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Abstract. We investigate the weak cosmic censorship conjecture in extremal and near-
extremal Kerr-Newman-(anti-)de Sitter black holes by the scattering of a massive scalar
field with an electric charge. Under this scattering, the scalar field fluxes change the black
hole state, as determined by the mass, angular momentum, and electric charge. The black
hole may exceed its extremal condition because of these changes. However, we find that the
black hole cannot be overcharged or overspun by the scattering. In particular, although the
fluxes are closely associated with the asymptotic boundary conditions along the flat, anti-de
Sitter, and de Sitter spacetimes, the weak cosmic censorship conjecture is valid for any scalar
field boundary conditions. Moreover, the validity of the weak cosmic censorship conjecture
is thermodynamically preferred for this scattering.
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1 Introduction

Black holes were theoretically predicted in general relativity as the end states of collapsing
massive stars [1]. With recent technological developments and the detection of gravitational
waves from binary black holes [2], black holes have become viable objects [3, 4]. Moreover,
black holes have become highly interesting research topics as a result of these developments.
Black holes consist of an event horizon and a singularity. The event horizon is a spherical
surface with no outgoing geodesics. Inside the horizon, an ingoing geodesic moves to the
center of the black hole and ends at the singularity. However, owing to the horizon, an
outside observer cannot view the singularity or the interior of a black hole [5]. Classically,
the mass of a black hole is divided into irreducible mass and reducible energy. The irreducible
mass never decreases. Thus, the reducible energy is only changeable via an interaction [6, 7].
When the mass of a black hole decreases through the Penrose process [8], the decrease in the
reducible component exceeds the increase in the irreducible component. The specifics of this
scenario vary according to the associated quantum physics. A marginal amount of energy,
called Hawking radiation, can be emitted by black holes [9, 10]. On account of this radiation,
black holes can be treated as thermal objects with Hawking temperature. Furthermore, the
irreducible mass behaves as an entropy. Thus, the surface area of the black hole, which is the
square of its irreducible mass, is associated with the entropy as a thermodynamic conjugate
variable to Hawking temperature. This is called the Bekenstein-Hawking entropy [11, 12].
Hence, black hole thermodynamics can be suitably defined in terms of the black hole variables
under the laws of thermodynamics.

The event horizon of a black hole encompasses its curvature singularity and plays a sig-
nificant role in preventing measurement of the singularity by an outside observer. Without
the horizon, an emission from a naked singularity would reach an outside observer and cause
a breakdown of causality in the spacetime. To preclude such a breakdown, the weak cosmic
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censorship (WCC) conjecture predicts that no naked singularity can be measured by a static
observer outside a black hole [1, 5]. In fact, the Schwarzschild black hole is free from such
a breakdown, because the horizon never disappears about a Schwarzschild black hole of any
mass. However, with the inclusion of more than one conserved quantity, most black holes have
an extremal condition for the minimum mass, under which the black hole solution no longer
has a horizon. If a naked singularity appears because of the extremal condition being ex-
ceeded, the WCC conjecture becomes invalid. Thus, the proof of the WCC conjecture focuses
on whether a black hole can violate the extremal condition through overcharging or overspin-
ning because, under the extremal condition, the horizon prevents measurement of the singu-
larity. However, there is no general proof of the WCC conjecture. Hence, this conjecture must
be tested for each particular case. The first investigation of the WCC conjecture was per-
formed for an extremal Kerr black hole considering the effects of a point particle [13]. It was
found that the black hole was never overspun, even if it received angular momentum from the
particle. Hence, the WCC conjecture was validated. Without a general proof, the WCC con-
jecture depends on the approaches used to test the black hole. For a Reissner-Nordström (RN)
black hole, one test for the WCC conjecture indicated that the effects of the backreaction are
negligible [14]. However, a detailed analysis of the WCC conjecture for this case showed that
the backreaction between the RN black hole and a particle is considerable, and that the con-
jecture is valid with this consideration [15]. Furthermore, in WCC conjecture tests, the initial
state of the black hole is crucial. Even though the WCC conjecture is suitable for an extremal
Kerr black hole, the opposite conclusion has been reached for the near-extremal Kerr black
hole [16]. These contradictions are resolved by considering the self-force [17–21]. Overall, be-
cause the WCC conjecture is associated with many black hole effects under various theories,
it is still tested from various perspectives [22–49]. Moreover, instead of tests based on a parti-
cle, the WCC conjecture can also be studied using probe fields as scattering processes [50–68].
In investigations of the WCC conjecture, the test matter changes the black holes along with
their conserved quantities. Such changes are then written as a dispersion relation, which cor-
responds to the first law of thermodynamics [57]. Moreover, the Bekenstein-Hawking entropy
never decreases in response to the test matter [69], as ensured by the second law of thermody-
namics. Finally, as regards the Hawking temperature, the zero-temperature state or extremal
black hole is not reached through such finite operations [65]. These findings imply that the
classical tests of the WCC conjecture are closely associated with the related quantum physics
through the laws of thermodynamics. Thus, the quantum effects may play an important role
in elucidating and proving the WCC conjecture for various black-hole spacetimes.

In black holes, the cosmological constant is closely associated with the geometry of
the asymptotic boundary. For a negative cosmological constant, the asymptotic boundary
is an anti-de Sitter (AdS) spacetime. One of the most important advances concerning the
AdS spacetime is the anti-de Sitter/conformal field theory (AdS/CFT) correspondence [70–
73], which ensures that the gravity theory defined in the D-dimensional AdS spacetime is
associated with the CFT defined on its (D − 1)-dimensional AdS boundary. The AdS black
hole plays an important role in imposing the temperature on the dual CFT on the boundary.
An AdS spacetime with no black hole is dual to the zero-temperature CFT. Furthermore,
for an AdS black hole, the dual CFT is at a finite temperature that corresponds to the
Hawking temperature of the black hole [74]. Notably, AdS/CFT correspondence has been
applied to quantum chromodynamics and condensed matter theory. Another interesting
phenomenon associated with the AdS spacetime is the superradiant instability of the black
hole. For superradiance, the black-hole energy is extracted via a scattering process [75, 76].
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As the AdS boundary is reflective, the scattering waves can be amplified and, eventually,
the black hole becomes unstable. This instability is found in various AdS black holes [77–
80]. Details of the superradiance are provided in [81] and the references therein. For a
positive cosmological constant, the observable space is confined by the cosmological horizon,
which is physically similar to the outer horizon of a black hole. In the case of a black
hole with de Sitter (dS) geometry, the static observer is between the outer and cosmological
horizons only. For a wave, the cosmological horizon acts as an absorbing boundary, and thus,
particles or waves dissipate into the horizon. Various studies have been conducted on wave
scattering in such dS black holes [82–95]. Recently, the quasinormal modes (QNMs) of dS
black holes were extensively studied considering the strong cosmic censorship conjecture [96–
102]. Furthermore, the QNMs of black holes itself can be useful for analysis of the ringdown
phase of the binary merger and its final state [103–107].

