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Ac k n o wl e d g e m e nts

I  w o ul d b e l yi n g if I s ai d t h at  writi n g t his diss ert ati o n a n d its c o nt e nts h as b e e n a n
e as y t as k, b ut I  w o ul d als o b e l yi n g if I di d n ot s a y t h at it h as b e e n v er y r e w ar di n g.
T h es e fi v e y e ars h a v e b e e n a  mi xt ur e of j o ys a n d  w orri es t h at h a v e e n d e d  wit h t h e
w or k y o u ar e a b o ut t o r e a d.  Of c o urs e, I h a v e n ot d o n e it al o n e, a n d t h er e ar e  m a n y
p e o pl e  w h o h a v e h el p e d  m e al o n g t h e  w a y, a n d I  w o ul d li k e t o t h a n k t h e m.

First of all, I  w o ul d li k e t o t h a n k M a r g a ri t a  G a r cí a  P é r e z ,  m y s u p er visor,
f or b ei n g a n e x c ell e nt g ui d e d uri n g t h es e y e ars of  P h. D. Si n c e t h e first  m e eti n g  w e
h a d d uri n g t h e I F T  M ast er,  w h e n y o u i ntr o d u c e d  m e t o t h e c o n c e pt of  Q u a nt u m
Fi el d  T h e or y i n t h e  L atti c e, I  w as d e e pl y f as ci n at e d b y t h e s u bj e ct. I t h o u g ht I
c o ul d n ot li k e  Q u a nt u m  Fi el d  T h e or y  m or e t h a n I alr e a d y di d, a n d t h er e  w as o n e
of t h e  m ost i ntri g ui n g f or m ul ati o ns I h a d e v er s e e n. Si n c e t h at d a y y o u h a v e h el p e d
m e  m or e t h a n I c a n s a y.  T h a n k y o u f or t h e p h ysi c al i nt uiti o n I l e ar n e d fr o m y o u i n
s o  m a n y dis c ussi o ns, f or y o ur  w or k a n d p ati e n c e, a n d  m ost of all f or al w a ys b ei n g
t h er e.

I  w o ul d li k e t o t h a n k Al b e r t o  R a m o s f or s o  m a n y fr uitf ul dis c ussi o ns, f or
pr o vi di n g  m e  wit h a t e c h ni c al p ers p e cti v e o n s ci e n c e a n d p h ysi cs iss u es, a n d f or
b ei n g a gr e at c oll a b or at or.

Q u er o a gr a d e c er a os  m e us p ais, J o s é  L ui s e M a r y  C a r m e n , e t o m ar ei m e a
li c e n z a d e f a c el o n o  m e u s e g u n d o i di o m a n ati v o.  N o n e xist e p al a br as p ar a d es cri bir
t o d o o q u e v os t e ñ o q u e a gr a d e c er.  V ós e ntr e g ást es m e t o d as a s f err a m e nt as q u e
m e tr o u x er o n at a a q uí, p ol o q u e est e tr a b all o é t a m é n v os o.  A gr a d é z o v os t o d as as
h or as d e d e di c a ci ó n, a p a ci e n ci a, as al e grí as, os dí as s e n d ur mir, as c o n v ers a ci ó ns
al e nt a d or as e o esf or z o.  Aí n d a n a dist a n ci a, n o n  m e f alt ast es x a m ais.  Fi x est es d e
mi n q u e n s o n h o x e.  M oit as gr a z as!

A gr a d e z c o t a m bi é n a  mis h er m a n os, G a b ri el y A d ri a n a .  H a y u n di c h o e n el
r efr a n er o p o p ul ar q u e di c e q u e l os h er m a n os s o n u n t es or o, y a u n q u e e n  m u c h os c as os
n o es ci ert o, el  mi o s e c u m pl e c o n cr e c es. S ois  mis c o n fi d e nt es  m ás gr a n d es y  m e
h a b éis a y u d a d o d e t a nt as  m a n er as q u e es i m p osi bl e e n u m er arl as.  H e m os c o m p arti d o
ris as, ll a nt os, al e grí as, d es es p er a ci o n es, y s e cr et os d e u n a  m a n er a q u e s ol o n os otr os
e nt e n d erí a m os. S ois d os d e l as p ers o n as  m ás i m p ort a nt es e n  mi vi d a y n o p o drí a
h a b er t er mi n a d o est a et a p a si n v os otr os.

A  mis h er m a n os p ut ati v os, L ol y y L a r r y .  M u c h as gr a ci as  L arr y p or a p or-
t ar m e si e m pr e es a visi ó n críti c a r e c u bi ert a d e u n t o n o j o c os o. C o nti g o c u al q ui er
c o n v ers a ci ó n s e v u el v e i nt er es a nt e.  P or otr a p art e,  m u c h as gr a ci as  L ol y p or est ar
c u a n d o  m ás l o n e c esit é.  H e m os vi vi d o t a nt as c os as e n est os a ñ os q u e n o p u e d o e vit ar
c o nt art e c o m o u n a h er m a n a  m as;  mi c a b e z a l o h a c e a ut o m áti c a m e nt e.  Er es y s er ás
si e m pr e  mi c o m p a ñ er a d e l o c ur as, d e b ail es y d e c o ci n a n a vi d e ñ a.  Gr a ci as a l os!

A gr a d e z o a os  m e us a v ós J o s é , E mili a e H e r mi ni a .  Fi x est es at a o i m p osi bl e
p or q u e e u est e a q uí o dí a d e h o x e.  Bri n d ást es m e t a nt a a x u d a, e d e t a nt as  m a n eir as,
q u e x a m ais p o dr e d e v ol v el o.  Fi x est es q u e n a dist a n ci a s e ntís e m e c o m o n a  mi ñ a c as a,
e is o p ar a  mi n s er á s e m pr e i n v al u a bl e.
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A  mi  m a dri n a J o s ef a y  mis tí os L ui s y R o s a , p or h a b er m e a c o gi d o e n s u c as a
d ur a nt e t a nt o ti e m p o, a ú n c u a n d o es o si g ni fi c as e u n a sit u a ci ó n l o gísti c a c o m pli c a d a.
T a m bi é n a gr a d e z c o a t o d a l a f a mili a q u e d e al g u n a u otr a  m a n er a h a n c o ntri b ui d o
p ar a q u e el dí a d e h o y t e n g a es crit a  mi t esis d o ct or al, e n es p e ci al a  mis tí os /tí as y
a  mis pri m os / pri m as.

Q ui er o t o m ar m e u n p árr af o p ar a a gr a d e c er es p e ci al m e nt e a  mis d os  m ej or es
a mi g os, J o s é y Fr a n . P e p e , h e m os vi vi d o t a nt as c os as j u nt os q u e es i m p o si bl e h a c er
u n r e c u e nt o.  Al e grí as, pr o bl e m as, ris as, ll a nt os; h e m os p as a d o p or t o d o, h ast a u n a
c u ar e nt e n a j u nt os.  M u c h as gr a ci as p or t a nt as c o n v ers a ci o n es s o br e l a vi d a y s o br e
l a físi c a, a pr e n dí  m u c h o d e ell as y l as h e c h o d e  m e n os c asi t a nt o c o m o a ti.  Er es
d e l as p ers o n as  m as brill a nt es q u e c o n o z c o y d a p or s e g ur o q u e ll e v ar e si e m pr e t u
f ot o e n  mi c art er a y t u fr e nt e e n  mi  m ó vil.  D es p e dir m e d e ti f u e d e l as c os as  m ás
difí cil es q u e h e h e c h o e n est os a ñ os, y a ú n e n l a dist a n ci a, t e ll e v ar é si e m pr e e n el
c or a z ó n. Fr a n c h o , er es pr o b a bl e m e nt e l a p ers o n a  m ás gr a ci os a q u e c o n o z c o y c o n l a
q u e  m a y or c a nti d a d d e g ust os c o m p art o.  M úsi c a, ci n e, h u m or,  F 1,  L e cl er c.  M u c h as
gr a ci as p or t o d o el a p o y o d ur a nt e est os a ñ os y p or t o d o l o q u e  m e h as e ns e ñ a d o,
er es u n a d e l as p ers o n as  m as brill a nt es q u e h e c o n o ci d o.  N o  mi e nt o c u a n d o di g o
q u e n o h a h a bi d o u n s ol o dí a e n t o d os est os a ñ os e n el q u e n o  m e h a y as s a c a d o u n a
c ar c aj a d a.  M e v a a c ost ar  m u c h o d es p e dir m e d e ti, p er o ll e v ar é s i e m pr e a ti y a t us
fr as es d e  L a n a d el  R e y e n t o n os p ast el e n el c or a z ó n. J u nt os, h a b éis h e c h o q u e l a
f a mili a q u e est a b a a 8 0 0 0 kil ó m etr os d e dist a n ci a est u vi es e t a n c er c a c o m o est a b ais
v os otr os.

D ur a nt e el d o ct or a d o h e h e c h o a mi g os q u e ll e v ar e p or si e m pr e c o n mi g o. J u-
di t , er es u n s ol d e p ers o n a y  m e al e gr a h a b ert e c o n o ci d o.  M e h as a p ort a d o t a nt o
c o n o ci mi e nt o y s e g uri d a d e n  mi  mis m o q u e h e l o gr a d o q u er er m e y r es p et ar m e  m ás
d e l o q u e l o h a cí a a nt es. Ll o r e n ç , h as si d o d e l as  m ej or es c os as q u e  m e h a p as a d o e n
el d es p a c h o 3 1 2.  M e h as e ns e ñ a d o t a nt o y h e a pr e n di d o t a nt o d e ti, q u e t u a mist a d
s e h a c o n v erti d o e n u n pr e ci a d o t es or o. W al t e r , t e h as tr a nsf or m a d o si n d u d a  mi
p ar ej a o fi ci al d e fi est as.  Y a h e p er di d o l a c u e nt a d e l as v e c es q u e h e m os d es a y u n-
a d o e n el  G a g o III c o m o pl a n l a m e nt a bl e v ol vi e n d o a c as a.  A ú n  m ás, c o nti g o h e
v u elt o a c o n e ct ar c o n  m u c h os d e  mis g ust os  Ve n e z ol a n os y l ati n os. S e r gi o , er es
si n d u d a d e l as p ers o n as  m as gr a ci os as q u e h e c o n o ci d o.  Est o y t a n a c ost u m br a d o a
v ert e, p or l a  m e di d a b aj a, d os v e c es al dí a e n  mi d es p a c h o q u e l os dí as q u e es o n o
o c urr e si e nt o q u e  m e f alt a al g o.  M u c h as gr a ci as p or si e m pr e s a c ar m e u n a s o nris a
a ú n c u a n d o n o  m e e n c o ntr a b a bi e n. Al ej a n d r o , es u n a l ásti m a q u e n o t e c o n o ci es e
a nt es p or q u e er es u n a d e l as  m ej or es p ers o n as q u e  m e h e e n c o ntr a d o e n est os a ñ os.
M u c h as gr a ci as p or c o nt a gi ar m e c o n t u al e grí a y a ni m o, y p or si e m pr e est ar a hi
c u a n d o l o n e c esit a b a. M a r t a , er es si n d u d a d e l as  m ej or es p ers on a s q u e h e t e ni d o
l a s u ert e d e c o n o c er e n  M a dri d.  H as a p ort a d o a  mi vi d a  m u c h as i d e as y p u nt os d e
vist a f u er a d el á m bit o físi c o- a c a d é mi c o q u e  m e h a n h e c h o u n a p ers o n a  m u c h o  m ás
i nt e gr al. E d u a r d o , n os c o n o c e m os d es d e h a c e p o c o p er o er es si n d u d a u n g e ni al
c o m p a ñ er o d e d es p a c h o.  C u a n d o s e f u er o n  Ll or e n c y J os é t e ní a  mi e d o d e l a n u e v a
c o n vi v e n ci a, p er o es e  mi e d o er a i nf u n d a d o p or q u e er es u n a p ers o n a g e ni al y c o n l a
q u e disfr ut o  m u c h o c o n v ers a n d o, t a nt o d e físi c a c o m o d e l a vi d a.  Q ui e r o agr a d e c er
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p or ulti m o a J u a n  D a vi d ,  mi a mi g o e n l a dist a n ci a.  Te q ui er o d ar l as gr a ci as
p or t o d as l as c o n v ers a ci o n es, l as ris as, l as n o c h es e n c as a c o ci n a n d o, vi e n d o s eri es,
y es c u c h a n d o  m usi c a.  T u a y u d a h a si g ni fi c a d o  m u c hísi m o p ar a  mi d ur a nt e t o d os
est os a ñ os.  A t o d os v os otr os, y a t o d os l as p ers o n as q u e h e c o n o ci d o a l o l ar g o d el
d o ct or a d o e n el I F T, gr a ci as!

T o  m y t h esis br ot h er Pi e t r o .  We  m a d e it!  T h a n k y o u f or s o  m a n y e n c o ur a gi n g
c o n v ers ati o ns, f or p utti n g u p  wit h  m y pr o bl e ms, a n d f or h el pi n g  m e b e c o m e a b ett er
p h ysi cist.  Als o t o  m y ot h er " R eti c uli a n os " fri e n ds, Al e s s a n d r o , F e r n a n d o a n d
Cl a u di o , t h a n k y o u f or s o  m a n y fr uitf ul c o n v ers ati o ns.  T h a n ks t o t h e r est of t h e
l atti c e gr o u p at I F T, it h as b e e n a v er y ni c e pl a c e t o d e v el o p  m y  P h. D

L ast b ut n ot l e ast, I  w o ul d li k e t o t h a n k all t h e m ai n t e n a n c e a n d a d mi ni s-
t r a ti v e st aff at I F T, t his i nstit ut e c o ul d n ot r u n  wit h o ut y o u!
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R es u m e n

E n l a pr es e nt e  m e m ori a d e t esis d o ct or al, est u di a m os al g u n as i m pli c a ci o n es d e l a
hi p ót esis v ol u m e i n d e p e n d e n c e p ar a l as t e orí as d e  Y a n g- Mills S U (N ).  E n p arti c ul ar,
e x pl or a m os u n es q u e m a d e r e n or m ali z a ci ó n d e v ol u m e n fi nit o q u e c o m bi n a tr es
i n gr e di e nt es pri n ci p al es: u n a c o nst a nt e d e a c o pl o b as a d a e n el g r a di e nt fl o w , el us o
d e c o n di ci o n es d e c o nt or n o t wi st e d y u n a g e o m etrí a asi m étri c a, q u e p ar a t e orí as
g a u g e S U (N ) c o nsist e e n u n a c aj a e n 4 di m e nsi o n es d e t a m a ñ o l2 × (N l ) 2 .  T a nt o el
n ú m er o d e c ol or es N c o m o el fl uj o Z N q u e atr a vi es a el t or o s o n t o m a d os d e ntr o d e
l a s e c u e n ci a d e  Fi b o n a c ci, es d e cir, N = F n y k = F n − 2 .  V ari os ar g u m e nt os b as a d os
e n tr a b aj os a nt eri or es i n di c a n q u e est a el e c ci ó n d e c o n di ci o n es d e c o nt or n o e vit a el
r o m pi mi e nt o d e v ol u m e i n d e p e n d e n c e e n el lí mit e d e N gr a n d e.

Ar g u m e nt a m os q u e est e es q u e m a ti e n e v ari as v e nt aj as q u e l o h a c e n p arti c u-
l ar m e nt e a d e c u a d o p ar a d et er mi n ar l a c o nst a nt e d e a c o pl a mi e nt o f u ert e c o n alt a
pr e cisi ó n, i n cl u y e n d o i n v ari a n ci a tr asl a ci o n al, u n a e x p a nsi ó n a n alíti c a e n l a c o n-
st a nt e d e a c o pl o y u n g ast o e n  m e m ori a r e d u ci d o e n c o m p ar a ci ó n c o n si m ul a ci o n es
e n r etí c ul os si m étri c os, l o q u e p er mit e u n us o  m ás e fi ci e nt e d e l os a ct u al es cl ust ers
d e  G P U.  El es q u e m a t a m bi é n es a d e c u a d o p ar a e xtr a er l a d e p e n d e n ci a e n N d el
p ar á m etr o Λ e n l as t e orí as g a u g e p ur as S U (N ).

Pr o b a m os n u m éri c a m e nt e el es q u e m a d et er mi n a n d o el p ar á m etr o Λ p ar a tr es
v al or es d e N = 3 , 5, y 8.  M ostr a m os q u e e l us o d e u n a g e o m etrí a asi m étri c a n o ti e n e
u n ef e ct o si g ni fi c ati v o e n el t a m a ñ o d e l as vi ol a ci o n es d e es c al a, o bt e ni e n d o v al or es
Λ N = 3

M S

√
8 t0 = 0 .6 0 3( 1 7) y Λ N = 5

M S
/
√

σ 0 = 0 .5 6 0( 2 1) c o m p ati bl es c o n l a lit er at ur a e x-
ist e nt e. S e dis c ut e e n d et all e el p a p el d el f r e e zi n g t o p ol ó gi c o, q u e es r el e v a nt e p ar a
l a d et er mi n a ci ó n d el a c o pl a mi e nt o e n est e es q u e m a p arti c ul ar.  T a m bi é n dis c uti-
m os el p a p el d el v ol u m e n físi c o c o m o h err a mi e nt a p ar a e x pl or ar l a di n á mi c a n o-
p ert ur b ati v a y g e n er al el cr e ci mi e nt o d e l a s us c e pti bili d a d t o p ol ó gi c a, i nt er pr et a n d o
al g u n as d e l as c ar a ct erísti c as t o p ol ó gi c as o bs er v a d as e n t ér mi n os d e u n a a pr o xi m-
a ci ó n d e g as dil ui d o b as a d a e n i nst a nt o n es d e c ar g a fr a c ci o n ari a.

D a d o q u e l os i nst a nt o n es d e c ar g a fr a c ci o n ari a d es e m p e ñ a n u n p a p el i m-
p ort a nt e e n n u estr as d et er mi n a ci o n es, utili z a m os  m ét o d os n u m éri c os p ar a est u di ar
n u e v as s ol u ci o n es d e ti p o i nst a nt ó n a ut o d u al e n R × T 3 c o n c ar g a t o p ol ó gi c a fr a c-
ci o n ari a Q = 1 / N . S e o bti e n e n e n u n a c aj a c o n c o n di ci o n es d e c o nt or n o t wi st e d c o n
el n ú m er o d e c ol or es y el fl uj o k es c al a d os c o m o s e h a c o m e nt a d o a nt eri or m e nt e.
Est as s ol u ci o n es a d q ui e r e n r el e v a n ci a e n u n a f or m ul a ci ó n h a milt o ni a n a d e l a t e orí a
g a u g e, d o n d e r e pr es e nt a n s u c es os d e t ú n el e ntr e v a cí os i n e q ui v al e nt es, eli mi n a n d o l a
d e g e n er a ci ó n e ntr e s e ct or es d e fl uj o el é ctri c o pr es e nt e e n t e orí a d e p ert ur b a ci o n es.
Dis c uti m os l as pr o pi e d a d es d e est as s ol u ci o n es e n el lí mit e d e N gr a n d e y e v al u a m os
v ari os i n v ari a nt es g a u g e c o m o l a d e nsi d a d d e a c ci ó n o l os o p er a d or es d e  Wils o n y
P ol y a k o v.

xi



A bstr a ct

I n t h e pr es e nt t h esis r e p ort,  w e st u d y s o m e i m pli c ati o ns of t h e v ol u m e i n d e p e n d-
e n c e h y p ot h esis f or S U (N ) Y a n g- Mills t h e ori es. I n p arti c ul ar,  w e e x pl or e a fi nit e
v ol u m e r e n or m ali z ati o n s c h e m e t h at c o m bi n es t hr e e  m ai n i n gr e di e nts: a c o u pli n g
b as e d o n t h e gr a di e nt fl o w, t h e us e of t wist e d b o u n d ar y c o n diti o ns a n d a p arti c ul ar
as y m m etri c g e o m etr y,  w hi c h f or S U (N ) g a u g e t h e ori es c o nsists of a h y p er c u bi c b o x
of si z e l2 × (N l ) 2 .  B ot h t h e n u m b er of c ol ors N a n d t h e ’t  H o oft Z N fl u x pi er ci n g
t h e t or us ar e t a k e n  wit hi n t h e  Fi b o n a c ci s e q u e n c e, i. e. N = F n a n d k = F n − 2 .
V ari o us ar g u m e nts b as e d o n pr e vi o us  w or ks i n di c at e t h at t his c h oi c e of t wist a v oi ds
t h e br e a k d o w n of v ol u m e i n d e p e n d e n c e i n t h e l ar g e N li mit.

We ar g u e t h at t his s c h e m e h as s e v er al a d v a nt a g es t h at  m a k e it p arti c ul arl y
s uit a bl e f or pr e cisi o n d et er mi n ati o ns of t h e str o n g c o u pli n g c o nst a nt i n  Q C D, i n-
cl u di n g tr a nsl ati o n al i n v ari a n c e, a n a n al yti c e x p a nsi o n i n t h e c o u pli n g a n d a r e d u c e d
m e m or y f o ot pri nt c o m p ar e d t o st a n d ar d si m ul ati o ns o n s y m m etri c l atti c es, all o w-
i n g f or a  m or e effi ci e nt us e of c urr e nt  G P U cl ust ers.  T h e s c h e m e is als o s uit a bl e f or
e xtr a cti n g t h e N d e p e n d e n c e of t h e Λ p ar a m et er of S U (N ) p ur e g a u g e t h e ori es.

We t est t h e s c h e m e n u m eri c all y b y d et er mi ni n g t h e Λ p ar a m et er f or t hr e e
v al u es of N = 3 , 5, a n d 8.  We s h o w t h at t h e us e of as y m m etri c g e o m etr y h as n o
si g ni fi c a nt e ff e ct o n t h e si z e of t h e s c ali n g vi ol ati o ns, o bt ai ni n g v al u es Λ N = 3

M S

√
8 t0 =

0 .6 0 3( 1 7) a n d Λ N = 5
M S

/
√

σ 0 = 0 .5 6 0( 2 1) i n g o o d a gr e e m e nt  wit h t h e e xisti n g lit er at ur e.
T h e r ol e of t o p ol o g y fr e e zi n g,  w hi c h is r el e v a nt f or t h e d et er mi n ati o n of t h e c o u pli n g
i n t his p arti c ul ar s c h e m e a n d f or l ar g e N a p pli c ati o ns, is dis c uss e d i n d et ail.  We als o
dis c uss t h e r ol e of t h e p h ysi c al v ol u m e as a t o ol f or e x pl ori n g t h e n o n- p ert ur b ati v e
d y n a mi cs a n d tri g g er t h e o ns et of t h e t o p ol o gi c al s us c e pti bilit y, i nt er pr eti n g s o m e
of t h e o bs er v e d t o p ol o gi c al f e at ur es i n t er ms of a dil ut e g as a p pr o x i m ati o n b as e d o n
fr a cti o n al c h ar g e i nst a nt o ns.

Si n c e fr a cti o n al c h ar g e i nst a nt o ns pl a y a n i m p ort a nt r ol e i n o ur p arti c ul ar
s et u p,  w e us e n u m eri c al  m et h o ds t o st u d y n e w S U (N ) s elf- d u al i nst a nt o n-li k e s ol u-
ti o ns o n R × T 3 wit h fr a cti o n al t o p ol o gi c al c h ar g e Q = 1 / N .  T h e y ar e o bt ai n e d
o n t h e t wist e d b o x  wit h t h e n u m b er of c ol ors a n d t h e k- fl u x s c al e d as c o m m e nt e d
b ef or e.  T h es e s ol uti o ns b e c o m e r el e v a nt o n a  H a milt o ni a n f or m ul ati o n of g a u g e
t h e or y,  w h er e t h e y r e pr es e nt v a c u u m- t o- v a c u u m t u n n eli n g e v e nts, lifti n g t h e d e-
g e n er a c y b et w e e n el e ctri c fl u x s e ct ors pr es e nt i n p ert ur b ati o n t h e or y.  We dis c uss
t h e l ar g e N s c ali n g pr o p erti es of t h e s ol uti o ns a n d e v al u at e v ari o us g a u g e i n v ari a nt
q u a ntiti es s u c h as t h e a cti o n d e nsit y or t h e  Wils o n a n d  P ol y a k o v l o o p o p er at ors.
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I ntr o d u c ci ó n

El si gl o  X X f u e si n d u d a u n o d e l os  m o m e nt os  m ás i m p ort a nt es e n el d es arr oll o
t e óri c o d e l a físi c a t al y c o m o l a c o n o c e m os h o y e n dí a, d a n d o l u g ar a d os t e orí as
si n pr e c e d e nt es: l a  m e c á ni c a c u á nti c a y l a r el ati vi d a d es p e ci al. 1

P or u n l a d o, l a  m e c á ni c a c u á nti c a r e pr es e nt a u n  m ar c a d o a b a n d o n o d e l a
i nt ui ci ó n cl ási c a q u e h a bí a r e gi d o d ur a nt e  m u c h o ti e m p o n u estr a c o m pr e nsi ó n d el
m u n d o.  A dif er e n ci a d e l a físi c a cl ási c a, q u e as u m e el d et er mi nis m o y l a  m e di ci ó n
e x a ct a , l a  m ec á ni c a c u á nti c a n os e nfr e nt a a l a i n c erti d u m br e i n h er e nt e y a r es ult a d os
pr o b a bilísti c os.  T a m bi é n i ntr o d u c e l a ll a m a d a d u ali d a d o n d a- p artí c ul a, s e g ú n l a
c u al o bj et os c u á nti c os c o m o l os el e ctr o n es y l os f ot o n es pr es e nt a n pr o pi e d a d es t a nt o
d e o n d a c o m o d e p artí c ul a, u n r es ult a d o i n c o n c e bi bl e e n el  m ar c o d e l as t e orí as
cl ási c as.  L a r el ati vi d a d es p e ci al, p or s u p art e, r et o m a l a vi ej a a fir m a ci ó n d e  G alil e o
d e q u e l as l e y es d e l a físi c a n o c a m bi a n c u a n d o l os sist e m as d e r e f er e n ci a i n er ci al es
s e  m u e v e n a v el o ci d a d es c o nst a nt es, p er o l a r ef or m ul a d e  m o d o q u e l a v el o ci d a d
d e l a l u z s e a u n a c o nst a nt e f u n d a m e nt al.  Est e p ost ul a d o f u n d a m e nt al c o n d u c e
a c o ns e c u e n ci as as o m br os as c o m o l a dil at a ci ó n d el ti e m p o, l a c o ntr a c ci ó n d e l a
l o n git u d o l a e q ui v al e n ci a d e  m as a y e n er gí a.  T a m bi é n c o n d u c e a u n a pr of u n d a
c o m pr e nsi ó n d e l a i nt er a c ci ó n e ntr e es p a ci o y ti e m p o, q u e r es ult a n s er d os c ar as d e
l a  mis m a  m o n e d a, y d a l u g ar al c o n c e pt o d e es p a ci o-ti e m po c u atri- di m e nsi o n al.

A p artir d e est as d os f a m os as y r el e v a nt es t e orí as, c o nsi d er a d as h o y e n dí a l os
d os pil ar es d e l a físi c a t e óri c a  m o d er n a, s e c o nstr u y ó u n n u e v o, p ot e nt e y el e g a nt e
m ar c o t e óri c o: l a t e orí a c u á nti c a d e c a m p os. S u p a p el c e ntr al e n n u estr a c o m pr e n-
si ó n d e l a n at ur al e z a q u e d ó est a bl e ci d o p or s u é xit o e n l a d es cri p ci ó n d e f e n ó m e n os
q u e v a n d es d e el  m u n d o  mi cr os c ó pi c o d e l a físi c a d e p artí c ul as h ast a l as es c al as
c os m ol ó gi c as d el u ni v ers o pri miti v o.  El pri n c i p al c a m bi o d e p ar a di g m a c o nsisti ó e n
d ej ar d e p e ns ar e n l as p artí c ul as c o m o o bj et os p u nt u al es y r ei nt er pr et arl as c o m o
e x cit a ci o n es d e c a m p os c u á nti c os vi br a nt es q u e s e e xti e n d e n p or el es p a ci o-ti e m p o.
D e h e c h o, el d es arr oll o d e l a t e orí a c u á nti c a d e c a m p os c o m e n z ó e n l a d é c a d a d e
1 9 2 0 c o n el est u di o d e l as i nt er a c ci o n es e ntr e l a l u z y l os el e ctr o n es, q u e e n a q u el
m o m e nt o est a b a n bi e n d es crit as a ni v el cl ási c o p or l a el e ctr o di n á mi c a d e  M a x w ell,
p er o q u e n o d es cri bí a n l o s fe n ó m e n os c u á nti c os.  D a d o q u e el el e ctr o m a g n etis m o
p ur o es u n a t e orí a li br e d e u n c a m p o d e es pí n 1 si n  m as a, l a c u esti ó n er a si er a
p osi bl e c o nstr uir u n a t e orí a d e c a m p os c o n es pí n 1 e n el  m ar c o d e l a t e orí a c u á nti c a
d e c a m p os.  L a r es p u est a ll e g ó e n l a d é c a d a d e 1 9 5 0 c o n l as t e orí as d e  Y a n g- Mills,
u n o d e l os a v a n c es  m ás i m p ort a nt es p ar a l a físi c a d e p artí c ul as y d e alt as e n er gí as.
L a d es cri p ci ó n d e l a el e ctr o di n á mi c a c o m o t e orí a d e  Y a n g- Mills c o n d uj o a l a f or m u-
l a ci ó n d e l a el e ctr o di n ámi c a c u á nti c a, l a pri m er a t e orí a c u á nti c a d e c a m p os a b eli a n a
pl e n a m e nt e d es arr oll a d a y b as a d a e n u n o d e l os pri n ci pi os  m ás i m p ort a nt es d e l a
n at ur al e z a: l a i n v ari a n ci a g a u g e.

H ast a es e  m o m e nt o, er a n at ur al pr e g u nt ars e si l as t e orí as g a u g e d e  Y a n g-
Mills p o drí a n d es cri bir t a m bi é n otr as f u er z as d e l a n at ur al e z a, c o m o l a f u er z a d é bil,
r es p o ns a bl e d e l a r a di a cti vi d a d, o l a f u er z a f u ert e, q u e u n e pr ot o n es y n e utr o n es e n

1 T o d a s l a s r ef er e n ci a s i m p o rt a nt e s p a r a el c o nt e ni d o d e e st a i nt r o d u c ci ó n s e d a n e n c h. 2 .
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l os n ú cl e os at ó mi c os.  U n os a ñ os  m ás t ar d e, e n 1 9 5 4, s e c o nstr u y ó l a pri m er a t e orí a
g a u g e n o a b eli a n a p ar a e x pli c ar l a i nt er a c ci ó n f u ert e, d e n o mi n a d a cr o m o di n á mi c a
c u á nti c a d e bi d o a l a i ntr o d u c ci ó n d e u n n u e v o ti p o d e c ar g a si mil ar a l a el é ctri c a,
d e n o mi n a d a c ar g a d e c ol or.

L as e c u a ci o n es d e  Y a n g- Mills p ar a c a m p os g a u g e a b eli a n os y n o a b eli a n os s o n
u n c o m pl ej o sist e m a d e e c u a ci o n es n o li n e al es a c o pl a d as p ar a l as q u e s ól o s e c o n o c e n
u n as p o c as s ol u ci o n es e x a ct as.  Hist óri c a m e nt e, u n a d e l as f or m as  m ás a c c esi bl es d e
a b or d arl as h a si d o l a c o n o ci d a t e orí a d e p ert ur b a ci o n es, b as a d a e n r e ali z ar e x p a n-
si o n es e n t or n o a u n p e q u e ñ o p ar á m etr o p ar a o bt e n er r es ult a d os físi c os h ast a u n a
i n c erti d u m br e d a d a.  Est a t é c ni c a, c o m bi n a d a c o n el est u di o d e l a el e ctr o di n á mi c a
c u á nti c a, ll e v ó a  Ri c h ar d  Fe y n m a n a d es arr oll ar s u f a m os a n ot a ci ó n d e di a gr a m as
e n l a q u e el p e q u e ñ o p ar á m etr o d e e x p a nsi ó n es l a c o nst a nt e d e a c o pl a mi e nt o q u e
r e pr es e nt a l a i nt er a c ci ón e ntr e l os c a m p os.

A u n q u e est a t é c ni c a s e a pli c ó c o n é xit o a l a el e ctr o di n á mi c a c u á nti c a, n o o c ur-
ri ó l o  mis m o c o n l as i nt er a c ci o n es f u ert es.  Mi e ntr as q u e l as t e orí as a b eli a n as s e
b as a n e n c a m p os c u y a i nt er a c ci ó n cr e c e c o n l a e n er gí a, o c urr e l o c o ntr ari o c o n l as
t e orí as n o a b eli a n as, e n l as q u e l os c a m p os est á n f u ert e m e nt e a c o pl a d os a b aj as
e n er gí as.  E n est e s e nti d o, l as i m pli c a ci o n es físi c as d e b aj a e n er gí a d e l a i nt er a c-
ci ó n f u ert e, c orr es p o n di e nt es a l a físi c a n u c l ear y h a dr ó ni c a, n o p u e d e n r es ol v ers e
m e di a nt e l a t e orí a d e p ert ur b a ci o n es.  D es af ort u n a d a m e nt e, a u n q u e l as t e orí as d e
Y a n g- Mills pr o p or ci o n a n u n a  m a n er a  m at e m áti c a m e nt e f or m al d e d es cri bir l a i nt er-
a c ci ó n f u ert e, t o d a ví a n o e xist e u n a  m a n er a  m at e m áti c a m e nt e c o nsist e nt e d e r es ol v er
l as e c u a ci o n es e n el r é gi m e n d e b aj a e n er gí a.  Est e es u n o d e l os f a m os os pr o bl e m as
a bi ert os e n  m at e m áti c as y físi c a pr o p u est os p or el I nstit ut o  Cl a y.

S e pr o p usi er o n d os  m ar c os s e mi n a l es p ar a r es ol v er el pr o bl e m a d el es p e ctr o n o
p ert ur b ati v o d e l a i nt er a c ci ó n f u ert e.  A u n q u e a m b os tr a b aj os n a ci er o n i ni ci al m e nt e
c o n l a  mis m a i nt e n ci ó n, a c a b ar o n si g ui e n d o c a mi n os dif er e nt es.

P or u n l a d o, ’t  H o oft p u bli c ó u n o d e s us tr a b aj os  m ás f a m os os e n el q u e
e x pl or a b a l a p osi bili d a d d e e xt e n d er el r é gi m e n f u ert e m e nt e a c o pl a d o d e l as i nt er a c-
ci o n es f u ert es e n t ér mi n os d e u n p e q u e ñ o p ar á m etr o disti nt o d el a c o pl a mi e nt o.  El
o bj eti v o er a r e ali z ar e x p a nsi o n es e n t ér mi n o s d e 1 / N , d o n d e N es el n ú m er o d e c ar-
g as d e c ol or d e l a t e orí a n o a b eli a n a, q u e e n el c as o d e l a cr o m o di n á mi c a c u á nti c a
es N = 3 . S or pr e n d e nt e m e nt e, l os di a gr a m as s e or g a ni z a n e n gr u p os or d e n a d os
t o p ol ó gi c a m e nt e, y l a e x p a nsi ó n s u pri m e d e f or m a n at ur al l os q u e n o s e p u e d e n
di b uj ar e n u n pl a n o.  P or t a nt o, l a pri n ci p al c o ntri b u ci ó n pr o c e d e d e l os ll a m a d os
di a gr a m as pl a n os, c u y o n ú m er o cr e c e e x p o n e n ci al m e nt e e n c o ntr ast e c o n el n ú m er o
t ot al d e di a gr a m as, q u e cr e c e f a ct ori a l m ent e. S e cr eí a q u e est os di a gr a m as p o drí a n
r es u m ars e p ar a o bt e n er r es ult a d os a n alíti c os a p artir d e l as e x p a nsi o n es p ert ur b-
ati v as, p er o est o n o f u e p osi bl e y s e d es c art ó l a i d e a d e utili z ar est a t e orí a pl a n ar
p ar a r es ol v er l as i nt er a c ci o n es f u ert es; n o o bst a nt e, est e tr a b aj o pi o n er o i ni ci ó el
est u di o d e l as t e orí as g a u g e c o n u n n ú m er o ar bitr ari a m e nt e gr a n d e d e c ol or es.  R es-
ult ó q u e l a t e orí a es  m ás f á cil d e  m a n ej ar e n est e lí mit e q u e p ar a v al or es fi nit os d e
N , y el c o n o ci d o lí mit e d e N g r a n d e s e c o n virti ó e n u n a d e l as  m ej or es o p ci o n es
p ar a o bt e n er pist as e i n di ci os s o br e el c o m p ort a mi e nt o d e l as i nt er a c ci o n es f u ert es.
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C o m o a p u nt e, l a i n v e n ci ó n d el lí mit e d e gr a n N f u e t a m bi é n u n el e m e nt o cl a v e e n el
d es c u bri mi e nt o d e u n s e ct or d e  A d S q u e d es cri b e l a s u p er gr a v e d a d, c o n o ci d o c o m o
l a e q ui v al e n ci a  A ds / C F T.

P or otr o l a d o,  K e n et h  Wils o n pr o p us o u n a dis cr eti z a ci ó n d el es p a ci o-ti e m p o
c o m o u n a r e d fi nit a d e p u nt os e n c err a d os e n u n v ol u m e n físi c o fi nit o.  L as i nt e gr al es
di v er g e nt es h a bit u al es d e l a t e orí a c u á nti c a d e c a m p os p o drí a n c al c ul ars e, y a q u e
l a s e p ar a ci ó n d e l a r e d y el v ol u m e n fi nit o pr o p or ci o n a n u n lí mit e n at ur al p ar a l as
di v er g e n ci as ultr a vi ol et a e i nfr arr oj a, r es p e cti v a m e nt e.  E n p o c as p al a br as, a m b os
lí mit es s o n r e g ul a d or es n at ur al es d e l a t e orí a dis cr eti z a d a.  L a f or m ul a ci ó n es e q ui-
v al e nt e a u n sist e m a d e  m e c á ni c a est a dísti c a y, e n c o ns e c u e n ci a, p u e d e r es ol v ers e
m e di a nt e  m ét o d os n u m éri c os c o m o el  m ét o d o d e  M o nt e c arl o.  Wils o n f u e c a p a z d e
d e m ostr ar el c o n fi n a mi e nt o d e q u ar ks e n l a r e gi ó n d e a c o pl a mi e nt o f u ert e,  m ostr a n d o
q u e a gr a n d es dist a n ci as e l p ot e n ci al q u e c o n e ct a d os q u ar ks n o di n á mi c os ti e n e u n
t ér mi n o li n e al q u e cr e c e c o n l a dist a n ci a.  Est o s e nt ó l as b as es d e l o q u e s e c o n o ci ó
c o m o t e orí a c u á nti c a d e c a m p os e n el r etí c ul o, el ú ni c o ár e a d e i n v esti g a ci ó n d e l a
físi c a t e óri c a c a p a z d e pr o p or ci o n ar r es ult a d os pr e cis os y fi a bl es p ar a c a nti d a d es d e
i nt er és f e n o m e n ol ó gi c o r el a ci o n a d as c o n l a i nt er a c ci ó n f u ert e.

C o n el ti e m p o, a m b os  m ar c os s e  m e z cl ar o n, y el f or m alis m o d e l a t e orí a d e
c a m p os e n el r etí c ul o c o m e n z ó a utili z ars e p ar a est u di ar t e orí as d e  Y a n g- Mills e n el
lí mit e N gr a n d e.

U n a h err a mi e nt a  m u y e xit os a p ar a est u di ar l as t e orí as d e  Y a n g- Mills es s u
f or m ul a ci ó n e n u n v ol u m e n fi nit o.  E ntr e l os f e n ó m e n os i nt er es a nt es q u e s ur g e n d el
est u di o d e l as t e orí as d e  Y a n g- Mills d e v ol u m e n fi nit o s e e n c u e ntr a l a i nt er a c ci ó n
e ntr e l os gr a d os d e li b ert a d es p a ci al es y d e c ol or q u e s e pr o d u c e c u a n d o l os c a m p os
est á n d ot a d os d e c o n di ci o n es d e c o nt or n o t wi st e d.  Est as c o n di ci o n es d e c o nt or n o
s e r efi er e n al h e c h o d e q u e l os c a m p os g a u g e e n u n t or o d e b e n s er p eri ó di c os s ól o
h ast a u n a tr a nsf or m a ci ó n g a u g e, u n h e c h o q u e ’t  H o oft utili z ó p ar a d e m ostr ar l a
e xist e n ci a d e n u e v os s e ct or es t o p ol ó gi c os p ar a m etri z a d os p or el ll a m a d o t e ns or d e
t orsi ó n n µ ν .

U n a d e l as d es cri p ci o n es d e v ol u m e n fi nit o  m ás f a m os as d e l as t e orí as g a u g e
es l a c o n o ci d a r e d u c ci ó n d e  E g u c hi- K a w ai, e n l a q u e  m u estr a n u n a i nt er es a nt e i n-
t er a c ci ó n e ntr e gr a d os d e li b ert a d es p a ci al es y d e c ol or.  Est a pr o p u e st a f u e  m o di-
fi c a d a p ost eri or m e nt e p or  G o n z ál e z- Arr o y o y  O k a w a e n s u f a m os a r e d u c ci ó n  T wist e d
E g u c hi- K a w ai, e n l a q u e r ef or m ul ar o n l a pr o p u est a ori gi n al p ar a d ot ar a l os c a m p os
g a u g e d e c o n di ci o n es d e c o nt or n o t wi st e d.

L a i nt er a c ci ó n e ntr e l os gr a d os d e li b ert a d d e c ol or y es p a ci al es est a bl e c e u n a
c o n e xi ó n dir e ct a e ntr e l as t e orí as g a u g e d e v ol u m e n fi nit o c o n u n t wi st n o tri vi al y
l as t e orí as n o c o n m ut ati v as.  F or m ul a d a p or pri m er a v e z a ni v el p ert ur b ati v o, est a
r el a ci ón s e  m a ni fi est a d e f or m a n o p ert ur b ati v a a tr a v és d e l a d u ali d a d d e  M orit a,
q u e est a bl e c e q u e l as t e orí as g a u g e S U (N ) s o br e u n t or o t wi st e d d e t a m a ñ o l s o n
físi c a m e nt e e q ui v al e nt es a u n a t e orí a n o c o n m ut ati v a U ( 1) s o br e u n t or o d e l o n git u d l̃
( c o m bi n a n d o e n ci ert o  m o d o gr a d os d e li b ert a d es p a ci al es y d e c ol or) y u n p ar á m etr o
d e n o c o n m ut ati vi d a d θ m u ν ( fij a d o e n t ér mi n os d el t e ns or d e t wi st n m u ν ).  Est e  m a p a
c o n d u c e a l a ll a m a d a hi p ót esis d e v ol u m e i n d e p e n d e n c e .  E n p o c as p al a br as, est a
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hi p ót esis est a bl e c e q u e l os c a m p os g a u g e c o n c o n di ci o n es d e c o nt or n o t wi st e d e n u n
t or o fi nit o d e t a m a ñ o l ti e n e n u n a di n á mi c a c o ntr ol a d a p or u n a l o n git u d ef e cti v a l̃,
q u e  m e z cl a el t a m a ñ o d e l a c aj a y el n ú m er o d e c ol or es e n u n a ci ert a c o m bi n a ci ó n,
y al  mis m o ti e m p o p ost ul a u n a e q ui v al e n ci a e ntr e dif er e nt es t e orí as g a u g e S U (N )
c o n l a  mis m a l o n git u d ef e cti v a l̃ y p ar á m etr o d e n o c o n m ut ati vi d a d fij o θ µ ν .

D e b e s u br a y ars e q u e el lí mit e N gr a n d e t o m a d o e n l a hi p ót esis d e v ol u m e
i n d ep e n d e n c e n o e s el lí mit e N gr a n d e h a bit u al d e ’t  H o oft.  E n v ol u m e n i n fi nit o,
el lí mit e d e N gr a n d e s e t o m a c o n u n a c o pl a mi e nt o b a r e d e ’t  H o oft fij o λ 0 =
N g 2

0 ll e v a n d o el n ú m er o d e c ol or es N a i n fi nit o y al  mis m o ti e m p o ll e v a n d o el
a c o pl a mi e nt o b a r e g 0 a c er o.  Est o c orr es p o n d e a u n lí mit e t er m o di n á mi c o e n el q u e
l as c o n di ci o n es d e c o nt or n o s e v u el v e n irr el e v a nt es y l a d e p e n d e n ci a d el p ar á m etr o
d e n o c o n m ut ati vi d a d d es a p ar e c e.  P or otr a p art e, p ar a v ol ú m e n es fi nit os, el lí mit e
N gr a n d e s e t o m a fij a n d o l a l o n git u d ef e cti v a l̃, l o q u e e q ui v al e a t o m ar el lí mit e N
gr a n d e fij a n d o el a c o pl a mi e nt o r e n or m ali z a d o λ ( l̃) e n l u g ar d el b a r e .  Us a n d o est a
v ersi ó n d el lí mit e N gr a n d e, c o n o ci d o c o m o lí mit e N gr a n d e si n g ul ar, l os o bs er v a bl es
d e p e n d e n n o s ól o d el v ol u m e n ef e cti v o l̃, si n o q u e t a m bi é n d e p e n d e n d el p ar á m etr o
d e n o c o n m ut ati vi d a d.

T o m ar el lí mit e si n g ul ar d e N gr a n d e n o est á e x e nt o d e di fi c ult a d es.  P ar a
n µ ν y N g e n éri c os, l a i n d e p e n d e n ci a d el v ol u m e n s e r o m p e d e bi d o a l a a p ari ci ó n d e
i n est a bili d a d es t a q ui ó ni c as.  P ar a e vit arl as y t e n er u n lí mit e N gr a n d e bi e n d e fi n-
i d o, h a y q u e h a c er al g u n as el e c ci o n es es p e cí fi c as e n el n ú m er o d e c ol or es y e n el
t e ns or d e t wi st. S or pr e n d e nt e m e nt e, u n a el e c ci ó n q u e e vit a al  m á xi m o l a a p ari ci ó n
d e i n est a bili d a d es h a c e us o, d e u n  m o d o q u e s e d et all ar á  m ás a d el a nt e, d e l a s e c u e n-
ci a d e  Fi b o n a c ci, l o q u e c o n d u c e a u n v al or d el p ar á m etr o d e n o c o n m ut ati vi d a d
r el a ci o n a d o c o n l a s e c ci ó n á ur e a.

L a pr es e nt e  m e m o ri a d e t esis est á d e di c a d a al est u di o d e al g u n as i m pli c a ci o n es
físi c as d e l a i n d e p e n d e n ci a d e v ol u m e n utili z a n d o t é c ni c as d e t e orí a d e c a m p os e n
el r etí c ul o.  Est u di ar e m os tr es t e orí as g a u g e dif er e nt es b as a d as e n l os gr u p os g a u g e
S U ( 3), S U ( 5) y S U ( 8), así c o m o al g u n as n u e v as s ol u ci o n es  mí ni m as d e l as e c u a-
ci o n es d e  m o vi mi e nt o d e  Y a n g- Mills.

L a  m e m ori a est á or g a ni z a d a d e l a si g ui e nt e  m a n er a.  E n el c a pít ul o 2 , s e
pr es e nt a n al g u n os f u n d a m e nt os g e n er al es s o br e t e m as r el a c i on a d os c o n el c o nt e ni d o
d e l a t esis, c o m o l a f or m ul a ci ó n d e c a m p os g a u g e e n el t or o, el lí mit e si n g ul ar d e N
gr a n d e, l a hi p ót esis d e r e d u c ci ó n d e v ol u m e n e i n d e p e n d e n ci a d e v ol u m e n, y al g u n as
t é c ni c as r el a ci o n a d as c o n el pr o c e di mi e nt o d e r e n or m ali z a ci ó n, c o m o l a d e fi ni ci ó n
f or m al d el g r a di e nt fl o w y el aj ust e d e es c al a e n el r etí c ul o.

E n el c a pít ul o 3 , pr es e nt ar e m os u n n u e v o es q u e m a d e r e n or m ali z a ci ó n  m o-
ti v a d o p or l a i d e a d e i n d e p e n d e n ci a d e v ol u m e n, ll a m a d o t wi st e d g r a die nt fl o w .
E l es q u e m a  m e z cl a tr es i n gr e di e nt es pri n ci p al es: u n a c o pl a mi e nt o d e fi ni d o d e ntr o
d el g r a di e nt fl o w , c o n di ci o n es d e c o nt or n o t wi st e d p ar a l os c a m p os g a u g e, y u n a
g e o m etrí a asi m étri c a.  C o m o v er e m os, est e es q u e m a d e r e n or m ali z a ci ó n es p arti c u-
l ar m e nt e a d e c u a d o p ar a c ál c ul os p ert ur b ati v os, p or l o q u e e n l a s e g u n d a p art e d e
l a t esis n os c e ntr ar e m os e n el est u di o d el a c o pl a mi e nt o us a n d o t wi st e d g r a di e nt fl o w
p ar a l os tr es gr u p os g a u g e pr es e nt a d os a nt eri or m e nt e.  E n p a rti c ul ar, el c a pít ul o 4
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est á d e di c a d o e x cl usi v a m e nt e al est u di o d e l a t e orí a S U ( 3) p ur a.  Est e c as o es d e
cr u ci al i m p ort a n ci a y a q u e, c o m o v er e m os, s e h a d e m ostr a d o q u e u n a d et er mi n a ci ó n
d e  m u y alt a pr e cisi ó n e n el c as o S U ( 3) p ur o p u e d e tr a d u cirs e e n u n a d et er mi n a ci ó n
d e  m u y alt a pr e cisi ó n d el a c o pl a mi e nt o f u ert e  Q C D, u n a c a nti d a d cl a v e p ar a l a
f e n o m e n ol o gí a d e alt as e n er gí as.  A d e m ás, e xist e u n pr o bl e m a d e c o nsist e n ci a e n l a
d et er mi n a ci ó n d el p ar á m etr o Λ g a u g e p ur o e ntr e l os i n cl ui d os e n el gr u p o F L A G ,
p or l o q u e ar g u m e nt ar e m os e n est e c a pít ul o p or q u é cr e e m os q u e el t wi st e d g r a di e nt
fl o w p u e d e utili z ars e sist e m áti c a m e nt e p ar a pr e cis ar l a i n c erti d u m br e e n est e c ál c ul o
y r es ol v er est a t e nsi ó n.  El c a pít ul o 5 , p or otr o l a d o, est á d e di c a d o p or c o m pl et o al
est u di o d e S U ( 5) y S U ( 8).  C al c ul ar e m os el p ar á m etr o Λ e n est os c as os y est u di ar e-
m os s u d e p e n d e n ci a d e N .  A d e m ás, i n v esti g ar e m os el ef e ct o d e l as c o n di ci o n es d e
c o nt or n o t wi st e d e n l os ef e ct os d e v ol u m e n fi nit o.

D a d o q u e l a s t e orí as  Y a n g- Mills n o a b eli a n as ti e n e n u n a estr u ct ur a t o p ol ó gi c a
n o tri vi al, d es cri bir e m os al g u n as i m pli c a ci o n es y c ar a ct erísti c as t o p ol ó gi c as pr es e nt es
e n l a d es cri p ci ó n e n v ol u m e n fi nit o d e l a t e orí a.  E n el c a pít ul o 6 , est u di ar e m os l a
pr es e n ci a y el ef e ct o d e u n c o n o ci d o pr o bl e m a d e c ar á ct er t o p ol ó gi c o al q u e s e
e nfr e nt a n l as si m ul a ci o n es d e t e orí a d e c a m p os e n el r etí c ul o e n el lí mit e d el c o n-
ti n u o, c o n o ci d o c o m o c riti c al sl o wi n g d o w n , q u e es p arti c ul ar m e nte pr o bl e m áti c o
p ar a n u estr o c ál c ul o d e l a c o nst a nt e d e a c o pl o.  T a m bi é n pr es e nt ar e m os y j usti fi-
c ar e m os n u estr as el e c ci o n es p ar a e vit ar est e pr o bl e m a.  P or otr a p art e, el c a pít ul o
e x pl or a l a d e p e n d e n ci a d el v ol u m e n e n l̃ d e al g u n os o bs er v a bl es físi c a m e nt e i m p ort-
a nt es c o m o l a s us c e pti bili d a d t o p ol ó gi c a.

E n el c a pít ul o 8 est u di ar e m os u n ti p o d e s ol u ci ó n d e a c ci ó n  mí ni m a  m u y es p e-
ci al, c o n l a p e c uli ari d a d d e p os e er u n a c ar g a t o p ol ó gi c a fr a c ci o n ari a.  Cr e e m os q u e
est a c o n fi g ur a ci ó n ti e n e u n a f u ert e i n fl u e n ci a e n n u estr o c ál c ul o d e l a c o nst a nt e d e
a c o pl o.  L a e xist e n ci a d e est as c o n fi g ur a ci o n es s e d e m ostr ó h a c e ti e m p o, p er o l as
ú ni c as s ol u ci o n es a n alíti c as o bt e ni d as h ast a a h or a s o n l as a b eli a n as d e c ur v at ur a
c o nst a nt e, q u e s e v u el v e n a ut o d u al es s ól o b aj o ci ert as c o n di ci o n es.  A n ali z ar e m os s u
es c al a d o h a ci a el lí mit e d e N gr a n d e y est u di ar e m os al g u n os o p er a d or es i n v ari a nt es
g a u g e, c o m o l os o p er a d or es d e  P ol y a k o v y  Wils o n.  E n l a lit er at ur a s e h a n o bt e n-
i d o otr os ti p os d e s ol u ci o n es p ar a dif er e nt es v al or es d e t wi st y g e o m etrí as.  L a t esis
t er mi n a c o n al g u n as c o n cl usi o n es y f ut ur as dir e c ci o n es e n el c a pít ul o 9 .
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1
I ntr o d u cti o n

T h e 2 0t h c e nt ur y  w as u n d o u bt e dl y o n e of t h e  m ost i m p ort a nt  m o m e nts i n t h e
t h e or eti c al d e v el o p m e nt of p h ysi cs as  w e k n o w it t o d a y, gi vi n g ris e t o t w o u n pr e c e d-
e nt e d a n d o utst a n di n g t h e ori es: q u a nt u m  m e c h a ni cs a n d s p e ci al r el ati vit y. 1

O n t h e o n e h a n d, q u a nt u m  m e c h a ni cs r e pr es e nts a cl e ar d e p art ur e fr o m t h e
cl assi c al i nt uiti o n t h at h a d l o n g g o v er n e d o ur u n d erst a n di n g of t h e  w orl d.  U n-
li k e cl assi c al p h ysi cs,  w hi c h ass u m es d et er mi nis m a n d e x a ct  m e as ur e m e nt, q u a nt u m
m e c h a ni cs c o nfr o nts us  wit h i n h er e nt u n c ert ai nt y a n d pr o b a bilisti c r es ults. It als o
i ntr o d u c es t h e s o- c all e d  w a v e- p arti cl e d u alit y, a c c or di n g t o  w hi c h q u a nt u m o bj e cts
s u c h as el e ctr o ns a n d p h ot o ns e x hi bit b ot h  w a v e a n d p arti cl e pr o p erti es, a r es ult
i n c o n c ei v a bl e  wit hi n t h e fr a m e w or k of cl assi c al t h e ori es. S p e ci al r el ati vit y, o n t h e
ot h er h a n d, t a k es u p  G alil e o’s ol d st at e m e nt t h at t h e l a ws of p h ysi cs d o n ot c h a n g e
w h e n i n erti al r ef er e n c e s yst e ms  m o v e at c o nst a nt s p e e ds , b ut r ef or m ul at es it s o t h at
t h e s p e e d of li g ht is a f u n d a m e nt al c o nst a nt.  T his f u n d a m e nt al p ost ul at e l e a ds t o
ast o nis hi n g c o ns e q u e n c es s u c h as ti m e dil ati o n, l e n gt h c o ntr a cti o n, or t h e e q ui v al-
e n c e of  m ass a n d e n er g y. It als o l e a ds t o a pr of o u n d u n d erst a n di n g of t h e i nt er pl a y
b et w e e n s p a c e a n d ti m e,  w hi c h t ur n o ut t o b e t w o si d es of t h e s a m e c oi n, a n d gi v es
ris e t o t h e c o n c e pt of f o ur- di m e nsi o n al s p a c eti m e.

Fr o m t h es e t w o f a m o us a n d r el e v a nt t h e ori es, n o w c o nsi d er e d t h e t w o pill a rs
of  m o d er n t h e or eti c al p h ysi cs, a n e w, p o w erf ul a n d el e g a nt fr a m e w or k  w as c o n-
str u ct e d: q u a nt u m fi el d t h e or y. Its c e ntr al r ol e i n o ur u n d erst a n di n g of n at ur e  w as
est a blis h e d b y its s u c c ess i n d es cri bi n g p h e n o m e n a r a n gi n g fr o m t h e  mi cr os c o pi c
w orl d of p arti cl e p h ysi cs t o t h e c os m ol o gi c al s c al es of t h e e arl y u ni v ers e.  T h e  m a-
j or p ar a di g m s hift  w as t o st o p t hi n ki n g of p arti cl es as p oi nt-li k e o bj e cts a n d t o
r ei nt er pr et t h e m as e x cit ati o ns of vi br ati n g q u a nt u m fi e l ds t h at e xt e n d t hr o u g h
s p a c eti m e. I n f a ct, t h e d e v el o p m e nt of q u a nt u m fi el d t h e or y b e g a n i n t h e 1 9 2 0s
wit h t h e st u d y of t h e i nt er a cti o ns b et w e e n li g ht a n d el e ctr o ns,  w hi c h at t h at ti m e
w er e  w ell d es cri b e d at t h e cl assi c al l e v el b y  M a x w ell’s el e ctr o d y n a mi cs, b ut  w hi c h
di d n ot d es cri b e q u a nt u m p h e n o m e n a. Si n c e p ur e el e ctr o m a g n etis m is a fr e e t h e or y
of a  m assl ess s pi n- 1 fi el d, t h e q u esti o n  w as  w h et h er it  w as p ossi bl e t o c o nstr u ct a
t h e or y of s pi n- 1 fi el ds  wit hi n t h e fr a m e w o r k of q u a nt u m fi el d t h e or y.  T h e a ns w er

1 All i m p o rt a nt r ef er e n c e s f o r t h e c o nt e nt s of t hi s i nt r o d u cti o n a r e gi v e n i n c h. 2 .
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C h a pt e r 1. I nt r o d u cti o n

c a m e i n t h e 1 9 5 0s  wit h t h e  Y a n g- Mills t h e ori es, o n e of t h e  m ost i m p ort a nt br e a k-
t hr o u g hs f or p arti cl e a n d hi g h- e n er g y p h ysi cs.  T h e d es cri pti o n of el e ctr o d y n a mi cs
as a  Y a n g- Mills t h e or y l e d t o t h e f or m ul ati o n of q u a nt u m el e ctr o d y n a mi cs, t h e first
f ull y d e v el o p e d a b eli a n q u a nt u m fi el d t h e or y b as e d o n o n e of t h e  m ost i m p ort a nt
pri n ci pl es of n at ur e: g a u g e i n v ari a n c e.

U p t o t his p oi nt, it  w as n at ur al t o as k  w h et h er  Y a n g- Mills g a u g e t h e ori es c o ul d
als o d es cri b e ot h er f or c es i n n a t ur e, s u c h as t h e  w e a k f or c e,  w hi c h is r es p o nsi bl e f or
r a di o a cti vit y, or t h e str o n g f or c e,  w hi c h bi n ds pr ot o ns a n d n e utr o ns t o g et h er i n
at o mi c n u cl ei.  A f e w y e ars l at er, i n 1 9 5 4, t h e first n o n- a b eli a n g a u g e t h e or y  w as
c o nstr u ct e d t o e x pl ai n t h e str o n g i nt er a cti o n, c all e d q u a nt u m c hr o m o d y n a mi cs d u e
t o t h e i ntr o d u cti o n of a n e w t y p e of c h ar g e si mil ar t o t h e el e ctri c o n e, c all e d t h e
c ol or c h ar g e.

T h e  Y a n g- Mills e q u ati o ns f or a b eli a n a n d n o n- a b eli a n g a u g e fi el ds ar e a c o m-
p l ex s yst e m of c o u pl e d n o nli n e ar e q u ati o ns f or  w hi c h o nl y a f e w e x a ct s ol uti o ns ar e
k n o w n.  Hist ori c all y, o n e of t h e  m ost a c c essi bl e  w a ys of d e ali n g  wit h t h e m h as b e e n
t h e  w ell- k n o w n p ert ur b ati o n t h e or y, b as e d o n p erf or mi n g e x p a nsi o ns ar o u n d a s m all
p ar a m et er t o o bt ai n p h ysi c al r es ults u p t o a gi v e n u n c ert ai nt y.  T his t e c h ni q u e, c o m-
bi n e d  wit h t h e st u d y of q u a nt u m el e ctr o d y n a mi cs, l e d  Ri c h ar d  Fe y n m a n t o d e v el o p
his f a m o us di a gr a m n ot ati o n i n  w hi c h t h e s m all e x p a nsi o n p ar a m e t er is t h e c o u pli n g
c o nst a nt t h at r e pr es e nts t h e i nt er a cti o n b et w e e n t h e fi el ds.

Alt h o u g h t his t e c h ni q u e  w as s u c c essf ull y a p pli e d t o q u a nt u m el e ctr o d y n a mi cs,
t h e s a m e  w as n ot q uit e p ossi bl e f or str o n g i nt er a cti o ns.  W hil e a b eli a n t h e ori es ar e
b as e d o n fi el ds  w h os e i nt er a cti o n gr o ws  wit h e n er g y, t h e o p p osit e is tr u e f or n o n-
a b eli a n t h e ori es, i n  w hi c h t h e fi el ds ar e str o n gl y c o u pl e d at l o w e n er gi es. I n t his
s e ns e, t h e l o w- e n er g y p h ysi cs i m pli c ati o ns of t h e str o n g i nt e r acti o n, c orr es p o n di n g
t o n u cl e ar a n d h a dr o ni c p h ysi cs, c a n n ot b e r es ol v e d b y  m e a ns p ert ur b ati o n t h e or y.
U nf ort u n at el y, alt h o u g h  Y a n g- Mills t h e ori es pr o vi d e a  m at h e m ati c all y f or m al  w a y
t o d es cri b e t h e str o n g i nt er a cti o n, t h er e is still n o  m at h e m ati c all y c o nsist e nt  w a y
t o s ol v e t h e e q u ati o ns i n t h e l o w e n er g y r e gi m e.  T his is o n e of t h e f a m o us o p e n
pr o bl e ms i n  m at h e m ati cs a n d p h ysi cs pr o p os e d b y t h e  Cl a y I nstit ut e.

T w o s e mi n al fr a m e w or ks  w er e pr o p os e d t o s ol v e t h e pr o bl e m of t h e n o n-
p ert ur b ati v e s p e ctr u m of t h e str o n g i nt er a cti o n.  Alt h o u g h b ot h  w or ks  w er e i niti all y
b or n  wit h t h e s a m e i nt e nti o n, t h e y e n d e d u p f oll o wi n g di ff er e nt p at hs.

O n o n e h a n d, ’t  H o oft p u blis h e d o n e of his  m ost f a m o us p a p er i n  w hi c h h e e x-
pl or e d t h e p ossi bilit y of e xt e n di n g t h e str o n gl y c o u pl e d r e gi m e of str o n g i nt er a cti o ns
i n t er ms of a s m all p ar a m et er ot h er t h a n t h e c o u pli n g.  T h e ai m  w as t o  m a k e e x p a n-
si o ns i n t er ms of 1 / N ,  w h er e N is t h e n u m b er of c ol or c h ar g es of th e n o n- a b eli a n
t h e or y,  w hi c h i n t h e c as e of q u a nt u m c hr o m o d y n a mi cs is N = 3 . S ur prisi n gl y, t h e
di a gr a ms  w er e or g a ni z e d i n t o p ol o gi c all y s ort e d gr o u ps, a n d t h e e x p a nsi o n n at ur all y
s u p pr ess es t h os e t h at c o ul d n ot b e dr a w n i n a pl a n e.  T h er ef or e, t h e  m ai n c o ntri-
b uti o n c a m e fr o m t h e s o- c all e d pl a n ar di a gr a ms,  w h os e n u m b er gr e w e x p o n e nti all y
i n c o ntr ast t o t h e t ot al n u m b er of di a gr a ms,  w hi c h gr e w f a ct ori all y. It  w as b eli e v e d
t h at t h es e di a gr a ms c o ul d b e r es u m e d t o o bt ai n a n al yti c al r es ults fr o m t h e p ert ur b-
ati v e e x p a nsi o ns, b ut t his  w as n ot p ossi bl e a n d t h e i d e a of usi n g t his pl a n ar t h e or y
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t o s ol v e str o n g i nt er a cti o ns  w as dis c ar d e d; n e v ert h el ess, t his pi o n e eri n g  w or k st art e d
t h e st u d y of g a u g e t h e ori es  wit h a n ar bitr ar y l ar g e n u m b er of c ol ors. It t ur n e d o ut
t h at t h e t h e or y is e asi er t o h a n dl e i n t his li mit t h a n f or fi nit e v al u es of N , a n d t h e
w ell- k n o w n l ar g e N li mit b e c a m e o n e of t h e b est o pti o ns f or o bt ai ni n g hi nts a n d
cl u es a b o ut t h e b e h a vi or of t h e str o n g i nt er a cti o ns.  As a n asi d e, t h e i n v e nti o n of t h e
l ar g e N li mit  w as als o a k e y el e m e nt i n t h e dis c o v er y of a n  A dS s e ct or d es cri bi n g
s u p er gr a vit y, k n o w n as t h e  A ds / C F T e q ui v al e n c e.

O n t h e ot h er h a n d,  K e n et h  Wils o n pr o p os e d a dis cr eti z ati o n of s p a c eti m e as
a fi nit e l atti c e of p oi nts e n cl os e d i n a fi nit e p h ysi c al v ol u m e.  T h e us u al di v er g e nt
i nt e gr als of q u a nt u m fi el d t h e or y c o ul d b e c o m p ut e d si n c e t h e l atti c e s p a ci n g a n d t h e
fi nit e v ol u m e pr o vi d e a n at ur al c ut o ff f or t h e ultr a vi ol et a n d i nfr ar e d di v er g e n c es,
r es p e cti v el y. I n a n uts h ell, b ot h c ut o ff s ar e n at ur al r e g ul at ors of t h e dis cr et i ze d
t h e or y.  T h e f or m ul ati o n is e q ui v al e nt t o a st atisti c al  m e c h a ni cs s yst e m, a n d as
a c o ns e q u e n c e it c a n b e s ol v e d b y n u m eri c al  m et h o ds s u c h as t h e  M o nt e  C arl o
al g orit h m.  Wils o n  w as a bl e t o d e m o nstr at e t h e c o n fi n e m e nt of q u ar ks u n d er i n
t h e str o n g c o u pli n g r e gi o n, s h o wi n g t h at at l ar g e dist a n c es t h e p ot e nti al c o n n e cti n g
t w o n o n- d y n a mi c al q u ar ks h as a li n e ar t er m t h at gr o ws  wit h dist a n c e.  T his l ai d
t h e f o u n d ati o n f or  w h at b e c a m e k n o w n as l atti c e q u a nt u m fi el d t h e or y, t h e o n l y
r es e ar c h ar e a i n t h e or eti c al p h ysi cs c a p a bl e of pr o vi di n g a c c ur at e a n d r eli a bl e r es ults
f or q u a ntiti es of p h e n o m e n ol o gi c al i nt er est r el at e d t o t h e str o n g i nt er a cti o n.

E v e nt u all y, b ot h fr a m e w or ks  w er e  mi x e d, a n d t h e l atti c e fi el d t h e or y f or m alis m
b e g a n t o b e us e d t o st u d y  Y a n g- Mills t h e ori es i n t h e l ar g e N li mit.

A v er y s u c c essf ul t o ol t o st u d y  Y a n g- Mills t h e ori es is t h eir f or m ul ati o n i n a
fi nit e v ol u m e.  A m o n g t h e i nt er esti n g p h e n o m e n a arisi n g fr o m t h e st u d y of fi nit e
v o l u m e  Y a n g- Mills t h e ori es is t h e i nt er pl a y b et w e e n s p ati al a n d c ol or d e gr e es of
fr e e d o m t h at o c c urs  w h e n fi el ds ar e e n d o w e d  wit h t wist e d b o u n d ar y c o n diti o ns.
T h es e b o u n d ar y c o n diti o ns r ef er t o t h e f a ct t h at g a u g e fi el ds o n a t or us n e e d t o b e
p eri o di c o nl y u p t o a g a u g e tr a nsf or m ati o n, a f a ct t h at ’t  H o oft us e d t o pr o v e t h e
e xist e n c e of n e w t o p ol o gi c al s e ct ors p ar a m etri z e d b y t h e s o- c all e d t wist t e ns or n µ ν .

O n e of t h e  m ost f a m o us fi nit e v ol u m e d es cri pti o ns of g a u g e t h e ori es is t h e  w ell-
k n o w n  E g u c hi- K a w ai r e d u cti o n, i n  w hi c h t h e y s h o w a n i nt er esti n g i nt er pl a y b et w e e n
s p ati al a n d c ol or d e gr e es of fr e e d o m.  T his pr o p os al  w as l at er  m o di fi e d b y  G o n z al e z-
Arr o y o a n d  O k a w a i n his f a m o us  T wist e d  E g u c hi- K a w ai r e d u cti o n, i n  w hi c h t h e y
r ef or m ul at e d t h e ori gi n al pr o p os al t o e n d o w t h e g a u g e fi el ds  wit h t wist e d b o u n d ar y
c o n diti o ns.

T h e i nt er pl a y b et w e e n c ol or a n d s p ati al d e gr e es of fr e e d o m est a blis h es a dir-
e ct c o n n e cti o n b et w e e n fi nit e v ol u m e g a u g e t h e ori e s  wit h a n o n-tri vi al t wist a n d
n o n- c o m m ut ati v e t h e ori es.  First f or m ul at e d at t h e p ert ur b ati v e l e v el, t his r el a-
ti o n is  m a nif est e d n o n- p ert ur b ati v el y vi a  M orit a d u alit y,  w hi c h st at es t h at S U (N )
g a u g e t h e ori es o n a t wist e d t or us of si z e l ar e p h ysi c all y e q ui v al e nt t o a U ( 1) n o n-
c o m m ut ati v e t h e or y o n a t or us of l e n gt h l̃ ( c o m bi ni n g i n a c ert ai n  w a y s p ati al a n d
c ol or d e gr e es of fr e e d o m) a n d a n o n- c o m m ut ati vit y p ar a m et er θ µ ν ( fi x e d i n t er ms of
t h e t wist t e ns or n µ ν ).  T his  m ap pi n g l e a ds t o t h e s o- c all e d v ol u m e i n d e p e n d e n c e h y-
p ot h esis. I n a n uts h ell, it st at es t h at g a u g e fi el ds  wit h t wist e d b o u n d ar y c o n diti o ns
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C h a pt e r 1. I nt r o d u cti o n

i n a fi nit e t or us of si z e l h a v e d y n a mi cs c o ntr oll e d b y a n e ff e cti v e l e n gt h l̃,  w hi c h
mi x es t h e si z e of t h e b o x a n d t h e n u m b er of c ol ors i n a c ert ai n c o m bi n ati o n, a n d
at t h e s a m e ti m e p ost ul at es a n e q ui v al e n c e b et w e e n di ff er e nt S U (N ) g a u g e t h e ori es
wit h t h e s a m e e ff e cti v e l e n gt h l̃ a n d fi x e d n o n- c o m m ut ati vit y p ar a m et er θ µ ν .

It s h o ul d b e e m p h asi z e d t h at t h e l ar g e N li mit ass u m e d i n t h e v ol u m e i n d e-
p e n d e n c e h y p ot h esis is n ot t h e us u al ’t  H o oft l ar g e N li mit. I n i n fi nit e v ol u m e, t h e
l ar ge N li mit is t ak e n at fi x e d ’t  H o oft b ar e c o u pli n g λ 0 = N g 2

0 b y t a ki n g t h e n u m b er
of c ol ors N t o i n fi nit y a n d at t h e s a m e ti m e t a ki n g t h e b ar e c o u pli n g g 0 t o z er o.
T his c orr es p o n ds t o a t h er m o d y n a mi c li mit  w h er e t h e b o u n d ar y c o n diti o ns b e c o m e
irr el e v a nt a n d t h e d e p e n d e n c e o n t h e n o n- c o m m ut ati vit y p ar a m et er v a nis h es.  O n
t h e ot h er h a n d, f or fi nit e v ol u m es, t h e l ar g e N li mit is t a k e n b y fi xi n g t h e eff e cti v e
l e n gt h l̃,  w hi c h is e q ui v al e nt t o t a ki n g t h e l ar g e N li mit b y fi xi n g t h e r e n or m ali z ed
c o u pli n g λ ( l̃) i nst e a d of t h e b ar e o n e.  Usi n g t his v ersi o n of t h e l ar g e N li mit, k n o w n
as si n g ul ar l ar g e N li mit, o bs er v a bl es d e p e n d n ot o nl y o n t h e eff e cti v e v ol u m e l̃, b ut
als o d e p e n d o n t h e n o n- c o m m ut ati vit y p ar a m et er.

T a ki n g t h e si n g ul ar l ar g e N li mit is n ot fr e e of diffi c ulti es.  F or g e n eri c n µ ν

a n d N , v ol u m e i n d e p e n d e n c e br e a ks d o w n d u e t o t h e a p p e ar a n c e of t a c h y o ni c i n-
st a biliti es. I n or d er t o a v oi d t h e m a n d t o h a v e a  w ell- d e fi n e d l ar g e N li mit, s o m e
s p e ci fi c c h oi c es h a v e t o b e  m a d e o n t h e n u m b er of c ol ors a n d o n t h e t wist t e ns or.
R e m ar k a bl y, a c h oi c e t h at  m a xi m all y a v oi ds t h e a p p e ar a n c e of i nst a biliti es  m a k es
us e, i n a  w a y t o b e d et ail e d l at er o n, of t h e  Fi b o n a c ci s e q u e n c e, l e a di n g t o a v al u e
of t h e n o n- c o m m ut ati vit y p ar a m et er r el at e d t o t h e  G ol d e n r ati o.

T h e pr es e nt t h esis r e p ort is d e v ot e d t o t h e st u d y of s o m e p h ysi c al i m pli c ati o ns
of v ol u m e i n d e p e n d e n c e usi n g l atti c e fi el d t h e or y t e c h ni q u es.  We  will st u d y t hr e e
di ff er e nt g a u g e t h e ori es b as e d o n t h e g a u g e gr o u ps S U ( 3), S U ( 5), a n d S U ( 8), as
w ell as s o m e n e w  mi ni m al s ol uti o ns of t h e  Y a n g- Mills e q u ati o ns of  m oti o n f or l ar g e
v al u es of N .

T h e r e p ort is or g a ni z e d as f oll o ws. I n c h a pt er 2 ,  w e pr es e nt s o m e g e n er al
f o u n d ati o ns o n t o pi cs r el at e d t o t h e c o nt e nt of t h e t h esis, s u c h as t h e f or m ul ati o n
of g a u g e fi el ds o n t h e t or us, t h e si n g ul ar l ar g e N li mit, t h e v ol u m e r e d u cti o n a n d
v ol u m e i n d e p e n d e n c e h y p ot h esis, a n d s o m e t e c h ni q u es r el at e d t o t h e r e n or m ali z ati o n
pr o c e d ur e, s u c h a s t h e f or m al d e fi niti o n of t h e gr a di e nt fl o w a n d t h e l atti c e s c al e
s etti n g.

I n c h a pt er 3 ,  w e pr es e nt a n e w r e n or m ali z ati o n s c h e m e  m oti v at e d b y t h e i d e a
of v ol u m e i n d e p e n d e n c e, c all e d t wist e d gr a di e nt fl o w.  T h e s c h e m e  mi x es t hr e e  m ai n
i n gr e di e nts: a c o u pli n g d e fi n e d  wit hi n t h e gr a di e nt fl o w, t wist e d b o u n d ar y c o n-
diti o ns f or t h e g a u g e fi el ds, a n d a n as y m m etri c g e o m etr y.  As  w e  will s e e, t his
r e n or m ali z ati o n s c h e m e is p arti c ul arl y s uit a bl e f or p ert ur b ati v e c al c ul ati o ns, s o i n
t h e se c o n d p art of t h e t h esis  w e  will f o c us o n t h e st u d y of t h e t wist e d gr a di e nt
fl o w r u n ni n g c o u pli n g f or t h e t hr e e g a u g e gr o u ps pr es e nt e d a b o v e. I n p arti c ul ar,
c h a pt er 4 is d e v ot e d e x cl usi v el y t o t h e st u d y of t h e p ur e S U ( 3) t h e or y.  T his c as e
is of cr u ci al i m p ort a n c e si n c e, as  w e  will s e e, it h as b e e n s h o w n t h at a v er y hi g h
pr e cisi o n d et er mi n ati o n i n t h e p ur e S U ( 3) c as e c a n b e tr a nsl at e d i nt o a v er y hi g h
pr e cisi o n d et er mi n ati o n of t h e  Q C D str o n g c o u pli n g, a k e y q u a ntit y f or hi g h- e n er g y
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p h e n o m e n ol o g y. I n a d diti o n, t h er e is a c o nsist e n c y pr o bl e m i n t h e d et er mi n ati o n
of t h e p ur e g a u g e Λ p ar a m et er a m o n g t h os e i n cl u d e d i n t h e fl a v or l atti c e a v er a g e
gr o u p  F L A G, s o  w e  will ar g u e i n t his c h a pt er  w h y  w e b eli e v e t h at t wist e d gr a di e nt
fl o w c a n b e us e d s yst e m ati c all y t o pi n d o w n t h e u n c ert ai nt y i n t his c al c ul ati o n a n d
r es ol v e t his t e nsi o n.  C h a pt er 5 , o n t h e ot h er h a n d, is d e v ot e d e ntir el y t o t h e st u d y
of S U ( 5) a n d S U ( 8).  We  will c o m p ut e t h e Λ p ar a m et er i n t h es e c as es a n d st u d y
t h eir N d e p e n d e n c e. I n a d diti o n,  w e  will i n v esti g at e t h e e ff e ct of t wist e d b o u n d ar y
c o n diti o ns o n fi nit e v ol u m e e ff e cts.

Si n c e n o n- a b eli a n  Y a n g- Mills t h e ori es h a v e a n o n-tri vi al t o p ol o gi c al str u ct ur e,
w e  will d es cri b e s o m e i m pli c ati o ns a n d f e at ur es of t o p ol o gi c al n at ur e pr es e nt i n t h e
fi nit e v ol u m e d es cri pti o n of t h e t h e or y  w h e n usi n g l atti c e fi el d t h e or y t e c h ni q u es. I n
c h a pt er 6 ,  w e st u d y t h e pr es e n c e a n d eff e ct of a  w ell- k n o w n pr o bl e m of a t o p ol o gi c al
c h ar a ct er t h at l atti c e fi el d t h e or y si m ul ati o ns f a c e i n t h e c o nti n u u m li mit, k n o w n as
criti c al sl o wi n g d o w n,  w hi c h is p arti c ul arl y pr o bl e m ati c f or o ur c o u pli n g pr es cri p-
ti o n.  We als o pr es e nt a n d j ustif y o ur c h oi c es t o cir c u m v e nt t his pr o bl e m.  O n t h e
ot h er h a n d, c h. 7 e x pl or es t h e v ol u m e d e p e n d e n c e o n l̃ of s o m e p h ysi c all y i m p ort a nt
o bs er v a bl es s u c h as t h e t o p ol o gi c al s us c e pti bilit y.

I n c h a pt er 8 w e st u d y a v er y s p e ci al  mi ni m al a cti o n s ol uti o n t h at h as t h e p e c u-
li arit y of h a vi n g a fr a cti on al t o p ol o gi c al c h ar g e.  We b eli e v e t h at t his c o n fi g ur ati o n
h as a str o n g i n fl u e n c e o n t h e r u n ni n g of t h e c o u pli n g i n o ur p arti c ul ar s et u p.  T h e
e xist e n c e of t h es e c o n fi g ur ati o ns  w as pr o v e d l o n g a g o, b ut t h e o nl y a n al yti c s ol u-
ti o ns o bt ai n e d s o f ar ar e c o nst a nt c ur v at ur e a b eli a n o n es,  w hi c h b e c o m e s elf- d u al
o nl y u n d er c ert ai n c o n diti o ns.  We a n al y z e t h eir s c ali n g t o w ar ds t h e l ar g e N li mit
a n d st u d y s o m e g a u g e i n v ari a nt o p er at ors s u c h as t h e  P ol y a k o v a n d  Wils o n l o o ps.
Ot h er t y p es of s ol uti o ns h a v e b e e n o bt ai n e d i n t h e lit er at ur e f or di ff er e nt v al u es of
t wist a n d g e o m etri es.  T h e t h esis e n ds  wit h s o m e c o n cl usi o ns a n d f ut ur e dir e cti o ns
i n c h a pt er 9 .
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2
Fo u n d ati o ns

2. 1  M o ti v a ti o n

T h e us e of fi nit e v ol u m e d es cri pti o ns t o st u d y t h e d y n a mi cs of n o n- a b eli a n g a u g e
t h e ori es h as b e e n v er y fr uitf ul. I n t h e c o nti n u u m, t h e st u d y of S U (N ) g a u g e fi el ds
o n t h e h y p ert or us  w as i niti at e d b y ’t  H o oft [ 1 – 3 ].  O n a s m all v ol u m e, as y m pt oti c
fr e e d o m g u ar a nt e es t h at t h e t h e or y is  w e a kl y c o u pl e d a n d p ert ur b ati o n t h e or y h ol ds.
O n e of t h e  m ai n di ff er e n c es  wit h r es p e ct t o t h e i n fi nit e v ol u m e s et u p is t h at i n s m all
v ol u m es b o u n d ar y c o n diti o ns  m att er a n d c a n si g ni fi c a ntl y i n fl u e n c e t h e b e h a vi or of
g a u g e fi el ds; i n p arti c ul ar, t h e c h oi c e of b o u n d ar y c o n diti o ns d et er mi n es t h e all o w e d
fi el d c o n fi g ur ati o ns a n d t h e r es ulti n g s p e ctr u m of p h ysi c al st at es [ 1 ]. I n f a ct, ’t  H o oft
i ntr o d u c e d i n r ef. [1 ] t h e n oti o n of t wist e d b o u n d ar y c o n diti o ns,  w hi c h all o w e d hi m
t o d e fi n e el e ctri c a n d  m a g n eti c fl u x es i n a g a u g e i n v ari a nt  w a y, pr o vi n g t h e e xist e n c e
of n e w t o p ol o gi c al cl ass es p ar a m et eri z e d b y t h e s o- c all e d t wist t e ns or n µ ν .

Als o o n t h e l atti c e, fi ni t e v ol u m e s c h e m es h a v e b e e n c o m m o nl y us e d.  T h e
v ol u m e is us e d, f or i nst a n c e, t o s et t h e s c al e f or t h e r u n ni n g of t h e c o u pli n g c o nst a nt,
f oll o wi n g t h e i d e as of fi nit e si z e s c ali n g, a n d i n t h e s a m e c o nt e xt it c a n b e us e d t o
tri g g er t h e tr a nsiti o n fr o m t h e p ert ur b ati v e t o n o n- p ert ur b ati v e d o m ai ns of t h e
t h e or y.  As t h e a m o u nt of  w or k d o n e f oll o wi n g t h es e i d e as is h u g e, t h e g o al of t his
c h a pt er is t o i ntr o d u c e all t h e i m p ort a nt t o pi cs r el at e d t o t h es e fr a m e w or ks,  wit h
s p e ci al att e ntio n t o t h e i nt e r pl a y of c ol or a n d s p ati al d e gr e es of fr e e d o m.

T h e c h a pt er is str u ct ur e d as f oll o ws.  We st art i n s e c. 2. 2. 1 wit h a g e n er al
d es cri pti o n of t h e ’t  H o oft l ar g e N li mit, a n d i n s e c. 2. 2. 2 w e g o t hr o u g h t h e f a ct or-
i z ati o n pr o p erti es, t h e cl assi c al i nt er pr et ati o n, a n d t h e birt h of t h e s o- c all e d  m ast er
fi el d. I n a d diti o n, i ns e c. 2. 2. 2 w e d es cri b e a p h ysi c al r e ali z ati o n of t h e  m ast er fi el d,
k n o w n as t h e  E g u c hi- K a w ai ( E K) r e d u cti o n [ 4 ], a n d  w e pr es e nt i n s e c. 2. 3 t h e s o-
c al l ed t wist e d  E g u c hi- K a w ai ( T E K) r e d u cti o n [ 5 , 6 ], a  m o di fi c ati o n t h at ai ms t o
s ol v e t h e br e a ki n g of o n e of t h e h y p ot h esis r e q uir e d f or t h e ori gi n al r e d u cti o n t o
w or k.  We c o m bi n e all t h es e i d e as t o st u d y t h e h y p ot h esis of v ol u m e i n d e p e n d e n c e
i n s e c. 2. 3 ,  w h er e  w e als o e x pl ai n t h e p e c uli ar l ar g e N li mit us e d i n t his t h esis r e p ort,
c all e d t h e si n g ul ar l ar g e N li mit [7 – 1 0 ].  Fi n all y, i n s e c. 2. 4 w e pr es e nt t h e g e n er al
m et h o d us e d t o d e fi n e t h e c o u pli n g c o nst a nt, k n o w n as gr a di e nt fl o w [ 1 1 – 1 4 ] an d
s o m e r el at e d t e c h ni c aliti es s u c h as t h e l atti c e s c al e s etti n g.
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C h a pt e r 2.  F o u n d ati o n s

2. 2 ’ t  H o of t l a r g e N li mi t

2. 2. 1  G e n e r ali ti e s

T h e st u d y of g a u g e t h e ori es i n t h e l ar g e N li mit  w as first pr o p os e d b y ’t  H o of i n
1 9 7 0, t a ki n g 1 / N as t h e e x p a nsi o n p ar a m et er of t h e str o n g i nt er a cti o ns i n t h e n o n-
p ert ur b ati v e r e gi m e [ 1 5 ], si n c e at l o w e n er gi es t h e c o u pli n g gr o ws a n d c a n n ot b e
us e d as a p ar a m et er f or t h e p ert ur b ati v e e x p a nsi o n.  F or a c o m pl et e a n d t e c h ni c al
r e vi e w of g a u g e t h e ori es i n t h e l ar g e N li mit, s e e [1 6 ]. I n t his s e cti o n  w e  will f oll o w
t h e dis c ussi o n of t h at r e vi ew, hi g hli g hti n g i m p ort a nt f e at ur es a n d r es ults.

