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Figure 1. Schematic of geometries dual to N' = 4 SYM theory on half of R*! coupled to a 3D
SCFT at the boundary. The geometry contains a region that approximates a range © € (©,,7/2)
of Poincaré AdS® x S°, and an end-of-the-world brane region where the S° smoothly degenerates.
When the 3D boundary SCFT has many more local degrees of freedom than the A' = 4 theory, the
internal space typically grows to a large volume before pinching off.

1 Introduction

End-of-the-world (ETW) branes arise in many applications of string theory, from model
building, to cosmology! [2-5], to recent studies of black hole evaporation [6-12].

A particularly interesting case occurs when an ETW brane cuts off the asymptotic
region of an asymptotically AdS spacetime [13]. In this case, gravity can localize on the
ETW brane such that over a significant range of scales, gravity on the brane appears to be
four dimensional. Such ETW branes can have a microscopic description when the brane
intersects the asymptotic boundary of AdS. As explained by Karch and Randall [14, 15]
(see also [16]), in this case the full system can be dual to a boundary conformal field theory
(BCFT). The localization of gravity can arise in the situation where there are many more
boundary degrees of freedom than bulk degrees of freedom.

Often, such ETW branes are considered in bottom-up models where the brane is
described as a codimension-one boundary hypersurface with some simple action. In this
case, gravity localization can occur when this brane intersects the boundary at a large
angle, so that it removes a region © < O, = —7/2 4 € of AdS, where O is the polar
angle in Poincaré coordinates formed by the radial direction and the field theory direction
perpendicular to the CFT boundary. The limit ¢ — 0 corresponds to the tension of the
brane increasing to a critical value.

There are also fully microscopic models which realize ETW brane physics, e.g. [17, 18].
In these cases, the ETW brane often corresponds to a region of a higher-dimensional
geometry where the internal space degenerates smoothly. In [19], examples were provided
of such microscopic models where gravity is localized to the ETW brane. In this paper, we
further study these models, showing that the bulk geometry away from the ETW brane
can include a region © > O, = —7/2 + € of Poincaré AdS with arbitrarily small e. That
is, we can push the ETW brane arbitrarily far towards the missing asymptotic boundary.

We further show that there exist solutions with two ETW branes such that the dual
contains a region well-approximated by the —7/2 + € < © < 7/2 — € of AdS, again with
arbitrarily small e.

!See [1] for a review of braneworld cosmology.



In the first case, we conclude that the physics of the missing half of the bulk CFT can
be reproduced by a set of boundary degrees of freedom. In the second case, the physics
of a higher-dimensional CFT can be reproduced by a carefully chosen lower dimensional
theory. This is reminiscent of the “deconstructing dimensions” story [20].

The microscopic setup. In the microscopic setups we consider, the BCFT is U(N)
N = 4 supersymmetric Yang-Mills theory on R>! x RT with boundary physics preserving
half supersymmetry and an OSp(4|4) superconformal symmetry. This boundary physics
can generally be understood as a set of boundary degrees of freedom coupled to the N' = 4
fields in some way. These theories arise in string theory from the low energy limit of D3-
branes ending on stacks of D5-branes and NS5-branes, with additional D3-branes stretched
between the fivebranes. In many cases, the boundary physics can be considered indepen-
dently and describes a three-dimensional superconformal theory with OSp(4[4) symmetry.

The vacuum states of these field theories on a half-space are dual to known solutions of
type IIB supergravity. These solutions have an asymptotically AdS® x S® asymptotic region
whose boundary geometry is half of R%!. The full geometry has a part that is well approx-
imated by a portion ©® > ©, of Poincaré AdS® x S° where © € (—m/2,7/2) is the angle
in Poincaré coordinates that labels different AdS* slices and © = 7/2 corresponds to the
asymptotic region that is present.? The remaining part of the geometry can be understood
as a geometrical “end-of-the-world brane”: this is a region of the ten-dimensional geome-
try where the internal space smoothly degenerates, so that we have a spacetime boundary
from the five-dimensional point of view. This ETW brane emerges from the CFT boundary
where the SCF'T lives. Such geometries are illustrated schematically in figure 1.

For a fixed set of parameters in the N' = 4 theory, different choices of the boundary
physics (i.e. the choice of 3D SCFT and how this is coupled to the N = 4 theory) give
supergravity solutions with the same asymptotically AdS® x S° region but a different
behavior for the ETW brane, and in particular, a different brane angle ©,. The main
goal of this paper is to show that by choosing the boundary physics appropriately, we can
find examples with ©, arbitrarily close to —m/2. In other words, with the right choice of
boundary degrees of freedom, we can, to an arbitrarily good approximation, reproduce the
physics of the missing half of the N' = 4 theory.

At the level of type IIB supergravity, it is trivial to exhibit families of such solutions
that recover all of Poincaré AdS® x S° in a limit. However, the flux quantization conditions
of the full type IIB string theory imply that the parameters present in the supergravity
solutions cannot be varied continuously, but instead correspond to discrete solutions of a
family of nonlinear equations. These parameters correspond to the discrete data used to
specify the choice of boundary SCFT to which we couple the N' = 4 theory. The non-linear
constraints on the supergravity parameters are complicated enough that it is not possible
to find a general solution analytically. Nevertheless, we are able to exhibit the existence of
sequences of such solutions with the behavior that 0, — —7/2.

2Here, we assume that ©, is the smallest such angle for which this is true, given some criterion for how
closely the geometry should match AdS® x S°.



On the field theory side, the theories that give ©, ~ —m/2 correspond to boundary
theories with many degrees of freedom. These arise from string theory brane constructions
where we have D3-branes ending on stacks of D5-branes and NS5-branes where both Nps
and Npygs are taken large. The SCFTs describing these boundary degrees of freedom
correspond to the IR limit of quiver gauge theories where the quiver generally has many
nodes; we provide some explicit examples below.

Three-dimensional duals to arbitrarily large wedges of AdS® x S§5. For a give
choice of boundary physics, we can also consider introducing a second boundary with the
same physics (arising from an equivalent configuration of branes) so that supersymmetry
is preserved. This theory, now on a strip, will flow to some SCFT in the infrared. The
gravity dual for this theory will correspond to a wedge —|0,| < © < |0O,| of AdS® x S°
with ETW branes on either side. Such solutions were considered in [21] and provide a
microscopic example of the “wedge holography” discussed in [22]. Our results in this paper
show that the wedge can actually be arbitrarily large, i.e. with an angle that is arbitrarily
close to . Thus, we can have a 2+1 dimensional theory whose dual geometry contains an
arbitrarily large wedge of AdS® x S°.

End-of-the-world brane geometries. The ETW branes in these constructions have
a ten-dimensional geometry that was compared by Bachas et al. [19] to a bagpipe. Here,
the “bag” is a small perturbation to the AdS* x Mg geometry dual to the decoupled 3D
SCFT, where Mg is a compact internal space. When the SCF'T is coupled to the higher-
dimensional N = 4 SYM theory, the previously compact internal space Mg is perturbed
to include a narrow semi-infinite “pipe” with the geometry of S° times a non-compact
direction [19]. The perturbation is small since the N' = 4 theory has many fewer local
degrees of freedom than the SCFT.

The curvature scale of the internal space Mg is generally of the same order of magnitude
as the scale L4 describing the non-compact AdSy geometry of the ETW brane, and these
are both much larger than the AdS® scale Ls. The lack of scale separation between the
AdS* scale and the curvature radius of the Mg has been noted in the past [19, 23]; we
provide a direct argument for it in appendix A.

Outline. In the remainder of the paper, we review in section 2 the field theories that we
consider and their gravity duals in type IIB supergravity. In section 3, we derive conditions
on the parameters describing the boundary SCFT such that the dual theories include a
region that is well-approximated by a region © > —7/2 + € of AdS® x S° to an accuracy
. In sections 4 and 5, we find explicit examples of sequences of theories (with fixed gym
and N for the N = 4 theory) that satisfy our conditions with parameters e and J both
approaching zero. In section 6, we describe 3D SCFTs whose duals include arbitrarily large
wedges of AdS®x S° (|©] < 7/2—e with arbitrarily small €). We end with a brief discussion
in section 7.



2 Background

The field theories we consider and the corresponding supergravity solutions were reviewed
in detail in our recent paper [24]. We refer the reader to sections 2.2 and 3 of that paper
for the details, or to the earlier references [25, 26] for a discussion of theories with half-
maximal supersymmetry A/ = 4 on a half-space and [17, 18, 27, 28] for a discussion of the
supergravity solutions. Here, we summarize only the basic information that we will use.

The set of supergravity solutions that we discuss take the form of AdS* x $? x S?
fibred over a two-dimensional space Y that we can take to be the positive quadrant of a
plane. Explicitly, the metric takes the form

ds* = fidsigs, + ffdsgf + fgdsgg + 4p%(dr? + r2de?) (2.1)

where 6 € [0,7/2] and ds}4g, and dS%g are metrics for AdS* and two-spheres with unit
radius. Here, f; and p are functions of r and 6 which are given explicitly in terms of a pair
of harmonic functions hq, ho on X.

The general expressions for the harmonic functions corresponding to vacua of N' = 4
SYM on a half space with various choices for the boundary physics are given as

b _77627’0059_’_@ <A (rcos® +14)% +r?sin?6
! 2 Vg 459 (rcosf —14)% + r2sin? 6
nl2 72 72 cos? 0 + (rsin 6 + kp)?
h . inf+-=>>% d 1
2 2 Vorsing + 4 %: BVY n<r2c0829+(rsin9—k3)2

(2.2)

Here the sets {l4} and {kp} represent the locations of poles on the z-axis and y-axis
respectively. These correspond to throats in the ETW brane region of the geometry that
are sources of D5-brane flux and NS5-brane flux respectively. The parameters c4 and dg
control the amount of D5 and NS5-brane flux emerging from these throats.