In this work, we investigate the validity of the WCC conjecture for near-extremal Kerr-
Newman-(anti-)de Sitter (KN(A)dS) black holes by considering the scattering of a massive
scalar field with an electric charge. KN(A)dS black holes are electrically charged and rotating
solutions. Thus, the energy, angular momentum, and electric charge carried by the scalar field
can perturb the corresponding conserved quantities of the black hole. This is the most general
case of the Einstein-Maxwell theory of gravity in four dimensions. The cosmological constant
is herein considered arbitrary, and we explore all possible boundaries of the flat, AdS , and dS
spacetimes. In particular, since we test the WCC conjecture using a scalar field, the changes
in the black hole depend on the scalar field profile, which must be sensitive to the asymptotic
geometries determining the boundary conditions. We focus on whether the validity of the
WCC conjecture depends on the boundary condition. Although the WCC conjecture has been
studied extensively, its relationship to the boundary condition remains unclear. Our investi-
gation proves that the WCC conjecture is valid for any boundary condition of the scalar field.
Furthermore, we test both Kerr-type near-extremal and extremal KN(A)dS black holes to val-
idate the WCC conjecture, as well as Nariai-type near-extremal black holes as an extension.
Although this extension is not associated with the WCC conjecture, it shows the instability
of a Nariai-type near-extremal black hole. Finally, the scalar field energy is assumed to be
infinitesimally small. Therefore, our investigation is based on the first-order variation along
the scalar field. As most individual pieces of matter are rather small compared with a black
hole, this is physically reasonable. As we consider the first order, our analysis is consistent
with the laws of thermodynamics, which is shown to be true at all boundaries. Ultimately,
we show that the validity of the WCC conjecture is thermodynamically preferred under the
scattering of the scalar field. This firmly establishes the validity of the WCC conjecture.

The remainder of this paper is organized as follows. In section 2, we review KN(A)dS
black holes and introduce coordinate transformations to obtain the correct thermodynamic
variables. In section 3, the scalar field solutions are found to be of the Schrödinger-type
equation. In section 4, the conserved quantities carried by the scalar field are demonstrated
in terms of their fluxes. In section 5, the WCC conjecture is investigated using arbitrary
cosmological constants. The general procedure is presented for the flat case. Then, the AdS
and dS cases are tested and generalized to the integrated view. We also consider a Nariai-type
near-extremal black hole. In section 6, we relate our investigations of the WCC conjecture
with the laws of thermodynamics. In section 7, we summarize our conclusions.
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2 Kerr-Newman-(anti-)de Sitter black holes

We consider Kerr-Newman black holes with an arbitrary cosmological constant Λ. Thus, the
cosmological constant can be zero, negative, or positive, with the sign determining the asymp-
totic geometry, namely, flat, AdS, or dS, respectively. The KN(A)dS metric is expressed in
Boyer-Lindquist coordinates.

ds2 =−∆r

ρ2

(

dt− asin2θ

Ξ
dφ

)2

+
ρ2

∆r
dr2+

ρ2

∆θ

dθ2+
∆θ sin2θ

ρ2

(

adt− r2+a2

Ξ
dφ

)2

, (2.1)

∆r =(r2+a2)
(

1− 1
3

Λr2
)

−2Mr+Q2, ∆θ =1+
1
3

Λa2cos2θ, ρ2 =r2+a2cos2θ, Ξ=1+
1
3

Λa2,

where the mass, spin, and electric parameters are denoted as M , a, and Q, respectively.
These parameters are associated with the mass MB, angular momentum JB, and electric
charge QB of the black hole. The gauge field coupled with the black hole is [108, 109]

A = −Qr

ρ2

(

dt − a sin2 θ

Ξ
dφ

)

. (2.2)

Each point of the spacetime has an angular velocity owing to the rotation of the black
hole. When the cosmological constant is zero, the asymptotic geometry of eq. (2.1) is the
Minkowski spacetime with zero angular velocity. Thus, it is static. However, for a nonzero
cosmological constant, the angular velocity is nonzero at the asymptotic limit, which implies
that the asymptotic observer is not static. This causes difficulties in defining conserved
quantities in such spacetimes and affects the thermodynamics and WCC conjecture [29, 108].
However, this problem can be resolved through coordinate transformations to recover an
asymptotically static observer with zero angular velocity [110].

t → T, φ → Φ +
1
3

aΛT. (2.3)

Therefore, we adopt the coordinate system (T, r, θ, Φ). From eq. (2.1), the transformed
metric of the KN(A)dS black hole is

ds2=− ∆r

ρ2Ξ2

(

∆θdT−asin2θdΦ
)2

+
ρ2

∆r
dr2+

ρ2

∆θ

dθ2+
∆θsin2θ

ρ2Ξ2

(

a

(

1−1
3

Λr2
)

dT−(r2+a2)dΦ
)2

.

(2.4)
As the transformations in eq. (2.3) constitute changes in time and the azimuthal angle, the
gauge field is also transformed to

A = − Qr

ρ2Ξ

(

∆θdT − a sin2 θdΦ
)

. (2.5)

The mass, angular momentum, and electric charge of the black hole are [108]

MB =
M

Ξ2
, JB =

Ma

Ξ2
, QB =

Q

Ξ
, (2.6)

which are also associated with the cosmological constant. At the outer horizon rh, the
Hawking temperature Th and Bekenstein-Hawking entropy of the black hole are defined, and
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the angular velocity and the electric potential are also found.

Th=
rh

(

1−Λa2

3 −a2+Q2

r2
h

−Λr2
h

)

4π
(

r2
h+a2

) , Sh=
1
4

Ah=
π(r2

h+a2)
Ξ

, Ωh=
a
(

1−1
3Λr2

h

)

r2
h+a2

, Φh=
rhQ

r2
h+a2

.

(2.7)
Using eqs. (2.6) and (2.7), the first law of thermodynamics is defined as

dMB = ThdSh + ΩhdJB + ΦhdQB. (2.8)

In this study, we independently find the first law from the change in the mass of the black
hole without using eq. (2.8). Furthermore, the characteristics of the black hole depend on
the sign of the cosmological constant. For a positive cosmological constant, another horizon,
called the cosmological horizon, exists outside the black hole. At the cosmological horizon
rc, an angular velocity and electric potential are also given as

Ωc =
a
(

1 − 1
3Λr2

c

)

r2
c + a2

, Φc =
rcQ

r2
c + a2

, (2.9)

These are significant for a Nariai black hole and we discuss them in the following sections.

