalization times are evaluated for different
parameter sets at N = 12 and N = 24, keeping T' = 10 fixed. The results show agreement up
to one decimal place, allowing us to estimate an uncertainty of approximately O (0.1) for the
reported thermalization times in this chapter.

For additional qualitative insight, Fig. 6.10 illustrates the SEF per link number at different
time steps for both system sizes. This comparison demonstrates that, for the chosen parameters,
the dynamics of the N = 24 case closely resemble those of N = 12, while benefiting from
a reduced influence of boundary effects. Despite this qualitative difference in boundary
effects, Table 6.1 shows agreement between the two system sizes. The figure also offers a
visual representation of the SEF’s progression toward thermal equilibrium. In particular,

transitioning from Fig. 6.10(a) to (b), where D increases from 2 to 5 while keeping lp = 0 and
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Figure 6.8: (a): Subtracted kinetic energy (SKE) AK, (b): particle number (PN) P for the case
where the initial state is the Dirac vacuum with the string present P (b), both as a function of time t.
In (a) the legend gives the value of AK ai the peak and in (b) the legend gives the final value of P al
time t = 100. The comparison is drawn between temperatures T =7 and T = 100. The bottom two
subplots (¢), (d) show the subtracted electric field (SEF) AF(n) as a function of the link number n
and time t for T' = 7,100 respectively. All plots have fized parameters N =12, D =5, lg = 0.5 and
m = 1.0.
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Figure 6.9: Sublracted mutual information (SMI) AI as a function of time t for D = 5.0, m = 1.0,
lo =05 and T € [7,100]. Inset (a) focuses on the peak of AI and inset (b) on the order at which
different temperatures decrease to the steady state value Al =0 in late times.
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Figure 6.10: Subtracted electric field (SEF) AF(n) per link number n as a function of time t for
N = 12,24, with parameter values ly = 0.0,0.5, D = 2.0,5.0, and m = 0.1,1.0. Additional parameter
details are provided in Section 6.1. The SEF approaches zero upon thermalization, and the data indicate
that increasing D, ly, and m results in longer thermalization times. Doubling the system size further
mitigates boundary effects.

m = 0.1, results in a more concentrated red region near the central link. This is likely due
to the combined effects of dissipative slowing of charge motion and electrostatic attraction
pulling the charges together. Changes in [y and m primarily extend the nonzero SEF region,
though these effects are subtler in this qualitative representation.

The choice of dissipator D(n — k) = D6, , ensures weak charge conjugation - parity (CP)
conservation, which implies [CP ® CP, L] = 0 [127], where C'P represents the CP operator.
Under this formulation, the electric field maintains reflection symmetry around the central
link [127]. Fig. 6.11 illustrates the degree to which our algorithm preserves this symmetry.
The parameters used are N = 100, D = 0.15, x = 4, m = 0, and 7 = 0.001, with other
parameters defined in Section 6.1. These values were specifically chosen to align with those
used in Fig. 8(a) of [127], where a neural network method was applied to a smaller system of
N = 20.

Figure 6.11(c) plots the absolute difference in SEF between symmetrically paired links,
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m = 0.1 m = 1.0
N=12| N=24 | N=12 | N=24
2.0 | 0.0 23.32 23.39 43.66 43.92
3.58 | 0.0 40.89 41.14 54.14 53.93
5.0 | 0.0 56.56 56.64 66.98 66.96
2.0 | 0.26 | 26.15 26.63 48.68 49.26
3.58 | 0.26 | 42.90 43.35 56.75 57.23
5.0 | 0.26 | 58.20 58.78 68.86 69.25
2.0 | 0.5 29.72 30.70 53.98 55.45
3.58 | 0.5 45.10 45.77 59.99 60.90
5.0 | 0.5 59.72 60.36 71.12 71.87

D lo

Table 6.1: Thermalization times for different parameters at N = 12 and N = 24. Other parameter
values are provided in Section 6.1.

defined as P = |[AF(n=1i) — AF(n =N — i — 2)| for i € [0,48]. The results indicate that
our algorithm preserves this symmetry with an average accuracy of O (10*4), with the mean
discrepancy across all links being P,v; = 0.0006. The corresponding SEI per link as a function
of time is shown in Fig. 6.11(a, b), which qualitatively aligns with the behavior observed
in [127]. However, our method demonstrates improved performance in maintaining reflection
symmetry, as well as improved accuracy and stability for large systems, even at N = 100.
This figure also serves as an example of string breaking prior to full thermalization.