In string theory, the fivebrane flux is quantized; this gives the constraints that

1
N = —caenNt, N\%s = vgdp € N* (2.3)

V9

The throats also have D3-brane flux, and there are additional constraints related to the
quantization of this. These are

_ 2 (B) la _ g+ _kp 2 (4) kB _ o+

La=./gla+ ;BzzleN%arctang eN", Kgp = % + ;AZ::lNDE) arctana e NT.

(2.4)

Here, the integer parameters L4 and Kp can roughly be thought of as the number of units

of D3-brane charge per D5-brane associated with the [4 throat or NS5-brane associated
with the kp throat respectively.

The parameters (N 1(7‘%), N](\,E?5, Ly, Kp) are directly related to the parameters specifying

the field theory. The connection is described most easily by referring to the string theory

brane constructions from which the field theory arises. It is convenient to define
(L;) = (L4 with multiplicity Np;)
(f(l) = (K p with multiplicity NDB5)
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Figure 2. Cartoon of D-brane configuration giving rise to a supersymmetric boundary condition
of N' = 4 SYM; here, D3-branes are black, D5-branes are blue, and NS5-branes are red. This
configuration corresponds to linking numbers L = (1,3,3,3,6) and K= (2,2,3,3). Removing the
semi-infinite D3-branes on the right, we have a brane configuration that gives rise to a 3D SCFT
in the infrared.

where both sets are ordered from left to right. Then, in the setup of figure 2, K; is the
net number of D3-branes ending from the right on the itt NS5-brane plus the number of
D5-branes to the left of this NS5-brane, and L; is the net number of D3-branes ending from
the right on the i*® D5-brane plus the number of NS5-branes to the left of this D5-brane.?

3 Obtaining a large AdS® x S° region

The solutions dual to OSp(4|4)-preserving BCFTs we consider can be thought of as having
two general geometrical regions with distinct features:

e Region I: an asymptotically AdS® x S° region occurring at large values of the radial
coordinate r > l4, kg on X, where O(l4/r), O(ky/r) corrections due to the 5-brane
throats are small; and

e Region II: an “end-of-the-world” brane region at r < [ 4, kg where the geometry caps
off smoothly except at the locations of the 5-brane throats.

We are interested in considering whether certain allowed choices for the supergravity
parameters are able to produce a geometry where region (I) is large and approximates
pure AdS® x S%; by “large”, we mean that the AdS® x S° region extends to Poincaré angle
O, ~ —7/2.

Conditions for a large AdS® x S® region. Consider the harmonic functions (2.2)
that determine the metric and other fields. Expanding these in 1/r, we can write

211 calag— dgkp [\ 2+t cos((2n+1)0)
b = pAds G 124 2B 9 < >
1 P 4 [ cos —|—E E cal

\/g 2 r n=1 A 2n+1
1Y 4cala—Y pdpks . = kp\ 2" sin((2n+1)0)
o — pAdS 2 | _L2a B 0 d (_>
? 2> thVe 2 r S +,1Z::123: B r 2n+1

31t is sometimes convenient to order the 5-branes such that all NS5-branes occur to the left of all D5-
branes; in this case, L; is the net number of D3-branes ending on the ¢*® D5-brane plus the total number
of NS5-branes, while K; is simply the net number of D3-branes ending on the " NS5-brane.



where

21 L?
hfds T \[ cos 6 ( " + TO) ) hé*ds = Z\/ﬁsm‘g <T + TO) (3.1)

To T To T

are the harmonic functions that give pure AdS® x S°, with AdS length L given by

L2
4 _ 4 E § _ 4 _

For the pure AdS® x S® solution, the plane r = rq is an AdS* slice perpendicular to the
boundary that divides the space in half.

We note that for r < rg, the first term in square brackets will be small compared to
the terms in AA9S if and only if

ZdBk'B‘ < N . (3.3)

The ratio A/N gives the fractional size of the corrections (which do not have a significant
dependence on r for r < 7).

The remaining corrections, involving higher powers of 1/r, become larger (relative to
the leading terms) for smaller r. It is straightforward to check that these corrections will
be small relative to the leading terms provided that r» > 4 and r > kp. For example,
when this is true, we have

it 1 2N L’r
—= —= lpg—~v =—— —— | 3.4
Z Ar2n+1 Z AAT \/§T‘ \/gr ( )
where the term on the right is the leading term in 2495 in the r < r( region.
To summarize, we expect that provided the condition (3.3) holds, the solutions will be
well approximated by pure AdS® x S° in a region r > 7, where the coordinate 7 is much

larger than any of the [4 or kg. For h; = hiAdS, the coordinate r is related to the Poincaré

angle © by [24]
r O
% = tan (2 + 4) (35)

so the geometry includes a region well-approximated by the © > O, region of Poincaré
AdS, where

0, = —g +2tan! X (3.6)

0]

In particular, having ©, close to —7/2 requires r, < ro, which requires
ka,lg << VN . (3.7)

Thus, we have arrived at the two conditions (3.3) and (3.7). In appendix B, we provide a
more detailed justification that these give solutions with small ©,.



Satisfying the conditions within string theory. In the context of type IIB super-
gravity, it is trivial to find solutions satisfying the constraints (3.3) and (3.7) for a given
fixed N. We are free to take the individual [4 and kp as small as we like, and then choose
c4 and dp so that

N=> cala+) dpkp. (3.8)
A B

and (3.3) is satisfied.

However, in string theory, the solutions obey flux quantization conditions (2.3)
and (2.4). Below, we will investigate, for fixed (g, Laqs) (or equivalently fixed parame-
ters (gym, N) in the N' = 4 theory), the space of parameters {l4, kp,ca,dp} that satisfy
both the quantization conditions and the constraints (3.3) and (3.7). We will demonstrate
discrete families of solutions for which we obtain an arbitrarily large region? of AdS® x S,
approximated arbitrarily well, within the family.

4 Solutions with single D5-pole and NS5-pole

It is not possible to obtain a large AdS® x S° region when we have a boundary condition
corresponding to a D-brane configuration with only D5-branes or only NS5-branes, since
this manifestly violates (3.3) in our constraints. Thus, the simplest possibility is a solution
with a single D5-brane throat and a single NS5-brane throat. We consider this case in the
present section.

We fix the parameters N and g. Then, in terms of the integer parameters Nps, Nygs,
the relation (3.2) and the constraint (2.4) demands that [, k satisfy

k
N = 7gNNS5 +1V/gNps

NG
2 l
L=.,/gl+ ;NNS{, arctan <k> e N* (4.1)

k 2 k
K = — 4+ —Npsarctan () e Nt ,
NI l
In appendix C, we show that the allowed (I, k) are in one-to-one correspondence with
positive parameters (Nps, Nygss, L, K) such that

G= ng(NDg,, NNSS) | N, (4.2)

and
NpsL + Nyss K = N + NpsNngs . (4.3)

The latter equation always has at least one solution with positive integers (L, K) provided
that (4.2) is satisfied.

In this section, we will understand the space of parameters (Nps, Nyss, L, K) which
can realize constraints (3.3) and (3.7), and therefore give rise to supergravity solutions with
a large region of AdS® x S°.

4That is, for any € > 0 there exists a solution within the family for which r. < er.



The main results of this section are as follows:

« If we would like a solution that is well approximated by AdS® x S® to an accuracy
0 < 1 in some range r > erg (meaning that ‘Cl%k‘ ~ 62 ), it is necessary that
0
ged(Nps, Nyss) | N and

1
Nnss % % gN
e\ﬁ
1 vN
Nps % — (4.4)

¢ When these are satisfied, the additional condition

7T gND5> (QND5)_1 9
— + <90 4.5
8G <<NNS5 Nnss (4.5)

is sufficient to ensure the existence of suitable (L, K) to give a solution with the de-

sired properties. In particular, if we choose Nps, Nygss such that ged(Nps, Nyss) =
N and gNps/Nnss = O(1), the approximation accuracy § will be of order 1/\/N

o We explicitly construct sequences of solutions labeled by a parameter n € Z* with

Jim max{l(n),k(n)} =0, lim |¢(n)l(n) —d(n)k(n)] =0, (4.6)

n—o0

thus obtaining an arbitrarily good approximation to an arbitrarily large AdS® x S°
region for large n. For example, in the case of self-dual coupling g = 1, this occurs
for the choice

Nps(n) =nN, Nygs(n)=nN+2, L(n)= g(n -1)+1, K(n)= %(n—i— 1)

(4.7)
(or exchanging Nps <+ Nygs and L <+ K in these expressions), where n € NT is
an integer parameter (and we must also require that n is odd if N is odd). More
generally, we construct such families for any string coupling g and any choice of
relative scaling zNps ~ Nngs, 2 € RT.

4.1 Necessary conditions for solutions with large AdS® x S° region

Suppose we would like a solution that is well approximated by AdS® x S° to an accuracy
d in some range r > erg. Then according to the conditions (3.3) and (3.7) we require that

I <e/N (4.8)
k < eV/N

1

1 |kNnss 2
— —INps\/g| < 9. 4.10
VN | V9 Ve (4.10)
Recalling that
k
7NN55+Z\/§ND5 =N, (4.11)

V9



we may combine (4.10) and (4.11) to find that

N k N
1— 2 2

]%r( 1) ) < 7\/§NN5'5 <N2(1+5 )

S (1= 6%) < I\/gNps < 5 1+ 6% . (4.12)

Combining these with (4.8) and (4.9), we see that
1
Nyss > VN5 (1 - 52)
€

Nps > ﬁ;ﬁ (1 - 52) . (4.13)

Consequently, we see that both Nps and Nygs must be sufficiently large for (3.3) and (3.7)
to simultaneously be satisfied, in addition to the previous requirement G | N. Notably,
this implies that if we would like to construct a family of solutions which can achieve an
arbitrarily large AdS® x S® region, then we will need to take both Nps and Nygs to be
increasingly large within this family.