3 Solution to scalar field equation

We herein consider the scattering of a massive scalar field with an electric charge. The
scattering affects the state of the KN(A)dS black hole by carrying conserved quantities. To
investigate the details of the changes in state, we must solve the scalar field equation. A
scalar field solution is specified by two boundary conditions, one at the outer horizon and
the other in the spatially asymptotic region. Thus, we focus on the relationship between the
black hole and the two aforementioned boundary conditions.

The action of the charged scalar field with a covariant derivative is expressed as

SΨ = −1
2

∫

d4x
√−g

(

DµΨD∗µΨ∗ + µ2ΨΨ∗
)

, Dµ = ∂µ − iqAµ, (3.1)

where the scalar field mass and electric charge are denoted by µ and q, respectively. Then,
the scalar field equations are

1√−g
Dµ

(√−ggµνDνΨ
)

− µ2Ψ = 0,
1√−g

D∗

µ

(√−ggµνD∗

νΨ∗
)

− µ2Ψ∗ = 0. (3.2)

Since the transformed metric in eq. (2.4) is stationary with translation symmetries on coor-
dinates T and Φ, the ansatz to eq. (3.2) is

Ψ(T, r, θ, Φ) = e−iωT eimΦR(r)Θ(θ), (3.3)

where ω and m are the frequency and angular number, respectively. Then, eq. (3.2) is
separable into radial and θ-directional equations with a separate variable K. The radial
equation is

1
R(r)

∂r (∆r∂rR(r)) +
1

∆r

(

ω(r2 + a2) − am

(

1 − 1
3

Λr2
)

− qQr

)2

− µ2r2 − K = 0. (3.4)
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Furthermore, the θ-directional equation is found in the generalized scalar hyper-spheroidal
equation for a massive scalar field [82, 111].

1
sin θ Θ(θ)

∂θ (sin θ∆θ∂θΘ(θ)) − 1
∆θ

(aω sin θ − m∆θ csc θ)2 − a2µ2 cos2 θ + K = 0, (3.5)

which can also be rewritten in a known form called the Heun’s equation [83–85, 112].
Fortunately, if we focus on the scalar field fluxes at the spatial boundaries, we require

only the normalized condition of the solution to eq. (3.5) rather than its various properties.
The normalized condition is [82]

∫

Θ(θ)Θ∗(θ)dΩ2 = 1. (3.6)

When the solution is integrated to find the fluxes, it simply yields unity. Note that the
generalized scalar hyper-spheroidal equation becomes a scalar spheroidal equation with an
angular momentum number K = ℓ(ℓ+1) for Kerr and Schwarzschild-de Sitter black holes [86,
91, 111]. The case of the KN(A)dS black holes corresponds to the numerical solution to the
Heun’s equation discussed in [83–85, 112]. Moreover, the separate variable K becomes a
non-integer number close to ℓ(ℓ + 1) [87, 88].

We now consider our main focus, the radial equation in eq. (3.4). Note that the radial
equation is only solvable when the boundary conditions are determined at both spatial ends.
Hence, both spatial boundaries are physically connected. Considering this connection, we
investigate the relationship between changes in the black hole and the boundary conditions.
First, we study one of the boundaries at the outer horizon, the radial solution, because
it is commonly applied to any case of cosmological constant. Note that we discuss another
boundary in the following sections. The tortoise coordinate is defined to solve eq. (3.4), where

dr∗

dr
=

r2 + a2

∆r
. (3.7)

The interval of the tortoise coordinate depends on the sign of the cosmological constant.
For the asymptotically flat case, Λ = 0, the radial interval (rh, +∞) becomes (−∞, +∞) in
the tortoise coordinate, while for the asymptotically AdS case, Λ < 0, the radial interval
(rh, +∞) becomes (−∞, 0) in the tortoise coordinate. For the dS case, Λ > 0, the radial
interval (rh, rc) becomes (−∞, +∞) in the tortoise coordinate. Using eq. (3.7), we rewrite
the radial equation in eq. (3.4) in terms of the tortoise coordinate, such that

1
R(r∗)

d2R(r∗)
dr∗2 +

2r∆r

(r2+a2)2R(r∗)
dR(r∗)

dr∗
+



ω−
am
(

1−1
3Λr2

)

(r2+a2)
− qQr

(r2+a2)





2

−(µ2r2+K)∆r

(r2+a2)2
=0,

(3.8)
which can be expressed as a Schrödinger-type equation via a transformation.

R(r∗) → R(r∗)√
r2 + a2

. (3.9)

Then, the radial equation in eq. (3.8) becomes

1
R(r∗)

d2R(r∗)
dr∗2 +



ω −
am

(

1− 1
3Λr2

)

r2 +a2
− qQr

r2 +a2





2

− ∆r(rd∆r −2∆r)
(r2 +a2)3

− 3a2∆2
r

(r2 +a2)4
(3.10)

− (µ2r2 +K)∆r

(r2 +a2)2
= 0, d∆r ≡ ∂∆r

∂r
= −2M − 2

3
r(r2 +a2)Λ+2r

(

1− 1
3

Λr2
)

.
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Flowing into the outer horizon, the conserved scalar field quantities cannot be measured
separately from those of the black hole. Hence, the conserved scalar field quantities flow-
ing into the black hole must be assumed to be those of the black hole. The magnitudes of
the conserved quantities are determined by the scalar field fluxes at the outer horizon, and
the fluxes can be obtained from the scalar field solution at the outer horizon. At the outer
horizon, the radial equation of eq. (3.10) becomes

1
R(r∗)

d2R(r∗)
dr∗2 + (ω − mΩh − qΦh)2 = 0. (3.11)

The radial solution is simply

R(r∗) ∼ e±i(ω−mΩh−qΦh)r∗

, r∗ → −∞ (r → rh), (3.12)

where the positive and negative signs correspond to the outgoing and ingoing waves, respec-
tively. Classically, the outer horizon of a black hole is a one-way surface in which there are no
outgoing null or time-like geodesics. Thus, we select a negative sign for the ingoing wave of
this classical scalar field. Furthermore, the outgoing wave is not smooth at the outer horizon
and, thus, the regularity condition ensures a purely ingoing wave [81, 105]. Then, the radial
solution can be obtained as

R(r∗) = T e−i(ω−mΩh−qΦh)r∗

, (3.13)

where T is the transmission amplitude. Therefore, the scalar field solution and its conjugate
at the event horizon are

Ψ(T, r∗, θ, Φ) =
T

√

r2
h + a2

e−iωT e−i(ω−mΩh−qΦh)r∗

Θ(θ)eimΦ, (3.14)

Ψ∗(T, r∗, θ, Φ) =
T ∗

√

r2
h + a2

eiωT ei(ω−mΩh−qΦh)r∗

Θ∗(θ)e−imΦ.

