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ABSTRACT

- Using a formulation of quantum electrodynamics in the infinite momentum
frame, we develop a theory to describe the scattering of energetic electrons or
photons off an external field. A physical picture ;amerges which proves to be a
realization of Feynman's "parton" ideas. In this picture the incoming electron is
composed of bare constituents (the quanta of the Schroedinger fields) which, at
high laboratory energies, interact slowly with one another. Each bare con'stifﬁent
is sca‘tter;ed from the external field in a s;:mpie way, then the c‘ons‘tituents again
interact among themselves to form the final state. This formalism is applied to
elastic electron and photon scattering, bremsstrahlung and pair production, and -
deep inelastic electroproduction of lepton pairs, and the results pf Cheng and Wu
and others are recovered in a simple way. In these applications, perturbation
theory is used to construct the wave functions of the constituents in the initial and

final states.

(Submitted to Phys. Rev.)

T Work supported by the U. S. Atomic Energy Commission.

* NSF Predoctoral Fellow.




.
~ -

I. INTRODUCTION

Recently considerable progress has been made in evaluating amplitudes for
high energy electromagnetic processes. Various a.uthors1 have found, using con-
ventional calculational techniqués and considerable labor, that these amplitudes
have several unifying features. First, when two electromagnetic particles having
large relative momenta exchange— a fixed amount of momentum, the interaction
can be viewed as occurring between the bare quanta which composé the incoming
and outgoing scattering states. And furthermore, the interaction between these
constituents is simply a relativistic generalization of the eikonal amplitude familiar
from nonrelativistic scattering processes. 2 Thus, a physical picture for these
scattering processes emerges which is similar to Feynman's "'parton’' ideas. 3
We wish to show in this paper that these im:eresitin,«é,r features can be easily under-

stood and derived from a recent formulation of quantum electrodynamics in the

.

- infinite momentum frame developed by two of the authors.4

The motivation for developing a formal theory of quantum electrodynamics
in the infinite momentum frame, hereafter referred to as I., was the hope that
this exact theory would lead to an approximate ultrarelativistic theory which could
provide a simple description of extremely high energy phenomena, just as non-
relativistic field theories provide understanding of low energy phenomena. For
example, the nonrelativibstic limit of quantum electrodynamics possesses tremen-
dous computational simplifications and intuitive insights into low energy electro-
magnetic processes. It was shown in I. that quantum electrodynamics in the
infinite momentum frame, although formally equivalent to quantum electrodynamics
developed in an ordinary reference frame, possesses several simplifying features
itself. These include the formal absence of vacuum pair creation; computational

simplicities, and a nonrelativistic analogy which should become a basis for intuition

.




into high energy phenomena. However, just as the nonrelativistic limit of quantum
electrodynamics has certain déficien‘cies, ‘its ultrarelativistic limit will inherit
several limitations already contained in I. For example, the renormalization
procedure becomes more difficult, old—fashioned perturbation theory must be
used, and manifest covariance is lost. Nonetheless, we will see in this article
that for a limited range of application:s, specifically the calculation of high energy
amplitudes, the formulation of quantum electrodynamics in the infinite momentum
frame possesses distinct advantages over the conventional the.ory.

The plan of this paper will be to review the fornialism of quantum electro-
dynamic‘s in the infinite momentum frame developed in I., and present a heuristic
derivation of the salient features of that paper in a "nonrelativistic’ fashion. We
next introduce an external field into the theory and derive a closed form for the
scattering operator, formally valid as the energies of incident and produced
particles ténd to infinity. We then apply this for;haliém to sév-eral‘ electrodynamic

processes and obtain the results of Cheng and Wu and others.
II. REVIEW OF THE INFINITE-MOMENTUM FORMALISM

The trajectories of particles in nonrelativistic processes cluster about a
single direction in space~time, which is generally taken to be the time axis. The
frajectories in extreme-relativistic processes likewise cluster about a direction
in space-time, which can be conventionally taken to be a null vector in the t-z
plane. It is sensible to describe nonrelativistic processes in the coordinate
system (t,x,y,5). It is likewise sensible to describe extreme-relativistic pro-

2—-1/ 1/2

cesses using the coordinates r = 2(t+z), XY,5 = 2 7" %(t-z), since in this

coordinate system the particle trajectories cluster about the new "time" axis.




In I., quantum electrodynamics was reformulated in this new coordinate system
o (T>X1,X2,9"') = G‘: & =gy . (I1. 1)

with x” the usual space-time coordinates and
9~ 1/2 2-1/2
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The corresponding momenta are H = D, = 2_1/2(E = P,)s 1 =DPg = 2—1/2(E +p,), and
b= (pX, py). Since H generates r-translations, it plays the role of a Hamiltonian.
In brief, the pfocedure used in 1. is:
1. Change variables in the Lagrangian. The equations of motion, being
form-invariant, remain unchanged.
2. Choose the gauge A= A ‘= 0.
3. Identify the 1ndependent fleld components and quantlze them with the known
equal~r commutatlon relations satisfied by the correspondmg free’ fleld com-
ponents.‘ Only the two transverse components of the electromagnetic potential
are independent variables; the component A3 is zero by the gauge choice, and
the component A0 is eliminated in a way similar to that of conventional Coulomb-
gauge electrodynaﬁaics. In a similar way, we find that only two of the four com-
ponents of the Dirac field ¥ are independent. Once the equal-r éommutation
relations among the independent field components have been specified, all of
the equal- 7 ‘commutators in the theory can be calculated using Maxwell's
equations and the Dirac equation.
4. Construct the Hamiltonian.
9. For the perturbation expansion of the S-matrix, use "'old—fashioned" Heitler

pertlirbation theory. This procedure is seen to give a perturbative solution to

the field theory identical to the more familiar Feynman expansion.
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The infinite momentum analysis of I. led naturally to the use of four-component
spinors and polarization vectors which, when boosted to (almost) the speed of light
in the z-direction, became eigenstates of helicity as measured in the lab. (Thus,
if we choose to describe processes involving particles with almost infinite mo-
mentum in the +z direction, this notion of infinite momentum helicity coincides
with the familiar description of helicity.) It turns out that the matrix elements of
the Hamiltonian of I. are remarkably simple if one chooses th_e incoming and out-
goiﬁg particles to be in infinite momentum helicity states.

Instead of simply evaluating the relevant matrix élements in the context of I.,
we find it instructive and intriguing to rederive thesé results in a simple heuristic
fashion which takes full advantage of the nonrelativistic structure present in the
infinite momentum frame. (The connection between the formalism of I. and the
formalism to be presented here is given in the Appendix. )

We begin with the masé shell condition fqr a free electron, p”p“ = mzl, or
2nH - Bz = mz. If we make the usual idenfification PM"’ia M‘ we arrive at the

eqﬁ.ation of motion for the free electron field (the Klein-Gordon equation):
12 2

i5,W®) =55 (F +m)wx), (1. 3)
where 1/7 is the integral operator ; _
[Fo]w= 5 [ o co-0) wirg . (I 4)

As we will see, it suffices to let W(x) have only two components. The two components

are postulated to satisfy the equal-+ anticommutation relations

2
1 —_ EY - :
{ @), wytx } = 0apdra) 8 (1L 5)
Free photons are described by the two transverse components A(x) of the
electfomagnetic potential. As in paper I, we use the infinite momentum gauge,

A% = A3 = 0. The equal-7 commutation relations satisfied by A(x)




are

(Mo, a%6] 0 =gy

631{ 41 €7~ 3)8 (x- X') (11. 6)
The free photon Hamiltonian is

K. 2 .k
H = % dx dz ANx) p° ANx) . (IL.7)
v 2 kglf”' = |

Using the commutation relations (I1.6), this Hamiltonian leads to the expected

equation of motion,

[Ak(x), H,_y]= i, ANx) = 5= p” ANx) . (IL. 8)
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The natural two component spinors W(S) and polarization vectors £(*) in this

description are

w(+1/2) = (g) w(-1/2) = (g)
e =272 (-1 =271, -y), (IL.9)

where the arguments s, A refer to the infinite momentum helicity discussed earlier.

Using these wave functions, the Fourier expansmn of the fields ¥, A take the form?

