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Applications of Numerical Methods in
Heterotic Calabi-Yau Compactification

Wei Cui

(ABSTRACT)

In this thesis, we apply the methods of numerical differential geometry to several different
problems in heterotic Calabi-Yau compactification. We review algorithms for computing
both the Ricci-flat metric on Calabi-Yau manifolds and Hermitian Yang-Mills connections on
poly-stable holomorphic vector bundles over those spaces. We apply the numerical techniques
for obtaining Ricci-flat metrics to study hierarchies of curvature scales over Calabi-Yau
manifolds as a function of their complex structure moduli. The work we present successfully
finds known large curvature regions on these manifolds, and provides useful information
about curvature variation at general points in moduli space. This research is important
in determining the validity of the low energy effective theories used in the description of
Calabi-Yau compactifications. The numerical techniques for obtaining Hermitian Yang-
Mills connections are applied in two different fashions in this thesis. First, we demonstrate
that they can be successfully used to numerically determine the stability of vector bundles
with qualitatively different features to those that have appeared in the literature to date.
Second, we use these methods to further develop some calculations of holomorphic Chern-
Simons invariant contributions to the heterotic superpotential that have recently appeared
in the literature. A complete understanding of these quantities requires explicit knowledge
of the Hermitian Yang-Mills connections involved. This feature makes such investigations

prohibitively hard to pursue analytically, and a natural target for numerical techniques.
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(GENERAL AUDIENCE ABSTRACT)

String theory is one of the most promising attempts to unify gravity with the other three
fundamental interactions (electromagnetic, weak and strong) of nature. It is believed to give
a self-consistent theory of quantum gravity, which, at low energy, could contain all of the
physics that we known, from the Standard Model of particle physics to cosmology. String
theories are often defined in nine spatial dimensions. To obtain a theory with three spatial
dimensions one needs to hide, or “compactify,” six of the dimensions on a compact space
which is small enough to have remained unobserved by our experiments. Unfortunately, the
geometries of these spaces, called Calabi-Yau manifolds, and additional structures associ-
ated to them, called holomorphic vector bundles, turns out to be extremely complex. The
equations determining the exact solutions of string theory for these quantities are highly
non-linear partial differential equations (PDE’s) which are simply impossible to solve an-
alytically with currently known techniques. Nevertheless, knowledge of these solutions is
critical in understanding much of the detailed physics that these theories imply. For exam-
ple, to compute how the particles seen in three dimensions would interact with each other in
a string theoretic model, the explicit form of these solutions would be required. Fortunately,
numerical methods do exist for finding approximate solutions to the PDE’s of interest. In
this thesis we implement these algorithmic techniques and use them to study a variety of
physical questions associated to the attempt to link string theory to the physics observed in

our experiments.
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Chapter 1

Introduction

1.1 String Phenomenology

The basic idea of string theory is that the fundamental constituents of nature are one-
dimensional strings rather than point-like particles [1, 2]. The strings, objects described by
a world-sheet theory with one temporal and one spatial dimension, vibrate as they travel
through spacetime (also referred to as the target space). Different vibrational modes look,
to a low energy observer who can’t resolve the length of the string, like different particles.
Among these particles are a massless graviton and gauge bosons, which makes string theory
a promising attempt to unify gravity with the other three fundamental interactions. The
typical length scale associated to a string Iy = v/o/ is a constant which appears in the
description of the worldsheet. This is the only free parameter of the theory. All other details
which appear, including the coupling constant g5 which determines how strongly the strings

interact and even the geometry of space-time, are determined dynamically.

Despite the appealing features of string theories, not every theory of this type is consistent
and those that are often naively seem to be very far from what we observe in nature. Firstly,
in order to avoid tachyons, world-sheet supersymmetry is often introduced giving rise to
superstring theory [2, 3]. Secondly, in many string theories, in order to make sure the theory

is anomaly free, it is necessary that spacetime be ten-dimensional. There are five consistent
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superstring theories in ten dimensions, namely type IIA, type IIB, type I and the heterotic
theories with gauge groups SO(32) or Eg x Eg. These different looking theories are related
by a network of dualities, and are conjectured to all be part of a more inclusive structure

known as M-theory, which can be described in eleven-dimensional terms in certain regimes.

String phenomenology attempts to construct vacua of string theories, such as those discussed
above, whose effective field theory can reproduce experimentally observed physics (for an
overview see [4]). As a starting point, it is interesting to find a model that leads to an
apparently four dimensional theory that includes the standard model of particle physics.
Such “model building” attempts often are chosen to preserve some of the supersymmetry
of the theory. This is because N = 1 supersymmetry in four dimensions is one of the best
solutions to the Hierarchy problem and also allows for the unification of gauge couplings at
a realistic scale. Thus, the goal of such research is to search for models which reproduce the

Minimal Supersymmetric Standard Model (MSSM) [5].

In this thesis, we shall focus largely on the Heterotic string. In the low energy limit, the
heterotic superstring reduces to a ten-dimensional supergravity coupled to gauge theories
[6]. In order to build “realistic” four-dimensional models, one usually assumes that the ten-
dimensional space-time M is a direct product of a non-compact four-dimensional space My
and a compact six-dimensional (internal) space X. The extra six dimensions are considered
to have a characteristic length [, that is small enough that it is consistent that their exis-
tence has evaded direct observation to date. If one tries to solve the equations of motion
and consistency constraints of the string theory in such a manner as to preserve N = 1
supersymmetry, one arrives at a surprisingly varied set of possibilities [7, 8, 9]. However,
if one further requires that M, is Minkowski space and that the Neveu-Schwarz three-form
field strength has vanishing expectation value, then a relatively simple set of solutions is

arrived at. The internal space X must be a Calabi-Yau three-fold and the vector bundle
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V' — X, upon which the gauge fields in the theory are a connection, must be holomorphic,

slope-zero and poly-stable [6, 10].

In a Calabi-Yau compactification, the four-dimensional physics can be derived from the
topology and geometry of the string vacuum. In terms of model building, the goal is to find
a vacuum, i.e. a choice of X and V, such that the four-dimensional theory reproduces the
MSSM. As a first step, one requires that the effective field theory has the gauge group SU (3) x
SU(2)xU (1) and the MSSM spectrum. To achieve this, first, an X and V" are identified which
give rise to a supersymmetric Grand Unified Theory (GUT) in four dimensions. Then, the
compactification is modified by the addition of a Wilson line such that the supersymmetric
GUT theory is broken to the MSSM. Following this approach, several heterotic models have
been found with the correct gauge group and charged spectrum (additional uncharged moduli
fields are also present) [11, 12, 13, 14, 15, 16, 17, 18]. More recently over two thousand such
models have been built in this manner. These compactifications are known as Heterotic Line

Bundle Models [19, 20, 21].

Given heterotic models with the correct gauge group and spectrum, an obvious next step is
to compute Yukawa couplings. In supersymmetric theories, the physical Yukawa couplings
contain two parts. The first part is determined in terms of a holomorphic function of the fields
in the theory called the superpotential, while the second is a normalization factor depending
upon a real function called the Kahler potential. The former is quasi-topological and can
be computed algebraically [22, 23, 24, 27, 28, 29, 30, 33, 34, 35, 36] while computation of

later is in general difficult !. This is because computation of the Kihler potential depends

In special cases, this quantity has been worked out, for example in the standard embedding [37] and
in the presence of “large” flux [38]. The other possible approach is using the mirror symmetry [39], in
which the effective theory of a Calabi-Yau compactification can be determined by the mirrored orbifold
compactification. The matter Kéahler potential of orbifold compactification can be computed in [40, 41, 42,
43, 44]. This duality is well-understood for the standard embedding models [45, 46, 47]. However, although
progress has been made in [48, 49, 50, 51], it has not been extended to the realistic models yet.
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on the explicit expression for a specific metric on the Calabi-Yau manifold X and a specific
connection on V. The partial differential equations (PDEs) that govern these quantities
are exceptionally difficult to solve. The eventual computation of the normalizing factor for
the Yukawa couplings is one of the key long-term motivations for the numerical methods in

Calabi-Yau compactification that we will discuss.

Although model building has proven to be very successful in heterotic compactifications, the
issue of “moduli stabilization” has proven more problematic. The issue can be described
as follows. Mathematically, the moduli space of a compactification corresponds to the al-
lowed deformations of the geometry that preserve the equations of motion in general, and
supersymmetry in particular. These deformations give rise to fields in the low energy theory,
called moduli, that correspond to flat directions in the four-dimensional potential. These
fields are not observed in nature and they must therefore be given a mass in order to lift
them from the low energy spectrum. Progress in this direction has been made in recent
years, for example in the works in [52, 53, 54, 55, 56, 58, 59] which will be discussed to some
extent in this thesis, but a supersymmetric compactification with all of the moduli stabilized
appears difficult to achieve [54]. Recent progress in understanding one of the ingredients
of the theory that is crucial for moduli stabilization [60] requires explicit knowledge of the
gauge connection on V' to be completely understood. Thus numerical methods in Calabi-
Yau compactification are important in both model building and moduli stabilization, again

motivating their study in this thesis.

1.2 Details of Heterotic Calabi-Yau Compactification

In the low-energy limit, Eg x Eg heterotic string can be described by 10-dimensional N =1

supergravity coupled to a 10-dimensional Fg x Eg super Yang-Mills theory [6]. This theory
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contains two multiplets, namely the gravity multiplet which consists of the metric g, the
NS two-form B, the dilaton ¢ as well as their fermionic partners, the gravitino ¢ and the
dilatino A, and an FEg x Fg Yang-Mills multiplet with gauge field A and associated field
strength F' = dA + A N\ A as well as its superpartners, the gauginos x. To first order in «/,

the bosonic part of the associated 10-dimensional action is given by [6]

O[,

1 4(trF2—trR2) +0(?)  (11)

2%10

S /dlox\/—_ge2¢ [(R + 4(0¢)* — %HQ)

where k1g is the ten-dimensional gravitational coupling constant and the three form H is

/

H=dB - QZ (wynt — wr) - (1.2)

Here wyy and wy, are the gauge and gravitational Chern-Simons forms, respectively,

2
Wy M :tr(A/\dA—i-gA/\A/\A), (1.3)

2
W, :tr(@/\d@+§6/\@/\@) (1.4)

where © is the spin connection of X. Together with F' and R, the three form H should

satisfy the Bianchi identity given below

dH = o (tr(R A R) — te(F A F)) . (1.5)
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To construct a supersymmetric vacuum, the variation of the fermionic fields

1 K .
Sa = Dan+ 555 (TR = 95T Py Hpcp + (Fermi)? =0, (L6)
1
"= _\/__ngﬁ(r-a¢)77 T 8\/gg2¢FMNP77HMNP + (Fermi)* = 0, (1.7)
1
6x = ——=I"PFpn + (Fermi)*> = 0 , (1.8)

49/ ¢

should vanish in the background [6]. Here n is the Majorana-Weil spinor parameter for
the supersymmetric variation and I'“? are the anti-symmetrizations of products of ten-
dimensional Gamma matrices. More specifically, these equations should be solved, for the
field values in vacuum, for four appropriate 7’s such as to preserve N = 1 supersymmetry in

four dimensions.

If we consider compactifications that are a direct product of four-dimensional Minkowski

space and a compact manifold X,

My =R¥» x X (1.9)

then the requirements of solving (1.6), (1.7), (1.8) and (1.9) leads us to a subset of the cases

described by the Strominger system [7]. If we restrict ourselves further to solutions with

H=0, ¢=const (1.10)

then the situation becomes rather simple. With the condition (1.10) and (1.9), one can show
that (1.6) becomes
D,v=0

where D, is the covariant derivative on X and v is the spinor supersymmetry parameter
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associated to X arising from the decomposition of n under the factoring of the ten dimensional
Lorentz group. We thus have that v is covariantly constant spinor on X. This implies that
the manifold has SU(3) holonomy and a manifold with this property is called a Calabi-Yau
three-fold [61, 62, 63, 64]. The equation (1.7) vanishes automatically. The equation (1.8)

becomes

Fp=Fg;=0, (1.11)

¢"F,; = 0. (1.12)

These are the Hermitian Yang-Mills (HYM) equations and their solutions are called HYM
connections [65, 66]. The solution of (1.11) and (1.12) are in one to one correspondence with
vector bundles V' which are holomorphic, poly-stable and slope-zero. We will discuss the

meaning of these algebraic concepts in detail in the later Chapters?.

Heterotic models also need to satisfy a consistency condition following from the Bianchi
identity (1.5). The vector bundle V' is often written as V' =V, @ V}, where the visible sector
V, and hidden sector V}, vector bundles are associated to the two separate Ey factors of the
ten dimensional gauge group. In addition, heterotic vacua can have five-branes wrapping
holomorphic two-cycles in X, with class [W] € Ho(X,Z), and still preserve supersymmetry.
Given that ¢1(TX) = ¢1(V,) = ¢1(V3,) = 0, the integrability condition associated to (1.5) can
then be written as,

a(TX) = ea(Vy) — ea(Vy) = [W] . (1.13)

The quantities appearing above are Chern classes, topological properties of the bundles that

2For the reader who is unfamiliar with mathematical concepts which appear in this introduction, such as
stability, Chern-classes and cohomology groups, review material for much of the required technology will be
provided in Chapters 2 and 4. If the reader wishes to ignore such technicalities it is hoped that they can
still glean an overview of the discussion in this introduction in the absence of such details.
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are associated to the construction. For now it is enough to note that (1.13) represents a

topological constraint on the ingredients of the compactification, X and V.

1.2.1 Model Building

In this subsection, we will describe in more detail how the four-dimensional physics, the
matter sector in particular, is derived from the heterotic Calabi-Yau compactification. We
will take one of the Ejg factors as visible sector and study the model building there. The other
Ey factor will work as the hidden sector which is useful for anomaly cancellation, moduli
stabilization and supersymmetry breaking. Model building in Calabi-Yau compactification
takes place in two stages. First, one uses a gauge bundle V' to reduce Eg to a GUT group.
Second, Wilson lines are introduced to break the GUT symmetry to the Standard Model
symmetry (plus possibly U(1) factors) [6]. A complete heterotic string model must therefore
be constructed using a Calabi-Yau manifold with non-vanishing fundamental group, so that

non-trivial Wilson lines exist on X.

Let G be the structure group of V. Then the four-dimensional gauge group H in the visible
sector is given by the commutant of G within Eg. All of the charged degrees of freedom that
appear in ten-dimensions are charged under the adjoint, the 248 dimensional representation,
of Eg. Therefore, in order to find the matter field representations that could possibly appear
in four dimensions, we have to decompose the adjoint 248 of Eg under G x H, which is, in

general, given by

248 — (1,Ad(H)) & (Ad(G),1) & P(Ri. 1) (1.14)

where Ad(H) denotes the adjoint representation of H, Ad(G) that of G, and {(R;,r;)} are

a set of representation of G and H.
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The above group-theoretic considerations tell us which matter field representations could
possibly appear. To determine which representations will actually appear in the massless
spectrum, and in what multiplicities, we must appeal to more detailed physics of the compact-
ification. Let A be the solution to the Hermitian Yang-Mills equations being considered on
V. The scalar components of the four-dimensional matter fields C7 arise from fluctuations
of the gauge field of the form

A=A0 L y0° (1.15)

where v; are bundle-valued one-forms. It can be shown that the 4-dimensional field C' is
massless if and only if the associated v; is harmonic. Therefore, the number of supermulti-
plets in each representation r; is given by n,. = h'(X,Vg,), where r;, R; are defined by the
decomposition (1.14) and Vg, is the corresponding associated bundle. The singlets under
H appearing in (1.14) correspond to bundle moduli in the four dimensional theory. The
above arguments show that there is no matter appearing in the Ad(H) representation be-
cause h'(X,0) = 0. However, this representation does appear in the low energy theory in
the form of gauge bosons. The relevant cohomology groups, and hence the multiplicities of
different low-energy representations for charged matter, can then be computed as summa-
rized in Table 1.1. So far, we have discussed a theory with a GUT-type gauge group. This
is typically constructed “upstairs” on a simply connected manifold X. In order to break
the GUT group to the standard-model group, we require a freely-acting symmetry I' on the
Calabi-Yau manifold X. The vector bundle V' should descend to the quotient Calabi-Yau
X /T, that is, it should have a ['-equivariant structure. “Downstairs,” on the manifold X/T",

we then add a Wilson line, defined by a representation W of I' into the GUT group.

The downstairs spectrum can be computed in a group-theoretical fashion from the upstairs
spectrum. Consider a certain type of upstairs multiplet with associated bundle K. Because

of the T-equivariant structure of V', the cohomology H'(X, K), associated to the upstairs
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] GxH \ Breaking Pattern for Adjoint Representation \ Particle Spectrum
Noy = hl(V)
SU(3) x Eg (1,78) @ (3,27) @ (3,27) @ (8,1) ng = hY(VY)=h%V)
n = VeV
Nieg = h1<V)
— (VY — B2
SU(4) x SO(10) | (1,45) & (4,16) & (4,16) & (6,10) & (15, 1) Ziﬁ - Zlg/‘@\)/) h2 (V)
n = VeV
nw = h'(V)
ng = h'(VY) =h*(V)
SU(5) x SU(5) | (1,24) @ (5,10) @ (5,10) @ (10,5) @ (10,5) © (24,1) | ns = hY(A*VY)
ny = h1</\2V)
n = VeV

Table 1.1: A wvector bundle V' with structure group G can break the Eg gauge group into a
GUT group H. The representations after this breaking are found from the branching of the
248 adjoint of Eg under G x H and the spectrum is obtained by computing the indicated
bundle cohomology groups (see for example [67, 68]).

multiplet, becomes a I'-representation. Each potential downstairs multiplet, 1, acquires an
induced I'-representation denoted ., which is determined by the Wilson line and its hyper-
charge. To calculate the spectrum of a certain type, v, of downstairs multiplet contained in
H'(X, K) we should determine the I-singlet part of H'(X, K) ® xy [17, 20, 33]. It should
be noted that only some of the degrees of freedom in the four dimensional theory associated
to X will appear in that associated to the quotient. Indeed, the chiral index can be written
as an integral and hence will divide by the group order in transitioning between these two

cases. Therefore, to obtain three net-generations of quarks and leptons, we must have

1 1 2 _
_ 5/Xcg(v) — WX, V) — R(X,V) =3[ , (1.16)

where |I'| is the order of the discrete group I', with which we have quotiented X.

Once a model with the MSSM spectrum has been obtained, a natural next structure to
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study is the Yukawa couplings. According to Table 1.1, if a matter multiplet transforms
as a representation r; under H, then the associated vector bundle Vg, is that paired with
the representation R; of G. Consider three representations (R;,r;) with i = 1,2,3 such that
Ry ® Ry ® R3 contains a singlet. Three matter fields in these representations are associated
with harmonic bundle-valued (0,1)-forms v; € H'(X, Vi,). Then, the associated holomorphic

Yukawa couplings can be computed with

My, v, v3) = / QAtr(v Ave Avs) (1.17)
b

where €2 is the holomorphic (3,0) form on X. It can be shown that (1.17) is be evaluated
using any choice of representatives in H'(X, Vg,). This property simplifies the computation

a lot and (1.17) can be computed in many cases.

However, the holomorphic Yukawa couplings (1.17) are not what we measure in experiment.
To obtain the physical Yukawa couplings, we have to canonically normalize the associated

matter fields. This requires knowledge of the matter field Kahler metric

1 _
GIJ = W y Vr /\*V<I/J) , (118)

where %y refers to a Hodge dual combined with a complex conjugation and an action of the
hermitian bundle metric on V. Unlike the holomorphic Yukawa coupling, this object is not
quasi-topological. Thus, to compute it, we have to use the harmonic forms in H*(X, V).
This, and evaluation of the expression (1.18), requires explicit knowledge of the metric on
the Calabi-Yau three-fold which solves the string theory equations of motion. The metric
in question is not known analytically, and thus this forms one of our main motivations to

introduce numerical algorithms in the subject of Calabi-Yau compactification.
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1.2.2 Moduli Stabilization

The need for moduli stabilization is a problem for almost all theories arising from compacti-
fication, and dimensional reduction of heterotic string theory on Calabi-Yau manifolds is no
exception. Fields, called moduli, appear in the four dimensional theory which correspond
to certain possible deformations of X and V. These moduli are massless and indeed are
associated with flat directions of the potential. However, these degrees of freedom are not
observed in experiment. What is more, if their expectation values were changing over time
then quantities such as gauge couplings which depend on them would vary in unobserved
ways. Thus, the moduli should be given a mass, or stabilized, in the 4-dimensional the-
ory. For Calabi-Yau compactifications of heterotic theories, the moduli are h*!(X) complex
structure moduli, A" (X) Kahler moduli, 2'(X,V ® V*) bundle moduli and the dilaton ¢.
There are a variety of mechanisms that have been discussed in the literature to stabilize
various subsets of these moduli. We will give two examples of such effects here, that will be

of relevance elsewhere in this thesis, and another will be discussed in Chapter 5.