As these solutions are obtained from the field equation limited at the outer horizon, they
constitute exact solutions at the outer horizon only. Despite this limitation, however, these
solutions are sufficient for our analysis of the conserved quantities of the scalar field flowing
into the black hole.

4 Scalar field fluxes

The conserved quantities of the scalar field, such as energy, angular momentum, and electric
charge, flow into the black hole. Since the scalar field configuration cannot be measured
inside the outer horizon, when flowing through the outer horizon, the conserved quantities of
the scalar field can be assumed to be merged with and, hence, measured as those of the black
hole. Then, the conserved quantities transferred into the black hole can be obtained from
the scalar field fluxes at the outer horizon expressed in eq. (3.14). The scalar field fluxes are
obtained by integrating the energy-momentum tensor.

T µ
ν =

1
2

DµΨ∂νΨ∗ +
1
2

D∗µΨ∗∂νΨ − δµ
ν

(

1
2

DµΨD∗µΨ∗ +
1
2

µ2ΨΨ∗

)

. (4.1)
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Subsequently, at the outer horizon, the energy, angular momentum, and electric charge fluxes
are, respectively,

dE

dT
=

4π|T |2
Ξ

ω(ω − mΩh − qΦh), (4.2)

dL

dT
=

4π|T |2
Ξ

m(ω − mΩh − qΦh),

dq

dT
=

4π|T |2
Ξ

q(ω − mΩh − qΦh).

These indicate that the magnitudes of the scalar field fluxes are also associated with the
absolute transmission amplitude. The fluxes at the outer horizon indicate that the conserved
quantities of the scalar field flow into the black hole and thus they cannot be measured by
an outside observer. Instead, the observer can find their contributions to the black hole by
measuring the mass, angular momentum, and electric charge. Then, when we consider an
infinitesimal time interval dT , the changes in the black hole can be obtained from the fluxes,
such that

dMB =
4π|T |2

Ξ
ω(ω − mΩh − qΦh)dT, (4.3)

dJB =
4π|T |2

Ξ
m(ω − mΩh − qΦh)dT,

dQB =
4π|T |2

Ξ
q(ω − mΩh − qΦh)dT.

The state of the KN(A)dS black hole is determined by the mass, angular momentum, and
electric charge. As the scalar field changes these three variables according to eq. (4.3), we
should consider the effects of the changes in the three conserved quantities to determine the
final state of the black hole. The changes in the black hole are herein considered infinitesimal.
Therefore, we consider the series expansion of the changes and focus on the first order. In fact,
compared with the magnitudes of black hole quantities, scalar field effects are infinitesimally
small. Hence, rather than the nonlinear terms, the first-order term is the most dominant
term for estimating the changes in the black hole due to scalar field scattering. Moreover,
when considering the changes during the infinitesimal time interval, we focus on the case in
which the first-order term is significant.

5 Weak cosmic censorship conjecture in near-extremal KN(A)dS black
holes

We herein investigate the validity of the WCC conjecture for near-extremal KN(A)dS black
holes. Our analysis also includes the extremal cases for arbitrary cosmological constant. The
sign of the cosmological constant determines the asymptotic geometry, which is a significant
reason for choosing asymptotic boundary conditions. First, we study KN black holes with
Λ = 0, i.e., the asymptotically flat case. Then, we move to KNAdS black holes with Λ < 0 and
KNdS black holes with Λ > 0. The near-Nariai black hole in the KNdS case is also considered.

The WCC conjecture predicts that no naked singularity can be observed by a static
observer. In the spacetime of a KN(A)dS black hole, the naked singularity is only observed
when the inner and outer horizons disappear owing to an overcharged black hole. Note that
we refer to overcharging, including overspinning. Hence, we focus on whether the KN(A)dS
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near-extremal KN BHs

0

0

r

(a) ∆r with (MB, JB, QB).

naked singularity

extremal KN BHs

non-extremal KN BHs

0

0

r

(b) ∆r with (MB + dMB, JB + dJB, QB + dQB).

Figure 1. ∆r with Λ = 0 in the initial and final states.

black hole can be overcharged by a massive scalar field with an electric charge. The scalar field
carries its conserved quantities into the black hole. During the infinitesimal time interval,
the carried, conserved quantities change the black hole properties according to the fluxes
given in eq. (4.3). In other words, the state of the black hole in terms of (MB, JB, QB) varies
as (MB + dMB, JB + dJB, QB + dQB). As the locations of the inner and outer horizons are
determined by the function ∆r of the three variables (MB, JB, QB), we can determine whether
the black hole becomes a naked singularity by observing the change in ∆r under the variation
due to the scalar field. If a horizon remains in the changed ∆r, the WCC is valid. Otherwise,
it is violated. Recall that our analysis is based on the changes caused by the scattering of the
scalar field, which has minimal energy compared with the black hole. Hence, the change in
the black hole is also infinitesimal. Therefore, we study near-extremal black holes that can
potentially be overcharged by the small variations resulting from the scalar field.

Detailed investigations of the WCC conjecture depend on the asymptotic geometries,
which are determined by the sign of the cosmological constant.

5.1 Near-extremal KN black holes: Λ = 0

As previously explained, the WCC conjecture can be tested by assessing the change in ∆r.
As the near-extremal black hole is assumed to be in the initial state, ∆r with (MB, JB, QB)
is the same as in figure 1 (a). The function ∆r has a minimum with a small negative
value ∆min owing to the near-extremal condition. The solutions to ∆r = 0 determine the
locations of the inner and outer horizons. Hence, two horizons are located near the minimum.
The conserved quantities carried by the scalar field change the function ∆r according to
(MB + dMB, JB + dJB, QB + dQB) during the infinitesimal time interval in the final state,
as shown in figure 1 (b). The possible final states of the black hole can be categorized into
two cases based on the minimum value of the function ∆r: a black hole or naked singularity.
If the minimum value is negative or zero, ∆r always has at least one solution. Thus, the
singularity cannot be observed, owing to the horizon. Additionally, a positive minimum
is a naked singularity with no horizon. Thus, we can determine the validity of the WCC
conjecture based on the sign of the minimum value in the final state.
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In the initial state, the location of the minimum of the function ∆r is denoted as rmin.
Then, the initial state with the near-extremal condition is