T h e ’t  H o oft l ar g e N li mit is o bt ai n e d b y c o nsi d eri n g S U (N ) g a u g e t h e ori es
wit h a n ar bitr aril y l ar g e n u m b er of c ol ors N →  ∞ , a n d at t h e s a m e ti m e t a ki n g t h e
b ar e c o u pli n g g 0 → 0 i n s u c h a  w a y t h at t h e c o m bi n ati o n λ 0 ≡ N g 2

0 i s k e pt c o nst a nt,
k n o w n as t h e ’t  H o oft c o u pli n g. I n t h e ori gi n al pr o p os al, t h e n u m b er of fl a v ors n f

d o es n ot s c al e  wit h N , s o i nt er n al c orr e cti o ns fr o m f er mi o n l o o ps ar e s u p pr ess e d a n d
q u ar ks ar e n at ur all y q u e n c h e d i n t his li mit.

T h e 2-l o o p e x p a nsi o n of t h e β f u n cti o n  wit h r es p e ct t o t h e ’t  H o oft c o u pli n g
λ 0 is t h e n

β (λ 0 ) ≡
d λ 0

d l o g µ 2
= −

1 1

2 4 π 2
λ 2

0 −
1 7

1 9 2 π 4
λ 3

0 + O (λ 4
0 ). ( 2. 1)

T h e 2 u ni v ers al c o e ffi ci e nts (i. e. s c h e m e i n d e p e n d e nt) of e q u ati o n 2. 1 ar e i n d e p e n d-
e nt of t h e s p e ci fi c v al u e of N . It h as b e e n s h o w n t h at, at l e ast i n t h e  M S s c h e m e, t h e
d e p e n d e n c e of n e xt t o l e a di n g or d er c o e ffi ci e nts is r at h er s m all a n d t e n ds t o b e c o m e
N i n d e p e n d e nt v er y q ui c kl y [1 7 ].

O n e of t h e k e y si m pli fi c ati o ns of t h e l ar g e N t h e or y c o m es fr o m its i ns e nsiti vit y
t o n o n- pl a n ar di a gr a ms, i. e. di a gr a ms t h at c a n n ot b e dr a w n o n a pl a n e.  T h e c o u nt-
i n g r ul es of t h e l ar g e N t h e or y ar e s u c h t h at n o n- pl a n ar di a gr a ms ar e s u p pr ess e d
b y i n v ers e p o w ers of N wit h r es p e ct t o t h e pl a n ar o n es.  C o ns e q u e ntl y, t h e ’t  H o oft
li mit is c o m m o nl y r ef err e d t o as t h e pl a n ar li mit.

T h e n u m b er of pl a n ar di a gr a ms h as b e e n o bs er v e d t o gr o w e x p o n e nti all y, i n
m ar k e d c o ntr ast t o t h e t ot al n u m b er of di a gr a ms,  w hi c h gr o ws f a ct ori all y [ 1 8 ].  T his
o bs er v ati o n l e d t h e s ci e nti fi c c o m m u nit y t o s p e c ul at e t h at it  mi g ht b e p ossi bl e t o s u m
u p t h e pl a n ar di a gr a ms, t h us all o w i n g a n al yti c al i nsi g hts i nt o t h e n o n- p ert ur b ati v e
r e gi m e of q u a nt u m c hr o m o d y n a mi cs.  H o w e v er, a c hi e vi n g t his s u m m ati o n h as r e-
m ai n e d a n i m p ossi bl e t as k (s e e [ 1 9 – 2 2 ] f or  m or e d et ails o n t his dis c ussi o n).

Wit h t h es e c o u nti n g r ul es, s o m et hi n g u n e x p e ct e d h a p p e ns i n t h e l ar g e N li mit:
all di a gr a ms ar e or g a ni z e d a c c or di n g t o t h eir t o p ol o g y, e x pr ess e d i n t er ms of t h eir
g e n us a n d t h e n u m b er of b o u n d ari es. I n g e n er al, t h e c ol or f a ct or of a gi v e n a m plit u d e
M is e x pr ess e d b y th e f oll o wi n g s eri es:

F (N )  =

∞󰁛

g, b = 0

N 2 − 2 g − b . ( 2. 2)
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2. 2. ’t  H o oft l a r g e N li mit

T his e x p a nsi o n s h o ws t h at t h e l e a di n g c o ntri b uti o n is i n d e e d of or d er O (N 2 ) a n d
c orr es p o n ds t o t h e pl a n ar li mit,  wit h g = 0 a n d n o q u ar k l o o ps b = 0 .

O v er t h e y e ars, t h e l ar g e N li mit h as b e c o m e a v er y p o w erf ul  m at h e m ati c al
t o ol f or st u d yi n g t h e b e h a vi or of g a u g e t h e ori es.  N ot a bl e a c hi e v e m e nts i n cl u d e, f or
i nst a n c e, t h e f or m ul ati o n of cl os e d  Wils o n l o o p e q u ati o ns [2 3 ] a n d a s yst e m ati c 1 / N
e x p a nsi o n f or b ar y o ns [ 2 4 ].

I n a n y c as e, it is i m p ort a nt t o e m p h asi z e t h at t h e l ar g e N li mit use d i n t his
t h esis r e p ort is di ff er e nt fr o m t h e o n e dis c uss e d i n t his s e cti o n.  W hil e t h e ’t  H o oft
l ar g e N li mit c orr es p o n ds t o a t h er m o d y n a mi c li mit i n i n fi nit e v ol u m e, o ur g o al is t o
st u d y t h e i m pli c ati o ns i n fi nit e v ol u m e s c e n ari os.  T h er ef or e, a  m o di fi e d d e fi niti o n is
r e q uir e d.  F or t h e p ur p os es of t h e v ol u m e i n d e p e n d e n c e h y p ot h esis,  w e  will a d o pt t h e
s o- c all e d si n g ul ar l ar g e N li mit,  w hi c h  will b e dis c uss e d i n  m or e d et ail i n s e c. 2. 3. 2 .

As a n asi d e, it is  w ort h  m e nti o ni n g t h at t h e l ar g e N li mit h as i nt er esti n g c o n-
n e cti o ns  wit h s e v er al ar e as of t h e or eti c al p h ysi cs. I n p arti c ul ar, t h er e is a f as ci n ati n g
c orr es p o n d e n c e b et w e e n t h e l ar g e N li mit of c ert ai n g a u g e t h e ori es a n d q u a nt u m
gr a vit y.  T his c o n c e pt, r ef err e d t o as g a u g e- gr a vit y d u alit y or t h e  A d S / C F T c orr es-
p o n d e n c e [ 2 5 ], pr o p os es t h at, u n d er c ert ai n c o n diti o ns, t h e l ar g e N li mit of a g a u g e
t h e or y is e q ui v al e nt t o a stri n g t h e or y e xisti n g i n a hi g h er- di m e nsi o n al s p a c eti m e.
T his c orr es p o n d e n c e h as b e e n st u di e d e xt e nsi v el y a n d h as pr o vi d e d  m a n y v al u a bl e
i nsi g hts i nt o b ot h stri n g a n d g a u g e t h e ori es.

2. 2. 2  T h e  m a s t e r  fi el d a n d t h e  E K r e d u c ti o n

I m p ort a nt as p e cts of t h e i nt er n al str u ct ur e of ’t  H o oft’s l ar g e N t h e or y ar e r e-
v e al e d b y st u d yi n g t h e s p e ctr u m of h a dr o ns a n d  m es o ns. I n p arti c ul ar, t h e pri m ar y
c o ntri b uti o n t o a n y c orr el ati o n f u n cti o n c o m es fr o m dis c o n n e ct e d di a gr a ms, r at h er
t h a n c o n n e ct e d o n es.  T his r es ult l e a ds t o a si g ni fi c a nt s u p pr essi o n of i nt er a cti o ns
b et w e e n gl u o ni c a n d  m es o ni c o p er at ors.  F urt h er m or e, c orr el at ors of g a u g e i n v ari a nt
o p er at ors f a ct ori z e i n t h e l ar g e N li mit, s o t h at q u a nt u m fl u ct u ati o ns ar e str o n gl y
s u p pr ess e d [ 2 6 , 2 7 ].  As a c o ns e q u e n c e, t h e v ari a n c e of a si n gl e-tr a c e g a u g e o p er at or
G c a n b e d et er mi n e d as f oll o ws:

(δ G ) 2

〈 G 〉 2
≃

1

N 2
. ( 2. 3)

A n i nt er pr et ati o n of t his e q u ati o n s u g g ests a dir e ct c orr es p o n d e n c e b et w e e n
q u a nt u m t h e ori es f or m ul at e d i n t h e l ar g e N li mit a n d cl assi c al t h e ori es.  H o w e v er,
it is cr u ci al t o k e e p i n  mi n d t h at  w hil e a  m a p pi n g b et w e e n t h e t w o s yst e ms  m a y
e xist, it d o es n ot i m pl y t h at t h e q u a nt u m t h e or y c a n b e d es cri b e d b y s ol uti o ns of t h e
cl assi c al e q u ati o ns of  m oti o n. I n ot h er  w or ds, it is n ot v ali d t o tr e at t h e p at h i nt e gr al
i n t h e l ar g e N li mit as a d o mi n a nt s a d dl e p oi nt a n d us e a st e ep e st d es c e nt a p pr o a c h,
si n c e t h e n u m b er of fi el ds i n cl u d e d i n t h e p at h i nt e gr al  m e as ur e als o i n cr e as es a n d
c o ntri b ut es  wit h a t er m of O (N 2 ) [2 7 , 2 8 ].  T h e f or m ul ati o n of t his p at h i nt e gr al
wit h a st e e p est d es c e nt a p pr o a c h r e m ai ns a n o p e n q u esti o n, s o m eti m es r ef err e d t o
as t h e ’t  H o oft pr o bl e m.
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C h a pt e r 2.  F o u n d ati o n s

I n a n y c as e, t h e i nt er pr et ati o n of a cl assi c al t h e or y d es cri pti o n i n t h e l ar g e
N li mit s u g g ests t h e e xist e n c e of a c o n fi g ur ati o n of g a u g e fi el ds A µ (x ) t h at d o mi n-
at es t h e p at h i nt e gr al.  F urt h er m or e, t his c o n fi g ur ati o n s h o ul d e x hi bit tr a nsl ati o n
i n v ari a n c e, all o wi n g it t o b e i n d e p e n d e nt of s p ati al c o or di n at es b y a n a p pr o pri at e
g a u g e tr a nsf or m ati o n.  Ess e nti all y, all r el e v a nt i nf or m ati o n a b o ut  Y a n g- Mills t h e or y
i n t h e l ar g e N li mit c a n b e c o nt ai n e d i n f o ur N 2 m atri c es.  Witt e n c o nj e ct ur e d t h e
e xist e n c e of s u c h a cl assi c al c o n fi g ur ati o n [ 2 6 ], b ut it  w as  C ol e m a n  w h o n a m e d it
t h e  m a st e r fi el d [2 9 ].  T h e  m ast er fi el d e m er g es as t h e first  m a nif est ati o n of a g a u g e
fi el d t h at b e c o m es i n d e p e n d e nt of s p ati al c o or di n at es i n t h e l ar g e N li mit, pr o vi d-
i n g a fr a m e w or k f or d es cri bi n g t h e t h e or y i n t er ms of a  m atri x  m o d el.  F or a  m or e
t e c h ni c al r e vi e w of t h es e i d e as, s e e S e cti o ns 3. 4 a n d 3. 5 of [ 2 7 ].

I n t h e c o nti n u u m, a s et of cl os e d S c h wi n g er- D ys o n e q u ati o ns f or t h e e x p e ct a-
ti o n v al u es of p h ysi c al o bs er v a bl es  w as d eri v e d [ 2 3 ] b y e x pl oiti n g t h e s u p pr essi o n of
q u a nt u m fl u ct u ati o ns i n e q. ( 2. 3 ), all o wi n g t h e t h e or y t o b e r ef or m ul at e d i n a g a u g e
i n v ari a nt  w a y.  O n t h e ot h er h a n d,  E g u c hi a n d  K a w ai f or m ul at e d a l atti c e v ersi o n
of t h es e e q u ati o ns i n t h eir f a m o us  E K r e d u cti o n [ 4 ].  T h e v ali dit y of t h e  m o d el r es-
t e d o n t w o cr u ci al el e m e nts: f a ct ori z ati o n a n d t h e a bs e n c e of s p o nt a n e o us br e a ki n g
of t h e c e nt er s y m m etr y.  H o w e v er, s u bs e q u e nt i n v esti g ati o ns h a v e s h o w n t h at t his
s y m m etr y is i n d e e d br o k e n f or a n y n u m b er of di m e nsi o ns gr e at er t h a n 2 [ 3 0 , 3 1 ].

V ari o us pr o p os als h a v e b e e n  m a d e t o a d dr ess t h e iss u e of t h e c e nt er s y m m etr y
br e a ki n g of t h e ori gi n al r e d u cti o n.  T h es e i n cl u d e t h e q u e n c h e d [ 3 1 ] a n d t wist e d [3 2 –
3 7 ] v ersi o ns, t h e i n cl usi o n of a dj oi nt f er mi o ns [3 8 – 5 1 ] or tr a c e d ef or m ati o ns [5 2 ,5 3 ],
a n d t h e s o- c all e d c o nti n u u m l ar g e N r e d u cti o n [ 5 4 – 5 7 ].  We  will f o c us o nl y o n t h e
t wist e d v ersi o n i ntr o d u c e d b y  G o n z al e z  Arr o y o a n d  O k a w a,  w h er e t h e y  m o dif y t h e
b o u n d ar y c o n diti o ns t o e ns ur e s y m m etr y r est or ati o n.

2. 3  T E K  m o d el a n d v ol u m e i n d e p e n d e n c e

I n t his s e cti o n  w e  will r e vi e w t h e b asi c pr o p erti es of t h e t wist e d v ari a nt of t h e
E K r e d u cti o n, c o m m o nl y r ef err e d t o as t h e  T E K  m o d el.  As  m e nti o n e d a b o v e,
t h e n u m b er of l atti c e sit es b e c o m es irr el e v a nt as t h e n u m b er of c ol ors a p pr o a c h es
i n fi nit y. I n t his s c e n ari o, t h e  m o d el is c o m pl et el y r e d u c e d a n d t h e l atti c e c oll a ps es
i nt o a si n gl e p oint - a n e xtr e m e c as e k n o w n as t h e f ull y r e d u c e d  m o d el.

I n p arti c ul ar, a n d f oll o wi n g t h e i d e as d e v el o p e d f or  Y M t h e ori es i n 2 + 1 di-
m e nsi o ns i n [ 8 , 5 8 ],  w e  will e x pl or e a n e xt e n d e d v ersi o n of  T E K r e d u cti o n, k n o w n
as v ol u m e i n d e p e n d e n c e,  w hi c h e x pl oits t h e i nt er pl a y b et w e e n c ol or a n d s p ati al d e-
gr e es of fr e e d o m.  A n ot a bl e as p e ct of t his f or m ul ati o n is t h e f a ct t h at i n t h e l ar g e N
li mit t h e d e p e n d e n c e o n t h e g a u g e gr o u p r a n k N a n d t h e t or us si z e l a p p e ars i nt er-
t wi n e d [8 ,5 9 – 6 3 ].  R em a r k a bl y, t his l e a ds t o i nt er esti n g r es ults e v e n f or s m all v al u es
of N .  H o w e v er, t h er e is a s u btl et y t o c o nsi d er: a r esi d u al d e p e n d e n c e r e m ai ns i n t h e
f or m of a n a d diti o n al a n g ul ar v ari a bl e,  w hi c h is cl os el y r el at e d t o n o n- c o m m ut ati v e
t h e ori es vi a  M orit a d u alit y [ 7 , 6 4 – 6 7 ];  w e  will gi v e a  m or e d et ail e d d es cri pti o n i n
s e c. 2. 3. 2 .
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2. 3.  T E K  m o d el a n d v ol u m e i n d e p e n d e n c e

I n t h e f oll o wi n g,  w e  will first i ntr o d u c e t wist e d b o u n d ar y c o n diti o ns a n d t h e n
gi v e a n o v er vi e w of t h e  m ai n i d e as b e hi n d v ol u m e i n d e p e n d e n c e.

2. 3. 1  T wi s t e d  b o u n d a r y c o n di ti o n s

C o nsi d er t h e S U (N ) g a u g e t h e or y d e fi n e d o n a d - di m e nsi o n al t or us  wit h p eri o ds
lµ .  G a u g e fi el ds n e e d t o b e p eri o di c o nl y u p t o a g a u g e tr a nsf or m ati o n, s o g a u g e
c o n n e cti o ns c a n b e i ntr o d u c e d as N × N tr a c el ess h er miti a n  m atri c es s atisf yi n g t h e
f oll o wi n g p eri o di cit y r el ati o n

A µ (x + lν ν̂ )  = Ω ν (x )A µ (x )Ω †
ν (x )  + iΩ ν (x )∂ µ Ω †

ν (x ). ( 2. 4)

T h e  m atri c es Ω µ (x ) ar e S U (N ) m atri c es s atisf yi n g t h e f oll o wi n g c o nsist e n c y r el ati o n

Ω µ (x + lν ν̂ )Ω ν (x )  = Z µ ν Ω ν (x + lµ µ̂ )Ω µ (x ). ( 2. 5)

w h er e t h e f a ct or Z µ ν = e x p( 2 π n µ ν / N ) is a n el e m e nt of t h e c e nt er of S U (N ) a n d
n µ ν i s a n a ntis y m m etri c t e ns or of i nt e g ers d e fi n e d  m o d ul o N .  T his t e ns or h as 6
i n d e p e n d e nt c o m p o n e nts,  w hi c h c a n b e di vi d e d i nt o t h e el e ctri c a n d t h e  m a g n eti c
p art of t h e t e ns or.  T h e t hr e e v e ct ors o bt ai n e d ar e

n 0 i = k i ( 2. 6)

n i j = 󰁛 i j k m k . ( 2. 7)

T h e c as e of p ur el y p eri o di c b o u n d ar y c o n diti o ns is o bt ai n e d aft er i m p osi n g n µ ν = 0
m o d ul o N .  T h e s et of e qs. (2. 4 ) a n d (2. 5 ) ar e c o m m o nl y k n o w n as t wist e d b o u n d ar y
c o n diti o ns, first i ntr o d u c e d b y ’t  H o oft [ 1 ].

Usi n g g a u g e s y m m etr y, a n d f or c ert ai n c h oi c es of t h e t wist t e ns or, t h e  m atri c es
Ω µ (x ) c a n b e br o u g ht i nt o a c o nst a nt f or m.  T h e c o nst a nt  m atri c es ar e c all e d t wist
e at ers Ω µ (x )  = Γ µ , a n d t h e r el ati o ns of e qs. (2. 4 ) a n d (2. 5 ) ar e t h e n e x pr ess e d as:

A µ (x + lν ν̂ )  = Γ ν A µ (x )Γ †
ν , ( 2. 8)

Γ µ Γ ν = Z µ ν Γ ν Γ µ . ( 2. 9)

F or a  m u c h  m or e d et ail e d dis c ussi o n of g a u g e t h e ori es o n a t or us  wit h t wist e d
b o u n d ar y c o n diti o ns, s e e [ 6 8 ].

I n f o ur di m e nsi o ns, t h e n e c ess ar y a n d s u ffi ci e nt c o n diti o n f or t h es e s ol uti o ns t o
e xist is t h at t h e  Pf a ffi a n of t h e t wist t e ns or κ (n )  = ε µ ν ρ σ n µ ν n ρ σ / 8 v a nis h es  m o d ul o
N , c o m m o nl y k n o w n as ort h o g o n al t wist.  T h e t wist is irr e d u ci bl e o nl y f or c ert ai n
c h oi c es of N a n d n µ ν , pr o vi di n g t h at t h e y ar e u ni q u e  m o d ul e si mil arit y tr a nsf or m a-
ti o ns ( gl o b al ga u g e tr a nsf or m ati o ns) a n d  m ulti pli c ati o ns b y el e m e nts of t h e c e nt er.
I n t his c as e t h er e ar e N 2 i n e q ui v al e nt s ol uti o ns [6 8 , 6 9 ]  w hi c h s atisf y Γ N

µ = I , i. e.
t h e y ar e r o ots of t h e i d e ntit y.

I n t w o di m e nsi o ns, h o w e v er, n 1 2 i s t h e o nl y el e m e nt of t h e t wist t e ns or.  T h us,
t h e t wist is irr e d u ci bl e if n 1 2 a n d N ar e c o pri m e a n d t h er e e xist N di ff er e nt t wist
e at ers s ol uti o ns [ 6 8 , 6 9 ] s atisf yi n g Γ N

µ = ± I f or N e v e n or o d d, r es p e cti v el y.
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C h a pt e r 2.  F o u n d ati o n s

It is c o n v e ni e nt t o r e writ e t h e t wist t e ns or as

n µ ν = 󰁛 µ ν
k N

ℓ N

, ( 2. 1 0)

w h er e k a n d ℓ N ≡ N 2 / d ar e i nt e g ers, a n d 󰂃 µ ν = Θ (ν − µ ) − Θ (µ − ν ) is a c o m bi n ati o n
of  H e a visi d e st e p f u n cti o ns.

A  F o uri er e x p a nsi o n c o nsist e nt  wit h t wist e d b o u n d ar y c o n diti o ns is gi v e n b y:

A ν (x )  = N

′󰁛

p

e i pẋ ˆA ν (p ) Γ̂ (s (p )) . ( 2. 1 1)

w h er e N − 2 =
󰁔

µ lµ i s a n or m ali z ati o n f a ct or.  T h e b o u n d ar y c o n diti o ns ar e a ut o-
m ati c all y s atis fi e d f or  m o m e nt a p µ q u a nti z e d as:

p µ =
2 π

l̃µ
m µ , ( 2. 1 2)

w h er e m µ ∈ Z .  T h e q u a nti z ati o n h as t h e p e c uli arit y of c o mi n g i n t er ms of t h e
e ff e cti v e l e n gt h l̃ν ≡ lν × ℓ N .

We h a v e i ntr o d u c e d t h e s et of N × N , d m o m e nt u m- d e p e n d e nt, S U (N ) m atri c es
d e fi n e d as

Γ̂ (p )  =
1

√
2 N

e iα ( p ) Γ
s 0 ( p )
0 · · · Γ

s d − 1 ( p )
d − 1 , ( 2. 1 3)

w h er e α (p ) is a n c o m pl e x p h as e t o b e d et er mi n e d a n d s µ (p ) is a  m o m e nt u m-
d e p e n d e nt s et of i nt e g ers gi v e n b y

s µ (p )  = ˜󰂃 µ ν k̄
l̃ν p ν

2 π
. ( 2. 1 4)

I n e q. (2. 1 4 )  w e h a v e us e d t h e f oll o wi n g d e fi niti o ns: k × k̄ = 1 , a n d t h e f oll o wi n g
i d e ntit y: 󰁛

ν

= ˜󰂃 µ ν 󰂃 ν σ = δ µ σ . ( 2. 1 5)

T h e Γ̂ (p ) m atri c es s p a n t h e S U (N ) Li e al g e br a  wit h t h e f oll o wi n g c o m m ut ati o n
r el ati o ns 󰁫

Γ̂ (p ), Γ̂ (p )
󰁬

= iF (p, q, − p − q ) Γ̂ (p + q ) ( 2. 1 6)

wit h

F (p, q, − p − q )  = −

󰁵
2

N
si n

󰀕
θ µ ν

2
p µ q ν

󰀖

( 2. 1 7)

a n d

θ µ ν =
l̃µ l̃ν
2 π

󰂃 µ ν θ̂ . ( 2. 1 8)

T h e v ari a bl e θ̂ ≡ k̄ / ℓ N will pl a y a n i m p ort a nt r ol e i n t h e dis c ussi o n of t h e si n g ul ar
l ar g e N li mit of s e c 2. 3. 2 . I n a d diti o n, t h e c o m pl e x p h as e α (p ) of e q. ( 2. 1 3 ) c a n b e
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2. 3.  T E K  m o d el a n d v ol u m e i n d e p e n d e n c e

c h os e n t o s atisf y c o m m ut ati o n r el ati o n of e q. ( 2. 1 7 ).  N ot e t h at t h es e f a ct ors pl a y
t h e r ol e of t h e S U (N ) str u ct ur e c o nst a nt i n t his p arti c ul ar b asis, a n d t h e y b e c o m e
m o m e nt u m- d e p e n d e nt.

It is i m p ort a nt t o n ot e t h at t h e pri m e i n t h e s u m m ati o n i m pli es t h e e x cl usi o n
of  m o m e nt a  wit h p µ = 0 m o d ℓ N ∀ µ , r es ulti n g i n tr a c el ess g a u g e fi el ds A µ a n d
i ntr o d u ci n g a n at ur al i nfr ar e d c ut off .  T his f e at ur e h as s e v er al a d v a nt a g es.  First, it
a ut o m ati c all y eli mi n at es t h e c o ntri b uti o n of z er o  m o d e s fr o m t h e d y n a mi cs of t h e
t h e or y, eff e cti v el y i ntr o d u ci n g a  m ass g a p. S e c o n d, it si m pli fi es t h e p ert ur b ati v e
tr e at m e nt of t h e t h e or y, l e a di n g t o a si m pli fi e d d es cri pti o n.

A first gli m ps e of v ol u m e i n d e p e n d e n c e c o m es fr o m t h e f a ct t h at f or all or d ers
i n t h e c o u pli n g, a n d u p t o fi nit e  N c orr e cti o ns, t h e d e p e n d e n c e o n N a n d l c o m es
fr o m t h e c o m bi n ati o n l̃ = l× ℓ N . If tr u e, t his d e fi n es a n e q ui v al e n c e b et w e e n diff er e nt
S U (N ) g a u g e t h e ori es c h ar a ct eri z e d b y t h e s a m e v al u e of l̃.  N ot e, h o w e v er, t h at t his
is o nl y tr u e if t h e a n g ul ar v ari a bl e θ̂ r e m ai ns c o nst a nt,  w hi c h is n ot p ossi bl e  w hil e
c h a n gi n g N .  T h e s ol uti o n is t o fi n d a n a p pr o pri at e c h oi c e of p ar a m et ers, f oll o wi n g a
s e q u e nti al a p pr o a c h t o t h e l ar g e N li mit t h at pr es er v es a n a p pr o xi m at el y c o nst a nt
r ati o. I n s e c. 2. 3. 2 w e  will dis c uss a n o pti m al c h oi c e of s e q u e n c e t o a p pr o a c h t h e
l ar g e N li mit.

2. 3. 2  Si n g ul a r l a r g e  N li mi t

As  w e s k et c h e d i n t h e first p art of t his c h a pt er, t h e l ar g e N li mit c o nsi d er e d i n
o ur  w or k is n o t stri ctl y t h e s a m e as t h e o n e i ntr o d u c e d b y ’t  H o oft, a n d t h e  m ai n
di ff er e n c e li es i n t h e f a ct t h at o ur s et u p is a fi nit e v ol u m e d es cri pti o n cl os el y r el at e d
t o n o n- c o m m ut ati v e g a u g e t h e ori es.

It is  w ort h n oti n g t h at t h e c o effi ci e nts i n t h e e x p a nsi o n of e q. ( 2. 1 1 ) ar e c o m-
pl e x n u m b ers  wit h o ut c ol or i n di c es,  w hil e t h e str u ct ur e c o nst a nts i n e q. ( 2. 1 7 ) ar e
m o m e nt u m d e p e n d e nt, l e a di n g t o  m o m e nt u m d e p e n d e nt  Fe y n m a n r ul es. I n f a ct,
t his f e at ur e  w as t h e first d eri v ati o n of t h e Fe y n m a n r ul es of n o n- c o m m ut ati v e g a u g e
t h e ori es [6 7 ].

I n t h e li mit  w e c o nsi d er h er e,  w e t a k e ℓ N →  ∞ wit h l → 0 , s o l̃ i s h el d
c o nst a nt.  T his is i n c o ntr ast t o t h e ’t  H o oft li mit us e d i n st a n d ar d r e d u cti o n,  w h er e
l is h el d c o nst a nt  w hil e s e n di n g N →  ∞ , s o  w e e n d u p  wit h l̃ →  ∞ , pr e cis el y t h e
t h er m o d y n a mi c li mit of g a u g e t h e or y,  w h er e t h e d e p e n d e n c e o n θ̂ dis a p p e ars. I n
o ur s et u p,  w e  will a p pr o a c h t h e l ar g e N t h er m o d y n a mi c li mit i n a di ff er e nt  w a y, b y
first t a ki n g N →  ∞ at fi x e d l̃, a n d t h e n t a ki ng l̃ →  ∞ a t fi x e d θ̂ .  T h e l ar g e N li mit
h as t o b e t a k e n al o n g a s e q u e n c e of c h oi c es of N a n d k̄ t h at t e n ds t o a t ar g et v al u e
of θ̂ .  T h e  m ai n dr a w b a c k of t his d es cri pti o n is t h at g e n eri c s e q u e n c es ar e aff e ct e d
b y t h e a p p e ar a n c e of s o- c all e d t a c h y o ni c i nst a biliti es r el at e d t o t h e c o n d e ns ati o n
of el e ctri c fl u x es a n d s p o nt a n e o us br e a ki n g of t h e c e nt er s y m m etr y [ 7 0 , 7 1 ]. It h as
b e e n s h o w n [ 1 0 ] t h at a p arti c ul ar c h oi c e t h at  m a xi m all y a v oi ds t h es e i nst a biliti es is
b as e d o n t h e  Fi b o n a c ci s e q u e n c e [ 1 0 ].  T h e i d e a is t o s c al e t h e n u m b er of c ol ors a n d
t h e k- fl u x of t h e t wist e d b o u n d ar y c o n diti o ns as t h e n − 2 a n d n -t h t er ms of t h e
Fi b o n a c ci s e q u e n c e.  T his s e q u e n c e n at ur all y s at ur at es t h e b o u n d a n d  m a xi mi z es
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t h e a bs e n c e of t a c h y o ni c i nst a biliti es.  T h e p ar a m et er θ̂ t a k e n al o n g t his s e q u e n c e,
t e n ds t o a c o nst a nt v al u e i n t h e l ar g e N li mit,  w hi c h is r el at e d t o t h e  G ol d e n  R ati o
ϕ − 2 ,  wit h ϕ = ( 1  +

√
5) / 2 .

O n e of t h e g o als of t his t h esis r e p ort is t o e x pl or e k e y as p e cts of t h e v ol u m e
i n d e p e n d e n c e h y p ot h esis usi n g l atti c e fi el d t h e or y t e c h ni q u es.  Usi n g t h e ’t  H o oft
r u n ni n g c o u pli n g λ = g 2 N ,  w hi c h  will b e c o m p ut e d usi n g t h e gr a di e nt fl o w dis c uss e d
i n s e c. 2. 4 ,  w e ai m t o i n v esti g at e t h e v ol u m e d e p e n d e n c e of t h e t h e or y b y e x a mi ni n g
si g ni fi c a nt q u a ntiti es s u c h as t h e t o p ol o gi c al s us c e pti bilit y or t h e Λ p ar a m et er.  O ur
a p pr o a c h is t o us e t h e v ol u m e as a tri g g er of t h e d y n a mi cs of t h e s yst e m, ass u mi n g
t h at t h e p h ysi c al v ol u m e d et er mi n es t h e v al u e of t h e r e n or m ali z e d c o u pli n g. I n t his
s e ns e, t h e e ff e cti v e l e n gt h l̃ s er v es as a n at ur al r u n ni n g s c al e.

2. 3. 3  O n f r a c ti o n al c h a r g e i n s t a n t o n s

As a fi n al r e m ar k of t his s e cti o n,  w e  will el a b or at e o n s o m e i d e as c o n c er ni n g a n
i nt er esti n g t y p e of s ol uti o ns t o t h e  Y M  E u cli d e a n e q u ati o ns of  m oti o n  wit h  mi ni m al
a cti o n,  w h os e e xist e n c e is a dir e ct c o ns e q u e n c e of t wist e d b o u n d ar y c o n diti o ns.
T h es e s ol uti o ns ar e st u di e d i n d e t ail i n c h. 8 , a n d h er e  w e  will o nl y pr es e nt t h e  m ai n
i d e a a n d r ef er t h e r e a d er t o t h e a p pr o pri at e lit er at ur e.

As  m e nti o n e d i n s e c. 2. 1 , t h e st u d y of S U (N ) g a u g e fi el ds o n t h e h y p ert or us T 4

b e g a n  wit h t h e  w or k of ’t  H o oft [ 1 – 3 ]. ’t  H o oft pr o vi d e d t h e e xist e n c e of n e w t o p ol o-
gi c al cl ass es p ar a m et eri z e d b y t h e t wist t e ns or n µ ν , r e ali zi n g t h at n o n-tri vi al t wists
c h a n g e t h e  w a y i n  w hi c h t h e t o p ol o gi c al c h ar g e is q u a nti z e d.  F or n o n- ort h o g o n al
t wists 󰁛k · 󰂃m ∕= 0 , t h e t o p ol o gi c al c h a r g e is fr a cti o n al a n d q u a nti z e d i n u nits of
1 / N [6 9 , 7 2 ] as:

Q =
1

1 6 π 2

󰁛

d 4 x Tr
󰁔
G µ ν (x ) 󰂃G µ ν (x )

󰁛
= ν −

󰂃k · 󰂃m

N
, ν ∈ Z . ( 2. 1 9)

w h er e G µ ν (x ) is t h e st a n d ar d str ess t e ns or of t h e g a u g e p ot e nti al A µ (x ).

T h e e xist e n c e of s ol uti o ns  wit h  mi ni m al a cti o n  wit hi n e a c h t wist e d s e ct or  w as
pr o v e d b y S e dl a c e k [ 7 3 ].  H o w e v er, t h e o nl y Q = 1 / N s elf- d u al s ol uti o ns o bt ai n e d
a n al yti c all y ar e c o nst a nt c ur v at ur e s ol uti o ns o n t h e 4-t or us [ 6 9 , 7 4 ]  w hi c h b e c o m e
s elf- d u al o nl y f or c ert ai n v al u es of t h e t or us p eri o ds.  M a n y s ol uti o ns of t his t y p e
c a n b e f o u n d usi n g t h e s p e ci al pr o p erti es of t h e  Fi b o n a c ci n u m b ers a ss u m e d i n o ur
d es cri pti o n, b ut n o n e of t h e m c o v er t h e g e o m etr y  w e  will e x pl or e i n c h. 8 ,  w h er e  w e
will l o o k f or l o c ali z e d i nst a nt o n-li k e c o n fi g ur ati o ns o n T 4 a n d R × T 3 .  C o n fi g ur a-
ti o ns of t his t y p e h a v e b e e n o bt ai n e d pr e vi o usl y f or ot h er v al u es of t h e t wists a n d
g e o m etri es, first f or S U ( 2) [7 5 , 7 6 ] a n d t h e n f or S U (N ) [7 7 , 7 8 ].

T h e d y n a mi c al r el e v a n c e of c o n fi g ur ati o ns of t his t y p e h as b e e n p ut f or w ar d
b y  G o n z al e z- Arr o y o a n d c oll a b or at ors, s e e i. e. t h e r e c e nt r e vi e w [ 7 9 ], a n d is als o
m oti v at e d b y t h eir a p p ar e nt pr es e n c e i n o ur a n al ysis of t h e r u n ni n g c o u pli n g c o n-
st a nt,  w hi c h  will b e dis c uss e d i n c h a pt ers 4 a n d 5 . I n c h. 7 ,  w e  will st u d y of t h eir
i m p a ct o n r el e v a nt q u a ntiti es, s u c h as t h e t o p ol o gi c al c h ar g e.
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2. 4  T h e g r a di e nt  Fl o w

T h e gr a di e nt fl o w is a p o w erf ul t e c h ni q u e us e d i n l atti c e fi el d t h e ori es  w h os e  m ai n
f e at ur e is t o s m o ot h t h e  Y M fi el ds b y e v ol vi n g t h e m  wit h t h e s o- c all e d fl o w e q u ati o ns.
It  w as ori gi n all y i ntr o d u c e d t o st u d y g e n er al  Y M t h e ori es i n t h e c o nti n u u m [ 8 0 ], b ut
b e c a m e  wi d el y us e d o n t h e l atti c e as a  m et h o d t o eli mi n at e ultr a ultr a vi ol et di v er-
g e n c es [ 1 1 – 1 4 ]. Si n c e t h e n it h as b e e n s yst e m ati c all y us e d t o d e fi n e r e n or m ali z e d
c o u pli n gs a n d c o m p osit e o bs er v a bl es [ 1 4 , 8 1 – 8 3 ].

Alt h o u g h t h e  G F h as b e e n us e d f or v ari o us p ur p os es, it is  w ort h  m e nti o ni n g
t h os e t h at c o m bi n e it  wit h fi nit e si z e s c ali n g [ 8 4 ] t o d et er mi n e t h e r u n ni n g c o u pli n g
a n d t h e Λ p ar a m et er of S U (N ) g a u g e t h e ori es, as f or i nst a n c e [ 8 5 ].  T his is o n e of
t h e  m ai n g o als of t h e pr es e nt  w or k. I n a d diti o n, it is  w ort h e m p h asi zi n g t h at  G F
h as b e e n s yst e m ati c all y us e d t o p erf or m s c al e s etti n g o n t h e l atti c e [ 1 4 ], d u e t o its
pr e cis e d e fi niti o n of s c al es s u c h as t0 or w 0 . I n t his s e cti o n,  w e  will pr es e nt a g e n er al
o v er vi e w of t h e  m et h o d.

2. 4. 1  Fl o w e q u a ti o n s

T h e  G F is a r e n or m ali z ati o n pr o c e d ur e i n  w hi c h t h e g a u g e fi el ds A µ (x ) ar e r e pl a c e d
b y a n e w s et of fi el ds B µ (x, t ),  wit h a n a d diti o n al d e p e n d e n c e o n a n e w c o or di n at e
c all e d fl o w "ti m e " t,  wit h di m e nsi o ns of s q u ar e d l e n gt h.  T h e B µ (x, t ) fi el ds ar e t h e n
e v ol v e d b y s ol vi n g t h e s o- c all e d  G F e q u ati o ns.  T h e s p e ci fi c f or m of t h es e e q u ati o ns
d e p e n ds o n t h e t h e or y b ei n g st u di e d, a n d f or t h e c as e of c o nti n u u m S U (N ) Y a n g-
Mills t h e ori e s, t h e y t a k e t h e f oll o wi n g f or m

∂ t B µ (x, t )  = D ν G ν µ (x, t ),  Bµ (x, t = 0)  = A µ (x ), ( 2. 2 0)

w h er e D µ a n d G µ ν st a n d f or t h e us u al c o v ari a nt d eri v ati v e a n d t h e fi el d str e n gt h
t e ns or of t h e fl o w e d B µ (x, t ) fi el ds:

D µ B ν (x, t )  = ∂ µ B ν (x, t ) − i[B µ (x, t ),  Bν (x, t )] , ( 2. 2 1)

G µ ν (x, t )  = ∂ µ B ν (x, t ) − ∂ ν B µ (x, t ) − i[B µ (x, t ),  Bν (x, t )] . ( 2. 2 2)

T h e fl o w e q u ati o ns dri v e t h e g a u g e fi el ds B µ (x, t ) t o w ar ds a st ati o n ar y p oi nt
of t h e cl assi c al e q u ati o ns of  m oti o n.  N ot e t h at t h e ri g ht h a n d si d e of e q. ( 2. 2 0 ) is
pr o p orti o n al t o t h e gr a di e nt of t h e a cti o n, gi vi n g ris e t o t h e n a m e g r a di e nt fl o w .

T h e  G F e q u ati o n a cts as a h e at e q u ati o n t h at di ff us es t h e fi el d c o n fi g ur ati o ns
o v er t h e l atti c e.  As t h e fl o w ti m e i n cr e as es, t h e fi el d c o n fi g ur ati o ns a p pr o a c h a
s m o ot h li mit, eli mi n ati n g t h e ultr a vi ol et di v er g e n c es i n a s p h eri c al r e gi o n of si z e√

8 t,  w hi c h n at ur all y b e c o m es a r e n or m ali z ati o n s c al e µ − 1 =
√

8 t.  T his is o bt ai n e d
b y s ol vi n g t h e l e a di n g or d er of e q. ( 2. 2 1 )  wit h t h e f oll o wi n g h e at k er n el:

B µ (x, t )  =

󰁛

d d y K t (x − y )A µ (y ), ( 2. 2 3)

K t (z )  =
1

( 4π t) 2
e x p

󰂃
− z 2

4 t

󰁛

. ( 2. 2 4)
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O n e of t h e  m ai n f e at ur es of t h e  G F is t h at a n y c o m p osit e o bs er v a bl e  m a d e
of B µ (x, t ) fi el ds is a ut o m ati c all y r e n or m ali z e d f or a n y ti m e t  > 0 [8 1 ].  E v e n f or
t = 0 , t h e o bs er v a bl e d e c o m p os es i nt o a fi nit e r e n or m ali z e d p art pl us a n a d diti o n al
t er m  wit h di v er g e nt c o e ffi ci e nts. I n t his s e ns e, r e n or m ali z e d c o u pli n gs c a n b e e asil y
i ntr o d u c e d  wit hi n t h e  G F b y i d e ntif yi n g di m e nsi o nl ess o bs er v a bl es  wit h a s uit a bl e
d e p e n d e n c e o n t h e e n er g y s c al e.  O n e s u c h o bs er v a bl e is t h e fl o w e d e n er g y d e n s-
it y [1 4 ]:

E (t)  =
1

2
Tr

󰁛
G µ ν (x, t )G µ ν (x, t )

󰂃
. ( 2. 2 5)

Usi n g t h e fl o w ti m e t,  w hi c h h as di m e nsi o ns of l e n gt h s q u ar e d,  w e c a n c o nstr u ct t h e
di m e nsi o nl ess c o m bi n ati o n 〈t2 E (t)〉.  T h e b e h a vi or of t his c o m bi n ati o n  wit h r es p e ct
t o t h e s c al e µ − 1 =

√
8 t all o ws t o d e fi n e a r e n or m ali z e d ’t  H o oft c o u pli n g t hr o u g h

t h e f oll o wi n g r el ati o n:

λ (µ ) ∝
󰁛
t2 E (t)

󰁔 󰂃
󰁛
󰂃√

8 t= µ − 1
. ( 2. 2 6)

T his pr o c e d ur e is us u all y  mi x e d  wit h fi nit e v ol u m e t e c h ni q u es, i n p arti c ul ar
t h e s o- c all e d fi nit e si z e s c ali n g [ 8 4 ]. I n t his c o nt e xt, it is c o m m o n t o r el at e t h e
r e n or m ali z ati o n s c al e µ t o t h e si z e of t h e fi nit e v ol u m e l. I n t h e st a n d ar d s et u p,  w h er e
t h e g a u g e t h e or y is d e fi n e d o n a t or us of di m e nsi o n l4 , t h e fl o w ti m e is d et er mi n e d
b y t h e r el ati o n

√
8 t = cl .  T h e p ar a m et er c is a n ar bitr ar y c o nst a nt, l ess t h a n 1,

w hi c h  m e as ur es h o w  m u c h t h e g a u g e fi el ds ar e s m o ot h e d i n u nits of l.  T his r el ati o n
l e a ds t o t h e d e fi niti o n of a c o u pli n g as f oll o ws:

λ G F (µ )  = N
󰂃
t2 E (t)

󰁫 󰁬
󰁵
󰀕√

8 t= cl = µ − 1
. ( 2. 2 7)

H er e t h e f a ct or N r e pr es e nts a n or m ali z ati o n c o nst a nt i ntr o d u c e d t o e ns ur e t h at
λ G F (µ ) a p pr o xi m at es λ M S (µ ) at l e a di n g or d er i n p ert ur b ati o n t h e or y. I n t his s e ns e,
t h e c h oi c e of c is i n pri n ci pl e ar bitr ar y a n d o nl y e nt ers as p art of t h e s c h e m e d e fi ni-
ti o n.

We  will us e t h es e d e fi niti o ns i n c h. 3 t o pr es e nt a n e w r e n or m ali z ati o n s c h e m e
b as e d o n t h e  G F, k n o w n as t wist e d gr a di e nt fl o w ( T G F).  T his  will b e t h e  m ai n
c o m p ut ati o n al t e c h ni q u e us e d i n  m ost of t h e t h esis r e p ort.

2. 4. 2  S c al e s e t ti n g

S c al e s etti n g i n l atti c e fi el d t h e ori es pl a ys a cr u ci al r ol e i n t h e d et er mi n ati o n of
p h ysi c al q u a ntiti e s a n d i n t h e c o m p aris o n of l atti c e r es ults  wit h e x p eri m e nt al or
t h e or eti c al pr e di cti o ns.  T h e dis cr eti z ati o n of s p a c eti m e i ntr o d u c es t h e l atti c e s p a-
ci n g a as a n at ur al s c al e, a n d t h er ef or e all r es ulti n g d et er mi n ati o ns ar e e x pr ess e d i n
t er ms of it.  T h e s c al e s etti n g  m et h o ds ai m at est a blis hi n g a p h ysi c al s c al e  wit hi n
l atti c e t h e or y b y r el ati n g it t o a k n o w n p h ysi c al q u a ntit y or di m e nsi o n al p ar a m et er.

W h e n dir e ct c o m p aris o ns  wit h e x p eri m e nt al or t h e or eti c al d a t a ar e p ossi bl e,
l atti c e si m ul ati o ns c a n b e dir e ctl y c o m p ar e d  wit h k n o w n p h ysi c al q u a ntiti es, s u c h as
pi o n  m ass es or d e c a y c o nst a nts, t o d et er mi n e t h e l atti c e s p a ci n g.  H o w e v er, i n c as es
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w h er e e x p eri m e nt al d at a ar e n ot a v ail a bl e, s u c h as  m or e t h e or eti c all y  m oti v at e d
c al c ul ati o ns, alt er n ati v e s c al e s etti n g  m et h o ds ar e r e q uir e d [ 8 6 ].

O n e c o m m o nl y us e d s c al e f or p ur e g a u g e t h e ori es is t h e stri n g t e nsi o n
√

σ 0 , b ut
si n c e t his a p pr o a c h r e q uir es l ar g e s c al e si m ul ati o ns  wit h si g ni fi c a nt s p ati al v ol u m es,
R ai n er S o m m er i ntr o d u c e d a  m or e pr e cis e d e fi niti o n usi n g t h e s o- c all e d S o m m er
r a di us r 0 [8 7 ].  T h e s c al e r 0 is d e fi n e d b y s etti n g a c ert ai n v al u e f or t h e f or c e b et w e e n
t w o st ati c q u ar ks:

r 2 F (r ) |r = r 0 = 1 .6 5 . ( 2. 2 8)

T his a p pr o a c h pr o vi d es i m pr o v e d a c c ur a c y i n d et er mi ni n g t h e l atti c e s p a ci n g  wit h
f e w er c o n fi g ur ati o ns r e q uir e d.

It is i m p ort a nt t o n ot e t h at s c al e s etti n g  m et h o ds c a n b e a ff e ct e d b y s yst e m ati c
u n c ert ai nti es s u c h as l atti c e artif a cts a n d fi nit e v ol u m e e ff e cts.  T h es e u n c ert ai nti es
m ust b e c ar ef ull y c o nsi d er e d a n d a c c o u nt e d f or t o e ns ur e r eli a bl e l atti c e s p a ci n g
d et er mi n ati o ns.

A n ot h er a p pr o a c h t o s c al e s etti n g is t h e us e of  G F. Si n c e t h e s m o ot hi n g pr o c ess
of g a u g e fi el ds c a n b e c o ntr oll e d b y v ar yi n g t h e fl o w ti m e t, s etti n g a c ert ai n v al u e
f or a n o bs er v a bl e, s u c h as t h e  G F e n er g y d e nsit y of e q. (2. 2 5 ), all o ws d e fi ni n g a fl o w
s c al e t0 a n d usi n g it t o r e l at e p h ysi c al q u a ntiti es o n t h e l atti c e.  T h e d e fi niti o n of
t0 [1 4 ] i n S U ( 3) is t h e f oll o wi n g

t2 〈 E (t)〉 |t= t 0 = 0 .3 , ( 2. 2 9)

w hi c h c a n b e g e n er ali z e d t o S U (N ) t hr o u g h:

t2 〈 E (t)〉

N
|t= t 0 = 0 .1 . ( 2. 3 0)

Si mil ar i d e as c a n b e a p pli e d  w h e n usi n g t h e d eri v ati v e of t h e e n er g y d e nsit y, o bt ai n-
i n g t h e f oll o wi n g w 0 s c al e [ 8 8 ]:

󰁛

t
d

dt
t2 〈 E (t)〉

󰂃 󰁛
󰁔
󰂃t= w 2

0
= 0 .3 ( 2. 3 1)

G F s c al es pr o vi d e hi g h er a c c ur a c y c o m p ar e d t o ot h er  m et h o ds s u c h as t h e
S o m m er r a di us or t h e stri n g t e nsi o n, a n d r e q uir e f e w er c o n fi g ur ati o ns t o a c hi e v e
c o m p ar a bl e l atti c e s p a ci n g a c c ur a c y.  L ar g e v ol u m es ar e still r e q uir e d t o a c c o u nt f or
fi nit e v ol u m e c orr e cti o ns, as dist orti o ns c a n o c c ur f or s m all v ol u m es.

2. 5  S u m m a r y

We h a v e gi v e n a g e n er al o v er vi e w of t h e b a c k gr o u n d a n d k e y as p e cts r el e v a nt t o t his
t h esis r e p ort.  We i ntr o d u c e d t h e c o n c e pt o f t h e l ar g e N li mit a n d its r el e v a n c e.  We
i niti all y f o c us e d o n t h e ’t  H o oft l ar g e N li mit,  w h er e t h e n u m b er of c ol ors N is t a k e n
t o b e ar bitr aril y l ar g e,  w hil e t h e b ar e c o u pli n g g 0 is s et t o z er o, k e e pi n g t h e ’t  H o oft
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c o u pli n g λ 0 = N g 2
0 c o nst a nt.  H o w e v er, i n o ur p arti c ul ar s et u p  w e ar e i nt er est e d i n

st u d yi n g t h e l ar g e N t h e or y at fi nit e v ol u m e, a n d t h er ef or e  w e h a v e dis c uss e d a n
alt er n ati v e li mit k n o w n as t h e si n g ul ar l ar g e N li mit,  w h er e t h e p h ysi c al v ol u m e is
h el d c o nst a nt i nst e a d of t h e b ar e c o u pli n g.

We h a v e dis c uss e d t h e f or m ul ati o n of S U (N ) Y a n g- Mills t h e ori es o n a fi nit e
t or us  wit h t wist e d b o u n d ar y c o n diti o ns.  We h a v e s h o w n t h at t h e d y n a mi cs of t h e
t h e or y is c o ntr oll e d b y t h e e ff e cti v e l e n gt h of t h e t or us l̃,  w hi c h e q ui v al e ntl y fi x es
t h e r e n or m ali z e d c o u pli n g.  H o w e v er, t h er e is a r esi d u al d e p e n d e n c e i n t h e f or m of
t h e a n g ul ar v ari a bl e θ̂ ,  w hi c h is n ot g e n er all y fi x e d b y t h e si n g ul ar l ar g e N li mit.
T h er ef or e,  w e h a v e c h os e n t o us e N a n d k s c al e d  wit hi n t h e  Fi b o n a c ci s e q u e n c e,
w hi c h gi v es a c o nst a nt θ̂ v al u e i n t h e l ar g e N li mit r el at e d t o t h e  G ol d e n r ati o. I n
a d diti o n, t his c h oi c e  m a xi mi z es t h e a v oi d a n c e of t a c h y o ni c i nst a biliti es ass o ci at e d
wit h t h e br e a ki n g o f t h e c e nt er s y m m etr y.

O ur  m ai n g o al is t o st u d y t h e i m pli c ati o ns of t h e v ol u m e i n d e p e n d e n c e h y p o-
t h esis i n t h e c al c ul ati o n of r el e v a nt q u a ntiti es s u c h as t h e t o p ol o gi c al s us c e pti bilit y
or t h e Λ p ar a m et er.  T o a c hi e v e t his,  w e h a v e i ntr o d u c e d  G F as a us ef ul r e n or m al-
i z ati o n pr o c e d ur e t o d e fi n e r e n or m ali z e d c o u pli n gs.  T h e s p e ci fi c r e n or m ali z ati o n
s c h e m e us e d i n t his t h esis c o m bi n es t wist e d b o u n d ar y c o n diti o ns a n d a c o u pli n g
d e fi niti o n b as e d o n  G F, k n o w n as t wist e d gr a d i ent fl o w.

We c o n cl u d e t his i ntr o d u ct or y c h a pt er b y s u m m ari zi n g o ur g e n er al c h oi c es. I n
t h e f oll o wi n g c h a pt ers,  w e  will i m pl e m e nt S U (N ) Y a n g- Mills t h e ori es o n a n as y m-
m etri c al t or us of si z e l2 × l̃2 ,  w h er e t h e t w o s h ort dir e cti o ns ar e e n d o w e d  wit h t wist e d
b o u n d ar y c o n diti o ns. I n t his d = 2 s et u p, t h e e ff e cti v e l e n gt h l̃ = lℓ N i s gi v e n b y
l̃ = N l , a n d  w e c h o os e t h e v al u es of N a n d k wit hi n t h e  Fi b o n a c ci s e q u e n c e, s p e-
ci fi c all y N = F n a n d k = F N − 2 f or a n y v al u e of n .  T h e d et ails of t h e c o u pli n g
d e fi niti o n a n d t h e s p e ci fi c fi nit e si z e s c ali n g r e ali z ati o n ar e gi v e n i n t h e c h a pt er 3 .
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3
T wist e d  Gr a di e nt

Fl o w s c h e m e

3. 1  M o ti v a ti o n

Fi nit e v ol u m e r e n or m ali z ati o n s c h e m es [ 8 4 ] ar e a p o w erf ul t o ol f or st u d yi n g as y m p-
t oti c all y fr e e t h e ori es. ( S e e [ 8 9 , 9 0 ] f or a c o m pr e h e nsi v e r e vi e w).  As y m pt oti c fr e e-
d o m [ 9 1 , 9 2 ] pr e di cts  w e a k c o u pli n g v al u es at hi g h e n er gi es,  w h er e p ert ur b ati o n
t h e or y b e c o m es a r eli a bl e t o ol f or pr e cis e d et er mi n ati o ns.  H o w e v er, i n  Y a n g- Mills
( Y M) t h e ori es s u c h as  Q C D, t h e a p pr o a c h t o t h e p ert ur b ati v e r e gi m e is l o g arit h mi c
i n t h e r u n ni n g c o u pli n g; t h er ef or e, t h e str on gl y c o u pl e d a n d t h e p ert ur b ati v e r e-
gi m es ar e s e p ar at e d b y l ar g e e n er g y s c al es.  A c c o m m o d ati n g t h es e di ff er e nt s c al es
i n a si n gl e l atti c e si m ul ati o n is c h all e n gi n g a n d r e q uir es c o m pr o mis es (s e e [9 3 ] f or a
r e vi e w of str o n g c o u pli n g e xtr a cti o n  m et h o ds).

Fi nit e v ol u m e r e n or m ali z ati o n s c h e m es s ol v e t his  m ultis c al e pr o bl e m b y li n ki n g
t h e p h ysi c al v ol u m e of t h e s yst e m t o t h e r e n or m ali z ati o n s c al e.  A si n gl e l atti c e
si m ul ati o n c a n o nl y st u d y a li mit e d r a n g e of s c al es.  H o w e v er, si m ul ati o ns  wit h
di ff er e nt p h ysi c al si z es c a n c o v er l ar g e e n er g y s c al es b y usi n g a r e c ursi v e t e c h ni q u e
c all e d fi nit e si z e s c ali n g.  T his t e c h ni q u e h as b e e n us e d t o d et er mi n e t h e  Q C D
r u n ni n g c o u pli n g  wit h N f = 2 , 3 [9 4 – 9 6 ] a n d 4 [9 7 ] fl a v ors as  w ell as i n p ur e g a u g e
t h e or y [8 5 , 9 8 , 9 9 ].

T his c h a pt er ai ms t o e x pl or e a p arti c ul ar fi nit e v ol u m e r e n or m ali z ati o n s c h e m e,
first i ntr o d u c e d i n [ 1 0 0 – 1 0 2 ], b as e d o n t hr e e i n gr e di e nts.  First,  w e c h o os e a n o n-
p ert ur b ati v e c o u pli n g b as e d o n t h e gr a di e nt fl o w ( G F) [ 1 1 – 1 4 ] (s e e als o [1 0 3 ] f or a
r e vi e w). S e c o n d,  w e c h o os e t wist e d b o u n d ar y c o n diti o ns [ 1 – 3 ] f or t h e g a u g e fi el ds.
Fi n all y,  w e us e a p arti c ul ar g e o m etr y; f or S U (N ) g a u g e t h e ori es,  w e c h o os e a h y p er-
c u bi c b o x of di m e nsi o ns l2 × l̃2 wit h l̃ = l N .

T h e l o gi c b e hi n d t h es e c h oi c es is r o ot e d i n t h e st u d y of t h e l ar g e N li mit of
Y M t h e ori es a n d t h e i d e as of v ol u m e r e d u cti o n  wit h t wist e d b o u n d ar y c o n diti o ns [ 5 ,
6 ,1 0 4 ] (s e e [1 0 5 ,1 0 6 ] f or r e c e nt r e vi e ws).  Wit h o ur c hoi c e of g e o m etr y l2 × (N l ) 2 a n d
o ur p arti c ul ar c h oi c e of b o u n d ar y c o n diti o ns, p ert ur b ati o n t h e or y i n di c at es t h at t h e
e ff e cti v e v ol u m e of t h e t or us is (N l ) 4 .  As dis c uss e d i n c h. 2 , t his e q ui v al e n c e b et w e e n
gr o u p d e gr e es of fr e e d o m a n d s p ati al d e gr e es of fr e e d o m ( w hi c h b e c o m es e x a ct i n
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t h e l ar g e N li mit) li es b e hi n d t h e i d e as of v ol u m e r e d u cti o n a n d n o n- c o m m ut ati v e
g e o m etr y [ 6 7 ].

C o m p ar e d t o t h e  m or e c o m m o n fi nit e v ol u m e r e n or m ali z ati o n s c h e m es b as e d
o n S F or  mi x e d o p e n S F b o u n d ar y c o n diti o ns [ 8 3 ], t wist e d b o u n d ar y c o n diti o ns [1 0 7 ,
1 0 8 ] pr es er v e t h e i n v ari a n c e u n d er tr a nsl ati o ns a n d ar e t h er ef or e fr e e of t h e li n e ar
O (a ) c ut o ff e ff e cts pr es e nt i n ot h er s c h e m es.  O n t h e ot h er h a n d, t h e us e of p eri o di c
b o u n d ar y c o n diti o ns [ 1 0 9 , 1 1 0 ] l e a ds t o n o n- a n al yti c c ou pli n g d e fi niti o ns,  m a ki n g
t h e e xtr a cti o n of t h e Λ p ar a m et er c u m b ers o m e. I nst e a d, t wist e d b o u n d ar y c o n di-
ti o ns d o n ot s u ff er fr o m t h es e n o n- a n al yti citi es,  m a ki n g t h e m p arti c ul arl y s uit a bl e
f or p ert ur b ati v e c al c ul ati o ns.  M or e o v er, t h e r el ati o ns hi p b et w e e n t h e Λ p ar a m et er
of t his s c h e m e a n d t h e M S s c h e m e is k n o w n a n al yti c all y [ 1 0 0 ].  Fi n all y, d u e t o
t h e as y m m etri c al t or us, t h e  m e m or y f o ot pri nt r e q uir e d t o si m ul at e t his s c h e m e is
r e d u c e d, alt h o u g h t h e c o m p ut ati o n al ti m e r e m ai ns r o u g hl y t h e s a m e d u e t o s elf-
a v er a gi n g [ 1 1 1 ].  C o n v ers el y, t his  m e m or y r e d u cti o n all o ws f or b ett er p erf or m a n c e
o n  G P U s yst e ms.

T hr o u g h o ut t h e c h a pt er,  w e  will d es cri b e t h e r u n ni n g of t h e str o n g c o u pli n g
c o nst a nt i n t h e t wist e d gr a di e nt fl o w ( T G F) r e n or m ali z ati o n s c h e m e.  T h e c h a pt er is
str u ct ur e d as f oll o ws. I n s e c. 3. 2 ,  w e d e fi n e t h e  T G F r e n or m ali z ati o n s c h e m e f o c usi n g
o n o ur p arti c ul ar c h oi c e of c o u pli n g a n d t or us g e o m etr y. S e cti o n 3. 3 s u m m ari z es t h e
str at e g y f or d et er mi ni n g t h e Λ p ar a m et er at s o m e t y pi c al h a dr o ni c s c al es. S e cti o n 3. 4
s u m m ari z es t h e l atti c e n u m eri c al i m pl e m e nt ati o n.  T his s et u p  will b e us e d i n c hs. 4
a n d 5 t o c o m p ut e t h e r u n ni n g c o u pli n g c o nst a nt of s e v er al S U (N ) g a u g e gr o u ps.
We e n d  wit h s o m e fi n al r e m ar ks i n s e cti o n 3. 5 .

3. 2  T wi s t e d g r a di e nt  fl o w ( T G F ) s c h e m e

D e fi niti o ns of t h e g a u g e c o u pli n g b as e d o n t h e  G F ar e c ust o m ar y si n c e t h e y c a n b e
c o m p ut e d o n t h e l atti c e t o hi g h pr e cisi o n.  T h e  G F is a r e n or m ali z ati o n pr o c e d ur e
b as e d o n r e pl a ci n g t h e ori gi n al g a u g e fi el ds A µ (x ) wit h a n e w s et of s m o ot h, fl o w-ti m e
d e p e n d e nt fi el ds B µ (x, t ), i n t er ms of  w hi c h g a u g e i n v ari a nt c o m p osit e o bs er v a bl es
ar e a ut o m ati c all y r e n or m ali z e d q u a ntiti es f or t  > 0 [8 1 ].  T h e s o- c all e d fl o w ti m e
e q u ati o ns dri v e t h es e n e w fi el ds as f oll o ws:

∂ t B µ (x, t )  = D ν G ν µ (x, t ),  Bµ (x, t = 0)  = A µ (x ), ( 3. 1)

w h er e D µ a n d G µ ν st a n d f or t h e c o v ari a nt d eri v ati v e a n d t h e fi el d str e n gt h t e ns or
of t h e fl o w fi el ds:

D µ B ν (x, t )  = ∂ µ B ν (x, t ) − i[B µ (x, t ),  Bν (x, t )] , ( 3. 2)

G µ ν (x, t )  = ∂ µ B ν (x, t ) − ∂ ν B µ (x, t ) − i[B µ (x, t ),  Bν (x, t )] . ( 3. 3)

T h e e ff e ct of t h e fl o w is t o s m o ot h t h e g a u g e fi el ds o n a s p h er e of r a di us
√

8 t.
R e n or m ali z e d c o u pli n gs b as e d o n t h e  G F c a n t h us b e i ntr o d u c e d tri vi all y, si n c e o n e
o nl y n e e ds t o fi n d di m e nsi o nl ess o bs er v a bl es t h at d e p e n d o n s o m e e n er g y s c al e.  As
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c o m m e nt e d i n c h. 2. 4 , t h e e n er g y d e nsit y of e q. (2. 2 5 ) c a n b e us e d t o c o nstr u ct t h e
di m e nsi o nl ess c o m bi n ati o n 〈t2 E (t)〉,  w hi c h pr o vi d es o n e s u c h o bs er v a bl e.

As dis c uss e d i n c h. 2. 4. 1 , i n t h e c o nt e xt of fi nit e si z e s c ali n g i n t h e st a n d ar d
s y m m etri c al s et u p, o n e fi x es t h e r e n or m ali z ati o n s c al e i n t er ms of t h e fl o w ti m e a n d
t h e si z e of t h e t or us as µ − 1 =

√
8 t = cl ,  wit h c st a n di n g f or a n ar bitr ar y, s m all er

t h a n 1, c o nst a nt d e fi ni n g t h e s c h e m e.  T h es e c h oi c es l e a d t o t h e c o u pli n g d e fi niti o n
of e q. ( 2. 2 7 )

R e g ar di n g t h e g e o m etr y, t h e  T wist e d  Gr a di e nt  Fl o w ( T G F) s c h e m e is d e fi n e d
b y i ntr o d u ci n g S U (N ) Y a n g- Mills ( Y M) t h e ori es o n a n as y m m etri c al h y p er c u bi c
b o x of si z e l2 × (N l ) 2 .  T h e pl a n e  wit h t w o s h ort dir e cti o ns, t a k e n t o b e t h e ( 1, 2)
pl a n e, is e n d o w e d  wit h t wist e d b o u n d ar y c o n diti o ns, i. e.,

A µ (x + lν̂ )  = Γ ν A µ (x )Γ †
ν , f or ν = 1 , 2 . ( 3. 4)

T h e g a u g e fi el d is p eri o di c i n t h e r e m ai ni n g dir e cti o ns  wit h p eri o d l̃ = N l .  T h e
t wist  m atri c es Γ ν , f or ν = 1, 2, s atisf y t h e c o nsist e n c y c o n diti o n:

Γ 1 Γ 2 = Z 1 2 Γ 2 Γ 1 ( 3. 5)

wit h
Z 1 2 = e i 2 π k

N , ( 3. 6)

w h er e k a n d N ar e c o pri m e i nt e g ers.  As  w e dis c uss e d i n s e c. 2. 3. 2 , t h e v al u e of t h e
t wist k m ust b e s c al e d  wit h t h e n u m b er of c ol ors of t h e g a u g e gr o u p a n d is b est
c h os e n t o a v oi d t h e a p p e ar a n c e of t a c h y o ni c i nst a biliti es i n t h e l ar g e N li mit [1 0 ,1 0 4 ].
I n t his  w or k, f oll o wi n g r ef. [1 0 ], t h e v al u es of t h e k fl u x a n d t h e n u m b er of c ol ors N
ar e s c al e d as t h e n − 2 a n d n -t h t er ms of t h e  Fi b o n a c ci s e q u e n c e, i. e., k = F n − 2 a n d
N = F n .

As  m e nti o n e d a b o v e, p ert ur b ati o n t h e or y s u g g ests t h at t h e fi nit e v o l u m e eff e cts
f or t his c h oi c e of t wist ar e c o ntr oll e d b y l̃ [8 , 9 , 1 0 0 , 1 1 2 ].  U n d er t his ass u m pti o n,
it b e c o m es n at ur al t o us e t h e eff e cti v e si z e l̃ = N l r at h er t h a n l t o s et t h e s c al e of
t h e r u n ni n g c o u pli n g [ 1 1 3 ] as µ − 1 ≡ c l̃.  F urt h er m or e, a n d f oll o wi n g t h e pr es cri pti o n
i ntr o d u c e d i n [1 1 4 ], t h e c o u pli n g is d e fi n e d  wit hi n t h e s e ct or of c o n fi g ur ati o ns  wit h
z er o t o p ol o gi c al c h ar g e.  T his c h oi c e ai ms t o cir c u m v e nt t h e pr o bl e ms of criti c al
sl o wi n g d o w n ( C S D) a n d t o p ol o g y fr e e z i n g on t h e l atti c e [ 1 1 5 , 1 1 6 ],  w hi c h  will b e
dis c uss e d i n d et ail i n c h. 6 .  T h us, t h e c o u pli n g is d e fi n e d as

λ T G F (µ )  =
1 2 8 π 2 t2

3 N A (π c 2 )

〈 E (t) δ Q 〉

〈 δ Q 〉

󰁛
󰂃
󰁛

√
8 t = c l̃ = µ − 1

, ( 3. 7)

w h er e δ Q st a n ds f or a δ -f u n cti o n t h at r estri cts t h e p at h i nt e gr al t o c o n fi g ur ati o ns
wit h z er o t o p ol o gi c al c h ar g es Q , a n d

A (x )  = x 2 θ 2
3 ( 0, i x)

󰁔
θ 2

3 ( 0, i x) − θ 2
3 ( 0, i x N 2 )

󰂃
, ( 3. 8)

w h er e θ 3 ( 0, i x) st a n ds f or t h e J a c o bi θ 3 f u n cti o n:

θ 3 (z, i x )  =
󰁛

m ∈ Z

e x p
󰂃
− π x m 2 + 2 π i m z

󰂃
≡

1
√

x

󰁫

m ∈ Z

e x p

󰁬

− π
(m − z ) 2

x

󰁵

, ( 3. 9)
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is c h os e n t o e ns ur e t h at t h e  T G F c o u pli n g is pr o p orti o n al t o t h e b ar e c o u pli n g at
l e a di n g or d er i n p ert ur b ati o n t h e or y.

I n a d diti o n,  w e  will s et c = 0 .3 0 , a st a n d ar d c h oi c e f or  G F fi nit e v ol u m e
s c h e m es t h at ai ms at r e d u ci n g t h e e ff e ct of l atti c e art ef a cts a n d  mi ni mi zi n g at t h e
s a m e ti m e t h e st atisti c al err ors i n t h e d et er mi n ati o n of t h e c o u pli n g.  We  will el a b-
or at e  m or e o n t his c h oi c e i n c h. 4. 2 .

3. 3  T h e Λ p a r a m e t e r

T h e st arti n g p oi nt f or d et er mi ni n g t h e Λ p ar a m et er is t h e r e n or m ali z ati o n gr o u p
( R G) e q u ati o n i n a p arti c ul ar s c h e m e (l a b el e d s)

β s (λ s )  =
d λ s

d l o g ( µ 2 )
. ( 3. 1 0)

T h e β f u n cti o n h as a p ert ur b ati v e e x p a nsi o n

β s (λ s )
λ s → 0
∼ − λ 2

s (b 0 + b 1 λ s )  + O
󰁛
λ n − 1

s

󰂃
. ( 3. 1 1)

wit h t h e first t w o c o e ffi ci e nts ( 4π ) 2 b 0 = 1 1 / 3 a n d ( 4π ) 4 b 1 = 3 4 / 3 b ei n g u ni v ers al (i. e.,
s c h e m e i n d e p e n d e nt).  T h e first- or d er di ff er e nti al e q u ati o n ( 3. 1 0 ) c a n b e i nt e gr at e d
e x a ctl y

Λ s

µ
=

󰁛
b 0 λ s (µ )

󰁔 − b 1
2 b 0

2 e x p

󰂃
− 1

2 b 0 λ s (µ )

󰁛

× e x p

󰂃

−

󰂃 λ s ( µ )

0

d x

󰁫
1

2 β s (x )
+

1

2 b 0 x 2
−

b 1

2 b 2
0 x

󰁬 󰁵

, ( 3. 1 2)

w h er e Λ s is a n i nt e gr ati o n c o nst a nt (t h e Λ p ar a m et er).  As s u c h, it is a r e n or-
m ali z ati o n gr o u p i n v ari a nt (i. e., s c al e i n d e p e n d e nt) b ut d e p e n ds o n t h e c h oi c e of
r e n or m ali z ati o n s c h e m e.  T his s c h e m e d e p e n d e n c e c a n b e c o m p ut e d e x a ctl y vi a a
o n e-l o o p c o m p ut ati o n. I n p arti c ul ar, t h e q u oti e nt of t h e Λ p ar a m et ers i n t h e M S
a n d t h e  T G F s c h e m es is gi v e n b y [ 1 0 0 ]

l o g

󰀕
Λ T G F

Λ M S

󰀖

=
3

2 2

󰂃
1 1

3
γ E +

5 2

9
− 3 l o g 3  + C 1 (c )

󰀖

, ( 3. 1 3)

w h er e C 1 (c ) is a fi nit e c o nst a nt d et er mi n e d f or diff er e nt g a u g e gr o u ps a n d c v al u es
i n [1 0 0 ].  F or t h e g a u g e gr o u ps st u di e d i n t his p a p er, it t a k es t h e v al u es C 1 (c =
0 .3)  = 0 .5 0 8( 4) f or N = 3 a n d k = 1 , C 1 (c = 0 .3)  = 0 .5 9 7( 1 4) f or N = 5 a n d k = 2 ,
a n d C 1 (c = 0 .3)  = 0 .6 1 5( 1 4) f or N = 8 a n d t wist k = 3 .

T o d et er mi n e t h e Λ p ar a m et er,  w e us e t h e e x a ct r el ati o n e q. ( 3. 1 2 ) t o  writ e

Λ s

µ h a d

=
Λ s

µ p t

× e x p

󰀥

−

󰁝 λ s ( µ h a d )

λ s ( µ p t )

d x

2 β s (x )

󰀦

, ( 3. 1 4)
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w h er e µ h a d i s a t y pi c al h a dr o ni c s c al e, a n d µ p t ≫ µ h a d i s a hi g h e n er g y s c al e
w h er e p ert ur b ati o n t h e or y is a p pli c a bl e.  L atti c e fi el d t h e or y all o ws us t o n o n-
p ert ur b ati v el y d et er mi n e t h e r u n ni n g of t h e c o u pli n g i n s o m e s uit a bl e s c h e m es (li k e
t h e  T G F us e d h er e), a n d t h us t h e s e c o n d f a ct or o n t h e ri g ht- h a n d si d e of e q. ( 3. 1 4 ).
I n p arti c ul ar, t h e t e c h ni q u e of fi nit e si z e s c ali n g [ 8 4 ] all o ws hi g h- pr e cisi o n d et er m-
i n ati o ns.  T h e pr o c e d ur e is i m pl e m e nt e d b y  m e as uri n g t h e c h a n g e of t h e co u pli n g
u n d er a c h a n g e of t h e r e n or m ali z ati o n s c al e fr o m µ t o s µ ,  w h er e s  > 1 is t h e s o-
c all e d s c ali n g p ar a m et er.  A n it er ati v e pr o c e d ur e all o ws t o li n k t h e t w o s c al es µ h a d

a n d µ p t b y t a ki n g i nt o a c c o u nt t h at at e a c h st e p:

󰁛 λ ( s µ )

λ ( µ )

d x

β (x )
= l o g s 2 . ( 3. 1 5)

We p ost p o n e t h e c o n cr et e i m pl e m e nt ati o n f or t h e n e xt s e cti o n a n d f o c us h er e o n
e v al u ati n g first f a ct or,  w hi c h r e q uir es p ert ur b ati o n t h e or y. If  w e d e fi n e

I ( n )
s (λ )  = e x p





−

󰂃 λ

0

d x

󰁛
1

2 β
( n )
s (x )

+
1

2 b 0 x 2
−

b 1

2 b 2
0 x

󰁔 



, ( 3. 1 6)

w h er e β
( n )
s (x ) is t h e n − l o o p β f u n cti o n, it is e as y t o s e e t h at ( cf. e q.(3. 1 2 ))

Λ s

µ p t

λ s ( µ p t ) → 0
∼

󰂃
b 0 λ s (µ p t )

󰁛 − b 1
2 b 0

2 e x p

󰂃
− 1

2 b 0 λ s (µ p t )

󰂃

I ( n )
s

󰁫
λ s (µ p t )

󰁬
+ O

󰁵
λ n − 1

s (µ p t )
󰀕

.

( 3. 1 7)
T h e c orr e cti o ns d e cr e as e as p o w ers of λ s (µ p t ), a n d t h er ef or e l o g arit h mi c all y (i. e.,
sl o wl y)  wit h t h e s c al e µ p t .  T h e e xtr a cti o n of t h e Λ s p ar a m et er h as t o b e p erf or m e d
b y t a ki n g t h e li mit

Λ s

µ h a d

= li m
λ s ( µ p t ) → 0

󰀖
b 0 λ s (µ p t )

󰂃 − b 1
2 b 0

2 e x p

󰀖
− 1

2 b 0 λ s (µ p t )

󰀥

I ( n )
s

󰁝
λ s (µ p t )

󰀦

× e x p

󰀥

−

󰁝 λ s ( µ h a d )

λ s ( µ p t )

d x

2 β s (x )

󰀦

. ( 3. 1 8)

If λ s (µ p t ) is s uffi ci e ntl y s m all f or t w o-l o o p p ert ur b ati o n t h e or y t o h ol d, o n e
c a n i ns ert t h e e q u ati o n e q. ( 3. 1 1 ) a n d e x pr ess t h e i nt e gr al f a ct or as f oll o ws

I ( 2 )
s (λ s ) ≃

󰀕

1  +
b 1

b 0

λ s

󰀖 b 1
2 b 2

0
. ( 3. 1 9)

I n t h e  T G F s c h e m e, o nl y t h e t w o u ni v ers al c o e ffi ci e nts of t h e β f u n cti o n ar e k n o w n.
T h er ef or e,  w e  will e v al u at e hi g h er- or d er c orr e cti o ns b y d et er mi ni n g t h e β f u n cti o n
fr o m t h e r es ults of o ur n o n- p ert ur b ati v e si m ul ati o ns of t h e r u n ni n g c o u pli n g.

C o ntr olli n g t h e li mit of e q. ( 3. 1 8 ) r e q uir es si m ul ati n g l ar g e e n er g y s c al es  wit h
o ur l atti c e si m ul ati o ns.  Fi nit e si z e s c ali n g all o ws t his b y li n ki n g t h e r e n or m ali z ati o n
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C h a pt e r 3.  T wi st e d  G r a di e nt  Fl o w s c h e m e

s c al e  wit h t h e p h ysi c al si z e of t h e l atti c e si m ul ati o n (s e e s e cti o n 3. 2 ).  T h e c h a n g e
of t h e c o u pli n g  w h e n t h e r e n or m ali z ati o n s c al e c h a n g es b y a f a ct or of t w o

σ (u )  = λ s (µ / 2)
󰁛
󰂃
󰁛
λ s ( µ ) = u

, ( 3. 2 0)

is c all e d t h e st e p s c ali n g f u n cti o n a n d c a n b e o bt ai n e d fr o m l atti c e si m ul ati o ns b y
first t u ni n g t h e v al u e of t h e b ar e c o u pli n g λ 0 s u c h t h at λ s = u f or s e v er al v al u es
of t h e l atti c e si z e L̃ = l̃ / a, a n d t h e n d et er mi ni n g t h e v al u e of t h e c o u pli n g i n a
l atti c e t wi c e as l ar g e at t h e s a m e v al u es of t he b a r e c o u pli n g λ 0 .  T his pr o c e d ur e
r es ults i n s e v er al v al u es of t h e l atti c e st e p s c ali n g f u n cti o n Σ (u, L̃ ),  w hi c h  m ust b e
e xtr a p ol at e d t o t h e c o nti n u u m.

σ (u )  = li m
1 / L̃ → 0

Σ (u, L̃ ) . ( 3. 2 1)

Si n c e
󰁔 λ s ( µ / 2 )

λ s ( µ )

d x

β s (x )
=

󰂃 σ ( u )

u

d x

β s (x )
= − 2 l o g 2 , ( 3. 2 2)

t h e st e p s c ali n g f u n cti o n all o ws us t o a c c ur at el y d et er mi n e t h e l ast f a ct or i n e q. ( 3. 1 8 ).
O n c e t h e f u n cti o n σ (u ) is k n o w n, o n e d e fi n es u 0 = λ s (µ h a d ), a n d r e c ursi v el y d et er m-
i n es

u k = σ − 1 (u k − 1 ) . ( 3. 2 3)

E a c h a p pli c ati o n of t h e st e p s c ali n g f u n cti o n c h a n g es t h e r e n or m ali z ati o n s c al e b y a
f a ct or of 2 , s o t h at u k = λ s ( 2 k µ h a d ) a n d

󰁛 u 0

u k

d x

β s (x )
= − 2 k l o g 2 . ( 3. 2 4)

As  w e  will s e e i n c hs. 4 a n d 5 , aft er a r e as o n a bl e n u m b er of st e ps (O ( 1 0)), hi g h
e n er g y s c al es h a v e b e e n a c hi e v e d,  w h er e p ert ur b ati v e c orr e cti o ns ar e e x p e ct e d t o b e
n e gli gi bl e, a n d o n e c a n e x pl or e t h e li mit of e q. ( 3. 1 8 ) b y t a ki n g λ s (µ p t )  = u k a n d
µ p t = 2 k µ h a d ≫ µ h a d .

O n c e Λ T G F / µ h a d i s c o m p ut e d, all t h at r e m ai ns is t o c h a n g e t h e r e n or m ali z ati o n
s c h e m e t o Λ M S a n d r el at e it t o s o m e p h ysi c al s c al e µ 0 , s u c h as t h e fl o w s c al e 1 /

√
8 t0 ,

t h e stri n g t e nsi o n
√

σ 0 , or t h e S o m m er r a di us 1 / r 0 :

Λ M S

µ 0

=
Λ M S

Λ T G F

Λ T G F

µ h a d

µ h a d

µ 0

. ( 3. 2 5)

Cr u ci all y, l ar g e e n er g y s c al es c a n b e c o v er e d  wit h t his pr o c e d ur e. I n t h e n e xt
s e cti o n  w e dis c uss t h e n u m eri c al d et er mi n ati o n of t h e st e p s c ali n g f u n cti o n i n t h e
T G F s et u p.
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3. 4.  N u m e ri c al s et u p

3. 4  N u m e ri c al s e t u p

We si m ul at e p ur e S U (N ) Y M t h e or y o n as y m m etri c l atti c es of si z e L 2 × L̃ 2 ,  wit h
L̃ = N  L , c orr es p o n di n g t o a t or us i n t h e c o nti n u u m of si z e l2 × l̃2 ,  wit h l̃ = a L̃ a n d
a t h e l atti c e s p a ci n g.  T wist e d b o u n d ar y c o n diti o ns ar e i m pl e m e nt e d b y t a ki n g t h e
f oll o wi n g l atti c e a cti o n

S W (U )  = N b
󰁛

n

󰂃

µ ∕= ν

Tr [ 1 − Z ∗
µ ν (n )P µ ν (n )] , ( 3. 2 6)

wit h pl a q u ett es P µ ν (n ) gi v e n i n t er ms of t h e S U (N ) li n k v ari a bl es U µ (n ) as:

P µ ν (n )  = U µ (n )U ν (n + µ̂ )U †
µ (n + ν̂ )U †

ν (n ), ( 3. 2 7)

a n d  w h er e b = 1 / λ 0 = β / ( 2N 2 ) st a n ds f or t h e i n v ers e of t h e l atti c e b ar e ’t  H o oft
c o u pli n g, a n d Z µ ν (n ) is s et t o o n e f or all pl a q u ett es e x c e pt t h os e  wit h c o or di n at es
x 1 = x 2 = 1 ,  w h er e:

Z 1 2 = Z ∗
2 1 = e x p { i2 π k / N } . ( 3. 2 8)

T h e v al u es of k a n d N ar e c h os e n  m eti c ul o usl y t o a v oi d t h e a p p e ar a n c e of t a c h y o ni c
i nst a biliti es i n t h e l ar g e N li mit.  T o s at ur at e t h e li mit t h at  m a xi mi z es t h e a bs e n c e
of t h es e i nst a biliti es, t h e t wist f a ct or k a n d t h e n u m b er of c ol ors N m ust b e s c al e d as
t h e n − 2 a n d n -t h t er ms of t h e  Fi b o n a cci s e q u e n c e [ 1 0 ], i. e., N = F n a n d k = F n − 2

f or e a c h v al u e of n . I n t his t h esis,  w e  will us e t h e  T G F s c h e m e t o st u d y t h e r u n ni n g
of S U (N ) Y M t h e ori es  wit h t h e f oll o wi n g p ar a m et er c h oi c es: (N, k )  = ( 3, 1) , ( 5, 2) ,
a n d ( 8, 3) .

We us e a h y bri d o v er-r el a x ati o n al g orit h m [ 1 1 7 ] t h at c o m bi n es a si n gl e h e at
b at h s w e e p ( H B) [ 1 1 8 , 1 1 9 ] f oll o w e d b y s e v er al o v er-r el a x ati o n s w e e ps ( O R) [1 2 0 ].
Si n c e fl o w  m e as ur e m e nts ar e c o m p ut ati o n all y e x p e nsi v e, it is b est t o pr o d u c e u n-
c orr el at e d d at a f or all o f our c o u pli n g v al u es.  F or t his r e as o n, i n S U ( 3) w e c h os e
t o p erf or m L̃ h y bri d s w e e ps b et w e e n  m e as ur e m e nts.  T h e hi g h c ost of t h e si m u-
l ati o ns f or S U ( 5) a n d S U ( 8) f or c e d us t o r e d u c e t his n u m b er a n d c h o os e o nl y 1 0
s w e e ps b et w e e n  m e as ur e m e nts.  N ot e, h o w e v er, t h at t h e a ut o c orr el ati o ns ar e t a k e n
i nt o a c c o u nt b y a n al y zi n g t h e d at a usi n g t w o a p pr o a c h es, o n e b as e d o n r es a m pli n g
t e c h ni q u es s u c h as J a c k nif e, a n d t h e ot h er usi n g t h e Γ m et h o d [ 1 2 1 ] c o m bi n e d  wit h
a ut o m ati c di ff er e nti a ti on [ 1 2 2 ].  B ot h a p pr o a c h es gi v e si mil ar r es ults i n all c as es.