4.2 Sufficient conditions for solutions with large AdS® x S® region

Given Nps, Nygs satisfying G | N and (4.13), we will now investigate the additional
conditions which guarantee a choice of (I,k) in the range (4.12) for which L and K are

integers.
For Nps and Nygs satisfying constraints (4.13) and G | N, we have from (4.12) that
k N
2 g1 26214267 . (4.14)
! Nnss

Using (4.1) together with (4.12) and (4.14), we have that

N 2 N,
L~ Ly= + —Npngs5 arctan < NSS)

2N],;\;75 7r2 QZJVVDS

givVps
K~ Ky = —N t . 4.15
* " 2Nyss i o pearcan (NNS5> (4.15)

More precisely, taking into account the allowed range of [ and k/I, L must lie in a range of
values with half width

AL = 262 4]‘37 42 9Nps | (4.16)
D5 7T1+(9ND5)

Nnss

We can show that the second term here is larger when (4.13) is satisfied, so we can take
the range as

2 gN
AL ~ 252 f% (4.17)
U g
L+ (NN2‘2>

We need the range [Lo— AL, Lo+ AL] to be large enough to contain an integer value. More
specifically, we need a value for which K — Nps = (N — LNp5)/Nnss is also an integer.

~10 -



This requires that G | N, in which case, a range of L of length Nyg5/G will lead to at
least one integer value of K.

Thus, for fixed ¢ and N, and some chosen Nps and Npygs satisfying the con-
straints (4.13) and that G | N, we will get a solution provided that the range (4.16) is
at least Nygs5/G; that is, it should be sufficient that

1_els (82

8 _ 4.18)
G T Nps \2 | (
1 (42)
or 1
T 9Nps ) (QND5 > - 2
— + < 6°. 4.19
8G ((NNSS Nnss (4.19)

Since the term in brackets is larger than or equal to 2 and G < N, we expect that our
sufficient condition can be satisfied provided that 0 is at least 1/v/N. However, we will see
below that for fixed IV, arbitrarily small values of € and § are possible for carefully chosen

parameters.

4.3 One-parameter families with arbitrarily large AdS® x S® region

For simplicity, we will begin with the case of self-dual coupling ¢ = 1. We consider a
sequence of parameters labeled by n € N* (and further imposing that n is odd for odd N
to satisfy (4.2)), defining

Nps =nN, Nyngss=nN+2, (4.20)
and
N N
L=Sm-1)+1, K=45m+1), (4.21)

or alternatively, using the same expressions but with Nps <+ Nygs and L < K. In this
case, we can check that (4.2) and (4.3) are satisfied, so our results in appendix C show that
there will be a unique choice (I, k) satisfying (4.1).

For large n, we can write this solution perturbatively as

L (T ) ron

“o2n 2m2\4 N
k_1+1<ﬂ_1)+0( 5 (4.22)
S 2n 2n2\4 N o
From these, we find that
1 N
el — dk| = — (1 + ”4) +0(n?). (4.23)

so we can indeed make max{l, k} and |cl — dk| arbitrarily small within this particular class
of solutions, by choosing sufficiently large n. Thus, we can have an arbitrarily large region
of AdS® x S° arbitrarily well-approximated by our solution.

To emphasize that these choices of parameters indeed give rise to a large AdS® x S°
region, we show in figures 3 and 4 the metric functions obtained for particular choices of
these parameters, as well as the metric functions of AdS® x S° for reference. We find that
these metric functions agree to good approximation for r above some r, which becomes
small as the parameter n is taken to be large.

- 11 -
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Figure 3. In these figures, we are taking g = 1,4, = 1, N = 100. The metric functions shown
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(b) In f3 (r, %) versus 7.
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(d) In p? (7", %) Versus 7.

in red are for the case (c,d,l, k) = (10%,10* +2,4.96 x 1073,5.04 x 1073) (namely n = 100 in our

family of solutions), while the metric functions shown in blue are for pure AdS® x S°. Note that in
this case ro =~ 5.64.

General construction of one-parameter families.
case where the string coupling takes the form

g =mcot (g%) (4.24)

- 12 —

Next, we consider a more general
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Figure 4. In these figures, we are taking g = 1,45 = 1, N = 100. The metric functions shown
correspond to the indicated values of n in the family of solutions above, as well as the case of pure

AdS® x S°.

where m € Z and a < b are relatively prime. The set of such string couplings is dense in
[0, 00). Taking (c,d) to be any solution to the Diophantine equation®

(b—a)a—bd =N (4.25)
we define a sequence’
ND5(TL) =bn+a
NNSE)(TL) = m(bn + CY) —b
L(n) = amn —a+ m(a —9)
K(n)=(0b—-an+46

We can also consider a similar sequence with the replacements Nps <+ Nygs, L <+ K, g <
1/g. This choice is motivated in appendix D.

For these choices, it is straightforward to check that (4.3) is satisfied. Also, constraint
VINDsl + %NN%k = N implies that both [ and k are at most O (n™1), so these go to

zero in the limit n — oo. Finally, we need to verify that |cl — dk| also vanishes in this limit.
From the definitions of L(n), Nygs(n), and g, we see that

Ln) _a Sy 2 B
W =3 +0 (n 1) = arctan(m/g) + O <n 1) (4.26)
The equations (4.1) yield
L _ 2 arctan n 2
Nyss(n) — 7 2rctan(l/k) +0(n7?). (4.27)

® A simple explicit case is to take b = a + 1 (so that g = mtan(r/(2b))), « = N, and § = 0.
®Note that different choices for (o, §) lead to the same sequence with a redefinition of n.
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Thus, we have

k=m/g+0(n") . (4.28)

It follows that

lel — dk| = | (\/gbn) (km +0 (n2>> - <;§bmn> K=0(n), (4.29)

g
as desired. Thus, an arbitrarily large region of AdS® x S° becomes arbitrarily well approx-

imated for solutions corresponding to large enough n.

The construction so far applies to a particular dense set of string couplings of the
form (4.24), and leads to a scaling of parameters

Nps ~mNpss , (4.30)

where m is an integer. In appendix D, we generalize the construction to arbitrary real string
coupling and find families of solutions that exhibit a more general scaling Nygs ~ zNps
for arbitrary z > 0.

For general z, conditions (3.3) and (3.7) then fix the scaling for the linking numbers
to be

L 2 K 2
~ —arctan(z , —— ~ —arctan(g/z) . 4.31
oo~ oarctan(z/g). o~ arctan(g/?) (131)

4.4 Field theory interpretation for solution families approaching AdS® x S°

We would now like to understand from the field theory perspective what boundary physics
for the N' = 4 SYM theory gives rise to the solutions with arbitrarily large regions of
AdS® x S5 (O, arbitrarily close to —7/2). In each case, we are coupling the A" = 4 SYM
theory on a half space to a particular 3D SCFT7 that can be understood as arising from
the low-energy physics of a particular brane configuration in string theory, or as the IR
limit of a quiver gauge theory.

"We recall that the general OSp(4|4)-invariant boundary condition of this theory can be specified by a
triple (p, H, B) [25, 26]; here, p : su(2) — g is a homomorphism into the Lie algebra of the gauge group
(in our case U(N)) which specifies the “Nahm pole” boundary condition for the scalars in the bulk 4D
hypermultiplet, H is the residual symmetry group at the field theory boundary, and B is the 3D SCFT
coupled at the boundary. For the boundary conditions in the one-parameter families that we are currently
considering, we are imposing a simple Dirichlet boundary condition on the bulk hypermultiplet (and a
Neumann condition on the 4D vector multiplet), and there is no reduction in gauge symmetry; our boundary
conditions are then entirely specified by the SCFT B.
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To understand the brane construction corresponding to parameters (Nps, Nyss, L, K),
we note that the parameters L; introduced in section 2 are simply L with multiplicity Nps,
while the parameters IA(Z are K with multiplicity Nyss. From the relation between these
parameters and the brane configuration, we can check that this set corresponds to having
Nyss NS5-branes which we can initially think of as being separated along a direction 2*
(the direction in which the D3-branes are semi-infinite), with a stack of Nps D5-branes
between the Lth and (L + 1)st NS5-brane from the left. We additionally have n; D3-branes

streteched between the ith and (i + 1)st NS5, where

. o
n; = ZK . b= L (4.32)
iK — Nps(i—L)i>L

To the right of the final NS5-brane, we have the N semi-infinite D3-branes.

Stripping off the semi-infinite D3-branes gives a brane setup whose low-energy physics
is a SCF'T that corresponds to the IR limit of the quiver gauge theory shown in figure 5.
Such a quiver consists of Nygs — 1 nodes, with Nps fundamental hypermultiplets coupled
to the L' node. For nodes to the left of the L' node, the gauge group rank increases in
increments of K as we read the quiver from left to right; for nodes to the right, the gauge
group rank decreases in increments of Nps — K.

So far, this construction is completely general within boundary conditions involving a
single D5-brane throat and a single NS5-brane throat; we now restrict to boundary condi-
tions within the families considered in this section. For the one-parameter family introduced
at the beginning of section 4.3 (with ¢ = 1 and z = 1), we see that the corresponding quiver

is approximately “left-right symmetric” for large n; given that our family has N1€S5 ~ % for

large n, the hypermultiplets are coupled to a single node which is roughly in the middle of

the quiver, after which the gauge group rank decreases in increments of Nps — K, where
W ~ 1 for large n. More generally, we find that, if we parametrize the quiver by its
length Nygs — 1 = Nygs, then we will have Nps ~ %N ~g5 fundamental hypermultiplets
coupled to a node whose placement in the quiver grows proportionally to the length of the
quiver to enforce the ratio less ~ %

of small coupling g < z, the fundamental hypermultiplets will be roughly at the right end

arctan(z/g). In particular, we note that in the case

of the quiver, while in the case of large coupling g > z they will be at the left end.