∆min ≡ ∆r|r=rmin
, −∆min ≪ 1,

∂∆r

∂r

∣

∣

∣

∣

r=rmin

=
∂∆min

∂rmin
= 0,

∂2∆r

∂r2

∣

∣

∣

∣

∣

r=rmin

=
∂2∆min

∂r2
min

> 0,

(5.1)
where the black hole is in the (MB, JB, QB) state. Then, during the time interval dT , the
conserved quantities are carried to the black hole by the scattered scalar field. The variations
in the black hole are represented as (dMB, dJB, dQB), which imply that the final state of the
black hole is (MB + dMB, JB + dJB, QB + dQB). As this change also alters the function ∆r,
the value of the minimum can differ from its initial value. For the near-extremal case given
in eq. (5.1), the change in the minimum value is obtained as the first order in terms of the
infinitesimal variations in the mass, angular momentum, and electric charge.

d∆min ≡ ∆min(MB + dMB, JB + dJB, QB + dQB, rmin + drmin) − ∆min(MB, JB, QB, rmin)

=
∂∆min

∂MB
dMB +

∂∆min

∂JB
dJB +

∂∆min

∂QB
dQB +

∂∆min

∂rmin
drmin. (5.2)

The location of the minimum is also determined by the independent variables (MB, JB, QB).
Thus, rmin also moves into rmin + drmin. The change in location is rewritten in terms of
(dMB, dJB, dQB). Here, we consider the near-extremal black hole for which the minimum
value is nonzero. Then, the minimum value of the final state is the sum of the initial value
and its change. Based on eq. (5.1),

∆min + d∆min = ∆min + 4π|T |2(ω − mΩh − qΦh) (ω + mΩeff + qΦeff)
(

∂∆min

∂MB

)

dT, (5.3)

where

Ωeff ≡ ∂∆min

∂JB

/

∂∆min

∂MB
, Φeff ≡ ∂∆min

∂JB

/

∂∆min

∂MB
. (5.4)

To rewrite the location of the minimum rmin in terms of the outer horizon rh, we assume
that the locations of the minimum and horizon are very close, and we denote their small
displacement by ǫ. Then, the initial minimum value can be rewritten in terms of rh and ǫ.

rh − rmin = ǫ ≪ 1, ∆min = −ǫ2. (5.5)

According to eq. (5.5),

Ωeff = −Ωh − 2arh

(r2
h + a2)2

ǫ + O(ǫ2), Φeff = −Φh − Q(r2
h − a2)

(r2
h + a2)2

ǫ + O(ǫ2), (5.6)

∂∆min

∂MB
= −2(r2

h + a2)
rh

+ 2

(

1 − a2

r2
h

)

ǫ + O(ǫ2).

Using eqs. (5.1) and (5.6), the final minimum value for the near-extremal black hole can be
obtained as

∆min + d∆min = −8π|T |2(r2
h + a2)(ω − mΩh − qΦh)2

rh
dT + O(ǫ). (5.7)

As we consider the changes in the infinitesimal time interval, dT ≪ 1, the first order of ǫ

is negligible in eq. (5.7), because every term includes dT . Hence, the first term in eq. (5.7)
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is dominant under this scattering process. This outcome indicates that the minimum value
is still negative in the final state. Moreover, the negativity is independent of the scalar field
configuration determined by (T , ω, m, q). In particular, the absolute value of the transmission
amplitude implies that the negativity is also independent of the asymptotic boundary con-
dition. Therefore, the WCC conjecture is valid for near-extremal KN black holes, including
the extremal case. For the extremal black hole, the final minimum value is exactly the first
term in eq. (5.7). Hence, the WCC conjecture is valid owing to the negative minimum value.

The validity of the WCC conjecture in eq. (5.7) is an independent consequence of the
scalar field modes. However, the transmission amplitude is related to the other amplitudes
at the asymptotic boundary. To determine the relationship between the amplitudes, the
asymptotic solutions should be considered. For the spatially asymptotic region with Λ = 0,
the Schrödinger-type equation in eq. (3.10) is rewritten as

1
R(r∗)

dR(r∗)
dr∗

+ (ω2 − µ2) = 0. (5.8)

The asymptotic solutions are simply obtained as

R(r∗) ∼ e±i
√

ω2−µ2r∗

, r∗ → +∞ (r → +∞), (5.9)

where we consider ω > µ and µ ≥ 0 to maintain a real value for the square root term. Then,
the asymptotic radial solution is obtained as

R(r∗) = Oei
√

ω2−µ2r∗

+ Ie−i
√

ω2−µ2r∗

, (5.10)

where O and I are the amplitudes of the outgoing and incident waves at the spatial infinity,
respectively. As the solution and its conjugate in eq. (3.10) are linearly independent, their
Wronskian produces an independent value under the tortoise coordinate, such that

W [R(r∗), R∗(r∗)] =
dR
dr∗

R∗ − RdR∗

dr∗
. (5.11)

The Wronskian should be coincident at both boundaries.

lim
r∗→−∞

W [R(r∗), R∗(r∗)] = lim
r∗→+∞

W [R(r∗), R∗(r∗)]. (5.12)

Hence, we find that

|O|2 = |I|2 − ω − mΩh − qΦh
√

ω2 − µ2
|T |2. (5.13)

This shows that the net flux of the scattering is influx, |O|2 < |I|2, for

ω > µ and ω > mΩh + qΦh, (5.14)

and that the net flux is superradiant, |O|2 > |I|2, for

µ < ω < mΩh + qΦh. (5.15)

Combining eqs. (5.13), (5.14), and (5.15), the transmission per unit net amplitude is obtained
as

|T |2
|F|2 ≡ |T |2

||I|2 − |O|2| = ±
√

ω2 − µ2

ω − mΩh − qΦh
, (5.16)
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where |F|2 ≡ ||I|2 −|O|2|. This net amplitude represents the magnitude of the net ingoing or
outgoing flux measured by the asymptotic observer. For eq. (5.16) to positive, the positive
and negative signs must correspond to absorption scattering and superradiance, respectively.

Here, we focus on the change in the black hole owing to a unit net flux measured at the
spatial infinity. Hence, the amplitudes are normalized to set the magnitude of the net flux
|F|2 to unity rather than the detailed form of the amplitudes. The normalized amplitudes are

|T |2
|F|2 → |T̂ |2,

|O|2
|F|2 → |Ô|2,

|I|2
|F|2 → |Î|2. (5.17)

These transformations show the changes in the black hole per unit magnitude of the net flux.
Based on eq. (5.17), the change in the minimum value of eq. (5.7) is rewritten in terms of
the unit magnitude of the net flux measured at the asymptotic infinity.