Wix) = (27) ?’fdpf Z {1 we) P % bip, ) + F wi-s) P Xdlip, )
S

(1. 10)

Ax) = (2m)° f dp f an Z}\: e(?\)e‘ "Fa(p,2) + gy* &P ® 5, )} . (W11

The operator bT (P, 8), dT(p, 8), and aT(p, 8) are creation operators for electrons,

bositrons, and photons respectively. They satisfy the commutation relations
3 2
{be, ), Bte s} = 8, @m’ 2m 8- ) 6%(p-p)
T 1 ! - 3 1 2 !
d(p, s), di(p',8")¢ = 8 4(21)" 21 8 -n") 8" (p-p"

[, aer,an] = 5,,,0m% 29 8- 6%-p) . (1. 12)




The electrodynamic interaction can be introduced into this formalism by
writing the free electron wave equation in the form6
iaOUf (m-ig- B) (m+ ig. p)tlf y (11.13)
then making the gauge-Invariant substitution pu——> p“ - eAM. Then, using the
gauge choice A = 0, the wave equation with interactions becomes
16y = eA W+ (m-ig- p- eA]) 5 (m+ ig: (p-eA))y (I1. 14)
The dependent variable A 0 is eliminated with the help of Maxwell's equations, |

vk
find that -8 (83 0 -V.-4a)= Jg. FromI., we find that Jg = J°= el,[JTLl/ Therefore

obr = a“a“A ) a”A# =J,.  Choosing y= 3 and recalling that A, = 0, we

\ ¥
- AO—77 eww+n2 A, (I1. 15)
where 1/‘:72 is the integral operator
1
[77 ] X) = --fdf l#- ¢l wir.5 8. (I1. 16)
Now the equation of motion for s reads |
2
18y¥ = tIf—-— TIII+qr—-p A+ (m-ig p- eA)2 (m+ic p oA s
o (L7

Finally, from Eqgs. (IL 5),(IL. 17), and the Heisenberg relation [iH, /] = 5, we

can conjecture that the Hamiltonian for the theory is

H fdxdy{ w w Sutyreulyzp-a (1L 18)
+ lIIT(m—lf-[g—eé"]) 5 (m+ig- [g-eé._)z]/ |
+% f Ak'ZAk} ' '
k=1
=hy+h , (11. 19)

with hO =H_ _ 0°*
As we have mentioned, the matrix elements of H are very simple when taken

between the "infinite momentum helicity’" states créated by the operators
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bT(p, s), dT(p, s), aT(p,A). The matrix elements are easily calculated using the

expansions (II. 10) and (II. 11) of the fields:
1) Singie photon emission (Fig. la):
(e (', 8" Mg, M)H| e (p, 5))

= @18y ~my) 370 e Bi) 27 2[27)1/ 2 owlisn2',) €I W(s) »
(11.20)
where
wls") j'p) - ¢*(h) wie)
— T 1 -1 -1 .
=W (S ){nq g 5*(?») - 3"5*(7‘) [277] o-p
g p ) g g - gim g .s,*m[n"‘l— n‘l]}W(s) . (I.21)

In Table I, we list all of the possible matrix elements WE € *w.l7

| The matrix elements for other processes involving two fermions and one
phbton can be obtained by the usual substitﬁ@ion rules. For instance, the matrix
element for v — eel is ‘ |

<e~(P', 8") e"'(Ps S)IHI Yd, A)>

#

- @n® sn =) 8@, ~py) [2]2 (2]
X e wW(s) J(B's ~P) - §H(-N) w(-s) (1.22)

2) Instantaneous electron exchange (Fig. 1b):
e (py8,) 1(Pg:2g) [H| €7 (D, s1> y(pz,xz>> \
3.,
= (2m) 6(nout -'nin) out ..m) [27)4] [27’1]

x & wlis,)g- £00) [2n T L g e*hg) wisy) (IL.23)

The spinor product is very simple:

1/2 1/2

F AN -1
w (84)3" S(Az) [27)0] g' s*(?‘3) W(Sl)
if all the particles are right handed
1/, or if all the particles are left handed

0 -otherwise
(11. 24)




3) Instantaneous scalar photon exchange (Fig.lc):

e (pg85) € (b8, [Hl €7(Dy, 87) €7(Py, 55))

1/2 ez(no)'zs

= (27T)3 S(nout - nin) 82(‘,I,3out - Bin) l:‘27'1 2772 27’3 2’74] sls38 szs 4
+ contribution from crossed diagram . ' ' (IL.25)
The veteran field theorist, armed with this information, will be able to con-
struct the rules for old-fashioned perturbation diagrams by whatever formal
methods suit his taste:
1) A factor (H;- H+ i:)_l for each intermediate state;
2) An overall factor -27i o(H - Hi) ;
3) For each internal line, a surri over spins and an integration
@ [op [ " o/ em)
**0
4) For each vertex,
é) a factor (27r)3 S(nou - 7’in) S(Bout = Pin) >
b) a factor {2, 1-/ 2 for each fermion line entering or leaving the vertex
(the factors [277]1/ ? associated with each internal fermion line have the
effect of removing the factor 1/(27) from the phase space integral),
c) a simple matrix element (e.g., evvT g < €*wW) .
5) These rules give the S-matrix elentient8 <f,S|i> . One obtains the differential
cross section from the S-matrix in the conventional fashioﬁ.
The heuristic approach presented here shows that with some imagination and

a little guesswork (along with considerable hindsight), one can obtain these simple

results in a simple way.




TABLE 1

MATRIX ELEMENTS FOR PHOTON EMISSION

-1/2, 2 . 2
p, =2 o *1ip”) , ¢ =p-p'

s s A wi(s") (', ) - 5 w(s)
1/2 1/2 1 S (q_/nq) - /1h
1/2 1/2 -1 (@ /M) - (0,/n)
1/2 -1/2 1 22 i 'hq/(nn’)
1/2 - -1/2 -1 , 0
-1/2 1/2 1 | 0
_1/2 12 -1 272 i /')
-1/2 -1/2 1 (@_/ng) - (®_/m)
-1/2 -1/2 -1 _ (a,/ ) = (PY/7Y)
-9-




III. HIGH ENERGY SCATTERING FROM AN EXTERNAL POTENTIAL

The reformulation of quantum electrodynamics described in I. and above was
motivated by a desire to develop limiting theories to describe high energy scat-
tering. We will develop here such a theory to describe the scattering of high
energy electrons and photons in a prescribed e:;ternal electromagnetic potential
au(x). We have derived the results of this section using the complefe canonical
formalism of I. with the external potential included in the Lagrangian. However,
the same results can be obtained by extending the heuristic discussion of Section
II. Since the heuristic method is somewhat simpler, we present it here.

Begin by introducing the potential aM into the electron wave equation (II.14)
accofding to the gauge-invariant substitution pM-——p“ - eaﬂ. Then the equation
of motion reads

. . . . 1 . N
(1 ‘0—?A0-eao)w= m - 1;- (g-—eﬁ—e&)_l —-——-—-—--—-—-2( = m+lu{. (B— e‘é__e&)— . (m.l)

ea3)

Here m- ea3]'1 is the integral operator

L = d -}_ 'fgd 1 1 1.2
[7)—63.3 ]I](X)~‘, § 2i 6(3-5)6@ —15 f a3(7'3x:f) W(T’X:f) - (II. )

Now, just as in Section III, we can eliminate the dependent variable AO using
Maxwell's equations and find the Hamiltonian H which gives i[H,¥]) = 8V -
The result is ‘ | —

H(fr) fdxdi{ea why 4 _wTw = vy + e plu -,,1) ‘A
+ UIT[m - ig- (g-eé-eg)] —2-(-7—;—_13_@ [m -+ ig (p-ed- eg)| W

2
1 k 2 k
—z-k}:lew A} : (I11. 3)
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It will be convenient to imagine writing H in the form H(r) = EO(T) + V(r), where
Hy(r) is given by (IIL 3) with 2, = 0 and |
V(r) = H(t) - H(7) 7 (1. 4)
Thus HO is the full Hamiltonian for-quantu.m electrodynamics with no external
potenfial, and V givés the additional effect of the potential. .
Now let us look at the scattering matrix in the interaction picture with V as the
interaction Hamiltonian. Define the interaction picture fields by
Wiir, %, 5) = xR+ H(O)r) (O, X, 5) exp(-1H(0)7)
A, X,5) = exp(+iH(0)r) A(0,%,5) exp( 1H(0)T) (ILL. 5)
and let VI('r) be given by (III. 3) and (III.4) with lIII(x). and él(x) substituted for yr(x)
and A(x). Then it is a familiar exercise to show that the scattering matrix can be

written in the form

Sg; = \f‘T.exp(-i, d’TVI(T?)li> , (IL. 6)

where T indicates T-ordering and |f > and i) are appropriate eigenstates of
HO(O) (which may be evaluated in perturbation theory).
- We are interested in the high energy limit of Sfi A8y, Ne —>oo. To study

this limit we let |i) > and [f, be fixed states and calculate S ; between the high

f

-iwK -iwK
energy states |i Y = e 3]10> and |f) =e 3 |f0> , where K

3 is the generator

of Lorentz boosts in the z direction. Thus we want to calculate

-iwKg |

iwK .
sy = (hgle ° T exp(-1/dr VI(T)>}e iy

=, < folT {exp(—ifdfr eiin3 VI('r) e-ins)}liO (1. 7)

in the limit @ —o0.