The fact that all the hypermultiplets are attached to the same gauge group factor
(or that the D5-branes in the brane construction come in a single stack) is an artifact
of our simplifying assumption that the harmonic functions leading to the supergravity
solution have only a single D5-brane pole and a single NS5-brane pole. We expect that
there are many other choices with additional poles that lead to more general quivers but
still give ©, — —7/2 in a limit. In appendix E, we will verify that such cases can be
obtained by small deformations of the boundary conditions in this section. In particular,
we construct examples where we couple in additional hypermultiplets to an additional
node of the quiver; this corresponds to adding in additional D5 and NS5-brane poles. We
also consider deforming our single-pole boundary conditions by coupling the corresponding
quivers to an additional small quiver at the left endpoint. In both of these contexts, we
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(L-2)K Niss (L+2)K —2Nps
b
(L-1)K (L+1)K — Nps N +2Nps — 2K

Figure 5. General form of quiver gauge theory which corresponds to the field theory boundary
conditions determined by (Nps, Nngs, L, K).

find more general sequences of solutions that still yield ©, — —n/2. We will consider a
further generalization with multiple D5-brane poles in the following section.

5 Solutions with multiple poles

In this section, we consider a more general case where we still have only a single NS5-brane
pole in hy at location y = k with multiplicity Nyss, but we allow arbitrary numbers of
Db5-brane poles in h; at locations z = [4.

These poles will correspond to some linking numbers K with multiplicity Nygs and
Nps linking numbers {L 4}, such that

Nyss K + ZLA =N + NnssNps . (5.1)
A

Given linking numbers satisfying this, the corresponding pole locations k& and l4 must

satisfy

2 l
La = \/gla + —Npnssarctan ?A
T

k 2 k
K=—+—- arctan — . 5.2
T 2 St 5:2)
We can determine k and l4 as follows. Defining
2 T
Fi(z) = gz + %NNSL:, arctan Z (5.3)

and noting that for any k, F} is a monotonic map from [0, c0) to [0, 00), we have that
la=F Y (La). (5.4)

The actual value of k is determined by solving®

N= jgNm NN (5.5)

8We note that each term on the right is monotonically increasing with k, and the entire right side increases

monotonically from a value less than N for k = 0 to infinity for £ = oo, so there will be a unique solution.
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To see which linking numbers satisfy our conditions for having a O, close to —m/2, we
note that the requirements that

V9

(which follows from the first three equations of this section) and our condition

k
VI la+—Nngs =N . (5.6)
A

<N (5.7)

k
V9 la——Nnss
VIR

require that both terms in each expression are close to N/2 so

N
A
and N
ko k0 = VIV (5.9)
2NNss
In order that k < /N, the latter condition implies
Nnss > +/gN . (5.10)

Then the [4 are approximately related to L4 by
1) =F L (La). (5.11)
The condition {4 < VN gives that
F o) (La) < VN . (5.12)

From the condition (5.8), we have

\[Z k(O) %

g | (5.13)

Since each l4 = F) ! (L) in the sum is required to be much less than v/N but also greater

than or equal to k(O)( ) ~ m\/gN/(4N%g5), we note that the number of D5-brane poles
(including multiplicity) must satisfy

1 /N 2N?2
—1/— < Nps < —N95 (5.14)
2\ g g

Our choice of the L4 must be such that

N—->aLa

K = Nps +
> Nnss

(5.15)
is an integer. To see when this is possible, we note that for L4 < Nygs, F is linear and

_ T /gN
Iy =F 1(LA)z4]\é;S Ly. (5.16)
NS5
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Thus, adding an additional pole with L = 1 or varying one of the L4 by 1 leads to a change

in the left side of (5.13) of
™ gN

4 Nirss

Given any set of Ls, changing the sum by an amount less than Nygs will be enough to

<1. (5.17)

give an integer K. If we add or change Ls in the linear regime of F', the change in \/g> 14

ill be less th
will be less than © N

4 Nnss
We can satisfy (5.13) for integer K provided that this quantity is much less than N/2; so

(5.18)

we have the additional condition
Nnss > g . (5.19)

So far, we have assumed that k& = k(°). The actual value of k corresponding to our
chosen L 4s and K is determined by

k .
—Nnss+vg>_ Fp ' (La) =N =0 (5.20)
V9 a

We need to check that for this actual value, |k/\/gNnss — N/2| < N so that (5.7) is still

satisfied. Since
1(0)

—Nnsgs + \/§Z o (La) —N| < N (5.21)
\/>
we know that the function
k _
G(k) = —Nnss + /9> Fy ' (La) (5.22)
v 1

varies by an amount much less than N as k is varied from k() to its actual value. This
gives

N
ok < G (5.23)

so kNygs/+/g will change by an amount much less than N provided that the right side here
is less than \/gN/Nngs, or G'(k) > Nngs//g. This is clearly true, since the k derivative
of the first term in G is Nyg5/,/g and the k derivative of the second term is positive.

To summarize, given N and g, the following procedure will yield a set of linking
numbers that satisfy our conditions:

e Choose some Nygs5 satisfying Nygs > +/gN and Nygs > ¢ and Nps satisfy-
ing (5.14).

o Choose a set {L4} of Nps Ls such that (5.12) and (5.13) are satisfied and

N—->4La

K = Nps +
Nnss

(5.24)

is an integer. This will be possible provided the conditions on Nygs and Nps are
satisfied.
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e Once the linking numbers are fixed in this way, the precise k and [4 are determined
by the procedure described at the beginning of this subsection.

For this more general class of SCFTs, the corresponding quiver gauge theory will have
fundamental matter distributed among the nodes of the quiver, with the number of distinct
L 4s determining the number of nodes with fundamental matter.

If we require that 14 < ev/N to satisfy (5.12), we get

(5.25)

2 2eN.
Larax = Fyo (eVN) = e/gN + }NNS5 arctan <NS5>

Vo

If Nngs > /gN /e, we get Lyrax =~ Nygs. As there are Nygs nodes in the quiver, it
seems possible in some cases to have matter uniformly distributed throughout the quiver,
with order one fundamentals per node.

6 Microscopic wedge holography

In this section we describe a generalization of the previous construction in which we have
two ETW branes bounding an arbitrarily large wedge © € (—©,,0,) of AdS° x S°. In
this case, only a R*! of the original asymptotic region R3! of AdS® x S° remains, and the
dual theory is a three dimensional SCFT.

6.1 A 3D dual to an arbitrarily large wedge of AdS® x S§°

We have seen that for an appropriate choice of 3D SCFT coupled to N' =4 SYM theory
on a half space, the ETW brane region of the dual geometry can be pushed to a Poincaré
angle that is arbitrarily close to —m/2. We next consider the situation where we introduce
another such boundary parallel to the first so that the N' = 4 theory now lives on a strip.
We can choose this second boundary SCFT to preserve the same set of supersymmetries
as the first one. The brane construction of this SCFT involves the same set of branes as
for the first SCFT, with the same orientations, but arranged in the opposite order in the
spatial direction in which the D3-branes have a boundary;? see figure 6.

We expect the dual of this theory to have two ETW branes, bounding a wedge of
AdS® x S° whose asymptotic region has the geometry R?! times an interval. The solutions
of [17, 18, 27, 28] are not general enough to describe this, since they correspond to theories
with a 3D superconformal symmetry, while the interval in our construction introduces a
scale. However, we expect that the IR limit of the theory on a strip will be a certain
superconformal theory; this is the theory whose brane construction combines that of the
original BCFT with that of the second SCFT, so that the initial semi-infinite D3-branes
now connect the brane configurations describing the two SCFTs. The gravity dual of
this IR SCFT is wedge of AdS® x S° with two ETW branes. This wedge geometry can
be described explicitly as particular cases of the solutions in [17, 18, 27, 28] and were
considered previously in [18, 21]. These geometries are microscopic realizations of the
“wedge holography” discussed in [22].

9More generally, we could consider two different SCFTs which nevertheless preserve the same supersym-
metries.
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1

Figure 6. Illustration of procedure used to define families of solutions realizing arbitrarily large
wedges of AdS® x S°; here, D3-branes are black, D5-branes are blue, and NS5-branes are red. To
pass from the second to the third configuration, we rearrange the fivebranes so that all NS5-branes
are to the left of all D5-branes, while D3-branes between these fivebranes are created or annihilated
to maintain fixed linking numbers. The third configuration is convenient for defining the quantities
N:,EA), N?EB) in (6.2): they represent the net number of D3-branes ending on branes in the A"
D5-brane stack or the B™ NS5-brane stack respectively.

The new element in our work is that we can, by the choices described in the previous
section, arrange for the wedge of AdS® x S® between the ETW branes to be arbitrarily large.
To verify this, we note that making the change of coordinates z = rge®” = r9e*t% so
that the positive quadrant is mapped to the strip 0 < I(w) < 7/2, the single boundary

geometries correspond to harmonic functions

2

ol cosh(x + a4) + cos(y ))
By — s s
! 2\fme cosy + Z caln (cosh(x + ay) — cos(y)

/g S\[ cosh(z + fp) + sin(y)
hy = 5 — = ree®siny + ZdB (cosh(:c%—ﬁg) —sin(y)) )

where we have defined ay = —In(l4/79) and 4 = —In(ka/70).
The pole of hy at —a and the pole of hy at im/2 — 5 lie at large negative values of x
for the single-pole cases of interest. The corresponding solution with two ETW branes is

given by
£2 (a) cosh(xz — d,4) + cos(y)
N5 In
h 4 az::l (cosh(ac —0a) — cos(y))
2 2 2 .
N h(xz —
hg _ %ZNB(Z))I (COS (.%' (Eb) + S%n(y)> 7
=1 cosh(z — 0p) — sin(y)

where N5(1) = N5(2) = Nps5 and Nél) = ]\75(2) = Npgs5 are the number of D5-branes and
NS5-branes in the initial boundary condition, and now we have poles of h; at d;/ and of
ho at im/2 + 31 /2 Whose leading order behaviour is given by

(51N—52NO¢, Slw—ggNﬂ. (6.1)

Solutions corresponding to more general 3D SCFTs are obtained by allowing the poles to
be at more general locations.

