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Abstract
This short letter considers the case of acoustic scattering by several obstacles in R

d+r

for r , d ≥ 1 of the form � × R
r , where � is a smooth bounded domain in R

d . As
a main result, a von Neumann trace formula for the relative trace is obtained in this
setting. As a special case, we obtain a dimensional reduction formula for the Casimir
energy for the massive and massless scalar fields in this configuration �×R

r per unit
volume in R

r .
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1 Introduction: Casimir energy as a relative trace

In this section, I briefly review results on the relative trace, as introduced in [7], and the
relation to the Casimir energy. The setting is as follows. We consider a smooth bounded
open subset � ⊂ R

d , d ≥ 2 which consists of connected components �1, . . . , �N .
For notational simplicity, we assume further that Rd \ � is connected. We will think
of � as a collection of objects � j that we refer to as obstacles. The boundary ∂�

is a codimension one submanifold with connected components ∂�1, . . . , ∂�N . The
complement E = R

d\� will be referred to as the exterior region. There are a variety
of Laplace operators one can associate with this configuration.

Definition 1.1 We define the unbounded densely defined self-adjoint operators
�0,� j ,� on the Hilbert space L2(Rd) as follows.

(1) the free Laplacian �0 is defined as the self-adjoint operator � with domain
H2(Rd) ⊂ L2(Rd).
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(2) the operator � j is defined as the self-adjoint operator associated with the Dirich-
let quadratic form on H1

0 (Rd\∂� j ), i.e. it is the Laplace operator with Dirichlet
boundary conditions imposed on ∂� j .

(3) the operator � is defined as the self-adjoint operator associated with the Dirichlet
quadratic form on H1

0 (Rd\∂�), i.e. it is the Laplace operator with Dirichlet
boundary conditions imposed on ∂�. This operator is the direct sum of interior
and exterior Laplace operators � = �int ⊕�ext on L2(Rd) = L2(�)⊕ L2(E).

We fix m ≥ 0. The main result of [7] implies that for any s > 0 the operator

Ds =
(
(� + m2)

s
2 − (�0 + m2)

s
2

)
−

N∑
j=1

(
(� j + m2)

s
2 − (�0 + m2)

s
2

)

is trace class in the sense that it is bounded and its unique continuous extension to
all of L2(Rd) is trace class. Its trace is referred to as the relative trace, as it captures
the contributions to the trace that are present because of the influence of the individ-
ual objects on each other. This relative trace can be computed by the formula ([7],
Theorems 1.6 and 1.7)

tr(Ds) = s

π
sin

(π

2
s
) ∫ ∞

m
λ(λ2 − m2)

s−2
2 �(iλ)dλ.

Here the function � is defined as a Fredholm determinant

�(λ) = log det
(
Sλ ◦ S−1

λ,diag

)
,

where Sλ : L2(∂�) → L2(∂�) is the Helmholtz single-layer operator, and Sλ,diag =
⊕N

j=1Sλ, j is the direct sum of the Helmholtz single-layer operators of the individual
objects. The Helmholtz single-layer operator associated with the domain � is a stan-
dard boundary layer operator (see, for example, the monograph [14]). For continuous
f ∈ C(∂�), it is explicitly given in terms of the weakly singular integral

(Sλ f )(x) =
∫

∂�

Gλ(x, y) f (y)dy,

where Gλ is the Green’s function of the Helmholtz equation, i.e. the distributional
integral kernel of (�0−λ2)−1. For fixed λ 	= 0, the operator Sλ is a pseudo-differential
operator of order −1. It is an analytic function in the variable λ on the upper half plane
that extends analytically to a logarithmic cover of the complex plane.
The function �(λ) is analytic in a neighbourhood of the positive imaginary axis
and exponentially decaying as the imaginary part goes to infinity. For s = 1, the
quantity 1

2 tr(Ds) has the interpretation of the Casimir energy of the configuration
of objects for the scalar field of mass m and Dirichlet boundary conditions. This
interpretation was rigorously justified in [5], where it was shown that its directional
derivative coincides with the force as computed from the normally ordered stress
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energy tensor. The definition of the Casimir energy as a relative trace does not require
regularisation and identifies it as the trace of a trace class operator.
This leads to the formula