As was stated in (1.11) and (1.12), to preserve the supersymmetry, the vector bundle V'
should be holomorphic, slope zero and poly-stable. Even these basic properties can lead to
the stabilization of some moduli [52, 53, 57, 58, 59]. With the help of the Bianchi identity

(1.5), pieces of the ten-dimensional action (1.1) can be written as

1 _ o
Spartial ~ / vV —3g {(_5 tr(FaE.gab)Q + tr(FabFal_Jgaagbb)} . (119)
X

This term is a positive semi-definite contribution to the 4-dimensional potential. It vanishes
when the HYM equations are satisfied. However, if, due to some fluctuations of the moduli,
HYM equations fail to be satisfied, then this potential is non-trivial and the fluctuations of

the moduli along these directions are stabilized. We will now describe this in more detail.
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Let us start by considering an effect that arises from asking that F,;, = 0 be preserved under
moduli variations so that the second potential term in (1.19) is minimized [52, 53]. We begin
with a supersymmetric background with complex structure tensor ¢(*) and gauge connection

A Consider the following deformations of the complex structure and connection:

¢ =0 + v, (1.20)
Ay =AY 164, (1.21)

where vy are a harmonic basis of H!(X, TX) and 03’ are the deformation of complex structure
moduli. Substituting these varied quantities into the equation Fy;, = 0 and working to linear
order in the variations one arrives at the following expression that the fluctuations must
obey to stay in vacuum [52, 53],

05" v\ + 2D} 5 A5 =0 . (1.22)
Here, Déo) is the gauge covariant derivative associated to Afio). This result tells us that com-
plex structure deformations 037, for which there exists § A satisfying (1.22), will be modului.
However, if for some deformations 637 no 6A exists which obeys (1.22), then those complex
structure deformations are stabilized. Geometrically, this corresponds to the bundle V' not

being able to adjust to remain holomorphic when the complex structure tensor of the base

is varied in such a manner.

The above discussion has an equivalent description in terms of Atiyah classes. Using such
a formulation it is straightforward to see that for a given bundle V', at most h?*(X,V ® V*)
complex structure moduli can be fixed. From a four-dimensional perspective, this effect
can sometimes be phrased in terms of F-term constraints arising from a Gukov-Vafa-Witten

superpotential [69].
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Next, let us consider an effect, arising from the first term in (1.19), that results in stabilization
of Kihler moduli. For vacua with A-V(X) > 2, the combined Kihler and vector bundle
moduli space generically decomposes into supersymmetric regions where equation (1.12) is
satisfied and regions where it is not; that is, N’ = 1 supersymmetric and non-supersymmetric
regions respectively. These are separated by “walls of stability,” where equation (1.12) and,
hence, supersymmetry continue to be satisfied, but where the bundle must decompose into
a direct sum of smaller pieces V = @, U, in order to achieve this. This splitting causes
additional Green-Schwarz anomalous U (1) factors to appear in the low energy gauge group.
All the matter fields in the theory, which includes new degrees of freedom that arise when
the bundle splits, carry a charge under the additional U(1) symmetries. There are D-terms

associated to the extra U(1) factors which take the following form [35, 57, 58, 59]
DY = f, = > QFG ¢ C7 (1.23)
1J

where Q! are the charges of the matter fields C7, G, is the positive-definite matter field

Kahler metric and the Fayet-Iliopoulos (FI) term f, is given (to lowest order in o) by

_N(Ua)
fo = v (1.24)

Here 1(U,) is the slope of the bundle factor U, and V is the volume of the Calabi-Yau
manifold expressed in terms of Kahler moduli. The slope, and so the FI term, vanishes on
the stability wall and is positive or negative on either side of it. Thus, if in a given theory
all of the matter fields have zero charge under this U(1), then (1.23) shows that the Kéahler
moduli would be forced to lie on the locus of the stability wall. Some of the Kahler moduli
are stabilized. Geometrically this corresponds to a poly-stable bundle that becomes unstable

on either side of that locus. At higher orders this effect receives modifications which includes
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the dilaton as well as the K&hler moduli.

Using the mechanisms discussed above, it has been argued that all but one linear combination
of the dilaton, complex structure and Kéhler moduli can be stabilized [54]. The remaining
linear combination, together with the vector bundle moduli can potentially be stabilized by
other effects. There are several ongoing attempts using non-perturbative contributions to the
superpotential such as gaugino condensation and membrane instantons [54, 70, 71, 72, 73, 74,
75,76, 77,78, 79, 80]. Additional ingredients for the puzzle of moduli stabilization, involving
the vacuum value of holomorphic Chern-Simons invariant contributions to the superpotential

have recently been highlighted [60, 81, 82, 83, 84]. We will discuss this further in Chapter 6.

The rest of this thesis is structured as follows. In Chapter 2 we provide some introductory
material on the geometry of Calabi-Yau manifolds and describe how numerical techniques can
be used to compute Ricci flat metrics on them. In Chapter 3, based upon our paper [85], we
describe how these techniques can be used to check the validity of effective theories in string
compactifications. In Chapter 4 we give an introduction to the geometry of holomorphic
vector bundles and numerical techniques for computing Hermitian-Yang-Mills connections
on them. In Chapter 5, which is based upon work to appear in a forthcoming publication,
we present an application of these techniques of direct relevance to the subject of moduli
stabilization. Finally in Chapter 6 we briefly summarize and conclude. It should be noted
that, while Chapters 2 and 4 are largely review material they do contain some new results.
In particular, all plots shown were obtained with code written by the author, and Chapter
4 contains an analysis of a bundle with structure qualitatively different to any that has

appeared in the literature to date.



Chapter 2

Numerical Metrics

As we have seen in the introduction, one way in which to preserve supersymmetry in the
four-dimensional effective field theory associated to a compactification of the heterotic string
is to take the internal space to be a compact Kahler manifold with SU(3) holonomy [10].
Such spaces are called Calabi-Yau manifolds, and they, and Ricci-flat metrics on them, have
important applications in string theory model building. In this chapter, we will review
the definition and proprieties of Calabi-Yau manifolds, the Ricci-flat metrics, and how to

compute them with numerical algorithms.

2.1 Calabi-Yau Manifolds

An n dimensional Calabi-Yau manifold (Calabi-Yau n-fold) X is a Ké&hler manifold satisfying

one of the following equivalent conditions: [86]

1. Hol(g) = SU(n) (or Hol(g) C SU(n))
2. The first Chern class vanishes, ¢;(X) = 0,
3. The Ricci form vanishes,

4. The canonical bundle is trivial,

5. X admits a globally defined and nowhere vanishing holomorphic n-form.

16
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These properties impose strong constraints on the topology and geometry of Calabi-Yau

manifolds which will be discussed in the rest of this section.

2.1.1 Hodge Numbers

One feature that can distinguish Calabi-Yau manifolds topologically is their cohomology!.
On a compact Kéahler manifold, the de Rahm cohomology can be decomposed according to

its holomorphic and anti-holomorphic index structure as

HYX,C)= @ H™(X), k=0,...,n. (2.1)

k=p+q
The dimension of HP(X) is called a Hodge number, denoted by h*9, and can be organized
in the form of Hodge diamond as we will show shortly. Not all of these Hodge numbers
are independent: there are symmetries between them. For a Calabi-Yau manifold, the

symmetries are [86]

1. The complex conjugation duality h?? = AP,
2. The Hodge star duality h?4 = h37937P,

3. The holomorphic duality h%¢ = h%379. Given a (0, q) cohomology class a, there is a
unique (0,3 — ¢) cohomology class b such that |, 4 @ANDAQ =1 with Q) the nowhere

vanishing holomorphic (n,0) form.

Since the canonical bundle of a Calabi-Yau manifold is trivial, we have h™? = 1. If we focus

on the compact and simply connected three-folds, then h%° = 1 and A%! = A0 = 0.

!The intersection form, Hodge numbers and second Pontryagin class suffice to distinguish homotopy types
of Calabi-Yau three-folds as real six manifolds (Wall’s theorem [89]).
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The Hodge diamonds of Calabi-Yau one-fold, two-fold and three-fold are displayed in (2.2).

1
1 0 0
1 0 0 0 hlt 0
11 1 20 1 1 A2 2t 1 (2.2)
1 0 0 0 hlt 0
1 0 0
1

From the Hodge diamonds above, we find that there is an unique one-fold (the torus 7°?)
and an unique two-fold (the K3 surface aside from 7). While the situation is different for
three-folds because they depend on two integers h'! and h*!. It is known that h'! and h*!
can not be arbitrary numbers [87], however, whether there are finite of them is still an open

question (progress has made in [90, 91, 92, 93, 94, 95, 96, 97]).

As was mentioned before, h™! and h?! are the dimensions of H!(X) and H*!(X). These co-
homologies describe the possible deformations of the Kahler form and the complex structure

tensor of X. By definition,
HP(X) ~ HI(X,NPT*X) , (2.3)

so, we have

H"(X)=HY M, T*X), H*(X)~H"Y?(X)=HX,T"X)~ H (X,TX). (24)

In the above we have used the fact that a Calabi-Yau three-fold has trivial canonical bundle

and, as such, AT X = O. Another important topological invariant is the Euler characteristic
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of a Calabi-Yau three-fold, defined as follows

2n

X =Y (—DfF=2(ht = n>). (2.5)

k=0

Since Calabi-Yau three-folds are the most interesting case for heterotic string compactifica-

tions, we will focus on them in the following discussion.

2.1.2 Ricci Flat Metrics

By Yau’s theorem [63, 64], given a Calabi-Yau manifold with fixed complex structure and
Kahler class, there exists an unique metric such that the Ricci tensor is zero. This metric is
called the Ricci-flat metric. We have seen in the introduction that knowledge of this quantity
can be important for addressing questions in string theory model building. Therefore, in this

section, we will discuss it in detail.

A complex manifold is a topological space covered by complex coordinate charts such that
the transition functions between overlapping charts are holomorphic. The complex structure

is captured by a (1, 1) tensor (f, satisfying [88]
o (2=—1
e Vanishing Nijenhuis tensor N(¢) = 0 where,

NE = 045 — 06CS) — GH(0aCE — 0aCf) - (2.6)

The existence of a tensor satisfying these two conditions guarantees that we can find a

complex chart such that the transition functions are holomorphic. A local holomorphic
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coordinate system can be chosen such that the complex structure tensor is given by,

G=idy, = —idl. (2.7)

It is easy to check that ( is invariant under a holomorphic change of coordinates.

The Kéhler form J is a no-where vanishing real (1,1) form on X. A complex manifold is
Kahler if it admits a J that is closed, which then defines a cohomology class [J] € H!(X).
Each representative in the Kahler class defines an Hermitian metric called a Kahler metric
[38]

Jab = Gab = Jap = gap = 0, Jop = —Jap = ap- (2.8)
The Kahler metric is, of course, symmetric in its two indices
Gab = Gba = 07 9ab = Gba — 07 9ab = YGba- (29)

The reality property of the Kéahler form translates to an analogous property for the Kahler

metric

9ab = Yab,  Gab = Yab- (2.10)

Given the above discussion, we only need to study the g,; components of the metric, and

these form an Hermitian matrix

(9ab)" = Toa = Y5 = Yup- (2.11)

We will use this fact in our numerical computations in the next section. In terms of the
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metric, the Kéhler form is [88]
J =1g,45d2" ® dzb — igapdz® @ dz’ = igpdz" A dz’.

On a Kihler manifold, because .J is closed, i.e. dJ = (04 9).J = 0, it is possible to describe

the Kédhler metric in terms of Kéhler potential K, at least locally [88].
Yab = allal;K'

The Kahler potential is a real scalar function and two K’s give rise to the same metric it

they differ by a Kéahler transformation,
K =K+F+F,

where F' is a holomorphic function.

To give an example of a Kahler form that will be useful in future sections, consider complex
projective space,

n+1
pr— MOy a2 aec, (2.12)

where Z = [Zy, Z1,...,Z,] are the homogeneous coordinates of P". In the open patch
Uya defined by Z4 # 0, part of the standard open cover of P", the affine coordinates are
{2a} = Za/Z 4. There is a natural metric on P" called the Fubini-Study metric. Its Kéahler

potential is [88]

K =InZ,2" (2.13)
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in terms of homogeneous coordinates. On a patch Uy, it is
K =1In(1+ 2,2%) = In(1 + 6,32°2")

and the corresponding metric is given by

(1+ [2[*)dap — Zazs
— . 2.14
goz,B (1 + |Z’2)2 ( )

Here |z|? = 2,2%.

Given a Kéhler metric g;;, we can compute the Levi-Civita connection. The only non-

vanishing components of the Christoffel symbols are [88]
he=0""0g2.  ToL=Tpg. (2.15)
Given these, the Riemann tensor can be expressed as,
bea = O0clhy = 02(9°" Obac) R - =R, (2.16)

where ¢h = (g.5)"" is the inverse of metric. Sometimes, it is convenient to work with it in
following form

R@béd = ge&leEd? (217)

which makes the symmetries of this object explicit.

Ravea = Revaa,  Ravea = Radev,  Ravea = Redab- (2.18)
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Notice that the complex conjugate of the Riemann tensor is

(Rébéd)* = RT)ach : (219)
The Ricci tensor is ,
REC = _acrgzp RBC = _RcI; ’ (220)
so that the Ricci form is simply [88]
R =iRy;dz" A dZ" . (2.21)

The Ricci form defines a non-trivial element in the second cohomology of the manifold X,

2

ci(M) = {5} € H*(M,R) . (2.22)

It was conjectured by E. Calabi [61, 62] and later proven by S.T. Yau [63, 64] that for a
Kéhler manifold with fixed complex structure and Kéhler class, if ¢;(M) = 0, there exists

an unique Kahler metric such that,
Ry = 0,05Indet g5 =0 . (2.23)

Kéhler manifolds with vanishing first Chern class are thus called Calabi-Yau manifolds and

this unique metric is referred to as the Ricci-flat metric.

Unfortunately, Yau’s proof is not constructive. To compute the Ricci-flat metric, we still
need to solve (2.23), which is a nonlinear partial differential equation (PDE) and very difficult
to solve analytically. It will be helpful to note for later sections of this thesis that, with the

help of the nowhere vanishing holomorphic (n,0) form €, the Ricci-flat metric can be shown
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to obey a different equation which is simpler to use in some numerical applications than

(2.23). Consider the top forms

po = (—i)"QAQ |, py="—. (2.24)

Here, uq is constructed solely from €2 and as such depends only on the complex structure,
and i, is constructed from the Kahler form J. Since h®3 = 1, these two top forms must be
proportional and their ratio n = /g is simply a function. It can be shown that when 7 is
a constant, then the corresponding metric is the Ricci-flat one [63, 64]. It is often convenient
to set this constant, which can be chosen simply by scaling the forms involved by constant

factors, to be

_ Hw _ :anNQ
n= (m, () [ (2.25)

Here (n) is the average of the ratio over the Calabi-Yau manifold. We will often use (2.25)

rather than the nonlinear PDE (2.23) in the later chapters.

2.1.3 Complete Intersection Calabi-Yau Manifolds

Large numbers of Calabi-Yau three-folds have been constructed explicitly in the literature.
The first large dataset, consisting of 7890 cases, was classified in [99, 100, 101, 102, 103,
104, 105]. These examples, where the Calabi-Yau three-fold is constructed as a complete
intersection of hypersurfaces in products of complex projective spaces, are called the complete
intersection Calabi-Yau manifolds (CICYs). Other classes exist, with the largest dataset of
smooth, compact Calabi-Yau three-folds consisting of the hypersurfaces in ambient toric
four-folds which was constructed in [106, 107, 108]. This class leads to a data set of more
than 473800776 manifolds. We will focus on the CICYs in this thesis. This is because

the construction is more straightforward than the toric hypersurface case, where singular
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ambient spaces frequently arise. The CICYs will prove to be a rich enough construction to

illustrate the physics we wish to study.

CICYs can be described as intersections of the zero loci of K polynomials {p;};=1, x in an

ambient space A = P™ x ... x P™ given by a product of m ordinary projective spaces with

dimensions n,. This definition can be expressed in terms of a m x K called configuration

matrix [98, 99, 100].

_ —hl’l,h1’2
P g ¢ - gk
v | B d @k
| PPt @t dk ]

(2.26)

Here, each column gives the multi-degree of one of the defining polynomials, with the g7

being the degree of the homogeneous polynomial p; in the coordinates of the factor P"" in

A. The Calabi-Yau condition in this context is given by the following.

K
SNg=n4+1,  Wr=1..m

j=1

If X is a three-fold, then we require

Z n,.—K=3.
r=1
Let J.,r =1,...,m be the normalized Kahler form of P"", i.e.

/ =1,
prr

A CICY is called “favorable” if a basis for H''(X) descends from the Kéhler forms of the
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ambient space factors. Favorable CICYs have several nice properties, of which we will just
mention two. First, at least in the simple cases that we will study, the Kahler cone, that is
the set of allowed Kéhler forms J on X, can be described by {J = t"J, |t" > 0}, where the
t" are the Kahler moduli. Second, the set of all possible line bundles on X, the Picard group
Pic(X), is isomorphic to Z™, so line bundles on X can be characterized by an integer vector
k = (k',...,k™)2. For line bundles over favorable CICYs these integers simply denote an
expansion of the first Chern class in a basis of (1,1) forms given by the pullback of the .J,.
to X under the embedding map (we denote these pullbacks by the same symbol where no

confusion can arise).

The Chern classes of CICYs can be computed from the entries in the configuration matrix.
The total Chern class is

c=cyJ, +c5’ g Js + CQStJrJSJt ,
where,
Cqu = O, Cor = drst [ 5St nr + ]- + Zq]qj] ) = gdrst [5T8t n, + ]_ Zq;qjq;
(2.27)

The triple intersection numbers d,s of a favorable CICY X can simply be obtained by

integration of wedge products of the forms J, over X.

drst = / Jr A Js A\ Jt . (228)
X

20nly a minimal amount of mathematical formalism involving holomorphic vector bundles is needed in
this chapter, and thus we do not review this subject here. In later chapters we will extensively use such
technology and thus a review of some basic material will be provided in Chapter 4.
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The Euler number is,

X(X) = /X c3(X) = dpstcy™ | (2.29)

which is equivalent to (2.5) by the Hirzebruch-Riemann-Roch theorem [87].

The simplest CICY is described as the vanishing locus of a degree n + 2 polynomial, p, in
P+ given by
X=[P"*"n+2] . (2.30)

The homogeneous coordinates of P" are {7y, Z1,...,Z,}, as introduced in (2.12). The

most general defining polynomial is
p = cimi(Z)

where {m;(Z)} is the set of all n 4 2 degree monomials and {¢;}, ¢; € C are the coefficients.
Different choices for the constants {¢;} correspond to different choices for the complex struc-
ture of the underlying Calabi-Yau manifold. However, not all choices of the {c¢;} give rise
to distinct complex structures. If two choices of the coefficients can be related by a rescal-
ing Z4 = A, with A € C* or by a general linear transformations Z, = Mypgzp with
M;; € GL(n +1,C), then they correspond to the same complex structure. For this Calabi-
Yau manifold (2.30), the complex structure moduli space consists of the coefficients that

gives distinct complex structures of X 3.

As an example of such a manifold, which we will use in later chapters, let us consider

the quintic Calabi-Yau three-fold. It is a hypersurface given by a degree 5 homogeneous

3This is not true in general and a full treatment can be found in [37].
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polynomial in P*. The configuration matrix (2.26) is

1,101
—200

X = [P*}5] (2.31)
with A% =1 and hA*»! = 101. Let the homogeneous coordinates of P* be {z,},a = 0,..., 4.
The defining polynomial is P = ¢;m;(z),i = 1,...,126, where the m; are the degree 5
monomials in the Z, and the ¢;’s are corresponding coefficients. By the general linear
transformations Map € GL(5,C) and the overall factor in the defining polynomial above,

we get 126 — (25 — 1) — 1 = 101 independent ¢;’s, which agrees with the Hodge number in

(2.31). From (2.27), the Chern classes are given by,

c1(X) =0, c(X)=10, c3(X)=—40.

which agrees with the stated data in (2.31).

2.2 Numerical Integration over CICYs

In this section, we will discuss how to compute numerical integrals over Calabi-Yau manifolds.
This will be an essential tool in all of the algorithms appearing in this thesis. The integrals

we will consider take the form

]:/Xf,uQ:/XfQ/\Q (2.32)
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where f is an arbitrary function over X and pugq, as a top form (2.24), takes the role of the
measure. First, we will introduce the Monte-Carlo integration. Next, we will introduce a
more advanced method called adaptive integration. For clarity of exposition, we will focus
on the simplest CICY, which is the vanishing locus of a degree n + 2 polynomial in P"*!
defined in (2.30). However, the following discussion can be generalized to the any CICY

without too much effort.

The homogeneous coordinates of the ambient P" ! are again denoted by {Z4}, A =0,... ,n+

1. We will then break P"*! up into n + 2 polydiscs [109]. More precisely we write

N
pPrtl = UDA, DAZ{[ZOZ'-~2ZA_1 DZAr1 et Zn] | 7] < 1}:D”+1, (2.33)
A=0
where the z, = Z,/Z 4 with a = 0,...,n+1, omitting a = A, are the local affine coordinates
of the polydiscs D 4. In other words, given a specified set of homogeneous coordinates we
divide all of the homogeneous coordinates by that with the largest magnitude in order to get
the affine coordinates (and the number 1) for that point on the polydisc where it lives. Note
that a generic point in P"! lies in only one polydisc, the overlaps being a set of measure
zero. In addition the affine coordinates on each polydisc vary over a finite range, with the
modulus being constrained to be less than or equal to one. Given these two facts we can
see that this partitioning of the manifold is well suited to numerical integration techniques.
Let X4 be the restriction of Dy to X. Obviously, these X 4’s then cover X = ngo X4. On
patch X4, the coordinates z, must obey the defining relation of the Calabi-Yau three-fold,

expressed in suitable coordinates.

P20y -y ZA-1, ZA41s -+ -5 Znt1) = 0. (2.34)

Solving this equation for one variable, which we will denote as zs, then leaves us with n



30 CHAPTER 2. NUMERICAL METRICS

independent coordinates on each polydisc restricted to X, the correct number for a manifold
of this dimension. The remaining independent coordinates on a given patch are then denoted

by {z},i=0,...,n—1.