We recall from 1. that the boost operator K3 is given by

8= B a(vT 5o 0 00)] s (. 8)

S -11 -




and that the fields transform very simply under boosts:

I

iwK -iwK 2 -
e 3 Ul  %x)e 3= o/ e w'r,;g, ‘%)
iwK -iwK
e S Aalmme O

Ao Or.5%) (TII. 9)
It is thus easy to calculate the effect of the boost operator on VI('r). The term

eaod’TlIf remains finite in the limit @ — « and the rest of the terms are of order

e “. we indeed find that

iwK ~iwK ¥ - -
e 3Vgre O= f dxdy e‘_o?a—o('r,a&ay) llf;r(e “rx e“y) Wle wT,gg, e%) + 0(e™®)

o -0 . T -w - -0
?fdﬁdﬁeao(ng,s,e Hwde T,.%5) ¥le T,%5) +0( )

(1. 10)
Upon going to the limit the operators are all evaluated at 7= 0, so the r-ordering

can be ignored. (This may be checked by examining the power series expansion.)
Thus we obtain as » &

et . -
Sg = £y F 10\ +0(e )

= <f|!F':i>+ C (IIL. 11)
where ‘
- ( . T
= exp (- for dydy eagtr.z 0) wil0, 59 Y05 5)
= exp {-i f dx X(x) p(§)} | (L. 12)
and ‘ o
X =efdr 2T, % 0) ' (I11. 13)
o = Sy w0, 5.5) V0,55 - (I 14)

This (formally) closed expression for the limiting form of the scattering
operator is in fact the eikonal approximation, and also establishes a connection
with parton ideas. The initial state [1) is an eigenstate of H,, the Hamiltonian

for quantum electrodynamics with no external field. Thus it is a ndressed"
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electron, photon, or whatever. Imagine expanding 'i> in terms of the "'bare"

~ quanta associated with the fields Y10, %7)s &0,%,5) at tune 7= 0:

1> fdgf Z g(gm,h) a(g,n,>x)L0>+

delf 27)1f sz 2772 SZS h(py.my,8 132”72’ Sg)

X bT(gl,nl, 51) ' (PgsMg: S 0D+ (1. 1.5)
Here, for example, h(gl,n 1° si iPos g sz) is the amplitude _fof the state | i> to
contain a bare electron with momentum Py and spin 51 and a bare positron
with momentum pz,n 2 and spin 8o
We also imagine the final scattering state |f > to be expanded in terms of
bare guanta ("partons“) in the same way. If we know all the amplltudes g,h, ete.,
we can then evaluate ‘Sﬁ by moving IF to the right past all of the parton cre,ation
operators until ¥ acts on the vacuuria state 0). Thé,t is, we write
F bloos aﬂo ) maT;F'l Flo . (1. 16)
We note that IF is .invariant under é’-translatiohs, ‘and thus commutes with the
momentum oﬁerator mn. Since 10> is the only state with 7 = 0, we conclude that
F|0 = |0>. (This result can be formally assured by considering the operators

in p(x) to be normal-ordered.) The effect of [F on the creation operators bT, dT,

aJf is easily calculated using the equal-r commutation relations (IL.5). We find

first that
X
Fuloznrt=aX® ylog; . (III. 17)
Upon Fourier-transforming this relation we obtain the convolution integral
(gnS)!F /-‘R— b(p E S)Fgg -P (L. 18)
-13 -




where

F(g) = f ax e 9B sXQ | (II1. 19)
Thus when a high eﬁergy bare electron passes through the potential at position
X the only effect of the potential is to multiply the electron wave function by an
eikonal phase factor exp(-iX (§)). (Note that the phase X(g;) is simply the integral
of the potential along the trajectory of the electron.) The momentum component
nof the bare electron and its infinite momentum helicity s are conserved in the
process, and no pairs are created.

The effect of F on the positron creation operator.s is equally simple. In

passing through the potential each bare positron receives the opposite phase:

[F di‘(ga'r]; S) 'F-]‘ — Zﬁ'z__ dT(E"'r’ : S) Fc(gl - £) , (III.ZO)
- . T )
where | |
Py = [aged B @. (I 21)

Finally, we find that the bare photons are unaffecéed by the potential:
| F aT(B,n;k) Fl- aT(_g,'q;)\) . | (III. 22)
After we have moved F to the right past all of the parton creation operators,
we are left with an expansion of the state (Fl.i> in terms of parton states (similar
to the expansion (II. 15) of |i > ). Assumi}lg that the expansion of the final state
| > is also known, it is then a simple matter to compute the overlap Sfi of |f>
with [F]1).
df course we do not in fact know the amplitudes involved in the expansions
of the states |i) and |f) in terms of bare particle states. In the examples treated

in the next section we are forced to use approximate amplitudes calculated from

perturbation theory. What we wish to emphasize here is the physical picture
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that emerges from the present discussion: i

1)

2)

3)

4)

The scattering of high energy physical particles froin the external potential
is not simple. For example, it is not described by a single eikonal phase.
The physical pai'ticles can be viewed as being composed of certain con-
stituent particles (called partons in the language of Feynman). In the
present case the partons are the "bare’ quanta created by the fields is
and é atr= 0.

The scattering of h_igh energy partons from i;he potential is simple.

The interaction of the partons among themselves is complicated, but

at high energies these interactions are slowed down by relativistic time
dilation. Therefore no parton-parton interactions take place during the
finite time interval during which thé partons interact with the eﬁternal

field.

Thus the seattering of high energy particles from the external field occurs

in three steps. First the partons in the initial state interact ambng themselves

during the infinite time interval -0<T < 0. Then each individual parton scatters

in a simple way from the external potential. Finally, the partons again interact

among themselves during the infinite time interval 0 <7< =,

IV. EXAMPLES

In this section we calculate the high energy limits of the cross sections for

several interesting scattering processes. As we have seen, the contribution to

the high energy limit of the S-matrix from the scattering of the individual partons

off the external field can be calculated exactly. However, the interactions among

the partons in the initial and final states do not simplify in the high energy limit.

Thus we include these interactions only to a finite order in perturbation theory.

- 15 -




Nevertheless, the required calculations in perturbation theory are quite easy
because of the simple form of the matrix elements of the Hamiltonian in the
infinite momentum frame.

We begin with a short discussion of the methods involved in the calculafions,
then proceed to the calculation of cross sections for electron scattering with
second order vertex corrections, bremsstrahlung, pair production, Delbruck

scattering, and electroproduction of u-pairs in an external field.

A. Calculational Methods

In all of our applications we must corﬁpute the amplitudes involv—;d in the
expansions (III. 15) of the initial and final states in terms of bare particle_ states.
To do this, we recall the definition of the unitary evolution operator U(r',7)=
exp(ih ") exp(--ifh0 +hy fr'- 7 ) exp(-ih,r), where h, is the free particle
Hamiltonian and hO + hI is the full Hamiltonain for quantum electrodynamics
with no exterﬁal poteﬁtial. The final physical scattering state lf(b)/' consisting
of outgoing particles with momenta and helicities labeled by 'b’ is related to the
corresponding bare particle state |b> by f(b)]= <b|U(oo, 0). Similarly, the
physical initial state |i(a)> is related to the corresponding bare particle state
2> by |i(2)) = U(0, -w)|a. Thus the high energy limit of the scattering matrix,
Eq. (III. 11), can be written as

(hlslad = Eb)Fliga)y = bjU(=, 0) F (0, -»)a> . (IV.1)

We need the expansion (IiI. 15) of |£(b) , in term;s of bare particle states

n>: {f(b)| = %(bIU(oo, 0)[n’y ( n|. The amplitudes {b|U(e, 0)|n’y can be

calculated to a finite order in perturbation theory using the familiar perturbation

- 16 -




expansion of U(e, 0):

. 1
<f(b)| = <b + zr:l<blhlln> W <n|

1 : ’I N 1
p» _{blhﬂm) H.- H_ +1€ <mlh1n Ho-H +i€ (nl+..
m,n , f "m £ (Iv. 2)

Iy . rY \ —
where Hy is the energy of the final state and h|m H | m).

