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Abstract: We propose a scheme to exchange optical vortices beyond electromagnetically induced
transparency (EIT) but based on four-wave mixing (FWM) in a five-level atomic system consisting
of two A subsystems linked via a weak driving field. When the laser fields are strong enough, the
quantum interference responsible for the EIT in each A subsystem is washed out, giving rise to the
Autler-Townes splitting (ATS). When only one of the control fields carries an optical vortex, it is shown
that the generated FWM field obtains the vorticity of the vortex control. We distinguish between
three different regimes, i.e., a pure EIT, a joint EIT-ATS, and a dual-ATS, where the optical angular
momentum (OAM) translation can take place. Elaborating on the distinction between three regimes
through numerical analysis, we find that the maximum energy conversion efficiency is obtained in the
joint EIT-ATS and dual-ATS regimes. The latter is more favorable as the absorption losses vanish as
the beam propagates into the atomic cloud. The results may find applications in the implementation
of high-efficient frequency and OAM conversion devices for quantum information processing.

Keywords: orbital angular momentum; electromagnetically induced transparency; autler-townes
splitting; four-wave mixing

1. Introduction

A basic quantum coherence and interference phenomenon is electromagnetically in-
duced transparency (EIT) [1-3], which appears for an optically thick three-level A-type
atomic medium through modifying the susceptibility of a weak probe field by the applica-
tion of another coupling field. Such a medium obtains transparency for the probe leg when
a stronger control field is applied on another leg of the A-type system. EIT has many notable
applications in quantum and nonlinear optics, such as the manifestation of slow, stored, or
fast light [4-7], enhanced four-wave-mixing (FWM) [8-13], lasing without inversion [14],
refractive index enhancement without absorption [15,16], giant Kerr nonlinearity [17-19],
light frequency change [20-22], and others.

For strong laser fields inducing a wide transparency window, the quantum interfer-
ence responsible for the EIT vanishes, resulting in the Autler-Townes splitting (ATS) [23].
Both EIT and ATS are found in common in a transparency feature. In EIT, a narrow trans-
parency window appears inside an absorption peak, while a wide band emerges between the
split-absorption peaks for ATS. It has been shown theoretically [24-26] and experimentally [27-32]
that one can distinguish the regimes where the ATS dominates EIT. While EIT and ATS
are similar, they have different characteristics. The former is due to the quantum inter-
ference between different transition channels, whereas the latter is characterized by the
AC-Stark effect.

Optical vortices [33,34] have been of substantial interest and provide many charm-
ing applications [35-44]. Such beams of light are characterized by a wave field whose
phase advances around the axis of the vortex and the corresponding wavefront contains
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(a)

an orbital angular momentum (OAM). The OAM of light brings possibilities in control-
ling the slow light [45], allowing implementations in quantum information storage and
quantum computation.

Earlier proposals on interplay of atoms and the OAM dealt with the basic A scheme in
which only the incident probe field was a vortex [46-50]. EIT will be destroyed if the control
beam is a vortex, resulting in absorption losses at the vortex center. Novel complicated level
schemes have been considered [39-42,51,52]. However, all these schemes for the transfer of
OAM states deal with EIT or coherent population trapping (CPT).

In this study, we consider a novel scheme of OAM transfer based on the ATS effect
in a five-level atomic structure. The atom-light interaction scheme is composed of two
A subsystems coupled via a weak driving field. When applying strong laser fields that
induce a wide transparency window for the weak probe fields in each subsystem, the EIT
vanishes while the ATS appears. A suitable choice of parameters can put subsystems either
in EIT or ATS, inducing three distinguished regimes for the five-level scheme, i.e., a pure
EIT, a joint EIT-ATS (EIT + ATS), and a dual-ATS. When one of control fields is an optical
vortex, the OAM of light can be exchanged to a generated FWM field. The efficiency of
energy conversion between different frequencies is the highest when the system works
in the dual-ATS or joint EIT-ATS. However, the energy losses always exist for the joint
EIT-ATS situation, while they disappear for long propagation distances when the system is
in the dual-ATS case.

