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Josephson Junction-Based Compact Notch Purcell
Filters for Superconducting Qubit Readout

Simona Zaccaria

Abstract—High-fidelity qubit readout in circuit quantum elec-
trodynamics (QED) requires suppressing relaxation due to the
Purcell effect, typically achieved through the use of Purcell filters.
A key limitation of existing Purcell filter implementations is their
large footprint. In this work, we propose a compact notch Purcell
filter based on a Josephson junction chain embedded in series
with the readout resonator. We analytically derive the conditions
for operation in the dispersive regime using a lumped-element
model, and validate the concept through an example design that
is analyzed through both lumped-element and full electromagnetic
simulations. The results indicate that the proposed architecture
achieves a Purcell decay time exceeding 1 ms, with a dispersive
shift and resonator linewidth of approximately 10 MHz, enabling
fast, high signal-to-noise ratio readout. As typical of notch filters,
also this solution exhibits an inherent parameter sensitivity. Super-
conducting quantum interference device (SQUIDs) can be used for
postfabrication frequency tuning, at the expense of an increase of
the number of required control lines.

Index Terms—Josephson arrays, notch filters, superconducting
microwave devices.

1. INTRODUCTION

HE implementation of fault-tolerant quantum information
T processing requires not only high-fidelity quantum gates
but also fast and accurate qubit measurement. In circuit quan-
tum electrodynamics, quantum nondemolition measurement is
achieved by dispersively coupling a qubit to a readout resonator.
In this regime, the qubit state induces a state-dependent shift in
the resonator frequency, allowing the qubit state to be inferred
probing the resonator response while the qubit is projected onto
one of the computational eigenstates. However, coupling a qubit
to a readout resonator introduces an unwanted decay channel
for the qubit due to the energy leakage through the resonator
into the transmission line, a process known as Purcell effect.
The Purcell effect is a key limitation to achieving high-fidelity
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qubit readout. In principle, it can be mitigated by increasing
the detuning between the qubit and the resonator or reducing
their mutual coupling. However, these strategies also slow down
the measurement process, creating an inherent tradeoff between
qubit relaxation and measurement speed. Ideally, one would
suppress the Purcell decay without compromising the efficiency
or speed of the readout [1].

A common strategy to mitigate this issue is the use of Pur-
cell filters, which can be implemented in various ways. The
most common approaches involve introducing a bandpass filter
with center frequency tuned to the readout frequency [2] or
a notch filter with notch frequency tuned to the qubit fre-
quency [3]. Notch solutions in general require a filter for
each qubit. Therefore, in view of a large-scale integration, it
is important to design filters with small area occupation. It
is also possible to implement broadband filters suitable for
multiplexed readout schemes [4]. Another approach consists
in exploiting the intrinsic filtering properties of the circuit,
such as the distributed nature of the readout resonator and
feedline [5].

The architecture we propose is inspired by [6], where it was
suggested that a notch Purcell filter can simply be obtained by
adding either a capacitor or an inductor in series with the readout
resonator. However, the analysis in [6] shows that in the former
solution a large capacitance value is required, while the inductor-
based approach was not analyzed in depth, probably because
incorporating coils into the circuit would significantly increase
the area, making such solution less scalable.

Elaborating on the latter concept, our idea is to use an array
of Josephson junctions (JJ) to implement a quasi-linear induc-
tor. This quasi-linear inductor has the advantage of occupy-
ing minimal space. In order to test this concept, we analyze
in detail an example design. Starting from a lumped-element
model of the circuit, we analytically derive the conditions
for operation in the dispersive regime. We then discuss the
simulation results obtained both with a lumped-element and
an electromagnetic distributed model and show the extracted
key parameters, such as Purcell decay time, dispersive shift,
and coupling rate between readout resonator and feedline. The
results are promising: a Purcell decay time of the order of
milliseconds can be achieved together with a dispersive shift
and a coupling rate around 10 MHz, enabling fast readout with
high signal-to-noise ratio (SNR). Moreover, in the proposed
solution the typical drawback of notch filter architectures, that
is the high sensitivity to circuit parameter variations, can be par-
tially mitigated by replacing the junctions with superconducting
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Fig.1. Lumped-element view of the proposed circuit, consisting in qubit (red),
readout resonator (green) and filter inductance (blue). The resistance R accounts
for the readout transmission line and the capacitance C, for the parasitics to
ground. The rectangle identifies the impedance Z that must become zero at the
qubit frequency to implement the notch filter action.

quantum interference device (SQUIDs), thus making the notch
filter tunable.