The non-where vanishing holomorphic (n,0) form € is known analytically. Consider a (n +
1,0) form 7 = ZZE) dZoN...NZsN...NdZ, 1 on C"2. By dividing the defining relation

p, we have a form 7/p, which is well-defined on P"*! except the hypersurface p = 0. Now,

Q:/ .
’Ypp

where 7, is a small loop around p = 0 in P"*'. We can see that { is a globally defined and

define [99, 110]

nowhere vanishing holomorphic (n,0)-form on p = 0. In a coordinate patch X4, integrating

along the loop <, by the residue theorem, we find

N-2
Q=p;! H dz; (2.35)
i=0

where ps (p;) is derivative of p with respect to corresponding coordinate zs (z;).

2.2.1 Monte-Carlo Integration

The idea of the Monte-Carlo integration is to approximate a definite integral by evaluating
the integrand at a sample of randomly chosen points on the domain [111]. Let S be a sample

containing ns points. Then the integral (2.32) becomes

I~1, = Z f(P) (2.36)
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where P, € S is a random point and V' = [ ug is the volume of X. The statistical error
of such an approximation is of order 1/,/n, times a quantity proportional to (f), the mean
of the integrand in the sample. To reduce the error in this approximation, it is useful to
sample points in a manner that is uniformly distributed according to the volume form uq
of X (see for example [112]). In other words, in an open set U € X, the number of sample

points taken in that set should be proportional to fU -

Writing out the explicit expressions for i" g given (2.35), the following is found
"o = |ps| > [ [ dai A [ d% - (2.37)
i=0 7=0

This can be rewritten in terms of ambient space quantities in the following manner

n+1 n+1

"o = 0*(p) [ [ dza A [ ] d25 - (2.38)
a=0 B8=0

We can approximate this by spreading out the delta function with a small parameter € as

follows
N-1 N-1
n 1 _
i" g A 6—2@<6 — Ipl) H dze N H dzz (2.39)
a=0 B=0

so that the volume form now has support on a slab of thickness e about X. Given (2.39)
one can simply do the following to obtain our set of points {P, € Xa}Y_,. First generate
a sample set of n, points on P"*2 evenly distributed in the coordinate measure. Second,
discard any points for which |p| > €. Finally, for the points that remain, project them onto
the Calabi-Yau manifold X using the Fubini-Study metric on P"*!. In this manner, we
obtain a set of points distributed on X in a good approximation to the measure given by pq

and the integral follows directly from (2.36).
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2.2.2 Adaptive Integration

Adaptive integration is a combination of the higher-dimensional rectangle rule and the
Monte-Carlo sampling [109]. The idea is to first change the domain from X to the am-
bient space P"*!. Then, a suitable cell decomposition of P" is constructed with Monte-Carlo
sampling. Finally, the integral I follows by the standard rectangle rule. Again, we will

illustrate this algorithm with the example in (2.30).

First, consider a projection map 7 : X — P" from a n dimensional Calabi-Yau manifold
to P*. Without loss of generality, we can choose {Zy, Z1,...,Z,} to be the independent
homogeneous coordinates of X and set Zs = Z,,.1 to be the redundant coordinate. Then,
the map is given by identifying the coordinates of P" with the n+1 independent homogeneous
coordinates. Locally any point of P™ has n + 2 preimages, which implies that X is a (n+ 2)-
sheeted cover of P". Thus, we can use the Integration by Substitution to express the integral

I in terms of an integral over P”

n+2 -1
_ on
= [ 3@ = [ Y s @)@, w2 =|Fe e (240)
X " k=1
Here index k£ = 1,...,n + 2 sums over n + 2 different sheets and wg(Z) are the weights

defined by the product of the Jacobian of the coordinate transformation and the Calabi-Yau
measure defined in (2.24). With the polydiscs introduced in (2.33), we can simplify the

integral further as

n+1 n+2 1
I= Z/ > f(mt(z) —diz Ad'E (2.41)
A=07 D" k=1 [Pl

Following the notation in (2.34), here z = {z;},i = 0,...,n — 1 denotes the corresponding
inhomogeneous coordinates on each patch and d"z = H;:Ol dz;. Notice, the polydisc D" is

the Cartesian product of n individual disks D. Given (2.41) we will simply focus on the



2.2. NUMERICAL INTEGRATION OVER CICYSs 33

integral over such polydiscs in later discussion.

To evaluate the integral over D", we need to decompose the polydisc into small cells and
then apply the rectangle rule to each cell. Since the weight function (2.40) is not uniform on
D™, to reduce the numerical error, we generate these cells using an adaptive scheme. First,
generate an uniform cell decomposition of D™. To do that, we will study this problem on
a single disk first. If the radius of D is R, then the disk can be divided into constant rings
with width AR and there are ng = R/AR such rings. Each ring can be divided further into
constant annuli segments with central angles separated by AA,,r =1,...,ng. To make sure
all annuli having the same volume, we demand AA, = AA,/(2r —1). In this way, we obtain
a constant cell decomposition of D with volume AS = (A;AR?)/2, which gives the desired

cell decomposition for D™ by Cartesian product.

Next, we subdivide the initial cells adaptively according to the weight (2.40). For each cell
¢, one might define the weighted volume by v; = w(z;)S; where w(z;) is the weight evaluated
at the middle point z; of the cell and .5; is its Cartesian volume. Notice, however, that there
are in general (n + 2) different weights wy(z;),k = 1,...,n + 2 at each point of P". The
definition above only works when X is a two-sheeted cover of P™ [109], because, in that case,
one can show that the weights w; and wy are always equal to each other. To generalize this
definition of weighted volume and associate a unique weight to each cell, one natural idea is
to consider the mean of these weights w(z;) = (wg(2)). In what follows we will work with
this choice most of the time. Sometimes, it is also useful to identify w(z;) with the maximum
of them w(z;) = maxwy(z;). Compared with the first approach, this will lead to a finer cell
decomposition of D™. Now, we set an error bar e and compute the weighted volume v; for
each cell. If there are cells with v; > e, then we recursively subdivide them by either dividing
the radius or the central angle for the corresponding annuli and we can do this for each of

disk in D™. To reduce the error, the subdividing is determined randomly for each step in the
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algorithm. By doing so, we can obtain a cell decomposition of D™ with v; < e for each cell.

In the end, the integral can be evaluated by the standard rectangle rule over the cells.
The key step in the algorithm is how to subdivide the cells and generate a suitable cell
decomposition. To see this process in detail, let’s consider an example. Let X be a degree

3 hypersurface in P? with complex structure

P = 1573 + 672,73 + 162,73 + A5 73 Zy + 2623 Zo + 1972, Z» 7 (2.42)

+623 4+ 3775 + 112,735 + 97127 Z, .

We generate three samples with different e and plot the first coordinate (in the first patch)

in Figure 2.1.

(a) e=5x 1073 (c)e=5x10"°

Figure 2.1: A cell decomposition with different error bars e. The manifold is a
degree 3 hypersurface in P? with complex structure given in (2.42). The results
shown are for the patch where 7 is the largest coordinate.

2.3 Numerical Ricci-Flat Metrics

In this section, we will introduce some of the algorithms that are used in the literature

to compute numerical Ricci-flat metrics on Calabi-Yau manifolds. We will first define the
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algebraic metric, which is a useful ansatz for the metric on Kéahler manifolds. This ansatz
has parameters that can be tuned numerically to obtain the Ricci-flat object. We discuss
two algorithms for performing this numerical tuning, Donaldson’s algorithm [112, 113, 114,
115, 117, 118] and the minimization algorithm [119, 120]. The discussion will be illustrated

with examples from the code that was written as part of the research work of this thesis.

2.3.1 Algebraic Metrics

Let X be a CICY with “polarization” given by L — X, where L is an ample holomorphic
line bundle [140]. By definition, there then exists some positive integer ko, and, for every

integer k > ko, there is a projective embedding from X to P™~! given by
i X =P (2o, ma1) = [so(@) 1.t sy (@)], (2.43)

where z; are coordinates on X, s, is a basis of H°(X, L*) and ny is the dimension of
HO(X, L*). Given the polarization above, the Kihler class is fixed by [J] = ¢;(L) [87]. We
saw in Section 2.1.2 that there exists a natural metric on complex projective spaces called
the Fubini-Study metric. We remind the reader that the Kahler potential associated to this

metric (2.13) was is given by
N
Kps =1 za%, . (2.44)
a=0

The algebraic metric is associated to a simple generalization of this Kahler potential,

ng—1

1 ~_1 B«
Ky = Eln %;0 thﬁ Ses (2.45)
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where h = h,; is a constant Hermitian matrix. The corresponding metric is given by
95 = 0,0; K. (2.46)

All of the metrics (2.45) corresponding to different Hermitian matrices are in the same
Kahler class, as fixed by the polarization. In [121, 122] it was proven that, given a projection
embedding (2.43), for a large enough integer k, any metric of X can be approximated by
such algebraic metric with a suitably chosen h. Given this, our next task is to find the

Hermitian matrix h that leads to the Ricci-flat metric on a Calabi-Yau manifold.

2.3.2 Donaldson’s Algorithm

In this section, we will introduce Donaldson’s Algorithm. The idea is that the Ricci-flat

9

metric can be approximated by a certain “balanced metric,” which can be computed by the
iteration of an operator called the “T operator” [113]. We will first introduce the balanced
metric and then discuss how to compute it with T operator iteration. In examples, we will

make use of the adaptive numerical algorithm discussed in the proceeding section to perform

the integrations over Calabi-Yau manifolds that will be required.

Balanced Metrics

The Kihler potential defined in (2.45) can be understood as giving a fiber metric of L*. With

it, or more precisely its inverse, we can define an inner product on H°(X, L*) as follows

Ny SaSp

7 —
Voley Jx 25, 85h°7s,

M(h) o5 = (55|5q) = [hq - (2.47)
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Here Volgy is the integral of —iug over X. As a function of the parameters h, this inner

product M (h) can again be used to define an metric on L* via,

nE—1

]‘ 5 Ba
Kyrp=7—n ;0 55M s =In||s|[3,, - (2.48)

We call this metric balanced, with parameters h} when
M(hb) =hb . (2.49)

In [113] it was shown that these balanced metrics have some special properties.

Theorem 2.1. For each k > 1, there exists an unique balanced metric, with associated

parameters he, of L*. This gives a sequence of metrics {gf;} on X,
g = 005 Ky, - (2.50)

For a Calabi- Yau manifold X * with given Kdhler and complex structure moduli, this sequence

approaches to the Ricci-flat metric as k — oo.

To find the parameters h? corresponding to the balanced metric, we define the T' operator

N Sagg

— P
Voloy Jx 32 5h70s,35 K

0. (2.51)

Notice that h? is the fixed point of T' operator. It can be shown [113] that iterating the T

operator,

B =T, (2.52)

1For a general Kiher manifold X with ¢;(X) non-vanishing, the sequence will converge to the metric
with constant curvature.
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starting from an an arbitrary Hermitian matrix h, leads to a convergence towards the
parameters h%. Therefore, if we find fixed points under the iteration of the T' operator for
high enough £, we should obtain a good numerical approximation to the Ricci-flat metric on

X.

To summarize, with Donaldson’s algorithm as described here, we have a way to approximate
the Ricci-flat metric on X in terms of the algebraic metric derived from the Kahler potential

2.45) constructed using the parameters h? obtained by iterating the T operator.
g k y g

At this point an obvious question is, if we follow the above procedure and obtain an approx-
imation to the Ricci-flat metric on X at a given fixed k, how accurate is this result? In other

words, how do we evaluate the error in the approximation to the metric?

For a given matrix of parameters hy, the associated Kahler form wy is given by

. . ng—1
_t5 _ Y 5 af o
wp = 00K = 5—-00In Z P s455. (2.53)
a,3=0
This can be used to define a top form w{ on X. On the other hand, we gave another top

form in (2.24). These two forms are the same everywhere (up to an overall constant) if the

metric associated to (2.53) is Ricci-flat. This fact allows us to define an error function [113]

—i wé / Voly,
_ 1— K TR 2.54
Tk Volcy/X QA Q/ Voloy |1 (2.54)
where
1
Vol = — / w (2.55)
d /s

is the volume associated with wy. Clearly, this error function o, vanishes if and only if wy, is

the Kéahler form associated to the Ricci-flat metric. Analytical estimation [131] shows that
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this error scales as k% as k — 0.

To finish this subsection, we summarize Donaldson’s algorithm below

1. Choose an ample line bundle L and twisting number k.
2. Compute the global sections s, € H°(X, L*).
3. Pick an initial Hermitian matrix hqg.

4. Compute the T operator (2.51) iteratively and find the parameters h% of the balanced

metric.

5. Evaluate the error function (2.54) with the resulting approximation to the Ricci-flat

metric to check the accuracy of the result.

An example using the Donaldson algorithm

Let us consider the K3 surface: X = [P?|4]. The defining polynomial is

P =25+ 2} + 25 + 25 — 220212023 . (2.56)

We will choose the polarization L = O(1). We compute the balanced metric from k =1,...,7
by T operator iteration and then evaluate the error function (2.54) for each k. The integral
is evaluated with the adaptive method discussed in Sec.2.2.2. The result is plotted in Figure
2.2.

The least-squares-fit curve is

4 4
346, 045 (2.57)

Bk~ 27+

We see that, with the increase of k, the error function does indeed decrease towards zero.

This indicates that the balanced metric approaches the Kéahler potential to the Ricci-flat
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1.0 -
0.8
0.6

0.4+

OOxlAxAAlAxxAleAAlAAxAlexxlxxAxlA

Figure 2.2: Error function of numeric metrics on a K3 surface.

metric in O(k~2), which agrees with the above analysis. The integral was performed with
the adaptive algorithm described above on a sample of 10° points for iteration of the T

operator and 10* points for the computation of the error function.

2.3.3 A Minimization Algorithm

In this section, we will review the minimization algorithm developed by Headrick and Nassar
[120]. In this approach, the Ricci-flat metric is approximated by the “optimal metric” which

is the minimum of an appropriately constructed functional.

The functional defined in [120] is as follows

E(w) = /X (n— (n)uar - (2.58)
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In this expressions ug was defined in (2.24) and 7 in (2.25). The idea is that, in many
examples of interest, expressions for {2 are known analytically. One can then use the ansatz
(2.45) to compute w and thus  and E(w). From there, one can perform a minimization on
E, to find the choice of the parameters h that make that quantity as small as possible. In
the limit k& — oo there is enough freedom in the Kahler potential ansatz to set E to zero.
Given the positive semi-definite nature of the integrand in (2.58) this is a global minimum
of the functional. At this minimum we have n = () and thus w" = (—i)"n! (n) Q A Q. This
is precisely the Monge-Ampere equation that should be solved in order to obtain a Ricci-flat
metric. For any finite k£ we would not expect that the ansatz (2.45) embodies the flexibility
necessary to achieve an exact vanishing of (2.58). Instead we obtain an approximation to
the Ricci-flat Kéhler potential at each finite k, called the optimal metric [120], and simply

increase the value of k until a desired precision is reached.

Examples using the minimization algorithm

In this section we continue our review of the relevant pieces of [120], focussing on the setup for
the particular examples we will be considering. As we have already stated, for simplicity, in
this thesis we will discuss Calabi-Yau n-folds X that are constructed as simple hypersurfaces
in products of projective spaces. It is certainly possible to consider examples which are more
complex in their description by utilizing the same methods that we are describing here. Here,
for clarity of exposition, we will specialize even further and consider the CICY defined in

(2.30).

Over a space such as (2.30) a line bundle can be specified by its first Chern class, and
thus the available L in constructing the ansatz (2.45) are simply given by Ox (k) where
c1(Ox(k)) = kw. Given that the s, are then simply elements of H°(X, O(k)), they are given

by a basis of the set of all degree k polynomials in quotient ring associated to the defining
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relation p. A basis of this space is easily obtained in terms of the ambient space coordinates
Z 4. To obtain a metric from the Kéhler potential (2.45), however, we must take derivatives
with respect to coordinates on X itself. This is most easily achieved by using the following

manipulations [120].

Taking the s, to be a basis of representatives of the cohomology classes of the coordinate

ring of the right degree, we can, given a Hermitian matrix h, write down the following metric

on Pn-{—l
1 . . ngp—1 ~
G = H(‘%@g In Z ha’BSQEB . (2.59)
o,B=0

Here we have denoted ambient space quantities with hats to try and aid exposition. There
is then a simple relationship between this quantity and the metric we desire on X, g;; =
9;0; K x,. This is given by the following [123]

Di . Dj . il .

95 = 0i5— — 057 — = 0is + —50s5 - (2.60)
T psTY s |ps|?

A direct calculation using the standard expression for the holomorphic three form for such

hypersurfaces (2.35) then shows that,

="t det(g;5)|ps|*. (2.61)
j2%9)

This expression can then be used to evaluate n for any given choice of the parameters h.

To compute the functional (2.58) requires the additional step of performing an integral over
the Calabi-Yau manifold X. This integral can be computed as the sum of integrals over the

individual X 4 due to the fact that the overlap of these sets is of measure zero in the total
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space

E = ZSEA, Eq= / (n—1)’u0 - (2.62)

A=0 Xa

We will use the Monte Carlo method introduced in Section 2.2.1 to compute each E4 above:

the integrals F 4 will be approximated with a sum over a randomly generated set of N points

{P.e Xa})l,

N
S ~ C?Zl(n(Pa) —1)%. (2.63)
Here V4 = [ x, Me 18 the coordinate volume of the A’th restricted polydisc.

With all of the above pieces in place, we can compute the relevant integrals required to obtain
the energy functional (2.58) as a function of the parameters h for fixed k. A Levenberg-
Marquardt minimization procedure (for example) [124, 125] can then be run to find the
values of the h’s that correspond to the optimal metric [120]. This procedure can be repeated
with increasing k& until a metric with the desired degree of accuracy is found (for which the

optimized value of the energy functional (2.58) is sufficiently small for example).

It should be mentioned that, practically, when k becomes large, the number of sections
appearing in the metric ansatz, ng, increases quickly and executing minimizing code can
take a huge amount of computing resources. Since the parameters in the algebraic metric
(2.45) h form a Hermitian matrix, the independent parameters is N = nj. This is the

number of parameters that must be minimized with respect to.

One way to ameliorate this problem is to consider Calabi-Yau manifolds which admit discrete
symmetries. In this manner one can restrict attention to those sections s, which are invariant
with respect to a symmetry action on them induced from that of the base. It can be shown
that [112], for given k, if the initial algebraic metric associated to hg is invariant under some

discrete symmetry I', then the balanced metric is also invariant under I'. Since, for high
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enough £ the balanced metric is a good approximation to the Kahler potential of the Ricci-
flat metric, this too must be invariant under I'. We are therefore justified in searching fora
[' invariant optimal metric by utilizing the minimization algorithm. In this way, the number

of independent parameters in A is reduced dramatically to approximately Np ~ %

For example, if the complex structure is

n

Paa(w) =3 2" —otn+ ][] 2 (2.64)

=0

then their exists a symmetry group I' generated by permutations between Z; < Z;, by
multiplication by roots of unity Z; — exp(%)Zi, and by complex conjugation Z; < Z;.
The order of this symmetry group I' is |T'| = 2(n + 1)~ Y(n 4 1)! for generic values of 1.
This symmetry is enhanced even further at the point in moduli space corresponding to the
Fermat type defining relation, ¢ = 0, where |I'| = 2(n + 1)"(n + 1)! [120]. For this case, we

list the number of independent parameters for each k below:

k 112 |3 |4 |5 6 7 8 9 10
N |5]15 35|70 | 126 | 210 | 330 | 495 | 715 | 1001
Nr|1|2 |3 |5 |7 10 (14 |20 |27 |38

Finally, we can summarize the minimization algorithm as below, perhaps enhanced by the

symmetry restrictions just described.

1. Choose a line bundle L and twisting number k.
2. Compute global sections s, € H°(X, L¥).

3. Pick an initial Hermitian matrix hy. For simplicity, and to preserve any discreet sym-
metries of X if they are being used, we always set hg to be associated to the restriction
of the Fubini-Study metric of P". This corresponds to taking hy to be the identity

matrix.
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4. Run Levenberg Marquardt algorithm to minimize Energy functional £ (2.58). The

minimized configuration gives the optimal metric.

0.100
0.010

Ek 0.001
104

107°

107°

2 4 6 8 10

k

Figure 2.3: Error of numeric metric on Fermat quintic Calabi-Yau three-fold obtained with
the minimization algorithm.

As an example of all of this, consider the Fermat quintic Calabi-Yau three-fold, (2.64) with
1 =0 and n = 4. We computed the optimal metric from k£ = 2 to k = 10 on a sample with
ns = 10* points and € = 0.02. The error function for each metric is shown in the Figure 2.3,

with a least-squares-fit curve given by,

E(k’) ~ 62.72—1.63]4:‘ (265)

We see that, with increasing k, the error function is reduced to zero and the optimal metric

approaches the Ricci-flat metric exponentially.



Chapter 3

Numeric Metrics and the Validity of

Curvature Expansions

In this chapter, we will use the numerical Ricci-flat metric, together with the Monte-Carlo
algorithm, to study the “large” curvature on the Calabi-Yau manifold, which determines the
validity of the supergravity description of the heterotic string discussed in Chapter 1. This

chapter is based on our published paper [85].

3.1 Introduction

Ricci-flat metrics on Calabi-Yau manifolds are central objects in the study of compactifica-
tions in many string theoretic settings [3, 6]. They frequently appear in a supergravity limit
where curvatures are taken to be small with respect to the string scale and only a finite
number of terms in an o’ expansion have been kept. An assumption that is often made is
that, if we are in a region of moduli space where the overall volume of the manifold is large
and we are not near any singularities, then the values of curvature invariants on different

points of the manifold will not become large and truncating the expansion at some finite

order should be valid.