2. Methods

We begin with the description of the proposed five-level quantum level scheme with
further details in methods and equations. As shown in Figure 1a, the scheme consists
of two EIT/ATS A subsystems. The left subsystem (Figure 1b) is built of a weak probe
light with Rabi frequency (), (with center frequency wp) and a stronger control laser with
Rabi frequency Q)¢ (with center frequency ws) acting on internal states |4),|1), |0), while
the right subsystem (Figure 1c) is made of the states |2), |3), |0), coupled by a weak laser
beam ()¢ and a strong beam (). (with center frequencies wy, w., respectively) coupling the
corresponding transitions. A weak beam ()4 (with center frequency wq) then connects two
A subsystems.

(c) ,
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Figure 1. (a) A five-level quantum system interacting with probe and control fields. (b,c) Left and
right A subsystems.
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The atomic pathway |0) i |1> 12) O 13) & |0) creates a closed-loop coher-
ent coupling light-matter interaction system, allowing for generation of a FWM field
(wf = wp + we + wq). One can define the Rabi frequencies by Qp = (ep.py)Ep/h,
Qg4 = (eq-p12)Ea/h, Oc = (ec.py3)Ec/h, Of = (er.py3)Es/ h, and O = (es.pyq)Es/h. Here,
p;j describes the electric dipole matrix element related to the transition from i) to [j).

In the interaction picture, the Hamiltonian of such a system reads (2 = 1)

H = 8p[1) (1] + 8[2) (2] + 8p[3) (3] + (8 ~ A 4) (4]
_7(Qpe1kp |1><0|—|—Qselks |1><4|+Qde1kd r|2><1‘+QC€1kC |3><
+0 elkf T 3)(0| + H.c),

@

where Equation (1) is also written under the rotating-wave approximation. We have defined
the detunings as Ap = wyp — wp and As = w14 — ws. The necessary equations for density
matrix elements describing the evolution of the quantum system influenced by laser fields
then read

oo = —(710+ 1Ap)f710 + 104 (000 — 011) + Q049
+503020 — 504013, _ _
os0 = —[va0+i (Ap — As)]oao + Q%010 — 53 Qpo
— 504043,
. _ ~ )
020 — (720 +iAp) 020 + 1 Q4010 + 3Q%e okt 030 — 3Qp021
—*Qf(Tzs, .
030 = — (730 +18p)os0 + 5% (000 — 033) + QK T oy
_%onéll/

- = — — —
where 7;; is the damping rate. Here, 6k = k¢ — (kp + kg + k¢) shows the phase matching.

In this paper we consider the case with the phase matching condition ¢ ﬁ = 0. Note that
the effect of phase matching on the OAM exchange has been discussed in detail in Ref. [39].
It has been shown that these terms modulate the phase patterns of generated OAM beam,
resulting only in the bending of patterns.

The perturbation expansion is applied, assuming a weak-field approximation

0) 51)
1 1
order in the weak fields. Assuming that the atom is initially in its ground state, the zeroth-

(0)

order solution is 0;," ~ 1, with other elements being zero (Ui(jo) = 0). In the steady state,

oy = Uigo) + Uigl) + ..., where the constituting terms o;; , are of the zeroth and first

one can drop the time derivatives in the equations and obtain the following linear elements
characterizing the first-order and third-order processes [10]

1 1 1b il40Q) Ty QY
01(0) = Ul(oa) +01(0 ) = b 3 <4 3)
2(TqoT40 + |Os]°/4) ¢
1 1b il ’T400,04Q
03(0> _03<O ) 4 35 ) _ 0% 8P < 4)
2(Tpol30 + Q| /4) ¢

where T'jg = Y10 +1Ap, T20 = Y20 +1Ap, T30 = ¥30 +1Ap, Tao = Y40 +i(Ap — As) and

¢ = (TyoT40 + |Q%]?/4) (T20T30 + |Qc|*/4). The first terms in above Equations (3) and

(1a)

(4) (featured by o7,”" and Ué(l)a)) describe the EIT/ATS linear absorptions of probe and

generated FWM beams, while the second terms (featured by (Tl((l)b) and (73((1)b)) correspond to

the FWM sum-frequency generation and its backward nonlinear process [10].
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For the time-independent fields and based on the slowly varying envelope approxima-
tion [53], the Maxwell propagation equations for both weak beams (), and Q)¢ (propagating
in the z direction) are