Sirhilar’ly, the initial state can be written as

lia), Z\n {0,U(0, ~=)|a* = |a) +§:| ) H-H +1€ <n|h11a>+

However, since the initial state in our examples is always a one particle state,
_ -
it is convenient to factor the wave function renormalization constant ,/ Z, out of

I

R .9
this expansion™ :

li'(a)> = \/Z_a{la>+ %:”ln> ﬁ:-_l-ﬁ; {n hIla>

TR Y, 1 U 1 g
+ '3 Hi-Hn ‘n.hI\m/ H-H_ mhyas 4.,

_ + (IV.3)
I |a> is, say, a one electron state then the sums " exclude one electron

states; the i€ terms in the energy denominators are then irrelevant. Sbince U(0, -)
is unitary, the renormalization constant V Za can be determined from the require-

‘ment -

iali)) = G’y . (IV.4)

Let us return now to the formula (IV. 1) for <b,S a) ~Jt will prove convenient

to explici‘tly separate the uninteresting "no scattering” term (bla) from <b|S|2)
before doing any calculations. This can be accomplished by noting that
<blu(ee, 0) 100, -w)|a) = {b|U(e,~w)|a ) is the S-matrix for quantum electro-
dynamics with no external potenfial, which is simply <{b|U(ee, —oo)la) = (bla> if|a) is
a (stable) one particle state. Thus

(plslay = <bja> + {b|U(=, 0) []F ]I]U(O -w)|ay . | (IV.5)
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It is, of course, only the second term in (IV.5) which is related to cross

sections. With the normalization conventions used in this paper, the exact re-

lationship is 10

| dpy dn. Iy ¢ N 2
do= 2}) L -—-N‘g—-l—“—- @m 8fn, - 3 JKbl7e>|”, @v.6)
a (2m)- 2my (27) " 2myg T FL

where the transition amplitude {(b|7]a> is defined by

Bli, 0) [ - 1] T, ~w)fa) = (@7) 81, - n) bl [ (IV.7)

B. Electron Scattering

We wish to calculate the amplitude ,
8 = e (p", 8")|U(=, 0) [F - 1] U(0,- o)|e”(p, 5)) (IV. 8)

for high energy electron scattering off an external field. We will calculate the
amplitude to second order in the structure of the physical electron.  Using the

and keeping terms to order e2

expansion (IV.3) for ‘e U( ,0) and U(0,-=) e,

we find with the help of (III. 18) that

gy~ 85 = (2m) 3n-7") 202, [Fp' - p) - (2 8- p)]
N
/ -3 dn, 2
X 2§ ,+(2m) dp o e

wWis (0", P - By) - s W(s,) W(s)) j(0- Dy ) - 5 OLg) W(s)

X .
[H(p') - H(p' - pz) - w(pz)J [H(p) - H(p - pz) - w(pz)- }(IV.Q)

Here H(p) = (32 + mz)/zn is the free electron Hamiltonian, w(p) = 32/277 is the
free ﬁhoton Hamiltonian, and Z2 is the electrc;n wave function renormalization
constant (to _be calculated to order ‘ez). The two terms in Eq. (IV.9) are
represented by T-ordered diagrams in Fig. 2a and 2b. The figures also clarify
the kinematic notation chosen here. Tlie black dots in the diagrams refer to the

eikonal factor [F(g' ~£) - (21r)2 8‘2(2' —g)].

- 18 -




In order to discusé the general form of the scattering amplitude, let us
write (IV.9) in the abbreviated form
Sy 85; = (2m) 81 -7") 2n[F(g) - (2m)287(g)]  W(s") M(psa,; po) W(s)  (IV.10)
where o = p* - . One important result which we notice immediately is that
the second order vertex correction does not destroy the proportionality between
the scattering amplitude and the eikonal factor that one finds if the electron
structuré is neglected altogether.l However, it should be pointed out that if the
scattering amplitude were calculated to fourth order in the structure of the
electron, a diagram like Fig. 3 would appear and this proportionality would be
1ost.11 — ,
The effects of the electron structure are contained in the factof WTMW. It
will come as no surprise that the four matrix elemenfs of M are simply related
to two invariant form factors Fl, 2(qz). It is instructive to derive this relation
using the invariance principles which appear naturally in the infinite momentum
frame. Using Eq. (IV.10) and the table of matrix elements, Table I, then we
can easily verify that WTMW is invariant under the following symmetry operations:
1) Lorentz z-boosts: momenta transform according to (7, R) —(e%“, g),
helicities remain unchanged.
2) "Galilean boosts’: momenta transform according to (”r),‘g) ~(M,p M),
helicities remain unchanged.
3) Rotations in the (xl,xz)—plane. '
4) "Parity™: momenta transform according to (n,pl, p2)—»('r),p1, - p2),
helicities are reversed.
For q # 0, the four matrices 1, g-g, 4xg= qlo-2 - qzo‘l, o, are linearly independent.

r'J.‘hus M can be written in the form

M(p',p)=2al +bg-g+ chg+ do'z . (IV.11)

- 19 ~




The coefficients a, b, ¢, d will then be functions of p' and p, or, equivalently, of
7(="m"), :.1‘)' +B’ @q = tan_l(qz/ql), and 22, But the invariance of wTMw under
Lorentz z-boosts implies that the coefficiénts are independent of 7; invariance
under "Galilean boosts” implies that they are independent of 2' + P and rotational
invariance implies that they are independent of G Thus each coefficient is a |
function of q only. Finally, invariance of WTMW under the "parity! operation
implies that c(q )= -c(q ) and d(q )= -d(q ); hence ¢ = d= 0. The remaining

form factors a and b are functions of &2; but since 'nq =0,

2 ) 2 2
= =2n H -q =- v.12
T=qq,=MmH -9 =-q ( )
Therefore the expansion of M takes the form
2 2
M(p',p)=a(q) 1 +bg) g & (Iv.13)

This analysis can be compared to the genéral analysis of electron scattering
from a weak external field which concludes that the S-matrix, calculated to first

. order in the external potential and all orders in the structure of the electron,

takes the form
Sg; - By = -1 d*x ea (x) e X N
¥ T s {7 By @) + ot e, T U aveie
In the high energy limit, Eq. (IV. 14) becomes
Sg; ~ O = —2mi 3" - ) [fd?.‘ e i 32fd¢ ea (T, X, 0)]
Twr, ) {r° Fyta) + g o7 q, Fy@)} UG, 9).
When this result is converted to the notatién used in this paper, it reads

Sﬁ - Sﬁ = (21) 8(n' - 7) 27 [-if‘d§ X(®) exp(-ig - §)]

x wi(st) {Fl(qz) 1+ -élﬁ Fz(qz) q- g}w(s). (IV. 15)
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Comparison of this result with (IV.10) and (IV.13) shows that the form factor

: <o o s 2
a(qz) can be identified with Fl(qz) and b(qz) can be identified with _1/(2m)]F2(q ).

Thus our result is '
2.2
- = - -
Sg; = 8 = (2m) 8(n' - ) 2m [F(g) - (2m)” 87(g)]
Xw' (8" {Fl(q ) 1+ T Fz(q’)g g w(s). (IvV.16)
Apparently the amplitude for scattering with no change in helicity is proportional
- - . 2
to Fl(qz), whereas the helicity flip amplitudes are proportional to Fz(q ). For

instance

8 (=5, =3) = 85 +(2'rr)6m' m) Zn(F(q)—(zvr) 5%(@)] Fy(d) Iv.17)

S (9=~ 3:5=3)= @mde -m) 2 F(g) 2m” 8%(q) 7—7;; Fo(a),  (IV.18)

-1/

where g = 2" 2(q + iq )

We are now in a position to return to Eq. (W. 9) in order to calculate the
electron form factors. We begine with the helicity flip amplitude and the form

factor F,,. It is convenient to choose a coordinate system (by transforming the

e
coordinates with a ""Galilean boost" if necessary) so that
B_ o Mo ' b e
pr=(,pLH), p'U=@pLH), q" =(0,2p',0).
Then the energy denominators in (IV.9) become

1 [ipp- 8o’
A )

H(p')-H(p’ Dy) - w(py) =

H(p) - H(p - P,) - w(py) = - ; (IV. 19)

1 <p2+ﬂp) +6°m ]
27 B(1-8)

where

B="m5/1 .
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The numerator factor in the helicity flip amplitude is trivially calculated with

the aid of Table I:

2 WT(—1/2) jrew wfj - €*w(+1/2)
slg}\z E I o BN

im 7 /n nt P n' \ ~imn

_ 2 (“2+_”+ +<2+_"+) 12
Zam-mg) \M2 -7 Ty M/ L2nm-ng)

1 .
L ﬁlmi{iﬁ P, - (IV.20)
I we insert these results (IV.19) and (IV.20) back into (IV.9) and use (IV.18)
to identify Fz(qz) we ,mdlz ‘
Fz(q)— f; - ﬁ)fdpz ‘_( +ﬁl_4q+m]> -ﬁ(pz g)]

(Iv.21)

The integrals are elementary and we find without difficulty

2 2 2,1/2

2. « 2m (9° +4m%) "/~ + g >

Fold) = 5 log (Iv.22)

2%’ 27 [lﬁ' (32‘“41“2)1/2 <(<f+4m )1/2 - 14 J _

We recognize this equa.tion as a familiar expression for the second order ¢6n—
tribution ot Fz(qz).13 Letting 32 0, we obtain '

ﬁ F,(0) = == (IV. 23)
which is the famous anomalous magnetic moment of the electron.

