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ABSTRACT: We reconsider linear perturbations around general Friedmann-Lemaitre-
Robertson-Walker (FLRW) cosmological backgrounds. Exploiting gauge freedom involving
only time reparametrizations, we write down classical background solutions analytically, for
an arbitrary number of fluid components. We then show that the time evolution of scalar
and tensor adiabatic perturbations are governed by Schrodinger-like differential equations
of generalized Heun type. After recovering known analytic results for a single-component
fluid, we discuss more general situations with two and three different fluid components,
with special attention to the combination of radiation, matter and vacuum energy, which
is supposed to describe the ACDM model. The evolution of linear perturbations of a flat
ACDM universe is described by a two-transient model, where the transitions from radiation to
matter and matter to vacuum energy are governed by a Heun equation and a Hypergeometric
equation, respectively. We discuss an analytic approach to the study of the general case,
involving generalized Heun equations, that makes use of (quantum) Seiberg-Witten curves
for NV = 2 supersymmetric gauge theories and has proven to be very effective in the analysis
of Black-Hole, fuzzball and ECO perturbations.
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1 Introduction

Since the turn of the millennium, a golden age for cosmology has started. This revolution
was driven by a combination of interesting and compelling observations of both the early and
the late universe. One of the greatest achievements in the realm of observational cosmology
nowadays is certainly the extraordinary precision with which the power spectrum of density
perturbations of the cosmic microwave background (CMB) has been measured over the past
25 years. On the other hand, around the same time, the surprising discovery of the accelerated
expansion phase of the current universe [1-6] has given rise to one the biggest challenges
in theoretical physics: the origin of dark energy.

The constant refinement of the observations of the large-scale structure of the universe,
has promoted cosmology to a precision big-data driven science, at all scales. The standard
model for present cosmology, the so-called ACDM model, provides an accurate match to
most observations. However, the increasing sensitivity of available measurements provide



challenging stress-tests for this model, especially when observations carried out on the ‘early’
universe are combined with those on the late universe. In particular a significant tension seems
to take place between the values of the present Hubble constant Hy measured by Planck, based
on the CMB, Hy ~ 68 kms~'Mpc ™! [7] and by Dark Energy Spectroscopic Instrument (DESI)
Collaboration [8, 9] or based on supernova surveys such as SHOES (Supernova HO for the
Equation of State) [10], of about Hy ~ 74 kms~'Mpc~!. This ‘Hubble tension’ suggests
the need for new scenarios for dark matter, dark energy and other crucial ingredients in
our understanding of the universe [11-14].

Another cosmological observable which is currently subject to an observational tension is
the so-called og parameter. This quantity describes the galaxy distribution in the celestial
sky and it is related to the linear matter density fluctuations dpy,/pm within a distance
scale of 8h~! Mpc, with h = Hy/100 Km/s/Mpc. The evolution in time of this quantity
is sensitive to the details of the assumed cosmological model. Since generic completions
of ACDM that alleviate the Hubble tension usually tend to worsen the og tension, it may
become extremely important to design high-precision tests for different models, based on
their predictions for cosmological perturbations [11-14].

The main aim of our present investigation is giving a new perspective and new tech-
niques to approach the study of cosmological perturbations. We consider a classical
Friedmann-Lemaitre-Robertson-Walker (FLRW) expanding universe coupled to a general
multi-component perfect fluid. Exploiting time reparametrization freedom, we describe the
cosmological evolution by using the size a,' of the three-dimensional universe slice as our time
coordinate.? With this choice the classical background solution can be written in analytic
form, for an arbitrary number of fluid components. In the specific case of the ACDM model,
we find an explicit expression for the deceleration function ¢(a) that describes a universe
comprising two transients dividing the three main era dominated by radiation, matter and
vacuum energy, respectively. We study the time-evolution of scalar and tensor linear per-
turbations. We find that adiabatic perturbations are always described by Schrodinger-like
differential equations with a number of Fuchsian singularities depending on the number
and type of fluid components. Linear perturbations for single component universes are
known to be described by Bessel functions [15-17]. For two component universes we find
Hypergeometric and Heun equations, for three and four components we find equation with
five to seven singularities, that we will refer to as generalized Heun equations. Analytic
solutions for adiabatic perturbations of the two-transient ACDM model are explicitly written
by gluing local solutions along the two transients.

(Confluent) Heun equations are known to describe the dynamics of linear perturbations
around black holes [18-21]. The solutions and connection formulae for Heun equation and its
confluences have been recently derived in [22-27] based on CFT and gauge theory inspired
techniques [28-35]. Generalized Heun equations have been put in correspondence with
quantum Seiberg Witten (SW) curves and solutions related to partition functions of linear
quiver gauge theories [36]. The techniques have been applied to the study of binary systems,
fuzzballs and ECOs [37-45]. Here we apply the SW gravity correspondence to the study of

'The red shift z is related to the scale factor a by z+1=1/a.
2We thank Misao Sasaki for the suggestion during the Lemaitre conference in June at Specola Vaticana.



generalized Heun equations describing the evolution of adiabatic perturbations for universes
filled in with multi-component fluids. In particular, we write the explicit dictionary for scalar
and tensor perturbations of a two-component universe made of radiation and matter.

The paper is organised as follows: in section 2 we study background solutions for FLRW
universes with arbitrary number of fluid components. In section 3, we study the evolution of
adiabatic perturbations at linear order. In section 4 we describe the evolution of cosmological
perturbations of the ACDM two-transient model. In section 5 we introduce the quantum
Seiberg-Witten / Cosmology correspondence, which is a new form of gauge / gravity duality,
similar to the one between BH and fuzzball perturbations and N/ = 2 linear quiver theories, yet
different from the holographic cosmology originally proposed in [46, 47] and further elaborated
on in [48, 49], and work out explicitly the dictionary for the case of a two-component universe
made of radiation and matter. In section 6 we draw some conclusions and comment on
open problems and future directions.

2 The dynamics of an FLRW universe revisited

Let us consider the general (Friedmann-Lemaitre-Robertson-Walker) FLRW metric describing

a homogenous and isotropic universe?

ds? = —dt* + a(t)? ds%AS , (2.1)

where ¢ is cosmic time, a(t) is the scale factor describing how spatial lengths evolve throughout
cosmic history, and the spatial 3D slices M3 are maximally symmetric, i.e. they have constant
curvature. Thus, depending on whether this is zero, positive or negative, respectively we
have R3, S3 or H3. In cartesian coordinates, the spatial metric may be expressed as

dx?

s}y, = — 15—, (2.2)

kM2
Pl .2
1+ —Hx;

where the scale Mp; has been inserted in order to get a dimensionless discrete curvature
parameter £ = +1,0, —1. We work in natural units where A = ¢ = 1, hence M3 = (87Gx) ™!

