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Pion Production and Absorption in TN and 3N Systems

We study pion-induced two-pion production on the nucleon in the framework of a
relativistic meson-exchange model constrained by Chiral Perturbation Theory in the
low-energy limit . Unitarisation effects are included for the resonance pole diagrams .
This leads to a significant improvement over a simple tree-level model in the descrip-
tion of the angular distributions for the 7r+p ~ 7+ .F+n reaction . In the reaction
channels -iT -p --> -iT+-ir-n and 7r-p --~ 7r ° T°n we find a contribution of the two-pion
decay of the Roper resonance . This contribution does however not manifest itself in
a qualitative change in the description of the differential distributions .

In the second part of this thesis we use the pion as a probe to study the short range part
of the three-nucleon wave function in -ir+ absorption on 3 He . We employ a parametri-
sation of the three-nucleon wave function based on modern NN models . The use of
this parametrisation leads to a significant improvement over previous calculations in
the description of cross section and polarisation data . However, the polarisation data
hint at the need of other mechanisms beyond a two-nucleon absorption mechanism
for the description of positive pion absorption on 3 He even in quasifree kinematics .

Pion Produktion und Absorption in 7iN und 3N Systemen

Wir untersuchen die pioninduzierte Zwei-Pion-Produktion am Nukleon im Rah-
men eines relativistischen Mesonenaustauschmodells, das sich im Niederenergiebere-
ich auf die Chirale Störungstheorie zurückführen läßt . Für die Poldiagramme der
Resonanzen werden Unitarisierungseffekte berücksichtigt . Dies führt zu einer sig-
nifikanten Verbesserung der Beschreibung der Winkelverteilungen für die Reaktion
7r+p --> 7r+7r+n im Vergleich mit einem Modell auf dem Niveau einfacher Baum-
graphen . In den Reaktionskanälen 7r-p ~ 7r+7r-n und 7r-p ~ 7r°7r ° n finden wir
einen Beitrag des Zwei-Pion Zerfalls der Roper-Resonanz . Dieser Beitrag führt je-
doch nicht zu einer qualitativen Veränderung in der Beschreibung der differentiellen
Wirkungsquerschnitte .

Im zweiten Teil dieser Arbeit nutzen wir das Pion als Sonde für die Untersuchung des
kurzreichweitigen Anteils der Drei-Nukleon-Wellenfunktion in der 7r+ Absorption am
3He. Wir verwenden eine Parametrisierung der Drei-Nukleon-Wellenfunktion, die auf
modernen NN-Modellen basiert . Die Verwendung dieser Parametrisierung führt zu
signifikanten Verbesserungen in der Beschreibung der Wirkungsquerschnitte und der
Polarisationsdaten im Vergleich zu früheren Berechnungen . Die Polarisationsdaten
deuten jedoch darauf hin, dass sogar in quasifreier Kinematik Mechanismen, die über
eine Zwei-Nukleon Absorption hinausgehen, zur Beschreibung der Absorption posi-
tiver Pionen am 3 He notwendig sind .
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Chapter 1

Introduction

Today we believe that the theory of the strong interactions is Quantum Chromo
Dynamics (QCD) . This non-abehan theory describes the interactions of quarks and
gluons both carrying a quantum number called colour. One consequence of the non-
abelian structure of the theory is asymptotic freedom : the forces between quarks
and gluons become small at short distances (corresponding to large energies), and the
interaction can be treated perturbatively. With decreasing energy, the strong coupling
constant becomes larger, and the perturbative approach becomes useless . At energies
corresponding to the mass of the nucleon, no exact solution of QCD is known.

Furthermore, free quarks have never been observed . This led to the postulate of
confinement : all observable particles have to be colour singlet states . The relevant
degrees of freedom at low and intermediate energies are these colourless states, the
mesons and baryons . The spectroscopy of the baryons has in the past contributed
two main ideas to the development of QCD : the notion of "quark" as a building block
of hadrons and the hidden degree of freedom called colour .

At present, a detailed experimental investigation of the baryon spectrum is being
performed at both electron and hadron facilities . One hope is to find states that have
been predicted by quark models but have not yet been observed .

In the naive quark model, baryons can be described qualitatively as bound states of
three constituent quarks . The question comes up whether all baryon resonances can
be described as three-quark states . There has been much discussion on the nature
of the A(1405) [1-3] and the Roper resonance . The low-lying Roper resonance poses
a problem to constituent quark models based on one-gluon exchange [4] . In these
models, the Roper resonance as a positive parity excited state corresponds to a 2Lw
radial excitation in a harmonic oscillator potential and is always heavier than the first
excitation of negative parity. The consideration of other interaction mechanisms like
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flavour-dependent instanton forces [5] or Goldstone boson exchange [6] is needed to
change the level ordering of the low-lying positive and negative parity excited states .
Also on the lattice, it is controversial whether the low-lying Roper resonance can be
obtained as a qqq state . One group finds the lightest positive parity excited state
above the negative parity state [7], another group observes a level crossing between
positive and negative parity states which would reproduce the experimentally observed
spectra [8] . Another possibility is the interpretation of the Roper resonance as a
dynamical resonance [9-11] . In these cases it is difficult to make a clear and model-
independent claim that these states are not consistent with the qqq hypothesis . The
recent observation of a manifestly exotic resonance, the O+ [12-15] clearly cannot
be reconciled with the naive three-quark picture . This resonance has strangeness
S = l, and the simplest quark content would consist of at least five quarks, uudds.
The evidence for the existence of the O+ illustrates the importance to look for exotic
resonances. In the present work, we are however mainly interested in the Roper
resonance .

Experimentally, baryons and their decay properties have been most extensively stud-
ied in pion-nucleon scattering . However, to obtain a complete picture of the properties
of resonances, different excitation channels and different decay channels have to be
considered . Precise data on two-pion photoproduction have also become available
from the MAMI facility at Mainz [16-18] . The -IN reactions are however largely
dominated by the excitation of the A isobar and the D13 (1520) [19] . Therefore these
reactions offer no ideal situation to search for an effect of the Roper resonance . This
may change when polarised photons [20] or electro-production reactions are used . So
the N* program at Jefferson Lab [21] is dedicated to the experimental study of reso-
nance excitation in electroproduction .
Detailed differential distributions have recently been measured for the 7-p , 7°7r°n
reaction over a wide energy range from threshold up to 1 .53 GeV [22] . In the present
thesis we investigate these data for information on the two-pion decay of the Roper
resonance .

In the study of resonances one is faced with the problem of how to separate their
properties from the background contributions of non-resonant meson-baryon interac-
tions and from final state interactions . To describe such complicated processes over
a wide energy range one has to rely on models .

The Jülich 7rN [9-11] model allows for a good qualitative description of the pion-
nucleon phase shifts and inelasticities in an energy range from threshold up to
1.9 GeV [11] . It takes into account the inelastic channels -ir0, orN, pN (as effective
parameterisations of -r7rN intermediate states) and the r)N channel . The interaction
is iterated in a Lippmann-Schwinger equation . This unitarisation method allows for



the dynamical generation of resonances from the meson-baryon dynamics . Indeed,
one has found that the Roper resonance N*(1440) can be interpreted as such a dy-
namical state . In the Jülich model, this resonance is generated from the coupling of
the 7TN channel to the effective 7T7TN channel 6N. For the investigation of the decay
properties of this resonance a closer look at its two-pion decay suggests itself. But the
investigation of also the TN --> 7r7TN total cross sections within the Jülich 7TN model
poses problems because of the complicated analytical structure of the model .

On the other hand, the reaction 7TN ---> 7r7rN has been successfully described in
the framework of Chiral Perturbation Theory already at next-to-leading order, with
contributions only from tree-level diagrams [23] . Chiral Perturbation Theory is the
effective theory of strong interactions at low energies, but resonances are not included
as dynamical degrees of freedom. Our long term aim is however the investigation of
the decay properties of resonances . So we develop a resonance exchange model that
is constrained by Chiral Perturbation Theory in the low-energy regime .

The ingredients of our model are similar to the isobar model of Oset and Vicente-Vacas
that was later extended by Fazel et al . [24,25] . Their model was designed to describe
pion interaction in nuclei and for this application was formulated in the nonrelativistic
approximation . It could describe the total cross sections of the 7FN --> 7r7FN reaction
quite successfully and was also used for an interpretation of the M,, distributions in
[26] . It was found, that the M,r, distributions in the 7r+p ---> 7+7+n and 7r -p , 7r+7r-n
channels could not simultaneously be described .

We formulate a resonance exchange model in a relativistic framework, taking into
account contributions from 6 and p exchange and the excitation of the baryonic res-
onances 0(1232), N*(1440), N*(1520) and N*(1535) . In our model we go beyond a
"pure" tree-level ansatz by including some unitarisation effects for the pole contribu-
tions .

One aim of this investigation is to find out to what degree of accuracy the various
differential cross sections in the 7rN --> 7r7rN reaction can be described by a simple
tree-level ansatz and where the inclusion of initial and final state interactions has an
effect on the description of the data .

A second motivation for our investigation lies in the study of the resonance contribu-
tions to the pion production reaction and whether the reaction allows to disentangle
the information on the two-pion decay of the resonances from the background .

This thesis is organised as follows . In Chapter 2 we introduce the effective Lagrangian
for the meson-baryon interactions and present our model for the pion induced pion
production. The parameters of this model, the coupling constants and the masses of
the resonances, are fitted to pion-pion and pion-nucleon scattering in Chapter 3 . Our
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results for the reaction 7rN --> mirN are shown in Chapter 4 . The investigation of
pion-induced pion production ends with a few concluding remarks in Chapter 5 .

The work of the Jülich group does not only concentrate on the investigation of the
pion-nucleon interaction . In fact, also the pion-pion and the nucleon-nucleon inter-
actions are investigated with the aim of finding a consistent description of strong
interaction processes at low and intermediate energies . Chapter 6 is dedicated to the
investigation of positive pion absorption on 'He . In such a reaction, the nucleon-
nucleon interaction can be probed at short distances and medium effects can be stud-
ied in a theoretically tractable system .



Chapter 2

Introduction to the Model for
7rN 7F7FN

In this chapter we introduce our model for pion-induced pion production on the
nucleon, the reaction 7N ---> 77TN . We work in the framework of a resonance-exchange
model considering processes with intermediate mesonic (9, p) and baryonic (A, N*)
resonances . The interactions of the pions, the nucleons and these resonances are
described by effective Lagrangians . The coupling constants in these Lagrangians are
parameters that have to be determined from the data . The interaction Lagrangians
are given in section 2 .1 . In section 2 .2 we discuss the ingredients of our model for
7rN --> mirN .

2 .1

	

Symmetries of QCD and Effective Lagrangian

To describe the interaction of mesons and baryons, we make use of phenomenologi-
cal Lagrangians that respect the symmetries of QCD. These symmetries are Lorentz
invariance, the invariance under time reversal, charge conjugation and parity transfor-
mations, and in particular the (approximate) invariance under chiral SU(2) x SU(2)
transformations .

Invariance under chiral transformations means that the QCD Lagrangian is invariant
under rotations which act independently on the lefthanded and righthanded quark
fields . The group of these rotations is SU(2) L x SU(2) R. Alternatively, the rotation
group can be written as SU(2) v x SU(2)A with vector and axial-vector transformations



is an iso-spinor collecting the up and the down quark fields . The symmetry of the
QCD Lagrangian under the vector transformations eq. (2.1) is also called isospin
symmetry.

These symmetries are only approximate symmetries: isospin symmetry is explicitely
broken by the mass difference of the u- and d-quark . The invariance under axial-vector
transformations is explicitely broken by the non-vanishing quark mass. However,
the u- and d-quark masses (and their difference) are small compared to the typical
hadronic scale of 1 GeV, so the effect of this explicit symmetry breaking should be
small .

In nature, isospin symmetry is realised to a high level of accuracy. This is evident
from the existence of isospin multiplets in the hadronic mass spectrum . The mass
splitting in these multiplets is of the order of a few percent only .
So isospin symmetry is certainly a good symmetry to work with.

Chiral symmetry, on the other hand, is not realised in nature in the same way (the
so-called Wigner-Weyl mode) . This would lead to the observation of parity doublets
in the mass spectrum . For example, the p and the a l should then have the same
mass. But the mass difference is of the order of the p mass. Such a huge difference
cannot be accounted for by the explicit breaking of chiral symmetry through the small
quark masses . So the Wigner-Weyl mode drops out as a possible realisation of chiral
symmetry.
Instead, chiral symmetry is spontaneously broken. This means that the vacuum does
not exhibit the symmetry of the Lagrangian. According to the Goldstone theorem,
there should be a massless excitation of the vacuum for each spontaneously broken
generator of a symmetry. In the case of broken SU(2)A symmetry, we expect the
existence of three massless pseudoscalars in the spectrum . These can be identified
with the pions . Of course, the pious are not exactly massless, but they are (by far)
the lightest hadrons . Their non-vanishing mass is attributed to the explicit breaking

of chiral symmetry by the non-vanishing quark masses. The observation of the Gold-
stone bosons in the mass spectrum lends support to the theory of the spontaneous

'Here the expression 'chiral symmetry' is used for the axial-vector symmetry alone .

6 Chapter 2 : Introduction to the Model

acting on the quark fields,

for -irN --, TTN

q
e-izäq (2 .1)

q e-2'Y5 Z q ; (2.2)

where the Ti, i = 1, 2, 3, are the Pauli matrices in isospin space and

q = ( U
d

) (2 .3)
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breaking of chiral symmetry. So chiral symmetry is a good symmetry for the QCD
Lagrangian and thus it should also be respected in any effective Lagrangian for the
strong interaction .

The Goldstone bosons - being the lightest particles of the theory - dominate the
physics at low energies . Up to the mass of the lightest non-Goldstone particle, the
pions should thus be the appropriate degrees of freedom to work with. Furthermore,
the interaction of the Goldstone bosons becomes weak at low energies . This allows for
a perturbative treatment of the interaction in terms of small pion momenta. Guided
by the symmetry constraints, Chiral Perturbation Theory, the effective field theory for
QCD at low energies has been constructed for the interactions of pions [27] . Chiral
Perturbation Theory is a systematic expansion of the interaction in terms of pion
mass and energy over a scale A, below which the effective theory is applicable . This
scale is set by the mass of the p meson.
The leading order in the chiral expansion contains only known parameters, so that
the leading order is fixed . The coupling constants of the higher order interactions, the
so called low-energy constants, are free parameters . In principle they are calculable
from the underlying theory, but such a calculation is beyond the possibilities of lattice
QCD at present . So the low-energy constants have to be determined from experiment .

Also the interaction of pious with the nucleon can be described in Chiral Perturbation
Theory. This makes Chiral Perturbation Theory a powerful tool for the investigation
of hadronic interactions at low energies . But the further one goes away from the
threshold, the larger becomes the expansion parameter E/A, and one has to include
higher and higher orders in order to describe the interaction . The expansion will
finally break down at energies of the order of the masses of the lightest resonances . In
the pion sector, this happens at the mass of the p meson, in the pion-nucleon sector
the mass difference MA -MN limits the radius of convergence of the chiral expansion.

Our focus lies on the investigation of the resonance region . That is why we do not
work in the framework of Chiral Perturbation Theory. We have to take resonances
explicitely into account as dynamical degrees of freedom . In the threshold region,
however, our model should be constrained by Chiral Perturbation Theory. The con-
tributions of resonances should manifest themselves in the values of the low-energy
constants . It has been shown by Ecker et al . [28] for the mesonic sector that the
low-energy constants of the next-to-leading order can be saturated by resonance ex-
change. For the pion-nucleon sector, such a study has been performed by Bernard
et al . [29] who also find nice agreement between the phenomenological values of the
low-energy constants and their values from resonance saturation.

A chirally symmetric Lagrangian for the interaction of vector and axial-vector mesons
with pious and nucleons was formulated by Wess and Zumino [30] . This Lagrangian
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2

:

Introduction to the Model for -irN --, TTN

is

based on the (chirally symmetric) nonlinear 6-model that describes the interac-

tion

of pions and nucleons

.

Vector and axial-vector mesons are then introduced as

gauge

fields of a local chiral SU(2) x SU(2) symmetry

.

From this Lagrangian we take

the

7TNN, 37N and 47T interaction as well as the pNN and 77p interaction

.

Note

that

we use a different sign convention

.

We fixed the overall phase by the choice

G7NN

= -(L~NNIm7)'I''Y5'Yw'~a17rT, which is the sign convention typically used in

photoproduct

ion

.

Then also our 37rN vertex gets this relative sign with respect to

the

Wess-Zumino Lagrangian

.
In

addition we need Lagrangians for the coupling of the scalar 6 meson, which

parametrises

a correlated pion pair in the scalar-isoscalar partial wave, and for the

coupling

of the A and the N* resonances

.

These terms of the interaction Lagrangian

are

taken from [10] with the following exceptions

:

The

ormir coupling of [10] is supplemented by a scalar coupling proportional to

the

square of the pion mass gl'm~irr~rQ

.

For

the coupling of the Roper resonance to the TN, orN and 7T0 channel we

use

the same interaction Lagrangian as for the Nucleon

.

The Lagrangian of [10]

does

not contain any coupling for the Roper resonance, because in that work,

the

Roper resonance is not a genuine resonance but generated from the meson-

baryon

dynamics

.

For

the D13 we choose a coupling that is similar to the coupling of the A isobar

with

an additional _'5 matrix to account for the different parity of the A and the

D13.

Of course, we use also the isospin-1/2 operator for the D13

.

As in [10] the

D-wave

character of the 7TND13 interaction is put directly into the vertex by

using

an additional derivative on the pion field i-y

.01'

with respect to the TNA

Lagrangian.

0

The S11 resonances are coupled to the TN and nN channel via gradient cou-

pling .

In [10] a scalar coupling for these vertices is assumed, which leads to an

unreasonably

high contribution of the S11(1650) resonance already at the 7TN

threshold .
In

our model, the contribution of the S11(1650) at the 7TN threshold is compen-

sated

for by 6 exchange with a scalar 6-iTT coupling

.
In

an improved version of the Jülich 7TN model [11] the high contribution of the

S11(1650)

at threshold has been removed by replacing the scalar coupling with

gradient

coupling

.

The

Lagrangian for each vertex is given in Table 2

.1 .
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Table 2.1 : The interaction Lagraugian of our model.

vertex G

7rNN fN- ~''Y5'YwTc~~7r

7r7TTNN - 16F,3 qj-Y5-Yp'i (0/'7r 27r +7O/-t72)

7777(1) 8P2 (C~j 7r 2 ÖP7r m,T 7r 4

7r7r7r7r (2)
2
2m2 (7r X a~7

)
2

7N0 f
m°A"TTa/ 7T + h.c .

p7rT -.gp~r~r (7r X a,,7f) pw

pNN -gpNN (,Y
N _

2MN QPvw Tqj

Q7r7r -91m,~7r6 + 22Ö~7Öp7Q

QNN -gaNNiTQ

U6a -9uoramag6a

7f00 fm ON~i5~ivTÖv 7rON

pN0 -i fp� A AI'Y5'YvTTPwvT + h .C .