Before turning to consider the form factor Fl(qz), we shall point out the
calculational advantages that the formulation of infinite momentum perturbation
theory used here has over others that have appeared in the 1iterature.14 First,
no high energy approximation has to be used to extract the important piece:s of

the energy denominators and vertices. This occurs because of the simple scaling

behavior our kinematic variables have under boosts in the z-direction. Secondly,
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the electrodynamic vertices between infinite momentum helicity states are so
simple that traces can be altogether avoided. . |

We now turn our attention to the helicity nonflip amplitude and the form
factor Fl' Using Table I, we calculate the numerator factor in the ampﬁtude
(IV.9):

3y WT(-I-I/Z) jriw WTJ: “ex w(+1/2)

rh2 |
Poy  PL-Pp,\ /Py DPL+Pp
My M-, My 'n-n2>
T/pZ— P \/p2+ P (T N
\7e " T\ ") T ey

(e ﬁz(l—mz]‘l{(gzz - 6% e -+

S

i

- 2i(p" X p,) 6 - 2, (IV.24)
Lo d w
where we have used the fact that 2k p_= ,15 b —i}~§ X B

If we substitute the expressions (IV.24) and (IV.19) for the numerator and

energy denominators in (IV.9) and use (IV.17) to identify Fl(q ), we find

Pyg = 2,0+ 1N, av.25)
where .
1g’) = = s f a [ap, 67 (5 - 3 8%¢%) (11 -8 + m2gt]
x [@3 + g [mz + % 32] )2 ; 52(22. 3)2]_'1 - (v.26)

In (IV.26) we have used the fact that the term in the numerator proportional to
Doxg will not contribute to the integral.
The integral defining I(qz) diverges as $—0 and asgg‘ -, However
these divergences are cancelled by corresponding divergences in 22, just as in

conventional treatments of the second order vertex. ‘If we calculate Z‘2 to order
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o using

Zz <e_<p', %){U(w, 0) U(0, —oo)le-(p’ _._2];)>= (2,”)3 2150n" =) 8'2(27 _E)’

(IV.27)
we find easily that
| Z, = (1+1(0) " . (IV. 28)
Thus Fl(gz), calculated to order ¢, is I.
" F (@) = (1 +10) ™! 1+ g
=1 -10) (v.29)

The integral defining I(gz) ) = I(0) is now better defined: the

. = I(q2
renormalized "'w
B-integral converges for fixed R and the Bz—integrai converges for fixed 5. How-~
ever, the integral still has the familiar infrared divergence coming from the -
region near =0, Ef 0. In an explicit evaluation of Fl(qz), this infrared divergence
could be eliminated by inserting a small photon mass in the energy denominators.

Before proceeding to the next example, we should point out that the use of
the eikonal approximation in (IV.8) is self-consistent, even though Fig. 2b
includes a loop. This is true because the loop integrals are well behaved in the
region 8 ~ 1, where the electron in the intermediate state is no longer a "right
mover." If the integrals had diverged at the endpoint 8 = 1, the claim that
Eq. (IV.8) closely approximates the effect of external field on the physical -

particle would have been unjustified.

C. Bremsstirahlung

In this section we shall calculate the helicity amplitudes for the experimentally

~ interesting process of bremsstrahlung off an external field. The matrix element

of interest is then,
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Sg; = < @@, 8y (A ) | Ulea, 0)(IF-1) U(0, - o) | e(p,8) > . ~(IV.30)

If we insert our expression for the physical states from Section IV.A accurate

to terms of order e, we readily find

= enom-n-n2[on'? [ +-p-en’d e +g-p)

T . x T
w (sh)im',p' +k) g A)ws) . w (8NP -k,p)- MA)W(S)
X‘{ Hp) + 0@ - Hp' +K)  ©  Hp) - 9&) - AP -K)

(1v.31)

The terms in this expression can be visualized with the aid of Fig. 4a and b

respectively.

In order to discuss bremsstrahlung conveniently we choose a coordinate
system with its z-axis along the direction of the outgoing photon. The energy

denominators in Eq. (IIL32) become, -

‘ My
Hp') +wk) - Hp' +k) = Znn' @™ +m?)

, ' Mk
H(p) -w(k) - Hp-k) == ganT (gg + m ) .

Finally, if we choose definite helicities for the incoming and outgoing particles

we obtain, with the aid of Table 1, the" infinite momentum helicity amplitudes

for bremsstrahlung,
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R
S¢. = @mom-n'-my) 2[an 1% [Fg-p) - en?Pgr-p)| e Mis — 51,2)

1
21 p! p_ )
MGE—4%,1) = = - + (
T | p'2+m2 p2+m2 -
m E
L
; 27! P P,
M@E-3,-1) =2 {’ 5. 272 2} (Iv.32)
_ k P +m P +m :

{
| . 1 1
M(z— -4,1) \/Elml— s + 2’}
m

M(%—”%"'l)

il
(=

These results should prove useful in detailed calculations with specified external
fields. For cases in which the external field can be treated perturbatively, one
can easily show that Eqs. (4.32) lead to the high energy limit of the Bethe~Heitler

formula,

D. Pair Production

We wish to éalculate the scattering amplitude

Sgy = <&y s e g8, | U, 0)[F-1] UO,-=)1 yl2) >, (IV.33)

Proceeding along familiar lines, we insert perturbation expansions of the physical

states accurate to first order in e and find
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dp Wi (s)] 0.0~k £A) W(-8y)
(277.)2 w(k) - H(p) - H(k -p)

BojR

e

(IV.34)

4.2 2
< Ferp T tpb - en'le-pdp,tp-n]

which can be visualized with the aid of Fig. 5.
If we now choose the z-axis along the direction of the photon and calculate
helicity amplitudes, we find
Sﬁ = @2m)d (nk-ﬂl—ﬂz) 2 [771772] e @m) Id£ MR- 315 Sz)
(IV.35)
x [B@-D) Fy @y +p) - 0% 0-0)8% 0, + 1) |
'wml ooy cmz W ml i wz L ?

where

p +tm
27 p
2 +
M(—-3,%) ( >
nk p2+m2
M@~3,3) =(J5im) -3
=0 .

M(l_""%s "%)

It is interesting to convert the momentum integration in (IV.35) to an inte-

gration in coordinate space in order to appreciate the two-dimensional Galilean
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invariance group which manifests itself in the infinite momentum frame. To
begin, we drop the special requirement that the transverse momentum 1}' of the

photon be zero and return to the energy denominator in (IV.34):

This is a rather messy function of the momentum i of the electron and the
momentum g’{ —£) of the positron in thé intermediate state. As is usual with Wo
body problems in "non-relativistic" quantum mechanics, it pays to change vari-
ables to the total momentum, “15, of the twé particles and their relative momentum.
Since 1 plays the role of particle mass in the nonrelativistic analogy, the rela-

tive momentum is

3o

S

k-“g 1v.36
- ,’72~ s ( . )

where

n = Mg/ M+ n,)

is the ""reduced mass" of the pair. When written as a function of ”15 and g'z the

energy denominator is independent of »,15:

wk, 'ﬂk) - H(}g’ ny- HQE -Ps My) = - (277')'1[012 + m2:| (IV.37)

L

(In non-relativistic terms, this is minus the '"internal energy' of the pair.)
Similarly, the vertex matrix element w* j€- w in (IV.34) is a function of the rela-

tive momentum q only. After a little algebra we obtain the explicit form,
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eWT(Sl)i @, 5P -k, =M5)* € A) W(-5,)

= whie V&g e
w(k’nk\—H(p’nl)—H(}E—,g’nz) = W (Sl)g(g,ﬂl,ﬂz)W( Sz) g(}\) ,

(IV.38)

Mo~y

q-i(g X %) o +imcl @ +m%t,
o V4 ol

@2 ng) = e{( Ty

where g x 2 = (&, -d").