Our solution is compatible with either single qubit or multi-
plexed readout solutions, such as the one presented in [7].

The rest of this article is organized as follows. In Section II,
the proposed architecture is presented together with the condi-
tions for dispersive regime and the discussion of the effects of
nonlinearities. Section III is devoted to the analysis of the ex-
ample design, both with the lumped-element and the distributed
model. A discussion about sensitivity is also included. Finally,
Section IV concludes this article.

II. PROPOSED ARCHITECTURE

The proposed circuit is schematically represented in its
lumped-element form in Fig. 1. The qubit, consisting of a JJ with
linear inductance L; in parallel with capacitor Cj, is capacitively
coupled through C; to the impedence Z formed by the series
of the readout resonator, modeled as the parallel L,-C}, and
the JJ chain with total equivalent linear inductance L¢. The
impedance Z is in turn coupled through capacitance C, to the
transmission line used for input—output of the readout signal. In
the following calculations a transmission line with characteristic
impedance of 50 2 terminated at both ends by 502 loads is
assumed. Under these conditions R in Fig. 1 is equal to 25 (2.
Capacitance Cy accounts for parasitics to ground originating
from the coupling structures between qubit and impedance Z
and between impedance Z and the transmission line.

As explained in [6], the notch Purcell filter effect is obtained
by imposing the impedance Z calculated at the qubit frequency
to be equal to zero. For the circuit in Fig. 1 this results in

_ JWale
Z(wq) = ]quf + ﬁgC’rLr = 0 (1)
from which it is possible to properly size L¢
Ly
L = (2)

1 (wq/wunr)2

with wyy = 1/4/L,C;. From (2) it is seen that the condition
wWunr < wWq must be met. It should be pointed out that wy,, is not
the dressed resonator mode frequency, which is the one relevant
in the readout procedure and is defined and calculated in the
next sections, but rather the unloaded resonator frequency. The
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dressed resonator mode frequency will turn out to be higher than
the qubit frequency, which is an important condition to be met
to avoid degradation of readout accuracy [8].

A. Condition for the Dispersive Regime

In this subsection, starting from the lumped-element Hamil-
tonian model of the circuit, we derive analytical conditions for
operation in dispersive regime and expressions for dispersive
shifts. To simplify the analysis, at this stage we set R = 0 thus
neglecting dissipation. For the moment we also disregard the
nonlinearity introduced by the JJ implementing inductance L.

By using standard methods [9] [10], the Lagrangian of the
circuit can be derived

lor, . 1
L= i@ch@n ~ 3P, @, £'(@) 3)

where &1 = (®,, ®,, ®3) is the array of node fluxes defined
in Fig. 1 and '(®) = —Ej[cos(®1/P,) + (P1/®,)?/2] the
nonlinear contribution to the inductive energy of the qubit JJ,
with ®,, the reduced flux quantum and E; = ®2/L; the JJ energy.
Besides, C,, and L, ! are the capacitance and inverse inductance
matrices, respectively, given by

(Ci+C,  —C 0
Co=| —-C; Cy+C, 0 (4a)
0 0 C,
[1/L; 0 0
L= 0 1/L —1/L¢ (4b)
L 0 —1/Lf 1/Lf-|-1/Lr

with C}, = C, + Cx. Itis seen that the inverse inductance matrix
includes the linear inductance L.