P00 -.gp000Q 'fu - ZNIo
6/I

vw TpNO~

P11 7rN N- fpm~r qjN*'Y5'YwTOM7rqj + h.C .

P1170 fPnL~° OtTtöp7FTNTN** + h.c .

Pi16N -.gP11aN N*q'(7 + h . e.

D137TN 2 fDm2N qjN*"15'YvTqjavap7r + 11.C .

D137A f
m~ N*'yvTÖv7rON + h.c .

S11 7rN fSm~N JN*'Yp'TO~7rq) + h.C .

S11T1N
fS~r7N qfN*7~OMTIXP + h.c .



10

	

Chapter 2 : Introduction to the Model for -irN --, TTN

2 .2 Contributions to the Pion Production Reac-
tion 7TN --+ 7r7TN

The contributions to the pion-induced pion production reaction are displayed in Figs .
2.1-2 .3 . The corresponding expressions for the invariant matrix elements are listed in
Appendix D .

The diagrams (A .l)-(C .l) contain only pion-nucleon and pion-pion interaction ver-
tices . They constitute the contributions of Chiral Perturbation Theory at leading
order together with a 77rNN contact term with a third pion line attached to the
nucleon . This 7r-irNN contact term, the Weinberg-Tomazawa term, is in our model
saturated completely by the p-exchange in (D .l)-(D .6) and therefore must not appear
explicitely.

In addition to the leading order 47r interaction vertex, we use 6 and p exchange in order
to parametrise the scalar-isoscalar and vector-isovector partial waves in 7r7r scattering .
The second 4-ir vertex in diagram (C .4) is needed to cancel the contribution of the
s-channel rho exchange to 7r7r scattering at leading order in the chiral expansion .

In diagrams (D .1)-(E .6) we take into account the exchange of a 6 or a p meson. p
exchange in the t channel is responsible for the isovector part of the pion-nucleon
s-wave scattering, while t-channel or exchange describes the isoscalar part.

The next group of diagrams involves the excitation of a A isobar in the intermediate
state . The mass of the A, MA = 1232 MeV, lies only a few MeV above the 77FN
threshold at v "thr . = 1215 MeV. Thus we expect a large contribution from A exci-
tation, in particular from diagrams (F .l) and (F.2) already at the pion production
threshold .

Finally, we consider the contributions from N* excitation and the subsequent decay
of the N* resonances into the T-iTN final state . We take into account contributions
from the N* resonances with a mass below 1600 MeV, which are the P11 (1440), the
so-called Roper resonance, the D13 (1520) and the S11 (1535) .
From a look at the baryon summary tables of the Particle Data Group [31] we expect
only a small 7r7TN decay of the S11 (1535) . However, one needs a 77TN decay of the
S11 (1535) in order to describe the 7TN inelasticities and the 7TN --~ nN cross sections
simultaneously. Assuming that the 7TN inelasticities in the S11 partial wave at the
resonance energy are completely saturated by the coupling to the qN channel leads to
an overestimation of the 7N ---> qN cross sections . This can be mended if one allows
for a -r7rN decay of the resonance [11] . We have included the possibility of a 7TTN
decay of the S11 (1535) via the decay to a 7TN intermediate state and the subsequent
decay of the nucleon to TN .
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Figure 2 .1 : Contributions to the 7N ----> 7r7TN reaction in our model . The labels
below the diagrams refer to the labelling of the expressions for the amplitudes listed
in Appendix D .
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Figure 2 .2 : Contributions to our model involving 0 excitation .
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According to [31], the D13 (1520) should decay with a fraction of 40 - 50% to the -iTTN

channel . Of these 15 - 25% should go into the 7A channel and the same fraction to
the pN channel . We have only included the decay to the 7A channel . We expect
the effect of the pN channel to be small in the energy range up to 1 .5 GeV, because
the 7r7r interaction in the p partial wave is still small for the corresponding maximal
energy of the -r7r system of - 0 .6 GeV.
The important 77rN decay channels of the Roper resonance are the 7F0 and the 6N
decay. Although the 6N decay is quoted with a fraction of 5 - 10% only, it should
still make important contributions to the two-pion decay of the Roper resonance . The
presence of a large contribution of the (-r7r) S decay of the Roper resonance at the 7r7TN

threshold has already been observed in the Oset-Vicente-Vacas model [24] .

With the exception of diagram (B .1), the contributions to iTN --~ ir7rN can be grouped
in the following way:

" diagrams describing mir scattering with a nucleon attached to a pion leg ((C .1)-
(C .4)),

" diagrams describing 7rN scattering with an additional pion attached to the nu-
cleon line ((A.l)-(A.6), (D .3)-(D .6), (E.3)-(E.6), (F .1)-(F .4), (F.9)-(F.12) and
(I/L/N.l/2)),

" and diagrams contributing to the transition of the jTN channel to an inelastic
channel (C .2/3), (D/E.1/2), (F .3)-(F.6), (G .1)-(H.6), (J/M.1/2) and (K .1)-
(K.6) .

Of course, our model should also be able to describe these sub-processes . We can
make use of these sub-processes to fix the parameters of our model, the masses of the
resonances and the coupling constants .

The fitting of the parameters to the 7r7r and 7TN phase shifts and inelasticities is
described in the following chapter . The results obtained with our model for the
reaction 7TN ---> 7r7TN are presented in Chapter 4.



Chapter 3

Pion-Pion and Pion-Nucleon
Scattering

In this chapter we describe how the parameters for the 7N , 7r7N model are de-
termined from pion-pion and pion-nucleon scattering . Detailed phase shift analyses
are available for both reactions. In order to compare with those analyses, it is nec-
essary to demand that the model employed fulfils unitarily . This can be achieved by
iterating the interaction in a scattering equation .

At the same time we intend to keep the scattering equation as simple as possible .
For this reason, we choose to work with the K-matrix approximation, which will be
described in the following section .

3.1

	

The K-Matrix Formalism

The relativistic scattering of two particles is described by the Bethe-Salpeter Equation

(k l/Y~4J IT I k/1 2 2 )= (k f /Y~4fIUI kA1/~2i)

(d)4 (VA3A4 .f ~U1 gK1K2n)G(P,q)(qKIK2nITI kAI A2 i) .

	

(3 .1)
Kir12 n

In this equation, G(q) denotes the two-particle propagator, which is the product of
the Feynman propagators of the particles in the intermediate state,

G(P, q) _ (- z)
(P
+

q)2 ? Njl + zE (P - q) 2 ? M2 + iE '

	

(3 .2)
2

for a two-particle intermediate state with Ml and M2 the masses of the two particles .
P is the sum of the two particles' four-momenta . We work in the centre-of-momentum
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frame, where P =

	

0) . q is the relative momentum in the two-particle intermediate
state . k and k' are the relative momenta in the initial and final state, respectively.
The Ai and Ki are the helicities of the particles, and f, i, n label the different two-
particle channels . For 7f7r scattering we take only the 7T7r channel into account, for
-irN scattering we include the coupled channels 7rN, (TN, 7v0 and r)N . The channel
indices will be suppressed in the following .

The integral kernel U consists of all connected two-particle irreducible interactions .
Irreducible are those two-to-two particle interactions that do not contain intermediate
states with only two particles .
An infinite number of reducible interactions is generated by the scattering equation .
In principle also the number of two-particle irreducible interactions is infinite, so for
any application, the kernel has to be approximated .

Another approximation is connected with the fact, that the Bethe-Salpeter Equation
(3 .1) is a four-dimensional integral equation . The solution of an integral equation
in four dimensions is technically very involved . With the coupled channels, such a
calculation is hardly feasible . In practice, one works with a three-dimensional reduc-
tion of the Bethe-Salpeter Equation . A reduction can be achieved by writing the
Bethe-Salpeter Equation as a set of coupled equations,

with an arbitrary two-particle propagator g [32] . g is often chosen to contain a one-
dimensional 6-distribution that puts a constraint on the zeroth component of the
relative momentum . A possible choice for g is [33]

0

g(P; q) = 2~r
s

	

b~q
+ iE 2E1(sq)E2 (sq)

f(8, sq) ~

	

(3.5)

with sq = (El (8q) +E2(sq))2 and Ei =

	

M2 + q2. f(s, sq) is any function that fulfils
f(s, s) = l . This condition for f( 8 , sq) comes from the requirement that g(P, q) has
the same discontinuity along the real axis as the full two-particle propagator G(P, q) .
So the imaginary part of g is fixed . The real part of g(P, q) is completely arbitrary.
With g(P, q) as in Equation (3.5), one gets a three-dimensional equation for T,

with

( k' A3A4 IT I k AI A2 ) =

	

k'A3 A4 V k AI A2

K1 K2

T

	

=

	

V+ VgT

	

(3.3)

V

	

=

	

U + U(G - g)V

	

(3.4)

I (

	

)3 ~
k, a3a4 I VI q NIN2)g( P, q)(q NI N2 ITI k al a2 ) ,

	

(3.6)

~(P; q) =
8 - sq + iE 2E1(8q)E2(8q) f(S) sq)

	

(3.7)
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The driving term of this scattering equation, the quantity V is in principle deter-
mined by equation (3.4) . In view of (a) the difficulty of solving a four-dimensional
integral equation and (b) the fact that the integral kernel U is not precisely known
anyway, one chooses V to be given by a subset of irreducible interactions . Usually,
one takes into account the interaction up to second order in the coupling constant .
This approximated V is often referred to as the pseudopotential .

The three-dimensional scattering equation (3 .6) can be further simplified by working
in the K-matrix approximation .
The K-matrix is defined by the equation [34,35]

~
I
A3A4 IKI ~AIA2) =

	

~
I
A3A4 V ~AIA2

The T-matrix can be expressed in terms of the K-matrix as

(~ /A3A4 IT I k AIA2 ) =

	

~ I A3A4 IKI k AIA2 )

d
3
g

	

~ ~Ia3 A4 IVI qN1 N2 )Re [g(P, q)] (qNlN2 IKI ~A1a2 ) .

	

(3 .8)(27F)3

-
~ k'a3a4 IKI (jKjK2 ) ilm [g(P, q)] ( qKIK2 ITI k Al a2 >

K1 Kz

Given an expression for the K-matrix, this equation for the T-matrix can be easily
solved, because the imaginary part of the two-particle propagator is proportional to
a 6-function that puts both particles in the intermediate state on their mass shell,

with the on-shell momentum

Im [9(P, q)] = -

	

7r

	

6(q - qon) ,
4gon

1
qon =

2~

	

s - (MI +M2)2

	

s - (MI - M2 ) 2 .

	

(3.11)

As already mentioned, the imaginary part of the propagator is unambiguous .

(3 .9)

(3.10)

The K-matrix approximation consists of setting K = V, thus neglecting the principal
value integral in Equation (3 .8) . The unitarity cut is taken into account properly in
equation (3 .9), so the resulting transition matrix T is unitary . Neglecting the principal
value integral leads to a reduction of strength for the multiple scattering contributions
as only on-shell intermediate states (coming from equation (3 .9)) are allowed in the
K-matrix approximation . Taking into account only the on-shell intermediate states
means in particular that the different channels can only contribute above their pro-
duction threshold . So analyticity is violated in this approach . However, Pearce and
Jennings [36] compared the quality of the K-matrix approximation to other choices of
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the propagator for elastic 7rN scattering . They found that the effect from the princi-
ple value integral is small in this particular reaction, so that the parameters extracted
for the different approximations do not differ much .

Our aim is not to formulate a unitary, analytic model for 7r7r and 7rN scattering .
Instead, we aim at a fit of the coupling constants and resonance masses for the tree-
level 7rN , 77rN model. This model contains tree-level contributions corresponding
to -ir7r and -irN scattering . In order to fit the parameters of these contributions to
the results of the phase shift analyses for 7r-r and 7rN scattering, we have to unitarise
these tree-level contributions, and we want to unitarise them in a most simple way.
For this purpose, the K-matrix appears to be most convenient .

Finally, we want to point out that as a consequence of neglecting the principal value
integral (3.8) the K-matrix approximation cannot generate poles in the T-matrix
dynamically. Such a dynamical pole is generated if the series

K=V+VPGV+VPGVPGV + . . . (3 .l2)

is divergent . For 7N scattering the Jiilich model [10] predicts the dynamical genera-
tion of the Roper resonance from the coupling of the 7TN to the QN channel . However,
in the framework of the K-matrix approximation, this pole can be introduced `by
hand' by including it as a genuine pole in the potential.

Because of the rotational invariance of the strong interactions, the matrix elements
of the potential and the transition matrix can be decomposed into submatrices of
definite angular momentum . This partial wave decomposition is shown in detail in
appendix B. The three-dimensional integral equation (3 .6) is reduced by the K-matrix
approximation together with the partial wave decomposition to a set of algebraic
equations of definite angular momentum J,

(VA3A4ITJI kAIA2) = (k /A3A4IV
J

I k/\1/\2)
27r qon

(27)3 4V/s

(k IA3A4IVJ I gon NI N2)(qon NI N2ITJ I kAlA2) . (3 .l3)

It is convenient to write the matrix elements in terms of the JLS basis for several
reasons . A state in JLS basis has definite parity . Thus, the parity of a resonance
can be determined directly from the partial wave to which it contributes in the JLS
representation . Some of the transition matrix elements ( k'L'S' IV' I k LS ) vanish
because of parity conservation and angular momentum conservation . And finally, the
results from partial wave analyses of experimental data are usually given in the JLS
basis for the abovementioned reasons . The transformation from helicity basis to JLS
basis is given in appendix B .
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Since the strong interactions approximately conserve isospin, the states are in addition
characterised by their total isospin I . The scattering equations for different isospin
decouple . The coupled-channels two-body scattering equation in JLS basis is given
by

kLS' ITIJI kLS~ _

	

kLS' IVI'I kLS~ -

	

Z7r

	

qon
(2~)3 4V~s_

~(OL'S'IVI'I go,L
�S� )(gonL�S� ITIJIkLS) .

	

(3.l4)
US"

3.1 .1

	

The aN and 7r0 Propagators

The 6 is a parameterisation of a correlated pion pair in the scalar-isoscalar channel .
So in the aN channel we effectively deal with a three particle channel of two pious and
a nucleon . In the K-matrix approximation we want to account for those three-particle
states with the nucleon and two pions on their mass shell .

In our parameterisation the 6 consists of a `bare' 6 which is dressed by pion loops .

-..,r., + ~...~

	

~..., + -j

	

rJ

	

r,., + . . .
6dressed

	

-'
(3.15)

In order to get the contribution with two pions on-shell, we have to take the imaginary
part of the a propagator, since the expression (3 .15) can only acquire an imaginary
part if the two pions in a loop are on their mass shell . The imaginary part of the
propagator is related to the imaginary part of the self-energy by

2
Tin ~ P2 -

mQ
I

	

E~(P2) ~ = Tin [E(7(P2)]

	

P2 - mQ1

	

Y:,(P2)

The self-energy can be calculated from 7r7r scattering . It is given by

E,7(P2) = ft Gfo

	

(3.17)

with fo the bare vertex function of the 67TT vertex and G the pion-pion propagator,

fo

	

=

	

-

	

127r (2glm2 +

	

2 (P2 - 2rn27 2

	

))71

_.

	

1 i7r 1 P2
2 (27x) 3 4,\/-P-2

with the 67TT scalar and gradient coupling constant gi and 92 as defined in Table 2.1 .

Eo(s) = foG7Nfo

(3.16)

In a similar manner, the 0(1232) acquires a self-energy by the dressing with TN
loops . For the 0 self-energy, we take into account only the part of the width coming
from 7N loops and neglect any non-pole 7N interaction . We get

(3.18)
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with fo the vertex function of the TNA vertex in the A pole potential in the P33
partial wave of 7N scattering . Expressing the vertex function explicitely with the
help of our 7NO Lagrangian, we get

q 3

	

2
-z 6m2~ (EN + MN)(~+ Mo)_

	

f
47r~

	

(3.19)

f7NO denotes the rTNA coupling constant, qon is the on-shell momentum of the 7N
state in the loop and EN =

	

MN +q02n .
This should actually be a very good description of the A self-energy, because the P33
partial wave in pion-nucleon scattering can already be nicely described by a A pole
diagram alone for energies up to ,~ 1 .3 GeV.

With the help of the relation (3 .16) we can write down the propagator for the QN
and 7T0 intermediate state - more generally for an intermediate state with one
stable particle (we choose particle 1) and one unstable particle . For such a state, the
scattering equation (3 .1) contains the expression with the two-particle propagator,

(2)4V(

	

1, q) q2 -
M1 + iE (P - q)2 -

1

	

T(q, k)

	

(3.20)
- ~12((P - q)2)

We put particle 1 on its mass shell by exploiting the Cutkosky rules [37],

11+ZE
- -2E1 6(q

o
- El) . Of the unstable particle's propagator we keep only theq2_NJ

imaginary part which is related to the two-particle cut . After a partial wave decom-
position we get

ZIgmax (~
)

a VJ
(k

/
, q) 2E1

Im (E2((~ - El ) 2 - q2))

1

	

z

(~ - El) 2 - q2 - m2 - ~2(( - - E1)2 - g2)

	

T'(q,

	

)	(3 .21)
~

For the 6N propagator, the maximal momentum gmax is reached for the minimal
invariant mass of the two pions,

gmax =
2 /8(S

- + 2m,)2) (8 - (M

+ 2rrn,) 2 ) (s - (MN)2) .

-2

In the case of the 7T0 propagator, the maximal momentum is given by

gmax = 2

(3 .22)

(3 .23)
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3.2

	

Pion-Pion scattering

We start from the chiral Lagrangian at leading order,

Figure 3 .1 : Contribution of the mir T-matrix to 7rN - -r7rN . (a) The pion exchange
diagram. (b) Pion-Pion rescattering . The `blob' in (b) includes all tree-level diagrams
that lead to a 7r7N final state . Note, that the decomposition into (a) and (b) is
arbitrary and just for illustrative purpose .

Pion-Pion scattering contributes to 7TN ---> 7r7TN as final state interaction (Fig . 3 .1) .
At pion momenta of tens of GeV, pion induced pion production on the nucleon is
dominated by the pion-exchange diagram Fig . 3 .1(a) and al - and a2-exchange . This
allows the extraction of information on the -ir7r interaction . So beside 7TN --~ 7TTA [38]
and Ke4 decays' [39], pion induced pion production is a source of information on
pion-pion scattering .
Then, there is also a contribution of 7r7r scattering in the rescattering of the final
state pions (Fig . 3.1(b)) . This rescattering contribution is partly accounted for in
our tree-level model through the inclusion of 6 and p exchange as a parameterisation
of a correlated pion pair. In this section we describe a model for 7r7r scattering, from
which we also determine the parameters for a and p exchange .