All of o ur si m ul ati o ns  w er e p erf or m e d b y st arti n g fr o m t h e v a c u u m c o n fi g ur-
ati o n, i. e. t h e s o- c all e d c ol d st art.  N oti c e t h at  wit h t wist e d b o u n d ar y c o n diti o ns,
t h e v a c u u m c o n fi g ur ati o n d o es n ot c orr es p o n d t o all li n ks s et t o t h e i d e ntit y.  F or
m or e o n t h e c o n cr et e c o nstr u cti o n of t wist e at ers  m atri c es, s e e [ 6 8 ].

I n o ur st u d y,  w e us e d t h e s o- c all e d  Wils o n fl o w dis cr eti z ati o n of t h e c o nti n u u m
fl o w e q u ati o n a n d e v al u at e d t h e e n er g y d e nsit y t hr o u g h t h e  Pl a q u ett e a n d  Cl o v er
dis cr eti z ati o n gi v e n b y:

E pl (t)  = Tr
󰁛
1 − Z ∗

µ ν (n )P µ ν (n, t )
󰁔

, ( 3. 2 9)

E cl (t)  =
1

2
Tr

󰂃
G µ ν (n, t )G µ ν (n, t )

󰁛
, ( 3. 3 0)
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w h er e  w e d e fi n e d, d e n oti n g U − µ (n )  = U †
µ (n − µ ):

G µ ν (n, t )  = −
i

8
{ Z ∗

µ ν (n )P µ ν (n, t )  + Z ∗
µ ν (n − ν̂ )P − ν µ (n, t )

+ Z ∗
µ ν (n − µ̂ )P ν − µ (n, t )  + Z ∗

µ ν (n − µ̂ − ν̂ )P − µ − ν (n, t ) − c. c. } , ( 3. 3 1)

wit h P µ ν (n, t ) t h e pl a q u ett e e v al u at e d i n t er ms of t h e fl o w e d li n ks at fl o w ti m e t.

It is  w ell k n o w n t h at si m ul ati o ns at v er y fi n e l atti c e s p a ci n gs l os e er g o di-
cit y [ 1 2 3 ].  T his is n ot a pr o bl e m i n  m a n y of o ur si m ul ati o ns, si n c e t h e y ar e p erf or m e d
i n s m all p h ysi c al v ol u m es,  w h er e t h e c o ntri b uti o ns of t h e n o n-tri vi al t o p ol o gi c al s e c-
t ors ar e str o n gl y s u p pr ess e d.  N e v er t h el ess, f or p h ysi c al v ol u m es of or d er l̃ ∼ 1 f m,
C S D c a n s e v er el y a ff e ct t h e r es ults of o ur st u di es [ 1 1 4 ].  F or t his r e as o n,  w e d e fi n e
t h e c o u pli n g i n t h e z er o t o p ol o gi c al s e ct or as:

λ T G F (µ )  = N (c, L̃ )
〈 t2 E (t) δ̂ Q 〉

N 〈 δ̂ Q 〉

󰁛
󰂃
󰁛

√
8 t = c l̃ = µ − 1

, ( 3. 3 2)

w h er e t h e t o p ol o gi c al c h ar g e Q o n t h e l atti c e is gi v e n b y

Q =
1

1 6 π 2

󰁔

n

Tr
󰂃

G µ ν (n, t ) 󰁛G µ ν (n, t )
󰂃

, ( 3. 3 3)

e v al u at e d at fl o w ti m e
√

8 t = c l̃. Si n c e t h e t o p ol o gi c al c h ar g e gi v e n b y t his e x pr essi o n
is n ot a n i nt e g er,  w e h a v e s et:

δ̂ Q =

󰂃
1 if |Q | < 0 .5
0 ot h er wis e

. ( 3. 3 4)

It h as t o b e e m p h asi z e d t h at t h e r e n or m ali z ati o n of t h e c o u pli n g is di ff er e nt  wit h
a n d  wit h o ut t h e pr oj e cti o n t o t h e tri vi al t o p ol o gi c al s e ct or.  N ot e t h at t h e pr oj e cti o n
t o t h e tri vi al s e ct or is p erf or m e d  wit h t h e fl o w e d d e fi niti o n of t h e t o p ol o gi c al c h ar g e
( c.f. e q. (3. 3 3 )),  w hi c h h as a  w ell- d e fi n e d c o nti n u u m li mit.  T h er ef or e, t h er e ar e n o
f urt her di v e r g e n c es  wit h t his d e fi niti o n.  M or e o v er, si n c e b ot h c o u pli n g d e fi niti o ns
h a v e t h e s a m e p ert ur b ati v e e x p a nsi o n t o all or d ers i n t h e c o nti n u u m,  w e c o n cl u d e
t h at t h e diff er e n c e h as t o b e n o n- p ert ur b ati v e fi nit e t er ms: j ust a di ff er e nt c h oi c e of
s c h e m e.  We  will c o m m e nt  m or e a b o ut t his pr oj e cti o n i n c h. 6 .

I n a d diti o n, a n d t o eli mi n at e t h e l e a di n g or d er l atti c e artif a cts i n p ert ur b ati o n
t h e or y, t h e f oll o wi n g l atti c e n or m ali z ati o n f a ct or h as b e e n us e d:

N − 1
pl (c, L̃ )  =

3 c 4

1 2 8

′
󰁫

q

e − 1
4

c 2 L̃ 2 q̂ 2

, ( 3. 3 5)

N − 1
cl (c, L̃ )  =

c 4

1 2 8

󰁬

µ ∕= ν

′
󰁵

q

e − 1
4

c 2 L̃ 2 q̂ 2 1

q̂ 2
si n 2 (q ν ) c os 2 (q µ / 2) , ( 3. 3 6)

w h er e q̂ µ = 2 si n( q µ / 2) st a n ds f or t h e l atti c e  m o m e nt u m,  wit h q µ = 2 π n µ / L̃ a n d
n µ = 0 , · · · , L̃ − 1 .  T h e pri m e i n t h e s u m d e n ot es t h e e x cl usi o n of  m o m e nt a  wit h
b ot h c o m p o n e nts i n t h e t wist e d pl a n e s atisf yi n g L̃ q i ∝ 2 N π .
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3. 4.  N u m e ri c al s et u p

3. 4. 1  D e t e r mi n a ti o n of t h e c o n ti n u u m s t e p s c ali n g f u n c ti o n

T h e l atti c e st e p s c ali n g f u n cti o n Σ (u, L̃ ) is d et er mi n e d o n t h e l atti c e b y  m e as uri n g
t h e c o u pli n g λ T G F , at fi x e d v al u es of b , o n a l atti c e L̃ a n d its d o u bl e 2 L̃ f or s e v er al
v al u es of L̃ a n d b :

Σ (u, L̃ )  = λ T G F (µ / 2 , b)|λ T G F ( µ, b ) = u , ( 3. 3 7)

at a fi x e d v al u e of u .

O n c e t h e l atti c e st e p s c ali n g f u n cti o n Σ (u, L̃ ) is d et er mi n e d, it  m ust b e e x-
tr a p ol at e d t o t h e c o nti n u u m. I n o ur s et u p, t h e l e a di n g c ut o ff e ff e cts ar e O (a 2 ).
Alt h o u g h t h is l ea di n g b e h a vi or r e c ei v es l o g arit h mi c c orr e cti o ns [ 1 2 4 ], o ur r a n g e of
l atti c e si z es s p a ns a f a ct or of t w o i n l atti c e s p a ci n gs, s o  w e e x p e ct t h es e l o g arit h mi c
c orr e cti o ns t o b e s m all. Si n c e t h e g o al of t his c h a pt er is n ot t o pr o vi d e a pr e cis e r es-
ult, b ut r at h er t o e x pl or e t h e vi a bilit y of t h e  T G F s c h e m e,  w e  will r el y o n si m pl e li n-
e ar e xtr a p ol ati o ns. If d at a e xist f or fi x e d v al u es of t h e c o u pli n g u i (i = 1 , . . . ,  Np oi nt s )
a n d t h eir c orr es p o n di n g v al u es of t h e l atti c e st e p s c al i n g fu n cti o n Σ i ( L̃ ) ≡ Σ (u i , L̃ )
f or diff er e nt l atti c e si z es L̃ ,  w e c a n e xtr a p ol at e t h e m as:

Σ i ( L̃ )  = σ i +
m i

L̃ 2
. ( 3. 3 8)

Alt er n ati v el y,  w e h a v e tri e d t o e xtr a p ol at e

1

Σ i ( L̃ )
=

1

σ i

+
m ′

i

L̃ 2
. ( 3. 3 9)

T h e di ff er e n c e b et w e e n t h e t w o a p pr o a c h es is a 1 / L̃ 4 t er m,  w hi c h t ur ns o ut t o b e
n e gli gi bl e i n o ur c h e c ks.  T h es e e xtr a p ol ati o ns at fi x e d v al u es of u i l e a d t o t h e
c orr es p o n di n g v al u es of σ i = σ (u i ) of t h e st e p s c ali n g f u n cti o n.  T his a p pr o a c h is
d es cri b e d i n d et ail i n s e cti o n 4. 2. 1 ,  w h er e  w e a p pl y it t o t h e c as e of S U ( 3) Y M
t h e or y.

Fi n di n g a s uit a bl e p ar a m etri z ati o n f or t h e c o nti n u u m f u n cti o n σ (u ) is c o n-
v e ni e nt t o o bt ai n t h e s e q u e n c e of c o u pli n gs e q. ( 3. 2 3 ).  R e as o n a ble p a r a m etri z ati o ns
f or t h e f u n cti o n al f or m σ (u ) c a n b e f o u n d usi n g p ert ur b ati o n t h e or y as a g ui d e. I n
p arti c ul ar,  w e  will us e t h e si m pl e p ar a m etri z ati o n

1

σ (u )
=

1

u
− 2 b 0 l o g 2 − 2 b 1 u l o g 2  +

N c󰁛

k = 2

p k u k ( 3. 4 0)

t o fit o ur d at a.  T his p ar a m etri z ati o n is o bt ai n e d b y i ns erti n g t h e t w o-l o o p e x p a nsi o n
of t h e β f u n cti o n (3. 1 1 ) i nt o t h e r el ati o n ( 3. 2 2 ) a n d t a ki n g t h e c o u pli n g u as t h e
e x p a nsi o n p ar a m et er.  N ot e t h at alt h o u g h t his f u n cti o n al f or m i m p os es t h e c orr e ct
p ert ur b ati v e b e h a vi or (f or u → 0 ), aft er d et er mi ni n g t h e fit p ar a m et ers p k usi n g o ur
n o n- p ert ur b ati v e d at a,  w e e x p e ct it t o d es cri b e t h e n o n- p ert ur b ati v e st e p s c ali n g
f u n cti o n σ (u ) i n our r a n g e of c o u pli n gs.

Alt er n ati v el y, si n c e σ (u ) is a o n e-t o- o n e f u n cti o n i n o ur r a n g e of i nt er est, o n e
c a n us e t h e i n v ers e r el ati o n t o p ar a m et eri z e t h e i n v ers e st e p s c ali n g f u n cti o n σ − 1
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C h a pt e r 3.  T wi st e d  G r a di e nt  Fl o w s c h e m e

t h at g o es i nt o e q. ( 3. 2 3 ) b y t a ki n g t h e c o u pli n g i n σ as t h e e x p a nsi o n p ar a m et er,
i. e.,

1

u (σ )
=

1

σ
+ 2 b 0 l o g 2  + 2b 1 σ l o g 2  +

N c󰁛

k = 2

p̂ k σ k . ( 3. 4 1)

T h e t w o p ar a m etri z ati o ns s h o ul d gi v e e q ui v al e nt r es ults.

Fi n all y,  w e c a n c o m bi n e t h e c o nti n u u m li mit a n d t h e st e p s c ali n g f u n cti o n
p ar a m etri z ati o n i n a si n gl e gl o b al fit.  T his a p pr o a c h d o es n ot r e q uir e t h e c o u pli n g
t o b e p erf e ctl y t u n e d t o c o nst a nt v al u es of u a n d a m o u nts t o fitti n g t h e d at a f or t h e
l atti c e st e p s c ali n g f u n cti o n t o t h e f u n cti o n al f or m

1

Σ (u, L̃ )
=

1

u
− 2 b 0 l o g 2 − 2 b 1 u l o g 2  +

N c󰂃

k = 2

p k u k +




N l󰁛

k = 0

ρ k u k



 ×
1

L̃ 2
, ( 3. 4 2)

a n d si mil arl y f or t h e p ar a m etri z ati o n of t h e l atti c e i n v ers e f u n cti o n U (x, L̃ )  =
Σ − 1 (x, L̃ ):

1

U (σ , L̃ )
=

1

σ
− 2 b 0 l o g 2 − 2 b 1 σ l o g 2  +

4󰁔

k = 2

p k σ k +




4󰂃

k = 0

ρ k σ k



 ×
1

L̃ 2
. ( 3. 4 3)

T h e st e p s c ali n g s e q u e n c e st arts at l o w e n er g y a n d e v ol v es i nt o hi g h e n er gi es i n
st e ps b y  w hi c h t h e  m o m e nt u m s c al e is c h a n g e d fr o m µ t o 2 µ .  T h e t w o diff er e nt
fitti n g str at e gi es c a n b e cl assi fi e d as t h e o n e t h at us es t h e c o u pli n g at s c al e µ as t h e
e x p a nsi o n p ar a m et er of t h e  T a yl or s eri es a n d t h e o n e t h at us es t h e c o u pli n g at s c al e
2 µ i nst e a d.  A g ai n, d et ails of t his gl o b al a p pr o a c h ar e pr es e nt e d i n s e cti o n 4. 2. 2 of
c h. 4 a p pli e d t o S U ( 3) Y M t h e or y.  T his is t h e s a m e a p pr o a c h  w e  w ill use f or N = 5
a n d 8 i n c h. 5 .

3. 5  S u m m a r y

We h a v e i ntr o d u c e d a n e w r e n or m ali z ati o n s c h e m e, c all e d t wist e d gr a di e nt fl o w,
b as e d o n t hr e e  m ai n i n gr e di e nts: a c o u pli n g d e fi niti o n  wit hi n t h e  G F ( wit h t h e
e ff e cti v e si z e of t h e t or us l̃ a cti n g as t h e r u n ni n g s c al e), a n as y m m etri c al g e o m etr y,
a n d t wist e d b o u n d ar y c o n diti o ns f or t h e g a u g e fi el ds.  O n e of t h e ai ms of t h e t h esis is
t o us e t his r e n or m ali z ati o n s c h e m e t o st u d y t h e e v ol uti o n of t h e c o u pli n g c o nst a nt of
S U (N ) p ur e  Y M t h e ori es, e xtr a cti n g i m p ort a nt q u a ntiti es s u c h as t h e Λ p ar a m et er
a n d its N s c ali n g, or t o p ol o gi c al o bs er v a bl es s u c h as t h e t o p ol o gi c al s us c e pti bilit y.
T his is t h e c o nt e nt of c h a pt ers 4 , 5 , a n d 7 r es p e cti v el y.

M oti v at e d b y t h e l oss of er g o di cit y as o n e a p pr o a c h es t h e c o nti n u u m li mit,  w e
h a v e i ntr o d u c e d a n a d diti o n al el e m e nt i nt o t h e  T G F s c h e m e b y pr oj e cti n g t h e c o u p-
li n g i nt o t h e z er o t o p ol o gi c al c h ar g e s e ct or. I n c h. 6 w e  will a n al y z e t h e i m p a ct of
t his pr oj e cti o n o n t h e c al c ul ati o n o f r el e v a nt q u a ntiti es  wit hi n t his s c h e m e. I n p ar-
ti c ul ar,  w e  will a d dr ess t h e q u esti o n of  w h et h er l o c al fl u ct u ati o ns of t h e t o p ol o gi c al
c h ar g e i n t h e Q = 0 s e ct or ar e c orr e ctl y s a m pl e d d es pit e t o p ol o gi c al fr e e zi n g.
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4
S U ( 3) Λ p ar a m et er
i n t h e  T G F s c h e m e

4. 1  M o ti v a ti o n

T h e g o al of t his c h a pt er is t o c o m p ut e t h e Λ p ar a m et er of S U ( 3) p ur e  Y M t h e-
or y usi n g t h e  T G F r e n or m ali z ati o n s c h e m e [ 1 0 7 , 1 3 1 ] i ntr o d u c e d i n c hs. 2 a n d 3 .
T hr o u g h o ut t h e c h a pt er,  w e  will ar g u e t h at t his p arti c ul ar r e n or m ali z ati o n s c h e m e
h as s e v er al a d v a nt a g es.  T h e r u n ni n g c o u pli n g i n t h e p ur e g a u g e t h e or y h as r e c e ntl y
r e vi v e d i nt er est c o n c er ni n g t h e q u est f or pr e cisi o n i n t h e  L H C. It h as b e e n s h o w n
t h at pr e cis e v al u es of t h e Λ p ar a m et er of t h e z er o fl a v or e d g a u g e t h e or y c a n b e
us e d, vi a a n o n- p ert ur b ati v e  m at c hi n g b et w e e n  Q C D a n d t h e p ur e g a u g e t h e or y
usi n g h e a v y q u ar ks [ 1 3 2 – 1 3 4 ], i nt o a pr e cis e v al u e f or t h e str o n g c o u pli n g, a n ess e n-
ti al q u a ntit y f or p h e n o m e n ol o g y i n hi g h e n er g y p h ysi cs. Si n c e p ur e g a u g e t h e or y
is n u m eri c all y  m or e tr a ct a bl e t h a n  Q C D, t his a p pr o a c h is pr o b a bl y t h e b est  w a y
t o s u bst a nti all y r e d u c e t h e u n c ert ai nt y i n t h e str o n g c o u pli n g.  M or e o v er, it is still
n e c ess ar y t o  m a k e pr e cis e d et er mi n ati o ns of t h e r u n ni n g c o u pli n g i n t h e p ur e g a u g e
t h e or y, a n d t his is a c h all e n g e i n its elf.

As  w ell k n o w n, t h er e is a c o nsist e n c y pr o bl e m b et w e e n t h e di ff er e nt d et er m-
i n ati o ns of t h e S U ( 3) p ur e g a u g e Λ p ar a m et er i n t h e lit er at ur e.  T h e r 0 Λ M S v al-
u es i n cl u d e d i n t h e  F L A G r e vi e w [ 1 2 5 ], dis pl a y e d i n fi g. 4. 1 , ar e t h e f oll o wi n g:
0 .6 0 2( 4 8) [1 2 6 ], 0 .6 1 4( 2)( 5) [1 2 7 ], 0 .6 3 7 + 3 2

− 3 0 [1 2 8 ], 0 .6 1 8( 1 1) [1 2 9 ], 0 .6 2 1( 1 1) [1 3 0 ],
0 .6 0 6( 9) + 3 1

− 5 [9 9 ], a n d 0 .6 6 0( 1 1) [8 5 ].  T h e  m ost a c c ur at e r es ult [8 5 ], c o m p ut e d  wit h
fi nit e si z e s c ali n g a n d  wit hi n t h e S c hr ö di n g er f u n cti o n al ( S F) [ 1 3 5 ,1 3 6 ], t e n ds t o b e
l ar g er t h a n, a n d g e n er all y i n c o m p ati bl e  wit h, t h e ol d er d et er mi n ati o ns i n cl u d e d i n
t h e  F L A G r e vi e w.  M at c hi n g  wit h t h e as y m pt o ti c p ert ur b ati v e e x p a nsi o n is t h e  m ost
d eli c at e p art of t his d et er mi n ati o n. S u bst a nti al d e vi ati o ns b et w e e n n o n- p ert ur b ati v e
si m ul ati o ns a n d t h e e x p e ct e d p ert ur b ati v e b e h a vi or h a v e b e e n o bs er v e d, e v e n  w h e n
usi n g s c h e m es  wit h k n o w n hi g h er- or d er β f u n cti o n c o effi ci e nts [ 8 5 ].  A  m or e c o n-
s er v ati v e str at e g y is t o o bt ai n n o n- p ert ur b ati v el y l o w c o u pli n gs a n d  m at c h t h e m
t o t h e u ni v ers al p ert ur b ati v e e x p a nsi o n of t h e β f u n cti o n.  Of c o urs e, t his h as its
o w n tr a d e- o ff i n t h at it l e a ds t o l ar g e err ors, b ut it i m pr o v es t h e r eli a bilit y of t h e
r es ult b y  m a ki n g n o ass u m pti o ns a b o ut t h e as y m pt oti c b e h a vi or.  R e c e ntl y, n e w r es-
ults [ 1 3 7 , 1 3 8 ] h a v e b e e n o bt ai n e d  wit h a diff er e nt  m et h o d b as e d o n t h e c o nti n u o us
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C h a pt e r 4. S U ( 3) Λ p a r a m et e r i n t h e  T G F s c h e m e

Fi g u r e 4. 1: V al u e s of r 0 Λ M S i n cl u d e d i n t h e  F L A G a v er a g e [1 2 5 ].  T h e s e ar e:  A L P H A
9 8 [ 1 2 6 ],  Q C D S F / U K Q C D 0 5 [1 2 7 ],  Br a m bill a [1 2 8 ],  Fl o w 1 5 [1 2 9 ],  Kit a z a w a 1 6 [1 3 0 ],
I s hi k a w a 1 7 [9 9 ], a n d  D all a  Bri d a,  R a m o s 1 9 [8 5 ].

β f u n cti o n i n t h e i n fi nit e v ol u m e li mit,  w h er e t h e  N N L O β f u n cti o n c o effi ci e nt b 3 of
t h e  G F s c h e m e c a n b e us e d.  H o w e v er, l ar g e l atti c es ar e n e e d e d t o o bt ai n r eli a bl e
i n fi nit e v ol u m e e xtr a p ol ati o ns, a n d it is n ot e ntir el y cl e ar  w h et h er t h e  m at c hi n g  wit h
p ert ur b ati o n t h e or y is  w ell r es ol v e d a n d h o w t h e is s u e of t o p ol o g y fr e e zi n g is d e alt
wit h.  O v er all, b ot h r es ults t ur n o ut t o b e c o m p ati bl e  wit h t h at of [ 8 5 ].

As dis c uss e d i n c h. 3 , t h e  T G F s c h e m e pr es e nt e d i n t his t h esis h as s e v er al
a d v a nt a g es o v er ot h er  m or e c o m m o n r e n or m ali z ati o n s c h e m es, s u c h as t h e pr es er-
v ati o n of tr a nsl ati o n i n v ari a n c e or t h e a bs e n c e of z er o  m o d es,  w hi c h dir e ctl y a ff e cts
p ert ur b ati o n t h e or y c al c ul ati o ns.  T h e us e of a n as y m m etri c t or us is als o a d v a nt a g e-
o us fr o m a c o m p ut ati o n al p oi nt of vi e w , as it all o ws f or b ett er p erf or m a n c e o n t h e
G P U.

As a si d e n ot e,  w e e m p h asi z e t h at t h e  T G F s c h e m e is p arti c ul arl y s uit a bl e f or
e xtr a cti n g t h e N d e p e n d e n c e of t h e Λ p ar a m et er of S U (N ) g a u g e t h e ori es, si n c e it
h as a  w ell- d e fi n e d l ar g e N li mit a n d t h e e xtr a cti o n is c o m p ut ati o n all y c h e a p er t h a n
a br ut e-f or c e a p pr o a c h o n s y m m etri c l atti c es.  T h es e i d e as ar e e x pl or e d i n c h. 5 .

I n t his c h a pt er  w e e x pl or e t h e vi a bilit y of t h e  T G F s c h e m e b y d et er mi ni n g t h e
r u n ni n g of t h e S U ( 3) g a u g e t h e or y c o u pli n g, a n d us e it t o c o m p ut e t e Λ p ar a m et er.
We  will als o c h e c k t h at t his p arti c ul ar g e o m etr y h as n o si g ni fi c a nt e ff e ct o n t h e si z e
of s c ali n g vi ol ati o ns. I n s e cti o n 4. 2 w e i ntr o d u c e t h e l atti c e c al c ul ati o n of t h e  T G F
c o u pli n g. I n s e cti o n 4. 3 w e d et er mi n e t h e Λ p ar a m et er i n t h e  T G F s c h e m e i n t er ms
of a h a dr o ni c s c al e µ h a d a n d dis c uss t h e  m at c hi n g  wit h t h e S F a n d M S s c h e m es.  O ur
fi n al r es ult f or Λ M S

√
8 t0 i s pr es e nt e d i n s e cti o n 4. 4 .  We e n d  wit h s o m e fi n al r e m ar ks

o n t h e i m p ort a n c e of t his c o m p ut ati o n i n s e cti o n 4. 5 .  T his c o m p ut ati o n h as b e e n
pr es e nt e d i n r efs. [ 1 3 9 , 1 4 0 ].

4. 2 S U ( 3) T G F c o u pli n g o n t h e l a t ti c e

T a bl e A. 1 i n  A p p e n di x A c o nt ai ns t h e f ull s et of b ar e c o u pli n gs a n d l atti c e si z es
of o ur S U ( 3) p ur e  Y M si m ul ati o ns, al o n g  wit h t h e t ot al n u m b er of c o n fi g ur ati o ns
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4. 2. S U ( 3) T G F c o u pli n g o n t h e l atti c e

Fi g u r e 4. 2: R el ati v e err or s of t h e ’t  H o oft c o u pli n g δ (λ T G F ) / λ 2
T G F a s a f u n cti o n of λ T G F .

att ai n e d i n e a c h c as e.  We h a v e us e d l atti c es  wit h L̃ = 1 2, 1 8, 2 4, 3 6, a n d 4 8 i n
a r a n g e of b ∈ [ 0.3 3 , 1 .1 2] . S h ort dir e cti o ns ar e e n d o w e d  wit h t wist e d b o u n d ar y
c o n diti o ns  wit h k = 1 .

T h e c orr es p o n di n g  T G F c o u pli n g r es ults,  m e as ur e d at c = 0 .3 ,  w er e o bt ai n e d
f oll o wi n g t h e dis c ussi o n of s e c. 3. 4 , a n d t h e y ar e c oll e ct e d i n t a bl e B. 1 i n  A p p e n di x B
f or t h e  Cl o v er-li k e dis cr eti z ati o n of e q. (3. 3 0 ). T h e r e as o n f or o ur c h oi c e of s c h e m e
p ar a m et er c is dis c uss e d b el o w.

Si n c e t h e l atti c e s p a ci n g d e p e n ds o nl y o n t h e b ar e l atti c e c o u pli n g, a l atti c e
a p pr o xi m a nt of t h e c o nti n u u m st e p-s c ali n g f u n cti o n σ (u ) of e q. ( 3. 2 0 ) c a n b e e asil y
e v al u at e d b y  m e as uri n g t h e r e n or m ali z e d c o u pli n g o n l atti c es of si z e L̃ a n d 2 L̃ at
t h e s a m e v al u e of t h e b ar e i n v ers e c o u pli n g b .  We d e fi n e

Σ (u, L̃ )  = λ T G F (µ / 2 , b)
󰁛
󰂃
󰁛
u = λ T G F ( µ, b )

. ( 4. 1)

T h e c o nti n u u m st e p s c ali n g f u n cti o n is t h e n o bt ai n e d as t h e c o nt i n u u m extr a p ol ati o n
of e q.( 3. 2 1 ) t a k e n at a fi x e d v al u e of u .

I n or d er t o o bt ai n st atisti c al err ors of t h e s a m e or d er f or di ff er e nt v al u es of
L̃ ,  w e h a v e c o nstr ai n e d t h e u n c ert ai nti es i n all l atti c es s o t h at t h e err ors of 1 / λ T G F

ar e of t h e s a m e or d er f or all c o u pli n g v al u es.  T his i m pli es t o ai m f or a n st atisti c al
a c c ur a c y s u c h t h at t h e q u a ntit y δ λ T G F / λ 2

T G F i s c o nst a nt f or all v al u es of λ T G F a n d
L̃ . I n fi g. 4. 2 ,  w e s h o w t h e err or of 1 / λ T G F a s a f u n cti o n of t h e c o u pli n g λ T G F f or
di ff er e nt val u e s of L̃ a n d f or c = 0 .3 .  M ost l atti c es ar e  w ell t u n n e d f or λ T G F > 5
a n d d e vi ati o ns b e gi n t o gr o w f or s m all c o u pli n g v al u es, b e c o mi n g  m or e si g ni fi c a nt
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C h a pt e r 4. S U ( 3) Λ p a r a m et e r i n t h e  T G F s c h e m e

( a ) c = 0 .1 ( b ) c = 0 .3

Fi g u r e 4. 3: R el ati v e si z e of l atti c e artif a ct s f or c = 0 .1 (l eft) a n d c = 0 .3 (ri g ht).  T h e
c o u pli n g s λ pl a n d λ cl ar e d et er mi n e d u si n g t h e  Pl a q u ett e a n d  Cl o v er di s cr eti z ati o n s of t h e
e n er g y d e n sit y of e q s. ( 3. 2 9 ) a n d ( 3. 3 0 ) r e s p e cti v el y.

( a ) c = 0 .1 ( b ) c = 0 .7

Fi g u r e 4. 4: R el ati v e err or s of λ T G F f or, fr o m l eft t o ri g ht, c = 0 .1 a n d c = 0 .7 .

f or t h e l ar g est l atti c es,  w h er e a c hi e vi n g a hi g h l e v el of st atisti cs  w as n ot p ossi bl e.
H o w e v er,  w e d o n ot e x p e ct t his t o dr asti c all y a ff e ct t h e c o m p ut ati o n of t h e r u n ni n g
c o u pli n g.

T h e c h oi c e of c is a c o m pr o mis e b et w e e n  mi ni mi zi n g l atti c e artif a cts  wit h o ut
si g ni fi c a ntl y i n cr e asi n g t h e st atisti c al err or. It is  w ell k n o w n t h at s m all v al u es of c
ar e s u bj e ct t o  m or e si g ni fi c a nt l atti c e artif a cts ,  w hil e l ar g e v al u es of c l e a d t o hi g h er
st atisti c al err ors.  O ur r es ults c o n fir m t his o bs er v ati o n.  T o a n al y z e t h e  m a g nit u d e of
l atti c e artif a cts,  w e h a v e c o m p ar e d t h e c al c ul ati o n of t h e c o u pli n g  wit h t h e  Pl a q u ett e
(λ pl ) a n d t h e  Cl o v er ( λ cl ) dis cr eti z ati o ns of t h e e n er g y d e nsit y – s e e e q. ( 3. 2 9 ) a n d
(3. 3 0 ).  Fi g ur e 4. 3 c o m p ar es t h e r el ati v e si z e of t h e l atti c e artif a cts b et w e e n c = 0 .1
(l eft) a n d c = 0 .3 (ri g ht) b y pl otti n g 1 − λ pl / λ cl a g ai nst λ cl .  F or c = 0 .3 , t h e r el ati v e
di ff e r en c e b et w e e n t h e t w o d et er mi n ati o ns is l ess t h a n 5 p er  mill; h o w e v er, f or c = 0. 1,
t h e artif a cts b e c o m e as l ar g e as 6 % i n t h e s m all est L̃ = 1 2 l atti c e.
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4. 2. S U ( 3) T G F c o u pli n g o n t h e l atti c e

u t g Σ (u t g , 1 2) Σ (u t g , 1 8) Σ (u t g , 2 4) σ (u t g )

1. 8 4 2 5 1. 9 5 0 3( 3 4) 1. 9 5 5 8( 3 7) 1. 9 5 7 7( 6 1) 1. 9 6 0 2( 5 5)
2. 0 5 6 8 2. 1 9 6 7( 3 8) 2. 2 0 0 2( 4 6) 2. 2 1 1 3( 6 8) 2. 2 0 9 2( 6 5)
2. 3 2 7 0 2. 5 0 3 1( 4 5) 2. 5 1 5 3( 5 0) 2. 5 1 4 7( 8 5) 2. 5 2 2 4( 7 5)
2. 6 8 3 4 2. 9 2 7 1( 5 2) 2. 9 5 1 9( 5 9) 2. 9 4 1 1( 9 9) 2. 9 6 0 7( 8 8)
3. 1 7 4 6 3. 5 1 6 0( 6 6) 3. 5 2 7 8( 7 1) 3. 5 5 4( 1 1) 3. 5 5 5( 1 0)
3. 4 9 4 5 3. 9 0 6 8( 7 5) 3. 9 5 0 2( 8 1) 3. 9 5 5( 1 1) 3. 9 7 8( 1 1)
3. 8 8 8 1 4. 4 2 4 9( 8 8) 4. 4 7 5( 1 2) 4. 4 7 7( 1 2) 4. 5 0 1( 1 4)
4. 3 7 3 9 5. 0 8 8( 1 1) 5. 1 1 3( 1 9) 5. 1 3 3( 1 7) 5. 1 4 3( 2 0)
5. 0 2 6 0 5. 9 9 7( 1 3) 6. 0 5 8( 1 8) 6. 0 9 5( 2 0) 6. 1 2 0( 2 2)
5 . 91 7 0 7. 3 3 7( 1 7) 7. 4 5 3( 2 4) 7. 4 7 1( 2 7) 7. 5 2 7( 2 9)
7. 2 3 2 5 9. 5 7 0( 2 6) 9. 7 5 8( 3 1) 9. 7 3 2( 3 7) 9. 8 3 6( 3 9)
7. 9 4 3 1 1 0. 9 3 3( 3 1) 1 1. 2 0 2( 4 1) 1 1. 2 5 7( 4 8) 1 1. 3 8 6( 5 1)
8. 8 3 2 2 1 2. 9 7 5( 4 4) 1 3. 2 2 3( 5 4) 1 3. 3 3 9( 7 3) 1 3. 4 3 4( 7 1)
9. 9 9 4 5 1 6. 1 4 8( 6 3) 1 6. 5 7 5( 7 8) 1 6. 5 8 5( 9 6) 1 6. 8 1( 1 0)

1 3. 9 1 6 5 0 3 2. 0 1( 2 1) 3 3. 2 1( 2 7) 3 4. 0 0( 2 5) 3 4. 5 2( 2 9)

T a bl e 4. 1: V al u e s of t h e l atti c e st e p s c ali n g f u n cti o n Σ (u t g , L̃ ) f or fi x e d t ar g et v al u e s of
t h e c o u pli n g u t g a n d f or di ff er e nt v al u e s of L̃ .  We al s o r e p ort t h e c o nti n u u m e xtr a p ol ati o n
σ (u t g ) .

R e g ar di n g t h e st atisti c al err ors, fi g. 4. 4 s h o ws t h e r el ati v e err ors of t h e r e n or-
m ali z e d c o u pli n g λ T G F f or, fr o m l eft t o ri g ht, c = 0 .1 a n d 0. 7. I n cr e asi n g t h e v al u e
of c r e m o v es t h e l atti c e artif a cts b ut i n cr e as es t h e si z e of t h e err ors; t his is n at ur al
si n c e t h e s m e ari n g r a di us i n d u c e d by t h e fl o w o c c u pi es a l ar g er fr a cti o n of t h e b o x
si z e f or l ar g e c a n d t h e s elf- a v er a gi n g  wit hi n t h e b o x d e cr e as es, s e e e. g. [ 1 1 1 ].

We b eli e v e t h at i nt er m e di at e v al u es of c ar e a g o o d c o m pr o mis e, s u c c essf ull y
a v oi di n g  m ost of t h e l atti c e artif a cts  wit h o ut l osi n g c o ntr ol o v er t h e st atisti cs (s e e
[1 0 7 ,1 3 6 ] f or  m or e d et ails).  T h us, i n t h e r est of t his t h esis,  w e  will r estri ct o urs el v es
t o t h e c as e of c = 0 .3 u nl ess ot h er wis e s p e ci fi e d, a n d  w e  will als o r e p ort o nl y t h e
r u n ni n g c o u pli ng r e s ults f or t h e  Cl o v er-li k e dis cr eti z ati o n.

4. 2. 1  C o n ti n u u m li mi t o n a u - b y-u b a si s

We h a v e t u n e d t h e b ar e c o u pli n g b o n t h e L̃ = 1 2 , 1 8 , a n d 2 4 l atti c es t o att ai n a f e w
t ar g et e d v al u es of t h e r e n or m ali z e d c o u pli n g u (s e e t a bl e C. 1 i n  A p p e n di x C ).  O n c e
t his is a c hi e v e d, t h e r e n or m ali z e d c o u pli n g is  m e as ur e d o n t h e d o u bl e-si z e l atti c es
at t h e s a m e v al u e as t h e b ar e c o u pli n g. Si n c e t h e t u ni n g is n ot p erf e ct, t h er e is a
s m all  mis m at c h i n t h e t u ni n g of t h e t ar g et c o u pli n gs,  w hi c h c a n b e e asil y c orr e ct e d
b y sli g htl y s hifti n g t h e r es ulti n g c o u pli n gs t o a c o nst a nt v al u e of u .

B y usi n g t h e o n e-l o o p p ert ur b ati v e r el ati o n

1

Σ (u, L̃ )
−

1

u
= c o nst a nt , ( 4. 2)
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C h a pt e r 4. S U ( 3) Λ p a r a m et e r i n t h e  T G F s c h e m e

Fi g u r e 4. 5: We di s pl a y t h e c o nti n u u m e xtr a p ol ati o n of Σ (u )/ u , p erf or m e d at a f e w
s el e ct e d v al u e s of u .

t h e v al u es of t h e l atti c e st e p s c ali n g f u n cti o n Σ (u, L̃ ) c a n b e s hift e d t o a t ar g et v al u e
of t h e c o u pli n g u t g u si n g t h e r el ati o n

Σ (u t g , L̃ )  = Σ (u, L̃ )  +
Σ 2 (u, L̃ )

u 2
(u − u t g ) . ( 4. 3)

O ur d at a s et is alr e a d y  w ell t u n e d, s o t h e a d diti o n al s hift i ntr o d u c e d b y t his pr o-
c e d ur e is  w ell b el o w st atisti c al a c c ur a c y.

T h e s a m e o n e-l o o p r el ati o n c a n pr o p a g at e t h e err or of u i nt o a n err or of t h e
st e p s c ali n g f u n cti o n.  T o b e pr e cis e,  w e a d d i n q u a dr at ur es

δ Σ (u, L̃ )  =
Σ 2 (u, L̃ )

u 2
δ u ( 4. 4)

t o t h e st atisti c al err or of Σ (u, L̃ ).  T his pr o c e d ur e l e a ds t o a s et of d at a at t h e
c o nst a nt c o u pli n g v al u e u f or diff er e nt l atti c e s p a ci n gs.  T h e r es ult c a n b e s e e n i n
t a bl e 4. 1 ,  w hil e t h e r a w d at a is a v ail a bl e i n t a bl e C. 1 i n  A p p e n di x C .

T h e c o nti n u u m li mit of t h e st e p s c ali n g f u n cti o n is o bt ai n e d b y p erf or mi n g a
li n e ar e xtr a p ol ati o n i n 1 / L̃ 2 , as ill ustr at e d i n fi g. 4. 5 .  T h e c o nti n u u m v al u es of σ (u )
r es ulti n g fr o m t h es e fits ar e gi v e n i n t a bl e 4. 1 .  T h e a d v a nt a g e of t his pr o ce d ur e o v e r
t h e gl o b al fit pr es e nt e d b el o w is t h at n o f u n cti o n al d e p e n d e n c e i n u is ass u m e d f or
t h e t er ms r e pr es e nti n g t h e l atti c e artif a cts ( cf. e qs. ( 3. 3 9 ) a n d (3. 4 2 )).

T h e r es ulti n g p airs (u, σ ) ar e t h e n fitt e d t o t h e s eri es e x p a nsi o ns gi v e n b y
e qs. ( 3. 4 0 ) or (3. 4 1 ), all o wi n g t o p ar a m et eri z e t h e c orr es p o n di n g st e p s c ali n g f u n c-
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4. 2. S U ( 3) T G F c o u pli n g o n t h e l atti c e

( a ) R a w d at a f or 1 / σ − 1 / U (σ , L̃ ) v s σ . ( b ) C o nti n u u m e xtr a p ol ati o n of 1 / σ − 1 / u .

Fi g u r e 4. 6: ( a)  R a w d at a f or t h e i n v er s e st e p s c ali n g f u n cti o n c o m p ar e d t o t h e c o nti n u u m
e xtr a p ol ati o n o bt ai n e d fr o m t h e gl o b al fit, cf. e q s. ( 4. 7 ), (4. 8 ). ( b)  We c o m p ar e c o nti n u u m
e xtr a p ol ati o n s of 1 / σ − 1 / u a s a f u n cti o n of σ .  T h e or a n g e d at a p oi nt s c orr e s p o n d t o
t h e d et er mi n ati o n at fi x e d v al u e s of u gi v e n i n t a bl e 4. 1 .  T h e c o nti n u u m e xtr a p ol ati o n s
d eri v e d fr o m t h e u - b y-u a n d t h e gl o b al fit s d e s cri b e d i n t h e t e xt c orr e s p o n d t o t h e bl u e
a n d p i n k b a n d s.  At t h e s a m e ti m e,  w e s h o w c o nti n u o u s li n e s i n di c ati n g t h e o n e-l o o p a n d
t w o-l o o p p ert ur b ati v e pr e di cti o n s.

ti o ns i n t h e r a n g e of c o u pli n gs u n d er c o nsi d er ati o n.  F or c o m pl et e n ess,  w e gi v e t h e
p ar a m et ers of t h e fit t o e q. ( 3. 4 1 )  wit h N c = 4 a n d fitti n g r a n g e σ ∈ [ 1.5 , 1 7] :

p̂ 2 = − 2 .8 6 0 2 0 6 9 2 × 1 0 − 5 , p̂ 3 = 1 .9 4 7 7 5 5 6 6 × 1 0 − 6 , p̂ 4 = − 4 .2 1 5 7 0 8 9 6 × 1 0 − 8 , ( 4. 5)

a n d t h eir c o v ari a n c e:





9 .6 2 6 1 0 7 0 4 × 1 0 − 1 0 − 1 .4 8 9 0 7 5 6 5 × 1 0 − 1 0 5 .4 9 3 3 5 7 5 3 × 1 0 − 1 2

− 1 .4 8 9 0 7 5 6 5 × 1 0 − 1 0 2 .3 7 3 3 7 0 9 5 × 1 0 − 1 1 − 8 .9 3 8 9 9 7 4 1 × 1 0 − 1 3

5 .4 9 3 3 5 7 5 3 × 1 0 − 1 2 − 8 .9 3 8 9 9 7 4 1 × 1 0 − 1 3 3 .4 1 8 5 8 2 4 9 × 1 0 − 1 4




 . ( 4. 6)

4. 2. 2  C o n ti n u u m li mi t f r o m a gl o b al  fi t

As a n alt er n ati v e t o t h e u - b y-u fit, t h e c o nti n u u m li mit c a n b e o bt ai n e d fr o m a
c o m bi n e d p ar a m etri z ati o n of t h e c o nti n u u m st e p s c ali n g f u n cti o n a n d a c o nti n u u m
e xtr a p ol ati o n – s e e, e. g., e q. ( 3. 4 2 ).

T h e l ast s e cti o n s h o ws t h at t h e c o nti n u u m st e p s c ali n g f u n cti o n is  w ell- p ar a m etri z e d
usi n g t hr e e p ar a m et ers i n a d diti o n t o t h e t w o u ni v ers al t er ms (i. e ., N c = 4 ).  C ut off
e ff e cts ar e  w ell d es cri b e d as l o n g as N l ≥ 3 ,  wit h s m all diff er e n c es i n t h e c o nti n u u m
r es ults e v e n  w h e n t h e n u m b er of p ar a m et ers is i n cr e as e d t o N l = 8 .  T h e r a w d at a
us e d i n t h es e fits ar e a v ail a bl e i n  A p p e n di x B .  We h a v e fitt e d t h e d at a f or 1 / U (σ , L̃ )
vs σ i n t h e r a n g e σ ∈ [ 1.5 , 1 7] wit h t h e p arti c ul ar c h oi c e N c = N l = 4 ; t h e r es ulti n g
c o nti n u u m fit p ar a m et ers ar e gi v e n b y:

p̂ 2 = − 3 .5 0 6 2 2 1 4 1 × 1 0 − 5 , p̂ 3 = 2 .1 4 3 1 1 0 7 0 × 1 0 − 6 , p̂ 4 = − 2 .9 7 9 9 4 9 1 0 × 1 0 − 8 , ( 4. 7)
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C h a pt e r 4. S U ( 3) Λ p a r a m et e r i n t h e  T G F s c h e m e

k T G F

λ T G F ( 2 k + 1 µ h a d ) Λ M S / ( 2µ h a d )
0 1 3. 9 1 6 4 9 5 5 0. 1 8 9 0 0( 1 0)
1 9. 0 3 5( 1 3) 0. 1 9 0 1 9( 5 6)
2 6. 7 9 8 9( 8 8) 0. 1 9 2 7 1( 7 1)
3 5. 4 7 8 1( 9 6) 0. 1 9 4 8( 1 2)
4 4. 5 9 8 6( 9 9) 0. 1 9 6 5( 1 8)
5 3. 9 6 8 3( 9 6) 0. 1 9 7 8( 2 4)
6 3. 4 9 3 3( 8 9) 0. 1 9 8 9( 2 9)
7 3. 1 2 2 0( 8 1) 0. 1 9 9 8( 3 4)
8 2. 8 2 3 4( 7 4) 0. 2 0 0 5( 3 8)
9 2. 5 7 7 8( 6 7) 0. 2 0 1 1( 4 1)
1 0 2. 3 7 2 3( 6 0) 0. 2 0 1 7( 4 4)
1 1 2. 1 9 7 6( 5 5) 0. 2 0 2 1( 4 7)
1 2 2. 0 4 7 2( 5 0) 0. 2 0 2 6( 5 0)
1 3 1. 9 1 6 3( 4 5) 0. 2 0 2 9( 5 2)
1 4 1. 8 0 1 4( 4 1) 0. 2 0 3 2( 5 4)
∞ 0. 0 0. 2 0 8 2( 8 3)

T a bl e 4. 2: We li st t h e c o u pli n g s al o n g t h e st e p s c ali n g s e q u e n c e st arti n g at λ ( 2µ h a d )  =
1 3 .9 1 6 4 9 5 5 , c o m p ut e d  wit hi n t h e  T G F s c h e m e.  T h e fi n al r e s ult, q u ot e d i n t h e l a st li n e, i s
o bt ai n e d fr o m a li n e ar fit t o t h e l a st 5 st e p s i n t h e s e q u e n c e.

wit h c o v ari a n c e:





2 .8 7 6 8 1 1 9 4 × 1 0 − 1 0 − 4 .5 0 8 2 2 6 4 9 × 1 0 − 1 1 1 .6 9 3 2 7 6 8 3 × 1 0 − 1 2

− 4 .5 0 8 2 2 6 4 9 × 1 0 − 1 1 7 .2 2 8 8 8 3 5 4 × 1 0 − 1 2 − 2 .7 6 0 7 3 2 9 8 × 1 0 − 1 3

1 .6 9 3 2 7 6 8 3 × 1 0 − 1 2 − 2 .7 6 0 7 3 2 9 8 × 1 0 − 1 3 1 .0 6 8 0 6 1 6 8 × 1 0 − 1 4




 . ( 4. 8)

T h e r es ult of t his fitti n g pr o c e d u r e is displ a y e d i n fi g. 4. 6 a w h er e t h e r a w d at a f or
1 / U (σ , L̃ ) is pl ott e d as a f u n cti o n of σ a n d c o m p ar e d  wit h t h e c o nti n u u m e xtr a p ol-
ati o n r es ulti n g fr o m t his gl o b al fit  w hi c h is gi v e n b y t h e pi n k b a n d s h o w n i n t h e
pl ot.

Fi n all y,  w e c o m p ar e t h e di ff er e nt c o nti n u u m e xtr a p ol ati o ns i n fi g. 4. 6 b .  T h e
or a n g e p oi nts c o m e fr o m t h e dir e ct e xtr a p ol ati o n at fi x e d t ar g et v al u es of u gi v e n
i n t a bl e 4. 1 .  T h e bl u e a n d pi n k b a n ds c orr es p o n d t o t h e u - b y-u a n d gl o b al fits
d es cri b e d a b o v e, r es p e cti v el y , sh o wi n g a g o o d a gr e e m e nt i n all t h e r a n g e of fitt e d
v al u es.  F or c o m p aris o n, t h e o n e-l o o p a n d t w o-l o o p p ert ur b ati v e pr e di cti o ns ar e als o
s h o w n i n t h e fi g ur e.

4. 3  D e t e r mi n a ti o n of Λ T G F / µ h a d

T h e d et er mi n ati o n of Λ T G F / µ h a d r eli es o n t h e us e of e q. ( 3. 1 8 ), e v al u at e d i n t er ms
of a s e q u e n c e of c o u pli n gs c o n n e cti n g λ (µ h a d ) a n d λ (µ p t ).  We h a v e p erf or m e d t his
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4. 3.  D et e r mi n ati o n of Λ T G F / µ h a d

k M S S F

λ M S ( 2 k + 1 µ h a d ) Λ M S / ( 2µ h a d ) λ S F ( 0.9 × 2 k + 1 µ h a d ) Λ M S / ( 2µ h a d )
0 7. 6 5 3 9( 4 9) 0. 1 1 9 5 9( 1 8) 7. 3 5( 9 3) 0. 2 0 7( 6 7)
1 6. 3 9 5 3( 7 6) 0. 1 4 9 3 6( 5 2) 5. 9 3 4( 3 6) 0. 2 2 6 3( 4 4)
2 5. 3 0 4 1( 7 2) 0. 1 6 2 6 5( 8 0) 4. 8 6 4( 1 1) 0. 2 2 1 2( 2 0)
3 4. 5 0 7 7( 6 9) 0. 1 7 0 8( 1 1) 4. 1 3 9 1( 8 7) 0. 2 1 8 0( 2 2)
4 3. 9 1 4 8( 7 0) 0. 1 7 6 3( 1 6) 3. 6 1 3 8( 8 1) 0. 2 1 6 7( 2 7)
5 3. 4 5 9 1( 6 9) 0. 1 8 0 4( 2 1) 3. 2 1 2 7( 7 5) 0. 2 1 6 4( 3 2)
6 3. 0 9 8 7( 6 6) 0. 1 8 3 6( 2 5) 2. 8 9 5 0( 6 9) 0. 2 1 6 8( 3 6)
7 2. 8 0 6 8( 6 1) 0. 1 8 6 1( 2 9) 2. 6 3 6 4( 6 3) 0. 2 1 7 3( 4 1)
8 2. 5 6 5 6( 5 7) 0. 1 8 8 1( 3 3) - -
9 2. 3 6 3 0( 5 2) 0. 1 8 9 8( 3 7) - -
1 0 2. 1 9 0 3( 4 8) 0. 1 9 1 2 ( 40) - -
1 1 2. 0 4 1 4( 4 4) 0. 1 9 2 5( 4 2) - -
1 2 1. 9 1 1 7( 4 1) 0. 1 9 3 5( 4 5) - -
1 3 1. 7 9 7 6( 3 7) 0. 1 9 4 5( 4 7) - -
1 4 1. 6 9 6 5( 3 5) 0. 1 9 5 3( 4 9) - -
∞ 0. 0 0. 2 0 9 7( 7 6) 0. 0 0. 2 1 7 5( 6 1)

T a bl e 4. 3: We li st t h e c o u pli n g s al o n g t h e st e p s c ali n g s e q u e n c e st arti n g at λ ( 2µ h a d )  =
1 3 .9 1 6 4 9 5 5 f or t h e t w o r e m ai ni n g str at e gi e s (M S a n d S F).  T h e v al u e s of Λ s / ( 2µ h a d ) ar e
o bt ai n e d b y  m at c hi n g t o p ert ur b ati o n t h e or y at t h e c orr e s p o n di n g v al u e of λ s ( µ p t ) .  A g ai n,
t h e fi n al r e s ult i s o bt ai n e d fr o m a li n e ar fit t o t h e l a st 5 st e p s of t h e s e q u e n c e ( 3 i n t h e
c a s e of S F).

s e q u e n c e i n t w o st e ps: a n e x a ct st e p c o n n e cti n g t h e c o u pli n g at s c al es µ h a d a n d
2 µ h a d , f oll o w e d b y a st e p-s c ali n g s e q u e n c e, st arti n g at λ ( 2µ h a d ), t o b e d et er mi n e d
b y t h e c o nti n u u m st e p s c ali n g f u n cti o ns o bt ai n e d i n t h e pr e vi o us s e cti o ns.  L et us
n o w d e s cri b e t h es e st e ps i n d et ail.

D e t e r mi n a ti o n of λ (µ h a d ) We fi x t h e c o u pli n g λ ( 2µ h a d ) ≡ 1 3 .9 1 6 4 9 5 5 at l atti c e
s p a ci n g v al u es c orr es p o n di n g t o L̃ = 1 2 , 1 8 , 2 4 .  T h e c orr es p o n di n g v al u es of
t h e l atti c e st e p s c ali n g f u n cti o n ar e gi v e n i n t a bl e 4. 1 a n d e xtr a p ol at e t o a
c o nti n u u m v al u e λ (µ h a d )  = 3 4.5 2( 2 9) .

D e t e r mi n a ti o n of Λ M S / ( 2µ h a d ) Usi n g t h e fits of t h e c o nti n u u m st e p s c ali n g f u n c-
ti o n,  w e d et er mi n e a s e q u e n c e of c o u pli n gs λ n = λ ( 2 n + 1 µ h a d ).  T h e diff er e n c es
b et w e e n t h e gl o b al a n d t h e u- b y- u fits i n t his st e p ar e  w ell b el o w o ur st atisti c al
u n c ert ai nti es.  O n t h e ot h er h a n d, t h er e ar e s e v er al p ossi biliti es t o d et er mi n e
t h e r ati o Λ M S / ( 2µ h a d ):

T G F: O n e c a n us e t h e u ni v ers al c o e ffi ci e nts of t h e β f u n cti o n a n d t h e k n o w n
r ati o Λ M S / Λ T G F of e q.( 3. 1 8 ) t o d et er mi n e Λ M S / ( 2µ h a d )).
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C h a pt e r 4. S U ( 3) Λ p a r a m et e r i n t h e  T G F s c h e m e
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Fi g u r e 4. 7: R ati o Λ M S / ( 2 µ h a d ) o bt ai n e d t hr o u g h t h e di ff er e nt  m et h o d s e x pl ai n e d i n t h e
t e xt a s a f u n cti o n of t h e  m at c hi n g s c al e  wit h p ert ur b ati o n t h e or y ( µ r ef ≡ 2 µ h a d ).  T h e gr a y
b a n d c orr e s p o n d s t o t h e fi n al r e s ult o bt ai n e d fr o m a li n e ar fit t o t h e t hr e e l a st st e p s of t h e
S F s e q u e n c e.

M S: O n e c a n us e t h e v al u e of t h e r ati o Λ M S / Λ T G F t o d et er mi n e t h e c o u pli n g
i n t h e M S s c h e m e as f oll o ws

λ M S ( 2 n + 1 µ h a d )  = x + 2 b 0 x
2 l o g

󰁛
Λ M S

Λ T G F

󰂃

+ O (x 3 )
󰁛
x = λ

󰁔
2 n + 1 µ h a d

󰂃 󰁛
.

( 4. 9)
T h e n, usi n g t h e k n o w n 5-l o o p β f u n cti o n [1 4 1 ] i n t h e M S s c h e m e, o n e
c a n d et er mi n e t h e r ati o Λ M S / ( 2µ h a d ).

S F: Hi g h- pr e cisi o n d et er mi n ati o ns f or t h e S F c o u pli n g ar e a v ail a bl e i n r ef er-
e n c e [ 8 5 ].  T h es e c o m p ut ati o ns  w er e p erf or m e d at t h e s a m e b ar e c o u pli n g
b v al u es as o ur r u ns b ut o n l atti c es of si z e L̃ / 3 .  T his all o ws t o n o n-
p ert ur b ati v el y c o n v ert t h e v al u es of λ ( 2 n + 1 µ h a d ) t o v al u es of λ S F ( 0.9 ×
2 n + 1 µ h a d ).  D et ails of t his  m at c hi n g c a n b e f o u n d i n  A p p e n di x C ; h er e, it is
e n o u g h t o s a y t h at t his  m at c hi n g is o nl y p ossi bl e i n t h e r e gi o n 9 ≳ λ ≳ 3 .

Aft er t his n o n- p ert ur b ati v e c o n v e rsi o n, t h e k n o w n 3-l o o p β f u n cti o n i n
t h e S F s c h e m e [ 1 4 2 – 1 4 4 ] c a n b e us e d t o d et er mi n e t h e r ati o Λ M S / ( 2µ h a d ).

T his pr o c e d ur e is si mil ar t o t h e a p pr o a c h t a k e n i n [ 1 1 1 ], a n d  w e e n c o ur a g e t h e
r e a d er i nt er est e d i n t h e d et ails t o c o ns ult t h at r ef er e n c e.

T h e r es ults f or t h e r ati o Λ M S / ( 2µ h a d ) usi n g t h e di ff er e nt pr o c e d ur es d es cri b e d
a b o v e ar e s u m m ari z e d i n t a bl es 4. 2 a n d 4. 3 , a n d pl ott e d i n fi g ur e 4. 7 .  T h e  m et h o ds
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4. 4.  C o m p ut ati o n of Λ M S

√
8 t0

Fi g u r e 4. 8: We di s pl a y 1 / λ − b a s a f u n cti o n of b .  T h e li n e s r e pr e s e nt  P a d é fit s of t h e
f or m gi v e n i n e q. (4. 1 2 ).  T h e d a s h e d li n e s  wit h or  wit h o ut ∗ r e pr e s e nt di ff er e nt r a n g e s f or
t h e  P a d é-li k e fit s d u e t o t h e dr a sti c c h a n g e of c o u pli n g b e h a vi or ar o u n d b ≃ 0 .4 0 .  T h e
v erti c al d ott e d li n e s c orr e s p o n d t o t h e  m a xi m u m a n d  mi ni m u m v al u e s of t0 / a 2 of t a bl e 4. 4 .
Sl o p e d li n e s c orr e s p o n d t o t h e li n e s of c o n st a nt p h y si c s at λ (µ h a d ) a n d λ ( 2µ h a d ) .

l a b el e d  T G F a n d  M S c arr y a p ert ur b ati v e u n c ert ai nt y O (λ ( 2 n + 1 µ h a d )) (ri g ht p a n el
of fi g. 4. 7 ),  w hil e t h e S F  m et h o d c arri es a n u n c ert ai nt y O (λ 2 ( 2 n + 1 µ h a d )) (l eft p a n el).
Fi g ur e 4. 7 s h o ws t h at t h es e p ert ur b ati v e c orr e cti o ns ar e si g ni fi c a nt i n t h e  m et h o ds
l a b el e d  T G F a n d  M S.  N e v ert h el ess, t h e fi g ur e s h o ws a ni c e a gr e e m e nt b et w e e n all
a n al ysis  m et h o ds o n c e t h e li mit λ → 0 is t a k e n.

Fi n all y,  w e q u ot e as t h e c e ntr al v al u e of t h e a n al ysis t h e o n e l a b el e d as S F
si n c e it h as t h e s m all est p ert ur b ati v e c orr e cti o ns a n d is c o m p ati bl e  wit hi n e rr ors
wit h t h e ot h er t w o d et er mi n ati o ns.  We r e p ort as fi n al n u m eri c al v al u e:

Λ M S

2 µ h a d

= 0 .2 1 7 5( 6 1) . ( 4. 1 0)

4. 4  C o m p u t a ti o n of Λ M S

√
8 t0

T o d et er mi n e t h e di m e nsi o nl ess c o m bi n ati o n Λ M S

√
8 t0 ,  w e  m ust c o m bi n e o ur pr e vi-

o us r es ults f or t h e r ati o Λ M S / µ h a d wit h a d et er mi n ati o n of µ h a d ×
√

8 t0 .  T his q u a ntit y
is c o m p ut e d as t h e c o nti n u u m e xtr a p ol ati o n of

µ h a d

√
8 t0 = li m

a → 0

󰁛

a µ h a d ×

√
8 t0

a

󰂃

, ( 4. 1 1)

w h er e a µ h a d i s d et er mi n e d b y t h e l atti c e si z e a n d b ar e c o u pli n g f or  w hi c h t h e r e n or-
m ali z e d c o u pli n g t a k es t h e v al u e λ (µ h a d )  = 3 4.5 2( 2 9) (s e e t a bl e 4. 1 ).  V al u es f or
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C h a pt e r 4. S U ( 3) Λ p a r a m et e r i n t h e  T G F s c h e m e

1 8 × b t 0 / a 2 1 8 × b t 0 / a 2 1 8 × b r 0 / a

5. 9 6 0 0 2. 7 8 5 4( 6 2) † 6. 4 2 0 0 1 1. 2 4 1( 2 3) † 5. 7 0 0 0 2. 9 2 2 0( 9 0) † †

5. 9 6 0 0 2. 7 8 7 5( 5 3) ‡ 6. 4 5 0 0 1 2. 1 9 6( 2 1) ‡ 5. 8 0 0 0 3. 6 7 3 0( 5 0) † †

6. 0 5 0 0 3. 7 8 3 4( 4 7) ‡ 6. 5 3 0 0 1 5. 1 5 6( 2 8) ‡ 5. 9 5 0 0 4. 8 9 8( 1 2) † †

6. 1 0 0 0 4. 4 3 2 9( 3 2) 󰁛 6. 6 1 0 0 1 8. 7 1 4( 3 0) ‡ 6. 0 7 0 0 6. 0 3 3( 1 7) † †

6. 1 3 0 0 4. 8 6 4 1( 8 5) ‡ 6. 6 7 2 0 2 1. 9 2 4( 8 1) 󰂃 6. 1 0 0 0 6. 3 4 5( 1 3) 󰁛

6. 1 7 0 0 5. 4 8 9( 1 4) † 6. 6 9 0 0 2 3. 0 8 9( 4 8) ‡ 6. 2 0 0 0 7. 3 8 0( 2 6) † †

6. 2 1 0 0 6. 2 1 9( 1 3) ‡ 6. 7 7 0 0 2 8. 4 9 4( 6 6) ‡ 6. 3 4 0 0 9. 0 2 9( 7 7) 󰁔

6. 2 9 0 0 7. 7 8 5( 1 4) ‡ 6. 8 5 0 0 3 4. 8 1 9( 8 4) ‡ 6. 4 0 0 0 9. 7 4 0( 5 0) † †

6. 3 4 0 0 9. 0 0 2( 3 1) 󰂃 6. 9 0 0 0 3 9. 4 1( 1 5) 󰁛 6. 5 7 0 0 1 2. 3 8 0( 7 0) † †

6. 3 4 0 0 9. 0 3 4( 2 9) 󰂃 6. 9 3 0 0 4 2. 8 2( 1 1) ‡ 6. 5 7 0 0 1 2. 1 7 6( 9 7) §

6. 3 7 0 0 9. 7 5 5( 1 9) ‡ 7. 0 1 0 0 5 2. 2 5( 1 3) ‡ 6. 6 7 2 0 1 4. 1 0 3( 9 2) 󰂃

6. 4 2 0 0 1 1. 2 0 2( 2 1) ‡ 6. 6 9 0 0 1 4. 2 0( 1 2) §

6. 8 1 0 0 1 6. 5 4( 1 2) §

6. 9 0 0 0 1 8. 9 3( 1 5) 󰁫

6. 9 2 0 0 1 9. 1 3( 1 5) §

T a bl e 4. 4: R e s ult s f or t0 / a 2 a n d r 0 / a f or diff er e nt v al u e s of b .  F or t h e c a s e of t0 / a 2 t h e
r el e v a nt r ef er e n c e s ar e † [1 4 ], ‡ [1 4 5 ], 󰁬 [1 4 6 ].  F or r 0 / a , t h e r e s ult s ar e i n st e a d fr o m † † [1 4 7 ]
a n d 󰁵 [1 4 6 ]..  T h e d at a l a b el e d § i s o bt ai n e d fr o m t h e v al u e s of r c / a of [ 1 4 8 ] t o g et h er  wit h
r c / r 0 = 0 .5 1 3 3( 2 4) w hi c h gi v e s t h e q u ot e d v al u e s of r 0 / a .

( a ) l o g (t2
0 / a ) . ( b ) l o g (r 0 / a ).

Fi g u r e 4. 9: P ol y n o mi al fit of l o g (t0 / a 2 ) a n d l o g (r 0 / a ) i n p o w er s of t h e b ar e c o u pli n g β .
T h e d at a i s e xtr a ct e d fr o m t a bl e 4. 4 .

√
8 t0 / a f or o ur c h oi c e of  Wils o n g a u g e a cti o n ar e a v ail a bl e i n t h e lit er at ur e (s e e

t a bl e 4. 4 ).

T w o st e ps  w er e t h er ef or e r e q uir e d.  First, f or e a c h v al u e of L̃ ,  w e d et er mi n e d
t h e v al u es of t h e b ar e c o u pli n g t h at l e a d t o a r e n or m ali z e d c o u pli n g λ (µ h a d ).  F or
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4. 4.  C o m p ut ati o n of Λ M S

√
8 t0

L̃ 1 8 × b λ = 3 4 .5 2 a /
√

8 t0 a µ h a d ×
√

8 t0 / a a / r 0 a µ h a d × r 0 / a

1 2 6. 0 0 3 7( 2 6) 0. 1 9 6 3 7( 9 6) 1. 4 1 4 6( 6 9) 0. 1 8 5 1( 2 0) 1. 5 0 1( 1 6)
1 8 6. 2 5 1 8( 3 0) 0. 1 3 3 7 3( 6 5) 1. 3 8 4 8( 6 8) 0. 1 2 5 6( 1 6) 1. 4 7 4( 1 8)
2 4 6. 4 5 7 4( 3 0) 0. 1 0 0 2 9( 4 7) 1. 3 8 4 8( 6 5) 0. 0 9 4 7( 1 3) 1. 4 6 7( 2 1)
3 6 6. 7 6 4 1( 3 6) 0. 0 6 6 8 3( 3 7) 1. 3 8 5 5( 7 7) 0. 0 6 3 7( 1 5) 1. 4 5 3( 3 4)
4 8 6. 9 9 0 8( 3 0) 0. 0 5 0 1 0( 2 5) 1. 3 8 6 1( 7 0) 0. 0 4 7 1( 3 9) 1. 4 7( 1 2)
∞ 0 1. 3 8 6 0( 6 2) 0 1. 4 5 3( 1 9)

T a bl e 4. 5: V al u e s of t h e b ar e c o u pli n g, l atti c e s p a ci n g a n d r ef er e n c e s c al e s µ h a d

√
8 t0

a n d µ h a d r 0 , c orr e s p o n di n g t o t h e r e n or m ali z ati o n c o n diti o n λ (µ h a d )  = 3 4 .5 2( 2 9) – c h e c k
s e c. 4. 3 .

( a ) µ h a d ×
√

8 t0 . ( b ) µ h a d × r 0 .

Fi g u r e 4. 1 0: C o nti n u u m e xtr a p ol ati o n of t h e r ef er e n c e s c al e µ h a d i n u nit s of t0 a n d r 0 .

t his p ur p os e,  w e fit t h e d e p e n d e n c e of t h e c o u pli n g o n b , at fi x e d L̃ ,  wit h a  P a d é fit
of t h e f or m:

b λ (b, L̃ )  =
a 0 + a 1 b + b 2

a 2 + a 3 b + b 2
. ( 4. 1 2)

T h e fits ar e  m a d e t o 1 / λ − b wit h χ 2 t ests p er d e gr e e of fr e e d o m r a n gi n g fr o m 0. 3 7
t o 1. 9 8, as s h o w n i n fi g. 4. 8 .  T h e c ur v es  m ar k e d  wit h a ∗ c orr es p o n d t o di ff er e nt
r a n g es f or t h e  P a d é a p pr o xi m a nt d u e t o t h e dr asti c c h a n g e i n t h e b - d e p e n d e n c e
of t h e c o u pli n g f or s m all v al u es of b .  T h e d ott e d v erti c al li n es c orr es p o n d t o t h e
wi n d o w of t0 / a 2 d at a a v ail a bl e o n t a bl e 4. 4 .  T h e sl o p e d li n es c orr es p o n d t o t h e li n es
of c o nst a nt p h ysi cs at λ (µ h a d ) a n d λ ( 2µ h a d ).

Aft er t his, o n e h as t o d e t er mi n e a /
√

8 t0 at t h os e v al u es of t h e b ar e c o u pli n g.
F oll o wi n g r ef. [ 8 5 ], t his is d o n e usi n g t h e r es ults q u ot e d i n r efs. [1 4 , 1 4 5 , 1 4 6 ].  All
t h e v al u es f or t his q u a ntit y gi v e n i n t a bl e 4 of r ef. [ 8 5 ] ar e us e d t o fit l o g (t0 / a 2 ) t o a
p ol y n o mi al i n b of d e gr e e 5 i n t h e r a n g e b ∈ [ 0.3 3 , 0 .3 9] .  T h e p ol y n o mi al d e p e n d e n c e
of l o g (t0 / a 2 ) is s h o w n i n fi g. 4. 9 a .  T his fit is t h e n us e d t o d et er mi n e a /

√
8 t0 at t h e

s p e ci fi c v al u es of t h e b ar e c o u pli n g c orr es p o n di n g t o λ (µ h a d ) o n e a c h l atti c e.  T h e
r es ults o bt ai n e d fr o m t his pr o c e d ur e o n l atti c es  wit h L̃ = 1 2 , 1 8, 2 4, 3 6, a n d 4 8 ar e
gi v e n i n t a bl e 4. 5 .
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C h a pt e r 4. S U ( 3) Λ p a r a m et e r i n t h e  T G F s c h e m e

0 .5 6 0 .5 8 0 .6 0 .6 2 0 .6 4 0 .6 6 0 .6 8

r 0 ⇤ M S

D all a  Bri d a,  R a m os ’ 1 9

Is hi k a w a 1 7

Kit a z a w a 1 6

Fl o w 1 5

Br a m bill a 1 0

Q C D S F / U K Q C D 0 5

A L P H A 9 8

T his  w or k

Fi g u r e 4. 1 1: Fi n al r e s ult f or r 0 Λ M S c o m p ar e d  wit h t h e v al u e s i n cl u d e d i n t h e  F L A G
a v er a g e [ 1 2 5 ].  T h e s e ar e:  A L P H A 9 8 [1 2 6 ],  Q C D S F / U K Q C D 0 5 [1 2 7 ],  Br a m bill a [1 2 8 ],
Fl o w 1 5 [ 1 2 9 ],  Kit a z a w a 1 6 [1 3 0 ], I s hi k a w a 1 7 [9 9 ].  T h e c o m p ari s o n al s o i n cl u d e s t h e r e c e nt
w or k  D all a  Bri d a,  R a m o s 1 9 [ 8 5 ].

Fi g ur e 4. 1 0 a s h o ws t h e c o nti n u u m e xtr a p ol ati o n of µ h a d

√
8 t0 o bt ai n e d usi n g

t his str at e g y.  We i n cl u d e d at a p oi nts c orr es p o n di n g t o t h e L̃ = 1 8 , 2 4, 3 6, a n d 4 8
l atti c es.  T h e fi n al c o nti n u u m e xtr a p ol at e d v al u e is gi v e n b y:

µ h a d ×
√

8 t0 = 1 .3 8 6 0( 6 2) . ( 4. 1 3)

We c a n n o w us e t h es e r es ults t o e x pr ess Λ M S i n
√

8 t0 u nits.  O ur fi n al r es ult is
√

8 t0 × Λ M S = 0 .6 0 3( 1 7) . ( 4. 1 4)

T his n u m b er is i n a gr e e m e nt  wit hi n err ors  wit h t h e  m or e pr e cis e d et er mi n ati o n
o bt ai n e d i n a r e c e nt  w or k [ 8 5 ]:

√
8 t0 × Λ M S = 0 .6 2 2 7( 9 8) .  T h e str at e g y t o o bt ai n

t h e Λ p ar a m et er i n t h at  w or k is si mil ar t o t h e o n e pr es e nt e d h er e; h o w e v er, it is b as e d
o n usi n g a di ff er e nt  G F s c h e m e  wit h S F i nst e a d of t wist e d b o u n d ar y c o n diti o ns.

A  m or e d et ail e d c o m p aris o n  wit h t h e e xisti n g lit er at ur e is b ett er  m a d e i n
t er ms of t h e s c al e r 0 [8 7 ],  w hi c h, alt h o u g h l ess pr e cis e t h a n t0 , is us e d i n  m ost of t h e
pr e vi o us d et er mi n ati o ns of t h e Λ p ar a m et er u p t o d at e.  A si mil ar a n al ysis as t h e o n e
l e a di n g t o e q. (4. 1 4 ) all o ws d et er mi ni n g r 0 × Λ M S .  T h e v al u es of r 0 / a e m pl o y e d i n t h e
e xtr a p ol ati o n ar e s h o w n i n t a bl e 4. 4 , a n d t h e p ol y n o mi al fit of l o g (r 0 / a ) is s h o w n if
fi g. 4. 9 b .  T h e v al u es of t h e l atti c e s p a ci n g a / r 0 c orr es p o n di n g t o t h e r e n or m ali z ati o n
c o n diti o n λ (µ h a d ) ar e s h o w n i n t a bl e 4. 5 a n d t h e c o nti n u u m e xtr a p ol ati o n is s h o w n
i n fi g. 4. 1 0 b , l e a di n g t o a v al u e of µ h a d × r 0 = 1 .4 5 3( 1 9) .  O ur fi n al r es ult f or t h e Λ
p ar a m et er i n u nits of r 0 is:

r 0 × Λ M S = 0 .6 3 2( 2 0) . ( 4. 1 5)

Fi g ur e 4. 1 1 c o m p ar es t his r es ult  wit h t h e v al u es i n cl u d e d i n t h e  F L A G a v er-
a g e [ 1 2 5 ].  Wit h t h e pr es e nt a c c ur a c y, o ur r es ult c o m es o ut c o m p ati bl e  wit h b ot h
t h e  F L A G a v er a g e r 0 × Λ M S = 0 .6 1 5( 1 8) a n d t h e r es ult b y  D all a  Bri d a a n d  R a m os:
r 0 × Λ M S = 0 .6 6 0( 1 1) [8 5 ].  We b eli e v e t h at o ur p arti c ul ar s c h e m e c a n b e effi ci e ntl y
us e d t o pi n d o w n t h e err or i n t h e d et er mi n ati o n of t h e Λ p ar a m et er a n d cl arif y t h e
t e nsi o n a m o n g t h e e xisti n g v al u es i n t h e lit er at ur e.
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4. 5. S u m m a r y

4. 5  S u m m a r y

I n t his c h a pt er,  w e h a v e st u di e d t h e r u n ni n g c o u pli n g usi n g fi nit e si z e s c ali n g t e c h-
ni q u es i n a s c h e m e  wit h t wist e d b o u n d ar y c o n diti o ns c all e d t wist e d gr a di e nt fl o w.
We h a v e us e d a p arti c ul ar c h oi c e of g e o m etr y,  m oti v at e d b y t h e st u d y of t h e l ar g e
N li mit of S U (N ) Y M t h e ori es, i n  w hi c h t h e si z e of t h e f o ur- di m e nsi o n al t or us is
as y m m etri c,  wit h t w o dir e cti o ns b ei n g a f a ct or N l ar g er t h a n t h e ot h er t w o.

T h e c h a pt er is e ntir el y d e v ot e d t o t h e S U ( 3) g a u g e gr o u p.  T h er e a r e  m an y
r es ults i n t h e lit er at ur e f or t his c as e, all o wi n g f or a  m or e ri g or o us c o m p aris o n.  O ur
d et er mi n ati o n of t h e Λ M S p ar a m et er i n u nits of t h e fl o w s c al e

√
8 t0 or t h e S o m m er

s c al e r 0 s h o ws a g o o d a gr e e m e nt  wit h t h e lit er at ur e.  O ur fi n al r es ult is:

√
8 t0 × Λ N = 3

M S
= 0 .6 0 3( 1 7) ,

r 0 × Λ N = 3
M S

= 0 .6 3 2( 2 0) .

E v e n t h o u g h t h e pr e cisi o n of o ur c o m p ut ati o n d o es n ot  m at c h t h e  m ost pr e cis e
d et er mi n ati o ns, t h e s yst e m ati c ass o ci at e d  wit h t h e c o nti n u u m e xtr a p ol ati o n is es-
p e ci all y t a k e n i nt o a c c o u nt. I n a d diti o n, t h e  m at c hi n g  wit h p ert ur b ati o n t h e or y is
p erf or m e d i n s e v er al  w a ys, usi n g a n o n- p ert ur b ati v e r u n ni n g t h at c o v ers l ar g e e n er g y
s c al es.

I n t his r es p e ct, it is ess e nti al t o n ot e t h at t h e d et er mi n ati o n of Λ M S i s a c c o m-
plis h e d i n t w o di ff er e nt  w a ys.  First,  w e dir e ctl y d et er mi n e t h e c o u pli n g i n o ur fi nit e
v ol u m e s c h e m e  wit h t wist e d b o u n d ar y c o n diti o ns. I n t his c as e, t h e r ati o Λ M S / Λ T G F

i s a cr u ci al pi e c e i n t h e c o m p ut ati o n. S e c o n d,  w e p erf or m a n o n- p ert ur b ati v e  m at c h-
i n g  wit h t h e S F c o u pli n g usi n g a v ail a bl e d at a fr o m t h e lit er at ur e.  T h e t w o d et er m-
i n ati o ns s h o w g o o d a gr e e m e nt b ut  wit h a s u btl e p oi nt.  T h e e xtr a cti o n of t h e Λ
p ar a m et er at a s p e ci fi c e n er g y s c al e µ p t h as p ert ur b ati v e c orr e cti o ns O (λ k (µ p t ))
( wit h k = 1 i n t h e c as e of t h e dir e ct e xtr a cti o n, a n d k = 2 f or t h e c as e of t h e n o n-
p ert ur b ati v e  m at c hi n g  wit h t h e S F).  A cr u ci al p oi nt t o o bt ai n c o m p ati bl e r e s ults
is t o r e m o v e t h es e s u bl e a di n g p ert ur b ati v e c orr e cti o ns b y p erf or mi n g a n e xtr a p ol a-
ti o n λ (µ p t ) → 0 , a n d at o ur l e v el of pr e cisi o n ( a n d es p e ci all y f or t h e c as e of dir e ct
e xtr a cti o ns), p ert ur b ati v e c orr e cti o ns ar e si g ni fi c a nt, e v e n at l ar g e e n er g y s c al es.
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5
S U (N ) s c ali n g of
t h e Λ p ar a m et er

5. 1  M o ti v a ti o n

As dis c uss e d i n c h. 1 , t h e l ar g e N li mit e m er g e d as a t o ol f or  m a ki n g e x p a nsi o ns
i n t h e n o n- p ert ur b ati v e r e gi m e of t h e str o n g i nt er a cti o ns, i n t er ms of t h e s m all
p ar a m et er 1 / N [1 5 ].  O v er t h e y e ars, it b e c a m e a p o w erf ul t o ol f or u n d erst a n di n g
t h e b e h a vi or of g a u g e t h e ori es i n t h e pr es e n c e of  m a n y c ol or d e gr e es of fr e e d o m,
si n c e i n t his li mit t h e l e a di n g c orr e cti o n t o t h e o bs er v a bl es c o m es o nl y fr o m pl a n ar
di a gr a ms [ 1 5 ].  Alt h o u g h it  w as i niti all y t h o u g ht t o pr o vid e a n a n al yti c h a n dl e i nt o
t h e l o w- e n er g y d y n a mi cs of str o n g i nt er a cti o ns, t h es e e x p e ct ati o ns  w er e d as h e d.
H o w e v er, t h e a p pr o a c h l e d t o s e v er al s u c c essf ul t h e or eti c al d e v el o p m e nts, s u c h as
t h e f or m ul ati o n of cl os e d  Wils o n l o o p e q u ati o ns [ 2 3 ],  w hi c h l e d t o t h e f u n d a m e nt al
c o n c e pt of t h e  m ast er fi el d [ 1 4 9 ], a s yst e m ati c 1 / N e x p a nsi o n f or b ar y o ns [ 2 4 ], a n d
s e v er al ot h er r es ults n ot r el at e d t o t h e str o n g i nt er a cti o ns, s u c h as t h e e xist e n c e of
a s e ct or d es cri bi n g s u p er gr a vit y o n a nti- d e Sitt er s p a c eti m es [ 2 5 ].

I n t h e l ar g e N li mit, as e x pl ai n e d i n c h a pt er 2 , p h ysi c al q u a ntiti es ar e e x p e ct e d
t o b e c o m e v ol u m e i n d e p e n d e nt [ 1 0 5 ], i. e., i ns e nsiti v e t o t h e si z e of t h e s p a c eti m e
v ol u m e, as t h e c ol or a n d s p ati al d e gr e es of fr e e d o m b e c o m e e nt a n gl e d.  T his pr o p ert y
h as b e e n o bs er v e d i n v ari o us g a u g e t h e ori es a n d l e d t o t h e f a m o us  E g u c hi- K a w ai
( E K) r e d u cti o n [ 4 ].

T h e c o n c e pt of v ol u m e i n d e p e n d e n c e a n d t h e r el at e d p h e n o m e n a of  E K r e-
d u cti o n h a v e b e e n t h e su bj e ct of e xt e nsi v e r es e ar c h o v er t h e p ast f e w d e c a d es
[5 , 6 , 3 2 , 3 5 – 5 1 , 5 4 – 5 7 , 1 5 0 , 1 5 1 ]; s e v er al of t h es e  w or ks ar e f o c us e d o n r est ori n g t h e
c e nt er s y m m etr y of t h e  E K pr o p os al,  w hi c h is br o k e n f or d  > 2 .  T h es e st u di es
h a v e pr o vi d e d v al u a bl e i nsi g hts i nt o t h e  m e c h a nis ms u n d erl yi n g v ol u m e r e d u cti o n
a n d t h e c h all e n g es t h at  m a y aris e i n its i m pl e m e nt ati o n.  F or a r e vi e w of v ol u m e
i n d e p e n d e n c e a n d (t wist e d)  E K r e d u cti o n, s e e [1 0 5 ] a n d r ef er e n c es t h er ei n. I n t his
c h a pt er,  w e  w ill us e t h e i d e as of v ol u m e r e d u cti o n t o st u d y t h e r u n ni n g c o u pli n g
pr o p erti es of  Y M t h e ori es, s u c h as t h os e b as e d o n t h e g a u g e gr o u ps S U ( 5) a n d
S U ( 8).  Alt h o u g h t h es e v al u es of N ar e s m all a n d c a n n ot b e c o nsi d er e d as l ar g e N
li mit, o ur r es ults s h o w t h e e x p e ct e d N s c ali n g st u di e d i n t h e lit er at ur e.  We  will
us e t h e  T G F r e n or m ali z ati o n s c h e m e pr es e nt e d i n c h a pt er 3 . a n d us e d i n c h a pt er 4

4 9



C h a pt e r 5. S U (N ) s c ali n g of t h e Λ p a r a m et e r

( a ) S U ( 5) . ( b ) S U ( 8) .

Fi g u r e 5. 1: R el ati v e err or s of t h e ’t  H o oft c o u pli n g δ (λ )/ λ 2 a s a f u n cti o n of λ .

t o c o m p ut e t h e r u n ni n g of S U ( 3), t o o bt ai n t h e s c ali n g of q u a ntiti es s u c h as t h e ’t
H o oft c o u pli n g a n d t h e Λ p ar a m et er.  We  will als o a n al y z e t h e e ff e ct of b o u n d ar y
c o n diti o ns a n d t h eir i m p a ct o n t h e d et er mi n ati o n of t h e r u n ni n g c o u pli n g.

O n c e a g ai n,  w e  w a nt t o e m p h asi z e t h at t h e c h oi c e of N a n d k f or t h e g a u g e
gr o u ps st u di e d i n t his  w or k is n ot ar bitr ar y, a n d t h eir v al u es ar e c h os e n t o a v oi d t h e
a p p e ar a n c e of t a c h y o ni c i nst a biliti es i n t h e l ar g e N li mit [9 , 1 0 ].  A c c or di n gl y,  w e
s el e ct k a n d N as t h e n − 2 a n d n -t h t er ms of t h e  Fi b o n a c ci s e q u e n c e, r es p e cti v el y.

T h e c h a pt er is or g a ni z e d as f oll o ws. S e cti o n 5. 2 c o nt ai ns t h e c o m p ut ati o n of
t h e c o u pli n g c o nst a nt a n d t h e st e p s c ali n g f u n cti o n. S e cti o n 5. 3 s u m m ari z es t h e
d et er mi n ati o n of t h e S U ( 5) Λ p ar a m et er i n p h ysi c al u nits.  Fi n all y, i n s e cti o n 5. 4 ,
w e st u d y t h e d e p e n d e n c e of t h e c o u pli n g o n t h e b o u n d ar y c o n diti o ns.  T h e c h a pt er
e n ds  wit h s o m e g e n er al r e m ar ks.

5. 2  S t e p s c ali n g s e q u e n c e a n d Λ T G F / µ h a d

5. 2. 1  N u m e ri c al s e t- u p

We h a v e si m ul at e d p ur e S U (N ) Y M t h e ori es o n as y m m etri c al h y p er c u b es of si z es
L 2 × L̃ 2 ,  w h er e L̃ = N  L ,  wit h t h e n u m b er of c ol ors t a k e n  wit hi n t h e  Fi b o n a c ci
s e q u e n c e as N = 5 , 8 ,  wit h k = 2 a n d 3 r es p e cti v el y.  We c o m p ut e d t h e r u n ni n g
of t h e c o u pli n g c o nst a nt f oll o wi n g t h e s a m e pr es cri pti o n of c h a pt ers 3 a n d 4 .  T h e
f ull s et of S U ( 5) c o n fi g ur ati o ns f or b ar e c o u pli n g r a gi n g i n b ∈ [ 0.3 4 5 0 , 0 .8 3 3 3] a n d
L̃ = 1 0, 2 0, 3 0, 4 0, a n d 6 0, ar e r e p ort e d i n t a bl e A. 2 of  A p p e n di x A .  T h e a n al o g o us
r es ults f or S U ( 8),  wit h b ∈ [ 0.3 5 5 5 , 0 .9 4 4 5] a n d L̃ = 1 6, 2 4, 3 2, 6 4, a n d 9 6, ar e
r e p ort e d i n t a bl e A. 3 of  A p p e n di x A .  T h e r es ults f or t h e r e n or m ali z e d c o u pli n g
λ T G F at c = 0 .3 0 , f or t h e t w o v al u es of N a n d t h e  Cl o v er-li k e dis cr eti z ati o n of
e q. ( 3. 3 0 ), ar e pr es e nt e d i n t a bl es B. 2 a n d B. 3 i n  A p p e n di x B .  T h e r es ults dis c uss e d
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5. 2. St e p s c ali n g s e q u e n c e a n d Λ T G F / µ h a d

( a ) S U ( 5) . ( b ) S U ( 8) .