Following the procedure outlined in [11], the transfor-
mation matrix S, is defined such that ® = S '®,, with
o' = (0, B¢, D,) = (Oy, Dy — O3, &3). This transformation
diagonalizes the inverse inductance matrix, that is L1l=
SI'L,'S, = diag(1/L;,1/L¢, 1/L,). Upon introducing also
C =S7C,S,and Q = (Qj, Qr, Q;)" = C®, the Hamiltonian
can be written as

1 1
H= 5QTc—lQ + 5q>TL—1q> + EMN(D5). 3)

Quantization is obtained by introducing the phase and charge
operators

&y = & (al + ay) (6a)
Qu =i Q' (a, — ax) (6b)
fork € {j,f,r}, where
3 h (Cfl)kk
zpf
¢ = Yo (7a)
: hw
zpf _ k 7b
5 2(C M (70)
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are the phase and charge zero-point fluctuations, respectively, aj
and af( the ladder operators obeying the commutator relations
[am, al] = 6mn, and

(C D (L i (8)

Truncating the nonlinear contribution of the JJ energy to fourth

Wik =

order, i.e., Si‘"(@j) ~ —F; (q)jéjf")ll , assuming the rotating wave
approximation (RWA) and considering only the first two energy
levels of the qubit, the quantized Hamiltonian reads

o
H = wqu + wfaltaf + wl.aia,.

+ gyt(oras + o_a}) + gr(alas + aral) )

where

wq =wj— Ec/h (10a)

1 wWrwWj 1
== /= (C) 10b
o= 5\ (€ Dy(C e (C i (106)

1 WfWry -1

==/ = (C), 1

I = 2\ (C)n(C Dy (€ (109

and E, = ¢*(C1);;/2 is the qubit charging energy.

It should be noted that Hamiltonian (9) does not contain
any direct coupling term between qubit and resonator, which is
due to the element (C~1);; being identically zero for the given
circuit. Nevertheless, the qubit and the resonator are subject to
an interaction mediated by the filter. To make this interaction
explicit, it is convenient to apply the Bogoliubov transformation

defined by the unitary [12]
U=1,® exp[A(aIar — agal)] (11)

under which the annihilation operators transform as U'a;U =
cos(A)ag +sin(A)a, and U'a,U = cos(A)a, — sin(A)as.
With the additional choice A = 1 arctan(2 g5 /(w, — wr)), the
transformed Hamiltonian becomes

H =U'HU = wq% + dzfalaf + &eala,

+ gqgr cos(A) (opaf + U_al)

+ ggrsin(A) (o yar + a,ai) (12)

where
QO = wr cos?(A) + w, sin®(A) — g sin(2A) (13a)
@ = wy cos?(A) + wg sin?(A) + ggr sin(24). (13b)

From (12) it is seen that the frequency detuning between filter
and resonator Ay, = w; — wy plays an important role in deter-
mining the qubit-resonator interaction through the parameter A:
a large Ay decreases such interaction.

From (12) the conditions for operation in the dispersive
regime can be easily derived

(14a)
(14b)

gqf cos(A) < wq — Wy
Gqr SIN(A) € wq — Wr.
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It is also possible to calculate the dispersive shifts xqr and xqr
by performing a Schrieffer—Wolff transformation [13] [14] on
H’ obtaining

2 cos?(A
Xt = 2 2 ( ) (15a)
Wq — Wf
.92
gapsin®(A)
Xar = 24— (15b)
Wq — @r

B. Nonlinear Effects Due to the JJ Implementation of Ly

The chain of JJs used to implement the inductance Ls
introduces an unwanted nonlinearity in the resonator, mainly
due to the strong coupling between resonator and filter. This
is an undesirable effect, which can be mitigated by selecting
a proper number N of JJs in the chain. In general to evalu-
ate the effect of nonlinearities it is necessary to compute the
cross-Kerr, xmn, and anharmonicity, oy, , coefficients of the three
modes. This can be done by means of Ansys HESS [15] full
electromagnetic simulations followed by postprocessing with
the pyEPR package [16]. However, the presence of a chain
of N JJs makes the electromagnetic simulation more difficult,
significantly increasing the number of required mesh elements
and computational cost. Moreover, the simulations must be
repeated for different values of V. We address this issue adopting
the following method. We perform just one simulation with only
one JJ implementing Ly, in addition to the JJ in the qubit. From
the simulation results the energy-participation ratios py, ; [16]
formode m € {f,q,r} and junctioni € {j,{} are extracted and
successively rescaled to account for the actual number V of JJs
in L¢, according to the procedure fully detailed in the Appendix.