A perfect fluid coupled to the above background metric generates a stress-energy tensor
of the form

T;w = (,0 + p) Uy + P Guw (2'3)

where p is the pressure, p the energy density and u* the quadrivelocity of the fluid. The
above stress-energy tensor assumes the diagonal form diag(p, p, p, p) when expressed in its
locally inertial frame (LIF), where the metric is flat and the quadrivelocity is u* = (1,0, 0,0).
If one now specifies an equation of state of the form

p=wp (2.4)

3 Alternatively, one can write
dsi = a(n)*(—dn® +dsks,),  dn=—=

with 7 the conformal time.



the corresponding scale factor of a universe coupled to this fluid has a power-law behavior
in cosmic time, i.e.

2
a(t) ~ 3T (2.5)

with w > —1. The extreme case w = —1 represents vacuum energy and is solved by a scale
factor that grows exponentially fast in ¢. If one moves to more involved settings with more
than one fluid, then the Einstein equations can no longer be integrated analytically and one
usually proceeds with piecewise solutions describing different epochs in cosmic history, each
one characterized by the domination of a single fluid component. In the next paragraph we will
exploit local time reparametrization freedom in order to use the scale factor a as time variable
and obtain global analytic solutions for backgrounds coupled to multi-component fluids.

2.1 A useful time coordinate

As just anticipated, we use the size of the three-dimensional slice a as time coordinate and
write the metric (2.1) as

da?

2 _ 2 5.2
d54 = _W+a dSMS” (26)
with a related to the cosmological time via
da
dt = 2.7
ab(a) 27)

In an expanding universe, a grows from 0 in the far past, to a = 1 today, and a = oo in
the far future. On the other hand

b(a) = = = H(a), (2.8)
a
encoding the Hubble rate as a function of the scale factor a, is determined by Einstein equations
1 _
G = B = 50 R = MpPT,, (2.9)

for a given stress energy tensor. We consider a universe filled in with a perfect fluid, so that
the stress-energy tensor is given by (2.3) with quadrivelocity®

= gt = (= ,0.0,0) (2.10)
u,u_g,ul/u - ab(a)’ ) . .

Assuming that p(a) and p(a) depend only on a and denoting by / (prime) derivatives w.r.t.
a, the Einstein equations can be written as

(o) = —pla) - L1
a 2 I
b(a) = ﬁél - Maf;l (2.11)

in terms of the energy density p(a).

' =ula = a = ab(a) = aH(a), thus ue = gequ® = —(ab)™" = —(aH)™".



2 4 6 8 10

Figure 1. Plot of cosmic time ¢ as a function of scale factor a in the ACDM model with 24 = 0.6889,
Qm = 0.3111, Q, = 4.6350 x 1077, Q, = 0.

2.2 What’s the (cosmic) time?

As we mentioned, cosmic time ¢ tends to complicate the analysis of both the background
solution and the linear perturbations. Yet we should check that a(t) be monotonous if we
want it to be a ‘good’ time variable. The relation between ¢ and « is determined by

da da _ da (2.12)

dt = =
ab(a) aH(a) CLHO\/Z Q;a-30+wi) 1 Q, g2

that in general cannot be expressed in terms of elementary functions except for single and
some two- and three-component fluids, discussed in appendix B.
In the ACDM model, one has

da

/ B / ada
Va2 + O + Qua! + Qa2 V/uat + Qa? + Qa + Q)

Hot =

(2.13)

that can be written in terms of elliptic functions.
In figure 1 we plot cosmic time ¢ as a function of a for the phenomenologically viable
choice of fluid abundances

Qa = 0.6889, Qm = 0.3111, 0, =4.6350 x 1077,
with Q. = 0.
2.3 A single component universe

Let us start by considering a universe in the presence of a single-component fluid. It may
be worth mentioning that this ideal situation is also suited for describing universes with a
richer structure, in the limit where their dynamics is dominated by a single fluid in flat space,
i.e. K = 0. In this case, the energy density scales as p ~ a™" and (2.11) yields

p= 3(Mp1 H0)2 a ™, p=3w (Mpl H0)2 a ", — Hg a ™, n= 3(1 + w) (2.14)

with Hy = b(1) the Hubble constant today. The general feature of universes coupled to a
single fluid is that of having a constant speed of sound

(a) = (gzp?)s =w (2.15)



Fluid Type ‘ Symbol ‘ w ‘ n ‘ b(a) ‘ n(a) ‘
Vacuum A -110 1 —1/a
Strings, Curvature o, K —3 12| a' |log(a)
Matter m 0 |3 ]a3?] 22
Radiation ol % 41 a2 a
Stift s 1 6| a2 | a?/2

Table 1. Cosmologies for universe made of a single-component perfect fluid in flat space. We set
QO Hy =1 for simplicity.

The results for some relevant choices of w are given in table 1. It is worth mentioning that
the contribution of the spatial curvature of the 3D slices «, once taken to the r.h.s. of Einstein

equations, can be re-interpreted as the energy density of a perfect fluid with w = —% and

pr = —3r(ME, Ho)? a2 (2.16)

The same equation of state describes a gas of freely propagating strings, that will be labelled
by the letter 0. One could set x = 0 and reabsorb the contribution of the curvature inside p,
(with ‘string tension’ o ~ —kM3,) but we will refrain from doing that.

2.4 A multi-component universe

If a universe is instead coupled to multiple and non-interacting components of different kinds,
we make the following Ansatz for the stress-energy tensor

,O(CL) = 3(Mp1 f]o)2 > Qia_3(1+wi)
3 g (2.17)

p(a) = 3(Mpy Ho)* - w; Qua= 304w

where i = A, 0, m,y, s runs over the fluid components, w; is the equation of state parameter
of the i-th species and §2; measures the abundance of the i-component at a = 1, i.e. today in
our conventions. The general solution for the Hubble rate b(a) = H(a) then reads

b’(a) = H? <Z Qi 30Fw) 4 Qﬁcﬂ) (2.18)

with ¢ running over the fluid components as in (2.17) and >, Q; = 1 — Q.