To demonstrate this claim, we will proceed by analyzing the D-brane constructions for
these theories. We must first revisit the families of boundary conditions from the previous
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section, choosing for convenience a string coupling ¢ in the boundary case to be of the form
g = mecot (g%), as we have done above, and defining the parameters (Nps, Nyss, L, K)
using (4.26). As in [18], when we pass to the dual of the 3D theory, we may consistently
set g = 1 (while the dilaton is left arbitrary).

The doubled theory is described in the language of [18] by parameters!'®

NV = NP = Nps,
Aél) = N5(2) = Nnss

(6.2)
NV —2Nygs - L, NP =1L,
V=K, V§Y = 2Nps — K,
where the supergravity parameters g, &y are related to the D3-brane charges by
N@ 25 5B 1 (s
3 = p Z 5 tan (e )
) ) (6.3)
) _ 2 (@), =1 ( 6a—0p
3 - Z Ny’ tan (e ) .
a=1
These latter equations yield at leading order in n
2,2
-6 _ 9 51—y _ 4mb~n Sa—b1 _ TV Sp—by _ M 6.4
c m’ © N ° dmbn? € g’ (6:4)
so that without loss of generality we may take leading order behaviour
s s 2./gb
661 — 2661 — 6762 — 26762 — \/§ n ) (65)
m m VTN
Comparing with the supergravity parameters from the boundary case
l v N k Vg N (6.6)

70 - 2,/gbn’ o 2mbn

we find the leading behaviour of the poles 4; /5 and 51 /2 mentioned above.
One can consider hj, hs at leading order, and show that they give rise to an AdSs x S°
region when |z| < Inn. Indeed, we find in this region

2
hy ~ ——coshzcosy,
2\/9

(6.7)
VoL’
ha ~ Y2

coshzsiny,

where L? = \/4rN/2. We recognize these as corresponding to pure AdS® x S°. As n is
increased, the curvature scale of the AdS® x S° region approaches a constant value, while
the size of this region increases.

%0ur notation is actually slightly different from that of [18]: the Néi) and Nél) are both defined to be
positive quantities, and differ from the conventions of that reference by factors of N, 5(1) and N, él) respectively.

- 21 —



&\f /)

7.5
.
6.5 1
6
5.5
i
WA\
2 4

45
-4 59 0 -4 59 0 2 4
wl wl
—n=10 — n=100 n=1000 — pure AdS| —n=10 — n=100 n= 1000 —— pure AdS|
(a) In f§ versus w;. (b) In f3 versus w.
8.
131
12
74
11
10- 2
94

oo
M
W

K

i

-4 -2 0 2 4 -4 -2 0 2 4

wl wl
—n=10 — n=100 n=1000 — pure AdS| [—n=10—n=100 n = 1000 —— pure AdS|
(c) In f7 versus w. (d) In p? versus wy.

Figure 7. In these figures, we are taking g = 1,4, = 2, N = 100. The metric functions shown
are for N5 = 2nN,N; = 2(nN + 2),N:§1) = %(n + 1) with the values of n given, while the
metric functions shown in light blue are for pure AdS® x S° (with Laqs fixed by N). We are

displaying the metric functions with respect to complex coordinates (w,w) = (w; + fwg, w1 —
iwy) = (ln (%ew) ,In (%e_w)), and setting § = T in the figures. Note that the Jacobian of this

coordinate change modifies p? from the expression provided.

In figure 7, we show the metric functions for such solutions (as well as those of AdS®x S®
for comparison) in the vicinity of the locally AdS®x S® bridge between the two ETW branes,
for various increasing values of n. We see that for increasing n, the bridge connecting the
two ETW brane regions corresponds to an increasingly large wedge of AdS® x S°.

6.2 Multi-wedge geometries

We have given a specific class of constructions describing arbitrarily large wedges of AdS® x
S5 as the dual of a 3D SCFT. For concreteness, we focused on the case obtained by
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doubling of a brane configuration considered earlier in the context of boundary conditions
for the 4D N = 4 theory. More generally, we may consider 3D SCFTs which descend
from linear quivers arising from “gluing” together several large sub-quivers of the type
discussed in section 4.4 by coupling the first and last nodes of consecutive sub-quivers with
bifundamental matter to some additional U(my4) nodes with small m 4. This procedure is
in the spirit of the “quantum gate” solutions described by Bachas and Lavdas in [21], but
the result here is a spacetime description involving multiple wedges of AdS® x S° separated
by interface branes.

This “multi-wedge” construction suggests further generalizations for holographic the-
ories realizing the same OSp(4|4) symmetry as the 3D SCFTs, including the OSp(4[4)-
preserving BCFTs and 3D SCFTs descending from circular quiver gauge theories. In the
former case, the holographic description involves a large AdS® x S® region in the vicinity of
the asymptotic boundary, but this region is connected to an additional multi-wedge region
by an interface brane. In the latter case, we again obtain a multi-wedge geometry whose
boundary is only a R?! subset of the asymptotic R3! of AdS® x S°, but in this case, the
first and last AdS® x S® wedges are connected by another interface brane, so that we have
non-contractible loops in the internal space which traverse all of the wedges. We leave a
more detailed analysis of multi-wedge solutions to appendix F.

7 Discussion

We have provided a number of microscopic constructions of 4D BCFTs enjoying a holo-
graphic description with an arbitrarily large AdS® x S° region terminating on an ETW
brane, as well as 3D SCFTs which correspond to an arbitrarily large AdS® x S° wedge.
While the possibility of realizing similar features by considering limits of the supergravity
solutions provided in [17, 18, 29] has been discussed previously (e.g. in [18, 19, 21, 29]), we
have provided an important check that the required limits can indeed be realized in string
theory, where the various charges are subject to quantization requirements, and we have
characterized the appropriate boundary conditions explicitly in terms of the corresponding
field theory data.

The simplest such BCFT boundary conditions arise in string theory from a single
stack of Nps Db-branes and Ny g5 NS5-branes; choosing Nps, Nygs sufficiently large with
gNps/Nnss = O(1) ensures a large AdS® x S° region, and a judicious choice of these pa-
rameters and the linking numbers L, K can make this region arbitrarily large. While these
“single-pole” boundary conditions are especially easy to analyze, we have indicated several
generalizations involving multiple fivebrane throats in the ETW brane region, including
small perturbations to the single-pole boundary conditions, boundary conditions which re-
distribute the fundamental matter throughout the defining quiver diagram, and boundary
conditions involving extended quivers which give rise to “multi-wedge” duals. By invoking
similar D-brane constructions to generate supersymmetric boundary conditions for the 4D
N = 4 SYM theory or 3D SCFTs describing the IR physics of linear or circular quiver
gauge theories, we are able to produce holographic duals for these theories in type IIB
supergravity that possess similar local features, including one or more AdS® x S° wedges.
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This suggests a precise sense in which the physics of these degrees of freedom can be asso-
ciated to the wedge. In all of our examples, such wedges are necessarily accompanied by a
large ETW brane region.

There are a number of further directions which remain interesting to explore. While we
have studied a large class of solutions with large AdS® x S regions, it would be desirable
to provide a general characterization of theories which possess this feature. It is also
interesting to understand if there is a relationship between our work and the “dimensional
(de)construction” story [20, 30]. In this context, it is shown that certain quiver gauge
theories may admit a low energy effective description with emergent extra dimensions; for
example, this may occur in superconformal theories moved onto the Higgs branch, with
the spectrum of massive vectors obtained via the Higgs mechanism organizing precisely
into the Kaluza-Klein modes of the higher dimensional theory. Our results also suggest a
relationship between 3D and 4D supersymmetric theories, in the sense that the physics of
large wedges of AdS® x S° can either be described by degrees of freedom in the 4D N = 4
SYM theory or in a suitably chosen 3D SCFT capturing the low energy behaviour of a
quiver gauge theory.
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A Size of the internal space in the ETW brane region

The fact that the compact spherical directions in the “bag” or “ETW brane” region of the
geometries of interest cannot be suppressed relative to the AdS* scale has already been
noted by Bachas and Lavdas in [19] (following previous related comments by Bachas and
Estes in [23]). As remarked by these authors, this property is related to the issue of scale
separation in the context of flux compactifications (see e.g. [31-33]). More generally, it is
a broad prediction that in holographic theories with supersymmetry, the R-symmetry is
geometrized at the AdS scale (see e.g. [34]). For the sake of completeness, we will here
provide a direct argument for these assertions in the context of the supergravity solutions
considered in this note, based on the formulation of the reduced BPS equations by D’Hoker,
Estes, and Gutperle in [27, 28]. Our conclusions will apply to the solutions dual to the 3D
N = 4 SCFTs of Gaiotto-Witten [25, 26], first studied in [18], as well as the boundary and
interface solutions studied in [17].

Our goal is to show that it is not possible to simultaneously have fZ/f7 < 1 and
f32/f? < 1 in any region of the spacetime unless that region is locally AdS® x S°; the
conclusion is therefore that at least one of the S? factors of the internal space remains
large relative to the AdS* scale in the ETW brane region.

In the following, we will be relying on the conventions of [27], introducing only the
ingredients necessary. We may write the complex axion/dilaton P and connection @) one-
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forms as
P = pge®, Q = qqe®, (A1)

and the anti-symmetric five-form and three-form tensors F(5) and G as
Fs) = £ (_60123a + ETab€4567b) . G= gae45“ + iha667“ 7 (A.2)

where the e are wedge products of the appropriate vielbeins; the indices a, b are summed
over the Riemann surface ¥ directions. It is demonstrated in [27] that, for solutions with
16 supersymmetries, one can always apply an SU(1, 1) S-duality transformation to a frame
where the axion field vanishes and the dilaton is real; this corresponds to the reality con-
ditions
Do =DPas Ya =Ya Ba:haa 4a=0. (AS)
The metric functions fi, fa, f4 may be expressed in terms of a (Grassmann-even) spinor
degree of freedom (equation (6.18) of [27])

(0). en(D). wsee "

in terms of which we have (equation (6.26) of [27])

fa=¢'e=aa+ 83
fi=—vefo'e = —v (aB + 8a) (A5)
fo=—€lo*¢ =i(Ba-af),

where v € {£1} (the sign will be irrelevant when we compare ratios of metric functions
fi.f3 and f3).