Q) , 1
% = iNko o], ©)
oy . 1
S = iNkas[oy ], ©)

where ky; = 2(;.)p|p01|2 /ch, ko = 2(;.)f|p03|2 /ch, N denotes the atomic density. We
note that the diffraction terms containing the transverse derivatives (ka)_1Vi Qp and

(st)flvzlﬂs have been neglected from the Maxwell Equation (4), where k, = wp/c
and ks = wg/c are the probe and generated beams central wave vectors. These terms
are considered to be Viﬂp(f) ~ w’zﬂp(f), where w denotes a characteristic transverse
dimension of the lasers. It shows a width of the vortex core if the beam contains an OAM
(vortex beam waist) or a characteristic width of the beam for a beam with no OAM. One
can approximate the alteration of the phase of the probe beams due to the diffraction
term after passing the medium as L/2kw?, where L is the length of the atomic cloud, with
k ~ k). The phase change L/ 2kw? can be ignored when the atomic sample length is not
too large, LA /w? << 7, where A = 27t/k describes an optical wavelength. As an example,
assuming the length of the sample as L = 100 pum, the wavelength to be A = 1 um, and the
characteristic transverse dimension of the beams as w = 20 um, one obtains LA/ w? = 0.25.
The diffraction terms in such a condition can be neglected from Equation (4).

In what follows we consider a situation that Qp(z = 0) = Qo and Q¢(z = 0) =0 at
the entrance of the medium (z = 0). Defining Z = ky3z as the modified propagation distance
and solving the coupled Equations (5) and (6), one can obtain the following expressions
describing the propagation of the fields (¢ and (),

4040

OO0 = gzg

sinh(ONZ/2) exp[(« + kB)NZ/2], (7)

Op/Qpo = “@gw exp[(a + kB —0)NZ/2]
— 50 expl(a + kB + O)NZ/2],

®)

with 8 = \/(kﬁ—a)2+4occ2, k = ko/keis, & = —Tp0/2(T1ola0 + |Qs]*/4),
B = —T40/2(TaT30 + |Qc|*/4), and ¢ = Ty9|Qg||Qc|/8L.

3. Results and Discussion

Thus far we have not considered the spatial dependence of strong laser beams. We
now consider a situation where the laser field (). has a vorticity defined by

r

] _2 .
Qc=¢ec(—=) e erﬂcqb’ )

w
where r = /x? + y? describes the distance to the beam core, w stands for the waist of the
beam, ¢, denotes the strength of the beam, /. is the topological charge of the optical vortex,
and ¢ = tan~!(y/x) is the azimuthal angle. Obviously from Equation (6), in this way a new
field is generated with the same topological charge I as the control field (). (see Figure 2).
It is indeed the signature of the quantum coherence term (),(24Q)¢ in Equations (4) and (6)
which results in exchange of vortices in this level scheme.

As one can observe from the patterns of intensity and phase profiles in Figure 2, when
lc = 1, a ring intensity diagram is formed with a zero-intensity dark center (Figure 2c).
When the topological charge number 1. increases, the zero-intensity area is increased in size,

as shown in Figure 2e,g. The phase changes from 0 to n7r around the point of singularity
(Figure 2b,d,f,h).
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Figure 2. Intensity distributions in arbitrary units (a,c,e,g) and the corresponding phase patterns
(b,d,f,h) of generated FWM light for different OAM numbers I. = 0, 1,2, 3. The selected parameters
are given by Qg4 = 0.10730, Ap = As = 0, 710 = 730, 720 = 0.027730, Y40 = 0.0017y30, k = 0.29,
QS = 2.5’)/30, and Ec = 4730.
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The EIT relies on the quantum interference between two legs of each A subsystem.
However, ATS appears when the quantum interference is destroyed due to the application
of strong control fields that can create a spectrally wide transparency band. It has been
recently shown that—for instance by manipulating the first-order response of the right A
scheme to the generated beam-the coherence term aé(l)) can be rewritten by the sum of two
Lorentzians, with two spectral poles at [10]

Ay = %[i(“rzo +730) = \/|Qc|2 — (730 — 720)°]- (10)

Clearly, there is a threshold y3p — 20 to distinguish between EIT and ATS. While the
EIT takes place for the right A subsystem if |()¢| < 730 — 720, the ATS regime shows up
when |Q¢| > (730 — 720)- A similar situation holds for the left A subsystem.