How do we know if this assumption is justified however? Could there be regions on the

manifold where certain curvature invariants become large compared to the scale set by the

46
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overall volume in a manner that one would not naively expect? There are some choices
of moduli for which such an expansion clearly breaks down. For example, for Calabi-Yau
manifolds constructed as complete intersections in some simple ambient space, it is often
easy to compute loci in moduli space, such as a conifold locus [37, 126, 127, 128, 129, 130],
where the variety becomes non-transverse. Near to such singular loci higher order curvature
invariants will not be controlled by the scale set by the overall volume and one would expect
the supergravity approximation to break down. Similar comments could be made in regions

of parameter space where certain cycles become small but non-vanishing.

The general question that may arise, however, is somewhat more difficult to answer. Say that
we have some description of a Calabi-Yau manifold as an algebraic variety with a specific
choice of coefficients in the defining polynomial (perhaps with these having been determined
by some moduli stabilization mechanism). How do we decide if the approximations made
in truncating the o' expansion are valid in such a case? It is not clear, for example, if
there could be regimes of moduli space corresponding to Calabi-Yau manifolds exhibiting
regions of very high curvature which are nevertheless not near to any singularity. One might
suspect that if the coefficients appearing in a defining relation are very large or very small
that one might have an issue. More precisely, due to the overall scaling available in such
defining relations, one might be concerned if large hierarchies in the sizes of coefficients
that appeared were present. But how does one know for sure and what does one say if the
coefficients are simply generic looking, seemingly innocuous, values? In this chapter we wish
to show that modern numerical methods for determining Ricci-flat metrics on Calabi-Yau
manifolds [109, 112, 113, 115, 116, 117, 119, 120, 131, 132] are a practical and efficient tool

for deciding such questions in many cases.

The structure of the rest of this chapter is as follows. We will begin, in Section 3.2, with

a review of the types of higher derivative corrections (coming from spacetime curvature)
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that might appear in the low-energy effective action of string theories. We will also present
our procedure for studying high curvature regions numerically and apply these methods
explicitly to a number of concrete examples. In Section 3.3 we introduce some dimensionless
curvature invariants and use them to study higher curvature invariants for families of Calabi-
Yau manifolds. We demonstrate that we can reproduce expected hierarchies of curvature
scales, associated to the presence of singularities, and describe how these methods can be
used to address the issues described in this introduction. In Section 3.4 we briefly conclude

and discuss possible future directions of research.

3.2 Curvature Invariants on Calabi-Yau Manifolds

In this section, we will first briefly review the low energy effective field theory appearing in
heterotic compactifications and explain why high curvatures are cause for concern in using
such technology. Then, we will introduce a Monte Carlo algorithm to find the high curvature

regions and apply it to a variety of Calabi-Yau manifolds.

3.2.1 The Curvature Expansion in the Effective Action

As we discussed in the introduction, in considering Calabi-Yau compactification, the low
energy physics is usually described using a finite number of terms in the effective action.
This is valid if there are no large curvatures, compared to the string scale, in the spacetime

manifold. For the Fg x Eg heterotic string, the low-energy effective action (bosonic part) is
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schematically given by the following [133, 134].

_i 10,/ 1/2 —2¢ 2 1 2 g/ 2
S =5 /d z(—G)2e (R + 4(0¢) 2H 1 TrF
+ o R* 4+ (/PR + (o/)*R° + .. ) . (3.1)

Here the first ‘higher derivative correction’ is R?, by which we simply mean an invariant
made out of a contraction of two copies of the Riemann tensor. Higher order corrections
involving the other fields also appear. We will ignore these here and focus on terms built
solely from the curvature. That these are small is therefore necessary, but not sufficient, for
the effective action to be valid. The second order terms appearing in (3.1) are absent for type
[T string theories, whose first higher derivative correction starts from R* [135]. Nevertheless,
a similar expansion does occur and thus the discussion of this chapter will be relevant in

that context as well.

Let r.(X) be a function of position denoting the radius of curvature at points on the spacetime
manifold X. Then higher order corrections (coming from the spacetime curvature) are small

and can be ignored if [3]

for every point on the manifold X. In Calabi-Yau compactification, this implies that, com-
pared with string scale, there is no high curvature regions on the Calabi-Yau manifold.
Instead, if there exists a point with large curvature Iy ~ r., then there are infinite higher
order terms in the effective action which should be included and the o/ expansion breaks

down. This is our motivation to study high curvature regions on Calabi-Yau manifolds.

We will now discuss the higher curvature terms R?, R?, R*,... that we will consider. One

initial point that should be mentioned is that frequently in discussions of (3.1) these are



50 CHAPTER 3. NUMERIC METRICS AND THE VALIDITY OF CURVATURE HEXPANSIONS

obtained in terms of the spin connection, not the usual Levi-Civita connection in general
relativity. However, when considering curvature scalars, we will briefly remind the reader
that these two connections give the same set of possibilities. First, let’s briefly review the
construction of spin connection. Suppose X is a n dimensional spacetime X with metric g4.

The vielbein €, () is a set of orthogonal spacetime vector fields that satisfy [6]

ab = €4 Nimey" (3.2)

where 7, is the Minkowski metric and [, m are spinor indices, which can be raised and

lowered with 1,,,. By definition, the inverse veilbein is

(ef(x)) ™! = eql@) . (3.3)

Two vielbeins are equivalent if they are related by a Lorentz transformation [6]

Ca(w) = Ay (2)eg' () (3-4)

a

where A! () € SO(n). Let w be the spin connection. The associated covariant derivative is
given by
DoVy = 8.Vy + wa'mVy" — T3,V (3.5)

where V(z) is a vector field and I'f, is the Christoffel symbols. The torsion is

T!, = Duel — Dyel.. (3.6)

If we impose the torsion-free condition or the vielbein is covariantly constant

Dgyel =0, (3.7)
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then there is an unique spin connection given by [6]
wflm = %ebl(aaeg" — Opell') — %ebm(aaeé — abefl) — %ededm(ﬁcedn — Od€en)el, (3.8)
the indices a, b are anti-symmetric. The curvature tensor is
R = (Dawt) — (Owa ), + [wa, woly, - (3.9)
With the help of the vielbein, it can be related to Riemann tensor by [6]

Rflbm = efieinRgbc : (310)
Now, it is easy to see that curvature scalars obtained from the curvature of the spin connec-
tion and Levi-Civita connection are the same. For example, the first order curvature scalar,

i.e. the Ricci scalar is

R= gabRablmeiegnQCd = gabRabchCd .
Similar analyses work for all other higher order scalars.

With this brief aside completed, we will consider possible curvature scalars on a Calabi-Yau
manifold. By definition, these can be computed by the contractions between Riemann tensors
and the Ricci-flat metric. For invariants involving a fixed number of derivatives, there is more
than one way to contract these indices. Indeed, it is clear that, for an order n scalar quantity
R™, there is naively 2n! possible contractions. However, since there are symmetries between
the indices of Riemann tensor, not all such contractions are independent. What is more,
if we are working with Ricci-flat metric, the Ricci tensor vanishes. Therefore, many of the
contractions leads to a vanishing scalar. With this understanding, the first thing to do is to

find the curvature scalars that are non-vanishing and independent.
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The possible first order curvature scalars are given by

R = Rapeag™ M g™ (3.11)

where w € S5 is a permutation of holomorphic index (b, d). Obviously, there are two possible
contractions. These are related by symmetry and both of them lead to a vanishing scalar on

the Calabi-Yau manifold. The second order curvature scalars are

R2 _ Ra1b151d1 Ra2b262d2gdlw(l)gélw(Q)gagw(S)gégw(ll) (312)

where w € Sy is a permutation of holomorphic index (by, dy, by, d3). There are 4! = 24 possible
contractions while only one of them is non-vanishing and independent. The the non-trivial

R? invariant can be represented by the permutation (3,4, 1,2) in the above notation.

The third order curvature scalar is

R3 — Ralbléldl RaQbQEQdQRa,SbsE?)dsgalw(l)gElw(Q)gaQw(s)gé2w(4)963w(5)963w(6) (313)
with w € Sg is a permutation of holomorphic index (b1, dy, be, ds, b3, d3). Now, there are
6! = 720 contractions. After a combinatorial analysis, we find two independent non-trivial

scalars given by

(5,6,1,2,3,4) (4,6, 1,52, 3) .

For the fourth order curvature scalar, there are 8! = 40320 contractions which, by a sim-

ilar analysis, give 6 independent non-trivial scalars. In terms of the permutation of the

holomorphic indices, they are expressed below
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(3,4,1,5,7,8,2,6) (3,4,5,6,7,8,1,2) (3,4,1,2,7,8,5,6)
(3,5,1,7,2,8,4,6) (3,5,1,7,4,8,2,6) (3,4,5,7,1,8,2,6) .

The analysis becomes more and more complicated when the order n increases. Due to the
computational limitations, we will stop here and only focus on the first four curvature scalars
in later discussion. Although the Ricci scalar R is zero for the metric of interest on Calabi-
Yau manifolds, the other curvature scalars are in general not. What is more, their values
vary over the manifold. We will introduce a Monte-Carlo algorithm to study the maximum

value that they take over a given Calabi-Yau manifold in the next section.

3.2.2 High Curvature Regions

In this section, we will present an algorithm to find high curvature regions on Calabi-Yau
manifolds and then demonstrate its validity through different examples. In Chapter 2, we
introduced Donaldson’s algorithm and the minimization algorithm to compute the Ricci-flat
metrics on Calabi-Yau manifolds. Since the Ricci-flat metrics obtained from minimization

algorithm are more accurate, we will use them in the curvature computations of this section.

Once we have a numerical approximation to the Ricci-flat metric on a given Calabi-Yau
manifold, we are ready to study the curvature scalars. To be specific, the different possibilities
corresponding to R?, R? and R* can be computed for any given point. However, what we
are interested in is to check if there are high curvature regions on the manifold. We detail

the algorithm for finding such regions below.

e Find a numerical approximation to the Ricci-flat metric with minimization algorithm,

as described in the previous chapter. This metric should be computed for as high
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a value of k as possible, and the error measures associated to the metric should be

checked to determine its accuracy.

Find a sample of ng points on the Calabi-Yau manifold. Check that the Ricci-curvature

is approximately zero on each of these points.

Choose a number of derivatives ny and compute all curvature invariants that can
be formed at this order. We consider all curvature invariants rather than just those
appearing in a given o expansion in the interests of generality. In addition, a large
curvature appearing in a specific invariant might be a cause for concern, even if that
invariant is not the particular one that appears in a given theory. One would suspect
that such structure might indicate that high curvatures will appear in the o/ expansion
at some order, even if it is somehow evaded at the level of the number of derivatives

being considered.

Evaluate these curvature invariants on the ngp sampled points and record the highest
value they attain. Denote this maximal value by R} . where m = ny/2 denotes the
power of curvature invariants under consideration and I runs over the different possible
invariants. The index I will be dropped in the case of m = 2 where there is only a

single non-vanishing independent invariant.

One might think that in choosing the sample points in the second step in the bulleted list

above, an adaptive mesh type of selection technique should be used. While we have indeed

implemented such a sampling method to ensure that we are not missing any structure, in

the examples we have studied this has proven to be unnecessary. No further high curvature

regions are seen in these manifolds upon utilizing such a technique beyond those already

successfully detected by the point sampling method described in Section 2.2.1.

There are two main errors in our algorithm. The first one comes from the Ricci-flat metric
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and it depends on the parameter k£ . From the analysis in Chapter 2 we know that, when &
increases, the numerical curvature obtained converges to the “exact” curvature exponentially.
We will see this convergence explicitly in concrete examples shortly. Therefore, if we work
with a large enough k& in the minimization algorithm, this error is small. The second error
arises from the Monte-Carlo search. The curvature scalars found by our algorithm are large,
but maybe not the very largest one for the given Calabi-Yau manifold. Therefore, our
numerical results give a lower bounds on the size of the curvature invariants associated to

the compactification.

In the rest of this section, we will apply the algorithm to the Calabi-Yau n-fold which is

described as the vanishing locus of a degree n + 2 polynomial, p, in P"*1 as in (2.30).

For the purposes of illustrating the methodology being proposed in this chapter, we simplify
our numerical computations by working on Calabi-Yau manifolds with discrete symmetries
of high degree. T'wo kinds of examples will be considered. The first one is the famous Fermat
quintic and its generalization in different dimensions. The second one is given by a defining
polynomial with two parameters. Compared to the Fermat quintic, this is a slightly more

complicated example.

A first class of examples

We will begin by studying one parameter families of manifolds, in varying dimension, whose

defining relation is of the form (2.64),

n+1 n+l
pa(®)=>_ 2" —(n+2)0 [[ Z - (3.14)
=0 =0

We will make use of the full symmetry group available, as discussed around (2.64).
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We will focus on the 1) = 0 case here and leave the other cases to the next section. Using the
minimization algorithm, it is possible to obtain Ricci-flat metrics on Calabi-Yau manifolds of
various types to a high degree of accuracy. In Figure 3.1 we illustrate this, in the case of the
Fermat quartic and quintic Calabi-Yau two and three-folds respectively, by plotting the value
of the functional (2.58), as a measure of the deviation from Ricci-flatness, as a function of &
(note that one of these plots is a repeat of Figure 2.3 presented here for ease of exposition).
We will not show such plots for all of the examples presented in this chapter as the all look
extremely similar to Figure 3.1, with exponential convergence of the energy functional to
zero to a high degree of accuracy. For many of the examples considered in this chapter, the
freely available code found here [136] could be used to obtain the desired results. We have
written our own code as a complement to this work, however, which has been especially
useful in studying cases not covered by [136] such as the two parameter example of Section

3.3.4, or in considering the effectiveness of adaptive mesh style point selection techniques

[109].
0.100 + 4 0.100L
0.010
0.001 +
Ek E/\' 0.001E
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Figure 3.1: The error measure Ej, is simply the value of the functional (2.58) computed for
the optimized metric at a given k for the Fermat quartic (left) and quintic (left). We see
that the error measure approaches zero exponentially.

We begin by considering quartic py(0) in P3. In this example we utilize N = 10 points and

an accuracy of € = 0.02 in terms of the parameters defined in Section 2.3.3. We follow the
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procedure outlined at the start of this section for second order invariants in the curvature
tensor with a number of points ngp = 10°. To demonstrate that we have good numerical
control of the higher curvature invariants being computed, we present some results as a

function of k in Figure 3.2. We see that the maximum value of the Ricci scalar found

0.500 F

0.100

0.050 | 2
R/\ R max

0.010
0.005F

0.001 ¢

Figure 3.2: The maximum Ricci scalar (left) and magnitude of the curvature squared in-
variant (right) on the points sampled for the Fermat K3 in P as a function of k. The Ricci
scalar approaches zero exponentially as £ is increased while the higher curvature invariant
approaches a fixed value.

rapidly approaches zero as we increase the accuracy of the numeric metric by increasing
k. The maximum value of the higher order curvature invariant, by contrast, exponentially
approaches a constant value - indicating that our accuracy is sufficient to trust the numerical
result for this quantity. On the high curvature region where R? is large, we also compute the

third and fourth order curvature scalars. The results (from large to small) are listed below:

R* ~67.74,

max

R} o & (2.28 x 107, —2.28 x 10%) ,

I max

R} . ~ (459 x 10%,2.32 x 10%,2.32 x 10°,2.29 x 10%, —0.08, —0.16) .

[ max

Notice that the first term in R, equals (R?_ )? and is the maximal one in the list. These

results are as expected. If one higher curvature invariant becomes large then we would
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typically expect the others to follow suit.

2
R max

Figure 3.3: The maximum Ricci scalar (left) and magnitude of the curvature squared invari-
ant (right) on the points sampled for the Fermat quintic three-fold in P* as a function of k.
The Ricci scalar approaches zero exponentially as k is increased while the higher curvature
invariant approaches a fixed value.

Now, let’s consider the Fermat quintic. Following the algorithm outlined in (3.2.2), the
Ricci-flat metric is computed with parameters L = O(1), N = 10%, and ¢ = 0.02. Then,
we perform the Monte-Carlo search over ng = 10° points and identify the highest curvature
region where the R? attains its maximum value in the sample. To measure the accuracy of
the numerical curvature, we computed the R and R? for different k. The result is shown
in Fig 3.3, which again indicates that the error of the numerical Ricci curvature decreases
exponentially with £ and our numerical results are trustable. We also compute the third
and fourth order curvature scalars. The results (from large to small) are listed below:

R2

max

~ 4.87 x 107,

R? oo~ (195 x 10°, —7.86 x 10%)

I max

R} ..~ (2.38 x 10°% 1.67 x 10°%,7.92 x 10°,3.76 x 10°, —2.00 x 10*, —1.18 x 10°) .

[ max

Again, we find that the largest R? is given by the (R2 )%

max
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By the same procedure, we also applied our algorithm to the Fermat Calabi-Yau fourfold
and fivefold. The Monte-Carlo search is performed over a sample with ny = 10° points for
the invariant R2. The numeric metric used here is computed at k& = 5 in the minimization
algorithm. Once again, for the point of highest curvature, we computed the Ricci scalar and
R? _ for different k. The results are in Fig 3.4 and Fig 3.5. Once again, we find that the

max

numerical curvature converges exponentially with £ and our numerical results are reliable.

2500
2400 -
2300 +
Rzmax 2200
2100+

2000

Figure 3.4: The maximum Ricci scalar (left) and magnitude of the curvature squared invari-
ant (right) on the points sampled for the Fermat Calabi-Yau fourfold in P® as a function of k.
The Ricci scalar approaches zero exponentially as k is increased while the higher curvature
invariant approaches a fixed value.
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Figure 3.5: The maximum Ricci scalar (left) and magnitude of the curvature squared invari-
ant (right) on the points sampled for the Fermat Calabi-Yau fivefold in P® as a function of .
The Ricci scalar approaches zero exponentially as k is increased while the higher curvature
invariant approaches a fixed value.
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An example of non-Fermat type

In order to provide one final example which is not of the "¢ deformed Fermat” type we
will consider a K3 surface embedded inside P? with a defining relation depending upon two

parameters of the following form

Py(1,40) = Zy + Z} +001(Zy + Z3) + 0o Z3 Z7 (3.15)

In this case, the order of the discrete symmetry that is available to simplify our computations
is only |T'| = 16. This leads to a number of technical complications in completing the analysis
of this example. For example, one can not use symmetry relationships between patches on
the manifold to reduce the number of separate polydiscs that need to be considered. One
also needs to consider more sections of L* at each given k. With our code, we compute the
numeric metric of the K3 surface with 1y = 1 and ¢y = 8. The parameters used in the
minimization algorithm are L = O(1), € = 0.02 and N = 10%. The result in Fig 3.6 shows

that the error function decreases exponentially with k.

— T T T T T T T T T T T T T T T T T T T T T T T T T T

Figure 3.6: The error measure Fj is simply the value of the functional (2.58) computed for
the optimized metric at a given k for the Fermat quartic (left) and quintic (left). We see
that the error measure approaches zero exponentially.
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Next, we run the Monte-Carlo search over np = 5 x 10° points and plot the second order
curvature scalars in Figure 3.7. The maximum value of the Ricci scalar once more goes
exponentially to zero with increasing k& while the maximum value of the higher curvature
invariant approaches a constant value. This shows that our numerical results are accurate
enough to be used to study the high curvature region of Calabi-Yau manifolds.

In conclusion, we have introduce a numerical method to find high curvature regions on

R_max

Figure 3.7: The maximum Ricci scalar (left) and magnitude of the curvature squared in-
variant (right) on the points sampled for the quartic in P* given in (3.15), with ¢; = 1 and
1y = 8, as a function of k. The Ricci scalar approaches zero exponentially as k is increased
while the higher curvature invariant approaches a fixed value.

Calabi-Yau manifolds. The reliability of our method has been shown explicitly in different
examples. Next, we will apply this technique to families of Calabi-Yau manifolds and study

how these curvature scales vary across complex structure moduli space.

3.3 Curvature Hierarchies in Complex Structure Mod-

uli Space

In this section, we will apply the numerical methods developed so far to study curvature

hierarchies in the complex structure moduli space.
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3.3.1 Expected High Curvature Regions

Not all choices of defining polynomials, or equivalently complex structure, give rise to smooth
Calabi-Yau manifolds. Specifically, if the defining relation is such that the following equations

can be satisfied [126, 127, 129, 130]

p(Z) =0, 0Op(Z)=0, (3.16)

then the space given by the vanishing locus of p is singular!. The curvature close to these

singularities can be very “large.”

As an example, consider the one parameter family defined in (2.64). For n = 2, the defining

polynomial becomes

po(V) = Zo + Z) + Zy + Zy — W Zo 71 Zo 73 (3.17)

where ) € C constitutes an one dimensional subspace of the complex structure moduli space.
Notice that v and a1) with o = 1 gives the same complex structure because since we can
find that ps(¢)) and py(at)) become the same if a non-degenerate coordinate transformation
is performed

Zo—ao'Zy , Zy = Z;,i=1,2,3. (3.18)

Therefore, the good coordinate is ¢*. A simple computation using (3.16) reveals that the

following singularities [128].
e Conifold singularity: ¢* =1 .

e Large complex structure limit (LCSL): * = co .

!The singularities, if they are point-like, can sometimes be resolved by the “splitting transitions” [55, 126,
137, 138, 139].



3.3. CURVATURE HIERARCHIES IN COMPLEX STRUCTURE MODULI SPACE 63

The conifold singularities are at the locations ¢ = (1,4, —1, —i) on the complex plane.

For n = 3, we have the one-parameter family of Calabi-Yau three-folds

p3(V) = Z5 + 20+ Z5 + Z2 + 73 — 5221 22 737 (3.19)

By the same analysis, the good coordinate on the complex structure moduli space is 1° and

the singularities are as follows

e Conifold singularity: ¢° = 1.
e Large complex structure limit: 1° = oo .

27 4w —4mi —27i

The conifold singularities are at ¥ = (1,e5 ,e5 ,e 5 ,e 5 ) in the complex plane. The

location of these singularities is plotted for later use in Figure 3.8.