Fi g u r e 5. 2: R a w d at a f or t h e i n v er s e st e p s c ali n g f u n cti o n 1 / σ − 1 / U (σ , L̃ ) c o m p ar e d t o
t h e c o nti n u u m e xtr a p ol ati o n ( pi n k b a n d) o bt ai n e d fr o m e q s. ( 3. 4 3 ) f or N = 5 (l eft) a n d
8 (ri g ht).  T h e bl u e b a n d r e pr e s e nt s t h e c o nti n u u m e xtr a p ol ati o n f or S U ( 3) o bt ai n e d i n
c h. 4 .

N p̂ 2 p̂ 3 p̂ 4

5 − 8 .1 1 8 8 3 4 1 0 × 1 0 − 5 7 .7 5 3 9 4 3 0 4 × 1 0 − 6 − 2 .0 9 4 4 7 5 2 6 × 1 0 − 7

8 − 9 .4 1 2 8 1 9 4 7 × 1 0 − 5 1 .0 0 0 9 4 8 0 9 × 1 0 − 5 − 3 .1 3 4 4 6 5 8 4 × 1 0 − 7

T a bl e 5. 1: C o nti n u u m c o e ffi ci e nt s of t h e f u n cti o n al f or m e q. ( 3. 4 3 ) of t h e i n v er s e st e p
s c ali n g f u n cti o n 1 / U (σ , L̃ ) .

i n t his c h a pt er ar e  w or k i n pr o gr ess, a n d pr eli mi n ar r es ults h a v e b e e n pr es e nt e d
i n [1 4 0 ].

F oll o wi n g t h e s a m e str at e g y pr es e nt e d i n c h a pt er 4 ,  w e  will r estri ct t h e st atist-
i c al u n c ert ai nt y i n all l atti c es t o s atisf y a p pr o xi m at el y c o nst a nt err ors i n t h e i n v ers e
’t  H o oft c o u pli n g 1 / λ T G F . I n fi g. 5. 1 w e s h o w t h e e rr or of 1 / λ T G F a s a f u n cti o n of
t h e c o u pli n g λ T G F f or s e v er al v al u es of L̃ .  F or t h e c as e of S U ( 5),  m ost l atti c es ar e
w ell-t u n e d e x c e pt f or t h e l ar g est v al u e of L̃ .  T h e c as e of S U ( 8) is  m or e d eli c at e, si n c e
t h e c o m p ut ati o n al ti m e n e e d e d t o o bt ai n hi g h st atisti cs i n cr e as es si g ni fi c a ntl y, a n d
fi g. 5. 1 d o es n ot s h o w c o m p ar a bl e r el ati v e err ors b et w e e n t h e di ff er e nt l atti c es.  F or
t his r e as o n,  w e pr es e nt t h e S U ( 8) d et er mi n ati o n as  w or k i n pr o gr ess.  F urt h er m or e,
t h e l ar g est l atti ce f or t his c as e, c orr es p o n di n g t o L̃ = 9 6 , c o u nts  wit h es p e ci all y
l o w st atisti cs c o m p ar e d t o t h e ot h ers, s o  w e  will e x cl u d e it fr o m t h e st e p s c ali n g
s e q u e n c e c o m p ut ati o n a n d c o m p ut e it o nl y  wit h t h e t w o s m all er v al u es L̃ = 1 6 a n d
3 2.  E v e n t h o u g h t h es e v al u es ar e l ar g e a n d alr e a d y cl os e t o t h e c o nti n u u m, a n d t h e
fits ar e  m a d e gl o b all y t o all d at a si m ult a n e o usl y,  w e e x p e ct t h e err ors ass o ci at e d t o
t h e c o nti n u u m e xtr a p ol ati o n t o r e m ai n r el ati v el y l ar g e.
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C h a pt e r 5. S U (N ) s c ali n g of t h e Λ p a r a m et e r

k S U ( 5) S U ( 8)

λ M S ( 2 k + 1 µ h a d ) Λ M S / ( 2µ h a d ) λ ( 2 k + 1 µ h a d ) Λ M S / ( 2µ h a d )
0 1 3. 9 1 6 4 9 5 5 0. 1 8 6 7 2( 1 8) 1 3. 9 1 6 4 9 5 5 0. 1 8 6 2 7( 1 7)
1 9. 0 8 0( 1 2) 0. 1 8 9 8 0( 5 4) 9. 1 0 7( 4 6) 0. 1 9 0 5( 2 0)
2 6. 8 6 2( 1 2) 0. 1 9 5 3 5( 9 5) 6. 8 8 1( 3 3) 0. 1 9 6 4( 2 6)
3 5. 5 4 1( 1 2) 0. 2 0 0 4( 1 6) 5. 5 5 7( 2 7) 0. 2 0 1 9( 3 4)
4 4. 6 5 6( 1 2) 0. 2 0 4 7( 2 2) 4. 6 6 9( 2 5) 0. 2 0 6 7( 4 7)
5 4. 0 1 9( 1 1) 0. 2 0 8 2( 2 7) 4. 0 3 1( 2 4) 0. 2 1 0 7( 6 3)
6 3. 5 3 7 6( 9 4) 0. 2 1 1 2( 3 2) 3. 5 4 8( 2 3) 0. 2 1 4 1( 7 8)
7 3. 1 6 0 7( 8 3) 0. 2 1 3 7( 3 6) 3. 1 6 9( 2 1) 0. 2 1 7 0( 9 2)
8 2. 8 5 7 3( 7 4) 0. 2 1 5 8( 4 0) 2. 8 6 5( 1 9) 0. 2 1 9( 1 1)
9 2. 6 0 7 7( 6 6) 0. 2 1 7 7( 4 3) 2. 6 1 5( 1 8) 0 . 22 2( 1 2)
1 0 2. 3 9 8 8( 5 9) 0. 2 1 9 3( 4 6) 2. 4 0 5( 1 6) 0. 2 2 3( 1 3)
1 1 2. 2 2 1 2( 5 3) 0. 2 2 0 7( 4 9) 2. 2 2 7( 1 5) 0. 2 2 5( 1 4)
1 2 2. 0 6 8 3( 4 7) 0. 2 2 1 9( 5 1) 2. 0 7 3( 1 4) 0. 2 2 7( 1 5)
1 3 1. 9 3 5 4( 4 3) 0. 2 2 3 0( 5 3) 1. 9 4 0( 1 2) 0. 2 2 8( 1 6)
1 4 1. 8 1 8 7( 3 9) 0. 2 2 4 0( 5 5) 1. 8 2 3( 1 1) 0. 2 2 9( 1 6)
∞ 0. 0 0. 2 3 8 8( 8 3) 0. 0 0. 2 4 7( 2 7)

T a bl e 5. 2: St e p s c ali n g s e q u e n c e of t h e c o u pli n g, st arti n g at λ ( 2µ h a d )  = 1 3 .9 1 6 4 9 5 5 .  T h e
fi n al r e s ult, at k →  ∞ , i s o bt ai n e d fr o m a li n e ar e xtr a p ol ati o n  wit h t h e l a st 5 st e p s i n t h e
s e q u e n c e.

5. 2. 2  C o n ti n u u m s t e p s c ali n g f u n c ti o n

T h e st e p s c ali n g f u n cti o n σ (u ) is o bt ai n e d as t h e c o nti n u u m e xtr a p ol ati o n of t h e
l atti c e st e p s c ali n g f u n cti o n Σ (u, L̃ ).  Of t h e t w o str at e gi es f oll o w e d i n t h e c as e of
S U ( 3) f or o bt ai ni n g t h e c o nti n u u m st e p s c ali n g f u n cti o n,  w e  will o nl y c o nsi d er t h e
o n e t h a t i n v ol v es a gl o b al fit t o all d at a s et, si n c e fits o n a u- b y- u b asis r e q uir e a
t u ni n g of t h e c o u pli n g t h at h as n ot b e e n d o n e i n t his c as e.

T h e f u n cti o n Σ (u, L̃ ) a n d its i n v ers e U (σ , L̃ ) c a n b e p ar a m etri z e d usi n g e q. ( 3. 4 2 )
a n d e q. ( 3. 4 3 ).  T h es e e x p a nsi o ns ar e fitt e d t o t h e n o n- p ert ur b ati v el y d et er mi n e d
c o u pli n gs t o o bt ai n t h e st e p s c ali n g s e q u e n c e t h at c o n n e cts µ h a d a n d µ p t .  We h a v e
t est e d t h at t h es e f u n cti o ns ar e  w ell d es cri b e d usi n g 3 c o e ffi ci e nts p k f or t h e c o n-
ti n u u m (i n a d diti on t o t h e 2 u ni v ers al o n es) a n d 5 c o e ffi ci e nts f or t h e c ut o ff e ff e cts.
C o nsist e nt r es ults ar e o bt ai n e d b et w e e n b ot h p ar a m etri z ati o ns, s o  w e  will c o n c e n-
tr at e o n s h o wi n g t h e r es ults f or t h e i n v ers e st e p s c ali n g f u n cti o n U (σ , L̃ ).

We h a v e fitt e d t h e r a w d at a f or 1 / U (σ , L̃ ) of  A p p e n di x B as a f u n cti o n σ t o t h e
f u n cti o n al f or m of e q. (3. 4 3 ), i n a r a n g e of c o u pli n g σ ∈ [ 1.5 , 1 7] .  T a bl e 5. 1 c o nt ai ns
t h e r es ults f or t h e c o nti n u u m fit p ar a m et ers.
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5. 2. St e p s c ali n g s e q u e n c e a n d Λ T G F / µ h a d

Fi g u r e 5. 3: E xtr a p ol ati o n of Λ M S / µ h a d f or N = 3 a n d 5.

F or c o m pl et e n ess,  w e als o gi v e t h eir c orr es p o n di n g c o v ari a n c e  m atri c es:

S U ( 5) →






3 .3 3 7 4 7 6 5 0 × 1 0 − 1 0 − 5 .3 7 6 0 5 7 7 5 × 1 0 − 1 1 2 .0 9 8 6 2 7 3 2 × 1 0 − 1 2

− 5 .3 7 6 0 5 7 7 5 × 1 0 − 1 1 8 .9 0 1 8 0 6 7 5 × 1 0 − 1 2 − 3 .5 5 2 1 7 0 4 6 × 1 0 − 1 3

2 .0 9 8 6 2 7 3 2 × 1 0 − 1 2 − 3 .5 5 2 1 7 0 4 6 × 1 0 − 1 3 1 .4 4 3 9 8 8 5 5 × 1 0 − 1 4




 .

S U ( 8) →






2 .4 5 2 5 5 5 5 0 × 1 0 − 9 − 4 .0 4 1 9 7 1 8 × 1 0 − 1 0 1 .6 0 7 3 8 0 5 4 × 1 0 − 1 1

− 4 .0 4 1 9 7 1 8 × 1 0 − 1 0 6 .8 3 7 5 3 8 0 2 × 1 0 − 1 1 − 2 .7 7 2 8 4 1 2 3 × 1 0 − 1 2

1 .6 0 7 3 8 0 5 4 × 1 0 − 1 1 − 2 .7 7 2 8 4 1 2 3 × 1 0 − 1 3 1 .1 4 1 9 7 5 4 0 × 1 0 − 1 3




 .

T h e s e c o nti n u u m e xtr a p ol ati o ns c o m p ar e d t o t h e r a w d at a f or 1 / U (σ , L̃ ) ar e s h o w n
i n fi g. 5. 2 .  We als o dis pl a y as a bl u e b a n d t h e c o nti n u u m e xtr a p ol ati o n f or S U ( 3)
c o m p ut e d i n c h. 4 .

5. 2. 3  S t e p s c ali n g s e q u e n c e

As f or t h e S U ( 3) c as e,  w e  will p erf or m t h e st e p s c ali n g s e q u e n c e i n t w o st e ps.  First,
a n e x a ct st e p fr o m µ h a d t o 2 µ h a d , f oll o w e d b y a st e p s c ali n g s e q u e n c e st arti n g at
λ ( 2µ h a d ),  w hi c h  will b e o bt ai n e d fr o m t h e pr e vi o usl y d et er mi n e d c o nti n u u m st e p
s c ali n g f u n cti o n.

F or t h e s a k e o f c o m p aris o n  wit h S U ( 3),  w e  will first s el e ct 2 µ h a d t hr o u g h t h e
c o n diti o n λ ( 2µ h a d )  = 1 3.9 1 6 4 9 5 5 .  H o w e v er, t his c h oi c e  will n ot all o w us t o d et er mi n e
t h e M S i n p h ysi c al u nits, d u e t o t h e l a c k of d et er mi n ati o ns of t h e l atti c e s p a ci n g i n
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C h a pt e r 5. S U (N ) s c ali n g of t h e Λ p a r a m et e r

5 0 × b a ×
√

σ 0 5 0 × b a ×
√

σ 0 5 0 × b a ×
√

σ 0

1 6. 7 5 5 0. 3 8 4 4( 2 1) † 1 7. 4 3 0 0. 2 2 2 1 7( 3 7) † † 1 8. 0 4 0 0. 1 5 6 2 2( 3 8) † †

1 6. 9 7 5 0. 3 0 3 4( 2 0) † 1 7. 4 5 0 0. 2 2 2 1( 1 7) † 1 8. 0 7 9 0. 1 4 9 8 0( 6 7) 󰁛

1 6. 9 8 0 0. 3 0 3 3( 8) † † 1 7. 5 6 7 0. 2 0 0 7 0( 7 0) 󰂃 1 8. 3 6 6 0. 1 2 8 6 1( 8 2) 󰁛

1 7. 2 2 0 0. 2 5 4 6( 6) † † 1 7. 6 3 0 0. 1 9 6 3 6( 3 5) † † 1 8. 3 7 5 0. 1 3 1 0 6( 3 0) † †

1 7. 2 7 0 0. 2 4 5 2( 1 5) † 1 7. 9 4 2 0. 1 6 3 3 4( 7 3) 󰁔 1 8. 8 5 9 0. 1 0 0 7 0( 5 0) 󰂃

T a bl e 5. 3: R e s ult s f o R a
√

σ 0 a s a f u n cti o n of t h e b ar e c o u pli n g b . f or S U ( 5) .  T h e d at a
l a b el e d  wit h † i s e xtr a ct e d fr o m [1 5 2 ], t h e o n e l a b el e d † † f r o m [1 5 3 ], a n d t h e o n e l a b el e d 󰁛

fr o m [3 5 ].  T h e hi g hli g ht e d e ntri e s ar e u s e d f or t h e p ol y n o mi al fit of l o g (a
√

σ 0 ) i n p o w er s
of b .

t h e a p pr o pri at e  wi n d o w.  A b ett er c h oi c e f or t his p ur p os e  will t ur n o ut t o b e, as  w e
will s e i n s e c. 5. 3 , λ ( 2µ h a d )  = 1 6.0 6 2 .

Usi n g as r e n or m ali z ati o n c o n diti o n λ ( 2µ h a d )  = 1 3.9 1 6 4 9 5 5 ,  w e p erf or m e d t h e
r u n ni n g u p t o t h e l o w est si m ul at e d c o u pli n g of o ur r a w d at a, i. e., k = 1 4 it er ati o ns.
O n c e  w e r e a c h e d t h e p ert ur b ati v e r e gi m e,  w e us e d t h e u ni v ers al c o e ffi ci e nts of t h e
β f u n cti o n a n d t h e r ati o Λ M S / Λ T G F t o e xtr a p ol at e Λ M S / ( 2µ h a d ).

T h e r es ults f or Λ M S / ( 2µ h a d ) ar e c o nt ai n e d i n t a bl e 5. 2 f or all v al u es of N = 5
a n d 8.  T h es e r es ults  m ust b e c o m p ar e d  wit h t h e c orr es p o n di n g S U ( 3) r es ults fr o m
t a bl e 4. 2 .  F or e a c h it er ati o n k w e r e p ort t h e c orr es p o n di n g c o u pli n g λ ( 2 k + 1 µ h a d )
a n d t h e Λ p ar a m et er Λ M S / ( 2µ h a d ).  T h e l ast v al u e i n e a c h c as e is o bt ai n e d b y li n e ar
e xtr a p ol ati o n i n λ , t a ki n g t h e l ast fi v e v al u es of t h e s e q u e n c e.  Fi g ur e 5. 3 s h o ws a
c o m p aris o n b et w e e n S U ( 3) a n d S U ( 5) s e q u e n c es.  As c o m m e nt e d b ef or e, t h e err ors
i n t h e S U ( 8) c al c ul ati o n ar e c o nsi d er a bl y l ar g er t h a n i n t h e ot h er t w o c as es, s o  w e
h a v e e x cl u d e d t h at s e q u e n c e fr o m t his c o m p aris o n.

5. 3  C o m p u t a ti o n of Λ M S /
√

σ 0 f o r S U ( 5)

I n t his s e cti o n,  w e  will d et er mi n e t h e l atti c e s p a ci n g as a f u n cti o n of t h e b ar e c o u pli n g
b usi n g t h e d at a a v ail a bl e i n t h e lit er at ur e;  w e  will t h e n tr a nsf or m t h e Λ p ar a m et er
of S U ( 5) t o p h ysi c al u nits.  We d o n ot p erf or m t his c o m p ut ati o n f or t h e c as e of
S U ( 8) d u e t o t h e l ar g e u n c ert ai nt y i n o ur d et er mi n ati o n of t h e r ati o Λ T G F / ( 2µ h a d )
a n d t h e l a c k of stri n g t e nsi o n v al u es f or a s uit a bl e r a n g e of b ar e c o u pli n gs fitti n g
o ur d et er mi n ati o n.

5. 3. 1  D e t e r mi n a ti o n of l a t ti c e s p a ci n g i n  p h y si c al  u ni t s: a
√

σ 0 (β )

T h e fl o w s c al e t0 is c o m m o nl y us e d as a n i nt er m e di at e t h e or eti c al s c al e d u e t o its
pr e cis e d e fi niti o n a n d hi g h-l e v el st atisti c al d et er mi n ati o ns. Still,  m ost d at a i n t h e
lit er at ur e r ef ers t o t h e S U ( 3) c as e, a n d t h os e c orr es p o n di n g t o di ff er e nt v al u es of N
ar e r estri ct e d t o a li mit e d r a n g e of b ar e c o u pli n gs b . I nst e a d, ot h er p h ysi c al s c al es
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5. 3.  C o m p ut ati o n of Λ M S /
√

σ 0 f o r S U ( 5)

Fi g u r e 5. 4: P ol y n o mi al fit of l o g (a
√

σ 0 ) i n p o w er s of t h e b ar e c o u pli n g b .  T h e d at a i s
e xtr a ct e d fr o m t h e hi g hli g ht e d e ntri e s of t a bl e 5. 3 .

c a n b e us e d, as f or i nst a n c e, t h e stri n g t e nsi o n
√

σ 0 or t h e S o m m er r a di us r 0 .  We
will us e t h e stri n g t e nsi o n f or o ur d et er mi n ati o n.

T a bl e 5. 3 c o nt ai ns t h e v al u es of a
√

σ 0 as a f u n cti o n of b f o u n d i n t h e lit er at ur e,
a n d  w e  will us e t h e m t o fit l o g (a

√
σ 0 ) t o a p ol y n o mi al i n p o w ers of b .  T h e v al u es i n

t h e t a bl e ar e n ot c o m pl et el y c o nsist e nt  wit h e a c h ot h er, s o  w e  will us e t h e c o m bi n-
ati o n t h at gi v es t h e b est χ 2 t est p er d e gr e e of fr e e d o m.  T h e f u n cti o n al f or m of t h e
l atti c e s p a ci n g l o g (a

√
σ 0 ) is s h o w n i n fi g. 5. 4 .

5. 3. 2  D e t e r mi n a ti o n of Λ M S /
√

σ 0

O n c e t h e l atti c e s p a ci n g is d et er mi n e d, t h e r e m ai ni n g i n gr e di e nt f or c o m p uti n g t h e
Λ p ar a m et er i n p h ysi c al u nits is t h e c orr es p o n di n g e n er g y s c al e µ h a d , i. e., µ h a d /

√
σ 0 ,

w hi c h is e xtr a ct e d  wit h t h e f oll o wi n g c o nti n u u m e xtr a p ol ati o n

µ h a d ×
1

√
σ 0

= li m
a → 0

󰁛

a µ h a d ×
1

a
√

σ 0

󰂃

, ( 5. 1)

w h er e a µ h a d i s fi x e d  wit h t h e l atti c e si z e L̃ a n d t h e b ar e c o u pli n g v al u e b .

T h e pr o c e d ur e f oll o ws t h e st e ps d es cri b e d i n s e c. 4. 4 f or S U ( 3).  First, f or e a c h
v al u e of L̃ ,  w e e xtr a ct e d t h e c orr es p o n di n g b ar e c o u pli n g b f or  w hi c h λ T G F = λ (µ h a d ).
F or t his p ur p os e,  w e fit t h e d e p e n d e n c e of λ T G F o n t h e b ar e c o u pli n g b wit h t h e  P a d é-
li k e fit of e q. (4. 1 2 ).  T h e fits of 1 / λ − b ar e s h o w n i n fi g. 5. 5 .  Fi n all y,  w e c a n e v al u at e

5 5



C h a pt e r 5. S U (N ) s c ali n g of t h e Λ p a r a m et e r

Fi g u r e 5. 5: P a d é-li k e fit s of 1 / λ − b a s a f u n cti o n of b gi v e n i n e q. ( 4. 1 2 ), f or t h e c a s e of
S U ( 5) .  T h e t w o v erti c al d a s h e d li n e s c orr e s p o n d t o t h e  wi n d o w of b v al u e s f or  w hi c h  w e
h a v e a

√
σ 0 d at a.

L̃ b λ = 4 3 .6 2 a
√

σ 0 a µ ∗
h a d × 1 / (a

√
σ 0 )

1 0 1 7. 0 5 1 1( 1 1) 0. 2 8 7 5( 2 2) 1. 1 5 9 5( 8 8)
2 0 1 7. 9 8 5 3( 1 5) 0. 1 6 1 1( 1 0) 1. 0 3 4 8( 6 6)
3 0 1 8. 7 5 1 8( 1 9) 0. 1 0 6 6( 2 2) 1. 0 4 2( 2 2)
∞ 0 1. 0 0 2 7( 8 0)

T a bl e 5. 4: V al u e s of t h e b ar e c o u pli n g, l atti c e s p a ci n g, a n d r ef er e n c e s c al e µ h a d /
√

σ 0 ,
c orr e s p o n di n g t o t h e r e n or m ali z ati o n c o n diti o n λ (µ ∗

h a d ) ≡ 4 4 .8 1( 2 3) .

t h es e b ar e c o u pli n gs i n t h e p ol y n o mi al f or m of fi g. 5. 4 a n d e xtr a ct t h e c orr es p o n di n g
v al u es of t h a l atti c e s p a ci n g.  T h e v al u e of µ h a d /

√
σ 0 i s o bt ai n e d, f oll o wi n g t h e s a m e

pr o c e d ur e as i n s e c. 4. 4 , as t h e c o nti n u u m e xtr a p ol ati o n of t h es e r es ults.

At t his p oi nt it b e c o m es cl e ar t h at t h e r e n or m ali z ati o n c o n diti o n c h os e n i n
t h e pr e vi o us s e cti o n is n ot o pti m al f or t his c al c ul ati o n.  T h e c orr es p o n di n g v al u es of
b d o n ot f all i n t h e  wi n d o w f or  w hi c h  w e h a v e  m e as ur e m e nts of t h e l atti c e s p a ci n g
i n p h ysi c al u nits b ∈ [ 0.3 3 9 0 , 0 .3 7 7 2] , s h o w n b et w e e n t h e 2 v erti c al d ott e d li n es i n
fi g. 5. 5 .

F or t his r e as o n  w e h a v e c h os e n a n e w r e n or m ali z ati o n c o n diti o n, λ ( 2µ ∗
h a d )  =

1 6 .0 6 2 ,  w hi c h c orr es p o n ds t o a si m ul at e d v al u e i n a l atti c e of L̃ = 2 0 a n d b = 0 .3 8 7 6
(s e e t a b. B. 2 ).  We h a v e e xtr a ct e d fr o m t h e  P a d é-li k e fits of fi g. 5. 5 t h e c orr es p o n di n g
b ar e c o u pli n gs f or t h e l atti c es of L̃ = 1 0 a n d 3 0, a n d  wit h t h es e v al u es  w e r e e v al u at e
t h e fits t o o bt ai n Σ (u, L̃ ) i n t h e d o u bl e l atti c es.  Fi n all y,  w e e xtr a p ol at e t o t h e
c o nti n u u m t h es e v al u es i n fi g. 5. 6 a t o o bt ai n λ (µ ∗

h a d )  = 4 4.8 1( 2 3) as i n s e c. 4. 4 f or
S U ( 3).
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5. 3.  C o m p ut ati o n of Λ M S /
√

σ 0 f o r S U ( 5)

( a ) E xtr a p ol ati o n of Σ (u, L̃ ) . ( b ) E xtr a p ol ati o n of
√

σ 0 / µ h a d .

Fi g u r e 5. 6: ( a)  C o nti n u u m e xtr a p ol ati o n s of t h e st e p s c ali n g f u n cti o n.  T h e c o nti n u u m
v al u e i s λ (µ ∗

h a d ) ≡ 4 4 .8 1( 2 3) , c orr e s p o n di n g t o λ ( 2µ ∗
h a d )  = 1 6 .0 6 2 . ( b)  C o nti n u u m e xtr a-

p ol ati o n of t h e r ef er e n c e s c al e µ h a d i n u nit s of
√

σ 0 .

Fi g u r e 5. 7: C o m p ari s o n of o ur r e s ult f or Λ M S /
√

σ 0 .  T h e y c orr e s p o n d t o [1 5 3 ] a n d [3 5 ].
T h e t w o r e s ult s fr o m r ef [ 3 5 ] c o m e fr o m diff er e nt  w a y s of d et er mi ni n g t h e v al u e of t h e Λ
p ar a m et er.  T hi s gi v e s a n i d e a of t h e si z e of s y st e m ati c err or s i n t h eir c al c ul ati o n.

T a bl e 5. 4 c o nt ai ns t h e r es ults o bt ai n e d  wit h t his pr o c e d ur e.  Fi n all y, a c o n-
ti n u u m e xtr a p ol ati o n, s h o w n i n fi g. 5. 6 b , gi v es us t h e f oll o wi n g s c al e s etti n g:

µ ∗
h a d ×

1
√

σ 0

= 1 .0 0 2 7( 8 0) . ( 5. 2)

Usi n g t h e s a m e pr o c e d ur e of s e c. 4. 4 ,  w e h a v e r e p e at e d t h e st e p s c ali n g s e-
q u e n c e f or Λ M S / 2 µ h a d st arti n g at c o u pli n g λ ( 2µ ∗

h a d )  = 1 5.7 5 3( 4 0) .  We o nl y q u ot e
t h e r es ults of t h e e xtr a p ol ati o n:

Λ M S

2 µ ∗
h a d

= 0 .2 7 9( 1 0) . ( 5. 3)

We c a n n o w e x pr ess Λ M S f or S U ( 5) i n p h ysi c al u nits b y  m ulti pl yi n g e q. (5. 2 )
a n d e q. ( 5. 3 ).  O ur fi n al r es ult is

Λ M S ×
1

√
σ 0

= 0 .5 6 0( 2 1) . ( 5. 4)
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C h a pt e r 5. S U (N ) s c ali n g of t h e Λ p a r a m et e r

Fi g ur e 5. 7 c o m p ar es o ur r es ults  wit h s o m e d et er mi n ati o ns i n t h e lit er at ur e.  Wit h
o ur pr es e nt a c c ur a c y, o ur r es ults t ur n o ut t o b e c o m p ati bl e  wit h all ot h er c al c ul a-
ti o ns, alt h o u g h  wit h r at h er l ar g e err ors.  T h e t w o d et er mi n ati o ns of [ 3 5 ] c o m e fr o m
di ff er e nt  w a ys of d et er mi ni n g t h e Λ p ar a m et er,  w hi c h gi v es a n i d e a of t h e s yst e m ati c
u n c ert ai nti es i n v ol v e d i n t h eir c al c ul ati o n.

5. 4  C o u pli n g  d e p e n d e n c e  wi t h t h e  b o u n d a r y c o n di-

ti o n s

We h a v e us e d t h e f a ct t h at i n t h e l ar g e N li mit fi nit e v ol u m e eff e cts ar e c o ntr oll e d
b y a n e ff e cti v e si z e l̃ = N l t o ar g u e t h at o ur b o x es ar e e ff e cti v el y s y m m etri c.  T his
is o nl y tr u e i n t h e l ar g e N li mit, a n d t h er e  will b e fi nit e N c orr e cti o ns  w hi c h  w e  will
tr y t o esti m at e i n t his s e cti o n. I n a d diti o n, it s h o ul d b e n ot e d t h at t h e b o x  w e us e
h as di ff er e nt b o u n d ar y c o n diti o ns i n t h e di ff er e nt pl a n es, a n d t his als o i ntr o d u c es
a n as y m m etr y.  T his e ff e ct is irr el e v a nt i n t h e t h er m o d y n a mi c li mit, b ut it h as a n
i m p ort a nt eff e ct  w h e n  w or ki n g o n fi nit e v o l u m es,  w h er e b o u n d ar y c o n diti o ns ar e
i m p ort a nt.  T his is r e fl e ct e d, f or e x a m pl e, i n t h e d e p e n d e n c e of p h ysi c al q u a ntiti es
o n t h e n o n- c o m m ut ati vit y p ar a m et er θ̂ .

As dis c uss e d i n c h. 2 , t h e d e p e n d e n c e of l o g (Λ T G F / Λ M S ) o n θ̂ c a n b e a n al yti c-
all y d et er mi n e d i n  P T f or di ff er e nt c h oi c es of t h e s c h e m e p ar a m et er c .  T h e i n fi nit e
v ol u m e c as e c orr es p o n ds t o c = 0 wit h v al u e:

Λ T G F

M S
= 1 .8 7 2 0 8 7 8 7 . ( 5. 5)

F or c = 0 .3 , a n d t h e v al u es of N a n d k us e d i n t his t h esis,  w e o bt ai n i nst e a d

Λ T G F

Λ M S

=






2 .0 0 6 3( 1 1) f or θ̂ = 1 / 3

2 .0 3 0 9( 3 9) f or θ̂ = 2 / 5 .

2 .0 3 5 9( 3 9) f or θ̂ = 3 / 8

I n t his s e cti o n,  w e  will q u a ntif y t h e eff e ct of b o u n d ar y c o n diti o ns b y s el e cti n g
c o u pli n g s c h e m es c orr es p o n di n g t o o ur as y m m etri c v ol u m e s et u p, b ut  w h er e i nst e a d
of a v er a gi n g t h e c o u pli n g o v er all p ossi bl e pl a n es,  w e d o it o v er a r estri ct e d s et of
pl a n es, cl assi fi e d i nt o 4 di ff er e nt s ets:

A P A ( All - Pl a n e - A v e r a g e d ) –  C al c ul ati o n of s e c. 5. 2 ,  w h er e  w e h a v e a v er a g e d
t h e c o u pli n g i n all 6 di ff er e nt pl a n e s of t h e t wist e d b o x.

T T ( T wi st e d - T wi st e d ) –  O n e pl a n e h a vi n g a n o n-tri vi al t wist i n b ot h dir e cti o ns;
f or o ur c h oi c e of t wist, t his is t h e 1 2 pl a n e a n d b ot h dir e cti o ns h a v e si z e L i n
l atti c e u nits.

P T ( P e ri o di c - T wi st e d ) –  F o ur pl a n es s h ari n g o n e dir e cti o n  wit h t h e t wist e d
pl a n e, i. e. 0 1 , 0 2 , 1 3 , 2 3 . I n t his c as e, o n e dir e cti o n h as l e n gt h L a n d t h e
ot h er N  L , b ot h i n l atti c e u nits.
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5. 4.  C o u pli n g d e p e n d e n c e  wit h t h e b o u n d a r y c o n diti o n s

( a ) S U ( 3) a n d P T . ( b ) S U ( 3) a n d T T .

( c ) S U ( 3) a n d P P . ( d ) S U ( 5) a n d P T .

( e ) S U ( 5) a n d T T . (f ) S U ( 5) a n d P P .

Fi g u r e 5. 8: C o nti n u u m st e p s c ali n g f u n cti o n 1 / σ − 1 / U (σ , L̃ ) a s a f u n cti o n of t h e c o u pli n g
σ f or S U ( 3) a n d S U ( 5) .  We h a v e e x cl u d e d t h e c o m p ut ati o n of S U ( 8) d u e t o it s l o w
st ati sti c s.

P P ( P e ri o di c - P e ri o di c ) –  T h e l ast o n e is t h e ort h o g o n al pl a n e t o t h e t wist e d o n e;
f or o ur c h oi c e of t wist, t his c orr es p o n ds t o t h e 0 3 pl a n e, a n d b ot h dir e cti o ns
h a v e si z e N  L i n l atti c e u nits.
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C h a pt e r 5. S U (N ) s c ali n g of t h e Λ p a r a m et e r

( a ) S U( 3).

( b ) S U( 5). ( c ) S U( 8).

Fi g u r e 5. 9: N o n- p ert ur b ati v e  m at c hi n g b et w e e n P P a n d A P A c o u pli n g.  T h e p ur pl e
b a n d i s a c o nti n u u m e xtr a p ol ati o n b a s e d o n a f u n cti o n al f or m gi v e n b y e q. ( 5. 7 ).

N oti c e t h at si n c e t h e b o u n d ar y c o n diti o ns ar e di ff er e nt b et w e e n t h e n o n-
e q ui v al e nt s ets of pl a n es, e a c h of t h e m r e pr es e nts a di ff er e nt r e n or m ali z ati o n s c h e m e,
a n d t h e o n e-l o o p f a ct or Λ M S / Λ T G F of e q. ( 3. 1 3 ) ( c al c ul at e d i n t h e s c h e m e a v er a g e d
o v er all pl a n es) c a n n ot b e us e d t o tr a nsf or m t h e c o m p ut ati o n of t h e Λ p ar a m et er
i nt o t h e M S s c h e m e. I nst e a d, r e pr o d u ci n g t h e c al c ul ati o n of Λ T G F / µ h a d p er pl a n e
gi v es us a n u m eri c al esti m at e of t h es e f a ct ors,  w hi c h h a v e n ot y et b e e n c al c ul at e d
i n p ert ur b ati o n t h e or y.

T o e ns ur e t h e c orr e ct l e a di n g b e h a vi or of t h e c o u pli n g i n e a c h s et of pl a n es,
t h e n or m ali z ati o n f a ct or of e q. ( 3. 3 2 )  m ust b e c orr e ct e d as f oll o ws

N cl (c, L̃ ) µ ν =
c 4

1 2 8

′󰁛

q

e − 1
4

c 2 L̃ 2 q̂ 2

󰂃

si n 2 (q µ ) c os 2

󰁛
q ν

2

󰁔

+ si n 2 (q ν ) c os 2

󰂃
q µ

2

󰁛 󰂃
1

q̂ 2
,

( 5. 6)
w h er e  w e h a v e r e m o v e d t h e (µ, ν ) s u m of t h e A P A c o m p ut ati o n.  We s h o w o nl y t h e
c orr e cti o n f or t h e  Cl o v er-li k e dis cr eti z ati o n.  T h e ’t  H o oft c o u pli n g λ T G F c o m p ut e d
wit h t his pr o c e d ur e, f or t h e t hr e e di ff er e nt P P , P T a n d T T d et er mi n ati o ns is
c o nt ai n e d i n t a bl es B. 4 t o B. 1 2 of  A p p e n di x B .
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5. 4.  C o u pli n g d e p e n d e n c e  wit h t h e b o u n d a r y c o n diti o n s

( a ) S U( 3).

( b ) S U( 5). ( c ) S U( 8).

Fi g u r e 5. 1 0: E xtr a p ol ati o n of Λ T G F / µ h a d f or e a c h s et of pl a n e s.  T h e st arti n g p oi nt of
t h e s e q u e n c e i s λ ( 2µ h a d )  = 1 3 .9 1 6 4 9 5 5 .

F or c o m pl et e n ess,  w e s h o w i n fi g. 5. 8 t h e d e p e n d e n c e of t h e c o nti n u u m st e p
s c ali n g f u n cti o n 1 / σ − 1 / U (σ , L̃ ) o n t h e c o u pli n g σ f or t h e t hr e e diff er e nt s ets.  We
s h o w t h es e d e p e n d e n c es f or N = 3 a n d 5. I n fi g. 5. 8 w e s e e t h at t h e T T c al c ul ati o n is
t h e o n e t h at d e vi at es t h e  m ost fr o m t h e A P A c as e.  We  will q u a ntif y  m or e pr e cis el y
t his st at e m e nt l at er o n.

I n this c as e,  w e  will n ot us e t h e s a m e st e p s c ali n g pr o c e d ur e t o c o m p ut e t h e Λ
p ar a m et er as i n s e cti o n. 5. 2. 3 . I nst e a d,  w e  will p erf or m a n o n- p ert ur b ati v e  m at c hi n g
b et w e e n t h e A P A a n d t h e ot h er d et er mi n ati o ns usi n g t h e f oll o wi n g f u n cti o n al f or m:

1

λ Pl a n e (µ )
−

1

u (µ )
=

3󰁛

n = 0

c k u k +

󰂃
1

L̃ 2

󰁛

×
8󰁔

n = 0

ρ k u k , ( 5. 7)

w h er e u (µ )  = λ A P A (µ )  = λ T G F (µ ) a n d c k , ρ k ar e c o e ffi ci e nts t o b e d et er mi n e d.  T his
fitti n g f oll o ws t h e s a m e str at e g y us e d i n s e c. 4. 3 f or t h e n o n- p ert ur b ati v e fitti n g
of  T G F a n d S F s c h e m es.  A n i m p ort a nt a d v a nt a g e of t his pr o c e d ur e is t h at t h e
h a dr o ni c s c al e 1 / µ h a d = c l̃ i s k e pt c o nst a nt i n all c as es; t his r es ults fr o m t h e f a ct
t h at t h e  m at c hi n g is d o n e f or t h e s a m e v al u es of b ar e c o u pli n g a n d l atti c e si z es
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C h a pt e r 5. S U (N ) s c ali n g of t h e Λ p a r a m et e r

Fi g u r e 5. 1 1: D e p e n d e n c e of l o g
󰁛
Λ T G F / Λ M S

󰂃
wit h t h e n o n- c o m m ut ati vit y p ar a m et er

θ̂ ≡ k̄ / N , f or diff er e nt v al u e s of N a n d k̄ .  T h e A P A d et er mi n ati o n i s e xtr a ct e d fr o m t h e
p ert ur b ati v e c o m p ut ati o n of [ 1 0 0 ] f or c = 0 .3 .  T h e r ati o s T T , P T , a n d P P ar e d et er mi n e d
n u m eri c all y.

(t h us fi xi n g t h e p h ysi c al v ol u m e l̃). I n a d diti o n, t h e  m at c hi n g is d o n e f or all d at a
si m ult a n e o usl y, s o  w e c a n als o c o m p ut e it f or t h e c as e of S U ( 8) a n d e x cl u d e o nl y
t h e l ar g er l atti c e L̃ = 9 6 .  Fi g ur e 5. 9 s h o ws t h e r es ults of t h e P P m at c hi n g, a n d
fi g. 5. 1 0 s ho w s t h e e xtr a p ol ati o n of Λ T G F / µ h a d f or o ur t hr e e v al u es of N .

O n c e t h e c o u pli n g is tr a nsf or m e d i nt o t h e di ff er e nt s c h e m es, a n d t h e r ati o
Λ T G F / µ h a d i s d et er mi n e d, t h e tr a nsf or m ati o n f a ct ors r el ati n g t h e M S s c h e m e a n d
e a c h of t h e  T G F s c h e m es ar e gi v e n b y:

R ≡
Λ T G F (Pl a n e )

Λ M S

=
Λ T G F (Pl a n e )/ µ r ef

Λ T G F (A P A )/ µ r ef

×
Λ T G F (A P A )

Λ M S

. ( 5. 8)

T h e l ast f a ct or r e pr es e nts t h e tr a nsf or m ati o n f a ct or t o t h e M S s c h e m e of t h e A P A
d et er mi n ati o n, i. e. e q. ( 3. 1 3 ).  T h e r es ulti n g r ati os R , c o m p ut e d f or t h e t hr e e v al u es
of N , ar e pr es e nt e d i n t a bl e 5. 5 .

I n fi g. 5. 1 1 w e s h o w o ur r es ults f or l o g (Λ T G F / λ M S ) as a f u n cti o n of t h e n o n-

c o m m ut ati vit y p ar a m et er θ̂ c o m p ar e d t o t h e a n al yti c al r es ults f or t h e A P A d et er m-
i n e d i n r ef. [1 0 0 ].  F or c o m p aris o n,  w e als o s h o w t h e v al u e o bt ai n e d i n t h e i n fi nit e
v ol u m e  G F s c h e m e, r e pr es e nt e d b y t h e gr a y h ori z o nt al li n e i n t h e pl ot a n d gi v e n b y
Λ T G F / Λ M S (c = 0)  = 1 .8 7 2 0 8 7 8 7 ,  w hi c h is v er y cl os e t o t h e  P T r es ult. I n all c as es

t h e d e p e n d e n c e o n θ̂ i s v er y s m all, as e x p e ct e d.  We r e c all t h at t h e t hr e e s el e ct e d
v al u es of (N, k ) ar e t h e first st e ps i n t h e  Fi b o n a c ci s e q u e n c e, l e a di n g i n t h e l ar g e N
li mit t o θ̂ = ϕ − 2 ≃ 0 , 3 8 1 9 6 6 0 1 .
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5. 5.  Fi nit e v ol u m e e ff e ct s

N Pl a n e Λ T G F / µ h a d R
3 A P A 0. 4 1 8( 1 7) 2. 0 0 6 3( 1 1)
3 T T 0. 5 4 3( 2 3) 2. 6 0( 1 5)
3 P T 0. 3 8 5( 1 6) 1. 8 4( 1 1)
3 P P 0. 4 1 7( 1 6) 2. 0 0( 1 1)

N Pl a n e Λ T G F / µ h a d R N Pl a n e Λ T G F / µ h a d R
5 A P A 0. 4 8 5( 1 7) 2. 0 3 0 9( 3 9) 8 A P A 0. 5 0 2( 5 5) 2. 0 3 5 9( 3 9)
5 T T 0. 5 8 6( 2 3) 2. 4 5( 1 3) 8 T T 0. 6 3 0( 7 0) 2. 5 5( 4 0)
5 P T 0. 4 5 0( 1 6) 1. 8 8 3( 9 4) 8 P T 0. 4 6 4( 5 2) 1. 8 8( 2 9)
5 P P 0. 5 2 2( 1 9) 2. 1 9( 1 1) 8 P P 0. 5 2 4( 5 5) 2. 1 3( 3 2)

T a bl e 5. 5: R e s ult s f or Λ T G F / µ h a d f or T T , P P a n d P T pl a n e s, c o m p ar e d t o t h e A P A
c o m p ut ati o n.  We al s o s h o w t h e v al u e s of t h e r ati o R b et w e e n e a c h Λ T G F a n d Λ M S c o m-
p ut e d  wit h e q. ( 5. 8 ).

Fi n all y,  w e c o m m e nt o n t h e di ff er e n c e b et w e e n t h es e r es ults a n d t h os e o bt ai n e d
f or S U ( 3) usi n g t h e  G F  wit h S c hr o di n g er f u n cti o n al b o u n d ar y c o n diti o ns [ 8 5 ]. I n
t his c as e o n e c a n e v al u at e s e p ar at el y t h e c o u pli n g a v er a g e d o v er t h e s p a c e-ti m e
pl a n es a n d t h e p ur el y s p ati al pl a n es,  w hi c h di ff er i n t h e b o u n d ar y c o n diti o ns.  T h e
r ati o of t h e c orr es p o n di n g Λ p ar a m et er t o t h e M S p ar a m et er, f or c = 0 .3 , is gi v e n
b y

Λ G F, m

Λ M S

= 2 .0 0 7 6( 6 9)
Λ G F, e

Λ M S

= 1 .7 7 5 6( 7 3) . ( 5. 9)

w h er e m a n d e d e n ot e t h e p ur el y s p ati al a n d s p a c e-ti m e c o ntri b uti o ns, r es p e cti v el y.
T h e r es ults s h o w di ff er e n c es c o m p ar a bl e t o t h os e  w e o bs er v e b et w e e n  T G F c o u pli n gs
a v er a g e d o n di ff er e nt pl a n es.

5. 5  Fi ni t e v ol u m e e ff e c t s

Fi n all y,  w e c o n cl u d e t his c h a pt er  wit h a q u alit ati v e e v al u ati o n of t h e e ff e ct of t wist e d
b o u n d ar y c o n diti o ns o n t h e r e d u cti o n of fi nit e v ol u m e e ff e cts b y e x a mi ni n g  w h et h er
fi nit e c orr e cti o ns ar e c o ntr oll e d b y t h e e ff e cti v e v ol u m e of t h e l a tti c e l̃.  F or t his
p ur p os e,  w e  will c o m p ar e t h e c o m p ut ati o n of t h e c o u pli n g i n t h e T T a n d P P pl a n es
wit h t h e st a n d ar d s et u p at l ar g e v al u es of c f or t w o S U ( 3) l atti c es.

C o nsi d er t h e f oll o wi n g c o u pli n gs c o m p ut e d i n t h e P P pl a n e: o n e o bt ai n e d
at c = 0 .3 0 × N i n a l atti c e of si z e L , a n d a n ot h er o bt ai n e d at c = 0 .3 a n d si z e
N × L .  Wit h o ut fi nit e v ol u m e eff e cts, t h es e t w o q u a ntiti es s h o ul d b e e q ui v al e nt.
A c c or di n gl y, f or a fi x e d v al u e of t h e b ar e c o u pli n g,  w e c o m p ut e d t h e r ati o b et w e e n
t h e S U ( 3) P P r e n or m ali z e d c o u pli n gs o n l atti c es  wit h L̃ = 1 2 at c = 0 .9 0 a n d
L̃ = 3 6 a n d c = 0 .3 0 , s o t h at t h e r e n or m ali z ati o n s c al e is f or m all y k e pt c o nst a nt.
Fi g ur e 5. 1 2 a s h o ws t his r ati o, s h o wi n g t h at fi nit e v ol u m e e ff e cts c o u nt f or 3 0 % at
str o n g c o u pli n g.
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C h a pt e r 5. S U (N ) s c ali n g of t h e Λ p a r a m et e r

( a ) L̃ = 1 2 |c = 0 .9 V S L̃ = 3 6 |c = 0 .3 . ( b ) λ T T V S λ P P .

Fi g u r e 5. 1 2: C o m p ari s o n b et w e e n fi nit e v ol u m e e ff e ct s i n T T a n d P P c o m p ut ati o n s  wit h
r e s p e ct t o t h e r e g ul ar s et u p f or l ar g e v al u e s of c f or S U ( 3) .

O n t h e ot h er h a n d,  w e c a n c o m p ar e t h e r ati o b et w e e n T T a n d P P c al c ul ati o ns
f or c = 0 .3 0 . I n t h e t wist e d pl a n e, t h e r e n or m ali z ati o n s c al e is 1 / µ = c l̃ = ˜cl ,  wit h
c̃ = 0 .9 , s o i n pri n ci pl e o n e c o ul d als o e x p e ct a 3 0  % diff er e n c e  wit h r es p e ct t o P P
c o u pli n g d u e t o fi nit e v ol u m e e ff e cts.  H o w e v er, fi g. 5. 1 2 b s h o ws t h at t h e d e vi ati o n
at st r on g c o u pli n g is at  m ost 1 0  %, i n di c ati n g t h at t wist e d b o u n d ar y c o n diti o ns s u c-
c essf ull y r e d u c e fi nit e v ol u m e e ff e cts.  We ar e at pr es e nt  w or ki n g t o w ar ds p erf or mi n g
a si mil ar a n al ysis f or N = 5 a n d 8.

5. 6  S u m m a r y

I n t h e pr es e nt c h a pt er,  w e h a v e st u di e d t h e r u n ni n g c o u pli n g of p ur e S U (N ) Y M
t h e ori es f or N = 5 a n d 8 b y  m e a ns of t h e  T G F s c h e m e. I n or d er t o a v oi d t h e
a p p e ar a n c e of t a c h y o ni c i nst a biliti es i n t h e l ar g e N li mit, t h e v al u es of N st u di e d
i n t his c h a pt er ar e c h os e n  wit hi n t h e  Fi bo n a c ci s e q u e n c e.

We h a v e us e d t h e n u m eri c al s et u p of c h. 3 t o c o m p ut e t h e Λ p ar a m et er o n t h e
l atti c e f or t h e g a u g e gr o u ps S U ( 5) a n d S U ( 8).  As t h e v al u e of N i n cr e as es, t h e si z e
of t h e p ossi bl e l atti c es L̃ f or o ur as y m m etri c al g e o m etr y als o i n cr e as es si g ni fi c a ntl y,
m a ki n g t h e st e p s c ali n g pr o c e d ur e c ostl y.  B e c a us e of t his li mit ati o n, it  w as di ffi c ult
t o o bt ai n hi g h st atisti cs f or t h e S U ( 8) c as e, a n d a pr e cis e d et er mi n ati o n of t h e Λ
p ar a m et er  w as n ot p ossi bl e.  O n t h e ot h er h a n d, f or t h e S U ( 5) c as e  w e h a v e o bt ai n e d
t h e Λ p ar a m et er i n p h ysi c al u nits  wit h a g o o d a gr e e m e nt  wit h t h e r es ults o bt ai n e d
i n t h e lit er at ur e.  T h e fi n al r es ult of o ur d et er mi n ati o n is:

Λ N = 5
M S

×
1

√
σ 0

= 0 .5 6 0( 2 1) .

Si n c e t h e b o u n d ar y c o n diti o ns ar e di ff er e nt i n e a c h pl a n e of t h e t wist e d b o x,
e a c h pl a n e b y its elf r e pr es e nts a n e w r e n or m ali z ati o n s c h e m e.  C o ns e q u e ntl y,  w e
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5. 6. S u m m a r y

h a v e als o st u di e d t h e d e p e n d e n c e of t h e Λ p ar a m et er o n t h e b o u n d ar y c o n diti o ns.
I n t his s e ns e,  w e h a v e n u m eri c all y d et er mi n e d t h e tr a nsf or m ati o n f a ct ors R t h at
r el at e t h e Λ p ar a m et er i n t h e  T G F p er pl a n e s c h e m e t o t h e M S s c h e m e.  T his r ati o
is c al c ul at e d a n al yti c all y i n p ert ur b ati o n t h e or y o nl y f or t h e  All- Pl a n e- A v er a g e d
c as e A P A . I n pri n ci pl e, t h e f a ct ors f or T T , P T , a n d P P c a n als o b e c o m p ut e d
i n p ert ur b ati o n t h e or y b y r estri cti n g t h e s u ms f or a gi v e n p air of dir e cti o ns (µ, ν ),
b ut t his c o m p ut ati o n is f ar fr o m tri vi al. I nst e a d,  w e h a v e pr o vi d e d a n u m eri c al
d et er mi n ati o n of t h es e f a ct ors b y r el ati n g t h e Λ p ar a m et er c o m p ut e d i n e a c h pl a n e
t o t h e A P A o n e.

Fi n all y, f or t h e c as e of S U ( 3),  w e h av e a ls o i n v esti g at e d s o m e fi nit e v ol u m e
e ff e cts.  Alt h o u g h  w e d o n ot c o u nt  wit h  m or e v al u es of N f or t his t est,  w e b eli e v e
t h at t h e t wist e d b o u n d ar y c o n diti o ns si g ni fi c a ntl y r e d u c e t h e fi nit e v ol u m e e ff e cts.
H o w e v er,  m or e r es e ar c h n e e ds t o b e d o n e i n t his r e g ar d t o r e a c h a fi n al c o n cl usi o n.
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T o p o l o g y  a n d  v o l u m e
d e p e n d e n c e  o f  S U ( N )  Y a n g- Mi l l s

g a u g e t h e o ri e s
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6
To p ol o g y fr e e zi n g

a n d
t h e Q = 0 s c h e m e

6. 1  M o ti v a ti o n

T h e c o nti n u u m li mit of a n y l atti c e fi el d t h e or y is t a k e n at a criti c al p oi nt  w h er e a
s e c o n d- or d er p h as e tr a nsiti o n o c c urs,  wit h a ut o c orr el ati o n ti m es di v er gi n g p o w er-
li k e as a − γ ,  w h er e a is t h e l atti c e s p a ci n g a n d γ is a criti c al e x p o n e nt t h at d e p e n ds o n
t h e s p e ci fi c o bs er v a bl e a n d al g orit h m b ei n g st u di e d.  F or e x a m pl e, f or  H y bri d  M o nt e
C arl o [ 1 5 4 ] a p pli e d t o  Q C D, t h e criti c al e x p o n e nt f or t h e t o p ol o gi c al c h ar g e Q 2 is
e x p e ct e d t o b e γ ≃ 5 a n d f or  Wils o n l o o ps γ ≃ 1 [1 1 5 ].  This e ff e ct is c all e d criti c al
sl o wi n g d o w n ( C S D) [ 1 1 5 , 1 1 6 ] (s e e [1 5 5 ] f or a g e n er al i ntr o d u cti o n) a n d is us u all y
u n a v oi d a bl e si n c e it is c h ar a ct eristi c of a p h as e tr a nsiti o n i n st atisti c al  m e c h a ni cs
s yst e ms.  At t his p oi nt, t w o  m ai n q u esti o ns aris e: h o w str o n g  C S D is, a n d h o w fi n e
l atti c es  m ust b e b e t o o bt ai n r eli a bl e c o nti n u u m e xtr a p ol ati o ns ?  B ot h q u esti o ns
h a v e b e e n st u di e d e xt e nsi v el y i n t h e lit er at ur e o v er t h e y e ars, a n d s e v er al  m et h o ds
h a v e b e e n d e v el o p e d t o a ll evi at e t his pr o bl e m o n t h e l atti c e [ 1 5 6 – 1 5 9 ].

I n g e n er al, t h e r at e at  w hi c h a ut o c orr el ati o n ti m es gr o w d e p e n ds o n t h e o bs er v-
a bl es, t h e al g orit h ms, a n d t h e a c c ur a c y r e q uir e d f or e a c h c al c ul ati o n.  C S D h as b e e n
st u di e d i n t h e lit er at ur e f or a  wi d e r a n g e of o bs er v a bl es, s u c h as t o p ol o gi c al c h ar g e
or  Wils o n l o o p c orr el at ors [ 1 5 2 ,1 6 0 – 1 6 3 ]. I n p arti c ul ar, t h e gl o b al t o p ol o gi c al c h ar g e
is str o n gl y aff e ct e d, s h o wi n g l ar g e a ut o c orr el ati o ns f or st a n d ar d al g orit h ms us e d i n
p ur e  Y M t h e or y c al c ul ati o ns or e v e n  Q C D [ 1 6 2 – 1 6 5 ].  As  w e  will s e e, t h e c o u pli n g
d e fi n e d i n t h e  G F s c h e m e is str o n gl y c orr el at e d  wit h t h e t o p ol o gi c al c h ar g e [ 1 1 4 ],
l e a di n g t o si g ni fi c a ntl y diff er e nt r es ults d e p e n di n g o n t h e s e ct or i n  w hi c h it is c o m-
p ut e d.  T his is p arti c ul arl y pr o bl e m ati c i n t h e i nt er m e di at e v ol u m e r e gi m e,  w h er e
t h e t o p ol o g y st arts t o b e c o m e r el e v a nt.

I n a d diti o n, d e p e n di n g o n t h e l atti c e s p a ci n g, t h e a ut o c orr el ati o n ti m es gr o w
f ast er t h a n t h e e x p e ct e d  C SD, a n d tr a nsiti o ns i n t h e al g orit h m b e c o m e e v e n r ar er.
F or s o m e s p e ci fi c  m o d els, s u c h as C P N − 1 , t h e a ut o c orr el ati o n ti m es gr o w e x p o n e n-
ti all y [1 2 3 ]. I n t h e l ar g e- v ol u m e r e gi m e,  w h er e t h e d y n a mi cs of t h e s yst e m all o w
f or l ar g e t o p ol o gi c al fl u ct u ati o ns, t h e pr o bl e m is l ess s e v er e.  T h e s a m e is tr u e f or
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C h a pt e r 6.  T o p ol o g y f r e e zi n g a n d t h e Q = 0 s c h e m e

l atti c es  wit h s m all p h ysi c al v ol u m es,  w h er e fl u ct u ati o ns ar e d y n a mi c all y s u p pr ess e d.
H o w e v er, i n t h e i nt er m e di at e v ol u m e r e gi m e,  w h er e o nl y a f e w c o n fi g ur ati o ns  wit h
n o n-tri vi al t o p ol o g y ar e e x p e ct e d, t his pr o bl e m is es p e ci all y s e v er e.  T his is t h e  w ell-
k n o w n t o p ol o g y fr e e zi n g pr o bl e m o n t h e l atti c e,  w hi c h is e x p e ct e d t o o c c ur f or l ar g e
v al u es of t h e b ar e c o u pli n g β = 2 N 2 b , l e a di n g t o l atti c e s p a ci n gs of or d er a ≲ 0 .0 5
f m f or S U ( 3) [1 1 4 , 1 1 5 , 1 6 6 , 1 6 7 ]. I n o ur pr e vi o us c o m put a ti o n of t h e c o u pli n g c o n-
st a nt (s e e c hs. 4 a n d 5 ), t h es e pr o bl e ms  w er e a v oi d e d b y d et er mi ni n g t h e c o u pli n g
o nl y i n t h e s e ct or of z er o t o p ol o gi c al c h ar g e [ 8 5 , 1 0 7 , 1 1 4 ].  W h et h er t h e t o p ol o gi c al
fl u ct u ati o ns ar e als o  w ell s a m pl e d i n t h e Q = 0 s e ct or r e m ai ns a n o p e n q u esti o n
t h at  w e  will a d dr ess t o s o m e e xt e nt i n t his c h a pt er.

T h e c h a pt er is or g a ni z e d as f oll o ws. I n s e c. 6. 2 w e  will l o o k f or t h e pr es e n c e
of t o p ol o gi c al fr e e zi n g i n o ur si m ul ati o ns, gi vi n g s o m e s p e ci fi c r e pr es e nt a ti v es f or
t h e t hr e e v al u es of N st u di e d i n t his t h esis. I n s e c. 6. 3 w e a n al y z e t h e t o p ol o gi c al
c h ar g e fl u ct u ati o ns i n t h e s e ct or of Q = 0 a n d pr es e nt s o m e ar g u m e nts i n di c ati n g
t h at t h e y ar e c orr e ctl y s a m pl e d, s u p p orti n g o ur c h oi c e t o pr oj e ct t h e d et er mi n ati o n
of t h e c o u pli n g i nt o t h e tri vi al t o p ol o g y s e ct or.  We e n d  wit h s o m e g e n er al r e m ar ks
i n s e c. 6. 4 .

6. 2  T o p ol o g y f r e e zi n g a n d t h e  T G F c o u pli n g

As n ot e d a b o v e, t h e t o p ol o gi c al c h ar g e is a n o bs er v a bl e t h at is es p e ci all y s e nsiti v e
t o criti c al sl o wi n g d o w n,  wit h a ut o c orr el ati o n ti m es gr o wi n g e v e n e x p o n e nti all y i n
s o m e c as es [ 1 2 3 ].  As  w e  will s e e, t his p os es a s eri o us pr o bl e m f or c o u pli n g d e fi niti o ns
usi n g t h e  G F; i n f a ct l ar g e l ar g e a ut o c orr el ati o n ti m es of t h e t o p ol o gi c al c h ar g e  m a y
l e a d t o bi as e d d et er mi n ati o ns of t h e c o u pli n g c o nst a nt.

S e v er al s ol uti o ns t o  miti g at e t h e e ff e cts of t o p ol o gi c al fr e e zi n g o n t h e l atti c e
h a v e b e e n pr o p os e d i n t h e lit er at ur e;  w e  will bri e fl y dis c uss b el o w s o m e of t h e m .

T h e first is b as e d o n br ut e f or c e c al c ul ati o ns,  w h er e si m ul ati o ns ar e r u n f or
a l o n g ti m e a n d a l ar g e a m o u nt of st atisti cs is o bt ai n e d.  F or e x a m pl e, t his is t h e
str at e g y us e d b y [ 9 9 ] t o d et er mi n e t h e S U ( 3) G F c o u pli n g i n a s c h e m e si mil ar t o
o urs.  T h e y o bs er v e d l ar g e a ut o c orr el ati o n ti m es i n t h e r e gi o n c orr es p o n di n g t o
i nt er m e di at e p h ysi c al v ol u m es, es p e ci all y i n e ns e m bl es s u c h as β = 6 .9 0 a n d L̃ = 2 4
of  T a bl e 1 0 of t h e s a m e p a p er.  T h e d a n g er of t his a p pr o a c h is t h at  G F- b as e d
c o u pl i n gs ar e hi g hl y c orr el at e d  wit h t h e t o p ol o gi c al c h ar g e [ 1 1 4 ], a n d e v e n  wit h
v er y l ar g e st atisti cs it is di ffi c ult t o o bt ai n a n u n bi as e d r es ult  wit h a r eli a bl e err or
esti m at e.

O n e p ossi bilit y is t o us e o p e n b o u n d ar y c o n diti o ns [ 1 6 6 ].  T h e i d e a is t o  m a k e
t h e b o u n d ar y o p e n i n o n e dir e cti o n s o t h at b arri ers b et w e e n t o p ol o gi c al s e ct ors dis-
a p p e ar a n d c o n fi g ur ati o ns c a n j u m p fr e el y fr o m o n e s e ct or t o a n ot h er.  T h e a p pr o a c h
is e x p e ct e d t o  w or k f or all al g orit h ms a n d h as b e e n t est e d s ev e r al ti m es a n d us e d
f or l atti c e  Q C D e. g. i n r efs. [1 6 8 ].  A n i m p ort a nt dr a w b a c k of t his a p pr o a c h is t h at
it is s u bj e ct t o l ar g e fi nit e v ol u m e eff e cts [ 1 6 9 , 1 7 0 ].
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6. 2.  T o p ol o g y f r e e zi n g a n d t h e  T G F c o u pli n g

Fi g u r e 6. 1: M o nt e  C arl o e v ol uti o n of t h e t o p ol o gi c al c h ar g e Q , al o n g  wit h t h e c orr e s-
p o n di n g hi st o gr a m s, f or S U ( 3) l atti c e s p a ci n g s a = 0 .0 3 9 3 f m (l eft) a n d a = 0 .0 9 3 9 f m
(ri g ht), a n d p h y si c al v ol u m e s l̃ = 1 .4 1 5 9 f m (l eft) a n d l̃ = 1 .1 2 6 3 f m (ri g ht).

A n ot h er p ossi bl e s ol uti o n t o  miti g at e  C S D a n d fr e e zi n g is t h e p ar all el t e m p er-
i n g b o u n d ar y c o n diti o ns ( P T B C)  m et h o d [1 5 9 ].  T h e i d e a is t o r e pli c at e  m ulti pl e
c o pi es of t h e s a m e l atti c e, i nt er p ol ati n g fr o m p eri o di c t o o p e n b o u n d ar y c o n diti o ns.
I n a s e ns e, e a c h c o p y is  m or e o p e n o n t h e b o u n d ari es t h a n t h e pr e vi o us o n e.  T h e
b o u n d ari es ar e o p e n o nl y i n a c u b e of a c ert ai n si z e, c all e d d ef e ct, a n d aft er a f e w
M o nt e  C arl o it er ati o ns, t h e c o n fi g ur ati o ns ar e s w a p p e d b et w e e n t h e cl os est r e pli c as
usi n g a  M etr o p olis a c c e pt /r ej e ct al g orit h m.  T his s w a p pi n g i ntr o d u c es n e w c o n fi g-
ur ati o ns ass o ci at e d  wit h t h e o p e n b o u n d ari es i n t h e p eri o di c r e pli c a a n d e x cit es
t o p ol o gi c al fl u ct u ati o ns.  P T B C h as b e e n s u c c essf u ll y use d t o r e d u c e  C S D a n d t o-
p ol o gi c al fr e e zi n g i n p ur e S U (N ) Y M g a u g e t h e ori es [ 1 7 1 – 1 7 3 ]. I n t h e c o n cl usi o ns
of t h e t h esis (s e e c h. 9 )  w e  will pr es e nt s o m e f ut ur e dir e cti o ns c o n c er ni n g t h e d e-
t er mi n ati o n of t h e r u n ni n g c o u pli n g  mi xi n g  T G F a n d  P T B C.

T h e l ast  m et h o d  w e  will dis c uss is t h e o n e us e d i n e q. ( 3. 3 2 ) t o d et er mi n e t h e
r e n or m ali z e d  T G F c o u pli n g. Si n c e t h e c o u pli n g is n ot a p h ysi c al o bs er v a bl e, t h e
i d e a is t o  m o dif y t h e s c h e m e a n d pr oj e ct t h e c o u pli n g i nt o t h e s e ct or  wit h tri vi al
t o p ol o g y.  T his i d e a  w as first i ntr o d u c e d i n [ 1 1 4 ] a n d is t h e str at e g y f or t h e  m ost
a c c ur at e d et er mi n ati o n of t h e p ur e  Y M S U ( 3) Λ p ar a m et er [ 8 5 ] of t h os e i n cl u d e d
i n t h e  F L A G r e vi e w [1 2 5 ].  T h e pr oj e cti o n a m o u nts f or a r e d e fi niti o n of t h e s c h e m e
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C h a pt e r 6.  T o p ol o g y f r e e zi n g a n d t h e Q = 0 s c h e m e

Fi g u r e 6. 2: S a m e  M o nt e  C arl o e v ol uti o n a s i n fi g. 6. 1 , c orr e s p o n di n g t o t h e s a m e S U ( 3)
l atti c e s p a ci n g s b ut  wit h l ar g er p h y si c al v ol u m e: l̃ = 1 .8 8 7 8 f m (l eft) a n d l̃ = 1 .6 8 9 5 f m
(ri g ht).

a n d it is n ot e x p e ct e d t o h a v e a n y e ff e ct o n t h e d et er mi n ati o n of t h e Λ p ar a m et er 1 .
I n a n y c as e, it r e m ai ns a n o p e n q u esti o n  w h et h er t o p ol o gi c al fl u ct u ati o ns ar e  w ell
s a m pl e d i n t h e s e ct or of tri vi al t o p ol o g y. I n s e c. 6. 2 ,  w e  will pr es e nt s o m e ar g u m e nts
s u p p orti n g t his c h oi c e.

We pr es e nt h er e s o m e fi g ur e s t o ill ustr at e t h e i n fl u e n c e of  C S D a n d t o p ol o g y
fr e e zi n g o n o ur si m ul ati o ns.  A g ai n,  w e n ot e t h at all o ur si m ul ati o ns st art t h e  M o nt e
C arl o e v ol uti o n fr o m t h e v a c u u m c o n fi g ur ati o n, i. e. c ol d st art.  M ost of t h e fi g ur es
r ef er t o S U ( 3) c as es, b ut  w e  will als o s h o w s o m e r es ults f or N = 5 a n d 8.  We  will
n ot  m a k e a str o n g st at e m e nt a b o ut a ut o c orr el ati o ns n or a b o ut t h e s c ali n g  wit h N ,
as  w e h a v e n ot y et st u di e d its e ff e cts q u a ntit ati v el y; t his c h a pt er ai ms o nl y t o s h o w
its i n fl u e n c e o n t he d e t er mi n ati o n of t h e c o u pli n g a n d t o  m oti v at e o ur c h oi c e t o
pr oj e ct i nt o t h e tri vi al t o p ol o g y s e ct or.

Fi g ur e 6. 1 s h o ws t h e e v ol uti o n of t h e t o p ol o gi c al c h ar g e Q wit h  M o nt e  C arl o
ti m e f or t w o S U ( 3) l atti c es  wit h l atti c e s p a ci n gs a = 0 .0 3 9 3 f m (l eft) a n d a =
0 .0 9 3 9 f m (ri g ht), b ot h  wit h c o m p ar a bl e p h ysi c al v ol u m es.  T h e s a m e is s h o w n i n
fi g. 6. 2 f or t h e s a m e l atti c e s p a ci n gs b ut l ar g er p h ysi c al v ol u m es.  We s e e t h at t h e

1 N ot e t h at t h e pr oj e cti o n h a s n o e ff e ct i n p ert ur b ati o n t h e o r y si n c e n o n t ri vi al t o p ol o g y o nl y
a p p e a r s at a n o n- p ert ur b ati v e l e v el.  T h er ef o r e, pr oj e ct e d a n d u n pr oj e ct e d s c h e m e s a r e i d e nti c al
i n  P T; i n p a rti c ul a r, Λ T G F / Λ M S i s t h e s a m e i n b ot h s c h e m e s.
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6. 2.  T o p ol o g y f r e e zi n g a n d t h e  T G F c o u pli n g

Fi g u r e 6. 3: M o nt e  C arl o e v ol uti o n of t h e t o p ol o gi c al c h ar g e Q f or S U ( 3) l atti c e  wit h,
fr o m t o p t o b ott o m, L̃ = 4 8 , 3 6 a n d 2 4, c orr e s p o n di n g t o a n a p pr o xi m at el y fi x e d p h y si c al
si z e of l̃ ∼ 1 .1 f m (λ ∼ 3 4 .5 2 ), a n d l atti c e s p a ci n g s: a = 0 .0 2 3 5 2 4( 9 6) , 0 .0 3 1 1 4 1( 1 1) ,
0 .0 4 5 6 9 1( 9 2) f m r e s p e cti v el y.

Fi g u r e 6. 4: M o nt e  C arl o e v ol uti o n of t h e t o p ol o gi c al c h ar g e Q f or S U ( 5) l atti c e s  wit h,
fr o m t o p t o b ott o m, L̃ = 4 0 , 3 0 a n d 2 0, c orr e s p o n di n g t o a n a p pr o xi m at el y fi x e d p h y si c al
si z e of l̃ ∼ 1 .8 f m (λ ∼ 8 0 ), a n d l atti c e s p a ci n g s: a = 0 .0 4 1 4( 1 1) , 0 .0 5 9 9( 3 3) , 0 .0 8 6 7 9( 5 3)
f m r e s p e cti v el y.  We u s e d t h e st a n d ar d stri n g t e n si o n  w hi c h i s s et t o

√
σ 0 = 2 .2 3 0 f m− 1 .

a ut o c orr el ati o ns i n cr e as e as  w e d e cr e as e t h e l atti c e s p a ci n g; h o w e v er, e v e n o n t h e
fi n er l atti c e, s e v er al t o p ol o gi c al s e ct ors ar e e x pl or e d a n d  w e c a n n ot t al k a b o ut s e v er e
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C h a pt e r 6.  T o p ol o g y f r e e zi n g a n d t h e Q = 0 s c h e m e

Fi g u r e 6. 5: M o nt e  C arl o e v ol uti o n of t h e t o p ol o gi c al c h ar g e Q f or S U ( 8) l atti c e s  wit h,
fr o m t o p t o b ott o m, L̃ = 6 4 , 4 8 a n d 3 2, c orr e s p o n di n g t o a n a p pr o xi m at el y fi x e d p h y si c al
si z e of l̃ ∼ 3 .1 f m (λ ∼ 3 0 0 ), a n d l atti c e s p a ci n g s: a = 0 .0 4 7 6 1( 6 9) , 0 .0 6 3 4 8( 4 9) , 0 .1 0 1 5( 1 2)
f m r e s p e cti v el y.  We u s e d t h e st a n d ar d stri n g t e n si o n  w hi c h i s s et t o

√
σ 0 = 2 .2 3 0 f m− 1 .

C S D or e v e n t o p ol o g y fr e e zi n g.  A b ett er e x a m pl e is gi v e n i n fi g. 6. 3 ,  w h er e  w e pl ot
t h e v al u e of t h e t o p ol o gi c al c h ar g e as a f u n cti o n of t h e  M o nt e  C arl o ti m e f or S U ( 3)
l atti c es  wit h L̃ = 2 4 , 3 6 , 4 8 a n d a p h ysi c al v ol u m e l̃ ∼ 1 .1 f m, c orr es p o n di n g t o
a c o u pli n g λ ≈ λ (µ h a d ) at t h e r e n or m ali z ati o n s c al e µ h a d u s e d i n c h. 4. 1 0 f or t h e
c al c ul ati o n of t h e S U ( 3) Λ p ar a m et er. It is cl e ar t h at a ut o c orr el ati o ns dr a m ati c all y
i n cr e as e o n t h e fi n er l atti c e.

We o bs er v e t h at t h e fr e e zi n g i n c r e as es str o n gl y  wit h N . I n p arti c ul ar, f or
N = 8 all o ur l atti c es e x c e pt t h os e f or b = 0 .3 5 5 5 , c orr es p o n di n g t o l atti c e s p a ci n g
a = 0 .0 9 7 f m, r e m ai n i n t h e z er o t o p ol o g y s e ct or. S o m e ill ustr ati o ns f or S U ( 5) a n d
S U ( 8) ar e s h o w n i n fi gs. 6. 4 a n d 6. 5 .  T h e v al u e of t h e c o u pli n g d et er mi n es t h e
v ol u m e i n e a c h fi g ur e, a n d e a c h s u b- fi g ur e r e pr es e nts a di ff er e nt v al u e of t h e l atti c e
s p a ci n g d et er mi n e d  wit h r es p e ct t o t h e stri n g t e nsi o n

√
σ 0 = 2 .2 3 0 f m− 1 .  As alr e a d y

m e nti o n e d, f or l ar g e v al u es of N w e o bs er v e a str o n g i n cr e as e i n fr e e zi n g, a n d e v e n f or
l atti c e s p a ci n gs as l ar g e as a = 0 .1 f m  w e o bs er v e v er y l ar g e a ut o c orr el ati o n ti m es
f or t h e t o p ol o gi c al c h ar g e.  N ot e t h at e v e n f or l ar g e v ol u m es, t h e c h ar g e r e m ai ns
fr o z e n as N gr o ws.

C S D a n d t o p ol o gi c al fr e e zi n g p os e a di ffi c ult pr o bl e m f or c o u pli n g d e fi niti o ns
i n r e n or m ali z ati o n s c h e m es b as e d o n t h e  G F. It h as b e e n s h o w n [1 1 4 ] t h at t h e
r e n or m ali z e d c o u pli n g  wit hi n t h e  GF is str o n gl y c orr el at e d  wit h t h e t o p ol o gi c al
c h ar g e a n d h as s u bst a nti all y di ff er e nt v al u es  w h e n c al c ul at e d i n di ff er e nt t o p ol o gi c al
s e ct ors. Si n c e t h e v al u e of t h e c o u pli n g c h a n g es str o n gl y fr o m o n e t o p ol o gi c al s e ct or
t o a n ot h er,  w h e n fr e e zi n g t a k es pl a c e o n e e ff e cti v el y e n ds u p  wit h o nl y a h a n df ul of
i n d e p e n d e nt c o n fi g ur ati o ns, l e a di n g t o p o or esti m at es of t h e st atisti c al u n c ert ai nti es.
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6. 2.  T o p ol o g y f r e e zi n g a n d t h e  T G F c o u pli n g

Fi g u r e 6. 6: ’t  H o oft c o u pli n g λ T G F a n d t o p ol o gi c al c h ar g e Q a s a f u n cti o n of t h e  M o nt e
C arl o ti m e f or t w o S U ( 3) l atti c e s  wit h t h e s a m e p ar a m et er s b ut i n diff er e nt t o p ol o gi c al
s e ct or s:  Q = 1 o n t h e l eft pl ot a n d  Q = 0 o n t h e ri g ht o n e.

Q λ ( L̃ = 2 4) λ ( L̃ = 3 6) λ ( L̃ = 4 8)

0 3 2. 1 8( 1 0) 3 3. 2 9( 1 9) 3 4. 0 0( 1 9)
1 4 2. 9 2( 2 5) 4 3. 8 5( 5 6) 4 3. 9 4( 4 9)
- 1 4 3. 0 7( 2 0) 4 4. 1 1( 5 0) -
2 5 9 .1 ∗ 5 6 .6 ∗ -
- 2 5 6 .4 ∗ - -

T a bl e 6. 1: V al u e s of t h e  T G F c o u pli n g of S U ( 3) m e a s ur e d o n s e ct or s  wit h fi x e d v al u e
of t h e t o p ol o gi c al c h ar g e Q .  E ntri e s  wit h a ∗ c orr e s p o n d t o c a s e s  w h er e t h e n u m b er of
c o n fi g ur ati o n s  wit h c h ar g e Q i s l e s s t h a n 2 0 a n d a c orr e ct e sti m ati o n of t h e err or s i s n ot
f e a si bl e.

T his e ff e ct is ill ustr at e d i n fi gs. 6. 6 a n d 6. 7 ,  w h er e  w e dis pl a y j oi ntl y t h e e v ol-
uti o n  wit h  M C ti m e of t h e c o u pli n g a n d t h e t o p ol o gi c al c h ar g e.  Fi g ur e 6. 6 s h o ws
q u alit ati v el y t h e l ar g e di ff er e n c e b et w e e n c o u pli n gs c al c ul at e d i n s e ct ors  wit h c h ar g e
Q = 0 a n d Q = 1 f or t h e s a m e v al u e of t h e p h ysi c al v ol u m e.  O n t h e ot h er h a n d,
fi g. 6. 7 s h o ws t h e c orr el ati o n f or f o ur di ff er e nt v al u es of t h e p h ysi c al v ol u m e.  We
o bs er v e t h at t h e c orr el ati o n b et w e e n c h ar g e a n d c o u pli n g is e n h a n c e d at s m all a n d
i nt er m e di at e v ol u m es, a n d is r e d u c e d as t h e v ol u m e i n cr e as es.  A l o n g a ut o c orr el a-
ti o n i n t h e t o p ol o gi c al c h ar g e t h us dir e ctl y a ff e cts t h e  m e as ur e m e nt of t h e c o u pli n g.
We s h o w t his c orr el ati o n i n a  m or e q u a nti ti v e  w a y i n t a bl e 6. 1 ,  w h er e  w e gi v e t h e
a v er a g e c o u pli n g of e ns e m bl es i n fi g. 6. 3 c o m p ut e d i n di ff er e nt t o p ol o gi c al s e ct ors.
T h e c orr el ati o n b et w e e n t h e t o p ol o gi c al c h ar g e a n d t h e c o u pli n g is v er y l ar g e: v al u es
of t h e c o u pli n g a v er a g e d o v er t h e Q = 0 or |Q | = 1 s e ct ors di ff er b y as  m u c h as 3 0 % .
.

I n c h. 7 w e  will  m a k e a n att e m pt t o e x pl ai n t h e c orr el ati o n o bs er v e d i n t h e
i nt er m e di at e v ol u m e r e gi m e i n s e mi cl assi c al t er ms, r el yi n g o n t h e f a ct t h at t h e p ar-
titi o n f u n cti o n i n t his r e gi m e is d omi n at e d b y a dil ut e g as of i nst a nt o ns.
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C h a pt e r 6.  T o p ol o g y f r e e zi n g a n d t h e Q = 0 s c h e m e

Fi g u r e 6. 7: ’t  H o oft c o u pli n g λ T G F a n d t o p ol o gi c al c h ar g e Q a s a f u n cti o n of t h e  M o nt e
C arl o ti m e f or f o ur S U ( 3) l atti c e s  wit h diff er e nt p h y si c al v ol u m e s – p h y si c al v ol u m e i n-
cr e a s e s fr o m l eft-t o p t o ri g ht- b ott o m.

I n t his s e cti o n,  w e h a v e pr es e nt e d s o m e q u alit ati v e e vi d e n c e t h at o ur l atti c e
si m ul ati o ns s u ff er fr o m t o p ol o g y fr e e zi n g.  As n ot e d a b o v e, t h er e ar e s e v er al  w a ys
t o  miti g at e t h es e e ff e cts, a n d t h e o n e c h os e n i n t his t h esis is t h e pr oj e cti o n i nt o t h e
s e ct or of z er o t o p ol o gi c al c h ar g e.  T his c h oi c e is o nl y v ali d if t h e s a m pli n g of t h e
tri vi al s e ct or is c orr e ct;  w e  will t est t his st at e m e nt i n t h e n e xt s e cti o n b y a n al ysi n g
t h e t o p ol o gi c al c h ar g e c orr el at ors c o m p ut e d i n t h e s e ct or of tri vi al t o p ol o g y (s e e [ 1 7 4 ]
f or a st u d y i n t h e S c h wi n g er  m o d el).

6. 3  T o p ol o gi c al c h a r g e  fl u c t u a ti o n s i n t h e s e c t o r of

t ri vi al t o p ol o g y

T o d et er mi n e  w h et h er l o c al fl u ct u ati o ns of t o p ol o gi c al c h ar g e ar e c orr e ctl y s a m pl e d
i n t h e tri vi al t o p ol o g y s e ct or,  w e h a v e c o mp ut e d t h e t w o- p oi nt f u n cti o n of t h e o p-
er at or:

q (x 0 , t)  =

󰁛

d 󰂃x q (󰁛x, x 0 , t), ( 6. 1)

o bt ai n e d b y i nt e gr ati n g t h e t o p ol o gi c al c h ar g e d e nsit y, s m e ar e d o v er a fl o w ti m e t,
o v er t hr e e dir e cti o ns, i n cl u di n g t h e t w o s h ort o n es.  T his o p er at or h as b e e n d et er m-
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6. 3.  T o p ol o gi c al c h a r g e fl u ct u ati o n s i n t h e s e ct o r of t ri vi al t o p ol o g y

( a ) l̃ ∼ 1 .1 f m. ( b ) l̃ ∼ 0 .6 6 f m.

Fi g u r e 6. 8: We di s pl a y t h e c orr el at or of t o p ol o gi c al c h ar g e i n t h e tri vi al t o p ol o g y s e ct or,
d e fi n e d i n e q. ( 6. 3 ), f or t w o di ff er e nt v ol u m e s of S U ( 3) , c orr e s p o n di n g t o t h o s e i n fi g.6. 3 .

( a ) S U ( 5) . ( b ) S U ( 8)

Fi g u r e 6. 9: T o p ol o gi c al c h ar g e c orr el at or i n t h e tri vi al t o p ol o g y s e ct or, f or S U ( 5) a n d
S U ( 8) l atti c e  wit h t h e s a m e p h y si c al v ol u m e s of fi g. 6. 4 a n d 6. 5 , r e s p e cti v el y.

i n e d o n t h e l atti c e usi n g t h e t h e or eti c al fi el d d e fi niti o n of t h e c h ar g e d e nsit y, cf.
e q. ( 3. 3 1 ),

q (x 0 = n 0 a, t )  =
a − 1

1 6 π 2

󰁛

󰂃n

Tr
󰁛

G µ ν (󰁔n,  n 0 , t) 󰂃G µ ν (󰁛n,  n 0 , t)
󰂃

, ( 6. 2)

e v al u at e d at fl o w ti m e
√

8 t = 0 .3 l̃. I n t er ms of t his o p er at or,  w e h a v e c o m p ut e d t h e
c orr el at or:

C (x 0 )  =
〈q (x 0 , t) q ( 0, t) δ̂ Q 〉

〈 δ̂ Q 〉

󰂃
󰁫
󰁬√

8 t= 0 .3 l̃
( 6. 3)

d e fi n e d o v er t h e s e ct or  wit h tri vi al t o p ol o g y.

Fi g ur e 6. 8 a s h o ws t h e ti m e d e p e n d e n c e of t h e c orr el at or e v al u at e d o n t h e
S U ( 3) M o nt e  C arl o e ns e m bl es s h o w n i n fi g. 6. 3 .  Alt h o u g h t o p ol o g y is fr o z e n o n t h e
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C h a pt e r 6.  T o p ol o g y f r e e zi n g a n d t h e Q = 0 s c h e m e

l ar g est l atti c e  wit h L̃ = 4 8 ,  w e d o n ot o bs er v e a n y si g ni fi c a nt d e vi ati o n fr o m s c ali n g;
t h e str u ct ur e of t h e c h ar g e c orr el ati o n is t h e s a m e o n t h e t hr e e l atti c es.  T h es e g o o d
s c ali n g pr o p erti es ar e i n d e p e n d e nt of t h e p h ysi c al si z e of t h e b o x a n d ar e pr es er v e d
at s m all er v ol u m es; a n e x a m pl e f or l̃ ∼ 0 .6 6 f m is s h o w n i n fi g. 6. 8 b .  T h es e r es ults
i n di c at e t h at l o c al fl u ct u ati o ns of t h e t o p ol o gi c al c h ar g e ar e c orr e ctl y i m pl e m e nt e d
i n t h e tri vi al t o p ol o g y s e ct or, e v e n  w h e n t h e t ot al t o pol o gi c al c h ar g e is fr o z e n t o z er o
i n t h e  M o nt e  C arl o e ns e m bl e.  Fi g ur e 6. 9 s h o ws t h e t o p ol o gi c al c h ar g e c orr el at ors
c o m p ut e d f or t h e S U ( 5) a n d S U ( 8) l atti c es of fi gs. 6. 4 a n d 6. 5 , r es p e cti v el y.  A g ai n,
t h er e ar e n o l ar g e d e vi ati o ns b et w e e n t h e t hr e e l atti c es.