This completes our study of the string thermalization in the hot environment. Moving to
the last section of this chapter, we will explore another type of mesonic state given by the

theory’s stable particle, that we have aforementioned throughout this thesis.

6.2. Schwinger boson thermalization

The second meson-type initial state examined is the first excited state of the system Hamilto-
nian in Eq. (1.36). To isolate the behavior of the Schwinger boson, the stable mesonic state
of the theory with weak self-interactions [56] discussed in previous chapters, we subtract from
observables the corresponding values with respect to the ground state of Hg. To differentiate
these subtracted quantities from those in the string case, we introduce the subscript B, for
instance, using AFg(n) to denote the SEF.

This section serves as an independent verification of the trends identified in the string
scenario, particularly regarding the relationship between thermalization time and dissipator
strength. Unlike in the string case, the states analyzed here exhibit entanglement from the
outset, leading to more complex dynamics. The first set of findings, depicted in Fig. 6.12(a— f),
is obtained for fixed parameters N = 14, T'= 10, lp = 0, and m = 0. Panels (a — ¢) illustrate
the evolution of the SEF, AFp(n), for different values of D € [2,3.5,5]. A qualitative
examination reveals that as D increases, the system requires a longer time to thermalize, as

inferred from the evolution of AFp(n) at the middle link n = 6. These results confirm that
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Figure 6.11: (a): Subtracted electric field (SEF) AF(n) per link number n over time t for N = 100,
D =015, z=4, m=0, 7=0.001. (b): Close-up of the middle region of subplot (a). (c): Absolute
SEF difference between symmetric link pairs, P = |AF(n=1) — AF(n=N —1i—2)|, for i€ [0,48],
using data from (a). The algorithm preserves reflection symmelry around the central link with an
average accuracy of O (10*4). The darkest line corresponds to the link pair closest to the center, while
the brightest line represents the first and last links.
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Figure 6.12: (a) — (c¢): Subtracted electric field (SEF) of the Schwinger boson, AFg(n), per link
number n as a function of time t for D = 2,3.5,5. (d): Comparison of thermalizalion lime measured
using the SEF (Tap, ) and the subtracted energy (Tag,) as a function of the dissipator strength D.
(e), (f): Time evolution of SEF and subtracted energy, respectively, for different values of D. The
insets highlight the long-time behavior. In (e) and (f), individual data poinls are omitled for clarity,
as the time steps are finely spaced.

the dependence of the thermalization time on D observed for the string state is also present
in the Schwinger boson case.

Panel (d) presents a quantitative analysis of the thermalization time 7, estimated using both
the electric field at n = 6, denoted Tap,, and the subtracted total energy AEp of Hg, denoted
Tags- The subtracted energy serves as an additional reference to validate the behavior of
T with respect to D. The figure demonstrates that both measures of thermalization time
exhibit the same increasing trend with D, though 7ap, consistently yields higher values.
Panels (e) and (f) display the time evolution of AFg(n = 6) and AEp, respectively. The
insets emphasize the long-time regime, where Trotterization errors become more pronounced,
introducing some irregularities in the curves. Despite this, the insets reinforce the conclusion
that larger values of ID correspond to slower thermalization.

Another set of key observables for the Schwinger boson case is shown in Fig. 6.13. Panel
(a) presents the evolution of the subtracted particle number (SPN), APpg, where Pg is the
expectation value of the operator defined in Eq. (6.4). Initially, APp is close to 2, reflecting
the mesonic nature of the Schwinger boson, which consists of two bound particles. Panel (b)

displays the SKFE as a function of time. Both panels illustrate that as D increases, the system
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Figure 6.13: (a): Time evolution of the subtracted particle number (SPN) APy for the Schwinger
boson. (b): Ewolution of the subtracted kinetic energy (SKE), AKp. Both plots demonstrate how
increasing the dissipator strength D slows the thermalization process. The insets highlight the long-time
behavior. Individual data points are omitted for clarity due to the fine time resolution.

thermalizes at a slower rate.
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Conclusion

The Schwinger model serves as a benchmark model for quantum chromodynamics (QCD),
sharing key features such as the confinement of fermionic degrees of freedom into mesons. This
similarity makes it an important tool for developing numerical methods in strongly interacting
gauge theories. Throughout this thesis, we have employed the Schwinger model to advance
techniques in tensor network (TN) and quantum computing (QC), as well as to explore its
physics.