ECas = 1

2π

∫ ∞

m

λ√
λ2 − m2

�(iλ)dλ,

which is very useful for numerical computations and also for obtaining asymptotics.
We note here that this is also valid in dimension d = 1, with some obvious modifica-
tions as the boundaries just becomes points.
Formulae as such for the Casimir energy have at least for m = 0 been obtained and
derived in the physics literature by means of path integrals describing surface fluctua-
tions [3, 4, 10–12, 16], which can be understood as the mechanism behind the Casimir
effect. On the mathematical side, related determinant formulae have also been obtained
in the context of scattering theory and the spectral shift function [1] which in many
way generalises the eigenvalue counting function [9, 13, 15]. The spectral shift func-
tion is not the same as the function �, but is related to via a linear transformation (see
[6]) that allows to relate it to the Duistermaat–Guillemin–Gutzwiller trace formula. In
the context of the spectral shift function, a determinant formula has been obtained by
Carron in [2].
In this paper, we will drop the assumption of compactness of the obstacles but instead
consider objects that are translation invariant in certain directions. We assume therefore
that we have extra r -many dimensions in which the objects are translation invariant.
In other words, with the same notations as before, we consider the sets �̃ j = � j ×R

r

and their union �̃ = � × R
r . The exterior regions is then Ẽ = E × R

r , and the
corresponding operators �̃, �̃ j , �̃0 are defined in the same way as before, with �

replaced by �̃ j . We note that these operators can be written as

�̃ = � ⊗ 1 + 1 ⊗ �t ,

�̃ j = � j ⊗ 1 + 1 ⊗ �t ,

�̃0 = �0 ⊗ 1 + 1 ⊗ �t ,

with respect to the decomposition L2(Rd+r ) = L2(Rd)⊗̂L2(Rr ), and ⊗̂ denotes
as usual the completed tensor product of Hilbert spaces.. Here �t is the transversal
Laplace, which is the free Laplace operator on L2(Rr ).
We can then define the operator

D̃s =
(
(�̃ + m2)

s
2 − (�̃0 + m2)

s
2

)
−

N∑
j=1

(
(�̃ j + m2)

s
2 − (�̃0 + m2)

s
2

)
.

Since this operator is translation invariant with respect to the R
r action it is only

trace class if it vanishes. The latter is typically not the case. One can show that D̃s

has a smooth integral kernel on (Ẽ ∪ �̃)2, and the restriction to the diagonal is an
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R
r -invariant function on R

d+r . This can be integrated over Rd to yield what is often
referred to as the von Neumann trace.

Theorem 1.2 The operator D̃s is trace class with respect to the von Neumann trace t̃r
for any m ≥ 0, s > 0. The corresponding trace equals

t̃r(D̃s) = − 21−rπ−r/2

�
(− s

2

)
�

( r+s
2

)
∫ ∞

m
λ(λ2 − m2)

s+r
2 −1�(iλ)dλ.

For s = 1, this formula can be used to compute the Casimir energy per unit volume
in R

r . I would like to emphasise here that Ds is usually not a non-negative operator.
Therefore, the statement that the operator is in the trace ideal with respect to the
Neumann trace is stronger than an integrability statement of the diagonal of the integral
kernel.
Whereas for notational convenience we restricted ourselves to the case d ≥ 2, the
formula, with the obvious modifications, also applies to the case d = 1. It then yields
the classical formula for the Casimir energy. Two parallel Dirichlet plates indeed
correspond to two points inR that are multiplied byR2, so we obtain infinitely extended
parallel plates in R

3. In case d = 1, r = 2, m = 0, s = 1, Theorem 1.2 specialises to

ẼCas = 1

2
t̃r(D̃1) = 1

4π2

∫ ∞

0
λ2�(iλ)dλ.

In one dimension, the free Green’s function is given by Gλ(x, y) = − 1
iλe

iλ|x−y|,
which yields

Sλ = − 1

iλ

(
1 eiλ|x−y|

eiλ|x−y| 1

)
, Sλ,diag = − 1

iλ

(
1 0
0 1

)
,

for the matrix of single-layer operators. Therefore, one computes for the corresponding
Fredholm determinant �(iλ) = log(1 − e−2λa), where a is the distance between the
two plates. This gives a convergent integral, namely

ẼCas = 1

4π2

∫ ∞

0
λ2 log(1 − e−2λa)dλ = − π2

1440a3

the classical formula for the Casimir energy per unit volume for the massless free scalar
field between two plates of the form {pt}×R

2 with Dirichlet boundary conditions. The
formula for the actual electromagnetic Casimir effect differs from this one by a factor
of two for the plate configuration. For a general treatment of the electromagnetic field,
one requires boundary layer methods adapted to Maxwell’s equations as explained in
[17]. Dimensional reduction formulae are also expected for Maxwell’s equations, but
require a boundary layer analysis of the Laplace operator on one forms with relative
boundary conditions.
Dimensional reduction formulae for the Casimir energy within the context of zeta
regularisation of spectral traces are not new and can be found throughout the literature
on the Casimir effect. The key novelty in the present approach via relative operators
is the inherent finiteness and the aspect that the operators are trace class in the correct
von Neumann trace ideal.
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2 Neumann trace and dimensional reduction