We c o n cl u d e t his s e cti o n  wit h a fi n al q u alit ati v e t est.  We h a v e c o m p ut e d, f or
s o m e S U ( 3) l atti c es, t h e e v ol uti o n as a f u n cti o n of t h e  M o nt e  C arl o ti m e of t h e
c h ar g e d e nsit y a v er a g e d o nl y o v er h alf of t h e l atti c e si z e, i. e. b y s u m mi n g t h e pr o fil e
of e q. ( 6. 2 ) i n t h e h alf- b o x es n ∈ [ 0, L̃ / 2] a n d n ∈ [L̃ / 2 , L̃ ].  T h e r es ult is s h o w n
i n fi g. 6. 1 0 .  E v e n i n r e gi o ns  w h er e t h e t o p ol o g y is c o m pl et el y fr o z e n  wit h a t ot al
c h ar g e Q = 0 , t h e fl u ct u ati o ns i n t h e h alf- b o x ar e l ar g e. S o m e  m or e e x a m pl es of
t h es e c al c ul ati o ns c a n b e f o u n d i n a p p e n di x. D .

6. 4  S u m m a r y

Criti c al sl o wi n g d o w n a n d t o p ol o g y fr e e zi n g r e pr es e nt a c h all e n gi n g pr o bl e m t o l at-
ti c e si m ul ati o ns.  As t h e l atti c e s p a ci n g d e cr e as es, s o m e o bs er v a bl es e x hi bit l a r g e,
s o m eti m es e x p o n e nti all y i n cr e asi n g, a ut o c orr el ati o n ti m es.

I n t his c h a pt er  w e h a v e s h o w n h o w t o p ol o gi c al c h ar g e fr e e zi n g a ff e cts o ur si m-
ul ati o ns.  O ur pr es cri pti o n f or c al c ul ati n g t h e r u n ni n g c o u pli n g i n t h e  T G F s c h e m e
( first i ntr o d u c e d i n [ 1 1 4 ]) pr oj e cts t h e c o u pli n g i nt o t h e s e ct or of tri vi al t o p ol o gi c al
c h ar g e.  T his pr es cri pti o n  w or ks as a n ot h er p art of t h e r e n or m ali z ati o n s c h e m e as
l o n g as t h e t o p ol o gi c al fl u ct u ati o ns i n t h e s e ct or of tri vi al t o p ol o gy a r e c orr e ctl y
s a m pl e d.  We h a v e pr es e nt e d s o m e q u alit ati v e a n d q u a ntit ati v e ar g u m e nts i n s u p-
p ort of t his ass u m pti o n. I n p arti c ul ar,  w e h a v e c o m p ut e d t h e t o p ol o gi c al c h ar g e
c orr el at ors f or s e v er al l atti c es a n d c h e c k e d t h at t h e t o p ol o gi c al fl u ct u ati o ns ar e  w ell
s a m pl e d e v e n i n t h e fr o z e n l atti c e.  T his h as b e e n c h e c k e d f or t h e t hr e e v al u es of N
st u di e d i n t his  w or k.  O n t h e ot h er h a n d,  w e h a v e pr es e nt e d e vi d e n c e f or t o p ol o gi c al
fl u ct u ati o ns e v e n i n e ns e m bl es  w h er e t h e t ot a l c h ar g e is c o m pl et el y fr o z e n.  We di d
t his b y l o o ki n g at t h e c h ar g e d e nsit y i nt e gr at e d o v er h alf of t h e l atti c e.
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6. 4. S u m m a r y

Fi g u r e 6. 1 0: T o p ol o gi c al c h ar g e i n h alf- b o x e s of si z e [ 0, L̃ / 2] a n d [L̃ / 2 , L̃ ] f or a S U ( 3)
l atti c e.
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7
Vol u m e d e p e n d e n c e

7. 1  M o ti v a ti o n

F oll o wi n g t h e dis c ussi o n of c h. 6 a b o ut t h e i m pli c ati o ns of t o p ol o g y i n t h e d et er m-
i n ati o n of t h e  T G F c o u pli n g, t h er e is a n ot h er i m p ort a nt eff e ct of t o p ol o gi c al n at ur e
t h at dir e ctl y a ff e cts o ur c o m p ut ati o ns: t h e p h ysi c al v ol u m e.  U nli k e  C S D or t o p o-
l o g y fr e e zi n g, t his eff e ct h as n ot hi n g t o d o  wit h t h e dis cr eti z ati o n n or t h e c o nti n u u m
e xtr a p ol ati o n; o n t h e c o ntr ar y, it is dir e ctl y r el at e d t o t h e d y n a mi cs of t h e s yst e m.

We  will e x pl or e i n t his s et u p t h e d e p e n d e n c e o n t h e e ff e cti v e si z e l̃ of s o m e
o bs er v a bl es, i n p arti c ul ar t h e t o p ol o gi c al s us c e pti bilit y.  F or s m all v ol u m es, t h e t h e-
or y is i n t h e p ert ur b ati v e r e gi m e a n d t h e t o p ol o gi c al s e ct or Q = 0 d o mi n at es.  T his
is a d y n a mi c al s u p pr essi o n a n d s h o ul d n ot b e i nt er pr et e d i n t h e s a m e  w a y as t h e
C S D or t h e t o p ol o g y fr e e zi n g,  w h er e t h e s u p pr essi o n is d u e t o a n i n c orr e ct s a m pli n g
of t h e c o n fi g ur ati o n s p a c e as a c o ns e q u e n c e of l ar g e a ut o c orr el ati o ns.  As l̃ gr o ws,
t h e pr o b a bilit y of r e a c hi n g s e ct ors  wit h Q ∕= 0 als o i n cr e as es, a n d i n t h e t h er m o-
d y n a mi c li mit t h e c h ar g e distri b uti o n is d et er mi n e d b y t h e v al u e of t h e t o p ol o gi c al
s us c e pti bilit y χ = 〈Q 2 〉 / V ,  w hi c h i n t his li mit, li k e all p h ysi c al o bs er v a bl es, t e n ds t o
a c o nst a nt v al u e [ 1 7 5 , 1 7 6 ].  T h e o ns et of t h e s us c e pti bilit y i n t h e r e gi o n of i nt er m e-
di at e v ol u m es c a n b e st u di e d  wit h a s e mi cl assi c al a p pr o xi m ati o n. I n t his c h a pt er  w e
will a n al y z e t h e d e p e n d e n c e of t h e S U ( 3) t o p ol o gi c al s us c e pti bilit y  wit h r es p e ct t o
t h e eff e cti v e v ol u m e l̃, a n d  w e  will us e t h e s e mi cl assi c al a p pr o xi m ati o n t o u n d erst a n d
t h e d e p e n d e n c e of t h e  T G F c o u pli n g o n t h e t o p ol o gi c al c h ar g e.

T h e c h a pt er is or g a ni z e d as f oll o ws. S e cti o n 7. 3 st u di es t h e d e p e n d e n c e of t h e
’t  H o oft c o u pli n g i n t h e  T G F s c h e m e  wit h t h e p h ysi c al v ol u m e f or diff er e nt v al u es
of N . I n s e c. 7. 4 w e st u d y t h e v ol u m e d e p e n d e n c e of t h e t o p ol o gi c al s us c e pti bil-
it y,  wit h p arti c ul ar i nt er est i n its s e mi cl assi c al b e h a vi or.  We c o n fir m t h at s o m e of
o ur si m ul ati o ns r es p e ct t h e e x p e ct e d v ol u m e d e p e n d e n c e a n d r e pr o d u c e t h e i n fi nit e
v ol u m e r es ults f or t h e t o p ol o gi c al s us c e pti bilit y [ 1 7 7 ]. I n a d diti o n, i n s e c. 7. 4. 2 w e
gi v e a r eli a bl e i nt er pr et ati o n of t h e tr a nsiti o n fr o m t h e s m all t o t h e l ar g e v ol u m e
r e gi m e i n t er ms of a dil ut e i nst a nt o n g as a p pr o xi m ati o n a n d us e it t o q u alit ati v el y
e x pl ai n t h e str o n g c orr el ati o n of t h e c o u pli n g c o nst a nt  wit h t h e t o p ol o gi c al s e ct or
o bs er v e d i n c h. 6 .  We c o n cl u d e t h e c h a pt er i n s e c. 7. 5 w it h a bri ef s u m m ar y.
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C h a pt e r 7.  V ol u m e d e p e n d e n c e

Fi g u r e 7. 1: V ol u m e d e p e n d e n c e of t h e ’t  H o oft c o u pli n g λ f or s e v er al v al u e s of N .  T h e
l eft pl ot c orr e s p o n d t o c o u pli n g v al u e s al o n g t h e st e p- s c ali n g s e q u e n c e of c h. 4 a n d 5 .  T h e
ri g ht e xt e n d s i nt o t h e l ar g e v ol u m e r e gi m e.

7. 2  D e p e n d e n c e of t h e c o u pli n g  wi t h t h e e ff e c ti v e

v ol u m e

As  w e h a v e dis c uss e d t hr o u g h o ut t his t h esis, t h e i d e a of v ol u m e i n d e p e n d e n c e h as
str o n g i m pli c ati o ns.  We r e c all t h at  w e us e v er y di ff er e nt l atti c e g e o m etri es f or t h e
N = 3 , 5 a n d 8 si m ul ati o ns.  F or e x a m pl e, S U ( 8) a n d S U ( 3) t h e ori es i n b o x es  wit h
e ff e cti v e p h ysi c al si z es i n t h e r a n g e of a f er mi ( l̃ ∼ 1 f m) h a v e t or us p eri o ds i n t h e
0 1 pl a n e of or d er 0. 3 a n d 0. 1 2 5 f m, r es p e cti v el y, y et h a v e v er y si mil ar fi nit e v ol u m e
d y n a mi cs.

A ni c e s u m m ar y of t h e r es ults pr es e nt e d i n t h e pr e vi o us c h a pt er is pr o vi d e d b y
fi g. 7. 1 w h er e  w e s h o w t h e d e p e n d e n c e of t h e  T G F ’t  H o oft c o u pli n g o n t h e e ff e cti v e
p h ysi c al v ol u m e, gi v e n i n t er ms of stri n g t e nsi o n

√
σ 0 .  T h e l eft pl ot s h o ws t h e

r a n g e of s c al es us e d i n o ur st e p-s c ali n g st u d y,  w hil e t h e ri g ht pl ot e xt e n ds i nt o t h e
l ar g e v ol u m e d o m ai n.  T h e r es ults f or t h e t hr e e diff er e nt v al u es of  N ar e r e m ar k a bl y
si mil ar, i n di c ati n g t h at t h e  m a g nit u d e of t h e fi nit e  N c orr e cti o ns is s m all.  T his pl ot
s u p p orts t h e c o nj e ct ur e t h at a  w ell- d e fi n e d si n g ul ar l ar g e N li mit f or t h e c o u pli n g c a n
b e o bt ai n e d fr o m t h e  Fi b o n a c ci s e q u e n c e, alt h o u g h  m u c h l ar g er v al u es of N w o ul d b e
r e q uir e d t o r e all y s u bst a nti at e t his st at e m e nt.  H o w e v er,  w e  w o ul d li k e t o e m p h asi z e
t h at t h e c o m p ut ati o n al e ff ort i n v ol v e d i n t his d et er mi n ati o n is c o nsi d er a bl e a n d t h at
o bt ai ni n g r es ults e v e n f or t h e n e xt v al u e i n t h e  Fi b o n a c ci s e q u e n c e is f ar fr o m tri vi al.

7. 3  P h y si c al v ol u m e a s t o p ol o g y t ri g g e r

It is  w ell k n o w n t h at t h e t o p ol o gi c al s us c e pti bilit y i n  Y M t h e ori es d e p e n ds str o n gl y
o n t h e p h ysi c al v ol u m e.  O n a s m all b o x, p ert ur b ati o n t h e or y h ol ds a n d n o n- z er o
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7. 3.  P h y si c al v ol u m e a s t o p ol o g y t ri g g e r

Fi g u r e 7. 2: V ol u m e d e p e n d e n c e of t h e t o p ol o gi c al s u s c e pti bilit y e v al u at e d fr o m fl o w e d
fi el d s at 8 t = ( 0 .3 l̃) 2 .  T h e or a n g e h ori z o nt al b a n d c orr e s p o n d s t o t h e v al u e of t h e, c o n-
ti n u u m e xtr a p ol at e d, l ar g e- v ol u m e S U ( 3) s u s c e pti bilit y t2

0 χ = 6 .6 7( 7) × 1 0 − 4 [1 7 7 ].

t o p ol o gi c al c h ar g es ar e s u p pr ess e d.  T his s u p pr essi o n is r e d u c e d  w h e n i n cr e asi n g t h e
v ol u m e, l e a di n g t o a c o nst a nt t o p ol o gi c al s us c e pti bilit y f or l atti c es  w ell a b o v e t h e
c h ar a ct eristi c  Q C D s c al e Λ − 1 .

T h e t o p ol o gi c al s us c e pti bilit y  m e as ur es t h e fl u ct u ati o ns of t h e t o p ol o gi c al
c h ar g e:

χ =

󰁛

d 4 x
󰂃
q (x )q ( 0)

󰁛
, ( 7. 1)

wit h q (x ) t h e t o p ol o gi c al c h ar g e d e nsit y.  O n t h e l atti c e, it c a n b e d et er mi n e d b y
m e as uri n g:

χ =
〈Q 2 〉

V
( 7. 2)

wit h Q d et er mi n e d usi n g e q. ( 3. 3 3 ).

A n ill ustr ati o n of t h e v ol u m e d e p e n d e n c e of t h e t o p ol o gi c al s us c e pti bilit y is
pr o vi d e d i n fi g. 7. 2 w h er e  w e dis pl a y t2

0 χ as a f u n cti o n of l̃ /
√

8 t0 .  T h e r es ults s h o w n
c orr es p o n d t o si m ul ati o ns  wit h l atti c e s p a ci n g a  > 0 .0 3 f m ( w e r efr ai n fr o m gi vi n g
err ors i n t his pl ot si n c e o ur d et er mi n ati o n of t h e s us c e pti bilit y  m a y b e a ff e ct e d b y
fr e e zi n g, p arti c ul arl y f or v al u es of a  < 0 .0 5 f m).  T h e o ns et of t h e s us c e pti bilit y
is a br u pt a n d t a k es pl a c e f or v al u es of l̃ /

√
8 t0 ∈ [ 1, 3] , o v erl a p pi n g  wit h t h e r e gi o n

c o v er e d b y t h e st e p s c ali n g s e q u e n c e of c h. 4 .  Aft er t h at, χ st a bili z es t o t h e c o nst a nt
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C h a pt e r 7.  V ol u m e d e p e n d e n c e

Fi g u r e 7. 3: M o nt e  C arl o e v ol uti o n a n d hi st o gr a m s of t h e t o p ol o gi c al c h ar g e Q f or t hr e e
S U ( 3) si m ul ati o n s  wit h p h y si c al v ol u m e s v ar yi n g, fr o m l eft t o ri g ht, l̃ /

√
8 t0 = 1 .3 0 2 0 9 ,

1 .7 3 0 8 5 , a n d 4 .7 4 2 4 1 .  T h e y c orr e s p o n d t o t o p ol o gi c al s u s c e pti biliti e s of 1 0 4 t2
0 χ = 1 .4 8 0 5 9 ,

5 .0 8 8 2 6 , a n d 6 .7 6 3 0 9 r e s p e cti v el y.

l ar g e v ol u m e v al u e, gi v e n i n S U ( 3) b y t2
0 χ = 6 .6 7( 7) × 1 0 − 4 [1 7 7 ], c orr es p o n di n g i n

t h e fi g ur e t o t h e or a n g e h ori z o nt al b a n d.

T o ill ustr at e h o w o ur l ar g e S U ( 3) v ol u m e si m ul ati o ns r e pr o d u c e t h e v al u e of
t h e i n fi nit e v ol u m e s us c e pti bilit y,  w e s h o w i n fi g. 7. 3 t h e  M o nt e  C arl o e v ol uti o n a n d
t o p ol o gi c al c h ar g e hist o gr a ms f or t hr e e S U( 3) l atti c es  wit h p h ysi c al v ol u m es, fr o m
l eft t o ri g ht, of l̃ /

√
8 t0 = 1 .3 0 2 0 9 , 1 .7 3 0 8 5 , a n d 4 .7 4 2 4 1 , c orr es p o n di n g t o t o p ol o gi c al

s us c e pti biliti es 1 0 4 t2
0 χ = 1 .4 8 0 5 9 , 5 .0 8 8 2 6 , a n d 6 .7 6 3 0 9 , r es p e cti v el y.  U nf ort u n at el y,

d u e t o t o p ol o g y fr e e zi n g,  w e ar e n ot a bl e t o pr o d u c e a si mil ar pl ot f or S U ( 5) a n d
S U ( 8).

7. 4  S e mi cl a s si c al r e gi o n

As c o m m e nt e d s e v er al ti m es i n t h e t e xt, t h e i nt er m e di at e v ol u m e r e gi o n,  w hi c h  m e-
di at es t h e tr a nsiti o n b et w e e n s m all a n d l ar g e v ol u m e r e gi m es, is of gr e at i nt er est
a n d at t h e s a m e ti m e v er y d eli c at e.  Fe w c o n fi g ur ati o ns  wit h n o n-tri vi al t o p ol o gi c al
c h ar g es ar e e x p e ct e d f or i nt er m e di at e v ol u m es, si n c e t h e p ert ur b ati v e s ol uti o ns  wit h
Q = 0 d o mi n at e.  T h er ef or e, s e mi cl assi c al ar g u m e nts b as e d o n i nst a nt o ns ar e e x-
p e ct e d t o h ol d.  T his s e cti o n d es cri b es a s e mi cl assi c al a p pr o xi m ati o n b as e d o n a
dil ut e g as of i nst a nt o ns.  We  will us e it t o q u alit ati v el y d es cri b e t h e tr a nsiti o n of t h e
t o p ol o gi c al s us c e pti bilit y fr o m s m all t o l ar g e v ol u m es a n d t h e str o n g c orr el ati o n of
c o u pl i n g an d t o p ol o gi c al c h ar g e dis c uss e d i n c h. 6 .  T his dis c ussi o n s h o ul d n ot b e
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i nt er pr et e d as a ri g or o us pr o of, b ut as a c o m p elli n g q u alit ati v e pi ct ur e of t h e r ol e of
i nst a nt o ns i n t his c o nt e xt.

I n s e c 7. 4. 1 w e  will dis c uss h o w t o a p pl y t h e dil ut e i nst a nt o n g as pi ct ur e
t o c o m p ut e t h e l e a di n g s e mi cl assi c al c o ntri b uti o n t o t h e  T G F c o u pli n g i n a fi x e d
t o p ol o gi c al c h ar g e s e ct or.  T h e d eri v ati o n is b as e d o n t h e o bs er v ati o n t h at t h e fl o w
r e m o v es s h ort-r a n g e fl u ct u ati o ns b ut pr es er v es cl assi c al s ol uti o ns of t h e  E u cli d e a n
e q u ati o ns of  m oti o n.  T his i n cl u d es i n st ant o ns, b ut n ot i nst a nt o n- a nti-i nst a nt o n
p airs,  w hi c h ar e pr es er v e d o nl y at t y pi c al dist a n c es l ar g er t h a n

√
8 t = c l̃.  T h e

l e a di n g c o ntri b uti o n t o t h e  T G F c o u pli n g i n t h e s e mi cl assi c al a p pr o xi m ati o n c a n b e
t h er ef or e esti m at e d b y t a ki n g i nt o a c c o u nt t h at:

〈E (t)〉 =
1

2
〈Tr

󰁛
G 2

µ ν (x, t )
󰂃
〉 =

1

V

󰁛
1

2

󰁔

d 4 x Tr
󰂃
G 2

µ ν (x, t )
󰁛 󰂃

. ( 7. 3)

T his e x pr essi o n c a n b e c o m bi n e d  wit h t h e f a ct t h at t h e cl assi c al  E u cli d e a n a cti o n of
a c o n fi g ur ati o n  wit h  w ell-s e p ar at e d i nst a nt o ns a n d a nti-i nst a nt o ns c a n b e a p pr o xi m-
at e d b y S 0 (n + n̄ ),  wit h n ( n̄ ) t h e n u m b er of i nst a nt o ns( a nti-i nst a nt o ns) a n d S 0 t h e
o n e-i nst a nt o n a cti o n.  T h er ef or e, at t h e l o w est or d er i n t h e dil ut e g as a p pr o xi m ati o n,
t h e e n er g y d e nsit y r e c ei v es a (s e mi-) cl assi c al c o ntri b uti o n pr o p orti o n al t o t h e a v er-
a g e n u m b er of i ns t a nt o ns pl us a nti-i nst a nt o ns,  w hi c h a d ds t o t h e p ert ur b ati v e o n e.
O n e c a n as  w ell e v al u at e i n t his a p pr o xi m ati o n t h e a v er a g e v al u e of a n y o bs er v a bl e,
i n p arti c ul ar 〈n + n̄ 〉 , r estri ct e d t o t h e s e ct or of t o p ol o gi c al c h ar g e Q̃ b y usi n g:

〈O 〉 󰂃Q =
〈 O δ Q − 󰁫Q 〉

〈 δ Q − 󰁬Q 〉
, ( 7. 4)

w h er e Q is t h e t ot al t o p ol o gi c al c h ar g e, a n al o g o us t o  w h at  w e di d t o d e fi n e t h e
c o u pli n g i n t h e z er o t o p ol o gi c al s e ct or i n e q. ( 3. 7 ). I n s e c. 7. 4. 2 w e  will c o m p ar e
t h es e pr e di cti o ns  wit h t h e r es ults of o ur n u m eri c al si m ul ati o ns.

7. 4. 1  Dil u t e i n s t a n t o n g a s a p p r o xi m a ti o n

We pr es e nt t h e d eri v ati o n of t h e d e p e n d e n c e of t h e c o u pli n g o n t h e t o p ol o gi c al c h ar g e
i n t h e dil ut e g as a p pr o xi m ati o n.  T h e st arti n g p oi nt is t h e c o nti n u u m e x pr essi o n of
t h e  T G F c o u pli n g:

λ (µ )  =
1 2 8 π 2 t2

3 N A (π c 2 )
〈 E (t)〉

󰁵
󰀕
󰀖√

8 t= c l̃= µ − 1
. ( 7. 5)

B y s etti n g A (x )  = x 2 󰂃A (x ) of e q. ( 3. 8 ), a n d ( 8t) 2 = c 4 l̃4 = c 4 N 2 V ,  w h er e V is t h e
v ol u m e of t h e as y m m etri c b o x, o n e g ets:

λ (µ )  =
2 N V

3 󰀖A (π c 2 )
〈 E (t)〉

󰀥
󰁝
󰀦√

8 t= c l̃= µ − 1
. ( 7. 6)

T h e i d e a is t o e v al u at e t h e e n er g y d e nsit y of 〈E (t)〉 Q of e q. ( 7. 3 ) i n t h e dil ut e
g as a p pr o xi m ati o n a n d s e e  w h at t h e d e p e n d e n c e of t h e c o u pli n g  wit h t h e t o p ol o gi c al
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c h ar g e is. I n a c o n fi g ur ati o n  wit h  w ell-s e p ar at e d i nst a nt o ns a n d a nti-i nst a nt o ns, t h e
cl assi c al  E u cli d e a n a cti o n c a n b e a p pr o xi m at e d b y S 0 (n + n ),  wit h S 0 t h e o n e-
i nst a nt o n a cti o n a n d n (n ) t h e n u m b er of i nst a nt o ns( a nti-i nst a nt o ns).  T h er ef or e,
o n e c a n c o m p ut e t h e c o ntri b uti o n t o t h e e x p e ct ati o n v al u e of t h e e n er g y d e nsit y at
l e a di n g or d er i n t his a p pr o xi m ati o n b y esti m ati n g t h e a v er a g e n u m b er of i nst a nt o ns
pl us a nti-i nst a nt o ns i n t h e fl o w e d e ns e m bl e:

〈E (t)〉 di g ∼
S 0

V
〈 n + n 〉 . ( 7. 7)

Fi n all y, t h e e v al u ati o n of t h e c o u pli n g c a n b e r estri ct e d t o s e ct ors of c ert ai n
t o p ol o gi c al c h ar g e Q , cf. e q. (7. 4 ), l e a di n g t o:

λ di g
Q (c ) ∼

2 N  S 0

3 󰁛A (π c 2 )
〈 n + n 〉 Q . ( 7. 8)

T o d et er mi n e t h e a v er a g e n u m b er of i nst a nt o ns i n t h e dil ut e g as a p pr o xi m ati o n,
w e  will c o nsi d er t w o p ossi biliti es: a dil ut e g as of or di n ar y i nst a nt o ns  wit h a cti o n
S 0 = 8 π 2 , a n d o n e of fr a cti o n al i nst a nt o ns [6 9 ]  wit h i nst a nt o n a cti o n S 0 = 8 π 2 / N .
T h e d eri v ati o n f oll o ws t h e st a n d ar d tr e at m e nt, s e e e. g. [ 1 7 8 ]. I n t his c o nt e xt, t h e
s e mi cl assi c al pi ct ur e b as e d o n t h e l ess st a n d ar d c as e of fr a cti o n al i nst a nt o ns f oll o ws
t h e i d e as of  G o n z ál e z- Arr o y o a n d c oll a b or at or s i n a s eri es of p a p ers [ 1 7 9 – 1 8 3 ], s e e
als o [ 1 8 4 – 1 8 6 ] a n d [7 9 ] f or a d et ail e d r e vi e w.  We  will st u d y t his t y p e of c o n fi g ur ati o ns
i n c h. 8 .

O r di n a r y i n s t a n t o n s

T h e b asi c ass u m pti o n i n t h e dil ut e g as a p pr o xi m ati o n is t h at t h e g as c o nsists of
o bj e cts  wit h p ositi v e ( + 1) a n d n e g ati v e (- 1) t o p ol o gi c al c h ar g es,  w hi c h ar e ot h er wis e
e q u all y li k el y; t h e pr o b a bilit y of pr o d u ci n g eit h er of t h e m p er u nit v ol u m e is gi v e n b y
R = K e x p( − N  S 0 / λ ),  w h er e K is t h e fl u ct u ati o n d et er mi n a nt ar o u n d t h e i nst a nt o n.
U n d er t his h y p ot h esis, it is e as y t o d et er mi n e t h e p artiti o n f u n cti o n r estri ct e d t o
t h e s e ct or of t h e t o p ol o gi c al c h ar g e Q ,  w hi c h is gi v e n b y

Z Q = C
󰂃

n, n

1

n !n !
(R V ) n + n δ (n − n − Q )  = C

󰁛 2 π

0

d θ

2 π
e − i Qθ e x p { 2 R V c os θ } , ( 7. 9)

w h er e  w e h a v e us e d t h e i nt e gr al r e pr es e nt ati o n of t h e δ f u n cti o n:

δ (x )  =
1

2 π

󰁔 2 π

0

d θ e iθ x . ( 7. 1 0)

S etti n g x = 2 R V , a s ol uti o n f or t h e p artiti o n f u n cti o n is Z Q = C I Q (x ),  w h er e I Q (x )
st a n ds f or t h e  m o di fi e d  B ess el f u n cti o n of t h e first ki n d.

T h e t ot al n u m b er of i nst a nt o ns a n d a nti-i nst a nt o ns 〈n + n 〉 Q i n t h e dil ut e g as
a p pr o xi m ati o n is c o m p ut e d as f oll o ws

〈n 〉 Q =
R V

Z Q

󰂃

n, n

1

n !n !
(R V ) n + n δ (n − n − (Q − 1))  =

x

2

I Q − 1 (x )

I Q (x )
. ( 7. 1 1)
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( a ) 〈n + n 〉 Q . ( b ) 〈E 〉 0 / 〈 E 〉 1

Fi g u r e 7. 4: ( a)  T h e q u a ntit y x
󰁛
I Q − 1 ( x )  + I Q + 1 ( x )

󰂃
/ ( 2I Q ( x )) i s di s pl a y e d v s x f or Q =

0 , 1 , 2 . ( b)  We di s pl a y t h e r ati o of t h e e x p e ct ati o n v al u e s of 〈E (t)〉 Q b et w e e n Q = 0 a n d
Q = 1 .

a n d, a n al o g o usl y:

〈 n 〉 Q =
x

2

I Q + 1 (x )

I Q (x )
. ( 7. 1 2)

S u btr a cti n g e q. ( 7. 1 1 ) a n d (7. 1 2 ), o n e d eri v es t h e t ot al t o p ol o gi c al c h ar g e:

〈n − n 〉 Q = Q , ( 7. 1 3)

w h er e  w e h a v e us e d t h e r e c ursi o n r el ati o n of  m o di fi e d  B ess el f u n cti o ns of t h e first
ki n d:

I n − 1 (x ) − I n + 1 (x )  =
2 n I n (x )

x
. ( 7. 1 4)

O n t h e ot h er h a n d, a d di n g e q. ( 7. 1 1 ) a n d (7. 1 2 ) gi v es us t h e t ot al n u m b er of i nst a n-
t o ns a n d a nti-i nst a nt o ns:

〈n + n 〉 Q =
∂ l o g I Q (x )

∂ l o g x
= x

󰁛
I Q − 1 (x )  + I Q + 1 (x )

2 I Q (x )

󰁔

= Q + x
I Q + 1 (x )

I Q (x )
, ( 7. 1 5)

l e a di n g t o t h e fi n al f or m of t h e e x p e ct ati o n v al u e of t h e e n er g y d e nsit y

〈E (t)〉 Q ∼
S 0

V
x

󰂃
I Q − 1 (x )  + I Q + 1 (x )

2 I Q (x )

󰁛

. ( 7. 1 6)

A c c or di n g e q. ( 7. 8 ), t h e n o n- p ert ur b ati v e c orr e cti o n t o t h e c o u pli n g c o mi n g
fr o m t h e dil ut e g as of i nst a nt o ns is t h e f oll o wi n g:

λ di g
Q (c )  =

2 N  S 0

3 A (π c 2 )
x

󰂃
I Q − 1 (x )  + I Q + 1 (x )

2 I Q (x )

󰂃

. ( 7. 1 7)
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( a ) Or di n ar y i n st a nt o n s. ( b ) Fr a cti o n al i n st a nt o n s.

Fi g u r e 7. 5: ( a)  We di s pl a y t h e n o n- p ert ur b ati v e c o ntri b uti o n t o λ Q ( c = 0 .3) a s a f u n cti o n
of x f or Q = 0 a n d Q = 1 , f or S 0 = 8 π 2 . ( b)  We di s pl a y t h e n o n- p ert ur b ati v e c o ntri b uti o n
t o λ Q ( c = 0 .3) a s a f u n cti o n of x f or Q = 0 a n d Q = 1 , f or fr a cti o n al i n st a nt o n s  wit h
N  S 0 = 8 π 2 .

w hi c h, i n pri n ci pl e, s h o ul d b e a d d e d t o t h e p ert ur b ati v e c o ntri b uti o n.  Fi g ur e 7. 4 a
s h o ws 〈n + n 〉 Q of e q. ( 7. 1 5 ) as a f u n cti o n of x f or c h ar g es Q = 0 , 1 , 2 .  T h e e x p e ct ati o n
v al u e st arts at t h e c orr es p o n di n g c h ar g e |Q | a n d gr o ws al m ost li n e ar f or l ar g e x .
We als o s h o w i n fi g. 7. 4 b t h e r ati o of t h e e x p e ct ati o n v al u es of e q. ( 7. 3 ).  Fi n all y,
fi g ur e 7. 5 a s h o ws t h e d e p e n d e n c e of t h e c o u pli n g λ di g

Q (c ) as a f u n cti o n of x f or t h es e
t w o t o p ol o gi c al s e ct ors.

We c a n als o c o m p ut e t h e t o p ol o gi c al s us c e pti bilit y i n t his a p pr o xi m ati o n.  T h e
p artiti o n f u n cti o n i n t h e θ v a c u u m is gi v e n b y:

Z (θ )  = C
󰁛

n, n

1

n !n !
(R V ) n + n e i( n − n ) θ = C e 2 R V c o s θ , ( 7. 1 8)

a n d t h e t o p ol o gi c al s us c e pti bilit y c a n b e c o m p ut e d fr o m:

χ =

󰂃
(n − n ) 2

V

󰁛

= −
1

V  Z (θ )

∂ 2 Z (θ )

∂ 2 θ

󰁔
󰂃
󰁛
θ = 0

= 2 R . ( 7. 1 9)

I n t h e dil ut e g as a p pr o xi m ati o n, R is d et er mi n e d fr o m t h e d et er mi n a nt of t h e fl u ct u-
ati o n o p er at or ar o u n d o n e i nst a nt o n.  T h e r es ult at o n e-l o o p or d er i n i n fi nit e v ol u m e
r e a ds

R = A
󰂃
λ (µ )

󰂃 − n c
2 e − N  S 0 / λ ( µ )

󰁫 ∞

0

d ρ

ρ 5
(ρ µ ) 2 N b 0 S 0 , ( 7. 2 0)

w h er e n c is t h e n u m b er of c oll e cti v e c o or di n at es, e q u als t o 4 N f or or di n ar y S U (N )
i nst a nt o ns.  T h e f or m ul a u p t o t w o l o o ps, i n cl u di n g t h e pr ef a ct or, h as b e e n c o m p ut e d
i n r ef. [1 8 7 ].  T h e r es ulti n g e x pr essi o n is i nfr ar e d di v er g e nt, alt h o u g h o n a fi nit e
v ol u m e, it  w o ul d b e c ut o ff b y t h e b o x si z e.  N ot e h o w e v er, t h at t o d et er mi n e λ di g

Q w e
o nl y n e e d t h e r el ati o n x = 2 R V = χ V ,  w h er e o n e c a n us e t h e  m e as ur e d t o p ol o gi c al
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s us c e pti bilit y t o d et er mi n e t h e i n p ut p ar a m et er x a n d e v al u at e t h e c o u pli n g usi n g
e q. ( 7. 1 5 ).

Fr a c ti o n al i n s t a n t o n s

I n t h e c as e of fr a cti o n al i nst a nt o ns, t h e o nl y di ff er e n c e is t h at i nst a nt o ns  wit h c h ar g e
± 1 / N c o ntri b ut e t o t h e p artiti o n f u n cti o n.  N ot e t h at t h e t wist us e d i n o ur si m u-
l ati o ns b el o n gs t o t h e cl ass of s o- c all e d ort h o g o n al t wists, s atisf yi n g n µ ν ñ µ ν / 4  = 0
( m o d N ), a n d t h us t h e t ot al t o p ol o gi c al c h ar g e is still q u a nti z e d i n i nt e g er u nits.
T his f a ct h as t o b e t a k e n i nt o a c c o u nt  w h e n f or m ul ati n g t h e dil ut e g as p artiti o n
f u n cti o n f or fr a cti o n al i nst a nt o ns, a n d t h us

Z Q = C
󰁛

n, n

1

n !n !
(R V ) n + n δ (n − n − N  Q ) . ( 7. 2 1)

We c a n n o w us e t h at:

I α (x )  =
󰂃

n

1

n !Γ (n + α + 1)

󰁛
x

2

󰁔 2 n + α

, ( 7. 2 2)

t o o bt ai n (x = 2 R V ):

Z Q = C I N  Q (x ) , ( 7. 2 3)

a n d

〈n + n 〉 Q = x

󰂃
I N  Q − 1 (x )  + I N  Q + 1 (x )

2 I N  Q (x )

󰁛

= N  Q + x
I N  Q + 1 (x )

I N  Q (x )
. ( 7. 2 4)

T h e c o u pli n g i n t his a p pr o xi m ati o n is gi v e n b y:

λ di g
Q (c )  =

2 N  S 0

3 A (π c 2 )
x

󰂃
I N  Q − 1 (x )  + I N  Q + 1 (x )

2 I N  Q (x )

󰂃

( 7. 2 5)

w h er e, f or fr a cti o n al i nst a nt o ns, N  S 0 = 8 π 2 .

Fi g ur e 7. 5 b s o ws t h e d e p e n d e n c e of λ Q as a f u n cti o n of x f or t h e s e ct ors Q = 0
a n d Q = 1 .  As f or t h e t o p ol o gi c al s us c e pti bilit y, usi n g:

Z (θ )  =
󰁫

Q ∈ Z

e i Qθ Z Q = C
󰁬

Q ∈ Z

e i Qθ
󰁵

n, n

1

n !n !
(R V ) n + n δ (n − n − N  Q ) , ( 7. 2 6)

a n d t h e f oll o wi n g r e pr es e nt ati o n f or t h e  Kr o n e c k er d elt a f u n cti o n:

δ (n − n − N  Q )  =
1

N

N󰀕

k = 1

e 2 π i k
N

( n − n ) , ( 7. 2 7)
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o n e arri v es at:

Z (θ )  =
C

N

N󰁛

k = 1

󰂃

n, n

1

n !n !
(R V e i( θ + 2 π k ) / N ) n (R V e − i( θ + 2 π k ) / N ) n

=
C

N

N󰁛

k = 1

e x p

󰁔

x c os

󰂃
θ + 2 π k

N

󰁛 󰂃

( 7. 2 8)

Fi n all y, e q. ( 7. 2 8 ) c a n b e us e d t o d eri v e t h e g e n er al f or m of t h e t o p ol o gi c al
s us c e pti bilit y:

χ =

󰂃
(n − n ) 2

N 2 V

󰁫

= −
1

V  Z (θ )

∂ 2 Z (θ )

∂ 2 θ

󰁬
󰁵
󰀕
θ = 0

=
2 R C

N 3 Z (θ = 0)

N󰀖

k = 1

󰂃

c os

󰀖
2 π k

N

󰀥

− x si n 2

󰁝
2 π k

N

󰀦 󰀥

e x p

󰁝

x c os

󰀦
2 π k

N

󰀕 󰀖

( 7. 2 9)

T h e r el ati o n b et w e e n x = 2 R V a n d χ V is  m or e c o m pli c at e d i n t his c as e t h a n
f or or di n ar y i nst a nt o ns, b ut it c a n still b e n u m eri c all y i n v ert e d t o o bt ai n x i n t er ms
of χ V .

I n t h e dil ut e g as a p pr o xi m ati o n, s e e i. e. [ 1 7 9 , 1 8 0 ]:

R = 󰁥C
󰀃
λ (µ )

󰀄 − 2
e − N  S 0 / λ ( µ ) 1

ρ 4
(ρ µ ) 2 N b 0 S 0 , ( 7. 3 0)

w h er e ρ is t h e c h ar a ct eristi c fr a cti o n al i nst a nt o n si z e.  T h e p e c uli arit y of fr a cti o n al
i nst a nt o ns c o m p ar e d t o or di n ar y o n es is t h at t h e c oll e cti v e c o or di n at es i n cl u d e o nl y
t h e i nst a nt o n l o c ati o n; i n p arti c ul ar, t h e si z e is n ot a  m o d uli p ar a m et er, a n d i n a
fi nit e v ol u m e it is fi x e d  wit h r es p e ct t o t h e v ol u m e of t h e b o x.  T h er ef or e  w e e x p e ct
ρ ∝ l̃ i n t h e s m all v ol u m e r e gi m e a n d ρ ∝ 1 / Λ Q C D f or l ar g e v ol u m es.  W h e n ρ ∝ l̃,
a n d s etti n g µ = 1 / (c l̃),  w e c a n  writ e:

x = 2 R V = C
V

(c l̃) 4

󰀃
λ (µ )

󰀄 − 2
e − 8 π 2 / λ ( µ )

󰀏
󰀏
󰀏
µ = ( c l̃) − 1

, ( 7. 3 1)

a n d d et er mi n e x , u p t o a n o v er all n or m ali z ati o n c o nst a nt, fr o m t h e  m e as ur e m e nt of
t h e  T G F c o u pli n g.

7. 4. 2  C o m p a ri n g t h e s e mi cl a s si c al  p r e di c ti o n s  wi t h t h e  n u-
m e ri c al r e s ul t s

L et us us e t h e s e mi cl assi c al a p pr o xi m ati o n of s e c. 7. 4. 1 t o r e pr o d u c e s o m e i m p ort a nt
f e at ur es o bs er v e d i n o ur si m ul ati o ns. I n t h at s e cti o n,  w e c o m p ut e d t h e c o ntri b u-
ti o n t o t h e c o u pli n g d eri v e d i n t his a p pr o xi m ati o n  w h e n r estri ct e d t o t h e s e ct o r of
t o p ol o gi c al c h ar g e Q , t h at  w e c oll e ct i n t h e f oll o wi n g e q u ati o n:

λ di g
Q (c )  =

2 N  S 0

3 󰁥A (π c 2 )

󰀕

ν + x
I ν + 1 (x )

I ν (x )

󰀖

+ · · · , ( 7. 3 2)
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7. 4. S e mi cl a s si c al r e gi o n

Fi g u r e 7. 6: We di s pl a y 󰁛A (π c 2 ) δ λ (c )  = 󰂃A (π c 2 )
󰁛
λ Q = 1 ( c ) − λ Q = 0 ( c )

󰁔
a s a f u n cti o n of χ V

f or c o u pli n g s o bt ai n e d at fl o w ti m e 8 t = ( c l̃) 2 ,  wit h c = 0 , 2 , 0. 3 a n d 0. 4.  T h e li n e s
c orr e s p o n d t o t h e e sti m at e u si n g t h e l e a di n g s e mi- cl a s si c al c o ntri b uti o n fr o m fr a cti o n al or
or di n ar y i n st a nt o n s.  N ot e t h at t h e s e li n e s ar e n ot fit t o t h e d at a, t h e y ar e dir e ctl y gi v e n b y
e q. ( 7. 3 2 )  wit h t h e p ar a m et er x d et er mi n e d fr o m t h e  m e a s ur e d v al u e of t h e s u s c e pti bilit y.

wit h ν = Q f or or di n ar y i nst a nt o ns, a n d ν = N  Q for fr a cti o n al o n es.  We r e c all t h at
x = 2 R V ,  wit h R t h e pr o b a bilit y of g e n er ati n g o n e i nst a nt o n, or a nti-i nst a nt o n,
p er u nit v ol u m e,  w hi c h is a pri ori u n k n o w n.  O n e  w a y t o d et er mi n e R fr o m t h e
n u m eri c al si m ul ati o ns is t o  m e as ur e t h e t o p ol o gi c al s us c e pti bilit y.

We h a v e  w or k e d a bit  m or e o n t h e c as e of S U ( 3), s o  w e  will pr es e nt t his
a n al ysis b y its elf, f oll o w e d b y s o m e r es ults f or S U ( 5) a n d S U ( 8) g a u g e gr o u ps.

S e mi cl a s si c al a p p r o xi m a ti o n f o r N = 3

I n t h e dil ut e g as a p pr o xim a ti o n a n d f or t h e c as e of or di n ar y i nst a nt o ns, t h e r el ati o n
b et w e e n R a n d χ is gi v e n b y: χ = 2 R ,  w hil e f or S U ( 3) fr a cti o n al i nst a nt o ns, o n e
o bt ai ns fr o m e q. ( 7. 2 9 ):

χ =
2 R

9

󰂃

1 −
3( 1  + R V )

2  + e 3 R V

󰁛

. ( 7. 3 3)

B y fi xi n g x i n t er ms of t h e  m e as ur e d s us c e pti bilit y, o n e c a n e v al u at e t h e dil ut e
g as c o ntri b uti o n t o δ λ (c )  = λ Q = 1 (c ) − λ Q = 0 (c ) a n d c o m p ar e t h e r es ult t o t h e v al u es
of δ λ (c ) d et er mi n e d i n t h e si m ul ati o ns.  T his h as b e e n d o n e f or t h e s et of si m ul ati o ns
wit h β ∈ [ 6, 6 .8] w h er e t o p ol o g y s e e ms t o b e pr o p erl y s a m pl e d a n d t h e n u m b er of
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C h a pt e r 7.  V ol u m e d e p e n d e n c e
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Fi g u r e 7. 7: V ol u m e d e p e n d e n c e of t h e t o p ol o gi c al s u s c e pti bilit y.  T h e r e d li n e gi v e s t h e
dil ut e g a s e sti m at e di s c u s s e d i n s e c. 7. 4 , cf. e q. (7. 3 4 )  wit h C = 8 8 0 .

Q = 1 c o n fi g ur ati o ns is s u ffi ci e ntl y l ar g e. I n a d diti o n, t h e c al c ul ati o n h as b e e n
d o n e f or v ari o us v al u es of t h e fl o w ti m e: 8 t = ( c l̃) 2 ,  wit h c = 0 .2 , 0. 3, a n d 0. 4.

We o bs er v e t h at t h e q u a ntit y 󰁛A (π c 2 )δ λ (c ) is q uit e i n d e p e n d e nt of t h e v al u e of c .
O ur r es ults ar e dis pl a y e d as a f u n cti o n of χ V i n fi g. 7. 6 a n d c o m p ar e d  wit h t h e
dil ut e g as pr e di cti o ns f or or di n ar y a n d fr a cti o n al i nst a nt o ns, d eri v e d fr o m e q. ( 7. 3 2 ).
S ur prisi n gl y, t h e d e p e n d e n c e pr e di ct e d b y t h e fr a cti o n al i nst a nt o n f or m ul a  m at c h es
o ur r es ults r e m ar k a bl y  w ell i n a l ar g e r a n g e of v ol u m es.  We str ess t h at t h e li n es
dis pl a y e d i n t h e fi g ur e d o n ot h a v e a n y fr e e p ar a m et er, t h e y ar e dir e ctl y gi v e n b y
e q. ( 7. 3 2 )  wit h t h e i n p ut p ar a m et er x fi x e d i n t er ms of t h e  m e as ur e d v al u e of t h e
s us c e pti bilit y.

I n t h e dil ut e g as a p pr o xi m ati o n, o n e c a n als o o bt ai n a pr e di cti o n f or t h e p ar a-
m et er x = 2 R V i n t er ms of t h e r e n or m ali z e d c o u pli n g.  As e x pl ai n e d i n s e c. 7. 4. 1 ,
t h e r es ult f or fr a cti o n al i nst a nt o ns at o n e l o o p or d er, o bt ai n e d fr o m e q. ( 7. 3 1 ), r e a ds:

x = 2 R V = C
V

ρ 4

󰂃
λ ( 1/ ρ )

󰁛 − 2
e − 8 π 2 / λ ( 1 / ρ ) ( 7. 3 4)

w h er e ρ is t h e c h ar a ct eristi c fr a cti o n al i nst a nt o n si z e, pr o p orti o n al t o l̃ i n t h e s m all
v ol u m e r e gi m e, a n d C is a n u n k n o w n n or m ali z ati o n c o nst a nt. I g n ori n g t his f a ct,  w e
h a v e us e d t his f u n cti o n al f or m t o g et a q u alit ati v e i d e a of t h e v ol u m e d e p e n d e n c e
of t h e t o p ol o gi c al s us c e pti bilit y i n t his a p pr o xi m ati o n.  T h e c al c ul ati o n r e q uir es t h e
i n p ut of t h e r e n or m ali z e d c o u pli n g c o nst a nt o n a s c al e of ρ ∝ l̃; diff er e n c es i n t h e
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7. 4. S e mi cl a s si c al r e gi o n

( a ) S U ( 5) . ( b ) S U ( 8) .

Fi g u r e 7. 8: We di s pl a y, f or S U ( 5) a n d S U ( 8) , t h e c o ntri b uti o n 󰁛A (π c 2 ) δ λ (c ) a s a f u n cti o n
of χ V f or c o u pli n g s o bt ai n e d at fl o w ti m e 8 t = ( c l̃) 2 ,  wit h c = 0 , 3 .  T h e li n e s c orr e s p o n d
t o t h e e sti m at e u si n g t h e l e a di n g s e mi- cl a s si c al c o ntri b uti o n fr o m fr a cti o n al or or di n ar y
i n st a nt o n s.

s c h e m e d e p e n d e n c e tr a nsl at e at t his or d er i nt o a c h a n g e i n t h e v al u e of C ,  w hi c h
d e p e n ds o n t h e r ati o of t h e Λ p ar a m et ers.  We h a v e t est e d t h e f or m ul a s etti n g ρ = c l̃
a n d us e d t h e c o u pli n g i n t h e  T G F s c h e m e  wit h c = 0 .2 , 0. 3 a n d 0. 4.  T h e o n e  wit h
c = 0 .2 b ett er d es cri b es o ur s m all v ol u m e r es ults.  A fit of t h e d e p e n d e n c e o n l̃ of
t h e t o p ol o gi c al s us c e pti bilit y  wit h x gi v e n b y e q. 7. 3 4 , gi v es C = 8 8 0 a n d l e a ds t o
t h e r e d li n e d e pi ct e d i n fi g. 7. 7 w hi c h d es cri b es q u alit ati v el y  w ell o ur d at a.  T h e
s at ur ati o n t o t h e i n fi nit e v ol u m e v al u e is e x p e ct e d t o t a k e pl a c e, as dis c uss e d i n
s e c. 7. 4. 1 ,  w h e n t h e c h ar a ct eristi c si z e of t h e fr a cti o n al i nst a nt o ns b e c o m es of or d er
1 / L a m b d a Q C D [7 9 ].

S e mi cl a s si c al a p p r o xi m a ti o n f o r N = 5 a n d 8

As i n t h e c as e of S U ( 3), t h e r el ati o n b et w e e n R a n d χ f or or di n ar y i nst a nt o ns is
gi v e n b y χ = 2 R ,  w hil e f or fr a cti o n al i nst a nt o ns  w e g et:

χ V =

− x

󰂃

2  + 2
√

5 − 4 e
( 5 + 5

√
5 ) x

4 + x ( 5 −
√

5)  + e
√

5
2

x
󰁛
2 − 2

√
5  + ( 5  +

√
5) x

󰁔 󰂃

1 0 0

󰁛

2  + 2 e
√

5
2 x + e

( 5 +
√

5 ) x
4

󰂃

( 7. 3 5)
f or S U ( 5), a n d:

χ V =
x

󰂃
− x − x c os h x√

2
+ si n h x +

√
2 si n h x√

2

󰁫

6 4
󰁬
1  + c os h x + 2 c os h x√

2

󰁵 ( 7. 3 6)

f or S U ( 8).
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C h a pt e r 7.  V ol u m e d e p e n d e n c e

A g ai n, b y fi xi n g x i n t er ms of t h e n u m eri c all y c o m p ut e d s us c e pti bilit y, o n e
c a n e v al u at e t h e c o ntri b uti o n t o δ λ (c = 0 .3 0)  = λ Q = 1 (c = 0 .3 0) − λ Q = 0 (c = 0 .3 0)
a n d c o m p ar e it  wit h t h e v al u es of δ λ (c = 0 .3 0) d et er mi n e d i n t h e si m ul ati o ns f or
Q = 0 a n d Q = 1 .  T h e r es ults ar e s h o w n i n fi gs. 7. 8 a a n d 7. 8 b .  We o nl y h a v e
si m ul at e d r es ults f or c = 0 .3 .  N e v ert h el ess,  w e s e e t h e s a m e t e n d e n c y of t h e r es ults
t o f oll o w t h e pr e di cti o ns of t h e fr a cti o n al i nst a nt o n a p pr o xi m ati o n i nst e a d of t h e
or di n ar y o n e, a n d b ot h c ur v es t e n d t o a u ni v ers al b e h a vi or as t h e l ar g e N li mit is
a p pr o a c h e d.

7. 5  S u m m a r y

T h e v ol u m e d e p e n d e n c e of s o m e i m p ort a nt q u a ntiti es i n o ur s et u p h as b e e n st u di e d
i n t his c h a pt er.  First,  w e h a v e a n al y z e d t h e d e p e n d e n c e of t h e  T G F c o u pli n g o n t h e
e ff e cti v e p h ysi c al v ol u m e (i n u nits of

√
σ 0 ) f or t h e 3 g a u g e gr o u ps st u di e d i n t his

w or k.  T h e r es ults ar e l ar g el y N i n d e p e n d e nt,  wit h s m all c orr e cti o ns t o t his l e a di n g
b e h a vi or, pr o vi di n g s u p p ort f or t h e v ol u m e i n d e p e n d e n c e c o nj e ct ur e.

We als o c o m p ut e d t h e t o p ol o gi c al s us c e pti bilit y i n c as es  w h er e fr e e zi n g di d n ot
i nt erf er e  wit h its d et er mi n ati o n.  As e x p e ct e d, t h e t o p ol o gi c al s us c e pti bilit y st arts
fr o m z er o f or s m all v al u es of t h e p h ysi c al v ol u m e a n d gr o ws u p t o t h e i n fi nit e v ol u m e
r es ult [1 7 7 ].  We t h e n st u die d t h e i nt e r m e di at e v ol u m e r e gi m e  wit h a dil ut e a p pr o x-
i m ati o n b as e d o n i nst a nt o ns of diff er e nt t y p es.  T h e o nl y r e m ai ni n g p ar a m et er of t his
a p pr o xi m ati o n is t h e pr o b a bilit y R of g e n er ati n g a n i nst a nt o n or a n a nti-i nst a nt o n,
w hi c h  w as e xtr a ct e d fr o m t h e n u m eri c al r es ults of t h e t o p ol o gi c al s us c e pti bilit y.
I n t h e c as e of S U ( 3),  w e h a v e o bt ai n e d c o m p elli n g e vi d e n c e t h at t h e c orr el ati o n
b et w e e n t o p ol o gi c al c h ar g e a n d c o u pli n g o bs er v e d at i nt er m e di at e v ol u m es i n o ur
si mul a ti o ns c a n b e u n d erst o o d i n t er ms of t h e c o ntri b uti o n of fr a cti o n al i nst a nt o ns.
Alt h o u g h t h e r es ults f or N = 5 a n d 8 ar e still v er y pr eli mi n ar y, t h e y f oll o w t h e s a m e
t e n d e n c y as o bs er v e d f or t h e c as e of S U ( 3).
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8
S U (N ) fr a cti o n al

i nst a nt o ns a n d t h e
Fi b o n a c ci s e q u e n c e

8. 1  M o ti v a ti o n

Alt h o u g h t h e b o u n d ar y c o n diti o ns i n o ur r u n ni n g c o u pli n g si m ul ati o ns of c hs. 4
a n d 5 c orr es p o n d t o t h e s o- c all e d ort h o g o n al t wist,  w h er e 󰁛k · 󰂃m = 0 l e a ds t o a
t o p ol o gi c al c h ar g e t h at is still q u a nti z e d i n i nt e g er u nits a c c or di n g t o e q. ( 2. 1 9 ), i n
c h. 7 w e h a v e s e e n cl e ar e vi d e n c e t h at i nst a nt o ns  wit h fr a cti o n al t o p ol o gi c al c h ar g e
pl a y a n i m p ort a nt r ol e i n est a blis hi n g t h e l o w- e n er g y d y n a mi cs of t h e t h e or y. I n
t his c h a pt er  w e  will st u d y a n i nt er esti n g t y p e of s ol uti o n t h at is pr es e nt i n o ur
as y m m etri c g e o m etr y  w h e n n o n- ort h o g o n al t wists ( 󰁛k · 󰁔m ∕= 0 ) ar e c o nsi d er e d,  w hi c h
h as t h e p e c uli arit y of h a vi n g a t o p ol o gi c al c h ar g e q u a nti z e d i n u nits of 1 / N .

T h e s et u p i n t his c h a pt er  will b e sli g htl y di ff er e nt fr o m t h e pr e vi o us o n es i n
t h at  w e  will dis c uss t h e  H a milt o ni a n li mit of g a u g e t h e or y, i. e.  w e  will c o nsi d er a
g e o m etr y R × T 3 i nst e a d of T 4 .  Fr o m a p h ysi c al p oi nt of vi e w, t h e s p ati al p art
of t h e t wist,  wit h c o m p o n e nts m i = 󰂃 i j k n j k , c a n b e i nt er pr et e d i n t h e  H a milt o ni a n
li mit as t h e i ntr o d u cti o n of a b eli a n Z N m a g n eti c fl u x es pi er ci n g t h e 3- di m e nsi o n al
s p ati al t or us,  w hil e t h e r e m ai ni n g p art ( k i = n 0 i ) is d u al t o t h e el e ctri c fl u x, a v e ct or
of q u a nt u m n u m b ers c h ar a ct eri zi n g t h e p h ysi c al  Hil b ert s p a c e o n t h e t h e or y.

T h e us e of t h e t or us si z e t o e x pl or e t h e d y n a mi cs of  Y a n g- Mills t h e ori es fr o m
t h e p ert ur b ati v e r e gi m e t o t h e o ns et of c o n fi n e m e nt  w as a d v o c at e d i n t h e 8 0s,
st arti n g  wit h t h e  w or k b y  L üs c h er [ 1 8 8 , 1 8 9 ].  Wit h t wist e d b o u n d ar y c o n diti o ns,
t his li n e of t h o u g ht  w as e x pl or e d b y  G o n z ál e z- Arr o y o a n d c oll a b or at ors, b e gi n ni n g
wit h t h e p ert ur b ati v e a n al ysis of t h e p ur e  Y a n g- Mills s p e ctr u m o n a s m all t wist e d
b o x [ 1 9 0 ,1 9 1 ] a n d f oll o w e d b y t h e st u d y of t h e d y n a mi c al r ol e of fr a cti o n al i nst a nt o ns
i n S U ( 2) Y a n g- Mills t h e or y b e y o n d t h e p ur el y s e mi cl assi c al r e gi m e [ 7 7 ,1 8 0 ,1 9 2 – 1 9 5 ]
– s e e als o r efs. [ 1 3 9 ,1 9 6 ] f or s o m e r es ults o n S U ( 3).  F or a d et ail e d dis c ussi o n o n t h e
r ol e of i nst a nt o ns  wit h fr a cti o n al t o p ol o gi c al c h ar g e,  w e r e c o m m e n d a r e c e nt r e vi e w
b y  G o n z al e z- Arr o y o [ 7 9 ].  A p ar all el p at h f or p eri o di c b o u n d ar y c o n diti o ns  w as f ol-
l o w e d b y v a n  B a al a n d c oll a b or at ors, l e a di n g t o a pi e c e of  w or k ni c el y s u m m ari z e d
i n r ef. [1 8 5 ].
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C h a pt e r 8. S U (N ) f r a cti o n al i n st a nt o n s a n d t h e  Fi b o n a c ci s e q u e n c e

I n t his c h a pt er,  w e  will i ntr o d u c e a n e w cl ass of s elf- d u al S U (N ) fr a cti o n al
c h ar g e s ol uti o ns,  w hi c h ar e l o c ali z e d i n ti m e a n d c a n b e i nt er pr et e d as t u n n eli n g
e v e nts b et w e e n i n e q ui v al e nt fl at c o n n e cti o ns o n T 3 .  T h e y ar e o bt ai n e d n u m eri c all y
b y a  mi ni mi z ati o n s c h e m e b as e d o n t h e gr a di e nt fl o w [ 1 1 – 1 4 ] a n d s c al e ni c el y t o w ar ds
t h e l ar g e N li mit.  As c o m m e nt e d i n c h. 2 , si mil ar fr a cti o n al c h ar g e s ol uti o ns h a v e
b e e n o bt ai n e d pr e vi o usl y, a n d t h e first e x a m pl e  w as o bt ai n e d f or S U ( 2) i n r efs. [7 5 ,
7 6 ]  wit h a  m a g n eti c t wist 󰁛m = ( 1 , 1 , 1) ; s u bs e q u e ntl y t h es e s ol uti o ns  w er e g e n er ali z e d
t o a n ar bitr ar y n u m b er of c ol ors f or c ert ai n c h oi c es of t h e t or us p eri o ds a n d t wist [ 7 7 ,
7 8 ].

T h e s ol uti o ns pr es e nt e d i n t his c h a pt er h a v e a di ff er e nt t y p e of t wist  w hi c h
b e c o m es r el e v a nt i n t h e l ar g e N li mit.  As i n t h e pr e vi o us c h a pt ers,  w e c h o os e
b ot h t h e  m a g n eti c fl u x a n d t h e n u m b er of c ol ors  wit hi n t h e  Fi b o n a c ci s e q u e n c e, i. e.,
N = F n a n d 󰂃m = ( 0 , 0 ,  Fn − 2 ) [1 0 ], a n d c o nsi d er a n as y m m etri c t or us g e o m etr y  w h er e
t w o p eri o ds s c al e as 1 / N .  We  will el a b or at e o n t h es e c h oi c es i n s e cti o n. 8. 2 ,  w h er e
w e s u m m ari z e s o m e  w ell- k n o w n f a cts a b o ut t h e f or m ul ati o n of g a u g e t h e ori es o n a
t wist e d b o x; f or r e vi e ws o n t his t o pi c t h e r e a d er is r ef err e d t o r efs. [ 6 8 ,1 0 6 ,1 8 5 ,1 9 7 ].

T h e c h a pt er is str u ct ur e d as f oll o ws.  First, i n s e cti o n 8. 2 w e r e visit a n d dis-
c uss g a u g e fi el ds o n a t or us a n d r e c o nstr u ct t h e  m ai n li n es of r es e ar c h  w h er e t wist e d
b o u n d ar y c o n diti o ns h a v e pl a y e d a n i n fl u e nti al r ol e. S o m e of t h es e t o pi cs h a v e
alr e a d y b e e n c o v er e d i n c h. 2 .  T h e i m p ort a n c e of fr a cti o n al i nst a nt o ns i n t his c o n-
t e xt is es p e ci all y e m p h asi z e d.  N e xt, s e cti o n 8. 3 dis c uss es s o m e e x pli cit e x a m pl es
a v ail a bl e i n t h e lit er at ur e f or c o nst a nt c ur v at ur e s elf- d u al s ol uti o ns  wit h t o p ol o gi c al
c h ar g e 1 / N f or o ur p arti c ul ar s et u p.  Fi n all y, i n s e cti o n 8. 4 w e pr es e nt t h e fr a cti o n al
i nst a nt o n s ol uti o ns o n R × T 3 o bt ai n e d b y a n u m eri c al  mi ni mi z ati o n a p pr o a c h.  We
e n d  w it h so m e fi n al r e m ar ks a n d c o n cl usi o ns.  T hr o u g h o ut t h e c h a pt er, s e v er al fi g-
ur es ar e pr es e nt e d s h o wi n g t h e e n er g y d e nsit y of t h e s ol uti o ns, as  w ell as v ari o us
ot h er g a u g e i n v ari a nt o bs er v a bl es. I n a d diti o n, t h e r e a d er  will fi n d i n a p p e n di x D a
list of c o m pl e m e nt ar y pl ots t h at h a v e n ot b e e n i n cl u d e d i n t h e t e xt t o f a cilit at e t h e
r e a di n g of t h e c h a pt er.  T h e r es ults of t his c h a pt er ar e c o nt ai n e d i n [ 1 9 8 , 1 9 9 ].

8. 2  G e n e r al c o n si d e r a ti o n s

I n t his s e cti o n,  w e  will f o c us o n t h e s ol uti ons  wit h t wist e d b o u n d ar y c o n diti o ns
a n d c oll e ct s o m e  w ell- k n o w n f a cts a n d r ef er e n c es t h at  will all o w us t o c o nt e xt u ali z e
t h e r el e v a n c e of fr a cti o n al i nst a nt o ns.  F or f urt h er d et ails, t h e i nt er est e d r e a d er c a n
c o ns ult t h e ori gi n al r ef er e n c es or t h e r e vi e w arti cl es [ 6 8 , 7 9 , 1 0 6 , 1 8 5 , 2 0 0 ].

We st art b y r e vi e wi n g t h e  H a milt o ni a n f or m ul ati o n of S U (N ) Y a n g- Mills t h e-
or y o n R × T 3 ,  wit h T 3 a 3- di m e nsi o n al t or us e n d o w e d  wit h t wist e d b o u n d ar y
c o n diti o ns ( T B C).  T h e dis c ussi o n  w ill b e f o c us e d o n t h e p arti c ul ar s et u p t h at  w e
c o nsi d er f or t his p a p er:

• S U (N ) Y a n g  Mills t h e or y d e fi n e d o n a n as y m m etri c t or us of si z es l1 = l2 = l / N
a n d l3 = l.  T h e n u m b er of c ol ors N is t h e nt h i nt e g er i n t h e  Fi b o n a c ci
s e q u e n c e, i. e., N = F n .
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• T wist e d b o u n d ar y c o n diti o ns o n t h e t hr e e-t or us  wit h c hr o m o- m a g n eti c fl u x
󰁛m = ( 0 , 0 ,  m).  T h e fl u x m is a c o pri m e of N , a n d e q u al t o F n − 2 .

It is i m p ort a nt t o n ot e t h at i n t his c h a pt er  w e  will i ntr o d u c e a c h a n g e i n o ur n ot ati o n,
r ef erri n g t o t h e e ff e cti v e v ol u m e of t h e t or us as l,  w h er e as i n t h e pr e vi o us c h a pt ers
it  w as r ef err e d t o as l̃.

T h er e ar e v ari o us r e as o ns b e hi n d t h es e p arti c ul ar c h oi c es;  m ost  w er e alr e a d y
dis c uss e d i n c h a pt er 5 , b ut  w e bri e fl y el a b or at e o n e a c h of t h e m b el o w a n d ref er t h e
r ea d er t o t h e s eri es of  w or ks [ 1 0 , 5 8 , 1 0 0 , 1 1 2 , 2 0 1 ] a n d t h e r e vi e w [1 9 7 ] f or f urt h er
d et ails.

We r e c all t h at  wit h o ur c h oi c e of t wist a n d t or us g e o m etr y, t h e e ff e cti v e l ar g e
N d y n a mi cs is t h at of a s y m m etri c t or us of si z e l3 [2 0 1 ].  T h e p ar a m et er t h at
c o ntr ols t h e o ns et of n o n- p ert ur b ati v e e ff e cts i n t his s et u p is Λ l,  w h er e Λ is t h e
n o n- p ert ur b ati v e d y n a mi c al s c al e of t h e t h e or y, e v e n i n t h e l ar g e N li mit (t a k e n at
a fi x e d v al u e of l),  w h er e t w o of t h e t or us p eri o ds s hri n k t o z er o; it is pr e cis el y t his
si n g ul a r l ar g e N li mit [7 ], alr e a d y i ntr o d u c e d i n c hs. 2 a n d 7 , i n  w hi c h  w e  will c e nt er
t h e dis c ussi o n of t his c h a pt er.

T h e c o n cr et e c h oi c e of  m a g n eti c fl u x m is dri v e n as  w ell b y v ari o us c o nsi d er a-
ti o ns.  First, a n o n- z er o fl u x m c o pri m e  wit h N g u ar a nt e es t h e p ert ur b ati v e p ot e nti al
t o h a v e N is ol at e d g a u g e-i n e q ui v al e nt  mi ni m a. I n t h os e c o n fi g ur ati o ns, t h e cl assi c al
p ot e nti al e n er g y v a nis h es [ 1 9 0 ], i n c o ntr ast  wit h t h e c as e of p eri o di c b o u n d ar y c o n-
dit i ons  w h er e i n fi nit el y  m a n y g a u g e i n e q ui v al e nt c o n fi g ur ati o ns h a v e z er o v a c u u m
e n er g y [ 3 0 ].  P ert ur b ati o n t h e or y i n t his s e c o n d c as e is n o n- a n al yti c i n t h e c o u p-
li n g c o nst a nt [1 8 9 ], c o nsi d er a bl y c o m pli c ati n g t h e s m all v ol u m e d y n a mi cs a n al ysis.
S e c o n d, t h e p arti c ul ar c h oi c e of m a n d N as i nt e g ers i n t h e  Fi b o n a c ci s e q u e n c e ai ms,
as  w e alr e a d y k n o w, at a v oi di n g l ar g e N p h as e tr a nsiti o ns t h at i n v ali d at e v ol u m e
i n d e p e n d e n c e.  L et us r e c all t h at, f oll o wi n g  M orit a d u alit y, o ur set u p is e q ui v al e nt
t o a n o n- c o m m ut ati v e U ( 1) g a u g e t h e or y d e fi n e d o n a n l3 t or us  wit h di m e nsi o nl ess
n o n- c o m m ut ati vit y p ar a m et er gi v e n b y θ̂ = m / N ,  wit h m t h e  m o d ul ar i n v ers e of
m , i. e., m × m = 1 m o d N . It is e as y t o s e e t h at  wit h o ur c h oi c es f or N a n d m , o n e
g ets m = ( − 1) n F n − 2 a n d t h e n o n- c o m m ut ati vit y p ar a m et er b e c o m es |θ̂ | = F n − 2 / F n ,
w hi c h i n t h e l ar g e N li mit a p pr o a c h es ϕ − 2 ,  wit h ϕ = ( 1  +

√
5) / 2 t h e  G ol d e n  R ati o.

We  will a d o pt t his s p e ci al t wist f or t h e r est of t his c h a pt er.

O n c e o ur c h oi c e of t wist a n d t or us g e o m etr y h as b e e n fi x e d,  w e  m o v e o n t o t h e
H a milt o ni a n d es cri pti o n of t h e g a u g e t h e or y o n t h e 3-t or us  wit h t wist e d b o u n d ar y.
We r e c all t h at t h e e ff e cti v e t or us si z e l c a n b e t u n e d t o  m a k e t h e t h e or y a n al yti c all y
tr a ct a bl e i n t h e r e gi m e i n  w hi c h Λ l  < < 1 . I n  w h at r e m ai ns,  w e  will s u m m ari z e  w h at
is k n o w n a b o ut t h e g a u g e t h e or y d y n a mi cs i n t his s m all- v ol u m e d o m ai n.

L et u s coll e ct s o m e p arti c ul ar r es ults c o n c er ni n g t h e t wist e d al g e br a dis c uss e d
i n c h a pt er 2 , a n d a d a pt e d t o t h e  H a milt o ni a n s et u p.  T wist e d b o u n d ar y c o n diti o ns
o n R × T 3 ar e i m pl e m e nt e d at t h e l e v el of t h e g a u g e p ot e nti al b y i m p osi n g t h e
f oll o wi n g p eri o di cit y c o n diti o ns:

A µ (x + li ê i )  = Ω i (x )A µ (x )Ω †
i (x )  + i Ω i (x )∂ µ Ω †

i (x ), ( 8. 1)

9 7



C h a pt e r 8. S U (N ) f r a cti o n al i n st a nt o n s a n d t h e  Fi b o n a c ci s e q u e n c e

w h er e Ω i ar e S U (N ) tr a nsiti o n  m atri c es s u bj e ct t o t h e c o nsist e n c y c o n diti o ns:

Ω i (x + lj ê j ) Ω j (x )  = Z i j Ω j (x + li ê i ) Ω i (x ), ( 8. 2)

wit h Z i j = e x p { i2 π n i j / N } .  A n a p pr o pri at e c h oi c e of g a u g e t o a n al y z e t h e  H a milt o-
ni a n li mit is A 0 = 0 . I n t his g a u g e, t h e r esi d u al, s p a c e- d e p e n d e nt g a u g e i n v ari a n c e
is us e d t o bri n g t h e t hr e e s p ati al t wist  m atri c es t o c o nst a nt S U (N ) m atri c es s atis-
f yi n g t h e c o nsist e n c y c o n diti o ns i m p os e d b y t h e  m a g n eti c t wist [2 0 2 ,2 0 3 ].  Wit h o ur
c h oi c e 󰁛m = ( 0 , 0 ,  m), t his gi v es:

Γ 1 Γ 2 = e i 2 π m
N Γ 2 Γ 1 , ( 8. 3)

Γ 3 Γ i = Γ i Γ 3 , f or i = 1 , 2 , ( 8. 4)

r e d u ci n g t h e p eri o di cit y c o n diti o ns t o:

A i (x + lj 󰂃e j )  = Γ j A i (x )Γ †
j . ( 8. 5)

I n 3 di m e nsi o ns, a p arti c ul arl y s uit a bl e b asis f or o ur c h oi c e of t wist is t h e f oll o wi n g:

Γ 1 = Q m
N , ( 8. 6)

Γ 2 = P †
N , ( 8. 7)

Γ 3 = z 3 I , ( 8. 8)

wit h

Q N |l j = z δ l, j e x p

󰁛
2 π l

N

󰁔

, ( 8. 9)

P N |l j = z δ l, j+ 1 . ( 8. 1 0)

T h e  F o uri er e x p a nsi o n c o nsist e nt  wit h t his c h oi c e is gi v e n b y [ 5 ]:

A i (x 0 , 󰂃x )  =
1

√
l1 l2 l3

′󰁛

󰂃p

ˆA i (x 0 , 󰂃p )e i󰁫p ·󰁬x 󰁵Γ (󰀕p ), ( 8. 1 1)

wit h:
󰀖Γ (󰂃p )  =

1
√

2 N
e iα ( 󰀖p ) Γ − m n 2

1 Γ m n 1
2 , ( 8. 1 2)

wit h  m o m e nt a q u a nti z e d as p i = 2 π n i /l , n i ∈ Z i n all t hr e e dir e cti o ns, a n d  w h er e
t h e pri m e i n t h e s u m i n di c at es t h e e x cl usi o n of t h e c as es  w h er e b ot h n 1 a n d n 2

ar e e q u al t o z er o  m o d ul o N .  At t h e p ert ur b ati v e l e v el, t h e f a ct t h at  m o m e nt u m is
q u a nti z e d i n u nits of l i n t h e s h ort dir e cti o ns ( wit h l1 = l2 = l / N ) is, as  w e k n o w,
t h e first si g n al of v ol u m e i n d e p e n d e n c e, i n di c ati n g t h at t h e 3- di m e nsi o n al b o x h as
t h e s a m e eff e cti v e si z e l i n all t hr e e s p ati al dir e cti o ns.  N ot e  m or e o v er t h at t h e f a ct
t h at Γ 1 a n d Γ 2 s p a n t h e al g e br a of t h e S U (N ) gr o u p, t o g et h er  wit h t h e c o nsist e n c y
c o n diti o n e q. ( 8. 4 ), i m pli es t h at n e c ess aril y Γ 3 h as t o b el o n g t o t h e c e nt er of S U (N ),
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i. e., Γ 3 = z 3 , a n d t h er ef or e t h er e ar e N di ff er e nt c h oi c es of Γ 3 c o m p ati bl e  wit h o ur
b o u n d ar y c o n diti o ns.

G a u g e fi xi n g is n ot c o m pl et e o n c e t h e c o nst a nt t wist  m atri c es h a v e b e e n c h os e n.
I n a d diti o n, s p a c e- d e p e n d e nt g a u g e tr a nsf or m ati o ns s u bj e ct t o t h e p eri o di cit y c o n-
diti o n:

Ω (󰁛x + li ê i )  = Γ i Ω (󰂃x )Γ †
i , ( 8. 1 3)

ar e still all o w e d.  O n t o p of t h os e, o n e c a n as  w ell c o nsi d er s o- c all e d si n g ul a r g a u g e
t r a n sf o r m ati o n s, s atisf yi n g:

Ω 󰁛s (󰁔x + li 󰂃e i )  = e i
2 π s i

N Γ i Ω 󰁛s (󰂃x )Γ †
i , s i ∈ Z N . ( 8. 1 4)

T h es e tr a nsf or m ati o ns c o m m ut e  wit h t h e  H a milt o ni a n a n d c a n b e si m ult a n e o usl y
di a g o n ali z e d  wit h it. St at es i n t h e  Hil b ert s p a c e c a n t h er ef or e b e p ar a m et eri z e d b y
h o w t h eir  w a v e f u n cti o n tr a nsf or ms u n d er Ω 󰂃s :

Ψ 󰁫e

󰁬
[Ω 󰁵s ]A

󰀕
= e i 2 π 󰀖e ·󰂃s

N Ψ 󰀖e (A ). ( 8. 1 5)

T h e v e ct or of i nt e g ers 󰀥e = ( e 1 , e2 , e3 ), d e fi n e d  m o d ul o N , c h ar a ct eri z es t h e st at e
a n d r e c ei v es t h e n a m e of el e ctri c fl u x [ 1 ].  T h er e ar e N 3 di ff er e nt el e ctri c fl u x s e c-
t ors, a n d t h e  H a milt o ni a n c a n b e di a g o n ali z e d i n d e p e n d e ntl y.  Wit h o ur c h oi c e of
b o u n d ar y c o n diti o ns, all s e ct ors di ff er e nt fr o m 󰁝e = 󰀦0 ar e lift e d i n p ert ur b ati o n t h e-
or y, e x c e pt t h e o n es of t h e f or m 󰀥e = ( 0 , 0 , e3 ),  w hi c h r e m ai n d e g e n er at e  wit h t h e
v a c u u m [ 1 9 0 ].  T his d e g e n er a c y is r e m o v e d n o n- p ertur b a ti v el y b y t h e e ff e ct of fr a c-
ti o n al i nst a nt o ns; t h e g e n er al e x pr essi o n f or t h e i nst a nt o n-i n d u c e d e n er g y s plitti n g
c a n b e f o u n d i n r ef. [ 1 8 4 ] – s e e als o [1 8 5 ] – a n d h as b e e n t est e d f or S U( 2) a g ai nst
n u m eri c al si m ul ati o ns i n r efs. [ 1 8 0 , 1 9 2 ].

It is cr u ci al at t his st a g e t o r e c all t h at t h e s e mi cl assi c al  w ei g ht, e x p { − N  S / λ } ,
r e m ai ns n o n- z er o i n t h e l ar g e N ’t  H o oft li mit f or Q = 1 / N fr a cti o n al i nst a nt o ns
wit h a cti o n N  S = 8 π 2 . I n  w h at f oll o ws,  w e c o nsi d er t h at t h e q u a ntit y t h at s c al e s
a d e q u at el y i n t h e l ar g e N li mit (i n t h e s e ns e of b e c o mi n g N -i n d e p e n d e nt) is N  S f or
t h e a cti o n a n d N  Q f or t h e t o p ol o gi c al c h ar g e.

I n t h e  H a milt o ni a n li mit, t h es e fr a cti o n al i nst a nt o ns h a v e a  w ell- d e fi n e d i nt er-
pr et ati o n as t u n n eli n g e v e nts i nt er p ol ati n g b et w e e n t w o p ur e g a u g e c o n fi g ur ati o ns,
w hi c h c a n b e c h ar a ct eri z e d i n t er ms of t h e h ol o n o mi es (t h e s p ati al  P ol y a k o v l o o ps at
x 0 = ± ∞ ).  Wit h o ur c h oi c e of t wist, t h e o nl y h ol o n o mi es t h at c a n b e di ff er e nt fr o m
z er o ar e t h os e t h a t  wi n d n o n-tri vi all y i n t h e x 3 dir e cti o n.  L et us s e e h o w t his c o m es
a b o ut.  We st art b y n oti ci n g t h at  wit h t wist e d b o u n d ar y c o n diti o ns, t h e a p pr o pri at e
d e fi niti o n of  P ol y a k o v l o o ps  wi n di n g o n c e al o n g a t or us p eri o d is gi v e n b y [ 1 8 4 ]:

P i (x 0 , 󰁝x ) ≡
1

N
Tr



 P e x p

󰀦

− i

󰀕 li

0

d x i A i (x 0 , 󰀖x )

󰁥

Γ i



 , ( 8. 1 6)

a d e fi niti o n t h at c o m bi n e d  wit h e qs. ( 8. 1 4 ) a n d (8. 1 5 ), i m m e di at el y s h o ws t h at P i

tr a nsf or ms a st at e  wit h el e ctri c fl u x 󰀃e i nt o o n e  wit h fl u x 󰀄e + ê i .  T his all o ws us t o
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u n d erst a n d t h e pr e vi o us st at e m e nt t h at t h e o nl y el e ctri c fl u x s e ct ors n ot lift e d i n
p ert ur b ati o n t h e or y ar e t h os e  wit h e = ( 0 , 0 , e3 ).  T h e ar g u m e nt is as f oll o ws.  We
c a n fi n d a r el ati o ns hi p b et w e e n el e ctri c fl u x a n d  m o m e nt u m i n t h e t wist e d dir e cti o ns
b y usi n g t h e p eri o di cit y pr o p erti es of  P ol y a k o v l o o ps, o bt ai ni n g:

ê i =
N l i

2 π
󰁛 i j m̄ p j ( m o d N ) f or i = 1, 2. ( 8. 1 7)

I n t h e t hir d dir e cti o n, t h e  P ol y a k o v l o o p is p eri o di c; t h er ef or e, z er o  m o m e nt u m is
all o w e d.  C o ns e q u e ntl y, all st at es di ff eri n g o nl y i n t h e v al u e of t h e el e ctri c fl u x i n
t h e t hir d dir e cti o n ê 3 ar e e n er g y d e g e n er at e i n p ert ur b ati o n t h e or y.  M or e o v er, t his
d e g e n er a c y is als o r e fl e ct e d i n t h e v a c u u m of t h e t h e or y, a n d st at es  wit h fl u x ( 0, 0 , ê 3 )
ar e d e g e n er at e at all or d ers i n p ert ur b ati o n t h e or y.  As  m e nti o n e d b ef or e, o nl y
t u n n eli n g t hr o u g h fr a cti o n al i nst a nt o ns r e m o v es r e m o v es t h e N -f ol d e d d e g e n er a c y.

We c o nti n u e  wit h t h e o bs er v ati o n t h at a g a u g e p ot e nti al A i (󰂃x )  = 0 is c o m-
p ati bl e  wit h t h e c h oi c e of c o nst a nt t wist  m atri c es a n d l e a ds t o h ol o n o mi es gi v e n
b y:

P (γ ,  w1 ,  w2 ,  w3 )  =
1

N
Tr

󰁛
Γ

w 1 ( γ )
1 Γ

w 2 ( γ )
2 Γ

w 3 ( γ )
3

󰁔
, ( 8. 1 8)

w h er e γ r e pr es e nts a cl os e d c ur v e a n d w i (γ ) d e n ot es its  wi n di n g n u m b er i n t h e it h
dir e cti o n, d e fi n e d  m o d ul o N .

I n o ur p arti c ul ar c as e, t his i m pli es P (γ , 0 , 0 , 1)  = z 3 a n d P (γ ,  w1 ,  w2 , 0)  = 0 ,
u nl ess w 1 a n d w 2 ar e b ot h e q u al t o z er o ( m o d N ).  T h er ef or e, t h e h ol o n o m y v al u e
p ar a m et eri z es fl at c o n n e cti o ns i n t h e t hir d dir e cti o n,  w hi c h t a k es v al u es o v er t h e N
r o ots of u nit y.  T h e c orr es p o n di n g g a u g e p ot e nti als ar e  m a p p e d i nt o o n e a n ot h er b y
t h e a cti o n of si n g ul ar g a u g e tr a nsf or m ati o ns of t h e f or m gi v e n i n e q. (8. 1 4 ), s p a n ni n g
a gr o u p is o m or p hi c t o Z N .

It is  w ort h  m e nti o ni n g t h at st at es  wit h t h e n o ntri vi al fl u x i n t h e t wist e d pl a n e
ar e alr e a d y lift e d i n p ert ur b ati o n t h e or y.  At a tr e e l e v el, t h e l o w est s u c h st at es
c orr es p o n d t o t h e fl u x es (± k̄, 0 , ê 3 ) a n d ( 0, ± k̄, ê 3 ),  wit h  m o m e nt a ( 0, ± 2 π / (N l 2 ),
0) or (± 2 π / (N l 1 ), 0 , 0) .  At t h e n e xt or d er i n p ert ur b ati o n t h e or y, a n d f or  m o m e nts
(p 1 , p2 , 0) , t h er e ar e t w o tr a ns v ers e p ol ari z ati o ns 󰂃 ( 1) ∝ ( 0, p2 , − p 1 , 0) , a n d 󰁛 ( 2)  =
( 0, 0 , 0 , 0 , 1) .  T h e s elf- e n er g y c orr e cti o n h as b e e n c al c ul at e d f or T 2 × R 2 ( s e e, e. g.,
r ef. [1 9 7 ] a n d r ef er e n c es t h er ei n). Still, a g e n er ali z ati o n f or t h e c as e at h a n d s e e ms
str ai g htf or w ar d b y si m pl y r e pl a ci n g t h e i nt e gr al o v er t h e t hir d s p ati al dir e cti o n  wit h
a dis cr et e s u m.

Wit h t h es e pr eli mi n ari es,  w e ar e r e a d y t o dis c uss t h e n u m eri c al a p pr o a c h us e d
t o o bt ai n s elf- d u al fr a cti o n al i nst a nt o ns o n t h e l atti c e a n d t o c h ar a ct eri z e t h e s ol u-
ti ons r es ulti n g fr o m o ur st u d y.  T h e  H a milt o ni a n li mit is a c hi e v e d t hr o u g h a li miti n g
pr o c ess:  w e st art b y l o o ki n g at  mi ni m al a cti o n s ol uti o ns o n a 4- di m e nsi o n al t or us
a n d a n al y z e t h eir b e h a vi or  w h e n t h e t or us p eri o d i n t h e ti m e dir e cti o n is s e nt t o
i n fi nit y. I n a d diti o n, t h e fr a cti o n al t o p ol o gi c al c h ar g e is e nf or c e d b y i ntr o d u ci n g a
t wist i n ti m e, i. e., b y  w or ki n g  wit h g a u g e p ot e nti als p eri o di c i n t h e ti m e dir e cti o n
u p t o g a u g e tr a nsf or m ati o ns, i. e.:

A i (x + l0 ê 0 )  = Ω 0 (󰂃x )A i (x )Ω †
0 (󰂃x )  + iΩ 0 (󰁫x )∂ i Ω

†
0 (󰁬x ). ( 8. 1 9)
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8. 3.  Fi b o n a c ci c o n st r u cti o n of c o n st a nt c u r v at u r e s ol uti o n s o n T 4

T h es e b o u n d ar y c o n diti o ns a ct as t h e g e n er at ors of si n g ul ar g a u g e tr a nsf or m ati o ns if
Ω 0 is t a k e n t o s atisf y e q. (8. 1 4 ) 1 .  T h e o nl y a d diti o n al c o n diti o n o n e h as t o i m p os e
is t h at t h es e b o u n d ar y c o n diti o ns s u p p ort t h e fr a cti o n al t o p ol o gi c al c h ar g e.  F or
o ur c h oi c e of  m a g n eti c t wist ( N = F n , m = F n − 2 ), a n d usi n g t h e f or m ul a f or t h e
q u a nti z ati o n of Q wit h t wist e d b o u n d ar y c o n diti o ns [ 7 2 , 1 8 4 ], o n e o bt ai ns:

Q =
1

1 6 π 2

󰁛

d 4 x Tr
󰂃
G µ ν (x ) 󰁛G µ ν (x )

󰁔
= ν −

󰂃k · 󰁛m

N
= ν −

F n − 2 k 3

F n

, ν ∈ Z . ( 8. 2 0)

It is e as y t o s e e t h at t h e  mi ni m al fr a cti o n al t o p ol o gi c al c h ar g e 1 / N is o bt ai n e d b y
t a ki n g: k 3 = − m = ( − 1) n + 1 F n − 2 a n d ν = ( − 1) n + 1 F n − 4 .  T h er ef or e,  w e s el e ct a

s p a c e-ti m e t wist: 󰂃k = ( 0 , 0 , − m ).