Suppose there is some neighbourhood of a point (w,w) in the interior of our geometry
where f2/f? < 1 and f3/f? < 1; we will restrict to considering this neighbourhood for
the remainder of the subsection. In this case, we must have either |o| < |8] or |3] < |«
throughout the neighbourhood. Indeed, using polar coordinates

a = ae B = be' | (A.6)
we have
f1 2ab
ﬁ = 7a2+b2‘c05(91 —92)]
(A.7)
f2 2ab .
ﬁ = m|sln(01 —92) | 5
and since

min max{| cos (61 — 62) |, |sin (61 — 62) |} = (A.8)

1
01,02 ﬁ ’

2ab < 1, which requires ¢ < b or b < a.

we must have 2402
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On the other hand, the dilatino BPS equation (equation (6.28) of [27]) gives

dp,a+ (g, —ih,) =0, 4p.f — (9. +ih,)a =0, (A.9)

with z, z frame indices. These two equations together imply either that p, = g, = h, =0 or

4p.,
9z — ih

4p.
g + th

g , (A.10)

a
B

with the latter contradicting the conclusion that || < |f] or |3] < |«|. We therefore must
have that the special condition p, = g, = h, = 0 holds throughout the neighbourhood
we are considering.!! But as shown in section 6.9 of [27], that condition alone necessarily
implies that the geometry is pure AdS® x S°, with (subject to a particular choice of
normalization)

a=e W2 B =ie’w/? (A.11)

and metric functions
f1=2siny, fa=—2cosy, fa=2coshzx, (A.12)

where w = x + iy is a complex coordinate on the strip ¥. (We should note that the
argument provided applies to the case where p,, g., h, are presumed to vanish everywhere,
but the nature of the argument is local, and can be repeated to demonstrate that the
geometry within the neighbourhood we are considering must be AdS® x S°.) In particular,
this can be consistent with our assumption || < |3] or |5| < |a| near the asymptotic
boundary & — +00, where the metric function f? diverges. We have therefore shown that
the only case in which one can simultaneously have f2/f? < 1 and f3/f? < 1 is when the
geometry is locally AdS® x S°; as a corollary, we clearly cannot have the scale of the internal
S? dimensions be small compared to the curvature scale of the non-compact dimensions.

B Justification of condition (3.3)

In general, the region I introduced in section 3 is only asymptotically AdS® x S°, and may
deviate from pure AdS® x S5 significantly before the O(l4/7), O(kp/r) corrections become
large. For example, considering the large-r asymptotics of the metric functions for our

"Note that we could have avoided this condition by requiring that one of fZ/fi or f3/fi but not both
was small; in this case, we would not necessarily require that || < |8] or |8] < |a|, but could instead have
that a8 was almost pure real or pure imaginary.
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general solution, we find
o Ligs 1 1 ! K -
pl= 12 1—r—<2c050 1) ;;CAZA —8 ZdBkB % +o(r %)
1+— < ZCAZA<(200829—|—1)+5%(2(:0829—1)>
—lZdBk:B (2008204—1)4—@(2(:0529—1) +o(r7?)
™5 3

2
1+— ( ZCAZA<<2COSQ¢9—3)+5%<2C0529—1>> (B.1)
—lZdBk:B (260820—3>+@(2COS29—1) +o(r2)
™5 3

f2 — Lids (TQ —+ T(Q))2
4 4rgr?

CLiger? | 1 2 1 Gy _1 k% =)
|j‘2 (2COS 0—1) ;ZA:CAZA 1+% —;szdBkB l—i-g +o(r °)| .

47"0

i = Liagcos®d

f3 = Liqssin®0

Evidently, if we would like the terms subleading in large r to be suppressed for any r < ro,
then in addition to (3.7), we require

<r?. (B.2)

> dpkp
B

We claim that conditions (3.7) and (B.2) are sufficient to ensure a large region of approxi-
mately pure AdS® x S°.

To further motivate this fact, let us fix N from the beginning, and recall that 73 = N

Suppose we would like to have a geometry well-approximated by pure AdS® x S° down to
some radial coordinate r, < rg. Our approach will be to write down the metric functions
in the limit ITA, kTB — 0 with > 4 cala and )" g dpkp held fixed, and to understand how

these functions depend on the quantity ’ >oacala—> pd Bk:B‘. In particular, letting
T 2 T 2
ZCAZA: —rg(l+¢), ZdBkB: —rg(l—¢), (B.3)
A 2 B 2

we find that when ZTA, '%B — 0 in a way that keeps N and ¢ fixed, we have

—1 2
(g) hi(r,0) = rcosf + o CTOSG (1+¢)
—1 2 .
(;T) ha(r,0) = rsinf + o i}n@ (1—¢) (B.4)

m\ 2 2r¢ sin 0 cos 0
() - i
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and

o\ sinfcos@ /5 o 73 9
<2> Ni(r,6) = =5 (r+ 131+ 2)) [1+ﬂ(3+€(1—4c08 0) (B.5)

+T—§(1+5) (3—5(1—460820))4-:5(1+6)2(1—5)}
+:§(1_5)(3—5(3—4c0520))+:§(1—5)2(14‘5)}-

We then find the metric function

12 2 ~3/4 2 —3/4
pz(r,ﬂ):@ <1+Tg(1_5>> ( g(1+a)> (B.7)
2 2 2 2 2
X [((1—&—72(1—5)) <1+0(1+€)> —480082972< —0(1+8)>)
2 A N 1/4
><< —g(3+e3 dcos®0 )+—2(45 (1-e)+3(1-2)?) + %(1 €) (1+5)>
9 5/4
ff(r,@):L200829<1 —g ) <1+g 1+€> (B.8)
2 2 r2 2 -3
X [((1—&—2(1 5)) <1+7g(1+€)> 45c0829 < —0(1+6)>)
2 4 6 1/4
><< —g(3+e3 dcos®0 )+—2(4g (1-e)+3(1-2)?) + %(1 €) (1+5)>
9 /4
f2(r,0)=L sm29<1+ ) <1+g (1+¢) ) (B.9)
2 2 2 2
[((H‘;( )) <1+7§(1+e)> —45005297% <1—7§(1+5)>>
1/4

2 A 6 -3
X <1+7“g (3+€(3—4c0829)) +772 (46(1—6)+3(1—6)2) +7§(1—5)2(1+5)> ]

L2 2 72 1/4 7’2 1/4
£2(r,0)= e <1+ 0(1—5)> <1+rg(1+s>> (B.10)
1+—(1—¢)

7t i) —tecostet (1278
X a(l-e 1+T—2(1+E) —4ecos 972 1—T—2(1+€)

x( +—§<3+6(3 4cos 9))+:§(45(15)+3(15)2>+:§(15)2(1+5)>

1/4
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Of course, in the limit € — 0, we recover the metric function for pure AdS® x S°. One can
demonstrate directly from the above expressions that these metric functions can be made
uniformly close to those of pure AdS® x S® in r € [ry,00) and 6 € [0, 3] for sufficiently
small €; we have plotted some examples in section 4.3.

C Space of solutions for the single pole case

In this section, we will understand the space of solutions to the constraints (4.1).
First, taking a linear combination of the last two equations, one obtains

NpsL + Nyss K = N + NpsNnss , (C.l)

so it is necessary that
G = ged(Nps, Nnss) | IV, (C.2)

Choosing any Nygs and Nps satisfying this constraint, the linear diophantine equa-
tion (C.1) for K and L will always have multiple integer solutions of the form

N N
NS5 D5 (C.3)

L=Ly+m , K=Ky—m , MEZ,
0 ged(Nps, Nnss) 0 ged(Nps, Nnss)

with (Lo, Kp) some nominal solution.

There will be at least one solution for positive K and L, since for real m, (C.3)
parameterizes a line that intersects the positive quadrant of the (K, L) plane, and the
equal spacing between the (K, L) values for integer m is less than the length of the line
segment in the positive quadrant:

N \? N \?
VD5 + Niss < <ND5+ > +<NNS5+ND5> : (C.4)

Nnss

The number of solutions for (K, L) is evidently of order

(ND5+ N )2+ (NN55+NLD5)2

Nnss

Nps + Nirss

(C.5)

so for Nps, Nygs > N we typically have only a single solution. The conditions that K
and L are positive combined with (C.1) mean that any solution will satisfy

K <

N
+ Nps L < ——+4 Nyss . (C.6)
NS5 Nps

Now, given any choice of (Nps, Nygs) satisfying (C.2) and positive (K, L) satisfy-
ing (C.1), we will show that there is a unique positive (k,[) satisfying the constraints (4.1).
We do so by combining these constraints to yield

K L

-1 L 2 k
ND?V Nnss _ + 1= —arctan — . (0-7)
Nyss k +1 Nnss ™ !
gNps 1

~ 99 —



The right side increases monotonically from 0 to 1 as k/I increases from 0 to co. The left
side varies monotonically from K/Nps > 0 at k/l =0 to 1 — L/Nygs for large k/I. Thus,
there is exactly one solution for k/I. Call this k/l = m.

We then have a unique solution (k,[) that is the intersection between the line k = ml

and the 11ne k
—Npngs +1./gNps = N . C.8

In terms of m, the result is

N

Nnss 4 \/.ENDS
g m

k=

mfj/%s5 + \/END5 .