In respect to the question of whether it is possible to transfer OAM of light between
different frequencies with a maximum FWM efficiency while there are less absorption
losses via ATS, in what follows we compare the energy efficiency for EIT and ATS cases
when the coupling light (), carries an optical vortex. We choose 39 as the unit for all the
decay rates, frequency detunings, and Rabi frequencies.

Figure 3 displays the intensity of coupling vortex field |Q)c| vs. r/w and e; when
Y20 = 0.027939 and for the azimuthal index (a) I = 1 and (b) . = 4. Similar behaviors of
the results have been observed for other OAM numbers. From Figure 3a (I. = 1), one can
estimate that in the cylindrical radius zone 0.8 < r/w < 1.8 and for e > 3 the intensity
of coupling light is larger than the threshold factor (|| > 730 — ¥20). This indicates that
we are in the ATS regime. Out of the cylindrical radius zone 0.8 < r/w < 1.8 or for very
small ¢, values, the EIT takes place (|| < 30 — 7Y20)- For the case of . = 4 (Figure 3b),
the approximate radius zone for the ATS regime is 1 <r/w < 2 when e. > 1.5. Otherwise,
the EIT regime is established.

(@)

¢
12|
N

‘e 0 o0 riw

Figure 3. Intensity of coupling field |Q);| as functions of r/w and ¢, for (a) lc = 1 and (b) I = 4.
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(1)

Figure 4 shows the behavior of the linear absorption Im(cy,’) vs. the probe detuning
Ap for two different values of the strengths of the control field €., at the position where
the control vortex beam is the largest, i.e., r/w = 1.5 for the OAM number (a) I. = 1 and
(b) 1. = 4. A control field in the limit |Qc| < v30 — Y20 (e.8., &c = 0.98739, i.e., the EIT
regime) induces a narrow transparency window, while for stronger laser beam intensities
(e.g., c = 4y30 which is the ATS regime) creates a wide spectral region between the split-
absorption peaks. Obviously, the choice of OAM number plays a crucial role in setting the
width of the transparency window.
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Figure 4. Linear absorption of the FWM light Im((73((1))

) vs. probe detuning when the coupling light
carries an optical vortex (a) I. = 1 and (b) 1. = 4. The solid line corresponds to EIT (¢c = 0.9839) and
dashed line corresponds to ATS (ec = 4y3p). The selected parameters are r/w = 1.5, yp9 = 0.0230.

Identifying the intensity limits for the creation of EIT and ATS, in Figure 5 we display
the FWM conversion efficiency in three different regimes: joint EIT-ATS, dual ATS, and
pure EIT when (a) . = 1 and (b) L. = 4. We fixr/w = 1.5 and choose ¢, = 0.1 for the pure
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EIT regime and &, > 3 for the ATS regime, respectively. It is found that for both values of
OAM numbers l. = 1 and 1. = 4, the efficiency for the pure EIT case is quite low. For the
join EIT-ATS mechanism, the efficiency increases initially and reaches a maximal value for
a density-length product NZ /3y = 250, and then starts to decrease due to energy losses.
The efficiency of FWM in the dual ATS regime is very dependent on the OAM number of
vortex light. For the case 1. = 1, the efficiency starts to increase initially until it reaches
a maximal value at NZ/y39 = 300, and then decreases. While for l. = 4, the losses go
away as the probe propagates more profoundly inside the medium. The FWM efficiency
in this case becomes dominant during the propagation and for a density-length product
of about NZ /3y = 450, where the efficiency of FWM becomes larger by several orders of
magnitude than pure EIT and synergetic EIT and ATS mechanisms.