I n s e cti o n 8. 4 ,  w e  will pr es e nt n e w l o c ali z e d-i n-ti m e n u m eri c al s ol uti o ns c o m-
p ati bl e  wit h o ur s et u p a n d dis c uss t h eir s c ali n g pr o p erti es i n t h e si n g ul ar l ar g e N
li mit  m e nti o n e d b ef or e.  As  w e  will s e e, t h e y r es e m bl e t h e v ort e x-li k e c o n fi g ur ati o ns
o bt ai n e d f or T 2 × R 2 i n r efs. [2 0 4 – 2 0 6 ] b ut e x hi bit diff er e nt l ar g e N s c ali n g.

8. 3  Fi b o n a c ci c o n s t r u c ti o n of c o n s t a nt c u r v a t u r e s ol u-

ti o n s o n T 4

T his s e cti o n dis c uss es s o m e s ol uti o ns of t h e  Y a n g- Mills e q u ati o ns of  m oti o n o n T 4

wit h t o p ol o gi c al c h ar g e Q = 1 / N a n d c o m p ati bl e  wit h o ur c h oi c e of t wist e d b o u n d-
ar y c o n diti o ns.  T h e y h a v e c o nst a nt c ur v at ur e a n d b e c o m e s elf- d u al f or s p e ci fi c
v al u es of t h e t or us as p e ct r ati os.  Alt h o u g h t h e  H a milt o ni a n li mit of i nt er est is n ot
i n cl u d e d i n t his s et,  w e pr o vi d e c o n cr et e e x a m pl es t h at, u p t o o ur k n o wl e d g e,  w er e
n ot pr e vi o usl y k n o w n i n t h e lit er at ur e.  T h e y ar e o bt ai n e d b y a p pl yi n g t h e g e n-
er al c o nstr u cti o n of c o nst a nt c ur v at ur e s ol uti o ns i n t h e 4-t or us r e c e ntl y pr e s e nt e d
i n r ef. [7 4 ],  w hi c h g e n er ali z es t h e ori gi n al o n e b y ’t  H o oft [6 9 ].  We st art  wit h a bri ef
r e vi e w f oll o wi n g t h e n ot ati o n i ntr o d u c e d i n r ef. [ 7 4 ] a n d t h e n dis c uss t h e p arti c u-
l ar i m pl e m e nt ati o n  w h e n b ot h N a n d t h e ’t  H o oft fl u x es b el o n g t o t h e  Fi b o n a c ci
s e q u e n c e.

T h e c o nstr u cti o n st arts b y d e c o m p osi n g t h e n u m b er of c ol ors as N = N 1 + N 2

a n d c orr es p o n di n gl y t h e t wist t e ns or as:

n µ ν = n ( 1 )
µ ν + n ( 2 )

µ ν , ( 8. 2 1)

w h er e t h e n
( a )
µ ν ar e t a k e n as ort h o g o n al t wists i n S U (N a ).  D efi ni n g:

∆ µ ν = n ( 2 )
µ ν N 1 − n ( 1 )

µ ν N 2 , ( 8. 2 2)

1 It i s t ri vi al t o s e e t h at t h e y  m a p A i = 0 at x 0 = − ∞ t o A i = iΩ 0 (󰂃x )∂ i Ω
†
0 (󰁫x ) at x 0 =  + ∞ ,

t h u s i nt e r p ol ati n g b et w e e n t w o fl at c o n n e cti o n s.
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C h a pt e r 8. S U (N ) f r a cti o n al i n st a nt o n s a n d t h e  Fi b o n a c ci s e q u e n c e

t h e g a u g e fi el d a n d t h e fi el d str e n gt h t e ns or of t h e c o nst a nt c ur v at ur e s ol uti o ns ar e
gi v e n b y:

A µ (x )  = π
∆ ν µ

N l µ lν
x ν T, ( 8. 2 3)

G µ ν (x )  = 2π
∆ µ ν

N l µ lν
T, ( 8. 2 4)

w h er e T st a n ds f or t h e h er miti a n a n d tr a c el ess  m atri x:

T =

󰁛
1 / N 1 0
0 − 2 / N 2

󰂃

, ( 8. 2 5)

wit h a r e pr es e nti n g t h e i d e ntit y  m atri x i n S U (N a ).

T h es e s ol uti o ns h a v e c o nst a nt a cti o n d e nsit y a n d a t o p ol o gi c al c h ar g e:

Q =
󰁛 µ ν ρ σ ∆ µ ν ∆ ρ σ

8 N  N 1 N 2

. ( 8. 2 6)

M or e o v er, it is e as y t o s e e t h at t h e y s atisf y t wist e d b o u n d ar y c o n diti o ns o n T 4 wit h
tr a nsiti o n  m atri c es gi v e n b y:

Ω µ (x )  = e iπ ω µ ( x ) T

󰁔
Γ

( 1 )
µ 0

0 Γ
( 2 )
µ

󰂃

, ( 8. 2 7)

w h er e t h e c o nst a nt S U (N a ) m atri c es Γ
( a )
µ ar e t wist e at ers c o m p ati bl e  wit h t h e or-

t h o g o n al t wists n
( a )
µ ν , i. e., s atisf yi n g:

Γ ( a )
µ Γ ( a )

ν = e 2 π i n
( a )
µ ν / N a Γ ( a )

ν Γ ( a )
µ , ( 8. 2 8)

a n d  w h er e ω µ (x ) st a n ds f or t h e f u n cti o n:

ω µ (x ) ≡
∆ µ ν x ν

N l ν

. ( 8. 2 9)

We  will n o w c o nsi d er t h e c as e i n  w hi c h t h e o nl y n o n- z er o c o m p o n e nts of t h e
t wist  m atri x ar e ∆ 0 3 ≡ ∆ A a n d ∆ 1 2 ≡ ∆ B ( a n y ot h er c h oi c e c a n b e br o u g ht t o t his
f or m b y a c h a n g e of b asis [6 8 ]).  T h e s elf- d u alit y c o n diti o n (G µ ν = G̃ µ ν ) tri vi all y
a m o u nts i n t his c as e t o

l0 l3
l1 l2

=
∆ A

∆ B

. ( 8. 3 0)

T his i m pli es t h at s elf- d u al c o nst a nt c ur v at ur e s ol uti o ns e xist o nl y f or a fi x e d v al u e
of t h e r ati o of t or us ar e as i n pl a n es 0 3 a n d 1 2.

Gi v e n t h e f or m of t h e t o p ol o gi c al c h ar g e, t h e g e n er al  mi ni m al a cti o n s ol uti o ns
wit h Q = 1 / N c a n b e o bt ai n e d b y c h o osi n g ∆ A ∆ B = N 1 N 2 a n d [ 7 4 ]:

∆ A = M A 1 M A 2 ; ∆ B = M B 1 M B 2 ; N 1 = M A 1 M B 1 ; N 2 = M A 2 M B 2 , ( 8. 3 1)
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8. 3.  Fi b o n a c ci c o n st r u cti o n of c o n st a nt c u r v at u r e s ol uti o n s o n T 4

wit h M Ai , M B i p ositi v e i nt e g ers.  T a ki n g,  wit h o ut l oss of g e n er alit y, N 1 a n d N 2

t o b e c o pri m e, c o m p ati bilit y of t his c h oi c e  wit h e q. ( 8. 2 2 ) is e asil y o bt ai n e d b y
s el e cti n g [ 7 4 ]:

k ( a ) = M A a k̂ ( a ) , ( 8. 3 2)

m ( a ) = M B a m̂ ( a ) , ( 8. 3 3)

s atisf yi n g t h e f oll o wi n g r el ati o ns:

k̂ ( 2 ) M B 1 − k̂ ( 1 ) M B 2 = 1 , ( 8. 3 4)

m̂ ( 2 ) M A 1 − m̂ ( 1 ) M A 2 = 1 , ( 8. 3 5)

wit h k̂ ( a ) ( m̂ ( a ) ) c o pri m e  wit h M B a (M A a ). It is e as y t o s e e t h at t his c h oi c e l e a ds t o
ort h o g o n al t wists of t h e r e q uir e d t y p e.

T h e pr o p erti es of  Fi b o n a c ci n u m b e rs  m a k e t h e m p arti c ul arl y s uit a bl e f or fi n d-
i n g n o n-tri vi al e x a m pl es of t his c o nstr u cti o n.  We r e c all o ur c h oi c e of g a u g e p ar a m et-
ers,  wit h t h e n u m b er of c ol ors s et t o N = F n a n d  wit h ’t  H o oft fl u x es 󰁛m = ( 0 , 0 ,  m)

a n d 󰂃k = ( 0 , 0 , − m ),  w h er e m = F n − 2 a n d m = ( − 1) n F n − 2 .  T h e st arti n g p oi nt is t h e
H o ns b er g er i d e ntit y:

F n = F m F n − m + 1 + F m − 1 F n − m . ( 8. 3 6)

S etti n g N = F n , t his r el ati o n c a n b e  m a p p e d i n a str ai g htf or w ar d  w a y t o t h e
d e c o m p ositi o n N = M A 1 M B 1 + M A 2 M B 2 .  Gi v e n t h e s elf- d u alit y c o n diti o n e q. (8. 3 0 ),
m a n y p ossi bl e i d e nti fi c ati o ns ar e p ossi bl e.  We ar e i nt er est e d i n t h os e c orr es p o n di n g
t o t h e si n g ul ar l ar g e N li mit,  wit h l1 a n d l2 s c ali n g as l / Fn , f or fi x e d l.  T h er ef or e
w e o bt ai n:

l0 l3 =
M A 1 M A 2

F 2
n M B 1 M B 2

, ( 8. 3 7)

w h er e, f or si m pli cit y,  w e h a v e s et t h e r ef er e n c e s c al e l = 1 . T o k e e p t h e ar e a i n t h e
0 3 pl a n e of or d er 1  w h e n n t e n ds t o i n fi nit y,  w e c h o os e:

M A 1 M A 2 = F n − m + 1 F n − m , ( 8. 3 8)

M B 1 M B 2 = F m F m − 1 . ( 8. 3 9)

wit h n − m  > > 1 .  O n e c a n e asil y  w or k o ut, i n t his c as e, t h e t wist d e c o m p ositi o n, c.f.
e q. ( 8. 2 1 ), c o m p ati bl e  wit h t h e c o n diti o ns gi v e n i n e qs. ( 8. 3 4 ), (8. 3 5 ).  T h e s ol uti o n
f or t h e c as e of o d d n − m is pr o vi d e d b el o w f or c o m pl et e n ess (f or e v e n n − m o n e

j ust h as t o e x c h a n g e A 1 ↔ A 2 , B 1 ↔ B 2 a n d n
( 1 )
µ ν ↔ n

( 2 )
µ ν ).  O n e t a k es:

M B 1 = F m ; M B 2 = F m − 1 ; M A 1 = F n − m + 1 ; M A 2 = F n − m , ( 8. 4 0)

wit h c hr o m o- el e ctri c fl u x gi v e n b y 2 :

k̂ ( 1 ) = ( − 1) n + 1 F m − 2 , ( 8. 4 1)

k̂ ( 2 ) = ( − 1) n + 1 F m − 3 , ( 8. 4 2)

2 We u s e F − m = ( − 1) m + 1 F m t o e xt e n d t h e d e fi niti o n of  Fi b o n a c ci n u m b er s t o n e g ati v e i nt e g er s.
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C h a pt e r 8. S U (N ) f r a cti o n al i n st a nt o n s a n d t h e  Fi b o n a c ci s e q u e n c e

a n d  m a g n eti c fl u x b y:

m̂ ( 1 ) = F n − m − 1 , ( 8. 4 3)

m̂ ( 2 ) = F n − m − 2 . ( 8. 4 4)

L et us st u d y i n  m or e d et ail t h e p ossi bl e v al u es of t h e ar e a i n t h e 0 3 pl a n e
arisi n g fr o m t his p arti c ul ar c h oi c e.  We c a n e x pr ess  Fi b o n a c ci n u m b ers b y usi n g t h e
w ell- k n o w n  Bi n et’s f or m ul a:

F n =
1

√
5

󰁛
ϕ n − (ψ ) n

󰂃
, ( 8. 4 5)

w h er e ϕ st a n ds f or t h e  G ol d e n  R ati o:

ϕ =
1  +

√
5

2
, ( 8. 4 6)

a n d ψ ≡  − ϕ − 1 . I n t h e li mit n →  ∞ ,  Fi b o n a c ci n u m b ers s c al e as
√

5 F n = ϕ n ,
l e a di n g, f or n − m l ar g e, t o:

l0 l3 =
F n − m + 1 F n − m

F 2
n F m F m − 1

− − − − − →
n − m → ∞

l0 l3 =
ϕ 1 − 2 m

F m F m − 1

( 8. 4 7)

wit h t h e l ar g est v al u e of t h e ar e a i n t h e 0 3 pl a n e o bt ai n e d f or m = 2 .  C h o osi n g
l3 = 1 l e a ds t o a  m a xi m u m v al u e of l0 = ϕ − 3 ∼ 0 .2 3 6 . If i nst e a d o n e fi x es l0 = l3 ,
t h e  m a xi m al l e n gt h is l0 = l3 = ϕ − 3 / 2 ∼ 0 .4 8 6 .  Cl e arl y, u n d er t his c o nstr u cti o n, o n e
c a n n ot a p pr o a c h t h e  H a milt o ni a n li mit ( l0 →  ∞ , l3 = 1 ). I n t h e n e xt s e cti o n,  w e
d es cri b e s ol uti o ns o bt ai n e d i n t h at li mit  wit h a n u m eri c al a p pr o a c h.  We a n al y z e first
t h e c as e i n  w hi c h l0 = l3 = 1 a n d t h e n l o o k at  w h at h a p p e ns  w h e n t h e ti m e e xt e nt is
i n cr e as e d, k e e pi n g l3 = 1 fi x e d.  As  w e  will s e e, i n a p pr o a c hi n g t h e  H a milt o ni a n li mit,
t h e c o nst a nt c ur v at ur e c o n fi g ur ati o n is d ef or m e d, d e v el o pi n g a l o c ali z e d pr o fil e i n
t h e ti m e dir e cti o n  wit h t ails t h at t e n d t o fl at c o n n e cti o ns at x 0 = ± ∞ .

We e n d t his s e cti o n b y p oi nti n g o ut t h at o n e c a n c o nstr u ct ot h er t y p es of
c o nst a nt c ur v at ur e s ol uti o ns b y usi n g r el ati o ns b et w e e n  Fi b o n a c ci n u m b ers.  T a ki n g
f or i nst a n c e l1 = l2 = l3 = 1 / F n , c o nst a nt s elf- d u al s ol uti o ns e xist f or a n y v al u e of
l0 s atisf yi n g:

l0 =
F n − m + 1 F n − m

F n F m F m − 1

, ( 8. 4 8)

wit h ar bitr ar y m .  T a ki n g, f or i nst a n c e, t h e d e c o m p ositi o n n = 4 m + q a n d s e n di n g
n t o i n fi nit y b y t a ki n g m t o i n fi nit y, o n e o bt ai ns:

l0 =
√

5 ϕ q + 2 ( 8. 4 9)

w hi c h c a n b e  m a d e ar bitr aril y l ar g e b y s e n di n g q t o i n fi nit y.  A n u m eri c al st u d y
of s o m e S U (N ) fr a cti o n al i nst a nt o n s ol uti o ns i n t his g e o m etr y h as b e e n d o n e i n
r ef. [7 8 ].  T h e c h oi c e of t wists a n d g e o m etr y t a k e n i n t h at  w or k diff er fr o m o urs, b ut
t h e l ar g e N s c ali n g pr o p erti es of s o m e of t h e s ol uti o ns a gr e e  wit h t h os e d es cri b e d i n
t h e n e xt s e cti o n.
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8. 4.  Fr a cti o n al i n st a nt o n s o n R × T 3

N  m m  L s  N  S / 8 π 2 N  S E / 8 π 2 N  S B / 8 π 2 N  Q

3 1 1 6 1 1. 0 0 0 1 8 5 0. 5 0 2 5 7 9 0. 4 9 7 6 0 6 0. 9 6 5 5 6 0
3 1 1 8 1 1. 0 0 0 0 6 2 0. 5 0 1 4 1 3 0. 4 9 8 6 5 0 0. 9 8 0 6 7 6
3 1 1 1 0 1 1. 0 0 0 0 2 6 0. 5 0 0 8 9 2 0. 4 9 9 1 3 4 0. 9 8 7 6 4 8
3 1 1 2 0 1 0. 9 9 9 9 9 5 0. 5 0 0 2 1 6 0. 4 9 9 7 7 9 0. 9 9 6 9 1 7

3 1 1 4 2 1. 0 0 0 7 6 6 0. 5 0 5 7 6 0 0. 4 9 5 0 0 6 0. 9 2 1 4 0 8
3 1 1 6 2 1. 0 0 0 1 8 6 0. 5 0 2 3 9 3 0. 4 9 7 7 9 3 0. 9 6 5 3 2 0
3 1 1 8 2 1. 0 0 0 0 6 3 0. 5 0 1 3 0 9 0. 4 9 8 7 5 4 0. 9 8 0 5 4 2

5 2 - 2 4 1 1. 0 0 0 0 9 2 0. 5 0 1 8 7 6 0. 4 9 8 2 1 6 0. 9 7 4 7 9 0
5 2 - 2 6 1 1. 0 0 0 0 1 9 0. 5 0 0 8 1 4 0. 4 9 9 2 0 5 0. 9 8 8 8 2 0
5 2 - 2 1 2 1 1. 0 0 0 0 0 7 0. 5 0 0 2 0 3 0. 4 9 9 8 0 4 0. 9 9 7 2 0 9

5 2 - 2 4 2 1. 0 0 0 0 9 3 0. 5 0 1 7 1 4 0. 4 9 8 3 7 9 0. 9 7 4 5 7 9
5 2 - 2 6 2 1. 0 0 0 0 1 9 0. 5 0 0 7 4 3 0. 4 9 9 2 7 7 0. 9 8 8 7 2 7
5 2 - 2 1 2 2 0. 9 9 9 9 9 4 0. 5 0 0 1 7 9 0. 4 9 9 8 1 5 0. 9 9 7 1 8 5

8 3 3 2 1 1. 0 0 0 2 3 3 0. 5 0 3 0 9 1 0. 4 9 7 1 4 2 0. 9 5 9 2 7 5
8 3 3 4 1 1. 0 0 0 0 1 7 0. 5 0 0 7 3 4 0. 4 9 9 2 8 3 0. 9 8 9 8 6 8
8 3 3 6 1 1. 0 0 0 0 0 2 0. 5 0 0 3 2 2 0. 4 9 9 6 8 0 0. 9 9 5 5 0 1
8 3 3 8 1 1. 0 0 0 0 0 2 0. 5 0 0 1 8 1 0. 4 9 9 8 2 1 0. 9 9 7 4 7 0

8 3 3 2 2 1. 0 0 0 2 3 5 0. 5 0 2 8 4 2 0. 4 9 7 3 9 3 0. 9 5 8 9 5 3
8 3 3 4 2 1. 0 0 0 0 1 6 0. 5 0 0 6 7 3 0. 4 9 9 3 4 4 0. 9 8 9 7 8 8
8 3 3 6 2 1. 0 0 0 0 0 1 0. 5 0 0 2 9 4 0. 4 9 9 7 0 6 0. 9 9 5 4 6 6

1 3 5 - 5 2 1 1. 0 0 0 0 3 6 0. 5 0 1 1 0 9 0. 4 9 8 9 2 6 0. 9 8 4 8 3 4
1 3 5 - 5 4 1 1. 0 0 0 0 0 1 0. 5 0 0 2 8 4 0. 4 9 9 7 1 7 0. 9 9 6 1 8 7

1 3 5 - 5 2 2 1. 0 0 0 0 3 6 0. 5 0 1 0 1 5 0. 4 9 9 0 2 1 0. 9 8 4 7 1 2
1 3 5 - 5 4 2 0. 9 9 9 9 9 9 0. 5 0 0 2 4 6 0. 4 9 9 7 5 2 0. 9 9 6 1 8 5

2 1 8 8 2 1 1. 0 0 0 0 0 5 0. 5 0 0 4 2 0 0. 4 9 9 5 8 6 0. 9 9 4 1 6 9

2 1 8 8 2 2 1. 0 0 0 0 0 5 0. 5 0 0 3 8 4 0. 4 9 9 6 2 1 0. 9 9 4 1 2 3

T a bl e 8. 1: V al u e of t ot al a cti o n ( S ) al o n g  wit h it s el e ctri c ( S E ) a n d  m a g n eti c ( S B ) p art s
i n u nit s of 8 π 2 / N .  We al s o gi v e t h e v al u e of N ti m e s t h e t o p ol o gi c al c h ar g e ( N  Q ).  R e s ult s
ar e gi v e n f or all o ur l atti c e c o n fi g ur ati o n s r e pr e s e nti n g a c o nti n u u m t or u s  wit h p eri o d s:
l0 = s N  L a , l1 = l2 = L a a n d l3 = N  L a ,  wit h a t h e l atti c e s p a ci n g.  Q u a ntiti e s ar e
r e p ort e d  wit h a n err or of 1 i n t h e l a st si g ni fi c a nt di git, t a ki n g i nt o a c c o u nt t h e c h a n g e s i n
t h e l a st it er ati o n of t h e fl o w  mi ni mi z ati o n.

8. 4  Fr a c ti o n al i n s t a nt o n s o n R × T 3

T his s e cti o n a n al y z es a n e w t y p e of S U (N ) i nst a nt o n c o n fi g ur ati o ns  wit h fr a cti o n al
t o p ol o gi c al c h ar g e Q = 1 / N c o m p ati bl e  wit h o ur c h oi c e of t wist e d b o u n d ar y c o n di-
ti o ns.  T h e y ar e o bt ai n e d o n t h e l atti c e as cl assi c al s ol uti o ns of t h e l atti c e e q u ati o ns
of  m oti o n. I n t h e c o nti n u u m li mit, t h e y l e a d t o s elf- d u al c o n fi g ur ati o ns d e fi n e d o n
a 4- di m e nsi o n al t or us of p eri o ds l0 = sl , l1 = l2 = l / N , a n d l3 = l.  B y c h a n gi n g s ,
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C h a pt e r 8. S U (N ) f r a cti o n al i n st a nt o n s a n d t h e  Fi b o n a c ci s e q u e n c e

Fi g u r e 8. 1: C o nti n u u m e xtr a p ol ati o n of ( N -ti m e s) t h e t o p ol o gi c al c h ar g e: 1 − N  Q .  D at a
i s e xtr a ct e d fr o m t a bl e 8. 1 a n d i s e xtr a p ol at e d t o t h e c o nti n u u m  wit h a 2 = 1 / (N  L ) 2

c orr e cti o n s.

w e a n al y z e t h eir a p pr o a c h t o t h e  H a milt o ni a n li mit: R × T 3 .  As  w e  will s e e, t h e
r es ulti n g c o n fi g ur ati o ns ar e l o c ali z e d i n t h e 0 3 pl a n e  wit h a c h ar a ct eristi c si z e of
or d er l a n d i nt er p ol at e b et w e e n t w o fl at c o n n e cti o ns at x 0 → ± ∞ ,  wit h h ol o n o mi es
di ct at e d b y c h oi c e of ’t  H o oft fl u x es, as dis c uss e d i n s e cti o n 8. 2 .

L atti c e a p pr o xi m a nts of t h e fr a cti o n al i nst a nt o n c o n fi g ur ati o ns c a n b e o bt ai n e d
b y  mi ni mi zi n g t h e l atti c e e q u ati o ns of  m oti o n.  T h er e ar e v ari o us st a n d ar d  w a ys
i n t h e lit er at ur e t o att ai n t his g o al; i n t his c h a pt er,  w e h a v e us e d t h e gr a di e nt
fl o w [ 1 1 – 1 4 ].

O n t h e l atti c e, t h e fl o w e q u ati o ns c a n b e e asil y dis cr eti z e d; i n o ur st u d y,
w e h a v e us e d t h e  Wils o n fl o w dis cr eti z ati o n,  w hi c h r eli es o n t h e  mi ni mi z ati o n of
Wils o n’s pl a q u ett e a cti o n. It is  w ell k n o w n [ 2 0 7 ] t h at f or t h e  Wilso n a cti o n, t h e l e a d-
i n g O (a 2 ) l atti c e c orr e cti o ns t o t h e c o nti n u u m a cti o n ar e n e g ati v e d e fi nit e; t h er ef or e
i n t h e a bs e n c e of a t wist, t h e o nl y st a bl e s ol uti o n of t h e l atti c e e q u ati o ns of  m oti o n
is t h e v a c u u m c o n fi g ur ati o n.  H o w e v er,  wit h a n o n- ort h o g o n al t wist, a p ur e g a u g e
c o n fi g ur ati o n is i n c o m p ati bl e  wit h t h e b o u n d ar y c o n diti o ns. I n o ur s et u p,  w e h a v e
s el e ct e d 󰁛m = ( 0 , 0 ,  m) a n d 󰂃k = ( 0 , 0 , − m ),  w h er e m = F n − 2 a n d m = ( − 1) n F n − 2

f or a g a u g e gr o u p S U (F n ).  T h er ef or e, t h e a bs ol ut e  mi ni m u m of t h e l atti c e a cti o n is
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8. 4.  Fr a cti o n al i n st a nt o n s o n R × T 3

Fi g u r e 8. 2: We di s pl a y t h e pr o fil e s o bt ai n e d b y i nt e gr ati n g t h e a cti o n d e n sit y o v er x 0 a n d
x 3 a s a f u n cti o n of x 1 /l a n d x 2 /l .  T h e u nit of l e n gt h i s s et b y t a ki n g l = 1 .  G a u g e gr o u p s
ar e, fr o m l eft t o ri g ht: S U ( 3) , S U ( 5) a n d S U ( 8) .  F or r e a d a bilit y of t h e pl ot s, t h e q u a ntit y
di s pl a y e d i s l o g ( 1  + l2 s 1 2 ( x 1 , x2 ) / ( 3N )) . I n t h e l ar g e N li mit, t h e pr o fil e s a p pr o a c h t h e o n e
of t h e c o n st a nt c ur v at ur e s ol uti o n s, f or  w hi c h l o g ( 1  + 1/ 3)  = 0 .2 8 7 6 8 2 .

di ff er e nt fr o m z er o, c orr es p o n di n g t o a dis cr eti z e d v e rsi o n of t h e Q = 1 / N fr a cti o n al
i nst a nt o n  wit h a n a cti o n, u p t o l atti c e artif a cts, e q u al t o 8 π 2 / N .

T o i m pl e m e nt t h e c o n cr et e g e o m etr y  w e ar e i nt er est e d i n,  w e dis cr eti z e t h e
S U (N ) g a u g e t h e or y o n a l atti c e s N  L × L 2 × N  L , c orr es p o n di n g t o a c o nti n u u m
t or us of si z e sl × (l / N ) 2 × l,  wit h l = N  L a (a t h e l atti c e s p a ci n g) a n d s a p ositi v e
i nt e g er.

T o d et er mi n e l atti c e o bs er v a bl es as t h e a cti o n d e nsit y,  w e h a v e c o nsi d er e d
s e v er al  w a ys of dis cr eti zi n g t h e c o nti n u u m a cti o n, c o nstr u ct e d i n t e r ms of 1 × 1 a n d
2 × 2 pl a q u ett es, a n d gi v e n b y [ 2 0 7 ]:

S (󰁛 )  =
4 − 󰂃

3

󰁛

n, µ, ν

Tr
󰁔

− Z ∗
µ ν (n ) ✲ ✻

✛
❄
󰂃

n
ν

µ

󰁛
+

󰂃 − 1

4 8

󰂃

x, µ, ν

Tr

󰁫

− Z̃ ∗
µ ν (n )

󰁬

󰁵

󰀕

󰀖

󰂃

󰀖

󰀥󰁝

✲  ✲ ✻

✻

✛  ✛

❄

❄

n

ν

µ

󰀦

.

( 8. 5 0)
I n t his c o nstr u cti o n, t h e li n k v ari a bl es ar e p eri o di c, a n d t h e t wist e d b o u n d ar y c o n-
diti o ns ar e i m p os e d b y i ntr o d u ci n g t h e t wist- c arr yi n g c e nt er el e m e nts Z ∗

µ ν (n ) a n d

Z̃ ∗
µ ν (n ).  T h e f or m er is s et t o o n e f or 1 × 1 all pl a q u ett es e x c e pt f or t h e o n es  wit h

c o or di n at es n 1 = n 2 = 0 ,  w h er e  w e t a k e:

Z 1 2 = Z ∗
2 1 = e x p

󰀥
i2 π m

N

󰁝

, ( 8. 5 1)

a n d f or t h e o n es  wit h n 0 = n 3 = 0 ,  w h er e  w e s et i nst e a d:

Z 0 3 = Z ∗
3 0 = e x p

󰀦
− i2 π m̄

N

󰀕

. ( 8. 5 2)
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C h a pt e r 8. S U (N ) f r a cti o n al i n st a nt o n s a n d t h e  Fi b o n a c ci s e q u e n c e

Fi g u r e 8. 3: We di s pl a y a s a f u n cti o n of x 0 /l a n d x 3 /l t h e pr o fil e s o bt ai n e d b y i nt e gr ati n g
o v er x 1 a n d x 2 t h e a cti o n d e n sit y of t h e c o n fi g ur ati o n  wit h l0 = l3 = l (s = 1 ).  G a u g e
gr o u p s ar e, fr o m l eft t o ri g ht: S U ( 3) , S U ( 5) a n d S U ( 8) .

As f or Z̃ µ ν (n ), it is gi v e n b y t h e pr o d u ct of all t h e si n gl e pl a q u ett e t wist f a ct ors
e n cl os e d i n t h e 2 × 2 cl os e d l o o p.  T h e f a ct or 󰁛 c o ntr ols t h e si z e of O (a 2 ) l atti c e
c orr e cti o ns t o t h e c o nti n u u m a cti o n.  Wils o n’s a cti o n c orr es p o n ds t o 󰂃 = 1 ,  w hil e
t h e c h oi c e 󰁛 = 0 is t ak e n s o as t o e ns ur e t h at c o nti n u u m a n d l atti c e cl assi c al a cti o ns
di ff er o nl y b y t er ms of O (a 4 ).  O ur a cti o n d e nsit y c orr es p o n ds t o t h e o n e f or 󰁔 = 0
a n d is cl o v er a v er a g e d o v er t h e f o ur, 1 × 1 or 2 × 2 , pl a q u ett es att a c h e d t o a gi v e n
l atti c e p oi nt n i n e a c h pl a n e.

T h e o bs er v a bl e us e d t o d et er mi n e t h e t o p ol o gi c al c h ar g e is c o nstr u ct e d o ut of
a l atti c e dis cr eti z ati o n of t h e fi el d str e n gt h t e ns or d e fi n e d, r e c alli n g t h at U − µ (n ) ≡
U †

µ (n − µ̂ )), as:

G µ ν (n )  = −
i

8
{ Z ∗

µ ν (n )P µ ν (n )  + Z ∗
µ ν (n − ν̂ )P − ν µ (n )

+ Z ∗
µ ν (n − µ̂ )P ν − µ (n )  + Z ∗

µ ν (n − µ̂ − ν̂ )P − µ − ν (n ) − c. c. } , ( 8. 5 3)

wit h P µ ν (n ) d e n oti n g t h e 1 × 1 pl a q u ett e. I n t er ms of G µ ν , t h e t o p ol o gi c al c h ar g e
Q is d et er mi n e d fr o m:

Q =
1

1 6 π 2

󰂃

n

Tr
󰁛

G µ ν (n ) 󰂃G µ ν (n )
󰂃

( 8. 5 4)

T his e x pr essi o n h as O (a 2 ) l atti c e artif a cts.

Fi n all y, l et us  m e nti o n t h at o n e pr a cti c al iss u e t h at i n fl u e n c es t h e r at e of
c o n v er g e n c e t o w ar ds t h e a bs ol ut e  mi ni m u m of t h e a cti o n is t h e c h oi c e of i niti al c o n-
fi g ur ati o n, B µ (x, 0) .  A r a n d o m st art is, i n  m ost c as es, n ot pr a cti c al si n c e ( es p e ci all y
f or l ar g e N ) t h e fl o w t e n ds t o g et e asil y tr a p p e d i n  m et ast a bl e c o n fi g ur ati o ns  wit h
a cti o n hi g h er t h a n t h e  mi ni m u m. I nst e a d, it is  m or e e ffi ci e nt t o st art fr om a t wist
e at er c o n fi g ur ati o n c orr es p o n di n g t o a n ort h o g o n al t wist,  wit h eit h er m or m s et t o
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8. 4.  Fr a cti o n al i n st a nt o n s o n R × T 3

Fi g u r e 8. 4: T h e s a m e a s i n fi g ur e 8. 3 b ut f or l0 = 2 l3 = 2 l (s = 2 ).

z er o, sli g htl y h e at e d  wit h a n i m m e ns e v al u e of t h e l atti c e i n v ers e ’t  H o oft c o u pli n g
b = 1 / λ .

T h e s et of l atti c es e m pl o y e d i n o ur st u d y is gi v e n i n t a bl e 8. 1 .  We h a v e
a n al y z e d v ari o us g a u g e gr o u ps,  wit h N = 3 , 5 , 8 , 1 3 , 2 1 i n t h e  Fi b o n a c ci s e q u e n c e.
S etti n g t h e s c al e b y fi xi n g l = 1 , t h e c o nti n u u m li mit is t a k e n b y s e n di n g t h e l atti c e
s p a ci n g a = 1 / L N t o z er o at a fi x e d v al u e of N , i. e., b y s e n di n g L t o i n fi nit y.
I n all c as es, e x c e pt f or N = 2 1 ,  w e h a v e r es ults at v ari o us v al u es of L t h at all o w
e x pl ori n g t h e c o nti n u u m li mit.  F urt h er d et ails o n t h e n u m eri c al i m pl e m e nt ati o n of
t h e  mi ni mi z ati o n pr o c e d ur e as  w ell as t h e d e fi niti o n of t h e l atti c e o bs er v a bl es us e d
t o  m e as ur e t h e t o p ol o gi c al c h ar g e a n d a cti o n d e nsit y pr o fil es, ar e pr es e nt e d i n t h e
A p p e n di x.  H er e,  w e  will o nl y f o c us o n d es cri bi n g t h e pr o p erti es of t h e s ol uti o ns a n d
t h e s c ali n g i n t h e si n g ul ar l ar g e N li mit.

We h a v e d et er mi n e d t h e t o p ol o gi c al c h ar g e (Q ) a n d t h e t ot al a cti o n ( S ) of
t h e  mi ni m u m a cti o n c o n fi g ur ati o n o bt ai n e d i n e a c h c as e. I n a d diti o n, t o t est t h e
s ol uti o ns’ s elf- d u alit y,  w e h a v e s e p ar at el y c o m p ut e d t h e el e ctri c ( S E ) a n d  m a g n eti c
(S B ) c o ntri b uti o ns t o t h e t ot al a cti o n.  T h e r es ulti n g v al u es of S , S E , S B , i n u nits
of 8 π 2 / N , as  w ell as t h e t o p ol o gi c al c h ar g e  m ulti pli e d b y N , ar e gi v e n i n t a bl e 8. 1 .
I n all c as es, t h e r es ults ar e v er y cl os e t o t h os e e x p e ct e d i n t h e c o nti n u u m f or a
s elf- d u al s ol uti o n  wit h fr a cti o n al t op ol o gi c al c h ar g e 1 / N (N  Q = 1 , N  S / ( 8π 2 )  = 1,
N  S E / ( 8π 2 )  = N  S B / ( 8π 2 )  = 0.5 ), a n i n di c ati o n of t h e s m all n ess of l atti c e artif a cts
a n d t h e s m o ot h n ess of t h e s ol uti o ns.  We c a n als o us e t h e r es ults at v ari o us v al u es
of t h e l atti c e s p a ci n g t o o bt ai n a c o nti n u u m e xtr a p ol ati o n of t h es e q u a ntiti es, a n d
w e s h o w i n fi g. 8. 1 t h e o n e of N  Q .  A q u a dr ati c e xtr a p ol ati o n i n t h e l atti c e s p a ci n g
gi v es v al u es t h at a gr e e  wit h t h e c o nti n u u m r es ult u p t o o n e p art i n 1 0 4 .  O n t h e
ot h er h a n d,  w e p oi nt o ut t h at a nti- i nst a nt o n c o n fi g ur ati o ns  wit h Q = − 1 / N c a n
als o b e o bt ai n e d u n d er ti m e r e v ers al; at t h e l e v el of b o u n d ar y c o n diti o ns, t his is
i m pl e m e nt e d b y c h a n gi n g t h e si g n of t h e el e ctri c t wist m . I n t h e  H a milt o ni a n li mit,
b ot h c o n fi g ur ati o ns c o ntri b ut e t o t h e s e mi- cl assi c al p artiti o n f u n cti o n.
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C h a pt e r 8. S U (N ) f r a cti o n al i n st a nt o n s a n d t h e  Fi b o n a c ci s e q u e n c e

( a ) S U( 3) ( b ) S U( 8)

Fi g u r e 8. 5: C o nti n u u m e xtr a p ol ati o n of t h e o n e- di m e n si o n al e n er g y pr o fil e s, c.f.
e q. ( 8. 5 6 ) f or g a u g e gr o u p s S U ( 3) a n d S U ( 8) .  T h e t or u s h a s b e e n di s cr eti z e d o n a l atti c e
wit h l0 = l3 = N  L a a n d l1 = l2 = L a wit h a t h e l atti c e s p a ci n g.  T h e c o nti n u u m li mit i s
t a k e n b y s e n di n g a = l / N  L t o z er o at a fi x e d v al u e of l = 1 , i. e., b y s e n di n g L t o i n fi nit y .

I n a d diti o n t o t h es e gl o b al q u a ntiti es,  w e h a v e als o st u di e d s e v er al g a u g e i n v ari-
a nt o bs er v a bl es t h at c a n b e us e d t o c h ar a ct eri z e t h e s ol uti o n.  We first d es cri b e t h e
a cti o n d e nsit y pr o fil es a n d t h e n a n al y z e  P ol y a k o v a n d  Wils o n l o o ps.  O ur pri m ar y
i nt er est  will b e i n a n al y zi n g t h e l ar g e N s c ali n g of t h e s ol uti o ns.

8. 4. 1  A c ti o n  d e n si t y  p r o fil e s

We h a v e l o o k e d at a cti o n d e nsit y pr o fil es o bt ai n e d b y i nt e gr ati n g t h e 4- di m e nsi o n al
a cti o n d e nsit y (i n u nits of 8 π 2 ) i n eit h er t w o or t hr e e dir e cti o ns:

N s µ ν (x µ , xν ) ≡




󰁛

ρ ∕= µ, ν

󰂃 lρ

0

d x ρ



 N s (x ), ( 8. 5 5)

N s µ (x µ ) ≡




󰁛

ρ ∕= µ

󰁔 lρ

0

d x ρ



 N s (x ). ( 8. 5 6)

We h a v e i ntr o d u c e d a f a ct or o f N i n t h e pr o fil es i n a gr e e m e nt  wit h t h e e x p e ct e d
l ar g e N s c ali n g dis c uss e d i n s e cti o n 8. 2 , c o mi n g fr o m t h e f a ct t h at t h e N -i n d e p e n d e nt
q u a ntit y i n t h e l ar g e N li mit is N ti m es t h e t ot al a cti o n.  As a r ef er e n c e p oi nt, o n e
c a n c o m p ut e t h es e q u a ntiti es f or t h e c o nst a nt c ur v at ur e s ol uti o ns dis c uss e d i n t h e
pr e vi o us s e cti o n.  T h e a cti o n d e nsit y is gi v e n b y N s (x )  = 1/ V ,  wit h V =

󰂃
µ lµ .

S etti n g l1 = l2 = l / N , l3 = l a n d l0 = ϕ − 3 l, as f or t h e  Fi b o n a c ci c o nstr u cti o n,  w e
o bt ai n t h e f oll o wi n g s c ali n g  w it h N f or t h e di m e nsi o nl ess d e nsit y pr o fil es:

l2 s 1 2 (x 1 , x2 )/ N = 1 ; N l 2 s 0 3 (x 0 , x3 )  = ϕ 3 ; N l s 0 (x 0 ) ∼ 1 . ( 8. 5 7)
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8. 4.  Fr a cti o n al i n st a nt o n s o n R × T 3

( a ) s = 1 ( b ) s = 2

Fi g u r e 8. 6: We c o m p ar e t h e ti m e d e p e n d e n c e of t h e e n er g y f or v ari o u s g a u g e gr o u p s N
a n d ti m e e xt e nt s l0 = sl ,  wit h s = 1 a n d 2.  T h e i n s et i n t h e ri g ht pl ot i s i n a l o g arit h mi c
(y − ) s c al e t o s h o w t h at t h e d e c a y i n t h e t ail s i s e x p o n e nti al i n ti m e.

As  w e  will s e e b el o w, o ur n u m eri c al s ol uti o ns r es p e ct a si mil ar s c ali n g.  O n c e t h e
o v er all f a ct or of N is c o nsi d er e d, t h e r e m n a nt N d e p e n d e n c e of t h e a cti o n d e nsit y
pr o fil es t ur ns o ut t o b e v er y s m all.  T h es e  mi n or N c orr e cti o ns i n di c at e t h a t our
s ol uti o ns c o ul d p er h a ps b e o bt ai n e d as a s m all d ef or m ati o n of t h e c o nst a nt c ur v at ur e
s ol uti o n, al o n g  wit h t h e r e as o ni n g pr es e nt e d i n r efs. [ 7 4 , 2 0 8 ];  w e  will r et ur n t o t his
p oi nt l at er.

L et us st art b y a n al y zi n g t h e t w o- di m e nsi o n al pr o fil es s 1 2 , r es ulti n g fr o m i n-
t e gr ati n g t h e a cti o n d e nsit y al o n g t h e t w o l ar g e dir e cti o ns.  T h e d e p e n d e n c e o n x 1 /l
a n d x 2 /l f or v ari o us g a u g e gr o u ps is s h o w n i n fi g. 8. 2 . I n t h e pl ot,  w e h a v e s et t h e
s c al e b y t a ki n g l = 1 , a c o n v e nti o n t h at  will be us e d fr o m n o w o n. I n a d diti o n,
w e h a v e us e d p eri o di cit y t o e xt e n d t h e a cti o n d e nsit y t o a b o x of si z e l i n b ot h
dir e cti o ns. It is cl e ar fr o m t h e pl ots t h at at l ar g e N , t h es e d e nsit y pr o fil es a p pr o a c h
t h os e of t h e c o nst a nt c ur v at ur e s ol uti o ns  wit h l1 = l2 = 1 / N .

As f or pr o fil es d e p e n di n g o n t h e t w o l ar g e p eri o ds, t h e y ar e dis pl a y e d f or
v ari o us g a u g e gr o u ps a n d l0 = l3 or l0 = 2 l3 i n fi gs. 8. 3 a n d 8. 4 r es p e cti v el y.  T h e
str u ct ur e is, i n b ot h c as es, v er y si mil ar.  T h e s ol uti o ns d e v el o p a  m a xi m u m i n t h e 0 3
pl a n e,  w hi c h is d et er mi n e d b y t h e e ff e cti v e s p ati al t or us si z e l.  E nl ar gi n g t h e ti m e
p eri o d b y a f a ct or of t w o  m o di fi es t h e pr o fil es  m ai nl y i n t h e ti m e t ails, a f a ct t h at
is b est a p pr e ci at e d b y l o o ki n g at t h e c o nt o ur pl ots gi v e n i n fi g. 8. 4 .

A  m or e q u a ntit ati v e c o m p aris o n b et w e e n s ol uti o ns f or di ff er e nt g a u g e gr o u ps
c a n b e  m a d e b y l o o ki n g at t h e o n e- di m e nsi o n al pr o fil es o bt ai n e d b y i nt e gr ati n g t h e
a cti o n d e nsit y i n all dir e cti o ns b ut o n e.  We  will f o c us o n pr o fil es  w h er e t h e a cti o n
d e nsit y h as b e e n i nt e gr at e d o v er s p a c e, gi vi n g, t h er ef or e, t h e ti m e d e p e n d e n c e of
t h e e n er g y.

We first l o o k at t h e c o nti n u u m li mit.  As a n e x a m pl e, o n fi g. 8. 5 ,  w e dis pl a y
N l s 0 (x 0 ) as a f u n cti o n of x 0 /l f or g a u g e gr o u ps S U ( 3) a n d S U ( 8) – si mil ar pl ots ar e
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C h a pt e r 8. S U (N ) f r a cti o n al i n st a nt o n s a n d t h e  Fi b o n a c ci s e q u e n c e

N  m m  L  w 1 /l  w 2 /l  w F /l

3 1 1 6 0. 2 6 8 2 8 4 0. 2 6 8 4 5 6 0. 2 2 2 2 2 2
5 2 - 2 1 2 0. 2 8 3 2 3 2 0. 2 8 9 6 9 5 0. 2 4 0 0 0 0
8 3 3 6 0. 2 7 9 3 9 1 0. 2 8 5 4 0 2 0. 2 3 4 3 7 5

1 3 5 - 5 4 0. 2 8 6 7 0 7 0. 2 8 7 1 5 2 0. 2 3 6 6 8 6
2 1 8 8 2 0. 2 8 1 1 6 6 0. 2 8 6 4 1 2 0. 2 3 5 8 2 8

T a bl e 8. 2: V al u e of t h e  wi dt h at h alf- m a xi m u m f or l0 = l3 = l (w 1 ) a n d l0 = 2 l3 = 2 l
(w 2 ) c o m p ar e d  wit h t h e v al u e of l0 f or t h e  Fi b o n a c ci s ol uti o n (w F ), gi v e n b y e q. ( 8. 4 7 )
wit h m = 2 a n d l3 = l.

o bt ai n e d f or t h e ot h er c as es i n t a bl e 8. 1 .  T h e pl ots dis pl a y o ur r es ults f or v ari o us
l atti c e s p a ci n gs.  T h e c o nti n u o us li n es i n e a c h pl ot ar e i nt er p ol ati o ns t o t h e d at a at
a fi x e d v al u e of L , dis pl a y e d t o g ui d e t h e e y e.  As  m e nti o n e d, t h e c o nti n u u m li mit
is t a k e n b y s e n di n g a = l /(L N ) t o z er o.  T h e pr o fil es s h o w sm all d e p e n d e n c e o n
t h e l atti c e s p a ci n g, i n di c ati n g r el ati v el y s m all l atti c e artif a cts e v e n f or o ur s m all er
l atti c es.  O n e n ot e w ort h y p oi nt is t h at dis cr eti z ati o n eff e cts ar e c o ntr oll e d b y L N i n
s u c h a  w a y t h at e v e n t h e s m all est l atti c es  wit h L = 2 s h o w a sli g ht d e p art ur e fr o m
t h e c o nti n u u m r es ult if N is l ar g e e n o u g h.

L et us n o w st u d y t h e N d e p e n d e n c e of t h e e n er g y pr o fil es. I n fi g ur e 8. 6 a ,  w e
dis pl a y N l s 0 (x 0 ) vs x 0 /l f or t h e c as e i n  w hi c h l0 = l3 = l. I nt er p ol ati n g c ur v es ar e
di s pl a y e d t o g ui d e t h e e y e. It is cl e ar t h at t h e N d e p e n d e n c e is r at h er s m all, a n d t h e
c ur v es t e n d t o b e a u ni v ers al o n e i n t h e l ar g e N li mit.  As s e e n i n fi g. 8. 6 b , e nl ar gi n g
t h e l atti c e i n t h e ti m e dir e cti o n d o es n ot c h a n g e t h e r es ults a p pr e ci a bl y.  T h e e n er g y
pr o fil e r e m ai ns l o c ali z e d a n d dis pl a ys a s h a p e v er y si mil ar t o t h e pr e vi o us o n e e x c e pt
at t h e t ails,  w h er e, as s h o w n i n t h e i ns et of t h e pl ot, it d e c a ys e x p o n e nti all y a n d
b e c o m es v er y cl os e t o z er o.  M or e q u a ntit ati v el y,  w e h a v e d et er mi n e d t h e  wi dt h at
h alf  m a xi m u m.  T h e v al u es o bt ai n e d f or all t h e g a u g e gr o u ps ar e gi v e n i n t a bl e 8. 2 .
T h e d e p e n d e n c e o n N t ur ns o ut t o b e v er y s m all, a n d t h e s a m e h a p p e ns  wit h t h e
d e p e n d e n c e o n t h e ti m e e xt e nt of t h e l atti c e – c o m p ar e w 1 a n d w 2 c orr es p o n di n g t o
ti m e e xt e nts di ff eri n g b y a f a ct or of 2.  O ur r es ults i n di c at e t h at t h e r el e v a nt s c al e
p ar a m et er f or t h e fr a cti o n al i nst a nt o n c o n fi g ur ati o ns i n t his g e o m etr y is gi v e n b y
t h e eff e cti v e t or us si z e l, s et t o 1 i n o ur u nits.

T h e c o m p aris o n of t h e e n er g y pr o fil e  wit h t h e c o nst a nt- c ur v at ur e  Fi b o n a c ci
s ol uti o n dis c uss e d i n t h e pr e vi o us s e cti o n is v er y i nf or m ati v e.  T a bl e 8. 2 gi v es t h e
m a xi m al v al u e of l0 f or  w hi c h t h e  Fi b o n a c ci s ol uti o n s h ari n g o ur 3- di m e nsi o n al
t or us g e o m etr y b e c o m es s elf- d u al ( d e n ot e d b y w F ). It is r e m ar k a bl e t h at t his v al u e,
w hi c h t e n ds t o w F = 0 .2 3 6 l i n t h e l ar g e N li mit, a gr e es s ur prisi n gl y  w ell  wit h t h e
i nst a nt o n  wi dt h.  T his s c ali n g s u g g ests t h at  w h e n  w e dist ort t h e g e o m etr y a w a y
fr om t h e  Fi b o n a c ci s ol uti o n b y s e n di n g l0 t o i n fi nit y,  m ost of t h e a cti o n d e nsit y
r e m ai ns c o n c e ntr at e d  wit hi n w F .  T o t est t his h y p ot h esis,  w e h a v e g e n er at e d a
s eri es of n u m eri c al s ol uti o ns st arti n g at l0 = 0 .2 5 l, v er y cl os e t o t h e  Fi b o n a c ci c as e,
a n d  m o vi n g a w a y fr o m it i n s m all st e ps.  T h e e n er g y pr o fil es f or t h e s e q u e n c e of
s ol uti o ns  wit h N = 8 ar e dis pl a y e d i n fi g ur e 8. 7 .  T h e c h a n g e i n t h e first st e ps is
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8. 4.  Fr a cti o n al i n st a nt o n s o n R × T 3

Fi g u r e 8. 7: S ol uti o n s o bt ai n e d f or o ur s p ati al t or u s g e o m etr y a n d v ari o u s v al u e s of
t h e ti m e e xt e nt l0 , c h a n gi n g fr o m t h e  Fi b o n a c ci c o n st a nt c ur v at ur e c a s e (l0 = 0 .2 3 4 l)
r e pr e s e nt e d b y t h e pi n k b o x t o t h e c a s e l0 = 2 l.

s p e e d y.  B e y o n d l0 ∼ 0 .5 l, t h e s ol uti o n’s c e ntr al p art r e m ai ns u n c h a n g e d, a n d t h e
t ails b e c o m e s m all er f or l ar g er v al u es of l0 ,  w hi c h is r e q uir e d t o  m ai nt ai n t h e s a m e
i nt e gr al  wit hi n a l ar g er i nt e gr ati o n r e gi o n.

Fi n all y, t o t est t h e s elf- d u alit y of t h e s ol uti o n m o r e r o b ustl y,  w e h a v e l o o k e d
s e p ar at el y at t h e di ff er e nt c o m p o n e nts of t h e el e ctri c a n d  m a g n eti c e n er gi es.  F or
t h at p ur p os e,  w e h a v e c o m p ut e d t h e s p ati al i nt e gr al of R e Tr( G 2

µ ν ),  wit h µ a n d ν
fi x e d, a n d a n al y z e d t h eir d e p e n d e n c e o n ti m e.  T h e r es ults f or s e v er al c o n fi g ur ati o ns
ar e dis pl a y e d i n fi g. 8. 8 .  T h e d e gr e e of s elf- d u alit y of t h e s ol uti o n is v er y hi g h
a n d i m pr o v es as  w e a p pr o a c h t h e c o nti n u u m li mit.  N oti c e t h at f or t h e  Fi b o n a c ci
c o nstr u cti o n, o nl y t h e 0 3 a n d 1 2 c o m p o n e nt s of t h e fi el d str e n gt h t e ns or diff er fr o m
z er o; t his is n o l o n g er t h e c as e f or t h e g e o m etr y  w e ar e c o nsi d eri n g, alt h o u g h t h es e
t w o c o m p o n e nts ar e t h e o n es t h at n e v ert h el ess r e m ai n l ar g er.

8. 4. 2  P ol y a k o v l o o p s

I n a d diti o n t o t h e a cti o n d e nsit y,  w e h a v e als o a n al y z e d ot h er g a u g e i n v ari a nt q u a nt-
iti es li k e t h e  P ol y a k o v a n d  Wils o n l o o ps.

L et us st art  wit h a dis c ussi o n of t h e  P ol y a k o v l o o ps.  We us e P µ (x ) t o d e n ot e
(1 / N ti m es) t h e tr a c e of t h e  P ol y a k o v l o o p  wi n di n g t h e t or us o n c e i n di r ecti o n µ ,
a n d p ar a m et eri z e t his q u a ntit y i n t er ms of its  m o d ul us a n d p h as e as:

P µ (x )  =
1

N
Tr

󰁛
P e x p

󰂃
− i

󰁛 lµ

0

d x µ A µ (x )
󰁔

Ω µ (x )
󰂃

≡ |P µ (x )| e iφ µ ( x ) . ( 8. 5 8)
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C h a pt e r 8. S U (N ) f r a cti o n al i n st a nt o n s a n d t h e  Fi b o n a c ci s e q u e n c e

( a ) S U( 8)  wit h L = 2 a n d s = 1 ( b ) S U( 5)  wit h L = 4 a n d s = 1

( c ) S U( 3)  wit h L = 3 0 a n d s = 1 ( d ) S U( 2 1) wit h L = 2 a n d s = 1

( e ) S U( 3) wit h L = 6 a n d s = 2 (f ) S U( 2 1) wit h L = 2 a n d s = 2

Fi g u r e 8. 8: Ti m e d e p e n d e n c e of t h e el e ctri c a n d  m a g n eti c c o m p o n e nt s of t h e e n er g y
o bt ai n e d b y i nt e gr ati n g R e Tr( G 2

µ ν ) ,  wit h (µ , ν ) fi x e d, o v er t h e t hr e e s p ati al c o or di n at e s.
T h e t w o  m o st si g ni fi c a nt c o m p o n e nt s ar e 0 3 a n d 1 2.  C o m p o n e nt s 0 1 a n d 0 2 ar e, t o a n
e x c ell e nt d e gr e e, d e g e n er at e; t h e s a m e h a p p e n s t o 2 3 a n d 1 3.

T wist e d b o u n d ar y c o n diti o ns ar e r e fl e ct e d i n t h e f a ct t h at  P ol y a k o v l o o ps s atisf y:

P µ (x + lν ê ν )  = e i
2 π n µ ν

N P µ (x ). ( 8. 5 9)
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8. 4.  Fr a cti o n al i n st a nt o n s o n R × T 3

( a ) S U( 3) ( b ) S U( 1 3)

Fi g u r e 8. 9: M o d ul u s of P 1 , t h e  P ol y a k o v l o o p  wi n di n g o n c e i n t h e x 1 dir e cti o n, a s a
f u n cti o n of t h e c o or di n at e s i n t h e 0 3 pl a n e f or x 2 at t h e i n st a nt o n c e nt er.  D at a p oi nt s h a v e
b e e n s hift e d t o h a v e t h e a cti o n pr o fil e  m a xi m u m at x = 0 .  N ot e t h e c h a n g e of v erti c al
s c al e i n t h e c a s e of S U ( 1 3) .

U n d er a dis pl a c e m e nt b y a t or us p eri o d, t h e  m o d ul us is, t h er ef or e, p eri o di c, a n d t h e
p h as e s hifts b y a n a m o u nt t h at d e p e n ds o n t h e t wist.

As  m e nti o n e d i n s e cti o n 8. 2 , i n t h e  H a milt o ni a n limit ( l0 →  ∞ ), t h e fr a cti o n al
i nst a nt o n i nt er p ol at es b et w e e n t w o fl at c o n n e cti o ns c h ar a ct eri z e d b y t h e v al u e of
t h e h ol o n o mi es.  T h os e c orr es p o n di n g t o l o o ps i n t h e s p ati all y t wist e d pl a n e ar e
m a xi m all y n o ntri vi al,  wit h P i (󰁛x, x 0 = ± ∞ )  = 0, f or i = 1 , 2 .  O n t h e ot h er h a n d,
P 3 (󰂃x, x 0 = ± ∞ ) is i n t h e c e nt er of t h e g a u g e gr o u p, j u m pi n g b y a f a ct or 2 π n 3 0 / N
b et w e e n x 0 = − ∞ a n d at x 0 =  + ∞ .  As  w e  will s e e b el o w, o ur n u m eri c al c o n fi g ur-
ati o ns s u c c essf ull y  m at c h t his b e h a vi or.

St arti n g  wit h t h e h ol o n o mi es i n t h e t w o s h ort dir e cti o ns, fi g. 8. 9 dis pl a ys, f or
g a u g e gr o u ps S U ( 3) a n d S U ( 1 3) a n d ti m e e xt e nt l0 = 2 l, t h e  m o d ul us of P 1 as a
f u n cti o n of t h e c o or di n at es i n t h e 0 3 pl a n e f or x 2 at t h e i nst a nt o n c e nt er.  D at a
p oi nts h a v e b e e n s hift e d t o h a v e t h e a cti o n pr o fil e  m a xi m u m at x = 0 .  T h e v al u e
of |P 1 | r e m ai ns e v er y w h er e s m all a n d t e n ds t o z er o at x 0 → ± ∞ , as e x p e ct e d.  T h e
s a m e b e h a vi or is o bs er v e d f or P 2 a n d all g a u g e gr o u ps.

We  m o v e n e xt t o d es cri b e t h e r es ults f or P 3 . I n fi g. 8. 1 0 ,  w e dis pl a y fr o m t o p
t o b ott o m: t h e p h as e of t h e  P ol y a k o v l o o p  m ulti pli e d b y N / n 3 0 , t h e e n er g y pr o fil e
as a f u n cti o n of x 0 , a n d t h e  P ol y a k o v l o o p  m o d ul us, all f or t or us si z es c orr es p o n di n g
l0 = 2 l3 .  We h a v e s u btr a ct e d t h e r e q uir e d p o w ers of 2 π / N s o as t o h a v e t h e p h as e at
x 0 = − l0 / 2 cl os e t o z er o i n all c as es.  F or t h e pl ot,  P ol y a k o v l o o ps ar e c o m p ut e d  wit h
x 1 a n d x 2 t a k e n as cl os e as p ossi bl e t o t h e ori gi n; h o w e v er,  w e h a v e o bs er v e d t h at t h e
d e p e n d e n c e of t h e l o o p i n x 1 a n d x 2 is s m all, a n d t h e p h as e b ec o m es i n d e p e n d e nt
of t h es e c o or di n at es i n t h e l ar g e N li mit.  T h e r es ults c o n v er g e i n t his li mit t o a
u ni v ers al f u n cti o n of x 0 ,  w hi c h e x hi bits all t h e pr o p erti es dis c uss e d pr e vi o usl y, i. e.:

• F ar fr o m t h e i nst a nt o n c e nt er, t h e c o n fi g ur ati o n a p pr o a c h es a v a c u u m s ol uti o n
wit h P 1 = P 2 = 0 a n d P 3 e q u al t o a r o ot of u nit y, e x e m pli fi e d b y t h e f a ct t h at
t h e  m o d ul us t e n ds t o o n e a n d t h e p h as e b e c o m es a n i nt e g er  m ulti pl e of 2 π / N .

1 1 5



C h a pt e r 8. S U (N ) f r a cti o n al i n st a nt o n s a n d t h e  Fi b o n a c ci s e q u e n c e

Fi g u r e 8. 1 0: F or a t or u s of si z e l0 = 2 l3 = 2 l,  w e di s pl a y a s a f u n cti o n of ti m e a n d fr o m
t o p t o b ott o m: t h e p h a s e of t h e  P ol y a k o v l o o p P 3 m ulti pli e d b y N / n 3 0 ( aft er s u btr a cti n g
t h e r e q uir e d p o w er s of 2 π / N t o h a v e t h e z er o p h a s e at x 0 = − l0 / 2 ), t h e e n er g y- pr o fil e of
t h e i n st a nt o n, a n d t h e  m o d ul u s of P 3 .  T h e p h a s e a n d  m o d ul u s of t h e  P ol y a k o v l o o p ar e
e v al u at e d at x 1 = x 2 = 0 .

• T h e fr a cti o n al i nst a nt o n i nt er p ol at es b et w e e n t w o v a c u u m c o n fi g ur ati o ns dif-
f eri n g i n p h as e b y 2 π n 3 0 / N , as t h e b o u n d ar y c o n diti o ns di ct at e.  Wit h o ur
c h oi c e of t wist, t h e j u m p i n p h as e is gi v e n i n a bs ol ut e v al u e b y 2 π F n − 2 / F n a n d
t e n ds i n t h e l ar g e N li mit t o 2 π ϕ − 2 ,  wit h ϕ t h e  G ol d e n  R ati o.
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8. 4.  Fr a cti o n al i n st a nt o n s o n R × T 3

Fi g u r e 8. 1 1: We di s pl a y, f or t h e S U ( 3) i n st a nt o n c o n fi g ur ati o n  wit h l0 = l3 , t h e p h a s e
of t h e  P ol y a k o v l o o p P 3 m ulti pli e d b y N / n 3 0 c o m p ar e d t o t h e a n s at z of e q. ( 8. 6 0 )  wit h
ξ = 0 .9 9 9 9 9 9 9 9 9 5 3 5 .

We h a v e b e e n a bl e t o fi n d a n a ns at z t h at d es cri b es v er y  w ell t h e ti m e d e p e n d-
e n c e of φ 3 . It is gi v e n b y t h e f oll o wi n g f u n cti o n al f or m:

φ 3 (x 0 )  = φ
( 0 )
3 +

n 3 0

N





π + 2 a m

󰁛

2 K (ξ )
x 0 − x

( 0 )
0

l0
, ξ

󰂃 



( 8. 6 0)

w h er e a m (x, ξ ) d e n ot es J a c o bi’s  A m plit u d e  F u n cti o n [ 2 0 9 ] a n d

K (ξ )  =

󰁛 π / 2

0

d θ
󰁔

1 − ξ 2 si n 2 θ
. ( 8. 6 1)

wit h ξ b ei n g a t u n a bl e p ar a m et er t a ki n g v al u es b et w e e n 0 a n d 1.  Usi n g t h e p eri o d-
i cit y pr o p erti es of t h e a m plit u d e f u n cti o n:

a m( x + 2 K (ξ ), ξ )  = a m(x, ξ )  + π , ( 8. 6 2)

it is tri vi al t o s h o w t h at t h e p h as es tr a nsf or m as r e q uir e d u n d er dis pl a c e m e nt b y
a t or us p eri o d.  A n ill ustr ati o n of t h e q u alit y of t h e fit f or N = 3 , l0 = l3 a n d
ξ = 0 .9 9 9 9 9 9 9 9 9 5 3 5 is pr es e nt e d i n fi g. 8. 1 1 .
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C h a pt e r 8. S U (N ) f r a cti o n al i n st a nt o n s a n d t h e  Fi b o n a c ci s e q u e n c e

Fi g u r e 8. 1 2: We di s pl a y t h e  m o d ul u s (l eft) a n d p h a s e (ri g ht),  m ulti pli e d b y N / n 3 0 , of a
s q u ar e  Wil s o n l o o p of si d e r c e nt er e d at t h e i n st a nt o n p o siti o n.

8. 4. 3  Wil s o n l o o p s

Fi n all y, a n d c o nti n ui n g  wit h t h e dis c ussi o n of g a u g e i n v ari a nt q u a ntiti es,  w e pr o c e e d
wit h t h e a n al ysis of  Wils o n l o o ps.  We d e n ot e b y W C (r ) t h e  Wils o n l o o p d e fi n e d as:

W C (r )  =
1

N
Tr

󰁛
P e x p

󰂃
− i

󰁛

C

d x µ A µ (x )
󰁔  󰂃

≡ |W C (r )| e iδ C ( r ) , ( 8. 6 3)

w h er e C st a n ds f or a T × R s q u ar e l o o p i n t h e 0 3 pl a n e,  wit h T = R = r , c e nt er e d
ar o u n d t h e i nst a nt o n  m a xi m u m at x = 0 .

Fi g ur e 8. 1 2 dis pl a ys as a f u n cti o n of r t h e  Wils o n l o o p  m o d ul us a n d p h as e
( n or m ali z e d b y a f a ct or N / n 3 0 ) f or diff er e nt g a u g e gr o u ps a n d l0 = l3 = l. S e v er al
r e m ar ks c a n b e e xtr a ct e d fr o m t h es e pl ots.  First, t h e  m o d ul us st arts at o n e f or
r = 0 , a n d as t h e dist a n c e gr o ws, it d e cr e as es, r e a c h es a  mi ni m u m ar o u n d r ∼ l /2 ,
a n d i n cr e as es a g ai n b a c k t o 1, b e c o mi n g a p ur e c o m pl e x p h as e at l ar g e r .  O n
t h e ot h er h a n d, t h e p h as e j u m ps fr o m δ C (r )  = 0 cl os e t o t h e i nst a nt o n c e nt er t o
δ C (r )  = 2π n 3 0 / N at r = l, s h o wi n g t h at t h e  Wils o n l o o p ar o u n d t h e fr a cti o n al
i nst a nt o n e n cl os es a n o ntri vi al Z N fl u x – n oti c e t h at i n t h e l ar g e N li mit t h e c orr es-
p o n di n g p h as e is di ct at e d b y t h e n o n- c o m m ut ati vit y p ar a m et er |θ̂ | = F n − 2 / F n a n d
a p pr o a c h es ϕ − 2 wit h ϕ t h e  G ol d e n  R ati o.

8. 5  S u m m a r y

I n t his c h a pt er,  w e h a v e o bt ai n e d n u m eri c al i nst a nt o n-li k e s ol uti o ns f or g a u g e gr o u p
S U (N ) wit h fr a cti o n al t o p ol o gi c al c h ar g e Q = 1 / N .  T h e y h a v e  mi ni m al a cti o n
S = 8 π 2 / N a n d ar e hi g hl y ( a nti)s elf- d u al.  T h e y h a v e b e e n o bt ai n e d o n a 4-t or us
wit h t wist e d b o u n d ar y c o n diti o ns gi v e n b y t h e  m a g n eti c fl u x 󰁛m = ( 0 , 0 ,  m) a n d
󰂃k = ( 0 , 0 , − m ) w h er e N a n d m = |m | ar e t a k e n as t h e n − 2 a n d n -t h i nt e g ers i n
t h e  Fi b o n a c ci s e q u e n c e, i. e., N = F n a n d m = F n − 2 .  T h e a d v a nt a g e of t his c h oi c e is
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8. 5. S u m m a r y

t h at it is e x p e ct e d t o pr e v e nt t h e a p p e ar a n c e of t a c h y o ni c i nst a biliti es a n d Z N × Z N

s y m m etr y br e a ki n g i n t h e l ar g e N li mit.

We h a v e a n al y z e d t h e s c ali n g of t h e s ol uti o ns at l ar g e N .  T h e ai m  w as t o fi n d
fr a cti o n al c h ar g e s ol uti o ns i n t h e R × T 3 H a milt o ni a n li mit r e pr es e nti n g v a c u u m-t o-
v a c u u m t u n n eli n g e v e nts.  Gi v e n t h at t h e t wist i n d u c es a n e ff e cti v e e nt a n gl e m e nt of
c ol or a n d s p ati al d e gr e es of fr e e d o m,  w e h a v e s el e ct e d di ff er e nt p eri o ds i n t h e pl a n es
pi er c e d b y n o n- z er o  m a g n e ti c fl u x, t aki n g l3 = l a n d l1 = l2 = l / N a n d a n al y z e d
t h e r es ulti n g s ol uti o ns i n t h e li mit i n  w hi c h l0 →  ∞ .  C o nsi d er ati o ns b as e d o n  T E K
r e d u cti o n a n d c o nti n u u m v ol u m e i n d e p e n d e n c e i n di c at e t h at t h e e ff e cti v e si z e of t h e
s p ati al t or us o bt ai n e d i n t his  w a y is l3 .  T h e r es ulti n g c o n fi g ur ati o ns s c al e i n t h e l ar g e
N li mit i n a gr e e m e nt  wit h t his e x p e ct ati o n.  A cti o n d e nsiti es b e c o m e i n d e p e n d e nt of
t h e t wist e d c o or di n at es ( x 1 , x2 ) a n d ar e l o c ali z e d i n ti m e  wit h a  wi dt h d et er mi n e d
i n t er ms of t h e eff e cti v e l e n gt h l.  T h e e n er g y pr o fil e’s  wi dt h is cl os e t o t h e  m a xi m al
t e m p or al p eri o d f or  w hi c h o ur as y m m etri c t or us s u p p orts a b eli a n c o nst a nt c ur v at ur e
s elf- d u al s ol uti o ns.

T h e s c ali n g of v ari o us ot h er p h ysi c al q u a ntiti es i n t h e l ar g e N li mit h as b e e n
a n al y z e d, i n cl u di n g  P ol y a k o v a n d  Wils o n l o o p o p er at ors.  T h e y als o s c al e as e x p e c-
t e d.  T h e f or m er s h o w h o w t h e fr a cti o n al i nst a nt o n i nt er p ol at es i n ti m e b et w e e n t w o
fl at c o n n e cti o ns o n t h e t hr e e t ori,  wit h a pr o fil e t h a t, aft er a n a p pr o pri at e s c ali n g,
b e c o m es N i n d e p e n d e nt i n t h e l ar g e N li mit.  T h e  Wils o n l o o p o n t h e 0 3 pl a n e
is n o n-tri vi al ar o u n d t h e i nst a nt o n, a cti n g eff e cti v el y at a l ar g e dist a n c e as a Z N

fl u x. I n t h e l ar g e N li mit, t h e v al u e of t h e fl u x is gi v e n b y t h e n o n- c o m m ut ati vit y
p ar a m et er |θ̂ | = |m |/ N = F n − 2 / F n a n d a p pr o a c h es ϕ − 2 wit h ϕ t h e  G ol d e n  R ati o.

1 1 9



P a r t I V

C o n c l u si o n s

1 2 1



9
C o ncl usi o ns a n d

O utl o o k

I n t his t h esis r e p ort  w e h a v e st u di e d S U( N) g a u g e t h e ori es d e fi n e d o n a t or us
wit h t wist e d b o u n d ar y c o n diti o ns, e x pl ori n g a n d e x pl oiti n g t h e r el ati o ns hi p b et w e e n
v ol u m e a n d c ol or d e gr e es of fr e e d o m i n d u c e d b y t h e t wist.  T h e r e p ort is di vi d e d
i nt o t hr e e p arts.

I n t h e first p art,  w e g a v e a g e n er al o v er vi e w of t h e i d e as b e hi n d t h e c o n c e pts or
v ol u m e r e d u cti o n a n d v ol u m e i n d e p e n d e n c e, s h o wi n g h o w s p ati al a n d c ol or d e gr e es
of fr e e d o m b e c o m e e nt a n gl e d, a n d cl arif yi n g t h e  m ai n di ff er e n c es b et w e e n t h e ’t
H o oft l ar g e N li mit a n d t h e o n e us e d i n t his r e p ort, k n o w n as t h e si n g ul ar l ar g e N
li mit. I n t h e f or m er, t h e b ar e ’t  H o oft c o u pli n g is h el d c o nst a nt as o n e a p pr o a c h es
t h e l ar g e N li mit, i n c o ntr ast t o t h e si n g ul ar c as e  w h er e  w e fi x t h e p h ysi c al v ol u m e
a n d h e n c e t h e r e n or m ali z e d c o u pli n g at t h at s c al e.  We als o str ess e d t h e cl os e r el ati o n
b et w e e n t his s et u p a n d n o n- c o m m ut ati v e U ( 1) g a u g e t h e ori es o n t h e t or us.  Fi n all y,
w e i ntr o d u c e d t h e g e n er al i d e as of gr a di e nt fl o w a n d s c al e s etti n g o n t h e l atti c e,
w hi c h ar e us e d t hr o u g h o ut t h e r e p ort t o c o m p ut e t h e r e n or m ali z e d ’t  H o oft c o u pli n g.

T h e s e c o n d p art is e ntir el y d e di c at e d t o t h e st u d y of t h e r u n ni n g c o u pli n g
c o nst a nt.  Mi xi n g t h e n oti o ns of v ol u m e i n d e p e n d e n c e a n d gr a di e nt fl o w, i n c h. 3
w e i ntr o d u c e d a p arti c ul ar r e n or m ali z ati o n s c h e m e, k n o w n as t wist e d gr a di e nt fl o w,
w hi c h h as b e e n t h e  m ai n c o m p ut ati o n al t e c h ni q u e of t h e r e n or m ali z e d ’t  H o oft c o u p-
li n g t hr o u g h o ut t his p art.  T h e pr es cri pti o n us es fi nit e si z e s c ali n g t e c h ni q u es i n a
f o ur- di m e nsi o n al as y m m etri c al t or us,  w h er e s h ort dir e cti o ns ar e N ti m es s m all er
t h a n t h e ot h ers a n d, at t h e s a m e ti m e, ar e e n d o w e d  wit h t wist e d b o u n d ar y c o n di-
ti o ns.

I n c h. 4 w e st u d y t h e S U ( 3) gr o u p  wit hi n t his fr a m e w or k.  T his c as e is of
gr e at i m p ort a n c e f or hi g h- e n er g y p h e n o m e n ol o g y, si n c e it c a n b e n o n- p ert ur b ati v el y
m at c h e d t o  Q C D  wit h h e a v y q u ar ks, a n d t h us h as dir e ct r el e v a n c e f or t h e e xtr a cti o n
of t h e str o n g c o u pli n g c o nst a nt i n  Q C D. I n a d diti o n, t h er e ar e  m a n y r es ults i n t h e
lit er at ur e f or t his c as e, all o wi n g f or a  m or e ri g or o us c o m p aris o n.  O ur d et er mi n ati o n
of t h e Λ p ar a m et er i n u nits of t h e fl o w s c al e

√
8 t0 or t h e S o m m er r a di us r 0 s h o ws

g o o d a gr e e m e nt  wit h t h e lit er at ur e.  O ur fi n al r es ult i n u nits of t h e fl o w s c al e is
Λ N = 3

M S

√
8 t0 = 0 .6 0 3( 1 7) .  T h e r ati o Λ M S / Λ T G F i s a k e y p art of t h e c al c ul ati o n, t h at

h as b e e n c o m p ut e d i n p ert ur b ati o n t h e or y i n t h e lit er at ur e.  We c o m p ut e d t h e
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C h a pt e r 9.  C o n cl u si o n s a n d  O utl o o k

Λ p ar a m et er  wit hi n t h e t wist e d gr a di e nt fl o w s c h e m e a n d t h e n us e d t h e a v ail a bl e
S c hr o di n g er f u n cti o n al d at a,  wit h p ert ur b ati v e c orr e cti o ns of t h e or d er of O (λ 2 ), t o
p erf or m a n o n- p ert ur b ati v e  m at c hi n g a n d e xtr a p ol at e o ur fi n al r es ult.  T h e pr e cisi o n
of o ur c al c ul ati o n is n ot as g o o d as t h at of t h e  m ost a c c ur at e d et er mi n ati o ns, b ut
t h e s yst e m ati c ass o ci at e d  wit h t h e c o nti n u u m e xtr a p ol ati o n is t a k e n s eri o usl y si n c e
o ur si m ul ati o ns i n cl u d e l ar g e l atti c e si z es.  T h e  m ai n c o ntri b uti o n t o t h e u n c ert ai nt y
of t his c al c ul ati o n is u n d o u bt e dl y t h e  m at c hi n g  wit h p ert ur b ati o n t h e or y, si n c e l ar g e
c orr e cti o ns h a v e b e e n o bs er v e d e v e n i n r e n or m ali z ati o n s c h e m es  w h er e t h e  N N L O
c o e ffi ci e nts ar e k n o w n. I n o ur d et er mi n ati o n, t h e p ert ur b ati v e  m at c hi n g is p erf or m e d
v er y c ar ef ull y a n d i n s e v er al  w a ys b y usi n g a n o n- p ert ur b ati v e r u n ni n g t h at c o v ers
l ar g e e n er g y s c al es.

O v er all, t h e t wist e d gr a di e nt fl o w s c h e m e h as pr o v e n t o b e a p o w erf ul c o m p u-
t ati o n al t ec h ni q u e t h a t c a n b e us e d i n t w o di ff er e nt dir e cti o ns.

First, t h e p arti c ul ar c h oi c e of g e o m etr y s h o ws a s m all er  m e m or y f o ot pri nt t h a n
t h e us u al s y m m etri c al l atti c e si m ul ati o ns.  T his s m all er  m e m or y f o ot pri nt i m pli es a n
i n cr e as e i n t h e c o m p ut ati o n-t o- m e m or y tr a nsf er r ati o, a n d c a n t h er ef or e b e e x e c ut e d
m or e e ffi ci e ntl y o n c urr e nt h ar d w ar e a c c el er at ors a n d  G P U cl ust ers. I n t his s e ns e,
t h e t wist e d gr a di e nt fl o w  will all o w t o o pti m all y pi n d o w n t h e u n c ert ai nt y i n t h e
d et er mi n a ti o n of t h e Λ p ar a m et er a n d t o cl arif y t h e e xisti n g t e nsi o n a m o n g t h e
d et er mi n ati o ns i n t h e lit er at ur e.

S e c o n d, t his s c h e m e is p arti c ul arl y s uit a bl e f or e xtr a cti n g t h e N d e p e n d e n c e
of t h e Λ p ar a m et er,  m oti v ati n g t h e a n al ysis of c h. 5 . I n t his c h a pt er  w e h a v e
c o m p ut e d t h e Λ p ar a m et er f or t h e g a u g e gr o u ps N = 5 a n d 8, f oll o wi n g t h e s a m e
fi n e si z e s c ali n g str at e gi es of c h. 4 .  T h e d et er mi n ati o n i n p h ysi c al u nits  w as o nl y
p ossi bl e i n t h e c as e of S U ( 5), si n c e t h er e ar e n ot e n o u g h l atti ce s p a ci n g c al c ul ati o ns
i n t h e lit er at ur e f or t h e c as e of N = 8 t o fit t h e r a n g e of b ar e c o u pli n gs us e d i n
o ur si m ul ati o ns.  F or N = 5 w e h a v e c al c ul at e d t h e Λ p ar a m et er i n u nits of t h e
stri n g t e nsi o n, yi el di n g: Λ N = 5

M S
/
√

σ 0 = 0 .5 6 0( 2 1) ,  w hi c h is i n g o o d a gr e e m e nt  wit h
t h e lit er at ur e.  O ur r es ults s h o w l ar g e u n c ert ai nti es, b ut a g ai n t h e p ert ur b ati v e
e xtr a p ol ati o ns ar e c ar ef ull y t a k e n c ar e of.

I n c h. 5 w e als o i n v esti g at e d t h e e ff e ct of b o u n d ar y c o n diti o ns o n t h e d et er mi n-
ati o n of t h e c o u pli n g.  F oll o wi n g t h e v ol u m e i n d e p e n d e n c e h y p ot h esis,  w e e x pl oit e d
t h e f a ct t h at i n t h e l ar g e N li mit fi nit e v ol u m e eff e cts ar e c o ntr oll e d b y t h e e ff e cti v e
l e n gt h l̃.  T his is o nl y tr u e i n t h e l ar g e N li mit, pr o vi di n g at t h e s a m e ti m e a n
a p pr o xi m at el y c o nst a nt v al u e of t h e n o n- c o m m ut ati vit y p ar a m et er θ̂ .  F urt h er m or e,
t wist e d b o u n d ar y c o n diti o ns als o i ntr o d u c e a n as y m m etr y, si n c e o nl y t w o dir e cti o ns
ar e e q ui p p e d  wit h t wist e d b o u n d ar y c o n diti o ns.  We e x pl or e d t his as y m m etr y b y
r estri cti n g t h e d et er mi n ati o n of t h e c o u pli n g t o c ert ai n s ets of pl a n es o n t h e t wist e d
b o x,  w hi c h i n f a ct r e pr es e nt di ff er e nt r e n or m ali z ati o n s c h e m es.  We t h e n c o m p ut e d
t h e r ati o l o g (Λ T G F / Λ M S ) f or t h e diff er e nt pl a n es a n d f o u n d t h at t h e d e p e n d e n c e
of t his r ati o o n t h e n o n- c o m m ut ati vit y p ar a m et er r e m ai ns v er y s m all, as e x p e ct e d
w h e n N a n d k ar e s c al e d  wit hi n t h e  Fi b o n a c ci s e q u e n c e.  M or e o v er, t h e di ff er e n c es
o bs er v e d i n t h e t wist e d gr a di e nt fl o w ar e of t h e s a m e or d er as i n ot h er s c h e m es, s u c h
as t h e gr a di e nt fl o w  wit h S c hr o di n g er f u n cti o n al b o u n d ar y c o n diti o ns.
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I n t h e t hir d a n d fi n al p art of t his  w or k,  w e st u d y s o m e t o p ol o gi c al i m pli c ati o ns
pr es e nt i n o ur s et u p a n d of gr e at i nt er est f or t h e v ol u m e i n d e p e n d e n c e fr a m e w or k.
We p oi nt o ut s o m e i m p ort a nt r e m ar ks.

As e x p e ct e d, o ur si m ul ati o ns s u ff er fr o m criti c al sl o wi n g a n d fr e e zi n g at s m all
v al u es of t h e l atti c e s p a ci n g. It is  w ell k n o w n t h at t h e t o p ol o gi c al c h ar g e, a m o n g all
p ossi bl e o bs er v a bl es, is str o n gl y a ff e ct e d b y fr e e zi n g.  T his is i n d e e d d a n g er o us f or
d e fi niti o ns of t h e c o u pli n g b a s e d o n t h e gr a di e nt fl o w,  w hi c h ar e str o n gl y c orr el at e d
t o t h e t o p ol o gi c al c h ar g e.

We h a v e p oi nt e d o ut t h e pr es e n c e of criti c al sl o wi n g d o w n a n d fr e e zi n g i n
o ur si m ul ati o ns i n c h. 6 ,  w h er e  w e s h o w f or t h e diff er e nt g a u g e gr o u ps st u di e d i n
t his r e p ort h o w t h e a ut o c orr el ati o ns gr o w as o n e a p pr o a c h es t h e c o nti n u u m li mit.
Alt h o u g h  w e h a v e n ot c o m p ut e d t h e a ut o c orr el ati o n ti m es,  w e h a v e q u alit ati v el y
o bs er v e d h o w t his e ff e ct is str o n gl y e n h a n c e d as t h e n u m b er of c ol ors i n cr e as e s,
w it h t h e n u m b er of c o n fi g ur ati o ns  wit h t o p ol o gi c al c h ar g e diff er e nt fr o m z er o b ei n g
q u alit ati v el y r e d u c e d f or t h e c as e of N = 5 a n d h a vi n g o nl y 6 n o n-fr o z e n e ns e m bl es
i n t h e c as e of N = 8 .

I n t his  w or k  w e h a v e f oll o w e d t h e pr es cri pti o n i ntr o d u c e d b y t h e  A L P H A c ol-
l a b or ati o n t o r estri ct t h e c o u pli n g c al c ul ati o n t o t h e z er o t o p ol o gi c al c h ar g e s e ct or.
T his r estri cti o n a p p e ars o nl y as a r e d e fi niti o n of t h e r e n or m ali z ati o n s c h e m e a n d is
e x p e ct e d t o h a v e n o i m p a ct o n t h e c o u pli n g d et e r mi n ati o n as l o n g as t h e t o p ol o-
gi c al fl u ct u ati o ns ar e  w ell s a m pl e d i n t h e s e ct or of tri vi al t o p ol o g y,  w hi c h r e m ai ns
a n o p e n q u esti o n.  We h a v e pr es e nt e d t w o di ff er e nt d et er mi n ati o ns t h at j ustif y t his
c h oi c e. I n o n e of t h e m  w e c o m p ut e d t h e t o p ol o gi c al c h ar g e c orr el at ors i n t h e tri vi al
t o p ol o g y s e ct or f or s e v er al l atti c es  wit h t h e s a m e p h ysi c al v ol u m e, i. e. t h e s a m e
r e n or m ali z e d c o u pli n g, a n d c h e c k e d t h at e v e n i n t h e c o m pl et el y fr o z e n c as es t h er e
is n o l ar g e d e vi ati o n bet w e e n t h e c orr el at ors. I n t h e ot h er c h e c k,  w e c o m p ut e d t h e
t o p ol o gi c al c h ar g e d e nsit y a v er a g e d o nl y o v er h alf of t h e b o x, a n d s h o w e d t h at e v e n
i n r e gi o ns  w h er e t h e t o p ol o g y is c o m pl et el y fr o z e n, t h er e ar e l ar g e fl u ct u ati o ns i n
t h e c h ar g e d e nsit y.