Using (25) of the Appendix we obtain

hwmwn Pm,jPn,j Pm fPn,f
mn — : ; : , 16
. : [ Sn | Pt (16a)
1
AIn = 5 Z Xmn (16b)
ne{f,q,r}
Xmm
m — 16
a 5 (16¢)

where wy, are the eigenfrequencies calculated by the electromag-
netic solver, A, the effective Lamb shifts, and Ef = (2—1)2%f
With the above expressions one can determine the minimum
value of N required to make the nonlinearity of the JJ chain

negligible. In particular, we seek the condition

arn, K Ky (17

where n, is the average number of photons in the resonator
during read-out and k, the resonator linewidth, which is also
computed by the electromagnetic simulator. Condition (17)
guarantees that the resonator frequency shift when n, photons
are present in the resonator must be smaller than its bandwidth,
in order not to degrade the coupling with the readout line.

III. ANALYSIS OF AN EXAMPLE DESIGN

In this section, we present an example design to illustrate the
potential of the proposed circuit. In sizing the circuit parameters
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TABLE I
COMPONENT VALUES OF THE LUMPED-ELEMENT MODEL-BASED EXAMPLE
DESIGN

Component Value

L; 6.7nH
C; 84 fF
L, 1.77nH
Cr 436.4fF
Ly 6.5nH
Cx 156.6 fF
Cyg 6.67 fF
C, 33.41fF

Components are defined in fig. 1

TABLE 11
SUMMARY OF THE PERFORMANCE PARAMETERS CALCULATED BY QUCAT FOR
THE DESIGN OF TABLE I

Quantity Value
Qubit mode frequency @ /27 6.46 GHz
Qubit anharmonicity o 204 MHz
Resonator mode frequency @ /27 6.94 GHz
Filter mode frequency w¢ /27 3.68 GHz
Purcell decay time T, 17ms
Resonator-feedline coupling kr 8 MHz
Qubit-resonator dispersive shift xqr 10 MHz

The reported frequencies are the mode frequencies.

we aimed at qubit and resonator frequencies in the 67 GHz
range and qubit anharmonicity ag ~ 200 MHz. We set a target
Purcell decay time T}, > 1ms, i.e., sufficiently larger than typ-
ical relaxation times of transmons reported in literature [17], at
the same time trying to maximize the qubit-resonator dispersive
shift x; and resonator linewidth «, while maintaining x ¢ ~ £y,
in order to optimize the readout speed time [12]. We started by
sizing the parameters of the lumped-element model of Fig. 1
with Ly implemented as a linear inductance. QuCAT [18], an
open-source Python library for quantum circuit analysis, has
been used to extract mode frequencies, dispersive shifts and
mode linewidths. The conditions for dispersive regime have been
verified through (14). In a second phase a circuit layout has
been drawn and analyzed through full electromagnetic Ansys
HFSS [15] simulations assuming a perfect metal-on-Si tech-
nology, using then EPR [16] to extract the key performance
parameters. Both designs are discussed in the next subsections.

A. Lumped-Element Design

The component values of the example design are listed in
Table I and the corresponding parameters extracted with QuCAT
in Table II.

The obtained results look promising: the dispersive shift
is comparable with the resonator linewidth x, and both are
sufficiently large to enable fast and high-fidelity readout [1].
At the same time, the Purcell decay time 7}, remains high,
indicating strong protection against additional qubit relaxation
due to the readout process. Importantly, this result is achieved
while keeping the qubit in the dispersive regime, as is inferred
from conditions (14) being satisfied with

garsin(A) 49

|wq — @

(18a)
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TABLE III
ENERGY PARTICIPATION RATIOS Pm7 i EXTRACTED FROM EPR ANALYSIS FOR
EACH MODE m AND JJ ¢

IS A

I 0.0015 0.53
q 0.96 0.0062
r 0.029 0.39
cos(A
9ar cos(N) _ g oy (18b)
|wq — wr |

The validity of the analytical approach of Section II-A is verified
also by comparing the dispersive shift calculated with (15b),
Xqr = 15 MHz, against the value extracted with QuCAT, x4 =
10 MHz (see Table II).