In order to get a reasonable description of pion-induced two-pion production up to
= 1 .5 GeV we need a model that can describe T-iT scattering up to ~ 0.6 GeV.

The lowest-lying two-particle channel that couples strongly to the 77r-channel, the
KK-channel, opens only at 990 MeV. For our purpose it is hence entirely adequate
to deal with the T-r-channel only .

We now write down the potential for T-iT scattering . This potential is then iterated in
the scattering equation (3.14) to obtain the T-matrix from which the observables are
calculated .

2

G2 = 4 (Du UI D~U + XTU + XUI) .

	

(3.24)

'Ke4 decays are the semileptonic four-body decays K ~ 7r7rlvl .
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The pion fields are contained in the unitary matrix U. The representation of U in
terms of the pion fields is not unique . Observables must, however, be invariant under
a redefinition of the pion fields . We work with the so-called a-model gauge,

Du is the covariant derivative, which in our case is just the derivative of the pion fields
as we are not concerned with external vector and axial-vector fields . The brackets
( . . . ) denote the trace in flavour space . X contains the quark masses,

and is related to the pion mass via the relation

= 2BM = 2B

7T 2 T7r
1- F2 +Z F

,
.

= B(mu + md) {1 + 0(-M)} = 2 (x) {1 + 0(-M)} .

	

(3 .27)

So at leading order, 2 (0 is just the square of pion mass.
F is the pion decay constant in the chiral limit, F, = F {1 + O(M)} . We use the
value F, = 92.4 MeV.
The first term in C 2 is invariant under a chiral transformation, the second term
describes the explicit breaking of chiral symmetry by the small quark masses .

Expanding the Lagrangian G4 up to four pion fields, we get the interaction Lagrangian
of the nonlinear sigma model plus a mass term,

-
IC47T = 81F2 (aw720wy2

The Lagrangian G4. leads to a potential in the s and p waves of pion-pion scattering .
After a partial wave decomposition we get the following expressions 2 :

Voo =

V11 =

WO =

0

0

2 ,~r 4)

47r
-F2 (2s -

Mir s
3F,2
47

2)

--2 (-s + 2m2)

2We use the notation VIA with total isospin I and angular momentum J.

(3 .29)

(3 .25)

(3 .26)

(3 .28)
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Iterating the leading order Chiral Perturbation Theory potential in the K-matrix
approximation is not enough to describe the 77r phases in the scalar-isoscalar and
vector-isovector partial wave up to Vs- - 600 MeV (see Fig 3.2) .

In order to parametrise the strong 7r7r correlation in the scalar-isoscalar partial wave,
we introduce the s-channel exchange of a scalar-isoscalar resonance, the 6 . This is
coupled to the pions via gradient and scalar coupling,

The 6 s-channel exchange leads to a separable potential in the I = J = 0 partial
wave.

The potential from p-exchange in the s-channel is given by

GQ77 -gim~r6 + 92 äjap2

Voo
fofö

17

V11
P

(3 .31)
s-mä

=

	

2-irv~_3_ [2g,M2 +
q2

(s - 2rn2 )] (3 .32)

In the I = J = 1 partial wave we include the s-channel exchange of the p meson
in addition to the leading order chiral perturbation theory (3.28) . The interaction
Lagrangian reads

2

.CP77 = -gP77 (~r x 07Jr) to ll +
2m2

(j x aM ~r) 2 .

	

(3.33)
P

The first term of (3 .33) alone would lead to a contribution of the p-exchange in
7r7r-scattering at leading order in the chiral expansion in addition to the contribution
from G4, . But G4, already gives the complete interaction at 0(p2), so that the leading
order contribution from p exchange has to vanish . For this purpose, the second term
in ,CP7,7,, a 7r7r contact interaction, is needed . The 77 contact interaction in GP,T7T
appears quite naturally if one introduces the p meson as a massive gauge boson [40] .
Another possibility to avoid a contribution of the p-meson at leading order would
be to introduce the p-meson not as a vector field but as an antisymmetric tensor
field [27,28,41] .

fofö
s - 7722

327T s

3 (4

(3 .34)

(3 .35)

(3.30)
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From the 77 contact interaction in (3 .33) we keep only the part that cancels the p
exchange in the s-channel at O(P2 ) .

The Chiral Lagrangian at O(P4) reads :

327r 9P7j
3 rn2 (_4P

(3 .36)

With this potential, a good description of the pion-pion phase shifts up to the KK
threshold and up to J = 1 is possible . We fit the coupling constants and masses of
the 6 and the p to the 7T7r phase shifts Goo and 611 , respectively. The resulting fits are
shown in Fig . 3 .2 . The fitted parameters are given in Table 3 .1 .

3.2 .1

	

Comparison with Chiral Perturbation Theory

Now let us check whether the low-energy limit of our meson exchange contributions
agrees with Chiral Perturbation Theory. As has been shown by Ecker et al ., the next-
to-leading order Chiral Lagrangian can be expressed in terms of resonance exchange
and the low-energy constants can be saturated to good accuracy by this resonance
exchange [28] .

The ellipsis stands for those terms in G4 that do not contribute to pion-pion scattering .

The low-energy constants LZ contain finite and divergent pieces . The divergent pieces
are needed to cancel the divergences of the pion loops at O(p4 ) . The renormalised
values of the finite pieces will thus depend on some renormalisation scale A . For
the purpose of resonance saturation this scale should not be too far away from the
resonance region, so is chosen to be equal to the mass of the p [28] . At present, it
is not possible to calculate their values from QCD directly. Instead, they have been
determined phenomenologically from experiment and by invoking large-NC arguments
[46] . Their values are listed in Table 3.2 .

The contribution of resonance excitation to the low-energy constants can be deter-
mined by replacing the resonance degrees of freedom with an effective interaction .

L 4 = L1 (D.UtD"U)2 + L2 (D.UtD,U)(DwUrD"U)

+ L3 (D.UW'UD,U1 D'U) + L4 (DmUl D"U) (xtU + XUt)

+ L5 (D.UW'U (xtU + XUt )) + L6 (xtU + XUt)2

+ Lg (XtUx'U + XU'XUt) + . . . (3 .37)
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Table 3.1 : Parameters for the 6 and p exchange .
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Figure 3 .2 : The pion-pion phase shifts up to J = 1 . The solid lines show the results
of our K-matrix model. For comparison we also show the results with the potential
from leading order Chiral Perturbation Theory alone (dot-dashed lines) . The data
stem from the analyses of Protopopescu [38] (filled triangle-up), Hyams [42] (filled
circles), Froggatt [43] (open diamonds), Takamatsu [44] (open triangle-down) and
from a compilation by Martin [45] (filled diamonds) .

rn, 0 .8346 GeV

98.94 GeV-2

92 7 .322 GeV-2

MP 0 .772 GeV
gP " 2 .905
47T
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For momentum transfers much smaller than the resonance mass m, the propagator
of the resonance can be expanded in a Taylor series,

q1 ; a

For the p exchange, the T-iT contact interaction arising from the first term in the
expansion is cancelled by the contact interaction in the Lagrangian (3 .33) . The contact
term from the second term in the expansion of the propagator contributes as desired
at 0 (p') .

q3 ; c

4 2

. .4

	

[(ql ' q2)2 - (ql ' q3)2 ] [6ab6cd - 6acsbd]

By comparing this to the Lagrangian G4 , one finds that the contribution of p
exchange comes in the combination 2 (Du UTDl'U) 2 + (D.UtD,U)(DPUTD"U) -
3 (D.UtDpUD,UTD"U) . The low-energy constants L 1 , L2 and L 3 are given in terms
of the p mass and the pTT coupling constant,

2 F4
Lp - 9p77 7T

1

	

8mp

L2 = 2LP

L2

	

=

	

-6Lp .

or exchange contributes to the low-energy constants L 1 , L4 and L 6 ,

(3 .38)

These expressions agree with the expressions derived in [28] . To see this more clearly
for the p meson, one can reformulate the interaction Lagrangian for the p meson
represented by an asymmetric tensor field given in [28] in terms of an interaction
Lagrangian for the vector field representation [41] . Then the coupling constant GV is
identified with the expression gp,,F, /mp and we retrieve the expressions for the L it,
given by Ecker et al . .

La .q2
2 F4

1 32m2

La 9192 F,'
4 8mä

L' 91
2 F4

6 8mä
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Table 3 .2 : The values of the low-energy constants determined from p and 6 exchange
compared to the empirical values from [46] . The entries are given in units of 10 -3.

The numerical values of the resonance contributions to the low-energy constants are
compared to the empirical values in Table 3 .2 . The meson exchange contributions
for L1, L2 and L3 are in rather good agreement with the phenomenologically deter-
mined values . Also the agreement with the values for resonance saturation obtained
by Ecker et al . i s reasonable . For L°, for example, they get 0.6 - 13-3 while we get
0 .9 . 10-3 . The difference can be traced back completely to the use of different values
for the coupling constants . Also our Li = 0.3 - 10-3 agrees nicely with their large NC
estimate of 0 .2 - 10-3 .

The values we obtain for L4 and L6 are two orders of magnitude too large and of the
wrong sign. The reason for this is twofold . Firstly, we do not consider the exchange
of a scalar isotriplet . This would contribute to L1, L4 and L6 with the opposite sign
as compared to the isosinglet . The scalar isotriplet would also contribute to L 5 and
L8 . Secondly, the contribution of the scalar isoscalar within our model is by itself two
orders of magnitude above the estimate of Ecker et al . [28] . At this point one should
note that the structures in the Chiral Lagrangian G4 to which we compare the reso-
nance exchange contributions also comprise t- and u-channel meson exchanges . We
assume that neglecting such contributions in our model does hardly have an effect on
the parameters of the p exchange, so that the low-energy constants from p-exchange
are in good agreement with the phenomenological ones . But the effect of the t- and
u-channel meson exchanges should be important in the scalar-isoscalar partial wave.
In the Jiilich model for T-iT scattering it is actually the iteration of p exchange in the
t channel that causes the strong attraction in the I = J = 0 partial wave at low

i
~
Lp Li ~ ~ Lp+' LZ (mp)

1 0.9 0 .3 1 .2 0 .7 iL 0 .3

2 1 .8 - 1 .8 1 .3 iL 0 .7

3 -5 .6 - -5.6 -4 .4 ± 2 .5

4 - 14 .0 14.0 -0 .3iL0 .5

5 - - - 1 .4 ± 0 .5

6 - 16 .3 16.3 -0 .2±0 .3

8 - - - 0 .9 ± 0 .3



28

	

Chapter 3: Pion-Pion and Pion-Nucleon Scattering

energies [47] . The strength that would come from such contributions is absorbed in
the scalar coupling g l of the a in our simple parameterisation . The 6 contribution to
the low-energy constants is thus overestimated because we parametrise other physical
effects into the a exchange. The numbers given for the resonance saturation from 6
exchange should thus not be taken too seriously .
We are thus convinced that we could improve the mapping of our model to Chiral

Perturbation Theory by considering the exchange of a scalar isotriplet and the inclu-
sion of t- and u-channel meson exchanges. However, this will most probably not lead
to an improvement in the quality of the parameterisation as compared to the data .
So at this point we refrain from including more contributions into our model.

3.2 .2

	

The 7-7r Final State Interaction in -7rN --> 77N

In this section we discuss how to include the pion-pion-T-matrix into a model for the
pion production reaction 7N ---> 77rN .

It is technically highly involved to include the full two-body T-matrix in a three-body
final state such as -ir7rN . In order to perform partial wave decompositions, one would
have to boost between three two-body systems in the final state . One can also not
simply neglect the 7FN versus the 7r7r final state interaction or vice versa, because
these two-body final state interactions are approximately of the same size . In the
simplest scenario one would neglect all of the two-body final state interactions . Such
a procedure would work at the threshold, but for higher energies the unitarity bounds
0 < r) < 1 would be violated .
In order to take some of the final state interaction into account and at the same time
avoid the technical complications mentioned above, we cast a part of the two-body
T-matrix into a compact expression that we can use in the description of the final
state-interaction .

We have already noted that s-channel meson exchanges lead to separable potentials

of the form V = s
f
' fO . In the presence of such separable potentials, also the T-matrix

can be decomposed into a separable (pole) and a non-separable (non-pole) part,

T= ffj +TNP .
s_m2 _E

T
-P fOfO

(3 .39)

This decomposition is shown in detail in Appendix C . The pole part of the T-matrix
is just a meson exchange interaction with the propagator modified through the self-
energy E = f0TGf of the meson and with `dressed' vertex functions f = (1+TNPG)fo .
TP can be further approximated by neglecting the effect of the non-pole interaction,

(3 .40)
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Figure 3 .3 : On the left side we show the self energy of the sigma. The real part of the
`full' self-energy (including the effect of T'P) is shown as circles, the imaginary part
as triangles . The solid lines show the self energy without an effect from TNP . The
figure on the right side shows the pole part of the T-matrix in the scalar isoscalar
partial wave. The real and imaginary parts of the `full' TP are shown as circles and
triangles, respectively. Upon neglecting the effect of TNP completely, one arrives at
the solid lines . The dashed lines show an approximation for TP that takes the effect
of TNP into account only for the self-energy .

This leads to a simpler expression for the self-energy, which is then only given by the
pion loop and the bare vertex functions of the pole potential, Eo = ftofo.
The quality of this approximation is shown for the pole potential and the self-energy
in the scalar-isoscalar partial wave in Fig . 3 .3 .
In the K-matrix approximation, the real part of the self-energy Eo has to vanish,

because the vertex functions are real and we take only the imaginary part of the pion
loop. The imaginary part of the self energy is however nicely approximated up to 500
MeV if the effect of the non-pole T-matrix is neglected . The situation for the pole
T-matrix looks a little different . The approximation gives reasonable results for the
real part of TP up to 400 MeV, but the imaginary part can not be reproduced as soon
as one goes away from the threshold .
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A different approximation would be to take into account the effect of TNP for the self
energy, but working with the bare vertex functions in the nominator of TP ,

t
TP ~,

	

.~ofo

	

(3 .4l)a_~

This leads to similar results in the energy region up to 500 MeV . For higher energies,
approximation (3 .41) deviates more strongly from the `full' TP than approximation
(3 .40) . So the better (and also more consistent) approximation is to neglect the effect
of the non-pole T-matrix completely.

As already noted, TP and the abovementioned approximations have the form of a
meson exchange contribution . So the pole part of the mir final state interaction in
the 7r7FN final state is already described by taking into account the correlation of the
final state pions through a 6 and a p exchange as for example in diagrams (D .1/E .1)
in Fig . 2.1 on page 11 . For the final state interaction, the non-pole T-matrix will be
neglected .
For the pion-exchange contribution, Fig . 3 .1(a), we will approximate the pion-pion-
T-matrix with

T -_

	

.~ofö

	

+ VNP
s - mX2 -

~',
o

(3 .42)

In Fig . 3 .4 we show how the different approximations T = TP + VNP and equation
(3 .42) influence the description of the elastic 7r+7r- cross sections .
The unitary K-matrix model T = TP + TNP describes the cross sections reasonably
well even above the p peak . Above ~,I_s = 800 MeV, it starts to overestimate the data .
The reason for this is that our model gives a too high partial wave cross section for
the I = 2, J = 0 partial wave cross section, as can be seen from the overestimation
of the magnitude of the phase shifts in Fig . 3 .2 .

The approximation of the non-pole T-matrix with the non-pole potential, T
TP + VNP also gives reasonable results in comparison to the data as well as to the
calculation with the full T-matrix .

Up to 600 MeV, the data hardly allow to decide between the approximation with the
full pole T matrix and equation (3.42) . However, the latter approximation deviates
more from the calculation with the full T-matrix . At higher energies one sees that
the usage of equation (3.42) leads to an overestimation of the data in the region of
the p peak and above .

For the 7rN , 7r7N model we will work mainly with the approximation (3 .42) . The
approximation with the bare vertex functions is typical of a usual tree-level model .
However, we will also investigate the effect of taking into account the full pole T-
matrix for 7rN --> mirN.
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Figure 3 .4 : The total cross section for 7+-ir- scattering . The solid line gives the
result of the K-matrix model, the dashed line was calculated for the approximation
T = TP + VNP and for the dotted line we in addition omit the effect of TNP in TP .
The dot-dashed curve is the result obtained with the potential from leading order
Chiral Perturbation Theory alone. The data are from [42] and [38] .
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pN

(1 .370)

7r7N
(1 .215)

FN
(1 .077)

N*(1535) N*(1520)
N* (1440)

N(939)

0(1232)

channel

	

1/2 (1/2 +)

	

1/2 (1/2 -)

	

1/2 (3/2 -)

	

3/2 (3/2 +)

Figure 3.5 : The coupled channels with their threshold energies (in GeV) and the N
and A resonances below 1 .6 GeV with their quantum numbers I(JP ) . The shaded
boxes indicate the mass range of the resonances as given by the particle data group
[31] .

3 .3

	

Pion-Nucleon scattering

In order to describe 7TN scattering up to a centre-of-mass energy of 1 .5 GeV, we take
into account the coupled channels FN, aN, 7r0 and r)N. The orN and 7rA channels
serve as effective parameterisations of 77N channels . They open at the 77rN threshold
at 1 .21 GeV .

Also the pN channel parametrises a 77rN channel . But as can be seen from the 7r7r
phase shifts in Fig . 3.2, the 7r7 interaction is weak in the I = J = 1 channel below
the p resonance . Based on this observation we assume that the contribution of the
pN channel should be irrelevant in the energy region up to 1.5 GeV that we here
concentrate on .

The qN channel is taken into account because of its large coupling to the Sll (1535)
resonance . We need this coupling to the qN channel to get a reasonable description
of the Sll partial wave around the Sll (1535) resonance . We only take into account
the Sll (1535) pole contribution for the nN interaction . This should dominate the r)N
interaction in the energy regime considered .

The only direct coupling between two non-7rN channels occurs for aN --> 7rA in the
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N* (l440)
N* (l520)
N*(1535)
N*(1650)

Figure 3 .6 : Diagrams contributing to the 7TN potential .

Pll partial wave via the Nucleon pole diagram and the pole diagram of the Roper
Resonance . Because these particles couple to both channels, it is mandatory that
these direct potentials are present . In all other cases, the inelastic channels are only
coupled directly to the 7N channel . The coupling between all channels contributing to
a particular partial wave is generated by the iteration of the potential in the scattering
equation .

The contributions to the potentials are shown diagrammatically in Figs . 3.6 - 3 .12 .

We take into account all the non-strange resonances below 1600 MeV. They are plotted
together with the thresholds of the coupled channels in Fig . 3 .5 . For the description of
the Sll partial wave we in addition include a contribution from the Sll (1650), which
gives some background below the Sll (1535) . On top of that background we can fit
the parameters of the Sll (1535) to the phase shifts .

The resonance pole diagrams are supplemented by t-channel meson exchanges and
u-channel N and 0 exchange . We do not consider the u-channel exchange of heavier
resonances because the contribution of the 0 u-channel exchange is already small,
and the contribution of heavier resonances should be even smaller .