We h a v e pr e vi o usl y  m e nti o n e d a pr o misi n g t e c h ni q u e t o r e d u c e t o p ol o g y fr e e z-
i n g k n o w n as p ar all el t e m p eri n g b o u n d ar y c o n diti o ns,  w hi c h c o m bi n es p eri o di c a n d
o p e n b o u n d ari es i n a p ar all el t e m p er e d  m a n n er t o i n d u c e t o p ol o g y fl u ct u a ti o ns.  We
ar e c urr e ntl y  w or ki n g o n t his a p pr o a c h i n c o nj u n cti o n  wit h t wist e d b o u n d ar y c o n di-
ti o ns t o  miti g at e t h e l ar g e a ut o c orr el ati o ns o bs er v e d at s m all l atti c e s p a ci n gs.  T h e
g o al of t his pr oj e ct is t o a d dr ess t h e cr u ci al q u esti o n of  w h et h er t h e pr oj e cti o n i nt o
t h e s e ct or of z er o t o p ol o gi c al c h ar g e h as a n y e ff e ct o n t h e d et er mi n ati o n of t h e Λ
p ar a m et er.  T his  w or k is d o n e i n c oll a b or ati o n  wit h  M assi m o  D’ Eli a,  Cl a u di o  B o n-
a n n o,  A n dr e a  Gi or gi eri a n d  M ar g arit a  G ar cí a  P é r e z.  We h a v e alr e a d y d e v el o p e d
f u n cti o n al c o d es t h at i n c or p or at e b ot h t h e or eti c al fr a m e w or ks ( p ar all el t e m p eri n g
a n d t wist e d b o u n d ari es), a n d  w e  will c o m p ar e t h e r es ults o bt ai n e d i n c h. 4 wit h t h e
d et er mi n ati o n of t h e c o u pli n g  wit hi n p ar all el t e m p eri n g ( w h er e fr e e zi n g is e x p e c-
t e d t o b e r e d u c e d)  w h e n pr oj e ct e d o nt o t h e z er o t o p ol o gi c al c h ar g e s e ct or. If b ot h
d et er mi n ati o ns a gr e e, t his is a n o n-tri vi al t est t h at e v e n i n fr e e zi n g s c e n ari os, t h e
Q = 0 s e ct or is c orr ectl y s a m pl e d.  B y d e fi ni n g a s c h e m e i n  w hi c h t h e c o u pli n g is a v-
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er a g e d o v er all s e ct ors, p ar all el t e m p eri n g  will als o all o w t o s h o w t h at t h e pr oj e cti o n
d o es n ot i ntr o d u c e a n y bi as i n t h e r es ults, a n d t h at it  m er el y a cts as a r e d e fi niti o n
of t h e f or m ul ati o n.  T his  w or k is i n pr o gr ess.

I n c h. 7 ,  w e h a v e s h o w n t h at t h e d e p e n d e n c e of t h e c o u pli n g o n t h e eff e cti v e
t or us si z e f oll o ws a n al m ost u ni v ers al c ur v e f or t h e t hr e e v al u es of N st u di e d i n t his
t h esis r e p ort,  wit h s m all N - d e p e n d e nt c orr e cti o ns.  We h a v e st u di e d t h e d e p e n d e n c e
of s o m e p h ysi c al q u a ntiti e s o n t h e e ff e cti v e l e n gt h l̃, s u c h as t h e ’t  H o oft c o u pli n g
or t h e t o p ol o gi c al s us c e pti bilit y.  As  w e h a v e s e e n, t h e si n g ul ar l ar g e N li mit is
a p pr o a c h e d b y t a ki n g l ar g e v al u es of N w hil e k e e pi n g t h e e ff e cti v e l e n gt h l̃ c o nst a nt.

O n t h e ot h er h a n d,  w e h a v e st u di e d t h e t o p ol o gi c al s us c e pti bilit y as a f u n cti o n
of t h e p h ysi c al v ol u m e, pl a yi n g s p e ci al att e nti o n t o t h e s e mi cl assi c al r e gi o n  w h er e
t h e o ns et of t his q u a ntit y o c c urs.  We h a v e us e d a s e mi cl assi c al a p pr o xi m ati o n b as e d
o n a dil ut e g as of i nst a nt o ns t o d es cri b e t h e o ns et of t h e S U ( 3) s us c e pti bilit y a n d als o
t o e x pl ai n, at l e ast q u alit ati v el y, t h e str o n g c orr el ati o n b et w e e n t h e c o u pli n g a n d t h e
t o p ol o gi c al c h ar g e f or t h e t hr e e v al u es of N st u di e d i n t h e t h esis.  R e m ar k a bl y, t h e
a p pr o xi m ati o n t h at b est fits o ur d at a is t h e o n e b as e d o n a dil ut e g as of fr a cti o n al
i nst a nt o ns, r e affi r mi n g t h eir i m p ort a nt r ol e i n t his fr a m e w or k.

Si n c e fr a cti o n al t o p ol o gi c al c h ar g e i nst a nt o n-li k e s ol uti o ns s e e m t o h a v e a n
i m p ort a nt r el e v a n c e i n o ur d es cri pti o n, i n c h. 8 w e h a v e st u di e d n u m eri c all y ( a n d t o
s o m e e xt e nt a n al yti c all y) p ossi bl e s ol uti o ns of t his t y p e  wit hi n o ur s et u p.  We h a v e
o bt ai n e d n u m eri c al ( a nti)s elf- d u al s ol uti o ns t o t h e  E u cli di a n  Y a n g- Mills e q u ati o ns
of  m oti o n  wit h  mi ni m al a cti o ns S = 8 π 2 / N .  T h e y  w er e o bt ai n e d o n a 4- di m e nsi o n al

t wist e d t or us  wit h fl u x 󰁛m = ( 0 , 0 ,  m) a n d 󰂃k = ( 0 , 0 , − m ),  w h er e N a n d m ar e t a k e n
as t h e n − 2 a n d n -t h t er ms of t h e  Fi b o n a c ci s e q u e n c e.  T h e s ol uti o ns s c al e v er y
w ell t o w ar ds t h e l ar g e N li mit, a n d  w e h a v e s h o w n t h at t h e y c a n b e i nt er pr et e d as
v a c u u m-t o- v a c u u m t u n n eli n g e v e nts i nt er p ol ati n g b et w e e n t w o di ff er e nt p ur e g a u g e
c o n fi g ur ati o ns.  We f o u n d t h at t h e s ol uti o ns ar e  w ell c o n c e ntr at e d i n t h e pl a n e
(x 0 , x3 ) a n d pr a cti c all y i n d e p e n d e nt of t h e t wist e d c o or di n at es ( x 1 , x2 ).  We als o
c h e c k e d t h at g a u g e i n v ari a nt o p er at ors, s u c h as  Wi lso n a n d  P ol y a k o v l o o ps, s c al e as
e x p e ct e d.

O ur s ol uti o ns s h ar e s o m e pr o p erti es  wit h ot h er S U (N ) c o n fi g ur ati o ns pr e vi-
o usl y o bt ai n e d i n t h e lit er at ur e.  B ei n g i n d e p e n d e nt of t w o of t h e s p ati al c o or di n at es
a n d l o c ali z e d i n t h e ot h er t w o, t h e y r es e m bl e t h e v ort e x-li k e str u ct ur es o n T 2 × R 2

st u di e d i n t h e lit er at ur e, b ut t h e l att er c orr es p o n d t o a n N -i n d e p e n d e nt c h oi c e of
t wist 󰁛k = 󰁔m = ( 1 , 0 , 0) a n d s h o w a di ff er e nt l ar g e N s c ali n g of t h e e n er g y pr o fil es
a n d of t h e  P ol y a k o v a n d  Wil s o n l o o p o p er at ors. I nst e a d, t h e d e p e n d e n c e of o ur
e n er g y pr o fil es o n N c orr es p o n ds t o t h at o bs er v e d f or S U (N ) i nst a nt o ns o n T 3 × R

f or a s y m m etri c s p ati al t or us  wit h t wist 󰂃m = ( 1 , 1 , 1) , 󰁛k = ( 1 , 0 , 0) . It is u n cl e ar t o
us at t his p oi nt  w h at d et er mi n es t h e N d e p e n d e n c e i n t h es e ot h er c as es, a n d h o w
it r el at es t o t h e p arti c ul ar c h oi c e of t wist, a q u esti o n t h at c ert ai nl y d es er v es f urt h er
i n v esti g ati o n.

We str ess t h at fr a cti o n al i nst a nt o ns ar e r el e v a nt i n t h e s e ar c h f or a n al yti c al
c o m p ut a bilit y i n  Y a n g- Mills t h e ori es, a pr o gr a m  w hi c h, as  m e nti o n e d i n t h e i ntr o-
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d u cti o n, h as r e c ei v e d r e n e w e d att e nti o n i n r e c e nt y e ars. I n cl u di n g t h eir c o ntri b uti o n
t o t h e p artiti o n f u n cti o n is ess e nti al t o e xt e n d a n al yti c al c al c ul ati o ns o n a t wist e d
t or us b e y o n d t h e p ert ur b ati v e r e gi m e ( Λ l̃  < < 1 ),  w h er e t his pr o gr a m h as b e e n p ar-
ti all y p urs u e d f or t h e c as e of S U ( 2).  W h et h er t his all o ws bri d gi n g t h e g a p i nt o t h e
c o n fi n e m e nt r e gi m e r e m ai ns a n o p e n q u esti o n, o n e  w a y t o g o  mi g ht b e t o e x pl oit
t h e si m pli fi c ati o ns a c hi e v e d b y v ol u m e i n d e p e n d e n c e a n d l ar g e N d y n a mi cs as d o n e
i n t his  w or k.
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C o n cl usi o n es y p ers p e cti v as

E n est a  m e m ori a d e t esis h e m os est u di a d o t e orí as g a u g e S U (N ) d e fi ni d as s o br e u n
t or o c o n c o n di ci o n es d e c o nt or n o t wi st e d, e x pl or a n d o y e x pl ot a n d o l a r el a ci ó n e ntr e
l os gr a d os d e li b ert a d d e v ol u m e n y d e c ol or i n d u ci d os p or el t wi st.  L a  m e m ori a s e
di vi d e e n tr es p art es.

E n l a pri m er a p art e, di m os u n a visi ó n g e n er al d e l as i d e as q u e s u b y a c e n a l os
c o n c e pt os d e r e d u c ci ó n d e v ol u m e n e i n d e p e n d e n ci a d e v ol u m e n,  m ostr a n d o c ó m o
s e e ntr el a z a n l os gr a d os d e li b e rt a d es p a ci al es y d e c ol or, y a cl ar a n d o l as pri n ci p al es
dif er e n ci as e ntr e el lí mit e d e N gr a n d e d e ’t  H o oft y el utili z a d o e n est e i nf or m e,
c o n o ci d o c o m o lí mit e d e N gr a n d e si n g ul ar.  E n el pri m er o, el a c o pl a mi e nt o b a r e
d e’t  H o oft s e  m a nti e n e c o nst a nt e a  m e di d a q u e u n o s e a pr o xi m a al lí mit e d e N
gr a n d e, e n c o ntr ast e c o n el c as o si n g ul ar e n el q u e fij a m os el v ol u m e n físi c o y, p or
t a nt o, el a c o pl a mi e nt o r e n or m ali z a d o a es a es c al a.  T a m bi é n d est a c a m os l a estr e c h a
r el a ci ó n e ntr e n u e str a d es cri p ci ó n y l as t e orí as g a u g e U ( 1) n o c o n m ut ati v as e n el
t or o.  P or últi m o, i ntr o d u ci m os l as i d e as g e n er al es d e g r a di e nt fl o w y fij a ci ó n d e
es c al a e n l a r e d, q u e s e utili z a n a l o l ar g o d el i nf or m e p ar a c al c ul ar el a c o pl a mi e nt o
r e n or m ali z a d o d e ’t  H o oft.

L a s e g u n d a p art e est á e nt er a m e nt e d e di c a d a al est u di o d e l a c o nst a nt e d e a c o-
pl a mi e nt o.  M e z cl a n d o l as n o ci o n es d e i n d e p e n d e n ci a d e v ol u m e n y g r a di e nt fl o w ,
e n el c a p. 3 i ntr o d uji m os u n es q u e m a d e r e n or m ali z a ci ó n p arti cul ar, c o n o ci d o c o m o
t wi st e d g r a di e nt fl o w, q u e h a si d o l a pri n ci p al t é c ni c a c o m p ut a ci o n al d el a c o pl a mi-
e nt o ’t  H o oft r e n or m ali z a d o a l o l ar g o d e est a p art e.  L a pr es cri p ci ó n utili z a t é c ni c as
d e es c al a d o d e t a m a ñ o fi nit o e n u n t or o asi m étri c o e n c u atr o di m e nsi o n es, d o n d e
l as dir e c ci o n es c ort as s o n N v e c es  m ás p e q u e ñ as q u e l as otr as y, al  mis m o ti e m p o,
est á n d ot a d as d e c o n di ci o n es d e c o nt or n o t wi st e d.

E n c h. 4 est u di a m os el gr u p o S U ( 3) d e ntr o d e est e  m ar c o.  Est e c as o es d e gr a n
i m p ort a n ci a p ar a l a f e n o m e n ol o gí a d e alt as e n er gí as, y a q u e p u e d e s er e m p ar ej a d o n o
p ert ur b ati v a m e nt e a  Q C D c o n q u ar ks p es a d os, y p or t a nt o ti e n e r el e v a n ci a dir e ct a
p ar a l a e xtr a c ci ó n d e l a c o nst a nt e d e a c o pl a mi e nt o f u ert e e n  Q C D.  A d e m ás, e xist e n
m u c h os r es ult a d os e n l a lit er at ur a p ar a est e c as o, l o q u e p er mit e u n a c o m p ar a ci ó n
m ás ri g ur os a.  N u estr a d et er mi n a ci ó n d el p ar á m etr o Λ e n u ni d a d es d e l a es c al a
d e fl o w

√
8 t0 o el r a di o d e S o m m er r 0 m u estr a u n b u e n a c u er d o c o n l a lit er at ur a.

N u estr o r es ult a d o fi n al e n u ni d a d es d e l a es c al a d e fl o w es Λ N = 3
M S

√
8 t0 = 0 , 6 0 3( 1 7) .

L a r el a ci ó n Λ M S / Λ T G F e s u n a p art e cl a v e d el c ál c ul o, q u e h a si d o c o m p ut a d a e n
t e orí a d e p ert ur b a ci o n es e n l a lit er at ur a.  C al c ul a m os el p ar á m etr o Λ d e ntr o d el
es q u e m a d e t wi st e d g r a di e nt fl o w y l u e g o utili z a m os l os d at os d el f u n ci o n al d e S c h-
r o di n g er dis p o ni bl es, c o n c orr e c ci o n es p ert ur b ati v as d el or d e n d e O (λ 2 ), p ar a r e al-
i z ar u n aj ust e n o p ert ur b ati v o y e xtr a p ol ar n u estr o r es ult a d o fi n al.  L a pr e cisi ó n d e
n u estr o c ál c ul o n o es t a n b u e n a c o m o l a d e l as d et er mi n a ci o n es  m ás e x a ct as, p er o l a
sist e m áti c a as o ci a d a a l a e xtr a p ol a ci ó n d el c o nti n u o s e ti e n e  m u y e n c u e nt a, y a q u e
n u estr as si m ul a ci o n es i n cl u y e n t a m a ñ os d e r e d gr a n d es.  L a pri n ci p al c o ntri b u ci ó n
a l a i n c erti d u m br e d e est e c ál c ul o es si n d u d a el e m p ar ej a mi e nt o c o n l a t e orí a d e
p ert ur b a ci o n es, y a q u e s e h a n o bs er v a d o gr a n d es c orr e c ci o n es i n cl us o e n es q u e m as
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d e r e n or m ali z a ci ó n e n l os q u e s e c o n o c e n l os c o e fi ci e nt es  N N L O.  E n n u estr a d et er m-
i n a ci ó n, el e m p ar ej a mi e nt o p ert ur b ati v o s e r e ali z a d e f or m a  m u y c ui d a d os a y d e
v ari as  m a n er as utili z a n d o u n a ej e c u ci ó n n o p ert ur b ati v a q u e c u br e gr a n d es es c al as
d e e n er gí a.

E n g e n er al, el es q u e m a d e t wi st e d g r a di e nt fl o w h a d e m ostr a d o s er u n a p ot e nt e
t é c ni c a c o m p ut a ci o n al q u e p u e d e utili z ars e e n d os dir e c ci o n es dif er e nt es.

E n pri m er l u g ar, l a g e o m etrí a el e gi d a o c u p a  m e n os  m e m ori a q u e l a s si m ul a-
ci o n es si m étri c as h a bit u al es.  Est a  m e n or h u ell a d e  m e m ori a i m pli c a u n a u m e nt o d e
l a r el a ci ó n d e tr a nsf er e n ci a c ál c ul o- m e m ori a, p or l o q u e p u e d e ej e c ut ars e d e f or m a
m ás e fi ci e nt e e n l os a ct u al es a c el er a d or es d e h ar d w ar e y cl ust ers d e  G P U.  E n est e
s e nti d o, el t wi st e d g r a di e nt fl o w p er mitir á a c ot ar d e f or m a ó pti m a l a i n c erti d u m br e
e n l a d et er mi n a ci ó n d el p ar á m etr o Λ y a cl ar ar l a t e nsi ó n e xist e nt e e ntr e l as d et er m-
i n a ci o n es e n l a lit er at ur a.

E n s e g u n d o l u g ar, est e es q u e m a es p arti c ul ar m e nt e a d e c u a d o p ar a e xtr a er l a
d e p e n d e n ci a N d el p ar á m etr o Λ ,  m oti v a n d o el a n álisis d e c h. 5 .  E n est e c a pít ul o
h e m os c al c ul a d o el p ar á m etr o Λ p ar a l os gr u p os g a u g e N = 5 y 8, si g ui e n d o l as  mis-
m as estr at e gi as d e es c al a d o fi n o d e c h. 4 .  L a d et er mi n a ci ó n e n u ni d a d es físi c as s ól o
f u e p osi bl e e n el c as o d e S U ( 5), y a q u e n o h a y s u fi ci e nt es c ál c ul os d e es p a ci a d o d e
r e d e n l a lit er at ur a p ar a el c as o d e N = 8 q u e s e aj ust e n al r a n g o d e a c o pl a mi e nt os
b a r e utili z a d os e n n u es tr as si m ul a ci o n es.  P ar a N = 5 h e m os c al c ul a d o el p ar á m etr o
Λ e n u ni d a d es d e l a t e nsi ó n d e l a c u er d a, o bt e ni e n d o: Λ N = 5

M S
/
√

σ 0 = 0 , 5 6 0( 2 1) ,
q u e c o n c u er d a bi e n c o n l a bi bli o gr afí a.  N u estr os r es ult a d os  m u estr a n gr a n d es i n c er-
ti d u m br es, p er o d e n u e v o l as e xtr a p ol a ci o n es p ert ur b ati v as s e ti e n e n  m u y e n c u e nt a.

E n c h. 5 t a m bi é n i n v esti g a m os el ef e ct o d e l as c o n di ci o n es d e c o nt or n o e n
l a d et er mi n a ci ó n d el a c o pl a mi e nt o. Si g ui e n d o l a hi p ót esis d e l a i n d e p e n d e n ci a d el
v ol u m e n, e x pl ot a m os el h e c h o d e q u e e n el lí mit e N gr a n d e l os ef e ct os d el v ol u m e n
fi nit o est á n c o ntr ol a d os p or l a l o n git u d ef e cti v a l̃.  Est o s ól o es ci ert o e n el lí mit e d e
N gr a n d e, pr o p or ci o n a n d o al  mis m o ti e m p o u n v al or a pr o xi m a d a m e nt e c o nst a nt e
d el p ar á m etr o d e n o c o n m ut ati vi d a d θ̂ .  A d e m ás, l as c o n di ci o n es d e c o nt or n o t wi st e d
t a m bi é n i ntr o d u c e n u n a asi m etrí a, y a q u e s ól o d os dir e c ci o n es est á n e q ui p a d as.
E x pl or a m os est a asi m etrí a r estri n gi e n d o l a d et er mi n a ci ó n d el a c o pl a mi e nt o a ci ert os
c o nj u nt os d e pl a n os e n l a c aj a t wi st e d, q u e d e h e c h o r e pr es e nt a n dif er e nt es es q u e m as
d e r e n or m ali z a ci ó n.  A c o nti n u a ci ó n, c al c ul a m os el c o ci e nt e l o g (Λ T G F / Λ M S ) p ar a l os
disti nt os pl a n os y o bs er v a m os q u e l a d e p e n d e n ci a d e est a r el a ci ó n d el p ar á m etr o d e
n o c o n m ut ati vi d a d si g u e si e n d o  m u y p e q u e ñ a, c o m o er a d e es p er ar c u a n d o N y k s e
es c al a n d e ntr o d e l a s e c u e n ci a d e  Fi b o n a c ci.  A d e m ás, l as dif er e n ci as o bs er v a d as e n
el t wi st e d g r a di e nt fl o w s o n d el  mis m o or d e n q u e e n otr os es q u e m as, c o m o el g r a di e nt
fl o w c o n c o n di ci o n es d e c o nt or n o d e ntr o d el f u n ci o n al d e S c hr o di n g er.

E n l a t er c er a y últi m a p art e d e est e tr a b aj o, est u di a m os al g u n as i m pli c a ci o n es
t o p ol ó gi c as pr es e nt es e n n u estr a c o n fi g ur a ci ó n y d e gr a n i nt er és p ar a el  m ar c o d e
i n d e p e n d e n ci a d e v ol u m e n. S e ñ al a m os al g u n as o bs er v a ci o n es i m p ort a nt es.

C o m o er a d e es p er ar, n u estr as si m ul a ci o n es s ufr e n d e c riti c al sl o wi n g d o w n y
d e t o p ol o g y f r e e zi n g a v al or es p e q u e ñ os d el es p a ci a d o d e l a r e d.  Es bi e n s a bi d o q u e l a
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c ar g a t o p ol ó gi c a, e ntr e t o d os l os o bs er v a bl es p osi bl es, s e v e f u ert e m e nt e af e ct a d a p or
el f r e e zi n g.  D e h e c h o, est o es p eli gr os o p ar a l as d e fi ni ci o n es d el a c o pl a mi e nt o b as a d as
e n el g r a di e nt fl o w , q u e est á n f u ert e m e nt e c orr el a ci o n a d as c o n l a c ar g a t o p ol ó gi c a.

H e m os s e ñ al a d o l a pr es e n ci a d e c riti c al sl o wi n g d o w n y t o p ol o g y f r e e zi n g e n
n u estr as si m ul a ci o n es e n c h. 6 , d o n d e  m ostr a m os p ar a l os disti nt os gr u p os g a u g e
est u di a d os e n est a  m e m ori a c ó m o cr e c e n l as a ut o c orr el a c i on es a  m e di d a q u e u n o s e
a pr o xi m a al lí mit e d el c o nti n u o.  A u n q u e n o h e m os c al c ul a d o l os ti e m p os d e a ut o-
c orr el a ci ó n, h e m os o bs er v a d o c u alit ati v a m e nt e c ó m o est e ef e ct o s e p ot e n ci a f u ert e-
m e nt e a  m e di d a q u e a u m e nt a el n ú m er o d e c ol or es, r e d u ci é n d os e c u alit ati v a m e nt e
el n ú m er o d e c o n fi g ur a ci o n es c o n c ar g a t o p ol ó gi c a disti nt a d e c er o p ar a el c as o d e
N = 5 y t e ni e n d o s ól o 6 c o nj u nt os n o c o n g el a d os e n el c as o d e N = 8 .

E n est e tr a b aj o h e m os s e g ui d o l a pr es cri p ci ó n i ntr o d u ci d a p o r l a col a b or a ci ó n
A L P H A d e r estri n gir el c ál c ul o d el a c o pl a mi e nt o al s e ct or d e c ar g a t o p ol ó gi c a c er o.
Est a r estri c ci ó n a p ar e c e s ól o c o m o u n a r e d e fi ni ci ó n d el es q u e m a d e r e n or m ali z a ci ó n
y s e es p er a q u e n o t e n g a i m p a ct o e n l a d et er mi n a ci ó n d el a c o pl a mi e nt o si e m pr e q u e
l as fl u ct u a ci o n es t o p ol ó gi c as est é n bi e n  m u estr e a d as e n el s e ct or d e t o p ol o gí a tri vi al,
l o c u al si g u e si e n d o u n a pr e g u nt a a bi ert a.  H e m os pr es e nt a d o d os d et er mi n a ci o n es
dif er e nt es q u e j usti fi c a n est a el e c c i ón.  E n u n a d e ell as c al c ul a m os l os c orr el a d or es
d e c ar g a t o p ol ó gi c a e n el s e ct or d e t o p ol o gí a tri vi al p ar a v ari as r e d es c o n el  mis m o
v ol u m e n físi c o, es d e cir, el  mis m o a c o pl a mi e nt o r e n or m ali z a d o, y c o m pr o b a m os q u e
i n cl us o e n l os c as os c o m pl et a m e nt e c o n g el a d os n o h a y gr a n d es d es vi a ci o n es e ntr e l os
c orr el a d or es.  E n l a otr a c o m pr o b a ci ó n, c al c ul a m os l a d e nsi d a d d e c ar g a t o p ol ó gi c a
pr o m e di a d a s ól o s o br e l a  mit a d d e l a c aj a, y  m ostr a m os q u e i n cl us o e n l as r e gi o n es
d o n d e l a t o p o l o gí a est á c o m pl et a m e nt e c o n g el a d a, h a y gr a n d es fl u ct u a ci o n es e n l a
d e nsi d a d d e c ar g a.

A nt eri or m e nt e h e m os  m e n ci o n a d o u n a t é c ni c a pr o m et e d or a p ar a r e d u cir l a
c o n g el a ci ó n t o p ol ó gi c a c o n o ci d a c o m o c o n di ci o n es d e c o nt or n o d e t e m pl a d o p ar al el o,
q u e c o m bi n a c o nt or n os p eri ó di c os y a bi ert os d e f or m a t e m pl a d a p ar al el a p ar a i n-
d u cir fl u ct u a ci o n es t o p ol ó gi c as.  A ct u al m e nt e est a m os tr a b aj a n d o e n est e e nf o q u e
j u nt o c o n c o n di ci o n es d e c o nt or n o t wi st e d p ar a  miti g ar l as gr a n d es a ut o c orr el a ci o n es
o bs er v a d as a p e q u e ñ os es p a ci a mi e nt os d e l a r e d.  El o bj eti v o d e est e pr o y e ct o es
a b or d ar l a c u esti ó n cr u ci al d e si l a pr o y e c ci ó n e n el s e ct or d e c ar g a t o p ol ó gi c a c er o
ti e n e al g ú n ef e ct o e n l a d et er mi n a ci ó n d el p ar á m etr o Λ .  Est e tr a b aj o s e r e ali z a e n
c ol a b or a ci ó n c o n  M assi m o  D’ Eli a,  Cl a u di o  B o n a n n o,  A n dr e a  Gi or gi eri y  M ar g ar-
it a  G ar cí a  P ér e z.  Y a h e m os d es arr oll a d o c ó di g os f u n ci o n al es q u e i n c or p or a n a m b os
m ar c os t e óri c os, y c o m p ar ar e m os l os r es ult a d os o bt e ni d os e n c h. 4 c o n l a d et er m-
i n a ci ó n d el a c o pl a mi e nt o d e ntr o d el t e m pl e p ar al el o ( d o n d e s e es p er a q u e s e r e d u z c a
l a c o n g el a ci ó n) c u a n d o s e pr o y e ct a s o br e el s e ct or d e c ar g a t o p ol ó gi c a c er o. Si a m-
b as d et er mi n a ci o n es c oi n ci d e n, s e tr at a d e u n a pr u e b a n o tri vi al d e q u e, i n cl us o
e n es c e n ari os d e c o n g el a ci ó n, el s e ct or Q = 0 est á c orr e ct a m e nt e  m u estr e a d o.  Al
d e fi nir u n es q u e m a e n el q u e el a c o pl a mi e nt o s e pr o m e di a s o br e t o d os l os s e ct or es, el
t e m pl a d o e n p ar al el o t am bi é n p er mitir á d e m ostr ar q u e l a pr o y e c ci ó n n o i ntr o d u c e
ni n g ú n s es g o e n l os r es ult a d os, y q u e si m pl e m e nt e a ct ú a c o m o u n a r e d e fi ni ci ó n d e
l a f or m ul a ci ó n.  Est e tr a b aj o est á e n c urs o.
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C h a pt e r 9.  C o n cl u si o n s a n d  O utl o o k

E n c h. 7 , h e m os d e m ostr a d o q u e l a d e p e n d e n ci a d el a c o pl a mi e nt o c o n el
t a m a ñ o ef e cti v o d el t or o si g u e u n a c ur v a c asi u ni v ers al p ar a l os tr es v al or es d e
N est u di a d os e n est a  m e m ori a d e t esis, c o n p e q u e ñ as c orr e c ci o n es d e p e n di e nt es d e
N .  H e m os est u di a d o l a d e p e n d e n ci a d e al g u n as  m a g nit u d es físi c as d e l a l o n git u d
ef e cti v a l̃, c o m o el a c o pl a mi e nt o d e ’t  H o oft o l a s us c e pti bili d a d t o p ol ó gi c a.  C o m o
h e m os vist o, el lí mit e si n g ul ar d e N gr a n d e s e a pr o xi m a t o m a n d o v al or es gr a n d es
d e N mi e ntr as s e  m a nti e n e c o nst a nt e l a l o n git u d ef e cti v a l̃.

P or otr o l a d o, h e m os est u di a d o l a s us c e pti bili d a d t o p ol ó gi c a e n f u n ci ó n d el
v ol u m e n físi c o, pr est a n d o es p e ci al at e n ci ó n a l a r e gi ó n s e mi cl ási c a d o n d e s e pr o d u c e
el est a bl e ci mi e nt o d e est a c a nti d a d.  H e m os utili z a d o u n a a pr o xi m a ci ó n s e mi cl ási c a
b as a d a e n u n g as dil ui d o d e i nst a nt o n es p ar a d es cri bir el i ni ci o d e l a s us c e pti bili d a d
S U ( 3) y t a m bi é n p ar a e x pli c ar, al  m e n os c u alit ati v a m e nt e, l a f u ert e c orr el a ci ó n
e ntr e el a c o pl a mi e nt o y l a c ar g a t o p ol ó gi c a p ar a l os tr es v al or es d e N est u di a d os e n
l a t esis.  N ot a bl e m e nt e, l a a pr o xi m a ci ó n q u e  m ej or s e aj ust a a n u estr os d at os es l a
b as a d a e n u n g as dil ui d o d e i nst a nt o n es fr a c ci o n ari os, r e a fir m a n d o s u i m p ort a nt e
p a p el e n est e  m ar c o.

D a d o q u e l as s ol u ci o n es ti p o i nst a nt ó n d e c ar g a t o p ol ó gi c a fr a c ci o n ari a p ar e-
c e n t e n er u n a r el e v a n ci a i m p ort a nt e e n n u estr a d es cri p ci ó n, e n el c a p. 8 h e m os
est u di a d o n u m éri c a m e nt e ( y h ast a ci ert o p u nt o a n a líti c a m e nt e) p osi bl es s ol u ci o n es
d e est e ti p o d e ntr o d e n u estr a c o n fi g ur a ci ó n.  H e m os o bt e ni d o s ol u ci o n es n u m éri c as
( a nti) a ut o d u al es p ar a l as e c u a ci o n es d e  m o vi mi e nt o e u cli di a n as d e  Y a n g- Mills c o n
a c ci o n es  mí ni m as S = 8 π 2 / N . S e o bt u vi er o n e n u n t or o t wi st e d d e 4 di m e nsi o n es

c o n fl uj o 󰁛m = ( 0 , 0 ,  m) y 󰂃k = ( 0 , 0 , − m ), d o n d e N y m s e t o m a n c o m o l os t ér mi n os
n − 2 y n - ési m o d e l a s u c esi ó n d e  Fi b o n a c ci.  L as s ol u ci o n es es c al a n  m u y bi e n h a ci a el
lí mit e d e N gr a n d e, y h e m os d e m ostr a d o q u e p u e d e n i nt er pr et ars e c o m o s u c es os d e
t ú n el e ntr e v a cí o y v a cí o q u e i nt er p ol a n e ntr e d os c o n fi g ur a ci o n es g a u g e p ur as dif er-
e nt es.  E n c o ntr a m os q u e l as s ol u ci o n es est á n bi e n c o n c e ntr a d as e n el pl a n o ( x 0 , x3 )
y s o n pr á cti c a m e nt e i n d e p e n di e nt es d e l as c o or d e n a d as t or ci d as ( x 1 , x2 ).  T a m bi é n
c o m pr o b a m os q u e l os o p er a d or es i n v ari a nt es g a u g e, c o m o l os o p er a d or es d e  Wils o n
y  P ol y a k o v, es c al a n c o m o s e es p er a b a.

N u estr as s ol u ci o n es c o m p art e n al g u n as pr o pi e d a d es c o n otr as c o n fi g ur a ci o n es
S U (N ) o bt e ni d as pr e vi a m e nt e e n l a lit er at ur a. Si e n d o i n d e p e n di e nt es d e d os d e l as
c o or d e n a d as es p a ci al es y l o c ali z a d as e n l as otr as d os, s e as e m ej a n a l as estr u ct ur as
ti p o v órti c e e n T 2 × R 2 est u di a d as e n l a lit er at ur a, p er o est as últi m as c orr es p o n d e n a
u n a el e c ci ó n N -i n d e p e n di e nt e d el t w sit 󰁛k = 󰁔m = ( 1 , 0 , 0) y  m u e str a n u n es c al a mi e nt o
a N gr a n d e dif er e nt e d e l os p er fil es d e e n er gí a y d e l os o p er a d or es d e  P ol y a k o v y
Wils o n.  E n c a m bi o, l a d e p e n d e n ci a d e n u estr os p er fil es d e e n er gí a c o n N c orr es p o n d e
a l a o bs er v a d a p ar a l os i nst a nt o n es S U (N ) e n T 3 × R p ar a u n t or o es p a ci al si m étri c o

c o n t wi st 󰂃m = ( 1 , 1 , 1) , 󰁛k = ( 1 , 0 , 0) .  N o t e n e m os cl ar o e n est e  m o m e nt o q u é
d et er mi n a l a d e p e n d e n ci a d e N e n est os otr os c as os, y c ó m o s e r el a ci o n a c o n l a
el e c ci ó n p arti c ul ar d e el t wi st, u n a c u esti ó n qu e s i n d u d a  m er e c e  m ás i n v esti g a ci ó n.

D est a c a m os q u e l os i nst a nt o n es fr a c ci o n ari os s o n r el e v a nt es e n l a b ús q u e d a
d e c o m p ut a bili d a d a n alíti c a e n t e orí as d e  Y a n g- Mills, u n pr o gr a m a q u e, c o m o s e
m e n ci o n a e n l a i ntr o d u c ci ó n, h a r e ci bi d o r e n o v a d a at e n ci ó n e n l os últi m os a ñ os. I n-
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cl uir s u c o ntri b u ci ó n a l a f u n ci ó n d e p arti ci ó n es es e n ci al p ar a e xt e n d er l os c ál c ul os
a n alíti c os e n u n t or o t wi st e d m ás all á d el r é gi m e n p ert ur b ati v o ( Λ l̃  < < 1 ), d o n d e
est e pr o gr a m a s e h a p ers e g ui d o p ar ci al m e nt e p ar a el c as o d e S U ( 2). Si g u e si e n d o
u n a c u esti ó n a bi ert a si est o p er mit e t e n d er u n p u e nt e h a ci a el r é gi m e n d e c o n fi n-
a mi e nt o; u n a f or m a d e h a c erl o p o drí a s er e x pl ot ar l as si m pli fi c a ci o n es l o gr a d as p or
l a i n d e p e n d e n ci a d el v ol u m e n y l a di n á mi c a d e N gr a n d es ¡, c o m o s e h a c e e n est e
tr a b aj o.
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P a r t  V

A p p e n di c e s
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A
L atti c e e ns e m bl es

1 8 × b L̃ = 1 2 L̃ = 1 8 L̃ = 2 4 L̃ = 3 6 L̃ = 4 8

0. 3 3 3 3 7 5 1 7( 2 4 8 3) 2 0 2 4 8( 3 0 6 9 4) 3 9 2 0( 1 3 0 6 2) 1 0 7 0( 8 7 0 2) 1 2 0( 1 8 7 6)
0. 3 4 4 4 9 5 6 9( 4 3 1) 3 6 9 7 0( 1 5 6 0 6) 7 8 6 9( 1 0 0 8 7) 1 1 2 0( 4 1 5 9) 2 2 0( 1 7 1 3)
0. 3 4 9 9 9 8 8 7( 1 1 3) 5 6 4 4( 4 3 5 6)
0. 3 5 5 6 9 9 6 1( 3 9) 4 9 3 5 9( 3 4 1 7) 1 3 0 5 0( 5 3 5 6) 3 8 9 9( 6 9 8 3) 4 5 8( 1 5 4 1)
0. 3 6 0 4 9 9 8 3( 1 7) 8 3 5 0( 1 6 5 0)
0. 3 6 5 8 9 9 4 0( 6 0) 3 5 5 6( 2 3 1 1)
0. 3 6 6 7 1 0 0 0 0( 0) 5 2 8 0 7( 3 0 0) 1 6 7 1 3( 1 2 8 7) 6 4 7 6( 4 4 8 2) 7 5 9( 1 5 3 7)
0. 3 7 1 2 1 0 0 0 0( 0) 9 8 0 5( 1 9 5)
0. 3 7 6 6 1 0 0 0 0( 0) 2 6 3 4( 5 6 9)
0. 3 7 7 8 1 0 0 0 0( 0) 5 1 8 4 0( 6 7) 1 7 8 0 7( 1 9 3) 9 5 9 3( 1 6 1 6) 1 3 1 6( 9 8 9)
0. 3 8 2 1 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 3 8 7 6 1 0 0 0 0( 0) 4 3 4 4( 1 6 1 5)
0. 3 8 8 9 1 0 0 0 0( 0) 5 3 2 3 8( 0) 1 6 4 3 9( 0) 1 0 9 7 1( 0) 2 1 5 5( 1 5 0)
0. 3 9 3 0 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 3 9 8 6 1 0 0 0 0( 0) 6 3 3 0( 0)
0. 4 0 0 0 1 0 0 0 0( 0) 5 0 5 4 4( 0) 1 8 0 0 0( 0) 1 0 9 7 4( 0) 2 3 0 7( 0)
0. 4 0 4 0 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 4 0 9 7 1 0 0 0 0( 0) 6 4 2 1( 0)
0. 4 1 1 1 1 0 0 0 0( 0) 5 3 4 0 6( 0) 1 6 7 6 3( 0) 1 0 9 8 1( 0) 2 6 0 3( 0)
0. 4 1 4 9 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 4 2 0 8 1 0 0 0 0( 0) 4 8 9 9( 0)
0. 4 2 2 2 1 0 0 0 0( 0) 5 3 6 0 5( 0) 1 7 7 6 0( 0) 9 9 9 9( 0) 2 3 0 8( 0)
0. 4 3 1 9 1 0 0 0 0( 0) 6 3 5 1( 0)
0. 4 3 3 3 1 0 0 0 0( 0) 5 3 5 6 0( 0) 1 7 5 0 1( 0) 8 9 7 9( 0) 2 6 0 4( 0)
0. 4 4 2 6 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 4 4 4 4 1 0 0 0 0( 0) 5 3 6 0 2( 0) 1 8 0 0 0( 0) 9 7 2 0( 0) 2 6 1 0( 0)
0. 4 5 9 6 1 0 0 0 0( 0) 3 2 2 9( 0)
0. 4 7 0 2 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 4 7 2 2 1 0 0 0 0( 0) 5 3 8 2 5( 0) 1 7 0 0 0( 0) 8 9 9 0( 0) 2 3 2 4( 0)
0. 4 8 7 3 1 0 0 0 0( 0) 3 2 3 7( 0)
0. 4 9 7 9 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 5 0 0 0 1 0 0 0 0( 0) 5 3 6 5 4( 0) 1 8 0 0 0( 0) 9 0 0 0( 0) 2 3 3 3( 0)
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A p p e n di x  A.  L atti c e e n s e m bl e s

0. 5 1 5 0 1 0 0 0 0( 0) 1 6 0 2( 0)
0. 5 2 5 6 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 5 2 7 8 1 0 0 0 0( 0) 5 4 1 7 8( 0) 1 6 4 8 3( 0) 7 9 9 8( 0) 1 9 6 6( 0)
0. 5 4 2 7 1 0 0 0 0( 0) 3 2 5 5( 0)
0. 5 5 3 4 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 5 5 5 6 1 0 0 0 0( 0) 5 3 8 8 9( 0) 1 8 0 0 0( 0) 1 3 8 6 6( 0) 2 8 9 8( 0)
0. 5 7 0 5 1 0 0 0 0( 0) 8 1 5 9( 0)
0. 5 8 1 2 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 5 8 3 3 1 0 0 0 0( 0) 5 3 4 1 5( 0) 1 7 0 0 0( 0) 1 2 8 4 1( 0) 2 8 9 8( 0)
0. 5 9 8 2 1 0 0 0 0( 0) 7 7 1 4( 0)
0. 6 1 1 1 1 0 0 0 0( 0) 5 3 6 7 9( 0) 8 6 4 0( 0) 1 2 8 0 0( 0) 2 5 8 4( 0)
0. 6 3 6 7 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 6 5 3 8 1 0 0 0 0( 0) 6 5 4 7( 0)
0. 6 6 6 7 1 0 0 0 0( 0) 1 0 0 0 0( 0) 1 6 4 4 2( 0) 8 9 1 6( 0) 1 6 5 8( 0)
0. 6 9 2 3 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 7 0 9 3 1 0 0 0 0( 0) 6 5 5 0( 0)
0. 7 2 2 2 1 0 0 0 0( 0) 1 0 0 0 0( 0) 1 6 5 1 3( 0) 8 8 7 3( 0) 1 6 5 5( 0)
0. 7 4 7 8 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 7 6 4 9 1 0 0 0 0( 0) 5 6 4 3( 0)
0. 7 7 7 8 1 0 0 0 0( 0) 1 0 0 0 0( 0) 1 6 3 4 0( 2 2 5) 8 4 0 0( 0) 1 6 6 3( 0)
0. 8 0 3 4 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 8 2 0 2 1 0 0 0 0( 0) 8 1 5 8( 0)
0. 8 3 3 3 1 0 0 0 0( 0) 1 0 0 0 0( 0) 1 6 6 0 2( 0) 8 2 4 7( 0) 1 6 6 8( 0)
1. 1 1 1 1 1 0 0 0 0( 0) 5 0 0 9( 0) 1 1 5 7 0( 0) 1 8 9 3( 0) 4 0 1( 0)

T a bl e  A. 1: S U ( 3) t ot al n u m b er of c o n fi g ur ati o n s  wit h z er o t o p ol o gi c al c h ar g e ( wit hi n
p ar e nt h e si s,  w e r e p ort t h o s e  wit h n o n- z er o c h ar g e s).

b L̃ = 1 0 L̃ = 2 0 L̃ = 3 0 L̃ = 4 0 L̃ = 6 0

0. 3 3 0 0 5 8 2 6( 4 1 7 4) 1 0 1 3( 8 9 8 7) 3 9 9( 9 6 0 1) 1 0 0( 3 7 3 0) 7( 9 3 3)
0. 3 3 5 0 6 1 8 9( 3 8 1 1) 1 7 8 3( 8 2 1 7) 8 6 7( 9 1 3 3) 2 5 4( 5 0 0 6) 4 5( 1 5 4 2)
0. 3 4 0 0 8 0 9 1( 1 9 0 9) 3 1 1 7( 6 8 8 3) 1 4 3 9( 8 5 6 1) 5 3 9( 5 8 2 1) 6 2( 1 4 3 8)
0. 3 4 5 0 9 5 5 0( 4 5 0) 4 3 8 5( 5 6 1 5) 1 9 9 0( 8 0 1 0) 8 5 8( 6 1 4 2) 8 0( 1 4 2 0)
0. 3 4 9 9 9 9 2 8( 7 2) 5 8 6 0( 3 1 4 0)
0. 3 5 5 0 9 9 8 5( 1 5) 6 9 9 3( 3 0 0 7) 3 9 7 8( 6 0 2 2) 1 5 7 4( 5 4 2 6) 1 1 0( 1 3 9 0)
0. 3 6 0 4 9 9 9 9( 1) 8 3 5 7( 6 4 3)
0. 3 6 3 0 9 9 9 9( 1) 9 8 5 5( 1 4 5) 2 2 7 7( 7 7 2 3) 1 9 4 5( 5 0 5 5) 2 3 5( 1 2 6 5)
0. 3 6 5 8 1 0 0 0 0( 0) 3 7 9 4( 3 2 0 6)
0. 3 6 8 0 1 0 0 0 0( 0) 1 0 0 0 0( 0) 1 0 0 0 0( 0) 7 0 0 0( 0) 6 5 4( 8 4 6)
0. 3 7 0 5 1 0 0 0 0( 0) 8 4 9 3( 5 0 7)
0. 3 7 2 0 1 0 0 0 0( 0) 8 9 6 5( 1 0 3 5) 1 0 0 0 0( 0) 7 0 0 0( 0) 7 3 1( 7 6 9)
0. 3 7 6 6 9 4 3 9( 5 6 1) 7 0 0 0( 0)
0. 3 7 7 8 1 0 0 0 0( 0) 1 5 0 0( 0)
0. 3 7 9 0 1 0 0 0 0( 0) 1 0 0 0 0( 0) 1 0 0 0 0( 0) 7 0 0 0( 0) 1 5 0 0( 0)
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0. 3 8 2 1 1 0 0 0 0( 0) 7 3 1 5( 6 8 5)
0. 3 8 7 6 1 0 0 0 0( 0) 8 0 8 0( 0)
0. 3 8 8 9 1 0 0 0 0( 0) 1 5 0 0( 0)
0. 3 9 3 0 1 0 0 0 0( 0) 7 1 1 6( 8 8 4)
0. 3 9 8 6 1 0 0 0 0( 0) 7 0 0 0( 0)
0. 4 0 0 0 1 0 0 0 0( 0) 1 5 0 0( 0)
0. 4 0 4 0 1 0 0 0 0( 0) 8 0 0 0( 0)
0. 4 0 9 7 1 0 0 0 0( 0) 7 0 0 0( 0)
0. 4 1 1 1 1 0 0 0 0( 0) 1 5 0 0( 0)
0. 4 1 4 9 1 0 0 0 0( 0) 7 1 4 7( 8 5 3)
0. 4 2 0 8 1 0 0 0 0( 0) 7 0 0 0( 0)
0. 4 2 2 2 1 0 0 0 0( 0) 1 5 0 0( 0)
0. 4 2 5 5 1 0 0 0 0( 0) 7 0 0 0( 0)
0. 4 3 0 0 1 0 0 0 0( 0) 7 0 0 0( 0)
0. 4 3 1 9 1 0 0 0 0( 0) 8 2 3 0( 0)
0. 4 3 3 3 1 0 0 0 0( 0) 1 5 0 0( 0)
0. 4 3 3 7 1 0 0 0 0( 0) 1 4 9 6( 0)
0. 4 3 8 1 1 0 0 0 0( 0) 1 3 1 3( 0)
0. 4 4 0 4 1 0 0 0 0( 0) 7 0 0 0( 0)
0. 4 4 2 6 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 4 4 3 0 1 0 0 0 0( 0) 1 3 1 3( 0)
0. 4 4 4 4 1 0 0 0 0( 0) 1 3 0 7( 0)
0. 4 4 8 4 1 0 0 0 0( 0) 1 3 0 2( 0)
0. 4 5 0 0 1 0 0 0 0( 0) 1 0 0 0 0( 0) 7 0 0 0( 0)
0. 4 5 4 9 1 0 0 0 0( 0) 1 0 0 0( 0)
0. 4 5 9 6 1 0 0 0 0( 0) 7 4 6 0( 0)
0. 4 6 0 0 1 0 0 0 0( 0) 1 0 0 0 0( 0) 7 0 0 0( 0)
0. 4 6 2 2 1 0 0 0 0( 0) 1 0 0 0( 0)
0. 4 7 0 2 1 0 0 0 0( 0) 8 0 0 0( 0)
0. 4 7 2 2 1 0 0 0 0( 0) 1 0 0 0( 0)
0. 4 8 0 0 1 0 0 0 0( 0) 8 0 0 0( 0) 7 0 0 0( 0)
0. 4 8 7 3 1 0 0 0 0( 0) 9 2 6 0( 0)
0. 4 9 7 9 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 5 0 0 0 1 0 0 0 0( 0) 1 0 0 0 0( 0) 1 0 0 0 0( 0) 1 0 0 0( 0)
0. 5 1 5 0 1 0 0 0 0( 0) 7 0 0 0( 0)
0. 5 2 5 6 1 0 0 0 0( 0) 8 0 0 0( 0)
0. 5 2 7 8 1 0 0 0 0( 0) 1 0 0 0( 0)
0. 5 4 0 0 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 5 4 2 7 1 0 0 0 0( 0) 7 1 1 0( 0)
0. 5 5 3 4 1 0 0 0 0( 0) 8 0 0 0( 0)
0. 5 5 5 6 1 0 0 0 0( 0) 1 0 0 0( 0)
0. 5 7 0 5 1 0 0 0 0( 0) 3 5 0 0( 0)
0. 5 8 1 2 1 0 0 0 0( 0) 4 3 0 9( 3 6 9 1)
0. 5 8 3 3 1 0 0 0 0( 0) 1 0 0 0( 0)
0. 5 9 8 2 1 0 0 0 0( 0) 7 0 8 0( 0)
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A p p e n di x  A.  L atti c e e n s e m bl e s

0. 6 1 1 1 1 0 0 0 0( 0) 1 0 0 0( 0)
0. 6 3 6 7 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 6 5 3 8 1 0 0 0 0( 0) 7 3 9 0( 0)
0. 6 6 0 0 1 0 0 0 0( 0) 1 0 0 0 0( 0)
0. 6 6 6 7 1 0 0 0 0( 0) 1 0 0 0( 0)
0. 6 9 2 3 1 0 0 0 0( 0) 6 3 5 3( 1 6 4 7)
0. 7 0 9 3 8 7 3 9( 1 6 6 1) 7 3 6 0( 0)
0. 7 2 2 2 1 0 0 0 0( 0) 1 0 0 0( 0)
0. 7 4 7 8 1 0 0 0 0( 0) 8 0 0 0( 0)
0. 7 6 4 9 9 5 8 6( 8 1 4) 7 3 6 0( 0)
0. 7 7 7 8 1 0 0 0 0( 0) 1 3 1 9( 0)
0. 8 0 3 4 1 0 0 0 0( 0) 7 1 9 2( 8 0 8)
0. 8 2 0 2 9 5 6 5( 8 3 5) 8 3 5 0( 0)
0. 8 3 3 3 1 0 0 0 0( 0) 1 1 7 6( 0)

T a bl e  A. 2: S U ( 5) t ot al n u m b er of c o n fi g ur ati o n s  wit h z er o t o p ol o gi c al c h ar g e ( wit hi n
p ar e nt h e si s,  w e r e p ort t h o s e  wit h n o n- z er o c h ar g e s).

b L̃ = 1 6 L̃ = 3 2 L̃ = 4 8 L̃ = 6 4 L̃ = 9 6

0. 3 5 5 5 9 8 4 6( 1 5 4) 2 2 3 1( 7 8 3 9) 8 8 1( 1 9 1 9) 3 7( 1 6 3)
0. 3 5 9 4 1 0 0 0 0( 0) 6 8 0 0( 0) 2 8 0 0( 0) 2 0 7( 8 9 3) 2 0 0( 0)
0. 3 6 3 3 1 0 0 0 0( 0) 6 8 0 0( 0) 2 8 0 0( 0) 1 1 0 0( 0) 2 0 0( 0)
0. 3 6 5 7 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 3 6 6 6 2 8 0 0( 0) 2 0 0( 0)
0. 3 7 6 6 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 3 7 7 7 1 0 0 7 0( 0) 1 1 0 0( 0)
0. 3 7 7 8 2 8 0 0( 0) 2 0 0( 0)
0. 3 8 7 6 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 3 8 8 8 1 0 0 7 0( 0) 1 1 0 0( 0)
0. 3 8 9 1 1 0 0 0 0( 0) 1 0 0 7 0( 0) 2 8 0 0( 0) 2 0 0( 0)
0. 3 9 8 6 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 4 0 0 0 9 8 8 0( 0) 2 8 0 0( 0) 1 1 0 0( 0) 2 0 0( 0)
0. 4 0 9 6 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 4 1 0 9 2 8 0 0( 0) 2 0 0( 0)
0. 4 1 1 1 1 0 0 7 0( 0) 1 1 0 0( 0)
0. 4 2 0 7 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 4 2 1 9 2 8 0 0( 0) 2 0 0( 0)
0. 4 2 2 2 1 0 0 7 0( 0) 1 1 0 0( 0)
0. 4 3 1 8 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 4 3 3 3 1 0 0 7 0( 0) 1 1 0 0( 0)
0. 4 3 3 6 2 8 0 0( 0) 1 5 0( 0)
0. 4 3 3 7 1 0 0 7 0( 0) 1 1 0 0( 0)
0. 4 3 8 0 1 0 0 7 0( 0) 1 1 0 0( 0)
0. 4 4 3 0 1 0 0 7 0( 0) 1 1 0 0( 0)
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0. 4 4 4 4 1 0 0 7 0( 0) 1 1 0 0( 0)
0. 4 4 4 5 1 0 0 0 0( 0) 1 0 0 7 0( 0) 2 8 0 0( 0) 1 5 0( 0)
0. 4 4 8 4 9 8 8 0( 0) 1 1 0 0( 0)
0. 4 5 4 8 9 8 8 0( 0) 1 1 0 0( 0)
0. 4 5 9 5 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 4 6 2 2 9 8 8 0( 0) 1 1 0 0( 0)
0. 4 7 2 2 9 6 9 0( 0) 2 8 0 0( 0) 1 1 0 0( 0) 1 5 0( 0)
0. 4 8 7 3 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 5 0 0 0 9 6 9 0( 0) 2 8 0 0( 0) 1 1 0 0( 0) 1 5 0( 0)
0. 5 1 5 0 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 5 2 7 7 9 5 0 0( 0) 1 1 0 0( 0)
0. 5 2 8 1 2 8 0 0( 0) 1 5 0( 0)
0. 5 4 2 7 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 5 5 5 5 1 0 0 0 0( 0) 1 0 0 7 0( 0) 2 8 0 0( 0) 1 5 0( 0)
0. 5 5 5 5 9 5 0 0( 0) 1 1 0 0( 0)
0. 5 7 0 5 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 5 8 3 3 9 5 0 0( 0) 1 1 0 0( 0)
0. 5 8 3 6 2 8 0 0( 0) 1 5 0( 0)
0. 5 9 8 2 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 6 1 0 9 2 8 0 0( 0) 1 5 0( 0)
0. 6 1 1 1 9 1 2 0( 0) 1 1 0 0( 0)
0. 6 5 3 8 1 0 0 0 0( 0) 9 5 0 0( 0)
0. 6 6 6 4 2 8 0 0( 0) 1 5 0( 0)
0. 6 6 6 6 9 1 2 0( 0) 1 1 0 0( 0)
0. 7 0 9 3 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 7 2 1 9 2 8 0 0( 0) 1 5 0( 0)
0. 7 2 2 2 9 3 1 0( 0) 1 1 0 0( 0)
0. 7 6 4 8 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 7 7 7 7 9 3 1 0( 0) 1 1 0 0( 0)
0. 7 7 8 1 1 0 0 0 0( 0) 9 8 8 0( 0) 2 8 0 0( 0) 1 5 0( 0)
0. 8 2 0 2 1 0 0 0 0( 0) 1 0 0 7 0( 0)
0. 8 3 3 3 1 0 0 7 0( 0) 1 1 0 0( 0)
0. 8 3 3 6 2 8 0 0( 0) 1 5 0( 0)
0. 8 8 9 1 2 8 0 0( 0) 1 5 0( 0)
0. 9 4 4 5 2 8 0 0( 0) 1 5 0( 0)

T a bl e  A. 3: S U ( 8) t ot al n u m b er of c o n fi g ur ati o n s  wit h z er o t o p ol o gi c al c h ar g e ( wit hi n
p ar e nt h e si s,  w e r e p ort t h o s e  wit h n o n- z er o c h ar g e s).
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A p p e n di x  A.  L atti c e e n s e m bl e s
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B
R a w d at a

b L̃ = 1 2 L̃ = 1 8 L̃ = 2 4 L̃ = 3 6 L̃ = 4 8

0. 3 3 3 3 3 4. 8 0( 1 1) 7 0. 8 4 9( 9 6) 1 2 8. 6 9( 3 2) 3 3 7. 0( 1 1) 6 5 6. 0( 5 0)
0. 3 4 4 4 2 1. 5 6 7( 6 7) 3 9. 4 1 4( 5 2) 6 6. 6 9( 1 5) 1 5 5. 2 5( 6 6) 3 0 9. 6( 2 2)
0. 3 4 9 9 1 7. 9 4 7( 5 2) 5 0. 7 5( 1 5)
0. 3 5 5 6 1 5. 4 8 3( 4 2) 2 4. 8 0 9( 3 5) 3 9. 5 3 0( 8 8) 8 4. 4 6( 2 4) 1 5 5. 0 7( 9 5)
0. 3 6 0 4 1 3. 9 4 7( 3 5) 3 2. 1 8( 1 0)
0. 3 6 5 8 1 7. 8 9 2( 5 0) 5 2. 0 0( 2 0)
0. 3 6 6 7 1 2. 4 4 8( 2 8) 1 7. 4 8 4( 2 2) 2 5. 3 1 9( 6 0) 5 0. 0 6( 1 4) 8 6. 8 8( 5 5)
0. 3 7 1 2 1 1. 5 7 7( 2 3) 2 1. 7 4 6( 7 0)
0. 3 7 6 6 1 3. 9 3 1( 3 4) 3 3. 2 9( 1 9)
0. 3 7 7 8 1 0. 5 7 4( 2 0) 1 3. 5 8 5( 1 4) 1 7. 9 0 7( 4 1) 3 1. 8 3 6( 9 0) 5 2. 4 4( 3 1)
0. 3 8 2 1 9. 9 9 4( 1 8) 1 6. 1 4 8( 4 2)
0. 3 8 7 6 1 1. 5 7 3( 2 3) 2 2. 6 7( 1 1)
0. 3 8 8 9 9. 1 9 0( 1 5) 1 1. 3 6 0( 1 0) 1 3. 9 1 6( 2 7) 2 1. 6 0 3( 6 3) 3 4. 0 0( 1 9)
0. 3 9 3 0 8. 8 3 2( 1 5) 1 2. 9 7 5( 3 0)
0. 3 9 8 6 1 0. 0 0 2( 1 8) 1 6. 5 9 6( 6 1)
0. 4 0 0 0 8. 2 4 3( 1 3) 9. 8 3 6 6( 8 0) 1 1. 5 7 1( 1 7) 1 6. 0 2 3( 4 3) 2 2. 7 8( 1 6)
0. 4 0 4 0 7. 9 4 3( 1 2) 1 0. 9 3 3( 2 1)
0. 4 0 9 7 8. 8 2 6( 1 5) 1 3. 2 1 0( 4 3)
0. 4 1 1 1 7. 4 4 4( 1 1) 8. 7 1 1 8( 6 2) 9. 9 9 9( 1 4) 1 2. 8 7 8( 2 7) 1 6. 5 9 9( 8 9)
0. 4 1 4 9 7. 2 3 2( 1 1) 9. 5 7 0( 1 7)
0. 4 2 0 8 7. 9 2 7( 1 2) 1 1. 1 7 0( 3 3)
0. 4 2 2 2 6. 8 3 6( 1 1) 7. 8 3 9 8( 5 3) 8. 8 4 6( 1 1) 1 0. 9 3 1( 2 1) 1 3. 3 7 0( 6 8)
0. 4 3 1 9 7. 2 2 0( 1 1) 9. 7 3 6( 2 4)
0. 4 3 3 3 6. 2 8 8 2( 9 1) 7. 1 4 0 0( 4 7) 7. 9 2 9 0( 9 5) 9. 5 3 0( 1 7) 1 1. 2 2 9( 4 4)
0. 4 4 2 6 5. 9 1 7 0( 8 4) 7. 3 3 7( 1 1)
0. 4 4 4 4 5. 8 6 1 9( 8 4) 6. 5 5 6 9( 4 2) 7. 2 3 2 2( 8 3) 8. 4 8 2( 1 4) 9. 7 3 1( 3 3)
0. 4 5 9 6 5. 9 1 6 1( 8 5) 7. 4 5 2( 2 0)
0. 4 7 0 2 5. 0 2 6 0( 6 8) 5. 9 9 7 1( 8 5)
0. 4 7 2 2 4. 9 8 2 7( 6 7) 5. 4 7 6 7( 3 3) 5. 9 1 4 2( 6 6) 6. 7 1 7( 1 1) 7. 4 6 7( 2 5)
0. 4 8 7 3 5. 0 3 5 6( 6 9) 6. 0 7 2( 1 5)
0. 4 9 7 9 4. 3 7 3 9( 5 9) 5. 0 8 8 3( 7 0)
0. 5 0 0 0 4. 3 4 2 6( 5 7) 4. 7 0 9 6( 2 8) 5. 0 2 3 7( 5 1) 5. 5 9 2 2( 8 3) 6. 0 9 2( 1 8)
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A p p e n di x  B.  R a w d at a

0. 5 1 5 0 4. 3 8 5 0( 5 9) 5. 1 2 8( 1 7)
0. 5 2 5 6 3. 8 8 8 1( 5 0) 4. 4 2 4 9( 5 9)
0. 5 2 7 8 3. 8 5 2 9( 5 0) 4. 1 3 3 5( 2 3) 4. 3 8 3 1( 4 6) 4. 8 0 5 8( 7 4) 5. 1 4 6( 1 6)
0. 5 4 2 7 3. 8 8 1 3( 5 1) 4. 4 6 6( 1 0)
0. 5 5 3 4 3. 4 9 4 5( 4 4) 3. 9 0 6 8( 5 1)
0. 5 5 5 6 3. 4 6 7 6( 4 4) 3. 6 8 9 5( 2 0) 3. 8 9 0 3( 3 8) 4. 2 0 2 9( 4 7) 4. 4 8 0( 1 1)
0. 5 7 0 5 3. 4 9 4 3( 4 5) 3. 9 5 0 0( 5 7)
0. 5 8 1 2 3. 1 7 4 6( 4 0) 3. 5 1 6 0( 4 4)
0. 5 8 3 3 3. 1 4 8 1( 3 8) 3. 3 3 3 1( 1 8) 3. 4 9 3 8( 3 4) 3. 7 4 2 4( 4 3) 3. 9 5 4( 1 1)
0. 5 9 8 2 3. 1 7 4 7( 3 9) 3. 5 2 8 0( 5 2)
0. 6 1 1 1 2. 8 8 6 0( 3 6) 3. 0 4 5 8( 1 7) 3. 1 7 2 0( 4 2) 3. 3 8 1 0( 4 0) 3. 5 5 0 5( 9 4)
0. 6 3 6 7 2. 6 8 3 4( 3 2) 2. 9 2 7 1( 3 6)
0. 6 5 3 8 2. 6 8 1 7( 3 2) 2. 9 4 9 9( 4 5)
0. 6 6 6 7 2. 4 7 7 8( 3 0) 2. 5 9 5 5( 3 2) 2. 6 8 1 9( 2 6) 2. 8 2 5 9( 3 6) 2. 9 3 9 3( 9 4)
0. 6 9 2 3 2. 3 2 7 0( 2 8) 2. 5 0 3 1( 3 1)
0. 7 0 9 3 2. 3 3 2 0( 2 8) 2. 5 2 1 1( 3 8)
0. 7 2 2 2 2. 1 7 3 8( 2 5) 2. 2 6 0 8( 2 7) 2. 3 2 5 9( 2 2) 2. 4 3 7 0( 3 1) 2. 5 1 3 4( 8 2)
0. 7 4 7 8 2. 0 5 6 8( 2 3) 2. 1 9 6 7( 2 6)
0. 7 6 4 9 2. 0 6 0 1( 2 5) 2. 2 0 3 8( 3 6)
0. 7 7 7 8 1. 9 3 5 7( 2 3) 2. 0 0 6 9( 2 3) 2. 0 5 8 4( 1 9) 2. 1 4 3 2( 2 8) 2. 2 1 3 0( 6 5)
0. 8 0 3 4 1. 8 4 2 5( 2 1) 1. 9 5 0 3( 2 3)
0. 8 2 0 2 1. 8 4 4 9( 2 2) 1. 9 5 8 5( 2 7)
0. 8 3 3 3 1. 7 4 8 3( 2 0) 1. 7 9 7 1( 2 1) 1. 8 4 3 9( 1 7) 1. 9 0 8 2( 2 5) 1. 9 5 9 3( 5 7)
1. 1 1 1 1 1. 1 7 4 8( 1 3) 1. 1 9 8 8( 2 0) 1. 2 1 3 7( 1 3) 1. 2 4 4 0( 3 2) 1. 2 7 0 5( 6 8)

T a bl e  B. 1: S U ( 3) T G F ’t  H o oft c o u pli n g d at a a s a f u n cti o n of t h e i n v er s e b ar e c o u pli n g
b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.

b L̃ = 1 0 L̃ = 2 0 L̃ = 3 0 L̃ = 4 0 L̃ = 6 0

0. 3 4 9 9 2 4. 8 0 9( 8 7) 7 8. 2 1( 2 2)
0. 3 5 5 0 2 0. 0 3 6( 6 0) 5 7. 4 5( 1 7) 1 3 4. 4 7( 3 9) 2 5 6. 1 7( 7 5) 6 0 2. 0 4( 4 1 9)
0. 3 6 0 4 1 6. 8 6 2( 4 5) 4 3. 0 3( 1 4)
0. 3 6 3 0 1 5. 6 7 8( 4 0) 3 8. 2 5( 1 3) 8 2. 7 9( 4 1) 1 5 6. 8 8( 6 1) 3 8 0. 5 0( 2 1 0)
0. 3 6 5 8 3 3. 9 1( 1 1) 1 3 3. 5 7( 4 4)
0. 3 6 8 0 1 3. 9 7 5( 3 3) 3 0. 7 8( 1 1) 6 3. 0 6( 1 8) 1 1 6. 6 5( 3 0) 2 8 6. 9 9( 1 4 9)
0. 3 7 0 5 1 3. 3 3 3( 2 9) 2 7. 9 3( 1 1)
0. 3 7 2 0 1 2. 9 7 1( 2 7) 2 5. 9 9( 1 0) 5 1. 5 5( 1 5) 9 2. 7 7( 2 5) 2 2 9. 0 7( 1 4 9)
0. 3 7 6 6 2 2. 0 8 1( 8 1) 7 3. 0 0( 2 5)
0. 3 7 7 8 3 9. 7 1( 1 4) 1 6 6. 5 2( 8 4)
0. 3 7 9 0 1 1. 5 4 2( 2 2) 2 0. 3 5 2( 7 7) 3 7. 6 4( 1 4) 6 4. 6 7( 2 6) 1 5 5. 6 7( 7 3)
0. 3 8 2 1 1 0. 9 8 9( 2 2) 1 8. 6 4 8( 7 4)
0. 3 8 7 6 1 6. 0 6 2( 4 5) 4 3. 3 4( 2 2)
0. 3 8 8 9 2 5. 5 8( 1 1) 9 1. 3 7( 8 0)
0. 3 9 3 0 9. 5 3 6( 1 6) 1 4. 3 0 0( 4 7)
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0. 3 9 8 6 1 2. 9 2 7( 3 2) 2 7. 6 3( 1 7)
0. 4 0 0 0 1 7. 9 8 4( 7 6) 5 3. 6 5( 5 9)
0. 4 0 4 0 8. 4 7 5( 1 4) 1 1. 7 7 7( 2 8)
0. 4 0 9 7 1 0. 8 6 9( 2 2) 1 9. 3 1( 1 1)
0. 4 1 1 1 1 4. 0 0 4( 4 4) 3 4. 1 4( 5 3)
0. 4 1 4 9 7. 6 4 0( 1 2) 1 0. 1 3 6( 2 2)
0. 4 2 0 8 9. 5 0 4( 1 7) 1 4. 7 6 9( 6 4)
0. 4 2 2 2 1 1. 6 1 3( 2 8) 2 2. 3 8( 2 8)
0. 4 2 5 5 9. 0 2 2( 1 5) 1 3. 5 4 7( 4 8)
0. 4 3 0 0 8. 5 6 3( 1 4) 1 2. 5 3 4( 4 1)
0. 4 3 1 9 8. 4 2 6( 1 4) 1 2. 2 7 2( 4 2)
0. 4 3 3 3 1 0. 0 4 4( 1 9) 1 6. 8 2( 2 1)
0. 4 3 3 7 9. 9 7 2( 1 9) 1 6. 5 3( 2 7)
0. 4 3 8 1 9. 4 8 4( 1 7) 1 4. 8 6( 1 8)
0. 4 4 0 4 7. 8 1 7( 1 2) 1 0. 7 2 0( 2 7)
0. 4 4 2 6 6. 1 5 0 3( 8 8) 7. 6 1 4( 1 2)
0. 4 4 3 0 9. 0 0 2( 1 6) 1 3. 6 9( 1 6)
0. 4 4 4 4 8. 8 6 6( 1 5) 1 3. 1 6 8( 9 4)
0. 4 4 8 4 8. 5 2 0( 1 5) 1 2. 4 4 1( 9 6)
0. 4 5 0 0 5. 8 6 3 6( 8 3) 7. 1 7 3( 1 1) 9. 5 6 6( 2 1)
0. 4 5 4 9 8. 0 1 8( 1 4) 1 1. 3 4 4( 7 8)
0. 4 5 9 6 6. 6 6 6( 1 0) 8. 6 7 0( 1 8)
0. 4 6 0 0 5. 5 0 0 8( 7 6) 6. 6 5 2( 1 0) 8. 6 2 9( 1 8)
0. 4 6 2 2 7. 5 1 6( 1 2) 1 0. 2 3 2( 9 9)
0. 4 7 0 2 5. 1 7 2 2( 7 1) 6. 1 6 5 0( 1 0 0)
0. 4 7 2 2 6. 9 3 2( 1 1) 9. 1 8 1( 5 7)
0. 4 8 0 0 4. 9 2 3 7( 6 7) 5. 8 1 9 0( 9 4) 7. 2 0 6( 1 4)
0. 4 8 7 3 5. 5 3 4 4( 8 0) 6. 7 9 5( 1 1)
0. 4 9 7 9 4. 4 9 1 0( 6 0) 5. 2 0 2 0( 7 3)
0. 5 0 0 0 4. 4 5 0 3( 5 9) 5. 1 4 1 8( 7 6) 5. 7 0 2 3( 8 2) 7. 1 2 9( 3 8)
0. 5 1 5 0 4. 7 4 1 1( 6 4) 5. 6 5 3 2( 9 8)
0. 5 2 5 6 3. 9 7 2 8( 5 1) 4. 5 0 3 0( 6 9)
0. 5 2 7 8 4. 8 7 6 3( 6 7) 5. 9 1 3( 3 0)
0. 5 4 0 0 3. 7 4 7 4( 4 7) 4. 2 1 5 9( 5 7)
0. 5 4 2 7 4. 1 6 3 7( 6 1) 4. 8 3 8 8( 8 0)
0. 5 5 3 4 3. 5 5 9 2( 4 5) 3. 9 7 5 8( 6 0)
0. 5 5 5 6 4. 2 5 5 7( 5 9) 4. 9 7 2( 2 2)
0. 5 7 0 5 3. 7 1 2 6( 4 9) 4. 2 4 1 7( 9 8)
0. 5 8 1 2 3. 2 2 8 4( 4 1) 3. 5 6 5 0( 7 1)
0. 5 8 3 3 3. 7 8 8 7( 5 0) 4. 3 5 6( 1 9)
0. 5 9 8 2 3. 3 6 0 8( 4 3) 3. 7 6 3 0( 5 9)
0. 6 1 1 1 3. 4 0 4 3( 4 4) 3. 8 5 3( 1 6)
0. 6 3 6 7 2. 7 2 3 7( 3 3) 2. 9 5 4 2( 3 8)
0. 6 5 3 8 2. 8 1 0 8( 3 5) 3. 0 8 7 6( 4 5)
0. 6 6 0 0 2. 5 5 1 3( 3 2) 2. 7 6 3 6( 3 5)
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A p p e n di x  B.  R a w d at a

0. 6 6 6 7 2. 8 5 7 5( 3 6) 3. 1 7 6( 1 4)
0. 6 9 2 3 2. 3 5 5 9( 2 8) 2. 5 3 5 4( 4 1)
0. 7 0 9 3 2. 4 2 0 2( 3 4) 2. 6 2 8 9( 3 9)
0. 7 2 2 2 2. 4 5 5 8( 3 1) 2. 6 7 9( 1 2)
0. 7 4 7 8 2. 0 8 1 1( 2 5) 2. 2 1 2 2( 3 0)
0. 7 6 4 9 2. 1 2 7 7( 2 7) 2. 2 8 9 3( 3 2)
0. 7 7 7 8 2. 1 5 4 6( 2 6) 2. 3 2 0 6( 7 8)
0. 8 0 3 4 1. 8 5 9 6( 2 2) 1. 9 6 6 6( 2 7)
0. 8 2 0 2 1. 8 9 6 5( 2 3) 2. 0 1 8 7( 2 6)
0. 8 3 3 3 1. 9 2 4 2( 2 3) 2. 0 4 1 8( 7 6)

T a bl e  B. 2: S U ( 5) T G F ’t  H o oft c o u pli n g d at a a s a f u n cti o n of t h e i n v er s e b ar e c o u pli n g
b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.

b L̃ = 1 6 L̃ = 3 2 L̃ = 4 8 L̃ = 6 4 L̃ = 9 6

0. 3 5 5 5 5 3. 7 2( 1 3) 2 2 6. 1 2( 5 6) 5 3 7. 7 0( 1 5 9) 1 6 4 7. 8 3( 3 0 4 5)
0. 3 5 9 4 4 3. 0 8( 1 1) 1 7 2. 8 5( 3 0) 4 2 0. 8 1( 7 2) 7 3 4. 5 0( 4 1 6) 1 4 2 6. 2 5( 7 2 1)
0. 3 6 3 3 3 5. 2 5( 1 0) 1 3 3. 9 1( 2 8) 3 3 0. 0 4( 6 4) 5 9 4. 9 5( 1 4 9) 1 1 7 8. 2 6( 6 3 4)
0. 3 6 5 7 3 1. 5 9( 1 0) 1 1 5. 2 8( 2 1)
0. 3 6 6 6 2 6 8. 2 8( 6 0) 1 0 2 1. 1 1 5( 4 0 3 3)
0. 3 7 6 6 2 0. 3 5 5( 6 8) 6 2. 9 3( 1 7)
0. 3 7 7 7 5 9. 3 0( 1 6) 2 6 3. 0 5( 1 1 4)
0. 3 7 7 8 1 3 7. 4 6( 4 8) 6 0 8. 0 0( 4 9 8)
0. 3 8 7 6 1 5. 0 6 0( 4 3) 3 7. 3 8( 1 3)
0. 3 8 8 8 3 5. 5 1( 1 4) 1 4 0. 0 8( 8 8)
0. 3 8 9 1 1 4. 5 3 0( 3 9) 3 5. 4 6( 1 3) 7 5. 2 6( 4 7) 3 3 6. 6 3( 4 8 2)
0. 3 9 8 6 1 2. 1 6 8( 2 5) 2 4. 4 0( 1 2)
0. 4 0 0 0 2 3. 2 3( 1 1) 4 5. 1 1( 3 3) 7 7. 5 0( 8 5) 1 8 9. 4 9( 2 2 9)
0. 4 0 9 6 1 0. 3 9 6( 1 9) 1 7. 3 1 7( 6 7)
0. 4 1 0 9 2 8. 8 5( 2 6) 1 0 4. 5 9 6( 2 0 3 3)
0. 4 1 1 1 1 6. 7 4 5( 6 1) 4 6. 9 0( 5 9)
0. 4 2 0 7 9. 0 8 6( 1 6) 1 3. 6 3 1( 3 9)
0. 4 2 1 9 2 0. 0 2( 2 0) 6 6. 0 6( 2 3 1)
0. 4 2 2 2 1 3. 3 0 5( 3 4) 3 1. 4 5( 4 9)
0. 4 3 1 8 8. 1 1 5( 1 4) 1 1. 3 7 5( 2 5)
0. 4 3 3 3 1 1. 1 5 1( 2 5) 2 0. 9 8( 5 2)
0. 4 3 3 6 1 4. 8 5 1( 9 5) 4 0. 4 5( 4 2 6)
0. 4 3 3 7 1 1. 0 8 9( 2 3) 2 0. 2 5( 5 9)
0. 4 3 8 0 1 0. 4 5 5( 2 1) 1 8. 2 6( 3 9)
0. 4 4 3 0 9. 8 5 9( 1 8) 1 5. 8 4( 2 4)
0. 4 4 4 4 9. 6 6 8( 1 8) 1 5. 3 4( 1 5)
0. 4 4 4 5 7. 2 5 3( 1 1) 9. 6 6 2( 1 8) 1 2. 3 1 7( 8 0) 2 7. 7 5( 2 3 9)
0. 4 4 8 4 9. 2 6 0( 1 6) 1 4. 4 5( 1 7)
0. 4 5 4 8 8. 6 5 1( 1 5) 1 2. 5 9( 1 0)
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0. 4 5 9 5 6. 4 6 4 9( 9 8) 8. 2 6 8( 1 4)
0. 4 6 2 2 8. 0 2 8( 1 3) 1 1. 3 5 2( 7 0)
0. 4 7 2 2 7. 3 9 3( 1 2) 8. 7 5 0( 3 3) 1 0. 0 7 1( 5 7) 1 3. 2 0( 4 9)
0. 4 8 7 3 5. 3 8 7 6( 7 7) 6. 5 6 7 1( 9 7)
0. 5 0 0 0 6. 0 0 7 7( 9 0) 6. 8 2 2( 2 0) 7. 5 7 2( 3 5) 8. 8 9( 1 2)
0. 5 1 5 0 4. 6 3 1 5( 6 2) 5. 4 5 3 9( 7 8)
0. 5 2 7 7 5. 0 8 3 0( 7 5) 6. 1 7 5( 3 0)
0. 5 2 8 1 5. 6 3 5( 1 7) 6. 9 1( 1 0)
0. 5 4 2 7 4. 0 7 9 6( 5 4) 4. 6 9 3 5( 6 3)
0. 5 5 5 5 3. 8 8 1 1( 5 1) 4. 4 1 6 3( 6 1) 4. 8 3 4( 1 3) 5. 7 7 4( 8 5)
0. 5 5 5 5 4. 4 1 2 6( 6 2) 5. 1 8 9( 2 1)
0. 5 7 0 5 3. 6 3 9 5( 4 6) 4. 1 2 5 7( 5 5)
0. 5 8 3 3 3. 9 1 1 3( 5 3) 4. 4 8 1( 1 8)
0. 5 8 3 6 4. 2 3 7( 1 1) 5. 0 0 7( 5 4)
0. 5 9 8 2 3. 2 8 9 3( 4 2) 3. 6 8 1 2( 4 7)
0. 6 1 0 9 3. 7 4 9 9( 9 4) 4. 2 7 9( 4 5)
0. 6 1 1 1 3. 5 0 7 7( 4 7) 3. 9 6 0( 1 8)
0. 6 5 3 8 2. 7 6 4 8( 3 5) 3. 0 3 5 6( 4 0)
0. 6 6 6 4 3. 1 0 1 6( 7 5) 3. 4 6 6( 3 9)
0. 6 6 6 6 2. 9 1 7 7( 3 8) 3. 2 3 2( 1 4)
0. 7 0 9 3 2. 3 8 9 6( 2 8) 2. 5 8 2 4( 3 2)
0. 7 2 1 9 2. 6 1 8 4( 6 6) 2. 8 7 4( 4 2)
0. 7 2 2 2 2. 4 9 8 6( 3 1) 2. 7 2 5( 1 1)
0. 7 6 4 8 2. 1 0 2 0( 2 5) 2. 2 5 1 3( 2 8)
0. 7 7 7 7 2. 1 8 7 5( 2 8) 2. 3 6 1 4( 8 7)
0. 7 7 8 1 2. 0 4 8 6( 2 3) 2. 1 8 5 8( 2 7) 2. 2 8 1 7( 5 4) 2. 4 6 8( 3 0)
0. 8 2 0 2 1. 8 8 1 7( 2 2) 1. 9 9 6 7( 2 3)
0. 8 3 3 3 1. 9 4 3 4( 2 3) 2. 0 6 6 5( 7 2)
0. 8 3 3 6 2. 0 1 4 1( 4 7) 2. 1 7 5( 2 1)
0. 8 8 9 1 1. 8 0 9 1( 4 1) 1. 9 2 6( 1 7)
0. 9 4 4 5 1. 6 5 2 5( 3 8) 1. 7 3 5( 1 5)

T a bl e  B. 3: S U ( 8) T G F ’t  H o oft c o u pli n g d at a a s a f u n cti o n of t h e i n v er s e b ar e c o u pli n g
b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.

b L̃ = 1 2 L̃ = 1 8 L̃ = 2 4 L̃ = 3 6 L̃ = 4 8

0. 3 3 3 3 3 2. 6 8( 1 1) 6 8. 1 0 6( 9 5) 1 2 6. 1 2( 3 2) 3 3 6. 0 4 8( 1 0 7 1) 6 5 5. 6 4( 5 1 3)
0. 3 4 4 4 2 0. 3 1 8( 6 1) 3 7. 1 9 1( 5 0) 6 3. 9 8( 1 5) 1 5 2. 8 4( 6 6) 3 0 8. 1 1( 2 2 4)
0. 3 4 9 9 1 7. 0 3 1( 4 5) 4 8. 2 4( 1 5)
0. 3 5 5 6 1 4. 7 6 8( 3 7) 2 3. 3 9 0( 3 1) 3 7. 3 0 2( 8 3) 8 1. 5 9( 2 4) 1 5 2. 8 6( 9 6)
0. 3 6 0 4 1 3. 3 6 3( 3 0) 3 0. 3 1 1( 9 5)
0. 3 6 5 8 1 7. 0 4 6( 3 3) 4 9. 4 3( 2 0)
0. 3 6 6 7 1 1. 9 6 3( 2 4) 1 6. 6 5 5( 1 9) 2 3. 8 8 4( 5 4) 4 7. 5 3( 1 4) 8 4. 1 0( 5 5)
0. 3 7 1 2 1 1. 1 7 3( 2 1) 2 0. 5 7 7( 6 3)