∆min + d∆min ≈ −8π|T̂ |2(r2
h + a2)(ω − mΩh − qΦh)2

rh
dT (5.18)

= ∓8π(r2
h + a2)

√

ω2 − µ2(ω − mΩh − qΦh)
rh

dT,

where negative and positive signs correspond to absorption and superradiance, respectively.
In accordance with eq. (5.18), the change in the minimum is associated with

√

ω2 − µ2(ω −
mΩh − qΦh) for a given near-extremal black hole and is negative for any scalar field modes.
Thus, the WCC conjecture is valid under any boundary condition of the asymptotic region.

5.2 Near-extremal KN-AdS and KN-dS black holes: Λ 6= 0

Here, we generalize our analysis presented in section 5.1 to black holes with nonzero cos-
mological constants. In these cases, the asymptotic geometries differ from those of the KN
black holes and play a significant role in determining the boundary conditions. For nega-
tive and positive cosmological constants, the spacetimes are asymptotically the AdS and dS
boundaries, respectively. Because the boundary condition at the asymptotic region is associ-
ated with the transmission amplitude at the outer horizon, we can determine the validity of
the WCC conjecture and its association with the boundary conditions of both KN-AdS and
KN-dS black holes through analysis of the outer horizon. We also discuss detailed changes
in near-extremal KN-dS black holes regarding the Kerr-type and Nariai-type extremal cases.

5.2.1 Kerr-type near-extremal KN-AdS and KN-dS black holes

In the Kerr-type extremal case, the inner and outer horizons coincide. This type of extremal
black hole is commonly observed for negative and positive cosmological constants, as shown
in figure 2. Hence, we maintain the general value of the cosmological constant for the Kerr-
type near-extremal cases. The analysis procedure is analogous to that given in between
eqs. (5.2) and (5.7). The black hole with the Kerr-type extremal condition has one horizon
at the minimum of the function ∆r. Then, the initial state of the Kerr-type near-extremal
black hole is identical to that expressed in eq. (5.2). The scalar field scattering carries the
conserved quantities that change the black hole state according to the fluxes in eq. (4.3).
The change in the minimum value is

∆min + d∆min = ∆min +
4π

Ξ
(ω − mΩh − qΦh)(ω − mΩeff − qΦeff)|T |2 ∂∆min

∂MB
dT. (5.19)
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naked singularity

Kerr-type extremal KN-AdS BHs

non-extremal KN-AdS BHs

0

0

r

(a) ∆r with Λ < 0.

naked singularity

Kerr-type extremal KN-dS BHs

non-extremal KN-dS BHs

0

0

r

(b) ∆r with Λ > 0.

Figure 2. The states of KN-(A)dS black holes by ∆r with Λ 6= 0.

Under the near-extremal condition, rh − rmin = ǫ ≪ 1, and we have

Ωeff = −Ωh − 2arhΞ
(r2

h + a2)2
ǫ + O(ǫ2), Φeff = −Φh − Q(r2

h − a2)
(r2

h + a2)2
ǫ + O(ǫ2), (5.20)

∂∆min

∂MB
= −2(r2

h + a2)Ξ
rh

+ 2Ξ

(

1 − a2

r2
h

)

ǫ + O(ǫ2).

The initial minimum is also rewritten to the second order of ǫ.

∆min =
1
3

(−3 + a2Λ + 6r2
hΛ)ǫ2 − 8

3
rhΛǫ3 + Λǫ4 + O(ǫ5). (5.21)

Then, using eqs. (5.19), (5.20), and (5.21), the minimum value of the final state is obtained as

∆min + d∆min = −8π|T |2(r2
h + a2)(ω − mΩh − qΦh)2

rh
dT (5.22)

+
8π|T |2(ω − mΩh − qΦh)

r2
h(r2

h + a2)
(a2qQrh + 2amr2

hΞ − a4(ω − mΩh − qΦh)

− r3
h(q(Q + rhΦh) − rhω + mrhΩh))ǫdT + O(ǫ2).

Since we consider an infinitesimal time interval dT , the first order of ǫ is negligible. Therefore,
according to the leading term in eqs. (5.22), the change in the minimum value is negative.
This implies that the Kerr-type near-extremal KN-AdS and KN-dS black holes cannot be
overcharged by the scalar field scattering. Thus, the WCC conjecture is valid.

Furthermore, the transmission amplitude is the only term associated with the asymp-
totic boundary condition in eq. (5.22). To determine the transmission amplitude, we must
impose a boundary condition at the outer horizon and the asymptotic boundary, and solve
the radial equation in eq. (3.10). However, the detailed value of the transmission amplitude
does not change the negativity of the final minimum value, because the transmission am-
plitude is given by eq. (5.22) as the square of the absolute value. Hence, the negativity of
the final minimum value is preserved for any transmission amplitude. This implies that an
asymptotic boundary condition does not change the negativity. Therefore, the WCC conjec-
ture is valid for any mode and any boundary condition of the scalar field for both positive and
negative cosmological constants.
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Nariai-type near-extremal KN-dS BHs

0

0

r

(a) ∆r in the initial state.

non-extremal KN-dS BHs

Nariai-type extremal KN-dS BHs

interior BHs

0

0

r

(b) ∆r in possible final states.

Figure 3. The states of KN-dS black holes by ∆r with Λ > 0.

5.2.2 Nariai-type near-extremal KN-dS black holes

We herein investigate the change in the state of a Nariai-type near-extremal KN-dS black
hole. The Nariai-type extremal condition occurs when the outer and cosmological horizons
are coincident. This case has a weaker relationship with the WCC conjecture but exhibits
some interesting behaviors under scattering.

The Nariai-type near-extremal condition states that the outer horizon is located close
to the maximum of the function ∆r, as shown in figure 3 (a). The near-extremal black hole
still has three horizons: inner, outer, and cosmological. Moreover, the outer and cosmological
horizons are close. When the Nariai-type extremal condition is satisfied, the two horizons are
coincident and located at the maximum point of the function ∆r, as shown in figure 3 (b).
The final state of the Nariai-type near-extremal black hole can be specified based on the
fluxes of a massive scalar field with an electric charge. The initial state is

∆max ≡ ∆r|r=rmax
, ∆max ≪ 1,

∂∆r

∂r

∣

∣

∣

∣

r=rmax

=
∂∆max

∂rmax
= 0,

∂2∆r

∂r2

∣

∣

∣

∣

∣

r=rmax

=
∂2∆max

∂r2
max

< 0,

(5.23)
where rmax is the location of the maximum, and its value is small and positive. Then, from
eq. (5.19) to eq. (5.22), the change in the maximum value is

∆max + d∆max = ∆max +
∂∆max

∂MB
dMB +

∂∆max

∂JB
dJB +

∂∆max

∂QB
dQB +

∆max

∂rmax
drmax (5.24)