L]

Using these results, we can write (IV.34) as a coordinate~ space integral.
Let X, X be the coordinates of the electron and positron respectively in the

Fourier expansions (IIL.19) and (II1.20) of the eikonal factors, and define

-1 ~ ]
My (771351 + 77252) = zg:xl;ilﬁ'ate of the center of "mass'" of

3
0

(IV.39)

r = xl—x2 = relative coordinate.
e W,

Then we find

=

—ig . -iE - X -iX(w) +i,\(§2)
Sfi = (2~r)6(n.k-n1-n2) 2[111772] 18 e 2 =2 {e 2 e -1}

_dndx, e

. (IV.40)
x wi(s) GEimpny) wi-sy) - e(M)eF B

where

—2 ige o~
G(ring.mg) = @) fdg“elg =gy, 1,) -

It is interesting to interpret the various factors ‘in (Iv.40). First,
€ (A)exp (ilfgy) is the wave function of the initial bare photon. Multiplying this
by G tells us the composition of the physical photon in terms of its consti-

15
tuents, which, to first order, are an electron and a positron. Hence we might
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refer to S,f(ﬁ) -+ €(A)exp (ilg-ﬁ) as the first order approximation to the wave function
of the physical photon. The "internal' wave function G(r) satisfies a two-

dimensional Schroedinger equation with a point source,

2 M= |
(.. ..l: 22 + I_n:)g(ﬁ) =2 —i( 2 1) V- (X 2)o_+ img} 62(r) .
27 27 27 Me ™ - z -~

The solution of this equation which vanishes as | r| — « is simply related to the

modified Bessel functionsKo :

G(r) = il—'i(nz-nl -(=xZ)o_+imo; K. (mlrl)
m(m 2m 'r]k Z (WX Z e 0( AR

The next factor in Eq. (IV.40), the eikonal phase factor, tells us how the
constituents of the physical photon interact with the external field. Finally, the
factors wT(sl) exp(~ i,E.l' 'ﬁ) and w(- sz) exp(- 1}32' §2) are the wave functions of the
final electron and positron (calculated to zeroth order). Evaluation of the S-
matrix is completed by integrating over the coordinates X and P9 of the electron

and positron and multiplying by (2 7 ) times an 7 -conserving delta function and by

1 1
a fermion normalization factor (2771)2 (2172)2 .

E. Delbruck Scattering

Let us turn our attention now to the problem of photon scattering off an external
field. We shall see that our scattering theory gives a clear and concise derivation

of the amplitude for this process.

The matrix element we wish to calculate is

Sg =0 = (7(p',7\')|U(°°, 0) F-1JU@©,-0) |y (P,A) > . (IV.4])
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If we insert the expansion of the physical photon state into (IV.41) and calculate

to order e2, we find

7
2. -4

S¢im 0% = € @m " o(m'-m) { an, [ apdp; Y-

S4, 8

1> Sp

2
% [F@i-py) Folypp) - @m'e @ Bpe° <£é-£z>]
(Iv.42)

x w1 ()] (0 Py) &£ () Wi-8) W= 5)3 (-B4, B))- € *AYw(sy)

4 ot0) - - Bepg)| o)~ gy - Hipg)|

where

Py = @My p; = (B]sMy)

I

p2 = (_‘13-}31,77—771) pé 92"'3]'.977"771)

This formula is visualized, and its kinematics are defined, in the 7-ordered
diagram Fig. 6.

We are now faced with two related problems. First, the integrand in (IV.42)
is a very messy function of the indepeﬁdent momenta 2 and gi Second, the
momentum integration is divergent: if the integrals are cut off in an arbitrary
non-covariant fashion, the result will depend on the cutoff parameter. The remedy '
is simple. Sinée Sfi is invariant under the Galilean symmetry group discussed in

I and in Section IV.B, it will be to our advantage to use integration variables which

are invariant under this group.
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We choose to make us

e of four Galilean~invariant momenta r, q, gm and %

The momenta r and % are defined so that the momentum transfer from the external

potential to the electron in the intermediate state is r +¢.and the momentum
¥

transfer to the positron is r - q

o

1
Pa

L)

“h T Ivd
(IV.43)
"Rkt itd

The momenta £ and QM are defined so that the "relative momentum' of the electron-

positron pair is & - w@ before

the interaction:

where 11 = nlnz/n is the "r

the interaction with the external field, and ¢ + Q after

_e 27

Q_Q =1 ...]Z.—Lz

- My 7y
(IV.44)

p! pi )

0|+ _—,'”_“:l._"_"‘.g'

educed mass" of the pair. We will use q and !é., as

integration variables instead| of By and pi- The momentum r is, of course, fixed

by the external momenta: 2y = R' -p. We find with a liftle algebra that ,C,?, is given

in terms of r and g by

where we have defined

=1 -
Q= z@E+y-ear, (IV.45)
a=1n/7 . (IV.46)
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When this change of variables has been made, the scattering matrix takes

the form

Sy~ 0 = < @' o0n - fag [Pe g B (-9~ o+ (-9 Mya,xa )

(IV.47)
where

‘ 1 1‘1
wgen- foof 4 2

[te) - ey - o] [t - o) - ey

Eq. (IV.47) has the attractive property that the integrand of the g—integration
decomposes into two factors: one describing thé interaction with the external
field, and a second, called the photon impact factor by Cheng and Wu16, describing
the composition of the physical photon as a bare pair.

A technical complication arises because the impact factor M depends on
a cutoff A in the &— integration. However, we will see that the cutoff does not
affect the scattering amplitude, and therefore has no physical significance.

It is quite easy to write down the explicit form of M A Uusing the variables
2 and Q = 3 (r+

&) -ar. The energy denominators are

i

“®)- Ky - Bey) = - @) [g-@)"+m’ ] = -[2non-a)? -+ m’]

W) -HE)) -Hey) = -@M) @+ +m’] = -[zne- ] [gr@?en®] .
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By making use of the Galilean invariance of the numerator factors WTj W, we can
s

write them in terms of £ and 3 immediately:

wi(s) iy o) Wi=sy) = wi(s)] @-Qm 8-, -1y Wi-5,)

Wi(-85)] Py B Wisp) = W59 €+Q, =138+ Q, ) wisy)

Foekt

Thus M A takes the form

1
MA@ 202 = /0- da [ t‘ﬂ% [2naa- wffag g [@-@P+ w’] [a+@®e ],

(IV.49)
where
nl QAN = 2 W ()] - Q Myih-§s - 1) £ MIW(-55)
8.8
12 ' (IV.50)

xwi(=59)] €+ Q= Mgi L+ @1y FANWEE,) .

Let us consider the helicity flip case first. Reading from Table I, we find

n@ @l -1) = 21197 €,-Q,)€,+Q,) = —2n‘2[a(1—a)]‘l[fz+ﬁ+-Q+Q+J A

Thus

1
MA(%’,I.," +1,-1)=-8 {da a(l- a)fAd£ [2+;z+- Q+Q_J[(£_g)2+ mzjl-l [(Q +3)2+ 2]—1 3

L

(IV.52)
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The helicity non-flip amplitude is also quite simple. Reading from
Table I, we find |
-2 -2 2—-2
n(ag"”Qh;"'la'}'l) = |:771 +n2 ](1+"Q+)(2_+Q_)+%m n
(IV.53)
=4 [‘n a( - oz)]"2 {[az2+ (- oz)z} (22; Q2—2i2 xXQ) + mz} .
vk L £8 (]

The term proportional to £ X g can be dropped since it will no_t contribute to M A

Thus we obtain

M @5+l +1) = 2Zda' ag [(azarﬁl-ogjz)(zz-gfnmﬂ [(i_%)z*mz]-l [(£+3)2+ sz“l.

2]

(IV.54)

As mentioned earlier, the impact factors M A

depend on the cutoff parameter A used to avoid the logarithmic divergence in the

given in(@V.52) and (IV.54)

_‘gﬁ- integration. However, we can verify that the cutoff does not affect the scattering

amplitude in the limit A—o0by writing M A in the form

~

M 9,13 A1) = My (54, A7) + My(r, £iA 1) (IV.55)

The term M, defined by (IV.55) is evidently finite in the limit A—»c0. If we use

; B i A b [ )

we see that the cutoff dependent part of MA(q, r;A,A'), namely MA(;'“, riA,A'"), does
y i eer
not contribute to the scattering amplitude (IV.47) and therefore has no gpecial

significance.

r
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In addition, we may note that because of its definition M A(gn, 5;?»,}\') is zero
atg=r, Itis also zeroatq = ~r. (Indeed, it is an even function of q, as-can
[ " L L b
be verified by making the change of variables @ — (1- @) in (IV.52) and (IV.54).)
Thus the scattering amplitude (IV.47) remains finite even if the eikonal factors
are sihgular at & = % r, as they are in the case.that A”(x) is a static Coulomb
potential. The renormalized impact factors ﬁw(&, 5;7\,7&‘) are identical (aside
-3 v
from a factor - e4(2 7) ) to the impact factors for the photon found by other

1
techniques by Cheng and Wu. 6

G. Electroproduction of u Pairs; Scaling

We wish to discuss here 2 "model" calculation whi ch,” hopefully, has im-
portant features in common with electron—nuéleon inelastic scattering. We
imagine the process pictured in Figs. 7a and 7b: a virtual photon, produced by
the scattered electron, creates a pair of muons which diffract through an external
field (e.g. a nucleus). In the spirit of inelastic electron-nucleon scattering we put
eikonal phases only on the members of the pair and treat all particles as disti_n—
guishable.