D General families with single D5-pole/NS5-pole and arbitrarily large
AdS® x S® region

We will here provide a significant generalization to the one-parameter family initially in-

troduced in section 4.3. Our construction of a one-parameter family analogous to the one

appearing in that section occurs most simply when ¢ is such that there exists m € NT with
Ta a

—= + =1, -— 1). D.1
5% a,be NT, gcd(a,b) ; bG(O,) (D.1)

That is, we have g = ﬁ, with m, a, b positive integers and 0 < § < 1 in reduced form.
7%

arctan(m/g) =

In this case, we will take

NDS(n):bfn+aa NNSS(”): mfn+ 0,

(D.2)
L(n) =amfo+7,  K@n)=(b-a)futs,

where f, is a sequence which we leave undetermined for now. We then see that

Nps(n)L(n) + Nnss(n)K(n) = (bfn + a) (amfn +7) + (bmfn + B) (b —a) fn + 9)
= Nps(n)Nygs(n) + ((a — byma + by — aff + bmd) f,,
+ay+B6—ap (D.3)

so to ensure that (C.1) holds, we would like to ask whether or not it is possible to choose

a, 3,7, 0 such that
0= (a—0b)ma+by—af +bmo

N=ay+pd—apb.

In fact, these equations are solvable for any (a,b, m). In particular, substituting the former

(D.4)

into the latter yields

N:<(bba)a—5> (ma — B) . (D.5)

If we take
g =ma—"b, (D.6)
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then this equation gives
(a—b)aa+bd =—N . (D.7)
We know that ged ((a — b),b) = 1, since a and b were chosen to be relatively prime, so this

linear diophantine equation has an integer solution («,d). We may then define

a—2>
b

ﬂ_

¥ % ma —mé = —a+ m(a—9), (D.8)
which is manifestly integral.

We thus define the sequence of parameters (Nps(n), Nyss(n), L(n), K(n)) by this
choice (a, 3,7,6), taking f,, to be any growing sequence. Since \/gNpsl + %NN%k‘ =N

implies that both [ and k are at most O (f,;!), the equations (4.1) yield

L(n a B 9 .
N]\zig,()n) =3 +0 (fn 1) — ;arctan(m/g) L0 (fn 1)

(D.9)
= %arctan(l/k‘) +0 (fn_2> ,
and thus
l/k:m/g—l—O(f;l) . (D.10)
It follows that
km _9 1 ~1
el — dis| = ‘ (Vbf) (g +o(f; )) - <\/§bmfn> k‘ —o (). (D.11)

as desired.
Thus, in the case that the string coupling g satisfies (D.1), we are able to identify a
one-parameter family with scaling

b mb
mNps ~ Nyg5 ~ —L ~
a (b—a)

K. (D.12)

It is notable that such g are dense in R*, since the map tan % (-) : (0,1) — (0,00) is a
continuous bijection, implying that the image of a dense set in this function is dense. We
should therefore be able to extend the above result by considering sequences of suitable
rational approximations.

Indeed, suppose that we fix arbitrary g and take as ansatz the linear scaling

zND5 ~ NNS5 s (D13)

with 2 € R" any fixed positive constant. In this case, requiring (B.2) to be satisfied implies
z

val~ ok, (D.14)

and given the relationship between linking numbers and SUGRA parameters (and the

assumption that [, k will be suppressed), this would appear to require

L 2 K 2
~ —arctan(z , —— ~ —arctan(g/z) . D.15
Noo: (z/9) Nps n (9/2) (D.15)
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We would like to construct a sequence of parameters (Nps(n), Nygs(n), L(n), K(n)) ex-
hibiting the scaling that we have suggested, subject to the requirement that these parame-
ters must be positive integers. The most natural way to approach this is to take sequences
of rationals §*, ’;—: in reduced form such that

n 2 n
Z—n - arctan(z/g) , z—n -z, (D.16)
and then define!?
ND5(n) = annfn + ay, Qp = O(anInfn)
N n:bnnn+ n s n:Obnnn
Ns5(n) Pnfn+ B B (bnpnfn) (D.17)
L(n) = anPnfn +n, Tn = O(annfn)
K(n) = (bn - an)qnfn + dn, ) Op =0 ((bn - an)ann) s

where f,, is left undetermined for the time being. Equation (C.1) then implies

ND5(n)L(n) +NNS5(n)K(n) = (bnqnfn +an) (anpnfn +7n)
+ (bnpnfn +Bn) ((bn - an)ann + 5n)
:ND5(H)NN5’5(H) (D.18)

+ ((an - bn)pnan + ann’Yn - anQnﬁn + bnpnén) fn
+ QnYn + /Bn(sn - anﬁn .

For any fixed n, this is precisely the same as (D.3), which we found to be consistent with the
requirement NpsL+Nyss K = N+NpsNygs for suitably chosen (a, 8,7, 0). Consequently,
we may here find (o, Bn, Y, 0rn) Which make our definitions of the parameters consistent
with this equation for each n; once we have defined (an, by, pn,qn) and (an, Bn,Yn, On) in
this way, we may then simply choose a sequence f,, which scales sufficiently quickly such
that we recover the necessary asymptotics

Qp = O(annfn) y Pn= O(bnpnfn) y  Tn = O(anpnfn) , Op=o0 ((bn - an)ann) . (D-lg)

The sequence of solutions that we have defined will then have the desired asymptotic
suppression of max{l,k} and |cl — dk|, as can be shown in a manner identical to that
discussed above.

E Nearby solutions with multiple poles

It is reasonable to expect that the precise form of our boundary condition, and in particular
the linear quiver from which our boundary condition descends, can be relaxed somewhat,
and indeed we expect that the broad geometrical features of the holographic description,
including the existence of a large AdS® x S° region, should be robust to certain “small”

2Tn this section, o() refers to the standard “little o” notation.
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deformations of this quiver. As a concrete example, we may consider a family of solutions
(the simplest family constructed earlier in appendix D) with parameters of the form

Nps=bn+a, Nnyss=bzn+p5, L=azm+~vy, K=((b—-an+/d; (E.1)

here, a, 3,7, are constants chosen to satisfy N = avy + 6 — a3, and the constants a, b, z
satisfy

tan~'(z/g) = g% , a,be Nt gcd(a,b)=1. (E.2)
Each element of this sequence corresponds to a quiver of the form provided in figure 5.
We will now consider deforming these quivers for each n by coupling an additional s(n)
fundamental hypermultiplets to the (L -+ 1) node of the quiver, where s(n) may scale with
n but we require s(n) = o(n). In this deformation, we have two stacks of D5-branes and
two stacks of NSh-branes with inequivalent linking numbers, described by the parameters

Ngg:bn—i—a, Ngg:s, N](\,lgq5:azn+’y+1, N}?&z(b—a)zn—i—ﬂ—’y—l,(E.S)

and
Li=azn+~vy, Ly=awm+y+1, Ki=(0b—-an+6, Ky=(b—-an+di+s. (E4)
At leading order (namely at order O(n)), (2.4) gives the conditions

(b —a)tan™(ly /) + o(n?)
(b—a)tan™(ly/ky) + o(n?)

ga = atan" (I /ky

)+
ga = atan"1(ly/ky) +
)+
)+

- 1 (E.5)
§(b —a) =btan (k1 /l1) + o(n®)
g(b —a) = btan"(kao/l1) + o(n°)
from which we can infer
k k k k
I 4 om0 =2 4 om0 = 2 4 o(n0) = 22 4 o(n?) (E.6)
z ll ll lz l2
and thus from (3.8)
N 1 N 1
I = —— -t lo = —— -1
1 \/gb om + O(?’L ) ) 2 \/gb om ( ) ’ (E 7)
CVIN1 o N1
h = zb 2n+0(n )o k2= 2b 2n+0(n )
and
A= |Cll1 + eolo — di1k1 — d2k2| = O(TLO) . (ES)

Since max{l4,kp} and A are again suppressed for large n, we find that we recover the
desired geometrical features in this limit. In particular, while we now have two D5-brane
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throats and two NS5-brane throats, the total D5-brane and NS5-brane charges are approx-
imately the same as before, and the separation between each pair of 5-brane throats in this
case is subleading in n,

h—l ki — ko

- o(n?), i o(n?) . (E.9)

It is straightforward to show that a similar argument can be applied to a more general
version of this deformation, where we couple o(n) fundamental hypermultiplets at each of
O(n®) nodes in the quiver, where the location of these nodes relative to the left endpoint
of the quiver scales proportionally to the overall size of the quiver with n.

Another deformation of interest involves coupling an additional small quiver to the
left endpoint of our initial quiver, i.e. the endpoint opposite that which is coupled directly
to the 4D theory upon imposing our field theory boundary condition. Here, “small
quiver” refers to a quiver described by an O(1) number of parameters (Nj(j'é) ,La) and
(N](VJ?5,KB), all of which are dominated by our initial parameters (Nps, Nyss, L, K).
We can couple the large and small quivers together via bifundamental matter coupled
to an extra U(m) node, where m is also dominated by our initial parameters; the result
will be a good quiver, provided that the small quiver is good. This procedure results in
a boundary condition described by many distinct parameters, which we can denote by

(NB%),LA)A:LNP and (Nz(vi*)& KpB))B=1..q with some abuse of notation (they are different

from those describing the small quiver). Notably, (N ](jpg N ](\;")95,LP,KQ) agree with the

original parameters (Nps, Nygss, L, K) at leading order. From

2
L, =./qgl, + p Z N](V]?5 arctan ({,/kB)
B
1

V9

(E.10)

2 A
K, kq + - XA:NI(%) arctan (kq/la) ,

and the fact that Nl(;;), N](V@E) < Ng)g, N](\%E) for A < p and B < ¢, we see that the leading

behaviour of I, k; will be the same as before the deformation. Moreover, the remaining
equations for the linking numbers imply

Lafky =0 (La/N{ks) . kp/ly =0 (Ks/N3) (E.11)

for A < pand B < ¢q. Consequently, the newly added parameters are suppressed compared
to I, k, and contribute to A at subleading order; we therefore arrive again at a solution
with a large AdS® x S region.