For our current description of the universe in terms of the ACDM model, we need
three different fluids: vacuum energy A (wy = —1), matter m (wy, = 0), radiation ~y
(wy = 1/3), since the curvature contribution (w, = —%) is compatible with k = 0 = Q,
and the contribution of other fluids is negligible as well. The corresponding expressions for
the energy density and pressure take the form

(Mp] H0)2 (QA + chfg’ + Q«/CL74) ,

o (2.19)
(Mpl H0)2 (—QA + gﬂfyai )

=3
=3
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Figure 2. Decelaration parameter ¢ for kK = 0 in the ACDM model with Q2 = 0.6889, ,,, = 0.3111,
Q, = 4.6350 x 107°. Time evolution is plotted w.r.t. log(a). Remote past is far left, while far future
is extreme right.

The solution for the ACDM Hubble rate reads
b = H3 (0™ + Qa4+ 2 + Qpa?) (2.20)

An efficient way of characterizing an epoch during cosmic history relies on the so-called
deceleration parameter
aa a 0yb(a)?

q(a) = 3 = -1-— o) (2.21)

For general FLRW backgrounds, with our choice of time coordinate, the deceleration parameter
explicitly evaluates to

Qq,a_4 + %Qma_‘(3 — Qa
Qa4+ Qna3 — Qa2 +Qy

a(a) = (2.22)
In figure 2, we display the deceleration parameter for the phenomenologically interesting
choices [7] in the spatially flat case kK = 0. From figure 2, one notices that the history of
universe can be mainly divided into two transients: the first one interpolating between a
radiation dominated era (a < 1) to a matter dominated one (—5 < loga < —2), and a second
one towards a future universe dominated by the cosmological constant a > 1.

3 Linearized perturbations around an FLRW background

Now that the stage is set, we are ready for discussing cosmological perturbations at a linearized
level. Due to the local invariance of General Relativity under diffeomorphisms, one first needs
to pick out a physical set of metric perturbations after removing gauge redundancies and
combine them into irreducible pieces. Our perturbed metric in general reads

uv = gfg) +5g;w ) (31)
~—
hom. + iso.

where ¢(?) is a homogeneous and isotropic background of the class discussed in the previous
section, while dg is a small perturbation. Such perturbations decompose into scalar, vector
and tensor modes.



The general form of scalar perturbations may be written as

39 = a? ~2077%]  a7IV;B (3.2)
w a_Qb‘lviB ‘ —2 (1/1'Yij - VZ'V]'E) ’

where ¢, ¥, B, E are scalar functions and all derivatives are assumed to be covariant w.r.t. ¢(©).
Vector perturbations may be parametrized as

0 |a~21s;
5 V) _ 2 J 3.3
I =\ 1S, 2V ) ) (3:3)

where both F' and S are divergence-free 3D vector fields.
Finally, tensor perturbations are of the form

0 0
590 = o (0 hij) , (3.4)

where h is transverse and trace-less i.e. satisfies h;' = V7 hij = 0.

As far as purely scalar perturbations are concerned, there are two independent diffeomor-
phisms that preserve the scalar nature of these perturbations without inducing any mixing
with vector and tensor modes. This implies that only two physical combinations of (¢, ¥, E, B)
survive after removing gauge redundancies. These are usually denoted by (®, ¥) and they
generalize (¢,1)) outside of the so-called longitudinal gauge, where E = B = 0. Adopting the
longitudinal gauge from now on, the scalar-perturbed metric may be cast into the form

0525 £ (1 4+ 2, %) % 4 a2 (1 20(a, x)) ds’ (3.5)
sils = — a,X)) —————= +a — a,x)) ds4y. , .

118 ) a2 b(a)? Ms
where x are the coordinates on the 3D spatial slices of our universe. It may be worth mentioning
that a further restriction to isotropic sources for these perturbations, i.e. 5Tij o 5}, leads
to perturbations that only depend on a (time) and r (radial coordinate), together with the
extra constraint ¥ = ®. In this particular setup ® may be interpreted as a generalized

Newtonian potential.
On the other hand, the tensor-perturbed metric may be written as
da?

2 _ 2 2 = % 1]
dsilr =~ Ot (dsi, + hijla, %) da'da’) | (3.6)

with h still subject to h;? = thz’j = 0.

3.1 Scalar gauge-invariant perturbations

Let us now focus on isotropic scalar perturbations around FLRW backgrounds of the form
n (2.6). As already mentioned above, choosing the (generalized) longitudinal gauge further
specifies the perturbed metric to be of the form

2

29 L da 2 2
d84|s = — (1 + 2@((17X)) m +a (1 — 2@((17)()) dSM?, s (37)



with ds%,, given in (2.2). We take

wy(a, x)dat = “;;ig“”‘) da + Susda’ = u + ou,
pla) = pola) + 5p(a)
o(a) = pofa) + 6p(a) (38)
with
pofa) = —pofa) - LD gy = [0@) _ M (39)

3 7 3M3, a?

Plugging this Ansatz into the Einstein equations and expanding up to linear order in ®, §p,
dp and du;, one finds the following system of second order partial differential equations (PDE)

2a(po + po)du;
8aai Q) = )
(@®) = P32 (44 MZra?)
a’dp B

30%0? 0, — A® + (3a%? — 3kMF;) ® + oz =0 (3.10)
Pl

b 5 3,2 2 a?bp

E aa(a baa(p) + |:aa((1 b ) HMP1:| P ng == O,

The first equation determines du, once the Newtonian potential & has been determined. We
study the time evolution of each Fourier component of ®, for which?

®(a,x) = **d(a) = AD = k2D (3.11)

We further focus on adiabatic perturbations and neglect entropy or iso-curvature modes.
It is known® [15-17] that adiabatic modes are necessarily coupled to entropy (or isocurvature)
modes in the case of a multi-component fluid. In particular the coupling with these modes
introduces non-homogeneous source terms in the equations for the adiabatic modes that are
particularly relevant during the transient from one fluid phase to another. Discarding these
effects for the time being, the variations of pressure and energy density are related via

5p(a) = (a)dp(a) (3.12)

with

7))~ 3 3pha)

For this choice the last two equations in (3.10) combine into the following homogeneous

2(@) — p/(a) _ 4 a‘pg(a) (313)

second order ordinary differential equation (ODE)

Saa (0% ®') + 30220 + [0, (a®?) — kM) + 2 (K? + 3a%% — 3kME;) | & =0 (3.14)

®We use plane-wave notation but the ansatz can be used for x # 0, replacing —k?* with the eigenvalue of
the relevant laplacian A (o).
5We thank Misao Saski for reminding us about this issue.



where primes denote derivatives w.r.t. a, as always. The equation can be written in canonical
Schrédinger-like form?

V" (a) + Q(a)¥(a) =0 (3.15)
with
po(a)
®(a) = +¥(a 3.16
W e —amatit o
and

/11

Q= 2308
200 4(ph)?  a?pf (apo — 36MpE)  2ap) (a?py — 3k Mp,)
() ?