In the 7r0 potential we do not take into account the nucleon and the 0 u-channel
exchange diagrams . In the nucleon exchange diagram, the -ir7rN intermediate state
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Figure 3.7 : The aN potential .

N*(1440)

Figure 3 .8 : The 7N ---> 6N potential .
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Figure 3 .9 : The -iT0 potential .

v

/N*(1440)\

N*(1520)

N*(1440)`

N*(1520)

Figure 3 .10 : The -irN ~ -iT0 potential .
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Figure 3 .11 : The 6N --> 7rA potential .

N*(1535) \

	

/N*(1535)

Figure 3 .12 : The qN and the -irN - nN potential .

can go on-shell already at the 7r7N threshold, and the potential becomes singular .
To avoid a complicated renormalisation procedure, we neglect the contribution of the
nucleon exchange diagram in the TO potential . We are convinced that the nucleon
exchange diagram in the TO potential would anyhow only make a small contribution .
We can make an estimate of the size of this contribution if we work with a stable
0 channel . If the invariant mass of the A is fixed to MA, the singularities in the

potential occur only for energies between 1 .48 GeV and 1 .6 GeV. Outside this region,
the contribution from nucleon exchange on the TN phase shifts and inelasticities is
indeed negligible .
For the A u-channel exchange in the 7A potential, such singularities can occur when
the heavier 7f7TA intermediate state can go on-shell, which can happen only at energies
above 1 .5 GeV. We have checked that disregarding the A u-channel has no effect on
the observables below 1 .5 GeV.

The potentials are calculated from the Lagrangian given in Table 2 .1 . The expressions
for the amplitudes can be found in Appendix D .

For the nucleon and the pion we use the isospin-averaged masses MN = 938.926 MeV
and m, = 138 .03 MeV. The value of the n mass is given by the 2002 Particle Listing of
the Particle Data Group [31] to be m. = 547 .3 MeV . We take the value of the 7NN
coupling constant, f~lviv~(4~) = 0 .0778, from the Bonn potential [35] . This is the
value also used in the Rilich -irN model. Note, however, that the presently accepted
value is somewhat smaller (r ., 0.074) . The p and 6 masses and their couplings to -FT

are determined from our fit to -FT scattering . The remainder of the coupling constants
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Table 3 .3 : The masses of the particles . The values in italics are input quantities, the
remainder of the parameters are fitted to the 7rN phase shifts and inelasticities .

and masses are fitted to the 7rN phase shifts and inelasticities . We start by fitting
the parameters of the -irN potential without the N* pole diagrams to the scattering
lengths and volumes and to the phase shifts below 1 .2 GeV . Then the -FAA, PNA and
the pAA coupling are fitted to the inelasticities in the I = 3/2 partial waves . The 6N
channel only makes significant contributions in the P11 partial wave . The 6-exchange
diagram in the QN potential has no impact on the results . We take the 6Q6 coupling
to be g2a,7/(47) = 0 .625 as in the Jiilich TN model [10] . Varying this parameter by
an order of magnitude has no effect on the phase shifts and inelasticities . Finally we
fix the parameters of the N* resonances .

The parameters resulting from the fit to the 7TN phase shifts and inelasticities are
listed in Tables 3 .3 and 3.4 . For the tensor coupling at the pNN vertex we find

= 1.94, while the value obtained from the analysis of the process NN --> -iTT

and the dispersion theoretical analysis of the nucleon electromagnetic form factor is
K - 6 [48,49] . A description of the 7TN threshold data is not possible with the latter
value for K. It has already been noted by Pearce and Jennings in their investigation
of 7N scattering [36] that K obviously has some t-dependence . The value of K - 6
is determined for t = mp , while they find smaller values between 1 .4 and 3.2 for K in
their fit to elastic TN scattering, where K is needed for negative values of t .

A comment on the size of the pNN and pT-ir coupling is in order . Hadron universality

M 0.938926 Ge V

0 . 13803 Ge V

0 . 54 78 Ge V

0.772 GeV

0.8346 GeV

Mo 1 .232 GeV

MP11(1440) 1 .491 GeV

MD13(1520) 1 .515 GeV

MS11(1535) 1 .535 GeV

MS11(1650) 1 .701 GeV
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Table 3 .4 : Values of the coupling constants (as defined in Table 2.1) from the fit to
the 7TN scattering lenghts and the phase shifts and inelasticities . The values in italics
are input quantities, the remainder of the parameters are fitted to the 7FN phase shifts
and inelasticities .

f7NN 0.077847
f'N0 0.3647

47 .905
9pNN 0.8047

1 .94

98 .94 GeV247

.92 7.82 GCV247
9,NN 1 .0347
1'°° 0.0447
fP2NA 4.547
9p°° 16 .047

Kp04 15 .0
g47 0 .6254~r

f
P11 (1440)7N 0.011

47
fPl1(1440)70 0.044~
fP11 (1440),N 13.04~
f
D13 (1520)7N 0.000947
fD13(1520)70 0.034~
f2
S11 0.00347

f2
S1 (1535),7N 0.474~

fS11(1650)7N 0.009L 47 -L-1
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Table 3 .5 : The pion-nucleon scattering lengths and volumes. The numbers are given
in units of m_+2L+1) .

demands that g,NN = gp,, = gp with the Lagrangians Gp..

	

x Op r)p

-

u and
GpNN = -1/2gpNNP (,yw - K/(2MN)6pvöv) 7p_V .

	

Note that we have absorbed the
prefactor 1/2 into the coupling constant in our definition of the pNN Lagrangian in
Table 2 .1 on page 9 . So hadron universality of the p couplings is fulfilled approximately
in our model with 49pNNA47) = 3 .2 - gp~~/(47) .

The scattering lengths obtained from our model are compared to the analysis of
Koch and Pietarinen [50] and the SM95 analysis [51] in Table 3.5 . We find that the
scattering volumes in the P11 , P13 and P31 are a bit too small compared to the values
of [50], and compared to the SM95 scattering volumes [51] the difference becomes
even more obvious . But in general there is reasonable agreement .

The phase shifts and inelasticities for the 7N partial waves up to J = 3/2 are displayed
in Figs . 3 .13 and 3 .14 .

We find reasonable agreement between our model and the results from the phase shift
analyses up to 1 .5 GeV. In particular, the threshold behaviour in each partial wave is
nicely described already by the non-resonant background .
The S11 partial wave is described with the help of the two S11 resonances and the
coupling to the qN channel . If we switch off the contribution from the S11 (1650), the
phase shifts start to deviate from the data above 1 .2 GeV. The difference is not large
below 1 .5 GeV but would make it difficult to fit the parameters of the S11 (1535) to
the phase shifts .

In the S31 partial wave, our model results start to deviate from the phase shifts already

our fit Koch and Pietarinen [50] SM95 [51]

Sll 0.175 0.173 ± 0.003 0 .175

S31 -0 .096 -0.101 ± 0 .004 -0.087

P11 -0 .088 -0.081 ± 0 .002 -0.068

P31 -0 .051 -0.045 ± 0 .002 -0.039

P13 -0 .038 -0.030 ± 0 .002 -0.022

P33 0.216 0.214 ± 0.002 0 .209

a+ -0 .006 -0.01 ± 0 .01 -0.003
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at

1

.2

GeV

.

This is due to the missing contribution from the S31(1620) resonance which

we

have not included in our model

.

Also the inelasticities are not reproduced correctly

above

1

.5

GeV because of the missing of this resonance

.

Also

the description of the P13, the P31 and the D33 can certainly be improved by

including

additional resonances in our model

.

However, up to 1

.5

GeV, the deviations

of

our results from the data are only small in these partial waves

.

In

the D13 we miss some of the strength of the resonance above 1

.5

GeV

.

Maybe this

is

due to the missing of coupling to the pN channel

.

Below 1

.5

GeV this partial wave

is

however well described by our model

.

The

Roper Resonance P1l(1440) is described reasonably well up to 1

.6

GeV

.

Above

this

energy, the calculated phase shifts start to go down while the data keep ris-

ing .

For the inelasticities we find reasonable agreement, although the opening of the

inelasticities

in our model takes place not quite as early as in the data

.

3 .3 .1

	

Resonance

Saturation of the Low-Energy Constants

In

the low-energy limit we compare our model to Heavy Baryon Chiral Perturbation

Theory.

The 7rN Lagrangian at next-to-leading order is given by [53]

G~2N

= N (Cl (X+) + C2 (V	

u)2

+ c3u ' u + c4[S,,, S"]uwuv +

. . .)

N,	

(3.43)

where

we have omitted terms coming from the 11MN expansion of the Heavy Baryon

Lagrangian

and terms not contributing to -irN scattering in the limit of isospin sym-

metry.

X+ and uu are given in terms of X and the pion fields U = u2 defined in

equations

(3

.25)

and (3

.26) :

X+

	

=

	

utxur

+ UXtu,	

(3.44)

u.

= iutD,~Uut

.

	

(3.45)

vu

denotes the four-velocity of the nucleon and Su its spin operator

.

To reduce our

model

to the non-relativistic limit of Heavy Baryon Chiral Perturbation Theory, we

make

use of the following relations (see, for example, the review [53])

:

The

low-energy constants at next-to-leading order are finite, because loops appear

only

at (ß(p3)

.

The resonance saturation of the low-energy constants was investigated

Nry,,N =

v,NN

N75-ymN =

-21VSIN

(3 .46)

Nat"N =

2EN

�aßv`NS3N

= -2z'N[S", S"]N

.
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Figure 3 .13: 7rN phase shifts . The solid lines show the results of our model. The
dashed lines are calculated without the N* resonances . The dot-dashed line is without
the Sll (1650) . The data are from the phase shift analyses KA84 [52] (open diamonds) ;
SM95 [51] (open triangles) and SE-SM95 [51] (filled circles) .
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Figure 3 .14 : 7rN inelasticities . The solid lines show the results of our model. The
dashed lines are calculated without the N* resonances . The dot-dashed line is without
the S11 (1650) . The data are from the phase shift analyses KA84 [52] (open diamonds),
SM95 [51] (open triangles) and SE-SM95 [51] (filled circles) .
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Table 3 .6 : Values of the low-energy constants from resonance saturation and from the
phenomenological determination in [29] . The values are given in units of GeV-1 .

by Bernard et al . [29] . Assuming that cl is saturated by scalar meson exchange, they
find good agreement between the phenomenological values of the low-energy constants
and the values from resonance exchange .

We compare our results for the resonance saturation of the low-energy constants with
the phenomenological values in Table 3.6 . We notice that our results go in the right
direction but the absolute values are too small . Let us compare our results to those
of [29] in more detail .

The vector part of p exchange in the t-channel already contributes at leading order .
As already mentioned, it saturates the Weinberg-Tomazawa term, a 7r7rNN contact
interaction . Assuming hadron universality (gp,, = 2gpNN = gp3), the p mass and its
coupling constant have to fulfil the KSFR-relation [54,55]

= 2g2F27 .

The coupling constants of our model fulfil this relation to an accuracy of 5% .

(3.47)

The contribution of p exchange to the low-energy constants at next-to-leading order in
the pion-nucleon Lagrangian comes from the tensor coupling of the p to the nucleon,

cP
- 9NNpgp,,TF~ ,

	

l;,
4 -	M2

P

(3.48)

Using the KSFR relation, this expression simplifies to c4 = KI(4MN), which is the
expression given in [29] . They use K = 6 .1 and obtain c4 = 1 .63 GeV-1 , while we only
get c4 = 0 .57 GeV-1 with our lower value for K .

3The factor of 2 in front of gpNN comes from our definition of the coupling constant . Usually,
the pNN Lagrangian is written G = zgp'f' . . . We have absorbed this factor of 2 into the coupling
constant .

i c2Q cZ
p

c2
p N*

cZ
(1440) N*

cZ
(l520) N*

c2
(1535) ~ c2es. ~ ~ [29]

1 -0.78 - - - - - -0 .78 -0 .93 iL 0 .10

2 - - 1 .79 0.09 0.001 0 .02 1 .90 3 .34 iL 0.20

3 -0.2l - -3.07 -0.l1 -0 .00l 0 .01 -3.l7 -5.29 ± 0 .25

4 - 0 .57 1 .54 0.22 0.001 -0 .01 2.32 3 .63 iL 0.10
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The t-channel 6 exchange contributes to cl and C3 . In agreement with Bernard et
al . [29] we find

ac 3

where the c,� of [29] has to be identified with g 1 F,2/2 and Cd with g2 F,/4. Bernard
et al . start from the assumption that cl is completely saturated by the exchange of
a scalar meson, so their value of ci = -0.9 GeV-1 is an input quantity (from the
phenomenologically determined low-energy constant) . We find reasonable agreement
between this value and our result, cl = -0 .78 GeV-1 .
The value we obtain for c3 is approximately a factor of seven lower than the value
given by Bernard et al . .

For the contribution of the 0-isobar we obtain the expressions

kC2

We find agreement between these expressions and those in [29] if we drop the factor
MN1Mö in our c° and neglect the addend m2 in the denominator of their formula .
If we use the expression given in [29] for the 0 contribution, we obtain the values

c2 _ -C° = 2c° =
497

	

fm

	

2

(M
M
MN)N m2 - 3 .95 GeV_

	

-1
.	(3 .53)

This would lead to a total of C2 = 4 .06 GeV-1 , C3 = -4.26 GeV-1 and
GeV-1 , which is much closer to the phenomenological values .

The Roper resonance contributes as follows :

C4 = 2 .76

These expressions agree with those given by Bernard et al ., whereas the numerical
values we obtain for the cpll (1440) are almost a factor of two larger . The contribution of
the Roper resonance is small compared to the contributions from the O . Contributions
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from heavier resonances were not considered in [29] because their contributions should
be even smaller than those of the Roper resonance .

For the sake of completeness, we also give the contributions of the S11 (1535) and of
the D13 (1520) here:

The contributions from these two resonances are indeed very small . The contributions
from even heavier resonances should be completely negligible .

Let us summarise our findings for the resonance saturation of the low-energy constants
from our model . We find that the major contribution comes from D exchange and
agrees reasonably well with the O contribution given by Bernard et al . in [29] . cl is
saturated to a good accuracy by the exchange of the scalar 6 meson. The contributions
of the 6 to c3 and of the p to c4 are substantially smaller than the values given in [29]

because our values for the corresponding coupling constants from the fit to TN data
are smaller . However, the sum of the resonance contributions should agree with the
phenomenological values for the low-energy constants . We find that our values for
the cZ are of the same order of magnitude, but the difference to the phenomenological
values amounts to nearly a factor of 2 for c2 . A part of this difference can be accounted
for if we do not neglect terms of m2 in the denominator of the A propagator . Anyway,
we do not expect a 100% agreement because our model also accounts for higher orders
and the phenomenological low-energy constants were determined with a fit of terms
up to second order.

3 .3 .2

	

-TN Initial and Final State Interaction in 7rN --~ 7r-TN

7N scattering contributes to 7N ---> 7r7N as initial and final state interaction, see
Fig . 3 .15 .

As in the case of T-iT scattering, we decompose the T-matrix into a pole and a non-pole
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Figure 3 .15 : Contribution of the 7rN T-matrix to -irN - -r7rN . (a) Initial state
interaction . (b) Final state interaction . Note that this decomposition into ISI and
FSI is somewhat arbitrary and is just for illustrative purpose .

part,

with the self-energy E = fo'Gf.
Because we deal with a coupled channel system for -irN scattering, the dressed vertex

in terms of the bare vertex functions fo asfunctions f are given

l f7N ~

(a) ISI

	

(b) FSI

T =

	

.~.~T

	

+ TNP ,

	

(3 .60)
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The -irN vertex for the nucleon or Roper pole diagram, for example, can be written
as

NP NP

	

NP
f~rN

	

=

	

fO7rN + T, N G7rNfO7N + TaN~7rNCQNfOQN + T7r4~7rNG7rOf07r0

(3 .61)
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(3 .62)
fO7N

	

fO~rN

with T" the non-pole T-matrix in the Pll partial wave . The term in brackets is just
an energy-dependent complex number that can be regarded as a kind of `form factor'
that parametrises the inner structure of the vertex .
As an example, the form factor for the 7rN vertex of the Roper resonance is shown in
Fig . 3.16 . The real part of the form factor is 1 at the TN threshold, and the imaginary
part vanishes . This behaviour is obvious from equation (3.62) . The -irN propagator
and the propagators of the inelastic channels are zero at the -FN threshold, so that
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Figure 3 .16 : The form factor for the TN vertex of the Roper resonance . The dashed
line shows the real part of the form factor, the dot-dashed line its imaginary part .

firN = fo.N . Above the threshold, the real part of the form factor decreases and the
form factor acquires an imaginary part .

On the insertion of the dressed vertices into our model for 7TN ---> 7r7TN we make a
few approximations :

At a vertex where a resonance decays into an off-shell intermediate 7TN state
(see, e .g ., Fig . 3.17x) we approximate the form factor in equation (3 .62) with
the value for the on-shell TN state at the same energy. We are forced to make
an approximation at vertices with off-shell -irN states because the K-matrix
approximation, from which we calculate our form factors does not account for
off-shell 7TN states .

At a vertex with a resonance decaying into the 7A or QN channel (see, e.g .,
Fig . 3 .17b) we also make an approximation for the form factor . In principle, our
coupled channels calculation for TN scattering allows us to extract values of the
form factor for the decay into the unstable channels for any allowed invariant
mass of the 6 or the A . But for the present we work with just one form factor
for the QN and 7T0 channel, respectively . That reduces the calculational effort,
but allows us to get an idea of the effect of the dressing of the vertices on the
reaction -irN --~ -iTTN .
For both decay channels we use the form factors of the largest transition matrix ;
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Figure 3 .17 : Examples for vertices at which we make approximations for the form
factors .

this is the one with the smallest invariant mass of the A for the TO channel and
the one with the largest invariant mass of the 6 for the 6N channel , respectively.

0 For a decay into the -iT0 state we take the form factor from the TO state with
minimal angular momentum contributing to the partial wave of the resonance .
In the J = 1/2 partial waves, there is only one possible angular momentum of
the 7T0 state, L = 2 for the 7TN s-waves and L = 1 for the 7N p-waves . But in
the P13/P33, the 7A state can have L = 1 and L = 3. Here we take the form
factor for the transition to the L = 1 state . The transition to the L = 3 state
is suppressed because of its higher angular momentum . Similarly, we take the
form factor for the D13 decay from the L = 0 7T0 state .

0 At a vertex with a decay into the pN channel we do not account for the dressing,
because we have not taken into account the pN channel in our coupled channels
calculation for 7TN scattering and so cannot extract any value for the form
factor from this calculation . The contribution of a resonance decay into the pN
channel should in any case only be small - also in -irN --~ 7r7rN - because the
7r-r interaction in the vector-isovector partial wave is still relatively small in the
energy range considered .