At the singular points we have been discussing, it is well known that the curvature diverges.
Therefore, we expect that there are large curvature scalars on the singular loci of the complex
structure moduli space. If we consider the real axis on the complex plane, there will be very
large curvature at ¢ = (—1, 1, 00) for the K3 surface and at 1) = (1, 00) for the Calabi-Yau
three-folds. We will see this structure reproduced explicitly with our numerical methods in

next subsection.

3.3.2 Scanning Complex Structure Moduli Space Numerically for

High Curvature Regions

Now, we wish to address the central question of this chapter. Given a set of defining relations

for a Calabi-Yau variety can we determine if the Ricci-flat metric exhibits curvature scales
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Figure 3.8: The conifold singularities of the one parameter family of K3 surfaces (left) and
Calabi-Yau three-folds (right) on the complex plane.

that are wildly different from that set by the overall volume? To do this, we will compute

the following dimensionless quantities
m m L1 s1/2n
" = ( Y . (3.20)

This is the dimensionless ratio of the mass scale set by the curvature invariant to the mass

m

scale set by the overall volume of X (i.e. the compactification scale). The quantities R} ..

are, of course, rather meaningless in isolation as the metric can be multiplied by an arbitrary
overall scale while maintaining a Ricci-flat solution, adjusting the curvature invariants in a
correlated manner. This dimensionless quantity encapsulates whether there is a region of
anomalously high curvature compared to the scale set by the size of the manifold. Once more,
the index I will be dropped in the case of m = 2 where there is only a single non-vanishing

independent invariant.

In computing the volume of the Calabi-Yau manifold we will obtain slightly different values
for different choices of complex structure. This is because the minimization algorithm pre-

sented in Section 2.3.3, allows the code to choose the overall normalization which is assigned
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to the metric via the parameters h. The algorithms converge to slightly different volumes
even if the Calabi-Yau manifolds are in the same family. For example, with the adaptive
numerical integration introduced in Section 2.2.2, we computed the volume of Calabi-Yau
manifolds in the families defined in (3.17) and (3.19). The results are plotted in Figure 3.9.

We will use these volumes to compute the dimensionless quantity 77".

9 L L il L
-10 -5 0 5 10 -10 -5 0 5 10

Figure 3.9: The volume V,, of the Calabi-Yau manifolds as a function of ¢ for the one
parameter family of K3 surfaces (3.17) (left) and quintic three-folds (3.19) (right).

We perform all of the steps of our algorithm at some fixed k& which, following the discussion
of the previous chapter, is high enough to give a good approximation to the metric. We then
repeat the computations at a much higher £ value to check the results do not change. The
small differences between the results obtained in this manner give us a measure of the error
in our results due to the numerical nature of the metric being used. In order to highlight
the errors coming from the accuracy of the numerical metrics that are being used, we have
included error bars associated to this source of uncertainty in the plots of results that will be
presented throughout this section. The error of the numerical metrics is large as one nears
curvature singularities in moduli space [120]. This can be seen in Figure 3.10, where we plot
the energy functional (2.58) of numerical metric (k = 8) for the one parameter family and

two parameter family of Calabi-Yau manifolds.
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Figure 3.10: The energy functional E of the numeric metric (k = 8) as a function of ¢ for the
one parameter family of K3 surfaces (left), quintic three-folds (middle) and two parameter
family of K3 surfaces (right).

In order to demonstrate that with this procedure can indeed isolate regimes in moduli space
where the o expansion is breaking down, we apply our methodology to regions where the
existence of high curvature, associated to singularity structure, is well understood. In par-
ticular we show we can detect the appearance of high curvatures near both conifold points
and large complex structure limits. Given these results we expect that this methodology can

act as a useful probe in finding such high curvature regions more generally.

3.3.3 Examples 1: One Parameter Families

We begin by considering the one parameter family of quartics py(¢)) in P3. To demonstrate
that we have good numerical control of the higher curvature invariants being computed, we
presented, in Figure 3.2, some plots for the example of the Fermat quartic ¢» = 0. Obtaining
such results for a variety of values of ¥ and plotting the invariant 72 to obtain a appropriately
normalized measure of the size of the higher order curvature terms, we arrive at Figure 3.11.
In compiling this plot we computed initially with & = 5 and L = O(1) and have checked
the level of numerical error in our results by repeating the calculations at £k = 10. The
plot in Figure 3.11 has several features that demonstrate that we can indeed isolate regimes
of moduli space leading to higher curvature corrections correctly using numerical methods.

First, the K3 of the form we are discussing has conifold singularities at ¢» = 4+1. The
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Figure 3.11: The dimensionless measure of the maximum value of second order curvature
invariants on the sampled points, 72 from (3.20), as a function of ¢ for the one parameter
family of quartics in P? (2.64). The expected features in this plot, given the known location
in moduli space of curvature singularities, are correctly reproduced.

associated spikes in 72, which are not infinite because a finite sampling of points will not
land exactly on a singular point in the manifold, can clearly be seen in Figure 3.11. In
addition to this obvious feature, one can also see that 72 tends to increase as |¢)| gets larger.
This can be seen more clearly in a plot omitting the large features due to the conifold points,
as in Figure 3.12. This corresponds to the increase in curvature scales appearing in the

Ricci-flat metric as the manifold approaches the large complex structure limit.

Although the above analysis was for an algebraic K3 surface, very similar results can be ob-
tained for three-folds and indeed higher dimensional varieties. Here we will content ourselves
with presenting analogous results for the quintic Calabi-Yau three-fold, using L = O(1),
N =10* ng = 10° and € = 0.02.

In Figure 3.13, we present the analogous plots to those presented above in the K3 case for
quintic Calabi-Yau three-folds in P* of the form (2.64). It is important to note that there is

only one conifold point in moduli space in these quintic examples, at ¢ = 1. Nevertheless,
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Figure 3.12: The same data as presented in Figure 3.11 with the large features associated
to the conifold points omitted from the plot range. The tendency towards a hierarchy of
scales between that set by the overall volume and that by highest value of the second order
curvature invariant as the large complex structure limit is approached can clearly be seen.

Figure 3.13: The measure of second order curvature invariants 72, as a function of ¢ for the
one parameter family of quintics in P* (2.64). The expected features can be seen in the left
hand plot, given the known location in moduli space of curvature singularities, are correctly
reproduced. An additional small feature is also seen at » = —1. The same data is presented
in the right hand plot with the large features associated to the conifold points omitted from
the plot range. The tendency of 72 to increase as we approach the large complex structure
limit can clearly be seen.

in Figure 3.13 a definite, albeit smaller, peak can be seen in the plot of 72 against complex

structure at 1 = —1. The variety is completely smooth at this point. To check that this is
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a real effect one can repeat the computation, at both ¢y = —1 and ¢ = 1, with an increased
number of points ny = 107. The result at 1) = 1 changes dramatically when we do this with
72 changing from 11.2 to 19.0 (recall the error bars in the plots here represent the uncertainty
due to the numerical nature of the metric and do not include errors due to point sampling in
computing curvatures - which are negligible except at the singular points in moduli space).
This is because as we compute the curvature on more and more points, we will randomly pick
out curvatures that are closer and closer to the singularity, where 72 diverges. The result at
1) = —1, however, hardly changes at all in changing ng by two orders of magnitude, with 72
simply varying from 4.96 to 5.01. In this case we already have a good approximation to the

maximum value of the finite range of values of 72 at various points in this smooth manifold.

Although it does not lead to a particularly large hierarchy of scales in this case, this is naively
a feature of the type we were looking to find. The increase in 72 at ¥ = —1 is corresponds
to a Ricci-flat metric which exhibits rather large variations in curvature compared to nearby
metrics in complex structure moduli space. Nevertheless, this point is not near to any
singularity in the slice of moduli space obtained by varying i over real values. In [120] a
discussion of a potential explanation for an avatar of this structure, albeit not directly linked
to computing higher curvatures, at the point ¥y = —1 was given®. Those authors point out
that this point in moduli space is relatively close to two conifold points, at ¢ = e's and
Y = e%, as shown in Figure 3.8, which do not appear in the slice through moduli space
encompassed by the plot in Figure 3.13. We can check if this explanation is correct in our
context, simply by performing a similar plot along a line through moduli space that does

include those singularities. This plot is presented in Figure 3.14

We see from Figure 3.14 that the slight bump at » = —1 is indeed due to the nearby conifold

points. We see that 72 varies smoothly between the two peaks due to the conifold points just

2We would like to thank the referee of our paper and Matthew Headrick for suggesting that we pursue
this explanation explicitly in this context
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Figure 3.14: The measure of second order curvature invariants 72, as a function of m for

the one parameter family of quintics in P* (2.64) with 1) = €?5 . The expected features due
to the conifold singularities at m = 8 and m = 12 can clearly be seen in the plot. Note
that m = 10 corresponds to ©» = —1, the value where a small feature was see in Figure
3.8. We can clearly see from this point of view that there is nothing special about ¢ = —1.
The value of 72 at this point is part of a smooth variation interpolating between the two
curvature singularities. This demonstrates that the slight bump seen in Figure 3.8 is indeed
due to the proximity of ©» = —1 to conifold points in parts of the complex structure moduli
space that are not covered by that plot.

mentioned, with the value obtained at m = 10, corresponding to ¥ = —1, agreeing with the
height of the small bump in Figure 3.13. In [120] relatively poor convergence of numerical
methods was seen at this same point in moduli space. We can see that this is probably
indeed due to the relatively high curvatures that appear on the manifold at that locus in

complex structure moduli space.

Despite the fact that the feature we have observed here has a simple explanation, this
example gives a good demonstration of the utility of these methods. In cases where such
effects are more pronounced, and no explanation of its origins could be found, knowledge
of this type would be vital in understanding where the o’ expansions of string theories are
valid. In addition, in any given case one might not know from analytical methods how close

to a singularity one would have to be in order to see an effect of this type. The numerical
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methods being used here can straightforwardly answer such questions.

Note that, in addition to the features described above, it is just as important that elsewhere
in the space of possible 1) we are not seeing hierarchies of higher curvature scales. Confirming

this result, while consistent with naive expectations, was one of the goals of this research.

3.3.4 Examples 2: A Two Parameter Family

As with previous examples we can now explore the parameter space of the defining relation
(3.15) and show how the normalized measure of the maximum value of the second order cur-
vature invariant 72 varies with parameters. Since this example does not yield any surprises,
we will content ourselves with showing a single plot, given in Figure 3.15, that illustrates

that our numerical results reproduce the expected structure. The defining relation (3.15)
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Figure 3.15: The dimensionless measure of the maximum value of second order curvature
invariants on the sampled points, 72 from (3.20), as a function of 1y with ¢; = 1 for the
two parameter family of quartics in P (2.64). The expected features in this plot, given the
known location in moduli space of curvature singularities, are correctly reproduced.

exhibits singularities at 11 = 1, ¥y = 2 and as ¥y — 00 at constant ¢);. The singularity at
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finite parameters is clearly visible just as in previous examples and a steady increase in 7,

as 1o approaches large values is also present as expected.

3.4 Conclusions and Future Directions

In this chapter we have studied to what extent numerical methods can be utilized to detect
hierarchies of curvature scales appearing in Ricci-flat metrics on Calabi-Yau manifolds at
different locations in moduli space. These hierarchies concern a comparison of the scale set
by the volume of the Calabi-Yau manifold to those determined by higher order curvature
invariants. By illustrating that we can reproduce the expected behavior of such quantities as
the system approaches singular points in complex structure moduli space, we have demon-
strated that such techniques are rather effective in deciding this issue. Indeed, this is true
even if simple point finding strategies for performing numerical integrations on the Calabi-
Yau manifold are used: one does not necessarily need to adopt adaptive mesh procedures as

one might suspect.

These techniques are a useful tool in deciding where in moduli space o' expansions, that
are commonly used in constructing effective theories describing string compactifications, are
valid. Already in the case of points in moduli space close to known singularities, the methods
described here can be useful. While it is well known that hierarchies of curvature scales
diverge at the singular points themselves, information about the size of these quantities at
a given distance in moduli space from such loci can be more difficult to obtain analytically.
The size of such hierarchies can easily be obtained in many examples using the methods
presented here. The utility of these methods is only likely to increase as advances are made

in techniques for computing Ricci-flat metrics numerically.

Many future extensions of the type of work carried out here could be envisioned. One could
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use numerical approximations to the gauge connection in heterotic theories [109, 131, 132],
for example, to study similar issues in the validity of o/ expansions in those contexts. One
could also study not just the complex structure dependence of hierarchies of curvature scales,
but also their variation with Kéahler moduli. In particular, in principle numerical methods
could be used to delineate the boundaries of the Kéhler cones of Calabi-Yau geometries: in-
formation which is often quite difficult to obtain (see [93] for just one recent study where such
considerations were the key limiting factor). However, we suspect that such a study would
require an improvement in the currently known numerical techniques for finding approxima-
tions to Ricci-flat metrics. To divide the Kahler cone finely enough to detect the desired
structure, one would have to consider polarizations including rather large numbers. This
would lead to issues with computational complexity as the number of parameters appearing
in the standard ansatz for the Kéhler potential (2.45) would become large very quickly as

one tried to obtain an accurate approximation to the metric.



Chapter 4

Numerical Hermitian Yang-Mills

Connections

In this chapter, we will review the basic proprieties of poly-stable holomorphic vector bundles,
especially the Hermitian Yang-Mills connection and the numerical algorithm to compute it.
Next, we will review how to apply this algorithm to study bundle stability. In the end, we

will show the effectiveness of this numerical method with a non-trivial example.

4.1 Holomorphic Vector Bundles

In the work that will be described in this and the next chapter we will require some technical
constructions from the mathematics of holomorphic vector bundles. We present the necessary

background in this section.

A holomorphic vector bundle V' over a variety X is a complex vector bundle satisfying the

following conditions [87]:
e The projection map 7 : V' — X is a holomorphic map.

e Let {U,} be an open cover of X. The trivialization map over any open set U,

Vo : 7 H(Uy) = Uy x C* (4.1)

74
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is biholomorphic.

With this definition, for two open sets U, and Ug with U, N U # 0, the transition function

tap : Uo NUz — GL,(C) is holomorphic and is given by the following,

tag = Va0 V5" . (4.2)

Let V, be the fiber of V at x € X, which is a n dimensional complex vector space. The
dual bundle V* is constructed by replacing each fiber with its dual V) = (V,)* and by
taking the transition functions to be ¢} 5 = (tzﬂ)*l. On a open set U,, a section ¢ is a map
o : U, — V such that m oo = id. A frame is a collection of sections e = {ey,...,e,} on U,,
which spans the fiber V,, for each « € U, !. The corresponding frame for the dual bundle
V*is e, = (e},...,el) with the relations el(e;) = 65. Denote the space of holomorphic
global sections to be H%(X, V). A holomorphic vector bundle V is globally generated [140]
if there exist global holomorphic sections si, ..., s, € H°(X, V) such that for any z € X the

collection s1(z), ..., s,(x) generates the fiber V.

The set of V-valued (p, q) forms on X is denoted by .A»¢(V). The operator 9 : AP — AP+

for differential forms can be generalised to V-valued forms [140]
Ay : API(V) — APTH(V) (4.3)

mapping bundle-valued (p, ¢)-forms to bundle-valued (p,q + 1)-forms. For a frame e =

(e1,€9,...,e,) of V we can write a vector bundle-valued (p,q)-form o € AP4(V) as 0 =

LA frame for V over U, is essentially the same thing as a trivialization of V over U,,.
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S o' ®e;, where of € AP are regular (p, ¢)-forms. Then Oy acts as

6\/0’ = Z 50‘i X e; . (44)

1=1

It is straightforward to show from this definition that 92 = 0 and that the Leibniz rule
Ov(fo) =0(f) o+ f®dv(o)

holds. Here, f is a differentiable function on X.

4.1.1 Connections and Curvature

A Hermitian structure on a vector bundle V' is defined by a Hermitian inner product on each
fibre V. Let ¢ and p be two sections of V', which, in terms of the frame introduced above,
can be written as 0 = Y . o'e; and p = > | p’e;. Then, the Hermitian structure G, acting

on o and p, can be expressed as [87, 140]
Go,p) = Gya'p’, Gij=Glee)) . (4.5)

Locally, the Hermitian structure is described by a Hermitian n x n matrix G. The Hermitian
structure n can also be understood as an isomorphism between the vector bundle V' and its

dual V*, son:V = V*. Let the inverse map of n be * : V* = V then we have [140]

G(Uz) = Gjiai y G*<O'Z) = éﬂO’j 5 Gijij == (5]2 . (46)

*

A connection, V, on V is a linear map V : A°(V) — A'(V) which satisfies the Leibniz rule



4.1. HoLOMORPHIC VECTOR BUNDLES 77

87, 140]
V(fo)=d(f)® o+ V(o) (4.7)

for local sections o and local functions f. Writing the section o = >/, o’¢; with respect to

a local frame e = (eq,...,e,), the map can be explicitly given by

V(o) =(do' + A';0”) ®@e;, V() =A e (4.8)
where the second expression defines A, the gauge field.
The curvature of a connection V is defined by
Fo=VoV:AWV) = AY(V) = A%(V) . (4.9)
This satisfies,
Fv(fO') = fFvO' (410)

for a section o and a function f which implies that Fy € A%*(End(V)). In terms of a local
frame we can write the curvature of a connection as Vo V(e;) = > F;; ® e;. The relation

between the local form of the curvature and the gauge field is then easy to derive

F=dA—ANA. (4.11)

For a different local frame ¢’ = (¢}, €}, .., ¢.) related to the original one by ¢, = " #/,e; the

rn

hermitian metric transforms as [87]

G' = hGh* . (4.12)
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while the connection and curvature transform as

A =dhh™' +hART (4.13)

and

F=hFht. (4.14)

These transformation properties will be important to us going forward.

Mathematical Gauge and Physical Gauge

Consider decomposing the connection as V = V10 4 VO where V10 : A%0(V) — ALO(V)
and VO A%0(V) — A%L(V) where the superscripts denote holomorphic/anti-holomorphic
index structure. We say a connection is compatible with the complex structure if VOV = 9y,
as defined in Equation (4.3). A connection is compatible with the fiber metric if the following
expression

d(O’l,O'z) = (VO'l,O'Q) + (0‘1,V0‘2) (415)

holds for any two sections o7 and oy [87]. For holomorphic vector bundles with hermitian
metrics, there exists an unique connection which is compatible with both the complex struc-
ture and metric structure, called the Chern connection. In a holomorphic frame, it is given
by [87]

ALY — ()Gt AOY =0, (4.16)

The corresponding curvature is

FOD = gAL0) - p0) — p02) — (4.17)
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In the holomorphic frame (sometimes called in “mathematical” gauge [131]), the gauge field
is of type (1,0) and the curvature is of type (1,1), and both of them are uniquely determined

by the hermitian metric G.

A frame e = {ej, ey,..., €.} is called an unitary frame (“physical” gauge [131]) if it gives an
orthonormal G(e;, e;) = 6;; basis for each fiber of V. The unitary frames always exist locally,
since we can take any frame and apply the Gram-Schmidt process. By Equation (4.15), it is
straightforward to show that the metric compatible connection has a gauge field associated

to such a frame which is anti-hermitian.

A=At (4.18)

where 1t will not cause confusion we will use the word ‘connection’ to refer to both a con-
nection and the collections of gauge fields to which it corresponds. We will call a connection

of the type (4.18) a physical connection.

To go from an holomorphic frame to an unitary frame we need to perform a (complex) gauge
transformation h. For a SU(n) bundle, this gauge transformation on V' should be an element
of SU(n)c = SL(n,C). By Equation (4.12), it satisfies hGh*t = I and can be calculated
from G [131]. Consider the decomposition of the inverse hermitian metric in mathematical
gauge G~! = UAU* where A is a real diagonal matrix consisting of the eigenvalues of G~!
and U is the unitary matrix consisting of the corresponding eigenvectors. The complex gauge

transformation is given by

h=UVAUT . (4.19)

It is easy to check that G=' = h-h* and det h = 1. Indeed, we have det h = det U det(v/A)
det U+ = det(v/A) = 1. The last equality is due to the fact that the fiber metric of a SU(n)
holomorphic vector bundle is a SL(n, C) matrix, leading to det(G—") = 1 and det(v/A) = 1.
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Also, by the matrix exponential, h can be written as h = e3U(InA)U*

. Here the exponent is
a hermitian and traceless matrix, which is an element of s{(3,C). Thus, we have seen that

h in (4.19) is the gauge transformation that we are looking for.

Performing the gauge transformation (4.19) according to (4.13), the connection becomes
[131]
AR = (0h™Hh,  AOD = (dh)hTT . (4.20)

It is straightforward to check that the anti-hermitian condition (4.18) is obeyed and this is

the physical connection. The corresponding curvature is given by

Féfﬁo) — (8(1,41(71,0) . abAgl,O)) + [A((ll,o)’ Al()m)] 7
FE = (0,407 — AR 4 [A09, A%V

0,2 3 0,1 3 0,1 0,1 0,1
FO? = (5,401 — g;A0) 4+ [ADD, A0V]

We will use this procedure in a computation of a physical Hermitian Yang-Mills connection

in the next chapter.

Bundle-Valued Cohomology

Given the generalized Dolbeault operator defined in (4.3), we have the complex of bundle-

valued forms

dv

020 APO(V) 2y At (v) 2y 2 geni(y) 2y ey 2 g

In analogy to the usual forms, a V-valued form o € AP4(V) is closed if dyo = 0 and is exact

if it can be expressed as o = Oy p with p € AP9~1(V). The V-valued cohomology is defined



4.1. HoLOMORPHIC VECTOR BUNDLES 81

to be [140]
ker Oy

im av

HP(V) (4.21)

where HP4(V) = H1(X,V ® QPY). This definition reduces to the former definition of Dol-

beault cohomology groups when V = Q.