One purpose of the model is to investigate the scaling property recently dis-
covered in electron-nucleon scattering.17 To do this, we assume that only the
final electron is observed and construct the cross section do/szdv » where st
is the four-momentum transfer from the electron line and v is the energy transfer.
We then ask whether the diffractive mechanism envisioned here leads to scale

18

invariant expressions for the form factors Orp and og in the limit Q2-—> 0
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To begin, we construct the scattering amplitude corresponding to Figs. Ta

and 7b:

2 3B
Se; = € @Mo(Mm=-n'-n=1,) [277217'21112172] &—77—)—2—

z,wi(s0] @%0) M wis) w'(e))] (0], Py £ (M) W(-5,) e

X @) HO) -HR)- 0@ Mg %s1,5%,-5,

[0 - Hw - 5,0 - B, 03)] ™ [Fipy-B T pympa) - @m0 1R85 B) |

L (IV.56)
where

f o]
I
1
o,
=
I

n-n'
pé =“Bi+g s "717 = 771 ’ 7]2' = 712

The first term in tgraces in (IV.56) corresponds to exchange of transverse photons
(Fig. 7a); the second term corresponds to the exchange of a '"scalar photon"
(Fig. 7b). 'The function H”(p) refers to the free muon Hamiltonian (32+ u2)/2n ,
where u is the muon inass.

Before proceeding further, it is convenient (as usual) to change variables in

the momentum integration from pl' to E , where %13 is the "relative momentum* of
o

the virtual py-pair:

771772 (3‘1 Ogé) i ‘
= |- =) = p-aq , (Iv.587)
o = nl/nq (IV.58)
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It is also convenient to let - Q2 stand for the square of the 4-momentum trans-

ferred from the electron line:

2 ’ ,)p

-Q" = @-pY @-pY, - (IV.59)

In terms of these variables, the energy denominators in (IV.56) have the s'unple'

forms

2
Hp) -HE') - 0@ = -Q7/@n,) ,
| | | (IV.60)
- Qz nq kz 5
- " . 1y 1 = .. x 4 + .
- H(p)-HE') -H,@{) -H (0} T~ Ty & T4
‘ The numerator functions wTj. g*w wTj- €w can be read from Table I, and are
" W0
algo simple functions of k. _ ‘
* cross section. Let us choose the z-axis in the direction of the beam, so 2 =0,

We are now prepared to write out Sfi in a form suitable for calculating the

and consider Sy for the choice of spins s = s' = 5 = 3, Sy = -4 . Then when we

substitute the expressions from Table I and Eq. (IV.60) into (IV.56) we obtain

2
. ‘ 1 [ -2e ~
— 2
Sﬁ— (Zﬂ)a(n_nv-nl_nz) [27; 27;:21712772] (2 ) M(EI’BZ) . (Iv.61)

Qg

where

[F?E.’r oq-B)F, (B, - A-0)g + §)-Cm 6" (b~ ag-K) & (py - (-a)g + }9] :

(IV.62)
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and

il

) = Tplp + 00 + 5y

| (IV.63)
= i(h’l_' p'_) ak, -p, [l-afk_ +ad-a Qz} [52+ oz(l—oz)Q2+M2] .

The three terms in f(‘l‘g) arise from exchange of a right handed photon, a left haﬂded
photon, and a '"scalar photon' respectively.

‘The physics of the amplitud_e 1\7i(p1, p2) ié more apparent if we write it as a
Fourier transform by'inserting the expansions of the eikonal factors into (IV.62).
The resulting structure of ﬁ(gl, bo)> and its physical interpretation will be familiar

from the discussion of pair production by real photons in Section IV.D. We find

~ -ig ‘X - ip,ex
1'% " ReEe |
M(p,,p,) f dzdx, e e Mg Xo)

(IV.64)

- ip,- ..ip s .
w].ﬁe w2§2 [exp(

[ e -1¥G) e (+xgp)) -1 £y o4

where R= nq-l(n % + n2§2)‘and fg) is the Fourier transform of 'f‘(g), Explicit
evaluation gives the wave function of the virtual muon pair, f(g), in terms of

modified Bessel functions K0 and Klz

f(r) = (Zn)'zfdg o'K'E ?R(g) +?L(}é) +igk) = @ + 1 @ + i@ (IV.65)
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| 1T 1 )
ey = (Bor) afoa- o S (ro- e
. 1 r__ . 1 ~
fL(;;) = - —2—17—,13; l-w [oz(l - oz)Q2+ u2 K ([oz(l - oz)szr “2} 2 r) (Iv.66)
1
fs@ = 517, a(l- oz)Q2 K, ([a(l- ) Q2+ ”2]2 r) .

We will see in the sequel that, for our purposes, this expression for f(g) is not

as formidable as it seems.

With a useable expression for Sfi now at hand, we are ready to construct
the cross section do integrated over the unobserved momenta of the muon pair.

Using (IV.61) in Eq. (IV.6) we obtain

1

do = dp'dn' [ —3&— [ag em™" dp, dp, | @, p,) 17 . (IV.67)
@m"Q7n, J 0 : "

Since M%, §2) is simpler than M(gl,‘gz), we write the Py sz-mtegral as

(27r)"4fdgl dp, | 1\71(51,32) 12 = fdggl dx, | M’(;él,dg‘gz) 12
= fdgl dx, | £05-%5) 2 [2 -2 cds (X(«i.‘l) - Y(g;gz))] (IV.68)
- f%:' £(z) |2fd£'[2 -2 cos (X ) - X(b-%r)ﬂ

Assuming that the potential has cylindrical symmetry about the z-axis, we can
2 2 2 .2, : "

replace | f(r) ™ by | fR(g) 1= +1 fL(;ﬁH + lffs(ﬁ)l in (IV.68), since the various

cross terms will vanish when the integration over the angle of L is performed.

Thus the cross section separates into a>part due to the exchange of a '"transverse

- 40 -




photon'’, dch = do*R + dorL, and a part due to the exchange of a '"scalar photon',

2

ch. If we substitute the expressions for | lez, [£. 17, and | fslz obtained

L
from (IV.66) into (IV.68) and (IV.67) and interchange the roles of ¢ and (1 - @) in

doL, we obtfain

do

i

doT + dO'S

1
dp'dnt (4e 2m) 6Q -4 1) f dafd
* 0

{{(.%?_ ] 2 o2 [ozl oz)Q2+I~‘2] [KI([O‘\ -Q *“ZJ
(1 a) Q [K0<[ 1- Q)Q +“J% rl]2}‘

fdg[2-2cos(x(§m+%) ><<b~-£;>)]

This expression gives the cross section in the high energy limit discussed

Nh—-

2
)] (IV.69)

in Section INI, i.e. in the limit n,n' . with n/n' and Q fixed. It remains now
to evaluate do in the limit Q2——> oo, To take this limit we have only to note that the
modified Bessel functions appearing in (IV.69) are large only for small values of
their arguments, so that the main contribution to the L-integral comes from the
region gz< [a(l - oz)Q2+ yz]_l. |
Physically, this means that for large Q2 the transverse separation r between
the muons as they pass through the external potential is small. If the separation
were zero the two muons would receive exactly opposite eikonal phases; thus for
small r the net phase received by the muon pair is proportional not to X but to ‘.VX. .
Mathematically, this means that the Q2—>oo limit of do can be obtained by
substituting for the p-integral in (IV.69) its limiting form as 1:'~-—>0.19 This

limiting form is easily evaluated:
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fdg{é—zcos(X(g+%£)-X -~21- )} fd [2 2cos(ﬂVX(b))]

~ fap [35 Z’«B)]z | (IV.70)
g fpaf

(In the last step we have used the assumed cylindrical symmetry of X(g).)