3 (ab + 4a®popfy — 4a*p3 + 120a2kpo M, — 288k2MS))
16a2 (a%py — 3xMp,) 2

)2 KM (apg +4ph) | ph (126Mp) — a®po)

L (3.17)

In the rest of this subsection, we will discuss some analytic solutions of this ODE for various
choices of fluid components.

A single component universe. In the simple case of a single component universe,
po(a) = 3(Mpy Hy)? a=30+) (3.18)
the linearized field equation for the scalar adiabatic perturbation (3.14) becomes

]“’2—;"@(@) =0. (3.19)

1
a' 73" (a) + = (3w 4 7)a"3Yd (a) +
2 H2

The general solution of (3.19) for w # 0, —% is given by®

@(a) _ a_ 5+43u/ |:Cl Ja ( 1+3w) + c2 J_ ( 1+23w ):| (320)
with ¢; and co arbitrary real constants,

2/
oo oT3w (3.21)
2(1+ 3w) Ho(1 + 3w)

and Ji, the (modified) Bessel function. For w = 0, g one finds instead
5
w=20: P =c+coa 2

1 o
w=—c: O = ca Va4 epe VT EG (3.22)

"Even though «a is a time-like variable.
8The asymptotics follows from those of the Bessel functions

,10,



N | Type Components

3 | Hypergeometric | A k, Am, Kk m, kK
4 | Heun Avy, my, Ak~

5 | Gen. Heun kmA, km-~y

7 | Gen. Heun Am~, Akm~y

Table 2. For each choice of fluid components, we display the number of singularities N and the type
of ODE governing scalar cosmological perturbations.

We notice that o > 0 for w > —1/3 and J_,, is singular for a — 0, which implies ¢ = 0 if one is
interested in smooth initial conditions in the far past.” The solution (3.20) exactly reproduces
the one in [15-17] given in terms of the conformal time 7, related to cosmic time ¢ and a via

dt da 3M2
dn= — = ——— =d Pl 2
g a(t)  a?b(a) a\/a4p(a) — 3M3 ka? (3:23)

that for a single component fluid yields

1+3w
-12a"2 1
n= Hy 3w w# —3 (3.24)
Ho_l loga w = —%

Long wavelength perturbations, i.e. c? k2 > 3M1§1 remain stable after entering the Hubble
horizon, while short wavelength perturbations become sound waves beyond the Hubble horizon
and the associated Newtonian potential ® undergoes a phase of damped oscillations with
an amplitude that decays as a power-law in a towards far future. This phenomenon is
also known as the Jeans instability that can trigger structure formation [15, 16]. A similar
transition when moving from long to short wavelengths also turns out to occur in cosmological
backgrounds with multi-component fluids, as we will explore next.

A multi-component universe. Linear perturbations around a multi-component universe
are described by the Schrodinger-like equation (3.15) with singularities at a = 0,00 and
at the solutions of

(@) (a*po(a) = 360y ) = 0 (3.25)

The number of singularities depends on the specific choice of pg(a). For example, the various
phases of the ACDM cosmology model involve three different fluids (radiation, matter,
vacuum) with energy density

pola) = 3(Mp1 Ho)? (9 + Qma™ + 2ya7") (3.26)

The pattern of singularities for the various choices of multi-component universes, including
also the presence or absence of a non-trivial 3D curvature x (or equivalently a gas of strings)
is displayed in table 2.

The explicit forms of the ‘potentials’ Q(a) are given in appendix A.

°For —1/3 > w > —1 > —5/3 instead, o < 0 and J, is singular for a — 0.

— 11 -



3.2 Tensor perturbations

Let us now consider tensor perturbations of the simple (transverse traceless) form!®
g2 = — 0" (d2? + h(a, wg)dw1da) (3.27)
4 a2b(a)2 i s L3 1aL2 ) . .
The linearized Einstein equations yield §p = d¢ = 0. After making the Ansatz
h(a,z3) = e~ h(a), (3.28)
one finds the following ODE
2a*po(a)h" (a) + a® (ap}(a) + 8po(a)) b (a) + 6 ME k* h(a) = 0. (3.29)
The equation can be written in the canonical form (3.15), with
“ v
h(a) = L)l (3.30)
a?p(a)s
and 4. 4( .12 3, 1 2 2 2 7.2
Q(a) = _4a’popg — 3a”(pp)” + 16a poph + 32a%py — 48 Mp, k= po (3.31)
16a*p
A single component universe. In the case of a single component universe,
po(a) = 3(Mp) Ho)?a 2 %) (3.32)
the linearized field equation for tensor adiabatic perturbations (3.29) becomes
. . k2 .
2a'73Yh (@) — (3w — 5)a”3 R/ (a) + 2 th(a) =0 (3.33)
that can be solved again in terms of Bessel functions
h(a) = o T [cl Ja <7a%) +e2d g <7a1+23w>} (3.34)
with c1, co arbitrary real constants and
3 —3w 2k
— 7 R — 3.35
“T 901+ 3w) 7T Ho(1 + 3w) (3:35)

A multi-component universe. Linear tensor perturbations around a multi-component
universe are described by the Schrodinger-like equation (3.15) with singularities at a = 0, 0o
and at the zeros of pp(a). Very much as for scalar perturbations, the number of singularities
depends on the specific choice of pp(a). For ACDM multi-component cosmologies with

po(a) = 3(Mp1 Ho)? (Q + Qma™ + 2y07") (3.36)

the pattern of singularities is displayed in table 3.

Interestingly, a comparison of table 3 against table 2 shows that tensor perturbations
present a different analytic structure with respect to scalar perturbations. The explicit forms
of the ‘potentials’ Q7 (a) are given in appendix A for various choices of multi-component fluids.

0This is what in GW community is called an x polarization, while a + polarization with the same
wave-vector in the third direction k = (0,0, k) would involve dx$ — da3.
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Type Components

Heun A vy, my
Gen. Heun | Am
Gen. Heun | A m «

N e

Table 3. For each choice of fluid components, we display the number of singularities N and the type
of ODE governing tensor cosmological perturbations.

4 Cosmological perturbations within the ACDM model

In this section we study cosmological perturbations around a flat 3-component universe
by splitting the history in two 2-component phases separated by two transients. The first
phase describes a universe evolving from an era dominated by radiation to one dominated
by matter. The second phase describes the evolution from matter to a de Sitter vacuum.
We consider in turn scalar and tensor perturbations.