= ∆max +
4π

Ξ
(ω − mΩh − qΦh)(ω − mΩ′

eff − qΦ′

eff)|T |2 ∂∆max

∂MB
dT,

where

Ω′

eff ≡ ∂∆max

∂JB

/

∂∆max

∂MB
, Φ′

eff ≡ ∂∆max

∂JB

/

∂∆max

∂MB
. (5.25)
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To impose the near-extremal condition, we set rmax − rh = ǫ ≪ 1. Hence,

Ω′

eff = −Ωh +
2arhΞ

(r2
h + a2)2

ǫ + O(ǫ2), Φ′

eff = −Φh +
Q(r2

h − a2)
(r2

h + a2)2
ǫ + O(ǫ2), (5.26)

∂∆max

∂MB
= −2(r2

h + a2)Ξ
rh

− 2Ξ

(

1 − a2

r2
h

)

ǫ + O(ǫ2),

∆max =
1
3

(−3 + a2Λ + 6r2
hΛ)ǫ2 +

8
3

rhΛǫ3 + Λǫ4 + O(ǫ5).

The change in the maximum value is in its leading order, such that

∆max + d∆max = −8π|T |2(r2
h + a2)(ω − mΩh − qΦh)2

rh
dT + O(ǫ). (5.27)

This implies that the maximum value in the final state is negative, and that the change in this
state is independent of the scalar field modes and asymptotic boundary condition with the
square of the absolute transmission amplitude. Therefore, the final state is represented by
the red line in figure 3 (b). Here, no boundary exists between the black hole and cosmological
horizon. Similar to the interior of a black hole, no static observer exists. Hence, it is not
appropriate to discuss the WCC conjecture with regard to a static observer. Note that an
observer can reach the inside of the inner horizon. However, this should be discussed in the
context of the strong cosmic censorship conjecture for an infalling observer.

Instead of the WCC conjecture, we focus on the instability of the Nariai-type near-
extremal black hole. Through a small perturbation of the scalar field, the interior of the
black hole and the dS spacetime become connected [113]. Thus, instability of the Nariai-type
black hole arises owing to scattering of the scalar field. This instability is also independent of
the scalar field modes. Hence, this outcome is classically inevitable. Note that this instability
may potentially compete with a quantum effect in Nariai-type near-extremal black holes [114].

6 Laws of thermodynamics

We have investigated the WCC conjecture for KN(A)dS black holes with arbitrary cosmolog-
ical constant. The black holes were assumed to change under the fluxes carried by the scalar
field in eq. (4.3). As the changes in the black holes were obtained up to the first order, they
should be consistent with the laws of thermodynamics, which the first orders of the thermody-
namic variables satisfy. Thus, the changes in the fluxes can be confirmed as physical processes
if they coincide with the laws of thermodynamics. Note that we consider an arbitrary cos-
mological constant. Thus, the initial states are non-extremal and Kerr-type extremal black
holes. Here, we exclude Nariai-type near-extremal and extremal black holes because their
final states are not black holes and because their thermodynamics are difficult to discuss.

The scalar field fluxes change the mass, angular momentum, and electric charge of the
black hole. The outer horizon location also varies under the scattering. In particular, these
changes can affect the surface area of the black hole, which is related to the Bekenstein-
Hawking entropy in eq. (2.7). The change in the entropy is

dSh =
∂Sh

∂MB
dMB +

∂Sh

∂JB
dJB +

∂Sh

∂QB
dQB +

∂Sh

∂rh
drh, (6.1)
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where

∂Sh

∂MB
= −2π((Ξ − 1)r2

h + a2)
M

,
∂Sh

∂JB
= −2πa((r2

h + a2)Λ − 3Ξ)
3M

, (6.2)

∂Sh

∂QB
= 0,

∂Sh

∂rh
=

2πrh

Ξ
, d∆h ≡ d∆r|r=rh

,

drh =
2Ξ

d∆hM
(4Mrh + 2Q2(Ξ − 1) + a2Ξ + rhΞ(rh − 3M − rhΞ))dMB

+
2aΞ

3d∆hM
(rhΛ(4M + rhΞ) − 2Q2Λ − 3Ξ)dJB − 2QΞ

d∆hM
dQB.

Note that the horizon change can be positive or negative according to the scalar field mode.
However, the change in entropy is finally obtained as

dSh =
16π2(r2

h + a2)(ω − mΩh − qΦh)2|T |2
Ξd∆h

dT, (6.3)

where d∆h is positive and zero for non-extremal and extremal black holes, respectively.
Thus, the change in the entropy is always positive, and the positive sign is independent of
the scalar field mode and amplitude. Therefore, the scattering process follows the second
law of thermodynamics. Furthermore, the change in the entropy of Kerr-type extremal black
holes is divergent owing to the zero in the denominator in eq. (6.3). This may be associated
with the WCC conjecture and prevents the occurrence of a naked singularity due to the
scattering. This aspect is clearer in relation to the third law of thermodynamics.

In accordance with the change in eq. (6.3), we can construct the dispersion relation
regarding the change in the mass. The change in the entropy can be rewritten as

dMB = ThdSh + ΩhdJB + ΦhdQB. (6.4)

This is the first law of thermodynamics. Hence, without assuming the laws of thermo-
dynamics, we can derive the first law. This outcome confirms that our flux-based analysis
clearly shows physical processes and is consistent with the thermodynamics of the black hole.
Moreover, the derivation of eq. (6.4) is independent of any particular boundary condition or
cosmological constant.

In this work, the main initial states considered are the Kerr-type near-extremal and ex-
tremal black holes. In thermodynamics, such extremal black holes correspond to an interest-
ing state of zero Hawking temperature. Thermodynamically, zero temperature is associated
with the third law of thermodynamics, which is expressed in various ways. In accordance
with the well-known version [115], we herein consider the third law, which states that zero
temperature cannot be attained in a black hole through finite physical processes. The change
in the Hawking temperature owing to scalar field scattering is

dTh =
∂Th

∂MB
dMB +

∂Th

∂JB
dJB +

∂Th

∂QB
dQB +

∂Th

∂rh
drh, (6.5)
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where

∂Th

∂MB
=

a2rh

(

1−a2+Q2

r2
h

−a2Λ
3 −r2

hΛ
)

Ξ2

2Mπ(r2
h+a2)2

+

rh

(

2a2ΛΞ2

3M
+

4a2Q2ΛΞ
3M

+ 2a2Ξ2

M

r2
h

)

4π(r2
h+a2)

, (6.6)

∂Th

∂JB
=−

arh

(

1−a2+Q2

r2
h

−a2Λ
3 −r2

hΛ
)

Ξ2

2Mπ(r2
h+a2)2

−
rh

(

2aΛΞ2

3M
+

4aQ2ΛΞ
3M

+ 2aΞ2

M

r2
h

)

4π(r2
h+a2)

,
∂Th

∂QB
=− QΞ

2πrh(r2
h+a2)

,

∂Th

∂rh
=

rh

(

2(a2+Q2)
r3

h
−2rhΛ

)

4π(r2
h+a2)

−
r2

h

(

1−a2+Q2

r2
h

−a2Λ
3 −r2

hΛ
)

Ξ2

2π(r2
h+a2)2

+
1−a2+Q2

r2
h

−a2Λ
3 −r2

hΛ

4π(r2
h+a2)

.