Recall that given a von Neumann algebra N a trace is a positively homogeneous map
τ from its positive cone N+ to R+ = [0,∞) ∪ {∞} satisfying τ(a∗a) = τ(aa∗). The
p-th Schatten ideal can be defined as the set of elements a with τ(|a|p) < ∞.
I would briefly like to review the notion of the von Neumann trace as introduced by
von Neumann and used in many contexts in mathematics, for example the Novikov
conjecture and Atiyah’s L2-index theorem. For this, consider an operator on the Hilbert
space L2(Rd+r ) = L2(Rd)⊗̂L2(Rr ). If a discrete group � acts isometrically on
R
r , this action induces an action on L2(Rd+r ). Here we will simply choose � =

Z
r which acts by translations. In this case, the unit cube [0, 1]r is a fundamental

domain for this action. We now consider the von Neumann algebra A� of bounded
operators A that commute with the action of Zr . Using the fundamental domain, we
have the decomposition L2(Rd+r ) = L2(Rd)⊗̂L2([0, 1]r )⊗̂
2(�). The algebra A�

is then isomorphic to the algebra of bounded operator on the Hilbert space H =
L2(Rd)⊗̂L2([0, 1]r ) via the map

L(H) → A�, A �→ A ⊗ 1.

The standard trace for bounded operators on L2(Rd)⊗̂L2([0, 1]r ) induces a trace tr�
on the von Neumann algebra A� . By Mercer’s theorem, if A ∈ A� is in A1

� , has a
continuous integral kernel a(x, y, x ′, y′), then �-trace can be computed as

tr�(A) =
∫

(0,1)r

(∫

Rd
(a(x, x, y, y)dx

)
dy.

The algebra of �-invariant operators contains of course the subalgebra ofRm-invariant
operators, i.e. operators which are translation invariant with respect to the Rm-action.
We will call this algebra A0. The trace tr� then restricts to a trace tr0 on A0.
I now give an explicit description of this trace and the corresponding trace
ideal in A0. We can use the Fourier transform on R

m to see that translation
invariant operators on L2(Rm) are Fourier multipliers. Using a partial Fourier
transform F̃ = 1 ⊗ F on L2(Rd)⊗̂L2(Rr ), we see that the mapping A0 →
B(L2(Rd))⊗̂B(L2(Rr )), A �→ F̃−1AF̃ restricts to an isomorphism A0 →
B(L2(Rd))⊗̂L∞(Rd) = L∞(Rr ,B(L2(Rd)). We will use this isomorphism to iden-
tify A0 with L∞(Rd ,B(L2(Rd)). The positive cone is given by elements A(ξ) such
that A ≥ 0 almost everywhere. The p-th Schatten ideal is the set

Ap
0 =

{
A ∈ L∞(Rd ,B(L2(Rd)) |

∫

R

tr(|A(ξ)|p)dξ < ∞
}

.

The trace on A1
0 is then given by

Tr0(A) = 1

(2π)r

∫

R

tr(A(ξ))dξ.
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Indeed, we can consider the corresponding Laplace operator �̃ onRm+r with Dirichlet
boundary conditions on R

r × ∂�. Similarly, we can consider the operators �̃ j and
�̃0. Then the integral kernel of the operator

D̃ f = f (�̃
1
2 ) − f (�̃

1
2
0 ) −

⎛
⎝

N∑
j=1

[ f (�̃
1
2
j ) − f (�̃

1
2
0 )]

⎞
⎠

is smooth on (Rm+r\∂�) × (Rm+r\∂�) and the restriction to the diagonal is inde-
pendent of the r -variables. The restriction to the diagonal can then be integrated over
R
d . The result of this integration is denoted by t̃r(D̃ f ). This can be understood as

the trace per unit volume in the R
r -direction. We note that �̃ is a tensor product

�̃ = � ⊗ 1 + 1 ⊗ �Rr , and a similar formula holds for �̃ j and �̃0.

3 Trace norm estimate

Following [7], we define the relative resolvent

Rrel(z) = (� − z2)−1 − (�0 − z2) −
N∑
j=1

(
(� j − z2)−1 − (�0 − z2)

)
.

By Theorem 4.1 in [7], the relative resolvent is a trace class operator and the trace
norm ‖Rrel(z)‖1 can be estimated in any sector of the complex plane of the form
Sc = {z ∈ C | Im z > c|z|}, c > 0 by

‖Rrel(z)‖1 ≤ Cρ(|z|)e−δ′|z|.

ρ(t) :=

⎧
⎪⎪⎨
⎪⎪⎩

td−4 if d = 2, 3
| log t | + 1 if d = 4 and 0 ≤ t ≤ 1
t0 = 1 if d ≥ 5
1 for t > 1.