a
0.45 T T T T ( ) T T T T
EIT+ATS PR
= = = Dual ATS i ¥ e
VES S Pure EIT o ™ 1
C ~
| = # ~
035F ¢ . . -
rd ~
’ .
L ’ L
0.3 5 R
= ’ .
2 025+ ’ 3
= i
=3 ¢
o 02 4 x10 o
& ’
= ’
015 ’ B
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04k @ a9
il
0.05 ?; ’f e, e, M, e )
D § 1 1 1 1 1 1 1 —
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NZJF}.JO
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0.12 T T T ( ) T T T T
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0.08 8
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Figure 5. FWM efficiency as a function of NZ/v3g for (a) l. = 1 and (b) . = 4. The solid line
corresponds to synergetic EIT and ATS mechanisms (Qs = 0.939, ec = 3.13p), dashed line corre-
sponds to dual ATS regime (s = 2.539, €c = 430), and dashed-dot line corresponds to pure EIT
mechanism (Qs = 0.8739, &c = 0.173¢). The selected parameters are Qg = 0.10739, Ap = —0.035730,
As = 0.025730, 710 = 730, Y20 = 0.027730, Y40 = 0.001730, k = 0.29, and r/w = 1.5.
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Figure 6 displays the FWM conversion efficiency field against r/w for (a) joint EIT-ATS,
(b) dual-ATS, and (c) pure EIT mechanisms for 1. = 1 (solid line) and I. = 4 (dashed line).
When the scheme lies in the EIT+ATS case (Figure 6a), the efficiency reaches its maximum
atr/w ~ 0.6 (r/w =~ 1.5) forl. = 1 (I. = 4). The maximum efficiency in this case is as
high as 0.022 (0.028). Shown in Figure 6b, the efficiency in dual-ATS regime reaches two
maximal values, each as high as 0.3. The efficiency drops down to the order of 10~* when
the quantum system is placed in the pure EIT situation, as one can see in Figure 6c.
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Figure 6. Cont.
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Figure 6. FWM efficiency as a function of r/w and for . = 1 (solid line) and 1. = 4 (dashed
line). Part (a) corresponds to synergetic EIT and ATS mechanism (QQs = 0.9y39, & = 3.1739),
part (b) corresponds to dual ATS regime (s = 2.5739, &c = 4y39) and part (c) pure EIT mechanism
(Qs = 0.8730, €c = 0.1739). The selected parameters are NZ /39 = 450 and others are as Figure 5.

In Figure 7, we plot the conversion efficiency of the FWM beam for the OAM number
I =1 (solid line) and I, = 4 (dashed line) vs. the coupling coefficient k (k = ko1 /koz) when
the system is in the (a) joint EIT-ATS regime, (b) dual ATS regime, and (c) pure EIT regime,
respectively. We notice that the efficiency conversion for all three regimes is quite sensitive
to the coupling factor k. However, increasing the coupling factor k reduces the efficiency of
energy conversion.
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Photonics 2022, 9, 954

11 0f 14

0.03 T T T T T T T T T
—_—I =1
1 - - - Ic=4
0.025 P e

0.02F .

201 2
2,219, 0)
o
2
wn

0.01

0.005

0 0.1 02z 03 04 05 06 07 08 09 1

Figure 7. FWM efficiency as a function of coupling parameter k, for I. = 1 (solid line) and 1. = 4
(dashed line). Part (a) corresponds to synergetic EIT and ATS mechanism (Q)s = 0.9739, &c = 3.1730p),
part (b) corresponds to dual ATS regime (s = 2.530, &c = 47y30) and part (c) corresponds pure EIT
mechanism (Qs = 0.8739, &c = 0.1730). The selected parameters are NZ /3y = 450 and others are as
Figure 5.

4. Conclusions

In conclusion, we have studied the exchange of vortices beyond the pure electromag-
netically induced transparency in a five-level atomic system composed of two A subsystems
coupled via a weak driving field. If one of control fields carries the orbital angular mo-
mentum, a FWM field is generated with the same vorticity of the vortex control. There are
three different regimes, i.e., a pure EIT, a joint EIT-ATS, and a dual-ATS, where the OAM
translation can take place. A high-efficiency OAM transfer can be achieved via dual-ATS,
or a joint effect of EIT and ATS with the maximum energy conversion efficiency. On the
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other hand, the efficiency of energy conversion becomes quite low when the pure EIT is
dominant. The results may find applications in the implementation of high-efficient fre-
quency and OAM conversion devices for quantum information processing. Such an OAM
conversion-based FWM setup can be implemented experimentally, for example using the
cold alkaline atoms confined in a magneto optical trap. A relevant 3°Rb energy levels could
be |55, 5, F = 2) for the ground level |0), |5S; /», F = 3) for |4), |5P;5) for |1), [5D3,,) for
|2), and |nP5 ;) for |3) with n > 10 [10]. The results may provide a comprehensive tool for
future experiments in the topic.
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