As in the usual Dolbeault cohomology, there exists V-valued harmonic forms associated to
each cohomology class in HP4(V'). With Hermitian structure, one can define a generalisation

of the Hodge dual operation %y : A”4(V) — A" P"~9(V*) by setting [140]

fr(a®s) =+(a) ®G(s), (4.22)

where x the the regular Hodge star operation on forms, s is a local section of V' and « is a
(p, q) form. It follows that xy o x,, = (—1)P*9, in analogy with the properties for the regular
Hodge star. The adjoint operator é‘T/ C APUV) — APV of Oy relative to this inner

product satisfies

(Ova, B) = (o, 0}, 8) , (4.23)
and takes the form 53, = —%y 0 Oy« o *y. Furthermore, one can define the generalised
Laplacian

Ay = 01,0y + 0y 0y, . (4.24)

It is self-adjoint under the inner product above. Bundle-valued forms a € AP4(V') are called
harmonic with respect to the Hermitian structure h if they satisfy Aya = 0. On a compact

manifold, it indicates that « should be both closed and co-closed,

dha=0, da=0. (4.25)
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The harmonic forms are in one-to-one correspondence with the cohomology groups H?(M, E) =

HY(M,V & Qg?’o)). This can be seen from the generalized Hodge decomposition, i.e. every

form a € AP9(V) can be expressed as a =1 + Oy 3 + 53/7, where 7 is harmonic.

Finally, the Hodge star xy : AP4(V) — AP¢(V) to A" P"~4(V*) defined in (4.22) induces a

complex linear isomorphism to the cohomology
HPA(V) = HP P9 (V)" (4.26)

This is the famous Serre’s duality and we will use it extensively in the computations of

bundle cohomology.

Chern Classes

Chern classes are subsets of cohomology classes in the base manifold which are one measure
of the non-triviality of a bundle. The total Chern class of V' is defined by ¢(V) = [det(1 +
%F )] where F' is the curvature of some connection and the square brackets denote that the
cohomology class should be taken. It can be shown that the total Chern class is independent
of the choice of the connection [140]. We define the Chern classes ¢, (V) € H?*(X,R) by the

expansion of ¢(V) =1+ c1(V) + (V) + ... with

~ 1, (4.27)

{gi) wf]

(V) = (%) (tr FAte F —te(F A F))| |
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Since F' is a two-form, on an d-dimensional complex manifold the Chern classes ¢;(V) for
2j > d vanish identically. Also, irrespective of the dimension of X, ¢;(V) = 0 for j > n

where n is the rank of the bundle V.

The total Chern character is defined by ch(V') = trexp (%) Expanding this expression, we

define the jth Chern character to be

ey (V) = %tr (%)j (4.28)

and the series terminates when 2j > d. The index of V' (or the Euler characteristic) is related

to the top Chern class by

ind(év):Z(—nihi(X, V) = / ch(V) A Td(X) , (4.29)

where Td(X) is the Todd class for the tangent bundle of X. This result is known as the
Hirzebruch-Riemann-Roch formula [140]. For a Calabi-Yau d-fold X and an SU(n) bundle

V' it is easy to show that,

/X ch(V) A TA(X) = % /X calV) . (4.30)

4.1.2 Hermitian Yang-Mills connections

As discussed earlier, to preserve supersymmetry, we ask the internal space to be a Calabi-Yau

manifold while the gauge field should satisfy the Hermitian Yang-Mills equation [10]

Fop=Fy;=0, (4.31)

geF;=0. (4.32)
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Here F; is the field strength of A, and gza is the Ricci-flat metric on X. Solving the Her-
mitian Yang-Mills equations is equivalent to find a connection on a vector bundle satisfying
certain algebraic conditions [65, 66]. Let X be a Calabi-Yau three-fold and V' be a vector
bundle with rank n. The first condition (4.31) is equivalent to the vector bundle V' being
holomorphic. The second one (4.32) implies that V' is slope poly-stable and slope zero. The

slope of a sheaf F' is defined as,

/ A (FYANT AT, (4.33)

where J is the Kahler form on X. Sheaves are a generalization of the concept of vector
bundles that we will require in this section. In particular, the slope of the vector bundle
V' is obtained from (4.33) simply by substituting V' for F.. A holomorphic vector bundle V/
is stable (semi-stable) if for all sub-sheaves F' C V', we have p(F) < u(V) (u(F) < p(V)).
Otherwise, V' is unstable. V is called poly-stable if it is a direct sum of stable bundles

V =@, V, with same slope. Obviously, we have stable C poly-stable C semi-stable.

Given a vector bundle V', it can be very difficult to decide if it is stable or not. Such a
computation would require the enumeration all of its (infinite number of) sub-sheaves and
calculation of their slopes which would then be compared with p(V). In more detail, a sheaf
Fis a sub-sheaf of V' if 0 < rk(F") < rk(V') and there exists an injective morphism ¢ : F' — V.
The space of homomorphisms between F' and V', denoted Homx (F, V), is isomorphic to the
space of global holomorphic sections H°(X, F* @ V). So, a necessary condition for F' to be
a sub-sheaf of V' is

0 <1k(F) <1k(V)and H(X,F*®@V) #0 . (4.34)

For a SU(n) vector bundle, it can be shown [67] that it is sufficient to instead demand that

the slope of all sub-line bundles £ C AFV, for all k with 0 < k < n, is negative. Since line
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bundles are classified by their first Chern class on a Riemannian manifold, this is a dramatic

simplification of the problem.

Given how difficult it is to check stability, it is useful to note that there is a simpler necessary
condition that a bundle must satisfy in order to be stable. If an SU(n) bundle V' is stable
then HO(X,V) = H°(X,V*) = 0. Indeed, if H°(X, V) were non-vanishing, then it is clear
that Homx (O,V) & H(X,0*® V) = H°(X,V) # 0 and, hence, that the trivial sheaf O
would de-stabilize V' for any choice of Kéahler moduli. A similar argument holds for V* which
is stable exactly if V' is. This fact is also useful in the analysis of bundle-valued cohomology

associated to stable bundles.

For a poly-stable bundle V' with fiber metric G, then the Hermitian Yang-Mills equation

(4.32) in “mathematical” gauge is given by [109, 131, 132]
§Fp = g0 A. = ¢"95(G19,G) = 0. (4.35)

The fiber metric is called a Hermite-Einstein bundle metric if it obeys the equation above.
Thus, to compute the Hermitian Yang-Mills connection, it is sufficient to study the Hermite-
Einstein bundle metric. As a (poly-) stable bundle, V' does not have global sections. Given
this, it turns out to be convenient to study a twisted bundle V = V ® L* where L is an ample
line bundle and k is some integer. For such an U(n) bundle, the corresponding Hermitian

Yang-Mills equation is

Fp=F;=0, gF5 = u(V) - Lyn - (4.36)

a

In the case of an SU(n) bundle, the first Chern class ¢;(V'), and thus the slope, vanishes and

the equation (4.36) reduces to the Hermitian Yang-Mills equation in (4.32) correctly.
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4.1.3 Holomorphic Vector Bundles Over Calabi-Yau Manifolds

A variety of constructions of holomorphic vector bundles are utilized in the physics literature,
for example the spectral cover construction [141, 142, 143], extensions [15] and the monad
construction [36, 144, 145, 146]. In this section, we will first discuss line bundles over complete
intersections in products of projective spaces as a prerequisite to then focus on the case of

monad bundles over the same spaces.

Line bundles on CICYs

Line bundles can be used in the construction of higher rank monad bundles, so we will study
their proprieties first. For an ambient space A with m projective factors, we consider a
favorable complete intersection Calabi-Yau three-fold X. Let J,.,r = 1,...,m be a basis of
the Kéhler cone. We can define a line bundle L = Ox (k) on X, where k = (k',... k™) is an
m-~dimensional integer vector via its first Chern class. The line bundle is uniquely defined to
be that for which ¢;(L) = k"J, with r = 1,...,m. The dual of the line bundle L is simply
given by L* = Ox(—k).

Now, we will study the cohomology of line bundles over X. By the Serre’s duality, the

cohomology of L over X has the property that
RO(X,L) =h*(X,LY), Rh'(X,L)=h*X,L"). (4.37)
The index (4.29) of L can be written as

ind(L) = i(_mfﬂ(x, L) = é (dmtk%%t + %k%ATX)) (4.38)

q=0
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with implicit summation in r,;s,t = 1,...,m. The d,s and cy.(TX) are the intersection
numbers and the coefficient of the second Chern classes of X, contracted with the intersection
numbers, respectively. A special class of line bundles called positive line bundles are the ones
given by L = Ox (k) with all £~ > 0. With the help of the Kodaira vanishing theorem, the

cohomology of such bundles are

HI(X,L®Kx)=0, Yqg>0, (4.39)

where Kx is the canonical bundle of X and it is trivial here. Thus, the only non-vanishing
cohomology of positive line bundles is H°(X, L), which is determined by the index h°(X, L) =
ind(L) (4.38). The situation is similar for negative line bundles L, i.e. L = Ox(k) with all
k"™ < 0. By Serre’s duality, the only non-vanishing cohomology of a negative line bundle is

h3(X,L). Again, it can be computed from the index using h*(X, L) = —ind(L).

For a line bundles L = O(k) with “mixed” or zero entries k", the cohomology cannot be easily
determined. In general, the computation contains two steps. First, compute the cohomology
of line-bundles over the ambient space. In our cases, the ambient spaces will be products of

projective spaces, and the associated cohomology is given by the Bott formula [36],

() g=0 k>0
0 otherwise,

together with the Kiinneth formula

H'P" x ... xP"™ O(q,....qm)) = P  H"(P",0(q)) x ... x H" ("™ 0(gy)) .
ki+...+km=n

(4.41)
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The second step is computing the cohomology of a vector bundle V' = V|x on X. If X
is a smooth co-dimension K hypersurface in the ambient space, which, according to the
configuration matrix, can be regarded as the zero locus of a holomorphic section s of the

bundle N, then the following, “Koszul,” exact sequence exists [36, 139, 147]:
0= VINNy 2 VOASINy - ... 2 VRONy -V = V|x —0. (4.42)

Here, N% is the dual to the normal bundle. So, if we know the cohomology of the bundles
AN N* ® V on the ambient space, then the cohomology of V|x can be determined by the
Koszul sequence. It is easy to see that for higher co-dimensional spaces, this computation
can be very tedious. To simplify it, we can use the Leray spectral sequences [36, 139] for
which computer implementations are available [148]. Recently, with the help of such tools,
analytical formulae for line bundle cohomology on several different Calabi-Yau three-folds

was found [149]. The formula for the quintic X = [P*|5] is [150]

H°(X,0(k)) = Max <5k0 - gk?’ + %k o) :

This is a simple expression. However, for manifold with A'' > 1, the formula looks different
on the different regions in the Picard lattice and thus becomes more complex. For example,

for this manifold with A = 2,

2,86

X = . (4.43)
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the cohomology of line bundle L = O(ky, ko) is [149]

(

k1+1, k120,k2:0
md(L), ki1 >0, ke >0

hO<X7 L) - —]{31 + 1, ]{31 <0 ,]{32 = —4]{31
32

Ekl(l — k%) + Hld(L), ]Cl <0 ,k’g > —4161

\0 otherwise
(—(k1+1), k1 <0, kg =0
—ind(L), ki <—1, —4k1>ky >0
WX, L) =19 —k +1—ind(L), ki < —1, ky = —4k,
%kzl(l — k), ky < =1, ky > —4ky
0 otherwise

where ind(L) = (6k; (1 + k3) + k2(11 + £3)) /3.

Now, we will introduce some special line bundles which will be used in the coming sections.
The determinental line bundle A"V is that whose fiber is the top exterior power of the fiber
of V' at each point on the manifold. When V = Q the cotangent bundle, it defines the
canonical bundle Kx = A"Q [87]. The dual of Kx is called anticanonical bundle denoted
by K)_(l. We say a line bundle L is ample (or of positivity properties) if there is a positive

integer P such that the tensor power L®" has enough sections to give an embedding of X
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into projective space [87]. A variety is Fano if its anticanonical bundle is ample [147]. The
simplest example of a Fano variety is the complex projective space P". Its anticanonical

bundle is O(n + 1), which is ample.

Monad Bundle on CICYs

With our discussion of line bundles in place, we are ready to introduce monad bundles.
Monad bundles can be defined in more generality than we will require here, and thus we
will restrict ourselves to the special case in which they are defined in terms of line bundles

through the short exact sequence below.
0V oB-5C—>0 . (4.44)

Here,

B rc
B=@POx(b:), C=E0x(c) .
i=1 Jj=1

are sums of line bundles with ranks rp and r¢ respectively and f is a r¢ by rp matrix with
elements

fij S H0<X,O(Cj - bz))

In general, the monad (4.44) defines a coherent sheaf V' = ker(f). It is a holomorphic vector

bundle when the bundle morphisms as matrix satisfies the condition
rk(f) = rp — re (4.45)

everywhere over the Calabi-Yau manifold X. This constant n = rg — r¢ is the rank of V.
Thus, a monad bundle is specified by two sets of sets of integers {b;} and {c;} satisfying

(4.45). We will ask that any integer set appearing in {b;} does not also appear in {c;}.
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Suppose a monad bundle V' is defined by the short exact sequence
0—>V’—>B@RL>C@R—>O,

where the repeated summand R is a line bundle or direct sum of line bundles. Then, the
bundle V' is equivalent to V' defined in (4.44), thus the common summand R is, in fact,

redundant.

The dual bundle V* is given by the short exact sequence
0SB v o, (4.46)

with V* = coker(fT). In terms of the basis of the Kihler cone {J,},r = 1,...,m, the Chern

classes of V' are given by

B rc
(V) = D =),
i=1 j=1

1 - S & S
CQT(V) = §drst (Z CjCE- — Z bz bf) s (447)
j=1 i=1
1 e <
c3(V) = gdrst (Z b;b;b; — Zc}”cjcé) ;
i=1 j=1

where d, are the triple intersection numbers on X. The cohomology of V' is computed

through the associated long exact sequence

0 — H°X,V)— HX,B)— H(X,C)
— HY(X,V)— HY(X,B) = H'(X,C)
— H*(X,V)— H*X,B) = H*(X,C)

— H*(X,V)— H*(X,B) = H*(X,C) =0 . (4.48)
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If the bundle V is poly-stable, then h°(X,V) = h3(X,V) = 0. So, the other cohomologies
are h' (X, V) and h?(X, V). We only need to compute one of them from (4.48) and the other

one follows by the index ind(V) = —h' (X, V) + h*(X, V).

A monad bundle V' can act as the gauge bundle in a supersymmetric vacuum of heterotic

string theory, if it satisfies the following constraints:

e I/ is poly-stable somewhere in the Kéhler cone, i.e. there exist Kahler moduli of X
such that V' is (poly-) stable [67]. For spaces with h'"' > 1, the vector bundle splits its
Kahler cone into “chambers” where V' is stable and the chambers where it is not. These
different areas are separated by the stability walls, which have important applications

in the model building and the moduli stabilization [35, 57, 58, 59].

e The structure group is SU(n), i.e. ¢1(V) = 0. From (4.47), this is the requirement that
B rc
=Y ¢, ¥r=1..m. (4.49)
i=1 =1

e Anomaly cancellation imposes a topological constraint co(TX) — co(V) = W where
W € Hy(X,Z) is a effective divisor in X wrapped by a five brane. Demanding that a

supersymmetry preserving five brane exists then leads to the condition [151]

1 TCc TB
cor(V) = Edm (Z cicl — Z b§b§> <e(TX)  Vr. (4.50)
=1

i=1

Notice that unlike the last two constraints, which can be simply studied in terms of the
properties of the line bundles in B and C', there is no simple expression for the stability
constraint and in fact, as we have already described, it is very difficult to study. We will

discuss this in detail in next sub-section.
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Stability

Given a monad bundle V' over a Calabi-Yau three-fold X, we will describe in more detail
how to determine if this vacuum satisfies the stability constraint (4.1.3). To begin with, let’s
expand the Kahler form as J = t"J, with the ¢t being the Kahler moduli. Substituting this

into the definition of slope in (4.33), we have

1

M(F) - mdruvcl(F)t t,

where the d,,, = [ « JrNJuNJ, are the triple intersection numbers of X, and ¢, (F) = [ (F)J;.

Introduce the “dual Kahler moduli,” s,, by s, = d,.,t“t". The slope then becomes

p(F) = msrC’i(F) : (4.51)

Compared with the Equation (4.33), this is a much simpler expression for the slope and will

be used when studying stability.

For a general SU(n) bundle V| it is difficult to check its stability. However, if the base
manifold is cyclic, that is if Pic(X) = Z, Hoppe’s criterion provides a sufficient condition

for stability. It is stated as follows [67, 150, 152, 153].

Theorem 4.1 (Hoppe’s criterion). Over a projective manifold X with Picard group Pic(X) =
Z, let V' be a vector bundle with ¢;(V) = 0. If

HY(X,A’V)=0, Vp=1,2,....n—1,

then V 1s stable.

For the favorable CICYs considered here, the cyclic ones are just those with A% =1, i.e. the
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Kahler cone has dimensional one admitting an unique polarization. While for the general
CICYs with A%! > 1, the situation become more complicated since the Kahler cone admits
infinite many different polarizations, the vector bundles can be stable with respect to any
of them. The Hoppe’s criterion for the general manifolds (generalized Hoppe’s criterion)
is necessary, but no longer sufficient condition to determine the bundle stability [67, 153].

Nonetheless, it still provides an important necessary check of stability.

To study the bundle stability over more general manifolds, as discussed in section 4.1.2,
it is sufficient to consider the sub-line bundles of APV, p = 1,2,...,rtkV — 1. All of these
sub-line bundles have the potential to make the bundle unstable and will be called potential
destabilizing line bundles. For a line bundle L to be potentially destabilizing there must exist
a nontrivial morphism from L to one of the APV forp = 1,2,...,tkV —1,i.e. Hom(L, A\PV) =
H(X, APV @ L*) # 0. Also, if these morphisms are injective, then H°(X, L) = 0. Since
an injection L — APV gives an injection H°(X,L) — Hy(X,APV), from the generalized
Hoppe’s criterion, we have Hy(X, APV) = 0, thus we have H°(X, L) = 0. Finally, one has to

search for a polarization in the Kahler cone such that the stability condition

w(L) < u(V)=0, for all potentially destabilizing line bundles (4.52)

holds. The vector bundle V' is stable if there exists such a polarization and V' is unstable if

it does not. This systematic strategy is summarized below:

1. Check if the generalized Hoppe’s criteria hold.

HY (X, A\PV)=0, p=1,2,...,n—1. (4.53)

2. Find all the possible potentially destabilizing line bundles.
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A line bundle L is potentially destabilizing line bundle if

H(X,L)=0 and H°(X,NPV®L*)#0, p=12,...,n—1. (4.54)

Note that the morphism implied by these conditions is not necessarily injective. Thus

the conditions here are sufficient to show stability but necessary.

3. Search for the polarization in the Kahler cone such that the stability con-
dition (4.52) holds.

V' is stable if there exists a such polarization.

Now, we will give some examples of stable bundles. First, all line bundles are stable. Second,
the sum of line bundles V = @ L; = @ O(k;) are poly-stable (and slope zero) if there exists

an polarization such that

u(L;) =0, kis, =0 foreach i=1,2,...n. (4.55)

Due to this simple expression, the stability of the sum of line bundles is easy to study. Third,
consider the monad bundles which are defined using positive line bundles, i.e. all b; > 0 and
¢; > 0 in the definition of monad (4.44). The positive monad bundles are stable on cyclic
CICYs [67, 150]. They are believed to be stable on non-cyclic CICYs [67, 153]. Monads
with all negative line bundle components are unstable. On the other hand, monads bundles
containing line bundles with entries that are vanishing or of mixed sign can still be stable
[17]. In this case, however, there is no general argument and stability has to be studied case

by case with the algorithm described in (4.1.3).

We now give an example of a stability analysis. This example will form the basis of some

novel numerical work at the end of this chapter in Section 4.2.3. There, numerical methods
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will be used to analyze the stability of this case, which has qualitatively different properties
from those that have appeared in the literature to date [109, 131, 132]. Part of this novelty
comes from the interplay between complex structure and stability for this bundle. Related to
this, in the following analysis a rather special choice of complex structure is implicitly being
made for the Calabi-Yau three-fold. The exact nature of this choice, and its relevance to
stability, will be discussed in detail in Section 4.2.3 where it will be described in the context

of the numerical analysis.

Let X be the Calabi-Yau three-fold defined in (4.43). Define the bundle V' by the following
monad

0=V = 0(2,-1)&0(0,2) ®0(—1,1)%2 L5 0(0,3) — 0, (4.56)

where f = (f1, fo, f3, f1) is the bundle morphism. Since hl"! =2 | the Kihler form of X can
be expanded as J = t1J; +t2J5. As usual, t; and t are the Kéahler moduli. The dual Kahler
moduli is given by

51 =413, sy = Stity + 213 . (4.57)

Substituting into (4.51), the slope of a line bundle L is
(L) = cj(L)sy + c3(L)sy (4.58)

where ¢;(L) = ¢}(L)J; + c¢3(L)Jy is the first Chern class of L.