We will investigate the effect of the dressed vertex functions on the pion production
reaction 7rN ---> 7r7N by comparison to a tree-level model. In the tree-level model,
the pole diagrams of resonances are described by expressions of the form

TP0

with the self-energy Eo = fo' Gfo .

f0fOT

s-Mx - Eo
(3 .63)

It is instructive to see how such an approximation works in the case of 7TN scattering .
In Fig . 3.18 we compare expression (3.63) for the Roper resonance with the pole
matrix TP for the Roper resonance . Both real and imaginary part of TP are well
approximated by the expression for Tö

1
Above 1 .3 GeV the real part of Tö starts
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Figure 3.18 : The pole T-matrix for the Roper resonance . The solid lines show the
full TP as in equation (3 .60), the dot-dashed lines show the approximation (3 .63) .

to overestimate the absolute value of TP . In this energy regime we can expect that
the contribution of the Roper resonance is overestimated by expression (3 .63) . The
imaginary part of TP is nicely described by the approximation Tö up to 1 .4 GeV.

At the tree-level, pion-nucleon scattering is described by an expression of the form

T = TP + VNP

	

-~ ~T
=

	

J O .l 0

	

+ VNP

	

(3.64)o s-M2X -~o

or, if we take into account the effect of TNP on the pole part of the T-matrix,

(3.65)

As long as the non-pole potential is weak, these tree-level approximations should be
able to describe the data . If the non-pole potential becomes strong, higher order
effects will also be important for the non-pole part of the interaction . The neglect of
these higher order effects in the tree-level approximation will then lead to a violation
of the unitarity bounds 0 < q < 1 .

In Fig . 3 .19 we show the inelasticity parameter for a tree-level calculation of TN
scattering in comparison with the inelasticity parameter for the unitary K-matrix
model .
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.00

Figure 3 .19 : -irN inelasticities . The solid lines show the results of the unitary K-matrix
model. The dashed lines are calculated with the approximation T = TP+VNP . The
dotted lines show the approximation T = Top + VNP . The data are from KA84 [52]
(open diamonds) ; SM95 [51] (open triangles) and SE-SM95 [51] (filled circles) .
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In the partial waves for which we have not included any resonances (S31 , P31) P13
and D33), the expressions (3.64) and (3.65) give of course the same results because
in these partial waves the interaction comes solely from the non-pole potential . For
the S11 and the D13 the results for both approaches are also similar . In the P11, the
inelasticity parameter n starts to increase above one already at the -iTTN threshold at
- 1 .2 GeV if one takes into account the effect of the non-pole T-matrix on TP . If one
works with expression (3 .64), the inelasticity parameter first decreases before it also
starts to rise above one at 1 .3 GeV. Both approaches will certainly overestimate the

P11 partial wave cross section above 1 .3 GeV.
In the right panel of Fig . 3 .21 we show the total cross sections for 7T -p scattering.
We indeed observe an overestimation of the data already above 1 .3 GeV for both
approaches, equation (3.64) as well as equation (3.65) . This overestimation can be
attributed to the failure of the tree-level approximations in the description of the P11

partial wave.

In the P33 partial wave the inelasticity parameter starts to deviate significantly from
one only above 1 .4 GeV if we take into account the full pole potential . The approach
with the undressed vertex functions for the pole matrix, equation (3 .64), first oscillates
around n = l . Already at 1 .2 GeV, the inelasticity parameter reaches a local maximum
of r) = 1 .4 . So expression (3 .64) should already overestimate the interaction around
the A peak . This can be seen clearly in the left panel of Fig . 3 .21, where we show
the total cross sections for 7T+p scattering .

Also in the S31 partial wave q starts to deviate from one as early as 1 .2 GeV. So also
in this partial wave, the tree-level model for TN scattering will break down at energies
slightly above the -ir7rN threshold already . In the P31 , P13 and in the D-waves, the
inelasticity parameter q starts to leave the unitarity bounds only at relatively high
energies above ,.., 1 .4 GeV . In these partial waves, the tree-level approximations (3 .64)
and (3.65) work quite well . This is not too surprising, because we found that the non-
pole interaction in these partial waves is small . The phase shifts in these partial waves
are of the size of a few degrees only, see the dashed line in Fig . 3 .13 .
It is remarkable that the description of the inelasticity parameter in the D 13 partial
wave is so good for both of the tree-level approximations . The coupling to the inelastic
channels occurs only through the self-energy term in equation (3.64) . This alone is
enough to describe the inelasticity in the D 13 partial wave correctly . Of course, such
an approximation can only work so nicely because the non-pole potential in the D13
partial wave is so small .

In Fig . 3 .20 we show the phase shifts obtained with the tree-level approximations,
equations (3 .64) and (3 .65) . In the S11 partial wave we have in all calculations omitted
the contribution from the Sll (1650) . The tree-level approximations describe the phase
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shifts obtained with the unitary K-matrix model reasonably well .
In the S31 partial wave we observe a large effect of the neglection of the unitarisation .
The interaction in this partial wave is solely due to a non-pole potential in our model .
This potential is relatively strong (it causes a phase shift of -20° at 1 .2 GeV already) .
This explains the presence of large higher order effects in the scattering equation
T = VNP + VNPGVNP + . . . .
With the exception of the P1l and the P33 partial waves, we find a good description
of the phase shifts in both tree-level approximations .
In the P11 partial wave, approximation (3 .64) already starts to differ from the data
and the results of the K-matrix model at 1 .2 GeV . Approximation (3.65) can describe
the data up to 1.4 GeV, but above this point the phase shifts stay nearly constant at
a value of 30° - 40° . The resonant behaviour of the P1l is not reproduced by either
of the two approximations .

In the P33 partial wave, the phase shifts are clearly better reproduced by the approx-
imation using the full pole T-matrix . For the other approximation, equation (3.64),
the resonance cannot be correctly described. The phase shifts rise to 90° like the data,
but then the rise in the calculated phase shifts becomes smaller until the phase shifts
start to go down again .

In summary we find that a tree-level approximation cannot describe 7FN scattering
above 1 .25 GeV (or 1 .4 GeV for the isospin 3/2 channel) . Based on this observation
we would not expect the tree-level model to account for the pion-production reaction
-irN --~ -ir7rN at higher energies .
Nevertheless, a good description of the total cross sections in all experimentally ac-
cessible reaction channels in 7N ~ 77N is possible in the (extended) Oset-Vicente-
Vacas model [24, 25, 56] up to nearly 1 .4 GeV! Also a Chiral Perturbation Theory
calculation at O(p2) which consists only of tree-level contributions can give a good
account of the TN --> 77TN data [23] over the same energy range .
The reason that a tree-level approximation works so well in the pion production re-
action 7rN ~ 7r7N, but not in 7FN scattering was given by Fettes et al . in [57] . They
performed a one-loop calculation of TN --> FTN in Chiral Perturbation Theory and
found the unitarity corrections to be small . They found that the attachment of the
additional pion line to the -FN scattering contributions leads to large cancellations in
the loop contributions that are present in 7N scattering .
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Figure 3 .20 : 7N phase shifts . The solid lines show the results of the unitary K-matrix
model. The dashed lines are calculated with the approximation T = TP +VNP . The
dotted lines show the approximation T = Top + VNP . The data are from KA84 [52]
(open diamonds), SM95 [51] (open triangles) and SE-SM95 [51] (filled circles) .
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Figure 3.21 : 7TN total cross sections . On the left hand side we show the total and elas-
tic cross sections for 7T+p scattering, the calculations being for elastic 7+p scattering .
On the right hand side the total (upper panel) and elastic (lower panel) cross sec-
tions for -ir-p scattering . The calculations for the total cross section in Tp scattering
comprise the sum of the 7r-p and On final states . The solid lines show the results of
the unitary K-matrix model . The dashed lines are calculated with the approximation
T = TP + VNP . The dotted lines show the approximation T = Top + VNP. The data
are from the Particle Data Group [31] .



Chapter 4

The Reaction 7rN --~ 7F7FN

In this chapter we present the results of our model for the pion production reaction
TN --> 7-iTN .

We use two variants of our model that differ in the description of the pole diagrams :

9 Model A uses the bare vertex functions fo for the pole diagrams, and the self-
energy is calculated from the expression Eo = fOGfo which includes only loops
without any non-pole interaction .

9 Model B uses the dressed vertex functions f = (1 +TA'G) fo , and the expression
for the self-energy contains non-pole interactions, E = folGf, as discussed in
sections 3 .2 .2 and 3.3.2 .

4.1

	

Total Cross Sections

Fig . 4 .1 shows the total cross sections in the five reaction channels of pion-induced
pion production that are accessible to experiment,

T-p

~~p
and 7r-p

T+ T+n .

T- Top

70 70n .

The data are shown as a function of the kinetic energy of the initial state pion in the
laboratory frame T, which is related to the invariant mass Vs- of the reaction via

T _ s - (MN + m7)
2 .

	

(4.1)
2Mnr
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Table 4 .1 : Threshold correction for each reaction channel .

As an orientation, the largest energy shown in Fig . 4 .1, T, = 0 .4 GeV corresponds to
= 1.38 GeV, which is below the Roper resonance . The A isobar lies at T, = 0 .19

GeV .

The observables are calculated in the isospin-symmetric limit in our model . The cross
sections are however sensitive to isospin breaking through the masses in the final
states, as the cross sections rise proportionally to the square of the energy above the
reaction threshold . It is thus important to correct the threshold energy for each of
the reaction channels . This is done by shifting the isospin symmetric threshold

Tthr .
2M" = 0.168 GeV
N

(4.2)

to its correct value for each reaction channel [23] . The difference AT for each reaction
channel is given in Table 4.1 .

In all five reaction channels both of our model variants give a reasonable descrip-
tion of the data . There are hardly any differences between Model A and B . In the
7r-p --> 7r+7r-n and 7r-p --~ 7r° 7ron reactions, Model A gives results that are on the
upper edge of the data, while model B gives even a little larger results for the cross
sections . In 7r-p ---> 7T 070n both models overestimate the data between 0 .17 and 0.2
GeV by almost a factor of two.
For 7r+p --> 7T+7Top the cross sections obtained with Model A also lie on the upper
edge of the data above - 0 .25 GeV. In this case, Model B gives lower results, which
leads to a good description of the data .
The cross sections in the 7r-p , 7r-Op and 7r+p ---> 7r+7r+n channels are well repro-
duced by both models, though in the 7r+p ~ 7+7+n reaction we start to overestimate
the data above T, - 0 .3 GeV.

For comparison, we also show the results of a calculation in Chiral Perturbation
Theory up to O(p3) [57] . Chiral Perturbation Theory works well for 7rN --> 7rTN

OT[MeV]

7r-p - 7r-7r+n 0.0039
7r-p - 07ron -0.008

7r-p - 7r07r-p -0.0037
7r+p - 7r+7r+n 0.0039
7F+p --~ 7Fo 7F+p -0.0037
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Figure 4 .1 : Total cross sections for 7TN ----> 77TN. The solid lines show the results
of Model A (as described in the text), the dashed lines the results of Model B . For
comparison we also show the results of Chiral Perturbation Theory [57] (dot-dashed
lines) . The data are taken from the compilation in [58] and from [26] .
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despite the presence of the A isobar already at T, =0 .19 GeV. The description of
the 7r-p , 7+7- n and 7r-p , 7°7r°n data at low energies is certainly better than in
our model. Note however, that the 7TN ~ 77TN data up to 250 MeV have been used
to fix six of the dimension three low-energy constants, while we have fixed all of our
model parameters to -irN and T-iT scattering . In the reaction channels 7T -p --> 707T-p
and T+p --~ 7+7+n the cross sections are clearly overestimated above 0 .3 GeV in the
Chiral Perturbation Theory approach .

It should be mentioned that our results for the total cross sections are also similar to
those obtained with the extended Oset-Vicente-Vacas model [56] .

In Figure 4.2 we investigate the effect of different mechanisms on the total cross
sections for Model A. The results for Model B are very similar, so we refrain from
showing them also .

Let us first discuss the contribution of the A isobar . We observe a large contribution
of the A in 7r+p ---> +70p. This is not too surprising : because the initial 7r+p state
has isospin 3/2 and the A isobar lies already at T, = 1 .9 GeV, we expect a large
contribution from the A already in the threshold region of this reaction channel .
Following this reasoning, we do also expect a large contribution of the A in T+p --~
7T+7T+n but there the effect of switching off the A contribution is almost negligible .
We find that also in the 7r+p --->

	

+7+n channel the contribution of the diagrams with
intermediate A states by itself is large, but there is destructive interference between
the A contributions and the rest of the diagrams . So adding the A contribution to
the remaining contributions only has a small effect in this reaction channel .
The contributions from A intermediate states are sizeable in the reaction channels
with a 7r -p initial state .

We find that the impact of the N* resonances Sll (1535) and D13 (1520) on the total
cross sections is negligible in each of the five reaction channels in this energy regime
up to -1 .4 GeV. The contribution from the N* resonances comes almost exclusively
from the Roper resonance .

The contribution of the N* resonances in the isospin 3/2 channels is negligible, and
comes solely from the Roper resonance via the diagrams (K.3)-(K .6) (see Fig . 2 .3
on pagel3) . Also in T-p --~ -°-iT-p the contribution from N* resonances is small and
only has an effect above - 0 .4 GeV .
In 7r-p ~ 7r+7T- n and 7r-p , 7T070n we observe the largest effect of the N* contri-
butions . In these two reaction channels the final pions can be in the scalar-isoscalar
partial wave and so the decay of the Roper resonance into the 6 N state is possible .
This decay channel is favoured at lower energies versus the 7FN(-4 7r7rN) or TO decay
because it allows all final state particles to be in relative s-waves . For 7r -p --~ 07r-p
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Figure 4 .2 : Total cross sections for 7rN ----> 7r7N . The solid lines show the results of
Model A. The dot-dashed line has been calculated without the A isobar, the dashed
line is without the N* resonances . The dotted line shows the contribution of diagrams
with a p decaying to the final state pions .
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the 6N decay channel is not allowed, and so the Roper resonance contributes only at
larger energies .

Finally, we also show the contribution of diagrams (C .3)-(D .2) and (H.l/2), where the
final state pions are correlated via p exchange . We mentioned that we do not account
for the dressing of the decay vertices to the pN channel in model B and argued
that the contribution of the pN channel is only small because the pion interaction
in the p partial wave is small in the relevant energy regime . Here we see that these
contributions are indeed small for TN --> 7-iTN . For the 7+7+n and 07r°n final states,
these contributions are zero, because the p cannot decay to 7r+7+ or 7r 0 7r° . In the other
reaction channels, the contribution of the pN channel is down by at least one order
of magnitude .

4.2

	

Differential Cross Sections

The investigation of differential cross sections allows to study the dynamics of the
reaction 7N ~ 77rN in more detail . The final state is characterised by four inde-
pendent kinematical variables which can be chosen to be the invariant mass of the
two pions M~., the momentum transfer t between the nucleons, the angle 0 between
the initial state pion and one of the final state pions and the angle 0 between a final
state pion and the reaction plane defined by the initial state pion and the nucleons,
see also Fig . E.1 in Appendix E . In this appendix, the formulae for the calculation
of the differential cross sections are also given.

Differential cross sections d6/dt, da/drn2, and dQ/d cos B have been measured at
TRIUMF for the reaction channels 71p

__>
7+7+n [26] . Their focus was on the

threshold region up to T, N 300 MeV.

In Figs . 4.3 - 4.5 we compare Models A and B to the differential cross sections in the
7T+p --> 7+7+n channel .

The description of the cross sections in the isospin 3/2 reaction channels T+p -
7T+7T+n and 7T+p --~ 7T+7Top provides an important test of our model for the background
below the N* resonances, because the contributions of N* resonances in these reaction
channels are minimal . In our model only the Roper resonance can make a contribution
in the isospin 3/2 channels via the diagrams (K .3)-(K.6) (see Fig . 2 .3 on page 13),
but this turns out to be negligible (see Fig . 4.2) .

In the du/dM2, distributions, the data show an enhancement over phase space at
intermediate values of M~~ . Both of our models predict an enhancement at low M~7 .
Also the Chiral Perturbation Theory calculation [57] and the extended Oset-Vicente-
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Figure 4.3 : Differential cross sections dQ/dM,2, for 7r+p ---> 7+7+n. The solid lines
show the results of Model A, the dashed lines are for Model B . The dotted line shows
the phase space distribution . The data are from [26] .
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Figure 4.4 : duldt for -ir+p , -ir+-ir+n . The lines denote the same as in Fig . 4. 3.
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Vacas model [26] predict a similar enhancement at low M,2, . It is not clear how the
shape of the experimental distributions can be described .

The differential cross sections da/dt show a peak at low ~tj . This is also present in
our models . Model A can describe also the tail of the peak quite well, whereas Model
B produces a shoulder at large ~tj .

In Fig . 4.5 we show the differential cross sections da/d cos 0 as a function of the angle
between one final pion and the initial pion in the centre-of-momentum frame of the
final state pions . This angular cross section has to be symmetric about cos 0 = 0 for
the -iT+7T+n final state because of the symmetry of the reaction under the exchange
of the final state pious . The experimental cos 0 distributions show a maximum at
cos 0 = 0 . The distributions obtained with Model A are bent in the opposite direction
whereas Model B gives the correct curvature . For Model A it is possible to change
the curvature by increasing the 67TT gradient coupling 92 by a factor of seven and
simultaneously increasing the 7TTA coupling by a factor of three . But increasing 92
by such an amount leads to a shape similar to phase space for the duldt distributions
which would completely spoil the description of these distributions . So we conclude
that there is no way to simultaneously describe the t-distributions and the cos 0-
distributions in Model A.

No calculations have been published for the angular distributions from the Oset-
Vicente-Vacas model . The only calculation of these angular distributions that we are
aware of is the Chiral Perturbation Theory calculation by Fettes [59] . This calculation
finds the opposite curvature as compared to the data.

In the angular distributions we have found a quantity that is sensitive to higher
order loop effects as are contained in the dressed vertex functions of Model B .
The importance of final state interaction effects in the description of this quantity
questions the applicability of tree-level models for the analysis of these data .
However, there are a few points that need further investigation : we cannot fully
exclude the possibility that a refit of those parameters of our model that are
not too much constrained by 77r and 7N scattering, e .g . the 77rA and pNA

coupling constants to the 7rN ---> 7r7N differential cross sections could lead to at
least a qualitative agreement with the observables in the -ir+p --~ -ir+7r+n reaction
channel . Secondly, there is the possibility that other mechanisms, for example a con-
tribution of the S31 (1620), have an influence on the shape of the angular distributions .

Let us now proceed to the 7r-p ---> 7+7 -n reaction . The differential distributions for
this reaction channel are displayed in Figs . 4 .6 - 4.8 .