B. Circuit Layout and Simulation Results

An Ansys HFSS view of a possible layout implementing the
example design discussed above is shown in Fig. 2(a). The
qubit is of Xmon type [19] with 160-pm long and 20-um wide
arms and a 20-pm gap between the arms and the ground plane.
A zoomed view of the Xmon and of the coupling claw-type
capacitance, also highlighting the locations of JJs used for the
qubit and the filter L¢, is shown in Fig. 2(b). Overall, this portion
of the layout approximately corresponds to L;, Cj, and Cy of
Table I. The A/4 resonator is implemented with a coplanar
waveguide (CPW) of 50-§2 characteristic impedance and 5.2 mm
length. The readout line is terminated at both ends with a 50 Q2
load and is coupled to the rest of the circuit with an interdigitated
capacitance (C, in Table I).

As explained in Section II-B, the circuit was simulated with
Ansys HFSS using a single JJ for the filter inductance L¢. A
6.15-nH L provides a 5-ms Purcell decay time T,, obtained
from HFSS eigenfrequency calculations. It is possible that an
even higher value of 7}, can be achieved with a finer tuning of
the simulation mesh and of L.

The number of junctions NV, needed to control the nonlinearity
introduced by the filter, along with the resulting dispersive shifts
were determined using (16) and (17). The energy participation
ratios were calculated by an EPR analysis [16] and are reported
in Table III. With N = 10 we obtain x4 ~ 12MHz and «;, ~
0.5 MHz. For the calculated resonator linewidth x,. =~ 10 MHz,
itis seen that (17) is satisfied with n, ~ 10. Such photon number
is also compatible with the condition n, < 7y, where n is
the critical resonator photon number, defined as ngj = % [12]
with A = wy — @, and g = ggrsin(A). We estimate ne =~ 30.

Table IV summarizes the main results obtained with HFSS and
EPR simulations. The positive results obtained with the lumped
model are confirmed also for this realistic layout.

C. Sensitivity to Variations of Design Parameters

As is typical for high-Q notch filters, the proposed filter ex-
hibits a very narrow stopband, which leads to a large sensitivity
to variations of design parameters from nominal values. This
is illustrated in Fig. 3, which shows the Purcell decay time
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(b)

Fig. 2. (a) Ansys view of the layout of the example design of the proposed
circuit, showing the qubit (blue), the A /4 CPW readout resonator (orange), the
coupling capacitances (green) and a segment of the readout CPW transmission
line (yellow). (b) Zoomed-in view of the qubit area, highlighting (red) the
locations of the JJs used for the qubit and the filter L.

estimated through linear circuit analysis with the expression [12]
__ G
Re{Yq(wq)}

where Y, is the admittance seen from the qubit, as illustrated in
Fig. 4. Both the cases with and without Purcell filter inductance
Ly are reported in Fig. 3. In the presence of the inductance, T},
exhibits a quite narrow peak that ideally should be centered at
the nominal qubit frequency. A deviation of more than 0.01 GHz

T, (19)
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TABLE IV
SUMMARY OF THE KEY PARAMETERS EXTRACTED WITH ANSYS HFSS
SIMULATIONS AND EPR

Parameter Value
Qubit mode frequency fq 6.45 GHz
Qubit anharmonicity o 130MHz
Resonator mode frequency fr  6.87 GHz
Filter mode frequency f; 3.66 GHz
Dispersive shift xqr 12 MHz
Resonator anharmonicity o 0.5 MHz
Resonator linewidth x, 10 MHz
Purcell decay time T}, 5ms
Critical photon number it 30

Purcell decay

107{ —— With L¢
108 " Without L¢
_ 103
g 10!
"n. 10-1

10-3
10-5{
107

4.5 5.0 5.5 6.0 6.5 7.0 7.5
Qubit Frequency (GHz)

Fig. 3. Purcell decay time computed with (19) with (solid line) and without
(dashed line) filtering inductor L¢. The peak that appears in the presence of L¢
should be located at the qubit frequency. The resonator frequency (notch) shifts
upward with L¢ due to the strong coupling between resonator and filter.