To begin with, it is straightforward to check that H°(X,V) = 0 and H°(X,V*) = 0 from the
long exact sequence (4.48). Next, we will find all the possible line bundles that satisfies the
condition (4.54), i.e. the potentially destabilizing line bundles. First, consider L = O(a, b)
with a,b > 0. Clearly, for these line bundles H°(X, L) # 0. Therefore by (4.54), such L

can be ignored. Second, note that all L = O(a,b) with a,b < 0 cannot be destabilizing line
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bundles. That is, (4.52) is satisfied for all such line bundles. Therefore, the only potentially
destabilizing line bundles that could concern us are those of the form L = O(a,b) with
ab < 0. After a long cohomology computation with the methods introduced in sub-section

4.1.3, we find that the sub-line bundles of V' are of the form
0(27 —b1)7 b1 Z 2 and 0(37 —b2)7 bg Z 5, and 0(4, —bg), b3 2 5. (459)

The bundle V is stable if for all these line bundles p(L) < 0. According to Equation (4.58),

the dual Kahler moduli has to be
1
L
52 < C;( )
1(L)

S1
for each L in (4.59). To guarantee that p(L) < 0 for all of them, we find that 2 > 1, which

)

can be determined by the line bundle O(2,—2) called the “maximally” destabilizing line
bundle [67, 153]. On the other hand, since V' is a SU(3) bundle, one also needs to consider
the sub-line bundles of A2V = V*. One can find that the sub-line bundle of V* is of the
form

O(—a,1), a>2. (4.60)

By a similar analysis, the “maximally” destabilizing line bundle is O(—2, 1), which imposes
another constraint 22 < 2. Combining these two together, we find that the V' is stable if
1 <2 <2 Using (4.57) we find that the bundle is stable if 3 < ’;—f < 4 in the Kahler cone,
and is unstable otherwise. The result is plotted in Figure 4.1. Notice that the different areas
are separated by two ‘stability walls’ which are determined by the maximally destabilizing
line bundles O(2,—2) and O(—2,1). In summary, checking the stability of a monad bundle
analytically is laborious. There is an alternative, numerical, way to obtain the same results

using the generalized Donaldson’s algorithm [109]. We will discuss this in the next Section.
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—_ 1r:11=4:3

—_ 1r:t1=4:1

Figure 4.1: The stable chamber of the Kéhler cone of X defined in (4.43) in the presence of
the vector bundle V' defined in (4.56). The stability walls are determined by the “maximally”
destabilizing line bundle O(2, —2) (red line) and O(—2, 1) (blue line). The bundle V is stable
in the subspace (yellow) between two walls and unstable in other area.

4.2 Numerical Hermitian Yang-Mills Connections

In this section, we will introduce the generalized Donaldson’s algorithm and then use it to

study the Hermitian Yang-Mills connection of a simple example.

4.2.1 The Generalized Donaldson’s Algorithm

In this section we will describe the generalization of Donaldson’s Algorithm, introduced in
Chapter 2, to study Hermitian Yang-Mills connections on a vector bundle V' with rank n > 1.
For a poly-stable bundle, H°(X,V) = 0, i.e. there are no global sections. This prevents us
from applying an analogue of Donaldson’s algorithm directly. Instead, consider a twisting by
some positive integer power k of an ample line bundle L to obtain V ® L*. If k is sufficiently
large then HO(X,V @ L*) # 0. Let {S%} be a basis of H*(X,V ® L*) with a = 1,--- ,n

labeling the vector space directions of the fiber and o = 1,--- , Ny = h°(X,V ® L*). This
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basis defines an embedding from X to a Grassmannian G(n, Ng) [131].

Sp () SN (@)

T : HERR : : (4.61)
So () S (@)
With these global sections S?,, we can define a bundle metric Gof VL as [109, 131, 132]
o Nt
(G =Y (S),H™S, (4.62)

a’ﬁ:(]

where H = H,j is, as in Chapter 2, a constant hermitian matrix with dimension N.
Now, by the logic of Donaldson’s algorithm, we define T operator [131, 132]

Ny,
n Volgy

T(H),; = /X Si(STHYS1) 18] Vo, (4.63)

where n is the rank of V. Notice that we introduce an extra normalization n in the definition
of T operator to make it converging smoothly. The balanced metric is determined by the

fixed point of T operator defined below
T(HY) = H}. (4.64)

In [154, 155] it was shown that the balanced metric has good curvature properties and will

be summarized below.

Theorem 4.2 (Wang, Seyyedali). If V' is a Gieseker stable bundle with rank r, then there
exists an unique balanced metric associated to HY for each twist of V, i.e. V @ L*. After

untwisting, H? gives a sequence of bundle metrics {Gy} of V.. When k — oo, the metric Go,
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solves the “weak Hermite-FEinstein equation”

o= (e )

where

e R is the scalar curvature.

e R= [ Ry/detyg % is the averaged scalar curvature.

When X is Calabi-Yau manifold and V is a SU(n) bundle, R, R and p vanish in Theorem
4.2. The “weak Hermite-Einstein equation” then reduces to the Hermitian Yang-Mills equa-
tion. Since all poly-stable bundles are Gieseker stable, this theorem implies that Hermitian-
Einstein bundle metrics on poly-stable bundles can be approximated by a series of balanced
metrics with £ — oo. If the bundle V' is not Gieseker stable, then the balanced metric
of twisted bundle V ® L* does not exist and the corresponding bundle metric of V after

untwisting does not solve the Hermitian Yang-Mills equations.

The parameters giving the balanced metric HY can be computed iteratively by
(Hu1)™ = (T(Hun)ag) ™ (4.65)

where H,,,1 and H,, are two matrix denoting the the mth and (m + 1)th iteration of T
operator. The initial matrix Hy can be chosen to be any hermitian matrix. To compare
H,, and H,, .1, it is sufficient to consider their eigenvalues. Let v"**(m) be the maximum

eigenvalue of H,,. Then, define an function [109]

Umax (m _|_ 1)

sy~ b (4.66)

T'maz (M) =
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Obviously, if as m — oo the quantity ,,4.(m) approaches to zero, then balanced metric H?
exists and the bundle V is poly-stable. While if 7,,4,(m) do not approach zero, then H? does
not exist and V' is not Gieseker stable. This observation provide us a way to distinguish

poly-stability of bundles by studying the existence of balanced metrics.

Now, suppose we have balanced bundle metric G of V @ L¥ by (4.64). To obtain a bundle
metric G on V, we need to ‘untwist’ it by the bundle metric Gy of L. In general, G can
be computed using Donaldson’s algorithm again with some twist k. The larger kj, is, the
more accurate is the G,. However, if we consider two Donaldson’s algorithms together, the
total error depends on both &k and k. In [132] a systematic study was performed on how
the choice of kj, effects the total error of the algorithm. They find that the most efficient
choice is to take k;, = nk. Then A"(V ® LF) = L™ which is just the determinant line
bundle. The fiber metric becomes (G)"* = A"G' = det(G). In this case, we don’t need to
run Donaldson’s algorithm again for fiber metric on L and so we can decrease the total error
in the algorithm. Considering this untwisting, the bundle metric on V' becomes

STHS

é:l L= - (4.67)
(det G-1)w  (det(STHS))n

Gt =

It is easy to check that det(G™') = 1 as expected. Substituting this result into the Hermitian

Yang-Mills equation (4.32), we have
ab ab ~—1 e 1 ab ~—1 ~
9" Fg = 97 0(G0.G) — — tr(g"F5(G™0aG)) L - (4.68)

Here, ¢®F; is a n X n matrix and will approach to zero matrix with k& — oo if the bundle

under consideration is stable. This allows us to define an error function [132]

(Ay) = % /X (3 1A dVoley (4.69)
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where \;, i = 1,...,n are the eigenvalues of gal_’Fag. Obviously, it approaches zero if {Gy}

converges to Hermitian-Einstein bundle metric.

The Hermitian Yang-Mills connection in the “mathematical” gauge is [131, 132]

_ _ 1
AW GGG = 8G -G - S (GGG (4.70)

n

where G~ is the fiber metric (4.5). To obtain the physical Hermitian Yang-Mills connection,
we need to perform a complex gauge transformation h, which is related to the fiber metric
by G=! = h - h*. It is convenient to write it as
h
h=——7—— (4.71)
(det G=1)2n
where h is the analogy gauge transformation for the twisted bundle with G=* = h-h*. From
(4.19), this quantity is given by
h=UVAU* (4.72)

where U and A consist of the eigenvectors and eigenvalues of G~ respectively. Substituting
this quantity into (4.71), it is easy to check that det h = 1, i.e. h € SL(n,C) is a complexified
SU(n) gauge transformation. By (4.20), the Hermitian Yang-Mills connection in “physical”

gauge is

_ . . 1 -
APV = Ogh - h7t = 0gh W7t — o (GG (4.73)

and the A% component is obtained by the anti-hermitian property (4.18).
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4.2.2 Example: A SU(2) Vector Bundle on a K3 Surface

Now, we will demonstrate the Generalized Donaldson’s Algorithm in an example. The

manifold will be taken to be a K3 surface X = [P3|4] with defining polynomial

Zo+ 7} + 23+ 25 — 22072, Z>, 75 =0 . (4.74)

Since the Picard group of this manifold is rank 1, the polarization is fixed by L = O(1). The

SU(2) vector bundle V' will be taken to be the dual monad

0— 0(=3) L 0(-1)% - V -0, (4.75)

where the bundle morphisms are f = (23, 2%, 23). Now, we will use Donaldson’s algorithm to
study the Hermitian Yang-Mills connection of V. The detail of this algorithm is summarized

below

1. Find the embedding (4.61) for the twist &£ > 0.

The twisted bundle V ® L is given by

0= O0(=34+k) — fO(-1+k)® VoL —=o. (4.76)

The space of global sections is

HY(X,V ® L) = ]f([ éiixog(l_;r f);))) . (4.77)

Let {&;},i=1,...,3 to be a frame of O(—1 + k)®3. Then a basis of H(X,V ® L&)
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can be written as

3
Sa =Y _ Sié: (4.78)
=1

However, these four frames are not independent. The exactness of (4.76) implies that

Z?Zl fié; = 0. If we treat the é5 to be a redundant frame, then

b — J1€1 + faéo

T (479)

With this in mind, the basis in (4.78), can be written as

2
Sa=)Y_ (Sg - i—f) éi . (4.80)

=1

These sections gives the desired embedding (4.61).

2. Find the parameters HY leading to the balanced metric via (4.64). Let Hy be identity
matrix with dimension NN, and apply the T operator (4.63) on it iteratively. The
computation will converge and the fixed point is Hp. With it, we can get a bundle
metric G¥ on V ® L* using (4.62). We then obtain the bundle metric Gj, on V by

untwisting as in (4.67).

3. Assuming the Ricci-flat metric gaé of X has been computed with the algorithms dis-
cussed in Chapter 2, compute the error function 7 (4.69) for each Gj. Check it is

approaching a small value.

4. Compute the Hermitian Yang-Mills connection in (4.70) with the fiber metric Gy.

Then, transform it to the “physical” gauge by the gauge transformation (4.73).

Following this algorithm we can compute the Hermitian Yang-Mills connection of the example

above. The error function is plotted in Figure 4.2. We find that, with increasing k, the error



4.2. NUMERICAL HERMITIAN YANG-MILLS CONNECTIONS 105

function decreases with a rate of order O(k™2), which agrees with the analytic analysis [131]

performed for this bundle. The bundle is stable and this can be detected numerically.

10
081
0.6

Tk

0.4+

02

0.0k,

Figure 4.2: The error function (4.69) of the numerical approximation to the Hermitian Yang-
Mills connection on the bundle V' given in (4.75) over the K3 surface given in (4.74). The
least-squares-fit curve is 8.76/k* — 0.07/k.

4.2.3 Example: A SU(3) Vector Bundle on a Calabi-Yau three-fold

In this subsection, we return to the example discussed in Section 4.1.3, equation (4.56). We
will first describe how the poly-stability of this bundle depends crucially on the complex
structure of the base Calabi-Yau three-fold. We will then show that we can decide the
stability of this bundle numerically, using the methods discussed in this Chapter. In some
ways this work can be seen as the ‘complex structure dependence’ analogue of the numerical
investigation of Kéhler moduli dependence of stability, as carried out in [109]. The complex
structure dependence of such computations is built in to the numerical methods in a much
more explicit manner than the dependence on the Kéahler form. Nevertheless, it is non-
trivial to show that numerical stability analyses work for such bundles. These constructions
are infinitesimally close to being in a non-stable regime of moduli space and, as such, it is
not completely obvious that an approximate numerical approach will be able to resolve the

necessary structure. Given this, the results of this section constitute a novel example of a
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type which has not appeared in the literature prior to this work.

The Calabi-Yau three-fold X we will consider is a degree (2,4) hypersurface, with defining
relation P, in the ambient space P* x P3, as defined in (4.43). The holomorphic vector bundle

V' is defined by the monad (4.56), which we reproduce here for convenience
0=V = 0(2,-1)0(0,2) ®0(-1,1)*2 L5 0(0,3) 0. (4.81)
The bundle map f = (f1, fo, f3, f4)T takes values in
fie H'(X,0(-2,4)), f.€ H(X,0(0,1)), fs f1€ H(X,0(1,2)). (4.82)

By the techniques developed in Sec. 4.1.2, it is straightforward to show that h°(X, 0(0,1)) =
4 and h°(X,0(1,2)) = 20. We will choose the fs, f3, f1 to be the generic elements in the

corresponding cohomologies.

However, from the long exact sequence associated with Koszul sequence (4.42),
0— HO(X,0(=2,4)) — H'(A,0(—4,0)) = H'(A,0(=2,4)) = - -~ , (4.83)

we find that the dimension of H°(X,0(—2,4)) depends on the choice of complex structure

P. A direct calculation utilizing the Bott-Borel-Weil Theorem (4.40), shows that,

0, P generic
RO(B,0(—2,4)) = (4.84)

1, P=xiP(y)+ 23P(y)

where P;(y) and P»(y) are arbitrary homogeneous polynomials in y of degree 4.

When P takes the special form given in (4.84), the relevant piece of the bundle map can be
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shown to be given by f; = % using the technology introduced in [105]. For a generic P,
1

by contrast, fi = 0. Thus, only a restricted sub-locus of complex structure moduli space can
an irreducible holomorphic monad of the form (4.56) be defined. That the complex structure

of X was restricted to this locus was being implicitly assumed in Section 4.1.3.

As discussed in Section 4.1.3, when the irreducible monad V' can be defined, it is stable for
the choice of polarization L = O(1,2). On the other hand, when P takes the generic form
in (4.84), then the bundle map f; = 0 and the SU(3) bundle V' becomes

V' =0@2,-1) eV, (4.85)

0= V" = 000,2) & 0(1,1)%* 25 0(0,3) = 0. (4.86)

This is an S(U(1) x SU(2)) bundle and is not poly-stable for the choice of polarization

L=0(1,2).

Let us see is we can detect the stability properties of V' and V' with numerical methods.
First, we compute the Ricci-flat metric of X with Donaldson’s algorithm. The computational
details have been discussed in Section 2.3.2. Next, we apply the numerical methods described
in this Chapter to the stable bundle V', on the special locus in complex structure moduli
space, and the unstable bundle V', given a generic defining relation. Following the same
procedure to that used in Section 4.2.2, we compute the numerical connection by iteration
of the T operator from £ = 1 to k = 3. For each iteration, the measure of convergence
(4.66) is evaluated for both V' and V’. The results are plotted in Figure 4.3. As can clearly
be seen, the stable bundle V' converges nicely, with the plots assymptoting to zero. The
same is not true for the unstable bundle V’. These results clearly indicate that their exists

a Hermitian Yang-Mills connection on V', but not on V', in agreement with the algebraic
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analysis. We also compute the error functional (4.69) for the numerical connections from
k =2 to k = 4. The results, as presented in Figure 4.4, again indicate the the existence of
Hermitian Yang-Mills connection for stable bundle V' and not for the unstable bundle V.

K=2 K=3 K=4

+ Stable + Stable + Stable
* Unstable * Unstable * Unstable

I'm:
Fmax
Fmax

m m

Figure 4.3: The measure of convergence 7, for the stable bundle V' (blue) and the unstable
bundle V' (red) as a function of the iteration m of the T" operator for k = 2,3,4. It can
clearly be seen that measure approaches zero for V', but not for V’, in the large m limit.

0.5+

Tk 03F

Figure 4.4: The error function 7 as a function
of the twist & for both V' (Blue) and V’ (Red).
The error function can be seen to be decreasing
with the twist for the stable bundle V' but not
for the unstable object V.

In conclusion, we have proven that numerical methods can be used to establish the stability of
bundles, even if they are only stable at higher codimension loci in complex structure moduli
space. As mentioned above, this work complements the analysis of [109], which demonstrated

that numerical methods could account for Kahler moduli dependence of stability as embodied
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by the phenomenon of stability walls.

In this chapter we have already seen some applications of the numerical methods we have
reviewed for solving the Hermitian Yang-Mills equations. In the next chapter we will describe

a further use of these methods, in a situation where analytic results are not available to us.



Chapter 5

Numerics and Chern-Simons

Superpotentials

We will apply the generalized Donaldson’s algorithm to compute the holomorphic Chern-
Simons invariant in Calabi-Yau compactification. As part of the superpotential in the low-
energy effective theory, this invariant is important for our understanding of problems like

moduli stabilization. This chapter is based on an ongoing project.

5.1 Introduction

In [60], methods were introduced to compute contributions to the superpotential of heterotic
string compactifications that arise from Chern-Simons invariants associated to the gauge and
tangent bundles. Those methods were rather complete but did suffer from one non-explicit
step. The computations were performed with the Eyg gauge fields and the spin connection in
a gauge commonly used in mathematics where they are of (1,0) index type. Many computa-
tions in the physics literature are carried out instead in gauges where these connections are
real. Changing between the two gauges involves a non-trivial gauge transformation which
can modify the result of the computations. This step in the computations was omitted as
it requires detailed knowledge of gauge fields, associated to bundles over Calabi-Yau three-

folds, that solve the Hermitian Yang-Mills equations. Although, due to the complexity of
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the situation and the fact that the Donaldson Uhlenbeck Yau theorem is non constructive
(65, 66], analytic expressions for such gauge fields are not available, numerical expressions
for these objects can be obtained [85, 109, 131, 132]. In this work we will use these numerical

techniques to complete this last step in the computations of [60].

Chern-Simons invariants appear in several key places in the description of heterotic com-
pactifications. Consider a compactification of the heterotic string on a smooth Calabi-Yau
three-fold X with a gauge bundle V. The Gukov-Vafa-Witten superpotential [69] in the four

dimensional theory is as follows
W:/(H+idJ)AQ. (5.1)
X
Locally the Neveu-Schwarz threeform field strength can be written as

H = Hy + o/ (w3(w) — w3(A)) where ws(A) = L tr(dAN A+ ;AP’) (5.2)

872

and a similar expression holds for ws(w). In (5.2) Hy is a closed contribution to H, A is the
connection on the gauge bundle and w is the spin connection. Given this, we see that the

superpotential (5.1) contains a term

Wes = o / (w(w) — wa(A)) A Q (5.3)
b'e
This is the form of the holomorphic Chern-Simons invariant that is frequently given in the
physics literature.

The ordinary Chern-Simons invariants also appear in such compactifications of heterotic

string theory. The field strength (5.2) obeys a quantization condition which is frequently
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written as follows

- /C - /C (ws(e) — ws(A)) € Z. (5.4)

Here, C' is any three-cycle in X. This condition essentially says that Hy in (5.2) is integrally
quantized. The second term in (5.4), a three dimensional integral, is the form in which

ordinary Chern-Simons invariants are frequently written in the physics literature.

The ordinary and holomorphic Chern-Simons invariants that appear in (5.3) and (5.4) above
are, in fact, not well defined in isolation. The integrands that appear are gauge dependent,
and as such it is not possible to construct a well defined integral over X or C' in the usual
manner. The result would depend on the partition of unity used in constructing the integral

over the manifold from those over coordinate patches.

For the superpotential expression this issue is solved in the physical situation by noting
that the superpotential as a whole includes H and not simply tr(ws(A) — ws(w)). The
Neveu-Schwarz field strength is gauge invariant, and as such the superpotenial (5.1) is well
defined. Nevertheless, in terms of computations, it is inconvenient that the Chern-Simons
contribution to the superpotential is not separately well defined. For the flux quantization
condition (5.4), the situation is more serious. The equation (5.4) is simply not well defined

as written and we must be more careful in defining this aspect of heterotic theories.

To account for these issues, the authors of [60] pointed out that the correct definitions to use
for the Chern-Simons invariants above are those taken from the mathematics literature [156,
157]. Consider two connections, A and Ay, on the same vector bundle V. The holomorphic

Chern-Simons invariant is then defined as follows [156].

1 = 2
CSAO(A):/—tr(aAoaAa+§aAaAa+2a/\Fo)/\Q. (5.5)
X

872
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In this expression A is the argument of the Chern-Simons invariant and A, is referred to
as the reference connection. The adjoint valued one form a = A — Ay and Fj is the field
strength of the reference connection. Finally the derivative operator appearing is defined as
Oa,0 = da+ Ag Aa+a A Ay In a similar fashion the ordinary Chern-Simons invariants

found in the mathematics literature are defined as follows [157].

1 = 2

OC’SAO(A,C):/—tr Oa,aNa+-ahNaNa+2aNFy) . (5.6)
C 877'2 3

Note that both (5.5) and (5.6) are manifestly well defined. The integrands in these cases

are gauge invariant and thus the problems which were discussed above with regard to the

definitions of (5.3) and (5.4) simply do not appear.

How does one relate the well defined quantities (5.5) and (5.6) to the quantities appearing

in heterotic physics? To make such a connection it is useful to rewrite (5.5) as follows
1
CSAO (A) = / @ tI‘(W3(A) - u}g(A()) - d(A N Ao)) A (57)
X

A similar expression can be obtained by rewriting (5.6). This rewriting makes the mathe-
matical definition of the holomorphic Chern-Simons invariant look more like (5.3) if we set
Ap = w, that is if we identify the reference connection with the spin connection. but there
are still a number of differences. The first issue to be addressed is that the definition (5.7)
is given in terms of two connections on a single bundle, whereas the physical quantities ap-
pearing in (5.3) and (5.4) seemingly involve two different bundles, V and TX. In [60] it was
pointed out that this is easily resolved by noting that, in a consistent heterotic compacti-
fication Chy(T'X) = Chy(V), at least in the absence of five-branes. A long standing result
[158, 159] then says that the bundles V' and T'X are the same in terms of smooth structure,

even if they differ at the holomorphic level. The quantity H is gauge invariant under both
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diffeomorphisms and gauge transformations. We are therefore free to choose gauges where
w and A are written with respect to the same trivialization. Further, we can choose a gauge
where at least one of the connections is (1,0) in terms of index structure in the trivialization
chosen. Such a choice sets the term involving d(A A Ap) in (5.7) to zero. If we make both of
these choices, it turns out that (5.7) and (5.5) become the same - thus relating the physics

to the well defined mathematical quantity.