The magnitude of the differential cross sections is overestimated by both of our models,
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N K

Figure 4. 7: duldt for -iT-p - -iT+-iT-n . The lines denote the same as in Fig . 4.6 .
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at the lowest energy T, = 223 MeV approximately by a factor of two . But the shape
of the differential cross sections is largely in agreement with the data for the M27 and
t distributions .

For the angular distributions we find a large overestimation of the data at backward
angles . In this reaction channel, the dressing of the vertices in Model B has no effect
on the shape of the distributions .

In Fig . 4.9 we show the effect of the resonance contributions on the differential cross
sections d6ldM2, for Model B . The neglect of the resonances in Model A leads to
similar results . Switching off the contribution of the A isobar leads to a reduction in
the size of the differential cross sections but the shape of the distributions remains
practically unchanged. The same goes for the contribution of the Roper resonance .

In order to obtain more information on the effect of the Roper resonance on the
distributions, we study its effect at larger energies, in the resonance region . Recently,
detailed differential distributions have been measured for the 7r-p , 7f07f°n reaction
[22] at energies from threshold up to 1 .53 GeV. Figs . 4.10 and 4.11 show our results
in comparison to the differential distributions in the energy range from 1 .35 GeV to
1 .5 GeV. Note that the data were given without normalisation ; we scaled them to the
results of Model A .

We find that the shapes of the da/dM,~on distributions are very well reproduced by
Model A and Model B . Above 1.47 GeV one clearly sees an enhancement at the mass
of the A . Switching off the contribution of the Roper resonance (we show here the
results for Model B) only leads to a change in the size of the M~on distributions, but
no qualitative change in the shape can be found . It is also interesting to observe, that
above 1 .47 GeV the effect of the Roper resonance is nearly negligible . Physically, one
would expect a large contribution of the Roper resonance especially in this energy
region, because in this energy region the resonance is observed in pion-nucleon scat-
tering . In our model, the contribution of the Roper resonance however vanishes in
the background for the pion production reaction .
In the t-distributions one observes the evolution of a broad shoulder at low ~tj with
increasing energy . At even larger energies, this enhancement becomes a peak [22] .
Such a peak structure can be explained with the pion-exchange diagrams (C .1)-(C .4)
(see Fig . 2 .1 on page 11) becoming important . We do not see such a structure in
our Model A . Model B however displays a similar shape as the data . Maybe the
resonance contributions are overestimated in this energy regime in Model A and so
hide the effect of the pion-exchange.

Also in this reaction channel our models cannot correctly reproduce the angular dis-
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Figure 4.9 : Effect of resonance contributions on dQ/dM,2, for 7r-p ---> 7+7-n . The
solid line is for the full Model B, the dashed line is without Roper resonance contri-
butions and the dot-dashed line without 0 contributions . The data are from [26] .
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tributions . Model A can roughly describe the 0 distributions, see Fig . 4.11 . The cos 9
distributions can only be described at the lowest energy, at larger energies, our model
results remain comparatively flat and have rather the opposite curvature compared
to the experimental distributions . Model B results in even more unacceptable distri-
butions . The contributions from the Roper resonance have no influence on the shape
of the angular distributions .
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Figure 4.10 : Differential distributions for the -iT-p --> -°7T °n reaction for energies from
1 .35 GeV up to 1 .5 GeV. The solid lines show the results from Model A ; the dashed
lines those of Model B . The dot-dashed lines show the results of Model B without
contribution of the Roper resonance . The data are from [22] and have been normalised
to the results of Model A.
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Figure 4 .11 : Angular distributions for the 7-p , 7°7°n reaction for energies from
1.35 GeV up to 1 .5 GeV. The solid lines show the results from Model A, the dashed
lines those of Model B . The dot-dashed lines show the results of Model B without
contribution of the Roper resonance . The data are from [22] and have been normalised
to the results of Model A .



Chapter 5

Summary and Outlook

We have studied pion-induced two-pion production on the nucleon in the framework
of a meson-exchange model . In the limit of low energies, this model is constrained by
Chiral Perturbation Theory. The parameters of the model were fitted to pion-pion
and pion-nucleon scattering in a unitary K-matrix approximation .

The model gives reasonable results for the mass and t-distributions over a wide energy
range from threshold up to 1 .5 GeV. Our model obviously contains the essential
mechanisms to describe the reaction. So our model forms a good starting point for
the analysis of the 7rN ----> 7r7N reaction .

The success in the description of pion-induced pion production encourages a test
of this model also in other pion production reactions . One possibility would be to
replace the initial pion by a photon and investigate two-pion photoproduction . For
this reaction, detailed differential distributions were measured to a high accuracy at
the MAMI facility at Mainz [16-18] . The comparison of these data with the model
could help to further constrain the model parameters .

The description of the angular distributions in the 7-p ----> 7+7- n and 7-p ---> 7°7r°n
channels turns out to be difficult for our model. Another problematic distribution is
the mass distribution d6ldM,, for the 7r+7r+n final state. These distributions are also
not described by Chiral Perturbation Theory [57] . It needs to be checked whether a
refit of some of our model parameters, that are not too well constrained from 7r7r and
7N scattering, directly to the 7N ---> 77rN differential cross sections leads to more
satisfactory results or whether the inclusion of other mechanisms is needed .

We observe a contribution of N* resonances in the reaction channels ir-p --> T+ir-n
and T-p --> -ir °7r °n . In the energy range considered, the contribution comes mainly
from the Roper resonance . The contribution of the Roper resonance does however
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not manifest itself in a qualitative change in any of the studied observables for the
7TN , 7r7TN reaction.

One aim was to investigate the impact of unitarisation effects on the iTN --~ iTTN ob-
servables . For this we use two model variants : Model A is a "pure" tree-level model.
The bare vertices are used for the pole diagrams, and the self-energy is calculated
from loops without any non-pole interaction . Model B takes into account some uni-
tarisation effects by using dressed vertex functions for the pole diagrams and taking
into account a contribution from non-pole interactions to the self-energies . These
unitarisation effects have been determined from our K-matrix models for 7r7 and 7FN

scattering .

We find qualitative differences between the models in the angular distributions for
the reaction channel -ir+p --> 7r+7r+n . These data cannot be reproduced with Model
A without destroying the description of the t-distributions in this reaction channel .
The inclusion of higher order loop effects that are present in the dressed vertices
of Model B allows for a reasonable description of both distributions . This hints
at the need of initial and final state interaction effects to describe the data . One
should however investigate whether other contributions can change the shape of the
differential cross sections within Model A. A possible candidate may be a contribution
from the S31 (1620) resonance that we have not included in our model at present .



Chapter 6

7T+ absorption on
kinematics )

'The results of this investigation were published in [60] .

He in quasifree

Over the last decades much work has been devoted to the study of pion production
and absorption on nucleons . One aim was to gain information about the short-range
part of the nuclear wave functions and to probe many-body correlations inside the
nucleus [61] . But already the pion interaction with the two-nucleon system proved to
be a challenge to the theoretical understanding, and so most of the work concentrated
on the two-nucleon system .

Pion production and absorption processes in few-nucleon systems like 'He offer the
possibility to investigate to what extent the pionic inelasticities in a "many-body"
environment can be described by the elementary two-body amplitude in a system
that can be theoretically handled . Such investigations are a necessary step towards
understanding the pion interaction with heavier nuclei and maybe using the pions as
probes of nuclear wave functions .

For pion absorption on 'He, the elementary two-body process should be most em-
phasised in pion absorption in the quasifree region . In this case, one of the protons
does not absorb momentum from the pion and thus leaves the reaction volume with
only its Fermi momentum . This proton is believed not to actively participate in the
reaction, so that pion absorption can be treated as a two-body absorption process on
a nucleon pair . The initial state wave function of the 3He is in principle known from
Faddeev calculations and the final state wave function is similar to the two-nucleon
case .

Differential cross sections for quasifree pion absorption on 3 He have been measured at
LAMPF [62], TRIUMF [63] and PSI [64] . Scarce data also exist for the polarisation
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of the fast protons in the final state [65,66] .

Previous theoretical work on quasifree T+ absorption on 3He used the simple ansatz
of range-corrected deuteron wave functions and completely neglected exchange terms
with respect to the spectator proton [67,68] . That model could qualitatively reproduce
the differential cross sections but had problems with the polarisation data : for a
qualitative description of the data it was necessary to use different models for the
two energies T, = 120 MeV and T, = 250 MeV for which the polarisation has been
measured [66] .

In the present approach, we employ a new parameterisation of the three-nucleon
bound state wave function [69] . This parameterisation is similar in philosophy to the
one presented in [70], but it differs in two important aspects . First of all, the new pa-
raineterisation fits directly the antisymmetrised wave function and not just the single
Faddeev amplitude . This is particularly convenient for the evaluation of any two-
body operator since contributions from all of the three NN pairs are automatically
included although the actual calculation has to be performed for only one pair . In
addition, the parameterisation of [69] goes beyond the separable ansatz in terms of
the pair and spectator momenta and allows for correlations between them. This leads
to an improvement in the fit of the wave functions obtained from Faddeev calculations
especially when both momenta are large . The parameterisation was used successfully
to describe low-momentum observables such as the -iT 3He scattering length [69] .

The aim of this study is twofold . Firstly, we want to test the reliability of the new
parameterisation of the three-nucleon wave function in a reaction involving high mo-
mentum transfer . And secondly we want to investigate whether a two-nucleon calcu-
lation can describe the data, in particular the polarisation data of [66], or whether
the data demand for additional mechanisms such as a more active participation of
the spectator even in quasifree kinematics .

6 .1

	

Description of the Model

In this section we briefly introduce the parameterisation of the 3He wavefunction of
Ref . [69] and the pion absorption mechanisms in the two-nucleon system .

6 .1 .1

	

The Parameterisation of the 3He Wave Function

The fully antisymmetric three-nucleon wave function can be written as the sum over
three Faddeev components,

I q~ ) =

	

q'(12)3) +

	

q'(23)1) +

	

q'(si)2) .
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Figure 6 .1 : Diagrammatic representation of the three-nucleon antisymmetric wave

function in terms of the three Faddeev components .

This equation is represented diagrammatically in Fig . 6 .1 . The Faddeev components

11'(ij)k) correspond to different permutations of the nucleons . In coordinate space,
they can be expressed as

q'
v
(rij , Pk) _ ( r'ijPk" I'1'(ij)k

with the pair coordinate rid and spectator coordinate pk . The index v denotes the
angular momentum quantum numbers of the pair and spectator . The relevant partial
waves v in quasifree pion absorption on 3He are the states where the spectator is in
a relative s-wave . States with larger spectator angular momentum are assumed to
be less important because the spectator remains essentially at rest in the quasifree
reaction . So the index v = l, 2, 3 denotes in this case the three possible states of the
pair wave function 2, 1 S0 , 3 S1 and 3 D1 .

The action of a two-body operator (e.g . that of pion absorption on a nucleon pair) on
the fully antisymmetric state does not depend on the choice of the active pair, so let
us choose the pair (12) as the active pair . Then the action of the two-body operator
on the first Faddeev component in equation (6.1) is simple but in the remaining two
terms the pair and spectator coordinates of the Faddeev component would have to be
reexpressed in terms of the pair coordinate of the active pair, e.g . x23 = -1/2x12 - )53
and likewise the angular momenta would have to be recoupled .

To avoid such complications, the full antisymmetric wave function was parametrised
directly in terms of x12 and p3 in Ref. [69] . The full antisymmetric wave function was
calculated from the CD Bonn [71] and Paris [72] potentials and then expressed as a
product of functions separable in the pair and spectator momenta p and q,

Vi(q) _ V"
q2 + Al)

2 .

+

	

I

	

I

	

............ . . . F- [~-	2

(6 .2)

(6 .3)

To improve the quality of the fit, a second product term was added . So finally the

2We use the notation 2s+1Lj with S, L and J the total spin, the orbital angular momentum and
the total angular momentum of the pair .
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Figure 6 .2 : The differential absorption cross section and its "asymmetry" Py - d6/dQ .
The dashed line shows the result of a single-term separable fit to the CD-Bonn tri-
nucleon wave function, the solid line shows the result for a two-term fit, and the
dotted line the result for a three-term fit .

(6 .4)

(6 .5)

Here, the sum over v comprises the five most important Faddeev components, where
the NN pair is in a ISO, 3S1 or 3D1 state .

The inclusion of the second term allows for correlations between the pair and spectator
momenta. At large momenta, relevant to meson production and absorption, the
quality of the parameterisation was significantly improved through the second term

[69] .

It remains to investigate the effect of the non-separability on physical observables .
For this, we look at the cross sections and polarisation in T+ absorption on 3He at
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the largest energy at which polarisation data are available, which is T, = 250 MeV.
We study the convergence of a systematic expansion of the wave function for up to
three product terms . The results of this study are displayed in Fig . 6 .2 . We notice a
visible effect of the non- separability when going from a single term separable form to
the two-term parameterisation . However, compared to the model uncertainties and
given the quality of the data this effect is not really significant . The inclusion of a
third term leads only to minor changes in the observables . The parameterisation is
already well converged for the two-term expression (6 .4) .

6 .1 .2

	

The Pion Absorption Potential

The potential for pion absorption on a nucleon pair is shown diagrammatically in Fig .
6 .3 . First of all we take into account the direct absorption on one nucleon . This is
described by a pseudo-vector -iTNN coupling in the Galilean invariant form

N
7NN
m,r

Here, di and Ti are the spin and isospin operators acting on the ith nucleon, pi is the
momentum of nucleon 1 . q denotes the momentum of the pion and Lu q its energy. For
the coupling constant we use the value f,i2~NNI(47) = 0.076 .

The direct absorption is generalised to include also resonant p-wave 7N rescattering
through the 0(1232) . The interaction Hamiltonian that describes direct absorption
involving the excitation of the 0 isobar in the final state is obtained by replacing the
coupling constant and the spin and isospin operators by the corresponding coupling
constant f7NO and the transition spin and isospin operators Si and Ti.

The direct absorption involving a NO pair in the final state is treated on the same
footing as the direct absorption with a final NN pair . The wave function of the

(Vfi ~)
Wq

2M 1pi (Ti~) + (fi~) pi] )

	

-	(6 .6)

direct absorption

	

pion-nucleon s-wave rescattering

	

short range correlations

Figure 6 .3 : The potential for pion absorption on a nucleon pair .
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final state pair contains an admixture of NA states as it is calculated for the coupled
channels system NN - NA . With the coupling constant f.2TNol (47r) = 0.35 the peak
in the cross section of 7r+ absorption on the deuteron can be reproduced .

The interaction of the high-energy final state baryon pair is based on the Reid soft core
potential [73] . At such high energies, the sensitivity to the details of the potential are
expected to be small . Furthermore, the potential has to be modified to avoid a double
counting of the NA intermediate states, that in our approach are treated explicitely
through the coupled channels method .

Pion production (as well as absorption) in the two-nucleon system is at threshold dom-
inated by the contribution from pion-nucleon s-wave rescattering . For the description
of this contribution we use the phenomenological interaction

H,s = 47r

	

7r7r + 472T 7r x ao~r

	

(6.7)
rn, r2

at the 7r7TNN vertex . The parameters A1 and A2 are energy-dependent and are fitted to
pion-nucleon scattering [74] . We include a monopole form factor for the pion exchange
which is fitted to describe the analysing power Ay in pion production pp --> d7r+ at
515 MeV, see Fig . 6 .4 .

The abovementioned contributions are sufficient to describe positive pion absorption
and production in the two-nucleon system . But for neutral pion production pp -->
ppT° it is known that additional mechanisms are needed to describe the cross section
data [75] . One possibility is the inclusion of short-range contributions of the NN
interaction, such as the exchange of the heavy mesons a and cu shown in Fig . 6.3
[76-78] . These heavy meson exchanges constitute also an important contribution in
7r- absorption on 'So pp pairs in 3He [74] . The short-range effects are also included
here for two reasons . Firstly, the pair wave function in 3He is more condensed than
in the deuteron. This could enhance the effect of short-range correlations . Secondly,
7r+ absorption can not only happen on a quasideuteron pair inside 3 He, but also on a
neutron-proton pair in the 'So state .

First, let us show how this absorption potential describes the elementary two-nucleon
reaction . In Fig . 6 .4 we show the transverse analysing power Ay for pp ---> d7r+ . Ay is
given by

AY

	

_ duT ld9(0) - d6lld9(0)
(e)

	

d6Tld9(0) + du,ld9(0) '

	

(6.8)

where dut ldQ(0) and dut ldQ(0) are the cross section for the polarisation of the proton
perpendicular to the reaction plane . This quantity corresponds to the proton polari-
sation Py of one of the fast final protons in the absorption process 7r+ 3He ---' ppPspec-
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Figure 6 .4 : The analysing power in pp --~ d7r+ at energies corresponding closely to the
7r+ 'He energies of [66] . We show the results for the different deuteron wave functions
from the CD-Bonn (solid lines), Paris (dotted lines) and Reid soft core (dashed lines)
potentials .

The analysing power is shown at energies that correspond closely to the energies of
the polarisation measurements for 7+ absorption on 3He .
In the calculations for the different deuteron wave functions, the form factor for the
s-wave rescattering contribution has been adjusted to fit the dip in the analysing pow-
ers at 515 MeV. The fitting leads to three different values of the cutoff mass for the
three different wave functions : A = 3m, for the CD-Bonn wave function, A = 4m,
for the Paris wave function and 11 = 5m, for the Reid wave function . In spite of this
fitting at 515 MeV, there are differences between the analysing powers for different
wave functions at the higher energy of 800 MeV. The data seem to favour the newer
Bonn and Paris wave functions over the Reid wave function . Furthermore we notice
that Ay is correlated to the D-state probability of the deuteron wave function : the
magnitude of Ay increases with the D-state probability .

For the investigation of T+ absorption on 3 He, the two-nucleon absorption operator
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has to be evaluated between the initial 3 He wave function and the final state wave
function,

6 .2 Results

Pspec IIIN IM 6 spec I gsge) .

Sspee indicates that the quantum numbers of the final state spectator proton Pspee are
the same as for the third nucleon of the 3 He wave function .
For the final state proton we use a plane wave, the wave function of the final NN pair
is the same as in the two-nucleon reaction : a NN wave function with explicit ND
admixture based on the Reid soft core potential [79] . For the final NN pair, partial
waves up to J = 5 are taken into account .
With the abovementioned parameterisation of the 3He wave function

p (r, P)

	

vä(r) wä(P)
a-1,2

we obtain, e .g . for the differential cross section the following expression

dQ

	

Tr

	

(Mä'

	

.Mä Wä'äbp" .
AM up ,

aIä = f dP wä, (P)wä (P)

(6 .9)

(6 .10)

The trace is over spin orientations . The effect of the spectator is contained in the
overlap integral

(6 .12)

Notice, that in this treatment the minor effect in kinematics from the variation of the
spectator kinetic energy is neglected . The effect of the spectator on the kinematics
is to absorb an average kinetic energy of 5 MeV (due to its Fermi motion) . This
is accounted for by the "effective" binding energy of the pair in 3He . This binding
energy is taken to be 10 MeV more than that of the free deuteron: 5 MeV for the
kinetic energy carried away by the spectator and 5 MeV for the actual difference in
binding energy.