4.1 Scalar perturbations

The energy densities are given by

ym : pot = 3(Mp1 Hp)* O, (a_g + CIG_4>
mA:  porr = 3(Mp1 Ho)? O (CH + cf?’) (4.1)
with
Q Q
G= Qi s o= QfA (4.2)

Adiabatic perturbations around the corresponding backgrounds are described by the second
order ODE

" @/ (a) (21a® + 54ac; + 32¢2) . P1(@)G (éalﬁg n 3) )
®f(a) (a+ 1) + 2a(3a + 4¢;) + Sl o) = 0

(I@ﬁ(&) ((LSCH + 1) + <I>h(a) <5a3CH + ;) + 3a2q)11(a)(11 =0 (4.3)

with
k

V Qm}IO

The first equation, for k # 0, is of Heun type with singularities at 0, co, —(7, —%CI. The second

k= (4.4)

one is of hypergeometric type. The general solution of the latter can be written as

2c 5 3 11 _
Pri(a) = \/a3Cr+1 [53 o F1 (6’ 3G —a3C11> + csa

We build the solution by gluing local solutions in the two transients radiation-matter (I) and

ol

] (4.5)

matter-vacuum (II) along the matter plateau, i.e. by defining

] ®1(a) a < ag
®(a) = { Pr1(a) a > ag (4.6)
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with ag a point along the matter plateau. We impose regular boundary conditions in the far
past a = 0, and the matching of the two solutions along the matter plateau

Aim @r(a) = lim ®ri(a) (4.7)

k = 0. In the case of k = 0, also the equation for the perturbation in the ym transient
can be solved in analytic terms leading to [50]

c1va + (g n 2¢o (9a3 + 202G — 8a§12 — 16(13)

®r(a) = 3 58 (4.8)
The regularity and matching conditions (4.7) determine the coefficients ¢; to be
8 3 9
01255/2, 2=, 3=, cs =0 (4.9)
At late times one finds
or (2)r (&
3 6 0.998
5(m(Ra “

The resulting function is almost identical to that plugged in figure 4L for k slightly different
from zero.

k # 0. For k # 0, the equation in the domain I is of Heun type and cannot be solved in
terms of elementary functions. The solution can be obtained by numerically integrating
the differential equation imposing regular boundary conditions near a = 0. A qualitative
description of the solutions can be obtained from a WKB analysis of the equation written in
the Schrodinger like form (3.15). We can distinguish two main regions according to the sign
of Q(a). For k large enough, Q(a) is typically positive leading to an oscillatory behaviour
of perturbations. For k zero or small, the perturbation ®(a) follows the transient structure
of the background, slightly delayed in time.

To estimate the critical value k., where transitions between the two behaviours take place,
we look for a zero of Q(a) that it is also a zero of its derivative.!! To be concrete, let us
focus on early times a — 0. Expanding Q(a) for a small one finds
2 3 64k2¢; — 117 N

e (4.11)

Qa) ~

a0 ﬁ da(ry

The critical equations

Qlac) = Q'(ac) =0 (4.12)

16¢r ~ 3123
bo=2,]== 4.13
fle 3 “ s\ (4.13)

In figure 4R we display the numerical solution for ®(a) for two representative choices of
k below and beyond ke.

are solved by

UStrictly speaking this exists only for small a.
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Figure 3. The ‘potential’ —Q(a) for two choices of k above (blue) and below (orange) k.: L) Scalar
perturbations R) Tensor perturbations.
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Figure 4. Numerical solution for scalar perturbations ®(a) L) k = 0.1k.; R) k = 10ke.

4.2 Tensor perturbations

The study of tensor perturbations for our ACDM model proceed mutatis mutandis along
the same steps as before. The equations describing the radiation-matter and matter-vacuum

phases are now

. . 2ak? .
2 (a -+ 1) B (a) + (5a + 4¢1) () + = hi(a) = 0
Q H2
2a (aCu +1) hii(a) + (8a°Ci +5) hiy(a) + 27’“21311(&) =0 (4.14)
11 11 QmHg

The first equation is a confluent Heun equation while the second one has five singular points.

k = 0. Again for k = 0 the equations can be solved in terms of elementary functions

7 — CI _1}
hy = tanh /1 > /1
I=c1+ca [arc an + ag; . + ady
iLH =c3+ 04a_% 1+ CL3CH (4.15)

but now the only solution satisfying the gluing conditions (4.7) is the constant ﬁ(a) =1.

k # 0. For k # 0, the profile B(a) can be found by numerically integrating the differential
equation. Again the solutions exhibit an oscillatory behaviour for k beyond a critical value and
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Figure 5. Numerical solution for tensor perturbations h(a): L) k = 0.1ke; R) k = 10k,.

a monotonous fall for k& small. Now the Schrodinger like potential at early times is given by

1 a(-sak?-7) | 16Gk? 411

+ e 160 (4.16)

Qa) ~

a—0 B QCLQ

and the critical point is

aczg(\/ﬁ%)g, oo = 5+ 4v22 (4.17)

c — 4\/4.;1

The solutions for some representative choices of k below and beyond k. are plotted in figure 5.

5 Seiberg-Witten/cosmology correspondence

In this section we briefly review the quantum SW / gravity correspondence relating partition
functions of linear quiver gauge theories with A/ = 2 supersymmetry to solutions of generalized
Heun equations that describe cosmological perturbations, discussed so far.

In string theory, linear quiver gauge theories with AN/ = 2 supersymmetry in four
dimensions can be realised, following Hanany and Witten [51], by suspending parallel D4-
branes between stacks of NS5-branes distributed along a line and considering the fluctuations of
open strings connecting D4-branes between themselves. Let us denote by 2z; with¢ =1,2,... N,
the positions of NS5 brane. Open strings connecting D4 branes inside a finite interval along
the z direction realise gauge degrees of freedom (vector multiplets), while those connecting
D4-branes belonging to two adjacent intervals gives rise to bi-fundamental matter (hyper-
multiplets). The gauge couplings are specified by the ratio ¢; = z;41/2; of the starting
and ending point of the gauge D4-brane while the positions of D4-branes along the vertical
direction parametrise scalar vev and masses. The system can be lifted to M-theory and
realised in terms of a single M5-brane wrapping a two-dimensional Riemann surface, a SW
complex curve. The rank of the gauge groups in the individual nodes are associated to the
order of the differential equation, so for our purposes, SU(2) gauge group are enough to
capture the relevant dynamics.

Let us start and consider the case of an equation of Heun type. In figure 6 we display the
corresponding brane system that realizes an SU(2)? quiver gauge theory that consists of pairs
of D4-branes suspended in between five NS5-brane located at positions z; = (o0, 1, 2, ¢,0).
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Figure 6. Brane realization of the SU(2)? quiver gauge theory.