F Multi-wedge generalizations

Our goal in this section is to understand how to construct theories whose holographic de-
scription involves several wedges of AdS® x S® connected by interface branes; this applies to
the BCF'T case as well as the case involving 3D SCFTs which descend from linear or circular
quiver gauge theories. The intuition behind our construction is illustrated in figure 8.
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Our construction in this section will begin with a list
(mo, m1,ma, ..., Mp_1,Mmyp) (F.1)

of non-negative integers, where we fix p for concreteness. In the linear quiver case, we will
have mg = m,, = 0, in the circular quiver case, we will have mg = my = L # 0, and in the
BCFT case, we will have mg = 0 and m,, = N. We would then like to define the required
field theory data

(Ly,..., Ly), (K1, Kp), (NS, N®Y (N(L . NP (F.2)

where the linking numbers are listed in increasing order. We will define these via the brane
configuration depicted in figure 8; we have “blocks” with large numbers of D5-branes and

NS5-branes N l()’?, N ](\,‘25, each with large linking numbers L 4, K4 respectively, and the (A—

1)™ and A*™" blocks are connected by m4 D3-branes. The quantities (Ngé), N](V’ng), L, Ky)
which parametrize the A" block may be constructed in a completely identical manner to
the construction of the one-parameter families we considered in section 4.3 and appendix D,
with the simple replacement N — (m4 — m4_1); in particular, the linking numbers L 4, K 4
that we would obtain from that construction will be related to the correct linking numbers

L4, K4 in the full quiver of the present construction by

-1 A—1
La=La+ S N{s, Ki=Ki+ > Ny, (F.3)
B=1 B=1
since we need to account for the fact that the linking numbers depend on the quantities
of 5-branes present in previous blocks. Ultimately, we will take all of the m4 (and the
number of blocks p) to be O(1) in some large parameters which will determine the number
of 5-branes and linking numbers in the A*" block.

The above is the sense in which these boundary conditions correspond to “glued to-
gether” sub-quivers; the sub-quivers that are being coupled in this case are precisely those
that arose in the discussion of section 4.3, corresponding to boundary conditions described
by single linking numbers L, K, with the replacement N — (m4 —m4—1) in the present
context.

We proceed to define (L4, K4, N l(;;), N ](\,@5), beginning in full generality with the case
of arbitrary coupling g; in general, we construct these exactly as in appendix D, taking

N =bDg D i ol NG =0 p i + g (F.4)
and
La=aPpM D 4 4® 0 K= 00 —a)g® A + 5 (F.5)
where ) "
an, 2 -1 Pn
Yy (24/9) , poinds (F.6)

for some z4, the quantities Ozs,,A), BT(LA)7’Y7(1A), 57({4) sastisfy

a5 + D — oI BN = ma— ®.7)

n
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mo my ma Mp-1

mp
(1) Ar(1) (2) Ar(2) — (p) ar(p) -
NDS’ N!\'SS NDS’ N}VSS = NDS’ NJVS5 - T
Llykl I:2ak2 i‘p7kp

t

N =17

NGO =9
Ly=$
;=3

Figure 8. D-brane construction giving rise to the class of boundary conditions considered in this
appendix. We have “blocks” consisting of D3-branes stretched between N gg Db5-branes and N ](\%5
NS5-branes with fixed linking numbers L;, K;, where ultimately we will take N g%, N 1(395, L;, K; to
scale with some large quantity. The (i —1)*" and i*! blocks are connected by m; D3-branes. We give
an example of the brane configuration in one such block, with D3-branes shown in black, D5-branes
in blue, and NS5-branes in red.

and j}(lA) is quickly-scaling. Then, passing to the linking numbers by (F.3), we have that

p
Z (Nl()?,)LA + N](V/gg,KA) =Mmp — Mo + NDSNNS5 (F8>
A=1

and the linking numbers are increasing by construction, We will also require that fqu)

)
least as quickly as the parameters in block A — 1. We can now consider how the SUGRA

scales sufficiently quickly relative to fr({LF1 such that the parameters in block A scale at

parameters behave for each case.

F.1 Multi-wedge dual of BCFT

Recalling that
P

(A) 1
gNpEla + —Nyoka | =N, F.9
AZ:% (\[ D5 YA \/g NS5 A) ( )

and all of the l4, k4 are positive, we see that one must have

N
ZA< (4) > k’A< ﬁ, (FlO)
D5 NS5
so that in particular
Jim 14,k4=0. (F.11)
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We have from our definitions

A-1
La=apf0 440+ ) (b%"‘)pﬁi“)fé“‘) +5)
b= B (F.12)
as well as the relations to SUGRA parameters
2 O~ (14 1
La=/gla+ Ep > (8P A + BN tan~! (La/ki)
) :p (F.13)
A) A)
K= 7/@1 = {: (b £ + o) tan™? (ka /i) -
Comparing these expressions at leading order, we see that consistency is achieved by
requiring
la za
and l )
lim 2 = lim -2 =0, A<B. (F.15)

Schematically, we can say that glg ~ z4k4 and

l1<<l2<<...<<lp<<1, k1<<k2<<...<</€p<<1. (F.lﬁ)
We therefore find
- (4)
Jim | Z (ND5 - NNS5kA) | =0, (F.17)

as desired.

We have demonstrated that our construction thus far possesses a large AdS® x S°
asymptotic region; to ensure that we recover a multi-wedge deep in the interior, we
will actually consider a subset of the families defined so far for which the parameters
(N (D’é),N ](\,’257 L4, K4) of block A are all taken to scale with the same large parameter as
the parameters of block A—1, as opposed to scaling strictly faster. Note that the “doubled”
construction of section 6.1 is an example of this choice. In this case, it suffices to note that
for lg,ka < r <lat+1,kat1, we find the leading behaviour of hy, ho to be

b 2 rcosf (2 ca ((rcos@+l,4)2+r25in29>
1= —

4 (rcos@ —14)% + r2sin6

+ n
2 /g 47\/g
B) (B B (L
— 2 5 N (Leoso+ 0/ ) + 2 55 N (- cost+ 062 1) )

B<A B>A

l
~ (% cos b (Ng@ 24Nt l;ﬂ) (F.18)
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and

ml2 2 72 cos? 0 + (rsinf + ka)?
he = —2 inf+ =% d 1
2 2 Vgrsind + 4 XA: AVgIn (7“2 cos2 0 + (rsinf — ky)?

= £§ Z ]\7](\,BS)5 (kB sin 6 + O(kgB/r3)) +€§ Z Nz(v]?5 (l: cos 6 + 0(7“3/14%))
B<A r B>A B
~ (*sinf (N}{‘S)E)]if‘ + N}{‘%”J) . (F.19)
A1

Since zBNEB;) ~ N](\,E;)5 and /glp ~ Z—\/%kB, the geometry in this region is approximately

that of AdS® x S°, where the value of 7 is proportional to the geometric mean of 14 (or
ka)and lg+q (or kay1), and the AdS radius in this wedge scales relative to the AdS radius
NANAFD
D5 D5 A
N2 lat1”

in the asymptotic region as Lévedge / L* ~

F.2 Multi-wedge dual of SCFT: linear quiver

As at the end of last section, we will continue to restrict to the case where the linking
numbers and charges for each block are all taken to scale with the same large parameter.

The linking numbers L4, K4 are related to parameters NS(A), N3(A) by
A (A
N = Nygs —La, NV =Ky, (F.20)
so we can write (6.3) as
_ 2 r(B) ¢, —1( 6p—6a
Ly= - %: 5 tan (e )
9 " ) (F.21)
Kp==Y Ny"tan™! (4795 .
B=_ Z 5 tan (e )

A

It is immediate that we obtain the desired behaviour in this case, since this system of
equations is identical to the system from the BCFT case up to sub-leading terms if we
identify 4 «» e %4 and kp < e~0m , and the definitions of hy, he will have the same leading
behaviour in the regions of interest.

F.3 Multi-wedge dual of SCFT: circular quiver

The solutions of type IIB supergravity describing the vacuum states of 3D SCF'Ts arising
from circular quiver gauge theories have not yet been discussed in this note, but were first
analyzed in [29]. These solutions are similar to those arising from linear quivers, with
harmonic functions hi, ho now given by

P ad j — (6, + 2nt
h1:—27aln< H tanh(T—Z(;_n)> +c.c.,
a=1

n=—oo

P i mi 2z — (8 + 2nt)
=—) Al hf——————= .C.
ho bz::l'ybn<H tan (4 5 + c.c.,

n=—oo

(F.22)
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where t is a positive parameter satisfying 0 < (5a,3b < 2t. These functions are periodic
under Re(z) — Re(z) + 2t by construction, and we can alternatively express them using
Jacobi YJ-functions as

P
791(1/(1\7')> z—0, 1
hy = — In{ ——= : — -
! agl% . (192(1/(1\7') tec., i 27 4’
P () . (F.23)
V1 (Dp|T : z—0p
hy = — YpIn [ ———= .C. Dy =
2 1;% n(192(Ab‘7—))+CC , W o
on a torus with modular parameter 7 = it /.
The linking numbers and supergravity parameters are now related by
S S S
Ly= Z NSS (Z arctan ( *5B+5A*2"t) — Z arctan (e‘SB‘SAQm)>
=t (F.24)
o0 A
Kyg== Z N(Di (Z arctan ( Sp—0a— Q”t) — Z arctan (6_53+5A_2"t)>
n=0 n=1
and
2 (A) Sp—84—2st Sa—0p—2st
— N B—0A—2S A—0B—2s )
- Z Z 55 Z (arctan ) + arctan(e )) , (F.25)
A B
where L = mg = m,,.
The linking number conditions can again be satisfied by requiring
e 04, e 04 < e_‘sA“,e_SA“ (F.26)
and
94704  tan <72r K(A)> ~ 2L , (F.27)
ND5 A
provided t is sufficiently large that
e 0B HAT2 ] OBba2 ] (F.28)

for all A,B. It is clear from the expression for L that these conditions must be true,
since N gé), N 1(\%)5 > L. Again, in the region 64 < Re(z) < d4+1, the harmonic functions
h1, ho agree with those from the linear quiver case at leading order, since the additional
contributions coming from the n # 0 terms will be suppressed.
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