For the ordinary Chern-Simons terms appearing in (5.4) the situation is different. Equation
(5.4) is simply not well defined as stands, and the Chern-Simons term appearing should be

replaced by (5.6) once the above gauge choices have been made.

It is worth noting that the different types of Chern-Simons terms appearing in the heterotic

theory are not unrelated. As explained in [60], we have that

Wes =o' (b;2' — d'Gy)) (5.8)

where

a' = OCS,(A, A') and b; = OCS, (A, B;) . (5.9)

Here A’ and B; are the usual symplectic cycle basis of special geometry, Z? is the associated
homogeneous coordinates on complex structure moduli space and G; is the derivative, with

respect to those coordinates, of the pre-potential.

In [60], methods were given to compute Chern-Simons invariants such as (5.5) in cases of
physical interest for the heterotic string. The key technical ingredient in these computations
is a real bundle morphism between the gauge and tangent bundles, which allows us to write

A and w with respect to the same local trivialization of the underlying smooth bundle. As
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mentioned above, the implementation of these methods as presented in [60] does have one
incomplete step, however, and, as we will discuss in the next section, it is this gap that we

will fill by using numerical methods.

5.2 Computing Chern Simons Invariants

To compute a Chern-Simons invariant of the form (5.7) we consider starting with two bundles
V — X and V' — X over the Calabi-Yau three-fold X. Since we require these two bundles
to be real isomorphic there is a (possibly non-holomorphic) bundle isomorphism f: V' — V.
Given connections Vo on V and V' on V', together with local frames s; and s, associated to
V and V', we can write down the associated gauge fields,

V()Si = A&-SJ‘ 5 V’ ; = A;]s; . (510)
To compute (5.7), we need to describe the gauge fields in terms of the same local trivializa-

tion. To do this, we can transport the connection V' on V' to a connection V on V' using

the bundle morphism f. We define,
V(s)=foV'(fos), (5.11)

where s is any section of V. We can also map across the frame s, of V' to a frame 5; on V'

via §; = f o s;. Given that both §; and s; are frames on V' we have,

si = Pl3; (5.12)
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for some gauge transformation P. We can write the gauge fields associated to V correspond-

ing to the same frame which is used to describe Ag in (5.10). One finds,
V(s;) = Als; where A= P 'A'P+ P 'dP. (5.13)

Now if we assume that Ay is of (1,0) index structure (for example is a Chern-connection)
then we can ignore the d(A A Ap) term in (5.7). For the remaining terms in the integrand

we find the following
wy(A) — w3(Ag) = w3(A') — ws(Ap) + tr (dPP—ldA’ — A(dPP)? - é(dPP—l)?’) .(5.14)

Now if we take both A" and Ay to be (1,0) in index structure, for example taking them
to be Chern-connections, then we arrive at the following expression for the Chern-Simons

invariant

11
CSa(A) = 352 ), tr(0p)> AQ where 0p = P 'dP. (5.15)

The point of the index structure assumptions made above, which minimally reduce to taking
Ap and A’ to be (1,0), is that they render this result dependent only on the real bundle
morphism through P. We do not need to know the exact form of any of the gauge fields to

compute (5.15).

In a heterotic context the above calculational procedure can be applied by, for exam-
ple, taking A = w and A’ to be the gauge connection. Since the solutions of both the
Hermitian-Yang-Mills equations and the equations defining the spin connection result in
Chern-connections in appropriate gauges, the index structure requirements above can be

satisfied. However, most physical analyses of these compactifications are carried out in
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gauges where the gauge field is real - in distinction to gauges where components of one index

type vanishes.

To regain a physical gauge it is important to note that we would need different gauge
transformations on A and Ay. Since (5.5) and (5.6) are only invariant under transformations
that act on both A and Ay in the same fashion, the transition to physical gauge will change
the answer obtained for the physical quantity of interest. As discussed in [60, 156, 157], this

change will be by an integral multiple of a period. We review the argument briefly here.

Consider constructing two bundles V and Vy, on C x S1. We describe the circle as the
interval [0, 1] with the ends identified. We then construct V from V' by using a large gauge
transformation g to glue V|C><{O} to V]CX{I}. We construct V in an analagous fashion but use
the identity, rather than g, in performing the gluing. Let us define A to be some connection
on V that restricts to A on the bundle over C' x {0}, and thus g(A) on C' x {1}. Similarly
we specify a connection Ay on V that restricts to Ay on both C' x {0} and C' x {1}. Given
this situation we can view the manifold and associated bundles in two manners. Viewing the
construction as a bundle over a direct product of C' and a line interval, we can use Stokes’

theorem to write the following

OCS 4, (g(A),C) — OCS 4, (A, C) = / LQ (tr(FATF) — tr(Fo AF)) . (5.16)

OxS1 8

Viewing the construction instead as described in the proceeding paragraph, as a set of non-
trivial bundles over C' x S* we can identify the right hand side of (5.16) as an integer. Thus
the ordinary Chern-Simons invariants change under large gauge transformations by integers.
Given (5.8), this makes it clear that holomorphic Chern-Simons invariants change under
separate large gauge transformations of their argument or reference connection by an integer

multiple of a period.
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The goal of the current work, then, is to show that the contribution to the Chern-Simons
invariant appearing in heterotic superpotentials, arising from converting the connections into
a physical gauge, can be efficiently computed using numerical techniques. In other words,
we wish to consider the case where we compute the superpotential in a situation where the

gauge fields are in physical gauge and Hy = 0.

Let us start by putting A in physical gauge. We envisage doing this as a final step, after
transforming A’ to A, using the real bundle morphism. We define the resulting physical

gauge connection A, and associated gauge transformation h by
A, =h7'Ah + b 'dh. (5.17)

Given the gauge transformation properties of the terms in (5.7), and the fact that A is (1, 0),
transforming A to physical gauge induces the following contribution to the Chern-Simons

invariant

1 11
CS(Ar) ~ CS40(A) = — u«/ (6260 + 0p02) A Q2 — -—/ ERAQ (5.18)
X X

2 3 872

Here we have defined 6, = dhh™'. The second term on the right hand side of (5.18) is
determined purely in terms of h. This is the quantity we will compute in the next section.
Note that finding h requires explicit knowledge of the gauge connection - hence our recourse
to numerical methods. The first term on the right hand side of (5.18) involves both the
gauge transformation h and the transformation P associated to the real bundle morphism
f. In any given case of interest, this real bundle morphism would have to be known already;,
so that the rest of the computation outlined in this section can be completed. There is then
no impediment to evaluating this term if one can demonstrate one has adequate control over

h. Thus, we will simply focus on the term that is an integral of 63 in what follows. It should
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be noted that finding bundle morphisms such as f is another bottleneck to progress in these
computations. It would be interesting to ask if numerical methods could aid in finding P as

well.

Having put A in physical gauge we can then repeat the process to transform Ay to a real

gauge field Ay,
Ay = g ' Agg + g dg. (5.19)

This results in a further change to the holomorphic Chern-Simons invariant,

CS 4y (Ar) = CSar(A) = + 2 [ weing (5.20)

382 X

1
Tz [ (05041 + 0100 — 0p0%, — 0163,) A,

where 0,, = hg 'dgh™'. Clearly, if it can be demonstrated that numerical methods are
capable of finding h and computing the necessary integrals in (5.18) a similar process could

be carried out for g and the integrals appearing in (5.20).

As a final note we will mention that the bundle we will consider in the next section does not
have the same second Chern-character as the tangent bundle. This example has been chosen
to give a simple case on which the methodology can be demonstrated. We are envisaging it
as part of a larger, direct sum of bundles in the complete heterotic compactification which
is real isomorphic to T'X. A similar computation would then have to be performed for all of
the other components of the Eg gauge bundle of the theory in order to put all of the gauge

fields appearing in the reduction ansatz in physical gauge.
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5.3 Numerical Method

In this section we will describe in detail how to explicitly compute the gauge transformation
h in (5.17) and use it to compute the second term in the right hand side of (5.18). To strip

away some of the pre-factors from (5.18) we will define the integral,
I= / (0P AQ, O = (FR)RT (5.21)
X

and will compute this quantity in what follows.

As discussed in Chapter 4, for a given fiber metric of vector bundle V', the transformation h
can be determined by (4.19). In our case, the fiber metric should be the Hermitian-Einstein
metric G (the Chern connection of which is the Hermitian Yang-Mills connection). Although
an analytic form of G is yet unknown, we can get a well controlled numerical approximation
to it by utilizing Donaldson’s algorithm as in Chapter 4. However, in such a numerical
procedure, instead of working with the metric on V', it is convenient to express everything in
terms of the (inverse) metric G~ on the twisted bundle V ® L*¥. We will therefore express
the integral (5.21) in terms of the quantities associated to the twisted bundle, in particular

the G='. We will then finally compute the integral via numerical integration.

Recall, in Donaldson’s algorithm, that the fiber metric G=!, parameterized by a hermitian
matrix H, is given by equation (4.62). The Hermitian-Einstein metric is derived from G~ by
untwisting as in (4.67) and the corresponding gauge transformation h satisfying G=! = hh™
is given in equation (4.19). We can introduce an analogous gauge transformation h for the
twisted bundle as in (4.72) with G~' = h - A" and, as shown in (4.71), h can be recovered

from the h by untwisting. Given all of this, in terms of the quantities 7 and G!, the function
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0y, appearing in (5.21) becomes
0, = Oh-h™t — —tr(GOG™) . (5.22)

From Donaldson’s algorithm, the explicit expression of G~ 'is given by equation (4.62) and
dG~! can be computed via a straightforward derivative. However, to compute the integral,
we also need the h and dh. Thus our next task is to provide a practical procedure by
which these quantities can be derived from G~'. Unfortunately we can not simply solve
G~! = h - ht* and take derivatives to find these quantities given our numerical knowledge
of G~!. The reason for this is that the expression for the inverse fiber metric is extremely
complicated. While directly taking a single derivative of it is computationally feasible, the
same is not true for finding expressions for i and dh. Therefore in what follows we outline
a procedure that can be used to compute these quantities at any given point on a numerical
sample covering the Calabi-Yau manifold, without reference to data from any other point.

This can then be used to compute the quantities of interest in a practically tractable fashion.

First, as can be seen from (4.72), the transformation h can be constructed from the eigen-

values \; and eigenvectors v; of G! satisfying
(é_l)vi = )\ﬂ)i, 1= 1,2,...,7’L . (523)
Next, the derivative of & is given by [160],

Oh = (JUWAU* + U@VAU* + UVADOUT) (5.24)

where G~ is known, and U and JA can be obtained from the derivative of the correspond-

ing \; and v;. By taking a derivative of v;" G~ lv;, using (5.23), and with the understanding
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that {v;} is an orthonormal set, the derivative of the eigenvalue can be shown to be given
by the following.
(0G M, (5.25)

A quick computation, also following from (5.23) shows that the derivative of the eigenvector
Ov; satisfies,

It is easy to observe that A is a singular matrix with rank (n — 1). After imposing the
normalization upon the v;, we find that the dv; consist of (n — 1) unknowns. Then, solving
the linear system (5.26) for dv;, we get the derivative of the eigenvector. Now, with the d\;

and OJv;, we can compute the quantity oh by equation (5.24).

Finally then, we have shown how ), can be computed directly from the metric G=!, which
is the output of Donaldson’s algorithm. Our workflow to compute the integral (5.21) is thus
as follows. First, we apply Donaldson’s algorithm to obtain the metric G~! and we take its
derivative. Then, we use (4.72) to construct & and (5.25), (5.26) and (5.24) to compute Oh.
We combine these results using (5.22) to compute 6;,. As a last step, numerical integration
is used to evaluate the integral (5.21). In the next subsection we illustrate this procedure

with a concrete example.

5.3.1 Example: A SU(3) Monad Bundle on the Quintic

We will consider the following SU(3) vector bundle V' over the Fermat quintic Calabi-Yau

three-fold X, defined as the dual of a two-term monad,

0= 0(=2)B0(-3) 5 0(-1)® 5V - 0. (5.27)
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Here, the bundle morphism F' = {f;,¢;},i = 1,...,5 is such that f; and g; are taken to be
the generic elements in H°(X,O(1)) and H(X,0(2)). With the help of the equation (2.27)
and (4.27), the second Chern class of the TX and V are co(TX) = 10 and ¢»(V') = 4. Since
0 < (V) < (T X), the anomaly cancellation condition can be satisfied by the addition of
supersymmetry preserving M5-branes or additional visible or hidden sector bundles. Also,
notice that the dual monad above is defined with the negative line bundles over a cyclic
manifold. Thus, as discussed in Chapter 4, the bundle V' is poly-stable and by construction
holomorphic. Thus, this example gives a well-defined supersymmetric vacuum in heterotic

Calabi-Yau compactification.

Now we compute the integral (5.21). First, following Donaldson’s algorithm, as reviewed in
Section 4.2.1, we compute the Hermitian Yang-Mills connection of V' from k£ =1 to k = 6,
which is given in terms of the (inverse) metric G—! of the twisted bundle V @ L*. The error
in the numerical connection is evaluated for each k according to an error function given in
(4.69). The result is plotted in Figure 5.1. The figure shows that these connections are
converging well to the unique Hermitian Yang-Mills one with a dependence of O(k™2) as
expected. The integration is performed numerically over a sample with n, = 813025 points.

These points are chosen adaptively according to the weight w = [Q2|2.

For each k we now have a fiber metric G~ of the twisted bundle V' ® L*. Following the
discussion at the end of the previous sub-section, we can use this to compute 6, from (5.22).
Given that the nowhere-vanishing (3,0) form is known, and indeed can be found in (2.35),

we have everything we need to evaluate the integral (5.21).

The numerical integration, which we perform over the same set of ng = 813025 points which



124 CHAPTER 5. NUMERICS AND CHERN-SIMONS SUPERPOTENTIALS

EAG

Figure 5.1: The error function (4.69) of the numerical approximation to the Hermitian Yang-
Mills connection on the bundle V' given in (5.27) over the Fermat quintic three-fold. The

least-squares-fit curve is ~ % + &,f?’.

were used to implement Donaldson’s algorithm, can be written as,

- tr 9h 3
[approx = E <Q ) w; . (528)
=1

Here w; is |Q2]* evaluated at the i’th point. We evaluated (5.28) with the Hermitian Yang-
Mills connections from & = 1 to k = 5. The result is in general a complex number. We
plot the real part of the result in Figure 5.2'. We can clearly see that the answer is starting
to smoothly converge to an asymptotic value, which might in fact be vanishing. Code is
currently running to evaluate these results to higher £ and we will have thus have a clearer

idea of the exact asymptotic value soon.

IThe imaginary part of the integral has not yet smoothly converged to such a nice degree and the code
to run this analysis to higher k is running as this thesis is being completed. We expect to have this result,
together with the additional quantities that we wish to compute, as described at the end of this section,
shortly.
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0.00+ il
-0.05} il
Ir I ]
-0.10+ |
-0.15
1 2 3 4 5
k

Figure 5.2: The real part of the the approximation to the integral (5.21) as defined in (5.28)
as a function of the twist k in the Donaldson algorithm. The approximation to the integral
can be seen to be converging to an asymptotic value as k increases

5.4 Conclusions

The work described in this chapter is an ongoing program of research. Although the method
is fully developed, the numerical runs, which are required to complete the work to a higher
degree of accuracy are still in the process of completing. Nevertheless, the results shown in
this chapter are enough to demonstrate that the numerical methods we have presented can
indeed calculate the desired quantities. They enable us to compute the final contributions to
the Chern-Simons invariants appearing in the superpotential of heterotic compactifications,

arising from converting the connections involved in to a physical gauge.

In addition to refining the results described in the previous section, we are currently perform-
ing computational runs to determine the changes in the ordinary Chern-Simons invariants
(5.9) that arise due to the change to physical gauge. Since no results are yet available for
these quantities we have not mentioned them in the main body of this chapter. Nevertheless,
two points should be stated. First, there is a technical subtlety that arises in performing the

integrals over special Lagrangian cycles that are required to compute these invariants. The
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monad map in (5.27) is frequently taken to be a polynomial with coefficients in the real num-
bers, simply for computational ease. This leads to serious computational issues in evaluating
the ordinary Chern-Simons invariants however, essentially because these are associated to
real manifolds. It turns out that such map choices are too special and lead to pathologies.
Thus we generalize the maps used to accommodate complex coefficients. Second, the integer
valued results obtained from the gauge transformation of these quantities, as described in
(5.16), will provide us with an excellent further test of our methods. An integer result for
such a numerical integral is unlikely to be obtained by pure chance if an error were to be

present.

The final goal of this research is to compute both h in (5.17) and ¢ in (5.19) in a case
where P associated to the real bundle morphism (5.12) is known. In such a case all of these
objects could be combined according to equations (5.15), (5.18) and (5.20) to compute the
full holomorphic Chern-Simons invariant of a heterotic compactification, in physical gauge,

for the first time.



Chapter 6

Conclusion and Outlook

In this thesis, we have explored the application of techniques in numerical differential geome-
try to the physics of heterotic Calabi-Yau compactifications. The work was divided into two
parts. These were numerical techniques for finding Ricci-flat metrics and their applications
and numerical techniques for finding solutions to the Hermitian Yang-Mills equations and
their utilization. In the following, we will summarize some of the topics we covered and

discuss a few future directions.

We began Chapter 2 with a short review of the mathematics of Calabi-Yau manifolds. We
then introduced two numerical methods for finding Ricci-flat metrics, Donaldson’s algorithm
and the Minimization algorithm, in detail. In Chapter 3, the second of these algorithms was
used to study hierarchies of curvature scales on Calabi-Yau manifolds as a function of complex
structure moduli. This work is of physical importance because it is crucial to know when large
curvatures are developing on such a space if the approximations made in deriving string low
energy effective theories are to be well controlled. We showed that the algorithm successfully
found regions of large curvature which were expected on analytic grounds. Further more,
the methods could provide us with useful information about curvature hierarchies in regions

far from any singularities.

Due to issues of computational complexity, the current algorithms for finding Ricci-flat

metrics on Calabi-Yau three-folds are only really practical for polarizations set by small
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integers. An important direction of future work will be to develop more efficient algorithms
in a variety of regards, in particular allowing for computations with arbitrary polarizations.
Such an advance would allow us to study the K&ahler moduli dependence of hierarchies
in curvature scales. In particular such numerical techniques could be used to isolate the
boundaries of the Kahler cone, something that can prove to be rather difficult analytically in
many examples. In addition, all of the examples considered so far are Complete Intersection
Calabi-Yau manifolds. It would be interesting to generalize the application of the algorithms
to other large sets of Calabi-Yau manifolds, such as those realized as hypersurfaces in toric

varieties.

In Chapter 4, we discussed numerical methods for obtaining Hermitian Yang-Mills connec-
tions and their application to bundle stability. We started with a brief review of the basic
proprieties of holomorphic vector bundles. In particular we described, given a vector bundle,
how to analytically check its stability under a fixed polarization and how to determine the
stability walls that determine its Kahler cone substructure. We then introduced the general-
ized Donaldson’s algorithm and applied it to check the stability of some vector bundles over

Calabi-Yau manifolds numerically.

In particular, the last example that we presented in Chapter 4 was of a type that differed
qualitatively from any that has appeared in the literature to date. The case we considered
is a bundle that is only stable on a higher codimension locus in complex structure moduli
space. Despite this rather delicate structure, we showed that numerical methods are effective
in deciding the stability of such bundles, in work which complements existing literature

concentrating on the dependence on Kéhler moduli [109].

In Chapter 5 we applied the numerical methods described in Chapter 4 to fill a gap in

recent work concerning the computation of holomorphic Chern-Simons invariants in heterotic
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compactifications. These invariants contribute in an important manner to the superpotential
of the four dimensional effective theory of such models. Recent work [60] has shown how to
render the computation of these quantities tractable. However, a final step in the analysis
of these superpotential contributions requires explicit knowledge of the Hermitian Yang-
Mills connection and is thus prohibitively difficult to address analytically. Nevertheless, we
were able to show numerical methods will be effective in completing such analyses. We
presented the complete underlying methodology, together with some initial results from this
on-going research project. Further results are the subject of continuing computational runs
and will provide a variety of additional data. These will include some ancillary quantities
that appear, that should be integer valued, as a further check that these numerical methods

are functioning correctly in a situation where analytic verification is impossible.

There are a number of future directions of research involving numerical approximations to
Hermitian Yang-Mills connections over Calabi-Yau manifolds that it would be interesting to
explore. Similarly to the situation with numerical computations of Ricci-flat metrics, the
computational complexity of the generalized Donaldson’s algorithm greatly constrains the
cases to which it can be practically applied. Thus the development of more efficient methods
would be a crucial line of investigation. In particular, we expect that there is an analogous
technique to the Minimization algorithm for the Hermitian Yang-Mills connection, which
would be interesting to develop in future work. Once such algorithms have been sufficiently
developed, one ultimate goal of this research would be to explicitly compute the harmonic
bundle valued one forms associated to matter fields in heterotic compactifications. Access to
these quantities would allow us to compute the matter field Kahler potential and physically

normalized Yukawa couplings in realistic heterotic compactifications for the first time.
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