D4-branes starting at z; = oo or z4 = 0 have zero coupling ¢ = ¢4 = 0, so they can be
viewed as flavour branes. The two SU(2) gauge groups arise from D4-branes extending along
the [1, z] and [z, q] intervals. The system we are interested in here involves the presence of
a very light NS5-stack, that we indicate with a dotted vertical line. D4-branes at the two
sides of this stack tend to align with one another otherwise the tension at the two sides will
break the light separation wall. Indeed, in first approximation, the presence of this extra
stack can be ignored leaving only three D4-brane stacks realising an SU(2) gauge theory with
four flavours. The geometry is captured by the “classical” SW curve

(z,2) € C*: Py(x)z* — Py(x)z + qPa(z) = 0 (5.1)

with ¢ = €>™" the (complexified) gauge coupling and P, (z) some polynomials of degree two
specifying the positions of the D4-branes inside each interval (masses and vev’s). To make
contact with gravity, we consider the gauge theory on a curved Nekrasov-Shatashvili (NS)
Q-background [29-31, 33-35]. The net effect of this background is to make the curve
“quantum”, promoting (x, z) to non-commuting operators, such that z = —z0d,. Since P, (z)
are polynomials of degree two, the curve (5.1) translate into an ordinary differential equation
of second order with four singularities z; = 00, 1, q, 0, i.e. an equation of Heun type. Moreover,
the solution of the differential equation can be related to the partition function of the SU(2)?
quiver gauge theory obtained by adding the extra NS5-brane at position z.

A similar correspondence can be built for equations of generalized Heun type, that we
have shown to govern cosmological perturbations around general FLRW backgrounds. One
simply adds a heavy NS5-stack, i.e. a gauge group factor, for each extra singularity and
establishes a dictionary between gauge theory variables and cosmological ones. In particular
the chosen time variable a is related to the variable z parametrizing the position of the
‘light” NS5-brane, see figure 6. Notice that a crucial role is played by the quantum SW
period a, not to be confused with the scale factor a. In the similar context of BH or fuzzball
perturbation theory a plays the role of ‘renormalized’ angular momentum, denoted by v
in [20, 21]. In [41, 44] it is shown that a = v + 1 ~ £ + 1.

The generalized Heun function ¥ can be written as a multi-instanton series, the Nekrasov
partition function of the quiver, in the limit where all couplings ¢; are small. Connection
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formulae relating solutions around two singular points in the z-plane can be derived using
braiding and fusion relations, descending from crossing symmetry of the dual two-dimensional
CFT according to Alday-Gaiotto-Tachikawa (AGT) duality [28, 32, 33].

5.1 The SW gravity Heun correspondence

For concreteness let us focus on the case of cosmological perturbations described by an
equation of Heun type. The corresponding gauge theory description is given in terms of
a SU(2) gauge theory with Ny = (No, N2) flavours, Ng = Na = 2 counting the number of
flavour D4 branes (Left and Right) in the brane setup. The quantum SW curve describing
the low energy dynamics of N/ = 2 supersymmetric SU(2) gauge theory with four flavours on
a NS Q-background is given by the quantum version of (5.1) where z and z are promote to
non-commuting operators. The quantum curve can be written, either as a difference equation

Py (;U + ;) y(x)y(x — 1) — Pi(x)y(x — 1) + ¢P» (;v - ;) =0 (5.2)
by thinking of z = e~ %, or as a differential equation
{PO (—z@z + ;) — Pi(—20,)z" 4+ ¢ P, (—z@z - ;) z_Q] W(z)=0 (5.3)
with x = —2z20, and
Py(z) = (x —my)(x — ma), Py(2) = (x — m3)(z — my)
Pl(x):xQ_u—i—q(xz_i_u—i—;—(x—l—;);mi—i—gjmimj) (5.4)

Here u = (Tr¢?) parametrises the Coulomb branch of the moduli space and my the masses
of the hypers. Equation (5.3) can always be written in the form (3.15) by taking

_mS+m4 _m1+m2+1 m3+m4—1

W()=2"""7 (1-27 2 (2-q¢) = ¥(2) (5.5)
leading to
Qna(2) = 1—(mi4+mg)? 1—(m3—mg)? 1—(m3+my)’
2 4(z —1)2 472 4(z — q)2
2mymg +m3 +m3 — 1 (1-qU (5.6)
2(z —1)z (z—1)2(2 — q) )
where the subscript 22 relates to the HW brane setup with Ny = (2,2) and
_ L 1/, o\ q(1—my—mg) (1 —m3—my)
U—u+4 2(m3—|—m4> 20— (5.7)

We will also need the reduced confluent limit, whereby two hyper-multiplets decouple from
the dynamics, defined by taking ¢ — 0, mg, mg4 — 00, keeping fix the product gmsm4 = go.
In this limit one finds

@ 1-4u  1-4dmimo—4du  4dmimot+du—1 1—(mq+mg)?

Qu(2) =~ 35+ o+ . L TP | TR (5.8)

where the subscript 20 relates to the HW brane setup with Ny = (2,0).

,18,



The difference equation can be solved for y(z) or y(x — 1) by infinite continuous fractions
given in terms of P;(x). Equating the two expressions one finds the consistency condition [52]

gM(a+1) gM(a) -
Pila+1)— M) P(_l)_w—ﬂ(a) (5.9)
He Pay—. 18 Pi(a-2)—.

where, for the sake of simplicity, we used the notation

4
1
M(x) = Pylx — 1) P (x) = r—m; — — 5.10
(z) = Po( )Pa(z) Z‘|:|1< 2) (5.10)

The solution a(u) of (5.9) gives the quantum SW period and will play a crucial role in what
follows. It can be computed perturbatively, order by order in ¢, leading to

4du+3 2mimomsm
a(u) = Vu + 1 bl ALl 4—72 mi+= Zmzmj

2/ul| 8 du—1 2 & +0()

Notice that in the large u semi-classical limit a(u) ~ \/u.