This provides the general form of the change in all KM(A)dS black holes. However, it is
extremely complicated. Furthermore, the change in temperature depends on the scalar field
mode. Hence, this change has no particular direction, as shown in figure 4. However, if the
initial state is assumed to correspond to a Kerr-type near-extremal black hole, the change in
temperature becomes positive for any cosmological constant.

dTh =
2|T |2(ω − mΩh − qΦh)2

rhǫ
dT + O(ǫ0), (6.7)

where ǫ is the difference between the locations of the minimum and outer horizon in eq. (5.5).
When the initial state is close to the extremal condition, the difference ǫ becomes small. Then,
the temperature increases significantly along with the first term in eq. (6.7). This is also
shown in figure 4, where the changes in temperature are always positive for a near-extremal
black hole. Note that we should consider the minimum condition in eq. (5.1) in the context
of eq. (6.7) to exclude the Nariai-type extremal condition in eq. (5.23). Therefore, for the
initial near-extremal black hole with ǫ ≪ 1, the temperature increases in the scattering
process and, thus, it is impossible for zero temperature to be attained in the extremal black
hole. This is the third law of thermodynamics.

From a thermodynamic perspective, for an arbitrary cosmological constant, non-
extremal black holes cannot become Kerr-type extremal black holes through scalar field
scattering, because the temperature of the near-extremal black hole increases substantially,
as shown in eq. (6.7). This is ensured by the third law of thermodynamics. Moreover,
with the scattering, the Bekenstein-Hawking entropy in the near-extremal black hole also
increases considerably, as shown in eq. (6.3). In other words, an increase in temperature
is thermodynamically preferred under the second law of thermodynamics. The first law
of thermodynamics ensures that the scattering process is physical. Again, if overcharging
results from the scattering, the initial non-extremal black hole successively becomes an ex-
tremal black hole and a naked singularity in finite operations. However, at the near-extremal
black hole, the temperature increases and, thus, the state moves far from the extremal black
hole. Thus, the black hole cannot be overcharged. This outcome is also thermodynamically
preferred. Therefore, the validity of the WCC conjecture is also supported by the laws of
thermodynamics.

7 Summary

We investigated the WCC conjecture for the KN(A)dS black hole with an arbitrary cosmo-
logical constant Λ. The KN(A)dS black hole has three conserved quantities: mass, angular
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(a) (1, 0, 0) mode in (0, 1) black
hole.

(b) (1, 1, 0) mode in (0, 1) black
hole.

(c) (1, 1, 1) mode in (0, 1) black
hole.

(d) (1, 0, 0) mode in (−1, 1) black
hole.

(e) (2, 1, 1) mode in (−1, 1) black
hole.

(f) (2, 1, 2) mode in (−1, 1) black
hole.

(g) (1, 0, 0) mode in (0.1, 1) black
hole.

(h) (1, 1, 1) mode in (0.1, 1) black
hole.

(i) (2, 2, 3) mode in (0.1, 1) black
hole.

Figure 4. Diagrams of tanh
(

dTh

dT

)

in (ω, m, q) modes in (Λ, M) black holes.

momentum, and electric charge. Consideration of an arbitrary cosmological constant also
enabled investigation of the asymptotically flat AdS and dS geometries. Hence, based on our
study of the KN(A)dS black hole, we can arrive at the generalized conclusion that the WCC
conjecture is valid for black holes.

To validate the WCC conjecture, the changes in a Kerr-type near-extremal KN(A)dS
black hole owing to scattering from a massive scalar field were considered. To determine the
correct scalar field fluxes, we imposed a coordinate transformation on the KN(A)dS black
hole metric in Boyer-Lindquist coordinates to obtain an asymptotically static boundary for
nonzero cosmological constants. Then, we assumed that the conserved quantities of the
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black hole change with the scalar field fluxes at the outer horizon, such that the initial
state (MB, JB, QB) becomes the final state (MB + dMB, JB + dJB, QB + dQB) during an
infinitesimal time interval. By examining the behaviors of the function ∆r, we found that
the outer horizon rh exists stably under the scattering. Hence, the WCC conjecture is valid.
In particular, the horizon stability is ensured for any scalar field mode with any asymptotic
boundary condition. The asymptotic boundary condition must determine the scalar field
transmission amplitude at the outer horizon. However, the amplitude is introduced as the
square of the absolute value of the variation in the minimum value of ∆r. Therefore, the
transmission amplitude always makes a positive contribution, which ensures a stable outer
horizon for any asymptotic geometry.

Moreover, we found that a Nariai-type near-extremal black hole with a positive cosmo-
logical constant exhibits instability. Although the scalar field fluxes are infinitesimally small,
the outer and cosmological horizons can become connected and form a spacetime similar to
the interior of a black hole under the considered scattering. This result shows that the Nariai-
type near-extremal black hole is unstable. In this final state, the outside observer cannot be
defined. Therefore, this state is far from the WCC conjecture. However, the mechanism is
essentially identical to that employed for the Kerr-type near-extremal black hole.

Our conclusion regarding the validity of the WCC conjecture could also be associated
with the laws of thermodynamics. The first law was obtained by rewriting the fluxes at
the outer horizon. Since our analysis was based on the flux-induced changes, this outcome
confirmed that we had considered a thermodynamically consistent physical process. By con-
firming the WCC conjecture, we found that the Kerr-type near-extremal black hole becomes
a non-extremal black hole because the minimum of the function ∆r moves in the negative
direction. The second law confirmed the WCC conjecture and showed that such a change
is thermodynamically preferred based on the steep increase in entropy. We also confirmed
the third law, which indicates that the finite operations of a physical process cannot form an
extremal black hole with zero temperature. This finding is consistent with Kerr-type near-
extremal black holes becoming non-extremal black holes, according to our results. Therefore,
the laws of thermodynamics also validate the WCC conjecture and, hence, the WCC conjec-
ture is safe.
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