In Figs . 6.5 and 6 .6 we show the differential cross sections and proton polarisations
for positive pion absorption on 3He . Our aim is to study the dependence of the
observables on the wave function employed for the bound state .

Let us first discuss the results obtained with the new parameterisation of the 3He
wave function . We show the results based on the Bonn and Paris potentials . Both
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Figure 6 .5 : The differential cross sections for .7T+ absorption on 'He . We show the de-
pendence on the 'He wave function : CD Bonn (solid), Paris (dashed), single Faddeev
amplitude normalised to one for the CD Bonn wave function (dot-dashed) and result
using a wave function based on the correlation function as in [67, 68] (dotted) . The
data are from [64] .

can describe the shape of the differential cross sections as well as their magnitude at
T, = 120 MeV. At the larger energy of T, = 206 MeV, both potentials lead to a similar
shape, but the difference in the magnitude of the cross sections amounts to - 10%.
Note, that the amplitudes for both potentials have been adjusted individually to fit
the analysing power in pp ---> d7T+ at 515 MeV. Without this adjustment, the difference
would be of the order of 20 - 30% . This is compatible with the spread obtained in [80]
for the use of different deuteron wave functions in the reaction pp --> d-ir .

The shape of the polarisation can be roughly reproduced with the new bound state
wave functions for both energies .

In order to compare with the earlier results of [66], we also show the results obtained
with a wave function based on the correlation function of the proton pair in 3He given
in [81] . These results are very similar to the results of [66] . Note, however, that our
calculation includes in addition the heavy-meson exchange as well as the absorption
on a 'So pair, so that any difference between the dotted line and the other lines is
due to the effect of the different wave function .

The use of the new bound state wave functions clearly leads to an improvement in
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Figure 6 .6 : The proton polarisation Py . The lines are the same as in Fig . 6 .5 . The
data are from [66] .

the description of the polarisation compared to the older calculation . At the lower
energy of T, = 120 MeV, the two data points do not allow to distinguish between the
different wave functions, but at the higher energy, the data favour the results obtained
with the new wave functions . The magnitude of the polarisation is much smaller, and
the slight dip of the earlier results at 90° becomes flatter for the new wave functions,
although it is still present .
The success of the new bound state wave functions may be partly attributed to the
lower D-state probability of the quasideuteron . It was shown in the earlier calculations
[66] that the polarisation data at 250 MeV could be reproduced by neglecting the D-
state of the deuteron . This, however, destroyed the agreement at the lower energy.

The use of the parameterisation of a single Faddeev amplitude from [69] leads to a
striking disagreement with the polarisation at the larger energy. The results for the
total cross sections are larger than the cross sections obtained with the parameteri-
sation of the fully antisymmetric wave function and qualitatively more similar to the
results obtained with the Gibson correlation wave function . Here reflects the shorter
range of the single Faddeev amplitude [69] and the Gibson correlation wave function

0.6 T,1=120 MeV 0.6

0.4 k d 0 .4
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Figure 6 .7 : The proton polarisation Py . The solid line shows our result for the CD-
Bonn potential as in Fig . 6 .6 . For the dotted line, the absorption on the ISO pair
is neglected, for the dashed line we neglect the contributions from heavy meson ex-
change. The dash-dotted line was calculated without the D state of the quasideuteron .
The data are from [66] .

compared to the fully antisymmetric wave function . The longer ranged antisymmetric
wave functions put less weight on the short distances that are probed with the high
momentum transfer pion absorption, and so the cross sections obtained with these
wave functions are smaller .

In Fig . 6.7 we study the contributions to our model in more detail . We find that the
pion absorption on a 'So pair only plays a negligible role . So the absorption process
takes mainly place on the two components of the quasideuteron pair, 3S1 and 3D1 . We
find that the effect of heavy meson exchange is larger than in the two-body reaction
pp ---> d7T+, but its effect does not change the results qualitatively.
Switching off the D-state component of the quasideuteron has a drastic effect on the
polarisation observables . As was also seen in [66], the polarisation data at 250 MeV
can be well reproduced without the D state, but then the data at the lower energy
cannot be described any more.



86

	

Chapter 6: -iT+ absorption on 3He in quasifree kinematics

6 .3 Conclusion

We have studied positive pion absorption on 3He using a parameterisation of the three-
nucleon wave function obtained from realistic NN potentials. We find that the non-
separability of the new wave functions in terms of the pair and spectator coordinates
has a minor effect on the observables, but the use of the fully antisymmetrised wave
functions was necessary to describe the differential cross sections quantitatively and
to obtain qualitative agreement with the polarisation data .

The success in the description of the polarisation data at T, = 250 MeV can partly
be attributed to the lower D-state probability of the quasideuteron in the new wave
functions . As was already observed in [66], switching off the D-state component leads
to a good description of the polarisation at T, = 250 MeV but spoils the agreement at
the lower energy . The new wave functions form a compromise between the previously
used wave functions and the wavefunctions without the D-state .

For further improvements, a more active participation of the spectator even in
quasifree kinematics may be needed . This can be seen from a comparison of the two-
body and quasi two-body results . From a look at the analysing power for pp --> d-ir+
in Fig . 6.4 and the polarisation for T+ absorption on 3He in Fig . 6 .6 we find that
the shapes of the calculated distributions are in one-to-one correspondence for the
corresponding energies . The success in describing the polarisation observables in 7T+

absorption on 3He may be attributed to the failure of the model in describing the
dip in the pp --> d7r+ data . If we take the dip in the pp --~ d7r+ data seriously and if
the assumption of quasifree mechanisms is correct, then it is hard to understand why
there should be a peak in the 3He data. The indication of a peak in the 3 He data thus
lends support to the need of other mechanisms, probably a more active participation

of the spectator .

However, the structural difference is at present only based on three data points . It
would be desirable to confirm the peak structure at 250 MeV and also to measure
the polarisation at intermediate pion energies to investigate the development of the
structural changes .



Appendix A

Definitions and Conventions

1 . Minkowski Metric

3. Dirac Spinors

1 0 0 0

Ek+m

To describe a spin z particle of mass m and momentum k we use the helicity
spinors

(A.4)

gjiv =
gliv = 0 -1 0

0 0 -1

0 0 0

0

0

-1

2. Dirac Matrices, Pauli Matrices

I 0 0 6 0 I,y° (A.1)
0 -1 -6 0 I 0

(71 0 1- ) U2 - 0 -z U3 = ( 1 0
(A.2)

1 0 1 0 0 -1

orNv =
a

- f7w , liVI (A.3)
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These are normalised such that ü(~, A)u(~, A) = 2m .

IA) is an eigenvector of the helicity operator_

	

2 and can have the eigenvalues
For a particle with momentum h in the direction (9, 0) the eigenvectors

can be written as

jectors

D"(q)

	

=

which leads to

D"(q) = 9 + m2
Tn

	

(p3/2) I"

4+M Nv

q2
- m2 Prs

(
1/2 Nv

P22 )

12 1/2 Nv

(Pi2 + P2i )

q2

os a exp(-4)
sin a exp(i 2 )

- sin e exp(-2

cos a exp(i2)

The Rarita-Schwinger propagator is given by

v/-3-q2

4. Rarita-Schwinger spinor and Rarita- Schwinger propagator

The spinor of a particle of spin z can be described by the coupling of a spin z
spinor and a spin 1 polarisation vector :

u~(k , a) _ ~ y a1 2 a2 1 ~ a) E F"(k, al)u(k, a2) .	(A .7)
aI ,a2

q2 - m2 [_

	

_9wv

	

_

	

_+3
~'w~'v

+ 3m2 gwqv

	

3m(q~w - g
v
~'
w
)
J
(A.8)

The propagator can be reexpressed in terms of the spin-3/2 and spin-1/2 pro-

1(P3/2)wv

	

=

	

-gwv + 3'Yw'Yv +

	

1
3q2 ~l'1'l gv + gw 'l,v 4)

qN qv

2(d, +m) (1/2) Nv
`~
3m2 P22 +

(A.5)

(A.6)

(A.9)

(A.10)

1

	

(P12
2

	

P2i
2

~v(A12)
+/

.

The first term on the right hand side of this equation gives rise to the O pole in
the P33 partial wave of -irN scattering while the remaining two terms amount to



a 7-iTNN contact interaction in the J = 1/2 partial waves . Only the first term
acquires a finite self-energy through the dressing,

with D~given by2

p,w is defined via

D4v (q) = q2 4 ~12m
~,

(p3 2)41/ + D~2 ,

wv

	

2(d +m)

	

1/2 PV

	

1
D1/ 2

	

3rn2 (P22 ) +

5. Polarisation vector of a spin 1 particle

A spin 1 particle of mass m at rest has the polarisation vector

0

	

0

E(ö, a = ~ 1) =1

	

~ 1

	

E~(ö a = 0) =

	

° j

	

.

	

(A.15)
0

0

	

1)

The sum over helicities gives (for arbitrary momentum)

3 7, 7,
E' ~, A E, ~, A) _ - gNv +

	

~
v

.

	

(A.16)

The propagator of the p meson is then given by
kpk,

-9NI +

	

2
Dl,, (k) =

	

k2

	

m2 P

	

.

	

(A.17)

As we only deal with on-shell pions, the second term in the numerator vanishes
when the p is coupled to a pair of pions . This is because the p momentum is
given by the sum of the pion momenta and the vertex contains the difference of
the pion momenta (or vice versa) . For k = k1 + k2 , for example, the contraction
of the second term in the numerator with the pion vertex leads to (k 1 + k2)
(k1 - k2 ) = k2 - k2 which vanishes for two on-shell pions . So we will work with

(
12

	

12 Nv

Pi2 + P21 )
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(A.13)

(A.14)

DI,, (k) = k2 gt2m . (A.18)
P

(A.19)





Appendix B

Partial Wave Decomposition and
Transformation from Helicity Basis
to JLS Basis

An adequate way of solving the 2 --> 2 scattering equation is to make use of a partial
wave decomposition . Because of the rotational invariance of the strong interaction,
we can decompose the potential V and the T-matrix into submatrices of definite
angular momentum J. As we shall see in the following, this reduces a coupled three-
dimensional scattering equation of the form

( ~/a3 A4 ITI ~al A2 ) = ( ~/a3 A4 IVI ~al A2

+

	

1: f d 3q (~I /~3A4 IVI gNIN2)G(q)(qNIN2 ITI ~ /~ 1 /~2) (B .l)

to a set of coupled one-dimensional integral equations .
Furthermore, in the K-matrix approximation, the momentum of the intermediate
state is set equal to the on-shell momentum. As a consequence, also the integration
over the modulus of the momentum q vanishes, and we are left with an algebraic
equation .

Equation (B.l) is given in the helicity basis . Dealing with the scattering problem
in the JLS basis has the advantage that certain transitions ( L'S' I VJ I LS) vanish
because of parity and angular momentum conservation . Furthermore, experimental
data are often subjected to a partial wave analysis and the results are given in JLS
basis . So the second part of this appendix deals with the transformation from helicity
basis to JLS basis .
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B.1 Partial Wave Decomposition

BA

	

Partial Wave Decomposition

We start by expanding the two particle plane wave scattering states in eigenstates of
the angular momentum operator [82]

Ai and ~2 are the helicities of the two particles and A :_ A 1 - A2 .

	

DMM, (oz, ,3, -y) is
the matrix element of the operator of a finite rotation

(VO 0A3 A4 IVIkOOA I A2 )

2J+I 2

DMa(O , B, o) I k JNr al a2 ~ .

	

(B .2)
( 47r

D' (~ ß 'Y) = e-Zajz e-ZßJyeZ -yjz

DJ (cx, ß,'Y) describes a change of reference frame ; oz, ß and -y are the three Euler
angles . The matrix elements can be written in the form

DMM'(W ßoY) - ( JM' I DJ(W ß,'y) I JM) = e_

	

zcxM'd~M (ß) e

	

"M

where the dNrNr'(ß) are the reduced rotation matrices [83] . 1 We only need the rotation
to map two vectors - the relative momenta of the final and initial state - onto each
other . Two angles are sufficient to describe this transformation, and we can set -~ = 0 .

If we consider the scattering of two spin-0 particles, the matrix elements of the rotation
reduce to the familiar Legendre Functions

Dj (a,

	

Pi (cos 0)

(B .3)

(B .4)

With the expansion (B .2) the matrix elements of the potential V and the transition
matrix T can be decomposed into submatrices of definite angular momentum .

(2J+ 1
) Dää'(Qk'ki 0) ( kA3 A4 I VJ I k A1 A2) (B .5)

47r

In this equation we assume that the relative momentum of the initial state is oriented
parallel to the z-axis of the reference frame . 52klk is the solid angle of ~' with respect
to ~. Exploiting the orthogonality of the rotation matrices

dS2Dää,(S2, 0)D~~'(Q ~ 0) =

	

47
8JJ'ba,~8a',~'

	

(B.6)
2J+ 1

we arrive at the following expression for V',

( k' Ä3Ä4 I VJ I k A u2) = f dSZk ' k Däa, (SZ k ' ki 0)( 1~ /~3 A4 IV I kAAA

	

i A2 ) .

	

(B .7)

'We use the conventions of Jacob and Wick . Note that the dnrnr' (ß) in Edmonds' convention
would correspond to dMM'(-ß) = dM,ivr(ß) in our convention .



Insertion of (13 .5) into the scattering equation (13 .1) leads to

2J+
1) Da~*, , (9k,k,0) (~ VAsA41 TJ kA1 A 2 ) -

	

~(' A3 A4 VJ kA 1 A2 ))47r

KIKZJ,J �

(k'A3A4I TJ 1kAlA2) = (k
,
a3A4I VJ 1kA1A2)
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dq q2 ldQqkD~*Ja,(S,q 0)Da*,J"(Sqk 0)
(47r)2

'(kÄ3Ä41
VJ,

1gK1K2)G(q) (gK1K21 TJ" 1kA1 ,~ 2) . (13 .8)

The angular integration amounts to

f dSZgkD ä, (Q 'q 0) DA*J," (SZgk 0) =
2J'

47r
+ l

8J J � Dää, (9k,k, 0)

	

(13 .9)

with the help of (13 .6) and the following relations [83]

D,*ä, (S2k , gi 0)

	

=

	

Da/',(SZgk,~ 0) ,

	

(13 .10)

Dä,, (SZgk' 1 0)

	

=

	

Dä1, (Q q Q'1 0) _

	

Dä~~(Qkk l i 0) D,J~K (Q q 1 0)

	

(B.11)
w

Comparing the coefficients of DAä, (9k'k, 0) in the resulting equation, one arrives at a
one-dimensional scattering equation for each value of the angular momentum J:

+1: f dgq2 (VA3A41VJ IgNlN2)G(q)(gNlN21TJ IkAlA2)- (13 .12)

B.2 Transformation between Helicity Basis and

JLS Basis

In the helicity basis, a two particle state is characterised by its total angular mo-
mentum J and its projection M, the modulus of the relative momentum k, and the
two particles' helicities A1 and A2 . In the JLS basis the helicities of the particles
are replaced by the orbital angular momentum L and the total spin S . From this it
should be clear that it makes no sense to distinguish between helicity and JLS basis
as long as only spin-0 particles are involved .
Helicity basis and JLS basis are related to each other via a linear transformation2

1 JM a1 a2 ) _ ~ ( JM LS 1 JMa1 a2 )1 JM Ls) .	(B .13)
Ls

2In the following the dependence of the state vectors on the modulus of the momentum k will be
suppressed .
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The matrix elements of the transformation matrix can be obtained from

I JM LS)

	

=

	

Y~ (JM I LMLSMs ) (SMs I Sl ml S2m2 )YLML Xslml (s2m2 (B .14)
mlm2

2J+1 2
I JM I\1A2)

	

_

	

4+

	

)	j" dQDmA(Q, 0)DJ(91 0) Xslal (s2-A2

	

(B .15)
(

where Xs, and (s2m2 are the spinors of the two particles .

	

I JM LS) can then be
expanded in terms of I JM .~ 1 .~2) [82] . We obtain the result

1

(JM LS I JMala2 ) = C
2L + 1 ) 2

(JM I LO SA) (SA I S1 a1 S2 - A2 ) .	(B .16)
2J + 11

The transformation of the potential V and the T-matrix, respectively, is given by

( L'S'I V' I LS) =

	

1:

	

(JM L'S' I JM A3A4 )

( a3a4 I VJ I ala2) ( JAI ala2 I JM LS) .

	

(B.17)

The partial wave decomposed scattering equation in JLS basis then reads as follows :

(VL'S'ITJIkLS) = (VL'S'IVJIkLS)

	

(B.18)

+ ~ f dgg2 (k' L'S' I VJ I q L"S") G(q) (g L
�S� ITJ I k LS) .

L"S"

Because of the invariance of the strong interactions under parity transformations,
some of the matrix elements of the potential in the JLS basis vanish . The parity

7) = 711712(-1) L

	

(B .19)

with 71Z the intrinsic parity of particle i, has to be the same for the initial and the
final state. This means that for initial and final states with the same intrinsic parity
only transitions with even AL are allowed . For initial and final states with total spin
S = 2 the only allowed transition occurs for AL = 0 . This follows from the condition

IJ- SI < L < J+S .

	

(B.20)

On the other hand, if initial and final state have different intrinsic parity, AL has to
be odd . Equation (B .20) reduces this further to AL = 1 for all reaction channels we
are interested in .

Parity conservation also reduces the number of independent matrix elements in the
helicity basis and thus simplifies the transformation from helicity to JLS basis . A
parity transformation connects helicity states of positive and negative helicity in the
following way :

( -A3 - A41 V I-A1 -
A2)

_ (-1 )s3+s4-sl-s2 713714 (A3A4
I V

IAIA2) .

	

(B.21)
711712
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Explicit Expressions for the Transformation Matrices

In this section the matrix elements for the transformation between helicity basis and
JLS basis are given explicitely for the case of a spin- I and spin-0 product state and
a spin-2 and spin-0 product state .

From equation (13 .13) we obtain the following expression for the transformation matrix
of 2 x 0 states :

JM; L = J+ 2,S = 2 i

	

_

	

1

	

-1

	

1

	

JM; Al = 2, A2 = 0~
(B .22)

JM;L=J - 2, S= ä%

	

1

	

1

	

im; A1= - 2, A2 =0 %

With the help of expression (13 .21), the 7TN, 6N, qN and 7TN ~ qN potentials in
JLS basis can then be expressed as a linear combination of two matrix elements in
helicity basis.

(L
I
, S

I
= 2 VJ L , S = 2i

CA3=2 V

	

Al=2)- ( A3 = -2 VJ Ai=2)

	

if L'=L=J+
(13 .23)

CA3=2 VJ A1=z ) +CA3 = -2 VJ Al=2 )	ifL'=L=J-2.