5.2 The solutions ¥, (z)

The solutions ¥, (z) to the generalized Heun equation can be related to the partition function
of an SU(2)? quiver gauge theory obtained by introducing the light NS5 stack in an SU(2)
system. The position z of the light NS5 stack determines the region of spacetime described
by the quiver partition function. For example, the partition function describing the solution
in the region 1 > z > ¢ is computed by means of the localization formula

2kg—1 stk 7. ko _ Kdeg k2 (5 4

\I’a( )_ lim 22+aa (1_2) 2%2 <1 . Q> instpo a . ka Ps( vz) (5‘11)
b—0 z Zinstpo 04 2p3(q)
with
7 ko ko (Q) Z |W|z81‘f}[1}nd(p0’a’ kO) blfund(a7p37_k2) (5 12)
instpg a "p = .
’ s - 2bilund (a a. b2;-1)
blfund

il fva 10 258 (i, pir, — ki)
Zinstpok0p1k1p2k2p3(QIaCI2) = Z ql i ‘22| 12 blfu:l(; 5] (5.13)

Y1,Ys i=1 ZYth (pupw )

the instanton partition functions of the involved SU(2) and SU(2)? gauge theories, with
and without the extra light NS5 stack. The sums in (5.13) run over pairs of Young tableau
{Y11}, {Ya+} while |Y;| denote the total number of boxes in each pair and Yy = Y3 = 0.
The functions z%}f%nd represent the contributions of a hyper-multiplet transforming in the
bi-fundamental representation of the gauge group and are given by a product over the boxes

of the Young tableau

zblfK/nd (p,p',m) H H {EAmA'a/(ﬁp_B,p/’i’j)—m]

B,8'==% (i,5)€Ap
< TI | ~Bx, (89 pp. ) -m] (5.14)
(i3)eN,
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with
b2+ 1
2

where \,; is the number of boxes in the i-th row of the tableau A and )\X, ;1s the number

Enn(@,i,§) =2 — Ay — i) +0° (A —j + 1) — (5.15)

of boxes in the j-th column of the tableau A’. Finally

mi1 — ms 1 _ mp+ma _ mg —my

5 0= "5 p3=——F—"
1, N b?

lﬁ:kdeg:§+b, pr=a :a—l—aE, P2 =a (5.16)

m3 —mq
kg = ———

Po = 9 ) = 9

We have to impose regular boundary conditions at early times on the wave function
_m1+m2+1
W(z) L3 E 2 U(z) (5.17)
so we need a connection formula relating {¥,} to the basis {\Tla} of solutions in the domain
where z > 1 > ¢. The connection matrix By, can be derived from crossing symmetry in
the AGT dual conformal field theory and can be pictorially represented as

kdeg k?() kQ ko kdeg k’Q
TVon(z)= = 1‘ | =S B | 2 d = BaraWa(2) (5.18)
! o ! o
po pg’ @ p3 po a ¢ a P3

with
o (a”po—aa—&—%)

e I'(l—-2a"py) T (—2aa
Bara = —r- ( . 0) I'(~2aa) (5.19)
r (5 —a"pg — aa + kg) r (5 —a'pg — aa — kg)
The regular solution at z = oo is ¥U(z) = U_(2), so one finds
U(z)= S B_oUa(z) (5.20)

It is important to observe that the connection matrix B, is nothing but the standard
connection matrix of hypergeometric functions after the replacement of \/u with the full
quantum SW period a(u). To see this, we first observe that setting ¢ — 0 in (5.6) leads to a
hypergeometric equation. Assuming mj > meo, the regular solution at large z is

~ —mq—m 1 1 1
U(z)=U_(z2)=2z"1(1—- 2)41 2R <2—m1—\/ﬂ, §—m1+\/ﬂ; 1—mi+ma; > (5.21)
z

with W related to each other by exchanging mj <> my. Using the hypergeometric connection
formulas, one can rewrite (5.21) in the form

Uis) = § p=im(i-mitaya) L (A=mitme) T (~2a/u) (2 5 99
(2) o;: F(%—a\/ﬁ—m)F(%—a\/ﬂerg) (2) (5.22)

with

—mqi—m 1 1
U, (2) ol z%+a\/ﬁ(1 —2) lomioma o F (2—m1+a\/ﬁ, §—m2+a\/ﬁ, 1+2V/u, z) (5.23)
q—
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It is easy to check that the coefficients in (5.22) are given by B_, defined in (5.19) after
replacing a — y/u. When ¢ # 0, the hypergeometric functions are replaced by Heun functions
given by the double instanton series (5.11) and the connection matrix is given by (5.19)
with a the quantum SW period.

5.3 Scalar and tensor perturbations

Now let us consider adiabatic perturbations of an expanding universe filled in with radiation
and matter. We introduce the short-hand notation

o b (5.24)

C:i
Qm7 HOVQm

Scalar perturbations are described by a Heun equation that can be written in the Schrédinger
like form (3.15) with

_ 64a%Ck? (3a®+Ta¢+4¢?) —3 (189a*+924a3(+1820a(?+1600a(3+512¢*)
N 48a2(a+¢)?%(3a+4¢)?

Q(a) (5.25)

Comparing against (5.6) one finds the gauge cosmology dictionary

3 u_412;2g2 33
4 R 16

7 5 1 -
m =, my=—1. mga= 1 5\/225 — 64k%C (5.26)

Notice that ¢ = % is independent of k since the 8 function of the relevant gauge theory
(with Ny = 4) is zero. Indeed, as shown in [26, 37, 38], in general g ~ (wM)? where M is
some relevant mass scale and w the frequency. Anyway, even for finite and non-tuneable
q, we expect convergence of the instanton sum.

On the other hand for tensor perturbations one finds the Schrédinger-like potential

B ba+8¢
(a+¢) 16a(a+()?

Q(a) = (5.27)

leading to a reduced confluent Heun equation that can be matched to Q2o given in (5.8)
after the identifications

1 - 9
z=—Cat, @=kC¢, mi=", my=—7, u:k2§—|—1—6 (5.28)

We notice that now ¢a ~ k? since § = 2 in the Ny = (2,0) case, and it can be tuned with
k2 to be arbitrarily small.

In both cases a = /u + ... ~ k for large k.
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6 Conclusions

Let us briefly summarize the results of our present investigation and outline directions for
future research.

First of all we have shown that choosing the scale factor a as time coordinate!? allows to
explicitly solve Einstein equations for a general FLRW model coupled to a multi-component
perfect fluid. In particular we have written down the analytic form of the Hubble rate
b = H(a) and of the deceleration parameter ¢(a) in section 2.

We have then analyzed linear perturbations around a general FLRW cosmological model.
In section 3 we have written down the relevant wave equations for both scalar and tensor
adiabatic perturbations. After checking consistency with known results for a single component
model, whereby the dynamics is governed by Bessel equations, we have shown that the general
form of the linear perturbation equations is of the Heun type (with four regular singular
points) or its generalizations, also in agreement with some results in the literature though
with a different choice of time coordinate [17]. We have also noticed that the singularity
structure for scalar and tensor adiabatic perturbations may be rather different.