(1)

Consider the family of operators ds(ξ), ξ ∈ R
r defined by

ds(ξ) = (� + m2 + ξ2)
s
2 − (�0 + m2 + ξ2)

s
2

−
N∑
j=1

(
(� j + m2 + ξ2)

s
2 − (�0 + m2 + ξ2)

s
2

)
.

We can think of this as a family in L∞(Rr ,B(L2(Rd))) and the partial Fourier trans-
form shows that this operator corresponds to D̃s under the isomorphism described
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Fig. 1 Contour �̃. The shaded
region is mapped to a sector
containing the spectrum of �

under the map z �→ z2

above. We have the following representation (see [7], Section 4)

ds(ξ) = i

π

∫

�̃

λ
(
(λ2 + m2 + ξ2)

s
2 − (m2 + ξ2)

s
2

)
Rrel(λ)dλ,

where the integral converges in the Banach space of trace class operators on L2(Rd).
This formula is a consequence of the usual formulae one has for the functional calculus
of certain sectorial operators (see, for example, [8]) by integrating along the boundary
of a sector containing the spectrum of the operator. In our case, the integration contour
�̃ is chosen as follows for an arbitrary angle θ ∈ (0, π/2). The first part of the contour
is the ray z = −reiθ , r ∈ (−∞, 0], and the second part is the ray z = −rei(π−θ), r ∈
[0,∞) (see Fig. 1).
If m > 0, the integral converges for all s ∈ C and defines a holomorphic family of
trace class operators. The function (λ2+m2+ξ2)

s
2 has a branch cut at λ = i

√
m2 + ξ2

and the contour can therefore be moved to give

ds(ξ) = i

π

∫

�̃+iδ
λ

(
(λ2 + m2 + ξ2)

s
2 − (m2 + ξ2)

s
2

)
Rrel(λ)dλ,

for any 0 < δ <
√
m2 + ξ2. Using the bound on ‖Rrel(λ)‖1, we obtain that ds(ξ) is

trace class for each ξ and

‖ds(ξ)‖1 ≤ Cse
−δ′√m2+ξ2

for some δ′ > 0. Since this is integrable in ξ , we have shown that D̃s is in the von
Neumann trace ideal. If m > 0, this also shows that Ds is a holomorphic family of
trace class operators near the real line. For m = 0, we have an analytic family of trace
class operators in a neighbourhood of the positive real line. Furthermore, in case s > 0
the family is continuous as a function of m at m = 0.
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4 Proof of themain theorem

We are now in a position to prove the equality in the main theorem. We first prove the
case m > 0. In this case, t̃r(D̃s) is holomorphic near the real line. We have

t̃r(D̃s) = 1

(2π)r

∫

Rd
Tr(ds(ξ))dξ.

On the other hand, we have

Tr(ds(ξ)) = i

π

∫

�̃

λ
(
(λ2 + m2 + ξ2)

s
2 − (m2 + ξ2)

s
2

)
tr(Rrel(λ))dλ.

For sufficiently negative Re s, we have

∫

Rr
(λ2 + m2 + ξ2)

s
2 dξ = π

r
2
�(− s

2 − r
2 )

�(− s
2 )

(λ2 + m2)
r+s

2 .

Thus, for Re s sufficiently small we can integrate this expression in ξ , using Fubini’s
theorem, we obtain

t̃r(D̃s) = 1

(2π)r
π

r
2
�(− s

2 − r
2 )

�(− s
2 )

i

π

∫

�̃

λ
(
(λ2 + m2)

r+s
2 − mr+s

)
Rrel(λ)dλ.

Since both sides of the equation are meromorphic they must be equal for all s ∈ C

when m > 0. Now assume s > 0. Then the contour can be deformed to be around the
imaginary axis and one then obtains the representation

t̃r(D̃s) = π
r
2

(2π)r

�(− s
2 − r

2 )

�(− s
2 )

2

π
sin

(π

2
(r + s)

) ∞∫

m

λ
(
λ2 − m2

) r+s
2

Tr(Rrel(iλ))dλ.

Finally, using the relation Tr(Rrel(λ)) = − 1
2λ

�′(λ) ([7], Equ. (30)) and integration
by parts gives

t̃r(D̃s) = π
r
2

(2π)r

�(− s
2 − r

2 )

�(− s
2 )

r + s

π
sin

(π

2
(r + s)

) ∞∫

m

λ
(
λ2 − m2

) r+s
2 −1

�(iλ)dλ

in case s > 0. Euler’s reflection formula for the �-function then results in

t̃r(D̃s) = − 21−rπ−r/2

�
(− s

2

)
�

( r+s
2

)
∞∫

m

λ
(
λ2 − m2

) r+s
2 −1

�(λ)dλ

as claimed in the theorem. The case m = 0 following by taking limits.
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