In Chapter 1, we introduced the continuum Schwinger model with a single fermion flavour
in the Hamiltonian formulation, incorporating a topological #-term. We analyzed its phase
diagram, particularly along the 8§ = 7 axis, which exhibits first- and second-order phase
transitions along with spontaneous charge conjugation - parity (CP) breaking, which is a
feature shared with QCD and relevant to the strong CP problem. Additionally, we discussed
mass perturbation theory, the mesonic Schwinger boson, and the axial anomaly, which
establishes the model’s periodicity in 6.

For numerical simulations, we employed a lattice formulation, presenting two fermion
discretization schemes, Wilson and staggered fermions, to mitigate fermion doubling. We
also introduced the Schwinger model within open quantum system (OQS) and formulated
its evolution via the Lindblad master equation in the Markovian quantum Brownian motion
(QBM) limit.

Given their broad applications, TNs provide a powerful framework for quantum many-body
physics (QMBP). In Chapter 2, we focused on matrix product state (MPS) and matrix product
operator (MPO) architectures, detailing algorithms such as the density matrix renormalization
group (DMRG) and the adaptive time-dependent DMRG (ATD-DMRG) for ground state
search and time evolution. Beyond TNs, in Chapter 3 we explored QC for QMBP, introducing
quantum circuits, the variational quantum eigensolver (VQE) algorithm, and various error
mitigation techniques for noisy intermediate-scale quantum (NISQ)) devices.

Chapter 4 focused on the mass shift (MS) within the Hamiltonian formulation of lattice
gauge theory (LGT), which enables the study of non-perturbative effects in strongly coupled
systems such as QCD. We developed methods to extract the MS using results from continuum
mass perturbation theory and key observables like the electric field density (EFD) and
energy gap. Our findings show that incorporating the MS significantly improves continuum

extrapolations, yielding more accurate results with reduced error bounds. Additionally, we
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demonstrated that including the MS allows for meaningful extrapolations even at larger lattice
spacings, reducing computational costs. These results, including the successful extrapolation
of the EFD and precise determination of the Schwinger boson mass to three decimal places,
validate the efficacy of our methods for broader applications in LGT.

In Chapter 5, we explored the potential of QC to simulate the first-order phase transition in
the Schwinger model. Given the limitations of classical simulations, QQC presents a promising
alternative. We implemented the VQE algorithm on classical simulators, comparing Wilson and
staggered fermions, testing different variational ansétze, and optimizing circuit architectures.
These simulations were then executed using inference runs on IBM’s superconducting quantum
computers, where we employed state-of-the-art error mitigation techniques. Our findings
demonstrate that, despite hardware noise, current quantum devices can simulate the phase
diagram of a LG'T, marking an important step toward quantum simulations of more complex
theories such as QCD. Furthermore, by leveraging MPS simulations and MS methods,
we performed continuum extrapolations to estimate the resources needed for continuum
extrapolations to be performed with QC. Our results suggest that, while feasible with current
NISQ technology, achieving high precision will require significant improvements in hardware
and algorithms.

Chapter 6 extended our studies to OQS, motivated by the Schwinger model’s relevance
to QCD and the study of mesonic states in hot environments, similar to quarkonia in the
quark gluon plasma (QQGP). This chapter marked the first application of TNs to LGTs within
the OQS framework. Using the ATD-DMRG algorithm, we investigated the time evolution
of the density matrix in the Markovian QBM limit. Beyond exploring the dependence of
the thermalization time on various parameters, our study revealed correlations between the
thermalization time and mutual information. Additionally, we demonstrated the scalability
of our approach, successfully simulating systems of up to 100 sites while preserving the
theoretically predicted EFD parity symmetry. These results highlight the potential of TN
methods for studying the time evolution of OQS.

This thesis paves the way for more precise calculations in LGTs using TNs and QC while
expanding their applications to OQSs. Looking ahead, extending the MS method to other
LGTs could eventually enable the use of the Hamiltonian formulation for QCD, which
circumvents the sign problem and allows for the exploration of previously inaccessible regions
of its phase diagram. Moreover, integrating the MS approach into QC simulations helps
to mitigate errors in NISQ) devices by allowing for smaller system sizes to be used without
compromising accuracy in continuum extrapolations. Advancing these methods to higher
spatial dimensions is another crucial step, as it would facilitate the simulation of gauge theories
relevant to the Standard Model. Further, more realistic scenarios can be considered in the
case of OQS, where a spatiotemporal variation of the environment’s temperature can capture
the expanding nature of the QGP.
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