We have largely neglected entropy or iso-curvature modes, that are known to couple
to the adiabatic modes, we have focussed on, in the case of a multi-component fluid [15—
17]. Since this coupling introduces non-homogeneous source terms in the equations for the
adiabatic modes, the exact knowledge of the solutions of the homogeneous equations for
purely adiabatic modes that we have achieved may not be sufficient to describe the actual
behavior of an adiabatic perturbation. In order to estimate this effect, one should know the
strength of the coupling to entropy and iso-curvature modes, which would require determining
the first non-linear corrections to the linear homogeneous equations and may be rather model
dependent. Yet, treating the coupling as a non-linear correction allows to resort to the Green
function method that would benefit a lot from our knowledge of the analytic solutions to
the homogeneous equations. We hope to come back to this point.

In section 4 we have focussed on the ACDM model, consisting of three eras (radiation
dominated, matter dominated and vacuum energy dominated) separated by two transients
(radiation to matter, matter to vacuum energy). During the first transient, dynamics is
governed by a Heun equation with four regular singularities: two ‘physical’ for a = 0 (far
past) and a = oo (late time) and two ‘unphysical” at a = —(7, —4(r/3 with {; = Q,/Qp,.
The second transient, from matter to vacuum energy, is instead governed by a simpler
Hypergeometric equation. Imposing regularity and matching conditions we find the full
solution by numeric integration of the differential equations.

Finally we have related the ODE’s for cosmological perturbations to the quantum
Seiberg-Witten curves for N’ = 2 quiver gauge theories, proposing a new SW / cosmology
correspondence. Very much as for BHs, fuzzballs and ECOs perturbations, one needs no
more that linear SU(2) gauge quivers with the number of nodes determined by the number
of singularities. In particular we have spelled out the dictionary for a universe filled in
with matter and radiation, whereby scalar perturbations are governed by a Heun equation

2We thank Misao Sasaki very much for suggesting to change from our original choice of time variable
7 =1/a to a itself. The variable 7 looked more suitable for the late-time De Sitter phase but obscured some
of the results that obtain neatly in terms of a.

— 922 —



corresponding to the qSW curve for SU(2) gauge theory with Ny = (2,2) flavours (in the
Hanany-Witten setup), while tensor perturbations are governed by a reduced confluent Heun
equation corresponding to the qSW curve with Ny = (2,0) matter. The solutions of the
Heun equations are computed by the instanton partition functions of the quiver gauge theory.
Thanks to the AGT correspondence the ODEs may be viewed as a conformal Ward identity for
the conformal blocks of a Liouville-like CFT, and connection formulae, relating the behaviour
of the wave function at early and late times, are derived from crossing symmetry.

Given our knowledge of the connection formulae for generalized Heun equations, we plan
to further exploit the new gauge / cosmology correspondence in order to analyze the power
spectrum and other observables along the lines of holographic cosmology approach, pioneered
by Skenderis and Townsend [46, 47] and further elaborated on in [48, 49].

The very same gauge / cosmology correspondence can prove useful in analyzing inflation
and pre-Big-Bang cosmology after the inclusion of additional (scalar) fields that drive inflation
and contribute to the generation of primordial fluctuations and their non-gaussianity [53-55].

Another interesting direction for future investigation is the mass spectrum of Primordial
Black Holes (PBHs) [56-61], of cosmic strings and of other defects or ECOs that can be
efficiently addressed within our analytic approach, very much as for the spectral index
of density perturbations [62]. Once again gauge theory and (quantum) gravity can be
beautifully connected with String Theory bridges.
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A Explicit examples

In this section we display the potentials Q(a) for all multi-component universes in tables 2
and 3.

Scalar perturbations. The case with N = 3 singularities can be solved in terms of
hypergeometric functions, while for N = 4 one finds a Heun Equation. For simplicity we write

RH? -~k
20 and k= — (A1)

SEY Ve Ho

The Q-function appearing in equation (3.15) (canonical form), for each case is given by
90, (32 —2R)
QAH = A 2 2
4(R—3a2€y)
0 1102, +4205 2y +202202 ,
= z
Am 14422 (Qm+204)2

I
S
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90y, (8ak—21Q,)
~ 16a2(ak—3Q,)2
'R (R—4Kk%) +6a*Q, (5h42k%) — 7202

Q:‘"\?m

2
@y = 4(a3k—3ady)?
_ —1502 +23Q (4k*—1520, ) +22€0, (2k*—332€0y) .
Ay 4822 (Qy+22Q) )2 ’
Qv = Ppy(a)
" 4802 (aQn +2y) 2 (3082, +495) 2
0 _9(2m (60a%Q) —8ak) +4a*Qy (30> Q) —2k) +2107)
Awm = 16a2(—3a3Qp +ak—30,)2
o —4502 422 (47 (R—K?) +122 (A+k?) Qy —4522Q3 ) +620, (2(A+k?) —332€2) ) 2
i 1622(3Qy+2(32Q)—£))? ’
Qnm - P’%m’Y(a)
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with

Py (a)=—567a"Qy, —2772a°Q, Q3 425603 (a®k*— 69, ) +12aQ,Q7, (16a°k* — 4552,
+64a$2 Qp, (70 k>~ 7540,

Prim~ () =240 50, (8 (A—k?) +2707 ) +a* (64203 (R—4k*) +729, (29~+8k%) 7, —1701€);,)
+84a°Q, QU (8 (BR+2K7) —99027, ) +12a°Q2 (329, (5A+2k7) — 136507, )
—14400a23Q2,,, — 460882

Py (a) =324a"°Q3 Q2 +1152a°Q, Q3 Q0 +1536a%Q2 QF +12a7 Qp Qyy, (13502, —16K°€2,)
+8a°Q, Q4 (855627, —32k>Q2, ) +10560a° Q2 Qp Q40 (537603 Q4 —1926°Q, Q2 +5674;,)
+28a°Q 2y, (99972, —16K°Q2, ) +4aQ2 (1365027, —64k>Q, ) +4800a23 2y, +1536627

Parmn(a) =972a"°03 Q7 +34560° Q2 Q3 Oy, — 720°Q (997, 649304 )
+36a"QpQy, (—404Q, —16k%Q, +135Q2 ) +24a°Q, Qp (804, —32k°Q, +85502))
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Tensor perturbations. For universes made of two or three ACDM components one finds
the potentials
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Qr.am(a) = (A.4)

QT Am’y( )

B Cosmic time vs scalar factor for various multi-component fluids

In the following we display the relation between cosmic time ¢ and scale factor a for various
cases with both x = 0 and s # 0.
k=0
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\ QA
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e Kk, m, A: curvature+matter+vacuum
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