I—D
He/ o
1
1
1
i Ly
1
c;—— %1.,: o —— §R
1
1
: A/4CPW
‘
1
1
1
1

Fig. 4. Definition of the admittance Y seen from the qubit used for the
approximate calculation of 77, in (19).

from the nominal frequency causes 7}, to become less than
1 ms. This implies that small variations in the inductance and
capacitance values across the circuit, which cause shifts in
qubit or stopband center frequency, can compromise the Purcell
protection. This sensitivity problem is common to all notch filter
architectures.

The solution to this challenge requires careful postfabrication
calibration to align the qubit frequency with the filter notch
frequency. This can be achieved by replacing the qubit JJs
with SQUIDs, whose effective inductances can be tuned via
locally applied magnetic fluxes. The filter design presented here
offers an alternative, or an additional, approach by replacing
the JJs in the filter itself with SQUIDs [20]. In all cases, such
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solutions must be balanced against the increased complexity
and cost associated with additional control lines, especially
considering that one notch filter per qubit is needed, even in
a multiplexed readout architecture. An additional drawback,
which is, however, common to all notch filter solutions, is the
necessity of maintaining qubit and filter tuned to each other,
preventing dynamic qubit frequency tuning. This indicates that
the proposed solution is more suitable for 2-qubit gates that use
fixed frequency qubits, such as cross-resonance [21] or natively
SWAP and iSWAP gates [22].

IV. CONCLUSION

In this article, a compact notch Purcell filter architecture
based on a JJ array implementing a quasi-linear inductance in
series with the readout resonator has been presented. Analytical
conditions have been derived for operation in the dispersive
regime. Simulations of an example design carried out both
with a lumped element model and a distributed electromagnetic
model show that it is possible to achieve a high Purcell decay
time (7, > 1 ms) as well as a wide resonator bandwidth
(ky = 10 MHz) that approximately matches the dispersive shift
Xgr for optimal SNR.

A drawback of the proposed architecture, which is on the
other hand typical of all notch filters, is the high sensitivity to
parameter variations, essentially due to the quite narrow filter
stopband, which makes it easy for the qubit frequency to fall
outside the protected band. In the proposed solution, this issue
can be mitigated by replacing the JJs with SQUIDs, allowing for
in-situ tunability.

We believe the proposed scheme can represent a valid con-
tribution toward the high-level scalability of superconducting
circuits for quantum computing applications.

APPENDIX

Let us consider a superconducting circuit containing M arrays
of JJs, N; being the number of series JJs in the ith array. The
potential energy of the ith array can be written as

Vi = —=N?2FE; cos(¢i/N;) (20)

where E; = (%)2%, L; being the total linear inductance, and
¢; = §;/ P, is the total reduced flux across the entire array.
The nonlinear part of the Hamiltonian reads

Hy = —ZNQ
= 7ZE24N2

where the approximation is equivalent to truncating the Taylor
expansion to fourth order. As demonstrated in [16], the operator
¢; can be expressed as the sum of the reduced mode flux
operators as

cos(61/N:) + 62/ (2N2)]

2y

4 am) (22)

¢ = Z ¢m,i(a
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where m is the mode label and ¢,,; is the dimensionless,
real-valued, quantum zero-point fluctuation of the ith reduced
flux in mode m, which can be written in terms of the energy-
participation ratio py, ; of the ith array in mode m and the linear
mode eigenfrequency wy, as

how
2 . m
(bm,l - pm,l 2El .

By substituting (23) and (22) in (21) and applying the RWA, the
nonlinear part of the Hamiltonian becomes

(23)

HNL >~ — Z |:hArna am + ho‘nla]L2 0

m

1
- Z ithn&jndm&L&n (24)

n#Em
where A, and ay, are the effective Lamb shift and anharmonic-
ity of mode m, respectively, and xn, the cross-Kerr frequency
shift between modes m and n, given by

Z FL N2 ¢m 1¢n )
M R
hwmwn Pm,iPn,i
=y 2mtn Pm,ilni 25
iz:; 4E; N? —
Ay = EZ (25b)
m — D) - Xmn
Xmm
m — . 25
a 5 (25¢)

Equation (25a) shows that it is possible to carry out electro-
magnetic simulations with a single junction for each array to
calculate mode frequencies and participation ratios and subse-
quently determine the various xn, parameters by appropriately
scaling the py, ; coefficients with the actual number of junctions
NV;, thus saving computational time.
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