Once the limiting form (IV.70) of the b-integral has been substituted into
(IV.69), the ,&-integral can be evaluated using the formulazo

.4-°°dx [KJ(X)]2 XS—I - 28’-3[1_,(%_8)}2 (s + }T—)'{;)(%S—J)

This leads to

do = dg'dn ( e (27) 5 4 1) [db [VXG,%)]
1

2 > 12
a{1 -—11-,-)2+]]p'2 /da o + da[ a(l-a)Q” ] L(IV.T1)
| {2[(17 0 oufl - ) QP+ 42 ‘{) a(l- )@+

Evaluating the a-integrals in the limit .Qz——co, we find
do = do,, +do

T S

~ dﬂ%’ dn' -—-—-———-——— fdb VX(b)J , ' (Iv.72)
3em°Q* M4

x{%[cs—,fﬂ](%%—)[wg § ]
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We recall that this is the cross section for the choice of spins s =s' =%,

» S =~%. Itis not difficult to see that the choice s =s'= 3%, 8y =-1,

{1

51
8y = +% leads to the same cross section. Each of the other six possible choices
for the spins of the final particles gives a cross section dch =0 and a cross

section dorT which is small compared to the cross section in (IV.72) as Q2—> 00.21

Thus the limiting cross section for s = 3 (or s = -1 ), summed over final spins,

is two times the cross section in (IV.72).
In order to make contact with standard notation and identify the form factors

' ‘TT(Qz,V), US(QZ,V), let us define

1
lab energy of the incident electron = 2727+ H(p)'

E =
1
E' = lab energy of the scattered electron = 2"2[77' + H(p')] (IV.73)
v = E- E' .
Apparently in the highbenergy limit
1 1 1
n=22E, n'=22E', Ty =22y (Iv.74)
We recall also the definition of QZ:
772
2 N7 N - 2 n 2., _'q 2
= i _ = =9 ~HoM) +p!” = L pt“ + m . Vi
Q" = --p)o- ), = -20 (HE)-HEY) +p” = 7k p” + A m (IV.75)

Thus in the high energy limit, and neglecting m2 compared to Qz, we can replace

p" by

ay

P =3 Q. (1V.76)
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When we make these replacements we find for the cross section summed

over final spins,

o doT das
7 T T2 T 3
dQ dv dQ dvy dQ dv
-2 ‘ 2 2 2
~2a 1 E)E+E Q)_ J'[ ]2
= log\ %] +1; 1dblVX®)| .
3_772 vQ4 E 2EE! (Mz ¢ X @
Using (IV.77) we can extract the form factors dS and 0T22:
2 2 ~2a 1 NE
0@, v/Q7) ~ 3 agfdg[gx(g)] |
(IV.78)

2
opt@tah = 22 L rae (%) faplgxgl

It is interesting to compare the behavior of o and o, in the present model

S T
with the famous scaling behavior of the same form factors for deep inelastic

2 . s s
electron-nucleon scattering. 3 In this model, O'S(Qz, v/Qz) is scale invariant:

for large v and Q2, des is a function of (v/Qz) only. However, the factor

24
T
In the somewhat hypothetical limit of an external field which varies in space

log(Qz/yz) spoils the scaling behavior of ¢

slowly compared the lepton Compton-wavelength (1/X|7X|< p _1), the formula <
(IV.71) for US/UT is wvalid for allk Q2 The direct evaluation is shown
in Fig. 8; we see that O'S/O‘T is never larger than 0.26,

It is not clear what direct connection these calculations have with respect to
hadron electroproduction. While there appears to be a diffractive mechanism25
operating in both cases, the details (e.g., the scaling behavior of O'T) are different.
However it may be that some features of the process, such as the importance of

small transverse distances (Ax)2 < Q_2 at large Qz are common to both.
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V. FUTURE PROBLEMS AND POSSIBLE LIMITATIONS

Throughout this paper we have found support for a simple physical picture
for high energy scattering processes. However, this picture is couched in per-
turbation theory, and one may wonder whether it is generally valid. For example,
to what extent does this picture apply to strong coupling field theories? Or, more
modestly, will this picture survive higher order calculations in quantuin electro-
dynamics ? |

Studies of diagrams such as shown in Fig. 9 indicate that the complete
situation is not as simplé as we suggest in this paper.zsUSing these or other methods
it is not difficult to find that this diagram diverges logarithmically as m—e«, where
1 refers to the incoming electron. The logarithm comes from a loop integral and
receives a large contribution from that region of phase space in whiéh the internal
partons are (almost) "wee’. This example raises two problems. First, 1f we
apply perturbation theory to very high orders, we must be equipped to deal with
such logarithms, which in sufficiently high order violate s-channel unitarity. And
secondly, since the internal photons in this example are (almost) ""wee, ' one can
question the applicability of the eikonal approximation to this diagram. The true
situation may be somewhat like using purely nonrelativistic methods to calculate
the Lamb shift: they work up to a certain point, and contribute a great deal of
insight intp the physics. However beyond that point they fail utterly. In the present
case there is very likely a similar boundary, associated with wee partons, beyond
which the simple methods of this paper fail. It remains for the future to see how
much of the physics lies on the simple side of the boundary and how sharply the

properties of the boundary region can be delineated.
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APPENDIX

The two component formalism described in Section II suggests, in the
interest of overall simplicity and uniformity, a change in notation, mainly in
normalization factors, from that used in Paper I. _This appendix is devoted to
clarifying the connection between the old and new formalism.

We begin by discussing the electromagnetic potential. The operator A(x),

as discussed in (IL6) and below, may be directly identified with :«%T(X)’ of 1.
new A(x) = »‘%T(X) old . _ } (A.l)

However, the plane wave expansion (II.ll) of A(x) differs from Eq. (IV.37) of Iby
1
a factor [2 (2',7)3] 2 ; the comparison yields

_ 3|3
new a{, ) = [2(271‘)} a(p, .) old . (A.2)

The connection between the new 2- component electron field ¥ (x) and the old
4-component Y/(x) is more disagreeable. Not only is there a change in normalization

but also there is a unitary rotation. The essential connection is between

w=(%> (A.3)
,¢2 |

and the independent dynamical variables of I.,

(A.4)
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By comparing the anticommutation relations (IV.36) of I. with (IL5) of this
paper, we see that the normalizations of the field operators differ by a relative

1
factor 24, If we choose phases such that

new ll/l(x)‘ = 2% ¥ (x) old , (A.5)

then we find it is best to make the identification

new ¥,(x) = PL ¥, (%) old, (A.6)

We verify the connection by comparing the equations of motion for W, and V.

Elimination of Y from Eq. (IV.18) of I. produces

(io 0" eAO) Y, = [—(g—‘eérz- +m] -2—1-5 [+(£—eﬁ)-% +m}w

A (A7)

Using the y -matrices (IV.9) of I., we see that, as 2 X 2 matrices acting on the

first and fourth components of ¥, the matrices 'yl and yz are

1_(0 -1) 2_('0 i)
Y = Y =

1 0 i o
K we combine (A.5) into the two component spinor relation

¥ x)

it

Z%U Y (x)

")

(A.8)

c
it
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and insert this relation into (A.7) we obtain
(i9)-eA )Y = [ (g-eA)UyU l+m] . [(p ed): UyU 1+m] v, (A.9)

But

-1

vylut = il (A.10)

so that (A.9) is identical to the equation of motion (IL.14) for v,

The unitary matrix U introduces relative phases in the comparison of the

spinors w(s) appearing in the expansion (Ii.lO) of Y are equal to the old two com~
ponent spinors w(s) appearing in the expansion (IV.32) of d{F in I, Thus the
creation and distruction operators in (I1.10) must absorb, in addition to a normali-
zation, the phase introduced by the presence of U. The comparison between (I1.10)

and (IV.32) of I, using Eq. (A.8), yields

new bip, +3) = |2@n°[? b, +3) old
3|4 |
new b, -3%) = 1[2(277) 12 b(p, -3) old
(A.11)
) -
newdip, +4) = i[2en’ a'p, +1) aa
new d'(p, -3) = [2(2703]% ', -4) old.

This completes the correspondence-relations between the old and new notations.
It is now straightforward to check that the new formalism is consistent with the
old, including rules for diagrams.
We must apologize for changing notation in midstreélm. However, many
disagreeable factors of /2, (277)3/ 2, _etc. have thereby been purged, and a consistent

mnemonic now exists for the factors "2'" occuring in the rules for perturbation
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diagrams at the end of Section II: for every factor 7 a factor 2, for every

factor n a factor 2.
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FIGURE CAPTIONS

Vertices in the infinite momentum frame.
Electron scattering off an external field. (a) Zeroth order in electron
structure, (b) second order in electron structure.

Higher order contribution to electron scattering off an external field. .
Bremsstrahlung off an external field.

Pair production on an external field.

. Delbruck scattering.

Muon pair production off an external field.

o-s/o‘T for high energy electroproduction of lepton pairs from a slowly

varying external field.

Electron scattering diagram contributing nlog n term to the S-matrix.
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