The 7rN --> 6N transition demands for AL = 1 because the a has positive intrinsic
parity and the 7r has negative intrinsic parity .

(L
I

, S
I
= 2 VJ L,S= 2i

-(A3=2 VJ Al=2)-(A3 = -2 VJ Ai =2) ifL'=L-1=J-2
(13 .24)

-(A3=2 VJ A1=2)+(A3 = -2 VJ Ai=2) ifL'=L+1=J+2 .
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For 2 x 0 states the transformation reads as follows :

JM;L=J+

JM;L=J-

JM; L = J +

JM;L=J-

_1

	

__S

	

3
2% 2

2% S

	

2)

_3

	

__ _3
2 %
S

	

2

2, S- D

The elements of the transformation matrix are given by

One should note that for J = z the states with L = J+ 2 and L = J- 2 are forbidden
because of (13 .20) . Tensor transitions (AL = 2) in the -iT0 and 7TN --~ TA potentials
thus only occur for J > 3

.

matrix element + -

a1 1 2J+3- 1 2J-1-
2V'2- 2J 27 2J+2

a 2 2J 18 8 2J+2

b Vi~ 22J 18 2J+2

b2 -_1 2J-1 _1 2J+3
2~ 2J+2 272 2J

a
1

a+ a+ a+ JM ; Al = 2 =, A2 0

a1 -a' a2 -a2 JM ; Al = -2 =, A2 0
(13 .25)

b1 -b+ b+ -b+ JM ; Al = 2, A2 = 0)

b1 bl b2 b2 JM ; Al = -2, A2 = 0)



Appendix C

Separation of the T-matrix into
Pole and Non-Pole Contributions

We start from a scattering equation of the Lippmann-Schwinger type,

V=VP +V

T = V + VGT .

	

(C.1)

If the potential can be split into a separable pole potential and a non-pole potential
containing the non-separable part of the interaction,

= JO'qOJO +VNP ,

the T-matrix can also be separated into a pole and a non-pole part,

T =TP +TNP =TP +VNP +V GTNP

(C .2)

(C .3)

with the non-pole T-matrix obeying the usual scattering equation . Our task is now
to derive an expression for TP . In this we will closely follow [84,85] .
From (C .1) and (C .2), we obtain

T =TNP + VP + VPGT +VNPGTP .

	

(C .4)

The last term in the above expression can be rewritten applying the scattering equa-
tion (C .1) to TNP ,

VNPGTP =

	

(TNP - T
= TNPGT - TNPGTNP - TNPGVNPGTP

= TNPGV (1 + GT) - TNPGVNP (1 + GT)

= TNPGVP (1 + GT) .

GVNP ) GTP



Reinserting this into (C .5) together with the definition of the dressed vertex (C .6)
one gets

T

	

=

	

TNP + fgofo (1 + GT)

So the TP can be written as

with the dressed propagator

and the self-energy

TNP + f.go ~fö + (1 - föGf9o) -1 föG
(TNP + f.gofö)

1

	

l
TNP + fgo (1 - fo

_
Gfgo)

	

{f0
_
+ foGTNP }

1
TNP + f (.go 1 - foGf)

	

fT .

TP = fgft

9
901

= foGf .

(C .g)

(C .g)

(C .10)
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Equation (C .4) then becomes

T-matrix

T =TNP + (1 + TNPG)VP(1 + GT) . (C .5)

We define the dressed vertex function

f = (1 +TNPG)VP(1 + GT) , (C .6)

multiply (C.5) from the left with fOtG and solve for foGT :

fotGT = fotGTNPf9ofö(1+GT)

folGT = (1 - folGfgo) f01G
(TNP + f9ofö) (C .7)



Appendix D

Amplitudes

The transition amplitudes are obtained from the interaction Lagrangians by applying
the usual Feynman rules .

The explicit expressions for the 'Y-matrices, spinors and spin-3/2 projectors can be
found in Appendix A .

D.1

	

Amplitudes for 7rN Scattering

Listed are the expressions for the potentials contributing to 7N scattering without
isospin factors . These will be given in subsection D.3 .2 .

7rN potential :

Nucleon pole
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D.2 -irN - -iTTN Amplitudes

D .2

	

7TN --~ 7r7TN Amplitudes

This section contains the invariant matrix elements -I'M for pion-induced two-pion
production

7T- (ka)N(M 5b) ---> 7T- (k1)7(k2)N(p3, 53)

without isospin factors . The isospin factors are given in subsection D.3.2 . We intro-
duce the following Lorentz-invariant quantities :

The labels in front of the expressions for the amplitudes refer to the Feynman
diagrams displayed in Figs . 2 .1-2 .3 .
The contributions of diagrams (B .1) and (C .1) each contain three parts that have
different isospin factors .

fNN7

	

3

	

L~3+h +MN

	

Nb+~a + MN

	

7~
(A.1)

	

(
m,

)

	

u(p3) s3)~5

	

2
823 - MN -

~N~5

	

1
8
-
MN - ~N~5 /~au(pb, sb)

(A.2)

	

can be derived from expression (A .1) by interchanging the pions

(A.3)

(A.4)

(A.5)

(k1 ~ k2) .
3

fNN7r)
u(p3

(kl~ k2)
~'

,/ NN7C
) 3

u(p3m, r

(A.6)

	

(k1 ~ k2)

s = (ka + pb) 2 ,

	

t = (pb - p3) 2 ,

s12 = (k1 + k2) 2 ,

	

tl = (k1 - ka
)2,

S13 = (k1+ p3)2 ,	t2 = (k2 - ka) 2 ,

S23 = (k2 + p3)2

s3)75 ~2

(B .1)

	

(a)
4F,~

ü(93, s3)'Y5(P1+P2)u(pb, sb)

+MN

	

7~
~5 Na

s23 - My - üN

,~

	

N3-Na + MN
s3)li5 /~a

(p3 -	a)2- MN
75

	

2

fib- ~1 +MN

	

,~

. (pb - k1)2 -
MN ~5 Nlu(pb~ sb)

~b - ~1 + MN

	

,~

. (pb - k1)2 -
MN ~5 Nlu(pb, sb)
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(C.3)
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(D .5)

(D .6)
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Diagrams involving Q exchange :
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(G.6)

	

(kl ~ k2)

Diagrams with 0 and p excitation :
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D.3 The Isospin Part of the Potential

D.3

	

The Isospin Part of the Potential

In this section we deal with the isospin part of the interaction . We use the `baryon first'
convention . This means that in any Clebsch-Gordan coefficient the baryon stands in
the first position.

The isospin part of the wavefunction of an isospin- 2 particle is given by a two-
component spinor X+ obeying

This relation also holds for an isospin-2 particle described by a four-component
isospinor cp, I -~- 3 .

2

For the description of isospin-1 particles we use the spherical basis vectors
These fulfil the relations [83]

m = (-1)mo-m

Sm,m '

(Om X Om')

	

-

	

iV2 (1 172 1 Tn ' I 1

,n,TOgXm = ~( 2 m 1
q12

m"-O,-1

For a TNN vertex we get from the interaction lagrangian an isospin part of

(D .35)

o,fl

(D .34)
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The 7rNO and -ir00 vertices get the isospin factors

q

f .

1 3
,TOgxm

	

=

	

(2
mlq~3

D.3 .1

	

Isospin Factors for -FN scattering

m,TTOq~m

	

=

	

-V2 (2 m 1 qj 2 m )

	

(D .37)

m, TOq ~Om

	

=

	

43 ( 2m 1
ql 2 m') .

	

(D .38)

In Table D .2 the isospin factors for TN scattering are given in the isospin basis . It is
convenient to work in the isospin basis because the scattering equations for different
isospin decouple .
The total cross sections for 7rN scattering are given in the particle basis . The particle
basis is related to the isospin basis via the relation

tat3 tbt3 > -

	

(113

	

tat3 , tbt3 ) 1113)

	

(D .39)

(D .36)

where ta4 (t b) is the isospin of particle a (b) and t3 (t3) its third component . So for
the -irN states that are accessible in TN scattering experiments we get

17T+P

	

-

	

_3 3
2 2

17F-P) = 3 2-2i+ 3 2-2 (D.40)
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D.3 The Isospin Part of the Potential

Table D.2 : Isospin Factors for Pion-Nucleon scattering .

Potential Diagram IF(I = 2) IF(I = 2)

-irN N; N* pole 3 0

N u-exchange -1 2

6 exchange 1 1

p exchange -2 1

0 pole 0 1

0 u-exchange 4
3

1
3

7TN ---> 6N N, N* pole v~_3_ 0

N u-exchange v"3- 0

7 exchange v'-3- 0

aN N, N* pole 1 0

N u-exchange 1 0

6 exchange 1 0

7TN T0 N, N* pole -V66 0

N u-exchange 8-V 3 ~53

p exchange ~43_ ~;3

0 pole 0 53

0 u-exchange - _5 _2
3 3

10-
3 15

70 N, N* pole 2 0

p exchange 5
3

2
3

0 pole 0 53

0 u-exchange -10
9

11
9

6N TA N; N* pole -V"2- 0

7N qN N* pole V3_ 0

nN N* pole 1 0
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D.3 .2

	

Isospin Factors for 7N --~ -7r-7TN

Pion-induced two-pion production on the nucleon is experimentally accessible in the
five reaction channels

The amplitudes from Section D .2 have to be multiplied with an isospin factor for each
of these reaction channels . The isospin factors for each amplitude are listed in Table
D .3 .

Table D.3 : Isospin Factors for Pion-induced two-Pion
Production .

7-P ~

7+7-n
707°n

707-p

7+p~

7+7+n 7+7
°
p

(A .1) -2V2 v/2 -2 0 0

(A .2) 0 v/2 2 0 0

(A .3) 0 -v/2 2 -2v/2 0

(A .4) 0 -v/2 0 -2v/2 2

(A .5) 0 v/2- 0 0 2

(A .6) -2v/2 v/2 0 0 -2

(B .1)(a) -V2 v/2 0 0 0

(B .1)(b) - ,\//2 0 0 -v/2 0

(B.1) (c) 0 0 1 -v/2 1

(C .1)(a) -V2 v/2 0 0 0

(C .1) (b) - ,\//2 0 0 -v/2 0

(C.1)(c) 0 0 1 -v/2 1

(1 ) -iT (ka)p(pb) 7 r (k1)7r+(k2)n(p3)

(2) 7T (ka)p(pb) T°(ki)7T°(k2)n(P3)

(3) 7 (ka)p(pb) 70(k1)7f (k2)p(p3)

(4) 7T+(ka)p(pb) 7F
+
(ki)7r+(k2)n(p3)

(5) 7T+(ka)p(pb) 7ro (kl)7r+(k2)p(p3)



114

	

D.3 The Isospin Part of the Potential

Table D.3 : Isospin Factors for Pion-induced two-Pion
Production .

7r-p ~

7+7-n 7ro7ron
7To7T-p

7T+P ~
7T+7T+n 7+70p

(C.2) -v~2 V2 0 0 0

(C.3) -v~2 0 -1 0 -1

(CA) -v/2- 0 -1 0 -1

(D .1) -v/2- 0 -2 0 0

(D .2) V-2 0 0 0 2

(D .3) \//2 - ,\//2 2 - ,\// 2 0

(DA) 0 -V2 -1 -V2 1

(D .5) -v/2 V2 0 v/2 -2

(D .6) 0 \// 2 -1 v/2 1

(E.1) -v/2- v/-2- 0 0 0

(E.2) -v/2 \// 2 0 0 0

(E.3) -v/2 0 0 -v/2 0

(EA) 0 0 1 -V2 1

(E.5) -v/2 0 0 - ,\// 2 0

(E.6) 0 0 1 -v/2 1

(F.1) _ ~L2
3 - V~2_

3 2s -V2 0

(F.2) 0 v/_2
3

1
3 -~ 1

(F.3) -v/2 3 -3 -3 0

(F.4) 0 V'2-
3 1 - 3 3

(F.5) -v/2- 3 0 0

(F.6) - ~~2
3

V'8_
3 0 0 _2

3

(F.7) -
~~2
3

V'8_
3 23 0 0

(F.8) -v/2- 3 -3 0 0

(F.9) 0 V3
1
3 - 3 1
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Table D.3 : Isospin Factors for Pion-induced two-Pion
Production .

7+7-n z°z°n 707-p

7r+p ---->

7+7+n z+Z°
p

(F.10) -N72- 3 0 V2- 3
2
3

(F.11) 0 -3 1 -�72 3

(F.12) -3 -3 0 -v"2 2

(G .1) .̀9 -`29 -19 - v'-2
3 1

(G .2) - r2
3 -V29 4_

9
-

3
- 2

3

(G .3) v/-2--
3

4v/-2-
9 _49

v/-8-
9 2- 3

(G .4) _ r2
3

4 r2
9

-2
3

r8
9 9

(G .5) _ �/2-
3 -~9

- 2
3

-~
3

_4
9

(G .6) v/-8-
9

v/-2-- 9
1 _/

3 9

(H .1) 3 0 _s 0 1
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D.3 The Isospin Part of the Potential

Table D.3 : Isospin Factors for Pion-induced two-Pion
Production .

7r-p ~

7+7-n 7ro7ron 7To7T-p

7T+P ~

7T+7T+n 7+70p

(K .6) 0 0 1 - ~,/2 1

(L .1) -2 ~,/2 \/2 -2 0 0

(L .2) 0 V-2 2 0 0

(M .1) - ~L2
3

v/8
3 23 0 0

(M .2) -v"2- 3 -3 0 0

(N.1) -2 2 V2 -2 0 0

(N.2) 0 V-2 2 0 0



Appendix

E

Observables

We

are interested in the scattering of two particles into three particles

:

The

transition probability from the initial to the final state is given by the matrix

element

(1, 2, 3 1 JV( I A, B) _

.M

(PA, PB

;

Pi, P2, p3)

.

The explicit expressions for the

matrix

elements for two-Pion production can be found in Appendix D

.
Measurable

quantities are calculated by taking the absolute square of the matrix

element .

The total cross section is defined as the integral of M~ (PA, PB

;

Pn P2, P3) 2

over

all possible values of the momenta pi of the outgoing particles - the three-body

phase

space - normalised by the incoming flux ~j

;nj :

A+B

--> 1+2+3

.

13

	

d3p1

	

d3

P2	

d3

P3

,%inI

(27T

.)32E1

I (27T

.)32E2

I (27)32E3

I

(2,7T-)4

6(4) (PA + PB - P1 - P2 - P3) ' IM (PA, PB

;

P1 ~ P2, P3)12

13

1 d3pi d3P2 d3Ps

41gAm

I 1(2T) 5	

f

2E1	

f

2E2	

f

2E3

S(4)

(PA + PB - Pl - P2 - P3) ' IM (PA) PB

;

PI) P2, P3) 12

.

Here,

El, E2 and E3 are the on-shell energies of the outgoing particles, PAcm is the

momentum

of particle A in the centre-of-momentum frame of the incoming particles

A

and B, and Vs- is the invariant mass, s = (PA +PB)2

.

.B

is a Bose symmetry factor,

.B

= l/n!, where n is the number of identical particles

in

the final state

.

In the case of pion-induced two-pion production, we have S = 1/2

for

the 7r07r°n and 7+7+n final states and

.B

= 1 for 7+7-n

;

7°7r-p and 7+prop

.
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Appendix E: Observables

Figure E.1 : The scattering of two to three particles in the rest frame of two outgoing
particles (here 1 and 2) . The scattering plane (xz plane) is defined by the momenta of
the incoming particles pA and pB and the outgoing particle p3 . This reference frame
is often referred to as the Gottfried-Jackson frame .

IM 12 is the spin averaged absolute square of the matrix element .

	

If only spinless
particles take part in the reaction, then IM 12 = IM 1 2 .

	

But if particles carrying
spin like the nucleon or the photon participate in the reaction and we consider only
unpolarised cross sections, one has to average over the spin of particles in the initial
state and sum over the spins of the final state particles,

IM12 =

IM12 =

~~

	

I
,M1 2

a=f1 5i°1 2 sf =1z

for pion-induced two-pion production

for two-pion photoproduction .

Some of the integrations over the momentum conserving 6-function can be performed .
In particular we only deal with unpolarised particles . This leads to a rotational
invariance with respect to the beam axis . So we are left with the integration over four
kinematical variables . Introducing the invariants 812 = (PI + p2)2 and t = (pB - p3

)2,

we arrive at the following expression for the total cross section :
smax

	

tmax

	

27r

	

1

	

I 1jl I
6 =

	

~12

	

~

	

~
12

ds 12 ~

	

dt 1

	

d~l

	

1

	

dcos Bl

	

C
~m (27F)5168 1pA

	

rn i n

	

in

	

4 s12o
19 1

(E .2)



01 and 9 1 are the polar and azimuthal angles of particle 1 in the centre-of-momentum
frame of particles 1 and 2 (see Fig . E .l) . The integrand also has to be taken in the
rest frame of particles 1 and 2 .

The bounds of the phase space integration are given by

The bounds of the t-integration depend on s12 via the relation

Differential cross sections are obtained by fixing one or more of the kinematical
variables .

Single Differential Cross Sections

In the expression for d61dt the bounds of the s 12-integration depend on t:

1max/min
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max/min,
13

812

(E cm12 + Ecm12)2 -
1

	

3

(ml + rn3)2
s23 = sls

8 13

(ml +

Figure E .2 : Dalitz plot with the bounds of the physical region given . In the case of
identical particles 1 and 2 the line with s23 = s13 is a symmetry axis of the Dalitz
plot .

Dalitz Plot
A standard representation of the three particle final state is the Dalitz plot . The
double differential cross section

d2 6 _ 13

	

27r
do,

~1
d cos 01 [FM

I2J

	

(E.7)
d812 d813

	

64IpAm 1 8 3/2 (2~)5

	

0

	

1

	

cm12

is plotted in a two dimensional plot as a function Of 812 and 813 . For a given value of
812 ; 813 lies between

with Eim12 = (812 + rni - m2) /2

	

s 12 and E3m12 = (8 - 812 -
m3)/2

	

s12 the energies
of particles 1 and 2 in the centre-of-momentum frame of particles 1 and 2 .
Lines with constant s23 = c obey the equation s12 = (8 + E31 m2 - c) - s13 . In the
case that 1 and 2 are identical particles, the line with s 23 = s13 is a symmetry axis of
the Dalitz plot . It obeys the equation 8 12 = s + ~

3 1 m2 - 2s13 .

Angular Correlation Function
The angular correlation function W(81,01) is defined as the ratio

W(e1, 01) = 4-ir
d3c7/dQ1dQ2dT2
d2a/dSZ 2dT2 '

	

(E.8)

The triple differential cross section is given by the expression
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T2 is the kinetic energy of particle 2 in the centre-of-momentum frame, ei2 is the
angle between j;," and p2m, and 91,2 specifies the solid angle of piM2'
Integrating over the solid angle of particle 1 leads to the double differential cross
section
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