1 4 7



A p p e n di x  B.  R a w d at a

0. 3 7 6 6 1 3. 3 8 0( 2 2) 3 1. 3 9( 1 8)
0. 3 7 7 8 1 0. 2 1 9( 1 9) 1 3. 0 5 6( 1 3) 1 7. 0 5 8( 3 6) 3 0. 0 1 0( 8 4) 4 9. 9 5( 3 0)
0. 3 8 2 1 9. 6 8 2( 1 7) 1 5. 4 1 7( 3 9)
0. 3 8 7 6 1 1. 2 1 3( 1 5) 2 1. 4 3 4( 1 0 0)
0. 3 8 8 9 8. 9 2 7( 1 5) 1 0. 9 8 8 4( 9 1) 1 3. 3 6 9( 2 3) 2 0. 4 5 7( 5 6) 3 2. 0 5( 1 8)
0. 3 9 3 0 8. 5 8 0( 1 4) 1 2. 4 9 1( 2 7)
0. 3 9 8 6 9. 7 1 5( 1 2) 1 5. 8 6 7( 5 4)
0. 4 0 0 0 8. 0 1 4( 1 3) 9. 5 4 9 9( 7 4) 1 1. 1 8 5( 1 6) 1 5. 3 2 4( 3 8) 2 1. 5 5( 1 4)
0. 4 0 4 0 7. 7 3 1( 1 2) 1 0. 5 8 6( 1 9)
0. 4 0 9 7 8. 6 1 3 0( 9 8) 1 2. 6 9 7( 3 7)
0. 4 1 1 1 7. 2 6 3( 1 1) 8. 4 8 0 0( 5 9) 9. 7 1 0( 1 3) 1 2. 4 1 0( 2 4) 1 5. 8 8 0( 8 0)
0. 4 1 4 9 7. 0 4 9( 1 0) 9. 3 0 6( 1 6)
0. 4 2 0 8 7. 7 3 7( 1 2) 1 0. 8 0 7( 3 0)
0. 4 2 2 2 6. 6 7 4( 1 0) 7. 6 4 9 0( 5 1) 8. 6 1 3( 1 0) 1 0. 5 9 4( 2 0) 1 2. 8 8 3( 5 7)
0. 4 3 1 9 7. 0 4 7 4( 7 6) 9. 4 4 8( 2 2)
0. 4 3 3 3 6. 1 6 1 2( 9 4) 6. 9 7 9 2( 4 5) 7. 7 4 1 3( 9 2) 9. 2 7 8( 1 7) 1 0. 8 9 5( 4 1)
0. 4 4 2 6 5. 7 9 3 5( 8 3) 7. 1 7 3( 1 1)
0. 4 4 4 4 5. 7 3 8 4( 8 3) 6. 4 2 1 6( 4 1) 7. 0 7 0 3( 8 0) 8. 2 7 8( 1 3) 9. 4 8 0( 3 1)
0. 4 5 9 6 5. 8 0 3 0( 5 9) 7. 2 7 9( 1 9)
0. 4 7 0 2 4. 9 3 7 5( 4 9) 5. 8 8 3 4( 8 5)
0. 4 7 2 2 4. 8 9 7 3( 6 8) 5. 3 7 7 2( 3 3) 5. 8 0 1 8( 6 6) 6. 5 8 3( 1 0) 7. 2 7 4( 2 3)
0. 4 8 7 3 4. 9 4 8 1( 5 0) 5. 9 5 9( 1 5)
0. 4 9 7 9 4. 3 1 0 7( 4 2) 4. 9 9 7 4( 7 1)
0. 5 0 0 0 4. 2 7 1 0( 5 7) 4. 6 3 3 5( 2 8) 4. 9 4 2 4( 5 2) 5. 4 8 8 8( 8 3) 5. 9 8 1( 1 8)
0. 5 1 5 0 4. 3 1 8 7( 4 3) 5. 0 5 0( 1 8)
0. 5 2 5 6 3. 8 3 4 0( 5 1) 4. 3 6 3 3( 6 1)
0. 5 2 7 8 3. 8 0 0 6( 5 2) 4. 0 7 5 3( 2 3) 4. 3 1 9 8( 4 7) 4. 7 2 7 3( 7 6) 5. 0 5 1( 1 6)
0. 5 4 2 7 3. 8 2 8 8( 5 3) 4. 4 0 2( 1 0)
0. 5 5 3 4 3. 4 4 6 2( 3 3) 3. 8 5 4 7( 5 3)
0. 5 5 5 6 3. 4 2 2 8( 4 6) 3. 6 4 1 3( 2 1) 3. 8 3 7 6( 3 9) 4. 1 4 7 0( 4 7) 4. 4 1 6( 1 1)
0. 5 7 0 5 3. 4 5 3 1( 4 6) 3. 8 9 1 4( 5 9)
0. 5 8 1 2 3. 1 3 3 5( 2 8) 3. 4 7 4 8( 4 6)
0. 5 8 3 3 3. 1 1 1 2( 4 0) 3. 2 9 3 1( 1 9) 3. 4 5 2 9( 3 6) 3. 6 9 4 4( 4 6) 3. 9 0 3( 1 1)
0. 5 9 8 2 3. 1 4 2 9( 4 1) 3. 4 8 6 7( 5 4)
0. 6 1 1 1 2. 8 5 4 4( 3 7) 3. 0 1 1 7( 1 7) 3. 1 3 7 0( 4 4) 3. 3 4 2 8( 4 1) 3. 5 1 0 7( 1 0 0)
0. 6 3 6 7 2. 6 5 5 0( 2 3) 2. 8 9 8 3( 3 8)
0. 6 5 3 8 2. 6 5 3 4( 3 4) 2. 9 2 1 6( 4 7)
0. 6 6 6 7 2. 4 5 3 0( 3 1) 2. 5 6 7 4( 3 4) 2. 6 5 4 8( 2 7) 2. 7 9 8 8( 3 9) 2. 9 1 0( 1 0)
0. 6 9 2 3 2. 3 0 7 3( 2 1) 2. 4 8 1 0( 3 4)
0. 7 0 9 3 2. 3 1 3 1( 3 0) 2. 4 9 8 1( 4 0)
0. 7 2 2 2 2. 1 5 3 3( 2 7) 2. 2 4 1 7( 2 8) 2. 3 0 5 4( 2 3) 2. 4 1 6 1( 3 4) 2. 4 9 0 5( 8 6)
0. 7 4 7 8 2. 0 3 9 7( 1 8) 2. 1 7 7 1( 2 8)
0. 7 6 4 9 2. 0 4 2 4( 2 7) 2. 1 8 5 0( 3 8)
0. 7 7 7 8 1. 9 1 9 0( 2 5) 1. 9 9 0 9( 2 6) 2. 0 4 3 5( 2 1) 2. 1 2 8 3( 3 2) 2. 1 9 2 6( 6 6)
0. 8 0 3 4 1. 8 3 0 1( 1 6) 1. 9 3 6 2( 2 5)
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0. 8 2 0 2 1. 8 3 3 0( 2 3) 1. 9 4 3 7( 2 8)
0. 8 3 3 3 1. 7 3 4 4( 2 2) 1. 7 8 5 0( 2 3) 1. 8 3 2 5( 1 9) 1. 8 9 3 2( 2 7) 1. 9 4 6 0( 6 2)
1. 1 1 1 1 1. 1 6 8 4( 1 4) 1. 1 9 3 7( 2 1) 1. 2 0 9 4( 1 4) 1. 2 3 7 4( 3 7) 1. 2 6 7 0( 7 6)

T a bl e  B. 4: S U ( 3) T G F ’t  H o oft c o u pli n g d at a, f or pl a n e s P T , a s a f u n cti o n of t h e i n v er s e
b ar e c o u pli n g b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.

b L̃ = 1 2 L̃ = 1 8 L̃ = 2 4 L̃ = 3 6 L̃ = 4 8

0. 3 3 3 3 4 1. 5 1( 1 9) 9 2. 6 8( 1 5) 1 7 4. 0 5( 5 0) 4 6 7. 0( 1 6) 9 0 5. 2( 8 2)
0. 3 4 4 4 2 3. 3 0 1( 1 0 0) 4 7. 8 2 4( 8 6) 8 6. 5 3( 2 5) 2 1 1. 8( 1 0) 4 3 1. 2( 3 3)
0. 3 4 9 9 1 8. 7 8 7( 7 1) 6 4. 1 3( 2 4)
0. 3 5 5 6 1 5. 8 8 4( 5 9) 2 7. 5 2 5( 5 3) 4 8. 1 1( 1 5) 1 1 2. 0 8( 3 9) 2 1 1. 1( 1 6)
0. 3 6 0 4 1 4. 1 4 8( 4 4) 3 7. 5 9( 1 7)
0. 3 6 5 8 1 8. 7 9 8( 5 1) 6 5. 7 6( 3 3)
0. 3 6 6 7 1 2. 6 0 5( 3 6) 1 8. 2 5 8( 3 1) 2 8. 2 0 5( 9 4) 6 2. 9 9( 2 4) 1 1 5. 5 6( 8 5)
0. 3 7 1 2 1 1. 6 8 0( 2 8) 2 3. 5 3( 1 1)
0. 3 7 6 6 1 4. 1 6 5( 3 0) 3 9. 2 0( 3 2)
0. 3 7 7 8 1 0. 6 1 3( 2 5) 1 3. 7 8 1( 1 8) 1 8. 7 1 6( 5 8) 3 7. 1 8( 1 5) 6 6. 0 6( 5 2)
0. 3 8 2 1 1 0. 0 2 4( 2 1) 1 6. 6 6 9( 5 7)
0. 3 8 7 6 1 1. 7 2 5( 2 1) 2 4. 7 0( 1 8)
0. 3 8 8 9 9. 2 0 8( 1 9) 1 1. 4 5 5( 1 2) 1 4. 1 7 3( 3 4) 2 3. 3 7 0( 9 6) 4 0. 1 3( 3 2)
0. 3 9 3 0 8. 8 4 6( 1 8) 1 3. 1 5 2( 3 9)
0. 3 9 8 6 1 0. 0 7 4( 1 5) 1 7. 2 9 5( 8 5)
0. 4 0 0 0 8. 2 5 9( 1 7) 9. 8 6 6 3( 9 5) 1 1. 6 4 6( 2 1) 1 6. 5 4 0( 6 2) 2 4. 9 2( 2 4)
0. 4 0 4 0 7. 9 8 1( 1 5) 1 1. 0 1 4( 2 5)
0. 4 0 9 7 8. 8 9 2( 1 3) 1 3. 3 5 4( 5 5)
0. 4 1 1 1 7. 4 7 7( 1 4) 8. 7 4 2 4( 7 7) 1 0. 0 6 0( 1 6) 1 3. 0 3 2( 3 3) 1 7. 2 1( 1 2)
0. 4 1 4 9 7. 2 3 9( 1 4) 9. 5 7 8( 2 1)
0. 4 2 0 8 7. 9 6 1( 1 6) 1 1. 2 7 4( 4 1)
0. 4 2 2 2 6. 8 5 4( 1 3) 7. 8 7 3 0( 6 7) 8. 8 6 7( 1 4) 1 0. 9 9 5( 2 6) 1 3. 5 5 9( 8 3)
0. 4 3 1 9 7. 2 4 2( 1 0) 9. 7 9 4( 2 6)
0. 4 3 3 3 6. 2 9 4( 1 2) 7. 1 5 3 4( 6 0) 7. 9 4 6( 1 2) 9. 5 5 2( 2 1) 1 1. 2 7 6( 4 8)
0. 4 4 2 6 5. 9 3 0( 1 1) 7. 3 4 3( 1 4)
0. 4 4 4 4 5. 8 6 4( 1 1) 6. 5 7 1 2( 5 4) 7. 2 4 6( 1 0) 8. 5 1 6( 1 7) 9. 8 2 1( 4 1)
0. 4 5 9 6 5. 9 2 7 0( 8 1) 7. 4 5 9( 2 6)
0. 4 7 0 2 5. 0 3 5 4( 6 5) 6. 0 1 2( 1 2)
0. 4 7 2 2 4. 9 8 2 9( 9 1) 5. 4 8 5 8( 4 4) 5. 9 2 9 2( 8 5) 6. 7 3 3( 1 4) 7. 4 9 2( 3 0)
0. 4 8 7 3 5. 0 3 0 2( 6 6) 6. 0 5 6( 2 2)
0. 4 9 7 9 4. 3 8 4 2( 5 6) 5. 0 9 3 9( 9 5)
0. 5 0 0 0 4. 3 4 6 2( 8 0) 4. 7 2 5 0( 3 8) 5. 0 3 1 1( 7 3) 5. 6 1 5( 1 1) 6. 1 0 3( 2 4)
0. 5 1 5 0 4. 3 9 8 2( 5 7) 5. 1 3 6( 2 4)
0. 5 2 5 6 3. 8 8 8 1( 7 0) 4. 4 3 2 5( 8 2)
0. 5 2 7 8 3. 8 4 9 7( 7 2) 4. 1 3 8 4( 3 2) 4. 3 8 8 1( 6 4) 4. 8 0 8( 1 0) 5. 1 3 8( 2 2)
0. 5 4 2 7 3. 8 9 2 8( 7 0) 4. 4 8 0( 1 5)
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A p p e n di x  B.  R a w d at a

0. 5 5 3 4 3. 4 9 3 4( 4 5) 3. 9 1 1 0( 7 2)
0. 5 5 5 6 3. 4 6 7 9( 6 1) 3. 6 9 3 4( 2 8) 3. 8 8 9 1( 5 3) 4. 2 0 6 5( 6 8) 4. 4 6 5( 1 5)
0. 5 7 0 5 3. 4 9 4 6( 6 2) 3. 9 5 8 6( 8 1)
0. 5 8 1 2 3. 1 7 2 8( 4 0) 3. 5 2 0 4( 6 3)
0. 5 8 3 3 3. 1 5 4 2( 5 6) 3. 3 3 7 4( 2 6) 3. 4 9 6 2( 4 7) 3. 7 4 4 7( 6 0) 3. 9 4 0( 1 4)
0. 5 9 8 2 3. 1 7 5 8( 5 7) 3. 5 4 0 7( 7 4)
0. 6 1 1 1 2. 8 9 0 1( 5 3) 3. 0 4 9 1( 2 3) 3. 1 7 3 9( 6 5) 3. 3 8 3 3( 5 6) 3. 5 4 9( 1 3)
0. 6 3 6 7 2. 6 8 2 0( 3 3) 2. 9 2 5 4( 5 4)
0. 6 5 3 8 2. 6 9 5 3( 4 7) 2. 9 4 6 6( 6 6)
0. 6 6 6 7 2. 4 7 7 2( 4 3) 2. 5 9 6 3( 4 7) 2. 6 8 0 5( 3 8) 2. 8 2 9 1( 5 4) 2. 9 4 1( 1 2)
0. 6 9 2 3 2. 3 3 3 6( 2 8) 2. 5 0 3 9( 4 5)
0. 7 0 9 3 2. 3 3 3 9( 4 2) 2. 5 1 5 3( 5 6)
0. 7 2 2 2 2. 1 7 6 2( 3 8) 2. 2 6 4 3( 4 0) 2. 3 2 7 6( 3 2) 2. 4 4 1 3( 4 7) 2. 5 1 5( 1 1)
0. 7 4 7 8 2. 0 5 9 4( 2 6) 2. 1 9 6 6( 3 9)
0. 7 6 4 9 2. 0 6 1 8( 3 9) 2. 2 1 1 7( 5 3)
0. 7 7 7 8 1. 9 3 7 6( 3 4) 2. 0 0 4 6( 3 6) 2. 0 5 7 2( 2 8) 2. 1 4 3 3( 4 2) 2. 2 1 0 5( 9 5)
0. 8 0 3 4 1. 8 4 4 7( 2 3) 1. 9 5 2 0( 3 5)
0. 8 2 0 2 1. 8 4 5 9( 3 4) 1. 9 5 6 3( 3 9)
0. 8 3 3 3 1. 7 5 3 0( 3 1) 1. 7 9 7 6( 3 2) 1. 8 4 4 1( 2 6) 1. 9 1 3 3( 3 8) 1. 9 5 9 0( 9 2)
1. 1 1 1 1 1. 1 7 2 4( 2 1) 1. 2 0 2 6( 3 1) 1. 2 1 6 3( 2 0) 1. 2 4 2 1( 5 2) 1. 2 6 8( 1 1)

T a bl e  B. 5: S U ( 3) T G F ’t  H o oft c o u pli n g d at a, f or pl a n e s P P , a s a f u n cti o n of t h e i n v er s e
b ar e c o u pli n g b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.

b L̃ = 1 2 L̃ = 1 8 L̃ = 2 4 L̃ = 3 6 L̃ = 4 8

0. 3 3 3 3 3 7. 5 7( 1 3) 6 7. 0 8 8( 9 1) 1 1 1. 1 7( 2 7) 2 6 7. 0 1( 8 7) 5 1 7. 3( 3 4)
0. 3 4 4 4 2 4. 4 7 6( 9 0) 4 1. 6 0 3( 5 9) 6 3. 9 7( 1 4) 1 3 1. 1 0( 5 6) 2 4 6. 0( 1 8)
0. 3 4 9 9 2 0. 3 2 8( 8 1) 5 1. 0 2( 1 5)
0. 3 5 5 6 1 7. 4 8 5( 6 5) 2 7. 7 0 3( 4 6) 4 1. 6 5 6( 9 8) 7 7. 9 3( 2 2) 1 3 0. 5 9( 7 9)
0. 3 6 0 4 1 5. 6 5 4( 6 1) 3 4. 9 4( 1 2)
0. 3 6 5 8 2 0. 1 8 2( 5 6) 5 2. 3 0( 2 1)
0. 3 6 6 7 1 3. 8 7 0( 4 9) 1 9. 6 3 5( 3 2) 2 8. 1 7 3( 7 7) 5 0. 6 8( 1 4) 7 9. 5 1( 5 2)
0. 3 7 1 2 1 2. 7 7 7( 4 1) 2 4. 3 9 4( 9 3)
0. 3 7 6 6 1 5. 5 1 9( 4 0) 3 5. 9 3( 2 1)
0. 3 7 7 8 1 1. 6 6 1( 3 6) 1 5. 1 2 7( 2 3) 2 0. 1 0 1( 5 8) 3 4. 5 4( 1 1) 5 2. 5 8( 3 1)
0. 3 8 2 1 1 0. 9 5 3( 3 4) 1 8. 1 3 5( 6 4)
0. 3 8 7 6 1 2. 7 7 5( 3 0) 2 5. 3 8( 1 5)
0. 3 8 8 9 1 0. 0 0 2( 2 9) 1 2. 4 6 5( 1 8) 1 5. 4 8 1( 4 4) 2 4. 1 8 4( 8 5) 3 6. 6 1( 2 3)
0. 3 9 3 0 9. 6 1 3( 2 7) 1 4. 3 8 5( 5 0)
0. 3 9 8 6 1 0. 9 2 9( 2 4) 1 8. 4 7 9( 9 3)
0. 4 0 0 0 8. 9 4 9( 2 6) 1 0. 7 1 4( 1 5) 1 2. 7 3 2( 3 1) 1 7. 9 1 1( 6 2) 2 5. 4 1( 2 2)
0. 4 0 4 0 8. 5 8 3( 2 4) 1 1. 9 6 8( 3 7)
0. 4 0 9 7 9. 5 7 0( 1 9) 1 4. 7 2 9( 7 9)
0. 4 1 1 1 7. 9 9 2( 2 2) 9. 4 1 8( 1 2) 1 0. 8 6 9( 2 5) 1 4. 2 5 1( 4 8) 1 8. 5 0( 1 3)
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0. 4 1 4 9 7. 8 0 1( 2 2) 1 0. 3 8 8( 3 1)
0. 4 2 0 8 8. 5 0 0( 2 4) 1 2. 2 4 0( 5 9)
0. 4 2 2 2 7. 3 3 3( 2 0) 8. 4 1 6( 1 0) 9. 5 6 1( 2 1) 1 1. 9 4 7( 3 7) 1 4. 7 4( 1 0)
0. 4 3 1 9 7. 7 2 8( 1 5) 1 0. 5 9 9( 4 5)
0. 4 3 3 3 6. 6 8 1( 1 8) 7. 6 3 4 0( 9 1) 8. 5 0 5( 1 8) 1 0. 3 0 1( 3 2) 1 2. 2 4 3( 7 7)
0. 4 4 2 6 6. 2 9 5( 1 7) 7. 8 4 4( 2 2)
0. 4 4 4 4 6. 2 4 6( 1 7) 6. 9 7 0 9( 8 2) 7. 7 3 0( 1 6) 9. 0 9 6( 2 7) 1 0. 4 6 5( 6 1)
0. 4 5 9 6 6. 2 6 8( 1 2) 7. 9 8 8( 3 9)
0. 4 7 0 2 5. 3 1 4( 1 0) 6. 3 4 4( 1 7)
0. 4 7 2 2 5. 2 4 9( 1 5) 5. 7 8 1 8( 6 6) 6. 2 5 6( 1 3) 7. 1 2 4( 2 2) 8. 0 5 3( 5 1)
0. 4 8 7 3 5. 3 0 7 0( 9 9) 6. 4 3 3( 3 0)
0. 4 9 7 9 4. 6 0 3 9( 8 5) 5. 3 6 9( 1 4)
0. 5 0 0 0 4. 5 6 4( 1 2) 4. 9 3 8 3( 5 6) 5. 2 7 3( 1 0) 5. 9 0 2( 1 7) 6. 4 3 1( 3 6)
0. 5 1 5 0 4. 5 7 8 9( 8 4) 5. 3 6 8( 3 5)
0. 5 2 5 6 4. 0 5 7( 1 0) 4. 6 1 3( 1 2)
0. 5 2 7 8 4. 0 1 8( 1 0) 4. 3 1 2 2( 4 7) 4. 5 7 7 6( 9 2) 5. 0 4 9( 1 5) 5. 4 4 5( 3 3)
0. 5 4 2 7 4. 0 3 9( 1 1) 4. 6 5 9( 2 0)
0. 5 5 3 4 3. 6 2 7 2( 6 4) 4. 0 6 7( 1 0)
0. 5 5 5 6 3. 6 0 7 0( 9 1) 3. 8 3 7 6( 4 2) 4. 0 5 5 4( 7 8) 4. 3 7 5 2( 9 5) 4. 6 8 9( 2 2)
0. 5 7 0 5 3. 6 2 2 8( 9 4) 4. 1 2 8( 1 2)
0. 5 8 1 2 3. 2 9 5 4( 5 9) 3. 6 4 2 2( 9 4)
0. 5 8 3 3 3. 2 5 9 5( 8 1) 3. 4 5 5 5( 3 8) 3. 6 1 9 8( 6 9) 3. 8 9 0 5( 9 0) 4. 1 2 2( 2 3)
0. 5 9 8 2 3. 2 7 3 5( 8 2) 3. 6 5 0( 1 1)
0. 6 1 1 1 2. 9 8 2 5( 7 6) 3. 1 5 0 2( 3 5) 3. 2 8 0 1( 8 9) 3. 4 9 9 0( 7 8) 3. 6 7 6( 1 8)
0. 6 3 6 7 2. 7 6 7 4( 4 7) 3. 0 1 7 9( 7 5)
0. 6 5 3 8 2. 7 6 2 4( 6 8) 3. 0 3 9 9( 9 7)
0. 6 6 6 7 2. 5 5 5 4( 6 3) 2. 6 8 2 8( 6 7) 2. 7 6 7 4( 5 6) 2. 9 0 8 9( 7 6) 3. 0 3 0( 1 9)
0. 6 9 2 3 2. 3 9 4 7( 4 3) 2. 5 7 1 5( 6 5)
0. 7 0 9 3 2. 3 8 9 9( 6 0) 2. 5 9 6 3( 8 1)
0. 7 2 2 2 2. 2 3 6 2( 5 5) 2. 3 1 8 3( 5 7) 2. 3 8 8 8( 4 6) 2. 4 9 9 7( 6 6) 2. 5 8 4( 1 6)
0. 7 4 7 8 2. 1 1 2 4( 3 6) 2. 2 5 7 8( 5 7)
0. 7 6 4 9 2. 1 1 4 0( 5 2) 2. 2 5 8 3( 7 5)
0. 7 7 7 8 1. 9 8 6 8( 4 9) 2. 0 5 8 1( 5 1) 2. 1 0 5 6( 4 1) 2. 1 8 9 4( 5 9) 2. 2 7 8( 1 4)
0. 8 0 3 4 1. 8 9 2 5( 3 3) 1. 9 9 3 3( 4 9)
0. 8 2 0 2 1. 8 8 1 5( 4 9) 2. 0 0 6 1( 5 7)
0. 8 3 3 3 1. 7 8 9 1( 4 4) 1. 8 3 4 7( 4 5) 1. 8 7 9 2( 3 6) 1. 9 5 2 2( 5 3) 2. 0 0 1( 1 3)
1. 1 1 1 1 1. 1 9 6 2( 2 8) 1. 2 1 2 5( 4 2) 1. 2 2 5 6( 2 7) 1. 2 6 5 5( 7 0) 1. 2 8 3( 1 9)

T a bl e  B. 6: S U ( 3) T G F ’t  H o oft c o u pli n g d at a, f or pl a n e s T T , a s a f u n cti o n of t h e i n v er s e
b ar e c o u pli n g b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.

b L̃ = 1 0 L̃ = 2 0 L̃ = 3 0 L̃ = 4 0 L̃ = 6 0

0. 3 3 0 0 2 8 6. 3 3( 2 8) 1 0 4 7. 0( 1 4) 1 7 1 7. 3( 4 1) 2 4 1 3( 1 4) 4 4 3 8( 1 1 5)
0. 3 3 5 0 1 2 5. 7 9( 6 6) 3 0 2. 6 3( 7 9) 6 9 7. 0( 1 7) 1 1 8 1. 2( 4 4) 2 2 8 2( 2 6)
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A p p e n di x  B.  R a w d at a

0. 3 4 0 0 4 7. 6 4( 1 7) 1 6 3. 2 3( 4 3) 3 9 7. 2 7( 9 5) 7 1 6. 7( 2 3) 1 4 5 8( 1 2)
0. 3 4 5 0 3 1. 0 8( 1 1) 1 0 6. 6 9( 2 8) 2 6 1. 1 9( 6 4) 4 8 7. 2( 1 5) 1 0 5 7. 3( 7 9)
0. 3 4 9 9 2 3. 5 6 1( 8 0) 7 5. 6 4( 2 1)
0. 3 5 5 0 1 9. 1 2 1( 5 4) 5 5. 2 9( 1 7) 1 3 0. 5 6( 3 8) 2 4 9. 3 7( 7 3) 5 9 2. 0( 4 3)
0. 3 6 0 4 1 6. 1 4 9( 4 1) 4 1. 1 7( 1 4)
0. 3 6 3 0 1 5. 0 5 3( 3 7) 3 6. 5 2( 1 2) 8 0. 1 3( 4 0) 1 5 2. 4 0( 6 0) 3 7 1. 8( 2 1)
0. 3 6 5 8 3 2. 3 3( 1 1) 1 2 9. 7 8( 4 3)
0. 3 6 8 0 1 3. 4 7 3( 3 1) 2 9. 3 0( 1 0) 6 0. 8 5( 1 8) 1 1 3. 2 5( 2 8) 2 7 9. 7( 1 5)
0. 3 7 0 5 1 2. 8 7 2( 2 7) 2 6. 6 0( 1 0)
0. 3 7 2 0 1 2. 5 3 9( 2 6) 2 4. 7 8 0( 9 7) 4 9. 5 2( 1 5) 8 9. 9 5( 2 4) 2 2 2. 8( 1 5)
0. 3 7 6 6 2 1. 0 7 9( 7 5) 7 0. 6 5( 2 5)
0. 3 7 7 8 3 7. 9 9( 1 4) 1 6 1. 7 0( 8 2)
0. 3 7 9 0 1 1. 1 8 4( 2 1) 1 9. 4 5 8( 7 0) 3 5. 9 5( 1 3) 6 2. 4 5( 2 5) 1 5 1. 2 7( 6 9)
0. 3 8 2 1 1 0. 6 6 1( 2 0) 1 7. 8 5 3( 6 5)
0. 3 8 7 6 1 5. 4 6 2( 4 1) 4 1. 5 2( 2 1)
0. 3 8 8 9 2 4. 3 6 0( 9 9) 8 8. 5 7( 7 8)
0. 3 9 3 0 9. 2 9 4( 1 6) 1 3. 8 0 5( 4 1)
0. 3 9 8 6 1 2. 5 0 3( 2 8) 2 6. 3 3( 1 5)
0. 4 0 0 0 1 7. 2 3 9( 6 6) 5 1. 6 3( 5 7)
0. 4 0 4 0 8. 2 8 0( 1 3) 1 1. 4 4 3( 2 5)
0. 4 0 9 7 1 0. 5 7 2( 2 0) 1 8. 5 1 8( 9 6)
0. 4 1 1 1 1 3. 5 2 7( 3 9) 3 2. 4 8( 5 0)
0. 4 1 4 9 7. 4 7 5( 1 2) 9. 8 7 3( 2 1)
0. 4 2 0 8 9. 2 7 4( 1 6) 1 4. 2 4 1( 5 4)
0. 4 2 2 2 1 1. 2 8 4( 2 4) 2 1. 3 4( 2 5)
0. 4 2 5 5 8. 8 2 2( 1 5) 1 3. 1 0 9( 4 3)
0. 4 3 0 0 8. 3 7 6( 1 4) 1 2. 1 5 1( 3 7)
0. 4 3 1 9 8. 2 4 2( 1 3) 1 1. 9 1 0( 3 7)
0. 4 3 3 3 9. 7 9 2( 1 8) 1 6. 1 8( 1 9)
0. 4 3 3 7 9. 7 2 6( 1 8) 1 5. 9 2( 2 3)
0. 4 3 8 1 9. 2 6 2( 1 6) 1 4. 4 1( 1 4)
0. 4 4 0 4 7. 6 5 4( 1 2) 1 0. 4 5 1( 2 4)
0. 4 4 2 6 6. 0 3 2 9( 8 7) 7. 4 6 2( 1 2)
0. 4 4 3 0 8. 7 9 9( 1 5) 1 3. 2 5( 1 2)
0. 4 4 4 4 8. 6 7 0( 1 4) 1 2. 7 9 4( 8 5)
0. 4 4 8 4 8. 3 3 5( 1 4) 1 2. 0 0 2( 6 8)
0. 4 5 0 0 5. 7 6 3 5( 8 3) 7. 0 3 4( 1 1) 9. 3 5 0( 2 0)
0. 4 5 4 9 7. 8 5 3( 1 4) 1 0. 9 7 9( 5 8)
0. 4 5 9 6 6. 5 5 4( 1 0) 8. 4 7 9( 1 7)
0. 4 6 0 0 5. 4 0 9 1( 7 7) 6. 5 3 1 1( 1 0 0) 8. 4 3 6( 1 7)
0. 4 6 2 2 7. 3 7 2( 1 2) 9. 9 7 8( 6 5)
0. 4 7 0 2 5. 0 8 9 6( 7 1) 6. 0 6 4( 1 0)
0. 4 7 2 2 6. 8 0 5( 1 0) 8. 9 8 1( 4 0)
0. 4 8 0 0 4. 8 4 6 2( 6 8) 5. 7 2 3 0( 9 4) 7. 0 6 9( 1 4)
0. 4 8 7 3 5. 4 5 3 6( 7 8) 6. 6 7 5( 1 1)
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0. 4 9 7 9 4. 4 2 6 2( 6 1) 5. 1 2 4 8( 7 5)
0. 5 0 0 0 4. 3 8 5 1( 6 1) 5. 0 6 6 4( 7 3) 5. 6 1 6 2( 8 3) 6. 9 7 1( 3 1)
0. 5 1 5 0 4. 6 8 0 4( 6 6) 5. 5 7 1 0( 9 8)
0. 5 2 5 6 3. 9 2 1 3( 5 2) 4. 4 4 8 4( 7 0)
0. 5 2 7 8 4. 8 1 2 9( 6 8) 5. 7 9 2( 2 3)
0. 5 4 0 0 3. 7 0 4 6( 5 0) 4. 1 6 2 3( 5 7)
0. 5 4 2 7 4. 1 1 3 0( 6 2) 4. 7 7 5 6( 8 6)
0. 5 5 3 4 3. 5 1 3 2( 4 7) 3. 9 2 3 7( 6 2)
0. 5 5 5 6 4. 2 0 1 3( 6 1) 4. 9 0 5( 1 9)
0. 5 7 0 5 3. 6 7 3 7( 5 1) 4. 1 9 9( 1 0)
0. 5 8 1 2 3. 1 9 5 4( 4 3) 3. 5 2 2 1( 7 3)
0. 5 8 3 3 3. 7 4 6 8( 5 1) 4. 2 9 8( 1 6)
0. 5 9 8 2 3. 3 2 6 1( 4 5) 3. 7 2 2 1( 6 2)
0. 6 1 1 1 3. 3 6 7 6( 4 6) 3. 8 2 7( 1 4)
0. 6 3 6 7 2. 6 9 8 7( 3 5) 2. 9 2 4 7( 3 9)
0. 6 5 3 8 2. 7 8 6 7( 3 7) 3. 0 5 7 3( 4 7)
0. 6 6 0 0 2. 5 2 8 3( 3 3) 2. 7 4 0 4( 3 6)
0. 6 6 6 7 2. 8 3 2 9( 3 8) 3. 1 2 2( 1 2)
0. 6 9 2 3 2. 3 3 8 4( 3 0) 2. 5 1 5 5( 4 3)
0. 7 0 9 3 2. 4 0 0 2( 3 6) 2. 6 0 7 0( 4 2)
0. 7 2 2 2 2. 4 3 6 6( 3 3) 2. 6 5 1( 1 1)
0. 7 4 7 8 2. 0 6 3 1( 2 8) 2. 1 9 5 5( 3 2)
0. 7 6 4 9 2. 1 1 3 6( 2 8) 2. 2 7 2 4( 3 5)
0. 7 7 7 8 2. 1 4 0 0( 2 8) 2. 3 1 1 1( 8 5)
0. 8 0 3 4 1. 8 4 7 8( 2 3) 1. 9 5 3 5( 2 8)
0. 8 2 0 2 1. 8 8 6 2( 2 5) 2. 0 0 7 6( 2 8)
0. 8 3 3 3 1. 9 1 3 0( 2 5) 2. 0 3 0 3( 6 7)

T a bl e  B. 7: S U ( 5) T G F ’t  H o oft c o u pli n g d at a, f or pl a n e s P T , a s a f u n cti o n of t h e i n v er s e
b ar e c o u pli n g b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.

b L̃ = 1 0 L̃ = 2 0 L̃ = 3 0 L̃ = 4 0 L̃ = 6 0

0. 3 3 0 0 4 0 5. 8 1( 4 4) 1 4 5 2. 0( 2 3) 2 3 7 1. 5( 6 1) 3 3 2 5( 1 9) 6 0 7 0( 1 5 9)
0. 3 3 5 0 1 8 5. 4 8 4 5( 1 0 0 6 4) 4 2 9. 1( 1 2) 9 7 3. 7( 2 6) 1 6 3 3. 8( 6 6) 3 1 3 8( 3 5)
0. 3 4 0 0 6 6. 1 9( 3 0) 2 3 1. 2 2( 6 8) 5 6 0. 3( 1 5) 1 0 0 2. 1( 3 5) 2 0 1 6( 1 8)
0. 3 4 5 0 4 0. 0 0( 1 9) 1 4 9. 6 5( 4 7) 3 7 0. 7( 1 0) 6 8 6. 0( 2 1) 1 4 6 6( 1 3)
0. 3 4 9 9 2 8. 4 3( 1 4) 1 0 4. 8 5( 3 5)
0. 3 5 5 0 2 1. 8 9 3( 9 0) 7 5. 0 7( 2 8) 1 8 4. 0 5( 5 9) 3 5 3. 7( 1 2) 8 3 2. 9( 6 1)
0. 3 6 0 4 1 7. 9 1 9( 6 5) 5 4. 4 5( 2 3)
0. 3 6 3 0 1 6. 4 3 3( 5 5) 4 7. 5 7( 2 1) 1 1 1. 6 7( 6 6) 2 1 5. 8 2( 9 2) 5 2 5. 7( 3 4)
0. 3 6 5 8 4 1. 3 3( 1 9) 1 8 3. 0 3( 6 7)
0. 3 6 8 0 1 4. 4 8 9( 4 1) 3 6. 7 5( 1 8) 8 3. 3 0( 3 0) 1 5 9. 0 6( 4 6) 3 9 6. 6( 2 1)
0. 3 7 0 5 1 3. 7 6 8( 3 9) 3 2. 7 4( 1 8)
0. 3 7 2 0 1 3. 3 7 0( 3 6) 3 0. 0 3( 1 6) 6 6. 7 7( 2 5) 1 2 5. 5 3( 3 9) 3 1 5. 7( 2 1)
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A p p e n di x  B.  R a w d at a

0. 3 7 6 6 2 4. 6 4( 1 3) 9 7. 4 9( 4 0)
0. 3 7 7 8 4 9. 5 7( 2 4) 2 2 8. 2 0( 1 2)
0. 3 7 9 0 1 1. 8 3 0( 2 9) 2 2. 3 6( 1 2) 4 6. 6 0( 2 3) 8 5. 6 7( 4 1) 2 1 4. 1( 1 2)
0. 3 8 2 1 1 1. 2 2 6( 2 7) 2 0. 2 0( 1 1)
0. 3 8 7 6 1 6. 9 7 6( 6 6) 5 4. 8 9( 3 6)
0. 3 8 8 9 2 9. 5 2( 1 7) 1 2 3. 5( 1 2 1)
0. 3 9 3 0 9. 7 5 1( 2 0) 1 5. 0 1 2( 6 5)
0. 3 9 8 6 1 3. 4 5 2( 4 1) 3 2. 2 7( 2 7)
0. 4 0 0 0 1 9. 4 5( 1 2) 6 9. 7 7( 9 3)
0. 4 0 4 0 8. 6 2 9( 1 7) 1 2. 1 4 9( 3 4)
0. 4 0 9 7 1 1. 1 7 4( 2 7) 2 1. 1 4( 1 6)
0. 4 1 1 1 1 4. 6 5 4( 6 5) 4 1. 6 8( 8 5)
0. 4 1 4 9 7. 7 5 0( 1 5) 1 0. 3 9 8( 2 7)
0. 4 2 0 8 9. 7 3 5( 2 2) 1 5. 5 7 5( 8 1)
0. 4 2 2 2 1 2. 0 2 6( 3 6) 2 4. 9 9( 4 6)
0. 4 2 5 5 9. 2 2 7( 1 9) 1 4. 0 9 4( 6 5)
0. 4 3 0 0 8. 7 8 6( 1 8) 1 2. 9 9 3( 5 2)
0. 4 3 1 9 8. 6 3 5( 1 8) 1 2. 7 1 3( 5 2)
0. 4 3 3 3 1 0. 3 1 2( 2 4) 1 7. 8 8( 3 0)
0. 4 3 3 7 1 0. 2 5 1( 2 2) 1 7. 5 8( 3 9)
0. 4 3 8 1 9. 7 2 6( 2 1) 1 5. 6 7( 2 0)
0. 4 4 0 4 7. 9 8 7( 1 6) 1 1. 0 5 4( 3 2)
0. 4 4 2 6 6. 2 5 0( 1 2) 7. 7 5 1( 1 5)
0. 4 4 3 0 9. 2 4 6( 2 0) 1 4. 3 5( 2 0)
0. 4 4 4 4 9. 0 9 0( 1 9) 1 3. 6 8( 1 1)
0. 4 4 8 4 8. 7 2 4( 1 9) 1 2. 7 5 7( 8 5)
0. 4 5 0 0 5. 9 4 3( 1 2) 7. 3 0 1( 1 4) 9. 8 2 7( 2 7)
0. 4 5 4 9 8. 1 8 7( 1 7) 1 1. 7 2 5( 7 3)
0. 4 5 9 6 6. 7 9 0( 1 3) 8. 8 7 4( 2 2)
0. 4 6 0 0 5. 5 8 2( 1 0) 6. 7 7 4( 1 4) 8. 8 6 1( 2 2)
0. 4 6 2 2 7. 6 9 1( 1 6) 1 0. 5 8 8( 9 0)
0. 4 7 0 2 5. 2 4 5( 1 0) 6. 2 8 0( 1 4)
0. 4 7 2 2 7. 0 6 8( 1 4) 9. 4 7 0( 5 1)
0. 4 8 0 0 4. 9 7 6 2( 9 2) 5. 9 0 7( 1 3) 7. 3 5 4( 1 9)
0. 4 8 7 3 5. 6 3 0( 1 2) 6. 9 2 8( 1 4)
0. 4 9 7 9 4. 5 4 2 6( 8 2) 5. 2 7 8( 1 0)
0. 5 0 0 0 4. 4 8 9 2( 8 2) 5. 2 2 1 8( 9 9) 5. 8 0 7( 1 1) 7. 2 6 0( 3 6)
0. 5 1 5 0 4. 8 0 8 7( 9 0) 5. 7 4 5( 1 3)
0. 5 2 5 6 4. 0 1 6 3( 7 8) 4. 5 6 6 1( 9 8)
0. 5 2 7 8 4. 9 5 9 9( 9 5) 5. 9 6 6( 3 3)
0. 5 4 0 0 3. 7 7 8 1( 6 8) 4. 2 7 0 4( 8 0)
0. 5 4 2 7 4. 2 2 0 3( 7 9) 4. 9 0 5( 1 1)
0. 5 5 3 4 3. 5 8 7 7( 6 5) 4. 0 2 3 2( 8 8)
0. 5 5 5 6 4. 3 1 7 5( 8 1) 5. 0 2 3( 2 4)
0. 5 7 0 5 3. 7 5 2 8( 7 2) 4. 2 9 1( 1 4)
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0. 5 8 1 2 3. 2 5 4 9( 5 9) 3. 6 0 4( 1 1)
0. 5 8 3 3 3. 8 3 8 2( 7 1) 4. 4 2 6( 2 1)
0. 5 9 8 2 3. 3 9 6 7( 6 2) 3. 7 9 6 4( 9 0)
0. 6 1 1 1 3. 4 4 2 6( 6 4) 3. 9 2 2( 2 0)
0. 6 3 6 7 2. 7 4 5 2( 4 9) 2. 9 8 3 2( 5 5)
0. 6 5 3 8 2. 8 4 2 5( 5 1) 3. 1 3 2 3( 6 7)
0. 6 6 0 0 2. 5 6 8 3( 4 9) 2. 7 8 7 8( 5 1)
0. 6 6 6 7 2. 8 8 8 6( 5 3) 3. 1 7 4( 1 5)
0. 6 9 2 3 2. 3 7 5 1( 4 1) 2. 5 5 6 9( 5 9)
0. 7 0 9 3 2. 4 4 3 3( 4 7) 2. 6 4 9 1( 5 7)
0. 7 2 2 2 2. 4 6 6 0( 4 5) 2. 6 8 1( 1 4)
0. 7 4 7 8 2. 0 9 0 1( 3 6) 2. 2 2 1 7( 4 5)
0. 7 6 4 9 2. 1 4 5 4( 4 0) 2. 3 0 9 2( 4 9)
0. 7 7 7 8 2. 1 7 0 8( 4 0) 2. 3 3 0( 1 1)
0. 8 0 3 4 1. 8 6 9 1( 3 3) 1. 9 7 7 9( 4 2)
0. 8 2 0 2 1. 9 0 8 2( 3 5) 2. 0 2 7 6( 4 0)
0. 8 3 3 3 1. 9 2 9 0( 3 5) 2. 0 5 4 4( 8 7)

T a bl e  B. 8: S U ( 5) T G F ’t  H o oft c o u pli n g d at a, f or pl a n e s P P , a s a f u n cti o n of t h e i n v er s e
b ar e c o u pli n g b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.

b L̃ = 1 0 L̃ = 2 0 L̃ = 3 0 L̃ = 4 0 L̃ = 6 0

0. 3 3 0 0 2 4 1. 3 1( 2 8) 8 5 1. 6( 1 3) 1 3 7 1. 0( 3 5) 1 9 1 5( 1 1) 3 5 4 7( 8 2)
0. 3 3 5 0 1 0 8. 2 7( 5 3) 2 6 6. 1 8( 7 6) 5 8 5. 5( 1 5) 9 6 2. 9( 3 7) 1 8 2 0( 2 0)
0. 3 4 0 0 4 7. 1 9( 1 5) 1 4 7. 1 5( 3 9) 3 4 7. 3 5( 9 3) 6 0 2. 9( 1 9) 1 1 7 1( 1 0)
0. 3 4 5 0 3 3. 6 3( 1 1) 9 8. 0 0( 2 7) 2 3 2. 7 4( 6 2) 4 2 0. 4( 1 4) 8 6 2. 9( 5 9)
0. 3 4 9 9 2 6. 6 2( 1 0) 7 1. 2 3( 2 0)
0. 3 5 5 0 2 1. 8 2 3( 8 1) 5 4. 2 5( 1 5) 1 1 8. 9 0( 3 6) 2 2 2. 7 9( 7 3) 5 0 4. 4( 3 9)
0. 3 6 0 4 1 8. 4 7 8( 6 5) 4 2. 4 0( 1 4)
0. 3 6 3 0 1 7. 1 9 0( 6 1) 3 8. 4 0( 1 2) 7 4. 8 7( 3 7) 1 3 7. 8 5( 5 9) 3 2 6. 3( 2 1)
0. 3 6 5 8 3 4. 6 8( 1 1) 1 1 7. 7 0( 3 9)
0. 3 6 8 0 1 5. 2 4 6( 5 2) 3 2. 0 4( 1 1) 5 8. 6 2( 1 6) 1 0 3. 5 1( 2 7) 2 4 8. 4( 1 4)
0. 3 7 0 5 1 4. 5 2 2( 4 8) 2 9. 3 8( 1 2)
0. 3 7 2 0 1 4. 0 8 8( 4 5) 2 7. 5 1( 1 2) 4 9. 3 4( 1 3) 8 3. 2 2( 2 3) 2 0 0. 1( 1 4)
0. 3 7 6 6 2 3. 7 6 5( 9 2) 6 6. 6 2( 2 1)
0. 3 7 7 8 3 9. 5 4( 1 3) 1 4 7. 0 2( 7 6)
0. 3 7 9 0 1 2. 4 9 3( 3 9) 2 2. 0 1 2( 9 5) 3 7. 8 6( 1 3) 5 9. 8 2( 2 1) 1 3 6. 7 1( 6 3)
0. 3 8 2 1 1 1. 8 7 2( 3 9) 2 0. 2 5( 1 0)
0. 3 8 7 6 1 7. 4 1 9( 6 7) 4 2. 5 6( 1 8)
0. 3 8 8 9 2 7. 1 8( 1 2) 8 2. 1 4( 6 8)
0. 3 9 3 0 1 0. 1 6 7( 3 0) 1 5. 4 4 0( 7 1)
0. 3 9 8 6 1 3. 9 5 1( 5 2) 2 9. 0 8( 1 8)
0. 4 0 0 0 1 9. 4 8 8( 9 7) 5 0. 9 3( 4 6)
0. 4 0 4 0 8. 9 9 5( 2 6) 1 2. 6 0 9( 4 7)
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A p p e n di x  B.  R a w d at a

0. 4 0 9 7 1 1. 6 2 4( 3 9) 2 0. 7 8( 1 3)
0. 4 1 1 1 1 5. 1 2 6( 6 4) 3 5. 0 9( 5 0)
0. 4 1 4 9 8. 0 8 9( 2 2) 1 0. 8 0 8( 3 8)
0. 4 2 0 8 1 0. 0 8 9( 3 1) 1 5. 9 6( 1 0)
0. 4 2 2 2 1 2. 4 0 7( 4 6) 2 4. 1 5( 3 7)
0. 4 2 5 5 9. 5 3 1( 2 8) 1 4. 6 0 7( 6 7)
0. 4 3 0 0 9. 0 2 2( 2 5) 1 3. 4 7 1( 6 4)
0. 4 3 1 9 8. 8 8 4( 2 6) 1 3. 1 5 5( 6 2)
0. 4 3 3 3 1 0. 6 7 8( 3 5) 1 8. 2 4( 2 8)
0. 4 3 3 7 1 0. 5 8 1( 3 3) 1 7. 8 4( 3 2)
0. 4 3 8 1 1 0. 0 4 0( 3 0) 1 6. 0 3( 2 4)
0. 4 4 0 4 8. 2 2 8( 2 2) 1 1. 3 7 5( 4 7)
0. 4 4 2 6 6. 4 5 9( 1 7) 8. 0 1 3( 2 3)
0. 4 4 3 0 9. 4 9 7( 3 0) 1 4. 6 7( 2 1)
0. 4 4 4 4 9. 3 4 9( 2 7) 1 4. 1 5( 1 7)
0. 4 4 8 4 8. 9 8 6( 2 7) 1 3. 2 2( 1 3)
0. 4 5 0 0 6. 1 3 0( 1 7) 7. 5 3 3( 2 1) 1 0. 0 9 3( 3 6)
0. 4 5 4 9 8. 4 3 9( 2 4) 1 2. 0 7( 1 1)
0. 4 5 9 6 6. 9 4 8( 1 9) 9. 1 5 1( 3 3)
0. 4 6 0 0 5. 7 4 0( 1 5) 6. 9 6 2( 1 9) 9. 1 0 0( 3 2)
0. 4 6 2 2 7. 8 6 6( 2 2) 1 0. 9 3( 1 4)
0. 4 7 0 2 5. 3 8 8( 1 4) 6. 4 1 4( 1 9)
0. 4 7 2 2 7. 2 5 0( 2 0) 9. 5 5 4( 7 8)
0. 4 8 0 0 5. 1 3 5( 1 3) 6. 0 6 9( 1 8) 7. 5 5 0( 2 5)
0. 4 8 7 3 5. 7 3 3( 1 5) 7. 0 9 3( 2 0)
0. 4 9 7 9 4. 6 6 4( 1 2) 5. 4 0 0( 1 4)
0. 5 0 0 0 4. 6 3 1( 1 2) 5. 3 3 2( 1 5) 5. 9 1 2( 1 6) 7. 3 7 7( 5 8)
0. 5 1 5 0 4. 8 9 2( 1 3) 5. 8 5 8( 1 9)
0. 5 2 5 6 4. 1 0 8( 1 1) 4. 6 3 8( 1 4)
0. 5 2 7 8 5. 0 2 7( 1 3) 6. 1 4 1( 4 5)
0. 5 4 0 0 3. 8 6 3 0( 9 9) 4. 3 5 2( 1 1)
0. 5 4 2 7 4. 2 9 0( 1 2) 4. 9 9 9( 1 5)
0. 5 5 3 4 3. 6 8 6 1( 9 2) 4. 1 1 2( 1 2)
0. 5 5 5 6 4. 3 9 1( 1 2) 5. 1 8 4( 4 0)
0. 5 7 0 5 3. 8 1 1 3( 9 8) 4. 3 4 8( 1 9)
0. 5 8 1 2 3. 3 1 6 3( 8 4) 3. 6 7 7( 1 5)
0. 5 8 3 3 3. 8 9 2( 1 0) 4. 5 1 7( 3 0)
0. 5 9 8 2 3. 4 4 8 5( 9 0) 3. 8 7 2( 1 2)
0. 6 1 1 1 3. 4 9 7 1( 8 8) 3. 9 7 6( 2 7)
0. 6 3 6 7 2. 7 8 9 4( 6 8) 3. 0 2 9 8( 7 6)
0. 6 5 3 8 2. 8 6 8 2( 7 1) 3. 1 5 7 2( 9 2)
0. 6 6 0 0 2. 6 1 3 1( 6 4) 2. 8 2 2 5( 7 2)
0. 6 6 6 7 2. 9 1 6 7( 7 5) 3. 2 6 7( 2 2)
0. 6 9 2 3 2. 3 9 9 1( 5 7) 2. 5 8 5 4( 8 2)
0. 7 0 9 3 2. 4 6 9 8( 6 6) 2. 6 8 5 9( 8 7)

1 5 6



0. 7 2 2 2 2. 5 0 9 7( 6 4) 2. 7 2 4( 2 1)
0. 7 4 7 8 2. 1 3 2 0( 5 4) 2. 2 5 8 7( 6 2)
0. 7 6 4 9 2. 1 6 1 8( 5 5) 2. 3 3 1 0( 7 0)
0. 7 7 7 8 2. 1 9 1 1( 5 4) 2. 3 4 5( 1 5)
0. 8 0 3 4 1. 8 9 0 8( 4 5) 2. 0 0 1 1( 5 9)
0. 8 2 0 2 1. 9 2 1 9( 4 7) 2. 0 4 8 5( 5 7)
0. 8 3 3 3 1. 9 5 6 3( 4 9) 2. 0 8 1( 1 3)

T a bl e  B. 9: S U ( 5) T G F ’t  H o oft c o u pli n g d at a, f or pl a n e s T T , a s a f u n cti o n of t h e i n v er s e
b ar e c o u pli n g b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.

b L̃ = 1 6 L̃ = 3 2 L̃ = 4 8 L̃ = 6 4 L̃ = 9 6

0. 3 7 6 6 1 9. 4 1 1( 6 0) 6 0. 5 6( 1 6)
0. 3 7 7 7 5 7. 0 1( 1 6) 2 5 8. 2( 1 1)
0. 3 7 7 8 1 3 4. 0 8( 4 7) 5 9 9. 9( 4 6)
0. 3 8 7 6 1 4. 5 0 2( 3 8) 3 5. 5 4( 1 3)
0. 3 8 8 8 3 3. 7 7( 1 3) 1 3 6. 6 2( 8 7)
0. 3 8 9 1 1 4. 0 0 1( 3 5) 3 3. 6 9( 1 2) 7 2. 7 1( 4 7) 3 3 0. 6( 4 7)
0. 3 9 8 6 1 1. 7 7 1( 2 3) 2 3. 1 9( 1 0)
0. 4 0 0 0 2 2. 1 0 0( 9 6) 4 3. 1 2( 3 2) 7 5. 0 3( 8 3) 1 8 5. 2( 2 3)
0. 4 0 9 6 1 0. 0 9 8( 1 8) 1 6. 5 9 7( 5 6)
0. 4 1 0 9 2 7. 4 5( 2 4) 1 0 1. 6( 2 1)
0. 4 1 1 1 1 6. 0 7 8( 5 4) 4 4. 7 9( 5 5)
0. 4 2 0 7 8. 8 6 2( 1 5) 1 3. 1 8 5( 3 5)
0. 4 2 1 9 1 9. 1 4( 1 8) 6 3. 5( 2 3)
0. 4 2 2 2 1 2. 8 5 6( 3 0) 2 9. 7 9( 4 6)
0. 4 3 1 8 7. 9 3 8( 1 3) 1 1. 0 4 5( 2 3)
0. 4 3 3 3 1 0. 8 3 8( 2 2) 1 9. 9 9( 4 4)
0. 4 3 3 6 1 4. 3 2 2( 8 3) 3 8. 5( 4 1)
0. 4 3 3 7 1 0. 7 7 3( 2 0) 1 9. 3 7( 4 8)
0. 4 3 8 0 1 0. 1 7 0( 2 0) 1 7. 4 7( 3 5)
0. 4 4 3 0 9. 6 0 3( 1 7) 1 5. 2 9( 2 1)
0. 4 4 4 4 9. 4 2 2( 1 6) 1 4. 7 6( 1 3)
0. 4 4 4 5 7. 1 0 9( 1 1) 9. 4 2 9( 1 7) 1 1. 9 4 1( 7 0) 2 6. 1 9( 2 1 8)
0. 4 4 8 4 9. 0 3 6( 1 5) 1 3. 8 8( 1 4)
0. 4 5 4 8 8. 4 5 4( 1 4) 1 2. 2 1 4( 9 0)
0. 4 5 9 5 6. 3 3 9 6( 9 2) 8. 0 7 7( 1 3)
0. 4 6 2 2 7. 8 6 0( 1 3) 1 1. 0 4 4( 6 4)
0. 4 7 2 2 7. 2 4 2( 1 1) 8. 5 4 5( 3 0) 9. 8 1 9( 5 3) 1 2. 8 1( 4 6)
0. 4 8 7 3 5. 2 9 8 1( 7 7) 6. 4 4 2 9( 9 5)
0. 5 0 0 0 5. 9 0 8 2( 9 2) 6. 7 0 3( 1 9) 7. 4 4 0( 3 4) 8. 6 8( 1 3)
0. 5 1 5 0 4. 5 6 7 9( 6 5) 5. 3 7 1 7( 7 8)
0. 5 2 7 7 5. 0 1 0 0( 7 6) 6. 0 6 4( 2 8)
0. 5 2 8 1 5. 5 5 0( 1 6) 6. 7 6( 1 2)
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A p p e n di x  B.  R a w d at a

0. 5 4 2 7 4. 0 2 4 2( 5 6) 4. 6 2 8 6( 6 4)
0. 5 5 5 5 3. 8 3 5 3( 5 3) 4. 3 5 4 5( 6 2) 4. 7 6 0( 1 4) 5. 6 3 4( 7 0)
0. 5 5 5 5 4. 3 5 1 6( 6 5) 5. 1 0 8( 2 2)
0. 5 7 0 5 3. 6 0 2 2( 4 7) 4. 0 7 4 1( 5 6)
0. 5 8 3 3 3. 8 6 9 0( 5 5) 4. 4 2 0( 1 8)
0. 5 8 3 6 4. 1 8 0( 1 1) 4. 9 2 3( 5 3)
0. 5 9 8 2 3. 2 5 5 6( 4 3) 3. 6 3 8 7( 5 1)
0. 6 1 0 9 3. 7 1 4 1( 9 5) 4. 2 3 4( 4 2)
0. 6 1 1 1 3. 4 6 6 9( 5 0) 3. 9 2 5( 1 9)
0. 6 5 3 8 2. 7 3 9 6( 3 7) 3. 0 0 8 0( 4 2)
0. 6 6 6 4 3. 0 6 8 3( 7 9) 3. 4 5 6( 3 9)
0. 6 6 6 6 2. 8 9 2 0( 4 1) 3. 2 0 7( 1 4)
0. 7 0 9 3 2. 3 7 0 0( 3 1) 2. 5 6 2 3( 3 4)
0. 7 2 1 9 2. 6 0 4 5( 7 0) 2. 8 6 6( 4 6)
0. 7 2 2 2 2. 4 7 7 2( 3 5) 2. 6 9 2( 1 1)
0. 7 6 4 8 2. 0 8 7 9( 2 7) 2. 2 3 4 0( 2 8)
0. 7 7 7 7 2. 1 7 1 1( 3 0) 2. 3 4 5 2( 9 2)
0. 7 7 8 1 2. 0 3 4 7( 2 6) 2. 1 7 0 5( 2 8) 2. 2 6 2 3( 5 7) 2. 4 4 0( 2 9)
0. 8 2 0 2 1. 8 6 7 8( 2 5) 1. 9 8 1 7( 2 6)
0. 8 3 3 3 1. 9 3 0 2( 2 5) 2. 0 4 2 1( 7 4)
0. 8 3 3 6 2. 0 0 0 8( 5 1) 2. 1 6 0( 2 2)
0. 8 8 9 1 1. 7 9 7 1( 4 4) 1. 9 1 3( 2 0)
0. 9 4 4 5 1. 6 4 2 8( 4 2) 1. 7 3 9( 1 7)

T a bl e  B. 1 0: S U ( 8) T G F ’t  H o oft c o u pli n g d at a, f or pl a n e s P T , a s a f u n cti o n of t h e
i n v er s e b ar e c o u pli n g b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.

b L̃ = 1 6 L̃ = 3 2 L̃ = 4 8 L̃ = 6 4 L̃ = 9 6

0. 3 7 6 6 2 2. 1 3( 1 0) 8 2. 4 0( 2 7)
0. 3 7 7 7 7 7. 3 4( 2 5) 3 6 4. 0( 1 6)
0. 3 7 7 8 1 8 8. 1 2( 7 2) 8 4 3. 4( 8 1)
0. 3 8 7 6 1 5. 6 8 6( 6 2) 4 5. 7 3( 2 2)
0. 3 8 8 8 4 3. 1 9( 2 3) 1 9 1. 5( 1 3)
0. 3 8 9 1 1 5. 0 8 5( 5 4) 4 3. 0 6( 2 2) 1 0 0. 1 6( 7 0) 4 6 7. 0( 6 8)
0. 3 9 8 6 1 2. 4 6 9( 3 2) 2 7. 4 4( 1 8)
0. 4 0 0 0 2 5. 8 8( 1 7) 5 6. 8 6( 5 3) 1 0 3. 2( 1 2) 2 6 1. 4 9( 3 6 4)
0. 4 0 9 6 1 0. 5 8 0( 2 3) 1 8. 3 7 8( 9 7)
0. 4 1 0 9 3 3. 7 3( 4 3) 1 4 1. 3( 3 1)
0. 4 1 1 1 1 7. 6 4 3( 8 5) 5 9. 5( 1 0)
0. 4 2 0 7 9. 2 4 5( 1 9) 1 4. 0 7 4( 5 2)
0. 4 2 1 9 2 1. 8 5( 2 8) 8 8. 8( 2 8)
0. 4 2 2 2 1 3. 7 5 1( 4 5) 3 7. 4 6( 8 9)
0. 4 3 1 8 8. 2 2 1( 1 7) 1 1. 6 1 9( 3 2)
0. 4 3 3 3 1 1. 4 1 2( 3 2) 2 3. 0 5( 7 8)
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0. 4 3 3 6 1 5. 5 0( 1 4) 5 0. 3( 6 8)
0. 4 3 3 7 1 1. 3 1 5( 2 7) 2 2. 2 3( 9 0)
0. 4 3 8 0 1 0. 6 6 6( 2 6) 1 9. 6 9( 6 4)
0. 4 4 3 0 1 0. 0 5 2( 2 2) 1 6. 3 9( 2 8)
0. 4 4 4 4 9. 8 3 4( 2 1) 1 5. 8 3( 1 7)
0. 4 4 4 5 7. 3 7 0( 1 4) 9. 8 4 5( 2 2) 1 2. 7 4( 1 1) 3 2. 7( 3 7)
0. 4 4 8 4 9. 4 0 9( 2 0) 1 5. 0 9( 2 1)
0. 4 5 4 8 8. 8 0 3( 1 9) 1 2. 9 9( 1 3)
0. 4 5 9 5 6. 5 4 5( 1 3) 8. 4 2 1( 1 7)
0. 4 6 2 2 8. 1 6 4( 1 7) 1 1. 6 2 2( 7 9)
0. 4 7 2 2 7. 4 9 1( 1 5) 8. 9 1 4( 4 1) 1 0. 3 0 8( 6 4) 1 3. 8 8( 4 7)
0. 4 8 7 3 5. 4 3 6( 1 0) 6. 6 4 9( 1 3)
0. 5 0 0 0 6. 0 7 3( 1 3) 6. 9 3 1( 2 7) 7. 7 4 7( 4 9) 9. 0 2( 1 4)
0. 5 1 5 0 4. 6 7 4 1( 8 7) 5. 5 1 8( 1 1)
0. 5 2 7 7 5. 1 4 9( 1 0) 6. 2 2 0( 4 2)
0. 5 2 8 1 5. 7 0 8( 2 3) 6. 9 3( 1 1)
0. 5 4 2 7 4. 1 2 0 2( 7 8) 4. 7 4 8 7( 8 7)
0. 5 5 5 5 3. 9 1 3 7( 7 3) 4. 4 6 2 6( 8 4) 4. 8 6 8( 1 8) 5. 8 4 3( 9 6)
0. 5 5 5 5 4. 4 5 4 2( 8 6) 5. 2 4 7( 3 0)
0. 5 7 0 5 3. 6 7 3 2( 6 7) 4. 1 6 1 2( 7 7)
0. 5 8 3 3 3. 9 3 8 2( 7 5) 4. 5 2 1( 2 6)
0. 5 8 3 6 4. 2 5 3( 1 5) 5. 1 5 4( 8 4)
0. 5 9 8 2 3. 3 1 6 7( 6 3) 3. 7 2 2 0( 6 8)
0. 6 1 0 9 3. 7 8 2( 1 3) 4. 3 5 3( 6 6)
0. 6 1 1 1 3. 5 3 2 4( 6 8) 3. 9 6 2( 2 4)
0. 6 5 3 8 2. 7 7 8 1( 5 1) 3. 0 5 6 6( 5 7)
0. 6 6 6 4 3. 1 0 7( 1 2) 3. 4 1 8( 5 3)
0. 6 6 6 6 2. 9 3 0 1( 5 7) 3. 2 3 2( 2 0)
0. 7 0 9 3 2. 4 0 0 7( 4 3) 2. 6 0 4 1( 4 7)
0. 7 2 1 9 2. 6 3 4 5( 8 8) 2. 8 6 1( 6 4)
0. 7 2 2 2 2. 5 1 5 8( 4 7) 2. 7 6 0( 1 4)
0. 7 6 4 8 2. 1 2 0 7( 3 8) 2. 2 6 4 5( 4 1)
0. 7 7 7 7 2. 2 0 2 7( 4 1) 2. 3 8 0( 1 3)
0. 7 7 8 1 2. 0 6 0 6( 3 6) 2. 1 9 2 8( 4 0) 2. 2 9 8 7( 7 8) 2. 4 3 1( 3 1)
0. 8 2 0 2 1. 8 8 9 5( 3 4) 2. 0 0 4 1( 3 6)
0. 8 3 3 3 1. 9 5 1 7( 3 4) 2. 0 8 0( 1 1)
0. 8 3 3 6 2. 0 1 9 1( 7 0) 2. 1 7 4( 3 0)
0. 8 8 9 1 1. 8 1 7 9( 6 1) 1. 9 5 9( 2 9)
0. 9 4 4 5 1. 6 5 6 4( 5 7) 1. 7 2 7( 3 1)

T a bl e  B. 1 1: S U ( 8) T G F ’t  H o oft c o u pli n g d at a, f or pl a n e s P P , a s a f u n cti o n of t h e
i n v er s e b ar e c o u pli n g b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.
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A p p e n di x  B.  R a w d at a

b L̃ = 1 6 L̃ = 3 2 L̃ = 4 8 L̃ = 6 4 L̃ = 9 6

0. 3 7 6 6 2 2. 2 9 4( 8 9) 5 9. 4 3( 1 5)
0. 3 7 7 7 5 6. 3 4( 1 5) 2 2 1. 6 2 2( 1 0 8 9)
0. 3 7 7 8 1 1 9. 6 5( 4 4) 5 0 1. 5 9( 4 2 3)
0. 3 8 7 6 1 6. 4 4 6( 6 4) 3 8. 4 4( 1 4)
0. 3 8 8 8 3 6. 6 0( 1 3) 1 2 2. 1 3( 7 6)
0. 3 8 9 1 1 5. 8 6 5( 6 1) 3 6. 7 2( 1 3) 6 9. 3 0( 3 9) 2 8 2. 5 1( 4 1 9)
0. 3 9 8 6 1 3. 2 3 6( 4 3) 2 6. 4 6( 1 3)
0. 4 0 0 0 2 5. 2 5( 1 2) 4 4. 7 2( 3 0) 7 0. 8 4( 7 2) 1 6 2. 5 7 2 2( 2 0 0 5 5)
0. 4 0 9 6 1 1. 2 2 1( 3 5) 1 8. 9 6 6( 9 6)
0. 4 1 0 9 3 0. 4 9( 2 8) 9 3. 2 8( 1 6 8)
0. 4 1 1 1 1 8. 3 2 1( 8 6) 4 6. 4 6( 5 6)
0. 4 2 0 7 9. 6 9 7( 2 8) 1 4. 7 7 3( 5 9)
0. 4 2 1 9 2 1. 7 6( 2 6) 6 1. 4 8( 2 2 5)
0. 4 2 2 2 1 4. 4 5 6( 5 7) 3 3. 2 4( 4 3)
0. 4 3 1 8 8. 6 0 4( 2 6) 1 2. 2 6 6( 4 0)
0. 4 3 3 3 1 1. 9 8 0( 4 2) 2 2. 9 1( 6 6)
0. 4 3 3 6 1 6. 1 4( 1 4) 4 0. 9 4( 3 6 5)
0. 4 3 3 7 1 1. 9 4 7( 4 0) 2 1. 8 5( 6 3)
0. 4 3 8 0 1 1. 2 2 5( 3 6) 1 9. 9 2( 4 0)
0. 4 4 3 0 1 0. 5 5 1( 3 2) 1 7. 2 5( 3 1)
0. 4 4 4 4 1 0. 3 4 4( 3 2) 1 6. 8 8( 2 5)
0. 4 4 4 5 7. 6 3 8( 2 1) 1 0. 2 8 4( 3 1) 1 3. 2 5( 1 2) 2 9. 8 4( 2 4 3)
0. 4 4 8 4 9. 8 7 3( 3 0) 1 5. 8 4( 2 8)
0. 4 5 4 8 9. 1 7 8( 2 8) 1 3. 5 5( 1 6)
0. 4 5 9 5 6. 8 1 0( 1 9) 8. 7 7 9( 2 5)
0. 4 6 2 2 8. 4 7 5( 2 4) 1 2. 1 6( 1 2)
0. 4 7 2 2 7. 8 1 0( 2 2) 9. 2 9 8( 5 9) 1 0. 7 2( 1 0) 1 4. 0 7( 5 3)
0. 4 8 7 3 5. 6 3 9( 1 6) 6. 9 0 8( 1 9)
0. 5 0 0 0 6. 2 8 1( 1 7) 7. 1 3 4( 3 6) 7. 8 8 6( 6 2) 9. 4 8( 2 1)
0. 5 1 5 0 4. 8 0 6( 1 2) 5. 6 7 4( 1 5)
0. 5 2 7 7 5. 2 7 4( 1 4) 6. 4 9 7( 6 0)
0. 5 2 8 1 5. 8 5 9( 3 1) 7. 3 9( 1 7)
0. 5 4 2 7 4. 2 2 9( 1 1) 4. 8 6 5( 1 3)
0. 5 5 5 5 4. 0 0 5( 1 0) 4. 5 8 3( 1 2) 5. 0 4 6( 2 6) 6. 1 7( 1 5)
0. 5 5 5 5 4. 5 7 9( 1 2) 5. 4 0 9( 4 1)
0. 5 7 0 5 3. 7 3 6 6( 9 2) 4. 2 6 7( 1 1)
0. 5 8 3 3 4. 0 2 8( 1 1) 4. 6 5 1( 3 6)
0. 5 8 3 6 4. 4 0 3( 2 2) 5. 1 9( 1 1)
0. 5 9 8 2 3. 3 7 8 9( 8 5) 3. 7 9 1 1( 9 8)
0. 6 1 0 9 3. 8 4 4( 1 9) 4. 3 8 1( 8 5)
0. 6 1 1 1 3. 6 2 1 2( 9 7) 4. 0 7 0( 3 1)
0. 6 5 3 8 2. 8 3 6 0( 7 3) 3. 1 1 0 1( 8 1)
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0. 6 6 6 4 3. 2 0 3( 1 5) 3. 5 2 7( 8 4)
0. 6 6 6 6 2. 9 9 0 9( 7 9) 3. 3 0 9( 2 7)
0. 7 0 9 3 2. 4 4 4 8( 6 1) 2. 6 3 2 7( 6 7)
0. 7 2 1 9 2. 6 5 3( 1 2) 2. 9 0 6( 6 1)
0. 7 2 2 2 2. 5 5 5 7( 6 8) 2. 8 0 9( 2 4)
0. 7 6 4 8 2. 1 3 5 6( 5 2) 2. 2 9 7 9( 5 7)
0. 7 7 7 7 2. 2 2 9 9( 5 7) 2. 4 0 1( 2 0)
0. 7 7 8 1 2. 0 8 5 1( 5 1) 2. 2 2 9 7( 5 5) 2. 3 3 3( 1 1) 2. 5 7 7( 6 0)
0. 8 2 0 2 1. 9 2 0 6( 4 7) 2. 0 3 9 5( 5 1)
0. 8 3 3 3 1. 9 7 9 6( 4 9) 2. 1 3 5( 1 6)
0. 8 3 3 6 2. 0 5 3( 1 1) 2. 2 1 9( 4 7)
0. 8 8 9 1 1. 8 4 1 5( 8 4) 1. 9 4 7( 3 2)
0. 9 4 4 5 1. 6 8 0 8( 8 7) 1. 7 2 9( 3 2)

T a bl e  B. 1 2: S U ( 8) T G F ’t  H o oft c o u pli n g d at a, f or pl a n e s T T , a s a f u n cti o n of t h e
i n v er s e b ar e c o u pli n g b = 1 / λ 0 a n d t h e l atti c e si z e L̃ = l̃ / a.
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C
C o nti n u u m e xtr a p ol ati o n of t h e st e p

s c ali n g f u n cti o n

L̃ 1 8 × b u Σ (u ) Σ (u t g )

1 2 1 4. 4 6 1 2 1. 8 4 2 5( 2 1) 1. 9 5 0 3( 2 3) 1. 9 5 0 3( 3 4)
1 8 1 4. 7 6 3 4 1. 8 4 4 9( 2 2) 1. 9 5 6 6( 4 0) 1. 9 5 5 8( 3 7)
2 4 1 5. 0 0 0 0 1. 8 4 3 9( 1 7) 1. 9 5 9 3( 5 8) 1. 9 5 7 7( 6 1)

∞ u t g = 1. 8 4 2 5 1. 9 6 0 2( 5 5)

1 2 1 3. 4 6 0 6 2. 0 5 6 8( 2 3) 2. 1 9 6 7( 2 6) 2. 1 9 6 7( 3 8)
1 8 1 3. 7 6 3 0 2. 0 6 0 1( 2 5) 2. 2 0 3 8( 3 5) 2. 2 0 0 2( 4 6)
2 4 1 4. 0 0 0 0 2. 0 5 8 4( 1 9) 2. 2 1 3 0( 6 4) 2. 2 1 1 3( 6 8)

∞ u t g = 2. 0 5 6 8 2. 2 0 9 2( 6 5)

1 2 1 2. 4 6 0 6 2. 3 2 7 0( 2 8) 2. 5 0 3 1( 3 1) 2. 5 0 3 1( 4 5)
1 8 1 2. 7 6 7 7 2. 3 3 2 0( 2 8) 2. 5 2 1 1( 3 8) 2. 5 1 5 3( 5 0)
2 4 1 3. 0 0 0 0 2. 3 2 5 9( 2 2) 2. 5 1 3 4( 8 1) 2. 5 1 4 7( 8 5)

∞ u t g = 2. 3 2 7 0 2. 5 2 2 4( 7 5)

1 2 1 1. 4 6 0 7 2. 6 8 3 4( 3 2) 2. 9 2 7 1( 3 6) 2. 9 2 7 1( 5 2)
1 8 1 1. 7 6 8 2 2. 6 8 1 7( 3 2) 2. 9 4 9 8( 4 4) 2. 9 5 1 9( 5 9)
2 4 1 2. 0 0 0 0 2. 6 8 1 9( 2 6) 2. 9 3 9 3( 9 3) 2. 9 4 1 1( 9 9)

∞ u t g = 2. 6 8 3 4 2. 9 6 0 7( 8 8)

1 2 1 0. 4 6 1 2 3. 1 7 4 6( 4 0) 3. 5 1 6 0( 4 4) 3. 5 1 6 0( 6 6)
1 8 1 0. 7 6 7 8 3. 1 7 4 7( 3 9) 3. 5 2 8 0( 5 2) 3. 5 2 7 8( 7 1)
2 4 1 1. 0 0 0 0 3. 1 7 2 0( 4 2) 3. 5 5 0 5( 9 4) 3. 5 5 4( 1 1)

∞ u t g = 3. 1 7 4 6 3. 5 5 5( 1 0)

1 2 9. 9 6 0 9 0 3. 4 9 4 5( 4 4) 3. 9 0 6 8( 5 1) 3. 9 0 6 8( 7 5)
1 8 1 0. 2 6 8 6 3. 4 9 4 3( 4 5) 3. 9 5 0 0( 5 7) 3. 9 5 0 2( 8 1)
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A p p e n di x  C.  C o nti n u u m e xt r a p ol ati o n of t h e st e p s c ali n g f u n cti o n

2 4 1 0. 5 0 0 0 3. 4 9 3 8( 3 4) 3. 9 5 4( 1 1) 3. 9 5 5( 1 1)

∞ u t g = 3. 4 9 4 5 3. 9 7 8( 1 1)

1 2 9. 4 6 1 5 0 3. 8 8 8 1( 5 0) 4. 4 2 4 9( 5 9) 4. 4 2 4 9( 8 8)
1 8 9. 7 6 9 4 0 3. 8 8 1 3( 5 1) 4. 4 6 6( 1 0) 4. 4 7 5( 1 2)
2 4 1 0. 0 0 0 0 3. 8 9 0 3( 3 8) 4. 4 8 0( 1 1) 4. 4 7 7( 1 2)

∞ u t g = 3. 8 8 8 1 4. 5 0 1( 1 4)

1 2 8. 9 6 2 9 0 4. 3 7 3 9( 5 9) 5. 0 8 8 3( 7 0) 5. 0 8 8( 1 1)
1 8 9. 2 7 0 4 0 4. 3 8 5 0( 5 9) 5. 1 2 8( 1 7) 5. 1 1 3( 1 9)
2 4 9. 5 0 0 0 0 4. 3 8 3 1( 4 6) 5. 1 4 6( 1 6) 5. 1 3 3( 1 7)

∞ u t g = 4. 3 7 3 9 5. 1 4 3( 2 0)

1 2 8. 4 6 4 3 0 5. 0 2 6 0( 6 8) 5. 9 9 7 1( 8 5) 5. 9 9 7( 1 3)
1 8 8. 7 7 1 1 0 5. 0 3 5 6( 6 9) 6. 0 7 2( 1 5) 6. 0 5 8( 1 8)
2 4 9. 0 0 0 0 0 5. 0 2 3 7( 5 1) 6. 0 9 2( 1 8) 6. 0 9 5( 2 0)

∞ u t g = 5. 0 2 6 0 6. 1 2 0( 2 2)

1 2 7. 9 6 6 3 0 5. 9 1 7 0( 8 4) 7. 3 3 7( 1 1) 7. 3 3 7( 1 7)
1 8 8. 2 7 2 1 0 5. 9 1 6 1( 8 5) 7. 4 5 2( 2 0) 7. 4 5 3( 2 4)
2 4 8. 5 0 0 0 0 5. 9 1 4 2( 6 6) 7. 4 6 7( 2 5) 7. 4 7 1( 2 7)

∞ u t g = 5. 9 1 7 0 7. 5 2 7( 2 9)

1 2 7. 4 6 9 1 0 7. 2 3 2( 1 1) 9. 5 7 0( 1 7) 9. 5 7 0( 2 6)
1 8 7. 7 7 3 4 0 7. 2 2 0( 1 1) 9. 7 2 6( 3 1) 9. 7 5 8( 3 1)
2 4 8. 0 0 0 0 0 7. 2 3 2 2( 8 3) 9. 7 3 4( 3 6) 9. 7 3 2( 3 7)

∞ u t g = 7. 2 3 2 5 9. 8 3 6( 3 9)

1 2 7. 2 7 1 3 0 7. 9 4 3( 1 2) 1 0. 9 3 3( 2 1) 1 0. 9 3 3( 3 1)
1 8 7. 5 7 3 5 0 7. 9 2 7( 1 2) 1 1. 1 6 3( 4 1) 1 1. 2 0 2( 4 1)
2 4 7. 8 0 0 0 0 7. 9 2 9 0( 9 5) 1 1. 2 1 0( 4 7) 1 1. 2 5 7( 4 8)

∞ u t g = 7. 9 4 3 1 1 1. 3 8 6( 5 1)

1 2 7. 0 7 3 9 0 8. 8 3 2( 1 5) 1 2. 9 7 5( 3 0) 1 2. 9 7 5( 4 4)
1 8 7. 3 7 4 3 0 8. 8 2 6( 1 5) 1 3. 1 8 5( 5 2) 1 3. 2 2 3( 5 4)
2 4 7. 6 0 0 0 0 8. 8 4 6( 1 1) 1 3. 3 7 0( 6 8) 1 3. 3 3 9( 7 3)

∞ u t g = 8. 8 3 2 2 1 3. 4 3 4( 7 1)

1 2 6. 8 7 7 1 0 9. 9 9 4( 1 8) 1 6. 1 4 8( 4 2) 1 6. 1 4 8( 6 3)
1 8 7. 1 7 5 0 0 1 0. 0 0 2( 1 8) 1 6. 5 9 6( 6 1) 1 6. 5 7 5( 7 8)
2 4 7. 4 0 0 0 0 9. 9 9 9( 1 4) 1 6. 5 9 9( 8 9) 1 6. 5 8 5( 9 6)
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∞ u t g = 9. 9 9 4 5 1 6. 8 1( 1 0)

1 2 6. 4 8 8 1 0 1 3. 9 4 7( 3 5) 3 2. 1 7( 1 1) 3 2. 0 1( 2 1)
1 8 6. 7 7 9 0 0 1 3. 9 3 1( 3 4) 3 3. 2 9( 2 0) 3 3. 2 1( 2 7)
2 4 7. 0 0 0 0 0 1 3. 9 1 6( 2 7) 3 4. 0 0( 2 0) 3 4. 0 0( 2 5)

∞ u t g = 1 3. 9 1 6 5 0 3 4. 5 2( 2 9)

T a bl e  C. 1: R a w d at a f or t h e l atti c e st e p s c ali n g f u n cti o n Σ (u ) at t h e v al u e s of u t u n e d
f or t h e u - b y-u c o nti n u u m e xtr a p ol ati o n - s e e s e c. 4. 2. 1 .  T h e sli g ht  mi s m at c h i n fi xi n g t h e
v al u e of u i s c orr e ct e d f or b y sli g htl y s hifti n g t h e l atti c e st e p s c ali n g f u n cti o n s t o a c o n st a nt
v al u e u t g , l e a di n g t o t h e v al u e s Σ (u t g ) gi v e n i n t h e t a bl e.  We al s o gi v e t h e c o nti n u u m st e p
s c ali n g f u n cti o n o bt ai n e d fr o m t h e c o nti n u u m e xtr a p ol ati o n s di s pl a y e d i n fi g. 4. 5 .
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D
C o m pl e m e nt ar y pl ots

( a ) σ = 1 .9 6 . ( b ) σ = 2 .2 0 .

( c ) σ = 2 .5 2 . ( d ) σ = 2 .9 6 .

Fi g u r e  D. 1: T o p ol o gi c al c h ar g e c orr el at or f or S U ( 3) l atti c e s.  T h e c o u pli n g v al u e i s al m o st
c o n st a nt i n all c a s e s t o t h o s e of t h e c o nti n u u m e xtr a p ol ati o n of t a b. C. 1 , t h u s, fi xi n g t h e
c orr e s p o n di n g p h y si c al v ol u m e.
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A p p e n di x  D.  C o m pl e m e nt a r y pl ot s

Fi g u r e  D. 2: T o p ol o gi c al c h ar g e i n h alf- b o x e s of si z e [ 0, L̃ / 2] a n d [L̃ / 2 , L̃ ] f or a S U ( 3)
l atti c e of si z e L̃ = 2 4 a n d β = 6 .4 8 8 1 .
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Fi g u r e  D. 3: T o p ol o gi c al c h ar g e i n h alf- b o x e s of si z e [ 0, L̃ / 2] a n d [L̃ / 2 , L̃ ] f or a S U ( 3)
l atti c e of si z e L̃ = 4 8 a n d β = 6 .6 0 0 0 .
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A p p e n di x  D.  C o m pl e m e nt a r y pl ot s

Fi g u r e  D. 4: T o p ol o gi c al c h ar g e i n h alf- b o x e s of si z e [ 0, L̃ / 2] a n d [L̃ / 2 , L̃ ] f or a S U ( 3)
l atti c e of si z e L̃ = 3 6 a n d β = 6 .9 7 6 9 .
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( a ) S U ( 1 3) . ( b ) S U ( 2 1) .

Fi g u r e  D. 5: We di s pl a y a s a f u n cti o n of x 0 /l a n d x 3 /l t h e pr o fil e s o bt ai n e d b y i nt e gr ati n g
o v er x 1 a n d x 2 t h e a cti o n d e n sit y of t h e c o n fi g ur ati o n  wit h l0 = l3 = l (s = 1 ).  G a u g e
gr o u p s ar e, fr o m l eft t o ri g ht: S U ( 1 3) a n d S U ( 2 1) .
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A p p e n di x  D.  C o m pl e m e nt a r y pl ot s

( a ) S U ( 1 3) . ( b ) S U ( 2 1) .

Fi g u r e  D. 6: We di s pl a y t h e pr o fil e s o bt ai n e d b y i nt e gr ati n g t h e a cti o n d e n sit y o v er x 0 a n d
x 3 a s a f u n cti o n of x 1 /l a n d x 2 /l .  T h e u nit of l e n gt h i s s et b y t a ki n g l = 1 .  G a u g e gr o u p s
ar e, fr o m l eft t o ri g ht: S U ( 1 3) a n d S U ( 2 1) .  F or r e a d a bilit y of t h e pl ot s, t h e q u a ntit y
di s pl a y e d i s l o g ( 1  + l2 s 1 2 ( x 1 , x2 ) / ( 3N )) . I n t h e l ar g e N li mit, t h e pr o fil e s a p pr o a c h t h e o n e
of t h e c o n st a nt c ur v at ur e s ol uti o n s, f or  w hi c h l o g ( 1  + 1/ 3)  = 0 .2 8 7 6 8 2 .
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Fi g u r e  D. 7: F or a t or u s of si z e l0 = l3 = l,  w e di s pl a y a s a f u n cti o n of ti m e a n d fr o m
t o p t o b ott o m: t h e p h a s e of t h e  P ol y a k o v l o o p P 3 m ulti pli e d b y N / n 3 0 ( aft er s u btr a cti n g
t h e r e q uir e d p o w er s of 2 π / N t o h a v e t h e z er o p h a s e at x 0 = − l0 / 2 ), t h e e n er g y- pr o fil e of
t h e i n st a nt o n, a n d t h e  m o d ul u s of P 3 .  T h e p h a s e a n d  m o d ul u s of t h e  P ol y a k o v l o o p ar e
e v al u at e d at x 1 = x 2 = 0 .
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E
M atc hi n g  wit h t h e S F s c h e m e f or S U ( 3)

3 4 5 6 7 8 9

0 .0 5 6

0 .0 5 7

0 .0 5 8

0 .0 5 9

0 .0 6 0

� T G F

1/
�

S
F

�
1/

�
T

G
F

L̃ = 1 8

L̃ = 2 4

L̃ = 3 6

L̃ = 4 8

N l = 4

Fi g u r e  E. 1: N o n p ert ur b ati v e  m at c hi n g b et w e e n t h e S F a n d t h e  T G F c o u pli n g s.  We u s e
t h e a v ail a bl e d at a f or t h e S F c o u pli n g i n [ 8 5 ]. I n t h e fit  w e di s c ar d t h e d at a  wit h L̃ = 1 8 ,
b ut t h e s e ar e pl ott e d t o s h o w t h e c o n si st e n c y of t h e fit.

I n or d er t o  m at c h t h e v al u es of t h e c o u pli n g λ T G F (µ ) t o t h e S F s c h e m e,  w e
us e a s et of si m ul ati o ns p erf or m e d at t h e s a m e v al u es of t h e b ar e c o u pli n g b ut o n a
s y m m etri c l atti c e  wit h si z e L S F = L̃ / 3 wit h S F b o u n d ar y c o n diti o ns a n d a n a b eli a n
b a c k gr o u n d fi el d [ 1 3 5 ].  Th e v al u es of t h e S F c o u pli n g i n t h es e si m ul ati o ns c a n b e
c h e c k e d i n r ef er e n c e [ 8 5 ] 1 .

We p erf or m a fit, dis c ar di n g t h e S F d at a  wit h L̃ = 1 8 , of t h e f or m

1

λ S F (µ )
−

1

u
=

N l󰁛

n = 0

c k u k +

󰂃
1

L̃ 2

󰁛

×
8󰁔

n = 0

ρ k u k , ( E. 1)

1 R ef e r e n c e [ 8 5 ] gi v e s t h e v al u e s of t h e S U ( 3) Y a n g- Mill s c o u pli n g ḡ 2
S F r el at e d t o t h e ’t  H o oft

c o u pli n g u s e d i n o ur  w o r k t hr o u g h t h e st a n d a r d r el ati o n: λ S F = 3 ḡ 2
S F .
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A p p e n di x  E.  M at c hi n g  wit h t h e S F s c h e m e f o r S U ( 3)

w h er e c k ar e t h e fit c o e ffi ci e nts a n d u = λ T G F (µ / 0 .9) .  T h e r es ult of t h e fit c a n b e
s e e n i n  Fi g ur e E. 1 .  T his fit c a n o nl y b e tr ust e d f or 3 < λ T G F < 6 , si n c e d at a o n t h e
S F s c h e m e at hi g h er e n er gi es is n ot a v ail a bl e i n t h e lit er at ur e.
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